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0.1 Introduction
The main topic treated in this memory is the study of the continuity of

multilinear mappings between asymmetric normed spaces, following the classical
scheme of linear operators. It is difficult to localize the first moment when
asymmetric norms were used (see, [4],[5] and [7]).

Our main motivation is to show that the results that worked for the case of
linear operators between asymmetric asymmetric normed spaces could be extended
to the multilinear operators ,so the main goal of this memory is to introduce and
study the continuity of multilinear mappings on asymmetric normed spaces . As far
as we know that is a first attempt in this regard. Let X,...,X,, and Y be vector
spaces and T a mapping form X;x...xX, into Y.We may fix m—1 coordinates and so
obtain a mapping form an X; into Y.If such a mapping is linear for each X; ,than T is
said to be m-linear (multilinear).We give some characterizations, for the class of
continuous multilinear operators, by asymmetric norm inequalities similar to linear
case and using the notion of N-asymmetric norm .Also we prove some
fundamental theorems concerning this mappings in the framwork of
asymmetric normed spaces (see, [6],[9] and [11]).

The memory consists of two chapters. In chapter 1 we establish the notation of
the memory. We introduce some important results concerning asymmetric norm and
continuous linear mappings between asymmetric norms spaces and we recall the
main definitions and properties of the continuous multilinear mappings on normed
spaces.

In chapter 2 of this memory we give a result that gives the characterization of
the continuous multilinear mappings between asymmetric norms spaces. We study

the completeness properties of the asymmetric normed semi-vector space of these

mappings.
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1 .1 Quasi-metric spaces
In the following,let X be a non-empty set .

Definition 1.1.1
A quasi-metric onX is a function d: X x X — R*with thefollowing

properties
1 .forall x,y € Xwe have d(x,¥) = d(y,x) = Oifand only ifx =y .

2.forall x,v,z € X we have d(x,y) < d(x,y) + d(x, y)(triangle inquality) .
The pair (X, d)is called quasi-metric space .
If d(x,¥) = d(y,x) = 0does not imply x = y for somex, y € X the function d is

called a quasi-semimetric, and the pair(X, d) is called a quasi-semi metric space .

Remarkl.1.2 )
If d is a quasi-metric on X,then the function d definedon X X X by

d(x,y) = d(x,v), x,y €X
Is a quasi-metric on X called the conjugate of d .
And the function d® defined on X x X by

d’(x,y) = max{d(x,y),dxy)},xy € X

Is a metric onX.

Example 1.1.3 [see 12]

the d: R X R — R™application defined by
dlx,y)=y—x ifx<y

{d(x,y)zl if x >y

Is a quasi-metric onR ,indeed for all x,y and z € R we have
1. d(x,y) =d(y,x) =0If andonlyif y —x =0 ifandonly ifx =y
2. We have the following cases
e Ifx<yandx < zand z <y sowe have
dlx,y)=y—x<z—x=d(x,z) <d(x,z)+d(z,y)
o Ifx<yandx =<zandz < y,s0
dlx,y)=y—-x=z—-x+y—z=d(x,z) +d(z,y)
o Ifx<yandz < x,50
dx,y)=y—-x<y—-z=d(zy) <d(xz)+d(zy)
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e Ify<xandx < z50
dlx,y)=1<d(x,z) +d(z,y) =d(x,z) +1
e Ify<xandy < zandz < x,50we have

dlx,y)=1<d(x,z) +d(z,y) =1+d(z,y)
e Ify<xandz<y,so
dlx,y) =1<d(x,z) +d(z,y) =1+ d(z,y)

In the following we give a condition so that d*is a metric .

