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Preface: This manual is intended for first-year university students and offers a

comprehensive series of detailed lessons and solved exercises. It is designed to align with the
ministry’s corresponding LMD "Academic/Licence" training model. The primary goal of this
manual is to equip students with the necessary foundational knowledge to understand and
master the basic concepts of particle mechanics, enabling them to apply these principles in
analyzing various other physical phenomena. In addition, students will develop essential
intellectual skills that allow them to bridge what they have learned in this module to broader

academic fields and subjects as they continue in their academic journey.

The manual is structured to gradually build up the students' understanding, beginning
with essential theoretical knowledge and progressively integrating practical applications.
Each chapter is accompanied by exercises, reinforcing the material covered and helping
students apply theoretical concepts to real-world situations. The following chapters are

included in the manuscript:

» Chapter One provides an overview of the main concepts of dimensional analysis. It
includes a mathematical review and offers explanations for the fundamental concepts
of vector calculus, ensuring students have a solid foundation in the necessary
mathematical tools.

» Chapter Two introduces the kinematics of a material point, laying out the principles
that govern the motion of objects and how these can be described in mathematical
terms.

» Chapter Three delves into the dynamics of a material point, illustrating the key
principles of Newtonian mechanics through its three fundamental laws of motion, and
explaining how forces affect the motion of objects.

» Chapter Four focuses on the work and energy associated with a material point,

exploring how energy is transferred and transformed in mechanical systems.

Each chapter is supported by a series of corrected exercises that are designed to enhance the
student’s understanding of the material, allowing them to apply the theoretical knowledge
gained in practical scenarios. These exercises build on the concepts introduced in the
chapters, promoting a deeper comprehension of mechanical applications. Through the study
of this manual, students will not only grasp the core principles of mechanics but also acquire
the analytical skills necessary for future academic challenges in the field of physics and
beyond.
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FIRST PART: UNITS

Understanding physics easily, especially in classical mechanics, requires giving
significant importance to building accurate concepts and providing a physical perspective on
mathematical relationships. Therefore, our goal through this compilation of lessons is to
reanalyse and review many of the physical principles and connect some mathematical

concepts with their physical meanings.
1) physical quantity

In physics, a physical quantity is any measurable property that describes a specific

aspect of an object or a system.

Examples of physical quantities: mass, time, distance, area, volume, energy, density,

pressure...velocity, acceleration, force and temperature ... Etc

The physical quantities can be categorized into two types:
1-1) Scalar quantities

Scalar quantities are properties described just by their magnitude (numerical value)

and the appropriate unit of measurement. Examples of scalar quantities include:

Mass (e.g., 15 kg), Temperature (e.g., 30°C), Energy (e.g., 100 J), Time (e.g., 10

seconds).
1.2) Vector quantities

Vector quantities are properties described by specifying their direction, in addition to

their magnitude (numerical value) and their appropriate unit of measurement.

other definition : are properties that cannot be fully described without specifying the

direction (in addition to their unit and numerical value (magnitude)).
Examples of vector quantities include:

Velocity, Force, Displacement, Acceleration.

——
[a—y
| —
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2) Units of measurement

Units of measurement are symbols added to values to give them specific physical
meanings and also for distinguishing between quantities. Units are divided into two main

groups:
2-1) Fundamental Units

These are the basic building blocks of measurement and are inherently independent,
meaning they can't be expressed in terms of other units. They include crucial physical

quantities like units of mass, time, electric charge, length, and distance.
2-2) Derived Units

Derived units are units that can be expressed as a combination of fundamental units.

Examples include:
The newton (N), derived from kilogram, meter, and second, measures force.
The joule (J), a combination of Newton and meter, quantifies energy.
The watt (W), obtained from joule and second, is used for power measurement.
The coulomb (C), derived from ampere and second, quantifies electric charge.

The hertz (Hz), based on the reciprocal of the second (1/s), represents frequency.
3) Systems of units in physics
Among the systems of units, we mention:

3-1) Centimeter-Gram-Second (CGS) System:

The CGS system includes three basic quantities: length, mass, and time, as well as units such

as centimetres, grammes, and seconds.
3-2) meter-kilogram-second-ampere system

MKSA system consists of four quantities and units: length, mass, time, and electrical current.

Units are meters, kilogrammes, seconds, and amperes.

——
(%)
| S—
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3-3) The International System of Units (SI)

Measurement units for physical quantities can vary from one country to another. For
example, in the United States, units like inches (1 inch = 2.54 cm) and pounds (1 pound =
0.45 kg) are used to measure distance and mass. These units may not be widely recognized in
many other countries, leading to challenges in scientific communication. Therefore, to
establish a uniform unit system, a consensus has been reached, resulting in the International

System of Units (SI), which consists of seven fundamental units as outlined in the table below.

Table01: The seven independent SI base units

Base quantity Unit name Unit Symbol

Length Meter m
Time Second s

Mass Kilogram Kg
Temperature Kelvin K
Electric current Ampere A

Amount of substance Mole mol
Luminous intensity Candela cd

Example 01:

Find the derived unit for the following quantities

o Volume = Lenght x Width x Hight Height

Volume unit = Length unit x Width unit x Hight unit=
5 w1d11:\‘
mxmxm =m —_—
Length
o Velocity = distance / time = Velocity unit = distance unit /
time unit = m/s
o Acceleration = velocity/ time = Acceleration unit = velocity unit / time unit = m/s’

o Force = mass* acceleration = Force unit = mass unit % acceleration unit= Kg.m/s’

= N
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4) Dimensional analysis
4-1) Dimension definition

In physics, the term "dimension" signifies the inherent property of a physical quantity.
we use dimension to classify the physical quantities according to their types regardless of
their values or the unit used for them. For instance, the measurement of distance between two
points can be done using units like feet, meters, or kilometres, with each unit representing a
unique aspect of the dimension known as length. Similarly, when measuring the mass of an
object, it can be quantified using units like kilogram, gram, pound, or milligram. These units
all share a common nature, as they represent mass, and therefore they have a mass
dimension. To denote the dimension, we typically write the symbol of the quantity within

square brackets [quantity].

Table02: Base Quantities and Their Dimensions

Base quantity Symbol for dimension
Length L
Time T
Mass M
Temperature ¢
Electric current 1
Amount of substance N
Luminous intensity J

The dimension of the derived physical quantity (Q) can be expressed as:
[Q] = L*MPLT4I°0/ N9J"

In this expression, the variables a, b, ¢, d, e, f, and g represent the powers associated

with the fundamental physical dimensions.
4-2) The dimensional equation

The dimensional equation is an equation that expresses the relationship between
different physical quantities through their dimensions side. We can obtain the dimensional

equation by rewriting the original equation in a way that represents each physical quantity in

( ]
L 4 )
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terms of its dimension. In other words, the symbols used for physical quantities are replaced

with symbols representing their dimensions.

Through this process, we can verify that the relationship between the physical quantities
in the equation is correctly aligned in terms of dimensions and units, ensuring the accuracy

and compliance of the equation with the laws of physics.

Example 02:

let as assume we have a physics equation that relates force (F) to mass (m) and
acceleration (a). This dimensional equation can be represented as follows:ﬁ' =m-d

In this equation:

F represents force and can be expressed in units of Newton (N).

m represents mass and can be expressed in units of kilograms (kg).

a represents acceleration and can be expressed in units of meters per second squared
(m/s?).

If we analyze the dimensions in this dimensional equation, we find that they align
correctly:

[F] = [m] [a] = M.L.T?=N

This indicates that the unit of Newton for force correctly corresponds to the units of

mass and acceleration. Thus, the equation is dimensionally and physically correct.
4-3) Properties of dimensional equation

"Let F, A,B, and Care different physical quantities, and 'm' and 'n' are real numbers.

o The equation F + C = B + A is dimensionally correct only if all the quantities F, C, B,

and A, have the same dimensions([F|] =[ C] = [B] =[ A]).

o The dimension of any constant real number is dimensionless (IfFF =n= [F] = 1).

o F=nxAwe can analyse its dimension as [F| = [n] X [A]= [F] =1 % [A]. This
demonstrates that F possesses the same dimension as A."

o F=BxAxC, wecan determine its dimension as '[F| = [B] x [A] x [C]." This equation
displays how the dimension of F is a product of the dimensions of A, B, and C."

o F=A"=[F]=[A]™. This illustrates that F's dimension is related to A raised to the power
of ' m’

o F=dA/dx= [F]=[A]/[x]
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o F=[(Ady)=>[F]=[A] x [y]
« F=vVAs[F]=[VA]=[4]

C A=t =[] [4]-1

e A= [gdx =[A]=[[gdx]=[g][dx]
e A= number = [A] =1

e A= cos(B) = [A]=1

e A= sin(B) >[4l =1

e A=tan(B) = [A]l=1

Note: | When physical quantities have very large or very small values, it is preferable to

express those using powers of 10 or by adding a prefix to the unit that represents the power

of 10, as shown in the following table:

Table03: Prefixes for Powers of Ten

Factor Prefix Symbol Factor Prefix Symbol
107 yocto y 10! deka da
107! zepto z 10° hecto h
108 atto a 10° kilo k
107 femto f 10° mega M
1072 pico % 10° giga G
10”7 nano n 102 tera T
10°° micro U 107 peta P
1073 milli m 1018 exa E

1~ centi c 10° zetta z
107 deci d
Example 03:

Find the dimension of the following quantities: velocity, acceleration, force, Charge
quantity, , Kinetic Energy , and Gravitational potential energy.
- Velocity: V=x/t = [V]= [x]/[t]=L/T
- Acceleration: a=v/t = [a]= [v]/[t]=( L/T)/T = L.T 2
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Force: F =m d= [F]= [m].[a]= M.L.T™2
Charge quantity:Q =i xt =2[Q] =[i]x[t] = [Q]=1T
Kinetic Energy:E = > mV2=[E] = E] [m][V?] = M L2T?

Gravitational potential energy:E = m. g.h=[E] = [m][g][h]=[E] = M.L.T™2 .L =
M L2T?

12) Serie of Solved Exercises

Exercisell:
The following equation expresses the change in displacement with respect to time and

the acceleration of a moving object.

1
= — tz
X > a

1 - Write the homogeneity condition of the equation.
2 - Prove its dimensional consistency using the dimensional analysis method.
Solution:
1. The homogeneity condition of the equation :
[dimenion of the left side | = [dimension of the right side |
2- Prove its dimensional consistency using the dimensional analysis method.

The left side of the equation [x | = L

The right side of the equation E] [a][t?] = [a][t]? = LT %T?=1
The dimension of the left side equals the dimension of the right side, indicating that the
equation is dimensionally correct.
Exercise02:
What are the dimensions of both k and v, constants in the following equation?
v = kt + vowhere v represents velocity and t represents time
Solution:
The equation is dimensionally correct if both sides have the same dimension.
[v] = [k][t] = [vo]
LT = [kIT = [v,]
LT™Y = [vo] and LT™? = [k]

Exercise03:

——
2
| S—
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Determine the physical dimension of the spring constant and then verify the homogeneity
of the equation that relates the spring constant to the elastic potential energy
Solution:
1) The physical dimension of the spring constant (elasticity constant) can be found using the
formula related the force exerted by a spring to its displacement

F = —Kx
Where
F is the force applied to the spring.
Kis the spring constant.
x is the displacement from the equilibrium position.

To find the dimension ofK, we can rearrange the equation as follows:

So, we can find the dimension of the spring constant K as follows:

K] =%=M=M.T—z

So, the physical dimension of the spring constant (K) is M. T ™2

2) To verify the homogeneity of the equation connecting the spring constant to elastic

potential energy, you can follow these steps:
- Express the equation for elastic potential energy (U) in terms of the spring constant (K) and
the displacement (x).

U—lK2
_2 X

- Determine the dimensions of each variable involved:

The dimension of elastic potential energy [U] is energy, which is represented as|U| =
M L*T?

We already found the dimension of the spring constant [Kin a previous response:[K| =
M.T~?

The dimension of displacement (x) is length, [x] =L

( ]
L 8 )
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Now, substitute K and x dimensions into the equation for elastic potential energy:
[K][x]? = M.T72.1%? = [U]
The equation is homogeneous because the dimensions on both sides match. Therefore, the
equation connecting the spring constant to elastic potential energy is consistent in terms of
dimensions.
Exercise 04:
Determine the dimension of the two parameters A and B which appear in this equation:
f = A.m.v + B v? where frepresents the force, m represents the mass, and v
represents the velocity
Solution:
f=Amv+Bv? = [f] =[A.m.v] = [Bv?]
[f] =[A-m.v] = [A].[m].[v]

I
41 = Fallo)
o MLT
Al =srr==T
[f] = [Bv?] = [B1[v?] = [B] [v]?
L[] MLT?
[B]_[v]z_ pre - MUY

Exercise 05:
The equation of state for an ideal gas is given by: PV = nRT
- Write the dimensions of each parameter in this equation.
Solution:
1) Pressure : P = F /S (F: force and S : area)
[P] = LN { F=ma = [F]={m]la] (m signifies mass, a represents
L] S=LxW = [S]=][L] x [W]

acceleration, L denotes length, and w represents width.)

