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General introduction

Fractional calculus is a mathematical branch which investigates the properties of derivatives

and integrals of non-integer orders (also known as fractional derivatives and integrals, briefly

differ-integrals). The interested readers in the subject should refer to the books ( Samko et al.

1993 [14], Podlubny 1999 [13], Kilbas et al. 2006 [10], Diethelm 2010 [5]).

The differential equations of fractional order are generalizations of classical differential

equations of integer order; they are increasingly used in such fields as fluid flow, control theory

of dynamical systems, diffusive transport akin to diffusion, probability and statistics... etc. The

boundary value problem of fractional differential equations is recently approached by various

researchers ([1], [3], [9], [11], [15]).

In chapter 1 we introduce the fundamental concepts and definitions of fractional calculus

(Gamma and Beta functions, Riemann-Liouville, Caputo, Hadamard, Katugampola, Caputo-

Katugampola fractional integral and derivative).

Next, in chapter 2, we will discuss the existence and uniqueness of the following boundary

value problem of the nonlinear fractional differential equation using Caputo-Katugampola’s

fractional derivative ([7, 8])
ρ
∗Dα0+u (t) + f (t, u (t)) = 0 t ∈ [0, T ]

u (0) = 0, u (T ) = 0,

where ρ
∗Dα0+u is the left Caputo-Katugampola fractional derivative, 1 < α ≤ 2, ρ ∈ R+, and

f : [0, T ]× R→ R is a continuous function.

In the three chapter, we are interested in the existence and uniqueness of initial value prob-

lem for nonlinear implicit fractional differential equation following :
ρ
∗Dα0+u (t) = f

(
t, u (t) , ρ∗Dα0+u (t)

)
, t ∈ [0, T ]

u (0) = 0,

where ρ
∗Dα0+u is the left Caputo-Katugampola fractional derivative, 0 < α ≤ 1, ρ ∈ R+, and

f : [0, T ]× R× R→ R is a continuous function.

Finally, in the last chapter we will study the initial value problem of a coupled system of
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nonlinear fractional differential equations with Caputo-Katugampola derivative following
ρ
∗Dα0+u (t) = f

(
t, u (t) , v (t) , ρ∗Dα0+u (t)

)
, t ∈ [0, T ] ,

ρ
∗D

β
0+v (t) = g

(
t, u (t) , v (t) , ρ∗D

β
0+v (t)

)
u (0) = 0, v (0) = 0

where 0 < α, β ≤ 1, ρ > 0, The symbol ρ∗Dδ0+ , δ = α, β, is the Caputo-Katugampola fractional

derivative of fractional order δ, and f, g : [0, T ]× R3 → R are continuous functions.

Some existence and uniqueness results of solutions for the given problems are obtained

by using the Banach contraction principle, Schauder’s, Schaufer fixed point theorem. Several

examples are presented to illustrate the usefulness of our results.

v



CHAPTER 1

BASIC DEFINITIONS OF FRACTIONAL
CALCULUS

I n this chapter we introduce the fundamental concepts, fundamental definitions and results

of fractional calculus (Gamma and Beta functions, Riemann-Liouville, Caputo, Hadamard,

Katugampola, Caputo-Katugampola fractional integral and derivative).

1.1 Special Functions

Definition 1.1 (Gamma Euler function [10]). We call the function Gamma the function defined

by

Γ(z) =

∫ +∞

0

tz−1e−tdt, (z ∈ C,Re(z) > 0).

with tz−1 = e(z−1) ln t

properties 1.1. For all z ∈ C, Re(z) > 0, n ∈ N, we have

1.Γ(z + 1) = zΓ(z)

2.Γ(n) = (n− 1)!

3.Γ(n+
1

2
) =

(2n)!
√
π

4n n!
.

Definition 1.2 (Beta function [10]). The function of Beta is a type of integral of Euler defined

by

B(p, q) =

∫ 1

0

tp−1 (1− t)q−1dt (p, q ∈ C, Re(p) > 0, Re(q) > 0).

For all p, q ∈ C, with Re(p) > 0, Re(q) > 0, we have

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.

8



1.2. FRACTIONAL INTEGRAL AND DERIVATIVE 9

1.2 Fractional integral and derivative

Definition 1.3 (Riemann-Liouville fractional integral [10]). The fractional integral of Riemann-

Liouville to the left of order α > 0 is defined by

∀t ∈ [a, b] ; (Iαa+ ϕ)(t) =
1

Γ(α)

∫ t

a

ϕ(s)ds

(t− s)1−α , t > a (1.1)

In the same way we define the fractional integral of Riemann-Liouville to the right of order

α > 0 by

∀t ∈ [a, b] ; (Iαb− ϕ)(t) =
1

Γ(α)

∫ b

t

ϕ(s)ds

(s− t)1−α , t < b (1.2)

Definition 1.4 (Riemann-Liouville fractional derivative [10]). .........

Let α > 0, and n = [α] + 1. The fractional derivative of Riemann-Liouville the left of order α is

defined by

∀t ∈ [a, b] , (RLDαa+ϕ) (t) =
1

Γ (n− α)

(
d

dt

)n ∫ t

a

ϕ (s) ds

(t− s)α−n+1 , t > a

=
(
DnIn−αa+ ϕ

)
(t) .

(1.3)

In the same way we define the fractional derivative of Riemann-Liouville to the right of order

α > 0 by:

∀t ∈ [a, b] , (RLDαb−ϕ) (t) =
1

Γ (n− α)

(
− d

dt

)n ∫ b

t

ϕ (s) ds

(s− t)α−n+1 , t < b

= (−1)n
(
DnIn−αa+ ϕ

)
(t)

(1.4)

Definition 1.5 (Caputo fractional derivative [10]). .........

Let α > 0, D =
d

dt
, and n = [α] + 1. The fractional derivative of Caputo the left of order α is

defined by

∀t ∈ [a, b] , (∗Dαa+ϕ) (t) =
1

Γ (n− α)

∫ t

a

ϕ(n) (s) ds

(t− s)α−n+1 , t > a

=
(
In−αa+ Dnϕ

)
(t) .

(1.5)

In the same way we define the fractional derivative of Caputo to the right of order

α > 0 by

∀t ∈ [a, b] , (∗Dαb−ϕ) (t) =
(−1)n

Γ (n− α)

∫ b

t

ϕ(n) (s) ds

(s− t)α−n+1 , t < b

= (−1)n
(
In−αb− Dnϕ

)
(t) .

(1.6)

Boundary and initial value problem of C-K type FDE



1.3. FUNDAMENTAL THEOREM AND PROPERTY OF FRACTIONAL CALCULUS 10

Definition 1.6 (Hadamard fractional integral [12]). The left and right-sided fractional integral

of order α > 0 of a function ϕ : [a, b]→ R is given by

(J α
a+ϕ) (t) =

1

Γ (α)

∫ t

a

(
ln
t

s

)α−1

ϕ (s)
ds

s
, t > a (1.7)

and

(J α
b−ϕ) (t) =

1

Γ (α)

∫ b

t

(
ln
s

t

)α−1

ϕ (s)
ds

s
, t < b (1.8)

Definition 1.7 (Hadamard fractional derivative [12]). The Hadamard left and right-sided frac-

tional derivatives are defined as

(Dαa+ϕ) (t) =
1

Γ (n− α)

(
t
d

dt

)n∫ t

a

(
ln
t

s

)n−α−1

ϕ (s)
ds

s
, t > a

= δn
(
J n−α
a+ ϕ

)
(t) ,

(1.9)

and

(Dαb−ϕ) (t) =
(−1)n

Γ (n− α)

(
t
d

dt

)n∫ b

t

(
ln
s

t

)n−α−1

ϕ (s)
ds

s
, t < b

= (−δ)n
(
J n−α
a+ ϕ

)
(t)

(1.10)

where n = [α] + 1, [α] is the integer part of α.

Definition 1.8 (Cputo-Hadamard fractional derivatives [12]). The left-sided and right-sided

fractional derivatives in the Cputo-Hadamard sense are respectively given by(
CDαa+ϕ

)
(t) =

1

Γ (n− α)

∫ t

a

(
ln
t

s

)n−α−1(
t
d

dt

)n
ϕ (s)

ds

s
, t < a

=
(
J n−α
a+ δnϕ

)
(t) ,

(1.11)

and (
CDαb−ϕ

)
(t) =

(−1)n

Γ (n− α)

∫ b

t

(
ln
s

t

)n−α−1
(
t
d

dt

)n
ϕ (s)

ds

s
, t < b

= (−1)n
(
J n−α
b− δnϕ

)
(t) .

(1.12)

1.3 Fundamental theorem and property of fractional calculus

In this section we present the fundamental theorem and property of fractional calculus asso-

ciated with the generalized fractional integral and the Caputo-type differential operator

Definition 1.9. (See [12]). The space Xp
c (a, b) (c ∈ R, 1 ≤ p ≤ ∞) consists of those complex-

valued Lebesgue measurable function on (a, b), for which ‖ϕ‖Xp
c
<∞with

‖ϕ‖Xp
c

=

(∫ b

a

|tcϕ (t)|pdt
t

) 1
p

(1 ≤ p <∞) (1.13)

Boundary and initial value problem of C-K type FDE



1.3. FUNDAMENTAL THEOREM AND PROPERTY OF FRACTIONAL CALCULUS 11

and

‖ϕ‖X∞c = sup
t∈(a,b)

[tc |ϕ (t)|] . (1.14)

Definition 1.10 (Katugampola fractional integral [12]). .........

Let α, ρ, c ∈ R with α /∈ N and. The generalized fractional integrals
(
ρJ α

a+ϕ
)

(t) (left-sided) and(
ρJ α

b−ϕ
)

(t) (left-sided), with ϕ ∈ Xp
c (a, b) , are defined by:

(ρJ α
a+ϕ) (t) =

ρ1−α

Γ (α)

∫ t

a

sρ−1ϕ (s)

(tρ − sρ)1−αds, t > a (1.15)

and

(ρJ α
b−ϕ) (t) =

ρ1−α

Γ (α)

∫ b

t

sρ−1ϕ (s)

(sρ − tρ)1−αds, t < b (1.16)

with ρ > 0.

Theorem 1.1. (See [7]). Let α ∈ C, Re (α) ≥ 0, n = [Re (α)] and ρ > 0. Then, for t > a,

1. lim
ρ→1

(ρJ α
a+ϕ) (t) =

1

Γ (α)

∫ t

a

ϕ (s)

(t− s)1−αds (1.17)

2. lim
ρ→0+

(ρJ α
a+ϕ) (t) =

1

Γ (α)

∫ t

a

(
ln
t

s

)α−1

ϕ (s)
d

ds
(1.18)

Definition 1.11 (Katugampola fractional derivative [12]). .........

Let α, ρ ∈ R such that α /∈ N, α, ρ > 0 and n = [α]+1. The generalized left-sided and right-sided

fractional derivatives,
(
ρDαa+ϕ

)
(t) and

(
ρDαb−ϕ

)
(t), are defined by

(ρDαa+ϕ) (t) =
ρ1−n+α

Γ (n− α)

(
t1−ρ

d

dt

)n ∫ t

a

sρ−1ϕ (s)

(tρ − sρ)1−n+αds, t > a

= δnρ
(
ρJ n−α

a+ ϕ
)

(t)

(1.19)

and

(ρDαb−ϕ) (t) =
(−1)nρ1−n+α

Γ (n− α)

(
t1−ρ

d

dt

)n ∫ b

t

sρ−1ϕ (s)

(sρ − tρ)1−n+αds, t < b

= (−1)n δnρ
(
ρJ n−α

b− ϕ
)

(t) .

