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Notations

Notation Description

N The set of natural numbers

R The set of real numbers

C The set of complex numbers

i< The field R or C

K" Euclidean space

D Directed set

< Preorder on a directed set

A Closure of a set A

a, B,y Indices of a net

&1 Normed/Banach space

C(la, b]) Space of continuous functions on [a, b]
C([0,1]) Space of continuous functions on [0, 1]
C(X) Space of continuous functions on compact X
Co(X) Continuous functions vanishing at infinity
LP([a, b)) Lebesgue space of p-integrable functions

I flloo Supremum (uniform) norm

11y LP-norm

I fllg,p Weighted L”-norm

limy ool fn = flloo =0
limj, .o fr(x) = f(x)
F

(Xa)aeD

(La')aED

eo(x)=1

er(x)=x

ex(x) = x*

T:C([a,b]) — C([a, b])
T(f)z0for f=0
st-lim

Bn(f;x)

(&)

Sn(f; X)

Vn(f; X)

5,
| ran

[:d exp(—gll t—xllz) dx

Uniform convergence
Pointwise convergence

A Cauchy filter

Net (generalized sequence)
Net of positive linear operators
Constant test function
Linear test function
Quadratic test function
Linear operator

Positivity condition
Statistical convergence
Bernstein operator

The binomial coefficient
Sz4sz-Mirakjan operator
Baskakov operator

Dirac measure at x

Integral with respect to measure u

Gaussian kernel integral




Introduction

Approximation theory plays a fundamental role in functional analysis and has numerous appli-
cations in pure and applied mathematics. Among the central results in this area, Korovkin-type
theorems provide powerful criteria for studying the convergence of positive linear operators.

Following the publication of Korovkin’s theorem in 1953 [18], numerous researchers have initiated
systematic efforts to generalize and extend the result in different directions and settings. The main

objectives of these investigations were:

(i) to identify alternative test functions similar to {ey, e1, e»} in C([0, 1]);

(ii) to generalize Korovkin’s first theorem to broader function spaces and, in particular, to ab-

stract Banach spaces;

(iii) to prove analogous results for wider classes of linear operators.

These developments led to the emergence of what is now known as the Korovkin-type Approx-
imation Theory. A significant milestone in this theory was the introduction of Korovkin sets by
Baskakovin 1961 [9]. This notion was subsequently extended by Lorentz [21]. An extensive survey
of the geometric aspects of Korovkin sets was later provided by Berens and Lorentz in 1975 [10].
The theory has been thoroughly developed within the framework of C(X) spaces. Important con-
tributions in this setting were made by Saskin in 1962 [26], Wulbert in 1968 [29], Berens and Lorentz
in 1973 [21], and Bauer in 1978 [7].

During the 1970s and 1980s, the scope of Korovkin-type Approximation Theory expanded consid-
erably. Research extended to classical Banach function spaces such as L (X, u) spaces, as well as to
more abstract structures including Banach lattices and locally convex vector lattices. In particular,
Wolff obtained results of this nature in 1978 [28]for sequentially complete convex linear lattices. A
comprehensive account of the evolution of the theory up to 1994 can be found in the monograph
by Altomare and Campiti [4].

More recently, renewed interest in Korovkin theory has generated further contributions. Notable
works include those of Heping in 2005 [16], Guessab and Schmeisser in 2008 [15], Altomare ,
Leonessa and Rasa in 2008 [5], and Mahmudov in 2009 [23]. For a complete overview of the re-

sults obtained up to 2011, we refer to the survey paper, where Altomare [3] also proposed several
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open problems to stimulate further research in this area.

The main contribution of this master thesis is the extension of the classical Korovkin theorem to
nets (generalized sequences). While the classical theorem is formulated for sequences indexed by
natural numbers, nets allow us to consider convergence for more general directed sets. This gener-
alization is particularly useful in topological spaces that are not first-countable, where sequences
are insufficient to characterize convergence.

This dissertation is divided into three chapters.

Chapter 1 introduces the fundamental preliminaries needed throughout this work. We begin with
Banach spaces and their basic properties, followed by an introduction to the main function spaces
used in approximation theory, namely C([a,b]) and L”([a, b]). We then recall the concepts of
pointwise and uniform convergence for sequences of functions. The chapter concludes with an
introduction to nets (generalized sequences), including directed sets, convergence of nets, funda-
mental properties such as the characterization of closure and continuity, and Cauchy nets. These
notions are essential for the generalization presented in Chapter 2.

Chapter 2 recalls the definition and basic properties of positive linear operators,and devoted to
Korovkin-type approximation theory and positive linear operators. We present the classical Ko-
rovkin theorem, the associated test functions, and several generalized forms involving nets and
statistical convergence.

Chapter 3 we discuss several applications of Korovkin-type theorems. Particular attention is given
to approximation results in C (X ) and Lp-spaces, as well as to important classes of positive linear
operators such as Bernstein, Szdsz-Mirakjan, and Baskakov operators.

In summary, this thesis provides a self-contained introduction to Korovkin-type approximation
theory, with a particular emphasis on the generalization to nets. The theoretical results are il-
lustrated through classical examples of positive linear operators, demonstrating the power and
versatility of Korovkin’s theorem in approximation theory. This work highlights the significance of

positive linear operators as effective tools in functional analysis and approximation theory.



Chapter 1

Preliminaries

1.1 Banach Spaces

A Banach space is a complete normed vector space, meaning every Cauchy sequence con-

verges within the space. It plays a central role in functional analysis and the study of convergence.

Definition 1.1. (Normed Spaces) Let X be a linear space over the field R or C. A function || - || : X —

[0,00) is called a norm on X if forall x,y € X and a € R (or C) the following properties hold:
1. |lxll =0 ifandonlyifx = 0.
2. llax| = lalllxIl.
3. lIx+yl<lxll+ Iyl (Triangle inequality).

The pair (X, || - ||) is called a normed linear space.

Definition 1.2. (Cauchy Sequence) Let (X, | - ) be a normed vector space. Let (x,), be a sequence

in X. Then (xy), is a Cauchy sequence if and only if:
Ve>0,AN e Nsuch thatvm,neN, m,n=N == ||x, — xnl <€.

Definition 1.3. (Banach Spaces) Let (X, | - ) be a normed linear space. If every Cauchy sequence in

X converges to an element of X, then (X, | - ||) is called a Banach space.

Example 1.1. The Euclidean space
K" ={x=(x1,%2,...,%n); x; €K, i =1,...,n},

with
n
lxly =) lxil,  x=(x1,%2,...,%,) € K",
i=1

is a Banach space.



Example 1.2. Forany p € [1,00],

0P (K) = {x: (Xn)n=1 <K Z |xn!” <OO}

n=1
with
00 1/p
lxllp = (Z Ixnl”) ,
n=1

is a Banach space.

1.2 Fundamental Function Spaces

This section defines Banach function spaces and introduces the space of continuous func-

tions C([a,b]) and LP([a, b]), for more details, see [20].

