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Résumé

L’objet de ce travail est d’étudier la fonction d’Euler ¢ (n) et donner
quelques relations avec les autres fonctions arithmétiques multiplicatives.
Nous essayons de comprendre plusieurs équations Diophantiennes prouvées
dans [1I,[3],[6],[8] and [9]. Nous terminons notre travail en citant quelques
problémes ouverts faisant intervenir la fonction d’Euler.

Mots clés. Fonctions arithmétiques, Fonction d’Euler, équations Dio-

phantiennes.
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Abstract

We say two numbers are relatively prime if they have no prime factors
in common. For n > 1, the Euler’s function ¢(n) denotes the number of
positive integers not exceeding n and relatively prime to n. In this work, we
state some basic propertities of the Euler’s function. That is, the behaviour of
©(n), relations with other multiplicative functions and solving Diophantine
equations involving the expression ¢(n).

Keywords and phrases Arithmetic functions, Euler’s function, Dio-

phantine equations and inequalities.
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Notation

Z

N

n|m

P ln

ntm

™ (n)

d(n) or T (n)
o (n)

Taln)

Table of notations

Explanation
The set of integers
The set of positive integers
n divides m or m is divisible by n
p? divides n but p®T! does not divide
m is not divisible by n or n does not divide m
The number of primes < n
Number of positive divisors of n
Sum of positive divisors of n
Generalized sum of divisors functions
Euler’s totient function
The generalized Euler’s function
The related Euler’s function
The number of distinct prime factors of n
The total number of distinct prime factors of n
Von Mangoldt function
Liouville function
Identity function: id(n); defined by id(n) = n for all n
Moebius function
The greatest common divisor of m and n
The largest positive integer < x
The kernel of n given by v (n) =[] p.
pln

The least common multiple of m and n.



Introduction

Fermat’s little theorem tells us how to work with certain congruences involv-
ing exponents when the modulus is a prime [4, page 68]. How do we work
with the corresponding congruences modulo a composite integer? For this
purpose, we first define a special counting function called Euler’s function,
which counts the number of positive integers not exceeding n and relatively
prime to n. This number changes irregularly from a given number to another.
For example, the number n = 6 has two positive integers < 6 and relatively
prime to 6, while the number 7 has 6 positive integers < 7 and relatively
prime to 7 and also the number 8 has 4 positive integers < 8 and relatively
prime to 8. So, the expression which counts ”the number of positive integers
not exceeding n and relatively prime to n” has a strange special behavior. In
the case when n is not a prime, is there a way to compute this expression?
Recall that in the years 1750-1760 Euler [2] was the first who studied this
expression and he gave it the notation ¢ (n). By definition, it is clear that
¢ (n) < n. A similar definition, ¢ (n) is the number of positive integers < n
and relatively prime to n, from which we have ¢ (1) = 1 or take this last
equality as a convention.

An arithmetic function is an important function with many interesting

properties frequently occurred in number theoretic investigations as well as
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¢ (n) and many others. A multiplicative function is an arithmetic function
f(m) such that f(mn) = f(m)f(n) for all pairs of relatively prime positive
integers m and n. If f(m) is multiplicative, then it is easy to prove by in-
duction on k that if mq, ..., m; are pairwise relatively prime positive integers,
then f(my...mg) = f(my)...f(my). For details, see [5].

The goal of this work is to deal with important results about Euler’s func-
tion. For example, we show that ¢ is multiplicative and we give an explicit
formula of ¢ (n) in terms of the prime powers dividing n. We give examples
on Fermat’s Little Theorem and Euler’'s Theorem and we deal with some
Diophantine equations and inequalities related to this function. Of course,
based on the Fundamental Theorem of Arithmetic, we state with elementary
proofs some classical results involving Euler’s function and some other mul-
tiplicative functions. For further research, there are some open question at
the end of this manuscript. Some other references, eg, see [1],[3],[6],[8] and

[9].



Chapter 1

Elementary notions

1.1 Basic elements of arithmetic

Arithmetic Functions and the Fundamental Theorem of Arithmetic are two
basic elements of arithmetic. Number-theoretic functions (or arithmetic func-
tions) are the most fundamental functions in mathematics and computer sci-
ence. For example, the computable functions studied in mathematical logic
and computer science are actually arithmetic functions. In this chapter, we
shall study some basic arithmetic functions that are useful in number the-
ory [5]. But, in general, we shall present the most important properties of
the Euler phi function. Recall that an arithmetic function is a function de-
fined on the positive integers. Throughout this work we deal with arithmetic

functions from N to itself.
Definition 1.1 Any nonzero function f : N — C (the set of complex num-

bers) is called an arithmetic function.

Example 1.1 f : N—= N, f(n) = n and f(n) = n* are arithmetic func-

tions.
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Definition 1.2 An arithmetic function f(n) is called multiplicative if

for all positive integers m and n such that (m,n) = 1.

In other words, a number-theoretic function f is multiplicative if f (mn) =
f(m) f (n) whenever m and n are relatively prime. For example, the constant
function f(n) = 1 is multiplicative, since f(mn) =1 =11 = f(m)f(n). So

is the function g(n) = n*, k being a fixed integer, since g(mn) = (mn)* =

m* - nt = g(m)g(n).

Example 1.2 If f(n) = n, then f(mn) = mn so [ is multiplicative. If
g(n) = 2n, then g(mn) = 2mn # g (m) g (n), and hence g is not multiplica-

tive.

Definition 1.3 (Totally multiplicative Arithmetic function) If f(n) is
an arithmetic function such that f(mn) = f(m) f(n) for all m,n, then
f(n) is said to be totally multiplicative arithmetic function. For example,

f (n) = n? is totally multiplicative.

Remark 1.1 The following are two basic properties of multiplicative func-

tions:

1. If f and g are multiplicative functions such that f(p*) = g(p®) for all
primes p and all integers a, then f(n) = g(n) for all positive integers.

That is f = g.
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2. If f and g are totally multiplicative functions such that f(p) = g(p) for
all primes p, then f = g.

Theorem 1.1 (The Fundamental Theorem of Arithmetic) Every in-
teger n > 2 either is a prime or can be expressed as a product of primes. The

factorization into primes is unique except for the order of the factors.

The canonical decomposition of a positive integer n is of the form n =

ay a2

q1'q5%...q;*, where qq,qo, ..., qx are distinct primes with ¢ < ¢ < ... < g
and aq,as, ...,a; are positive integers. For example, we find the canonical
decomposition of 2020 and 2520. Simple computation, we get 2020 = 22.5-101
and 2520 = 23 - 3%.5. 7. Moreover, note that any positive integer n can be
written as n = 2% - m, where m > 1 is odd. That is, ged (2, m) = 1. In this

case, if we have a multiplicative function f, then f (n) = f(2%)- f (m). Thus,
@(27-m) = (2°) - ¢(m).

Theorem 1.2 If f is a multiplicative function and if n = ¢ ¢5*...q*, where

q1,Q2, -, Qi are distinct primes and ay, as, ..., a;, are positive integers, then

fn)=f(a") f(a3®) .- fqF).

