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General Introduction

In recent years , the fractional calculus has eaught the attention of many researchers over
the last few decades as it a solid and growing work both in theory and in its application.The
history of the theory goes back to the 17th century,when in 1965 the derivative of order

= % was described by LEIBNITZ in his letter to L’HOPITAL.

Since then , the new thoery turend out to be very attractive to mathematicians as well as
physicsts,biologists,engineers and economists

The calasical fractional calculus is based on several definitions for the operators of integra-
tion and derivatives such as : Riemann-Liouville, Caputo, Hadamarad and Katugampola
This thesis is organized as follows , in the first chapter which is concerned with some basic
concepts of fractional calculus, and some definitions and results that are important for the
study ,also we give definitions and some properties of fractional integrale and derivative
and its properties.

We will discuss in the second chapter , the existence and uniqueness of solutions for the :

27 (u(a,t) — u(,0)) = vy + alt)f ()
u(z,0) =p(x); 0<z<l
uw(0,t) =u(l,t), uy(1,t)=0; 0<t<T

and the over deternmination condition

/01 u(z, t)dr = g(t)

finaly chapter , the existence and uniqueness of solutions for the :

Dy (u(,t) — u(2,0)) = Uy + a(t)u(z, t) + c(t) F(z,1t)
u(z,0) = p(x); xel01]

w0, 8) =u(l, ), us(L) =05 te[0T]

Jo ulw,t) = E(t) t€[0,T]



CHAPTER 1

PRELIMINAIRES

1.1 Basic fractional calculus

In this section , we present the most commonly used fractional integration operators and
definitions of fractional derivatives and give the most important properties of these concepts

.we begin by giving some definitions on special functions and functional spaces.

1.1.1 special functions of fractional calculus

In the following , we present the Euler Gamma function, the Beta function ,these functions

play a very important role in the theory of fractional calculus .

Euler Gamma function

One of the basic function of the fractional calculus is Euler gamma function I'(z), the
simplest interpretation of the gamma function is the genrealization of the notion of factorial
, for real numbers. which generalizes the factorial n! and allows n to take also non-integer

and even complex values.

Definition 1.1. (Euler gamma function[14]).the Euler gamma is defined on C, by the
improper integral

(a) = /0 T reledr, (R(a) > 0) (1.1)

which converges on the complex half-planes R(a)) > 0

Properties of Euler gamma function : we give some properties of the Euler gamma

function :
1. T1H)=1,T(n+1)=nl,YneN

2. The Euler gamma function I'(«) is a monotonous and strictly decreasing for 0 < o <
1.
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3. The Euler gamma function is a monotonous and strictly increasing function for a > 2,

so it is convex for a0 €]0, +o00], with point of minimum equal to I’(%) = @
4. By integrating by part , we obtain

MNa+1) =al(a), R(a) > 0. (1.2)

Beta function

Also ,known as integral Euler of the first type , it shares the form that typically resembles

the fractional integral derivative of many functions.

Definition 1.2. (Beta function).for a positive values of the two parameters p,q € C, the
Beta function is defined on CC, by the following integral

B.a)= [ (1 — 2, (R(p) > 0 and R(g) > 0) (1.3)

Properties of Beta function: For all p,q € C with (R(p) > 0 and R(q) > 0)

1. B(p,q) = Fr(gzifg), (Connection between the Euler gamma function and Beta function
).

2. The Beta function is symmetric , i.e,

B(p,q) = B(q,p)

The Mittag-leffter function

Definition 1.3. ([14]) The Mittag-leffter function of two parameters is defined as
400 Zk
Ee,(v) = —,2€C, R >0,R(n)>0
For n =1, the Mittag-leffter function is reduced to classical one parameter Mittag-leffter

function that is

400 Zk:

EBei=E =S —"
&1 = kz:%)r(gkﬂ)

Let ec(t, ) = Ee(—ut®) and eg,(t, u) = " Ee,(—ut®), where p is a positive real number
The Mittag-leffter function e¢(t, ), ec,(t, ) for 0 <& < 1,0 < &€ <n <1, respectively , are

completely monotone function , i,e

7 7

(1) lee(t )] 2 0 and (<1)"

pove leen(t, )] >0,neN

3
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Using Theorem 1.6 in [6] we can have the following estimate

£
Nut S]j

neeclt. ] < <C, t€leT] (14)

1+ )

Where ¢ > 0 ,N and C' are some constants

Definition 1.4. ([4,1.15]) Let [a,b] be a finite intervale .Then AC|a,b] is the space of

absolute continuous function on [a,b] , definde by

ACla,b] = {f . [a,b] — R such that f(z) = c+/x o(t)dt, ¢ € L'(a, b)}

1.1.2 Riemann-Liouville fractional integrals

Definition 1.5. (/1/]).Let u € L'([a,b]),R) and o > 0 .Then ,for any t € [a,b] , the
integrals

« _ 1 t a—1

Ieu(t) = o / (t — 7y Yu(r)dr, t € [a,b] (1.5)

1s called the left-sided Riemann-Liouville fractional integral of order o > 0.

The extension to the real axis R and R known by fractional integrals on the real line

are noted I and I§. (respectively ) and given by the following

ou(t) = F(la) /_t (=7 u(r)dr, b€ R (1.6)
and
I&u(t) = F(la)/o (t —7)* tu(r)dr, t € [a,b)] (1.7)

Definition 1.6. ([14]). The right-sided Riemann-Liouville fractional integral of order ac > 0
of function u € L'([a,b],R) is given by :

L u(t) = F(loz) /tb(T —t)* tu(r)dr, t € [a,b] (1.8)

Then extension on [a,4+o0o[ and R is noted /¢

u(t) = F(la) / i — (), t e R (1.9)

Properties of fractional integrals

The fractional integral I* of arbitrary real order o > 0 defined by (1.5) and (1.8) , has the

following important properties(see[14])
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1. For any t € (a,b),a > 0 and 3 > 0, we have :

a -1 I'(8 +a—1
(12— )" ) (1) = F(ijﬁ)@ oy’

r
(=) () = s 0=
2. Semigroup property : for u € L'([a, b])

1000w =18 u, 101 uw= "4, a>0, >0

3. Fractional integration by parts formula : Let u € LP([a,b]) and v € L9([a, b]) either
with a > 1,p:q:1orWith0<a<1,%—|—§§1+a, p,q > 1. Then

b b
[ ulnizo(ryar = [ Ieu(r)e(rds
1.1.3 Riemann-Liouville fractional derivatives

The most frequently used definitions of the fractional calculs involves the Riemann-
Liouville fractional derivative , Then to define a fractional derivative there is no formula
for the n th derivative analogous to (77) so , we need to generalize the derivative through
a fractional integral.

For a > 0, we denote [] the integer part of «, [a] is the unique integer satisfying
o] <a<|a]+1

Let u : [a,b] — R. From the clasic relationship 4 = j—; o I', we can define a fractional

derivative of order 0 < a < 1 by
da d 11—«
- = — 0
dtr dt
More generally | if & > 0 and if n = [a] + 1, we can put

a® d\"

— == -« 1.1

dte <dt> ? et (1.10)
we get exactly the left-sided Riemann-Liouville derivative given by the following definition

Definition 1.7. ([14]) Let « > 0 and n = [a]+1 The left-sided Rieman-Liouville fractional

derivative of order « of a continuous function u : [a,b] — R is given by

Do u(t) = (i)n o I'mu(t) = Fl (i)n / "= Pty dr (1.11)

(n—a)

Moreover the right integral was associated with (—%). The previous reasoning therefore

leads to the following definition :
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Definition 1.8. ([14/).Let o > 0 and n = [a| + 1 The right-sided Riemann-Liouville
fractional derivative of order o of a continuous function u : [a,b] — R is given by