Definition 1.1.4
(Balls) let (X, d) be a quasi-metricspace ,xo€ X and r>0 .the open ball,of radius r

centered at Xg,is the set defined by

Bi(xg,7) =1{x € X:d(xg,x) <71}
The closed ball of radius r centered at X, is defined by

Bilxg,r] ={x € X:d(x,,x) <71}
Let Xx€ X , we say that a set veXis a neighborhood of the point x if and only if

31 =0:Ba(x,7)C v
The collection neighborhoods of the point x is denoted by v, (x)
The topologyt, of a quasi-metric space (X ,d) can be defined starting from the
family v (x) .
Definition1.1.5
The convergence of a sequence(x,,), to x with respect to 7,,called d-

d
convergence, in symbols x,, — x,can be characterized in the following way :

xnix{:} d(xx,) =0
Proposition 1.1.6[see 1]
Let (x,,), be a sequence in a quasi-metric space (X ,d)
1.1f(x,,),, is d-convergent to x and d-convergent to y, then d(x,y) = 0.
2.1f (x,,), is d-convergent to x and d (y, x) = 0, then (x,,), is also d-convergent
toy.
Proof .[see 12]
1. By inequality



d(x,y) <d(x,x,) +d(x,,vy),forallneN
And like B
lim d(x,x,) = 0and lilﬂ d(x,,v) = li1+11F d(y,x,) =0

n—+oo

We obtain d(x,y) = 0

2. By inequality

d(y,x,) <d(y,x)+d(xx,) forallne N

We obtain
d(y,x,) <d(x,x,), forallneN

And this implies that
lim d(y, x,) < li1+nF d(x,x,) =0

n—+oo

So lim,,_ . d(y,x,) = 0,There fore(x, ), is d-convergent toy.

1.2 Asymmetric normed spaces

For the general theory of asymmetric normed spaces we refer the reader to
the monograph [1]. In the following, let X be a real vector space .

Definition1.2.1
A function p: X — R" is an asymmetric norm on the real vecter space X if for

every x,y€ X and @ € R we have

1.p(x) = p(—x) = 0 if and only ifx=0

2.p(ax) = ap(x)

3p(x +y) =p(x) +p(y)

We say that the pair (X ,p) is an asymmetric normed space .

If p(x) = p(—x) = 0 does not imply x=0 for some x € X (i.e satisfies only the

condition (2) and (3) ,the function p is called a asymmetric semi norm, and the
pair (X,p)is called an asymmetric semi normed vector space .

Asymmetric norm conjugate and symmetrization

The asymmetric norm conjugate to p is the function P: X — R" defined by

p(x) = p(—x) . As a consequence, the asymmetric norm p induces a norm
p°’defined on X by the formula p=(x) = max{p(x), p(—x)}, this norm is
referred to as the asymmetrization of the asymmetric normp .
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Topology of asymmetric norm

Evrey asymmetric norm p,on a vector spaces X, induces a quasi-metric d,
on X X Xdefined by
d,(x,y) = p(y —x), x,y €X
If p is an asymmetric norm on X,then the topology z4,will be simply denoted by
7, and we will say that 7, is the topology induced by p.
T, IS a Ty topology on Xthat is for any pair x,y of distinct points in X,at least one
of them has a neighborhood not containing the other .The lopolgyz, is generated

by the asymmetric open balls
B,(x,e) = {y € X:p(y — x) < £}, where € > 0.

Moreover the collection {B, (x, £):& = 0}forms a fundamental system of

neighborhoods for the topology t, .However, in general this topology is not
Hausdorff (see[2]).

Proposition 1.2.2 (see[1])

If (X, p) is an asymletric space, then any ball B, (x,, )is open in the topology 7,
and any ballB, [x,, r]is closed in the topology 75 .

Also, the following inclusions hold :

B s (x0,7)CB, (xg,7)and By,s (xy,7) CBp(xg, 1),

With similar inclusions for the closed balls.

Convergence in asymmetric space

A sequence(x,,), in an asymmetric normed space (X, p) is convergent to
xeX with respect to 7, if and only if lim,,_., .. p(x,, — x) = 0.Form this we obtain
the following result (see [3],remark1.1).

Proposition 1.2.3
let Z be a linear subspace of X .Then Z is closed in (X,p) if and only if it is closed

in (X,p) .
Completeness in asymmetric normed spaces
There are several notions of Cauchy sequence and more notions of

completeness in asymmetric normed spaces(see[1]and[4]) .We present only the
following notions :



e A sequence (x,), of elements of X is said to be left (right) K-Cauchy
sequence in X is for every £ = 0 there existsnyelM such that
plx, +x,) < e (resp:p(x, — x,) < e)whenevern =k = n,.

o (x,p)iscalled left(right) K-complete if every left(right) K-couchy sequence
in X'is convergent with respect to 7,

e (x,p) is called bicomplete(or bi-Banach) if the normed space (X, p*) is
complete.

