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Introduction

Nonstandard analysis is a mathematical tool among others, used today by a significant
number of mathematicians. We use in this work the version which was developed thereafter
by E. Nelson[10], [21].

Writing a "large" integer N as a product of distinct prime factors was always an in-
teresting problem in the number theory literature. But since, this question is very delicate
when N is an any given integer, A. Boudaoud proposed to factorize, instead of N, an integer
in its small neighborhood[6]. Hence the natural framework of this idea is the nonstandard
mathematics, because in such a language that we can use the words: small, large, etc. This

idea of factorization is expressed by the model

N = (standard) + (unlimited) x (unlimited). (1)

In this sense, let U,, = U, (P, Q) and V,, = V,,(P, Q) be the sequences

Uy=0,U,=1,U,=PU, 1 —Q- U, o, forn>2
%:27‘/1:P7Vn:Panl_Qan%foran

(2)

where P, () are non-zero integers and D = P? —4(Q) # 0 is the discriminant of the character-
istic polynomial of X2 — PX + Q. The sequence (2) is called " Lucas sequences associated
to the pair (P,Q)". A. Boudaoud [6] proved that if D > 0, then for any unlimited n, U,
and V,, differs by a limited integer from a product of two unlimited integers.. That is, U,
and V,, are representable according to the model (1). The problem of representing of any
unlimited integer N, which is not an element of (2), as a sum of a standard integer s and

of a product two unlimited integers w; and ws is still open.

Actually, the notion of representation in number theory is very vague and contains several

kinds, we quote for example:

a) An integer n > 1 may be, by the fundamental theorem of arithmetic, presented as a

product of prime numbers.

b) A positive integer n can be, under suitable conditions, represented as a sum of two

squares, three squares, four squares, five squares [25], [26].
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¢) A positive integer n can be represented as a sum of positive integers (partition theory)

[15], [12], [8]. And so on.

The aim of this thesis is to see what we have in the mathematical literature concerning
the problem of representation (chapter 3). In addition, is to determine in some famous se-
quences of integers, the unlimited terms which can be written, that is, presented, according

to the model described in (1).

Thus, the first chapter is devoted to basic notions forming environment and language of
this thesis. That is, it recalls the necessary tools from nonstandard analysis and number

theory.

The second chapter has as object the study of some famous sequences of integers such
as Fibonacci sequence, generalized Fibonacci sequence, Horadam sequence, ... . This study
prepares the ground for chapter 4 since in which we study the representation of unlimited
terms of theses sequences according to (1).

In the third chapter, we present some methods for writing an integer N like Cantor’s
development of an integer [23]. Also we recall the representation of a positive integer as a
sum of distinct Fibonacci numbers [39], of distinct Lucas numbers[7], of two squares [23],
... . Among our contribution, the representation of a positive integer as a sum of distinct

tribonacci numbers[4].

In the last chapter and based on properties of the sequences cited in Chapter 2, we give

several families of integers whose unlimited terms can be represented according to the model

(1).
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List of symbols
The symbols N, Z, Q, R and C denoted respectively the set of positive integers (or
natural numbers ), the set of integers, the set of rational numbers , the set of reels numbers

and the set of complex numbers .
e We denote the integers by a, b, ¢, d, 1, j, k, [, m, n, r, and s.
e The letters p and ¢ usually denoted prime numbers.

e The sequence of prime numbers 2, 3, 5, 7,....will be denoted by p,, p,, p,,....Given an
integer n > 2, we write often n = ¢{"¢3*...q%" to denote its canonical representation
as a product of primes ¢, < ¢, < ¢,... < ¢,, the exponents a;, s, as,...a,, are positive

integers.
In the IST) theory we give the following notations

e 1 =y for x is equivalent to y when x — y is infinitesimal.

x < y for z is inferior and not equivalent to y .

|z| = 400 ( resp & = +00) for z is unlimited (resp z is unlimited and positive).

|z| < 0o (resp © < +00) for z is limited (resp x is limited or negative).

. x
e 1 ~ y for x and y are asymptotic i.e. — ~ 1.
Y

rZyifr>yandx=y.

vazyifr>yand 2y,

rSyifr<yandaz=y.

rzyifr<yandz Zy.

(U'Which is an abreviation of Internal Set Theory



Chapter 1

General concepts on number theory

and nonstandard analysis

1.1 Overview on nonstandard analysis

Historically one finds that Leibniz, Euler and Cauchy are the first who began the use of
infinitely small quantities. The absence of rigor surrounding the use of this notion found
solution after an approach due to Abraham Robinson in 1961. In 1977 Edward Nelson
provided another presentation of the non-standard analysis - called IST (Internal Set The-
ory) - based on ZFC to which is added a new unary predicate called "standard". The use
of this predicate is governed by the following three axioms|21],[27],[10], where we use the
abbreviation V¥ F () for [st () = F (x)] and F*xF (z) for [st (x) A F (z)].

1.1.1 Transfer principle (general)

For all standard formula F' (z, t1, ts, 3, t, ...t,) having no free variables other than .ty to,t3,t,...t,,

the following utterance is an axiom.

Vbt s, by ety YIRE (2,1, b, t3,t, o ty) = Vo F (3,1, 10, 13,1, .. 1) (T)

Similarly (equivalent formula)

\V/St tl, t2, t3, t,...tn, dx F($,t1,t2,t3,t,...tn):> HStZEF (l‘,tl,tg,tg,t,...tn) (T)



1.1. Overview on nonstandard analysis

1.1.2 Idealization principle

For any internal formula B, containing at least two free variables x and y the following
statement is an axiom

(vst finiZ’ ElX’ VY ¢ Z7 B (X’ Y)) = <E|X0,v5tyB (Xo, Y)) . ([>

From the axiom of transfer T', it follows that 0 is standard and the successor of a standard
integer is standard. Thus 1 is standard, 2 is standard, ...

By the axiom of idealization I, it follows

JweN:VineN:n<w

Such an integer w which is greater than all the standard integers, will be called an

unlimited integer. Any integer greater than an unlimited integer is an unlimited.

1.1.3 Standardization principle

For any formula F'(z) (internal or external), the following utterance is an axiom
Vi Py V(2 ey o 2z €z et F(2)) (9)

y is the standardized of the set {z € x | F(z)}, and we put y =° {z € x | F((2)}.
Example 1.1.1 Let w be unlimited , and 6 be an infinitesimal real. Then

1. 3{zeN /z>w} =¢.

2. *B(0,6) = {0}, and *B (V3,6) = ¢.

3.5{zeN /z<w}=N.

One of the most important results of this axiom is the following theorem.

Theorem 1.1.1 (Theorem of the standard part of real) For any limited real x, there exists

a unique standard real denoted °z (standard part) of x, such that x ~ °z.



1.1. Overview on nonstandard analysis

Example 1.1.2 Let a be a standard number, and § be an infinitesimal real. Then
1. °(a+d)=a
2. °/3 = /3.

Rules of calculation
The nonstandard numbers satisfy all the expected rules of calculation. Let a and b
be limited reals, a 2 0, ¢ and 7 be infinitesimal (¢ =2 0,17 = 0), and w be unlimited real

(w = 00). Then
1. a+w=oo.
2. exn=0.
3. axXw=oo.
4. axe =0.
5. la +b] < oc.
a

6. —
w

I

0.
7. la x b < 0.
8. e+n=0.

9. a+ec=a.

Let us show, for example, that the sum of two infinitesimals is infinitesimal. Let ¢ and
7 be two infinitesimals, and let » > 0 be standard, since g is also standard, it majors |¢|
and |n|, and therefore r = g + g majors | + 7|

We have said above that there are nonstandard integers and we have seen that this
existence is obtained from the idealization principle. Now we give the different types of

reals.

10



1.2. Preliminaries on number theory

Definition 1.1.1 We give some definitions

1. An integer is unlimited if its absolute value is greater than any standard integer.
2. A real is unlimited if its absolute value is greater than any standard integer.

3. A real is infinitesimal if its absolute value is less than any standard real.

4. A real is appreciable if it is not unlimited and not infinitesimal.

5. Two reals are equivalent if their difference is infinitesimal.

1.2 Preliminaries on number theory

We will review some important notions of number theory, which we need for our work.
Euclidean division in Z

Let a, b € Z, a # 0.we say that a divides b if there exists an integer ¢ such that b = ac,
in which case we write a | b. If a does not divide b, we write a { b. In the case a | b and

a+1

1 < a < b, we say that a is a proper divisor of b. We write p® || n if p® | n but p*** does

not divide n.

Theorem 1.2.1 (fundamental theorem of arithmetic) Every integer n > 2 can be written
as a product of primes, and this representation is unique, except for the order in which the

prime factors are disposed.

Remark 1.2.1 In particular, n can be written uniquely as n = qi" g3°...q7" ,where (¢;), <<,

are distinct primes, and («;) are positive integers. If qi,qs,...q. are primes and if

1<i<r

a= l:[qu” and b = l:[qui with a; > 0 and §; > 0 fori=1,2...;r, then

<a7 b) = H qmin(ai7 /87)7

]

and

11



1.2. Preliminaries on number theory

In the same way if a = l:[qu‘i , b= .lilqui and ¢ = l:[lqzi with ; >0, 5, >0 and v; > 0
fori=1,2...;r, then

(a7 b, C) -1 qmin{ai, Bi> Vit and [CL, b, C] — 1 qr'nax{ai, 8., %}-

i=1"" i=1""

Theorem 1.2.2 (theorem of prime numbers) Let w (x) the number of prime numbers < x.

Then

r@
xh_r)noo (z,/logz)

Theorem 1.2.3 (Euclid’s theorem) There are infinitely many prime numbers.

Proof. Suppose that we have only a finite number of primes pq, ps, ..., p,. Consider the
integer

N = pipa--p, + 1.

Since N > 1, it follows from the fundamental theorem of arithmetic that /N is divisible by
some prime p. If p = p; for some i = 1,...,n, then p divides N — pips---p, = 1, which is
absurd. Therefore, p # p; for all i = 1,...,n. Which is also contradiction. m

1.2.1 Congruences

Let a, b, m € Z, m # 0. We say that a is congruent to b modulo m, and we write
a = b(modm), if m | (a — b); otherwise, we write a 2 b (modm).

