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List of Symbols

Symbol Notation

I< The field of real R or complex numbers C.

”;r” n-norm.

X 0.0 D n-normed space.

Z(X,Y) The vector space of linear operators of X in Y.

Z(X) The collection of all linear operators from X into X.

B(X,Y) The space of all bounded linear operators from X to Y.

B(X™,Y) The space of all bounded n-linear operators from X"
into Y.

B, (X, X) The space of all n-bounded linear operators from X into
X",

Bl (X, X) The space of all n-bounded of type-I operators from X"
into X",

C'0,1] The space of continuous functions on [0,1].

) An inner product is a function that satisfies the prop-
erties(Conjugate symmetry,Linearity,Positive definite-
ness).

sign(o) is a function that extracts the sign of a real number. It
tells you whether a number is positive, negative or zero.

p(X) is the set of all sequences for which the series of the p
p-th power of the norm converges.

Lp(X) the space of all measurable functions (applications) for
which the p-the power of the norm value is integrable.

Fr(2) represents the n-norm considered as a function of its k-

the argument while all other arguments are kept fixed.




Introduction

Functional analysis has evolved significantly since its inception, providing mathe-
maticians with powerful tools to study infinite-dimensional spaces. Among these devel-
opments, the concept of n-normed spaces stands as a natural generalization of classical
normed spaces. While a norm measures the length of a single vector, an n-norm mea-
sures the volume of the parallelepiped spanned by n vectors, thereby extending geometric
intuition to higher dimensions.

The theory of n-normed spaces originated with the work of Gahler [36] in the 1960s,
contrary to some historical accounts. Géhler introduced the notion of 2-normed spaces in
1963 and later generalized it to n-normed spaces. Subsequently, Gunawan and Mashadi
[19, 21] systematically developed the theory, providing fundamental results and establish-
ing connections with classical functional analysis. These spaces have found applications
in various areas, including the study of nonlinear partial differential equations, approxi-
mation theory, and fixed point theory [17].

One of the distinctive features of m-normed spaces is that an n-norm is not nec-
essarily homogeneous in each argument individually; rather, it satisfies a multilinearity
condition. More precisely, an n-norm |,...,-|| on a vector space X is a function from X"
to Rsg that is:

Positive definite: ||xi,...,x,] =0 if and only if xi,..., x, are linearly dependent,

Multilinear: linear in each argument,

Alternating: changes sign under permutation of arguments,

Positive: |x1,...,x,1=0.

The theory of n-normed spaces has attracted considerable attention from many
researchers. For instance, Gunawan and Mashadi [19, 21] extensively studied the structure
of n-normed spaces and their finite-dimensional properties. In 2014, Kir and Kiziltunc
[17] established fixed point theorems for contraction mappings in n-normed spaces. More
recently, Batkunde, Gunawan, and Pangalela [1] investigated bounded linear functionals
on the n-normed space of p-summable sequences, while Batkunde and Rumlawang [2]
extended these results to bounded 2-linear functionals.



Contents Chapter 0

The study of n-dual spaces, which is the central theme of this dissertation, gener-
alizes the classical concept of dual spaces to the n-linear setting. While the dual space of
a normed space consists of all bounded linear functionals, the n-dual space consists of all
bounded n-linear functionals. This generalization, initiated by Gunawan [20] and further
developed by Gozali, Gunawan, and Neswan [17], reveals deep connections between the
summability properties of sequences and the geometry of n-normed spaces.

Several authors have contributed to the understanding of n-dual spaces. Chen and
Song [4] characterized isometries in linear n-normed spaces, while Chu, Lee, and Park
[5] investigated the Aleksandrov problem in this setting. Freese and Cho [10] provided
a comprehensive geometric treatment of linear 2-normed spaces. Meitei and Singh [35]
studied bounded n-linear operators, and Srivastava and Singh [35] analyzed Cauchy se-
quences in P viewed as an n-normed space.

In this dissertation, we focus on the n-dual spaces of €7, the space of p-summable
sequences, when equipped with two distinct n-norms: Géhler’s n-norm and Gunawan’s
n-norm. Our main objectives are:

1. To identify the n-dual space of (¢7,] -] ,) as a normed space,

2. To determine the n-dual space of (¢7, ||-,...,-||g), where |-,. ..,~|IIG, is Géhler’s n-norm,
3. To determine the n-dual space of (¢P, ||-,...,-|I§I), where ||-,...,-|Ig is Gunawan’s n-
norm,

4. To establish the equivalence between these two n-dual spaces.

This dissertation is divided into four chapters. Chapter 1 presents preliminary
concepts and essential results on n-normed spaces, n-Banach spaces, linear and n-linear
operators, as well as continuity and boundedness properties. This chapter serves as the
foundation for the subsequent analysis.

Chapter 2 develops the theory of n-normed and n-Banach spaces in greater depth.
We study continuous bounded n-linear operators and characterize the space of all bounded
n-linear operators from X" into Y, with particular attention to Lebesgue spaces.

Chapter 3 concerns the study of weak p-summable spaces and their relationship
with n-dual spaces. We establish the identification of n-dual spaces for ¢P equipped with
both Géhler’s and Gunawan’s n-norms.

vi



Chapter 1

Chapter 1

On the n-normed spaces and their
properties

1.1 The n-normed spaces

Géhler was the first to develop theories of n-normed spaces in 1960s [10, 19, 20]
,and later, Misiak [21] developed the theory more extensively. Notion of boundedness in
2-normed space was then introduced by White [6].

Definition 1.1.1. [21]
Let X be a real vector space with dimX = n where n is a positive integer. A real
valued function |-,..., || : X" — R is called an n-norm on X if the following conditions hold:

1. lIx1,..., xxl =0 iff x1,..., x5, are linearly dependent.
x1,...,Xnll remains invariant under permutations of xy,...,Xy.

laxi, xo,...,xxll = lalllx1,..., x5l Vx1,...,x,€ X and a €R.

X0 + X1, X2, ..., Xpll < X0, ..., Xpll + 1 X1,..., Xu |l for all
X0, X1y...,Xn € X.

Remark 1.1.2. [10] The concept of 2-normed spaces was initially investigated and devel-
oped by Gdahler in 1960s and has been extensively developed by Diminnie, Gdhler, White
and many others [}, 5, 35]. Let X be a real linear space of dimension greater than 1 and
-1l be a real valued function on X x X satisfying the following conditions:



1.1. The n-normed spaces Chapter 1

2Ny lIx, ¥l =0 if and only if x and y are linearly dependent.
@2N2)  lx, yll =1y, xIl.
2N3)  llax, yl=lallx,yll Vx,yeX and a€R.
2Ng) lx+yzl<lxzll+lyzl Vx,yz€X.
Then, |-, is called a 2-norm on X and (X, |-, 1) is called a linear 2-normed space.

2-norms are non-negative and | x,y +ax| =x, yll for every x,ye X and a €R.

Example 1.1.3. Let X be a real vector space with dim X =n, n is a positive integer and
be equipped with an inner product {...). Then the standard n-norm on X is given by:

Ix1,..., xnll> = /det[(x;, x;)]. (1.1)

A trivial example of an n-normed space is X = R" equipped with the Fuclidean
n-norm:
llx1,..., XnllE = | det(x;;)],

where x; = (Xi1,...,Xin) €R™ for each i =1,2,...,n.
Indeed, the Equality 1.1 verifies the four axioms of an n-norm,then

1. Positivity : The Gram matriz G = (g;;) with g;j = (xi, Xj) is positive semidefinite.
Hence det(G) =0. From linear algebra, det(G) =0 if and only if the vectors xy,...,Xp
are linearly dependent. Therefore

||xl,...,xn||S = vdet(G)=0 < Xxy,...,X, are linearly dependent.
Thus N1 holds.

2. Symmetry: Let o be a permutation of {1,...,n}. The Gram matriz of (Xg),---»Xo(n)
is G' = PGPT, where P is the permutation matriz corresponding to o. Since det(P) =
+1 and det(PT) = det(P), we have

det(G) = det(PGPT) = det(P) det(G) det(PT) = (det P)?> det(G) = det(G).

Hence

1%, -+ s Xo I® = 121, ..., Xnll®.
If xi = xj for some i # j, then G has two identical rows, so det(G) =0 and the norm
18 zero.

3. Homogeneity: Fiz ke{l,...,n} and let a €R. Replace xx by axy. For anyi,j:

e Ifi=k and j#k: {axg, x;) = alx, x;).
o Ifi#k and j=k: (xj,axy) = a{x;, xXx).

o Ifi=j=k: (@xpaxe) = a*(xXg, xXp).

2
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Thus the new Gram matriz G differs from G by multiplying the k-th row by a and
the k-th column by a. Consequently,

det(G) = a? det(G).

Therefore

11, @X, .., Xnll® = Va2 det(G) = |al Vdet(G) = |alllx1,..., xnll.
Triangle inequality:
Fix x1,...,Xk-1, Xk+1,---,Xn € X. Define the map f: X — Rsq by

S
f(y) = ||x1,---»xk—lyy,xkﬂ;---;xn” .

We need to show f(y+2z) < f(y)+ f(2) for all y,z€ X.

Consider the exterior product N X. The wedge product is multilinear and alternat-
ing. Define

n
UP) = X1 A AXgt AYA X1 A Axp € \ X.