(1.20)

If the integrals exist.

Theorem 1.2. (See [7]). Let α ∈ C, Re (α) ≥ 0, n = [Re (α)] and ρ > 0. Then, for t > a,

1. lim
ρ→1

(ρDαa+ϕ) (t) =
1

Γ (n− α)

(
d

dt

)n ∫ t

a

ϕ (s) ds

(t− s)α−n+1 (1.21)

2. lim
ρ→0+

(ρDαa+ϕ) (t) =
1

Γ (n− α)

(
t
d

dt

)n∫ t

a

(
ln
t

s

)n−α−1

ϕ (s)
d

ds
(1.22)

Boundary and initial value problem of C-K type FDE



1.3. FUNDAMENTAL THEOREM AND PROPERTY OF FRACTIONAL CALCULUS 12

Definition 1.12 (Caputo-Katugampola fractional derivative [12]). .........

Let α, ρ ∈ R such that α /∈ N, α, ρ > 0 and n = [α] + 1. The left-sided and right-sided Caputo-

Katugampola fractional derivative are defined, for 0 ≤ a < t < b ≤ ∞, by

(ρ∗Dαa+ϕ) (t) =
ρ1−n+α

Γ (n− α)

∫ t

a

sρ−1

(tρ − sρ)1−n+α

(
s1−ρ d

ds

)n
ϕ (s) ds,

=
(
ρJ n−α

a+ δnρϕ
)

(t) ,

(1.23)

and

(ρ∗Dαb−ϕ) (t) =
(−1)nρ1−n+α

Γ (n− α)

∫ b

t

sρ−1

(sρ − tρ)1−n+α

(
s1−ρ d

ds

)n
ϕ (s) ds,

= (−1)n
(
ρJ n−α

b− δnρϕ
)

(t) .

(1.24)

Respectively, if the integrals exist.

Theorem 1.3. (See [12]) Let α, ρ ∈ R, α /∈ N, α, ρ > 0 and n = [α] + 1. Then, for t > a

(a) lim
ρ→1

(ρ∗Dαa+ϕ) (t) = (∗Dαa+ϕ) (t) =
1

Γ (n− α)

∫ t

a

(t− s)n−α−1ϕ(n) (s) ds,

(b) lim
ρ→0+

(ρ∗Dαa+ϕ) (t) =
(
CDαa+ϕ

)
(t) =

1

Γ (n− α)

∫ t

a

(
ln
t

s

)n−α−1

δnϕ (s) ds.

The linearity of the differential operators ρ
∗Dαa+ and ρ

∗Dαb− is ensured by the following theorem

Theorem 1.4. (See [12]) Let α, ρ ∈ R, α, ρ > 0 such that α /∈ N. If 0 < a < b <∞, then

(ρ∗Dαa+ (ϕ+ g)) (t) = (ρ∗Dαa+ϕ) (t) + (ρ∗Dαa+g) (t) .

The composition of the fractional integral operators ρJ α
a+ and ρJ α

b− with the fractional differ-

ential operators ρ
∗Dαa+ and ρ

∗Dαb− , is given by the following result.

Theorem 1.5. (See [12]) Let α, ρ ∈ R, α > 0 and ρ > 0. If 0 < a < b <∞, then

(ρ∗Dαa+ρJ α
a+ϕ) (t) = ϕ (t) and (ρ∗Dαb−ρJ α

b−ϕ) (t) = ϕ (t) . (1.25)

The next theorem yields the compositions of the fractional integral operators, ρJ β
a+ and ρJ β

b−

with the fractional differential operators, ρ∗Dαa+ and ρ
∗Dαb−

Theorem 1.6. (See [12]) Let α, β, ρ ∈ R such that α > 0, β > α and ρ > 0. If 0 < a < b <∞, then(
ρ
∗Dαa+ρJ

β
a+ϕ
)

(t) =
(
ρJ β−α

a+ ϕ
)

(t) and
(
ρ
∗Dαb−ρJ

β
b−ϕ
)

(t) =
(
ρJ β−α

b− ϕ
)

(t) (1.26)

Boundary and initial value problem of C-K type FDE
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Exemple 1.1. Let α, β, ρ ∈ R, α, ρ > 0, (β − αρ) > 0 and ϕ (s) = sβ . Taking the limit

a→ 0, we get

(
ρ
∗Dα0+sβ

)
(t) =



Γ

(
β

ρ
+ 1

)
Γ

(
β

ρ
− α + 1

)ραtβ−αρ, α > 0,

(
α− β

ρ

)
/∈ N

0, α > 0,

(
α− β

ρ

)
∈ N.

(1.27)

Proof. We consider Eq (1.23) with a −→ 0 and ϕ (s) = sβ . Hence, we can write

(
ρ
∗Dα0+sβ

)
(t) =

ρ1−n+α

Γ (n− α)
lim
a→0

∫ t

a

sρ−1

(tρ − sρ)1−n+α

(
s1−ρ d

ds

)n
sβds, t > a, (1.28)

with n = [α] + 1 and n = {1, 2, ...}. Since(
s1−ρ d

ds

)n
sβ = β (β − ρ) (β − 2ρ) ... (β − (n− 1) ρ) sβ−nρ

= ρnΓ

(
β

ρ
+ 1

)
=
β

ρ

(
β

ρ
− 1

)(
β

ρ
− 2

)
...

(
β

ρ
− n+ 1

)
Γ

(
β

ρ
− n+ 1

)
sβ−nρ

= ρn
Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− n+ 1

)sβ−nρ,
we can substitute this expression into Eq (1.28) to obtain

(
ρ
∗Dα0+sβ

)
(t) =

ρ1+α

Γ (n− α)

Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− n+ 1

) ∫ t

0

sβ+(1−n)ρ−1

(tρ − sρ)1−n+αds.

Further, with the change of variable u =
sρ

tρ
we have

(
ρ
∗Dα0+sβ

)
(t) =

ρ1+α

Γ (n− α)

Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− n+ 1

) ∫ 1

0

(tρu)
β
ρ
−n− 1

ρ
+1u

1
ρ
−1

tρ(1−n+α)(1− u)1−n+αρ
−1tdu,

=
ρ1+α

Γ (n− α)

Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− n+ 1

)ρ−1tβ−αρ
∫ 1

0

u
β
ρ
−n+1−1(1− u)n−α−1du,︸ ︷︷ ︸
B(βρ−n+1,n−α)

=
Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− n+ 1

)
Γ (n− α)

Γ (n− α) Γ
(
β
ρ
− n+ 1

)
Γ
(
β
ρ
− α + 1

)ραtβ−αρ, |B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.

Boundary and initial value problem of C-K type FDE
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It follows that

(
ρ
∗Dα0+sβ

)
(t) =

Γ
(
β
ρ

+ 1
)

Γ
(
β
ρ
− α + 1

)ραtβ−αρ.

Notice that, taking the limit ρ→ 1, Eq (1.30) becomes

lim
ρ→1

(
ρ
∗Dα0+sβ

)
(t) =

(
∗Dα0+sβ

)
(t) =

Γ (β + 1)

Γ (β − α + 1)
tβ−α.

We now present the semi group property of the Caputo-type fractional derivative ρ
∗Dαa+ . The

result is also valid, for the operator ρ
∗Dαb− .

Theorem 1.7. (See [12]) Let α, β, ρ ∈ R such that α, β > 0 and ρ > 0. If 0 < a < b <∞, then we have(
ρ
∗Dαa+ρ∗D

β
a+ϕ
)

(t) =
(
ρ
∗D

α+β
a+ ϕ

)
(t) . (1.29)

Theorem 1.8. (See [12]) Let α, ρ ∈ R such that α > 0, ρ > 0 and n = [α] + 1. The relation between the

generalized fractional derivatives and the Caputo-type fractional derivatives is given by the expressions

(ρ∗Dαa+ϕ) (t) = (ρDαa+ϕ) (t)−
n−1∑
k=0

δkρϕ (a)

Γ (k − α + 1)

(
tρ − aρ

ρ

)k−α
, (1.30)

and

(ρ∗Dαb−ϕ) (t) = (ρDαb−ϕ) (t)−
n−1∑
k=0

(−1)kδkρϕ (a)

Γ (k − α + 1)

(
bρ − tρ

ρ

)k−α
. (1.31)

In particular, when 0 < α < 1, Eq. (1.30) and Eq. (1.31) take the following form:

(ρ∗Dαa+ϕ) (t) = (ρDαa+ϕ) (t)− ϕ (a)

Γ (1− α)

(
tρ − aρ

ρ

)−α
,

(ρ∗Dαb−ϕ) (t) = (ρDαb−ϕ) (t)− ϕ (b)

Γ (1− α)

(
bρ − tρ

ρ

)−α
.

Theorem 1.9. (See [12]) Let α, ρ ∈ R such that α>0 and ρ>0 with n = [α]+1. Considerϕ ∈ ACn
δ [a, b]

with

ACn
δ [a, b] =

{
ϕ : [a, b]→ R : δn−1

ρ ϕ (t) ∈ AC [a, b] , δ = t
d

dt

}
.

(a) If α /∈ N or α ∈ N and Φ (t) =
(
ρJ α

a+ϕ
)

(t) or Φ (t) =
(
ρJ α

b−ϕ
)

(t) , ∀t ∈ [a, b], we obtain

(ρ∗Dαa+Φ) (t) = ϕ (t) and (ρ∗Dαb−Φ) (t) = ϕ (t) . (1.32)

Boundary and initial value problem of C-K type FDE
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(b) If
(
ρJ n−α

a+ ϕ
)

(t) ∈ ACn
δ [a, b] , then

(ρJ α
a+

ρ
∗Dαa+Φ) (t) = Φ (t)−

[α]∑
k=0

δkρΦ (a)

k!

(
tρ − aρ

ρ

)k
, (1.33)

and

(ρJ α
b−
ρ
∗Dαb−Φ) (t) = Φ (t)−

[α]∑
k=0

(−1)kδkρΦ (b)

k!

(
bρ − tρ

ρ

)k
. (1.34)

For 0 < α < 1, we have

(ρaJ α
b
ρ
∗Dαa+Φ) (t) = Φ (t)− Φ (a) and (ρaJ α

b
ρ
∗Dαb−Φ) (t) = Φ (t)− Φ (a) .

1.4 Some fixed point theorems

The following fixed point theorems (Schauder, Shuafer, Banach and Ascoli-Arzela) are funda-

mental in the proofs of our results.

Definition 1.13. (Equicontinuous) .........

Let E be a Banach space. Call a part P in C (E) equicontinuous if

∀ε > 0,∃δ > 0,∀u, v ∈ E,∀F ∈ P, ‖u− v‖ < δ ⇒ ‖F (u)− F (v)‖ < ε.

Theorem 1.10. (Ascoli-Arzela. See [4]) .........

Let E be a compact space. If F is an equicontinuous, bounded subset of C(E), then F is relatively

compact.

Definition 1.14. (Completely continuous) .........

We say F : E → E is completely continuous if for any bounded subset P of E, the set F (P ) is

relatively compact.

Theorem 1.11. (Banach’s fixed point. See [4]) .........

Let P be a non-empty closed subset of a Banach space E, then any contraction mapping F : P → P has

a unique fixed point.

Theorem 1.12. (Schauder’s fixed point. See [4]) .........

Let E be a Banach space, and P be a closed, convex and nonempty subset of E. Let F : P → P be a

continuous mapping such that F (P ) ⊂ E is a relatively compact. Then F has at least one fixed point in

P .