Let a, b, ¢, d and m € Z, m > 0. Then

a (mod m)

=
S
Il

2. a = b(modm), if and only if b = a (mod m);
3. If a=b(modm) and b = ¢(modm), then a = ¢ (modm);

4. If a = b(modm), and ¢ = d(modm), then ac = bd (modm) and ax + cy = bx +
dy (mod m), for every x, y € Z.

5. a =b(modm), and d | m, d > 0, then a = b (mod d)

12



1.2. Preliminaries on number theory

Let my,mso,...,m, € Nand z, y € Z. Then
(i) az = ay (mod m) if and only if 2 = y (modm (a,m));
(ii) If ax = ay (modm) and (a,m) = 1, then z = y (modm) ;

(iii) z = y (mod m;) for i = 1,2,...,r if and only if z =y (mod [my, ma, ..., m,|).

Definition 1.2.1 (Residue modulo m)Let x , y € Z. If x = y(modm), then y is called a
residue of x modulo m. A set {y1,ya, ..., ym} is called a complete system of residues modulo

m if for every integer x there exists one and only one y; such that x = y; (modm).

Definition 1.2.2 (Reduced system of residues) Areduced system modulo m is a set of inte-
gers r; such that (r;,m) =1, r; 2 r; (modm) if i # j, and such that every x prime to m is

congruent modulo m to some member r; of the set.

Definition 1.2.3 (Euler function)The Euler function ¢ is defined by

¢ : N — N, such that
Vn € N, ¢(n)=4{0<m <nwith (n,m)=1}.

Now we list some famous theorems of this part.

Theorem 1.2.4 (Fermat’s theorem) Let p be a prime number and a be a positive integer
such that p does not divide a. Then a?~' =1 (modp). In addition, for every integer a, we

have the congruence a? = a (modp) .

Theorem 1.2.5 (Euler’s theorem) Let m € N and a € Z such that (a, m) = 1. Then
a®™ =1 (modm).

Proof. Let {ry,...,74um) } be a reduced set of residues modulo m. Since(a,m) = 1, we
have (a,,,m) =1 for i = 1,...,¢(m). Consequently, for every i € {1,...,¢(m)} there exists
o(i) € {1,...,4(m)} such that

ar; = o) (modm).

13



1.2. Preliminaries on number theory

Moreover, ar; = arj(modm) if and only if i = j, and so ¢ is a permutation of the set
{1,...,6(m)} and {ary, ..., aryum) } is also a reduced set of residues modulo m. It follows that
a¢(m)rlr2---r¢(m) = (ar)(ary)--(argsm))(modm)

= ToTo@) " To(o(m) (modm)

= 7riTreTe(m)(modm).

Dividing by 7172**7¢(m), We obtain

a®™ = 1(modm).

This completes the proof. m
Note that the latter theorem implies Fermat’s little theorem, since ¢(m) = m — 1, when

m is prime.

Corollary 1.2.1 Letm € N, a,b € Z and (a,m) = 1. Then the congruence ax = b (mod m)

has a solution given by xq = a?™~1b.

Theorem 1.2.6 (Wilson) Let m be a positive integer. Then m is a prime if and only if
(m —1)! = —1(modm).

Proof. This is true for p = 2 and p = 3, since 1! = —1(mod 2) and 2! = —1(mod 3). Let
p > 5. For every integer a € {1,2, ..., p—1} there exists a unique integer a ! € {1,2,...,p—1}
such that
aa”' = 1(modp).
We have a = o' if and only if @ = 1 or @ = p — 1. Therefore, we can partition the
p — 3 numbers in the set {2,3,...,p — 2} into (p — 3)/2 pairs of integers {ai, al-_l} such that
a;.a;t =1 (modp), fori =1,...,(p — 3)/2. Then
(p—1! = 123-(p-2)(p—1)
= (p-1) (pﬁi/gai-a? '
= p—1
= —1(modp).

This completes the proof. m

14



1.3. Quadratic residues

Definition 1.2.4 (pseudo prime) Let a be an integer, a > 2. A composite number n is

called pseudo prime in base a if a"* =1 (modn).

1.3 Quadratic residues

Definition 1.3.1 For all a such that (a,m) = 1, a is called a quadratic residue modulo m if
the equation x?> = amodm has a solution. If it has no solution, then a is called a quadratic

nonresidue modulo m.

Definition 1.3.2 If p be an odd prime. Then

+1; if a is a quadratic residue modulo p

(%) ={ o ifp|a

—1; if a is a quadratic nonresidue modulo p.

(E) 15 called the Legendre symbol.
p

Theorem 1.3.1 Let p be an odd prime. Then

1. (2) = aP~V/2 (mod p) ,

p

+ ()G -6

b
3. a = b(modp) implies that <E) = (—) ,

D p

4, (%) —1, (%) (1),

Theorem 1.3.2 (Quadratic reciprocity) If p and q are distinct odd primes, then

p q -1)/2}(g—1)/2
(_) (_) _ (1){-D/2HaD2)
q) \p

15



1.3. Quadratic residues

541
Example 1.3.1 We will again use the rules set out above to calculate ( )

2011
041 388
— | = | = 2011 = 41
(2011) (541> , car 20 388 [541]

2
= (%) (5%) , car 388 = 22 x 97
97
- (5a)
541)

) , car 541 = 56 [97]

ot
©
S 9

car 56 =7 x 23

SR

N
Sl

Il
TN TN TN N

1.3.1 Arithmetic functions

Definition 1.3.3 An arithmetic function is a map from N* into C.

e An arithmetic function is called multiplicative if f (1) = 1 and if f (mn) = f (n) f (m)

when (n,m) =1 for all m, n in N*.

e An arithmetic function is completely multiplicative if f (1) = 1 and if f(mn) =

f(n) f (m) for all positive integers m and n.

Some arithmetic functions

Here are some arithmetic functions;
1. 7(n) : The number of (positive) divisors of n;

2. o (n) : The sum of divisors of n; for every reel number r, o, (n) = > d";
dn

16



1.3. Quadratic residues

3. w(n) : The total number of distinct prime factors of n, or in other terms w (n) = > 1
Pl

and w (1) = 0;
4. ¢ (n) : Euler function, such that ¢ (n) = {0 <m <n with (n,m)=1};

Since each integer n > 2 can be written in the canonical form n = ¢7" ¢5>...¢%",We have

the following theorem
Theorem 1.3.3 Let n be a positive integer. Then
T(n)=(a;+ 1) (az+1)... (v, +1),

and
r a;+1 o 1

o (n)= I

Proposition 1.3.1 [23/Let n be a positive integer, the equation ¢ (T (n)) = 7 (¢ (n)) pos-

sesses infinity many solutions.

Proof. It seems natural to consider the numbers n of the form n = 2%, where k is a
positive integer. Such a number is a solution of ¢ (7 (n)) = 7 (¢ (n)), if ¢ (k + 1) = 7 (271),
which means ¢ (k + 1) = k which happens exactly when &k + 1 is prime, that is k = p — 1,

with p prime. The result follows. m

Proposition 1.3.2 [23]/Let n be a positive integer, the equation v (o (n)) = n possesses two

solutions.

Proof. We have 7 (0 (1)) =~(1) =1, then n = 1 is a solution. Let n > 1 is a solution,
if n = p®, then (0 (n)) = n implies o (p) = p®, let p + 1 = p®, which is impossible. then n

has at least two distinct prime factors. Writing n in the canonical form
n=q*'q*...q"", where (r > 2),

then

(+ 1D (e +1) . (g +1) =g q22...q.

17



1.3. Quadratic residues

If ¢; > 3, then the number (¢; + 1) (g2 + 1) ... (¢ + 1) is even, so the number ¢ ¢5*...q%" is
odd, which is impossible, hence ¢; = 2, for that

(1 +1)(g2+1) (g +1)=¢"5%.¢0" & 3(qa+1) ... (g + 1) =2%¢52...q)".

Since ¢,| 3 (g2 + 1) ... (¢- + 1), it must divides 3 or one of the factors ¢;+1 for such 2 <i <r,
since this last alternative is impossible, we have ¢, | 3 then ¢, = ¢2 = 3. So the equation

3(ga+1)...(gr +1) =2%¢52...¢° becomes
(2+1)(3+1) =223 =273,

Thus by the uniqueness of the factorization, we conclude that a; = 2 and ay = 1, which
gives rise to the solution n = 12, It is easily to see that the only two solutions of y (o (n)) = n
aren=1,andn=6. m

ofzn) > #, for all divisor d

Proposition 1.3.3 [23/Let n be a positive integer, we have
of n

Proof. The result is certainly true for n = 1. For n > 2, we have n = ¢{"¢3*...q¢>". If

d | n, then d = qflqg?..qfr, when 0 < 3, < oy, fori = 1,2, ...,r, so we have

Amicable numbers
An amicable pair of numbers are two numbers, each of which equal the sum of the proper

divisors of the other. the smallest such a pair is 220 and 284, we have

220 = 2%25.11
284 = 2271

The proper divisors of 220 are therefore 1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 110, where
1+24+4+5+10+11420+22+ 44+ 55+ 110 = 284
and the proper divisors of 284 are 1, 2, 4, 71, 142, where

14+244+71+ 142 = 220

18



1.3. Quadratic residues

We see therefore that we can also define an amicable pair of numbers as a pair m and n

such that

o(m)=oc(n)=m+n

The first amicable pairs and their sum and factors are depicted in the follows table

m Factors | n Factors m + n | Factors
220 22511 | 284 22.71 504 23.32.7
1184 | 2°.37 1210 | 2.5.112 2394 | 2.32.7.19
2620 | 22.5.131 | 2924 | 22.17.43 | 5544 | 23.3%7.11
5020 | 22.5.51 | 5564 | 2%2.13.107 | 10584 | 23.33.72
6232 | 23.19.41 | 6368 | 2°.199 12600 | 23.3%2.52.7
10744 | 23.17.79 | 10856 | 23.23.59 | 21600 | 2°.33.5

We will see in the following theorem that was discovered by the Arabic mathematician

(Thabit Ben Korra), a sufficient conditions to obtain a couplets (M, N) of amicable numbers.

Theorem 1.3.4 (Thabit Ben Korrah 826-901) If the integers p = 3.2t — 1, ¢ = 3.2 — 1
and r = 9.22=1 — 1 are prime for certain positive integer k, then the numbers M = 2Fpq

and N = 2%r form a pair of amicable numbers.

Proof. We must show that > d=N,and > 6 d=M
dIM, d<M d|N, d<N
We have

Yoo = oM -M=02""-1)(p+1)(g+1)—2"pq
d|M, d<M

= (2" —1) 3281328 —2F (32" — 1) (3.2" — 1)
— 32'23]6—1 - 2k
= N

Similarly we can show that Y. d=M. m
dIN, d<N

Remark 1.3.1 We can define an amicable triple (I,m,n) to be a sequence of three numbers
[, m, and n such that

olly=0(m)=0c(n)=1l4+m+n

19



1.3. Quadratic residues

There are many examples of such triplets such as

n m [ n+m+1
1980 | 2016 | 2556 | 6552
9180 | 9504 | 11556 | 30240
21168 | 22200 | 2712 | 46080

Some special numbers

1. A positive integer n is called triangular if there exists a positive integer m such that

2

1+2+3+..m
m(m + 1)

2. A positive integer n is perfect if o (n) = 2n. More generally, n is called k-perfect

(k >2),if o (n) = kn.