The inner product on N" X induces a norm ||| » satisfying
luln = 121, oy Xty Y Xk 150 Xl = F (D).
By multilinearity,
uy+z)=x1 A AY+2)A---Axp=uly) + uz).
Since ||-|a is a norm, it satisfies the triangle inequality:

F+2=llu(y+2)Ir=lu@) +u@lr<llu@lr+lu@lr=f@)+f(2).

Remark 1.1.4. Note that the value of lx1,..., XIS represents the volume of the n-
dimensional parallelepiped spanned by xi,...,X,.

Indeed, the determinant on the right-hand side of equation (1) is known as Gram’s

determinant, and its value is always nonnegative. Geometrically, this determinant equals
the square of the volume of the parallelepiped spanned by xi,...,X,, which confirms the
geometric interpretation stated in the remark above. Moreover, if (X,|-,..., ) is an n-
normed space, then

lx1,..., x5l = X1 + @2X2 + -+ + @pxp, X2,..., Xnll,

for all x,...,x,€ X and ay,...,ap,€R [10].
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Now, we present the construction of quotient spaces of the n-normed spaces with
respect to a linearly independent set. Let (X,|-,...,l) be an n-normed space and Y =
{y1,...,¥u} be a linearly independent set in X. For a je€{l,...,n} we consider Y \{y;}. We
define a subspace of X, namely

n
Y;):: spanY \{y;j}:= Ziaiyi:a,- eR
1=
i#j
For any ue X, the corresponding coset in X is

n
=3 u+) a;yi:a;€R
i=1
B
Then we have
0=span¥\{y;} =Y}

and if u=0 then u—vespanY \{y;}.
We define quotient spaces of X as

Xﬁ:xu?:uhuexk

1.2 The n-bounded and n-continuous linear opera-
tors

Gozali et al.in [17], also introduced the notion of bounded n-linear functionals on
n-normed spaces. Zofia Lewandowska introduced the notion of 2-linear operators on
2-normed sets in [2]. Subsequently, Soenjaya introduced the notions of continuity and
boundedness of n-linear operators in [7, 24].

Let (X, .l and (X, ]l,...,]I) be respectively a normed space and an n-normed space.

Definition 1.2.1. [17, 23]

1. Let (X,|) be a normed space and (X,|,...,) be n-normed spaces. An operator
T:(X0.0— X, 1,...,1I) is n-continuous of type-A at x € X if for all € >0, there
is a 6 >0 such that

NTx1—Tx,x0—%,...,Xn =X +lx1—%,Txo—Tx,..., X, — X||+
et —x,x0—Xx,..., Tx,—Tx|| <€
whenever || x; — x|[llx2 — x||...[|x, — x|l <&, where x1,...,x, € X.

T is n-continuous of type-A if it is n-continuous of type-A at each x€ X.

4
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2. Let (X,|,...,1) and (Y, |,...,) be n-normed spaces. Let T :X — Y be an operator.

T is n-continuous of type-B at x € X if for € >0, there is a 6 >0 such that
N\ Tx;—Tx,Tx,—Tx,...,Tx,—Tx| <&

whenever
lx1—x,%—x,..., %, — x|| <9.
T is n-continuous of type-B on X if it is n-continuous of type-B at each x € X.

When n=1, it is reduced to usual notion of continuity in normed space

3. An operator T: (X, |I-l,...,1- 1) = G -0, ..., - I) is n-continuous of type C at x € X

if for all € >0, there is a 6 >0 such that

N Tx;—Tx,x0—%,...,.Xn— Xl +llx1—%,Tx, —Tx,..., X, — X||

+tllxy—x,x2—-x%,..., Tx,— Tx|| <€

whenever || Xy — X, X2 — X,...,Xp— X|| <0, where x1,Xx2,...,xp € X. T is n-continuous of
type-C if it is n-continuous of type-C at each x € X.

Definition 1.2.2. [17]

1.

An operator T : (X, |.I) = (X, |,..., ) is n-bounded of type-A if there is a constant
K such that for all xy,x2,...,x,€ X

| Tx1,x2,..., xpll + lx1, TXo, ooy X ll + <+ + [ X1, X2,..., Txpll < Kllx1 ... [ X501l

An operator T : (X,l,...,II) = (Y, ,...,) is n-bounded of type-B if there is a
constant K such that for all xy,...,x, € X

”Txly---; Txn” SKHXI)H-)XHH'

An operator T : (X, |I,...,ID = (X, |,..., ) is n-bounded of type-C if there is a
constant K such that for all x1,x2,...,xp € X

||TX1,x2,...,xn” + ”JCI,TXZ,...,xn” +oeeet ||X1,x2,...,Txn|| SK"Xl,...,xn”.

Proposition 1.2.3. 1. For all x1,x2,...,x, € X. If T is an n-bounded operator of

type-A, define ||T||£ by

A
ITIz = sup
1 x1,.... X [1#0

{IITxl,xz,...,xnII +llx1, Txp, ooy Xpll +--+ |Ix1,xz,...,TxnII}

[BIR RN B

2. For all x1,%2,...,xn € X. If T is an n-bounded operator of type-B, define | TIE by

B ||TX1,...,Txn”
ITl;, = sup .
[lx1,..., X5 | #0 ”xl;---»xn”

5



1.2. The n-bounded and n-continuous linear operators Chapter 1

3. For all x1,xo,...,xp€ X. If T is an n-bounded operator of type C, define ||T||g by

ITIS= sup

{ ” Txl;x2)---)xn” + ”xl) sz,...,xn” +oeet ”xlyxZ)'--) Txl’l” }
1 X1,..., Xn 10

”xly---rxn”
Remark 1.2.4. When n=1, it is reduced to usual notion of continuity in normed space.

We now present another crucial type of n-continuity and n-boundedness, which we
shall refer to as D-type. This notion differs from the previously introduced concepts in
that it imposes a direct algebraic condition on the images of linearly independent sets,
rather than relying solely on the behavior of the n-norm.

Definition 1.2.5. /23]

Let (X, |I-1) and (Y,|-1I,...,-1) be respectively a normed space and a n-normed space,
and T: X — Y be an operator. T is n-continuous of type-D at x € X if for given € >0,
there exists a 6 >0 such that

N\ Tx1—Tx,Txo,—Tx,---,Tx,—Tx| <€

whenever || x; — x|l x2 — x|l -+ | x, — x| < 6, where x1,-++,x, € X.

T is n-continuous of type-D if it is n-continuous at each x € X.

When n=1, this notion of n-continuity of type-D becomes the notion of continuity
in a normed space.

Definition 1.2.6. An operator T : (X,|-1) — (Y, 1l,...,1I- ) is n-bounded of type-D if
there is a constant K such that for all xy,...,x, € X,
1Tx1,..., Txpll < Kllx1 -+ | X5l
Define ||T||1,2 by
”T.XI,...,TX ”
ITIE = sup nt
xieX, lxizo  Nxall -l xzl
Example 1.2.7. 1. Let X be an inner product space equipped with standard n-norm
Il NS and T -1 = G-I, - 115) be an operator such that Tx = cx for

all x€ X and ceR. Then T is n-bounded of type-D.

2. Let X =R? be a normed space equipped with Euclidean 2-norm ||-I|¥ and T: (X, |-]) —
X, 11-15) be an operator such that Tx; = (xi1,%i1), where x; = (xi1,Xi2) € R® for

i=12,... and ||x;| = \/ngl +xl?2. Then, T is 2-bounded of type-D. The operator T
in example 3.4 is 2-continuous of type-D. Indeed,

1. Let X be an inner product space with standard n-norm ||-,...,-|3. Define T: (X, ||-]) —
X, e s-lI®) by Tx=cx for all xe X, where c € R.

We show that T is n-bounded of type-D.
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by Definition 1.2.6. An operator T is n-bounded of type-D if here exists a constant
M =0 such that for all xy,...,x, € X,

n
S
ITx1,.00, Tpll® < M T llxgll.
k=1

For any x1,...,x, € X, we have

S S
||TX1,...,Txn|| = ||CX1,...,Cx;1” .

Using the homogeneity property of the n-norm,

S S
lcxy,...,cxpll® = lcl X1, ..., XullI°.

From Hadamard’s inequality (or the fundamental property of the Gram determi-
nant),

n
S
1, eve, Xl < TT il
k=1

Therefore,

n
S
ITx1,..., Txnll® < lel™ TT lxgll.
k=1

Taking M = |c|", we obtain

n
S
ITx1,.00, Txnll® < M T llxgll.
k=1

Hence T is n-bounded of type-D with |T|,.p <|c|™.
Since every bounded linear operator is continuous, T is also n-continuous of type-D.

2. Let X = R? with the Euclidean norm | x| = xf+x§ for x = (x1,x2) € R%.  The
Fuclidean 2-norm is defined by

X1

Ix, yIIF = | det(x, y)| =
X2

det( yl)' =|x1y2 — X2)11.
J2
Define T:(X, 11D — (X, 1-115) by

Tx=(x1,x1), where x=(x1,x)€ R

7



1.2. The n-bounded and n-continuous linear operators Chapter 1

For two vectors x = (x1,x2) and y=(y1,¥2) in R?,

Tx = (x1,x1), Ty =1, ).

Now compute the Euclidean 2-norm of (Tx,Ty):
det (xl y 1)
X1 N

ITx, Ty|F = |det(Tx, Ty)| = =|x131 = x1y11 =0,

Thus, for all x,y € R?,

ITx, Tyll¥ =o0.
We need to check the 2-boundedness condition: there exists M =0 such that for all
x,y€R?,
ITx, Tyll” < Ml xlllIyl.