Boundary and initial value problem of C-K type FDE
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Theorem 1.13. (Schaefer’s fixed point theorem. See [6]) .........

Let E be a Banach space, and F : E → E a completely continuous operator. If the set

S = {u ∈ E : u = µFu, for someµ ∈ (0, 1)} ,

is bounded, the F has fixed points.

Boundary and initial value problem of C-K type FDE



CHAPTER 2

BOUNDARY VALUE PROBLEM OF
CAPUTO-KAUGAMPOLA FDE

I n this chapter we will discuss the existence and uniqueness of the boundary value prob-

lem of the nonlinear fractional differential equation using Caputo-Katugampola’s fractional

derivative following :

ρ
∗Dα0+u (t) + f (t, u (t)) = 0 t ∈ [0, T ] , (2.1)

supplemented with the boundary conditions:

u (0) = 0, u (T ) = 0. (2.2)

Where ρ
∗Dα0+u is the left Caputo-Katugampola fractional derivative, 1 < α ≤ 2, ρ ∈ R+, and

f : [0, T ]× R→ R is a continuous function.

Consider the space Xp
c (0, T ) (c ∈ R, 1 ≤ p ≤ ∞) of those complex-valued Lebesgue measur-

able function on (0, T ), for which ‖ϕ‖Xp
c
<∞, where the norm is defined by:

‖ϕ‖Xp
c

=

(∫ T

0

|tcϕ (t)|pds
s

) 1
p

(1 ≤ p <∞) ,

for 1 ≤ p <∞, c ∈ R. For the case p =∞;

‖ϕ‖X∞c = sup
t∈(0,T )

[tc |ϕ (t)|] (c ∈ R).

By C [0, T ] we denote the Banach space of all continuous function from [0, T ] into R with the

norm:

‖ϕ‖∞ = sup
0≤t≤T

|ϕ (t)| .

17
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Remark 2.1. Let p, c, T ∈ R∗+, be such that p ≥ 1, c > 0 and T ≤ (pc)
1
pc . It’s clear that

∀ϕ ∈ C [0, T ]

‖ϕ‖Xp
c

=

(∫ T

0

|scϕ (s)|pds
s

) 1
p

≤
(
‖ϕ‖p∞

∫ T

0

spc−1ds

) 1
p

=
T c

(pc)
1
p

‖ϕ‖∞,

and

‖ϕ‖X∞c = ess sup
0≤t≤T

[tc |ϕ (t)|] ≤ T c‖ϕ‖∞.

Which implies that C [0, T ] ↪→ Xp
c [0, T ], and

‖ϕ‖X∞c ≤ ‖ϕ‖∞, for all T ≤ (pc)
1
pc .

2.1 Fundamental lemmas

Lemma 2.1 (See [12]). Let α, ρ ∈ R such that α>0 and ρ>0 with n = [α]+1. Consider ϕ ∈ ACn
δ [a, b]

with

ACn
δ [a, b] =

{
ϕ : [a, b]→ R : δn−1

ρ ϕ (t) ∈ AC [a, b] , δ = t
d

dt

}
.

If
(
ρJ n−α

a+ ϕ
)

(t) ∈ ACn
δ [a, b] , then

(ρJ α
0+
ρ
∗Dα0+Φ) (t) = Φ (t)−

[α]∑
k=0

δkρΦ (0)

k!

(
tρ

ρ

)k
(2.3)

Lemma 2.2. Let α, ρ > 0, n = [α] + 1. If u ∈ C [0, T ], then

(a) The fractional deferential equation ρ
∗Dα0+u (t) = 0, has a unique solution:

u (t) = C0 + C1t
ρ + C2t

2ρ + ...+ Cn−1t
(n−1)ρ,

where Cm ∈ R, with m = 0, 1, 2...n− 1.

(b) If ρ∗Dα0+u (t) ∈ C [0, T ] and 1 < α ≤ 2, then:

ρJ α
0+ (ρ∗Dα0+u (t)) = u (t) + C0 + C1t

ρ, (2.4)

for some constant C0, C1 ∈ R.

Lemma 2.3. Let α, ρ ∈ R, be such that 1 < α ≤ 2 and ρ > 0. We give ρ
∗Dα0+u ∈ C [0, T ] and f :

[0, T ]× R→ R is a continuous function. Then the boundary value problem (2.1)–(2.2), is equivalent to

the fractional integral equation

u (t) =

∫ T

0

G (t, s)f (s, u (s)) ds, t ∈ [0, T ]

Boundary and initial value problem of C-K type FDE
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where

G (t, s) =


ρ1−αsρ−1

Γ(α)

[
tρ

T ρ
(T ρ − sρ)α−1 − (tρ − sρ)α−1] , , 0 ≤ s ≤ t ≤ T,

ρ1−αsρ−1

Γ(α)

[
tρ

T ρ
(T ρ − sρ)α−1] , 0 ≤ t ≤ s ≤ T,

(2.5)

is the Green’s function associated with the boundary value problem (2.1)–(2.2).

Proof. Let α, ρ ∈ R+, be such that 1 < α ≤ 2. We apply lemma 2.2 to reduce the fractional equa-

tion (2.1) to an equivalent fractional integral equation.It is easy to prove the operator ρJ α
0+ has

the linearity property for all α > 0 after direct integration. Then by applying ρJ α
0+ to equation

(2.1), we get

ρJ α
0+
ρ
∗Dα0+u (t) + ρJ α

0+f (t, u (t)) = 0

From lemma 2.2, we find for 1 < α ≤ 2,

ρJ α
0+
ρ
∗Dα0+u (t) = u (t) + C0 + C1t

ρ,

for some C1, C2 ∈ R. Then, the integral solution of the equation (2.1)is:

u (t) = − ρ
1−α

Γ (α)

∫ t

0

sρ−1f (s, u (s))

(tρ − sρ)1−α ds− C0 − C1t
ρ. (2.6)

The condition (2.2) imply that:
u (0) = 0 = 0− C0 − 0 ⇒ C0 = 0,

u (T ) = 0 = −ρ1−α

Γ(α)

∫ T
0

sρ−1f(s,u(s))

(T ρ−sρ)1−α
ds− C1T

ρ ⇒ C1 = − ρ1−α

T ρΓ(α)

∫ T
0

sρ−1f(s,u(s))

(T ρ−sρ)1−α
ds.

The integral equation (2.6) is equivalent to:

u (t) = − ρ
1−α

Γ (α)

∫ t

0

sρ−1f (s, u (s))

(tρ − sρ)1−α ds+
tρρ1−α

T ρΓ (α)

∫ T

0

sρ−1f (s, u (s))

(T ρ − sρ)1−α ds.

Therefore, the unique solution of problem (2.1)–(2.2) is:

u (t) =

∫ t

0

ρ1−αsρ−1
[
tρ

T ρ
(T ρ − sρ)α−1 − (tρ − sρ)α−1]

Γ (α)
f (s, u (s)) ds

+

∫ T

t

ρ1−αsρ−1
[
tρ

T ρ
(T ρ − sρ)α−1]

Γ (α)
f (s, u (s)) ds

=

∫ T

0

G (t, s)f (s, u (s)) ds.

Boundary and initial value problem of C-K type FDE
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2.2 Existence and uniqueness results

Now, we will prove the first existence result for the problem (2.1)–(2.2) which is based on

Banach’s fixed point theorem 1.11.

We impose the following hypotheses:

(H1) f : [0, T ]× R→ R is a continuous function.

(H2) For all 1 < α ≤ 2, there exist a constant λ > 0 such that:

|f (t, u)− f (t, v)| ≤ λ |u− v| (2.7)

for any u, v ∈ R and t ∈ [0, T ].

(H3) there exist a constant L > 0 such that:

|f (t, u)| ≤ L,

for all t ∈ [0, T ] and u ∈ R.

Theorem 2.1. Assume the hypotheses (H1)-(H2) hold. We give 1 < α ≤ 2, and ρ > 0. If

λT ρα

ραΓ (α + 1)
< 1. (2.8)

Then the problem (2.1)–(2.2) admits a unique solution on [0, T ] .

Proof. To begin the proof, we will transform the problem (2.1)–(2.2) into a fixed point problem.

Define the operator F : C [0, T ]→ C [0, T ] by

Fu (t) =

∫ T

0

G (t, s)f (s, u (s)) ds. (2.9)

Because the problem (2.1)–(2.2) is equivalent to the fractional integral equation (2.10), the fixed

points of F are solutions of the problem (2.1)–(2.2).

Let u, v ∈ C [0, T ], Then for all t ∈ [0, T ] :

|Fu (t)− Fv (t)| =
∣∣∣∣∫ T

0

G (t, s) [f (s, u (s))− f (s, v (s))] ds.

∣∣∣∣
≤
∫ T

0

G (t, s) |f (s, u (s))− f (s, v (s))| ds

≤
∫ T

0

G (t, s) |u (s)− v (s)| ds,

Boundary and initial value problem of C-K type FDE
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then

‖Fu− Fv‖∞ ≤ λ‖u− v‖∞
∫ T

0

G (t, s)ds

≤ λ‖u− v‖∞
[ ∫ t

0

ρ1−αsρ−1

Γ (α)

[
tρ

T ρ
(T ρ − sρ)α−1 − (tρ − sρ)α−1

]
ds

+

∫ T

t

ρ1−αsρ−1

Γ (α)

[
tρ

T ρ
(T ρ − sρ)α−1

]
ds

]
≤ λ‖u− v‖∞
ραΓ (α + 1)

[[
− tρ

T ρ
(T ρ − sρ)α + (tρ − sρ)α

]t
0

−
[
tρ

T ρ
(T ρ − sρ)α

]T
t

]

≤ λ‖u− v‖∞
ραΓ (α + 1)

[[
− tρ

T ρ
(T ρ − tρ)α +

tρ

T ρ
Tαρ − tαρ

]
+

[
tρ

T ρ
(T ρ − tρ)α

]]
≤ λ‖u− v‖∞
ραΓ (α + 1)

[
tρT ρ(α−1) − tαρ

]
≤ λTαρ

ραΓ (α + 1)
‖u− v‖∞.

This implies that by (2.8), F is a contraction operator.

As a consequence of theorem 1.11, using Banach’s contraction principle, we deduce that F has

a unique fixed point which is the unique solution of the problem (2.1)–(2.2) on [0, T ].

Theorem 2.2. Assume that hypotheses (H1)-(H3) hold. We give 1 < α ≤ 2, and ρ > 0. If we put

LTαρ

ραΓ (α + 1)
< 1,

then the problem (2.1)–(2.2) has at least one solution on C [0, T ].

Proof. In the previous theorem, we already transform the problem (2.1)–(2.2) into a fixed point

problem

Fu (t) =

∫ T

0

G (t, s)f (s, u (s)) ds. (2.10)

We demonstrate that F satisfies the assumption of Schauder’s fixed point theorem 1.12.

This could be proved through three steps:

Step 1. F is a continuous operator.

Let (un)n∈N be real sequence such that lim
n→∞

un = u in C [0, T ]. Then for each t ∈ C [0, T ].

|Fun (t)− Fu (t)| ≤
∫ T

0

G (t, s) |f (s, un (s))− f (s, u (s))| ds

≤ ‖f (s, un (s))− f (s, u (s))‖∞
∫ T

0

G (t, s)ds

≤ Tαρ

ραΓ (α + 1)
‖f (s, un (s))− f (s, u (s))‖∞.