Example 1.2.4
As an important example, let u the asymmetric norm on the real vector space
Rdefined be

u(x) =x* =

max{x, 0}

In this case it(x) = max{—x,0} = x "and u*(x) = max{—x,x} = |x|.
Obviously (RR,u) is a bi-Banach space.

The asymmetric norm u is called usual asymmetric norm .

1.3 Continuous linear operators.
Let(X, p)and(Y, q)two asymmetric normed spaces. We denote by LC(X, y) the set

of all continuous linear mappings form (X, p) into (Y, q) and by LC*(X, Y ) the set
of all continuous linear mappings form normed space (X, p*) to normed space

(Y.q%) .

Definition 1.3.1
A linear mapT: (X,p) — (Y, q) is called bounded if there exist a positive constant

Ksuch that
q(T(x)) < Kp(x)
For all xeX.

The next result and its consequences can be found in [5]or[6] and will be used in
the sequel .

Theorem 1.3.2

TeLC(X,Y) if and only if T is bounded.

The following example show that the set LC (X, Y) is not necessarily a vector

space but it is a cone (or normed semi-vector space) . that is,
T + SelLC(X,Y)and aTeLC(X,Y )forall T,SeLC(X,Y)and ¢ = 0.
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Example 1.3.3 see[11]
let id be the identity function form (R, w)into itself. Clearly id is a continuous

linear function but - id is not continuous, because if x < 0, u(—x) = —x,50

sup{u(—x):u(x) =1} = o
Thus we conclude that LC (X, Y) is not a vector space in general.

Following(23 ,theoreml), we can consider an asymmetric norm on the cone
LC(X,Y) of all linear continuous mappings T from (X,p) into (Y,q) defined by

the formula

p;(T) = sup{q(T (x)): p(x) < 1}

And also

pa(T) = inf{K > 0:q(T(x)) < Kp(x)}

Proposition 1.3.4
If the linear map T: (X,p) — (Y, q) is continuous, thenT: (X,7) — (¥, q) is

continuous .Hence
LC(X,Y)CS LCS(X,Y).

Proof.
letT € LC(x,y).than there is K = 0 such that

g(T(x)) = q(T(—x)) < Kp(x).

Therefore T is continuous from (X, p)to(X, q) ,hence
qS(T(x)j < max{kp(x), kp(x)} = kp*(x)

We conclude that LC (X, Y) € LC*(X,Y) .

Dual of an asymmetric normed space

Arelevant special case of continuous linear operator between asymmetric normed
spaces arises when we take (Y, g) = (R, u).In this case p;; will be simply denoted

by p*and we put

X*={T:(X,p) - (R, u), Tis linear and continuous}.

This cone is referred to as the dual space of (X,p).Observe that((X *,P*) is a bi-
Banach cone where p* = p;;, (see[6],theoreml).
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1.4 Example of bi-Banach space
In what follows, we study and detail an important example given in [13]

For 1 < p < oo,we will denote by £, the set of infinite sequences x = (x,)n, € R
such that

2, ={(xn . CE:ZMHW im}

n=>0

It is well known that (fpl IB IIP) is a Banach space , where|[. ||, is the norm on
¢, defined by

ell, = (D) 1l 2 = G € 4,
n=0

Fixp = 1, for each x = (x,,), € £,define

=

1

xti= (), and x|y, = lIx*ll, = (Z (x:{)p)p

n=0

We will show that]|. ||, is an asymmetric norm on £, such that the norm

(II. ||+p)5 is equivalent to ||. |, . We need the following lemma.

Lemma 1.4.1
Forx = (x,), € €5, ¥ = (Wu)n € £, and a € R™ the following statements hold

a) x =x"—(—x)".
b) (ax)* =ax™.

c) (xp, +¥)" =xf +y7 forallneN.