Dy-u(t) = _d ' o I u(t) = ﬂ a n/b( — )" lu(r)d (1.12)
=T ) O YTy \ar) LT e '
If u : R — R the previous definitions are directly generalized and are called Liouville

derivative

Definition 1.9. Let a > 0 and n = o] + 1 . The left-sided Liouville fractional derivative

on the real line is given by

Du(t) = (nl_ n (;t)n [ =ty

_d

Moreover , the right-integral was associated with ( ) . The preceding reasoning therefore

leads to the following definition :

Definition 1.10. .Let o > 0 and n = [a]|+ 1. The right-sided Liouville fractional derivative

on the real line is given by

D%u(t) = Fégl_)’;) (i) /t+oo(7' — )" lu(r)dr

Properties of fractional derivative

The fractional derivative D¢, has the following properties

1. In general the fractional derivative of Riemann-Liouville of a constant function is

neither zero nor constant , we have
DY (C) = ————
2. Let 0 < a < 1, we have

o for any u € L'([a,b]), we that D% % u = u.

e The latter can be generalized .In fact , if the function Ii; “u is absolutely con-
tinuous on [a, b], then

e

I(e)

where I'7%u(a) = lim, _,+(I)7%u)(s), which is in general non zero

x DS u(t) = u(t) — (t—a)* ™t t € (a,b)

3. Forany 0 <n—1< a<nand > —1, the Riemann-Liouville fractional derivative
of the function u(t) such that : u(t) = (t — a)” is given by :
I'p+1)

a _\B —
ar(t—a) CT(B-a+1

(t —a)’~ (1.13)
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1.1.4 Caputo-type fractional derivative

The definition of caputo fractional derivative is based on the inversion of the compositions
in the right sided of (1.10) it also seems reasonable to define the fractional derivative called

the caputo derivative , wich is given by :

Definition 1.11. (/?]) .Let & > 0 and n = [a] + 1. The left-sided Caputo fractional deriva-
tive of order a of a function u € C™([a,b],R) is given by

Do u(t) = I'7 o (i)nu(t) _ F(l / ‘(= et (i)numm (1.14)

n—a)

The right-sided Caputo fractional derivative of order a of a function v € C™([a,b],R) is
given by

‘Dyu(t)=1"%o0 (—Z) u(t) = F(_Dn) /tb(T — )t <j7> u(T)dr (1.15)

(n—a

Definition 1.12. ([15]) Let a« > 0 and n = [a] + 1. The left-sided Caputo fractional deriva-
tive of order a of a functionu € C™(R,R is given by

e 1 t o A\
Dult) = oo [ (t=7) <dT) u(r)dr

The right-sided Caputo fractional derivative of order a of a function u € C"(R,R is given
by

c o (_1)
Dfu t) = n
() L(n—a) [F°(r — t)n—ot (di) u(T)dr

Properties of Caputo fractional deratives

1. The Caputo fractional derivative of a constant function is zero.

2. Let « € RT,n € N, such that n =[] + 1 If u € AC™([a, b]), then

limg—n- D% u(t) = u™ (1)

lima—n- D& u(t) = (=1)"ul™(t)

almost everywhere
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3. If @ ¢ N and u(t) is a function , for which the Caputo fractional derivatives *D% u(t)
and “Dj u(t) of order a > 0 exist together with the Riemann-Liouville fractional

derivatives “D% u(t) and “Dj-u(t) ,then we have

c o _ « =, u(k) (CI,) k—a _

D% u(t) = D% u(t) — k;o Fh—art @ n=lal (1.16)
and ) -

‘Dy-u(t) = Dy u(t) — kz_: m(b — )" n=[a]+1 (1.17)

The Caputo fractional derivatives D%, u(t) and “Dj" u(t) ,coincide with the Riemann-

Liouville fractional derivatives D% u(t) and Dy u(t) ,in the following cases :
D2 u(t) = D%ult), if u(a) =w(a) = - u®D(a) =0

and
‘D u(t) = D u(t), if u(d) =u'(b)=---uV(b) =0

4. For o« and  , such that : 0 <n—1<a <nand 8 >n — 1 ,the Caputo fractional
derivative of the function u(t) and v(t) where , u(t) = (t — a)? and v(t) = (b — t)”,

are given by :

CDngU(t) = F(z(f Z i) 1) (t - a)ﬂ_a
‘Dio(t) = F(;(f Z _13 1 (b— t)ﬁ*a

1.1.5 Katugampola fractionl integrals and fractional derivative

Introduced by UDITA katugampola (2011), which generalizes the Riemann-Liouville and
Hadamard fractional integral into a single form (see kilbas).The generalized fractional in-
tegral is based on the observation that , for n € N |

t 1 Tn—1 I-n t =1
_ _ p TP y(T) 1
/a G 1d71/a T5dry - /a 0 u(r,)dr, = T /a © _(Tp))1 dr (1.18)

by replacing the integer n by positive real number a , we obtain the following definition

Definition 1.13. (katugampola fractional integral) . (see [12]) Let Q = [a,b](—o0 < a <
b < o) be afinite interval on the real axis R for (1 < p < oo). The generalizedfractional

integral P12, u(t) of order o € C(R(a) > 0) of u(t) € XP(a,b) is defined by

("Igvu)(t) = ﬁ(:; / t ( tzp__ ;“;(;)adf (1.19)
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for t > a and p > 0. This integral is called the left-sided fractional integral. Similarly

we can define the right-sided fractional integral ?I;* u by

(L)) = £ (O; /t b (sz_ fp(;)_ _dr (1.20)

for t < b and R(a) > 0.

Definition 1.14. (Katugampola fractional derivative ). (see[12]) Let aw € C, R(«t) > 0,n =
[R(a)]+1 and p > 0 The generalized fractional derivative for 0 < a <t < b < 0o is defined

by
(D)) = (1) (Ltu) (1)
(1.21)
= ey (1'78) Ja @
respectively
(Dpw)) = (=tg)" (B ()
(1.22)

et (Lped)" gt )

I'(n—a) P—tP)o— ”+1

Properties of Katugampola Fractional operators
Here , we give some lemmas and remarks that present the main properties of the gen-
eralized fractional operators , we mainly restrict our attention to the left-sided operators
(1.19), (1.20) (of course, the right-sided katugampola operators (1.20), (1.22) possesses sim-

ilar properties).

Theoreme 1.1. Let a, 5 € C be such that 0 < R(a) <1 and 0 < R(f) <1 :if0<a<
b<ooand 1l <p< oo then for any u,v € XP(a,b),p > 0 we have

o Index property :

pfap] = plgfﬂu and pDZ‘fD&u = ”Dg‘fﬁu

« Composition property : for 0 < R(a) < R(S) < 1 and u € LP(a,b)
ngf[f+u = p[ffau and pD?fIbﬁ,u = prﬂfO‘u
o Linearity property :
PIZ (u+wv) = PIS + PISw
and

Dy (U + U) = "Dy + PDiv

a
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Theoreme 1.2. Let « € C,R(a) > 0,n = R[(c)] + 1 and p > 0 then

limy 1 PI5u)(E) = FEIou(t) = ol A7) a(r)dr

lim,—a( PD5u)(t) = MDgu(t) = b (4)" i =) () dr

Proposition 1.1. For a,p > 0 and v > —p we quote

K a—1
1. PDgtY = m#ﬂp Let us give in particular
P
'”Dgitp(a*m) =0 foreachm =1,2....n
2.
p (14 %
PIS Y = (—p)t”ap? forall v> —p
F(1+2+a)

Caputo type of katugampola fractional derivatives

The Caputo-Katugampola fractional derivatives eare given by the following deffinition

Definition 1.15. (Caputo-Katugampola fractional derivative).([13]). Let n be the smallest
integer greather than o .Then, the left and right Caputo-Katugampola fractional derivative
of order a > 0 are defined by

o I AR
Difult) = $o = / o — gy ()T (1.23)
and 1 (p—=1)(1-n)
_1>npa—n+ t T p— -n
¢ P _( (n)
Dyru(t) = 55 / o (1.24)

In this section we define and give some basic properties of the Caputo type modification

of the Katugampola fractional derivative.