Proof. Since f is multiplicative and ged (¢7", ¢5%...¢,") = 1, we see that

fn)=fla"e ) = f(¢" - a5*.qy®) = [ (") - f(a5*qi)
Since ged (g52, ¢5*...q;") = 1 we also have
flag?aqp*) = f(a5*) - f(a5°qr")

so that f(n) = f(¢") - f(¢5?) - f (¢3®...q;*). Continuing in this way, we find
that f(n) = f(¢i*) - f(g5*) - [ (g"). ™

9
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1.2 Definitions of some important arithmetic
functions

We state the definition of basic arithmetic functions and we illustrate an

example for each function. For details, one can see [2] and [5].
1. Divisor function} d(n), the number of positive divisors of n (includ-

ing the trivial divisors d = 1 and d = n). As usual, the notation “d|n”
as the range for a sum or product means that d ranges over the positive

divisors of n. Thus, the number of divisors function is given by

> oL
din

For example, the positive divisors of 15 are 1,3, 5, and 15. So d (15) = 4.
Note that if p is prime, d(p) = 2. Recall that if n = ¢ ¢5*...¢;*, where
41,42, ---, qr are distinct primes and aq,ao, ..., a; are positive integers,
then

d(n)= (a1 +1)(ag+1)...(ax +1). (1.1)
For example, we compute d(36) and o(36). Because 36 = 22 - 32, where

(22,3%) =1, by (L.1), d(36) = d(2?) - d (3*) = 9.

2. Sum of divisors function: o(n), the sum over all positive divisors of

n; i.e.,

o(n)=> d.

dln

! Another common notation for the divisor function is 7(n).

10
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For each integer n > 2 written in its canonical form n = ¢y ¢5%...q;", as

in (|1.1)), we have the following explicit formula:
a;+1 _

o(n) = H q’—l

perl

3. Generalized sum of divisors functions: o,(n), defined by o,(n) =

> d*. Here v can be any real or complex parameter. This function

din
generalizes the divisor function (o = 0) and the sum of divisors function
(a=1).

4. Number of distinct prime factors: w(n), defined by w(1) = 0 and

w(n) = kifn > 2 and n = ¢"¢3*...q;*. That is, w(n) = > 1. For
pln

example, if n = 2021, then w (n) = 2. Moreover, since 2022 = 2-3- 337

we have w (2022) = 3.
5. Identity function: id(n); defined by id(n) = n for all n.

6. Moebius function: u(n), defined by (1) = 1, u(n) = 0 if n is not
square-free (i.e., divisible by the square of a prime), and p(n) = (—1)*
if n is composed of k distinct prime factors (i.e., n = ¢1¢2...qx, where
q1,qz, ..., g are distinct primes. For example, 2020 = 22-5-101, 2021 =
43 - 47, and so ©(2020) = 0, ©(2021) = 1 and p(2022) = —1.

7. Liouville function: \(n), defined by A(1) = 1 and A\(n) = (—1)k
if n is composed of k not necessarily distinct prime factors (i.e., if

k
n=qy'¢y?...qp*, then A(n) = [T (=1)*.

i=1
8. Von Mangoldt function: A(n), defined by A(n) = 0 if n is not a

prime power, and A(p™) = log p for any prime power p™.

11
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9. Total number of prime divisors: {2(n), defined in the same way as
w(n), except that prime divisors are counted with multiplicity. Thus,
Q1) = 0and Qn) = 3F  a; if n > 2 and n = ¢2¢32...¢0*, ie.,
Q(n) = >, m|, 1 For square-free integers n, the functions w(n) and €2(n)
are equal and are related to the Moebius function by p(n) = (—1)“™,

For all integers n, A (n) = (—1)%™.

10. 7 (z): The number of primes < z. For example, 7 (5.3) = 3.

12



Chapter 2

On the properties of phi function

Definition 2.1 The Euler phi function @(n) is the arithmetic function that
counts the number of integers in the set 1,2,...,n—1 that are relatively prime

to n.
We can also write from the above definition

1<k<n
ged(k,n)=1

Let us take the first numbers 1,2, ..., 8. We have:

©(1) = 1. The only number n such that, ged(n, 1) = 1 is 1 itself.

©(2) = 1. The only number n such that, ged(n,2) =1 1is 1.

©(3) = 2. The only number n such that, ged(n,3) =1 are 1, 2.

©(4) = 2. The only number n such that, ged(n,4) = 1 are 1, 3.

©(5) = 4. The only number n such that, ged(n,5) = 1 are 1,2, 3, 4.

13
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e (6) = 2. The only number n such that, ged(n,6) =1 are 1,5.
e ©(7) = 6. The only number n such that, ged(n,7) = 1 are 1,2,3,4,5,6.

e ©(8) = 4. The only number n such that, ged(n,8) =1 are 1, 3,5, 7.

Moreover, by Definition 2.1], we also have

©(9) =6, ¢(13) =12, ¢(17) = 16,
©(10) =4, (14) =6, ©(18) =6,
e(11) =10, ¢(15) =8, ¢(19) =18,
p(12) =4,  ¢(16) =8, ¢(20) =8.

We now start with some properties of Euler’s function. First, we consider
its values at prime{l and then at prime powers. First, note that ¢ (n) = n

if and only n = 1. This follows from the fact that if f is a multiplicative
function, then f (1) = 1.

Theorem 2.1 Let n be a positive integer. Then

1. If nis a prime, namely n = p, then ¢ (n) = ¢ (p) = p — 1. Conversely,
if n is a positive integer with ¢ (n) = n — 1, then n is prime. Thus,

¢ (n) =n—1 if and only if n is prime.
2. If n is a prime power p* with a > 1, then

o) =p""(p—1). (2.1)

Proof. We present the proof as follows:

1

If p is a prime number, then (a,p) = 1 for a = 1,...,p — 1, and so ¢(p) = p— 1. In
addition, no composite number m exists such that p(m) = m — 1 and this was conjectured
by Lehmer [3] more than half a century ago and it is yet to be established.

14
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1. If n is a prime, then every positive integer less than n is relatively
prime to n. Since there are n — 1 such integers, we have ¢ (n) =n — 1.
Conversely, if n is composite, then n has a divisor d with 1 < d < n
and of course, n and d are not relatively prime. Since we know that at
least one of the n — 1 integers 1,2, ...,n — 1, namely d, is not relatively
prime to n, we have ¢ (n) < n— 2. Hence, if ¢ (p) = p— 1, then p must

be prime.

2. The positive integers less than p® that are not relatively prime to p
are those integers not exceeding p® that are divisible by p. That is, the
numbers

a—1 a

P,2-p,3-p,....p" " - p°.

1

There are exactly p®~! such integers, so there are p® — p®~! integers less

than p® that are relatively prime to p®. Hence, ¢ (p?) = p® — p* ! =

pHp—1).
The proof is finished. m

Remark 2.1 ¢ (p®) = number of positive integers < p® and relatively prime
to it =(number of positive integers < p®) - (number of positive integers < p*

and not relatively prime to it).
Notice that the value ¢ (p*) can also be written as
a a 1
e(") =p =) (2.2)

We will find this version useful in Theorem

15
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Example 2.1 Let n = 11. The numbers 1,2,3,4,5,6,7,8,9 and 10 are all
relatively prime to 11. Thus, ¢ (11) = 10. Also, applying (2.1), we find that
0 (5%) =52 (5—1) = 100, ¢ (27) = 2°~ and o (11%) = 2-5- 1171,

e If ¢ (p*) is a square, then p— 1 must be a square and a must be odd. In
fact, since ¢ (p*) = p®~! (p — 1) where ged (p®~ !, p — 1) = 1, we deduce
that ¢ (p”) is a square if and only if a is odd and p— 1 must be a square.
But, if p is odd then p = 2% + 1.