Definition 1.4. (Banach Function Spaces) Let M be the set of all measurable functions on R". A

linear subspace X c M is called a Banach function space if there exists a norm || - | x such that:
i. Ifllx=0ifandonlyiff =0 almosteverywhere.
i. Afllx=IAfllx.
ii. [f+glx=Ifllx+Iglx.
iv. f0sg<fthenlglx=<Iflx.

Proposition 1.1. If f and g are two continuous functions, then

1f + 8lloo = 1l flloo + 18 lloo-

Definition 1.5. (The Space of Continuous Functions C([a, b]) ) Let [a, b] € R. The space C(|a, b)) is
defined as
C(la,b]) ={f :la, bl — R| f is continuous on |a, b]},

with

[ flloo= sup [f(x)l,

x€la,b)

is Banach space with respect to the supremum norm.

Proof 1. For any x € [a, b], by the triangle inequality for real numbers,
If(0)+ 8@ =1f()]+Igx)I.
Since || flloo = SUPye(qp | f(X)| and 1§ llco = SUP x¢[4,p 18 (X)|, we have for all x € [a, b]:

FO=flloor  18X) = 1I8llco-



Thus,
If () + 8 <flloo+ lIgllco-

The right-hand side is a constant independent of x. Taking the supremum over all x € [a, b] yields

If+8leo= sup [f(x)+gX)=flloo+18lloo-

x€la,b]
Definition 1.6. We denote by C([0,1]) the space of all real-valued continuous functions defined on

[0, 1], endowed with the uniform norm

[flloo = sup [f(x)I.
x€[0,1]
Definition 1.7. Let X be a locally compact Hausdorff space. The space
Co(X)={feC(X); Ve >0, IK < X compact such that|f (x)| < € for all x ¢ K}

Definition 1.8.
C®(X) ={f: X — R; f is infinitely differentiable on X}

Definition 1.9. (The Space L”([a,b])) Let1 < p <oo. The space LP([a, b)) is defined as

b
LP(la, b)) = {f: la,b] — R |f |f(x)|de<oo},
a

11, = Ulf(x)lpdx))%.

1.3 Concepts of Convergence of Sequences

Let E < R be a set and let (f,)5., be a sequence of real-valued functions on E. Suppose that f is

also a real-valued function on E.

Definition 1.10. (Pointwise Convergence) A sequence ()5, is said to converge pointwise to f on

E as n — oo if for each x € E and each € > 0, there exists N € N such that
|fn(x)= f(x)|<e foralln>N.
Here, N may depend on both € and x.

Definition 1.11. (Uniform Convergence) A sequence (f,)5., is said to converge uniformly to f on

E if for each € > 0, there exists N € N such that
|fn(x)— f(x)|<e foralln> N and forall x € E.

Here, N depends only on € and not on x.

In other words, uniform convergence occurs when the same N works for all x € E.
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Example 1.3.

fn(x)=x" converges pointwiseto f(x) = {(1) Z;):SIX< 1,
Proof 2. Consider f,,(x) =x", x€]0,1]. Letx€[0,1).
Since0 < x <1, we have

x" = 0asn— oco.

Hence,
lim f;,(x)=0.
n—.oo

Now, if x =1, then f,,(1) = 1" =1 for all n, and therefore
nlim frn()=1.

Thus, f, converges pointwise on [0, 1] to the function

0, 0=sx<1,

f(x)Z{l’ .

Example 1.4. The functions f(x) = x"(1 — x) converge both pointwise and uniformly to the zero

function as n — oo.

Proof 3. Consider

fn(x)=x"1-x), x € [0,1].

First, we prove pointwise convergence.
Letx€10,1].
Ifx=1, then
fr=1"1-1=0.

If0<x<1, then x" — 0 as n — co. Hence,
x"(1-x)—0.

Therefore,
fn (x) — 0.

for every x €[0,1]. Thus, f,, converges pointwise to the zero function.
Now we prove uniform convergence.
We compute the derivative:

fl(x)=nx""11 - x) - x".

n-1

Factoring x"~ ", we get

flx)=x"Yn-(n+1)x).

7



Hence the critical point is

Evaluating f,, at this point,

A=) ()

Thus,
n o 1
su xX)|=|—— )
xe[or’)l]lfn( )| (n+1) n+1
Since,
n n
(1) =
n+1
we obtain,
1
sup |fp(x)|]< ———0.
x€[0,1] " n+1
Therefore,

fn—0
uniformly on [0,1].

Theorem 1.1. Let (f,)., is a sequence of real-valued functions on some domain E. If (fn)5.,

continuous and converge uniformly to f as n — co. Then f must also be continuous.

Proof 4. We need to show that f is continuous at any point c € E. Use uniform convergence:
Let € > 0 be given. By the definition of uniform convergence, there exists N € N such that foralln > N
and forall x € E,
)= FOI <.
Fix such an n > N (for example, n= N +1).

Use continuity of fy:

Since f,, is continuous at c, there exists 6 > 0 such that whenever |x — c| < 6 and x € E, we have
€
|fn(x) _fn(c)| < g

Forany x € E with|x—c| <9,

Ifx) = f@I=1f(x)= fa|+1fn(x) = falOl+1fulc) = fO)

E € €
<—+-+-

3 3 3
= €.

For every € > 0, there exists § > 0 such that | x — c| < 0 implies

[fx)—flol<e.

Hence, [ is continuous at c. Since ¢ was arbitrary, [ is continuous on E.



. . 0o o . .
Corollary 1.1. If a sequence of continuous functions (f)5_, converges pointwise to a discontinuous
function as n — oo, the convergence cannot be uniform.

This corollary applies directly to the example f,,(x) := x" on [0, 1] already analyzed above.

1.3.1 Basic Properties of The Sup Norm

Definition 1.12. (Extreme Value Theorem) Let I = [a, b] be a compact interval and let f : I — R be
continuous. Then f attains both a maximum and a minimum value on 1. That is, there exist points
Xm, Xpm € I such that

flxm) < fx) < flxm), Vxel.

By the Extreme Value Theorem, the supremum of any continuous function on a compact interval
is always attained. Thus, if I is compact and f is continuous, then | f|l is always defined and

finite.

Definition 1.13. (The Sup Norm) Let I be an interval and let f : I — R be a real-valued function.
We define the uniform (or supremum) norm of f by
I flloo :=suplf (D).
tel

(Note that other notations such as || f ||y may also be used for the same concept.)

Theorem 1.2. (Uniform Cauchy Criterion) A sequence of functions (f)_, converges uniformly on

I as n — oo if and only if for every € > 0, there exists some N such that for alln,m > N,

||fn_fm||oo<€-

Example 1.5. The series) ], x" converges uniformly on [0, %].

To prove this, use the uniform Cauchy Criterion. Let Sk (x) be the K-th partial sum:

Sg(x):=x+ x>+ +xK,

Then for Ky > K>,

Sk, (X) = Sk, (x) = etl ooy K

Thus,

Ko+1 K
”SK1_SK2||oo: sup (x 2t o x 1)
x€[0,1/2]

= sup x4 4 xfkey

x€[0,1/2]

Since x € [0, %], we have

Ki-Kp-1 _ %> k_ L
T-px 7Rl Yy = ——
k=0 1-x

9



Hence,

ISk, — Sk, lloo = 2752712,

So if N is large enough such that2~" < € and K; > K, > N, then

1Sk, — Sk, loo < E.