Proposition 1.4.2

For eachp = 1, ||. |1, is an asymmetric norm on £, .
Proof .
Letx = (x,), € £, suchthatllx|l4,= |—x]l+, = 0.Then x™ = (—x)* and by

(a) in the previous lemma,x = 0.0n the other hand ,it is clear that |[0]|,,=0 .
Now leta € R™, x = (x,,), €€, and y = (¥,)n € £, , then
1(ax)lyp, = [[(ax) ¥+, = allx|l4+,, by (b) in the previous lemma.
Finally by (c) in the previous lemma we have
12



= D
I + Yy = G+ )M, < (Z(x: +y:JP)

n=>y0
And so
Ix +yllip = lx™ + 7, < lx Tl + 1y s, = lxllsp + Y14,

Corollary 1.4.3
(Ep, | . ||+p]is an asymmetric normed linear space, for each p = 1.

Proposition 1.4.4
For each p = 1 we have

5
(I xllp)” < 1l xlly < lxllsp + =24,
When everx € Ep.
Proof.
Let x = (x,,),, € £,. Then it is clear that
s
(1 xlyp) = max{llxll 1, I=xl,} < lIxIl,

Finally , by (a) in the previous lemma , we obtain
Ixll, = lx™ = (=07l = Ix™ll, + =271, = lxllep + I1=xll4p

Corollary 1.4.5
For each p = 1we have

= 5
(- lap) < 1l < 200 - Hlsp)
Therefore (]I . ||+p)5m’td' | . Il are equivalent norms in #,,.

Corollary 1.4.6
Foreachp = 1, (£,, I . Il+,) is a bi-Banach space.

1.5 Multilinear operators between normed spaces .

Let meN and consider X;(j = 1, ...,m), Y the normed spaces over
K, (eitherRorC) .
A mappings T: X; X ... X X, — Y is called multilinear (or m-linear) if the

mappings
T;: X; > Y

x! — T(xl,...,xf,...,xm]

Are linear for each set of fixed x eX,, x = j,i.e

13



T(xY, .., Ax7 +y7, .., x™)

= AT(x%, . xd, o, x™) + T(xh, o x 7, x™)
Forall AeK and x/,y’eX;(j =1, ...,m)
The vector space of such mappings is dented by L(Xy, ..., X,,; Y).IfY =k, we
write L(X;, ..., X,,).
Remark 1.5.1
The set S of all vectors in Y of the form T(x?, ..., x™), x7e X;(j = 1,...,m) is
not in general a vector subspace of Y.In order to see this, letX; = X, and Y be
vector spaces such that dim(X,) = dim(X,) = 2 and dim (Y) = 4 .Select a
basis {a;, a,} in X; and a basis (e;)7_, in Y and define the bilinear mapping T by
T(x*,x?) = &me +&me; +Emes + &6,
Where x* = & a, + & a, and x? = n,a, +n,a,.1tis easy to see that

4

5 = {Z — /{iEiEY:}llf;l,q_ _’12"{3 — O}
1

i=

Let z; = 2¢; + 2e, + 25 + egand z, = e; + e;.1tis clear that
z;,z,eSbutz; —z, € S, it follows that S is not a subspace of Y.(see [7]

,sectionl.1)
Let us consider the space X; X ... X X,, endowed with the norms | . ||..and s

defined by
m
|x|l.. = max ||xf||m?,d s(x) = Z ||xf||
1=j<m j=1
Forall x = (x* ..., x™)eX; X ... X X,, .
Definition 1.5.2
An m-linear mapping T: X; X ... X X,, — Y is continuous if it is continuous as a

function between two normed spaces .
As a consequence of this definition, similar to the linear case ,we have a result
that gives the characterization of the continuous m-linear mapping .
Theorem 1.5.3
Let X; X ...xX X,,,, Y be normed spaces. For TeL(X;, ..., X,,,; Y )the following
asserrions are equivalent .

1. T is continuous.

2. T is continuous in (0,...,0).

14



3. There is a constant K = 0 with

1Tt x™) < Kl ™) (1.2)
Forall x/eX;(j =1, ..,m)

4TIl = supy ey joy, o ITG s ™) < 00,

We will write £(X,, ..., X,,; V') for the vector space of all continuous m-linear
mappings .

If ¥ = K, we write L(X;, ..., X,,,) .