3. The numbers F,, = 22" — 1 are called Fermat numbers.

4. The numbers M, = 2P — 1, 0, when p is prime, are called Mersenne numbers.

5. A positive integer n is called Carmichael number if "' = 1(modn) for every

positive b such that (b,n) = 1.

6. The positive integer n > 2 is called powerful number if p | n implies p? | n.
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Chapter 2

Study of some famous linear

recurrent sequernces

We call a recurrent linear sequence (.Sy),, oy of order p any sequence of values in a commu-
tative field k (for example R or C) defined for all n > ng by a relation of linear recurrence
of the form

n > No - Sn+p = aoSn + alanrl + ...+ ap,1Sn+p,1 (*)

where ag, a4, ..., a,_1 are p fixed elements in k with a non-zero.

2.1 Solutions of linear recurrent sequences

Such a sequence is entirely determined by its p first terms and by the recurrence relation.
The linear recurrent sequences of order 1 are the geometric sequences. The study of higher
order linear recurrent sequences is reduced to a problem of linear algebra. The characteristic

polynomial associated to (x) is defined by
p—1
P (X) = Xp - Za‘zX’L = Xp - ap—lXpil - ap72Xp*2 — .. — a’lX — ao,
=0

The degree of P (X) is thus equal to the order of the recurrent relation. In particular, in the
case of second order sequences, the polynomial is of degree 2 and can therefore be factorized

by the usual process [32].
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2.1. Solutions of linear recurrent sequences

We study these sequences to see in the third chapter, the possibility of written an integer
n as a sum of some terms of a given sequences (S,), .y, namely, the representation of n by

a sum of elements of (.S,,) In this sense, we will have the representation by using the

neN”

terms of Fibonacci[29], tribonacci4], Lucas[7], .... . Also, in the fourth chapter, we will
study the possibility of written the unlimited terms of a certain sequences according the
model s + wiws, Where s is a standard integer and w;, wo are unlimited integers.

Linear recurrent sequence of order 1

The linear recurrent sequences of order 1 are the geometric sequences

U,, given, ng € N

Un+1 - qUn7 n > o
where ¢ is a real called the raison of the sequence. The general term is given by
Un - Unoqn_noa n Z no

Linear recurring sequence of order 2

Let a and b be two fixed scalars of k with b non-zero. The recurrent relation is

Uy, Uy given
Un+2 = 6L(]n—&—l + bUn» n =0

The general term is given as following

o M\ + ury if 1y and ry are two distinct roots in k of polynomial X% —aX — b,

o (\+ pun)ry if ro is multiple root of the polynomial X? — aX — b, with ), ;1 are para-

meters in k determined by the first two values of the sequence.

e If the two roots ry, ry of the polynomial X2 —aX — b are two conjugate complexes pe®

and pe~%, then the general term of the sequence is written as p" (A cos (nf) + Bsin (nf)).
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2.2. Fibonacci and Lucas sequences and its generalizations

2.2 Fibonacci and Lucas sequences and its generaliza-
tions
Definition 2.2.1 The following recursive relation defines the nth Fibonacci number, F),:

F1 = F2:1

Fn+2 = Fn+1+Fn;n2 1
The first terms of Fibonacci are: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,...
Fibonacci sums We expose some sums of Fibonacci numbers

Corollary 2.2.1 Let F, be the nth Fibonacci number, we have

ZE = Fn+2_1
> By = Fy
> By = Fy—1

In the fourth chapter, we will use these identities to prove that these sums, for n is
unlimited, are decomposable according to the model s+ wiws, where s is a standard integer

and wi, wy are unlimited integers.

2.2.1 Generalized Fibonacci Sequence (GFS)

We consider the sequence (G),), -, where

Gi = a,Gy=>b,and
Gn = Gn—l + Gn—?an > 3.

The first terms are: a, b, a + b, a + 2b, 2a + 3b, 3a + 5b,... . It is called the Generalized
Fibonacci Sequence (GFS)[19].

Theorem 2.2.1 Let G,, denotes the nth term of the (GFS). Then
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2.2. Fibonacci and Lucas sequences and its generalizations

Gn:aFn—2+bFn—17nZ3

which follows easily by induction.
Proof. Since G3 = aF; + bF5,, the statement is true when n = 3. Let k an arbitrary

integer > 3. Assume that the statement is true for all integers i,
G, =Gi1+Gi_o,i>3.
where 3 <7 < k. Then:
Git1 = Gp+Gr
= (aFy_o+bFy 1)+ (aFy_3+ bFy )
= a(Fy_o+ Fi3) +b(Fyo1 + F—2)
= aFj_1 + bF}.

Thus, by induction the formula holds for every integer n > 3. =

Now we study some properties in the following theorem.

Theorem 2.2.2 Let G,, denote the nth term of the (GFS), we have

n
E Gk+z‘ - Gn+kz+2 - Gk+2
i=1

Proof. By precedent theorem

ZGkJri = GZFkﬂez + szkﬂq
=1 i—1 =1
= a(Foyr — Fy) + 0 (Fogrrr — Frya)
= (aFuykx +bF ps1) — (aF + bF)yq)
= Gpiks2 — Grpo
n
Lucas sequences

Let P, @ be non-zero integers. For each n > 0, let us define U, = U,(P,Q) and
V,, = Vo (P, Q) as follows

UOIOvU1:17Un:PUn—1_QUn—2>nZ2
%:27%:Pyvn:PVn—l_QVn—27nZ2
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2.2. Fibonacci and Lucas sequences and its generalizations

The sequences U = (U, (P, Q))n>0 and V' = (V,,(P, Q))n>o are called the first and second
respectively Lucas sequences with parameters P, (). The sequence (V,,(P,Q)),>o is also
called the companion Lucas sequence with parameters P, Q[24], and the polynomial X? —
PX + @ is called the characteristic polynomial of (U, (P, Q))n>0, and (V,,(P,Q))n>0 - Let
D = P? — 4Q be its discriminant, and assume that D # 0 (to exclude a degenerate case).
We have two roots o = P+\/_, g = P_2\/5. Thus, a # B, a+ [ = P, af = @, and

(a — 8)? = D. For any non-zero integers P and @, we have

X o0
= U, X"
e - 3

2 - PX >
= Vv, X"
rxion - X

Now we give the link between the Fibonacci terms and the special Lucas terms L,, defined

by L, =V, (1, —1), n > 0[7].

Lo = 2,0, =1

Ln+2 = Ln+1 + Ln7 n > 0.

Then
Ln:Fn+1+Fn—1anZO
where
F_1 — 1, FO =0
and

Fn:Fn71+Fn72;n21

Theorem 2.2.3 (Dudly and Tucker 1971)[20] Let F,, be the nth Fibonacci number and Ly,

be the nth Lucas number. We have
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2.2. Fibonacci and Lucas sequences and its generalizations

DFy +1=FopaLlopin  2)Fy — 1= Fony1lon
3)Funt1+1=Fopyilon  4)Funp1 — 1= FopLonpy
5)Funt2 + 1= Fopyalon  6)Funpo — 1= FopLoyyo
) Funi3+1=Fopi1lonis 8)Funys — 1= Fanyolonia

Proof. To prove this theorem we need the following property.

F,L,, if n is odd
Fm+n + men =
F,, L, otherwise

., L, if nis odd
Fm+n —Fyn =
F, L,, otherwise

Let us prove the formulas 1) and 3).

Fin+1 = Fy+ Fy = Fonrnr@n-1) + Flonrn—@n-1)

- F2n—1L2n+1
and

Fin+1 = Fy+ F1 = Fonrnren + Feni)—@n)
= F2n+1L2n-

The other formulas are proved by a similar way. =

Theorem 2.2.4 Let Gy, denote the kth generalized Fibonacci number

G L, if n is even

1‘Gm+n + Gm—n -
(Gr1 + Gm—1) F,, otherwise (Koshy, 1998)

(Gmi1 + Go1) Fy, if n is even

2-Gm+n + Gm—n -
G Ly otherwise (Koshy, 1998).
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2.2. Fibonacci and Lucas sequences and its generalizations

Theorem 2.2.5 (Koshy,1999) Let G denote the kth generalized Fibonacci number with
Go=a and Gy =0b. Then

1. Gy + b= (Gom + Gom—1) Fom—1

2. Gamy1 +a = Gomg1 Loy,

3. Gumia +b = GaopmyaLloy,

4. Gymys + a = (Gamyz + Gamyr) Fania
5. Gum — b = Gomy1Lom—1

6. Gams1 — a = (Gamia + Gan) Fom

7. Gamiz — b= (Gamts + Gomi1) Fom

8. Gamss — a = GunioLlomir

2.2.2 Horadam’s sequence

Fibonacci sequence was generalized in many ways. One of the most widely used extension
is the one given by A. F. Horadam. He defined the generalized sequence of numbers as
follows[28].
Let (Wy,),cn be a sequence defined by

L@b = a,[@ﬁ =b

VV@ - Lvh<a7b;paq>::ppvh—l__qvvﬁ—Qan/ZZQ
where a, b, p, and ¢ are integers.
Remark 2.2.1 We can see that the Lucas term U, = W, (0,1,;p,q) and Fibonacci term
F,=W,(0,1;1, -1).

We now define a new extension of the sequence (W,,) The generalized Pseudo Fi-

neN’

bonacci (GPF) sequence (G,),, oy is defined as the sequence satisfying the following non-

homogeneous recurrent relation
r r
Gy, = a,G; =0

Ghpo = PGy —qG 1 + A", n >0
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2.2. Fibonacci and Lucas sequences and its generalizations

where A is non-zero integer and ¢ # 0.
Here a, b, p, q are integers and «, 3 are distinct roots of characteristic equation x? —
px + q = 0 of corresponding the homogeneous equation.