Theoreme 1.3. The relationship between the Caputo-Katugampola derivative and the Katugam-

pola fractional integral of order « is given by

e Let u € C([a,b]). Then
DIPISu(t) = u(t)

o Let u € C'([a,b]). Then
. “DEu(t) = ult) - u(a)

10
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Lemma 1.1. Forv >0 and a € (0.1) , define

u(t) = (tp;“p>v and y(t) = (bp;tp>v

P I(1 +v)
Nl —a+wv)

Then

‘Dfu(t) = (t" —a”)"™ (1.25)

Performing the change of variables [[ = (Tp_“p> and by the definition of the beta function

tP—aP
we get

o —U

Dfult) = iy (1 =) (L= TD ™ II"" dI

a—v

—

fray(t* —a?)" 7 B(1 — o, v)

a=vD(1+40v) v—a
pF(17a+U) (tp - ap)

Similary, for all a, p > 0 we have

c H,p _ pa—vF<1 + U) P 4p\U—«

Remark 1.1. From definition (1.1) and (1.23)

1. If we put p = 1, then we abtain the left and right Caputo fractional derivative (1.14)
and (1.15)

2. Attending that lim,_,o+ (tp;Tp) =In (f) we obtain the left and right Caputo-Hadamard

fractional derivatives as defined in (77) and (77)

Definition 1.16. ([1]) Let f : [0,4+00[— R be a real valued function.The p — Laplace
transform of is defined by

LW = [ e rwear p>0

for all values of s ,the integrale is valid

Theoreme 1.4. ([1]) If the p-Laplace transform of f : [0, +oo[— R exists for s > ¢; and
the p-Laplace transform of g : [0, +oo[—> R for s > c¢y.Then, for any constant a and b ,
the p-Laplace transform of af + bg exists and

L{af(t) +bg(t)}(s) = aL,{f(t)}(s) +bL,{g(t)}(s), for s> maz{ci,ca}.

11
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Definition 1.17. ([5]) Let f and g be two functions which are piecewise continuous at each

intrval [0, T] We define the pconvolution of f and g by

(Fr)®)= [ [ = 5)7] gls)s~as

Theoreme 1.5. ([5]) Let f and g be two functions which are piecewise continuous at each

intrval [0, T] We define the pconvolution of f and g by

Ly{(f*9)(1)} = Lo f (1)} Lp{g(1)}

Theoreme 1.6. (/5]) Let o > 0 and f € AC|0,T], Then

LAGD™  £)(8)}(s) = s“Lo{f(£)} — s* 7 £(0)

12



CHAPTER 2

A new inverse source problem
fractional diffusion equation with a
nonlocal boundary conditions

D<ol

let T > 0 be a Fized number and Dy = {(x,t) 0t <T

} we are concerned with

the following fractional differential equation in Dy :
Dy (u(z, t) — u(z,0)) = uze + a(t) f(x, 1) (2.1)

with the initial condition

u(z,0) =¢(x); O0<z<l (2.2)

and the boundary condition
u(0,t) =u(l,t) , uy(l,6)=0; 0<t<T (2.3)

and the over deternmination condition

1
/ u(e, t)dz = g(t) (2.4)
0
wehere D(O)‘f refers to the Katugambola of order 0 < a < 1 in the time defini by
a Y Lt —7r\7" -1 1-p d
ot u( ) F(l _ Oé) 0 ( P U(T)T T3 dt

where g € AC[0,T] ( the spaceof absolutely continuous functions). The solvability of invers

source problems with such condition has been considered earllier [2,4,7,11].

f(z,t),9(t),a(t) are given function

When we want to solve the inverse source problem (2.1) — (2.4) using Fourier’s method

13
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, we have to consider the spectral problem

{ X"=-)X z€(0.1) (2.5)

X(0)=X(1), X(1)=0
According to [10, p.73] the boundary conditions in (2.5) are reqular but not strongly reqular
The boundary-value problem (2.5) is non self-adjoint , it admits the following adjoint prob-

lem
Y"=-XY Y €(0.1)
{ Y'(0)=Y'(1), Y(0)=0

Theoreme 2.1. ([5]) The Cauchy problem

(2.6)

D*P(u(t) —u(0)) + Au(t) = f(t), t>0,0<a<l p>0, AeR
u(0) = ug, ug € R

has the solution

1o t Y .
u(t) = ugeq (p,)\) +/0 e%a( p )f(r)q— Lir

Proposition 2.1. for 0 < a < g < 1the following hold :

1. for A > 0;t°71E,, 5(—At®)is completely monotomic function

2. Eqo(—M®) < 400 and [g (M)“*l Eoa (—A (¥)D‘) o=l

p

- (3 (552)7)] < 4o

3. for N€RT, ¢ €]0,7] 1 By (-2 (£522)") < 280 < oo

, = (=)

Main results

This section is devoted to give an existence,uniqueness and satability results of solution for

the invers problem (1) — (4)

2.1 A bi-orthogonal system of functions

the sets of function

{2, {4cos(2mnx)} " |, {4(1 — z)sin(2mnzx)}, -} (2.7)
and
{z, {zcos(2mnz)},”  {sin(2mnz)} "} (2.8)

14
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are obtained from the non-self-adjoint spectral problem (2.5) and its adjoint problem
Y'=-\Y z€(0,1) (2.9)

Y'(0)=Y'(1), Y(0)=0 (2.10)

The set of functions (2.7) and (2.8) is complete in L*(0,1)and forms a Riesz basis in
L*(0,1). Furthermore,set of function (2.7) — (2.8) constitutes a bi-orthogonal system with

the one to one correspodence

{\2/, {4cos(2mnx)}>" |, {4(1 — z)sin(2mnx)} "}
!

{
{ =z, {zcos2mnz)}>2,, { sin(2mnz)}>>, }

The set of bi-orthogonal functions formed from (2.7) and (2.8) plays an important role in

proving
2.2 Existence and uniqueness of the solution of the

invers problem

for the proof of the main result , i.e., Theorem 2.2 we will use properties of the bi-ortogonal
system of functions and application of the banach fized point theorem .

we have the following theorem

Theoreme 2.2. suppose the following condition hold :

(Al € C*([0.1]), (1) = ¢(0), ¢'(1) = 0,"(0) = " (1), " (1) = 0;
(A2)f € CH(Qr.R]), f(0,8) = f(1,1), fo(1,1) = 0, fua(0,8) = fuu(1,1),
fawe(1,8) =0, f3 f(z,t)dx # 0 and

1
0<—<
M, —

/01 f(z, t)dx

(A3)g € AC([0,T)), and g(t) satisfies the consistency condition [} ¢(x)dx = g(0)
If the following condition

a N\ 1/pa
ap
T 2.11

= (MC’) (2.11)

where C' is defined in (2.26) , then the inverse problem (2.1) — (2.4) has a unique solution
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Proof. According to assumptions (A1) —(A3), there are positive constants, Ly, Lo, M;,i =
0,...2

such that
Ly =mazoi<r €a (5, )‘")
Ly = mavo<r<i<t Faoa [ An (%)a]
My = |Irlleo.r)
My =maz (|| follo( OT) £ ey, ||f2(f;)||c<o.T>)

My =maz (|leoll, 111, 15 11)
The proof of this theorem takes place in three steps:
Step 1 :Construction of solution
By applying the Fourier’s method , the solution u(z,t) of the direct problem (2.1) — (2.3) ca
be developed in uniformly convergent series from using the eigen functions (2.7) in L*(0.1)

as follows

u(z,t) = 2up(t) + Z u1n(t)4dcos(2mnz) + Z Ugy (£)4(1 — x)sin(2mn) (2.12)

n=1

where ug(t), uin(t), uz,(t) for n € N are to be determined.
Let {fo(t), fin(t), fon(t)} be the coefficients of the series expansion of f(x,t) in the basis
(3.1) which are given by

folt) = [ fz, )adz, fr,(t) = [} f(z,t)xcos(2mnz)dz,

(2.13)
fon(t) = Ji f(2,t)sin(2mnx)d
Using properties of the bi-orthogonal system we have

where (f,g) = [y f(x)g(x)dx is the scalar product in L*(0.1). by virtue of (2.14), we have
Dy (uo(t) = uo(0)) = (DG (ul, t) — u(z,0)), ).