Since || Tx, TyIIE =0 for all x,y, the inequality becomes

0= Milx[lyl,

which is true for any M =0. We can choose M =0. Therefore, T is 2-bounded of
type-D with | T|l,.p =0.
Consequently, T is also 2-continuous of type-D.

Theorem 1.2.8. [1, Theorem 3.8] Let T:(X,|I-1) — (Y, - ll,...,I- 1) be a linear operator.
Then, the following statements are equivalent.

1. T is n-continuous of type-D.
2. T is n-continuous of type-D at 0€ X.
3. T is n-bounded of type-D.

Proof. 1t is obvious that (1) implies (2).
(2) => (3): Suppose T is n-continuous of type-D at 0 € X. By definition, there is a § >0
such that

||Tu1,...,Tu2|| <1

whenever
lurllllzall - llu,ll < 6.

Let (x1,...,%,) € X"
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If lxp 2l << | x|l = 0, at least one of x;,...,x, is 0. Then by linearity of T, at least
one of Txy,Txy,...,Tx, is 0. It implies that Txy, Txy,..., Tx, are linearly dependent.
Hence, || Tx1,..., Tx,| =0.

If [l x2ll -~ 1 xpll #0, let

S\n x; )
u;=|- i=12,...,n.

T
Il |

4
1)
”ul”lluZ”"'”un”:Z<6-
Then, we have
0 % X1 6% X 6% Xy
| Tuy, Tuy,..., Tu,ll =||T|-| —,T|=| —=,....,T|=

4) Nxill \4) lxzll 4) lxul

0 ! | Txy, T Txpl
=——— ||[Txy, Txy,..., Tx

4 oyl Il xnl "

4
=>|ITx1,sz,...,Txn|I:gllxlll---llxnllIITul,Tuz,...,TunII
<4|| - llxpll -1
— x e x .

5 1 n

then, T is n-bounded of type-D.

(3)= (1): Suppose T is n-bounded of type-D.
Then for x € X,

D
(Tx1—=Tx, Txo—=Tx,...,Txp=Tx| < ITIl;; I3 —xIl--- | x5, — xII.

Let € >0 be given.

Let 6 = 1+|£T|D with [|x1 — x||[lx2 — x| -+ | x,, — x|l <.
Then,
ITx) — Tx, Txp— TX,..., Txy— Txll < | TIIZxy — x|l -+~ 1, — x|
<|ITI?-5
= TP ———
To1+TIR
<E.

Thus, for given € > 0, there exists § >0 such that
N\ Tx;—Tx, Txo—Tx,...,Tx,—Tx| <&

whenever || x; — x|||lx2 — x| --- | x,, — x|| <6, where xy,...,x,€ X.
Therefore, T is n-continuous of type-D. This completes the proof.
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Proposition 1.2.9. [1] Let X be a real vector space with dim(X) = n, where n is a
positive integer, equipped with a norm |- and an n-norm ||-,...,-Il. Let (Y,|-,...,-Il) be an
n-normed space, and let T: X — Y be a linear operator.

If T is n-bounded of both types B and D, then

ITIB =112,
Proof. 1f T is n-bounded of type B,

B ”Txl)"'JTxn”
1T, = sup .
11l llxnll20 1 X150y Xpll

If T is n-bounded of type D,

D ”Txl)"')Txn”
ITl,, = sup .
xeX,Ixilzo X1, Xnll

Let x; € X with ||x;[| #0 for i =1,2,...,n.

We Define,
Ix: 1 yi
Xi= Wi yieXand Iyn,..., ynl 20
N
Ixilly:
= a a=lyil,...,lynl.
Now,
I Tx1, ) Totall = 1 TCer, e+ ).
X X
||Tx1,...,Txn||=||T(' ”yl,...,T(' ”'y”))u
a a
%11+ | %]

(3.9.1)

:"lTXL...,Txnl _'|TJ/1,yTJ/n|
lxnll-- llxpl Iy, yall

Taking supremum of the right side of (3.9.1) over {y1,...,yn} € X" :I¥1,..., Ynl # 0},
we have

1 Tx1,..., Txyll
< ||ITII
il Ml xpl
It is true for all (x1,...,x,) € X" and each x; #0.

Therefore,

ITx1,..., Txul B
=Tl

xieXIxilzo Xl llxnll

10



1.2. The n-bounded and n-continuous linear operators Chapter 1

=TI =715
Again, Taking supremum of the left side of (3.9.1) over {(x,...,x,) € X" : |x;|l #

0,i=1,2,...,n}, we have

||TJ/1;»TJ/n||
lyi,-., yull
It is true for all (y1,...,¥n) € X and ||y1,..., ¥ull #0. Therefore,

D
1715, =

Tyi,...,T
ITI®=  sup 1Ty, Tyall
xexxlzo Y- yall

D B
=Tl = 1T15.

This completes the proof. O

Proposition 1.2.10. [1] Let X be an inner product space equipped with the standard
n-norm ||-,...,-||S, and let (Y,|-,...,-) be an n-normed space. If T:X —Y is n-bounded
of type B, then T is n-bounded of type D.

Proof. Since T is n-bounded of type-B,
ITx1,..., Txnll < Kllx1, .., X015,

Moreover, by Hadamard’s determinant theorem,

11,0, Xnll® = \/det(<xi,xj>) = \/||x1||2||x2||2--- 1112 = llxa 2]l - 11 X
Therefore,
ITx1,..., Txpll <= Kllxy 2]l -~ 1l
Hence, T is n-bounded of type D. This completes the proof. O
Proposition 1.2.11. Let X be a real vector space equipped with a norm | -| and an
n-norm ||...,-I5. Let T:X — X be a linear operator. If T is n-bounded of both type-A

and type-C, then
ITI4=1T)S.

Proof. T:X — X is n-bounded of type-C. It implies that there exists a constant K such
that for all x;, x,...,x, € X,

S S S S
”TXI,XZ,...,xn” +||XI,TXZ,...,xn” +"'+||X1,X2,...,Txn” SK”Xl,...,xn” .

11
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But,

1., xnll® = y/det((x;, x;)).

Applying Hadamard inequality,
S<
X1, XplI” < Nt x2ll - 1 x|l
Therefore, for all x1,x,...,x,€ X,
T S T S Tx,I® <K
I Tx1, X2, 0, X llI” + 11, TX2, .o, XpI® -+ 1 X1, X2, .0, TXp |17 < Kl Xy || - [ X5l

It implies T is n-bounded of type-A. This completes the proof. O

12



Chapter 2

Chapter 2

The space ¢, and its natural n-norm

Definition 2.0.1 (The sequence space ¢P(X)). Let X = (X, |- lx) be a normed space over
K=R orC, and let 1 < p <oco. We define the space of p-summable sequences in X by

0P (X) = {(xn)‘,’f:l cX: ) lxplll < oo}.
n=1

For (x,) € ¢P(X), the €P-norm is given by

00 1/p
G llerx) = (Z B ;2) :
n=1

For the case p =00, we define the space of bounded sequences in X by

(X)) := {(xn)‘,’;’:1 c X :supllx,lx < oo},

neN

equipped with the norm

()l goo(x) 2= sup | xpll x-
neN

If X is a Banach space, then €P(X) is a Banach space for every 1 < p < oo.

2.1 /P and its natural 2-norm

Definition 2.1.1. [16/2-Norm on €P] Let X = (X, |I-,-Ilx) be a 2-normed space over K =R
orC, For 1< p<oo and x,y€ l?, define

1/p
1] ®© x Xi Xk p
lx, ylp:i=|= det( ] )
g 2,;;1 Vi Y

13



2.1. 0P and its natural 2-norm Chapter 2

For p=o00, define

1%, Ylloo := sup
Ik

det (xj xk) .
Yi Yk

Theorem 2.1.2 (Equivalence of the p-norm definition to the standard 2-norm for p = 2).

[26] For p =2, the above definition reduces to the standard 2-norm induced by the inner

product on ¢?:
1/2
det( IRy ijm” .

lx,yll2=
i Yixiyi LV

Proof. Start from the determinant identity for two vectors in £2:
Yox2 Yixiyi . .
det( I / ]Z] =ijykdet(x] y]).
Ljxjyj XjYi ) % Xk Yk
Averaging with the analogous expression obtained by swapping roles yields

Wl
det

2det(x,y) =) Vi
j

jik
B
O

1/2 1/2

INEDWESNY

= det Y 2 .
YjXjyi  XjYj

Proposition 2.1.3. [37, Fact 2.1][Basic Inequality for |-,/ Let 1 < p <oo. Then for

all x,ye P,

Hence
2

lx, yll2 = [ Zk

det (

I, yllp <27 VP Il i,
with the understanding that 2171/ =2,

Proof. 1. Case 1< p <oo: By the triangle inequality,
1% vk — Xk y il < X1 yel + [xelly ;]
Raise to power p, sum over j,k, and use Minkowski’s inequality for double series:
1/p 1/p
(Z|ij/k_ka/j|p) < (Z(Ilelykl + kallyjl)”) .
I ik
Minkowski gives
1/p 1/p
= (Z|xj|p|J/k|p) + (Z|xk|p|y]'|p) =2lxlpliylp.
ok ik
Then

1/p
Il x, ynp—( Z| |P) <27YP20xl iyl =2 P I xl pllyl .

