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General introduction

Fractional calculus is a mathematical branch which investigates the properties of derivatives
and integrals of non-integer orders (also known as fractional derivatives and integrals, briefly
differ-integrals). The interested readers in the subject should refer to the books ( Samko et al.
1993 [14], Podlubny 1999 [13], Kilbas et al. 2006 [10], Diethelm 2010 [5]).

The differential equations of fractional order are generalizations of classical differential
equations of integer order; they are increasingly used in such fields as fluid flow, control theory
of dynamical systems, diffusive transport akin to diffusion, probability and statistics... etc. The
boundary value problem of fractional differential equations is recently approached by various
researchers ([11, [3], [9], [11], [15]).

In chapter 1 we introduce the fundamental concepts and definitions of fractional calculus
(Gamma and Beta functions, Riemann-Liouville, Caputo, Hadamard, Katugampola, Caputo-
Katugampola fractional integral and derivative).

Next, in chapter 2, we will discuss the existence and uniqueness of the following boundary
value problem of the nonlinear fractional differential equation using Caputo-Katugampola’s

fractional derivative ([Z, 8]])
Py u () + f (tu(t) =0 te0,7]
{u(O) =0,u(T) =0,
where ?Dg, u is the left Caputo-Katugampola fractional derivative, 1 < a < 2,p € R*, and
f:]0,7] x R — Ris a continuous function.

In the three chapter, we are interested in the existence and uniqueness of initial value prob-

lem for nonlinear implicit fractional differential equation following :
£D8+U (t) = f (ta u (t) 7£D3+U (t)) ’ te [Oa T]
u(0) =0,

where ?Dg, u is the left Caputo-Katugampola fractional derivative, 0 < o < 1,p € R*, and
f:]0,7] x R x R — Ris a continuous function.

Finally, in the last chapter we will study the initial value problem of a coupled system of

v



nonlinear fractional differential equations with Caputo-Katugampola derivative following

Dy u(t) = f(tu(t),v(t),2Dgu(t))

oD, v () = g (tu(t), v (t), D50 (1))
u(0) =0,v(0) =0

,t€[0,T7],

where 0 < a,8 < 1,p > 0, The symbol D}, ,§ = «, 3, is the Caputo-Katugampola fractional
derivative of fractional order d, and f, g : [0,7] x R® — R are continuous functions.

Some existence and uniqueness results of solutions for the given problems are obtained
by using the Banach contraction principle, Schauder’s, Schaufer fixed point theorem. Several

examples are presented to illustrate the usefulness of our results.



CHAPTER 1

BASIC DEFINITIONS OF FRACTIONAL
CALCULUS

I n this chapter we introduce the fundamental concepts, fundamental definitions and results
of fractional calculus (Gamma and Beta functions, Riemann-Liouville, Caputo, Hadamard,

Katugampola, Caputo-Katugampola fractional integral and derivative).

1.1 Special Functions

Definition 1.1 (Gamma Euler function [10]). We call the function Gamma the function defined
by

+oo

I'(z) = / t*te7'dt, (z € C,Re(z) > 0).

0
with tz—l — e(z=1)Int
properties 1.1. For all z € C, Re(z) > 0,n € N, we have

L.T(z+1) = 2I'(2)

2.'(n) = (n—1)!

1 (2n)l\/7
I =)= .
3.Tn+ 2> 4" n!
Definition 1.2 (Beta function [10]). The function of Beta is a type of integral of Euler defined

by

B(p,q) = /0 #H(1 — t)q_ldt (p,q € C, Re(p) > 0, Re(q) > 0).

For all p, ¢ € C, with Re(p) > 0, Re(q) > 0, we have
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1.2 Fractional integral and derivative

Definition 1.3 (Riemann-Liouville fractional integral [10]). The fractional integral of Riemann-

Liouville to the left of order a > 0 is defined by

p(s)ds
t _ S)lfa’

Vt € [a,b]; (Zoh ) (t) = F(la) / ( t>a (1.1)

In the same way we define the fractional integral of Riemann-Liouville to the right of order

a > 0by

vt € [a,b]; (T3 w)(t)zr(la) /t (:’fsg;‘fﬁa, t<b (1.2)

Definition 1.4 (Riemann-Liouville fractional derivative [10]).
Let @ > 0, and n = [a] 4 1. The fractional derivative of Riemann-Liouville the left of order « is
defined by

el (wP0) 0= 1 (7)) [ o
= (D"T1%¢) (1)

In the same way we define the fractional derivative of Riemann-Liouville to the right of order

(1.3)

a > 0by:

1 d\" " (s)ds
vVt e la, b, (rrDip) () = ———— —— —— t<)
o] w89 0 = i () o -,
= (=)™ (D"} %) (1)
Definition 1.5 (Caputo fractional derivative [10]).

Leta >0,D = %, and n = [a] + 1. The fractional derivative of Caputo the left of order « is
defined by

1 e (s)ds
el t] (D) ()= pr gy | e s

= (Z;"D"p) (t).
In the same way we define the fractional derivative of Caputo to the right of order

a > 0by

1 b o™ () ds
v € la.b), (D) (1) = Finl—) a) /t (j — t()“)g“’ Pt (1.6)

= (-1 (Z°D"9) (1)

Boundary and initial value problem of C-K type FDE
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Definition 1.6 (Hadamard fractional integral [12]). The left and right-sided fractional integral

of order o > 0 of a function ¢ : [a,b] — Ris given by

0= [ (0 e, 17)
and
(T2 (t) = ﬁ[ (03)" e s %, t<b (18)

Definition 1.7 (Hadamard fractional derivative [12]). The Hadamard left and right-sided frac-

tional derivatives are defined as

P 0= i (t) [ (m2) e ® 15 19
= " (T20) (1),
and
P = % (t%)/ (W) e e (1.10)

= (=0)" (72 ¢) (1)

where n = [o] + 1, [@] is the integer part of a.

Definition 1.8 (Cputo-Hadamard fractional derivatives [12]). The left-sided and right-sided

fractional derivatives in the Cputo-Hadamard sense are respectively given by

= (T26"p) (1),

and

(“Dite) (1) = %/f (1n §>n_a_1 <t%) 0o %’ Pt (1.12)
= (=)™ (F8"p) (t) -

1.3 Fundamental theorem and property of fractional calculus

In this section we present the fundamental theorem and property of fractional calculus asso-

ciated with the generalized fractional integral and the Caputo-type differential operator

Definition 1.9. (See [12]). The space X? (a,b)(c € R,1 < p < oc0) consists of those complex-

valued Lebesgue measurable function on (a, b), for which |[|¢|| x» < oo with

: :
w= ([ ery) asp<s) tRE

Il

Boundary and initial value problem of C-K type FDE
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and
1@l e = sup [t%] ()] (1.14)
t€(a,b)
Definition 1.10 (Katugampola fractional integral [12]).
Let a, p, ¢ € R with a ¢ N and. The generalized fractional integrals (*7% ¢) (t) (left-sided) and
(*T2 ) (t) (left-sided), with ¢ € X? (a,b), are defined by:

p 7o P [t s ()
0T 0 = oy [ s > (1.15)
and
1-a b p—1
(PTEe) (t) = lf(a) /t (Ssp _fpﬁzad& t<b (1.16)
with p > 0.