2.1 Euler’s function is multiplicative

Now, to present a formula for ¢ (n) by using the prime factorization of n, we
must show that ¢ is multiplicative. Thus, by applying Theorem we obtain

the explicit expression of ¢ (n). Let us start with the following example:

Example 2.2 Let m =4 and n =9, so that mn = 36. We list the integers

from 1 to 36 in the following rectangular

il 9 D3 @017 21 235 29 33
2 6 10 14 18 22 26 30 34
3 @ 01 15 23 27 31
4 8 12 16 20 24 28 32 36

Neither the second nor fourth row contains integers relatively prime to 36,
since each element in these rows is not relatively prime to 4, and hence not
relatively prime to 36. In the other two rows, each elements of these rows is
relatively prime to 4. But, there are 6 integers in each row relatively prime
to 9. Thus, there are 12 integers in the list relatively prime to 36. Hence,

©(36) =p(4)p(9) =26 =12. As a conclusion, there are two rows where

16
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their elements are relatively prime to 4 and each of these rows contains 6
integers relatively prime to 9.

Letm =6 andn = 11, so that mn = 66 = 2 x 3 x 11. As above, we obtain

7 (13 31 37 43 49 55 61
8 14 20 26 32 38 44 50 56 62
9 15 21 27 33 39 45 51 57 63
10 16 22 28 34 40 46 52 58 64
11 @17 23 29 35 41 47 53 B9 63
12 18 24 30 36 42 48 54 60 66

S W

There are two rows where their elements are relatively prime to 6 and each
of these rows contains 10 integers relatively prime to 11. Hence, ¢ (66) =

¢ (6)p(11) =210 = 20.

Theorem 2.2 Let m andn be relatively prime positive integers. Then ¢ (mn) =
© (m) @ (n). That is, Euler’s function is multiplicative.

Proof. Let m and n be positive integers such that (m,n) = 1. We would

like to show that ¢ (mn) = ¢ (m) ¢ (n). We display the positive integers not

exceeding mn in the following way:

1 m+1 2m+1 ... (n—1)m+1

2 m+2 2m+2 ... (n—1)m+2

3 m+3 2m+3 ... (n—1)m+3
m—1 2m—-1 3m—-1 ... (n—1)m+m—1
m 2m 3m co.oomn

Let r be a positive integer < m such that (r,m) > 1. We will show that no

element of the rth row in the array is relatively prime to mn. Let d = (r,m).

17
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Then d | r and d | m, so d | km + r for any integer k; that is, d is a factor of
every element in the rth row. Thus, no element in the rth row is relatively
prime to m and hence to mn if (r,m) > 1; in other words, the elements in
the array relatively prime to mn come from the rth row only if (r,m) = 1.
By definition, there are ¢(m) such integers r and hence ¢(m) such rows.

Now let us concentrate on the rth row, where(r, m) = 1:
rom+r.2m+r,..,(n—1)m+r

So the least residues modulo n are a permutation of 0, 1,2, ..., (n— 1) of which
(n) are relatively prime to n. Therefore, exactly ¢(n) elements in the rth
row are relatively prime to n and hence to mn. Thus, there are p(m) rows
containing positive integers relatively prime to mn, and each row contains
©(n) elements relatively prime to it. So the array contains ¢(n)yp(m) positive
integers n < mn and relatively prime to mn; that is, ¢ (mn) = ¢ (m) ¢ (n).
u

Consider another example, let m = 4 and n = 7. Then ged(m,n) = 1 and
mn = 28. To find p(mn) = ¢(28), we list the positive integers < 28 in four
rows of 7 each and then ignore the ones that are not relatively prime to 28

(see the following table):

9 13 17 21 25
10 14 18 22 26
11 15 19 23 27
1216 20 24 28

= W DN =
oo J O Ot

Clearly, the first element in the second and fourth rows is not relatively prime
to m; in fact, no element in either row is relatively prime to m. So none of

them is relatively prime to mn. Consequently, the positive integers < 28 and

18
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relatively prime to it must come from the 2 = ¢(4) remaining rows:

1 5 9 13 17 21 25
3 7 11 15 19 23 27

Each of them is relatively prime tom. Each row contains 6 = ¢(7) elements
relatively prime ton = T:

1 5 9 13 17 25
3 11 15 19 23 27

The resulting array contains 12 elements and they are indeed relatively prime

to 28. Thus, p(28) =12 =2-6 = p(4)e(7).

Theorem 2.3 Let n = ¢{"¢5°...q.", where q1,qs,...,q; are distinct primes

and ay, as, ..., ar are positive integers. Then

a1—1 . az—1 o ap—1 i —n . 1
en)=q" (a—-1)¢" (@-1)...¢" (@ —1) H(l p).

(2.3)

Proof. Since ¢ is multiplicative, by Theorem [2.2] we obtain

o) =v(q") ©(@®) ... o).

In addition, from Theorem [2.1] we know that

| - A 1
p(gf) =q" — g =q" <1 - —)  fori=1,2,.. k.

2

1 1 1
e(n) = q‘“<1——>-an(l——>-...-qa’“<1——)
() ' 1 ? 42 g A

Hence,

19
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This is the desired formula for ¢ (n). m
We illustrate the use of Theorem [2.3] with the following example.

Example 2.3 Let n = 100 = 2% - 52. Then ¢ (100) =100 (1 — 1) (1 - 1) =
40. Forn = 2022 =2-3-337. Then

o (n) = 2022 <1—%) (1—%) (1—%) = 672.

Remark 2.2 Note that if n is square-free. That is, n = qiqs...qx, where

Q1, 2, -, G are distinct primes, then o (n) = (¢n — 1) (g2 — 1) ... (g — 1).

Remark 2.3 Let n > 2. We have 2°("~1 | ¢ (n). In fact, since 2 | ¢; — 1 for
i=2,...k we deduce that 2°™~ | (go — 1) ... (g — 1) and so 2°®71 | o (n).

Also, we have:

o If n = 0(mod4), then ¢ (n/2) = ¢ (n) /2.
e If ptn, then ¢ (pn) = (p — 1) v (n).
o If p(pn) = (p—1)¢(n), then p{n.

Corollary 2.1 Let f(n) = M Then f (p*) = f(p) for all primes p and
n

all positive integers a.

Proof. In fact, by (2.2]), we have

f(pa):@(p“):pa<1_?l’) :(1_1):E=f(p).

p° p*

The proof is finished. m
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Theorem 2.4 Let m,n € N, and let d = ged (m,n). Then

d
p (mn) = ¢ (n) e (m) 2@ (2.4)

Proof. Suppose n = pi'py?...pi*F and m = ¢ ¢%...q%. Then

al,. as by bo

e (mn) = o (P51 e ..q)

1 P
I ()= I (lp_n;>

plmn

pld 8
where d = ged (m, n). Therefore,
() p(m) ¢(n) ' ;
p(mn) ", n__ 1
d
4

Thus, ¢ (mn) = ¢ (m) ¢ (n) @ This proves (2.4). =
¥

Remark 2.4 Ifgcd (m,n) = p withp is prime, then ¢ (mn) = -F3¢ (m) ¢ (n).
Thus, if p is sufficiently large, then ¢ (mn) and ¢ (m) ¢ (n) are equivalent.

Next, we present an important divisibility formula.