14
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2. Case p=o0:
1% Vi = Xk il < 12l yiel + [xe 1yl < 2 xloo 1 Y ll oo

so the supremum over j, k is < 2[X[looll¥llco- Thus [1x, ¥lloo < 2 Xllooll ¥lloo, Which
matches 2171/ =2
The proof is achieved. O

Proposition 2.1.4. [37, Fact 2.2] [Well-Definedness of the 2-Norm] For each 1 < p < oo,
the function ||-,-ll, satisfies the four awioms of a 2-norm. i.e., it satisfies Remark 1.1.2.

Proof. Axioms (2) and (3) are immediate from the determinant properties.

Axiom (1): If x and y are linearly dependent, every 2 x 2 determinant vanishes, so
X j Xk
Yi Vi
x and y to be linearly dependent (otherwise there exist two indices with a non-zero
determinant).

Axiom (4): The determinant satisfies

lx,yll, =0. Conversely, if |lx,yll, =0, then for all j,k, det( ) = 0, which forces

+

'det

XjtZzj xk+zk)
Yj Yk

< ‘det (xj xk) det (Zj Zk)

Yi Yk Vi Yk
Raising to power p, summing over j,k, applying Minkowski’s inequality to the double
series, and incorporating the factor § yields (4). ]

Corollary 2.1.5. For each 1< p <oo, the space £P equipped with ||-,-|l, is a 2-normed
space.

Remark 2.1.6. 1. For p =2, the factor 2'7V2 = /2 is not optimal; Hadamard’s in-
equality gives |lx, yll2 < llxll2llyll2 (a special case with a better constant). The given factor
is sufficient for general p.

2. The definition originates from rewriting the standard 2-norm on €2 in terms of pairwise
determinants, generalizing naturally to €P by replacing the square with the p-th power.
3. For any two vectors, |x,yll, measures the “p-area” of the parallelogram spanned by
them, summed over all coordinate pairs in a Minkowski-type sense.

4. The text does not prove it here, but €P with this 2-norm is a 2-Banach space (i.e.,
complete in the sense of 2-norms) because the usual €P norm controls the 2-norm via the
inequality above.

2.1.1 Completeness

Cauchy sequences in 2-normed spaces

In the following definition, we introduce the definition of a Cauchy sequence. Note
that there are two definitions of Cauchy sequences in 2-normed spaces.

15
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Definition 2.1.7. [35] Let {y,z} be a linearly independent set on a 2-normed space
(X, 114-D. A sequence (xx) in X is called a Cauchy with respect to the set {y, z} if

lim |xg—x;,yIl=0
k,l—o00
and
lim |lxg—x;,2l=0
k,l—o00

Definition 2.1.8. [25] A sequence (xx) in a 2-normed space (X, |-,-l) is called a Cauchy
sequence with respect to the |-,-| if

lim |x—x,z=0
k,l—o0
for every nonzero ze X .

Remark 2.1.9. Definition 2.1.26 is clearly stronger than Definition 2.1.7.

Definition 2.1.10. [36] A sequence (x) in a 2-normed space X is called a convergent
sequence, if there is an x in X such that

lim ||xx—x,z| =0
k—o0
for every nonzero z in X .

Remark 2.1.11. In the light of the Definition 2.1.7, we can give another definition of
convergent sequence in 2-normed space, clearly weaker than the Definition 2.1.10.

Definition 2.1.12. [36] Let {y,z} be a linearly independent set on a 2-normed space
(X, 0--1D. A sequence (xr) in X is called convergent to some x in X with respect to the

set {y, z} if
lim x;—x,yl=0
k—oo
and
lim || x; —x,z| =0.
k—o0

Since € is complete with respect to the usual norm |-\, (see [35, pp. 91-92]), it
remains to investigate its completeness with respect to the natural 2-norm |-,-|l,. The
next lemma provides a key ingredient for establishing this result.

Lemma 2.1.13. A sequence in €7 is convergent in the 2-norm |-,-|, if and only if it is
convergent in the usual norm ||-|l,. Similarly, a sequence in €P is Cauchy with respect
toll,-llp if and only if it is Cauchy with respect to ||| .

16
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In general, let |- 1, be a 2-normed space of dimension at least 2. Let ay,ax be a
linearly independent subset of X. We define the derived norm || - II;;, by:

)llp’

lxly, = (Ix, all” + 1l x, a1 1<p<oo,

or, For p=o0.

x5, :=sup{llx, a1 ll, Il x, a2},

For our 2-normed space €P, we choose
[alz(]‘)o}o,"')) 612:(0’1)0)"')}]
and define |||y with respect to {ay, as}.

Proposition 2.1.14. [37, Fact 2.5] The derived norm || - II;‘, is equivalent to the usual
norm |||l on €P. More precisely,

1/
Ixllp < llxll, <27 Plixllp,

for all x€ €P. In particular,
I la =1 lloo-

Proof. Let 1< p <oo. For every x € ¢”, we compute

p
lx,aill, =) |x1P

Jj#1

and
lx, ally =3 1x;1,
p J

Jj#2

whence
1/p
lxlly, = [1xl? + %20 +2 ) |x;1P
Jj>3
We therefore see that
1/
xllp < ||x||;§ <2 pllxllp,

that is, |- ||’,"j and [|- ||, are equivalent. The proof for p =oo is similar. O

Proposition 2.1.14 tells us in particular that |||, is dominated by | - IIZ; As we shall
see below, this is what we actually need to prove Lemma 2.1.135.

17
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Proof. Suppose that x(m) converges to some x € £” in the 2-norm ||,-||,. With respect
to a1 =(1,0,0,...) and a» =(0,1,0,...), define | - II;‘J as before. Then, since

lim |x(m)—x,a1ll, =0
m—0o0

and
lim ||x(m)-x,azll, =0,
m—o00
we have
lim [x(m) - x|, =0,
m—0o0
that is, x(m) converges to x in |- II’;,. But |-, is dominated by |- II;, and so we
conclude that x(m) also converges to x in |-l . m|

Theorem 2.1.15. [36] The space €P is complete with respect to the 2-norm -1l p-

Proof. Let x(m) be Cauchy in P with respect to ||-,-[l,. Then, by Lemma 2.1.13, x(m)
is Cauchy with respect to the usual norm |- ||,. But we know that ¢ is complete with
respect to |||l p, and so x(m) must converge to some x € X in |-[|,. By another application
of Lemma 2.1.13, x(m) also converges to x in [|-,-||,. This shows that ¢? is complete with
respect to the 2-norm |-, -|l. O

3. /P and its natural n-norm

By using properties of determinants and a limiting argument as in the €? case, the
standard n-norm on €% can be written as

x1,..., x5llo =

0o o 1/2
— 2 |det(xij)|2l :

1
j=1 ja=1

where x;; denotes the j-th coordinate of x;.
For 1< p<oo, the above definition can be extended as follows..

Definition 2.1.16. For 1< p<oo and xi,...,x, € €7, define

||x1)---yxn||p =

1 = 0 1/p
— 2 |det(xij)|p] :

j=1 ju=1

For p =00, define
x1,..., Xnlloo := sup |det(xij)|,
e in

as in [24].

18
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Proposition 2.1.17. [27] For 1 < p <oco and xy,...,Xx, € €P, the following inequality
holds:

n
1-1
11,0 Xnll, < (D7 [ il
i=1

with the understanding that (n)!"% =1 when p =oo.

Proof. We prove the case 1 < p <o0o; the case p = oo follows by taking the supremum over
Jji,--+, jn in the finite-dimensional bound |det| < :7‘:1 X |l oo -
For p < oo, write the determinant as a sum over permutations:

n
det(x;j) = > sgn() [] Xi, jotiy:
i=1

o€eSy, i=

By the triangle inequality for the p-norm in the j-indices,
2 4o
o

Applying this to a, =sgn(o) [17", xi j,., gives

p
-1
< )Py lagl”.
(o

n
|det(xij)|p < (n!)p_l Z H |xivj¢7(i) |p :

€S, i=1
Summing over ji,..., j, and using that each term []; |x,~,j0(l.)|p yields [1; IIx,-IIf; indepen-
dently of o, we obtain
n

n
Y |detGxi)|” < )Pt TT el = P [T Ixill,.
i=1 i

J1reenrjn i=1
Dividing by n! and taking the 1/p-power yields the claimed inequality. |
Proposition 2.1.18. For every 1< p <oo, the function [ R [ defines an n-norm on
/P,

Proof. The first three properties follow directly from the multilinearity and alternat-
ing nature of the determinant, together with the homogeneity of the p-norm in the
Jj-summation.

For the triangle inequality, fix all arguments except the k-th. Write

1/p

Fe(@) = |— Y |det(..,zj,...)|"
'j1 ..... jn

As a function of z, Fj is the £P-norm of the vector

19
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Since the map z— det(..., zj,...) is linear in z, the Minkowski inequality for the £P-norm
implies

Fie(xi + yi) = Fie(xi) + Fie(yi).
Thus property (iv) holds. O

Corollary 2.1.19 (([p,||~,...,-||p)). For every 1 < p < oo, the space €P equipped with
Iy...,lIlp is an n-normed space.

Remark 2.1.20. The factor n! appearing in the definition is essential for the p =2 case
to coincide with the usual n-norm derived from the Gram determinant, and it also makes
the constant in Proposition 3.1 scale as (n)'=Y'P rather than (n)!.