1.4 Concepts of Convergence of Nets

The concept of nets generalizes sequences and overcomes their limitations in general topo-
logical spaces. By using directed sets instead of the natural numbers, nets provide a more flexible
framework for studying convergence and play a central role in modern topology. Before defining

Net, we need to introduce some basic concepts[12].

Definition 1.14. A preorder on a set D is a binary relation < on D that is reflexive and transitive;
thatis, x<x forallxe D,

and wheneverx <y and y=zthenx=z.

Definition 1.15. (Directed Set [27]) A directed set is a nonempty set D together with a preorder <

such that for any a, p € D, there existsy € D witha <y and <.

Example 1.6. The set N with the usual order < is a directed set.

Definition 1.16. (Net) Let D be a directed set and E a topological space. A net in E is a function
x:D—E,

denoted by (Xg) qeD-

Example 1.7. Let D = R with the usual order <. Since every two elements of R have a common upper
bound, (R, <) is a directed set.

Define the net (xq) gep by

Then

limx, = 0.
a

1
Indeed, for every € >0, choose ag > ¢ — 1. Then, forall a = ay,
[Xq| = —— <E.
a

Hence, x, — 0.

10



The concepts of accumulation points, closures of sets, and even the topology of a space can
be characterized using convergence. The proofs are essentially similar to the classical arguments

used for sequences in the real numbers, with only minor modifications[17].
Theorem 1.3. Let E be a topological space. Then:

(a) A points is an accumulation point of a subset A of E if and only if there is a net in A\ {s} which

converges 1o s.

(b) A point s belongs to the closure of a subset A of E if and only if there is a net in A converging to

S.

(c) Asubset A of E is closed if and only if no net in A converges to a point of E\ A.

Proof 5. Ifs is an accumulation point of A, then for each neighborhood U of s there is a point sy of
A which belongs to U\ {s}. The family % of all neighborhoods of s is directed by =2, and if U and V
are neighborhoods of s such thatV < U, thensy € V< U.

The net {sy : U € U} therefore converges to s. Conversely, if a net in A\ {s} converges to s, then this
net has values in every neighborhood of s, and hence A\ {s} intersects every neighborhood of s. Thus
s is an accumulation point of A. This proves (a).

To prove (b), recall that the closure of a set A consists of A together with all the accumulation points
of A. For each accumulation point s of A, there is by part (a) a net in A converging to s. For each
point s € A, any constant net with value s converges to s. Hence every point of A is the limit of a net
inA.

Conversely, if there is a net in A converging to s, then every neighborhood of s intersects A, and
therefore s € A. This proves (b).

Finally, proposition (c) follows immediately from (b), since A is closed if and only if A = A.

Theorem 1.4. A topological space is a Hausdorff space if and only if each net in the space converges

to at most one point.

Theorem 1.5. A point s in a topological space is a cluster point of a net S if and only if some subnet

of S converges to s.

Proof 6. Let s be a cluster point of S and let %% be the family of all neighborhoods of s. Then the
intersection of two members of % is again a member of %, and S is frequently in each member of
U . Consequently the preceding lemma applies and there is a subnet of S which is eventually in each
member of %, that is, converges to s.

If s is not a cluster point of S, then there exists a neighborhood U of s such that S is not frequently in
U, and therefore S is eventually in the complement of U. Then each subnet of S is eventually in the

complement of U and hence cannot converge (o s.

11



Proposition 1.2. If f: X — Y, f is continuous at xy, and {x;} is a net in X that clusters at xy, then

{f (x;)} clusters at f(xo).

Proof. Let V be any neighborhood of f(xp). Since f is continuous at xy, there exists a neighbor-
hood U of x such that f(U) < V. Because {x;} clusters at xp, for every i there exists j = i with
xj€ U. Then f(x;) € f(U) < V. Hence for every i there exists j = i such that f(x;) € V. Therefore

{f (x;)} clusters at f(xp). O

Proposition 1.3. [12] Let K < X. Then K is compact if and only if each net in K has a cluster point
ink.

Proof 7. [12] Suppose that K is compact and let {x; | i € I} be a net in K. For eachie€ I, let F; =
{xj | j = i}. Then each F; is a closed subset of K. We show that {F; | i € I} has the finite intersection
property. Since I is directed, for any i,...,i, € I there exists i = iy,...,i,. Then F; < ﬂ]’;‘leik, SO
the intersection is nonempty. Because K is compact, there exists x € ;e F;. For any open set U
containing xo and any iy € I, the fact that xy € {x; 11 = io} implies there exists i = iy with x; € U.
Hence xy is a cluster point of the net.

Conversely, assume each net in K has a cluster pointin K. Let {K, | @ € A} be a collection of relatively
closed subsets of K with the finite intersection property. Let & be the collection of all finite subsets of
A, ordered by inclusion. For each F € &, choose a point xg € ({Ky | a € F}. Then {xp} is a netin K.
By hypothesis, it has a cluster point xy € K. Fix any ag € A. For any open set U containing Xy, there
exists F € & with ay € F and xp € U. Since xr € Kg,, we have UN Ky, # @. Thus xg € K_ao = Ky, (as

Ky, is relatively closed). Hence xo € (ge s Ko, S0 K is compact.

The concept of a subnet allows one to show that whenever a net has a cluster point x, there
exists a subnet converging to x. Although the definition of a subnet is somewhat technical, it plays
an important role in topology. A detailed treatment can be found in Kelley [1955]. Moreover, a

topological space is Hausdorff if and only if every convergent net has a unique limit.

Definition 1.17. (Subnet [17]) A net (Yp)gen is a subnet of a net (xq)aep iff there exists a function
N on D with values in D such that
(@) T =SoN, orequivalently T; = Sy, for each i in D; and

(b) for each m in D there exists n in E such that, if p = n, then N, = m.

Definition 1.18. (Convergence of Nets) A net (x,) in a topological space E converges to x € E if for

every neighborhood U of x, there exists ag € D such that

xqe€U foralla=ay.

12



Definition 1.19. (Convergence in Norm) Let (x,) be a net in a normed space X. Then xo — x if
[ Xq — x|l = 0.

Theorem 1.6. In a topological space, a point x is a limit of a net (x,) if and only if every neighbor-

hood of x contains eventually all elements of the net.

Proof 8. Let (xy)qeca be a netin a topological space E, and let x € E.
By definition, the net (x,) converges to x if and only if for every neighborhood U of x, there exists
ao € A such that for all a = oy, we have

xq € U.

But this condition means exactly that every neighborhood of x contains eventually all elements of
the net.

Hence,
Xq — X <= every neighborhood of x contains eventually all elements of (x,).

Therefore, the theorem is proved.