First few GPF numbers are:

Gy = (pb—qa)+ A,
(p2b — pga — qb) + pA + At,
G, = (p?’b — p*ga — 2pgb + q2a) + (p2 — q) A+ pAt + At?,
(p*d — p’qa — 3p°qb + 2¢°a + ¢°b) + (p* — 2pq) A+ (p* — q) pAt + pAt> + A®.
Observing that each GPF number G/, n > 2 consists of two parts. The first part is an

expression in p, ¢, a and b, while the second is a polynomial in ¢t whose coefficient are A

times terms in p and ¢. This is shown in the following tables:

e Table 01 of first part of G/, n > 2:

n Expression in p, q, a, b
2 pb — qa

3 p?b — pga — ¢b

1 p°b — p*qa — 2pgb + ¢*a

5 ptb — p3qa — 3p3gb + 2¢%a + ¢*b
6 p°b—4pgb — p*qa + 3¢°a + 2¢
Table 01

e Table 02 of second part of G/, n > 2:

n A At A2 AL
2 1
3 P 1

4 p*—q p 1

5 pP—=2pqg p*—q p 1

Table 02
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2.3. Lehmer sequence

From above tables, we have the following relation between GPF and horadam numbers

W,.

Theorem 2.2.6 [28/For m > 2 we have

m—1

G = Wi (a,b3p,q) + A> Wi (0, 15p,q) ™+

k=1

The term G!, of sequence {G'} satisfy the non-homgeneous recurrence relation

This sequences have strong and robust properties that can be used in the representation

of integers for producing more efficient and safer results in the field of cryptography.

2.3 Lehmer sequence

In 1930, Lehmer considered the following sequence

&aiﬁ , if n is odd,
Ln(P7 Q) = a™ — 6”

IR ifn is even.

where P, ) are non-zero integers, «, 3 are the roots of the polynomial X? — v/PX + Q,
such that A = P —4Q > 0, (a+ 5)2 and «af are coprime positive integers, a # +1. All
these properties ensure that the two denominators (o — ) and (oz2 — 62) are not equal to
zero, and the terms (L, (P, Q)), 5, are integers[31], [1]. The sequence L = (L,(P, Q))n>o is

called Lehmer sequence with integer parameters P, ().

Lemma 2.3.1 [1/Let L = (L,(P,Q))n>0 be Lehmer sequence. We have

—(?; - g) = ("t a4+ a4 4+ 7Y € 27, if nis odd
Ln(PaQ) = (an _ Bn)
W = (Oén_z +a" 4B 4 a8t + L+ ﬁn_z) € Z*, if n is even.
a2 —

Those last formulas are proved by using symmetric and elementary functions of the

variable a and .
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2.3. Lehmer sequence

Remark 2.3.1 For each U, («, 3) the nth term of Lucas, and L, («,3) the nth term of

Lehmer we have

L, (a,p);if nis odd
Un (O[, 6) = . .
(a+ ) Ly, (o, B) ; if n is even
Cyclotomic polynomials [1]

We define the cyclotomic polynomials by

P,(X,V)= I (X -¥k/ny)

1<k<n, (kn)=1

however for each n € N*, we have:

a" — " = 11 P4 (a, B)

d|n

Un (avﬁ) = II (bd (avﬁ)v Ln (a76) = II (bd (Oé,ﬁ) :

d|n, d#1 d|n, d>2
In particular, for each n € N*, @, («, 8) divides U, («, ) and L,, («, ). This will permit,
after a short study of the arithmetic of Lucas and Lehmer sequences, to give a cyclotomic

criterion before an important restriction, in terms of pairs of Lucas and Lehmer defectives.

Example 2.3.1 For (P,Q) = (1,—3) we have o = %1_3, p= 1—i_2—\/1_3, (a+B)7 =1,
aff = —=3. Then
of — 2 2 2
Lifp) = S~ rapt =@+ 8 —as=1-(-3) =1
Lo(.f) = (1—@_623“1+\/1_3> (1—\/1_3_64§il+\/ﬁ>:4'
2 2 2 2
a® —5°
Ls(a.f) = ——5 =o'+ af+af+af+ 4" =19,

Ls (o, 8) = ¢5(a,p) = I1 (o — e**m/mp)

1<k<4, (k,5)=1

(1—\/13 25m~1+\/13> (1—\/13 4,5”1+\/13> y
= |———e¢ es ————
2

2 2 2
B (1—\/ﬁ 665“1+\/1_3> (1—¢1_3 esgi1+\/ﬁ>
-2 2 2 2

= 19.
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2.4. Pell, modified Pell and Pell-Lucas numbers

Remark 2.3.2 In [1] we find many properties of Lehmer sequences Ly(c , 3)nen+, which
can give more informations about the representation of positive integers as a sum of dis-
tinct Lehmer numbers and the decomposition of unlimited terms of Lehmer according to the

required model. Then we will give in chapter 04 some applications concerning this remark.

2.4 Pell, modified Pell and Pell-Lucas numbers

The Pell sequence (F,), .y is as important as the Fibonacci sequence, is defined by the

following recurrent relation [9],

POIO, Plzl
PnZZPn—1+Pn—27nZ27

the Pell-Lucas sequence (@), is defined by

QO = 27 Ql =2
Qn - 2Qn—1 +Qn—27 n > 2

and modified Pell sequence (g,,),,cy is defined by

Also, for more informations, we can find these sequences in[20], with initial values P, = 1,
P2:2andPn:2Pn,1+Pn,2,n23.

In the table below, we give some elements of Pell, modified Pell and Pell-Lucas numbers.

n [0]1]2]3 |4 |5 |6 7 8 9 10

P, 01125 [12|29|70 |169 | 408 |985 | 2378
Qn | 22614 |34 82| 198 | 478 | 1154 | 2786 | 6726
gn | 1| 1| 3|7 |17 42199 |239|577 | 1393 | 3363

Horadam gave some results as follows:
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2.4. Pell, modified Pell and Pell-Lucas numbers

gn = Pn+1_Pn

dn+1 = Pn—l—l—l_Pn
n + n
Pn+1 = 4 +12 d
Binet’s form of P,, (),, and ¢, are

p— =0
a—p

Qn =a" + Bn )
_ane s
I a+p

where o and 3 are the roots of the characteristic polynomial 22 — 2z —1 = 0 of the sequence

(Po)nen -

Remark 2.4.1 Putting

3 1
N =
11
Then
n+2 - N P
Gn+1 Pn
Pn+2 _ EN dn+1
PnJrl 2 An

Theorem 2.4.1 [9/Let n and m be integers. The following determinantal equalities are

held.

22 i ; if n is even
) N7 Pn Pn—l
a =
2"+ st ; if nis odd
an Gn—-1

b) det (N™) = 2"

c) N™m = N4 N
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2.4. Pell, modified Pell and Pell-Lucas numbers

d) N = N"4+ N~ ™,
Proof. By induction. m

Theorem 2.4.2 [9] For any integers n and m . We have

P?— P, P,y =(—-1)"; ifniseven

n+19n—1 — %21 =2 (_1)n+1 ; if nis odd
2. P 1Py + P2 = % (Gon + (1)),
3. Gn1no1 + @2 = qn + (—1)"1,
4. Py, = 2Py,
5. Poin = PnPyii+ Ppn_i1Py,
6. 2Pnin = Gmdn+1 + Gm—1Gn,
7. Gmin = Pongns1 + Pr1Gn,
8. (_1)m+1pn7m = Pugm-1— Gn-1Pm,
9. (=)™ Gn-m = PuGmi1 — Pry1Gm;
10. 2(=1)""' Py = @nlm+1 — Gns1Gm,
11. Qumin = 2Qmin — (—1)" Quu_n, which is discovered by Prasad and Rao in (2002).

Proof. We have

22 i ; if n is even

N" — f%/ fol
2" o1t ; if nis odd

L dn qn-1

then )
n }%HJ F% . .
det | 22 ; if n is even
P, P,
det (N™) = ! ,

det [ 2" st ; if n is odd

dn Gn—1
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2.5. Pascal’s triangle

i.e.

(22.22 P, 1Py —22.22P2);  if nis even
det (Nn) = 2” = n—1 n—1 n—1 n—1
(27.27qn+1qn,1 - 2T.QTqEL> . if n is odd

which is implies

—22)22 (P2 - P, P, 1);: ifniseven
det (N") = 2" = (728) 2 (B = B B
(<2°7) 2% (@2 — gurgn 1) if o is odd

Hence
(P?Puy1— Poa) = (E;L)n = (-1)"
(@2 = Gni1Gn1) = (_22)% = —2(=1)"=2(-1)""

Thus we have proved the formulal) and 2) at the same time. Similarly we prove the other

formulas. =

2.5 Pascal’s triangle

Recall that the binomial coefficients are coefficients occurring in the binomial expansion of

an expression of the form (z + y)" as following[19]

(z+y)" = Zn: (Z) a" Tyt

n n!
)= El'(n —k)!
Pascal’s triangle is represented as follows

where (

That is
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2.5. Pascal’s triangle

Pascal’s triangle and Fibonacci numbers[19]
(Lucas Formula 1876) Let [}, be the nth Fibonacci number, the link between Pascal

numbers and Fibonacci numbers is

/2
Fn+1=2< ) );nzo-

k=0

The figure 2.5.1 illustrates these sums.
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2.5. Pascal’s triangle

01

1-png Figure 2.5.1 : Pascal triangle anf Fibonacci numbers

Proof. By induction =

Example 2.5.1 We have

[5/2] 2
A== =0 (e (=1ars=s

Properties More generally, recall that (L, = F,,,1 + F,,_1), and we will have the fol-
lowing formula

a) Iy, = Z (Z) Fi;n > 0. A similar argument yields yet another identity by Lucas numbers
k=0

n

b) Ly, = Z(Z) Ly; n > 0, for example

k=0
1./4 4 4 4 4 4
L. = L L L L L
,2@ e = (o) (()mr () (5)m (3
— 24441841647

= 47
= Lg
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2.5. Pascal’s triangle

") (—1)k Fy; n > 0, for example
5) 5) 5)

(o)~ (1) (0)

0—5+10—20+15—5
(—1)° Fs.

Similarly we can be shown that

n

d) (-1)" "L, => (

k=0

(i) (—1)" Ly

n

) (=1)* Ly; n > 0, for example
4 4

(o)~ (2)(

2—-4+18-16+47

4
2

2

4
k=0
7

(=1)* Ly.

Pascal’s triangle and Pell-Lucas numbers[19]

~(5)m()r- ()

i (o) (3)

We can extract Pell-Lucas numbers from Pascal triangle as following theorem

(/2]
n—k n—k—1
Qn — Z + 2n—2k—1
=0 k k—1
[n/2]
_ Z n n—k on—2k-1
~n— k k
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2.6. Hosoya’s triangle

For example

Q7

Pascal’s triangle and Pell numbers

Theorem 2.5.1 Now we give the link between Pascal numbers and Fibonacci numbers as

follows
i n B on/2p
i—0 \ ¢ - 20=12Q,
Corollary 2.5.1
" . n 0
SRS
P i _2(n—1)/2
n . n 2n/2
SICE
i=0 (3 O
Theorem 2.5.2
n n P2 _ 2(377,—4/2)Qn
P i ! 2(3n74)/2pn

2.6 Hosoya’s triangle

if n is even

otherwise

if n is even

otherwise.

if n is even

otherwise.

if n is even

otherwise.