Boundary and initial value problem of C-K type FDE
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For each t ∈ C [0, T ],the function s→ G (t, s) is integrable on [0, T ],then the lebesgue dominated

convergence theorem imply that:

|Fun (t)− Fu (t)| → 0, as n→∞,

and hence:

lim
n→∞

‖Fun − Fu‖∞ = 0.

Consequently, F is continuous.

Step 2. Let

r ≥ LTαρ

ραΓ (α + 1)
.

We define:

Pr = {u ∈ C [0, T ] : ‖u‖∞ ≤ r} .

It is clear that Pr is a bounded, closed and convex subset of C [0, T ].

Let u ∈ Pr, and F : Pr → C [0, T ] be the integral operator defined in (2.10), then F (Pr) ⊂ Pr.

Then:

|Fu (t)| ≤
∣∣∣∣∫ T

0

G (t, s) f(s, u (s) ds

∣∣∣∣
≤
∫ T

0

G (t, s) |f (s, u (s))| ds

≤ L

∫ T

0

G (t, s)ds

≤ LTαρ

ραΓ (α + 1)

≤ r.

Then F (Pr) ⊂ Pr.

Step 3. F (Pr) relatively compact.

Let t1, t2 ∈ [0, T ] , t1 < t2, and u ∈ Pr. Then

|Fu (t2)− Fu (t1)| =
∣∣∣∣∫ t1

0

G (t2, s)f (s, u (s)) ds−
∫ t1

0

G (t1, s)f (s, u (s)) ds

∣∣∣∣
≤
∫ t1

0

|[G (t2, s)−G (t1, s)] f (s, u (s))| ds+

∫ t2

t1

G (t2, s) |f (s, u (s))| ds

≤ L

[∫ t1

0

|(G (t2, s)−G (t1, s))| ds+

∫ t2

t1

G (t2, s)ds

]
.

Boundary and initial value problem of C-K type FDE



2.2. EXISTENCE AND UNIQUENESS RESULTS 23

For 0 ≤ s ≤ t1 ≤ t2 ≤ T , we have

G (t2, s)−G (t1, s) =
ρ1−αsρ−1

Γ (α)

[
t2
ρ

(
(T ρ − sρ)α−1

T ρ

)
− (t2

ρ − sρ)α−1

]

− ρ1−αsρ−1

Γ (α)

[
t1
ρ

(
(T ρ − sρ)α−1

T ρ

)
− (t1

ρ − sρ)α−1

]

=
ρ1−αsρ−1

Γ (α)

[
(t2

ρ − t1ρ)

(
(T ρ − sρ)α−1

T ρ

)
−
[
(t2

ρ − sρ)α−1 − (t1
ρ − sρ)α−1]]

≤ ρ1−αsρ−1

Γ (α)
[(t2

ρ − t1ρ)]
(T ρ − sρ)α−1

T ρ

≤ ρ1−αsρ−1

Γ (α)
[(t2

ρ − t1ρ)] .

In the same way, for 0 ≤ t1 ≤ s ≤ t2 ≤ T or 0 ≤ t1 ≤ t2 ≤ s ≤ T , we have:

G (t2, s)−G (t1, s) ≤
ρ1−αsρ−1

Γ (α)
[(t2

ρ − t1ρ)] .

Then

|Fu (t2)− Fu (t1)| ≤
∣∣∣∣∫ T

0

[G (t2, s)−G (t1, s)]f (s, u (s)) ds

∣∣∣∣
≤ L

∫ T

0

|G (t2, s)−G (t1, s)|ds

≤ L

∫ T

0

ρ1−αs1−α

Γ (α)
[t2

ρ − t1ρ]ds

≤ Lρ1−αs1−α

Γ (α)
[t2

ρ − t1ρ]
[

1

ρ
sρ
]T

0

.

Finally

|Fu (t2)− Fu (t1)| ≤ LT ρ

ραΓ (α)
[t2

ρ − t1ρ] .

As t1 → t2, the right-hand side of the above inequality tends to zeros.

As a consequence of steps 1 to 3 together, and by means of the Arzela-Ascoli theorem 1.11, we

deduce that F : Pr → Pr is continuous, compact and satisfies the assumption of Schauder’s

fixed point theorem 2.6. Then F has a fixed point which is a solution of problem (2.1)–(2.2) on

[0, T ].

Theorem 2.3. Assume that hypotheses (H1)-(H2) and (H3) hold. We give 1 < α ≤ 2, and ρ > 0. If we

put
LTαρ

ραΓ (α + 1)
< 1,

then the problem (2.1)–(2.2) has at least one solution on C [0, T ].
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Proof. In the previous theorem, we already transform the problem (2.1)–(2.2) into a fixed point

problem

Fu (t) =

∫ T

0

G (t, s)f (s, u (s)) ds.

We demonstrate that F satisfies the assumption of Schaefer’s fixed point theorem 2.3.

This could be proved through four steps:

Step 1. F is a continuous operator.

Let (un)n∈N be real sequence such that lim
n→∞

un = u in C [0, T ]. Then for each t ∈ C [0, T ].

|Fun (t)− Fu (t)| ≤
∫ T

0

G (t, s) |f (s, un (s))− f (s, u (s))| ds.

For each t ∈ C [0, T ],the function s→ G (t, s) is integrable on [0, T ],then the lebesgue dominated

convergence theorem imply that:

lim
n→∞

‖Fun − Fu‖∞ = 0.

Consequently, F is continuous.

Step 2. Let

r ≥ LTαρ

ραΓ (α + 1)
.

We define:

Pr = {u ∈ C [0, T ] : ‖u‖∞ ≤ r} .

It is clear that Pr is a bounded, closed and convex subset of C [0, T ].

Let u ∈ Pr,and F :→ C [0, T ] be the integral operator defined in (2.10), then F (Pr) ⊂ Pr.

Then

|Fu (t)| ≤
∣∣∣∣∫ T

0

G (t, s) f(s, u (s) ds

∣∣∣∣
≤ LTαρ

ραΓ (α + 1)

≤ r.

and by following F (Pr) is bounded.

Step 3. F (Pr) relatively compact.
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Let t1, t2 ∈ [0, T ] , t1 < t2, and u ∈ Pr. Then

|Fu (t2)− Fu (t1)| =
∣∣∣∣∫ t2

0

G (t2, s)f (s, u (s)) ds−
∫ t1

0

G (t1, s)f (s, u (s)) ds

∣∣∣∣
≤ L

∫ T

0

|G (t2, s)−G (t1, s)|ds

≤ L

∫ T

0

ρ1−αs1−α

Γ (α)
[t2

ρ − t1ρ]ds

≤ LT ρ

ραΓ (α)
[t2

ρ − t1ρ] .

As t1 → t2, the right hand side of the above inequality tends to zeros. Therefore, from Steps 1

to 3 together with the Arzela-Ascoli theorem, we can condition that F : C [0, T ] → C [0, T ] is

completely continuous.

Step 4. A priori bounded . Now we need to show that set

θ = {u ∈ C [0, T ] : u = µFuµ ∈ (0, 1)} ,

is bounded. Let u ∈ θ, then u = µF (u) for some 0 < µ < 1. Thus,for each t ∈ [0, T ], we have:

u (t) = µ

∫ T

0

G (t, s) f (s, u (s))ds.

Then, we get,

|u (t)| ≤ L

[ ∫ t

0

ρ1−αsρ−1

Γ (α)

[
tρ

T ρ
(T ρ − sρ)α−1 − (tρ − sρ)α−1

]
ds

+

∫ T

t

ρ1−αsρ−1

Γ (α)

[
tρ

T ρ
(T ρ − sρ)α−1

]
ds

]
≤ L

ραΓ (α + 1)

[[
− tρ

T ρ
(T ρ − sρ)α + (tρ − sρ)α

]t
0

−
[
tρ

T ρ
(T ρ − sρ)α

]T
t

]
≤ L

ραΓ (α + 1)

[
tρT ρ(α−1) − tαρ

]
≤ LTαρ

ραΓ (α + 1)
.

Thus shows that the set θ is bounded.By Schaefer’s fixed point theorem 1.13 ,we conclude that

F has a fixed point which is a solution of the problem (2.1)–(2.2).
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2.3 Illustrative examples

Exemple 2.1. Let 
1
∗D

3
2

0+u (t) + cos(t)[2+|u(t)|]
(
√

2 cos(t)+sin(t))[1+|u(t)|]
= 0, t ∈

[
0,
π

4

]
u (0) = u

(
π
4

)
= 0,

(2.11)

and

f(t, u) =
cos (t) [2 + |u (t)|](√

2 cos (t) + sin (t)
)

[1 + |u (t)|]
, t ∈

[
0,
π

4

]
, u, v ∈ R.

As sin (t) , cos (t) are continuous positive functions ∀t ∈
[
0,
π

4

]
, the function f is jointly con-

tinuous. For any u, v ∈ R and t ∈
[
0,
π

4

]
, we have

√
2

2
≤ cos (t) ≤ 1, and 0 ≤ sin (t) ≤

√
2

2
,

then

|f (t, u)− f (t, v)| =

∣∣∣∣∣ cos (t) [2 + |u|](√
2 cos (t) + sin (t)

)
[1 + |u|]

− cos (t) [2 + |v|](√
2 cos (t) + sin (t)

)
[1 + |v|]

∣∣∣∣∣
=

∣∣∣∣ cos (t)√
2 cos (t) + sin (t)

∣∣∣∣ ∣∣∣∣2 + |u|
1 + |u|

− 2 + |v|
1 + |v|

∣∣∣∣
≤ ||u| − |v|| ≤ |u− v| .

Hence, the condition (2.7) is satisfied with λ = 1. It remains to show that the condition (2.8)

λTαρ

ραΓ (α + 1)
=

(
π
4

) 3
2

Γ
(

5
2

) = 0.523583... < 1,

is satisfied. It follows theorem 2.1 that the problem (2.11), has a unique solution.

Exemple 2.2. Consider the following boundary value problem

then : 
1
∗D

3
2

0+u (t) +
arctan (t)

5 (1 + |u (t)|)
= 0, t ∈

[
0,
π

2

]
u (0) = u

(
π
2

)
= 0.

(2.12)

f (t, u) =
arctan (t)

5 (1 + |u (t)|)
t ∈
[
0,
π

2

]
, u ∈ R.
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Clearly, the function f is jointly continuous. For any u, v ∈ R and t ∈
[
0,
π

2

]
we have :

|f (t, u)− f (t, v)| =
∣∣∣∣ arctan (t)

5 (1 + |u|)
− arctan (t)

5 (1 + |v|)

∣∣∣∣
=

∣∣∣∣arctan (t)

5

(
1

1 + |u|
− 1

1 + |v|

)∣∣∣∣
≤
∣∣∣∣arctan (t)

5

∣∣∣∣ ∣∣∣∣ |u| − |v|
(1 + |u|) (1 + |v|)

∣∣∣∣
≤ π

10
|u− v| .

Hence, the hypo these (H2) is satisfied with λ =
π

10
. Also we have:

|f (t, u)| =
∣∣∣∣ arctan (t)

5 (1 + |u|)

∣∣∣∣
≤
∣∣∣∣ 1

5 (1 + |u|)

∣∣∣∣ |arctan (t)|

≤ π

10
.

Thus hypo these (H3) is satisfied with L =
π

10
, and the condition

LTαρ

ραΓ (α + 1)
=

(
π
10

) (
π
2

) 3
2

Γ
(

5
2

) ' 0.4651 < 1.

It follows from Theorem 2.2 that the problem (2.12) has at last one solution on
[
0,
π

2

]
.