Theorem 1.1. (See [7]]). Let o € C, Re (o) > 0,n = [Re («)] and p > 0. Then, for t > a,

Llim ("T39) (t) = F(la) / (tf(;;)l_ads (1.17)
e I LA d
2 lim (75000 = s [ (w2) e)4 (118)

Definition 1.11 (Katugampola fractional derivative [12]).
Let o, p € Rsuchthat o ¢ N, o, p > 0 and n = [a|+ 1. The generalized left-sided and right-sided
fractional derivatives, ("D%, ) (t) and (?Dg ) (t), are defined by

1-n+4a nooet p—1
o P 1— d / S b (S)
"D O I — 7 e ds, t>a
( a+90) ( ) T (n o O{) ( dt) ] (tp . Sp)l—n+a (119)

=5 (2730 (1)

and

0Dy ) () = SDPT (tlpi)" / ” (Ad <

I'(n—a) dt sp — to)l e (1.20)
= (=1)"6r (T ) (1)
If the integrals exist.
Theorem 1.2. (See [7]). Let oo € C, Re () > 0,n = [Re (o) and p > 0. Then, for t > a,
: 1 d\" [t ¢(s)ds
P - - (= S S
L (D20 (0 = o (1) P (121)
1 d\" [t [ t\" d
o _ a v @
2l D5 0 = s (1) [ (D) e (122)

Boundary and initial value problem of C-K type FDE
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Definition 1.12 (Caputo-Katugampola fractional derivative [12]).
Let a,p € Rsuch that @ ¢ N,«a,p > 0 and n = [a] + 1. The left-sided and right-sided Caputo-
Katugampola fractional derivative are defined, for 0 < a <t < b < oo, by

1-n+a t g1 1— d\"
(*Drp) (t) = Fp(n—a)/a (tp_sp>1—n+a <S p%) @ (s) ds, (123)

= ("I o) (1)

and

P . (=1)pt—rte ’ s Sl—pi ! s)ds
EDy-) (1) = T'(n—a) /t (sP — tp)l_”+a( ds) o (s)ds, (1.24)
(1 ) 6.

Respectively, if the integrals exist.

Theorem 1.3. (See [12]]) Let ov,p € R,ae ¢ N, v, p > 0 and n = [o] + 1. Then, fort > a

(@) iy (£D2) (1) = (:D50) (1) = s [ (L= 976 (9.

p—1

1 t ¢ n—a—1
. _ (CPa _ _ n
) tim D20 (1) = CD2p) (0= o [ () oelas
The linearity of the differential operators /D¢, and ?D;" is ensured by the following theorem
Theorem 1.4. (See [12]]) Let o, p € R, v, p > O such that o ¢ N. If 0 < a < b < 00, then

(£Dg+ (p +9)) (8) = (EDg=) (8) + ({Dgrg) (¢)

The composition of the fractional integral operators * 77 and * 7% with the fractional differ-

ential operators /D¢, and ?D;_ , is given by the following result.
Theorem 1.5. (See [12]) Let o, p € R,ae > 0and p > 0. If 0 < a < b < oo, then
(D’ Tgip) (t) =@ (t)  and (D T ¢) (1) = ¢ (1) (1.25)

The next theorem yields the compositions of the fractional integral operators, ” 7 f+ and ” jbﬁ,

with the fractional differential operators, D¢, and ?D;"

Theorem 1.6. (See [12]) Let o, 3, p € R such that o > 0, B > avand p > 0. If 0 < a < b < oo, then

(o2 dle) = (Tie) () and  (2DprTle) )= ("T10¢) () (126)

Boundary and initial value problem of C-K type FDE
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Exemple 1.1. Leta, 3,p € R,a,p > 0, (8 — ap) > 0 and ¢ (s) = s”. Taking the limit

a — 0, we get

( r (é + 1)
P peth=er o >0, (a - E) ¢ N
r é —a+1 P
(4Dg:s”) (1) = < p

0, a>0,<a—§)€N

\

Proof. We consider Eq (1.23) with a« — 0 and ¢ (s) = s”. Hence, we can write

pa B pl—n+cx ) t Sp—l - d n 5d
<*D0+S ) (t) = miﬁ% ; m<3 %) sas, t> a,

withn = [o] + 1and n = {1,2,...}. Since

(4705 ) & =80 =) (8= 20) (5= (0= 1))

R OGN N

r <§ + 1)
=p" s,
r (é —n+ 1>

p

we can substitute this expression into Eq (1.28) to obtain

1+a F(é‘i‘l) t
oDp. ") (1) = =2 | ds.
(* 0+$)() F(n_OoF(%—n—l—l) 0 (pr—sp)l_n+a S

sP
Further, with the change of variable u = - we have

B

1+ r (— + 1) L (4 £n-1p 21
(*Dgs”) (1) = =L é / (#7u) e tdu,
F(n_O‘)F<é—n+1> o tP=n+a)(] — )t Fe

p

I+o r (5 + 1) 1
__ P P pltgap/ u%—nﬂ—l(l _ u)’n—a—ldu’
F(n—oz)r</3 n_|_1) Jo )

;_

v~

B(%fn+1,nfa)

rg+yr(@-nst)rm-a i
:F(n—a)l“(g—nJrl)F(ﬁ a+1)ptﬁ , |Blp,q) =

;_

(1.27)

(1.28)

) gP—me

Boundary and initial value problem of C-K type FDE
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It follows that

- gy
( 0+8)()_F<§—a+1>pt .

Notice that, taking the limit p — 1, Eq (1.30) becomes

F(ﬁ—i_l) t,B—a
r—a+1)

We now present the semi group property of the Caputo-type fractional derivative D%, . The

hm (Dy. %) (t) = (\D§es”) (t) =

result is also valid, for the operator ?D;" .
Theorem 1.7. (See [12]]) Let o, 3, p € R such that o, 8 > 0and p > 0. If 0 < a < b < oo, then we have
(sD20m0 ) (1) = (227 (1), (1.29)

Theorem 1.8. (See [12]) Let i, p € R such that o > 0, p > 0 and n = [a] + 1. The relation between the

generalized fractional derivatives and the Caputo-type fractional derivatives is given by the expressions
n—1

tr— P\
P a+ P g s 130
(D2-9) (0= P00 )~ 3 oy e () (1.30)

and

S (—1)"6Eg (a) (b” — ’f")ka. (1.31)

CDE¢) (1) = (Do) 0= X =t

k=0

In particular, when 0 < o < 1, Eq. (1.30) and Eq. (1.31)) take the following form:

(ED50) () = (D) () — 5 (2]

Df¢) (1) = (Do) (0 = 7 @@ (bp , tp) _

Theorem 1.9. (See [12]]) Let cv, p € R such that a>0and p>0withn = [a]+1. Consider ¢ € ACY [a, b]
with

ACY [a,b] = {gp a0 = R: 67 (t) € AC [a,b], 6 = t%} :
(@) Ifa¢NoraeNand ®(t) = ("T%¢) () or ®(t) = (*T2¢) (t), Vt € [a,b], we obtain

(Dg:®) () = ¢ (t) and  ((Dy-®) (1) = ¢ (t) . (1.32)

Boundary and initial value problem of C-K type FDE
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() I (°T7") (1) € ACY [a,)], then

[o] 6]4:(1) a p__ .p\F
eazemne =0 - Y L (1o (13)
k=0 '

and

[o] kck k
(—1) 5p¢> (b) <bp — tp>
. (1.34)

CTEDE®) (1) =D (1) = Y ;

k=0

For 0 < o < 1, we have

(T D) (1) = @ () — ®(a) and (GTDy-®) (t) = @ (1) — P (a).

1.4 Some fixed point theorems

The following fixed point theorems (Schauder, Shuafer, Banach and Ascoli-Arzela) are funda-

mental in the proofs of our results.

Definition 1.13. (Equicontinuous)

Let E be a Banach space. Call a part P in C' (E) equicontinuous if
Ve > 0,30 > 0,Vu,v € E,NF € P, |lu—v|| <d=||F(u)— F(v)]] <e.

Theorem 1.10. (Ascoli-Arzela. See [4])
Let E be a compact space. If F' is an equicontinuous, bounded subset of C(E), then F' is relatively

compact.

Definition 1.14. (Completely continuous)
We say F : E — FE is completely continuous if for any bounded subset P of E, the set F' (P) is

relatively compact.

Theorem 1.11. (Banach'’s fixed point. See [4])
Let P be a non-empty closed subset of a Banach space E, then any contraction mapping F' : P — P has

a unique fixed point.

Theorem 1.12. (Schauder’s fixed point. See [4])

Let E be a Banach space, and P be a closed, convex and nonempty subset of E. Let F' : P — P bea
continuous mapping such that F' (P) C E is a relatively compact. Then F has at least one fixed point in
P.

Boundary and initial value problem of C-K type FDE
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Theorem 1.13. (Schaefer’s fixed point theorem. See [6])
Let E be a Banach space, and F' : E — E a completely continuous operator. If the set

S={u€FE:u=puFu, forsomep € (0,1)},

is bounded, the F' has fixed points.