In 1976 H. Hosoya introduced the triangular array in the following Figure, which is closely

linked to Fibonacci numbers. We call it Hosoya’s triangle. Besides the array being symmetric
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2.6. Hosoya’s triangle

about the vertical line through the middle, the top two northeast and southeast diagonals

consist of Fibonacci numbers. Every interior number can be obtained by adding the two

previous numbers, on its diagonal; for example, 15 = 10 + 5 = 6 + 9[19].

02
1
1 1
2 1 2

3 2 2 3
5 3 4 3 5

8 5 & 6 5

Y /
13 8 10 9 10 8
N

21 13 16 15 15 16
34 21 26 24 25 24 26

55 34 42 39 40 40 39

2.png

Hosoya’s triangle
Definition 2.6.1 Ewvery entry H(n,j) of the array, we can define recursively:

H(0,0) = H(1,0)=H(1,1)=H(21) =1
H(n,j) = H(n—1,j)+ H(n—2,j)
= Hn—-1,7—-1)+H(n—-2,5—2),

wheren > 5 >0 and n > 2.

Link between H (n,j) and Fibonacci numbers[19]

Since

H(n,0)=H (n—1,0)+ H (n — 2,0)

where H (0,0) = 1= F; and H (1,0) =1 = F3, it follows that

H(n,O) == Fn+1.

39

13

42

13

21
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2.6. Hosoya’s triangle

Likewise since

it follows that

We can show that

H(n,n)=H(n—-1n)+H((n—2,n)

Successively, we have

H(n,j) =

H (n,n) = F,.;.

H(n,1)=H(n,n—1)=F,.

H(n—-1,j)+H(n—2,7j)
[H(n—2,5)+H(n—-3,5)]+H(n—2,7)
2H (n—2,j)+ H (n—3,j)
2[H(n—3,5)+H(n—4,5)]+H(n—3,7)
3H (n—3,j7)+2H (n—4,5).

Continuing , we get a close link between H (n,j) and Fibonacci numbers

H(n,j) = FepiH (n =k, j) + FiH (n — k= 1,j),

where 1 < k <n —j — 1. In particular, if k =n — j — 1, then

For example

H (n, )

- Fn—jH(j+17j)+Fn—j—1H(j7j)
= B0+ Fj 1 Fj
= Fj (Faej + Fajo1)

= FjaFj.

H(7,3) = 15=35=F,.F;
H(9,6) = 39=313=F,.F;.
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2.7. Tribonacci sequence

2.7 'Tribonacci sequence

The tribonacci numbers 7, are defined by the recurrent linear relation[19]

T = Ty=1,T; =2
T, = Tn71+Tnf2+Tn73:nZ4

The first tribonacci numbers are 1, 1, 2, 4, 7, 13, 24, 44, 81, ... .

2.7.1 Generalized Tribonacci Sequence (GTS).

To this end, consider the sequence (77,), . given by

T = a,Ty=0bTy=c
T, = Tha+T, o+ T, 3 n2>4,

where a, b, ¢ are integers.

The first tribonacci numbers are a, b, ¢, a + b+ ¢, a + 2b + 2¢, 2a + 3b + 4c,
Definition 2.7.1 The sequence (T},), o s called the generalized tribonacci sequence (GTS).
Theorem 2.7.1 Let T) denote the nth term of the GTS. Then

T, = a,Ty=0bT5=c

TT/L = aTn_g + b (Tn_4 + Tn_g) + CTn_g, n Z 5.
Proof. By induction, since
Ty =aly+b(Ty + To) + ¢T3 = a+ 2b + 2c,

the statement is true when n = 5. Assume that the given statement is true for all integer
n, when n > 5

T1/1 = (ZTn_g + b (Tn_4 + Tn_g) + CTn_g.
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2.7. Tribonacci sequence

Then we have

Tﬁ+1 = T;L + T’r/z—l + Tylz—2
= (aTh—3+b(Th-a+Ths)+cTh2)+ (aTpa+b(Ths+Thy)+ T, 3)
+ (aT—5+ b (T + Th—s) + T—4)
= a(Ths3+Ths+Ths5)+b0(Thoa+Ths5+Ths)+ (Tn-s+Tha+Ths))+
c(Th—o+Th-3+Th_4)

= CLTn_Q + b (Tn_g + Tn_g) + CTn_l.

Thus, by induction, the formula holds for every integer n > 5. m
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Chapter 3

Representation of integers

Every positive integer may be presented by many forms like a product of factors, difference

of squares, a polynomial form, sum of square numbers [32], [34]....
e Product of factors
The fundamental theorem of arithmetic

Theorem 3.0.2 (fundamental theorem of arithmetic) Every positive integer can be written

uniquely (up to order) as the product of prime numbers.
Example 3.0.1 We have 60 = 22.3.5.
e As a sum of distinct factorials [23]

Theorem 3.0.3 Let r be a positive integer, and let n be a positive integer that can be written
as a sum of r distinct factorials, i.e for which there exist a positive integers dy < dy < ... <
d,, such that

n=d!+d)+..+d!

Then this representation is unique.

Proof. We assume that two representations exist, i.e there exist a positive integers

e1 < ey < ... < e, such that

n=d!+d)+..+d!=¢e!+e!+..+e¢e!
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3.1. Cantor representation

We proceed by induction. If » = 1, then it’s clear that d; = ey, in which case the result is
proved. Assume that the result is true for » — 1, and show that it is true for r. Without

losing the generality we can assume that d,. > e,. in which case d, > e, + 1, then we have
(e, + I < d ) <di!+do!+..d) =€l + el + ... +e! <re!

so that e, +1 < r et e, < r—2. But the e; are distinct, we must have e, > r, a contradiction

, Or uniqueness. M
e As a sum of primes

Conjecture 3.0.1 (Goldbach)[25] Every even natural number n > 4 is the sum of two

primes.

3.1 Cantor representation
Theorem 3.1.1 FEach positive integer n can be represented as
n=ampm!+ a,_1(m— 1)+ ...+ a2 + a1,

where a; , 1 < j < m, are integers satisfying 0 < a; < j. This representation, called

Cantor’s representation, is unique [23].

Proof. Let m be the greatest positive integer such that m! < n, and let a,, the greatest
positive integer such that a,,.m! < n. It is clear that 0 < a,, < m; otherwise this would
contradicts the maximal choice of m. If a,,.m! = n, then the cantor development of n is
n = a,,.m!. Otherwise a,,.m! < n, in this case we put d; = n — a,,m! > 0. Let m; be the
greatest positive integer such that m,! < d; and let a,,, the greatest positive integer such
that a,,,.mi! < dy. As above, we have 0 < a,,, < my. If a,,,.my! = dy, then the Cantor
development of n is n = a,,.m! + a,,,.m1!, where 0 < a,,;, < my < m. If a,,,. my! < dy,
then we put dy = dy — a,,,m1! and we chose my as the greatest positive integer such that
mso! < ds. And so on,..., we construct a sequence of positive integers m > my > my > ...,
with the corresponding integers 0 < a,,,, < m;. Since the sequence (m;) i>1 1s discresing, it

must be finite.
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3.1. Cantor representation

Now we show the uniqueness of this representation. Assuming that for 0 < a;,b; < 7,
we have

n=a,m!'+ ...+ a1l = b,,m! + ...by 1.
So
(@ — b)) M+ ...+ (a; — b1) 11 = 0.

If the two representations are different, then there exist the least integer j such that 1 <

J <m and a; # b;. Then

. m! .
j' ((am — bm) 7 + ...+ (CL]'_H — bj+1> (] + 1) + ((Zj — bj)) =0
and thus
m! .
bj —a; = (CLm — bm) 7 T (CLj.H — bj+1) (] + 1)

m!

Groi bt (@41 = bj+1)> )

which implies
(G+1) | (b —a;).
Because

Ogaj,bj S],

then

(lj = bj,

contradiction, which completes the proof. m
Example 3.1.1 We have

1) 23 =3.31+2.21 + 1.1,

2) 719 =55+ 4.4+ 3.3+ 2.2 + 1.11.
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3.2. Unique representation of integers as sum of distinct Fibonacci and Lucas
numbers

3.2 Unique representation of integers as sum of dis-

tinct Fibonacci and Lucas numbers

Theorem 3.2.1 Let {F,: n € N} be the set of Fibonacci numbers defined previously. Then

every positive integer can be written as a sum of distinct Fibonacci numbers [23].

Proof. Let N be an arbitrary positive integer. And let F;, such that F;, < N < F} 4.
We take Ay = N — F;,. If A; = 0 we have finished, because N = Fj,. Otherwise, Let F},
with i5 < i3 such that F;, < Ay < F,11. If Ay = Ay — F;, = 0 we have finished, since in the
case N = A1+ F;, = Ao+ F,, + F;, = F;, + F;,, and so on. The process has an end because
the sequence (4;) i>10f positive integers is decreasing, so that eventually we give A, = 0 for

certain positive integer r in which case we haveN = F;, + F;, +....F;, . =

Remark 3.2.1 This representation is not unique, for example
25 =134+8+241+41 =F +Fs+F+F+ 1

In the following theorem, Zeckendorf proved that every positive integer can be written,

in unique way, as a sum of not consecutive Fibonacci numbers.

Theorem 3.2.2 (Zeckendorf’s theorem) [39]Let N be a strictly positive integer. There is

a unique set of strictly positive integers cy, c1, ...c;, such that
e For every integer i € [0;k — 1], ¢;iv1 > ¢;.
e [, is the ¢;th Fibonacci number.

e The integers ¢; and the Fibonacci numbers also are not consecutive.

e N=>F..

0

The sum can be reduced to single term; for example 5 = F5.
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3.2. Unique representation of integers as sum of distinct Fibonacci and Lucas
numbers

Also, in this sense, we have in[39] that every positive integer can be written as a sum of

distinct Lucas numbers, where in general such representation is not unique; for example

50 = 29+ 11+7+3=1Lg+ Lg+ Ls+ L3

Theorem 3.2.3 [7/Every positive integer n has a unique representation of the form

o0
n= E Ay Ly,
0

Where o, = ay, (n) is a binary digit (0, or 1), for m > 0, a,, satisfy the following con-

straints

UQme1 = 0, form >0

oy = 0

One want exclude every existence of two consecutive Lucas numbers in the represen-
tation, which is the same requirement that gives unique representation in Zeckendorf’s
theorem[27].