Exemple 2.3. Let 
1
∗D

3
2

0+u (t) +
ln (1 + t)

1 + |u (t)|
= 0 t ∈ [0, 1]

u (0) = u (1) = 0.

(2.13)

Her

f (t, u) =
ln (1 + t)

1 + |u|
t ∈ [0, 1] u ∈ R.

Clearly, the function f is jointly continuous. For any u, v ∈ R and t ∈ [0, 1] we have :

|f (t, u)− f (t, v)| =
∣∣∣∣ ln (1 + t)

1 + |u|
− ln (1 + t)

1 + |v|

∣∣∣∣
= |ln (1 + t)|

∣∣∣∣ 1

1 + |u|
− 1

1 + |v|

∣∣∣∣
≤ ln (2)

∣∣∣∣ |u| − |v|
(1 + |u|) (1 + |v|)

∣∣∣∣
≤ ln (2) |u− v| .
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Hence, the hypo these (H2) is satisfied with λ = ln (2). Also we have

|f (t, u)| =
∣∣∣∣ ln (1 + t)

1 + u2

∣∣∣∣
≤ ln (1 + t)

≤ ln (2) .

Thus hypo these (H3) is satisfied with L = ln (2), and the condition

LTαρ

ραΓ (α + 1)
=

ln (2)

Γ
(

5
2

) ' 0.5214 < 1.

It follows from Theorem 2.3 that the problem (2.13) has at last one solution on [0, 1].
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CHAPTER 3

INITIAL VALUE PROBLEM FOR NONLINEAR
IMPLICIT OF CAPUTO-KATUGAMPOLA FDE

I n this chapter, we are interested in the existence and uniqueness of initial value problem

for nonlinear implicit fractional differential equation following :

ρ
∗Dα0+u (t) = f (t, u (t) , ρ∗Dα0+u (t)) , t ∈ [0, T ] (3.1)

with the initial condition:

u (0) = 0. (3.2)

Where ρ
∗Dα0+u is the left Caputo-Katugampola fractional derivative, 0 < α ≤ 1, ρ ∈ R+, T ≤

(pc)
1
pc for any 1 ≤ p ≤ ∞, c > 0, and f : [0, T ]× R× R→ R is a continuous function.

3.1 Fundamental lemmas

Lemma 3.1. Let α, ρ > 0, n = [α] + 1. If u ∈ C [0, T ], then:

(a) The fractional deferential equation ρ
∗Dα0+u (t) = 0, has a unique solution:

u (t) = C0 + C1t
ρ + C2t

2ρ + ...+ Cn−1t
(n−1)ρ,

where Cm ∈ R, with m = 0, 1, 2...n− 1.

(b) If ρ∗Dα0+u (t) ∈ C [0, T ] and 0 < α ≤ 1, then:

ρJ α
0+ (ρ∗Dα0+u (t)) = u (t) + C, (3.3)

for some constant C ∈ R.

29
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Lemma 3.2. Let α, ρ ∈ R, be such that 0 < α ≤ 1, and ρ > 0.

We give u, ρ∗Dα0+u ∈ [0, T ], and f (t, u, v) is continuous function. Then the problem (3.1)–(3.2) is equiv-

alent to the fractional integral equation:

u (t) =

∫ t

0

G (t, s)f (s, u (s) , ρ∗Dα0+u (s)) ds, (3.4)

where

G (t, s) =
ρ1−α

Γ (α)
sρ−1(tρ − sρ)α−1. (3.5)

Proof. Let 0 < α ≤ 1 and ρ > 0, we may apply lemma 3.1 to reduce the fractional equation (3.1)

to equivalent fractional integral equation.

By applying ρJ α
0+ to equation (3.1) we obtain:

ρJ α
0+
ρ
∗Dα0+u (t) = ρJ α

0+f (t, u (t) , ρ∗Dα0+u (t)) . (3.6)

From lemma 3.1, we find easily:

ρJ α
0+
ρ
∗Dα0+u (t) = u (t) + C,

for some C ∈ R. Then, the fractional integral equation (3.6), gives:

u (t) = ρJ ρ
0+f (t, u (t) , ρ∗Dα0+u (t))− C. (3.7)

If we use the condition (3.2) in equation (3.7) we find:

u (0) = 0 = −C ⇒ C = 0.

Therefore,the problem (3.1)–(3.2) is equivalent to:

u (t) =

∫ t

0

G (t, s)f (s, u (s) , ρ∗Dα0+u (s)) ds, (3.8)

where G (t, s), which given by equality (3.5).

3.2 Existence and uniqueness results

Now, we will prove our first existence result for the problem (3.1)–(3.2) which is based on Ba-

nach’s fixed point theorem 1.11.

We impose the following hypotheses:
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(K1) f : [0, T ]× R× R→ R is a continuous function .

(K2) For all 0 < α ≤ 1, there exist two constant γ, β > 0, where β < 1 such that:

|f (t, u, v)− f (t, ũ, ṽ)| ≤ γ |u− ũ|+ β |v − ṽ| ,

for any u, v, ũ, ṽ ∈ R and t ∈ [0, T ].

(K3) There exist there positive function a, b, c ∈ C [0, T ] such that

|f (t, u, v)| ≤ a (t) + b (t) |u| + c (t) |v| for all t ∈ [0, T ] and u, v ∈ R. We denote

M0 =
a∗

1− c∗
, and M1 =

b∗

1− c∗
,

where

a∗ = sup
t∈[0,T ]

a (t) , b∗ = sup
t∈[0,T ]

b (t) , c∗ = sup
t∈[0,T ]

c (t) , with c∗ < 1.

In what follows, we present the principal theorems:

Theorem 3.1. Assume the hypotheses (K1)-(K2) hold. We give 0 < α ≤ 1, and ρ > 0. If

γT ρα

(1− β) ραΓ (α + 1)
< 1. (3.9)

Then the problem (3.1)–(3.2) admits a unique solution on [0, T ].

Proof. To begin the proof, we will transform the problem (3.1)–(3.2) into a fixed point problem.

Define the operator A : C [0, T ]→ C [0, T ] by:

Au (t) =

∫ t

0

G (t, s) f (s, u (s) , ρ∗Dα0+u (s))ds. (3.10)

Because the problem (3.1)–(3.2) is equivalent to the fractional integral equation (3.10), the fixed

point of A are solution of the problem (3.1)–(3.2).

Let u, v ∈ C [0, T ], be such that:

ρ
∗Dα0+u (t) = f (t, u (t) , ρ∗Dα0+u (t)) , ρ

∗Dα0+v (t) = f (t, u (t) , ρ∗Dα0+v (t)) .

Which implies that:

Au (t)−Av (t) =

∫ t

0

G (t, s) [f (s, u (s) , ρ∗Dα0+u (s))− f (s, v (s) , ρ∗Dα0+v (s))] ds.

Then, for all t ∈ [0, T ]

|Au (t)−Av (t)| ≤
∫ t

0

G (t, s) |ρ∗Dα0+u (s)− ρ
∗Dα0+v (s)| ds. (3.11)
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By (K2) we have :

|ρ∗Dα0+u (t)− ρ
∗Dα0+v (t)| = |f (t, u (t) , ρ∗Dα0+u (t))− f (t, v (t) , ρ∗Dα0+v (t))|

≤ γ |u (t)− v (t)|+ β |ρ∗Dα0+u (t)− ρ
∗Dα0+v (t)| .

Thus

|ρ∗Dα0+u (t)− ρ
∗Dα0+v (t)| ≤ γ

1− β
|u (t)− v (t)| .

From (3.11) we have:

|Au (t)−Av (t)| ≤ γ

1− β

∫ t

0

G (t, s) |u (s)− v (s)|ds.

Then:

‖Au−Av‖∞ ≤
γTαρ

(1− β) ραΓ (α + 1)
‖u− v‖∞.

This implies that by (3.9) , A is a contraction operator.

As a consequence of theorem 1.11, using Banach’s contraction, we deduce that A has a unique

fixed point which is the unique solution of the problem (3.1)–(3.2) on [0, T ] .

Theorem 3.2. Assume that hypotheses (K1)-(K3) hold. We give 0 < α ≤ 1, and ρ > 0. If we put

M1T
αρ

ραΓ (α + 1)
< 1,

the problem (3.1)–(3.2) has at last one solution on [0, T ].

Proof. In the previous theorem, we already transform the problem (3.1)–(3.2) into a fixed point

problem

Au (t) =

∫ t

0

G (t, s)f (s, u (s) , ρ∗D
α
0+u (s)) ds.

We demonstrate the A satisfies the assumption of Schauder’s fixed point theorem 1.12. This

could be proved though three steps:

Step 1. A is a continuous operator.

Let (un)n∈N be a real sequence such that lim
n→∞

un = u in C [0, T ] . Then for each t ∈ [0, T ],

|Aun (t)−Au (t)| ≤
∫ t

0

G (t, s) |f (s, un (s) , ρ∗Dα0+un (s))− f (s, u (s) , ρ∗Dα0+u (s))| ds, (3.12)

where
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ρ
∗Dα0+un (t) = f

(
t, un (t) , ρ∗Dα0+un (t)

)
, and ρ

∗Dα0+u (t) = f
(
t, u (t) , ρ∗Dα0+u (t)

)
.

As consequence of (K2), we find easily ρ
∗Dα0+un → ρ

∗Dα0+u in C [0, T ]. In fact we have:

|ρ∗Dα0+un (t)− ρ
∗Dα0+u (t)| = |f (t, un (t) , ρ∗Dα0+un (t))− f (t, u (t) , ρ∗Dα0+u (t))|

≤ γ |un (t)− u (t)|+ β |ρ∗Dα0+un (t)− ρ
∗Dα0+u (t)| .

Thus:

|ρ∗Dα0+un (t)− ρ
∗Dα0+u (t)| ≤ γ

1− β
|un (t)− u (t)|

Since un → u, then we get ρ∗Dα0+un (t)→ ρ
∗Dα0+u (t) as n→∞ for each t ∈ [0, T ] .

Now let K0 > 0, be such that for each t ∈ [0, T ], we have:

|ρ∗Dα0+un (t)| ≤ K0, |ρ∗Dα0+u (t)| ≤ K0.

Then, we have:

|Aun (t)−Au (t)| ≤
∫ t

0

G (t, s) |f (s, un (s) , ρ∗Dα0+un (s))− f (s, u (s) , ρ∗Dα0+u (s))| ds

≤
∫ t

0

G (t, s) |ρ∗Dα0+un (s)− ρ
∗Dα0+u (s)|ds

≤
∫ t

0

G (t, s) [|ρ∗Dα0+un (s)|+ |ρ∗Dα0+u (s)|] ds

≤
∫ t

0

2K0G (t, s)ds.

For each t ∈ [0, T ], the function s→ 2K0G (t, s) is integrable on [0, T ], then the Lebesgue domi-

nated convergence theorem and (3.12) imply that:

|Aun (t)−Au (t)| → 0 as n→∞,

and hence:

lim
n→∞

‖Aun −Au‖∞ = 0.

Consequently, A is continuous.

Step 2. Let

r ≥ M0T
αρ

ραΓ (α + 1)−M1Tαρ
.

We define:

Pr = {u ∈ C [0, T ] : ‖u‖∞ ≤ r} .
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It is clear that Pr is bounded, closed and convex subset of C [0, T ].

Let u ∈ Pr, and A : Pr → C [0, T ] be the integral operator defined in (3.12), then A (Pr) ⊂ Pr.