{ [F]=[m][al]=MLT™? o p =ﬂ= MLT™? ML
= [S]=[L] x [W] = L2 [S] L?
2)volume :V =LxXW x H = [V] = [L] x [W] x [H] = I3

3) Amount of substance : [n] = N

4) Temperature : [T] = 6

5) The ideal gas constant, also known as the universal gas constant

——
o
| S—
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_PV
T

[PIV] ML *T™2L3
[n][T] NGO

Exercise 06:

R = [R] = =ML*T2N"1g7!

Using dimensional analysis, find the dimensions of both parameters E and G that ensure

the dimensional consistency of the following equation:
K=Gvf+Eptm?g?

where, frepresents the force, v represents the velocity, m represents the mass, p
represents the pressure, g represents the acceleration due to gravity. The dimensions of the
quantity K are given as: [K] = M? L> T3

Solution:

1) Dimensions of the given parameters :
- Force f: The dimension of force fis MLT ™2 (since force = mass m x acceleration a).
- Velocity v: The dimension of velocity is LT ™! (since velocity = distance / time).
- Mass m: The dimensions of mass are M.
- Pressure p: The dimension of pressure is M L™ T~2 (since pressure = force / area).
- Acceleration due to gravity g: The dimension of acceleration is LT 2.
2) Finding the dimensions of G and E:
o ensure the dimensional consistency of the equation, the dimensions of the following terms
must match the dimension of K

therefore,

M? [ T3

Gl=————
6] = =17

M2 [2 T3
T M-1L T2 M—2[-1T?

[E]

10
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SECOND PART : VECTORS

1) Definition of vector:

A vector is an oriented segment that has both magnitude (length) and direction.
Graphically, vectors are often represented by arrows. The length of the arrow represents
the magnitude of the vector, and the direction of the arrow indicates the direction of the

vector.In handwritten equations or mathematical expressions, vectors are typically

represented by placing a letter with an arrow above itsuch asV.In physics, vectors offer a
comprehensive representation of certain quantities that cannot be adequately described
solely by stating their values and units. Vectors enable us to model and represent these
quantities, allowing us to understand how they change in various spatial directions,

essentially giving them a descriptive form associated with spatial orientations.

Tail (origin) ~ ——— Tip (Head)

2) characteristics of a vector

1- Magnitude (Length): Magnitude represents the length of the vector and expresses the
scalar quantity of the vector. Its value is always positive. The symbol used to represent the
magnitude or absolute value of a vector is indeed typically written as double vertical bars
(I IDsurrounding the vectorV, like this:|| V||

2- Direction: Direction indicates the orientation of the scalar quantity of the vector,
geometrically defined by the angle between the vector and a specific axis or the arrow's
direction.

3- Support: Support refers to the line connecting the starting point (tailor origin) of the
vector to its endpoint (head or tip). In other words, the line of action of the vector is the

straight line along which the vector lies.
3) Specifying a vector

The vector is typically defined using one of the following methods:

v’ By specifying its length (magnitude) and the angle it makes with a specific axis (see figure
01).

11
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v’ By determining its starting point (tail) and endpoint (head) using their coordinates in
space (see figure 02).

v’ By describing its components in space, such as its three-dimensional coordinates (We will

address this point later).

v

VA
"

figure 01 o 'ﬁgure 02

4) The Unit Vector

The unit vector notation for vector V, which is denoted as wuy, exhibits the following

characteristics:

Magnitude: It has a magnitude of exactly one, denoted as||uy|| = 1. This signifies that its

length is normalized to unity, meaning it doesn't carry any specific units.

Direction: w, aligns precisely in the same direction as the original vector V. In mathematical
terms, this can be expressed as w, = 17)/ ||I7|| where ||7||represents the magnitude (length) of

vector V.

5) The Negative of a Vector

—

-V

The negative vector is a vector with an equal magnitude to the original vector but

directed in the opposite way.
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5) Equality of Two Vectors

we said A and B are two equal vectors (X = §) only if they have the same magnitude

(1 ||X|| = ||§|| ) and direction, whether or not their initial points are the same (wWhere, the lines

of action of any two equal vectors are parallel.), as shown the following Figure

/ B . / B
equal vectors unequal vectors unequal vectors

6) The vertical projection of a vector onto an axis

head

The vertical projection of a vector Vonto an axis(OP) is a vector V_p)aligned with that
axis. Its starting point (origin or tail) is the projection of the vector's originpoint onto the
axis, and its endpoint is the projection of the vector's head(tip) onto the axis. Its length is
the result of multiplying the vector's length by the cosine of the angle (9)enclosed
between them.

73]l = VIl x cos()

If the axis onto which a vector is projected is oriented with a specific direction, such
as being represented by a unit vector, we can express the projection by taking the scalar
product (dot product) between the original vector and the unit vector of the axis. We'll

delve into the concept of the dot product between two vectors in more detail later on.,and

therefore, we can write the following.'V_p) = ||V_p)||u_p’ = ||7|| X cos(ﬂ)u_p)

13
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The length of the vector obtained through the projection can be called the "component
of the original vector on the axis.This component represents a part of the original vector

and allows you to analyze the original vector into its subcomponents along multiple axes.
7) The analytical representation of a vector

The analytical representation of a vector means representing the vector using its
individual components relative to specific axes. These components are typically the
outcomes of projecting the vector orthogonally onto these axes. In other words, the
analytical representation of a vector is the process of rewriting it using its components

and unit vectors extending in specific directions along particular axes.

Example:

The vector Vin the corresponding figure has a magnitude of 2 and makes an angle of 30
degrees with the (OP) axis.We can find its components along the two axes (OP) and (OK),

which carry the unit vectors ﬁ; and uy, respectively. We can write its analytical expression

along these two axes using the following method.:

Vi l """""""
uy
— . orP
0 u,

To find the component along the (op) axis. Firstly, we need to perform orthogonal
projections of the original vector onto both axes, as detailed in the figure.
On (OP) axis =V, = ||Vp||up = ||V|| x cos(9)u,, = — Up = \/§up
On (OK) axis = V, = ||7k)||ﬁ; = ||I7|| X sin(9)uy, = 2 % %Tk = Uy
V=V,+V = V3u, +u
So /3 and 1 values resulting from projecting the vector Von the two principal axes

(OP, and OK) are called the components of the vector V.

[ 1)
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When vector A analyzed into its components in a Cartesian coordinate

System(O, 0,7, E),the analytical expression for this vector is written as follows:

&=l =

- N _ - - X

A= X +Yyg +Z4k or A= <Yj>
Za

Where the relationship between the components of the vector, its magnitude, and the

angle it forms with a given axis is expressed as follows:
(X, = |/T | cos a
Y, = |/T | cosf
kZ = |/T | cosy

Where X, is the projection of A on (Ox), Y, is the projection of Aon (Oy), and Z,
is the projection of A on (0z). a, B and y are the angles between the vector A and

the axis (Ox), (Oy) and (0z) respectively.

7-1) Belonging of vector to a specific plane determined by two vectors

We classify the vector V as part of the plane (P) defined by vectors 71) and 72) when we

can represent it using these two vectors. In other words, if we can find values "a" and "b"

such that V = a 71) +b 72) we can conclude that vector V can be expressed in relation to

vectors 71) and 72) and is situated within the specified plane.

Example
We consider the following vectors:
Vi=2U+ 7V, =0 +37 +kVa =4T+ 77 + 2k
To prove that the vector 73) belongs to the plane (P) formed by vectors 71) and 72)

Va=aV,+bV,=2aT+a]+bT+3bT+bk=Ra+b)T+(a+3b) T+bk

2a+b =4
a=1

Qa+b)T+(@+3b)] +bk=4T+77+2k ={a+3h=7 =
b= 2

b= 2
73) = 71) + 2 7{ we can write 73>as function of both 7{ and Vz) thus , the vector 74; belongs to

the plane (P)

15
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7-2) The linear dependence of two vectors

We say that two vectors are linearly dependent if one of them can be expressed as the
scalar product of the other by a real number. In other term, the vectors A and B are linearly

dependent if there exists a real number « that satisfies the following relationshipsz =a B
Example:

We consider the following vectors:A =T + 27 + kB = 4T + 87 + 2k

- Verify whether the two vectors are linearly dependent
{ a=4 a=4

A=aB= a(T+27+k)=4T+87+2k = {2a =8 = = a =4 Therefore, It

a= 2 a= 2

can be said that these two vectors are not linearly dependent, as there is no single real

number that satisfies the relation A=aB
8) Operations on vectors and their properties

8-1) Vector Addition:

The sum of two vectors A and B is a vector with its tail at the beginning of the first vector

Aand its head at the end of the second vectorB, while its length is obtained as follows:
- - - =\ 2 - —\ 2 >\ 2 —\ 2 > -
R=4A+B = (R) = (A+B) = (A) +(B) +2(4.B)

—

2 2 y=p2 =
||R|| = ||A|| + ||B|| + 2 ||A|| ||B|| cos(9) where 9 denotes the angle enclosed

between A and B vectors

— 2 5,2 N -
IRl = (Il + 817 + 2 [a]l. 8] cos(s)

16
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Geometrically, vectors can be added by parallel displacement of the second vector to the
first vector, such that the end of the first vector (the head) matches the starting point of the
second vector (the tail). The resulting vector from the addition has its starting point at the

origin of the first vector and its endpoint at the head of the second vector, as shown in the

following figure where R = A+ B
Analytically:

Let us consider A and Bare two vectors have their components in the Cartesian

coordinates system (O, XYZ), where "O" is the origin, and "XYZ" represents the three axes
with three basis orthogonal unit vectors (T, T, k) that correspond to the three main

coordinate axes. We can sum A and Eanalytically by adding all the components multiplied by

the same unit vector as follows:
A=AT+AJ+Ak B=B71+B)J+Bk
A+B = (A + B)U+ (4, + BT + (4, + Bk

We can use another writing shape for vectors sum

. A, 7 . B, 7 . Ayt By T
A= Ay i and B = By i = A+B Ay+By i
A,/ \k B,/ \k A, +B,/ \k

The magnitude of (/T +B ) vector is given as follow:

|4+ B| = J(Ax +B)%+ (4, + By)2 + (4, + B,)?

To find the coordinates of the starting point of the vector sum of vectors A and B,
where vector A has its tail at point (x;, y1) and its head at point (x2, y2), and vector B has its
tail at point (x3, y3) and its head at point (x4, y4), the resultant of their addition, vector C=

A + B, will have its starting coordinates at (x;+x3, y1+y3) and its head at (x2 + x4, y2 + y4).
Important Note:

1- Subtracting two vectors is a special case of vector addition. Geometrically, we add the

first vector to the negative of the second vector. Analytically, it is expressed as follows:

17
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. AN\ . B\ [T s L [Ax =B\ [T
A= Ay || 7 and B = B, || = A-B A,—B, |\ J
Az k BZ k Az - BZ k
v’ Vector addition has the commutative property A+B=B+4

v’ Vector addition has the associative property (ff + E) +C=4+ (E +C )

v’ Vector addition has the distributive property A X (ff +B ) = AxA+ AxB

Example:
We consider the following vectors: A = 31 + 1 7§ =10 42 7

Using the graphical and analytical methods, find the sum and subtraction of these vectors

y C=Ad+7; D=F-4
A
Yy Yy
N X X
A
/ il ¢ T y
7B |/ 12 L
7 X 7 /? E J /?
1 X 3 X
D
Addition Subtraction

Analytically:

=A+B=3T+17+1T+27 =47 +37

Ny

-

D=B-A=1T+27-@U+1)=-2U+1}

8-2) Scalar (Dot) Product, Vector (Cross) Product, And Mixed Product

8-2.1) Scalar (Dot) Product

v

The scalar (dot) product of two vectors A and B is denoted A - B

v’ The scalar (dot) product of two vectors Aand §produces a scalar.

v’ The scalar product of vectors Aand B is given in terms of their magnitudes and the

angle (9) enclosed between them as follows:
4B = |[d].|B] cos @

We can distinguish three special cases based on the value of the angle

[ 1)
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”Z” . ”E” ifv=0 Aand B are parallel vectors
A.B= ||Z|| . ”E” cos (V) = {— ”Z” . ||§|| if 9=m Aand B are anti parallel vectors
0 if 9 =g soA LB
v The scalar product of vectors Aand B is given in terms of the components of
A and Bas follows:

A.B=Ayx By +(4,x B)) + (A, %X By

A

ol

V' The scalar product has the commutative property A B=
V' The scalar product has the distributiveproperty_(f . (/_1) + §) = (5 : /T) + (5 . L_?))