1.4.1 Fundamental Properties of Nets

In this section, we present some fundamental properties of nets and their role in describing

convergence and other topological concepts [12].

Proposition 1.4. (Uniqueness of Limits) In Hausdorf{f spaces, a net has at most one limit.

Theorem 1.7. (Characterization of Closure) A point x € E belongs to the closure of a set A< E if

and only if there exists a net (x,) in A that converges to x.

Proof 9. Let% ={U: U isopen and x € U}.

(=) Suppose x € A. Then for each U € U there exists a point x; € AnU. IfUy € %, then xy € Uy for
every U = Uy (with respect to the ordering by reverse inclusion). Thus the net (xy) in A converges to
X, l.e. x =limxy.

(<) Conversely, suppose there exists a net (x,) in A such that x, — x. Then for each U € % there is
some aq such that xo € U for all a« = ay. Since x4 € A, this shows U contains a point of A. Hence

x € A.

Theorem 1.8. (Continuity) A function f : E — Y between topological spaces is continuous if and

only if for every net (x,) converging to x in E, the net (f (x,)) convergesto f(x) inY.
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Proof 10. (=) Assume f : E — Y is continuous at x € E, and let (x,) be a net in E such that x, — x.
IfV is an open set in Y with f(x) € V, then by continuity there exists an open set U < E such that
xeU and f(U) < V. Since xo — X, there exists ag such that x, € U for all « = ay. Hence f(x,) € V
forall a = ay, which shows f(x,) — f(x).

(<) Conversely, suppose f is not continuous at x € E. Then there exists an open set V < Y with
f(x) € V such that for every open neighborhood U of x in E, we have f(U)\V # @. Thus for each U
in% =1{U : U openinE, x € U} there exists a point xy € U with f(xy) € V. The net (xy) converges
to x, but (f(xy)) cannot converge to f(x) since it avoids V. This contradiction shows that f must be

continuous at x.

Theorem 1.9. (Compactness) A topological space E is compact if and only if every net in E has a

convergent subnet.

Sequences are special cases of nets where the directed set is N with the usual order. While se-
quences are sufficient to characterize convergence in metric spaces, they are not adequate in gen-
eral topological spaces. Nets generalize sequences and allow the study of convergence in spaces
that are not first-countable. In particular, every sequence is a net, but not every net can be rep-
resented as a sequence. This distinction becomes essential in non-metrizable spaces, where se-

quences fail to capture all topological properties.
Proposition 1.5. Every sequence is a net, but not every net is a sequence.

Proof 11. Let (x,),en be a sequence in a set E.
Recall that a net is a function

x:D—E,

where D is a directed set.
Since (N, <) is a directed set (because for every m, n € N there exists p = max(m, n) such that m < p
and n < p), every sequence

(Xn) nen

can be viewed as a net indexed by N. Hence e very sequence is a net.

Now consider the directed set (R, <) and define
Xq = Q, aeR.

Then (xy) qcr is a net, since R is directed under the usual order.
However, it is not a sequence because its index set is R rather than N. Therefore, not every net is a

sequernce.
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1.4.2 Cauchy Nets

Cauchy nets play a fundamental role in the study of completeness in uniform and topologi-

cal spaces, generalizing the notion of Cauchy sequences to more general directed sets [17].

Definition 1.20. A net{S,, n € D} in the uniform space (X, u) is a Cauchy net iff for each member U

of u there is N in D such that (S,,,S,) € U whenever both m and n follow N in the ordering of D.
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Chapter 2

Korovkin-Type Theorem and Positive Linear
Operators

The Korovkin theorem is a fundamental result in approximation theory. It provides a sim-
ple criterion to verify the convergence of a sequence of positive linear operators. In this chapter,
we study Korovkin-Type approximation theorems and their extensions using different modes of

convergence [14].

2.1 Positive Linear Operators

We begin by introducing positive linear operator: Boundedness ensures that positive linear opera-
tors not only preserve order but also act continuously, making them stable tools in approximation

theory|[2], [6].

2.1.1 Defition and Basic Properties

Definition 2.1. (Positive Linear Operator) A linear operator T : C([a, b]) — C([a, b)) is called posi-
tive if

Vxela,b], f(x)=0 = T(f)(x)=0.

Definition 2.2. (Sequence of Positive Linear Operators) A sequence (Ly), of linear operators is

called a sequence of positive linear operators if each L,, is a positive linear operator. For n € N.

Positive operators preserve order: if one function lies below another, the operator keeps this in-

equality intact.

Proposition 2.1. (Monotonicity) Let T : C([a, b]) — C(la, b]) be a positive linear operator. If f,g €
C(la, b]) such that f(x) < g(x) forall x € [a, b, then

T(H(x)=T(@x), Vxela,bl.
Proof 12. Suppose that f(x) < g(x) forall x € [a, b]. Then

gx)—f(x)=0.
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Since T is a positive linear operator, we have

T(g—-fx)=0.

By linearity,
T(g)x)—T(f)(x)=0,

Hence

T(f)(x) = T(g)(x).

Boundedness ensures that positive linear operators not only preserve order but also act con-

tinuously, making them stable tools in approximation theory [2].
Theorem 2.1. (Boundedness) Every positive linear operator T : C(|a, b]) — C(la, b]) is bounded.

Proof 13. Let f € C([a, b]). Then we have

lf)I=floo, Vx€la,bl.

Thus,
—flloo = f(2) =1 flloo-

By monotonicity (Proposition 2.1) of T, we get

T(=1flloo) = T())(x) = Tl flloo)-

Tl flloo) = Il fllo T (D),

and

T(=11flleo) = =l flloo T(1).
Hence,

IT(H = fllool T(D) lloo-
Therefore,

IT (oo = IT W llooll flloo-

which shows that T is bounded.
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2.1.2 Examples

We now present some examples :

Example 2.1. (The Identity Operator)
I:C([a,b]) — C(la, b)) is defined by

Itf)=f, YfeC(a,b).

is a positive linear operator.

Indeed, I is linear since we have

Iaf+Bg)=af+pg=al(f)+pPI(g).

And it is positive for If f (x) = 0, then 1(f)(x) = f(x) = 0. Norm:

11(lloo =l flloos

so|I|l=1.

Example 2.2. (Integral Operator)
Define the operator T : C([0,1]) — C([0,1]) by

X
T(f)(x) :fo f(ndt, xel[0,1].
Then T is a linear operator since for all f, g € C([0,1]) and a, b € R, we have

T(af+bg)(x):f0 (af(t)+bg(t)dt=aT(f)(x)+bT(g)(x).

2.2 C(Classical Korovkin Theorem
2.2.1 Test Functions

We introduce the test functions used in Korovkin’s theorem, which are sufficient to deter-

mine the convergence behavior of the considered operators [4].

Definition 2.3. (Korovkin Test Functions) Let C([a, b]) be the space of all continuous real-valued

functions on the compact interval [a, b]. The classical Korovkin test functions are defined by

fox) =1, fix) =x, H(x) = x%

These functions play a fundamental role in Korovkin-type approximation theory. If a sequence of

positive linear operators (T,) satisfies
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n—oo

then for every f € C([a, b]) we have

lim | T, (f) = 1l = 0.