Theorem 2.1.21 (Minkowski’s Inequality). Let (X, |I,...,-Il) be an n-normed space over

R or C. For p=1 and vectors Xk, Yk, € X with (k=1,...,n and i =1,...,m,), we obtain
m lp m Up (., 1/p
Yo lxvi+ X+ YaioXnitYnil” | S Ixn0 %200 XnidP | H D VL0 Y2iree s Vil P
i=1 i=1 i=1

Proof. For each fixed index i (1<i<m), define
a; = ||x1,i;x2,i,---,xn,i||» bi = ||J/1,i,y2,i,---,J/n,i||,

Ci:=IX1,i +Y1,i» X2,i + ¥2,ir ++o» Xn,i T Vnjill.

Using property 4 of the n-norm (triangle inequality in the last argument) repeatedly,
we obtain
ci<a;+b; for all i.

Now apply the classical Minkowski inequality for P sequences to the nonnegative

numbers (a;) and (b;):
m 1/p m 1/p m 1/p
(Z(aﬁbﬁ”) S(Zaf) +(be) :
i=1 i=1

i=1

Since ¢; < a; + b; implies Cf < (a; + b;)? for p =0, we have

m 1/p m 1/p m 1/p m 1/p
(Z cf) S(Z(a,-+b,~)”) s(z af) +(Z bf) :
i=1 i=1 i=1

i=1
Substituting the definitions of a;, b;, ¢; yields exactly the desired inequality. O
Proposition 2.1.22 (Hoélder’s Inequality). Let (X, |-,...,-I) be an n-normed space. For

p,q>1 with %+%:1, and vectors xx;€ X (k=1,...,n, i=1,...,m), set

a; = |lx1,i,X2,iy..., Xn,ill = 0.

20
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Then

Mz

1

m pl/p m ql/q
a; < Zai Zai .
i=1

i=1

I
—

Equivalently,

m 1/q

m Up (o,
Z ”xl,i)---rxn,i” = Z ”xl,i)---)xl’l,i”p Z ||x1,i»---,xn,i||q
i=1 i=1 i=1
Proof. Observe that a; =0 for all i. We can write
1/ 1/
a;=(a)''?-ah".

Applying the classical Holder inequality for two sequences of nonnegative numbers
(with exponents p and g such that 1/p+1/g=1), we obtain

= & Up,  dy1/ < e q H
Y ai=) (@)'Paht1<\3 af > a '
i1 i1 io1 iz

Completeness

Cauchy sequences in n-normed spaces

As in 2-normed spaces, we can also give two definitions for Cauchy sequences in
n-normed spaces. It is known that in some cases, especially in the finite dimensional
case and the standard case, two definitions are equivalent. What is not clear is in the
infinite dimensional case. In this paper, we will prove that these two definitions are still
equivalent in €P space. For more detail (see [35]).

Definition 2.1.23. [35, 16]

1. A sequence (xx) in an n-normed space (X, |-,...,-|) is said to be convergent to some
x € X in the n-norm if for each € >0 there exists a positive integer ng = ng(e) such
that

X —x,y2,...,ynll <€

for all k= ny and for every ys,...,yp€ X .

2. A sequence (xx) in an n-normed space (X,|-...,-I1) is said to be a Cauchy with
respect to the n-norm if

lim ||xk_xl,J’2;---;}’n||:0;
k,|—oc0
for every yo,...,yne X .
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[16]

As in the case of 2-normed spaces, we can give another definition of Cauchy se-
quences for n-normed spaces.

Definition 2.1.24 (Convergence and Cauchy in 2-normed spaces). Let (X,[-,-l) be a
2-normed space.

o A sequence (xp) in X is said to converge to some x € X in the 2-norm if
’}iggollxn -x,yl=0
for every ye X.
o (xy) is said to be Cauchy with respect to the 2-norm if

lim [ x;—Xpm, yll =0
l,m—o0

for every ye X.

o X is said to be complete with respect to the 2-norm if every Cauchy sequence in
X converges to some x € X.

Definition 2.1.25 (Convergence and Cauchy in n-normed spaces). [25, 35] Let (X, ||-,...,-)
be an n-normed space.

o A sequence (x,) in X is said to converge to some x € X in the n-norm if
lim | x,,—x,X2,..., %, =0
m—oo
for every xa,...,x,€ X.
e (xp) is said to be Cauchy with respect to the n-norm if

im |lx;—xm, X2,..., x5 =0
l,m—oo

for every x,,...,x,€ X.

o X is said to be complete with respect to the n-norm if every Cauchy sequence in
X converges to some x € X.

The following is a generalisation of 2.1.13.

Definition 2.1.26. Let A:={ay,...,a,} be a linearly independent set in an n-normed

space (X, |I+,...,-). A sequence (xr) in X is said to be Cauchy with respect to the set
A if

k,lllinoo ”xk — X[, Ajyy ..., Aj, | =0,
for every choice of indices {iy,..., iy} <{1,...,n}.
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Remark 2.1.27. The definition 2.1.7 is clearly stronger than Definition 2.1.26. However,
from the results in [21, 22], we understand that the two definitions are still equivalent in
0P and LP (the space of all p-integrable functions) spaces. For other spaces, for example,
for Cla,b] (the space of all continuous functions defined on a closed interval [a,b]), we
still do not know whether they are equivalent as in €P and LP.

In the space Cla, b, the equivalence is obtained only for some specific vectors; we do
not know the equivalence for arbitrary vectors. This is an open problem worth exploring.
For details, we recommend readers to review the references [33, 11].

E. Junaedi [33], in her thesis, used tent functions (functions whose graphs look like
a tent, i.e., triangular shape) ay,...,a, supported on the closed intervals

la,a+ hl,[a+ h,a+2h],...,[a+ (n—-1)h, b],

where h=(b—a)ln, and showed that if a sequence satisfies the Cauchy condition in the
n-norm with respect to the set {ay,...,a,}, then it also satisfies the Cauchy condition in

the usual supremum norm on Cla,b].
We will show the equivalence of Definition 2.1.7 and Definition 2.1.26 for €P, which
can be done similarly for LP.

Lemma 2.1.28. [1/, 3, 37] For every xi,...,Xn € €P with 1 < p < oo, the following in-
equality holds:

1-1
X1, Xpllp = (R Pllxillp--- 1 xnllp

Lemma 2.1.29. Let {ay,...,a,} be a linearly independent set on €P. Then the following
function

< =

||x||;;:[ > X ai,..a,ll)
{iz,.,in}<={l,...,n}

defines a norm on €P.

Lemma 2.1.30. Let {ay,...,a,} be a linearly independent set on €P. Then the norm |- II;‘,
is equivalent to the usual norm || -|l, on €P. Precisely, for every x € €P we have

< =

n”aly---yan”p

@n-1D(laillp+---+lanlp)

1-1
lxllp < llxll, < (nY v[ Y a5 llai, iy | 1xllp.

{inyorin}cil,..., 12}

Theorem 2.1.31. /35, Fact 8./] The sequence (xj) is a Cauchy sequence in ¢P according
to Definition 2.1.23 if and only if there exists a linearly independent set A ={ay,...,a,}
such that the sequence (x) is a Cauchy sequence in 7 with respect to the set A.
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Proof. Assume that (xz) is a Cauchy sequence in 7 according to Definition 2.1.26. Then
lim ||xk_xl;J’2»---»J/n||p = Or
k,l—o00

for every ya,...,yn € £P. Hence, there exists a linearly independent set A ={ay,...,a,} on
2
lim ”xk — X aiz)---)ain”p = 07
k,l—oc0

for any {iy,...,i,} < {1,...,n}. Thus, we obtain Definition 2.4.
Now, suppose that (xi) is a Cauchy sequence in ¢P according to Definition 2.1.25.
Then for {is,...,i,} < {1,...,n} we have

Lim |xg-— xl,aiz,...,ainllp =0.
k,l—o00

Hence we obtain

o1
14

lim Jlxg—xl, = lim [ Y ||xk—xz,6li2,---,6lin||,’;

k,l—o0 k=00 | iy, intc(l,....n}

o1
p 14

= . Z klllinoo”xk_xl!aigy---rain”p

{iz,..,int<{l,...,n} ™

=0.
By Lemma 2.1.30, we then conclude that

lim |[|xg—x;ll,=0.
k,l_)ooll k—Xillp
Hence, for every ys,...,y, € €, we have by Lemma 2.1;

1-1
XK= %1, 20, Yullp = (0D P llxe=xillplly2lip - - lynllp.

Thus, we obtain
lim |lxg—x7,y2,..., Yullp =0
k,l—o0

)

for every ya,...,yn € €P. Hence, Definition 2.3 is obtained. This completes the proof.
O O

Corollary 2.1.32. Let A:={ay,...,a,} and B:={by,...,b,} be linearly independent sets
on ¢P. The sequence (xi) is a Cauchy sequence with respect to the set A if and only if
the sequence (xi) is a Cauchy sequence with respect to the set B.
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Proof. Let (xi) be a Cauchy sequence in ¢P with respect to the set A. Then from Theorem
3.1 (xg) is a Cauchy sequence in P according to Definition 2.1.26. Thus, we have from
Theorem 2.1.31 that there exists a linearly independent set, i.e., say, B ={by, ..., b,} such
that (xg) is a Cauchy sequence in ¢P with respect to the set B.