V' The scalar product of the unit vector is given as follow:

T=kJ=7k=0

=l

T =TT =Tk =

=l

TT=T.j=k.k=1

V' If the components of vectors Aand B are time-dependent, the derivative of their scalar

product is expressed as follows:

d(A-B) d(A) . . d(B)
dt ~  dt B+4A dt

8-2.2) Cross Product

v’ The Vector (Cross) product of two vectors A and B is denoted A N B
v' The Vector (Cross) product of two vectors A and Eproduces a vector that is
perpendicular on the plane formed by A and B, and its direction is determined using
the right-hand rule. Its magnitude is given in terms of is given in term of
A and §magnitudes and the angle (9) enclosed between them as follows:
[l = 1|4 ~B] = [|4] .| B] sin o)
We can distinguish two special cases based on the value of the angle

N o if Aand B are parallel vectors (Zl |_§)
ol s |, e )
+ . if Aand B are orthogonal vectors (A 1 B)

19
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* *axb

v’ The vector(Cross) product has not the commutative property ANB=-BAA

v’ The vector(Cross) product has the distributive property C A (ff + E) = (CAA) + (CAB)

v’ The vector(Cross) product of vectors Aand B is given in terms of the determinant as
follows:

_ Ay AZ -
B,|"

Ay Ay

A Ay| o
~|B, B, B, B|

7+

y

T 7k
AANB=|A, A, A,|=(AyB,—B,A,)U — (AB, — BLA)J + (AB, — ByA,)k
B, B, B,

V' The vector (Cross) product of the unit vector is given as follow:

TAT == AT=k

TAk=—-kAT =0

KAT=-TAKk =7
UAT=TAj=k Ak =0

V' If the components of vectors A and B are time-dependent, the derivative of the vector (

cross) product is expressed as follows:

d(AANB) dA) - . d(B
( )=()AB+AA()

dt dt dt

8-2.3) Mixed Product

The result of the mixed product of vectors is a scalar value, calculated by the determinant as

follows:

'

20
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C C C,
- 5 = A, A A, A A, A
C-(ANB)=|Ax A, A= |By e |Gl Blo&+lg B¢
B By BZ y Z X z X y
X

C-(ANB) = (A,B, — ByA,)Cx — (AxB, — B,A,)C, + (AB, — BA,)C,
9) Perpendicular and Parallel Vectors

Perpendicular Vectors (Z 1 §): Two nonzero vectors A and B are said to be perpendicular
(orthogonal) if their scalar (dot) product is equal to zero. Mathematically, this condition is
expressed as A .B = ||Z|| : ”E” cos (8) = 0, which can also be written in term of components
as Ax Bx+A, By+A: B-=0, where Ax, Ay, A- and By, By, B: are the respective components of

vectors A and B along the x, y, and z axes. This indicates that the angle between the two

vectors is 90 degrees (6 = g = cos (0) = 0) , meaning they are orthogonal in space.

Parallel Vectors (A [I B):

two nonzero vectors A and B are considered to be parallel if their cross product equals
zero. In mathematical terms, this condition is written as A AB =0 which can be also
written in term of their components aS(AyBZ - ByAZ)T - (A,B, — B,A)J + (AxBy -
BxAy)k =0 . When the cross product is zero, it implies that the vectors are either pointing
in the same direction or in exactly opposite directions, making them linearly dependent.

Parallel vectors lie along the same or directly opposite lines of action, meaning the angle

between them is either 0 or 180 degrees.

lmportant note3 this equation(A,B, — B,A,)T — (A4B, — ByA)T + (AyB, — ByA)k =0

is only satisfied when these conditions are met together:

( A, A,
AyB, —ByA, =0 =AyB, =BA, > =
y Z
Ay A, A, A, A,
AB,—BA, =0 2 AB,=BA,=—=—~ =2=2X="(=)
< X~z X4tz X=Z X Z Bx BZ Bx By BZ
A A,
| AxBy —Bidy =0 = A:B, = BA, > 5=
Z
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Accordingly, the two vectors Aand B are parallel if there is a number A that satisfies the

. . > S Ay Ay A,
condition of linear dependence A = A. B or =3 "5
x y V4

=1

9) Other operations on vectors

In addition to the well-known operations such as vector addition, subtraction, and
multiplication (either by a scalar or vector, whether dot product or cross product), other
operations can be performed on vectors such as integration, derivation, rotation, divergence,

and the application of certain operators.

9-1) Derivative of Vector

Let A be a vector whose three components are expressed in terms of the unit vectors T, ], k

as a function of the scalar variable t as follows:

AY) = A (T + A, () T + A,(DK

The derivative of the vector A with respect to the scalar variable t is given as follows:

dA(t) dA,(t) . dA, () | dA,(t)—
i ar T Tar ]+dtk

9-2) vector integral

Let B be a vector whose three components are expressed in terms of the unit vectors U, ], k

as a function of the scalar variable t as follows:

B(t) = B.()T + B,(t) T + B,(Dk
Vector integration is the process of integrating each component of the vector separately.

Then the integral with respect to the scalar variable t is calculated as:

jﬁ(t) dt = fo(t)dt ?+JBy(t)dt7+JBZ(t)th

22
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9-3) Gradient, Divergence, and Curl
9-3-1) Gradient of scalar field

v’ The gradient operator (grad or \7) is a differential vector operator and is defined as

follows:
i=7=2r+2 7l
grad = =5 "oy ! "oz
a 0 a . o
o '3y and 5, are partial derivatives

v’ The gradient operator is used to analyze how a scalar field f(x, y, z) varies in various
directions in space.
v’ Applying the gradient operator to a scalar quantity gives a vector field with the

following relation:

= = = af(x,y,z) — 6f(x,y,z) = c')f(x,y,z) =
gradf(x,y,z) = Vf(x,y,2) =Tl + 3y ]+ P k

in this equation ,

af(xy, . . . . . . .
%: is the partial derivative of the scalar field function with respect to the variable x,

with the variables y and 7 considered as constants.

af(xy, . . . . . . .
Y&y s the partial derivative of the scalar field function with respect to the variable y,

with the variables x and z considered as constants.

af(xy, . . . . . . .
ﬂx—zyz)= is the partial derivative of the scalar field function with respect to the variable z,

with the variables x and y considered as constants.

Example:
The expression for the field function is given as follows:
P(x,y,z) = Py+ pgz (P, p,and g are constants)
- Calculate the change of this field P(x,y, z)in the different directions of space (calculate the
gradient of this field)

0P(x,y,z) _, O0P(x,y,z) _, O0P(x,y,z) —
(y)l+ (y)]+ (y)k

VP(x.y,2) dx dy 9z

23

——
| S—



Chapter One: Fundamentals (Units and Vectors) Dr. Saad Essaoud Saber

( OP(x,y,z)
A
dx
aP ' )
] P&y2)
dy
oP(x,y,z)
{ aZ - pg

7P(x, y,z) = pg?
Exercise (home work):

1- calculate the gradient of these scalar fields:
k

\/ﬁ K = constant
Vf(x,y,z) =2x*+y3+z

v Ulx,y,z) =

V' T(x,y,2)=y*x*+yz
9-3-2) Divergence of Vector field

Divergence is denoted by dw, and is applied to a vector field function V= VU +V, 7+
V,k and its result is a scalar value and its general meaning is a measure of the flow or
spread of the vector field to or from a certain region of space. The expression for the

divergence of a vector field is given by the scalar product between the Nabla operator V and

the vector field as follows:

dw.V = V’V’—(a rel 542 i?) (V*+V*+V?’)—6Vx AL
S PV 6y] 9z )\t T TR = 5y dy 0z
Example:

The expression for the vector field Vis given as follows:
V=x2T+y27+2%k
*- Calculate the divergence of this vector field Vat the point (0,1, 1)

—

dw.V=V.V=

24
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( OV,
=2
0x x
v,
{ ——=2
dy Y
%
3, 2z

atthepoint (0,1,1) =2dw.V=0+2+2=4
9-3-3) The curl of Vector field

Rotation of a vector field is denoted by Rot, and is applied to a vector field function
V= U+ V, T+ VZF. It expresses the rotation of this vector field about a given point. The

expression for the rotation of the vector field about a given point is given by the vector

(cross) product between the operator Naples and the vector field, and is written as follows:

= Qo =

Example
The expression for the vector field Vis given as follows:
V=x2T-2xyT+zk

*- Calculate the curl (rotation) of this vector field V at the point (1,1,1)

T 7k
N a o0 0 v, 0V, v, aV, v, oV, —
W=l L Ao (220 )e (___)~ Zy _Tryp
cur dx 0y 0z <6y 0z L dx 0z ]+(6x ay)
i VB
Vo =x2, V,= —2xy andV, =z
an_ aVy_ %_0
ay—O ax 2y ox
W _ o | " _
0z 0z dy

curl V = —ZyF

25
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at the point (1,1, 1) = curl V==2k
10) Series of Solved Exercises

Exercise0l:

Consider the following vectors:
A=4T+27B=2T+ ] -k

2- Calculate the magnitude of A and B, the dot product A.Band the cross product AAB
3- Calculate the angle 0 formed by the two vectors

Solution:

1- Calculate the magnitude of Aand B, the dot product A.Band the cross product AAB

Il = V@2 + @2 = V20
[Bll = V@7 + (12 + (-D? = V6

2- Calculate the angle 8 formed by the two vectors
A.B = ||| x |B| cos(®) =10

V]| % |B]| cos(9) = —b— = 10 _ 0912
[l < J5] ~ vZox6
9 = 24.21°
Exercise02:

Given that A = 21 — 3] — k,B = 31 — jand C = J — 4K, find the expression of :
()A x B

2)A x B) x C

(3)4 - (B x ©)

Solution:

26
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DAXB=|2 3 —1|=—-t—-3j+7k
3 -1 0

DA xB)x C== (-1 -3j+7k) x (j— 4k)=51 — 4j— k

)

(B xC)=3 -1
0 1 -4

A-(BxC)=(21 -3 — k).(41+ 12j+3k)=8-36 -3 =31

o &

=47+ 12j+3k

Exercise03:

Prove that these three vectors are perpendicular?

A=-2+],B=-3kandC =—-1—-2j

Solution:
AB=(-2x0)+ (1x0)+(0x(-3)=0 >4 L B
AC=(-2x(-1)+ A1x(-2)=0 24 1°C
B.C=0x-1+ (0x(-2)+(-3%x0)=0 >B 1 C
Exercise 05:
Which of these Vectors are perpendicular and which are parallel?
A=-2i+2k B=-2] C=-3i-3] D=i-k E=21-2k, f=1+5k

Solution:

—_— = — — N -
A, D, f and E are vectors written in terms of the same unit vectors 1 and k , so we can

.. . .. . . A A A

check their linear dependence (parallelism condition using this rule D—x = D—y = D—Z = A
x 'y z

Ay -2 A 2 Ay A — = T, T —
Z=—=-2Z=—=-2=="=2=1=2 A= -2D = A || D( A and D parallel
Dy 1 D, -1 Dy Dy
vectors
Ay -2 A, 22 Ay A — - = - = -
Z=—=-2"F==== 2 ZxZ 3 Aandf, D andf, E and f are unparallel
fx 1 fz 5 5 Dy D,
vectors
Ay =2 A 2 Ay A — - =
Z=—=-3"2=—=-"32"2=“%2=-3=2A=-3D = A||D
Ex  2/3 E, -2/3 Dy D,

(X and Fparallel vectors

27
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Z? =—-2x1+2x5=8%0=4 and ]—g D and 7 Fand?are Non-perpendicular
vectors
AB=-2x0+2x0+2x0=0=>4 andB , Fandﬁ),Fand?areperpendicular
vectors
AC=-2x(-3)+(-3)x0+2x0=+6#0 AandC , D andC, E andC are

Non-perpendicular vectors

10) Additional exercises

FIRST PART: DEMENSIONAL ANALYSIS

EXERCISE 01:

Check the homogeneity of the following equations:

v' C = P+ p.g.z Inwhich P represents pressure, p stands for density, z
denotes height, and C remains a constant.

v 2(xy — vt) = gt? sin (0)

f .
vV ov= —= gt +/2Lg sin (6)

Where x is the initial position, v is velocity, L is distance, f and R are
reaction forces, 0 is an angle, and t and T are times.

Solution:
Check the homogeneity of the following equations:
1) C =P+p.g.z
This equation exhibits dimensional non-consistency

(€] = 12p)= F1_ [mllal _ MLT™

[S] [S] L?