Using (2.1) we can write

Dy (uo(t) = uo(0)) = ((taw + a(t) f (2, 1)), ).

On computing we obtain the following linear fractional differential equation

D (uo(t) — uo(0)) = a(t) fo(t) (2.15)
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Alike ,we obtain the linear fractional equation
ngrp(u%(t) — u2,(0)) + (27Tn)2“2n( ) = a(t) fan(t) (2.16)

Dy (urn(t) — u1n(0)) + 47°n%ug, () + dmnug, (t) = a(t) fin(t) (2.17)

The solution of the linear fractional differential equation (2.15) is

1 t(pp _ p\ Ot -
wo(t) = 20+ oy /0 ( ; ) 7 La(7) fo(r)dr (2.18)

the solution of the linear fractional differential equation (2.15) — (2.16) are

1P t P P
uzn(t) = Panea <p’ )\n) +/ Ea,a (p,)\n> 7 1a(7) fon (T)dT (2.19)
0

& t tr— P
Utn(t) = Pinea < An> + / Caa ( An> 707 Ya(7) frn(T)dT (2.20)
p 0 p

t Y —
—47rn/ Caa | —— A | 77 g, (7)dT
0 p

where we have used Theorem2.1, A, = (27n)?
1 1 1
gooz/ o(x)dx, goln:/ o(x)cos(2mnzx)dz, <p2n:/ o(x)sin(2mnx)dx
0 0 0
After substituting expressions uo(t), usn(t) and uy,(t) respectivley described by (2.18) —
(2.19) — (2.20) , into (2.12) we have

u(a, t) = 200 + 125 i (252)" 7 ta(r) folr)dr
+ 025 {omea (5. 0) + J5 ean (P57 M) 7071 a(7) fan(7)dT AL = 2)sin(2mna)

+ 3o {golnea (;, )\n) + f(f o (%, )\n) "7 ra(7) fin(T)dT

—A47n [} e (tp;Tp , /\n) T”_lu%(r)dr} 4cos(2mn)

(2.21)
Taking fractional derivative Dy} under the integral sign of the over-determination condition

(2.4) and in view of the consistency relation we have

/ot D3 (u(z, t) — u(x,0))dx = Dy (g(t) — g(0))

which by using (2.1) and integration by parts leads to

-1

at) = ([ .0)dx)  (D5900) - 9(0)) + 1.(0,1) 2.22)
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Recall that [ f(z,t)dx # 0 and we have

flz,t) =2fo(t) + Z fin(t)4dcos(2mnz) + Z fon(t)4(1 — x)sin(2mnx)

n=1

where fo(t), fin(t) and fan(t) are given by (2.13) then

/Ot faat)de = 2fo(t) + 23 I (2.23)

nln

and

0 1P o t P — P .
uy (0,8) = ) 8Tnpaneq > D 87m/0 o — A | TP a(T) fan(T)  (2.24)
n=1

oft) = ([ flet)dz) (DGa(0) - 9(0) + .0,0)

by (2.19) and (2.20) we have the volterra integral equation

at) = F(t) + <2f0 44 Zf2” ) /OtK(t,T)a(T)TP—ldT (2.25)

where
Plt) = < /O t f(x,t)dx>_ (Dgf(g(t) —g(0)) + i 8710 (i )\n>> (2.26)

and

a—1
K(t,7) = (tp ; Tp) > 81 fon(T)ean (tﬂ_/p An> (2.27)
n=1

Step 2 :Existence and uniqueness of the solution of the inverse problem
Befor presenting the existence result for u(x,t) , we will use banach Fixed Point Theorem

to prove the unique existence of a(t) , for which consider the ollowing map :

on the spaceC|0,T], where a(t) is given by equation (2.25), with norm

]| = mazo<i<r|d(t)]
where the operator B is

f2n

B(a(t)) = F(t) + <2f0 Z ) /Ot K(t,7)a(r)r" tdr

18
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To show B is well defined ,first ,we will prove that for a € C|0,T], B(a(t))represents a
continuous function.

Since ,under the assumptions (A1) and integration by parts four times ,we obtaian

S t S Ll
> 8mnpanea (p,)xn) <> 53,3 .t €0,T] (2.28)

n=1 n=1

where %) = [} oW (z)sin(2mnx)dz,

Under the assumptions (A2) and integration by parts four times ,we obtain

o2m3n3

P — P +o00 L (4)
Z8mfzn ew< pT ,An> <y Ll [0, 77 (2.29)

n=1

where fQ(;‘fL)( t) = fol o f(x D sin(2rnz)dr,

Using the Cauchy-schwarz and Bessel inequalities, we obtain

1/2

oo L )T oo 3 1/2 o0 ’
S AR < o ] [ ()]
< e 0* f(x,t)

— 6x4

L2(0,1)

where ¢ is a constant independent of t and n . Thus , we have

0 p_ P
> 81N fon (7)€ (LLIOT, )\n> < (2.30)
n=1

0t f(z,t)
Oz L2(0,1)
By (2.29) and (2.30) the series function

too P — 7P o P
Z 87N fon (T) €. (, )\n> and Z 8TNYa,Eq (, )\n>
n—1 P P

n=1

U mazxr
where C" = ¢ §4{r

are uniformly convergent. Then ,F(t) and K(t,T) are continuous functions on [0,T] and
[0,T1]0, T, respectively. Hense , the operator B is well defined .

Next to schow B is contraction .Let ai,as € C(0,T) we have

Baa) = Bl < (8 s6e0a] | St on) - as(r)oota
< MC T (#57)" () — ool
< MO §er lan(r) — aa(7)] s (= ) P~ tdr
MC'Tve
1B(@) = Blay)| < =l = oo (2.31)
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With the condition (2.11) | MC,TW < 1, the the mapping B is a contraction .Consequently
by Banach Fized point Theor@m , the mapping B has unique fized point a € C0,T].

To establish the reqularity of the obtained solution , it remains to show
w(z, t), uz(x,t), Upe(z, 1), Dy ulz, t) € C(Qr)
Under assumptions (Al) — (A2) and integration by parts four times, we have

(4)

Fonl) = 250 oo (6) = 1o (2400 = 2590))

(2.32)
) 4
oon(t) = £, g (t) = s (500() — 2o (1))
From (2.18) — (2.20) — (2.32) and (1.4) we get
fuo(t)] < My + MaT € [0, 7
gy (t)] < LML MoMTP/ar® 1y e [0, 7]
[uan 1 (1) < <L1M2*L2M“¥fg$:4/“”“W”/p’, teleTle>0 (2.33)

By using (2.12) and (2.33) , following relations hold for x € [0,1] and t € [¢,T] with € > 0
such that

(e, t)| < 2M, + yojtoq et La Mo T fap®) 24+ CT7/p)

47ind

Z+oo 2(L1 Ma+LoMo M TP /ap®)
Amidn 4

L1 Ma+Lo Mo M1 TP Jap®)(24+-CT?
Jug(w, t)] < Yoo Ut be R L fant 2O p)
(2.34)
Z+oo (1+47rn)(2)(L1M2+L2M0M1Tpa/ap°‘)
= 4rdn4
L1 Ma+Lo Mo M1 TP /ap®)(2+CTP
|um(x,t)| < (L1 Ma+LaMo 17m2/ap )( /p)

oo 1+27rn)(L1M2+L2M0M1Tpo‘/ap“)
Z 303

From (2.15) — (2.17),(2.33) and fort € [¢,T] , we have

| DG (uo(t) — uo(0))| < MoMy

|D(c)z_;_p(u2n<t) . U2n(0>| S f\ggi\fﬁl + (L1M2+in\7{gi\ngﬂa/o¢pa)