In fact, for each t ∈ [0, T ], we have from (K3):

|ρ∗Dα0+u (t)| = |f (t, u (t) , ρ∗Dα0+u (t))| ≤ a (t) + b (t) |u (t)|+ c (t) |ρ∗Dα0+u (t)| .

Then

|ρ∗Dα0+u (t)| ≤ a∗

1− c∗
+

b∗

1− c∗
r = M0 +M1r. (3.13)

Thus

|Au (t)| ≤
∫ t

0

G (t, s) |f (s, u (s) , ρ∗D
α
0+u (s))| ds

≤
∫ t

0

G (t, s) [M0 +M1r] ds

≤ M0T
αρ

ραΓ (α + 1)
+

M1T
αρ

ραΓ (α + 1)
r

≤
[ραΓ (α + 1)−M1T

αρ] M0Tαρ

ραΓ(α+1)−M1Tαρ
+M1T

αρr

ραΓ (α + 1)

≤ [ραΓ (α + 1)−M1T
αρ] r +M1T

αρr

ραΓ (α + 1)

≤ r.

Then A (Pr) ⊂ Pr.

Step 3. A (Pr) is relatively compact.

Let t1, t2 ∈ [0, T ] , t1 < t2, and u ∈ Pr. Then

|Au (t2)−Au (t1)| =
∣∣∣∣ ∫ t2

0

G (t2, s)f (s, u (s) , ρ∗Dα0+u (s)) ds

−
∫ t1

0

G (t1, s)f (s, u (s) , ρ∗Dα0+u (s)) ds

∣∣∣∣
|Ahhhhhhu (t2)−Au (t1)hhhhhh| ≤

∫ t1

0

|[G (t2, s)−G (t1, s)] f (s, u (s) , ρ∗Dα0+u (s))|ds

+

∫ t2

t1

G (t2, s) |f (s, u (s) , ρ∗Dα0+u (s))| ds

≤ (M0 +M1r)

[ ∫ t1

0

|G (t2, s)−G (t1, s)|ds

+

∫ t2

t1

G (t2, s) ds

]
.

(3.14)
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We have:

G (t2, s)−G (t1, s) =
ρ1−α

Γ (α)
sρ−1

[
(tρ2 − sρ)

α−1 − (tρ1 − sρ)
α−1
]

=
−1

αραΓ (α)

d

ds
[(tρ2 − sρ)

α − (tρ1 − sρ)
α]

then ∫ t1

0

|G (t2, s)−G (t1, s)|ds ≤
1

ραΓ (α + 1)
[(tρ2 − t

ρ
1)α + (tαρ2 − t

αρ
1 )]

we have also ∫ t2

t1

G (t2, s)ds =
ρ1−α

Γ (α)

∫ t2

t1

sρ−1(tρ2 − sρ)
α−1ds

=
−1

αραΓ (α)
[(tρ2 − sρ)

α]
t2
t1

≤ 1

ραΓ (α + 1)
(tρ2 − t

ρ
1)α.

Then (3.14) gives

|Au (t2)−Au (t1)| ≤ M0 +M1r

ραΓ (α + 1)
[2(tρ2 − t

ρ
1)α + (tαρ2 − t

αρ
1 )] .

As t1 → t2, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 3 together, and by means of the Arzel-Ascoli theorem 1.10, we

deduce that A : Pr → Pr is continuous, compact and satisfies the assumption of Schauder’s

fixed point theorem 1.12. ThenA has a fixed point which is a solution of the problem (3.1)–(3.2)

on [0, T ].

3.3 Illustrative examples

Exemple 3.1. Consider the following Cauchy problem:
1
∗D

1
2

0+u (t) = cos(t)

π(
√

2 cos(t)+sin(t))
[
1+|u(t)|+

∣∣∣∣1∗D 1
2
0+
u(t)

∣∣∣∣] , t ∈
[
0, π

4

]
,

u (0) = 0.

(3.15)

Set:

f (t, u, v) =
cos (t)

π
(√

2 cos (t) + sin (t)
)

[1 + |u|+ |v|]
, t ∈

[
0,
π

4

]
, u, v ∈ R.
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Because sin (t) , cos (t) are continuous positive function ∀t ∈
[
0, π

4

]
, the function f is jointly

continuous. For any u, v, ũ, ṽ ∈ R and t ∈
[
0, π

4

]
, we have

√
2

2
≤ cos (t) ≤ 1 and 0 ≤ sin (t) ≤

√
2

2
,

then:

|f (t, u, v)− f (t, ũ, ṽ)| ≤ 1

π
(|u− ũ|+ |v − ṽ|) .

Hence, the condition (K2) is satisfied with:

γ = β =
1

π
' 0.3183 < 1.

It remains to show the condition (3.9):

γTαρ

(1− β) ραΓ (α + 1)
=

(
1
π

) (
π
4

) 1
2(

1− 1
π

)
Γ
(

1
2

+ 1
) =

√
π

2 (π − 1) Γ
(

3
2

) ' 0.4669 < 1,

is satisfied. It follows from theorem 3.1 that the problem (3.15) has a unique solution.

Exemple 3.2. 
1
∗D

1
2

0+u (t) =
cos(t)

[
2+|u(t)|+

∣∣∣∣1∗D 1
2
0+
u(t)

∣∣∣∣]
π(
√

2 cos(t)+sin(t))
[
1+|u(t)|+

∣∣∣∣1∗D 1
2
0+
u(t)

∣∣∣∣] , t ∈
[
0, π

4

]
,

u (0) = 0.

(3.16)

Set

f (t, u, v) =
cos (t) [2 + |u|+ |v|]

π
(√

2 cos (t) + sin (t)
)

[1 + |u|+ |v|]
, t ∈

[
0,
π

4

]
, u, v ∈ R.

Clearly, the function f is jointly continuous. For any u, v, ũ, ṽ ∈ R and t ∈
[
0, π

4

]
, we have

√
2

2
≤ cos (t) ≤ 1 and 0 ≤ sin (t) ≤

√
2

2
, then:

|f (t, u, v)− f (t, ũ, ṽ)| ≤ 1

π
(|u− ũ|+ |v − ṽ|) .

Hence, the condition (K2) is satisfied with γ = β =
1

π
< 1. Also, we have:

|f (t, u, v)| ≤ cos (t)

π
(√

2 cos (t) + sin (t)
) (2 + |u|+ |v|) .

Thus, the hypo-these (K3) is satisfies with

a (t) =
2 cos (t)

π
(√

2 cos (t) + sin (t)
) , and b (t) = c (t) =

cos (t)

π
(√

2 cos (t) + sin (t)
) .
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We have also

a∗ =
2

π
, and b∗ = c∗ =

1

π
< 1, and M0 =

2

π − 1
, and M1 =

1

π − 1
.

And the condition

M1T
αρ

ραΓ (α + 1)
=

(
1

π−1

) (
π
4

) 1
2

Γ
(

1
2

+ 1
) =

√
π

2 (π − 1) Γ
(

3
2

) ' 0.4669 < 1.

It follows from theorem 3.2, that the problem (3.16) has at least one solution.
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CHAPTER 4

INITIAL VALUE PROBLEM FOR A COUPLED
SYSTEM OF COPUTO-KATUGAMPOLA TYPE

FDE

I n this chapter we will study the initial value problem of a coupled system of nonlinear

fractional differential equations with Caputo-Katugampola derivative following :
ρ
∗Dα0+u (t) = f

(
t, u (t) , v (t) , ρ∗Dα0+u (t)

)
, t ∈ [0, T ] ,

ρ
∗D

β
0+v (t) = g

(
t, u (t) , v (t) , ρ∗D

β
0+v (t)

) (4.1)

with the initial condition

u (0) = 0, v (0) = 0, (4.2)

where 0 < α, β ≤ 1, ρ > 0, T ≤ (pc)
1
pc for any 1 ≤ p ≤ ∞, c > 0, is a finite positive constant.

The symbol ρ∗Dδ0+ , δ = α, β, is the Caputo-Katugampola fractional derivative of fractional order

δ, and f, g : [0, T ]× R3 → R are continuous functions.

4.1 Fundamental lemmas

In follows, we present some significant lemmas to show the principal theorems, we have

Lemma 4.1. Let α, ρ > 0, n = [α] + 1. If u ∈ C [0, T ], then:

(a) The fractional deferential equation ρ
∗Dα0+u (t) = 0, has a unique solution:

u (t) = C0 + C1t
ρ + C2t

2ρ + ...+ Cn−1t
(n−1)ρ,

where Cm ∈ R, with m = 0, 1, 2...n− 1.

(b) If ρ∗Dα0+u (t) ∈ C [0, T ] and 0 < α ≤ 1, then:

ρJ α
0+ (ρ∗Dα0+u (t)) = u (t) + C, (4.3)

for some constant C ∈ R.

38
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Lemma 4.2. Let 0 < δ ≤ 1, and ρ > 0. We give y, ρ∗Dδ0+y ∈ C ([0, T ] ,R) . Then the solution of problem
ρ
∗Dδ0+y (t) = f

(
t, y (t) , ρ∗Dδ0+y (t)

)
, t ∈ [0, T ] ,

y (0) = 0,
(4.4)

is equivalent to the fractional integral equation

y (t) =

∫ t

0

Gδ (t, s) f
(
s, y (s) , ρ∗Dδ0+y (s)

)
ds, (4.5)

where

Gδ (t, s) =
ρ1−δ

Γ (δ)
sρ−1(tρ − sρ)δ−1. (4.6)

Proof. By applying ρJ δ
0+ to equation (4.4), we obtain

ρJ δ
0+
ρ
∗Dδ0+y (t) = ρJ δ

0+f
(
t, y (t) , ρ∗Dδ0+y (t)

)
. (4.7)

From lemma 4.1, we fined easily

ρJ δ
0+
ρ
∗Dδ0+y (t) = y (t) + C,

for some C ∈ R. Then the fractional integral equation (4.4), gives

y (t) = ρJ δ
0+f

(
t, y (t) , ρ∗Dδ0+y (t)

)
− C. (4.8)

In view of the condition y (0) = 0, we get

y (0) = 0 = −C ⇒ C = 0.

Therefore, the problem (4.4), is equivalent to

y (t) =

∫ t

0

Gδ (t, s) f
(
s, y (s) , ρ∗Dδ0+y (s)

)
ds, (4.9)

where Gδ (t, s), which given by the equality (4.6). The proof is complete.

Based on the previous lemma, we will define the integral solution of the problem (4.1)–(4.2).

Lemma 4.3 (See [2]). Let 0 < α, β ≤ 1, and ρ > 0. We give u, ρ∗Dα0+u, ρ∗D
β
0+u ∈ C ([0, T ] ,R) . Then

the solution of problem (4.1)–(4.2) is equivalent to the coupled fractional integral equation

u (t) =

∫ t

0

Gα (t, s) f (s, u (s) , v (s) , ρ∗Dα0+u (s)) ds,

v (t) =

∫ t

0

Gβ (t, s) g
(
s, u (s) , v (s) , ρ∗D

β
0+v (s)

)
ds,

with

Gα (t, s) =
ρ1−α

Γ (α)
sρ−1(tρ − sρ)α−1.

Gβ (t, s) =
ρ1−α

Γ (β)
sρ−1(tρ − sρ)β−1.

Proof. In view of Lemma 4.2, for δ = α, and δ = β, respectively.
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4.2 Existence and uniqueness results

Throughout this chapter, we assume the following hypotheses.

(L1) f, g : [0, T ]× R3 → R are continuous functions.