Proof. We begin by the following lemmas, which will be useful in this theorem. m
Lemma 3.2.1 Let n a positive integer. Then
Ln —1= Ln,1 + Ln,3 + ...+ L172 (n), n 2 2,

where

2L if n is even

L172 (n) =
Ly if n is odd.

Lopy1—1 = Loy + Loy o+ ...+ Ly+ Ly, n>1,

Lgn—l = L2n71+L2n,3+...+L3—|—2L1, 712 1

Proof. By induction. m
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

Lemma 3.2.2 Let n a positive integer. Then

Lpp2 =1+ L forn>0
1=0

Proof. By induction =

Lemma 3.2.3 Let n = > a,, Ly, where oy, = iy, (n) is a binary digit (0, or 1) such that
0

UnmQmr1 = 0 form >0

ol — 0.
Then for every positive integer n this representation is unique.

k
Lemma 3.2.4 Let n = > 0, Ly, k > 2, where 3, is a binary digit such that
0

6m+5m+1 7é 0,f07"0§m§k;—2
Bo+By # 0
Br = 1.

Such representation for n is unique.

In the next section we will give, by using a techniques that resemble to those used in
theorem 3.2.1 and theorem 3.2.3, a representation for every positive integer by means of the

elements of tribonacci sequence.

3.3 Unique representation of integers as sum of dis-

tinct tribonacci numbers

Theorem 3.3.1 Let (1},), oy be the sequence of tribonacci defined previously. Any positive

integer n. can be written as the sum of distinct tibonacci numbers[4].
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

Proof. Let N > 0 be an integer.

First, we prove that the sequence (T;),;,, verifies
Ty < 2T0, Vi > 1.

We easily check this formula for ¢ = 1,2,3,4. For i > 5, we have Tj,o = T; 1+ T; + 1,1 <
Tig1+ (T +Tioq + Tig) = 27544
Now, put Ay = N. Let i; be the largest integer such that

Ti, < Do < T 4.

Put Ay = Ag—T;,. If Ay =0, then N =T;, and this completes the proof. Otherwise, from
the fact that Ay = Ay — T}, < T;,, we choose iy < i; such that

T, < Ay < Ty

Put Ay = Ay —T,,. If Ay =0, then Ay — T, = 0, then A; = T}, and consequently
Ny =T, = N —T,; since Ag = N. Hence, N = T;, + T;, and this ends the proof.

119

Otherwise (i.e. As > 0), the same reasons like before allows us to choose i3 < i such that
Eg S AZ < 7_‘7,'3+].'

And so on.

Since the sequence iy > i3 > i3 > ... > ... is decreasing, it must have an end 7,. Hence
N =T, + T, + ... + T}, and consequently

N = Ctlﬂ
i=1

[ ]

Remark 3.3.1 The representation in the latter theorem is not unique for example
21 = B4+74+1=T5+T5+1Ts.

Lemma 3.3.1 1. For every integer n > 5, we have

i=n—3

T,=3+T2+2) T

=2
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

Proof. From the definition of (7)., we have successively

T, = Tha+Th o+ T, 3
Tn—l = Tn—2 + Tn—3 + Tn—4
Tho = Tn73 +Tha+ Tn75

Thy = Thu+Ths5+T,6

T5 == T4+T3+T2
T, = Bo+T+Th.

After assuming side by side and simplifying the right side, we get
i=n—3
=Ty +Ts+Ta+2) T,
i=2

Then

i=n—3

T,=3+T,2+2) T.
=2
We can also easily obtain this result by induction. Indeed, the statement is true when n = 5.

because 7 = T5 = 3+ 2+ 2(1) = 7. Assume the given statement is true for all integer n,

whenn > 5

Tn+1 - Tn + Tn—l + Tn—2
i=n—3

= 34T 2+2 )Y Ti+Toy+Tuos
7=2

i=n—3

= 3+ T+ 2h2+2) T
=2

i=n—2

= 3+Tn71+227}.

1=2

Which confirms the theorem. =

Theorem 3.3.2 Let N = > a,, T, if
1

U Qpr1 = 0
m > 1.
U Qo = 0

where oy, (m > 1) is the binary digit (zero or one), then this representation is unique.
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

To prove this theorem we need the following lemma

Lemma 3.3.2 We have

m=k m=k—2
d anTn <2 Y T+ Tia, k=6
m=1 m=2
Proof. We put
m=k—2 m=k
L = 2 T — T + T2
m=2 m=1
m=k—2

And we train to get L > 0. We distinguish two cases
A) . — 0

m=k—3
L = Z (2 — am) Tm — 1 — Oék_lTk_1 + Tk_g + (2 — Oék_g) Tk_g
m=2

In this case
m=k—3

L> > (2= ap) Tn+2Th—Thoy — 1

m=2

We know that
m=k—3

(2 —am)Tm >0,

m=2

and

2Ty o —Th_1—1>0, Vk > 1

So
L>0
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

B) aj, = 1 (which implies that ay_1 = ag_2 = 0) So

m=k—2

L = Z (2—Oém)Tm—Oél—Tk+Tk,2
m=2
m=k—3
= Z (2 — am) Tm + (2 - Oék_g) Tk_g — 1 — Tk + Tk_g
m=2
m=k—3
= Z (2—C¥m)Tm+3Tk_2—Tk—Oél
m=2
m=k—4
= Z (2—cm) T+ (2—0ap3) T3+ 3T o — T+ —y
m=2
m=k—4
> > (2= an)Tn+Thos +3Tha — T — 1
m=2
Since
Ty =Ty1+ Ty 2+ T3
So
m=k—4
L> Z (2 — am) T +Tp 3+3Tpo0—Th 1 —Tho—Tp3—1
m=2
(i.e)
m=k—4
L> > (2= ap) Tn+2Tho—Thg — 1
m=2

Observe that we sum up to k — 4, so k —4 > 2 1i.e, k > 6.
Also
2Tk_2—Tk_1—1>Oika—226

So we take k > 8.

Now we prove by induction that
20y o —Tp_1—1 >01fl€28

e For k =8, we have 275 — T, —1=2(13) =24 —-1=1 > 0.
e Assume that 27,5 — T4 —1 >0 for k > 8.

52



3.3. Unique representation of integers as sum of distinct tribonacci numbers

e We prove that 27}, _o — 1,1 —1>0fork+1ie21p_1 —T, —1>0.

2y =Ty =1 = 2Ty =Ty —Tho—Tp3—1
= Th1 —Th—o—Tr3—1
= (Tho—Th-3—Th-a) —Tho—Tp3—1
= T y—1>0k—42>4.

So
m=k—4
L> > (2=an)Tn+2Tho—Tio1—1>0
m=2
Finally
m=k—2 m=k
L=2Y Tn=> anTn+Tiz>0
m=2 m=1
which implies
m=k m=k—2
> T <2 Y T+ Tia, Vk > 6
m=1 m=2

Which finished the proof of lemma.

Let us return to the proof of theorem. Indeed, assume that N has a competing repre-

sentation,
N =2 BnTn
m=1
Where $,, is the binary digit ( zero or one) such that:
=0
ﬁmﬁm—i—l . m 2 1
ﬁmﬁm—i—Z =0

Assume, for a proof by contradiction, that the two representations are not identical, that is,
(e.0)
Y lam = Bl #0.
1

Then, let k£ be the largest value of m such that oy # 3, Clearly k > 4, and since oy, # 3,

we may assume without loss of generality that a;, =1, 8, = 0. It follows that,

m=k m=k m=k—1
[ = Zame = Zﬁme = Z BT, because 5, =0, <n
m=1 m=1 m=1
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3.3. Unique representation of integers as sum of distinct tribonacci numbers

with a, = 1. Then
m=k—1

m=k
| = Zame = Z WmTon + Ti > T
m=1

m=1

According the previous lemma we have

m=k m—2
1= apnTpn <2 T+ Tia.
m=1 m=2

m=k

| = Zozme < T o

m=1

According the previous proposition we have

m=k

| = Zame < T

m=1

Finally we obtain
k

m=1

Which is a contradiction. Hence the representation is unique[4]. m
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Chapter 4

Integers N may be represented

according to the Model

S+ wi.w9

In the chapter 2 and 3, we have studied some famous linear recurrent sequences, as well as
their representation for positive integers. In the current chapter we are interested in the
representation of the terms of unlimited order of some linear recurrent sequences according
to the model: standard + unlimited x unlimited.

Also we will study the representation of some special unlimited positive integers accord-

ing to the same model.

4.1 Representation of Lucas and Lehmer numbers as
S+ Wi.Wo

Let P, @ be nonzero integers. Consider the polynomial X2 — PX + @ its discriminant is
D = P? — 4() and its roots are

_ P++D

=

_P-VD"
- 2

«

B
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4.1. Representation of Lucas and Lehmer numbers as s + w;.ws

a+ =P
af =@
RN

For D # 0 we define the sequences of Lucas numbers

Particularly Uy (o, 8) = 0, U; (o, ) = 1, while V; («, 5) = 2, V1 (o, B) = P.
The sequences (U, (a, 8)),>, and (V;, (a, B)),,», are called also the Lucas sequences as-

sociated to the pair (a, 3), and

L, (o, B) if n is odd
Un <&7 6) = . . Y
(a+ ) Ly, (o, 3) if niseven

where (L, (o, #)),>, are the Lehmer sequences associated to the pair (a, 3) as previously
defined. The fellow theorem proves that any term of Lucas sequences whose the index is

unlimited may be represented by the following formula

standard 4+ unlimited x unlimited.

Theorem 4.1.1 [6] Let P, Q) be nonzero integers such that D > 0. Then, for any unlimited
n , the two sequences U, and V,, differs by a limited integer from a product of two unlimited

integers.

Corollary 4.1.1 If V) (o, B) = P is standard, then for any unlimited n the term L, («, )

different of product of two unlimited integers by a standard integer.
Proof. We distinguish two cases

a) If n is odd, then, for all P is standard, the corollary result from the fact that U, («, 5) =
L, (a, ).

b) If n = 2k i.e. n is even, then

Usi (o, B) = (a+ ) Loy (o, B)
Usi (o, B) = Uy (a,B) Vi (o, B)
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4.1. Representation of Lucas and Lehmer numbers as s + w;.ws

we have

Then

Un (o, B) _ Us (o, ) _ Uk (a, B) Vi, (a,ﬁ).

P | Uk (aaﬁ)
or

P ’ Vk (0576)

Since Uy (o, f) and Vi (o, B) are unlimited because & is unlimited and P is standard, then

Ly, (o, B) = 0+ wiws.