3 Mo Mo (L1 Ma+Lo Mo M1 TP Jap®)+(2+CT* /p)
[Uzp—1(t) — uzn—1(0)] < Torint T 17202
_'_ (L1M2+L2M0M1T”a/apa)
4m3n3
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Consequently,

D5 (u@, t) — u(@,0)] < 2MoM, + 30125 4o

n=1 4xr4n4

+ yotog LaMatlaMoMy TP /ap?) (2.35)

m3n3

yteo (LiMa+LaMo M1 TP [ap®)(44+CT? /p)
= m2n2

From (2.34)—(2.35) and by Weiestrass M-test , the series corresponding to u(x,t), uy(z, t)uz.(z,t), Do u
are uniformly convergent on [0,1][e, T| fore > 0. Hence , u(x,t), ug(x, t)uze(x, ), Dyt (u(x, t)—
u(z,0) are continuous functionon Qr.
Step 3 : Uniqueness of the solution
Let {u(z,t),a1(t)} and {v(z,t),as(t)} be two solution sets of the inverse problem (2.1)—(2.4)
by using (2.12) we obtain
u(z,t) —v(w,t) = 2uo(t) = vo(t)) + X525 (uin(t) = vin(t)) Xin(w)

(2.36)
+ X021 (u2n(t) — v2n(t)) X2n(2)

Due to the estimat (2.31) and condition (2.11) we have a; = ay and by substituting a1 = as

n (2.36) and (2.18) — (2.20) we obtain u = v

2.2.1 Continuous dependence of the solution on the data

Let H be the of triples v, f,g where the functions ¢, f and g satisfy the assumptions of
Theorem (2.2) and

llelleroa) < My, || fllear) < Ms, ||glleroy < M.

For ¢ € H we define the norm

el = [lelleion + 1 lles@ry + lglleroa

By using the Cauchy-schwarz and bessel inequalities , the series function

LG

3,3 —
n127rn

(4)

is uniformly convergent ,where @y, are the coefficients of the sine Fourier expansion of the

function cp( )

Now , we are present the result on the stability of the solution of the inverse problem

(2.1) — (2.4)
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Theoreme 2.3. The solution {u(x,t),a(t)} of the inverse problem (2.1) — (2.4) under the

assumptions on theorem (2.2) depends continously upon the data for

T < (g )l/p“

MC!

proof .Let {u(x,t),a(t)} and {u(x,t),a(t)} be two solution sets of the inverse problem
(2.1) — (2.4) corresponding to the data ¢ = {¢, f, ¢} and ¢ = {@, f, g} respectively
For g,g € C*(0,T) we have

Do (g(t) — 9(0)) = Dg¥(g(t) — g(0)llco.r) < Msllg — gllero.) (2.37)
where Mg = % from (2.26) we have

F(t)—F(t) = (fi f.0de) " (D5 (g(t) = 9(0)) + S5, Smnganen (V57 M)
= (f5 P, t)dz) ™ (D52 (1) — 3(0)) + 552, 87ndonea (252, 0))

= (i fa, )z |} flat)dz) (3 Fa, Oz (DG (g(t) - 9(0)

+ 302, 8Tnpaneq (tp;”’, )\n)»

— Jy fla,t)de (DG (3() = §(0)) + 02 87ndanea (“57 M) )
= (& f (. t)de J} fla,t)dz) ( (w, t)dz (D (g(t) — g(0)) — Dy (5(t) — §(0))—

M)

+D5(3(t) = §(0)) (Jo f(a, t)da — f3 f(x, t)da)

+ 3521 87n(pan — Ban)ea (L5

+ 302 8mndanea (U572 0) ) (fo Fla t)da — [ f(x,t)da)
From (2.32) we have

“4) _ =4

~ ! ~ Pon — SOQn
fon = P = [ (p(a) = B(&)) Xan(a)de = P2 En

we have the estimate

|IF = F|| < Mille — @llcaoay + Noll f = Fllc@r + Nsllg — dlleron

Where N1 = M2L10*, NQ = MQ(M7L1 + M6Mg) N3 M2M5M8
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From (2.25) ,we obtain
a(t)—a(t) = F(t) - F(t) + (fo f(ffat)d$)_1 fy K(t,7)a(r)r" tdr
~ (I Fw,tydz) ™ i R, ma(r)ret
= F(t) - F(1)
+ (fo1 f(xat)dm)il (fol J?(x’t)dllf)il (fol f(z, t)dx JEK (t, T)a(T)TP~ dr
- fo1 [z, t)dx fS f((t, T)d(T)T"_ldT>
= F(t) - F(t)
+ (I S 0yde) ™ (5 Fo o) ™ (5 Flost)de [5(K 6 7) = (6 )a(r)r=dr
+ [ fla, tyda [ K (¢ 7)(a(r) — a(r)r—tdr
(fo K(t,m)a(r)r"~ ldT) (fol f(z, t)dx — folf(x’t)dm'))
We have the estimate
la—all < ||F = Fl|+ Mllal| |y | K(t,7) — K(t,7)|r"~dr

+Mlla —all fo |K(t,m)lre~ dr + M2lall [1f = fller Jo |K @t )70~ dr

< [|F — F|| + M| 19 — FD oo + YT |la — all

2 o
+HIERREEE | f — fllen

ap®

Due to the estimate of |F — F|| , we have
(1 - Mféfm) lla —all < Nille = @lleao

+ (N + AT MEMOCTE ) || £ — | s

+N3 |lg — gllero
Hence

MC'Tr
(1= 22 o= all < Nallo - Gl
ap®

Where Ny = max {Nl, Ny + M%ETM + Mg;i;Tpa7N3}
ForT < (MC,) oo we have

_ Ny =

la—all < Tz 16 = dlln
ap®
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From (2.12) a similar estimate can be also obtained for the difference u — @

lu = @l oy < Nsllo — &llu
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CHAPTER 3

An invers coefficient-source problem
for a time-fractional diffusion
equation

The fractional diffusion equation are believed to be more realistic in describing anoma-
lous diffusion in heterogeneous porus media than the classical diffusion ones, Thus,they have
drawn attention of researchers from various disciplines of science and engeneering. The read-
ers may refer to Cheng et al.(2009);J NaKagawa et al. (2010) and references therein.
Invers source problems are the problems that consist of finding the unknown source term
via an additional data .Some works on fractional invers diffusion problems have been pub-
lished. We refer to Aleroev et al .(2013);Chenget al .(2009);Ftama and Mansur (2012);
J.Nakagawa et al .(2010) ; Ozbilge et al .(2016); Tuan (2011)

Here, we consider the so-called fractional diffusion problem involving the linear nonhomo-

geneous equation
o (u(z,t) —u(z,0)) = upy + alt)u(z, t) + c(t)F(z,t) (3.1)
with initial and nonlocal condition
u(z,0) =p(x); x€][0.1] (3.2)
uw(0,t) = u(l,t) , u(1,£) =0; te€]0.T] (3.3)

Dg., is the Riemann-Liouville fractional derivative of order 0 < a < 1 in the the time
variable a(t),t > 0 is the source control term ,F(x,t) is the known source term , p(x) is
the initial temperature.

our invers problem consists of determining the time dependent unknown coifficient of the
source term c(t) and the tempurature distribution u(z,t) ,from the initial tempurature (3.2)
and the boundary conditions (3.3) needs to be determined uniquely by the over-determination

condition

| “u(a,t) = E(t) t€[0,T] (3.4)
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which is the additional of the thermal energy E(t) . We note that in the papers Aleroev et al
(2013); Fatma and Mansur (2012); lonkin (1977) the time-dependent source coefficient is
determined from such condition.