Boundary and initial value problem of C-K type FDE



CHAPTER 2

BOUNDARY VALUE PROBLEM OF
CAPUTO-KAUGAMPOLA FDE

I n this chapter we will discuss the existence and uniqueness of the boundary value prob-
lem of the nonlinear fractional differential equation using Caputo-Katugampola’s fractional

derivative following :
Dyru(t) + f(t,u(t) =0 tel0,1], (2.1)
supplemented with the boundary conditions:
u(0) =0,u(T)=0. (2.2)

Where ?D§, u is the left Caputo-Katugampola fractional derivative, 1 < o < 2,p € R*, and
f:]0,7] x R — Ris a continuous function.
Consider the space X? (0,T) (c € R,1 < p < o0) of those complex-valued Lebesgue measur-

able function on (0, 7)), for which |[¢|| x» < oo, where the norm is defined by:

T . pds g
ol xr = i e @F—) L <p<oo),

for 1 < p < oo, c € R. For the case p = oc;

¢l xee = sup [t°]@ (8)]] (c € R).
te(0,7)

By C'[0,T] we denote the Banach space of all continuous function from [0, 7] into R with the

norm:

el = sup [ (t)] .
0<t<T

17
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Remark 2.1. Let p,c,T" € R%, besuch that p > 1,¢ > 0 and T < (pc)i. It's clear that

Vo e C[0,T]
1 1
T ds\ ? r P s
= ([ eors) < (el [ o) = ol
0 s 0 (pc)»

el
and
@l xee = €ss sup [t (D)} < Tl
0<t<T
Which implies that C'[0,7] — X7 [0, 7], and

1
||90||X30 S ||S0||oo7 for all T S (pc)pc.

2.1 Fundamental lemmas

Lemma 2.1 (See [12])). Let «, p € R such that a>0 and p>0 with n = [a]+ 1. Consider ¢ € ACY [a, b]
with

ACY la, b] = {90 a,b] 5 R:6 o (t) € AC [a,b],é:t%}_

If ("Tr%¢) (t) € ACY [a,b], then

[o] 5k (0 o\ k
eapemge) - -y T (L) @3)
k=0 '

Lemma 2.2. Let o, p > 0,n = [a] + 1. Ifu € C'[0,T], then

(a) The fractional deferential equation ?Df,w (t) = 0, has a unique solution:
u(t) = Cy+ Oyt + Cot® + ... + Cp_1t =P,

where C,, € R, withm =0,1,2..n — 1.
(b) If?Dy.u(t) € Cl0,T]and 1 < o < 2, then:

for some constant Cy, Cy € R.

Lemma 2.3. Let o,p € R, be such that 1 < o <2 and p > 0. We give ?Dg,u € C[0,T] and f :
[0,T] x R — R is a continuous function. Then the boundary value problem 2.1)-(2.2), is equivalent to

the fractional integral equation

u(t):/o G(t,s)f (s,u(s))ds, t €[0,T]

Boundary and initial value problem of C-K type FDE



2.1. FUNDAMENTAL LEMMAS 19

where
Ct [ (TP =) = (7= 57) Y], 0<s<t<T,
G(t,s) = o 2.5)
i [ =), 0<t<s<T,

is the Green’s function associated with the boundary value problem 2.1)—(2.2).

Proof. Let o, p € RY, be such that 1 < a < 2. We apply lemma[2.2]to reduce the fractional equa-
tion (2.1) to an equivalent fractional integral equation.It is easy to prove the operator * 7} has

the linearity property for all a > 0 after direct integration. Then by applying # 7. to equation

2.1), we get

PT5 iDgu () + P T5 f (tu(t) =0
From lemma[2.2) we find for 1 < a < 2,

PTo+iDgru (t) = u(t) + Co + Cit,

for some C, C; € R. Then, the integral solution of the equation (2.1)is:

umz—ﬁﬂﬂ $§M¢DM—%—aﬁ 2.6)

The condition imply that:

U(O):OZO—CO—O :>O():0,

T sP=1f(s,u(s))

oA T sP=1f(s, u(s)
u<T>_O_ Py1= ds ClTp:>01 T‘Ta)f (Tr—sp)1—

F(a) 0 (Tr—s

ds.

The integral equation (2.6) is equivalent to:

P e ), e (e )
u(t) = F(a)/o (tr — sp)' ™ ds+ TeT (a)/o (Tr — sp)' d

Therefore, the unique solution of problem @.1)-(2.2) is:

wa/Vr%k[ﬁ@hﬂg_*ﬁ_“)}fwmw»w

0 F(Oé)i
o R e

]

Boundary and initial value problem of C-K type FDE
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2.2 Existence and uniqueness results

Now, we will prove the first existence result for the problem (2.1)—(2.2) which is based on

Banach’s fixed point theorem [1.11}

We impose the following hypotheses:

(H1) f:[0,7] x R — Ris a continuous function.

(H2) For all 1 < o < 2, there exist a constant A > 0 such that:

for any u,v € Rand ¢ € [0, T].

(H3) there exist a constant L > 0 such that:

[f (tu)l < L,

forallt € [0,7] and u € R.

Theorem 2.1. Assume the hypotheses (H1)-(H2) hold. We give 1 < o < 2, and p > 0. If

VA
ML 2.
PT(at 1) 28)

Then the problem (2.1)-(2.2) admits a unique solution on [0, T .

Proof. To begin the proof, we will transform the problem (2.1)-(2.2) into a fixed point problem.
Define the operator F': C'[0,7] — C'[0,T] by

Fu(t) = /0 G (t,s)f (s,u(s))ds. (2.9)

Because the problem ([2.1)-(2.2) is equivalent to the fractional integral equation (2.10), the fixed
points of F are solutions of the problem (2.1)—(2.2).
Letu,v € C'[0,T], Then forall t € [0,7]:

|ﬂdw—FM®h:A G (1) [f (5,u(s) —  (s,0(s))] ds.

SA G (t,5)|f (s,u(s)) — f (5,0 ()| ds
< /0 G (t,s)|u(s) —v(s)|ds,

Boundary and initial value problem of C-K type FDE
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then

T
1Fu—Follo < Mu vl [ Gt9)is
0

t 1—ap—1 p
< M- o]l [/ P! {t (Tp_sp)al_(t,,_s,,)al]ds
0

T(a) |T°
T 1—a.p—1 p
P S l a—1
P2 |2 (7P _gP d
[ e [«

Au — v t° Lo 4
202 Plloo || 2 (7P — oP)Y o (1P — sP)Y| — | (TP — 5P\
— pT(a+1) Tp( )7+ ") 0 TP( ) .

A|u — v tP tP tP
< o8} — (TP —t”“ —__Tar _ ar — (TP — "
— pT(a+1) Tp( ) T i TP< )
< )\HU—UHOO [tpr(oc—l) —tap}

p°T (a+1)

2o

—|u — V|| ..

S pTarn

This implies that by (2.8), F' is a contraction operator.
As a consequence of theorem using Banach’s contraction principle, we deduce that F" has

a unique fixed point which is the unique solution of the problem @2.1)—{2.2) on [0, 7. O

Theorem 2.2. Assume that hypotheses (H1)-(H3) hold. We give 1 < oo < 2, and p > 0. If we put
LTer
pT (o + 1)

then the problem (2.1)—(2.2) has at least one solution on C' [0, T).

Proof. In the previous theorem, we already transform the problem (2.1)—(2.2) into a fixed point

problem

<1,

Ful(t) = /0 G (t,s)f (s,u(s))ds. (2.10)

We demonstrate that F satisfies the assumption of Schauder’s fixed point theorem [I.12]
This could be proved through three steps:

Step 1. F' is a continuous operator.
Let (uy), oy be real sequence such that lim u, = win C' [0, T]. Then for each t € C'[0,T.