2) 2(xq — vt) = gt? sin (0)

=ML T2

This equation exhibits dimensional consistency

[2]1=1; [x]=L; [vt] =LT*T=1L
[gt? sin (0)] = [gl[t*][sin ()] =LT7*T? =1L

f .
3) v= —= gt +.+/2Lg sin (8)

This equation exhibits dimensional consistency

[ )
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[V2Lgsin(®)] = J[2Lgsin(®)] = Vgl LI[sin(@)] = VLT2L = LT

EXERCISE 02 :

Consider the physical quantities s, v, a and t with dimensions [s]= L, [v]= LT, [a]=L T?,

and [t]= T. Check whether each of the following equations is dimensionally consistent:

o s=vt+05af
o s=vP+0.5at
o v =sin (at’/s)
Solution:

1) s=vt+0.5af
This equations is dimensionally consistent
[s]=L ;[vt]= LT*T = L;[0.5at?] =LT?T? =1
2) s=vF+0.5at
This equations is not dimensionally consistent

[s] = L; [vt?] = LT 1T? = LT ,;[0.5at] = LT ?T = LT !
3) v =ysin (at’/s)

This equations is not dimensionally consistent
— 171 [ein (22)] =
[v] = LT ,[sm(s)]—l

EXERCISE 03:

Determine the dimension of the variable 'X' that achieve dimensional consistency for

the equation, given that 'h' represents height, “v” is the velocity and 'm' represents mass.

1
Emvzszh

Solution:

1
Emv2=th

29
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X=—
h

_Pl_ary?
[X] = T =LT

EXERCISE 04:

A particle moves with a constant velocity v in a circular orbit of a radius r as shown
in the facing figure. The magnitude of its acceleration is proportional to some power of

r(r™and some power of v (v'™). Determine both powers n and m of v and v respectively.

b WD
> \3
/
/
/—0\
/ 1 \
|

’ [¢
’

; v

Solution:

a=kr*y™

LT2 = [* (LT~Y™ = [T~ m=2
n=-1
n+m=
2
a=k—
r
EXERCISE 05:

The volumetric density p of a cylinder with mass (m), radius (R), and length (1) is
given by the following equation:

p=n"tm*1Y R7?
- Using the dimensions method, calculate the two constant values of x and y , and
rewrite the precise expression of the density:
Solution:
[p] = [m~ [ 1[m*][R7?]

[pl = ML™,[x7] = 1,[I”] = L¥,[m*] = M* ,[R7*] = L~?

[ 0]
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ML3 =LYM* L™ 2=x=],y-2=-3 2x=lady = -1
p=nml1R?

_om
'0_7th2

SECOND PART: VECTORS

EXERCISE 01:

Consider the following points: A (1, 1, 1), B (2, -1, 0), and C (0, 2, 2).

1- Represent these points in a Cartesian coordinates system (O, xyz)
2- Determine the components of the vectorsAB and BC

3- Calculate the angle M between the two vectorsABand BC.
Solution:
Consider the following points: A (1, 1, 1), B (2, -1, 0), and C (0, 2, 2).

1) Represent these points in a Cartesian coordinates system (O, xyz)

a

VA

Y
2) Determine the components of the vectors AB and BC
AB=\B, -4, || 7= -2\ J
BZ - AZ k -1 k
Or
AB= (B, —A)i+ By —A)j+ (B, —A)k=1-2]— k

31
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_, [G—=B\[T —2\(7
BC=\c,-B, ||7]=\| 3 ]|7J
CZ_BZ E 2 E

Or
BC = (Cx — B)I+ (C, —B,)j+ (C,—B)k=-20+3]+2k
4- Calculate the angle M between the two vectorsABand BC.

—

4B .BC = |B|.||BE| cos (®)
= (By — Ax)(Cx —By) + (By - Ay)(cy - By) + (B, — A;)(C, — By)

(Bx - Ax) (Cx - Bx) + (By - Ay)(Cy - By) + (Bz - Az)(Cz - Bz)
14B]|.|[BC]|

cos (V) =

|1AB|| = J(Bx —A,)? + (B, — A))? + (B, — A,)* = V6

IBC| = J(Cx — B2+ (Cy — B,)? + (C, — B,)? = V17

—2—-6-2
cos (19) = W =—0.9901 = 9 = 171.93°
EXERCISE 02:

1) Using the graphical and analytical methods, find the sum and subtraction of the

following vectors

v V,=3T+3] V,=2U+2

2) Find the angle formed by 71) and 72

3) Calculate the dot (scalar) product and the cross (vector ) product of 71) and 72
Solution:

1) Using the graphical and analytical methods, find the sum and subtraction of the

following vectors

'

[32
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Yy
A
—
Vi Y
Y ¥
7 \
1
V- + 1 7
S 2 1
]
S —
1 X v,
1. -
K V2 ] R
J - > [ x
l X
addition subtraction

Vo=V, +V,=30+37—(2U4+2)=T+7

v V,=30+17 V,=10+27

y =T+ V=Vi-7;
F N
— Yy Yy
VZ A A
y f S —_— 45 f _—
j /? v, Vol Vs V,
) x > f . = s
J /? Vy J /? Vi
i" X i" x
Vi
addition subtraction

Vo=V, 4V, =30+ 17+ 1T +27 =47 + 37
Vo=V, +V,=3T+17-(T+2) =2U—17
2) Find the angle formed byvl)andvz)

Geometrically, we can see that the two vector carriers are identical, so the angle between
them is zero

33
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Remember this information: We can assert that two vectors are linearly related when one
vector can be represented as a scalar multiple of the other. Mathematically, if vector A

equals vector B multiplied by a scalar factor 'k," we express this as
A=kB.
Vi=3U+3] V,=2U0+27
We can see that V; = 30 + 37 = %(2T+ 27) = %72)

So these two vectors are linearly related, these two vectors are parallel, and the angle

between them is equal to zero

3) Calculate the cross (vector ) product of 71 and Vz)

V..V, = Vi)l V2l cos @) = (3T +37). 2T+ 27) = Vi, Vo + Vi, Vo,

T7 =77 =0

TU=7]=1
V,.V,=6+6=12

We can confirm the angle value

V.V,
cos (19) =
[Vl 1[vz]|
V]l = v18
V]| = V8
©) = —2 159=0
cos = =
V8.4/18
VinV, =@BU+3D)AQRT+2))
method 01:
o Tkl
VAV, =@BU+37)AQRU+27) =13 3 o0o|l=0 Wecan conduct that
2 2 0
Vfand Vgare parallel
[ 3]
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Method 02: cross product is distributive

VinV, =@BU43NDART+2) =3UAQT+2) +37AQRT+2))

UAT=—TAT=k
depending on the following relations ]_, Ii _If _{ i
kAU=—=TUANk =]

VinV,=@BU+30)AQRT+27) =0

EXERCISE 03:

1- Vector A has x and v components of 4 cm and -5 cm, respectively. Vector B has x

and y components of -2 cm and 1 cm, respectively. If A—B+3C=0, then what

are the components of the vector C.

2-  Three vectors are oriented as shown in Figure below, where A = 10, B = 20, and

C = 15 units. Find: (a) the x and y components of the resultant vector D=4+

— -

B + C, (b) the magnitude and direction of the resultant vector D.

y
C
< x
Solution:.
DA=47-57
B=-21+7
- - — 1 - - - - =4
3C=-A+B=3 —A+B)==(—471+5] =274+ ) = =27+42]

—

A T
B = B cos (g)L+Bsin(g)]

3C=-C1

35
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Il
o )

D +B+ C=Acos (g)?— A sin (%)f+ Bcos (%)?+ B sin (%)f—CT

D= (acos (§) +8eos (5) - )i+ (Botn (f) - asin ()7

- 1 1
D=(10\/§/2+20\/§/2—15)?+(20xz—loxz)jz15(\/§—I)T+5f

e \/(Dx)z +(D,)" = J(lS (VF-1)) +67

5 1
15(v3-1) 3(V3-1)

EXERCISE 04:

tan (V) =

In a direct orthonormal coordinate system R(U,], E) we consider the following

vectors.

—

V,=30+3 V,=T+3+k Va=T—-T+2k v, =2U—k
v’ Represent the vectors Vl)and 72)
V' Calculate the magnitude of Vl)and Vz) the dot product Vl).vz)and the cross product
VoAV,
v’ Calculate the angle 0 formed by the vectors Vland 72
v' Prove that the vector V; is perpendicular to the plane (P) formed by vectors Vl)and Vz)

v’ Provethat the vector 74) belongs to the plane (P).

Determine the unit vector U carried by the vector Vfand Vg

Solution:

In a direct orthonormal coordinate system R(U,] , k) we consider the following

vectors.
V,=30+37V, =U+37 +kVa=0—J+2kV,=2T -k

v’ Represent the vectors Vl)and 72)

36
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Az

v Calculate the magnitude of Vl)and V; the dot product 71.72(11%1’ the cross product

VoAV,

IVi]| = V(3% + 3)2 = V18
Izl = V(D2 + 3)2 + (1) =11

V. V= 3%x14+3%3+0%1=12

o FTOR 3 0. 303 3= e o
LAV, =3 3 0=|3 AT=17 1]+|1 3|k=31—3]+6k
13 1

Calculate the angle 0 formed by the vectors Vl)and 72)
V.7 = |7l [ costo) = 12

V,.V, 12

V|| x ||V2]| V18 x11

V21 < [IV2]] cos ()

9 =3157°

v’ Prove that the vector 73) is perpendicular to the plane (P) formed by vectors Vl)and Vz)

37
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V,=30+37V, =T +37 +kVa=0— ] +2k

V;.V;=3%1-3%1+2%0=0 __
VL Viand V; LV,

V.V, =1%x1—-3%142%1=0

v’ Prove that the vector 74) belongs to the plane (P).

—

V,=2U—k
Vi=aV,+bV,=3a0U+3a7+bT+3b+bk=Ba+bT+Ba+3b) +bk

{3a+b=2

Ba+b)T+Ba+3b)+bk=2T—k ={3a+3b=0 :>{a;__b_=1 1
b= -1

74) = 71) — 72) we can write ﬁasfunction of both 71) and 72 , thus , the vector ﬁ

belongs to the plane (P)

v’ Determine the unit vector U carried by the vector 71) and Vz)

T 7 1
U =—=—(3T+37)
[vi|| V18

L IR
V2| V11

EXERCISE 05:

Calculate the volume of the parallelepiped formed by the following vectors:
A=-21+j+2k B =-1+2/+2k C=-31-3]+k

Solution:

S, v K "
(BXC)= -1 2 2|=8I-5/+9k
-3 -3 1

A-(BxC)=(-20+j+2k).(8i-5j+9k)=-3=V =|-3]=3

38
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EXERCISE 06:

Calculate the area of the parallelogram formed by the two following vectors:
B=3(+2/+k C=1-j+2k
Solution:

The area of the parallelogram formed by B x C vectors is given as follow:

S=BxC
I 3 .
(BxC)=1|3 2 1|=5I-5/-5k
1 -1 2

The magnitude of the cross product represents the area of the parallelogram

S=|B x €| = 5%+ (=5)?+ (=5)2 =5V3

EXERCISE 07:

1- Calculate the derivative and the integral of the V vector with respect to the variable t:
V=t+2+tk

2- The expression for the field function is given as follows:

H(x,v,z) = x’y +z

- Calculate the change of this field H(x,y, z)in the different directions of space (calculate the
gradient of this field)

3- The expression for the vector field Vis given as follows:
V=yx?T+2z%k
- Calculate the divergence and the curl (rotation) of this vector field V at the point (0,0, 1)

Solution:

1- The derivative
dv

— :i(t27+ 2/ +tk)=2tT+ k
dt dt

The integral

. S 1 1,5
jV dt =f(t2?+ 2j+tk)dt=§t3?+ 2ej + 567 k+¢

39
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2- The gradient of field H(x,y,z) = x*y +z

o 0H(x,y,z) _, O0H(x,y,z) _, O0H(x,y,z) —
VH(x,y,z) = o U+ 3y J + P k
(OH(x,y,z) )
d0x = XY
0H(x,y,z) 5
{ —————=x
dy
0H(x,y,z) 1
\ 0z B

VH(x,v,z) = exy T+ x%] + k

3- Calculate the divergence of this vector field V= y X2 T+ 22K at the point (0,0, 1)

TV—VV—(a rel 42 F) (V*+V*+VF)—an+aVy+aVZ
WY E T T G P Tay T )\ T TR =Gy Ty T ez

v,

=2

dx Xy

Y 0 s dwV=2xy+2

W— V. = Xy VA

v,

LaZ=ZZ

at the point (0, 0, 1) Sdw.V=040+2=2

*- Calculate the curl (rotation) of this vector field V= y X2 T +2z%2 K at the point (0,0, 1)

T Tk
a o 0 v, 0V, av, adV, v, oV, —
W=l L Ao (220 e (___)~ e AL SV
cur dx 0dy 0z <6y 0z b dx 0z ]+(6x ay)
Ve Y oW
V, =yx%, V, =0 andV, = z*
av. av. av,
dy 0x Ox
oVy vy %_0
az_O az_o dy

curl V.= (0— )T+ (00— 07+ (0—x% )k =—x%k

-

at the point (0,0, 1) =curlV = 0k

40
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FIRST PART: Coordinate Systems

1) Introduction

The first step in studying the motion of a particle begins with a detailed examination of
the terms and concepts of the particle's kinematic properties without delving into the causes of
this motion. During this study, the particle is considered dimensionless (meaning its
dimensions are negligible compared to the surroundings), and parameters of the particle's
motion, such as its positions, displacements, direction of motion, velocity, acceleration, and

path relative to a spatial-temporal reference frame, are determined.