Proposition 2.1 Ifd | n, then ¢ (d) | ¢ (n).
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Proof. Assume that n = ¢y'¢3*...q.*, where ¢, ¢o, ..., ¢ are distinct primes

and ay, as, ..., a; are positive integers. Let d = qll’lqu...qz’“, where 0 < b; < q;

fori=1,2,....k. Then

o) =q¢ (-1 g5 (g2 —1)...q (g — 1)

and
pld) = -1 (=1 ... (@ —1).
Since 0 < b; < a;, we have

@ (n) _ @ -1 g (- 1) ~qzk_1 (g — 1)
v (d) - (-1 (g — 1)

a1—b1 az—ba ap—by

= ¢ qs ---qy, )

which is a positive integer. The proof is finished. m

Example 2.4 Let n =2022=2-3-337 and let d = 6. Then
o(n)=(2-1)-(3-1) (337 —1) = 672,
and ¢ (d) =9 (6)=(2—-1)-(3—=1)=2. Thus, d | n and ¢ (d) | ¢ (n).

Theorem 2.5 (Fermat’s Little Theorem) If p is prime, and a is rela-

tively prime to p, then a?~' =1 (mod p).

For example, if p = 11 and a = 6 which is relatively prime to 11. By
Theorem [2.5, 6'° = 1 (mod 11). In fact, 6'° = 219. 310 — 1 = 60466175 =
52.7-11-101-311.
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Theorem 2.6 (Euler’s Theorem) If a and n are relatively prime, then

a?™ =1 (mod n).

For example, if n = 8 and a = 9 which is relatively prime to 8. By
Theorem 2.6, 99® = 1 (mod 8). In fact, 9#® = 9* = 6561 — 1 = 6560 =
255 41.

Theorem 2.7 Let a and m be positive integers such that ged(a,m) =1 =

ged(a — 1, m). Then
l4+a+a*+ .. +a?™"1 =0 (mod m). (2.5)
Example 2.5 Let a =3 and m = 11. Then

1434324+ +3e0D-1 — 11341324 139
= 20524 =22.11%.61

= 0(mod 11).

Theorem 2.8 Let my, mo, ..., my be any positive integers and a any integer

such that ged(a,m;) =1 for 1 <i < k. Then

alp(me(ma)om)l = 1 (mod [m1, ma, ..., my]) .

Corollary 2.2 Let mqy, ma,...,m; be pairwise relatively prime integers and

a any integer such that ged(a,m;) =1 for 1 <i < k. Then
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Example 2.6 Let mi =3,my=4,m; =5 and a="7. Then

qle(mi)e(ma),.o(me)l — 71224 — 74 — 9401 =14 2°.3. 52,

That is, 7 =1 (mod 3 -4 -5).

Proposition 2.2 Ifn has at most nine distinct prime factors, that isw (n) <

9, then ¢ (n) > g

ai a2

Proof. Let k be a positive integer with & < 9 and assume that n = ¢ ¢3*...¢;*,
where ¢, qo, ..., @ are distinct primes and aq, as, ..., a; are positive integers.
Since ¢; > p; for t = 1,2, ..., k, we conclude that

(-1 (-) =11 (- )

=1 =1

B 1_1 1_1 1_1 1_1 _110592>1
N 2 3 5) 7 23/ 676039 ~ T’

The proof of Proposition [2.2] is finished. m

Corollary 2.3 Letn > 2. Then ¢ (n) =n — 2 if and only if n = 4.

Proof. If n = 4, then ¢ (n) = 2 = n — 2. Conversely, if ¢ (n) = n — 2, then

n must have exactly one proper divisor, and it follows that n = p? for some
prime p. Hence, ¢ (n) = p(p — 1). Assuming this equal to p* — 2, we obtain
that p=2, andson=4. m

Example 2.7 Let n = 28 and d | 28. Let Cy denote the class of those
positive integers m < n, where (m,n) = d. Since 28 has six positive factors

1,2,4,7,14, and 28, there are six such classes:
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Cy ={1,3,5,9,11,13,15,17,19, 23,25, 27} ,

Cy = {2,6,10, 18,22, 26},

Cy = {4,8,12,16,20,24} ,

o Cr={7,21},
[ J 014 - {14},
o 028 = {28}

In fact, these classes contain 12 = ¢ (28) = ¢ (28/1), 6 = ¢ (14) =
©(28/2), 6 =@ (7) = ¢ (28/4), 2 = (4) = 0 (28/7), 1 = ¢ (2) = ¢ (28/14),
and 1 = (1) = ¢ (28/28) elements, respectively. Also, they form a partition-
ing of the set of positive integers < 28. Therefore, the sum of the numbers of
elements in the various classes must equal 28; that is, 12+6+6+2+1+1 = 28.

In other words,
P (28) + o (1) + 40 (7) + ¢ (4) + ¢ (2) +¢ (1) =28,

that is > ¢ (d) = 28.
dj28

More generally, we have the following result.

Theorem 2.9 Let n be a positive integer. Then

Z @ (d) =n. (2.6)

dln
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Proof. We partition the set of positive integers 1 through n into various
classes Cy as follows, where d|n. Let m be a positive integer < n. Then
m belongs to class Cy if and only if (m,n) = d; that is, if and only if
(m/d,n/d) = 1. The number of elements in C,; equals the number of positive
integers < n/d and relatively prime to it, namely, ¢(n/d), thus, each class
Cy contains p(n/d) elements.

Since there is a class corresponding to every factor d of n and every integer
m belongs to exactly one class, the sum of the elements in the various classes
must yield the total number of elements. That is,

Zs&(%) =n.

din
But as d runs over the divisors of n, so does n/d. Consequently,
n
S e () - Se-n
dln dn
The proof is finished. m

The following example illustrates this theorem. Let n = 12. we compute

o(d) for every divisor d of n, and check that > ¢ (d) = 12. In fact, we have
df12

dold) = o)+ +0B)+9(4)+¢(6)+¢(12)

d|12
= 14+14+2+2+2+4=12.

Also, we use the proof by induction to show that > ¢ (d) = n. Let n have
din
only one distinct prime factor with some positive power i.e., suppose, n = p*
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with @ > 1. We have

dopld) = oM +e@) +e @) +..+e (")

d|p®
= 14+p@-)+pp—-D+.+p" p-1)

= 1+(p—-1) [1+p—|—...+p“*1} =p" =n.

i.e., the result is true when n is a power of a prime.

Let us assume that the theorem is true when n has k distinct prime
factors. Then consider an integer N, which has (k+ 1) distinct prime factors.
Let p® || N, that is, p® | N and p*™' t N. We put N = p® - n, where n has
k distinct prime factors. Now if d runs through the divisor of n, then p'd

(0 <i < a) runs through the divisors of N. Hence

Y o) = @(di)+epd)+ ¢ (PPdi) + ... + o (p°dy) +
dIN

¢ (d2) + ¢ (pdo) + ¢ (P°da) + ... + 0 (p"do) +
..+
¢ (d,) + ¢ (pdy) + ¢ (p°d) + ... + ¢ (pd;)

= D> e@d+D epd)+ > (Pd) + ..+ e (pd)

= :zn:so (d) + g: v ()¢ (d;i ; o (p*) ¢ (d)dﬁ ot ; o (1) ¢ (d)
= dznso (d) + @IZm dz p(d) + 9072192) dz o (d)+ ...+ ¢Zpa> dZ v (d)
= iw(d) (1 +so<p|)n+eo (") + - +%|OH<P“>) ‘"
-

- N
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Hence by the principle of induction the result follows.