Fu, (t) — Fu(t)] < / G (1) 1] (5,1 () — f (5, ()] ds
<F (520 () — £ (5,0(8)) / G (t, 5)ds

Tap
< m”f(syun (s)) = f(s,u(s))ll o

Boundary and initial value problem of C-K type FDE
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Foreacht € C'[0,T],the function s — G (¢, s) is integrable on [0, 7], then the lebesgue dominated

convergence theorem imply that:
|Fuy, (t) — Fu (t)] — 0, as n — oo,
and hence:
lim ||Fu, — Ful| = 0.
n-s00

Consequently, F'is continuous.
Step 2. Let

Lree
> -
— peT (a4 1)
We define:

P.={ueC[0,T]:|ul,<r}.
It is clear that P, is a bounded, closed and convex subset of C' [0, 7.
Letu € P,,and F : P, — C'[0, T] be the integral operator defined in (2.10), then F' (P,) C P,.
Then:

Fu ()] < /0 Gt s) f(s,u(s) ds

s/o G (£, ) |f (s, (s))] ds

T
< L/ G (t,s)ds
0
Lree
<t
— pT (a+ 1)
<.

Then F (P,) C P,.
Step 3. I' (P,) relatively compact.
Letty,ty € [0,T],t; < ty,and u € P,. Then

Fu(ts) — Fu(ty)] = /OIG(tg,s)f(s,u(s))ds—/oIG(tl,s)f(s,u(s))ds

g/01][G(tQ,s)—G(tl,s)]f(s,u(s))|ds+/2G(t2,s)|f(s,u(s))\ds

t1

<r U; (G (b, 5) — G (11, )| ds + /: G(tg,s)ds} |

Boundary and initial value problem of C-K type FDE
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For0 < s <t <ty <T,wehave

G (tQ, 3) -G (tl, S) = % to” (%) _ (t2p - Sp)Oz—l]
L ;ZS_ _tlf’ <%) — (" — sp)"‘_ll
- % (ta” = 1:°) <%> - [(tzp — Sp)a_l — (" — sp)a_l}
ptesPt - ) ) (T? — Sp)afl
— r (a> [(tZ - tl )] T
prs P _ 4P
T (a) [(tQ tl )] .

In the same way, for 0 <t; < s <ty <Tor0 <t <t; <s<T,wehave:

1—o¢8p—1

G (tg,s) — G (t1,8) < T [(t2” — t17)] .
Then
|Fu(ty) — Fu(ty)] < /0 |G (t2,s) — G (t1,5)]f (s,u(s))ds
< L/T |G (t2,s) — G (t1,s)|ds
T jl-ogl-a o
SL/() W[tz — 1 ]ds
Lol s, lsp '
S }
Finally
Fu(t) — Fu(t)| < QLFT(;) 1 — 1]

As t; — ty, the right-hand side of the above inequality tends to zeros.

As a consequence of steps 1 to 3 together, and by means of the Arzela-Ascoli theorem we
deduce that F' : P, — P, is continuous, compact and satisfies the assumption of Schauder’s
fixed point theorem Then F has a fixed point which is a solution of problem (2.1)-(2.2) on
[0, 7. O

Theorem 2.3. Assume that hypotheses (H1)-(H2) and (H3) hold. We give 1 < o < 2, and p > 0. If we

put
Lrer

p°T (a+1)
then the problem (2.1)~(2.2) has at least one solution on C [0, T).

<1,
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Proof. In the previous theorem, we already transform the problem (2.1)—(2.2) into a fixed point

problem

_Fu@):LA G (t5)f (s,u(s)) ds.

We demonstrate that F satisfies the assumption of Schaefer’s fixed point theorem
This could be proved through four steps:
Step 1. ' is a continuous operator.

Let (uy),cy be real sequence such that lim u, =« in C' [0, T]. Then for each t € C' [0, T.

n—o0

Fu, (t) - Fu(t)] < / G (£ 5) 1] (5.t (3)) — f (5,1 (s))] ds.

Foreacht € C'[0,T],the function s — G (¢, s) is integrable on [0, 7], then the lebesgue dominated

convergence theorem imply that:
lim [|Fu, — Ful = 0.
n—oo

Consequently, F' is continuous.

Step 2. Let

LTrer
>
— T (a4 1)

We define:
P = {ueC,1]: |lull < 7}.

It is clear that P, is a bounded, closed and convex subset of C' [0, 7.
Letu € P.,and F :— C'[0, T] be the integral operator defined in (2.10), then F' (P,) C P..

Then

Fu(t)] < [:(?@wﬂjK&uQﬂds
Lo

— poT (a+ 1)

<.

and by following F' (P,) is bounded.
Step 3. F'(P,) relatively compact.

Boundary and initial value problem of C-K type FDE
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Letty,ty € [0,7],t; < ty,and u € P,. Then

|Fu(ta) — Fu(ty)| = /QG(tQ,s)f(s,u(s))ds—/IG(tl,s)f(s,u(s))ds

0

0
T

< L/ |G (t2,s) — G (t1,s)|ds
0
T

l-a l-a
p s
<L — [t — t,°]d
<L P
LTr
<
peT (a)
As t; — ty, the right hand side of the above inequality tends to zeros. Therefore, from Steps 1
to 3 together with the Arzela-Ascoli theorem, we can condition that ' : C'[0,T7] — C[0,T] is

[t2” — 1]

completely continuous.

Step 4. A priori bounded . Now we need to show that set
0={ueC[0,T):u=puFupe(0,1)},
is bounded. Let u € 6, then u = uF (u) for some 0 < p < 1. Thus,for each t € [0, 7], we have:

w(t) :“/o Gt s) f (s,u(s))ds.

Then, we get,
t 1—a p—1 o
) < L] [ 2 [ st s
0 (0%

o et -]+

L tpr o y pat tpTP paT
_m —ﬁ( =)+ (" =) 0— ﬁ( — ) )
L [tpr(afl) _ tap]
— poT (a+ 1)
Lrer
< — .
~ T (a+1)

Thus shows that the set § is bounded.By Schaefer’s fixed point theorem ,we conclude that
F has a fixed point which is a solution of the problem (2.1)-(2.2). O

Boundary and initial value problem of C-K type FDE
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2.3 Illustrative examples

Exemple 2.1. Let

3
1195 cos(t)[2+]u(t)]] _ Z}
Dt O+ eomrsmo) iy ~ & € 05

(2.11)

and

cos (t) [2 4 |u (t)]]
(V2cos (t) +sin () [L+ |u ()]’

flt,u) = tG[O,%},u,UGR.

As sin (t),cos (t) are continuous positive functions V¢ € [O, ﬂ , the function f is jointly con-

tinuous. For any u,v € Rand t € [O, ﬂ , we have ‘/75 < cos(t) < 1,and 0 < sin(t) < V2

2 7
then

cos (t) [2 + |ul] B cos (t) [2 + |v]]
(V2cos (t ) +sin () [L+uf]  (V2cos(t) +sin(2)) [1 + [v]]
‘ c H2+\u|_2+|v\
V2 cos (t) +s1n L+ul 14 |v|
< [Juf = foll < Ju—v|.

|f (8 u) = f(t )] = ‘

OS

Hence, the condition (2.7) is satisfied with A = 1. It remains to show that the condition (2.8))

i) 0.523583... < 1,

is satisfied. It follows theorem 2.1/ that the problem (2.11), has a unique solution.

Exemple 2.2. Consider the following boundary value problem

then :

arctan (t)

P3O+ 514 )

—0, te [0, g] -

Boundary and initial value problem of C-K type FDE
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Clearly, the function f is jointly continuous. For any u,v € Rand t € [O, g} we have :

_ |arctan(t)  arctan (t)
£ = F 0l =15y " 50 IvD’

_ |arctan (t) 1 1
B 5 L+ |ul 14 v

arctan (t)‘ ‘ lu| — ||
5 (1 Jul) (1 + |v])

IN

T
< —|lu—wl.
10

Hence, the hypo these (H2) is satisfied with A = ;T—O Also we have:

arctan (t)
5(1+ |ul)
b
‘5 (1 + Jul)

10

|f (&, u)l =

IA

larctan (t)|

IN

Thus hypo these (H3) is satisfied with L = 1%, and the condition

3
2

L1 _ () (3)° L aem1 <1

pT(a+1) T2

It follows from Theorem [2.2|that the problem (2.12)) has at last one solution on [O, g} .

Exemple 2.3. Let

. In(1+1)
D2 u — = )
1D; (t)+1+|u(t)| 0 tel0,1] .
u(0) =u(l)=0.
Her
f(t,u):% tel0,1] ueR.