The spatiotemporal reference is used to study the precise motion and analysis of a
particle. This reference allows for the temporal and spatial determination, observation, and
examination of the body's motion, significantly facilitating the understanding and accurate

analysis of motion and its monitoring.

An example of this concept in practical application is in athletics, such as a footrace,
where specific points in time and space (the starting line and the moment of the race's starting)
are chosen as spatial and temporal references to track the athletes' performance accurately,
where the athletes cannot commence the race freely from any location and at any moment they

desire.
2) Material point Concept

In the study of body kinematics, "material point" refers to a body with mass but whose
dimensions are considered negligible compared to the distance it travels. This concept is used
to simplify the study of the motion of a body by focusing only on its mass (which is the sum of
the masses of all parts of the body) and the characteristics of its motion (such as speed, distance

traveled, acceleration, time taken, etc.)
3) Reference Frames:

Examples of inertial reference frames include the solar-centered frame in the Kepler model,

the terrestrial-centered frame, and the laboratory-centered frame.
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3-1) The concept of the inertial reference frame (or Galilean frame) refers to a coordinate
system in which the motion of each isolated material point is considered straight and uniform.
Although obtaining a completely isolated body is not possible experimentally, inertial frames

are considered an ideal reference for studying motion.
3-2) The Heliocentric reference frame (Kepler frame)

In the Kepler model, the sun is considered a fixed central point and its three main axes point
towards three distant stars that can be considered fixed. This frame of reference is used in

studying the motion of planets.

3-3) The terrestrial-centered reference frame: Its center is the Earth and its axes point
towards three distant stars that are considered fixed. This reference is used in studying the

motion of objects close to the Earth, such as moons.

3-4) The terrestrial laboratory reference frame: Its center is the Earth’s surface and its three

perpendicular axes. It is used in laboratory studies of experiments.
For laboratory studies, we know the frame of reference as follows:

The reference Frame is the point of observation and monitoring used to study the motion of
particles. In other words, it is a specific point in space (referred to as the origin and denoted

as "O") chosen for the observation and monitoring of motion variables for other bodies.

One, two, or three directed axes (one axis if the motion occurs in a single direction, two
axes if the motion is in a plane, i.e., two directions, and three directed axes if the motion occurs
in three-dimensional space) can be assigned to the origin point to facilitate the monitoring and

analysis of these kinetic variables of the moving particle during its motion.

The combination of directed axes and the origin point is referred to as the "coordinate

System.
4) Coordinate systems

The Coordinate systems are reference frameworks used to represent numerical data
geometrically. Every coordinate system includes a reference point known as the origin,
from which one or more directed axes extend. In physics, coordinate systems are employed
to represent the kinematic properties of particles, such as their position, displacement,

velocity, and acceleration, in a way that makes them easily analyzable and simplified.
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There are several coordinate systems used in the study of mechanical phenomena and
particle motion, such as Cartesian, polar, cylindrical, and spherical coordinate systems.
Choosing the appropriate system for studying particle motion depends on the nature of the
motion. Therefore, you should select the system that allows you to simplify the analysis of

particle motion and avoid unnecessary complexity in calculations.

4-1) Cartesian coordinate system

This system comprises a fixed reference point, known as the origin (usually denoted as
the point '0'), from which emanate three basic orthogonal axes oriented (commonly labeled as

the x-axis, the y-axis, and the z-axis) at 90-degree angles to each other, and carrying three unit

vectors(commonly labeled ast, ], and E)

The coordinates of a point M in the Cartesian coordinate system are given as
(%m, Ym» Zy), where each of x, y, and z represents its projection along the three principal axes,

namely, OX, OY, and OZ, respectively. This is illustrated in the following diagram:

VA
z \\\
+ M(x, y, z)
1% |
(P )

The position vector for any point can be written as follows:

—

Based on the nature of motion, we can use only the necessary coordinates to determine
the position of a point during its motion. For example, if the motion occurs in the plane (OXY),
the third coordinate (z) can be omitted as it typically does not have a significant role in this
context. Similarly, if the motion is straight linear, it can be studied by considering only a single
axis (OX). This approach simplifies the analysis by using the coordinates that are most relevant

to the specific motion, making it more efficient and straightforward to describe and understand.
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X

Y1 - ‘?' M(x)y)

17 : > ' X
Oz X Y
Motion in plane (XOY)

4-2) Polar coordinate system

If the particle's motion occurs within the (OXY) plane, an alternative coordinate system can be

employed the polar coordinate system with unit radial vectors (W,.) and angular vectors (ug).
Radial unit vector (w,): It possesses a length of 1 unit and aligns with the position vector OM.

Angular unit vector (Ug): Also with a unit length of 1, it stands perpendicular to the unit radial

vector (U,), indicating a counterclockwise direction to signify angular changes (0).

The angle 0 is the angle enclosed between the position vector (O—M)) and the (OX) axis.

The polar coordinates of point M represented by both Radial (r) and Angular (0) coordinates,
and given as M (r, 0).

The position vector for the point M can be written in the polar coordinate system as follows:

s

— e ¥ OM
OM =7y =ru, where v = ||OM|| andu, = rTMz o

r= ||oM| = /x? + y%and tan @ =
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4-2-1) Transformation of unit vectors from the polar system (U, and Ugy) to

the Cartesian system (T and j)

- __(_u’?)_’E R I izr
y
N/
i . \ 19i
L L o i’
(U )y

We can obtain the expressions for the unit vectors in polar coordinates in terms of the unit
vectors in Cartesian coordinates through the process of orthogonal projection (meaning we
find the components of the polar unit vectors in Cartesian coordinates) as follows:
Up = Uy X T+ (Ur)y X
(u)and (u,)yare the components of the polar unit vectors U, in Cartesian coordinates
(ur)x = [l X cos9; (ur)y = llull X sind [, || = 1

U, = cosI X L+sind X J
Uy = —(Ug)y X T+ (ug)y X
(ug)xand (uyg), are the components of the polar unit vectors Uy in Cartesian coordinates

(us)x = sl X sin®; (uy)y = I[usll X cos I |[usll = 1

Uy = —sinI XT+cosI X J

4-2-2) Transformation of the Cartesian coordinates (x, y) to the polar

coordinates (1 ,0)

The coordinates of point M can be expressed in either Cartesian or polar coordinates.
The relationship between the Cartesian coordinates (x, y) and the polar coordinates (1, 8) for

point M can be expressed as follows:
x = rcosf
y = rsin@

Example 01:
Convert the coordinates of the position of M point from polar M (4, 7/6) to the Cartesian

coordinates
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Solution:

X = rcos@

wherer = 4 and 0 =%
y = rsinf

OM = 4u;,
T 4+/3
(x=4cos (—)=—=\/§
M (4,7/6) :»i 76T 2 )
y=4sin (E):4X§:2

OM =+3i+27

Example 02:

The Cartesian coordinates of a particle at two separate times are (3.4) and (-2.2). Find this

moving particle's polar coordinates.

Solution:

— ol = _Y _ y
r= ||OM|| = Jx2+y? and tanf == = 0 = arctan(?)

X

r= 432+42=5

(34)=> 4
6 = arctan <§) = 0.92 Rad
r= {22+ (-2)2=2V2

(2,-2)=> _

6 = arctan (7) = 2.35 Rad

4-3) cylindrical coordinate system

The cylindrical coordinate system is a three-dimensional reference system that isn't

fixed in place (correlated to the position of the moving object)and uses three cylindrical

coordinates to describe the positions of objects in space:

- Radial Coordinate (7): It represents the length of the vector resulting from projecting
the position vector onto the plane formed by the unit radial vector (w,) and the unit
azimuthal vector (ug).

- Angular Coordinate (0): This represents the angle between the radial line and the
positive axis of the Cartesian coordinates (usually measured counterclockwise) and is
depicted as an angle that starts from the positive Cartesian axis.

- Coordinate (z): This indicates the vertical height of the point above the origin plane,

which corresponds to the Cartesian coordinate plane.
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The cylindrical coordinate system relies on three fundamental unit vectors, which are:

- Radial unit vector (u,):It possesses a length of 1 unit and aligns with the position
vector OM.

- Angular unit vector (ug):Also with a unit length of 1, it stands perpendicular to the
unit radial vector (W), indicating a counterclockwise direction to signify angular
changes (6).

- Unit Vertical Vector (E): Also with a unit length of 1, it points vertically, and
perpendicular to both (u,) and (Ug) unit vectors.

The cylindrical coordinates of point M represented by both Radial (r) and Angular (0) and(z)

coordinates, and given as M (r, 0, z)as shown in the following figure

The position vector for the point M can be written in the polar coordinate system as follows:

OM =7y = 1.+ zkwherer = \Jx2 +y? |OM|| = ViZ+ 22 and tanezg

4-2-1) Transformation of the cylindrical unit vectors (U, , Uy ,and F) to the

Cartesian unit vectors ( 1, j,and k)

Using the same projection method employed to express the unit vectors in the polar coordinate

system, we can obtain expressions for the unit vectors in the cylindrical coordinate system.
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( U, = cosI XL +sind X J
Uy = —sinI X T+ cosI X J
k=k
4-3-2) Transformation of the Cartesian coordinates (X, y, 3) to the cylindrical

coordinates (r ,0 ,z)

The relationship between the Cartesian coordinates (x, y, z) and the cylindrical

coordinates (1,0, z) for point M can be expressed as follows:
X = rcosé@
y = rsin@
z=1z
Example 03:

Convert the coordinates of the position of M point from cartesian M (4, 3, 1) to the

cylindrical coordinates
Solution:

OM=rw +zk

tan @ =

RI

= 0.75 = 36.86° = 0.643 Rad

1w

z=1
OM=5u+ k

Example 04:
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Convert the coordinates of the position of M point from cylindrical coordinates

M (2,% rad, 1) to the Cartesian coordinates

Solution:
(x=rc050 x—Zcosgzo
y =rsing =, _ 25in§=2 = M (0,2,1)
z2=z z=1

4-4) Spherical coordinate system

The spherical coordinate system is a three-dimensional reference system used to express the

positions of points in three-dimensional space. This system relies on three main coordinates:

- Radial Coordinate (r): Represents the distance between the point and the origin (the
pole) and is always positive.

- Polar Angle Coordinate (0). Indicates the angle enclosed between the radial line and
the vertical axis (usually ranging from 0 to 180 degrees).

- Azimuthal Angle Coordinate (p).: Represents the angle enclosed between the radial
line and the horizontal plane (usually ranging from 0 to 360 degrees).

The position vector for the point M can be written in the spherical coordinate system as

follows:

—

OM =7y =ru, where r = ||W|| andﬁz%’z%
r= ||[OM|| = /x2 +y% + 22 and tantpzfandcosezﬁ
x2+y2+z
( )|
Lt st )
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4-4-1) Transformation of the spherical unit vectors (U, , Uqy ,andu,) to the
Cartesian unit vectors ( 1, J,and E)

using the projection method on the spherical unit vectors, we can obtain expressions for the

unit vectors in the cylindrical coordinate system.