Example 2.8 Let n = 12. Compute ) (—1)% @ (d). In fact, we see that
d[12

= 14+14+2-2+2-4

= 0.
Remark 2.5 We ask whether

¢ (ged (m,n)) = ged (p (m) , ¢ (n)),

and

w ([m,n]) = [e (m), ¢ (n)].
For example, for m = 6 and n = 4. Then ged (m,n) = 2 and [m,n| = 12.
Thus,

p (ged (m,n)) = ¢ (2) = 1 # ged (¢ (m) , ¢ (n)) = ged (2,2) = 2.
Proposition 2.3 Let n be a positive integer. If ¢ (n) divides n — 1, then
there exists no prime p such that p* divides n.

Proof. Suppose that n = p® - m, where p is prime, a > 2 and m > 1. That

is p? divides n. We have ¢ (p*) = p® — p* ! = p(p*~! — p?2) and so

ple®)le)|[n—1
Thus, p| n —1=p*-m — 1. This is impossible since p{ 1. =
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Remark 2.6 If ¢ (n) divides n — 1, then n must be square-free.
Theorem 2.10 Let n be a composite number. If ¢ (n) divides n — 1, then n
has at least three distinct prime factors.

Proof. Suppose n has two distinct prime factors and since ¢ (n) | n — 1, by

the preceding proposition n = pg, where p and ¢ are primes. Then

n—1 _ pg —1 :pq—p—q+1+p+q—2
v (n) (p—1(—1) (p—1)(q—-1)
_ w=Yl-H _ p-1 o gl
p—D@-1) @-1@-1) @E-1@-1)
= 1_{_# L
g—1 p—1

As ¢ (n) | n —1, then Z(—’nl) is an integer. Moreover, we see that

1 1
1<1l4+—sr 4+ —— <3,
g—1 p—1

. 1 1 _ . . .
where p and ¢ are primes. Thus, s S e 1 or 2 which is possible only
when p = ¢ = 2 or p = ¢ = 3; but our assumption says that p and ¢ are
distinct. Hence n cannot have two distinct primes. So n must have at least

three distinct primes. m
Example 2.9 We solve for x,y, z the equation

(@ —=5)+¢By—>5)+ ¢ (bz—18) =3, (2.7)
where ¢ is the Euler’s function.

Solution. We know that ¢ (n) = number of a (< n) such that ged(a,n) =
1 where ¢ (1) = 1. Since ¢ (n) € N, therefore (2.7) will be satisfied if and
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onlyifp(z—5)=1,0By —5)=1and ¢ (5z —18) = 1. Now, p (x —5) =1
implies x = 6 or 7, ¢ (3y — 5) = 1 implies y = 2 and ¢ (52 — 18) = 1 implies
z = 4. The solutions are (z,y, z) = (6,2,4) or (x,y,z) = (7,2,4).

Example 2.10 We solve the simultaneous equations

() +¢(y) =2,
{ 200(21: —ﬁ)y+ »(2y) = 3. (2:8)

Solution. From the first equation of we get ¢ (x) = 1 implies x = 1
or 2 and ¢ (y) = 1 implies y = 1 or 2. Then putting x = 1, y = 1 in the
second equation of (2.8)), ¢ (11) + ¢ (2) = 3 which is not possible. However,
for . =1, y = 2 we have ¢ (1) + ¢ (4) = 3 is true. Thus (z,y) = (1,2) is a
solution. Also (z,y) = (2,1) is a solution since ¢ (3) + ¢ (2) = 3.

Next, we prove the following result.

Theorem 2.11 Letn > 2. We have

Z a= m (2.9)

ged(a,n)=1
1<a<n

Proof. We have ged(a,n) = 1 gives ged(n — a,n) = 1. Thus, if a is a set of

integers such that ged(a,n) =1, 1 < a < n then, n — a is also the same set

as a. That is,

n

Z a = a1+ a2+ ...+ Qyn)

ged(a,n)=1
1<a<n

= (n—a))+(n—a)+ ..+ (n—aym)

30



UNIVERSITY MOHAMED Boubpiar-M’siLa, REFICE H. DEPARTMENT OF MATHEMATICS

Therefore,
2 E a=n+n+..+n=npn).
—_—
cd(a,n)= n)-tim
g1(§a<)n1 p(n)-times

This proves (2.9). =

Example 2.11 Letn =12 = 2%2.3. Then

12

Z a=14+5+7+11=24

ged(a,12)=1
1<a<i2

and np (n) /2 =12-4/2 = 24.
Corollary 2.4 We have the following properties

1. Let n > 1. Then ¢ (n?) = ny (n). In particular, ¢ (p*) = p(p —1).
2. Let n > 1. Then ¢ (n®) = n%p (n),

3. Let n > 1. Then ¢ (n®) = n"ty(n).

Proof. Indeed, we have

ERELR (S

That is, ¢ (n%) =n"'p(n). =

As an example, using the third property of Corollary v(16) = ¢
(21) = 23 (2) = 8, ©(2401) = @ (7)) = T (7) = 7 -6 and ¢ (1728) =
(26 39) :go((22~3)3) = (22.3)2p(22-3) = 21 - 32 (22 3) = 26 . 32,
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2.2 Some other properties and examples

Suppose that n is known to be the product of two distinct primes p and
q. Then knowledge of p and ¢ is equivalent to knowledge of ¢ (n), since
¢ (n) = (p—1)(¢—1). However, there is no known efficient method to compute

¢ (n) if the prime factorization of n is not known.

1. For every n >3, ¢ (n) is even. Let n > 3. There are two cases:

Case 1. Assume that n is not divisible by an odd prime, that is, n = 2¢

with a > 2. In this case, ¢ (n) = 2°~! which is even.
Case 2. Assume that n is divisible by at least one odd prime, namely

p. By (2.3)), p — 1 divides ¢ (n). This proves the result.

2. Let n > 1. Then ¢ (n) | n if and only if n = 2% - 3* with @ > 1 and
b>0.

3.1f d | n and k > 0, then ¢ (n-d*) = d*¢(n). Moreover, ¢ (n*) =

n*~lp (n) for all positive integers n and k. The result follows from the

prime factorization of n and d.

4. Let p and 2p + 1 be two primes. If n = 4p, then ¢ (n + 2) = ¢ (n) + 2.

In fact, we have
p(n+2)=¢2(@2p+1))=p2p+1)=2(p—-1)+2=2p = (n)+2.

5. Let n = 2(2p —1), where p and 2p — 1 are prime. Then, ¢ (n) =
@ (n+2).
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6. ¢ (n) is a power of 2 if and only if n = 2%F;...F}, where a > 0 and
F,=2v+1,i=1,2,....k are primesﬂ. We see that if n = p®, then by
©(n) =p* ' (p—1). Thus ¢ (n) = 2% for some x > 1 if and only
ifp=2ora=1andp—1=2Y for some y > 1. Hence, p = 2¥ 4 1.

The result follows since ¢ is multiplicative.

7. Let m,n > 1. Then go(%) = % if and only if m = nk, where

ged (n, k) = 1. Clearly, if m = nk, where ged (n, k) = 1, then

my o eme®)  pm)
o (5) =2 =220 = S

8. We can easily prove that ¢ (n) = 14 has no solutions using the standard

factorization of n.

Corollary 2.5 Leta > 2. There are no positive integers n such that 2% (n) =

n. In particular, there are no positive integers n such that ¢ (n) = n/4.