Clearly, the function f is jointly continuous. For any u,v € R and ¢ € [0, 1] we have :

In(l+¢) ln(1+t)‘
L+ |ul 1+ |v|

|f(t7u) - f(t,l})| =

1 1
1+ [ul 1+ v
ul = [v|
(T ) L+ T
<In(2)|u—vl.

= [ln(1+ 1) ‘

<In(2) ‘

Boundary and initial value problem of C-K type FDE
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28

Hence, the hypo these (H2) is satisfied with A = In (2). Also we have

In (1
£ tw) = | REED

<lIn(1+1)

<In(2).

Thus hypo these (H3) is satisfied with L = In (2), and the condition

LTer In (2)
= ~ (0.5214 < 1.

PT(a+1) T3

It follows from Theorem [2.3|that the problem (2.13) has at last one solution on [0, 1].

Boundary and initial value problem of C-K type FDE



CHAPTER 3

INITIAL VALUE PROBLEM FOR NONLINEAR
IMPLICIT OF CAPUTO-KATUGAMPOLA FDE

I n this chapter, we are interested in the existence and uniqueness of initial value problem

for nonlinear implicit fractional differential equation following :
PDgu(t) = £ (tu(t), DG (t), te[0,T] (3.1)
with the initial condition:
u(0) =0. (3.2)

Where 7D, u is the left Caputo-Katugampola fractional derivative, 0 < a < 1,p € R*, T' <
(pc)z%c forany 1 <p <oo,c>0,and f:[0,7] x R x R — R is a continuous function.

3.1 Fundamental lemmas

Lemma 3.1. Let o, p > 0,n = [o] + 1. Ifu € C'[0,T), then:

(a) The fractional deferential equation {D§,u (t) = 0, has a unique solution:
u(t) = Cy+ Oyt + Cot® + ... + Cpy_1t ™=V,

where C,, € R, withm =0,1,2..n — 1.
(b) If D u(t) € Cl0,T)and 0 < a < 1, then:

To+ EDgru(t) = u(t) + C, (3.3)

for some constant C' € R.

29
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Lemma 3.2. Let o, p € R, be such that 0 < o < 1, and p > 0.
We give u,?Dy,u € [0,T], and f (t,u,v) is continuous function. Then the problem (3.1)—(3.2) is equiv-

alent to the fractional integral equation:

u@zﬂammw u(s),2Dgu (s)) ds, (3.4)
where
G(t,s) = %s”_l(t” — ") (3.5)

Proof. Let0 < a < 1and p > 0, we may apply lemma [3.1|to reduce the fractional equation (3.)
to equivalent fractional integral equation.

By applying *J to equation we obtain:
PTiDgru(t) = Tgh f (tu(t), £Dgvu (1)) . (3.6)
From lemma we find easily:
PTeiDaru(t) = u(t) + C,
for some C' € R. Then, the fractional integral equation (3.6), gives:
w(t) ="J5 f (tu(t), Dgu(t)) = C. (3.7)
If we use the condition in equation we find:
u(0)=0=-C =C=0.

Therefore,the problem (3.1)-(3.2) is equivalent to:

t
~ [[Gof(su) . tDpu(s) ds @9)
0
where G (¢, s), which given by equality (3.5). O

3.2 Existence and uniqueness results

Now, we will prove our first existence result for the problem (3.1)—(3.2) which is based on Ba-
nach’s fixed point theorem 1.11]
We impose the following hypotheses:

Boundary and initial value problem of C-K type FDE
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(K1) f:1]0,7] x R x R — R is a continuous function .
(K2) For all 0 < a < 1, there exist two constant «, 5 > 0, where § < 1 such that:

|f(t,u,v)—f(t,ﬁ,f})| S’V|U—QNL|—|—B|U—IN)|,
for any w,v,u,0 € Rand t € [0,7.

(K3) There exist there positive function a, b, c € C' [0, T'] such that

lf (t,u,v)] < a(t) +b(t)|ul + c(t)|v| for all t € [0,7] and wu,v € R. We denote

* b*
M, = ¢ ,and M, =

1—c¢* 1—c¢

where

* %

a* = sup a(t), b*= sup b(t), ¢* = sup c(t),withc* < 1.
t€[0,T7] t€[0,T] te[0,7]

In what follows, we present the principal theorems:

Theorem 3.1. Assume the hypotheses (K1)-(K2) hold. We give 0 < o < 1, and p > 0. If
yIe

(1=5)peT (a+1)

Then the problem (3.1)-(3.2) admits a unique solution on [0, T).

<1 (3.9)

Proof. To begin the proof, we will transform the problem (3.1I)-(3.2) into a fixed point problem.
Define the operator A : C'[0,7] — C'[0,T] by:

Au(t):/OtG(t,s)f( w(s), Do (s))ds. (3.10)

Because the problem (3.I)-(3.2) is equivalent to the fractional integral equation (3.10), the fixed

point of A are solution of the problem (3.1)-(3.2).
Let u,v € C'[0,T], be such that:

!Dgru(t) = f(tult),[Dgru(t)), {Dgev(t) = f(tu(t), Do (t).
Which implies that:
Au(t) — Av (t)Z/O G (t,s)[f (s;u(s),iDgeu(s)) = f(s,0(s),EDgev (s))] ds.

Then, forall ¢t € [0, T

|Au () — Av ()] §/0 (t,3) 2Dy (s) — 2Dgv (8)] ds. (3.11)

Boundary and initial value problem of C-K type FDE
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By (K2) we have:

[£Dg+u (t) = {Dgev (D) = [f (¢, u (t),£Dgru (1)) = f (8,0 (2), 2Dg-v (1))
<vlu(t) =)+ BlEDgu (t) = £Dgrv ()] -

Thus

From (3.11) we have:

b
S
PN
<
=
IA
—_
-
=3

/O G (t5) u(s) — v (s)|ds.

Then:

< 1l
T (1= T(a+1)

This implies that by (3.9) , A is a contraction operator.

| Au — Av|

lu = vl

As a consequence of theorem using Banach’s contraction, we deduce that A has a unique

fixed point which is the unique solution of the problem (3.1)—(3.2) on [0, 77 . O

Theorem 3.2. Assume that hypotheses (K1)-(K3) hold. We give 0 < a < 1, and p > 0. If we put

MT<P

S LA
pel (a4 1)

the problem (3.1)—(3.2)) has at last one solution on [0, T.

Proof. In the previous theorem, we already transform the problem (3.I)-(3.2) into a fixed point

problem

Ault) = [ G(t5)f (s.u(s) D5 () ds.

We demonstrate the A satisfies the assumption of Schauder’s fixed point theorem This
could be proved though three steps:
Step 1. A is a continuous operator.

Let (uy,), .y be a real sequence such that lim u, = win C'[0,7]. Then for each ¢ € [0, 7],

neN n—oo

| Aup, (t) — Au (t)] S/O G (t,8) | f (s,un (5),DGsun (s)) — f (s,u(s), EDgru(s))|ds,  (3.12)

where

Boundary and initial value problem of C-K type FDE
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PDG (1) = f (£ (8) 2DGuy (1)), and 2Dgou(t) = f (tu(t) 2Dgu (1)).

As consequence of (K2), we find easily 2D, u,, — ?Dy,uin C [0, T]. In fact we have:

[EDGsun (1) = £Dgru ()] = [f (& un (1), DG un (1)) — f (0 (t), {DGru (1))]
< fun (t) — w (t)] + B 2DG un (t) — ZDgru (1)) -

Thus:

D5, (1) = D5 ()] < 75 un (8) = u (1)

Since u, — u, then we get 2D§, u, (t) = 2D§,u (t) asn — oo foreach t € [0,77].
Now let K > 0, be such that for each ¢ € [0, 7], we have:

8D+ un (1) < Ko, [£Dgru (t)] < Ko.
Then, we have:
G (t,8)[f (s, un (), 2DG+un (s)) = f (s,u(s), {Dgru(s))] ds
G (t,5) /DG () = "DGu (5)]ds
G (t,5) [l£DG un (5)] + [ZDGr u ()] ds
2KoG (t, s)ds.