It is easy to see that

IT|l = inf{K = 0, verifying the inequality(1.2)}

Defines a norm on L(X,, ..., X,,,; Y) which is complete norm when || . ||yis
complete .For the general theory of multilinear mappings we refer to [8]or [9].
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Chapter 2

Continuous multilinear operators between
asymmetric normed spaces
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2.1 Characterization of continuous multilinear mapping between asymmetric
normed spaces.

We give a characterization of continuous multilinear mappings in a way
analogous to that used to characterize linear mappings between asymmetric
normed spaces .For studying the continuity norms instead of asymmetric
norms. We will see why this in the remark 2.1.5after characterize the
continuity by means of an inequality .

Definition 2.1.1

An N-asymmetric norm is an asymmetric norm p on the real vector space
X, for which p(x)=0 implies x=0 . We say that the pair (x,p)is a N-
asymmetric normed space.

Example 2.1.2
It is easy to see that the function
p:R — R, p(x) = |x| + max{x, 0} (2.1)

Is an N-asymmetric (called the usual N-asymmetric norm) . more
generally, we can define an N-asymmetric norm p on the Banach lattice X
by the formula

p(x) = llx|l + [[max{x, 0}l

Throughout this chapter,(X;, p1), ..., (X, ) will be real N-asymmetric

normed spaces and (Y,q) be an asymmetric normed space .let us consider
the space X; X ... X X,,, endowed with the N-asymmetric norms p.. and s

defined by
po.(x) = max p;(x7)and s(x) = Z p;(x7)
=1

1=j=m j=
Forall x = (x*,...,x™)eX; X .. X X,,.we know that s and p..are equivalent

asymmetric norm on X; X ... X X;;; whose induced topology coincides with
the product topology (see[10],lemma 6)

Definition 2.1.3
An m-linear mapping T: X; X ... X X,, — Y is continuous if is continuous

as a function between two asymmetric normed spaces.
ByLC(p,,..p,.0 (X1, .., Xm; Y)we denote the set of all continuous multilinear

mappings between the N-asymmetric normed space X; X ... X X;;and the

17



asymmetric normed spaceY and by Lt’fjjfmp?n:qs) (X,,...,X,; Y) the

normed vector space of all continuous multilinear operators between the
normed vector spaces (X, p;) X ... X (X,,, p5)and (V,q°) .

Theorem 2.1.4

let (X1, p1), ..., (X;n, Dm)be N-asymmetric normed spaces,(Y,q)be an
asymmetric normed space and T: X; X ... X X,,, = Ybe a multilinear

mapping .the following statements are equivalent :
(i) T is continuous

(ii) T is continuous in (0,...,0)
(iii)  Thereis a constant M = Osuch that

(TG x™) < Mp, () pp ™) (22)

For every x/eX;,j = 1,..,m

(iv)

| Tlepy,ppi) = SUP q(T(x%, ..., x™) <o (23)
pj-I:xJ':IEl,j=1,...,m

Proof:

(i) implies (ii)is obvious

(ii))=(iii). Assume that T is continuous at (0,...,0). Then we can choose

r>0 such thatT (va ({];r)) < B,(0,r).since

( ryt rx™ ) o
D R S, =-=7T
2py (') 2p, (™)) 2

Forall(x?®,..,x™) € X; X ... x X,,withx/ #0,j = 1, ..., m,one has

T( .'r',‘{'l I,xﬂl ) 1
q _— ... — | | <
2p; (1) 2p, (™)

~ 11 .
By multilinearity of T we obtain(2.2) withM = f_—m f x/ = 0for some

j=1,...,m we have T(x?, ..., x™) = Oand the inequality(2.2)
Remains valid .
(iit) = (i) .Let us consider the space X; X ... X X,,endowed with the

asymmetric norm S.Letus fixa = (a?,...,a™)eX? x ... x X™and we prove

18



that T(Bg(al r)] c B,(T(a),e),for every € > 0,where

. 13
r o< mm{ll—}mld K=
KM

Max; < jzm {pm(ﬂ)f‘l(l + Peo (ﬂ))m_j}.