For the converse, change the position of A and B. Hence, we have the result. O

Lemma 2.1.33. A sequence in €P is convergent in the n-norm ...l p if and only if it
is convergent in the usual norm |- |l,. Similarly, a sequence in €P is Cauchy with respect
to ll+...,-lp if and only if it is Cauchy with respect to ||-1l,. As before, the if” parts of
Lemma 2.1.29 are obvious and the only if” parts can be proved by using a derived norm,
defined with respect to the set {ay,...,an}, where a;=(6;;), i=1,...,n, by

1/p
Iy = > X ai,...a,ll)
{iz e in}ClL o)
if1<p<oo, or
x5 = sup Ix, @iy, ..., ai, lloo

{in“')in}C{lr“')n}

if p=o0.
Indeed, one may observe that |-, defines a norm on €P

Proposition 2.1.34. [26]
The derived norm | - II;‘, is equivalent to the usual norm ||-|l, on €P. Precisely, we
have

Ixll, < lxl% < n'Plx|
p p p

for all x€€P. In particular, ||-15% = lloo-

Proof. As usual, we shall only give the proof for 1 < p <oo and leave that for p = oo to
the reader.
For every x € P, we compute

Ix, az, as,..., anllly =011+ Y |x;I”
jzn+l

Similarly

Ix, a1, as,..., anlly = 1x21P + Y |x;1P
jzn+l
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Ix, a1, a2, ..., an-1lly = 1xalP + Y 1x;1P.

jzn+l
Hence we obtain
1/p
lxlly, = [l lP +-+lxplP + 1 Y 1x51P
j=zn+l

It therefore follows that

Ixll, < lxll, < n''Plixll,
that is, |- II;‘J and | -], are equivalent.

(I
As a generalisation of Theorem 2.1.15, we have
Theorem 2.1.35. The space €7 is complete with respect to the n-norm |-,...,|p.

2.1.2 Embedding of ¢” Sequence Spaces in n-Normed Spaces

Theorem 2.1.36 (Classical inclusion). Let (X, |- )is normed space,and For all 1< p <
q < oo, we have ¢P c ¢1.

1.Embedding for Gunawan’s n-norm

Theorem 2.1.37 (Embedding for Gunawan’s n-norm). [20] Let 1< p<g<oo. For all
X1,...,Xn € 0P, we have
121, Xnll ) < 10, Xl

Proof. Let x1,...,x,€ P c¢9. For each n-tuple (iy,...,i,) € N, set

Then

.....

1/p 1/q
H _ p H _ q
”xl;---»xn”p _(Z ail in) ’ ”xl)n-)xn”q _(Z ail ..... in) .

We consider two cases.
Case 1: g=o00. We have

H
”xl;---;xn”oo: sup ail,...,in'
i1yeenin
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i P <Y a? _
Since a; ;< Zail....,in’ for each n-tuple

1/p
p _ H
ai, <Xl ) =l xal.

Taking the supremum gives

H H
”xl)---)xn”()os ”xl,---»xn”p-

Case 2: 1sp<sg<oo. Let M = ||x1,...,xn||g) =supa,,..;,- For each n-tuple,

q _ P 4P __ P arq-p
ag = o =a g MU

Summing over all n-tuples yields

al . <MTPY al

il,...,ln il,...,in'
Taking the 1/g-th power,

qa-p 1/q
H
et xallf <M (Yal )
Lreewstn

From Case 1, M = ||x,...,x,ll2 < ||x1,...,xn||g. Moreover,

HPla

1/q 1/p-plq
( al ) —( al ) = llxr,ee Xl

il,...,in ilrmvin

Therefore

q-r p
H H 4 H4 H
”xlr---)xn”q S”.X:l,...,xn”p '”xl)---)xn”p :”xly---)xn”p-

This completes the proof.

2.Embedding for Gahler’s n-norm

Theorem 2.1.38 (Embedding for Géahler’s n-norm). [19] Let 1 < p < q < oo.

X1,...,Xn € P, we have
G G
”xly--'yxn”q = ”xly---yxn”p'

Proof. By definition,

1/p
1
G _ (k)yip
lel,...,xnllp—(—n, > | det(x;, )I) :

° il,...,in
For each n-tuple (iy,...,i,), set d;,,..i, = Idet(ng))l. By Hadamard’s inequality,

n
diy,.oin < [ ] 1%kl o-
k=1
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Let 1< p<qg<oo. For each n-tuple,

q p . N 4
d, . =d . -maxd,.,)"".

But maxd;,,  ;, = ||x1,...,xn||go. For the case q =00, as in Theorem 1, we have
G G
”xly---yxn”oos ”xly---yxn”p'

Summing and using Holder’s inequality gives

1/qg 1/p
q p
( dll ..... ln) S ( dll ..... ln) *

Multiplying by (1/n)Y9 < (1/n)!/P (since p < q) yields the desired result. O

4.Continuity of the Canonical Injection

Theorem 2.1.39 (The canonical injection). Let i:€P — €9 (with 1<p<q<o0) is
continuous operator when both spaces are equipped with the same n-norm (Gunawan or

Gihler).
Proof. For Gunawan’s n-norm, let xi,...,x, € P. By Theorem 2.1.37,
10, ooy i = ey Xl < N, X

Hence i is 1-Lipschitz and therefore continuous. For Gahler’s n-norm, the same argument
applies using Theorem 2.1.38. i

3.Consequences for n-Dual Spaces

Theorem 2.1.40. [17][Inclusion of n-dual spaces] For 1< p < g <oo, we have
(09, < (£P),,
where (€P)} denotes the n-dual of €P (the space of bounded n-linear functionals on €7 ).

Proof. Let Fe (¢9);. Then F is a bounded n-linear functional on ¢9. For all x1,...,x, €
(P c 09, we have
IFG1, o, X)) S I Fllg - 11,0, Xl

By Theorem 1, ||x1,...,xn||gs ||x1,...,xn||g. Therefore

H
|F(xlr---)xn)| = ”F”n,q ”xl)---,xn”p-

Thus F is bounded on ¢ with [|F|l,,, < [|Flln4. Consequently, F € (€P);,. m|
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Theorem 2.1.41 ( The LP(X) space on n-norm). [8, 3] Let a (X,|I,...,llp) be a normed
space,where Xis a measure space. One define |-,...,|p, on LP(X) x---x LP(X) by:
If 1< p<oo,
1 l/p
iveee Sallyi= | [ oo [ Jaed )P da---ax,
If p=oo, or
Ifis.., falloo:= sup -+~ sup |det(fj(x:))].
x1€X xpeX
This function ||-,..., Il defines an n-norm on LP(X).
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Chapter 3

Chapter 3

Weakly p-summable space

3.1 Some n-norms on ¢°

Let 1< p<oo and let q be the conjugate exponent satisfying 1/p+1/qg=1. Denote
by €P the space of p-summable sequences and by €9 its dual space.

Definition 3.1.1 (Géhler’s n-norm). For xi,...,x, € ¢P, define

(e8]
G._
”xlr'-')xn”p-_ Sup det szkJ/]k]
vl k=1 ij
lyjllg=1

Definition 3.1.2. [20/[Gunawan’s n-norm| For xy,...,x, € €P, define

= 1 & 00 p 1/p
Il = D Y [detlglig| |
* k=1 kn=1

Theorem 3.1.3. [29/[Equivalence of the n-norms| For all xy,...,x, € €P,

1/p-1 H G 1/ H
. 1ye-orAn = 1yeeerAn = . 1yeeerAn .
(M) P Xy, Xl < e Xally < (D7 P DX, xall,

3.2 The n-functionals and n-Duality
Definition 3.2.1. [1, 28/[Multilinear n-functional] Let X be a real vector space of di-

mension d=n. A map f:X"—R is called an n-functional on X. An n-functional f is
said to be multilinear if it satisfies:
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1. f(xl +ylr---rxn+yn) :Zhie{xi,yi}f(hly---yhn);
2. flarxy,...,anxp) =ay--anf(xi,...,Xxn).

Definition 3.2.2. [18/[Bounded n-functional] Let (X,|-1) be a normed space (resp.
(X, ll4--,-I) an n-normed space). The function f is called bounded if there exists K >0
such that

|f(x1, .., x )l < Kl Xyl lxall - (resp. < Kllxi,..., x4ll).

Proposition 3.2.3. [18/[Properties on n-normed spaces| Let f be a bounded multilinear
n-functional on an n-normed space. Then:

e f(x1,...,xn) =0 whenever xy,...,Xx, are linearly dependent,
o [ is antisymmetric: for any permutation o,

fxoy, - o Xomy) =sgn(o) f(x1,...,Xn).