Hence, the convergence of (Ty) on the three test functions 1, x, x> guarantees the convergence for all

functions in C([a, b]).

2.2.2 Geometric Interpretation

The classical Korovkin theorem admits a natural geometric interpretation. The set of test functions
{1, x, x?} forms a three-dimensional subspace of C([a, b]) that is sufficient to control the uniform

convergence of any sequence of positive linear operators.

* The constant function fy(x) = 1 captures the vertical shift and ensures the preservation of

mass or scaling.

* The identity function fj(x) = x captures the linear behavior (slope), allowing the operators

to correctly approximate first-order moments.

e The quadratic function f,(x) = x* captures the curvature (second-order moment). This
function is crucial because it allows bounding the pointwise difference |f(#) — f(x)| by a

quadratic expression via uniform continuity.

More precisely, for any f € C([a, b]) and any € > 0, there exists § > 0 such that if | — x| < §, then
|f(t) — f(x)] < e. For the case |t — x| = §, we use the boundedness of f to obtain the classical

estimate:

If@) -~ f)l<se+Mr-x7
where M = 2| flloo 6 2.
This quadratic estimate, combined with the positivity and linearity of the operators T}, yields:

| Ty (f;2) — FX)| < € Ty (1; %) + M Tp((- — 0% %) + | £ (0] Ty, (1; %) - 11.

Since T,,(1) — 1 and T;,((- —x)%) — 0 uniformly (the latter follows from convergence on 1, x, x%), we
obtain T, (f) — f uniformly. Thus, Korovkin’s theorem shows that approximating these three basic
geometric shapes (constant, linear, and quadratic) is sufficient to approximate every continuous

function uniformly on [a, b].
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Remark 1. Geometrically, the three test functions represent the building blocks of approximation:
translation (1), slope (x), and curvature (x2). Their role is analogous to the first three monomials in
the Weierstrass approximation theorem, but here they are specifically designed to work with positive

linear operators.

2.2.3 Statement and Proof

We now present the classical Korovkin theorem, which provides a fundamental characteri-

zation of the convergence of positive linear operators in terms of simple test functions[19], [18].

Theorem 2.2. (P. P. Korovkin 1953)

Consider xo(t) =1, x1(t) = t, x2(t) = t? for t € [a,b]. Forn=1,2,..., let
T, :C(la, b)) — C(la, b))

be a positive linear operator. If T,(x;) — x; uniformly on [a,b] for j = 0,1,2, then Ty,(x) — x uni-

formly on |a, b] for every x € C([a, b]).

2.2.4 Proof of Korovkin Theorem

The proof of the theorem based on positivity arguments and uniform convergence tech-
niques in spaces of continuous functions.
If x € C([a, b]), then x = Rex + i Imx, where Rex,Imx € C([a, b]) are real-valued. Since T,,(x) =
T,(Rex)+iT,(Imx) for each n, it is enough to prove that 7,,(x) — x when x is real-valued. Let then
x € C([a, b]) be real-valued.
Since x is bounded, there exists some a € R such that |x(¢)| < a for all € [a, b]. For ¢, s € [a, b], we
have

=2a < x(t) —x(s) <2a.

Let € > 0. Since x is uniformly continuous on [a, b], there exists 6 > 0 such that for ¢, s € [a, b] with
|t —s| <&, we have

—e<x(t)—x(s) <e.
Now fix s € [a, b] and consider the function
ys()=(t-9?%  tela,bl.

Then for |t — s| = §, we have

ys(£) = 62,
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Combining these inequalities, we see that for all ¢ € [a, b],

2a 2a
—£— Eys(t) <x(t)—x(s)<e+ ﬁys(t).
Since each T}, is positive and linear, we have
2a 2a
—-eTy(x0) — = Tn()’s) < Tp(x) —x(8) Ty(x0) = €Ty(x0) + = T (ys)

62 62

By assumption, (T}, (xp)(s)) converges to 1 uniformly for s € [a, b].
Also, since

Vs =X —28X1 + szxo,

we have

T (y5)(8) = Tn(x2)(8) = 25T (x1)(5) + 5° T (%) (5).
Hence by assumption, (T, (y;)(s)) converges to
§2—2s-5+5%1=0
uniformly for s € [a, b].

Thus (T, (x)(s)) converges to x(s) uniformly for s € [a, b].

2.3 Korovkin-Type Theory for Nets (Generalized Sequences)

The classical Korovkin theorem is formulated for sequences of positive linear operators.
However, in more general topological settings, sequences may not be sufficient to characterize
convergence. For this reason, the notion of nets(that is introduced in Section 1.4) allows a natural

extension of Korovkin-type approximation theory [4].

Theorem 2.3. Let (Ly)qecp be a net of positive linear operators on C(la, b]). If
Lo(f)—fi (@=0,1,2)

uniformly on [a, b], where

=1 fiw=x frlx)=x%

then
La (f) - f

uniformly for every f € C([a, b]).
Proof 14. Let f € C([a, b]). Since L, is positive and linear,

[Lo(f;%) = f(X)| = |La(1;x) = LI f () + Lo (1 f(2) = f(X)];x).
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By continuity of f, for every € > 0, there exists C > 0 such that

If(t) - f(x)| <e+C(t—x)>2

Hence,
ILa(f;%) — f(X)| < €Lg(1;%) + C Lo ((t— %)% X) + | f ()| L (1; X) — 1].
Now,
Lo ((t=%)% %) = La(£%;X) = 2x Lo (£; %) + X* Lo (1; X).
Using

Lo1) =1, Lo()—t,  La(t?) — ¢

uniformly on |a, b], we get

Lo((t—x)%x) — 0.

Therefore,
”La(f) _f”oo — 0.

Thus,
Loc (f) - f

uniformly on [a, b].
2.4 Statistical Korovkin-Type Theorem

Statistical convergence generalizes classical convergence by allowing a small subset of terms to

deviate from the limit [24].

Definition 2.4. A sequence (xy) is said to be statistically convergent to L if for every € > 0,
. 1
lim —|{k<n:|x.—L|l=¢€}|=0.
n—oon
2.4.1 Classical Statistical Korovkin Theorem
Theorem 2.4. Let (L,) be a sequence of positive linear operators on C([0,1]). If
St_r}l—lll;lo”Ln(ﬁ)_f‘l”:O’ i:071y2)

then
st= lim | Ly(f) = 1l =0

forall f € C([0,1]).
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The following result gives a Korovkin-type approximation theorem on an infinite interval by using

exponential test functions.

Theorem 2.5. Let (L) be a sequence of positive linear operators from C(I) into C(I). Then for all
fecw,
St— klim ILk(f,%) = f(X) oo =0
ifand only if
St— klirn |Lk(1,x) = 1lleo =0,
st— klim ILk(e™%,x) —e *lloo =0,

st— lim | Lp(e™%%,x) — e || = 0.
—00

Remark 2. Theorem 2.5 extends the classical statistical Korovkin theorem to functions defined on

infinite intervals by using the test functions

1, e~ %, e,
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Chapter 3

Applications

In this chapter, we present classical examples of positive linear operators to which Korovkin-type
theorems apply. These operators are fundamental in approximation theory and serve as illustra-

tions of the theoretical results established in Chapter 2.