Lety = T(z) € T(B.(a,r))with z = (2%, ...,z™). than ,using the inequality
(2.2) and taking into account that
gy

T(z) — T(a) = Z T(al,..,a’ t,z/ —al,z/*L, ., z™),
i=1

We obtain
q(y —T(a))

i
= Z Mp, (a*) ---F’j—l(ﬂ j_ljpj (zj
=1

- ﬂj)pj+1(zj+l) -'-pm(zm)

m
< ZMJJ;(Z”' —al)pos(a) ™t poz™
j=1

On the other hand ,since p.. < s, we get that
Pe(z) <s(z—a) +pola) <7 +pola) <1+ py(a)
Which yields

a(y - T(@) < ) Mpy() = @)1 +po (@)™ pus @)
j=1

m
< Zij(zf — nfjpc
j=1

= kMs(z — a)
€
< KMr <kM—=¢
KM
(iit) = (iv).Starting form (2.2)we get
” Tl:::pli“upm:' - ) Sup {I(T(xll s g xi’?l))

pj(x))=1,j=1,.,m

19



= sup Mpl(xljl__pm(xm) — M
pj(xl)=1,j=1,.,m

< o0
(iv) = (iii).If p; (xf] = (0 for some j=1,..,m, the inequality (2.2) is
evident.Suppose that || |, . »,..q) < ©°,than there exists a constant M = 0
such that

Q’(T( i x—m))gM
pi(x1) Tpm(x™)

Forall x/ € X; with pj(xf] + 0,7 =1,..,mand we obtain (2.2).

Remark 2.1.5

For many asymmetric norms, there are no continuous multilinear
mappings. those are ones that has may non-zero elements
x1eX,such thatp, (x*) = 0 (i.e p1is not an N-asymmetric norm) . Indeed, if

the m-linear mapping T is continuous ,than
T(x*,..,x™) = 0 for all x/eX; with j > 1.this is obvious, since if
T(xt ..,x™) = 0 we have
Q(T(xl,x'z, ...,xm)j = () DI‘{](T(XI,—XE,...JXm)) =0
What contradicts that
0 < q(T(xtx?, .., x™) < Mp;, (¢ Dp, () .. pp, (X™) = 0
Or
0 < {](T(xl,—le '"Jxm)j < Mpy (xP)p,(—x?) . pp, (™) = 0
Now we give an easy example of a continuous bilinear mapping .

Example 2.1.6
We can define the bilinear map T: (R, p) X (R,p) - (R, w)byT(x,y)

=xy,where u is the usual asymmetric norm on K defined by(1.1) and p is
the usual N-asymmetric norm defined by (2.1).It is easy to see that
u(T (x,y)) = max{xy, 0} < |x||yl < p()p(y),

For all x, yeRR.

Proposition 2.1.7

let TeELCip,, . por i) Xty o) Xome1; Y). Than

q(TxY, o, x™) <l Tlep, p P (X)) o P (x™) (2.4)
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Forall x/ € X;,J = 1,...,m.Moreoverll T|(,, . p.:qcan becalculated also by

the formula

I Tl(p,, .pp:q = INfIM = 0: M satisfies(2.2)} (2.5)

Proof.
For every x/ € X; such that x/ = 0,j=1,..,m, the inequality is obvious. on

the other hand, if 4 is the right side member of the equality (2.5) then it is

clear that 4 <l T|(, ..p,;q) -For the reverse inequality ,M = 0 satisfies

(2.2) ,follows that
I T, ,..oma) = _sup q(T(x*, ..., x™) <M
pj(xf)=1,j=1,...m
And so | Tl:ijplj---mm:q} <A

An immediate consequence of the theorem 2.1.4 is the following corollary.
Corollary 2.1.8
Let m € [.the following are equivalent for the multilinear mapping

T-X, X o X Xypog = Y
e T is continuous from(X;,p;) X ... X (X541, Pamer)to (¥, q).
e Tis continuous form(X;, 7;) X ... X (Xsma1, Pames)to (Y, 0)

Consequently
Lcmrmmgm_ﬂﬁ(xlwu:X2m+1fY)

'-.F'?_J--up%m_liqu( 1s rEA2m+1r )

And

||T||: ||T||:pilip§m—l*q5} i:” T|:pngp2m_1aq}

Forall T € LC’::PL---JPgm_lz}(Xll J;’{2?-,14_]_; Y)