(ﬁ’r = sin@cos@ i +sin@ sing j+cosOk

Uy = cosOcos@i+cosO sing j—sinbk

U, =—sing tL+cose j

4-4-2) Transformation of the spherical coordinates (1,0 , @) to the Cartesian

coordinates (x,y, 7)

To convert from spherical coordinates to Cartesian coordinates, we substitute the

values of v ,0 ,and ¢ into the following set of equations:
X = rsinfcos @
y = rsin@ sing

Z=1cosf

Example 05:
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Convert the coordinates of the position of M point from cartesian M (2, 1, 2) to the

spherical coordinates(r,0 ,¢)

Solution:
r=x*+y?+2z2 (r:1/22+12+22 ( r=3
t =7 !
) ang == :{ tanq)zi = § @ =0.46 Rad
R B
cos = = — =
\/m cos 0@ 3 6 = 0.84 Rad
Example 06:

Convert the coordinates of the position of M point from cylindrical coordinates

M (3,§ rad,g rad) to the Cartesian coordinates

Solution:
. T T
(x = rsinfcos@ (x = 351n§cos€ (x = 2.25
T T
!y=rsin9 sing = {yz 35in§sing = 4qy =13
T
L z=rcosb L z=3cos§ Lz=1.5

4-5) Intrinsic coordinates system

The intrinsic coordinate system at for any point from the path is denoted by the base
(dr, Uy) where :
(tr) represent the normal unit vector and oriented towards the center of curvature.
(i represent the tangent unit vector and oriented in the direction of motion.
The velocity vector is tangent to the trajectory and in the same direction as the movement,

it carries the unit vector Uy and is written:

5= 13l Ty = = @
v=|lv||u; = Tt Ur
where dS is the curvilinear abscissa
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SECOND PART: Kinematics

The kinetic properties of a moving particle can be studied by focusing on its kinetic features
during its movement. This includes tracking its change in position relative to a frame of

reference, examining its path (trajectory) of movement, measuring its velocity, and estimating

its acceleration.

1) Position vector

The position of a moving particle at a specific moment (t) is determined with respect to
a specified reference frame (origin) through its coordinates. If the motion occurs in one
dimension, the position of the moving entity is expressed with a single coordinate. In the case
of motion in a plane, it is represented by two coordinates. Meanwhile, three coordinates are

employed to express motion in three-dimensional space.

The position vectorfor the moving particle 'M' at the moment 't' is a vector extending
from the origin to the location of the point. It is symbolized by 'OM' and is analytically

formulated as follows:OM = Ty = xT + y] + zk

The position vector is characterized by:
o Starting point (the tail) of the vector: The origin point 'O’
e Ending point (Head or Tip) of the vector: The location of the moving particle 'M".
o Direction of the vector: From point 'O’ to position 'M'.

e Support of the vector: The straight line connecting the origin 'O’ to the position 'M.
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o The magnitude of the vector:”OM” = /x2 4+ y? + 22

The position vector OM is represented in the Cartesian coordinate system as shown in the

figure

M(x, y»2)
y

Y

2) The Displacement Vector

The displacement vector for a moving particle between two moments, tiand ty, is a vector that

represents the particle's transition from position M; to position My. It is symbolized by M,Mrand

extends from the initial position to the final position. It can be expressed as the difference

between the position vectors, as follows:

Mle = (xf - x,-)i-i— (yf - yl)j+ (Zf - Zi)k
The displacement vector is characterized by:

!

o Starting point (Tail) of the vector: The position of the particle 'M;' at moment 't;.
o Head (Tip) of the vector: The position of the moving particle 'M;' at moment 't

e Direction of the vector: From position M; to position My

® Support of the vector: The straight line connecting position M, to position My

o The magnitude of the vector.'”Mle” = \/(xf - xi)z + (yf - y,-)2 + (zf — zl-)2

The position vector MMy is represented in the Cartesian coordinate system as shown in

the figure
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Example 01:

(0, 1, 1) and (2, 4, 4) are the Cartesian coordinates of the positions of a moving particle (m)
at the moments t; = 5 s and t> = 10 s respectively.
1) Write the expression for the position vector at each moment.
2) Write the expression for the displacement vector of the moving particle between the two
positions

Solution:

1) The expression for the position vector at t; =5 s.
OM(t;))=0M, =0+ 1j+1k=7+ k
- The expression for the position vector at t; = 10 s.
OM(t,) =0M, =2i+4]+4k
2) The expression for the displacement vector of the moving particle between the two positions:
MMy = (x; = x)T+ (v2 = y)f + (22— z)k = (2= OT+ (4 — DJ + (4 — Dk

MM, =27+3]+3k

3) Velocity vector

Generally, velocity represents the change in distance travelled by a moving object over a
specific time duration. By means of calculating velocity, we can classify it into two forms:

average velocity and instantaneous velocity.
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3-1) Average velocity

Average velocity, denoted asV—a)or Vs, serves as a vector quantity to describe the

velocity over an extended time interval between two distinct moments t; and ty.

Mathematically, it is articulatedas the ratio of the displacement vector MMy to the time

interval At = ty — t;during this displacement.

The vector of the average velocity ( V;) shares the same direction and support as the

displacement vector (M M), while its magnitude is determined by the ratio of the displacement

vector's length to the time interval.

o MM, _ OM; —OM, (o — xi)H(Yf— yi). (7 - tZi)l_é
i

+
WAL tr—t; tr—t; t—t )t -
2 2 2
”V—)” _ .X'f — X N yf - Vi N Zf — Zj
v tr—t; tr—t; tr—t;
zZ
M; g Vs
“’¢“" “--““:% Mf
i) 0 A ]:‘;::‘:“-“,-‘ an®
” Y
7
X

3-2) Instantaneous velocity

The instantaneous velocity, represented by V, is a vector describing the velocity of an
particle at a specific moment “t ” or within an Infinitesimally small time interval
(At) approaching (tending to) zero. Mathematically, the vector of instantaneous velocity is

defined as the limiting valueof the ratio of the displacement vector to the time interval as At

approaches (tends to) zero.

V(o) = lim M7
(t) T AR At
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In mathematical calculations, the limit process is expressed by the derivativeof the position

vector with respect to time.

d(W)_ dixI+yj+zk) B dxe+dye+dzz
dt dt Tac A Tae

wol= (&) +(&) (&)

The vector of instantaneous velocity represents a tangential vector to the path at the location

V() =

where the instantaneous velocity is calculated.

Note: The vector of average velocity between two moments t; and t; equals the vector of

tittr

instantaneous velocity at the midpoint of this interval

V( 2 ) = Vo
Z -
V
// 0 ) z”,”’ OM

4) Acceleration vector

Acceleration is defined as the rate of change in velocity with respect to time. Based on
how acceleration is calculated, we can distinguish between two types: average acceleration

and instantaneous acceleration.

4-1) Average acceleration

Average acceleration, denoted as agor a, s, describes the change in velocity over a specific

time interval, typically between two distinct momentst; and ty.Mathematically, the Average

acceleration is expressed as the ratio of the change in velocity (AV ; = er - V,) to the change
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in time (At = ty — t;). The vector of average acceleration (@, s) shares the same direction and
support as the vector of velocity change (AV ), While its magnitude is the ratio of the

magnitude of the velocity change vector ( ||AV,‘ f”) to the duration of the time intervalAt = t; —

t) .

Wy V-V (Vi Va . (Vyr = Vi) . N (Vs = Vai) z

TWTTAE Tt -t -t tr—t; tr—t;
L _av
ezl = P

4-2) Instantaneous acceleration

The instantaneous acceleration vector, denoted by @, signifies the acceleration at a
precise momentt, specifically within an infinitesimally small time interval (approaching or

tending to zero).

The acceleration vector is mathematically defined as the limit of the rate of change in velocity

over an infinitesimally small period of time, approaching or tending to zero.

In mathematical terms, when the time interval becomes extremely small, the limit of a function
represents its derivative. Consequently, we can express the formula for instantaneous

acceleration as follow

dV)  dV i+V,j+V,k) v,
dt dt Tt T Tad ) T

la(e)l = j (&)’ <%)2 b (L)

Note: The vector of average acceleration between two moments t; and ty equals the vector

vy v,

a(t) = k

9 9 5 . 9. g i+t
of instantaneous acceleration at the midpoint of this interval le

“( 2 )= Auf
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5) Velocity and acceleration Vectors in polar coordinate system

The polar coordinates of point M represented by both Radial (r) and Angular (6) coordinates,

and given as M (r, 0), andthe position vector for the point M can be written in the polar

coordinate system as follows:OM = r u,. wherer = ||0M|| and u, = > = Tom]
Uy .
Mr
//
s M(r,e)
,/
4
2\
- o1

The expression for the instantaneous velocity vector in polar coordinates is given as follows:

d(OM) d(ru,) dr__  du;

V() = = —u +r
® dt dt dt ' dt
U, = cosO XT+sinh x
Uy = —sin@ XT+cosO X

d(u d(cos@ XT+sinf@ x J do do
( r): ( ])=——sin0 XT+—cosfO X j

dt dt dt dt
di —d7 —
where—l=02— Q— 7
t dt
d(,) do . A
e =E(—sm9><l+cost9x J) = Ouy
d (dg) d(—sinf X7+ cosf X 7) do L, do . .
Pk o ——ECOSQXL—ESIHQX Ji
where
d?_a df_6 do p
dt dt — dt
d () _ _d6 6 XT+sinf x j)=—0u
T - @ (cos  + sin J) = —0u,
| dr do _, L -
V(t) = T +rEu9 = ru, + rfuy
Vol = @2+ (o)’
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The expression for the instantaneous acceleration vector in polar coordinates is given as
follows:

_dV) _ d@u; + 1)

——)t —
a®) = dt
_dr_ o du dro. do 4 o 30
AT T ar Tt T T e T e

= ru_; + T'eﬁg + T'Hﬁg + T'éﬁg - T'ééﬁ)r

a(t) = (F—ré®) U, + (219 + rO)uy

@@ = J (7 — 162)" + (270 + rd)?

6) Velocity and acceleration in cylindrical coordinate system

OM =ru, +zk

- diru, +zk) dr_. du, dz-
Vi) =———— = — —
© di P TAP TIT:
. du—r’_ A—>
noting that —= = Oug
V() = a2, + 2% = i + 1, + 2%
= dtur T'dt Ug dt =7ru, roug V4

V@] = \/(f)z +(r)”" + 22

_d(V) _ d@u; + g + zk)

a(t
a(t) =57 dt
_’(t)—drﬁ+ dur_l_dr B +d9 . +dﬁ9 9+dzﬁ
= " " ar Tt T T e U T
d_)-r A—>
dL; =9u9

using these equqations 25
0= —fu,
dt
a(t) = #u, + 10U, + 701y + Ortiy — OUT6 + 7k

d(t) = (F —r62)u, + (216 + r@)iig + 7 k

[GON = (F—rd2)" + (270 + )2 + 77
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7) Velocity and acceleration in spherical coordinate system

OM =ru;

I d(ru,) dr__ du,
V(t) = dtr =t dtr

Qi _ 4 ing i+5sin@ sing j+cosOk
at —dt(sm cos@ L+ sinB sing j+ cosOk)
du, , 40 e sintsine® 14 cos0 Y sino =+ sing do _
qp = C0s0 qrcosp i=—sinOsing—- i+cos0 — sing j+sing cosp—- ]
—sinOk
7 Sin k

di,

do R . - do 5 -
at = E(cos@ cos@ 1+ cosB sing ]—sinHk)+sinQE(—sin<p L+ coso J)

du, do _, . do, AR e =
dtr: E(ulg)+smea(u(p)= 0y + ¢ sinb U,

V() =iu, +1 0ty +7¢sinb u,

dV) d@Fu, +r0tus+r¢sind U
) = ()= (ru, 9+ T 0)

dt dt
. dir . du, dr . _ do _ duy . dr = _ do o
a(t)—dt u, + at T+ a 0 Uy +Er Uy +W ro +E<psm9 u, + ErsmB u,
dsing +dﬁ(p  sing
TR (T g "¢ sin

To simplify this equation we need to find the time derivatives of the following unit vectors:
du,

T 01Uy + ¢sinb ﬁq, (It was previously calculated)
diiy

- %(cosecos¢i+ cos 0 sing J—sin0k)

dﬁﬁ_dcose 9+dc05(p ee_l_dcose , _>+dsin<p 0
1 - qp oSl g cos ot o S g oS0
dsinf -
dt
diy  do . o dp . dO
qr =~ ggSinfcosei—sing -cosOi——osind singj
+ P coso 7 Py
cos@p— - cosO j—cosd—
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dﬁﬁ , - , , — -, do . =
T (— sin@cos @1 —sin@ sing j— cosO k)a + (—sing cos 61

_, do
+ cos@ cos 0O j) ar

dﬁg_ d9_>+d<p 0% = —0iC + 0%
T - qr T g cos0u, = —0u, + @ cosOu,

di, _ d(— sin @ 1+cos ¢ )
dt dt

dﬁ(p _ d(-sing i+ cos¢ §)
dt dt

dl—i(ﬂ de , do . 2 .=
= —— (oS i— —sin == — coS L — sin
ar i @ di (] @Pcose Psing j