The used approach is based on the expansion of the solution by using a orthogonal system
of function obtained frome the nonlocal boundary conditions.we are motived by the works
Aleroev et al .(2013) where the authors considered an in invers time-fractional diffusion
problem with a(t) = 0 and Fatma and Mansur (2012) where the authors considered an in
invers problem with a(t) =0 and a =0

The outline of the paper is as follows .In section 2 , some necessary preliminaries are
giwen . In section 2 , the exsitence and uniqueness of the solution of the inverse problem
(3.1) — (3.4) s etablished by using the Fourier method and the Banch Fized point theorem ,
In section 3, the continuous dependence of the solution of the invers problem upon the data
of {a(t), F(x,t),p(x), E(t)} is shown

Theoreme 3.1. The solution uw € AC[0,T] of the lineare nonhomogenous fractional prob-

lem
{ Dy, (u(t) —uw(0)) + Mu(t) = f(t) t€(0.T], A>0 (3.5)
u(0+) =c¢ '
where f € L0, T] is given by the integral expression
u(t) = cEq1 (=A%) + /Ot(t —7) By o (At — 7)) f(T)dT (3.6)

3.1 Existence and uniqueness result

First note that for the non-selfadjoint operator AX = —X" = =\, X with X(0) = X(1); X'(1) =
0 the eigenvalues are \g = 0, A, = (2n7)%,n > 1. Thus,we construct the biorthogonal sy-

setem of function
{Xo(z) = 2, Xy, (x) = 4deos(2mnz), Xo, = 4(1 — x)sin(2mnx);n > 1} (3.7)
and
{Yo(z) = z,Yi,(2) = zcos(2mnz), Yo, (x) = sin(2mnz);n > 1} (3.8)

Which are Risez bases in L*[0,1] .For more details ,the reader can consult Aleroev et al
(2013) Win (1997) ; lonkin (1977)
Let use define the following space :
C?([0,1](0,T] = {u(t,z) € C?0.1]; t € [0.T]
and D§ (u(z,t) —u(z,0)) € C(0,T];z € [0.1]}
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The function a,, F and E satisfy the following assumptions

(Al)a(t) € C[0,T]

(A2)F(x,.) € C[0,T] and for t € [0,T],F(.,t) € C*0,1],F(0,t) = F(1,t), F,(1,t) =
0, Frp(0,8) = Fop(1,1), Frpu(1,8) = 0 and [ F(x,t)dx #0

(A3)p € C*([0.1]), (1) = ¢(0),¢'(1) = 0,¢"(0) = ¢"(1),¢"(1) = 0;

(A4)E € AC([0,T)) and [, p(z)dx = E(0)

From the above , there exsit some positive constants L;j = 1,2; M;1 =0, ...,5;k such that

Ly =mavoci<r Fap(—Apt®)

Ly  =mazo<r<i<t Eao—An(t —7)%)
Mo = llallcp,m

My = lepmn

M, =maz (DG (E(t) — EO)lleay, || Ellop) s Ms = |lelleom
My =maz ([Follcpry; | Finllopm) s i=1,2 n=1,...

Ms; =maz(|eol;lpinl) i=1,2n=1,..
ma$0<'r<t§T)\n(t - T)a_lEa,a(_)‘n(t - T)a) <k (3'9)

Theoreme 3.2. Let A(1) — A(4) be satisfied . Then the inverse problem (3.1) — (3.4) has
a unique solution (u(x,t),c(t)) for some small T .Furthermore thise solution is in
[C2([0,1](0, T]) N C([0, ][0, TD)]

proof.Let us start with the existence of the solution of direct problem
Step 1: Determination of u(x,t) for arbitary c(t) in C[0,T]
By applying the Fourier’s method , the solution u(x,t) of the direct problem (3.1) — (3.3)

(3.1) can be expanded in a uniformly convergent series in term of eigenfunctions of (3.7) in

L*(0.1) on the form

u(z,t) = 2up(t) + Z U1p (t)4cos(2mnz) + Z Ugn (1)4(1 — x)sin(2mnx) (3.10)

n=1
The coefficients ug(t), ui,(t), usn(t) for n > 1 are to be found by making use of the or-
thogonality of the eigenfunction .Namely, we multiply (3.1) by the eigenfunctions of (3.8)
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and integral over (0,1). Recall that the scalar product in L*(0.1) is defined by (f,g) =
2 ) gla)de

Let us note the expansion coefficients of F(x,t) and ¢(x) in the eigenfunctions of (3.8) for
n > 1 respectivley by

Fot) = (F(x,t), Yo(x)) wo = (p(x), Yo(x))
Fin(t) = (F(2,),Y1a(z)) and { o1 = (p(2), Yin(2))
t

we obtain view of (3.1) and with (u(x,t),Ys(x)) = ug(
(

{ Dg. (uo(t) — uo(0)) = a(t)uo(t) + c(t) Fo(1)

400 (3.11)

Jor uin(t) = (u(x,t),Yin(x));n > 1 in view of (3.1) we have

(D55 (uo(t) — uo(0)), Yin(2))

= (Ugp(z,t) + a(t)u(z, t) + c(t)F(x,t), Yin(x))

= (urn(D)X0, (1) + 0 (£) X2, (2), Yie) + a(t)iinn + (t) Far
= =AU, (1) — dmnus, + a(t)ur, + c(t)Fi,

The linear fractional differential equation satisfied by ui,(t); n > 1 are

(Dg- (uln(t) u1,(0)) = =Apui,(t) — 4mnug, (t)
+aft )Uln(t) c(t) Fin(t) (3.12)
12(0) = ¢1n

Also ,the linear fractional differential equation satisfid by us,(t);n > 1 are

(DG (u2n(t) = u2n(0)) = =Anuan(t) + a(t)uan(t) + c(t) Fan(t)
(3.13)

u2n<0) = Pan
Applying 1§, to (3.11) we get the following Volterra integral equation satisfide by the solution

T)a—l

Fo( / —_— 14
= o+ / )R+ [ (314
This solution is bounded in C|[0,T)] in view of (A1) — (A3). we have

|luollepr) < lol + aiy 1 EFolleromllellerom

+a1:f7(o;)HaHC[O,T}HUOHC[O,T]

Hence
l|uol|cior < | Ms + oo )M4M3 [1— W]~ = 4o (3.15)
for
T 1
Uy= — M Z 1
0 al'(«) 0<2 (3.16)
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In view of theorem 3.1 the problem (3.13) admits a solution in C[0,T] satisfying
u2”<t) = (panOé,l(_)\nta + fg(t - T)ailEa,a(_)\n(t — T)a)

(3.17)
(a(T)uon(T) + (7)) Fan(7))dT
Under (A1) — (A3) , ugn(t) is bounded in C[0,T] as follows
[uanllcrom < pon|Lr + L2%||F2n||C[O,T]||CHC[0,T]
(3.18)
+Lo " lallogo,m || uznl loom
Then we have for n > 1
TOZ
||u2n||C[O,T] S M5L1 + L2EM4M3 [1 — \Ijl]_l — ¢2 (319)
for
T 1
U, = Lo—M, < - 3.20
1 2 Mo <3 ( )

The problem (3.12) admits a solution which is the solution in C[0, T of the integral equation
u1n<t) - SolnEa,l(_)\nta)

—dmn [§(t — 7)) By o= (t — 7)) g, (7)dT (3.21)

+ ot = 1) Boa(=An(t = 7)) (a(7)u1n(7) + (1) Fin(7))d7
Under conditions (A1) — (A3),uy, is bounded in C[0,T] as follows

|uinllcior) < @inlLn + L2%||F1n||C[0,T]||C||C[O,T]
(3.22)

+T L Juan| ey + L2 2o |al oo | [uin e

As previous we get forn > 1
T k 1
|[w1nllclor) < | MsLy + L2EM4M3 + T;% [1— Wy (3.23)

Let us use the product Banach space [C[0, T)]* endowed with its norme to prove the existence
and uniquess of the solution under this from (ug, Uin, Us,) € [C[0, T]]2. Define the operator T
on [C10, T]]? by T(ug, win, u2n) = (Poug(t), Piuin,(t), Paus,(t)) where the operators Py, Py, Py
are defined on C[0,T] by the right side of (3.14) — (3.21) and (3.17) respectively.