For each ¢ € [0, T, the function s — 2K,G (t, s) is integrable on [0, T, then the Lebesgue domi-
nated convergence theorem and (3.12) imply that:

|Auy, (t) — Au (t)] = 0 as n — oo,
and hence:
le | Auw, — Au|| =

Consequently, A is continuous.
Step 2. Let

MyT?
poT (o + 1) — MyTor

We define:

P={ueC0,T]: ul_ <r}.
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It is clear that P, is bounded, closed and convex subset of C' [0, T'].
Letu € P,,and A: P, — C[0,T] be the integral operator defined in (3.12), then A (P,) C P,.
In fact, for each t € [0, 7], we have from (K3):

[£Dg+u (O] = [f (t,u (@), £Dgeu (1) < a(t) +0 (1) [u(t)] + ¢ (@) [[Dgru ()]

Then

+

7Dy u (t)] < == My + Mr. (3.13)

1—c¢* 1—
Thus

t

[Au(t)] < [ Gt ) [f (s,u(s),LD5ru(s))] ds

/
t
< / G (t, 5) [My + Myr] ds
0
MoTe M, Ter
= + T
T (a+1)  pT(a+1)
y [p°T (a0 + 1) — MTP) o 2T+ M TPy

peT(a+1)—MTr

pel (a+1)
< p°T (o + 1) — MyTP)r + M Tr
- p°T (a+1)

<.

Then A(P,) C P,.
Step 3. A (P,) is relatively compact.
Lett,ts € [O, T] , 11 < 1o, and u € P.. Then

"G (ta, 5)f (5,1 (s) ,£D% () dis

0

—/01G<t1,s>f< u(s) 2D (s)) ds

|Au (t2) — Au ()] =

</1|[G(t2, §) = G (t1,8)] f (s,u(s),2Dguu(s))|ds
/ G tz, ’f S U( ) 0+u <S>)’d8

h (3.14)
_<MO+M1r>[ / G (far5) — G (11, )|ds

to
—l—/ G(t2,8)d8:| :
t1
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We have:
G (tg,8) — G (t1,5) = % [(tp )1 (1t — Sp)a_l]
— g T = =)
then

16 a) = Gt 9)ds < e 05— 1)+ (15— 1)

a+1)

we have also

2 pl—a t2 1
— p=Lligp _ PO
/ G (tg, s)ds F(a)/ sPTH(th — sP)" T ds

t1 t1

-1 ¢
= ———[(th — s")"]?
CkpaF<Ck)[<2 S)]tl
< —(th — D)™
_paF(Oé+1)(2 1)
Then (3.14) gives
M0—|—M1T

|Au (t) — Au ()] < AT (0t 1)

25 — )" + (85" = 17)] .

As t; — 15, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 3 together, and by means of the Arzel-Ascoli theorem we
deduce that A : P, — P, is continuous, compact and satisfies the assumption of Schauder’s
fixed point theorem Then A has a fixed point which is a solution of the problem (3.1)—(3.2)

on [0, T]. O

3.3 Illustrative examples

Exemple 3.1. Consider the following Cauchy problem:

1D u() cos(t) . telo, ],
0* (\/icos(t)+sin(t)>{1+|u(t)\+}j)o%Jru(t)} 0]

(3.15)
u (0) = 0.

Set:

cos (t)
7 (V2cos (t) +sin (¢)) [1 + [u] + |v]]’

ftu,v) = G[Qﬂﬂ,UGR-
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Because sin (t) , cos (¢) are continuous positive function V¢ € [0,7], the function f is jointly
continuous. For any u,v,%,% € Rand ¢ € [0, 5], we have ‘/75 < cos(t) <land 0 <sin(t) < \/75,
then:

1

|f (u,0) = £t 4,0)] < — (lu—af +]o - 3]).

Hence, the condition (K2) is satisfied with:

1
vy=8=—-~0.3183 < 1.
T
It remains to show the condition (3.9)):
1
VT (z) (35) VT

(I-B)prT(atl) (1-HT(E+1) 2(x-DI () ~ 0.4669 < 1,

is satisfied. It follows from theorem [3.1| that the problem (3.15) has a unique solution.

Exemple 3.2.

. cos(t) {2+\u(t)|+ iDO%_u(t)H -

Do) = e (0) [+ 105, uo) | relodl

™ COoSs Sin u ¥ 0+u (3‘16)

u (0) = 0.

Set
t) |2
£t u,v) = cos (1) [2 4 Jul + vl ctel0f] wuer
m (V2cos (t) +sin (¢)) [1 + |u| + |v]] 4

™

Clearly, the function f is jointly continuous. For any u,v,%,0 € Rand ¢ € [0,%

‘/75 <cos(t) <land 0 <sin(t) < */75, then:

|, we have

7t 0) = £ (05,0 <+ (ju—al + o — 7).

1
Hence, the condition (K2) is satisfied with v = § = — < 1. Also, we have:
m

cos (t)
)] S ey @ D),
Thus, the hypo-these (K3) is satisfies with
B 2cos (t) n () = cos (t)
alt)= 7 (V2 cos (t) + sin (1)) » and b(7) Q 7 (V2 cos (t) + sin (t)) '
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We have also

2 1 2
at==,and b*=c"=—-<1, and My=——, and M, =
s T T—1

And the condition

(S

e I .
pel(a+1)  T(E+1) _z(ﬂ_l)p(%)—0-4669<1-

It follows from theorem that the problem (3.16) has at least one solution.
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CHAPTER 4

INITIAL VALUE PROBLEM FOR A COUPLED
SYSTEM OF COPUTO-KATUGAMPOLA TYPE
FDE

I n this chapter we will study the initial value problem of a coupled system of nonlinear

fractional differential equations with Caputo-Katugampola derivative following :

{%u() Fltu(®0 @ 2D5u®) gy )
oD (1) = g (Lu(t),v (1), ¢D5 0 (1) '
with the initial condition

u(0) =0, v(0)=0, (4.2)

where 0 < o, < 1,p >0, T < (pc)i forany 1 < p < oo,c¢ > 0, is a finite positive constant.
The symbol 2D, ,d = «, 3, is the Caputo-Katugampola fractional derivative of fractional order

§,and f,g:[0,7T] x R* — R are continuous functions.

4,1 Fundamental lemmas

In follows, we present some significant lemmas to show the principal theorems, we have

Lemma4.1. Let o, p > 0,n = [a] + 1. Ifu € C'[0,T], then:

(a) The fractional deferential equation ?Dg, u (t) = 0, has a unique solution:
u(t) = Cy+ CytP + Cot® + ... + Cp_1t"=1r,

where C,,, € R, withm =0,1,2...n — 1.
(b) If Dy u(t) € C0,T)and 0 < o < 1, then:

I+ ((Dgvu (1) = u(t) + C, (4.3)
for some constant C' € R.
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Lemma4.2. Let 0 < § < 1,and p > 0. We give y,?Dj,y € C ([0, T],R) . Then the solution of problem

DYy (t) = f(ty (), 2Dy (1), tel0,T],
(4.4)
y(0) =0,
is equivalent to the fractional integral equation
t
y(t) = / Gs(t,s) f (s,y (s) ,§D3+y (s)) ds, (4.5)
0
where
P 51
_ p=1(4p _ P\~
Gs (t, s) T (5)5 (tF —sP)° . (4.6)
Proof. By applying 72, to equation (4.4), we obtain
PT0 Doy () = P T+ f (8 y (1), 2Dgvy (1)) - (4.7)

From lemma we fined easily
¢ Jo- Doy (t) =y (t) + C,
for some C' € R. Then the fractional integral equation (4.4), gives
y(t) ="J5:f (ty (1), 4Dy (1)) = C. (4.8)
In view of the condition y (0) = 0, we get
y(0)=0=—-C =C=0.

Therefore, the problem (4.4), is equivalent to

t
y(t) = / Gs (t,s) f (s,y (s) ,ng+y (s)) ds, (4.9)
0
where Gj (t, s), which given by the equality {.6). The proof is complete. O

Based on the previous lemma, we will define the integral solution of the problem (4.1)-(4.2).