We multiply both sides of the equation U, = sin6 cos @ 1+ sin@ sin¢@ J+ cos 6 k

by sin @, and we get:

sin@ X, =sin® X (sinOcos@ L+sinb sing j+cos0k)  Eq@)
Also, We multiply both sides of the equation Uy = cos 6 cos @i+ cos6 sing j—sin0k

by cos 0, and we get:

cos O XUy = cos O X (cos O cos pi+cosO sing j—sin0k) Eqb)
The sum of the equations Eq(a) and Eq(b) gives:
SinO XU, +cos O XUy =sinB?cos i+ sin0?sin@ j + cos 0% cos o1+ cos % singj
Sin@ X U, + cos @ X Uy = (sin 0% + cos 0%)cos 1+ (sin 62 + cos 0% )sin@j
SinO XU, +cosO XUy =cosQi+sing]

and therefore we can write ,

dﬁ(p . - . - . - —
W: —QPcosp i—@sing j=—@ (cos<pi+sin(p j)
dii,, , . .
W:= —@ (sin@ X u, + cos 0 X uy)
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( du_r’_ = o - —
T Ouyg +¢sint u,

{0 B g+ peosOu

dﬁ(p . . — —

\?=—(p(5m9xur+cosexuﬁ)

Using these time derivatives of these unit vectors in the previously calculated expression for

acceleration in spherical coordinates, we find:

a(t) =7 u; +(0ty + @sind Uy)i+ + 0ty +0r Uy + (—0u, + @ cosOu,)r 6
+7¢@sing Uy, + $r sind U, +6cosdr ¢ U, — (sind X,
+ cos 0 X ty)r ¢p? sinf

a(t) =#u, +70 Uy +7@sinG d, + 7 Oy + 0r Uy + —1 0%, + 1 0¢ cos 0 U,
+7¢@sing U, + $r sind U, +6 cosdr ¢ U, — r¢? sin? Ox U,
— 1 (?sinf cos O X Uy

a@t) = (#—r6% = r¢? sin?0)u; + (6r + 270 —r @2 sin6 cos 0y + (r sind @
+ 27 @ sin® + 2r O¢ cos 0 ) U,

a,=+%—160%— r¢? sin’6
a(t) = a,u; +apiiy +a, i, Wwhere ag = 0r + 270 —r ¢? sin B cos 0

a, =1 sin6 ¢ + 27 ¢ sin6 + 2r 6¢ cos 0
8) - Velocity and acceleration in Intrinsic coordinates system

The velocity vector is tangent to the path in the same direction as the movement,

it carries the unit vector Ur and is written:

where dS is the curvilinear abscissa

The acceleration of the point M in is written:
d) = aT ﬁT + aN ﬁN

where:
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dv

ar is the tangential component of the acceleration : ar = =

. . 172
ay is the normal component of the acceleration : ay = = here, R represent the curvature

radius.

8) Motion Path (trajectory)

The trajectory is a set of successive positions occupied by a moving particle at consecutive
(successive) moments. In other words, the trajectory is the geometric locus of consecutive
positions of the moving particle. It represents the connected line passing through all the
positions of the moving particle during its motion in chronological order. By examining the
shape of the trajectory followed by the moving particle, we can determine the type of its motion,

whether it is straight, curved, or circular.

VA
Mot Path
1t

* Mty iy f

WM My ot

* \\\\\\ \‘ ’,,’

M>(t>) I + += S *”,,7‘»

| & M) M(t;)  My(ty
: 0 > Y
J

8-1) Path (trajectory) Equation

The path equation for a moving particle is a function that defines the relationship between
the coordinates of this particle during its movement. Examples of some standard forms of the

path equations:

o Straight Path Equation:
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In two-dimensional Cartesian coordinates, a straight path can be represented by the
equation:
y=mXxx+bhb

where m is the slope of the line, and b is the y-intercept.

wV

o Circular Path Equation:

The equation for a circle with radius R centered at the pointC(h,k)
(x—h)?+(y-k)?*=R?

yA

(x-h?*+ @y —-k?=R

R

«V

e Parabolic Path Equation:
The general equation for a parabola in standard form is:
y=axx*+b xx+c
This is a quadratic equation, where a, b, and ¢ are constants.
The vertex form of a parabola is:
y=ax((x—h)?+k
Where (h,k) is the vertex of the parabola.
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,,,,,,,,, N -’
o\ -/
,,,,,,,,,,,, \ /
,,,,,,,,,,, \ -/
,,,,,,,,,,, \\ : / y=ax(x—h?+k
,,,,,,,,,,, “x
Vertex (h,k)
o Elliptical Path Equation:
The general equation for a hyperbola is given by:
x — h)? — k)?
G- -k,
a b?
where, (h, k) is the center of the hyperbola, and a and b are constants determining the shape

of the hyperbola.
yA

y=ax(x—-h?+k

Vv

C(hk)

Example 01:
The position of a moving particle in the Cartesian coordinate system is described over time
by the following equations: x = 3(1 + cos(2t)),y = 3(2 + sin(2t))
1- Determine the Path (trajectory) Equation and plot it.

Solution:

X = 3(1 + cos(Zt)) x = 3+ 3 cos(2t) %3 = cos(2t)
= =1,
y = 2(2+sin2t)) \y = 6+ 3sin(2t) YT = sin(2t)
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(cos(2t))’
=

(sin(2t))*
(x=3)2+ (@ —6)* =3

The trajectory takes on a circular form as the derived equation represents a circle with a

radius of 3, centered at the coordinates (3, 6)

9) Motion types

1

I\-)= Wl -J>= U\l 0\= \l= 001 \O= [}

1
T

=

The nature of particle motion is determined by the shape of its path (straight, circular, or

curved) and the variation in its velocity (constant, non-uniform, or uniformly varying).

9-1) Rectilinear motion (RM)

Rectilinear motion is the type of movement that occurs along a straight path,

described by a single coordinate and studied in a one-dimensional coordinate system

(dimension). The expressions for the kinematics characteristics (the position, velocity and

acceleration) of a moving particle are given as follows:

OM = x(t)7
V,_dm_dx(t)q_ 1
odt dt L= x(0)
Lodv @@,
a_E_ e 1= X(t)1

68

——
| S—



Chapter 02: Kinematics Dr. Saad Essaoud Saber

9-1-1) Uniform rectilinear motion (URM)

Uniform rectilinear motion occurs along a straight path with constant magnitude and
direction of velocity (uniform velocity). This means that during this motion, the particle
travels equal distances in equal time intervals. The expressions for the position, velocity,

and acceleration of a moving particle are given as follows:

( v _ OM = x(t)i= (Vo X t+x) T

i=— =20
at . doM L
1V = f ddt = constant 1 = Vyl = V= o Gedili= Vot
. (5 N L dav
kOM=J-Valt=(V0><t+x0)L a—E—O
The time equations of motion are given:
x(t) =V X t+x
x)\ V) al\
/
7
U
A
-

\4
~
\ 4
A

9-1-2) Uniformly varied rectilinear motion (UVRM)

Uniformly Varied Rectilinear Motion occurs when an object moves along a straight path
with a uniformly changing velocity, implying a constant acceleration. In simpler terms,
during this motion, the particle's velocity undergoes a consistent change at a steady rate
over equal time intervals. The expressions for the position, velocity, and acceleration of a

moving particle are as follows:

( dv (— 1 5 .
Ei:% =0nstanti)= ai’ oM = (Eaxt +V0><t+x0)l
L. 3 _  doM N

] V=Jadt =(axt+Vy)1 = 9 V=T=(axt+V0)l

—_ — 1 iV

0M=det=(—aXt2+V0Xt+x0)f a:d_vzai)

\ 2 \ dt

The time equations of motion are given:
x(t) = Gax t? +Vy X t +xo)

X vV
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Y
~

Y

According to the direction of both the velocity and acceleration vectors of the particle's

movement, we can distinguish two cases:

o Accelerated motion: If acceleration and velocity are in the same direction = .

o Retarded motion: If acceleration and velocity are in opposite directions =

9-2) Circular motion

Ql

0
0

Circular motion is motion that takes place along a circular path that has a fixed radius

R. This movement can be studied using the polar coordinate system.

Ul
,—"’~0 7 u,
e
7’ N \7‘[
/. oM \0
/ \

! 0
oCh, k) |
/

4

\\ ’
N -,
\5___”

.-

\

The expressions for the position, velocity and acceleration vectors of a moving

particle are given as follows:

OM =ru, = Ru,

d(OM)  d(Rwu,) _ . du,

O == dt dt
d@y) ..
dtr = 0u9
d (uy) -
ac o
— B . do
V(t) = R Ouy where 6 = ]

7ol = |8y = R

0 is he angular velocity
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for the instantaneous acceleration vector in polar coordinates is given as follows:

_d(V) _ d(R8iy)

at) dt dt
=R 4o + RO diiy
DR TR dt

= RO, — ROOU,

a(t) = (_Réz) ﬁr + (Re)ﬁa = (ar) ﬁr + (ae)l_ie

- : N2 ..
la(Oll = \/(RHZ) + (RO)?
0 is the angular acceleration.

Note: For the intrinsic coordinates, we perform the same steps, only we replace the unit

vectors as follows: U, = —uy and Uy = ur

ﬁ)(t) = aNﬁ)N + aTﬁ)T

{aN=R92
ar = RB

9-2-1) Uniform circular motion UCM

The Uniform circular motion occurs along a circular path with a constant angular

s d . . .
velocity (8 = — = constant = wy). This means that the particle displaces at constant angles

0
dt
during equal time intervals.

do OM=ru, =Ru,
=—-= 0
0 = jédt = constant = w,

j

\4




Chapter 02: Kinematics Dr. Saad Essaoud Saber

In uniform circular motion, the velocity vector stays consistently magnitude and
tangential to the object's path at its position. Simultaneously, the acceleration is radial,

pointing towards the center of the circle, with a zero tangential component.

The time equations of motion are given:

( 6=0
. df
Bzaz Wy
\O(t) = wo X t+6,
61\ 4 A
r ) 0
(lJO
,/
0o
>L > > 1

2-2-2) Uniformly varied circular motion (UVCM)

Uniformly varied circular motion (UVCM) is movement that takes place on a circular
path with angular velocities that vary regularly (constant angular acceleration). In other

words, the angular velocity changes at a constant rate over equal time intervals.

= Uo T
VTN r
e a9 /Y
/ f—a N
II ~ ar \\
y Je \ 5
| o0 * . >
\ 1
\ 1
\ /
\ Vi
A 7
\\\ ’,,
4o OM =ru, = Ru,
0 = E = constant .
= V(t) = ROy

é:fédt:éxt+9'0 _ )
a(t) = (—RO) U, + (RO,

The time equations of motion are given:
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é=c0nstant

9=é><t+90

1. .
9(t)=§9xt2+00><t+90

During uniformly varied circular motion, the acceleration vector has both radial and

tangential components

o
A 4 . A
j » 6
i~

/’

8o - ’
> 1 > > 1
10) Series of Solved Exercises
EXERCISE 01:

The coordinates of a material point (M) moving in the (xOy) plane are given in terms of time
(t) as follows:
x(t) =2t +2t—2
y(t) = 3t+2
1) Write the expression for the position vector
2) write the path equation of this material point motion.
3) Write the expression for its instantaneous velocity vector and its instantaneous

acceleration vector

4) Write their expressions at the instant 2 s.
Solution:

1) The expression for the position vector
OM(t) =x() T+ y(t)T
OM(t) = (2t2+2t-2)T+ 3t+2)T

2) the path equation (trajectory)
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x(t) =2t +2t—2

St="——3x=2(-—)?+2—-2
y(t)= 3t+2 3 3 3
_(2y?\ 2y 22
*=\9 9 9

3) The expression for its instantaneous velocity vector and its instantaneous
acceleration vector

dOM dQt2+2t—-2) L dBt+2)
= l

V= Tar dt )
) dOM o
v(t) =——=({“4t+2)1 +3j

dt
AP _d@4t+2), d@3)
“(”‘E‘ ac Tt a )

a(t)=a=4l

4) Their expressions at the instant 2 s.
v(2) =4 x2+2)+37=100+37]
a(2) =47

EXERCISE 02:

The Cartesian coordinates of a material point M in terms of time (t) are given as follows:
x(t) =2t
y() = V41 -t?)

1) Write the equation of its path, the vector of its position, the vector of its instantaneous

velocity and acceleration.
Solution:
1. the equation of its path
x(t) = 2t x? = 4t?

=

y(@) = y41-t?)  y*= 4(1-t?)