3.1 Korovkin-Type Theorem for The Identity Operator on C(X),
X Compact

Korovkin-Type theorems give practical conditions to study the convergence of sequences of posi-
tive linear operators on C(X), where X is compact. Instead of checking convergence for all func-
tions, it is enough to verify it on a small set of test functions. In this context, for the identity op-
erator, such results describe subsets of C(X) that ensure uniform convergence of the operators

[3].
Theorem 3.1. Let M be a subset of C(X) that separates the points of X. Then
{1}u MU M?

is a Korovkin subset of C(X).

Moreover, if M = {f1,..., fu}, n = 1, is finite, then

{l,fl,...,fn,;ﬁ?}

is a Korovkin subset of C(X).

In particular, if f € C(X) is injective, then
£ %
is a Korovkin subset of C(X).

As an immediate application of Theorem 3.1, we present the following examples of Korovkin sub-

sets in C([0,1]).
Proposition 3.1. 1. If0< Ay < Ay, then{l, ey, ey,} is a Korovkin subset of C([0,1]), where
ey (x):=x", xel0,1], k=1,2.
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2. Ifue C([0,1]) is strictly convex, then {1, ey, u} is a Korovkin subset of C([0,1]).

Note that the space A(K) includes all constant functions together with the restrictions to K of con-
tinuous linear functionals defined on E. By virtue of the Hahn-Banach theorem, these functionals

separate the points of K. Consequently, Theorem 3.1 implies that

Corollary 3.1. A(K)U A(K)? is a Korovkin subset of C(K).

Now, we consider a continuous selection (fi,) yex of probability Borel measures on K, i.e., for every

f € C(K) the function
x-—»f fdpy
K

is continuous on K. This function will be denoted by T'(f), that is

T(f)(x) := fK fdfix, (xek).

Note that T is a positive linear operator from C(K) into C(K) and T'(1) = 1.

Examples of Bernstein—-Schnabl Operators

Example 3.1. Consider the d-dimensional simplex K ofIRd . For every x = (xy,...,Xxq) € Ky, define

d d
i=1 i=1

where a; = (6i)1<j<d-
Then the Bernstein-Schnabl operators associated with (fi,) coincide with the classical Bernstein op-

erators on K.

Example 3.2. Consider the hypercube Q = [0,1]%. For every x = (x1,...,X4) define

~ — h —
f= Y xMA-x) M eex Q- xg) M6y,

..... hy'
hy,...,hi€{0,1}

where bhl,...,hd = (6h11r---»5hd1)-

Then the Bernstein—Schnabl operators reduce to the classical Bernstein operators on Qg .

Theorem 3.2. For every f € C(K),
nh_rp B, (f)=f uniformlyonK.

Further properties of the Bernstein—Schnabl operators, such as quantitative estimates of the rate
of convergence, asymptotic formulas, and shape-preserving features, as well as their connections

with the approximation of positive semigroups and the study of evolution equations.
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3.2 Korovkin-Type Theorem in L” Spaces

Korovkin-type theorems provide a powerful and efficient tool to study the convergence of se-
quences of positive linear operators. While the classical version is formulated in the space C([0, 1])
of continuous functions, these results can be extended to the Lebesgue spaces L” ([0, 1]), where

1 < p < o0, allowing the approximation of integrable functions [4].

Theorem 3.3. Let (L,),>1 be a sequence of positive linear operators acting on L”([0,1]), 1 < p < co.
Assume that
nli_r.Ic}olan(g) -glp=0

for each test function g € {1, t, t?}. Then, for every f € LP([0,1)), it follows that
Tim [ILx(f) = fl, = 0.

We present the following application of korovkin-type Theorems in weighted L” Spaces [3].

An Application of Korovkin-Type Theorem

Theorem 3.4. Let: RY — (0, +o0o) be a measurable function such that

Cyp:= sup {;f (p(x)exp(_ﬁnt_x”z) dx}<+oo
. n=1, teRd (4nm)4/2 Jpa 4 .

For every n = 1, define the operators G,, by

() () = fR K1) () dpten ()

where

n
Kn(x, 1) = —let—xllz).

1
———— X
PETEE
Then, for every p € [1,+00) and f € LP(R%, ue), the operator G,(f) is well-defined, belongs to
LP(RY, Lev), and satisfies

”Gn(f)”(p,p < max{l, Cyp} ”f”(p,p-

Moreover, if the functions 1, x1,..., Xa, 2§, X7 belong to LP [R?, ie0), then
Y [1Gu(f) = fllg,p =0,
forevery f € LP(RY, pi»).

Remark 3. The above result provides an application of Korovkin-type theorems in weighted L”
spaces using a sequence of positive linear integral operators with Gaussian kernels. Typical exam-

ples of admissible weight functions include

—m| x|l
)

px)=A+1xI™1 or @x)=e m=>1.
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Korovkin-type theorems in L” spaces extend classical approximation results to integrable func-
tions. By reducing convergence verification to a small set of test functions, they provide an effec-

tive criterion widely used in approximation theory.

3.3 Bernstein Operators

Bernstein operators are among the most important examples of positive linear operators used in
approximation theory. They provide a constructive proof of the Weierstrass approximation theo-
rem.

These operators also play a central role in Korovkin-type approximation theory, as they satisfy the

Korovkin test functions conditions [25].

Definition 3.1. Let f € C([0,1]). The Bernstein operator B, (f) is defined by

Bn(f;x)=Zf(k)(n)xk(l—x)”"“, x€[0,1].
im0 \nJ\k

The Bernstein operators possess several fundamental properties which follow directly from their

definition. First, they are linear operators.
Proposition 3.2. Bernstein operators are positive linear operators.

Proof 15. Let f,g€ C([0,1]) and a,b e R. Then

niopson=E oo o=

k=0
_nfnk_n—kn(f)”k_n—k
_aié)f(n)(k)x (1-x) +bkzzogn kx(l x)
=aBy(f;x) + bB,(g; x).

By, is a linear operator.

Now, suppose that f(x) =0 forall x € [0,1]. Since

f(%) >0, (Z)xk(l — )"k,

foreveryk=0,...,n and x € [0,1], it follows that

B,(f;x) = Z f(k) (n)xk(l _x)n—k >0.
k=0 n k

Therefore, By, is a positive operator. Consequently, the Bernstein operators are positive linear opera-

tors.
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3.3.1 Application of Korovkin Theorem

To apply Korovkin’s theorem, we check the test functions:

Lemma 3.1. Let

=1, e=t  e(t)="r>

Then the Bernstein operators By, satisfy
By(eg; x) =1,

By(e1;x) = x,

and
x(1—x
Bn(ez;x):x2+ ( ).
n

Proof 16. Using the definition of the Bernstein operators

¥ E N\ ki an—k
Bn(f,x)—k;f(n)(k)x (1-x)"7%,

we obtain directly

x(1-x)

Buleg;x)=1,  Bp(e;;x)=x,  Bplesx)=x*+

3.3.2 Convergence of Bernstein Operators

For every function f € C([0, 1]), the sequence B (f) converges uniformly to f on [0, 1].