Lemma 4.3 (See [2]). Let 0 < o, 8 < 1, and p > 0. We give u,’ng;u,ﬁDéiu € C([0,T],R). Then
the solution of problem (4.1)—(4.2)) is equivalent to the coupled fractional integral equation

w) = [ Galt:s) [ 5:u(s) 0 (9) £Dfu () ds.
v(t) = /0 G (t,s)g (s, u(s),v(s) ,{jDOﬂﬂ} (s)) ds,

with
P 1
t,s) = PP — sP) .
GOC ( ) S) F (CM) S ( s )
pl—a . 51
Ggs(t,s) = SPTH(tP — sP)
(t5) = s = )
Proof. In view of Lemma[4.2] for 0 = o, and § = 3, respectively. O
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4.2 Existence and uniqueness results

Throughout this chapter, we assume the following hypotheses.
(LD f,g:[0,T] x R* — R are continuous functions.
(L2) There exist the constant A;, y; (i = 1.2.3), such that

|f(t,u,v,w)—f(t,ﬁ,f},zb)| < )‘1 |u—11|—|—)\2|v—17|—|—/\3|w—1b|,

]g(t,u,v,w) —g(t7a,17,’(1~))| < ’u_a|+ﬂ2|v_@’+/ﬁ3 |U}—’U~J|7

for any u,v,w, @, 0,w € Rand t € [0,7].
(L3) There exist three positive function a;, b;, ¢;, d; € [0,7], (i = 1.2), such that

[ (w0, 0)] < an (8) + 01 (2) Ju] + e (8) o] + do ]
g (t,u, v, w)| < ag () + by (8) [ul + ¢ (¢) o] + da |w],

forallt € [0,7T] and u, v, w € R.
We denote
a; i+ b c;

LV = m= S i=12).
g Nim o d K= Him T (15 12)

af = sup a; (t),bf = sup b;(t),cf = sup ¢ (t),df = sup d;(t),withd}f < 1.
t€[0,T] t€[0,T t€[0,T] t€[0,T

Throughout the remaining of this chapter 7, p and c are real constants such that p > 1,¢ > 0,
and T < (pc)i.

We will now prove a theorem about existence and uniqueness of solutions of initial value
problem (4.1)—(4.2), which is based on Banach'’s fixed point theorem.

Let us introduce the space £ = X x Y, with the norm ||(u,v)|| = |Ju|| + |[v||, Obviously
(E, |[(uw,v)]]), is a Banach space, where X = {u(t)/u(t) € C([0,7],R)}, with the norm
|lul| = max |u(t)],and Y ={v (t)/v(t) € C ([0,T7],R)}, with the norm ||v|| = max |v ().

0<t<T 0<t<T

We define an operator F': £ — E by

Fi (u,v) (t)
F (u,v)(t) = : (4.10)
F; (u,v) (t)

Boundary and initial value problem of C-K type FDE
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where
t
Fy (u,v) (1) = / Ga (t,s) f(s,u(s),v(s),{Dgu(s))ds,
0
t
Faw) (0= [ Gat:s)g (su(s).0(9).05,0(5)) ds,
0
with
plfa
Ga (t,s) = ms’)_l(t” — ")
_ pl_a p=1(4p p\B—1
Gp(t,s) = F(ﬁ)s (tF —s”)" .
Theorem 4.1. Assume the hypotheses (L1)-(L2) hold. If
TP (A1 + A2) T (i + po)

A ) prTlatD) "o T3 ~ - (4.11)

Then the problem (4.1)-(@.2) has a unique solution on [0,T] .

Proof. By the lemma [4.3] we will transform the problem (4.I)-[.2) into a fixed point problem

F (u,v) = (u,v),where the operator F is defined by (4.10). Using the Banach contraction princi-
ple, we shall show that F has a fixed point.
Now for (ug, v2), (u1,v1) € Eand t € [0,7], we get

|[Fy (g, v2) (8) = F1 (un, v1) (1)) :/ Gs (L,8) [ f (s,u2(s) va (s), {DGruz (s))
—f(s,u1 (s) vy (s),2Dgvuy (s))| ds (4.12)

/ Go (t,s) |Dius — D uy | ds.

By (L2), we have
DG+ uz — {Dgrur| = | f (s, uz (s)va (s), {Dgruz (s))
—f (s,u1 (s) v1 (s),¥DGrua (s))]
< A1 Jug — ug| + A2 jvg — v1| + A3 |9Dgug — LD ua |
Thus

[/\1 |U2 — U1| + /\2 |UQ — 01” .

| D0+ Ug — D0+ U |

From (4.12), we have

|1 (ug, vo) (t) — Fi (ug,v1) (8)] <

1— A3

=5 ] Galt) () = ()
+Xo |vg (5) — vy (s)]] ds

< TP (A + A2)

= (T— ) pT(a+1)

(= ]|+ o = wa]).
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Then
TP (A1 + A2)

F - F < — — . 4.1
[ F1 (uz,v2) — Fi (ug, v1)]| < 1= %) T (o + 1) (lluz = urll + [[vz — va]) (4.13)
Similarly, one can find that
777 (pa + p2)
| Fo (ug, v2) — Fy (ug,vy)|| < (1= 1) T (B+ 1) (Jlug = wr || 4 |lva = va]]) - (4.14)
Thus is follows from (4.13) and (4.14), that
TP (A1 + o) TP (1 + po)

| (ug,v9) — F (ug,v1)| <

(I=X3)pT(a+1) (1 —p3)pT(B+1)

X ([lug = wrl| + oz = wnl]) -

This implies that by (4.11), F' is a contraction operator. As a consequence of Banach’s contraction

principle theorem we deduce that F' has a unique fixed point which is the unique solution

of the problem (4.1)-#.2) on [0, T]. The proof is complete. O
Theorem 4.2. Assume that hypotheses (L1)—(L3) hold. If
Tre TPIB

Ny + Ny < 1. (415)

Tt ) T TG
Then the problem (4.1)-(4.2)) has at last one solution on [0, T'.

Proof. In the previous theorem, we already transform the problem (4.I)-[.2) into a fixed point
problem F (u,v) = (u,v), where the operator F is defined by (4.10). We demonstrate that ¥’
satisfies the assumption of Schauder’s fixed point theorem I.12}
This could be proved though three steps:

Step 1. ' is a continuous operator.

Let (2., yn), .y e a real sequence such that lim (n,Yn) = (z,y) in E. Then for each ¢t € [0, 7.

( S, T 7 (S) D0+xn( )) ds
f( 5 Do+x( )) 7

neN

mwmmw—ﬂ@mWSAG

where

(DG wn () = f (t 20 () yn (1), £DGr 00 (1)) -
(Dgea (t) = [ (L2 (t),y (), iD5rx (1))

As a consequence of (L2), we find easily Dy, z,, — ?Dg. 2 in C'[0,T] . In fact we have

EDG+n (t) = EDgrx ()] = [ f (8 2 (1) yn (1), £DG1 2 (1))
—f(tx(t),y (1), iDgex (1))l

< Aafn (1) = (t)|+A2|yn(t) y (1)
(t) - )

+ )\3 |pD0+xn t O+:U (t ’
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Thus

1 _1A3 A1 n (8) — 2 ()] + A Jyn () — y (B)]) .

8D+ n (t) = £Dgr (1) <

Since (z,,yn) — (z,y), then we get D§ . x, — /Dy, x as n — oo foreacht € [0,7].
Now let K > 0, be such that for each ¢t € [0, 7], we have

1Dg+xy, ()| < Ko, [{Dgrx (1) < K.
Then, we have

o) @ - R O < [ Gon| 150 Ehmlo il 5D o

Ga (t,8) [{DGrn (s) — {DGv (s)] ds

IN

(AN IN
S— — —

t

Go (t, ) [[2Dgrxn (5)| + |£Dge (s)[] ds

t
2K,G,, (t,s) ds.
0

For each t € [0,7], the function s — 2K,G, (t,s) is integrable on [0, 7], then the Lebesgue

dominated convergence theorem imply that

|Fy (T, yn) (t) — F1 (z,y) (t)] = 0as n — oo,

and hence

T (1B (0, 9) = B (2,9)]) = 0. (4.16)
Similarly, one can find that

T (17 (0, ) — P ()] = ®17)

Thus is follows from (.16) and (4.17)), that

Consequently, F'is continuous.

Step 2. let
TP TPB
> 7D M + i Mo
B U VR A T

T (ot 1) PPT(BH1)

Boundary and initial value problem of C-K type FDE
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We define
P ={(u,v) € E: [|(u,v)[ <r}.