Proof. By ([2.3)), we have

where a > 2. Or equivalently,
21[e-1=]]r (2.10)
pln pln

Since 4 1 [ p, we deduce that (2.10) is not valid. m

pln

2A number of the form 22" + 1 is said be Fermat number, denoted by F,. In addition,
if F, is prime, then F;, is said to be Fermat prime. The only known Fermat primes are F;
(0<i<4).
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e Let n be an odd integer. Since (2,n) = 1, we conclude that ¢ (2n) =
v (2) ¢ (n) = ¢ (n). Also, ¢ (4n) = 2¢ (n).

e Let n be an even integer. We put n = 2% - m, where (2, m) = 1. Then

¢ (2n) = 2% (m) = 2¢ (n). Therefore,

[ ¢(n),if nis odd
?(2n) = { 2¢ (n), if n is even

e If nis an even perfect number, that o (n) = 2n, then ¢ (n) = 2871 (2F-1 — 1)
for some positive integer k. In fact, there is a result state that n is even
perfect number if and only if n = 2P~ (2 — 1), where p and 2P — 1 are
both primes. For example, n = 6 = 2271 (22 — 1) which is perfect since

7 (6)=2-6.
Proposition 2.4 Let n > 1. Then ¢ (3n) = 3¢ (n) if and only if 3 | n.

Proof. Assume that n = 3% - m, where (3,m) = 1. Clearly, ¢ (3n) = 2 -
3% (m) = 3-2-3*"Yp (m) = 3p (n). Conversely, assume that ¢ (3n) = 3¢ (n)

and 3 1n. We put n = ¢7"¢3*...q;", where ¢, ¢o, ..., ¢; are distinct primes and

ai,as, ..., ax are positive integers. Then
v (3n) = 2p(n) # 3¢ (n).
A contradiction. m
Corollary 2.6 Let n > 1. Then ¢ (3n) = 2¢ (n) if and only if 31 n.

Proposition 2.5 Letn > 1. Then ¢ (n) = g if and only if n = 2F for some
kE>1.
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Proof. Write n = 2% - m, where k > 1 and (2,m) = 1. We have ¢ (n) =

28=1p (m) = 281 -m if and only if o (m) =m andsom =1. =

Proposition 2.6 There are infinitely many positive integers n such that

Proof. Let n = 3% - m, where (3,m) = 1. We have ¢ (n) = 2-3% 1o (m). If
¢ (n) = 3*"'-m, then ¢ (m) = 2. By Proposition , m = 2* for some k > 1.

Thus, if n = 2% - 3% with a > 1 and b > 0, thengp(n):n |

g.
We conclude the following result:
Proposition 2.7 Let n > 1. Then ¢ (n) = % if and only if n = 2% - 3% with

a,b>1.

Proposition 2.8 The only solution of the equation ¢ (a-b) = ¢ (a) + ¢ (b)
are (a,b) = (2,2),(3,4) and (4, 3).

Proof. In fact, from the relation ¢ (ab) = dp (a) ¢ (b) /¢ (d), where d =
ged (a,b) (see Theorem [2.4)). This gives,

pla)+o®) d

p(a)pd) ()

or equivalently

1 1 d o(d) @)
@ o) e e Tem ="
— + — =d, where m = <a)an n:&
i 2@ ™M= @
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Since m,n and d are positive integers, the only possible values of m, n and
d are:

d=2m=n=1 (2.11)

or

d=1,m=n=2. (2.12)

For the case (2.11), ¢ (a) = ¢ (b) = 2 and then, a = b = 2. For the case
(2.12), ¢ (a) = ¢ (b) = 2, then one of a,b is 3 and the other is 4. Thus the
possible values are (2,2), (3,4) and (4, 3). The proof is finished. m
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Chapter 3

Relations between ¢ and other
multiplicative functions

In this chapter we present some notes involving relations between the Euler’s
function and the other multiplicative functions as well as the sum of divisors
o, the number of divisor d and the kernel function ~.

Clearly, for any prime p we have ¢ (p)+0o (p) = 2p, and if ¢ (p*)+0 (p*) =
2p®, then a = 1. In fact, if

(p—Dp"  +1+p+.. +p" +p" =27,

then we must have 1 +p+ ... +p* ' = p» ! and so a = 1.

Simple computation, we can verify the following example:

Example 3.1 Let n = 568 - 3% and m = 638 - 3%, where k > 0. Then

We can say that (3.1]) holds infinitely often.

(n) +o(n)

Proposition 3.1 Let n > 1. Then L ( )2 1s an integer for infinitely
v (n

many positive integers n.
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Proof. Consider the numbers
n=32-3""1 L>1 (3.2)

Note that v (n) = 2-3. Thus, we must prove that (v (n))* divides ¢ (n)+o (n).

In fact, we prove that if n is as in (3.2), then ¢ (n) + o (n) = 16 - 3% + 63 -
32r+2 _

is divisible by 36, where 63 = 3% - 7. It remains to prove that
32r+2 _

2
other hand, we see that 9 = 1 (mod 8), and so

is divisible by 4, or equivalently 32"*2 — 1 is divisible by 8. On the

3% 2 = 9" =1 (mod 8) .

242 _ o (n
Thus, ———— is divisible by 4 and hence
2 7 (n)

+o(n)

3 1S an Integer in-

finitely many times. m

3.1 Diophantine equations and related inequal-
ities involving ¢ (n)

Now, recall that a Diophantine equation is an equation of the form:

fxy,x,..xy) =0b

that we want to solve in integers or nonnegative integers. This means that
the values of the variables x1, xs, ..., ; will be integers or nonnegative inte-
gers. Usually the function f (x1,z9,...,x%) is a is a polynomial with integer
coefficients or a real-valued function whose domain is the set N. Let us start
with some simple Diophantine equations involving the divisor function and

Euler’s function.
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1. The equation d(n) = ¢(n), n > 1. Here, we give a comparison
between the value d (n) and Euler’s function at the same point n. Computing
the values of functions ¢ (n) and d(n) for n < 30 from the well-known

formulas for these functions, i.e., if n = ¢i"¢5”...q¢*, then

o) =q¢""" (- 1)¢5* (e — 1) g g — 1),

and
d(n)="(a1+1)(ag+1)...(ax +1).

we easily see that the only values n < 30 for which ¢ (n) = d(n) are n = 1,
3, 8, 10, 18, 24 and 30. We have here ¢ (1) = d(1) = 1, ¢(3) = d(3) = 2,
0(8) = d(8) = 4, ¢ (10) = d(10) = 4, p(18) = d(18 = 6, p(24) = d(24) = 8
and ¢ (30) = d(30) = 8.

In 5 pages 110-111], it was proved that there are no other solutions of the
equation ¢ (n) = d(n) in positive integers n. It can be shown that for n > 30

we have ¢ (n) > d (n). For example, for n = 31 we see that ¢ (n) = 30, while
d(n)=2.

Theorem 3.1 The numbers 1,3,8,10,24 and 30 are the only solutions of
d(n) = ¢ (n). Moreover, we have ¢ (n) > d(n) for n > 30.