Ilustration We will expose some terms of Lehmer which are decomposable as

We take P = —1, (Q = —3. Then D = 13 which implies a =

standard+unlimited x unlimited.

1—-+/13 14++13
y T

We have different cases

e n prime. Let us take for example n = 797.

Lrg7 (047 5)

<1—\/ﬁ>797_ <1+\/ﬁ>797
2 2

<1—x/ﬁ> _ (1+x/ﬁ>
2 2
1437389236 495 279 528 483 327 958 104 298 156 075 884 219751 704 703

898 018 544 501 140 545 826 818 578 159 771 134 891 807 904 564 903 116
114425632618 494 347460490 598 172 372736 799 223 403 601 407 316
637 860 657 195 040 986 365 241 164 425 086 718 712 220 331 139 381 846
010665941907 132 525 732000 053 216 169 129991 751 432 002 856 195
521661 554 560 874 419.
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4.1. Representation of Lucas and Lehmer numbers as s + w;.ws

D
In this case we have L, = U, = (—) mod (n).
n

L, = (%) + 797 x N
= 1+ 797 x 1803499 669 379271679401 917136 893 724 160 697 470
790152703 518065267 935384116 117724 991 942 484 029 027 467
763 995 689 966 268 650 471 308 178 788 390 791 079 796 954 043 584
440681 811294112066 044 994 551 060 277 272 729 286 279 077 900
525360 376 827025 573 207 039 731 420 209 702 039 814 303 705415

519611031 055 749 062 554 824 995 811235 333 594.
here | - ) is symbol of Legendre, and in thi By
ere —_— 1S SyImbpol O egendare, and 1n 1S case — =
W 797 ) B BENCELe, 797

e n even. Let us take for example n = 620 = 2 x 310.

<1—\/ﬁ>620 B <1+\/ﬁ>620
2 2
Leao (v, ) =

(=) - (=2)

2 2

= 109404 844896 334076 171 340 342 385 530 648 690 326 652 319 032 842
254 356 321908 025 627 172899 700 641 065 448 676 929 386 861 696 701
227873322643 184 793 961 039 096 288 863 688 555 600 828 263 671 565
175321806 658 018 374 131492 986 703 199 271 726 022 164 897 982 717
882759 913.

From the fact that U, (a, 8) = (o + ) L, (o, 5) = PL, (v, 5) when n is even and the
property Usy = Ui Vi, we have
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4.1. Representation of Lucas and Lehmer numbers as s + w;.ws

U,
Leao = _Lio = —Us20 = —Uax3s10
= —Us10Va10
310 310
(1-«13) <1+\/13)
2 2

o (1_\/ﬁ>310+<1+\/§>310
() () 0
2 2
= (—5508488401 185359 167292856 797 689 523 759 586 417 140 920 068 041 684 820 042 742
644 512291 966 890 036 439 133 756 273 279 658 475179 591) x (19861 137 380 772 462 896 387

122256 321 005079 534 522 650 362 901 131 094 211 102 983 558 642 112 144 023 514 380 353 371
949085501 181 662 543) .

In this calculation Usyy negative and Vi1 positive, then Lgog = —Us1oV310 positive.

e 1 is written as n = 2¥p = 2711

Loyr14 (047 5) = 3
1-v13) (1413
2 2
= —Uyn
= —Uys11Vasny
=0 + Wi.wo
where wy = —Uysy; and we = Vaeq; are two positive integers.

Theorem 4.1.2 For any unlimited n , F, differs by a limited integer from a product of two

unlimited integers.

Proof. Since F,, = U, (1,1), we obtain this result by the theorem 4.1.1. =
Ilustration By the theorem 2.2.3, the following relations illustrate the factorization of
terms of Fibonacci according to our required model, with s = £1, since the terms of Lehmer

and Lucas are unlimited for every n unlimited.
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4.2. Representation of Pell and Pell-Lucas numbers as s + wi.ws

Fiy = =14 F5_1Lopi1 = s+ wiwa.

Fo, = 1+ Fy1lo, 1 =84 wiws.
Fingr = =1+ Fopq1lo, = s+ wiws.
Fiy1 = 1+ Foplopy = s+ wiws.
Finpo = =1+ Foppoloy = s + wiwa.

Fipio = 1+ FyyLopio = s+ wiws.

Remark 4.1.1 The theorem 2.2.8 serves, in the model s + wiws, to specify the size of s
which s £1.

4.2 Representation of Pell and Pell-Lucas numbers as
S+ wWi.Wo

We see that Pell numbers are exactly Lucas numbers with P = 2, Q = —1 ie, P, =

U, (2,1)[9]. Hence we have the following corollary.

Corollary 4.2.1 All Pell and Pell Lucas numbers are decomposable according to the model:

standard+unlimitedx unlimited.

Illustration Let s be standard integer, wi, wy are unlimited integers. The following

relations show the factorization in the requiring model.

Pon = 2P, = 8 + wiws.

We have also[9]
Qm-f—n = 2Qan - (_l)n Qm—n-

Hence
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4.3. Applications: Some special kind of integers written as s + w;.ws

Qsn = Qonn=2QuQn—(-1)"Qn
= 20, [2Q2 - (-1)"] = (-1)" @
= 4Q; —2Q, (-1)" = (=1)" Qn
= Q) +3Q) —3Q, (-1)"
= Q) +3Q. [QF — ()]
= Qu (@ +3[Qn-D)"])

= S+ wiws.

4.3 Applications: Some special kind of integers writ-
ten as s + wj.wo

in this section we will make representation of some types of unlimited integers according to
the model mentioned above. as a reference of these considered integers in this section , we

quote([23]

Proposition 4.3.1 Let p and q be two different prime integers such that at least one of
them is unlimited. Then the unlimited integer p?=t + ¢°~1 can be represented as s + wi.ws,

where s is a standard integer and wy, wo are unlimited integers.

Proof. We distinguish the following cases
A) Let p and ¢ be two unlimited prime numbers. According to the little theorem of
Fermat we have

p ' =1(modg).

So,
pq_1 =1+1q.
Then
P = 14+1g+¢!
= 1(modgq).
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4.3. Applications: Some special kind of integers written as s + w;.ws

In the same way, we have
pT 4+ ¢ =1 (modp).
Since (p, q) = 1, then we have

-1

pIl 4 t=1 (mod pgq) .

Hence
P =54 wiws.

Where s is standard and wq, wy are unlimited.
B) p = +o0 and ¢ > 2 is standard

Considering in this case that
qp—l — e(P=1)In(q)
But
e(P=1)In(g) _ w.p

where w = 0o is generally real not necessarily integer. Since p = oo, then
P =14 apg = s+ wiws

where s is standard and w; = p = o0, wy = ag = 0.

The case where ¢ = oo and P > 2 standard, we treat by the same way. m

Proposition 4.3.2 Let N = (p= 1" + (¢~ )", where m, n are two positive integers and
p, q are two different primes whose at least one of them is unlimited. Then N is written as

s + wi.we, where s is a standard integer and wy, wo are unlimited integers.
Proof. Showing that
(qul)m + (qpfl)n = 1(modpq) .
By the little theorem of Fermat we have
p” ' =1(modgq).

Then
(p*")" =1 (modyq).

[=2)
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Hence
(pq_l)m + (qp_l)n = 1(modq).

In the same way we give

()" + (¢7)" = 1(modp).

Since (p, q) = 1, then we have
(pq_l)m + (qp_l)n = 1(modpq) .

Then
(p")" + (¢1)" = 1+ apqg, with o = oo

We end the proof by a cases study, exactly as we did for the proposition 4.3.1. =

Proposition 4.3.3 The positive integer n®™ + m®™ with m > 2 and n > 2 are two
coprime integers whose at least one of them is unlimited, is decomposable according the

model: standard + unlimitedx unlimited.

Proof. We distinguish two cases
A) n and m are both unlimited

In this case, by Euler’s theorem and the same ideas previously used, we have
n?™ 4+ m?™ =1 (modmn) .

Then

n?™ 4 m?™ =1 (modmn) = 1 4+ amn = 5 + wy.wy

where s is a standard integer and wy, ws are unlimited integers.
B) n is standard and m = oo

Recall that for every k € N, we have[23]

1

5\/E < ¢ (k) <k
From this last inequality, we have

n¢(m) > n%\/m _ eéJEInn
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ezVminn — vym, where v 22 0o is generally real not necessarily integer. Hence
n?™ 4 m?™ =1 (modmn) =1+ (an)m = s + wy.w,
With a = co. Where s is standard, and w;, ws are unlimited. m

Proposition 4.3.4 Let m = my.ms...m,, where m;, m; > 2 for (1 <i <r), are relatively
primes two by two, whose at least one of them is unlimited and r is standard. Then the
positive integer m$ U™/ L Sm/otma) oy @m/Otme) g 4 )1 wy where s is standard,

and w1, we are unlimited.
Proof. We will show that

m/o0m) | $m)/9ma) L 0lm)/8m) = 1 _ 1 (mod m).

We have
mf(m)/ﬂml) = 0(modmy)
mg™Mm) =1 (modmy), (my,ms) = 1
mm/em) =1 (modmy), (my,m,) = 1.
Hence

m/Hm) | )/ $(ma) e /9tme) = - 1 (mod my).

Similarly, we will have
m(f(m)/qs(ml) + mf(m)/¢(m2) +..+ mf(m)/‘b(m” =r —1(modm;), when j =2,...r.
Since (m;), <, are relatively primes two by two, then
mdm/@lm) o pp@m)/étma) | ém)/é(me) = - _ 1 (modm).
Then we distinguish the following cases

a) At least two of the (m;), i<, are unlimited, (which are for example m; = oo, my = 00),

then

m‘f(m)/¢(m1) + mg’(m)/qs(m?) + ...+ mf(m)ﬂz’(mr) =r—1 + ammg = 8 + wi.Wa.
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b) There is a unique ig € {1,2,...r} such that m;, = oo, without losing the generality we

can assume that m;, = m;, so m = s.my, when s is standard, then

@/Em) | om)/oma) | om)/gme)  _ pp@lma)éms).o(me) | 6(m)é(ms)..émr) | p
> dm)s0ma)..d(mr)
> mf(ml)
> mém — p3vmilnme _ e,

where v = oo is generally real not necessarily integer.

Then
mf(m)/dﬁ(ml) + mg(m)/¢(m2) + .+ mf(m)ﬂﬁ(mr) —(r—=1)>my—(r—1).