It is clear that P, is bounded, closed and convex subset of F.
Let (u,v) € P, and F : P, — E be the integral operator defined in (4.10), then F' (P,) C P,.
In fact, for each ¢ € [0, 7], we have from (L3)

£Dgeu (O] = 1f (o (8), v (1) EDGeu ()] < @y (6) + by (1) Ju ()] + 2 (£) o (0)
+ (1) D ()]
g0 (0] = o (Lu @, v (0),1D50 ()| < ax (1) + b (1) [u (0] + 2 (1) o (1)

+dy (1) |¢Dv (1))
Then
aj by + ¢}
DG u (8)] < 1 —ldf + 11—d’{1T = My + Nyr.
and
a; b5 + 3
0+U( )’ < 1 —2d§ + 12_ d;r = M2+NQT.
Thus
t
B (o) 0 < [ Galt)1f (5.u(5).0(5) 2Du (5)] ds
0
t
§/ Go (t,s) | Dgu (s)| ds (4.18)
0
Tvo
< ———(M;+ N
- paf(a—i-l)( 1N,
and

By (u,0) (1)] < /Ot Gs (¢, 5) (g (s,u(s) v (s),"Dlv (s)) ‘ ds

S/OtGﬁ(t,S)

TrB
< -
—pT(B+1)

oDE, (s )‘ ds (4.19)
(Mz + NQT’) .
In consequence, we have

1E (u, v) [} <
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Then F (P,) C P,.
Step 3. F' (P,) is relatively compact.
Letty,ty € [0,T],t; < ty and (u,v) € P,.. Then

< / | [Ga (t2:8) — G (12, 5)]
< f (5,u(5),v(s) D% (5)
+/ o (t2, ) 1f (5,u(5) 0 () , 2D ()] ds

t1

t1
< (M; + Nyr) {/ |Gy (t2,8) — Gy (t1, 8)|ds
0

t2
+/ Ga (L2, 5) ds] :
t1

We have
pl—a 1 1 1
_ — p— P P\ (4P P\
G (t2:5) = G (0 8) = ™ |85 =) = (1 = )
__ Tl A e e
- ozpaI‘ (Oé) dS [(tQ S ) (t S ) ]7
then

we have also

— —1 P _ p\t2
- O{paBF (Oé) [(tQ S ) ]tl
1 p
)"
paF (Oé + 1)( 2 1)
Then 4.20), gives
My + Nir o o o
|HWWMM—FHmmmMSE%@fﬂp@—ﬁ)+@f_hm.

As t; — t5, the right-hand side of the above inequality tends to zero.
In the same way, we can obtain

M2 + NQT’

Tﬂﬁrﬁzﬁ—ﬁf+0?—ﬁﬂ]

[F (u,0) (t2) — Fy (u,v) ()] <
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As t; — 1y, the right-hand side of the above inequality tends to zero.

Therefore, the operator F' (u,v) is equicontinuous, and by means of the Arzela-Ascoli the-
orem we deduce that F' : P, — P, is continuous, relatively compact and satisfies the as-
sumption of Schauder’s fixed point theorem Then F hasa fixed point which is a solution
of the problem (4.1)—(4.2) on [0, 7. The proof is complete. O

4.3 Illustrative examples

Exemple 4.1. Consider the following coupled system of Caputo-Katugampola type fractional
differential equations

.

arctan (1 + t2)

DEu(t) =

L4 2 fu ()] + 55 v ()] + 15 1Do+“()H7 tel0,1],
| | X ) (4.21)
Do+v() 10+|u(t)|+50+|v(t)|+100+t2(D(’*U())’

u(0) =0,v(0) =0.

\

Let
arctan (1 + t?)
- .
[ L@l + & o ()] + 55 1Dgu ()]

1 1 1D0+v( )
+ .
10+ [u(®)] 50+ 0] 100+ ¢

f(t U, v, D0+u> =

g <t U, v 1D0+v> =

Clearly f,g:[0,1] x R* — R are continuous functions and we have

‘f (t,u, v, 1D§+U> —f (t,ﬂ,ﬁ, iD§+ﬂ> |u — 1|+ 1—00 lv — 9]
+ ﬁ 1D2+u — 1D0+u
‘g (t,u,v, iDéﬂ)) —g (t,ﬂ,@, iDéf}) < % lu — 4| + 5—10 lv — 7|
+ ﬁ 'Dg,v — 1D,
Thus the hypothesis (L2) is satisfied with A\ = —, Ay = T , A3 = l, f11 i, fbo i,
) 10 100’ 200 10 50
"= 100 and
7% (A + Ao T%7 (p1 + po)

~ 0.5318 < 1.

=) T (@+1) | (1= i) pT (B+1)
Therefore, (4.11)) is satistied. Hence, all condition of theorem 4.1/ hold. thus the coupled system
(4.21)) has a unique solution on [0, 1] .
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Exemple 4.2. Consider the following coupled system of Caputo-Katugampola type fractional

differential equations

(1 14w (t)+ov(t) arctan(t) ¢,
*D0+u(t) - \/m + 2 ( D0+U( )> ’ te [0’ 1] ]
L+ (u @)+ /v (t)] mln D0+v( ) 4.22
1D0+U< ) ( 4et? > + (8 + ¢2 D ’ ( )
\u(O) =0,v(0) =0,

Let

14+ u(t)4+wv(t) arctan (¢)

V161 2 + 9 ( Dm—u( ))

3
f (tv U, U, iIDg—Fu) =

3
i) (Ve@l+y/P®l) =i ([iD500))
g (t oo 0*”) - 4et® * 8+12
Clearly f,g:[0,1] x R* — R are continuous functions and we have
‘f(tule u)‘— ! + ! \u(t)]—i—;h)(tﬂ
o VI6+ 2 V16 + 12 V16 + 12
arctan
T() 1D0+u
‘g <t w, v, D3 v) = et 4 1e_t2 lu (¢)| —I—le_t v (t)| + T ips v(t)‘
9 %k 0+ 4 4 4 8 + t2 * O+
Thus the hypothesis (L3) is satisfied with
1 arctan (t)
=01 (2 t _ di(t) = —~
( ) 1( ) 1( ) \/ma 1( ) 9 )
1 2 ™
as (t) = b2 (t) = C2 (t) = z_leit s d2 (t) = m,
2 4
M, = M. Ny =N, =
1 2 S _ 1 1 2 8 — 7’
and the condition (4.15),
Tre TPIB

Ny ~0.8753 < 1.

AT sl AT ()

It follows from theorem that the problem (4.22) has a last one solution on [0, 1] .
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General conclusion

In this memory we presented the existence and uniqueness of solution for the nonlinear bound-
ary value problem, initial value problem of Caputo-Katugampola type fractional differential
equation and initial value problem for a coupled system of Caputo-Katugampola type frac-
tional differential equation have been discussed in Banach space [0, 7).

For our discussion we have used the some example are presented to illustrate the usefulness

our results.
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Résumé:

L ) objectif de cette mémoire est étudier I'existence et 1'unicité des solutions de probléme aux lim-

ites d’équations différentielles fractionnaires de type Caputo-Katugampola. Les résultats dérivés
sont basés sur des théoremes de points fixes (Banach, Schauder, Schaufer). Ensuite nous intéressons a
I'étude d’un systeme d’équation différentielle fractionnaire de type Caputo-Katugampola. Nous établis-
sons ainsi l'existence de la solution en utilisant la méthode du point fixe.

Nous concluons les résultats obtenus par des exemples illustratifs

Mots-Clés: Type Caputo, équation différentielle fractionnaire, probleme aux limites, 1'existence et

l"unicité .

Abstract:

T he aim of memory is to study the existence and uniqueness of solution to boundary value prob-
lem of nonlinear fractional differential equation with Caputo-Katugampola derivative in bounded
domain. The derived results are based on fixed point theorems (Banach’s, Schauder’s, Schaufer’s). Next,
we establish the existence of solution to a certain coupled system of Caputo-Katugampola fractional dif-

ferential equation. We conclude the results obtained by illustrative examples.

Keywords: Caputo type, fractional differential equation, boundary value problem, existence and

uniqueness.
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