Proof. Clearly, n = 1 is a solution. Next, let n > 1 with n = [[p® (for
simplicity we do not use indices), where p is prime and a > 1. Then

e () _ "t p—1)
d (p®) a+1l

For p > 3 we see that p®~' - (p—1) > 3*1.2 > a +1 for all a (which can

be proved easily by induction on «) with equality only for & = 1 and p = 3.
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One gets
¢ (n) >d(n) for all odd, (3.3)

with equality for n € {1, 3}.
Let now be n even, i.e, n = 2% - m with m is odd and a > 1. For a > 3

one can write
p(n)=¢(2%) ¢ (m)>2""d(m)

on base of (3.3). But 2°7! > o + 1, with equality for o = 3, so
¢ (n) >d(n) for n is even and 8 | n. (3.4)

In the above inequality we must have m = 1 or m = 5, so in (3.4) we can
have equality only for n = 1-8 =8, n = 3-8 = 24. We have to study the

remaining cases « = 1 and o = 2. For @ = 1 one obtains the equation
w(m) =2d(m), m = odd, (3.5)
while for o = 3 we have
2¢ (m) = 3d(m), m = odd. (3.6)

Let m =[] -5 p”. Then (3.5)) becomes

P p 1)
™55

p>3
with equality only for § = 1, thus m = 5 or m = 3 -5 are the single
possibilities. From here, as solutions we get n = 2-5 = 10 and n = 2-3-5 = 30.

In the same manner, (3.6) becomes

PP rp—-1) 3
H B+1 2

p=3
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23071 4.5t 3 ,
But, —— > 1 and > —. Thus, we cannot have equality. Therefore,

B+1 — B+1 2

this case doe not provide solutions. By summing, all solutions of the initial

equations are:

n € {1,3,8,10,24,30} .

As a consequence, we can write ¢ (n) > d (n) for n > 30. =

2. The equation ¢ (d(n)) = d (¢ (n)).

Proposition 3.2 The equation ¢ (d(n)) = d (¢ (n)) has infinitely many so-

lutions.

Proof. Consider the numbers n = 2¥, where k > 1. For such a number to be
a solution of ¢ (d(n)) = d(p(n)), we must have ¢ (k+1) = d (2"71) = £k,
which is solvable only when £ + 1 is a prime number. Thus, £ = p — 1, with
p is prime. Then for n = 2P~ with p is prime, we have ¢ (d (n)) = d (¢ (n)).
|

3. The equation d(n) + ¢(n) =n + 1.

Proposition 3.3 The only solutions of d(n) + ¢(n) =n+1 are 1,4 and p

with p is prime.

Proof. One can remark that n = p with p is prime and n = 1 are solutions.
Let n = p® be a prime power such that d(n) + ¢(n) = n+ 1. Then a = p* !,
or equivalently, « = p and a — 1 = 1. Hence, n = 4.

Now, let n > 1 be composite with n # 4 and let d # 1 be a divisor of n.
Then ged(d, n) # 1. Therefore, clearly ¢(n) < n —d(n) from the definitions
of d and ¢ (which is the number of couples (i,n) such that ged(i,n) = 1,

i <n), and so d(n) + ¢(n) < n + 1. Therefore, n cannot be a solution. m
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A Diophantine inequality is an inequality whose solutions are required to
be integers of natural numbers. Let us consider the following Diophantine
inequalities. Also, there are some Diophantine inequalities defined by using

the Euler’s function and some other arithmetic functions.

Proposition 3.4 Letn > 1. Then ¢ (n) > o

d(n)

Proof. Let k£ be the number of distinct prime factors of n. Suppose that
n = ¢'q¢3%...q.", where ¢, qo, ..., g are distinct primes and aq, as, ..., i, are

positive integers. Then

o(n)-d(n) = n(1—l) (1—1) (1—l) (a4 1) (ag +1) ... (a + 1)

q1 q2 qk

1\ F
> n(—) ok =,
2

This gives the result. m

Proposition 3.5 Letn > 1. Then

p(n) < (3.7)

o(n)

Proof. Assume that n = ¢y"¢3*...q.", where ¢, ¢o, ..., ¢ are distinct primes
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and ay, as, ..., a; are positive integers. We have

oo - Tl <)n—

The proof of (3.7) is finished. m

3.2 Diophantine inequalities involving the gen-
eralized Euler’s function

The generalized Euler’s function is given by a similar argument as in ([2.3)).

In fact, we have:
=n"]] (1 - ) k> 1.

The related Dedikind function is defined by

_n"‘H(lJr ),kzl

pln

In the present section we study several Diophantine inequalities formed by
the product and the sum of certain multiplicative arithmetic functions on the
left side as well as the generalized Euler’s function and its related Dedikind
function, and by integer-valued polynomials whose leading coefficients are

positive on the right side. Recall that the following result is from the paper
.
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Theorem 3.2 Let s and n be positive integers with n > 2. Then,

©s (n)d(n) ¢S (TL) . (TL) Z n35+1 + nSs . n25+1 . n25 . ns—l—l —-ns +n+1. (38)

Proof. Firstly, for s = 1, we note that

d(n) o 4 2 _ 07 for n = b,
p ()¢ (n)o(n) = (n' =20 +1) = { 111, for n = 4.

Next, it suffices to show that if ¢ (n)™™ ¥ (n) o (n) > n* — 2n? + 1 for some
n > 3, then it is also true for pn with p > 2 is prime. Indeed, for each such

integer n and for any prime p > 2 we distinguish two cases.

1. When p does not divide n. Since ¢ (n) > 2 and d(n) > 2, it follows

that
o ()™ (pn) o (pn) = (p— 1> o (n)**™ (14 p)*¢ (n) o (n)
= (=" e )™ 1+ p)? [e ()" 6 () 0 ()]
> (p— 1" om)™ (1+p)? (n* — 20" +1)
> (p—1)'22(1+p)’ (n* —2n* +1)
= n' (4p° — 8p° — 4p* +16p® — 4p®> —8p+4) +
n® (—8p°® + 16p° + 8p* — 32p® + 8p* + 16p — 8) +
4p5 — 8p° — 4p* + 16p> — 4p* — 8p + 4.
Thus,

o (pn) "y (pn) o (pn) — ((pn)* —2(pn)* +1)  (3.9)
> nt (4p6 — 8p° — 5pt + 16p® — 4p* — 8p + 4) +
n® (—8p°® + 16p° + 8p* — 32p° + 10p* + 16p — 8) +

4p5 — 8p° — 4p* + 16p® — 4p* — 8p + 3.
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Using the graph of the function x — 42°—82° —42*+1623 —42% —8x+3,
we have

4p® — 8p° — dp* + 16p* — 4p* — 8p + 3 > 0. (3.10)

In fact, we see that
4p° —8p° —4p* +16p° —4p* —8p = 4p" (p* — 2p — 1) +4p (4p* —p — 2),

where p? — 2p — 1 > 0 holds for every p > 3 and 4p®> —p — 2 > 0 holds
for every p > 2. This proves (3.10]) for every p > 2, since its value at

p = 2 is 35. Moreover, from the graph of the function:

. 828 — 162° — 8z* + 322% — 1022 — 162 + 8
x
46 — 815 — Hrt 4+ 16a3 — 422 —8xr +4

by using the same manner as those of the proof of (3.10) we can prove

that
8p® — 16p° — 8p* + 32p® — 10p* — 16p + 8 <39
4p% — 8p® — bpt + 16p> —4p> —8p+4 —

Since n > 2, then

0<

— (—8p° + 16p° + 8p* — 32p> + 10p? + 16p — 8
4p6 — 8p° — 5p* + 16p? — 4p? — 8p + 4

Setting

s
|

4p% — 8p° — 4p* + 16p® — 4p* — 8p + 3,
= —8p% 4+ 16p° + 8p* — 32p> + 10p% + 16p — 8,