In view of (3.15) — (3.23) and (3.19)T" : [C[0, T — [C]0, T)]?

Prove that T is contraction on [C[0,T]]* .So ,for each (ug, uin, U2y); (Vo, V1n, v2,) € [C[0, T]?
we have

[T (o, U1n, on) — I'(vo, Vin, Van) H[C[O,Tﬂ?’
< mazx (HPOUO - POUOHC[O,T]; HP1U1n - PlvlnHC[O,T]; szu2n - P2U2nHC[0,T]>
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First, we get easly

(e}

|| Pouo — Povol|co,r < OAT(Q)HCLHC[O,T}HUO — 0|l < Wolluo — vol| o1 (3.24)
For Py by (3.9) we have for each t € [0,T]
|P1U1n - P1U1n’
< Jolt = 7)* " Baa(=Aalt = 7))a(m)]Juin (1) = vin(7)|dT
+amn [ (t — 7) By a(=An(t — 7)) |uan (T) — von (7)|dT
< Ly%lallcpo,nlluin — vinllepr + t2 | [uon — vanllcpo,n]
Hence forn >1
|| Pruin — Privigllcor) < Willuin — vinllepr) + T:;LHUzn — Van]|cpo,11 (3.25)
Similary for each t € [0,T]
Poton — Pota] < [ (¢ = 7 Bt = 7)) () — v (e
which gives forn > 1
|| Potta, — Povan||cpor < Willuon — vonl|co,n (3.26)
Consequently
[T (w0, Uin, t2n) — T'(Vo, Vins Von)| ljc0,m)3
< max K\I’OHUO — vo|lep,: Vil [uin — vinllcor; Yil|uzn — U?n“C[O,T])
—I—T% (0, ||u2n — Van|clo17; 0)}

S [max(\lj(h \Ill) + T%} ||<u07 U, u2n) - (U07 Uln, U2n) ||[C[0,T”3

According to (3.16) — (3.20)

Tk k 1
max(Vo, V) + o< 1 for T% <3 (3.27)

Then , T is a contraction on [C[0,T]]* and has a unique fized point which is the coeffients
(U, Utn, U2y) of the solution (3.10).Then ,there exists a unique solution of (3.1) — (3.3) for
arbitray c(t) bounded in C[0,T]
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Step2: Determination of the coefficient c(t) in C[0,T]

Applying DS, to the over-determination condition (3.4) we obtain the following equation
Dg.(E(t) — E(0)) = Jy Dg: (u(x,t) — u(z,0))dz
= c(t) fy F(z,t)dr + uy(0,t) + a(t) E(t)
Which, yields
c(t) = [f(®)]7[Dg+ (E(t) — E(0)) — a(t) B(t) — u(0,1)]
Next ,we calculatef(t) = [y F(x,t)dx and find
Ft) = Fo(t) & Xo(x)da + 22, Fin(t) Ji Xpn(2)da

+ 302 Fon(t) Jy Xon(2)dz (3.28)

= 2Fy(t) + 02y 2 Fon(t)

Then , we derive (3.10) with respect to x and get u,(0,t) = 300, 8wnug, (t); where ug,(t);n >

1 are given by (3.17).The obtained equation is an integral equation with respect to c(t)

() = Holt)+ Hy(t)

1 5 Jo(t = ) Baa(=An(t — 1)*)a(T)usn(1)dr (3.29)
o1 55 Jo(t = ) Baa(=Au(t = 7)%)e(T) Fop(7)dr
Where '
Ho(t) = m( o+ (E(t) — E(0)) — a(t)E(t))

Z §02n a,l /\ ta)
we have under (A1) — (A4) and (3.9)

|| Hol|cpo,m < (14 Mo) My M,

[[Hi||cpor) < AMLLy ) 2mn|gay|

n=1

Under (A1) — (A3)X°°, 21tnlpay| is convergent. In fact , we have ¢ € C*0,1] and pq, =

(4)
(2%714 where gpgn) are the coefficient of Fourier series of the function ¢ with respect to the

basis (3.8). The Cauchy-Schwartz inequality yields

00 |‘:92n |

Ki= 305 2mn|pan| = 302, (2nm)3

< ( ?Lol (Qnﬂ-)fs)lm (ZZO1| 2n| )1/2 < 00
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Recall that by the Bessel’s inequality , we have 3°°°, || < C’||g0(4)||%2(0’1).Thus

lelleor < |Holleom + || Hillop + 2MykMoT 352, Lenllcnn

nm

0o Fop,
F2M KT ||l | oy 524 [[E2nlleio, 1)

nim

where

> ||u2n L > n LyT%||e || Fan
3 ||uan||cro,m < 1 3 |2 \+ 2T |e]| oo,y > || Fonll o,
= nw 1 -] = nn all -0 o nm

The convergence of the series

o

n - F”
Z|902|:K3and ZM:KQ

ionmw nm

n=1

1s clear by the Cauchy-Schwartz inquality. Hence, for

Lo M,T®
@fﬂMmﬂQP+ 2770 ]

CY[]_ — \Ifl]
we have

QMM Tkl K.
llelleory < [(1+ Mo)My My + AM L K4 )[1 — W )71 4 S0 =2

[1—U4][1 -V,

(3.30)

(3.31)

Hence c(t) is bounded in C[0,T].Now, we define the operator P on C[0,T] by the right side

of (3.29).

Let us show that P is a contraction mapping in C[0,T] .For each ¢,b € C[0,T| with us,va,

defined by (3.17) relativiey to c,b respectivley, we have

n — U2n < Ly———— -b Fn
[[t2n — Vanl|cro.r) < 2a[1—\111]||c lleo,z1]1 Fonll oo,

and

© || Fy,
1P~ Bllcion < 207 > 1Plcny e

n=1

+2M1]€MOT Z Hu2n - UQnHC[O,T]

n—1 nm

Lo M T
QMH&F+20
(8]

———||le=0
2 et

According to (3.31) the operator P has a unique fized point c¢(t) in C[0,T] , by the banach

fixed point theorem
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Step 3: Estimation of the time of the local existence

According to (3.16) — (3.20) — (3.31) and (3.27) T* must satisfy this approximation

T < inf al'(«) 1/a.( o )1/a ar 1 < a >1/a+1
o 2M, "\ 2M, L, ok AM kK, \2MyLo K,

to ensure the existence of the solution on [0,T] for each T < T*

Step 4: Convergence of the solution series (3.10)
As it was proved ,in view of (A1) — (A4), the coefficients ug(t), u1,(t) and us,(t);n > 1 are
bounded in C[0,T] .Thus , the series expression (3.10) of u(x,t) gives

supecoallule, 0] = (O] < 2uo(®)] + 43 (O] + 43 ()] (332

(A2) — (A3) implies that 00 |@inl, Yoncy 20| @in| and S-00 | [Fin(t)]; vy 2mn| Fiy(t)]i =
1,2 converge uniformly.

In consequent by (3.22), (3.18) and (3.30) the series u(x,t) and its partial derivative u,(x,t)
are uniformly convergent in [0,1][e, T] for any € > 0. Therefore ,their sums are in C[0,T]
for x €]0,1] .