Proof.
The equivalence (i) & (ii) it follow from

sup  q(T(x*,..,.x*™)) = sup q(T(=x%,..,—x?™))
p;(27)=1 p;(x)=1
j=1,..2m+1 j=1,..2m+1
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— Sl_lp Q‘(T(Ill o x2m+1))
ijijEI
j=1,.,2m+1
With this we have I| T, ppm.ve) = Tz, momes:d
Nowlet T € LC:;plmpzm_lﬂ(Xl, i, Xomsq; V). Forallx’ € X; such that
pf(x‘f) < 1,j=1,..,2m+1,we have

a(T Gt ™) <1 T,

And

{T(T(xl, e xzm-l_l)) =l T| ByPame1d)

This implies that

ITI = sup (TG, ™) <N Tz <
p;(x)=1,j=1,..2m+1

And the proof follow.

Remark 2.1.9

Asin the linear case, theSErLC::plmpm:q)(Xl, .., Xm; Y ) is a cone(or normed
semi-vector space), thatis T+S,aT € LCi,_ . p.:a) (X, ....,X.;Y)forall T,S
belongs to LC . p,:q) (X1, ...,Xm;Y)and all @ = 0 .we have no proof for the

fact that this set is a vector space or not.

Now we introduce an asymmetric semi-norm on the cone
LCip,, .omiq) (X1, ..., X,n; V). In the following proposition, the properties of the

asymmetric semi-norm are easy to verify.
Proposition 2.1.10
The number II. [, .. », .q)is an asymmetric semi-norm on the cone of all

continuous multilinear mappings between N-asymmetric normed spaces
Xy X .. xX, andY.

As the linear case ,we consider an extended asymmetric norm on the space

LC:jini,...Jp?ﬂ:qF}(Xll ..., X.; Y) by the same formula
I Tlp,,pmiq) = SUD {](T(Il, ...,xm)]
ijxfjfl

With the possibility thatll T|,,,.p, .= T

With the asymmetric norm Il [,_,...»...q) We associates an extended norm on
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L65 sv (X1, ..., X Y)defined by

P
” T|iﬁp1wupmzq) = max{ I Tl p,,...0m) | _T|=Ip1»-upm:q}}
Corollary 2.1.11

For we haveall T € Lt’]5 e qs)(Xl X Y)

ITIH <0 TG, 000 (2.6

Proof.

In order to establish (2.6), we may suppose

I T1%,...0,.q) < . Than we obtainll Ty, .. p,.:q) < © and

Tl \ j =
[ T|=..p1:--upm=fv < oo.For everyx’ € X; ,]—1,...,m, we get

Q(T(xli'"lxnl)) E” T|::p1,..,pm:q:lpl (xl) "'pi"?l (xi"?l)
<N TG, pq PL(XT) D (X™)
And

{T(T(xl,...,xm)) =l _T|::p1,...1pm;q}p1 (xlj ---pm(xm)
<TG, ppq P1(XT) D (X™)

Consequently
{?S(T(xll...,xnl)) £||T| B ,:'“ pl(xl) pi’?‘l(xnlj

5
And thus [[T] =l T|=Ip11--upm:fn'

2.2 Completeness properties
For studing the completeness properties of the cone
LCip,, .p,:0) (X1, ..., Xm; ¥) we need the following .

Lemma 2.2.1

The extended norm |I. [, p, .o con be calculated by the following formula
I T ooy o) = SUP, (1) 21,j=1,.m G (Tt ..., x™) (2.7)

ForallT € LC5 e qs)(}'{l X V).

Proof.

Let @ is the right side member of the equality (2.7) .Than
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” _T|:::F1:---:?m:q} = ) Sup {I(_T(xll'"lxnl)j

pj(x))=1,j=1,..m
= sup q*(T(x*,..,.x™))
pj(x/)=1,j=1,..m
And
I Tl pma) = _sup q(T(x3,..., x™))

pj(al)=1,j=1,..,m

= sup q*(T(x%,..,.x™))
pj(x/)=1,j=1,..m

This impliesll T|f,, ., .o < @.Also,forall x/ € X; such that

m?fﬂ
pj(xf] <1,j=1,..,mwe have

Q(T(xl“"*xm)) <I Ty pma) = T|fp1wupm:q)