(L2) There exist the constant λi, µi (i = 1.2.3), such that

|f (t, u, v, w)− f (t, ũ, ṽ, w̃)| ≤ λ1 |u− ũ|+ λ2 |v − ṽ|+ λ3 |w − w̃| ,

|g (t, u, v, w)− g (t, ũ, ṽ, w̃)| ≤ µ1 |u− ũ|+ µ2 |v − ṽ|+ µ3 |w − w̃| ,

for any u, v, w, ũ, ṽ, w̃ ∈ R and t ∈ [0, T ].

(L3) There exist three positive function ai, bi, ci, di ∈ [0, T ] , (i = 1.2) , such that

|f (t, u, v, w)| ≤ a1 (t) + b1 (t) |u|+ c1 (t) |v|+ d1 |w| ,

|g (t, u, v, w)| ≤ a2 (t) + b2 (t) |u|+ c2 (t) |v|+ d2 |w| ,

for all t ∈ [0, T ] and u, v, w ∈ R.

We denote

Mi =
a∗i

1− d∗i
, Ni =

b∗i + c∗i
1− d∗i

, and Ki =
b∗i

1− d∗i
, Hi =

c∗i
1− d∗i

, (i = 1.2) .

where

a∗i = sup
t∈[0,T ]

ai (t) , b
∗
i = sup

t∈[0,T ]

bi (t) , c
∗
i = sup

t∈[0,T ]

ci (t) , d
∗
i = sup

t∈[0,T ]

di (t) , with d∗i < 1.

Throughout the remaining of this chapter T, p and c are real constants such that p ≥ 1, c > 0,

and T ≤ (pc)
1
pc .

We will now prove a theorem about existence and uniqueness of solutions of initial value

problem (4.1)–(4.2), which is based on Banach’s fixed point theorem.

Let us introduce the space E = X × Y, with the norm ‖(u, v)‖ = ‖u‖ + ‖v‖ , Obviously

(E, ‖(u, v)‖) , is a Banach space, where X = {u (t)/u (t) ∈ C ([0, T ] ,R)} , with the norm

‖u‖ = max
0≤t≤T

|u (t)| , and Y = {v (t)/v (t) ∈ C ([0, T ] ,R)} , with the norm ‖v‖ = max
0≤t≤T

|v (t)|.

We define an operator F : E → E by

F (u, v) (t) =

 F1 (u, v) (t)

F2 (u, v) (t)

 , (4.10)
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where

F1 (u, v) (t) =

∫ t

0

Gα (t, s) f (s, u (s) , v (s) , ρ∗Dα0+u (s)) ds,

F2 (u, v) (t) =

∫ t

0

Gβ (t, s) g
(
s, u (s) , v (s) , ρ∗D

β
0+v (s)

)
ds,

with

Gα (t, s) =
ρ1−α

Γ (α)
sρ−1(tρ − sρ)α−1.

Gβ (t, s) =
ρ1−α

Γ (β)
sρ−1(tρ − sρ)β−1.

Theorem 4.1. Assume the hypotheses (L1)-(L2) hold. If

T ρα (λ1 + λ2)

(1− λ3) ραΓ (α + 1)
+

T ρβ (µ1 + µ2)

(1− µ3) ρβΓ (β + 1)
< 1. (4.11)

Then the problem (4.1)–(4.2) has a unique solution on [0, T ] .

Proof. By the lemma 4.3, we will transform the problem (4.1)–(4.2) into a fixed point problem

F (u, v) = (u, v),where the operator F is defined by (4.10). Using the Banach contraction princi-

ple, we shall show that F has a fixed point.

Now for (u2, v2) , (u1, v1) ∈ E and t ∈ [0, T ] , we get

|F1 (u2, v2) (t)− F1 (u1, v1) (t)| =
∫ t

0

Gδ (t, s) | f (s, u2 (s) v2 (s) , ρ∗Dα0+u2 (s))

−f (s, u1 (s) v1 (s) , ρ∗Dα0+u1 (s))| ds

≤
∫ t

0

Gα (t, s) |ρ∗Dα0+u2 − ρ
∗Dα0+u1| ds.

(4.12)

By (L2), we have

|ρ∗Dα0+u2 − ρ
∗Dα0+u1| = | f (s, u2 (s) v2 (s) , ρ∗Dα0+u2 (s))

−f (s, u1 (s) v1 (s) , ρ∗Dα0+u1 (s))|

≤ λ1 |u2 − u1|+ λ2 |v2 − v1|+ λ3 |ρ∗Dα0+u2 − ρ
∗Dα0+u1| ,

Thus

|ρ∗Dα0+u2 −ρ∗ Dα0+u1| ≤
1

1− λ3

[λ1 |u2 − u1|+ λ2 |v2 − v1|] .

From (4.12), we have

|F1 (u2, v2) (t)− F1 (u1, v1) (t)| ≤ 1

1− λ3

∫ t

0

Gα (t, s) [λ1 |u2 (s)− u1 (s)|

+λ2 |v2 (s)− v1 (s)|] ds

≤ T ρα (λ1 + λ2)

(1− λ3) ραΓ (α + 1)

× (‖u2 − u1‖+ ‖v2 − v1‖) .
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Then

‖F1 (u2, v2)− F1 (u1, v1)‖ ≤ T ρα (λ1 + λ2)

(1− λ3) ραΓ (α + 1)
(‖u2 − u1‖+ ‖v2 − v1‖) . (4.13)

Similarly, one can find that

‖F2 (u2, v2)− F2 (u1, v1)‖ ≤ T ρβ (µ1 + µ2)

(1− µ3) ρβΓ (β + 1)
(‖u2 − u1‖+ ‖v2 − v1‖) . (4.14)

Thus is follows from (4.13) and (4.14), that

‖F (u2, v2)− F (u1, v1)‖ ≤
[

T ρα (λ1 + λ2)

(1− λ3) ραΓ (α + 1)
+

T ρβ (µ1 + µ2)

(1− µ3) ρβΓ (β + 1)

]
× (‖u2 − u1‖+ ‖v2 − v1‖) .

This implies that by (4.11), F is a contraction operator. As a consequence of Banach’s contraction

principle theorem 1.11, we deduce that F has a unique fixed point which is the unique solution

of the problem (4.1)–(4.2) on [0, T ]. The proof is complete.

Theorem 4.2. Assume that hypotheses (L1)–(L3) hold. If

T ρα

ραΓ (α + 1)
N1 +

T ρβ

ρβΓ (β + 1)
N2 < 1. (4.15)

Then the problem (4.1)-(4.2) has at last one solution on [0, T ].

Proof. In the previous theorem, we already transform the problem (4.1)–(4.2) into a fixed point

problem F (u, v) = (u, v) , where the operator F is defined by (4.10). We demonstrate that F

satisfies the assumption of Schauder’s fixed point theorem 1.12.

This could be proved though three steps:

Step 1. F is a continuous operator.

Let (xn, yn)n∈N be a real sequence such that lim
n→∞

(xn, yn) = (x, y) inE. Then for each t ∈ [0, T ].

|F1 (xn, yn) (t)− F1 (x, y) (t)| ≤
∫ t

0

Gα (t, s)

∣∣∣∣ f (s, xn (s) , yn (s) , ρ∗Dα0+xn (s)
)

−f
(
s, x (s) , y (s) , ρ∗Dα0+x (s)

) ∣∣∣∣ ds,
where

ρ
∗Dα0+xn (t) = f (t, xn (t) , yn (t) , ρ∗Dα0+xn (t)) .

ρ
∗Dα0+x (t) = f (t, x (t) , y (t) , ρ∗Dα0+x (t)) .

As a consequence of (L2), we find easily ρ
∗Dα0+xn → ρ

∗Dα0+x in C [0, T ] . In fact we have

|ρ∗Dα0+xn (t)− ρ
∗Dα0+x (t)| = | f (t, xn (t) , yn (t) , ρ∗Dα0+xn (t))

−f (t, x (t) , y (t) , ρ∗Dα0+x (t))|

≤ λ1 |xn (t)− x (t)|+ λ2 |yn (t)− y (t)|

+ λ3 |ρ∗Dα0+xn (t)− ρ
∗Dα0+x (t)| .
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Thus

|ρ∗Dα0+xn (t)− ρ
∗Dα0+x (t)| ≤ 1

1− λ3

(λ1 |xn (t)− x (t)|+ λ2 |yn (t)− y (t)|) .

Since (xn, yn)→ (x, y), then we get ρ
∗Dα0+xn → ρ

∗Dα0+x as n→∞ for each t ∈ [0, T ] .

Now let K0 > 0, be such that for each t ∈ [0, T ], we have

|ρ∗Dα0+xn (t)| ≤ K0, |ρ∗Dα0+x (t)| ≤ K0.

Then, we have

|F1 (xn, yn) (t)− F1 (x, y) (t)| ≤
∫ t

0

Gα (t, s)

∣∣∣∣ f (s, xn (s) , yn (s) , ρ∗Dα0+xn (s)
)

−f
(
s, x (s) , y (s) , ρ∗Dα0+x (s)

) ∣∣∣∣ ds
≤
∫ t

0

Gα (t, s) |ρ∗Dα0+xn (s)− ρ
∗Dα0+x (s)| ds

≤
∫ t

0

Gα (t, s) [|ρ∗Dα0+xn (s)|+ |ρ∗Dα0+x (s)|] ds

≤
∫ t

0

2K0Gα (t, s) ds.

For each t ∈ [0, T ], the function s → 2K0Gα (t, s) is integrable on [0, T ], then the Lebesgue

dominated convergence theorem imply that

|F1 (xn, yn) (t)− F1 (x, y) (t)| → 0 as n→∞,
and hence

lim
n→∞

‖F1 (xn, yn)− F1 (x, y)‖ = 0. (4.16)

Similarly, one can find that

lim
n→∞

‖F2 (xn, yn)− F2 (x, y)‖ = 0. (4.17)

Thus is follows from (4.16) and (4.17), that

lim
n→∞

‖F (xn, yn)− F (x, y)‖ = 0.

Consequently, F is continuous.

Step 2. let

r ≥
Tαρ

ραΓ(α+1)
M1 + T ρβ

ρβΓ(β+1)
M2

1− T ρα

ραΓ(α+1)
N1 − T ρβ

ρβΓ(β+1)
N2

.
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We define

Pr = {(u, v) ∈ E : ‖(u, v)‖ ≤ r} .

It is clear that Pr is bounded, closed and convex subset of E.

Let (u, v) ∈ Pr and F : Pr → E be the integral operator defined in (4.10), then F (Pr) ⊂ Pr.

In fact, for each t ∈ [0, T ], we have from (L3)

|ρ∗Dα0+u (t)| = |f (t, u (t) , v (t) , ρ∗Dα0+u (t))| ≤ a1 (t) + b1 (t) |u (t)|+ c1 (t) |v (t)|

+ d1 (t) |ρ∗Dα0+u (t)| .∣∣∣ρ∗Dβ0+v (t)
∣∣∣ =

∣∣∣g (t, u (t) , v (t) , ρ∗D
β
0+v (t)

)∣∣∣ ≤ a2 (t) + b2 (t) |u (t)|+ c2 (t) |v (t)|

+ d2 (t)
∣∣∣ρ∗Dβ0+v (t)

∣∣∣ .
Then

|ρ∗Dα0+u (t)| ≤ a∗1
1− d∗1

+
b∗1 + c∗1
1− d∗1

r = M1 +N1r.

and ∣∣∣ρ∗Dβ0+v (t)
∣∣∣ ≤ a∗2

1− d∗2
+
b∗2 + c∗2
1− d∗2

r = M2 +N2r.