Also , its scend partial derivative u..(x,t) is uniformly convergent in [0,1][e,T] for any

e > 0 by the Cauchy-Schwartz inequality and the Bessel’s inequality in view of the fact

(4) (4)
that @q, = (fn)4 and Fy,(t) = g;n()tz;z’ = 1,2 Then , the uniformly convergence of

S0 Uin (1), 3000 Apuin(t);7 = 1,2 and the inequalities

1 DG (u(t) — uo(0))|[crom < My||uol|cro,r) + MyMs
1Dy (w1, (t) — w1n(0)[lcior) < (An + Mo)||uin|lofo,r
+4nm||ugn||cro,m + Ms||Finllcpo,m

1D (u2n(t) = u2n(0)|[co1 < (An + Mo)l[uznl|cpor) + Ms|| Fanllcpo,r)
obtained from (3.11), (3.12), (3.13), imply that > 52 (win(t) — uin (0)) and Y02 Dy (wi (t) —
uin(0)),7 = 1,2 are uniformly convergent on [e, T| For any ¢ > 0 .
In view of Theorem thea-partial derivative Dy of the series (3.10) is uniformly convergent
fort € [e,T] for any e >0 and x € [0,1].
Thus u(z,t) € C*0,1)(0,T] N C([0,1][0,T]) and satisfies the condition (3.1) — (3.3) for
arbitrayc(t) € C[0,T).
Step 5 : Uniqueness of the solution (u(z,t),c(t)).
Assume that the pairs of functions (u(z,t),c(t)) and (v(x,t),b(t)) are solutionsof the inverse
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problem (3.1) —(3.4) . Let us use the product Banach space [C[0,T]|* endowed with its norme

to prove the uniquness of the solutions under this from (ug, Uiy, tan, ¢) € [C[0, T]]*. We have

H(U/[), Uln, U2n, C) - (U()? Utln, U2n, b) ||[C[0,T”4
< max(Wo; W15 We)||(uo, Uin, Uan, €) — (Vo, Vin, Van, b)||[C[0,T]]4

In view of (3.16), (3.20) and (3.31)

H(u[)a Uin, U2n, C) - (/007 V1in, U2n, b) H[C’[O,T]]4

This implies that u(z,t = v((x,t) and c(t) = b(t)t € [0,T). This completess the proof.

3.2 Continuous Dependence on the Data

Theoreme 3.3. Under assumption (Al) — (A4) the solution (u(x,t),c(t)) of the problem
(3.1) — (3.4) depends continuously upon the data of ®(t) = {a(t), F(z,t); o(x); E(t)

proof.Let (u(z,t), c(t)); (u(z,t),c(t)) be the solutions of the inverse problem (3.1) — (3.4)
corresponding to the data ®(t) and ®(t) respectively.
Let us denote ||| = |allcior) + [|Elacior) + [lellcwa) + [ leqop.m)
First , we estimate each coefficient of u(x,t) — u(x,t) in C[0,T].
We will use this from |AG — AG| = |AG — AG+ AG — AG| < |A||G — AG|+|G||A— A|. Then

for some constants 0;,i =1, ...,4

l|uo — tollcpo, < [1,97&;0]“00 — ol + [1,072\1,0]||C — c|crom
+[1_973\110]HF0 — Follep (3.33)

+tlla = allep,r

By similar calculus we can obtain for some constants B;,1 =,....,5 and 6;,1 =1,...,4

_ - Fin =
[un = Gnllops) < 25191 — Gual + 2D e — & oy

Balluinllco,r

+[1—67§I/1]||F1n - Fln“C[O,T} + [1—7@1]“@ — C_ZHC[O,T] (334)

+ﬁ”“2n — Usan||clo7)

and

_ _ 82| Fan _
l|ugn — Un|lcpm < 7[1,511,1} |02 — Pon| + 42||[127“1|101][0,T1 llc = éllep,m
(3.35)

n dalluzn| , —
+[17§73\I;1]||F2n - F2n||C[O,T] + WHG - (l“C[O,T]
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We use (3.33),(3.34),(3.36) in (3.32) to get for some positive constants n;ii = 1,...,4 the
estimate of u(z,t) — u(x,t) in C[0,1][0,T]

lfu — 4l < mlle = @llezpo + me2lle = €llepomn

+03|[F = Fllc2(o,10.11 + malla — @l |
In addition , we have

DG, (ul,t) — ulw,0)) — Dg. (e, £) — a(a, 0))]
< ||uzz - a:cmHC'([O,l]HO,T])

+lla = allcoml|ulleoom) + 1lallcpm v — @lleqogo.r)
+le = elepmFlleqo.no.m + lellcoml | E = Fllogo,gpom)

we get for some positive constants By; By
[l — | c2.eo.10.7) < Bil|® — @ + Balle — & op) (3.36)

Next , we have to estimate each term of the difference |c(t)—c(t).| Let us not E(t)—E(0) =
A(t), then we have by (3.29)

|1 Ho — Hollopry < Mi||ID§y A(t) = Dgs At)l ey + MM f = fllep
+M, Ms||la — ch[o,T] + Mo M| |E — EHC[O,T]
+MoMEMy||f = fllcio

Also we get by (3.29)

|Ho — Hollcpr < 8MiLy Y. nw|pan — @on| + 8M7Ly Y nw|pon| || f — fllcpm

n=1 n=1

The estimate of the first integral part is

52, 80 3(t = 7)° B (At — 7)) [£0E0) _ €0 Fai)] g

1Fan—Fanlloro, _ 1 Fanllcpo.
Won=Bonllentl L 9T K M, ||e — &|opr) T3, 2micls)

nm

S 2TKNM M3 3207,
TR M2M, o, Enllewry 5y
For some positive constants Hi,z’ =1,...,6 we have
llc = ¢l < = \1/ ]HE EHAC[OT + % 2one1 | Pan — Pon

H4 0 ||F2n_ﬁ2n‘|C[O,T]
¢l Z nm

Hu2n_ﬂ2n||C[O,T]
nmw

+ 11 — allopm + ik o2
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we can obtain for some positive constants By and By and with (3.36)
lle = ellopa < Bsllg — ol + Ballu — allc2a o0,

[Bs + B4B1]||® — ®|| + BaBylle — ¢l|cpo

Then

e = ¢cllepr < %H@ — |

lu— allc2oqoupry < [Br+ B2 o — @)

The Theorem has been proved.
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Conclusion

The inverse problem regarding the simultaneous identification of the time-dependent source
coefficient with the tempurature distrubution in a one-demensional sub-diffusion equation
with nonlocal boundary and integral overdetermination conditions has been considered. The
nonlocal boundary conditions,the Riemann-Liouville and Katugampola fractional derivative
and the control coefficient made our problem more difficult. The conditions for the exis-
tence,uniqueness and continuous dependence upon the data of the problem have been estab-
lzshed by using the Fourier method with some bi-orthogonal system, an associated Riemann-
Liouville and Katugampola fractional derivative which contains an initial data and the Ba-

nach fixed point theorem for a product of Banach spaces
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Astract

In the present work , we study two classes of inverse problems for diffusion equation with
source term, where the partial derivative is fractional in the time.

The from of EDP problems are called sub-diffusion problems.

The first investigation is devoted to the determination of the source term coefficient depen-
dent on time of an inverse source problem with non-local boundary conditions and integral
condition.

We establish results of existence, uniquenss and continuous dependence data.Tools used for
demonstration are based on one hand , the Fourier method for bi-orthogonal systems , the
operator being not self-adjoint , in author hand the fixed point theory.

The scend investigation is devoted to determination of source term coefficient dependent on
the space for sub-diffusion problem with homogeneous boundary conditions and an initial
weighted condition.

For direct problem , the key point in our analysis is the use of Duhamel principle in addi-
tion Fourier method , to show existence, uniquenss of weak solution, then the question of
reqularity is treated.

to determine a unique coefficient, we add an integral condition to introduce input output
mapping.

The inverse problem is reduces to the problem of ineversibility of the input output map-

ping,which shoud be monotone and it’s invers is bijectif
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