On other hand, we have

mf(m)/¢(m1) + mi(m)/¢(m2’ + ...+ mf(m)/¢(mr) — (r —1) = Amyma...m, = AMtmy

where t = momg...m,., A\ is a positive integer.

Since from the last inequality we have A\tmy; > myy — (r — 1) with v =2 oo and (r — 1) is

standard, then At must be unlimited.

Hence

m/om) | $m)/9(ma) L olm)/60me) — (1) 4 oy,

where r — 1 is standard, w; = M = 0o and wy = my.

Proposition 4.3.5 Let N = ayx1 + asxs + ... + anxy, where (:L‘Z')Z-zl 18 a standard sequence
strictly decreasing of positive integers such that x; | z;41 for i > 1 and (ai)i21 15 standard
sequence of positive integers. If there exists st (ig) such that a; i1, Gigio,...,Qio11 are null
with | = oo and % >0, then N s written as the model s + wi.ws where s is standard, and

w1, we are unlimited.
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Proof. We have

N = a1x1 + asxs + ... +Fanxyn
N = a1x1 + asxs + ... + Ay T + Aio+1T50+1 + Qi1 TG540 + Aio+1+1Tig4+1+1 -+ +anTn
N = a1x1 + asxs + ... + Qo L5 + 0+ Qio+-14+1L50 4141+ +anTn
= (alxl + a9To + .. + aioa:io) + Lig+1+1 (aio+l+l + Aio+1+2 Tio 42 + Aio+1+3 Tioti+3 +..+an N )
Lig+i+1 Lig+i+1 Lig+i+1

= S+ wi.ws.

Example 4.3.1 Recall that the Cantor representation of a positive integer N = oo is given

by

N = apm!+apm_1(m— 1D+ ...+ a2l + a;1!

= a1+ a2 +.... + a,,m!.

Let us consider (xi)izl the sequence defined by x; = i!. If the hypotheses described in the

proposition 4.3.5 concerning sequences ()5, and (a;);5, are valid, then
N = s+ wi.wa,

where s is standard, and w1, wo are unlimited.

Theorem 4.3.1 Let m and n be two positive amicable integers. Then

1. m and n are both unlimited or are both standard.

m
2. If m and n be two unlimited with — = oo, then one of them written as s + w;.wo,
n

where s is standard, and wq, wy are unlimited.

Proof. 1. Assume that m = oo and n standard, then o (m) = +o0, and o (n) standard.
But o (n) =n+m = o (m) = 400, contradiction.

2. We have 0 (m) = m+n = o (n). Assuming that m = s;p; and n = syp,, where s1, 9
m s
are standard integers and p;, po are unlimited prime integers. Then — = SLVAN oo which
n SaP2

implies that Pla o, On the other hand we have
P2
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o(m)=o(sip1) =0 (s1) (p1 + 1)

and
o(n) =0 (sap2) =0 (s2) (p2+1).

Since o (m) = o (n), then
nmtl _o (s2)
p2+1l  o(s1)

p o) (“p%)

)

That is, Py is appreciable, contradiction. Hence at least one of m and n can be written as
P2
S + w1.wo, where s is standard, and wq, ws are unlimited. m

Which implies

Suggestions and perspectives

The aim of this work is, in one hand, the representation of a positive integer by using
the terms of a linear recurrent sequences like sequences of Fibonacci, tribonacci, Lucas,...
. On the other hand the representation of unlimited integers and unlimited terms of linear
recurrent sequences according to the model s + w; X ws.

As a research topic we can try to represent, according to our models, by using the se-
quence of Horadam, generalized Fibonacci sequence (GFS), generalized tribonacci sequence
(GTS), k-Fibonacci sequence,... . Also, we have to represent the unlimited integers of every
family of integers according to the model s+ w; X ws. This last representation is very vast,

where we can easily find unlimited integers to represent.
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4.4 Conclusion

Our work in this thesis concerns the representation of a positive integer N by two manner.

e Firstly, we represent every positive integer as a sum of elements of a given sequence.
This work is well known in the mathematical literature; Indeed, this field of mathe-
matics focuses on the study of words and formal languages combinatorics on words

affects various areas of mathematics study, including algebra and computer science.

e Secondly, we represent N, when N is unlimited, according to the model
N:s+w1xw2. (1)

This representation have a deep relation with the cryptography. The researches in
this field is far from complete because, on the one hand the problem of representing
an unlimited integer according to (1) is still an open problem and on the other hand
the representation of a positive integer N by a sum of elements of a given sequence is

broad and promising.
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Abstract

The representation of a positive integer N by a sum of elements of a given sequence
is an interesting problem which is well known in the mathematical literature, namely the
unique representation as a sum of distinct Lucas numbers (Brown, Jr, 1969), Fibonacci and
Lucas representation (Pihko, 1986), Cantor’s development (Mercier, 2004),... . In addition,
in the framework of the nonstandard analysis, A. Boudaoud proposed another method of

representation of N; It is to write it according to the following model :

N = S+ wi.wo

where s is a standard integer and wq, wy are two unlimited integers.

Our work in this thesis concerns the representation of a positive integer N according to
the model cited above. In this sense we have shown that if /N satisfies certain constraints,
then it can be represented by a finite sum of elements of the sequence of tribonacci. We
observe that the techniques used can be employed in other problems for the same purposes;
for example, the cases of higher orders (Pentanacci, hexanacci, ...k-Fibonacci sequence..).

In the last part of this thesis we have given several families of integers in which each

unlimited integer is written according to the model

N = s + wj.wa.

As a motivation, this field of mathematics focuses on the study of words and formal
languages combinatorics on words affects various areas of mathematics study, including
algebra and computer science. Combinatorics of words is connected to many modern, as
well as classical, fields of mathematics. Connections to combinatorics, actually being part

of it, are obvious but also connections to algebra are deep.
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Résumé

La représentation d’un entier positif illimité N par une somme d’éléments d’une suite
donnée est un probléme intéressant et tres connu dans la littérature mathématique, a savoir
la représentation unique comme une somme de nombres distincts de Lucas (Brown, Jr,
1969), la représentation de Fibonacci et de Lucas (Pihko, 1986), le développement de Cantor
(Mercier, 2004),... . De plus, dans le cadre de 'analyse non standard, A. Boudaoud avait
proposé un autre modeéle de présentation d’un entier /V; il consiste a 1’écrire selon le modéle
suivant

N =5+ wj.wy (1)

ol s est un entier standard et wq, ws sont deux entiers illimités.

Notre travail dans cette thése concerne la représentation de NV selon les modeéles évoqués
ci-dessus. Dans ce sens nous avons montré que si N satisfait quelques contraintes, alors il
peut étre représenté par une somme finie d’éléments de la suite de tribonacci. Nous avons
remarqué que les techniques utilisées peuvent étre utilisées dans d’autres problémes ayant
le méme but; par exemple les cas d’ordre supérieurs (Pentanacci, hexanacci, ...k-Fibonacci
sequence...).

Dans la derniére partie de cette thése nous avons donné plusieurs familles d’entiers dans

lesquelles chaque entier illimité peut étre écrit selon le modeéle
N =s + wi.wo (1)

oll s est un entier standard et wq, wy sont deux entiers illimités.

En tant que motivation, ce domaine de mathématiques qui se concentre sur I’étude des
mots et la combinatoire des langages formels sur les mots affecte divers domaines de 1’étude
des mathématiques, y compris 'algébre et l'informatique. La combinatoire de mots est
liée & de nombreux domaines de mathématiques modernes, aussi bien que classiques. Les
connexions & la combinatoire, actuellement devenues partie intégrante, sont évidentes, mais

les connexions a ’algeébre sont profondes.
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Abstract

The representation of a positive integer N by a sum of elements of a given sequence is an interesting problem which is well known in the
mathematical literature, namely the unique representation as a sum of distinct Lucas numbers (Brown, Jr, 1969), Fibonacci and Lucas
representation (Pihko, 1986), Cantor's development (Mercier, 2004),... . In addition, in the framework of the nonstandard analysis, A.

Boudaoud proposed another method of representation of N ; It is to write it according to the following model :

N =S+ mW1.02

where S is a standard integerand @1 , W2 are two unlimited integers.
Our work in this thesis concerns the representation of a positive integer N according to the model cited above. In this sense we have

shown that if N satisfies certain constraints, then it can be represented by a finite sum of elements of the sequence of tribonacci. We
observe that the techniques used can be employed in other problems for the same purposes; for example, the cases of higher orders

(Pentanacci, hexanacci, ... k -Fibonacci sequence..).
In the last part of this thesis we have given several families of integers in which each unlimited integer is written according to the model

N = S+mwW1.07.

As a motivation, this field of mathematics focuses on the study of words and formal languages combinatorics on words affects various areas

of mathematics study, including algebra and computer science. Combinatorics of words is connected to many modern, as well as classical,

fields of mathematics. Connections to combinatorics, actually being part of it, are obvious but also connections to algebra are deep.
Résumé

La représentation d'un entier positif illimité N par une somme d'éléments d'une suite donnée est un probleme intéressant et trés connu dans
la littérature mathématique, a savoir la représentation unique comme une somme de nombres distincts de Lucas (Brown, Jr, 1969), la
représentation de Fibonacci et de Lucas (Pihko, 1986), le développement de Cantor (Mercier, 2004),... . De plus, dans le cadre de I'analyse

non standard, A. Boudaoud avait proposé un autre modele de présentation d'un entier N ; il consiste a I'écrire selon le modéle suivant

N =S+wW1.02

ou S estun entier standardet @1 , 2 sont deux entiers illimités.
Notre travail dans cette thése concerne la représentation de N selon les modeles évoqués ci-dessus. Dans ce sens nous avons montré que si

N satisfait quelques contraintes, alors il peut étre représenté par une somme finie d'éléments de la suite de tribonacci. Nous avons remarqué
que les techniques utilisées peuvent étre utilisées dans d'autres probléemes ayant le méme but; par exemple les cas d'ordre supérieurs

(Pentanacci, hexanacci, ... k -Fibonacci sequence...).
Dans la derniére partie de cette thése nous avons donné plusieurs familles d'entiers dans lesquelles chaque entier illimité peut étre écrit selon
le modele

N=s+wi.0;

o S estun entier standard et @1 , D2 sont deux entiers illimités.

En tant que motivation, ce domaine de mathématiques qui se concentre sur |'étude des mots et la combinatoire des langages formels sur
les mots affecte divers domaines de I'étude des mathématiques, y compris I'algebre et l'informatique. La combinatoire de mots est liée a
de nombreux domaines de mathématiques modernes, aussi bien que classiques. Les connexions a la combinatoire, actuellement devenues
partie intégrante, sont évidentes, mais les connexions a I'algébre sont profondes.