These properties do not hold for bounded multilinear n-functionals on a normed space
X010

Definition 3.2.4. [3/[n-dual spaces] The space of bounded multilinear n-functionals on

X, 0-1) (resp. on (X, |I+,...,-1)) is called the n-dual space. It is equipped with the norm
|f(x1)---)xn)|
I flln1:= su e
Sl ||x1||~~~||£)n||¢o a1 xnl
| f(x1,..., Xn)l
(1= sup T8l

[lx1,.... x5 1 #£0 ||x1)---yxn”

The case n =2 for ¢7

Definition 3.2.5 (Space Y| ). [?]et 0= (0k;) be a double sequence. For 1< p<oo, set

g\1/q
o0 oo
10llys:= sup (Z Y xiBk;j ) < 0o0.
lxllp=1\j=1]k=1
For p=1 (i.e., g=00), define
o0
0]y := sup sup Zxkekj < oo.
lxll1=1 jeN |k=1

Theorem 3.2.6 (2-dual of (¢7,-11,)). [95] If 1 < p < oo, then the 2-dual space of (€7, |- ,)
is identified by (Y,\ﬁfo, I-llys). Moreover, the mapping f+— 0 :=(f(ex,e;)) is an isometric
bijection from the 2-dual space of (€7, ) to (Y,\‘ZXN, - 1lya).
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define a 2-functional f on ¢P by

foo,p=3 Y xkyibk)»
j=1k=1

Proof. For 0:= (0;) € Y, NxN,

where x =392, x;e; and y =32, y;e;. Note that f(e,ej) =0k; for k,j €N. Further, f is
a bilinear 2-functional on (¢7, ] -|l,), and for x,y € £” with [|x|l, = lyl, =1, we have

Ifeni=>. (yj > xk9kj)
j k

IA
D18
=

-
S
e
18
=
D
&

Hence, for x,y #0 we have

|f(x—’y)| < ”9”Y‘7
1,11,

This means that f is a bounded bilinear 2-functional on (¢7,]-|,) with
I fll21 <101ya. (2.1)
Conversely, let f be a bounded bilinear 2-functional on (€7, - ,). We claim that
0:=(f(ex,e)) € Y
For each x € /P with [x]l, =1, let fx be the functional on (¢7,]-|,) given by
fn=fey,  yel”

It is clear that fy is a linear functional on (¢7,-|,). Moreover, if y #0, then

IS 1)l
i, ey, = e

Hence fy is bounded with || fxll < |l fll21. Since the dual space of (€7, -|,) is (9,114,
the bounded linear functional fy is identified by fy(e;) = f(x,e;) with

o 1/q
(Z If(x, e,-)w) <l flz1.
j=1
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Therefore, we obtain

101y

X €k, €
NxN kf( k ])

g\1/q
) <\ fli2, (2.2)

and this proves our claim.
It follows from (2.1) and (2.2) that the mapping f— 0:= (f(ek,e;)) is an isometric
bijection from the 2-dual space of (€7, -,) to (YI\C{XN, [l - ”Ym7 N).

For p =1, we can also prove easily that the 2-dual space of (¢}, ]|-[;) is identified by
(Yoon -1l veo,)- O

Corollary 3.2.7. For 1< p<oo and 1/p+1/q =1, the 2-dual space of (£P,|-|p) is
identified by (Y -1 va )

Definition 3.2.8. [22/[g-orthogonality] Define the semi-inner product g on €P by

(0,0)
g,y = x5 P Y 1x;1P Lsgn(x))y;.
=1

We write x Lg y if g(x,y)=0.

Definition 3.2.9 (g-volume). For linearly independent xi,...,x, € €P, let {x],...,x;} be
the left g-orthogonal set obtained via Gram—Schmidt process. Define

V(x1,..o, x0) = 1271 p - 1yl e
If the vectors are linearly dependent, set V(xy,...,xn) =0.

It is known that
V(xilr---)xin) = ”xl;---»xn”g

for all xy,...,x, € 6P and any permutation (iy,...,in) of (1,...,n).

Theorem 3.2.10. [3//Characterization for ||-,-||g/ A bilinear 2-functional f is bounded
on (¢P, ||-,-||g) if and only if f is antisymmetric and bounded on (€P,|-|lp). Furthermore,

1
Sl = 115, < 1l

where || - IIZG,2 denotes the norm on the 2-dual space of (€P, ||-,-||,G,).

Proof. Suppose that f is bounded on (€7, ||-,-||g). It is clear that f is antisymmetric, that
is,

fx,»=—f(,x) forall x,yelP.
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Next, for x,y € P we have
||x,y||G <212 ||x,y||g (by the equivalence inequality for n=2)
and
I, yll <2 VP Il Nyl

so that
I, Y15 < 20 xlpllyl .

Thus, for any linearly independent x,y € ¢” we obtain

1 1feenl _ 1yl
20 xlplylly = lx,y1§

<If15,.
Hence f is bounded on (¢7,]|-l,) with

1
I lz1 <11z, (2.4)

Conversely, suppose that f is antisymmetric and bounded on (€7, ;). Given linearly
independent x, y € £”, we observe that

fly =f&x°,y°)

where {x°, y°} is the left g-orthogonal set obtained from {x, y}. Moreover, we have

If(x, ) - |f(x, )l _ [f(x®, ¥
leylI§ — Veoy  Ixliplyly

< fliz1.

Since f is also antisymmetric, we have
eI fllzllx I
for all x,y € ¢P, that is, f is bounded on (¢7, ||-,~||g) with

LF1S, < 1 £z (2.5)
Finally, from (2.4) and (2.5) we conclude that

1
e LIS, < 1 fll2,
as desired. m|

Definition 3.2.11 (Space ZJ ).

q . q _ .
ZNxN ={0 € Yle\I | ij = —ij Yk, j}.

Note that Z,sz can be viewed as a normed space equipped with the norm inherited from

q
VAINE
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Previously, we have shown that the 2-dual space of (€7, -1l p) is identified by (YquN, II-
llya ). Hence the space of all antisymmetric bounded bilinear 2-functionals on @P 11 p)
NxN

can be identified by (ng,\,, -1l ve N).

Corollary 3.2.12. The function | - IIch on ZquN defined by

Z?’ilz(;cozl Xk jOkj

101l ;¢ := sup TG
Iyl 50 Yiip
defines a norm on ZquN. Furthermore, |-\ ;¢ and |- llya are equivalent norms on Z,\,qx,\,,
q

with )
§||9||Yq = ||9||Zg <|10llya

for alle Z]
Corollary 3.2.13. The 2-dual space of (€P, ||-,~||g) is identified by (Z,ng, I| - IIZ[?).

Corollary 3.2.14 (2-dual for Gunawan’s norm). The function | - ”Zéf on Z9 defined by

|29, xieyiOk|

101l ;1 := sup R
lx,yllH#0 X Ylp
defines a norm on Z9. Furthermore, |-l ,u and |- IICq are equivalent norms on Z9, with
q

1/p-1 1/
2P 6llc, < 101 4 <2V P101lc,

for all B e Z1.

Corollary 3.2.15. The 2-dual space of (€7, ||-,-||Ilj) is identified by (ZquN, Il - ”Zf)'

Remark 3.2.16. Here, |-l yu, Il - lc, and || -|lys are three equivalent norms on Z,ng.
q

3.3 Generalization to n=2

[34]

The results for the case n =2 can be extended easily to the case n=2. For1<p<oo
and 1/p+1/q =1, we define YNqn to be the space of all (real) n-index sequences 0 := (O, k,)
where

oo oo qg1l/q
101lya = sup > Y. @ik Anet ke Ok, ks <oo.
N ”ulllpz"':"an—l”p:l kn=1\ki,...kn-1=1
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For q =00, an n-indez sequence 0 := (O, k,) belongs to the space Y3, if

.....

o0
10125 2= sup sup Y. ik Gnetk, Ok, k| < 0O
lailly=-=llan-111=1k,€eN |ky,..., kn-1=1

Here N":=Nx---xN (n factors). Note also that the inner sum above is a multiple sum.
We also define the generalization of the ZquN spaces as follows. An n-index sequence

.....

Oky,...kn, = S80(0) O (ky),..., o (kn)

.....

for all ky,...,k, €N and any permutation o of {ki,..., kn}.
Analogously to the case n=2, we have the following result for n=2.

Theorem 3.3.1. [35][n-dual of (€7, |- 1,)] The n-dual space of (€P,|-|l,) is identified by
SANE llya ). Moreover, the mapping
N}'l

f—0:=(f(ex,,-..,ex,))

is an isometric bijection from the n-dual space of (€P,|-|,) to (YNqn, - 1lya ).
Nn
Using the inequality V(x1,...,Xn) < ||x1,...,xn||g and the following two inequalities,
11, Xl < () YP Nk, Xl

and
H 1-1/
||x1,---,xn||,, < (nY) p”xlllp"'”xn”py

we can prove the following theorem by using arquments similar to the case n=2.

Theorem 3.3.2. [3//[n-dual for ||-,...,-||g/ A multilinear n-functional f is bounded on
(¢, ||-,...,-||’(j) if and only if it is antisymmetric and bounded on (€P,|-|lp). Furthermore,

1
—fln < AU, < 1,

G

where || - || o

is the norm on the n-dual space of (fp,ll-,...,~||lG,).
From the previous two theorems we get the following result.
Corollary 3.3.3. The n-dual space of (ﬁp,ll-,...,-llg) is identified by (ZNqn,II . II%H), where
. G . .
[ IIan s given by

o0

Tyoikn=1 X1kt Xnk, Ok ke

le17, = sup G
11,00 20 120 X1, Xnllp
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Using the equivalence of the n-norms, we also get the following theorem.

Corollary 3.3.4. The n-dual space of (€7, ||-,...,-|I£I) 1s identified by (Zg,,, [ - IIZ ), where

H - .
II - IIan s given by

kn=1 xlkl e xnknekl,...,kn

.....

H ._
1012, =, P, 20l
1,0, Xn Il #0 Lo Anilp

In the theory of normed spaces, we know that the dual space of (€P,||- ) is (identified
by) (9,11 1l4), where 1<p<oo and 1/p+1/q=1.

Definition 3.3.5 (n-Dual Space of ¢7). The n-dual space of (€P,|-|,) is identified by
(YN"n,u'nYNqn).

Remark 3.3.6. 1. We see similarities between the classical dual space result and the
n-dual space result. Similar relations also occur for the n-dual space of €P when €P
is viewed as an n-normed space with Gdhler’s n-norm or Gunawan’s n-norm.

2. All these results are identical in the case where n=1.

3. For n=2, we still have a question whether the norm ||-|lya on YNqn, as well as the
Nn

can be reduced to

H
norms || - IIan and | - II%M on ZNqn,

o 1/q
— q
1611ya, - ( X k.., k,,|)

and

0o 1/q
161 z,, ::( Y. 6. k,,|q) :
k —

4. One may easily check that if 0 = (0;,,..,i,) satisfies

.....

know whether the converse is true or related problems.