This result is known as Bernstein’s proof of the Weierstrass approximation theorem [22].

Theorem 3.5. (Bernstein) Let f € C([0,1]). Define

- E N ko n—k
Bn(f;x)—];)f(n)(k)x 1-x) .

Then
nh_l:l(}OBn(fix) = f(x)

uniformly on [0, 1].

Proof 17. Consider a random variable X;, ~ Binomial(n, x). Then

X
B, (f;x) =L [f(—n) . E:isexpected value.
n
Since f is uniformly continuous, for any € > 0 there exists § > 0 such that

lu—vi<éd=|f(u)-fwl<e.
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Hence

Xn
— X
n

1Bn(f;2) — f(X)] S€+2||f||ooP(

).

Using Chebyshev inequality,

i

With P : is probability function Thus

Xn
— X
n

né?

1-
> 6) < X1 - . With P: is probability function.

C
|B,(f;x)— f(x)] <et—.

Letting n — oo gives the result.

fi=1, i) =x, fHrlx)=x°

We compute:

B,(1;x)=1

B,(x;x)=x

x(1-x)
n

Bn(xz;x) =x*+

Thus,
’}l_{n B,(fi;x) = fi(x), i=0,1,2

By Korovkin’s theorem, it follows that:
%grolan(f;x) = f(x)

uniformly for all f € C([0,1]).

3.4 Szasz-Mirakjan Operators

The Szasz—Mirakjan operators are an important class of positive linear operators used in approx-
imation theory on the unbounded interval [0,00). They were introduced by O. Szasz (1950) as a

generalization of Bernstein polynomials from a finite interval to an infinite interval [1].

Definition 3.2. Let f € C([0,00)) and x = 0. The Szdsz—Mirakjan operators are defined by:

oy o (0 (K
Sp(f;x)=e 1;) 0 f(n)’ neN.
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Proposition 3.3. The operators S,, are positive linear operators on C([0, +00)).

Proof 18. Let f,g € C([0,+00)) and a,b e R. Then

0o k
Snlaf+bgix)=e ™Y m(af(f) +b
-0 k! n

nl

xS nx)* (k xS nx)* (k
=ae ™) f(;)+be Y T g(—)

!
iz k! k=0 n

=aS,(f;x) +bS,(g; x).
Sy is a linear operator.

Now, let f =0 on [0,+00). Then

k
f(k) >0, e‘”xﬂzo

for every k=0 and x = 0. Therefore,

xS (m0F (K
Sn(frx)—e ];) Il f(n)ZO

Thus, S, is a positive operator. Consequently, the Szdsz—Mirakjan operators are positive linear op-

erators on C([0, +00)).

3.4.1 Application of Korovkin Theorem

To apply Korovkin’s theorem, we check the test functions:
Lemma 3.2. For the test functions
=1, ea@®=t, e®="r
the Szdsz operators S, satisfy
5 X
Snleg;x)=1,  Sple;x)=x,  Splez;x)=x"+—.
n

Proof 19. Using the definition of the Szdsz operators,

N _nxoo(nx)k E
Su(f;x)=e kzzo o f(n)

a direct computation gives

Snlep; x) =1, Sn(er; x) = x, Sn(ex;x) = x*+ f.
n
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3.4.2 Convergence of Szasz-Mirakjan Operators

If f € C([0,00)) and lim,_. f(x) exists, then

lim Sy, (f;x) = f(x)
uniformly on compact subsets of [0, c0).

Theorem 3.6. (Szdsz—Mirakjan) For every f € C([0,+00)) such that f is bounded and continuous,

we have
,}iglgoSn(f;x) = f(x)

uniformly on every compact subset of [0, +00).

Proof 20. By the classical Korovkin theorem, it suffices to verify the convergence for the test functions

eo(t) =1, el (t) = t, and e, (t) = t%. From the lemma, we have:
Sple;x) =x— x,
X
S,(er; x) = X+ =Xl
n
Thus, all the conditions of Korovkin's theorem are satisfied, and hence
Sn(f;x) — f(X)

uniformly on compact subsets of [0, +00).

3.5 Baskakov Operators

Baskakov operators are an important class of positive linear operators used in approxima-
tion theory. They provide approximation of continuous functions on the interval [0,00) and play a

key role in Korovkin-type theorems [8] , [14].

Definition 3.3. The Baskakov operators V,, are defined for a function f € C([0,00)) and x =0 by
X [k
Vn(f;x) = Z f(_) bn,k(x),
k=0 \1

where

k=0,1,2,...

_ k
bn,k(x):(rH-k 1)( X

k 1+ x)n+k’

Proposition 3.4. Baskakov operators are positive linear operators and preserve the constant func-

tion.
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Proof 21. Let f, g € C([0,00)) and constants a, b € R, we have

oo k
Valaf +bg;x) =) (af +bg) (;) by, i (x)
k=0

=a) f (—C) bpi(x)+b) g (—) by, (X)
k:0 n k:o n
=aV,(f;x)+bVy(g; x).

Moreover, since

_ k
by () = (n +k 1) X

—— >0,
k (1+ x)ntk

forallx=0 and k = 0, it follows that if f (x) = 0, then
Vu(f; %) = 0.

Hence, the operators V,, are positive linear operators.

Finally, for the constant function f(t) = 1, we obtain

Va(1;0) =) by r(x)=1.
=0

Therefore, the Baskakov operators preserve the constant function.
3.5.1 Application of Korovkin Theorem
To apply Korovkin’s theorem, we check the test functions:

Lemma 3.3. For the test functions
eo=1, e®=r1  e(n)=r"
the Baskakov operators V,, satisfy
Vi(er; x) = x,
and
9 X
Vaule; x) = x4+ —.
n

Proof 22. Using the definition of the Baskakov operators

X (n+k-1 xk k
V. (f;x) = —= =],
(i) kz( : )(1+x)n+kf(n)
we compute the images of the test functions.

Foreg(t) =1,
Vi(eg; x) = 1.

32



Fore (t) =t,

Vu(er; x) = x.
Fore)(t) = £,
5 x(1+Xx)
Vi(eg; x) = x° + )
n
Hence,
5 x(I+Xx)
Vi(ep; x) =1, Vu(er; x) = x, Vi(ez; x) = x"+ -

3.5.2 Convergence of Baskakov Operators

Let f € C([0,00)) be a continuous function. Then
lim Vi, (f52) = f(x)
uniformly on every compact subset of [0,00).

Theorem 3.7. (Baskakov) Let V,, be the Baskakov operators defined for f € C([0,00)) by
e k-1 k k
Vn(f;x):Z(n+ )x— ( ) x=0.