Thus

|F1 (u, v) (t)| ≤
∫ t

0

Gα (t, s) |f (s, u (s) , v (s) , ρ∗D
α
0+u (s))| ds

≤
∫ t

0

Gα (t, s) |ρ∗Dα
0+u (s)| ds

≤ T ρα

ραΓ (α + 1)
(M1 +N1r) ,

(4.18)

and

|F2 (u, v) (t)| ≤
∫ t

0

Gβ (t, s)
∣∣∣g (s, u (s) , v (s) , ρ∗D

β
0+v (s)

)∣∣∣ ds
≤
∫ t

0

Gβ (t, s)
∣∣∣ρ∗Dβ0+u (s)

∣∣∣ ds
≤ T ρβ

ρβΓ (β + 1)
(M2 +N2r) .

(4.19)

In consequence, we have

‖F (u, v)‖ ≤ r.
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Then F (Pr) ⊂ Pr.

Step 3. F (Pr) is relatively compact.

Let t1, t2 ∈ [0, T ] , t1 < t2 and (u, v) ∈ Pr. Then

|F1 (u, v) (t2)− F1 (u, v) (t1)| =
∣∣∣∣ ∫ t2

0

Gα (t2, s) f (s, u (s) , v (s) , ρ∗Dα0+u (s)) ds

−
∫ t1

0

Gα (t1, s) f (s, u (s) , v (s) , ρ∗Dα0+u (s)) ds

∣∣∣∣
≤
∫ t1

0

| [Gα (t2, s)−Gα (t1, s)]

×f (s, u (s) , v (s) , ρ∗Dα0+u (s))|

+

∫ t2

t1

Gα (t2, s) |f (s, u (s) , v (s) , ρ∗Dα0+u (s))| ds

≤ (M1 +N1r)

[ ∫ t1

0

|Gα (t2, s)−Gα (t1, s)|ds

+

∫ t2

t1

Gα (t2, s) ds

]
.

(4.20)

We have

Gα (t2, s)−Gα (t1, s) =
ρ1−α

Γ (α)
sρ−1

[
(tρ2 − sρ)

α−1 − (tρ1 − sρ)
α−1
]

=
−1

αραΓ (α)

d

ds
[(tρ2 − sρ)

α − (tρ1 − sρ)
α] ,

then ∫ t1

0

|(Gα (t2, s)−Gα (t1, s))|ds ≤
1

ραΓ (α + 1)
[(tρ2 − t

ρ
1)α + (tαρ2 − t

αρ
1 )] ,

we have also ∫ t2

t1

Gα (t2, s) ds =
ρ1−α

Γ (α)

∫ t2

t1

sρ−1(tρ2 − sρ)
α−1ds

=
−1

αραBΓ (α)
[(tρ2 − sρ)

α]
t2
t1

≤ 1

ραΓ (α + 1)
(tρ2 − t

ρ
1)α.

Then (4.20), gives

|F1 (u, v) (t2)− F1 (u, v) (t1)| ≤ M1 +N1r

ραΓ (α + 1)
[2(tρ2 − t

ρ
1)α + (tαρ2 − t

αρ
1 )] .

As t1 → t2, the right-hand side of the above inequality tends to zero.

In the same way, we can obtain

|F2 (u, v) (t2)− F2 (u, v) (t1)| ≤ M2 +N2r

ρβΓ (β + 1)

[
2(tρ2 − t

ρ
1)β +

(
tβρ2 − t

βρ
1

)]
.
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As t1 → t2, the right-hand side of the above inequality tends to zero.

Therefore, the operator F (u, v) is equicontinuous, and by means of the Arzela-Ascoli the-

orem 1.10, we deduce that F : Pr → Pr is continuous, relatively compact and satisfies the as-

sumption of Schauder’s fixed point theorem 1.12. Then F hasa fixed point which is a solution

of the problem (4.1)–(4.2) on [0, T ]. The proof is complete.

4.3 Illustrative examples

Exemple 4.1. Consider the following coupled system of Caputo-Katugampola type fractional

differential equations

1
∗D

1
2

0+u (t) =
arctan (1 + t2)[

1 + 1
5
|u (t)|+ 1

50
|v (t)|+ 1

100

∣∣∣1∗D 1
2

0+u (t)
∣∣∣] , t ∈ [0, 1] ,

1
∗D

1
3

0+v (t) =
1

10 + |u (t)|
+

1

50 + |v (t)|
+

1

100 + t2

(
1
∗D

1
3

0+v (t)
)
,

u (0) = 0, v (0) = 0.

(4.21)

Let

f
(
t, u, v,1∗D

1
2

0+u
)

=
arctan (1 + t2)[

1 + 1
5
|u (t)|+ 1

50
|v (t)|+ 1

100

∣∣∣1∗D 1
2

0+u (t)
∣∣∣] .

g
(
t, u, v, 1

∗D
1
3

0+v
)

=
1

10 + |u (t)|
+

1

50 + |v (t)|
+

1
∗D

1
3

0+v (t)

100 + t2
.

Clearly f, g : [0, 1]× R3 → R are continuous functions and we have∣∣∣f (t, u, v, 1
∗D

1
2

0+u
)
− f

(
t, ũ, ṽ, 1

∗D
1
2

0+ũ
)∣∣∣ ≤ π

10
|u− ũ|+ π

100
|v − ṽ|

+
π

200

∣∣∣1∗D 1
2

0+u−
1
∗D

1
2

0+ũ
∣∣∣ .∣∣∣g (t, u, v, 1

∗D
1
3

0+v
)
− g

(
t, ũ, ṽ, 1

∗D
1
3

0+ ṽ
)∣∣∣ ≤ 1

10
|u− ũ|+ 1

50
|v − ṽ|

+
1

100

∣∣∣1∗D 1
3

0+v −
1
∗D

1
3

0+ ṽ
∣∣∣ .

Thus the hypothesis (L2) is satisfied with λ1 =
π

10
, λ2 =

π

100
, λ3 =

π

200
, µ1 =

1

10
, µ2 =

1

50
,

µ3 =
1

100
and

T ρα (λ1 + λ2)

(1− λ3) ραΓ (α + 1)
+

T ρβ (µ1 + µ2)

(1− µ3) ρβΓ (β + 1)
' 0.5318 < 1.

Therefore, (4.11) is satisfied. Hence, all condition of theorem 4.1 hold. thus the coupled system

(4.21) has a unique solution on [0, 1] .
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Exemple 4.2. Consider the following coupled system of Caputo-Katugampola type fractional

differential equations

1
∗D

1
2

0+u (t) =
1 + u (t) + v (t)√

16 + t2
+

arctan (t)

2

(
1
∗D

3
4

0+u (t)
)
,

t ∈ [0, 1] .

1
∗D

1
3

0+v (t) =
1 +

(
3
√
|u (t)|+ 3

√
|v (t)|

)3

4et2
+
π ln

(∣∣∣1∗D 4
5

0+v (t)
∣∣∣)

8 + t2
,

u (0) = 0, v (0) = 0,

(4.22)

Let

f
(
t, u, v, 1

∗D
3
4

0+u
)

=
1 + u (t) + v (t)√

16 + t2
+

arctan (t)

2

(
1
∗D

3
4

0+u (t)
)
.

g
(
t, u, v, 1

∗D
4
5

0+v
)

=
1 +

(
3
√
|u (t)|+ 3

√
|v (t)|

)3

4et2
+
π ln

(∣∣∣1∗D 4
5

0+v (t)
∣∣∣)

8 + t2
.

Clearly f, g : [0, 1]× R3 → R are continuous functions and we have∣∣∣f (t, u, v, 1
∗D

3
4

0+u
)∣∣∣ =

1√
16 + t2

+
1√

16 + t2
|u (t)|+ 1√

16 + t2
|v (t)|

+
arctan (t)

2

∣∣∣1∗D 3
4

0+u
∣∣∣ .∣∣∣g (t, u, v, 1

∗D
4
5

0+v
)∣∣∣ =

1

4
e−t

2

+
1

4
e−t

2 |u (t)|+ 1

4
e−t

2 |v (t)|+ π

8 + t2

∣∣∣1∗D 4
5

0+v (t)
∣∣∣ .

Thus the hypothesis (L3) is satisfied with

a1 (t) = b1 (t) = c1 (t) =
1√

16 + t2
, d1 (t) =

arctan (t)

2
,

a2 (t) = b2 (t) = c2 (t) =
1

4
e−t

2

, d2 (t) =
π

8 + t2
,

a∗1 = b∗1 = c∗1 = a∗2 = b∗2 = c∗2 =
1

4
, d∗1 = d∗2 =

π

8
< 1,

M1 = M2 =
2

8− π
, N1 = N2 =

4

8− π
,

and the condition (4.15),

T ρα

ραΓ (α + 1)
N1 +

T ρβ

ρβΓ (β + 1)
N2 ' 0.8753 < 1.

It follows from theorem 4.2, that the problem (4.22) has a last one solution on [0, 1] .
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General conclusion

In this memory we presented the existence and uniqueness of solution for the nonlinear bound-

ary value problem, initial value problem of Caputo-Katugampola type fractional differential

equation and initial value problem for a coupled system of Caputo-Katugampola type frac-

tional differential equation have been discussed in Banach space [0, T ].

For our discussion we have used the some example are presented to illustrate the usefulness

our results.
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  مهخص:

 ،ششايف)باسخعمال حقنياث اننقطت انصامذة  ،وحذانيت انمعادلاث انخفاظهيت انكسشيت ووجىد  دساستهى  ،ةانمزكش هزهانهذف من 

حيث حعشض بعط اننخائج  ،نىع كابىحى كاحىغامبىلاسنخطشق في انبذايت انى دساست معادنت حفاظهيت كسشيت من  ،(شايذس بناخ و

بعذ رنك سنعانج نظاو معادلاث حفاظهيت كسشيت من نىع كابىحى كاحىغامبىلا حيث نثبج وجىد  .ت حههاوحذاني انمخعهقت بىجىد و

 .اننقطت انصامذة. وفي الأخيش حشفك اننخائج انمحصم عهيها بأمثهت حىظيحيت نظشيتانحم باسخعمال 

 انىجىد وانىحذانيت.  ،مسأنت انقيمت انحذيت  ،كسشيت  حفاظهيت معادنت  ،نىع كابىحى :كهماث مفخاحيت

 

................

Résumé:

L’ objectif de cette mémoire est étudier l’existence et l’unicité des solutions de problème aux lim-
ites d’équations différentielles fractionnaires de type Caputo-Katugampola. Les résultats dérivés

sont basés sur des théorèmes de points fixes (Banach, Schauder, Schaufer). Ensuite nous intéressons à
l’étude d’un système d’équation différentielle fractionnaire de type Caputo-Katugampola. Nous établis-
sons ainsi l’existence de la solution en utilisant la méthode du point fixe.
Nous concluons les résultats obtenus par des exemples illustratifs

Mots-Clés: Type Caputo, équation différentielle fractionnaire, problème aux limites, l’existence et
l’unicité .

................

Abstract:

T he aim of memory is to study the existence and uniqueness of solution to boundary value prob-
lem of nonlinear fractional differential equation with Caputo-Katugampola derivative in bounded

domain. The derived results are based on fixed point theorems (Banach’s, Schauder’s, Schaufer’s). Next,
we establish the existence of solution to a certain coupled system of Caputo-Katugampola fractional dif-
ferential equation. We conclude the results obtained by illustrative examples.

Keywords: Caputo type, fractional differential equation, boundary value problem, existence and
uniqueness.
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