And
q(_T(xl‘ e xi"?l)) = “ _T|i:p1,...,pm:q] = ” T| fpl:--upm?q)
5' Y
Thana < T|¢,, . 5, )
Proposition 2.2.2
Let m an odd natural number. The setLCq,_ ., . (X, ..., X,;Y) is closed in
the space
s . s
(LC:iﬁpi--up?n:qs}(Xl’ o X YD, |i.p1:--upm:q})
Proof.
Let (T,,), be asequencein LCiy,, », ) (X1, ..., X; Y) that converges to
TE LC.-T;?L S _qs)(}'{ll ..., Xm; Y Jwith respect to the extended norm
LY reon L
112, .0, ) - we will show that T € LCp, p, .0 (X1, -, X3 V). Indeed, there
exist ng € N such that
: s
I T|:ﬁ.p1»-upm:q} =l T|:ﬁ_p1,...,pm:q)
5 5
< T, — T|=Ip1»-upm:q) +li Tn.:.|=iﬁp1mpm:q)
5' "L
i: 1 —I_” T”O ::.pj_l-'upm:q;' = @

In the following theorem we show that the cone LCq, | o o) (X, ... X YV)is
bi-Banach if Y is a bi-Banach asymmetric space .
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Theorem 2.2.3
Let (X1,p1), ..., (X, Pm)be N-asymmetric normed spaces,(Y,q) be an

asymmetric normed space and assume that (Y,q) is bi-Banach .then

LC:;;?L p?ﬂ:qul(Xl‘ ..., X.,; Y) is a bi-Banach space with respect to the

asymmetric normll. [, . .q) .Consequently, if m is odd,
(LC,:plwpm;q} (X, ... X Y. |=iﬁp11--upm:q})ls a bi-Banach cone .
Proof.

consider a Cauchy sequence(T,),, LC:jjSpi s (X1, ..., Xp; Y)with respect

Do)

to the extended normll. |fp1n-upmzq} .Hence for all £ = 0O,there exists ny €
such that
||Tn - Tk” <] Tn — Tk|fplj...,pm;q} < €

For all n, k = ny ,which means that (T,,),, is a Cauchy sequence in the Banach
space (Lffpiwup?n:qu()(l, X Y ||=3ipi--up?n=q5})
Thus, there exists T € LC.-Sps s\(X;, ..., X.; ¥) such that

(p3,Diiq")
IT, — Tl — 0.4s T,, — T is continuous we get that

*(TaGe e x™) — TG, oy x™) < Ty — TSV, sy (™)

And (Tn (xt, ..., xm))n is convergent to T(x*, ..., x™) in the Banach space
(Y,q*) forallx’ € X;,j = 1,...,m .then there is k = n, such that

q*((T = T,)(x*,..,x™)) < By using the formula (2.7),for every n = n, and
xJ € X;withp;(x/) < 1,7 =1, ...,m, we have

(T -T)xY, ., x™) =q°(T(x, ..., x™) — T,(x%, ..., x™))
<

(Tt ., x™) =T (x?, .., x™)) +

{]S(T(Il, e, Xx™) =T (1, ...,xm)J
< £+ T,
< 2&
By taking the supremum over all x’ € X; with pj(xf) <1,j=1,..,m,we

o)
Tk | :..p 1:---:? m:q:l
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obtain

5’ ™y
T — Tﬂ|=3.p1p--;pm=q;
The second claim is a consequence of the first one and of the above
proposition .

< 2¢ ,for everyn = n,
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Abstract :

in this memory we introduce and characterize the continuity of
multilinear mappings between asymmetric normed spaces .in particular,
we study the completeness properties of the asymmetric normed semi-
vector space of these mappings . the second purpose of the memory is to
present the concept of linearization of continuous multilinear operators,
on asymmetric normed spaces .

Résumé:

Dans cette mémoire ,nous introduisons et caractérisons la continuité
des opérateurs multilinéaires entre espaces asymétriques normés .nous
étudions en particulier les propriétés de complétude de semi-espace
vectoriel asymétrique normé de cesopérateurs. Le deuxiéme objectif de la
mémoire est de présenter le concept de linearization d’opérateurs
multilinéaires continus sur des espaces asymétriques normés.
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