=0k TECAT)

Then, for the test functions ey(x) = 1, e1(x) = x, and e»(x) = x*, we have
X
Valeg; ) =1, Vylex)=x, Vyleyx)=x"+=.
n

Proof 23. Using the linearity of the operator V,, we compute:

First, for eg(x) = 1, we obtain

L & ntk-1 xk 3
Vn(eg; x) = Z k m =1,

k=0
since the series represents the binomial expansion of (1 + x) ™" (1 + x)".

Next, for e; (x) = x, we have

V(e'x)—i n+k-1 xk k
mEEEEl ko Ja+omka

Using known identities for moments of Baskakov operators, it follows that
Va(ei; x) = x.

Finally, for e»(x) = x?, we compute
X (n+k-1 xk k\?
Va(ez; x) = — (—) )
nit2 ,;0( k )(1+x)”+k n
which gives
5 X
V(e x) = x4+ —.
n
Remark 4. Baskakov operators form an important example of positive linear operators and satisfy
Korovkin-type approximation conditions. Hence, they are widely used in studying convergence and

approximation behavior of functions.
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3.6 Weierstrass Approximation

The Weierstrass Approximation Theorem and Korovkin’s Theorem are foundational pillars of math-
ematical analysis that deal with approximating complex continuous functions using simpler, well-

behaved functions like polynomials [11].

Definition 3.4. Let C([a, b]) be the space of continuous real-valued functions on a closed interval
[a, b]. We say that a subspace «f < C([a, b]) has the Weierstrass approximation property if for every

function f € C(la, b]) and every € > 0, there exists a function g € < such that

If—gleo <€
In particular, the set of algebraic polynomials satisfies this property in C([a, b]).

Theorem 3.8. (Weierstrass Approximation Theorem) Let f € C([a, b]). Then for every € > 0, there
exists a polynomial p such that

sup |f(x)—px)|<e.

x€la,b]
Proof 24. Let f € C([a, b]). We reduce the problem to the interval [0, 1].
Define the change of variable

=
I
Q

x=a+tb-a),

b— )

Q

and define a function g on [0, 1] by
g(t) = fla+t(b-a)).

Then g € C([0, 1]).
Now define the Bernstein polynomials of g:
o (k\[n _
Bu(g;=) g(—) ( )tk(l -k,
izo \nJ\k
It is known that B, (g; t) — g(t) uniformly on [0,1] as n — oo.
Hence, for every € > 0, there exists n such that
sup |B,(g; 1) — g <e.
te[0,1]

Now define a polynomial on |a, b] by

o

Pn(x) = Bn(g; b

Then p,, is a polynomial in x, and we have

|pn(x)—f(x)]=

i35
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Taking supremum over x € [a, b], we obtain

sup |pn(x)— f(x)|= sup |B,(g; 1) —g(t)l<e.
x€la,b] te[0,1]

Thus, p, converges uniformly to f on [a, bl, which proves the theorem.

Theorem 3.9. (Stone-Weierstrass Theorem [3]) Let X be a locally compact Hausdorff space with a
countable base, and let M be a closed subalgebra of Cy(X).
If M separates strongly the points of X, i.e.,

i. foreveryx,ye X with x # y, there exists f € M such that f(x) # f(y),
ii. foreveryx € X, there exists f € M such that f(x) #0,

then
M = Cy(X).

Proof 25. The proof is based on showing that A is dense in Cy(X) and, since M is closed, it must
coincide with Cy(X).

First, using the strong separation property and the separability of Cy(X), one constructs a strictly
positive function fy € Cy(X) , i.e., fo(x) >0 forall x € X.

Next, one proves that M is a Korovkin subspace by showing that the set{fy}U foMU fyM? is contained
in M. This allows the use of a Korovkin-type theorem to approximate any function in Cy(X).
Finally, given f € Co(X) and € > 0, one constructs functions in M that approximate f uniformly

within €. Hence f belongs to the closure of M, and since M is closed, we conclude that M = Cy(X).
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Conclusion

In this dissertation, we studied several fundamental aspects of Korovkin-type approximation the-
ory and positive linear operators, which constitute an important area in functional analysis and
approximation theory. The main objective of this work was to present the classical Korovkin theo-
rem together with some generalized forms and applications in different functional spaces.

We began by introducing the preliminary notions required throughout this work. In particular, we
recalled basic concepts related to Banach spaces, function spaces, convergence of sequences, and
convergence of nets. We also discussed several fundamental properties of nets and Cauchy nets,
emphasizing their importance in the study of convergence in general topological spaces.

Next, we focused on Korovkin-type approximation theory and positive linear operators. We pre-
sented the classical Korovkin theorem and explained the essential role of the test functions 1, x,
and x? in determining the convergence of sequences of positive linear operators. We also studied
generalized versions of Korovkin-type theorems involving nets, statistical convergence. These ex-
tensions illustrate the flexibility and richness of Korovkin-type approximation methods in different
mathematical settings.

Finally, we examined several applications of these results in spaces such as C(X) and LP-spaces.
Particular attention was devoted to important classes of positive linear operators, including Bern-
stein, Szdsz-Mirakjan, and Baskakov operators, which play a central role in approximation pro-
cesses. We also discussed some applications related to summability methods and Weierstrass ap-
proximation.

This work highlights the significance of positive linear operators as effective tools in approxima-
tion theory and demonstrates the importance of Korovkin-type theorems in studying convergence
phenomena in functional spaces. The theory remains an active area of research, especially with
the development of new generalized forms of convergence and new applications in analysis and

operator theory.
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Abstract

This thesis is concerned with Korovkin-type approximation theory and its applications using positive linear
operators. In particular, if (T,) is a sequence of positive linear operators on C([0,1]) such that T,(f) con-
verges uniformly to f for f € {1,x,x?}, then this is sufficient to ensure the uniform convergence of T}, (f)
for all f € C([0,1]). Moreover, the work investigates some convergence criteria for nets (or generalized se-
quences) of positive operators on function spaces. It also presents several new results and applications that
allow readers to quickly grasp the main classical results of the theory as well as some recent developments.
Keywords: Korovkin-type theorem, positive linear operator, approximation by positive operators, nets, con-
tinuous function space, LP-space.

Résumé

Cette these porte sur la théorie d’approximation de type Korovkin et ses applications a 'aide des opéra-
teurs linéaires positifs. En particulier, si (T,) est une suite d’opérateurs linéaires positifs sur C([0,1]) telle
que T,(f) converge uniformément vers f pour f € {1,x,x}, alors cela suffit pour assurer la convergence
uniforme de T, (f) pour tout f € C([0,1]). De plus, ce travail étudie certains critéres de convergence pour
les filets (ou suites généralisées) d’opérateurs positifs sur des espaces de fonctions. Il présente également
plusieurs nouveaux résultats et applications permettant au lecteur de saisir rapidement les principaux ré-
sultats classiques de la théorie ainsi que certains développements récents.

Mots-clés : théoréme de type Korovkin, opérateur linéaire positif, approximation par opérateurs positifs,
filets, espace des fonctions continues, espace L”.
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