= 4p® —8p° —5p* + 16p° — 4p” — 8p + 4.
: -B . : :
Since A > 0 and n? > ol it follows from the inequality (3.9)) that
© (pn) ™™ 4 (pn) o (pn) — ((pn)4 —2(pn)® + 1) >n'C+n’B+A>0.
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2. When p divides n. Since ¢ (pn) = py (n), ¢ (pn) = pp (n), o (pn) >
po (n) and d(pn) > d(n) + 1, then

o (pn)™™ ¢ (np) o (np) = (pio ()™ 4 (pn) & (pn)

> plem 2o () Py (n) o (n)
P () (n) o ()
P (n) [0 ()" v (n) & ()]

P (n) (nt - 20 +1)

v v

v

2ntp® — An?p® + 2p°.
Therefore,

e (pn)* ™ ¥ (pn) o (pn) — ((pn)* — 2 (pn)* + 1)
> onip® — nipt —An?p® + 2n%p? + 2p° — 1
= n'(2p° —p*) +n® (—4p° +2p*) +2p° — 1. (3.12)

Since p > 2, then 2p® — 1 > 0. Using the graph of the function z

4 5 _ 2 2
% and the proof of (3.10]), we can also prove that
xd —
4 5 2 2
0< 2 P S
2p° — pt 2
Since n > 2, then
—(—4 5 2 2
Il . il (3.13)
25 — ph

It follows from ((3.12)),(3.13) that
o (pn) " ¥ (pn) o (pn) — ((pn)" =2 (pn)* + 1) > 0.

Hence, for s = 1, we have proved that the inequality ¢ (n)*™ ¢ (n) o (n) >

n* — 2n? + 1 is true for every n > 2.
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Now, assume for some s > 1 that the desired inequality holds for any

composite positive integer n. We distinguish two cases:

Case 1. Suppose that n is not the square of a prime number. Then

v

>

Therefore,

Ps+1 (n)d(n) VYsi1 (n) o (n)

d(n)
nstt H (1 - p51+1> nt H (1 + 51+1) o (n)
pln o pln
o (T (1-5) ) et T (1 ) o
pln - pln
nd® | ps H (1 - ls) n® (1 + is) o(n)
pln b pln P

nd(n) (n35+1 + n3s . n2s+1 . n25 _ ns—H —nS4n+ 1)

2s

n25+1 -n

DEPARTMENT OF MATHEMATICS

sr1 (M) i1 (n) o (n)

n4 <n3s+1 + n35 o

n3s+5 + n3s+4 . n2s+5 . n2s+4 .

47

—n = nf+n+ 1(B.14)

s+5

ns*s et S ot



UNIVERSITY MOHAMED Boubpiar-M’siLa, REFICE H. DEPARTMENT OF MATHEMATICS

where (3.14) holds because n is not of the form p? with p is prime, and

therefore d (n) > 4. Since n > 6, it follows that

Psi1 (n)d(n) ¢S+1 <n> o (n) . (n3s+4 + n3s+3 . n23+3 o n2$+2 o ns+2 . ns+1 +n+ 1)

> n3sts _ p3s+3 _ 2544 + n2st3 _ 2545 + n2st2 _ psth ns+4 + nst2 +
S +nt—n—1

> 3s+5 _ 353 | g2std 4 g2s+3 _ g2s+5 | G242 _ gsth _ gsHd | get2 4
6" +6°+6' -6 -1

= 7560 x 6> — 8820 x 6% — 9030 x 6° 4+ 9065

> 1270 325.

Note that when n is prime, the inequality (3.8)) becomes
d(n s s
s ()™, (n)o(n) = (n*=1)* (" +1) (n+1)
— n35+1 + n3s _ n25+1 . TL2S . ns+1 —ns +n+1.
Case 2. Suppose that n = p? for some prime number p > 2. We also have
d(n s 3
0s () ™y (m)yo(n) = (P —p°) > +p°) A +p+p?)
— p8$+2 +p8s+1 + p8s _ 2p7s+2 _ 2p7s+1 _ 2p7s +
2p55+2 + 2p55+1 + 2p5s o p48+2 _ p45+1 o p4s‘
Therefore,

2 (n)d(n) Vs (n) o (n) — (n35+1 43S 2l 2 st s 4oy 1)

> p85+2 +pss+1 + p85 . 2p75+2 . 2p7s+1 B 2p75 . p6s+2 _ p65 + 2p55+2 +
2p5s+1 + 2p5s +102s+2 o p4s+1 +p25 o p2 1

> Tx2 _14x2 5 x 20 L 14x2% —2x2¥ 4+ 5x2% 5

> 111

Y
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since p > 2. Hence, (3.8)) is true for n = p* with p is prime.
Thus, our assertion is proved by induction on s. This completes the proof

of Theorem n

Remark 3.1 In the case when n = p? with p is prime, then becomes
Psit (n)d(”) Vsi1 (n) o (n) > n38+4+n35+3—n25+3—n25+4—n5+4—n5+3+n4+n3,
since T (n) = 3. Hence,

Doit (n>d(n) Vey1 () o (n) — (n3s+4 4383 283 _ 2542 pst2 sl o 1)

Z _n25+4 + n28+2 . n8+4 . n8+3 + n8+2 + n5+1 + n4 + n3 —n— 17 (315)

where the leading coefficient of (3.19)) is negative. Therefore, in this case, the
inequality (3.8) can not be easily deduced for s+ 1.
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Chapter 4

Conclusion and unsolved
problems

Number Theory is a field where the problems to solve are very easy to for-
malize and to understand, but very hard to prove. In this chapter, we state
some famous open problems involving Euler’s function and we give examples
to understand them. Some of these problems are found in [3] and [9]. Clearly,
if n is prime, then p(n) = n — 1; while Lehmer asked whether ¢(n) divides
n implies that n is prime, but this question is still open. Moreover, there are

several other questions:

1. Does ¢(n) = ¢(n + 1) have infinitely many solutions? The first few
terms with this property (see [7]) are:

1,3, 14, 104, 164, 194, 255, 495, 584, 975, ...

e For n = 975, we have p(n) = ¢ (3-5%-13) =2°-5-3 = 480 and
p(n+1) = (976) =@ (2*-61) = 2535 = 480.

e The number n = 1405845 = 32-5-7-4463 satisfies p(n) = p(n+1).
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2. Erdos asked the question: Does ¢(n) = ¢(n+1) = ... = p(n + k) have
solutions for every k7 In particular, for £ = 2 we have the first solution

n = 5186. That is, we have:

Example 4.1 The equation ¢ (n) = ¢ (n+1) = ¢ (n+2) holds when n =
5186 = 2 - 2593.

1. Moser asked the question: Is p(z) = ¢(y) = 2n solvable for every n?

2. Erdos asked the question: Are there infinitely many numbers not of the

form ¢(n) +n?

3. Moser asked whether the only solutions of ¢(n) = w(n) are n =

2,3,4,8,14, 20,90 or not.

4. Note that the equation 14 = ¢ (z) has no solutions. Instead of 2*7Y

with x,y > 1, are there infinitely many such positive integers?

5. Let a = 665 =5-7-19, b = 666 = 2-3%-37, ¢c = 667 = 23 - 29 and
d = 668 = 22 - 167. We can easily verify the following equations.

It remains to give information on each of the above equation and we

ask if there are infinitely many solutions.
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6. An important general Diophantine equation related to the Euler’s func-
tion is given by

flen)=¢(gn),

where f and g are two multiplicative functions. Does the above equation

has infinitely many solutions?

Conjecture 4.1 (Carmichael, see [9]) There is no n for which p(x) =n
has a unique solution. In general, for every positive integer k > 1, there exist

infinitely many n for which ¢(x) = n has exactly k solutions.
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