37



Bibliography

[1] H. Batkunde, H. Gunawan, and Y.E. Pangalela, Bounded linear functionals on the
n-normed space of p-summable sequences, Acta Univ. M. Belii. Ser. Math., Vol. 21,
pp. 66-75 (2013)

[2] H. Batkunde and F.Y. Rumlawang, Bounded 2-linear functionals on the n-normed
spaces, J. Phys.: Conf. Series, Vol. 893, pp. 12-16 (2017).

[3] Batkunde, H., Gunawan, H. and Pangalela, Y.E.P., Bounded linear functionals on
the m-normed space of p-summable sequences. Acta Univ. M. Belii Ser. Math.21,
71-80 (2013).

[4] X.Y. Chen and M.M. Song, Characterizations on isometries in linear n-normed
spaces, Nonlinear Analysis: Theory, Methods € Applications, Vol. 72, No. 3-4,
pp. 1895-1901 (2010).

[5] H.Y. Chu, K.H. Lee, and C.K. Park, On the Aleksandrov problem in linear n-normed
spaces, Nonlinear Anal. TMA, Vol. 59, pp. 1001-1011 (2004).

[6] C. Diminnie, S. Gdhler, and A. White, 2-inner product spaces, Demonstratio Math.
6 (1973), 525-536.

[7] C. Diminnie, S. Gdhler, and A. White, 2-inner product spaces, Demonstratio Math.
6 (1973), 525-536. MR 51#1352. Zbl 296.46022.



[8] Junaeti, E., Teorema Titik Tetap pada Cla,b] sebagai Ruang Norm-n (in Indonesian).
Master’s thesis (2011).

[9] Ekariani, S. and Idris, M., The space of continuous functions with 2-norms. sub-
mitted, Jurnal Matematika UNAND (2014).

[10] R. Freese and Y.J. Cho, Geometry of linear 2-normed spaces, Nova Science Pub-
lishers, New York, 2001.

[11] S. Gdhler, Lineare 2-normierte Riume, Math. Nachr. 28 (1965), 1-43.

[12] Gdhler, S. “Lineare 2-normierte Raume.” Mathematische Nachrichten 28.1-2 (1965):
1-43.

[13] S. Gdhler, “Lineare 2-normierte Riume,” Math. Nachr. 28 (1965), 1-435.

[14] Gdhler, S., Investigations on generalized m-metric spaces. 1. Math. Nachr. 40 (1969),
165-189. (In German.)

[15] Gdéhler, S., Investigations on generalized m-metric spaces. II. Math. Nachr. 40
(1969), 229-264. (In German.)

[16] Gdhler, S., Untersuchungen tber verallgemeinerte m-metrische Raume. III. Math.
Nachr. 41 (1969), 23-26. (In German.)

[17] S.M. Gozali, H. Gunawan, and O. Neswan, On n-norms and n-bounded linear
functionals in a Hilbert space, Ann. Funct. Anal., Vol. 1, pp. 72-79 (2010).

[18] S. M. Gozali, H. Gunawan, and O. Neswan, On n-norms and bounded n-linear
functionals in a Hilbert space, Ann. Funct. Anal. 1 (2010), 72-79.

[19] H. Gunawan and Mashadi, On n-normed spaces, Int. J. Math. Math. Sci., Vol. 27,
pp. 631-639 (2001).

[20] H. Gunawan, The space of p-summable sequences and its natural n-norms, Bull.

Austral. Math. Soc., Vol. 64, pp. 187-147 (2001).



[21] H. Gunawan and Mashadi, On n-normed spaces, Int. J. Math. Math. Sci., Vol. 27,
pp. 631-659 (2001).

[22] H. Gunawan, Inner products on n-inner product spaces, Soochow J. Math., Vol. 28,
pp. 389-398 (2002).

[23] H. Gunawan and Mashadi, On n-normed spaces, Int. J. Math. Math. Sci. 27 (2001),
631-639.

[24] H. Gunawan, O. Neswan, and W. Setya-Budhi, “A formula for angles between two
subspaces of inner product spaces,” Beitrage Algebra Geom. 46 (2005), 311-320.

[25] Gunawan, H., On n-inner products, n-norms, and the Cauchy-Schwarz inequality.
Sci. Math. Japon. 55 (2002), 53-60.

[26] Gunawan, H., Setya-Budhi, W., Mashadi and Genawati, S., On volumes of n-
dimensional parallelepipeds in €, spaces. Univ. Beograd. Publ. Elektrotehn. Fak.
Ser. Mat. 16 (2005), 48-54.

[27] M. Idris, S. Ekariani, and H. Gunawan, “On the space of p-summable sequences,”
Mat. Vesnik 65 (2013), no. 1, 58-65.

[28] S. S. Kim and Y. J. Cho, Strict convezity in linear n-normed spaces, Demonstratio

Math. 29 (1996), 759-7/4.

[29] Kristianto, T.R., Wibawa-Kusumah, R.A. and Gunawan, H., Equivalence relations
of n-norms on a vector space. Matematicki Vesnik 65(4), 488-493 (2013).

[30] Z. Lewandowska, Bounded 2-linear operators on 2-normed sets, Glasnik Mat. 39
(2004), 303-314.

[31] E. R. Lorch, Spectral Theory, New York University Press, New York, 1962.

[32] Pangalela, Y.E.P., Representation of linear 2-functionals on space €,. Master’s
Thesis, Institut Teknologi Bandung, 2012.



[33] Y. E. P. Pangalela and H. Gunawan, The n-dual space of p-summable sequences,
Math. Bohem. 138 (2013), 439-448.

[34] A. L. Soenjaya, On n-bounded and n-continuous operator in n-normed space, J.
Indones. Math. Soc. 18(1), 45-56 (2012).

[35] J.K. Srivastava and P.K. Singh, On some Cauchy sequences defined in €P considered
as n-normed space, J. Rajasth. Acad. Phys. Sci., Vol. 15, pp. 107-116 (2016).

[36] A. White, 2-Banach spaces, Math. Nachr., Vol. 42, pp. 43-60 (1969).

[37] Wibawa-Kusumah, R.A. and Gunawan, H., Two equivalent n-norms on the space of
p-summable sequences. Period. Math. Hung. 67 (2013).




Conclusion

This dissertation has been devoted to the study of n-normed spaces and the investi-
gation of the n-dual spaces associated with the sequence space €P. The theory of n-normed
spaces extends the classical framework of normed spaces by replacing the notion of length
of a single vector with a generalized measure of volume determined by n vectors. This
extension provides a richer geometric structure and opens new perspectives in functional
analysis.

We began by presenting the fundamental concepts and properties of n-normed spaces,
including their basic examples, topological aspects, and the notions of boundedness and
continuity for linear operators. In particular, several types of n-bounded and n-continuous
operators were introduced and analyzed, highlighting the relationships between these no-
tions and establishing conditions under which they are equivalent.

Special attention was then devoted to the sequence space €P and its natural n-norms.
We studied the construction and properties of Gdhler’s n-norm and Gunawan’s n-norm
on P, emphasizing their role in extending classical summability theory to the setting of
n-normed spaces.



Abstract

This dissertation deals with the detail of a paper of H. Gunawan that studies
the space £,,1 < p < oo and its natural n-norm, which can be viewed as a
generalisation of its usual norm. Using a derived norm equivalent to its usual
norm, by showing that ¢, is complete with respect to its natural n-norm and
the n-dual of ¢, under two important n-norms. In addition, it also gives a
weak p-summable space of an ¢, sequences as an n-normed space.

Keywords: n-norm, weak p-summable, p-summable, n-normed space.

Résumé

Ce mémoire traite en détail d'un article de H. Gunawan qui étudie ’espace
£,,1 < p < oo et sa n-norme naturelle, laquelle peut étre vue comme une
généralisation de sa norme usuelle. En utilisant une norme dérivée équivalente
4 sa norme usuelle, on montre que ¢, est complet par rapport a sa n-norme
naturelle et que le n-dual de ¢, I’est aussi sous deux n-normes importantes. De
plus, on présente I'espace des suites faiblement p-sommables d’un ¢, comme un
espace n-norme.

Mots clé : n-norme, faiblement p-sommable, p-sommable, espace n-normé.

addal !

cLiadl uyos gl g H.Gunawan e JS3 Wiss Juuadills 5 y&aiell ols J gL
Aelaid lleaad o yliiel (Son G g ) acdall olalin 54,1 <p < oo

OF OLA| IS (e alined) deddail BIS0 Fides pudad alidniwls Sa3 g aliael!
el ] ly slinald T 93 -1 Ol M! pedain I Al Julss Ly
Hagal OLILGGY sliad @l @i Eadd ) 2LOYL (iege Oualain
(BN (63 sliadss (), (e Eided! pend] ALLETLD

95 slad (resdld AL D (et ALLE D Aams eudain delidd) Ol
.‘:,.Q.B\.l_n



	Introduction
	On the n-normed spaces and their properties
	The n-normed spaces
	The n-bounded and n-continuous linear operators

	The space p and its natural n-norm
	 p and its natural 2-norm
	 Completeness
	Embedding of p Sequence Spaces in n-Normed Spaces


	Weakly p-summable space
	Some n-norms on p
	 The n-functionals and n-Duality
	Generalization to n 2

	Conclusion