By adding the two equations, we find:

x2 4+ y? = 4t2 + 4 — 4t
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x2+y2=4
this path is a circle with center O (0; 0) and radius R = 2

the vector of its position
OM@) =x()T+ y(©) ]
OM(t) =2tT + J4(1 —¢t2) T

the vector of its instantaneous velocity and acceleration.

dOM d(2¢t)_ . d4(1 —¢2) _
= l ]

VS0 dt dt
_)(t) 2 — 8t - 2 — Zt -
V() =21 ———— ] =21 ———J
2./4(1 — t2) V(@1 —t?)
2t
; d(- =)
- dv_d@). ‘s
a(t)_E_ ar ot dt J
o ds -2
a0 = =——]
(1-1t2)
EXERCISE 03:

A particle moves along the x-axis following the equation x(t) = 3t2. Find :

v

The displacement and average velocity of the particle during the time interval between
t=3sandt=35s

The instantaneous velocity of the particle as a function of time , and att =3 s, t =45,
andt=35s

The average acceleration of the particle during the time interval between t = 3 s and t
=J5s

The instantaneous acceleration of the particle as a function of time and att = 4 s

Solution:

The displacement and average velocity of the particle during the time interval between

t=3sandt=195s

M3M5 = 0M5 - 0M3

OM,(t) = x;(t)U = 3t27
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OM; = OM(t=3)=3x97 =277
= M3Ms = OMg —OM; =757 — 257 = 487
OM: =O0M(t=5)=3x257="757

—_ MMy  OMy —OM, (xr — x;), (48)

= = = U= =241
VT A tr—t; tr —t; 5-3'

v’ The instantaneous velocity of the particle as a function of time , and att =3 s, t =4 s,

andt=135s

d(OM)  dx_, d(3t?) .

& - arl T a Lot

V(t) =

att=3s: V(t=3)=6x317=187
at t=4s:V(t=4)=6x471=247
att=5s:V(t=5)=6x517=307

v’ The average acceleration of the particle during the time interval between t = 3 s and t

=5s
. _ Ay _ ViV, (Vap— Vi), . (30 — 18) e
TUAE T g tr—t; 5-3

v’ The instantaneous acceleration of the particle as a function of time and at t = 4 s

d(V) dV,H d(6t) .

aw:?‘ dt ' dt t=oi
att=4s
a(t=4)=61
EXERCISE 04:
A tennis ball is dropped from a building that is 60 m high. Find: $ @

(a) Its position and velocity 3 s later;

(b) The total time it takes the ball to fall to the ground

(c) Its velocity just before it hits the ground.

&
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Solution:
We have att = 0s,v, = 0m/s; zo = 60m

—_—

OM = z

=
Il

1 -
(—Eg t? + 60)k

N 1

= _gel
dt dt gt

U=
att=3s

—_ 1 - —

OM(t = 3s) = (—Eg t? +2zy)k =159k

B(t=3s)= —gtk=—29.4k

(b) The total time it takes the ball to fall to the ground

— 1 -
0k = (59t +60)k

! t2+60—0:>t2—60:>t—349
29 - 49 LT

(c)its velocity just before it hits the ground

B(t = 3.49s) = —9.8 X 349k = 34.2m/s

EXERCISE 05:

The polar coordinates of a material point moving in the plane are given as follows:

Find the expression for each of the position vector, velocity vector and acceleration vector.

Solution:
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. _dOM _dr — du,
VE%ar a4

diy; _do . _d@)
dt de 0T Tqr YT t g

v d(%tz) _’+1t22t_’ tu, +t3 uy
v = u - Ug =1U u
dt r Ty 0 T 0

dv _d@u + ¢ ug) _d(®)_, d@w,)  d¢®)_, . d(ug)

=T dt S vttt Yo g + t° Cdt
PR U, = =2t u,

—

d=u, +txX 2t ug +3t%ug +t3(-2tu,)

a=(1-2tYhu, +5t*uy

THIRD PART: Relative motion

1) Relative motion

In this section, we will focus on studying the motion of a material particle relative

to two reference frames, one of which is stationary (R’), and the other is moving (R).

As an example of relative motion, a person (A) sits under a tree to bid farewell
to his friend (B), who is moving inside a bus that passes in front of him. In this case, the
observer (A) sees that the movement of his friend (B) is composed of two movements: his
accompanying movement and the one resulting from the movement of the bus. And its own

movement inside the bus.

/N R

_ B8 1 (o —
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As indicated in the figure below, the motion of person B (the passenger on the bus) with respect
to person A (the observer) is a composite) superposition) motion. Therefore, their movement is
influenced by the positions, velocities, accelerations, and the path of the moving reference,
which is the bus. From the diagram, it is evident that the bus occupies different positions (C|,
C>, Cs, etc.) concerning the stationary reference (observer). Simultaneously, person B moves
to different positions (B1, B2, Bs, ..., etc.) concerning the moving reference (observer C inside

the bus).

1C2C3
g oW

E

1-1) The absolute reference (stationary) and the relative reference (moving)

o The stationary reference frame is called the absolute frame (R(O, x, y, z)),its origin O,
andits unit vectors T,] ,and k remain constant relative to the origin O over time.

o The coordinates of the particle Mwith respect to the absolute reference are denoted as

X,V z
a7 _adj’ —Gdk _ 3
def, dt|, dt .
Absolute reference (R) Relative reference (R’)
Z,
(X% 1,0) —M—(x’, y’,2")

Y’
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o Therelative reference frame, is a moving reference with respect to the absolute frame,

- — —
its origin O’, and its unit vectors U’ ,j' ,and k' remain constant relative to the origin O’

over time, and are not constant relative to the absolute frame.

il _sdj| _pdk] o
de| — dt| T dt|
R/ R/ R/
ar ¢6d7 ¢6dﬁ + 0
dt " dt " dt

R R R

o The coordinates of the particle M with respect to the relative reference R’ are denoted
asx’, y’, z’.

v’ The motion of M concerning R is labelled as absolute motion.

V' The motion of M concerning £’ is identified as relative motion.

v’ The motion of R’in relation to R is termed entrained motion.

1-2) Analysing Particle Motion within an Absolute Frame of ReferenceR(O,
X, 2)

The expression provides the position vector, velocity, and acceleration for the moving particle

M in the fixed or absolute frame (R) as follows:
1-2-1) Position Vector

Position vector of the particle M with respect to the absolute (fixed) frame (R) is expressed
as:

—

OM=7,=xl+yj+zk

1-2-2) Velocity vector (Absolute Velocity V_a)(t))

Velocity vector of the particle M with respect to the absolute frame (R) is called absolute

velocity V,(t) and is expressed as:

. d(@| _dOM)| _dxi+yj+zk) dx, dy, dz.
Va(t) = dt R_ dt R_ dt P TARErT T
Where
[ )
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dif _ s 4] _5 4k _
dt R dt R dt .
V(0 = s B vy + iR
o=t T Tt T Ty
( dx
axza
—_— - = - dy
Vo(t) = Voxl + VoyJ + Vo .k where 1 Vay =
_dz
\ az_E

1-2-3) Acceleration vector (Absolute Accelerationa,(t))

Acceleration vector of the particle M with respect to the absolute frame (R) is called absolute

acceleration a,(t) and is defined as:

o dp)| _d¥OM)| _ dGi+yi+zk)  d(Ven) . d0ay) ., d(Va,)
t) = = = = 4 - 4 k
aa(t) dt |, d?t . dt dt L+ dt S+ dt
a,(t) = X1+ 97 + 2k
(o d(Vax)
Qax =7 gr
a,(t) == agyl+agy,j+ aa,ZE where - Ay = %
_d(Va,z)
T

2) Analysing Particle Motion within an Relative Frame of Reference R’(0’,
x5 z)

The expression of the position vector, velocity, and acceleration for the moving particle M in
the relative (moving) frame (R’)are given as follows:

2-1) Position Vector

Position vector of the particleM with respect to the relative (moving) frame (R’) is given as:

—_—

OM=T=x"+y7] + 2K
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2-2) Velocity vector (Relative Velocity W(t))

Velocity vector of the particle M with respect to the relative frame (R’) is called relative velocity

V;(t) and is expressed as:

— d(m) d(0'M) d(x'_l7+y']—')+z’ﬁ) dx'- dy'- dz'—
V t) = = = = — ¢/ -4 —k,
() dt dt dt dtl+dt]+dt
R
Where
il _sdj| _pdk] o
de|  dt| T dt|
R/ R/ R/
700 = dx’—;+dy’—;+dz’?_ i
W E et T T T Ty
( dx’
rxr=E
3 = o dy'
V@) == Vot + Vi) + Vi pk' where < Ty = ur
_dz’
o

2-3) Acceleration vector (Relative Accelerationa, (t))

The relative Acceleration vector a, (t) of the particle M with respect to the relative frame (R’)

is written as:

. di)|  d2(0'M) d(x'? +y') +2' k)
(1) = dt VT - dt
R/ Rr
d(]/;"xr)“’ d(Vryr)—’ d(Vrzr)“>
— > ! ’ ! > kl
i T Ta T T a
) =xV+y]+7K
(o AV xr)
ks dt
- = = = AV,
a,(t) = apul' + ary ) + a, k" where | Aryr = %
_dVrz)
\rzr = gy
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3) Relation between relative and absolute motions

Based on the principles of composition, it is possible to derive the mathematical formula
that establishes the connections between the components of the position vector (velocity and
acceleration) for the moving particle M in the absolute frame (R) and the components of the

position vector (velocity and acceleration) for the moving particle M in a relative frame (R’).
3-1) Relation between position Vectors (OM and 0'M)

The position vector (O_M) for the particle M in the absolute frame (R) is equal to the
sum of the position vector (W) for particle M in the relative frame (R’) and the origin position

vector (O—O’)) of the relative frame with respect to the absolute frame. The relation between both

vectors can be written according to the following expression:

s — @ —

OM = 00"+ 0'M

—_—

OM = xi+ yj + zk =0—0’)+x’7+y'7+z'ﬁ

OM = xT+ Y] + zk = X0, L + Yoi] + Zo/k + XU+ y’7 + 7K

Where (Xo1, Yoi, Zo:) are the coordinates of the origin O’ with respect to the absolute reference

frame (R).

In the case of irregular motion of the moving frame (R’), the unit vectors are unequal (T #

U.j#],and k = k')
3-2) Relation between velocity Vectors (V_a) and Vr))

When we derive the position vector for the moving particle M with respect to the absolute

reference(R), we obtain the expression for the absolute velocity vector as follows:

_. . dOM)| _d©0 +0M)| _d@©0)| d@OM)
Va(t) = dt B dt =@t | T ar
R R R R
. d@0)| dxT+yT +2%)
a(t)= a | dt
R R
( ]
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The unit vectors (1',]",and k') of the relative frame are constant with respect to the origin

O’ of the relative frame (R )(d | d—1| 6 " | 6), however, they are not

constant with respect to the absolute frame (R). Therefore, the derivative of these unit

vectors (' ,)", and k') with respect to the absolute frame (R) does not equal the zero vector

]

—

od—’| * 0‘“"| % 0).

d(00")
dt

LA 5 @) Ao Q) | dE) A

Va(®) = dt x dt dr ’ Y dt dt tz dt

R

We rearrange the equation, and we get the following:

7o d(00") dl .\ df'+ dk’+dx’—;+dy’—;+dz’p>
asy T dt *dr Y dt z dt T act Tar! Tar
R =
~ Vr
Ve
V’(t)_ d(O—O;) dl + /d]_;_l_ /d?_i_ 'r_;_l_ 'r_;+ '/_l?
avs T dt . Yae TV g T T y; _

—

Ve

Hence, the absolute velocity vector (7(; (t)) of the moving particle M is the sum of the relative

V. (t)) velocity vector and the entrained velocity vector V,(t).

76 d(00") s dr ,d7'+ di’
e = X ——7TY ——
Vo) = V(O + Vo(t)  where de | 0T dt T dt T de
. d¥'— dy - di—
V() =+ 2

We can furtherdevelop the expression for the entrained velocity

d@) _dos o do_ (anguiar veloctty) and T = B a7
1t dt]weredt—wanguarveoay and j = l
R
d@)| _do; KAU=@BAU where = ok =&
dt dt]—w L =wWANl wnere = =w
R

Using the same method we obtain
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—(]) =wAjand fit) !

A
dt

gl

R R

And therefore the entrained velocity can be written:

7 d(a_o_’)) 1 _-I) 1> __I) I —7
() = T +xonN'+YoON)+ZONEk
R
17 d(a_o_’)) — 17 — =7 — 7.7
V() = It +oNX'T) oA ))+oA(Z'k)
R
- d(00’ L
V.(t) = (dt) +BA(XV+y) +2'K)
R
— dOOI ]
V() = Zt) +woAO'M
R

The entrained velocity vector (Ve)(t) ) of the relative reference frame is related, on one hand, to
the velocity vector of the origin O' with respect to the absolute reference frame, and on the
other hand, to the rotation of the unit vectors of the relative reference frame with respect to the
absolute reference frame. Therefore, we must take into account both the translational and

rotational motions of the relative reference frame.
3-3) Relation between acceleration Vectors (a, and a,)

We derive the expression for absolute velocity with respect to time then, we simplify the
obtained expressions as follows:
d(00) dl dfdid

d . — . —>
—">t —_ . II r_r/ Ikl
a,(t) dt< T +x I ydt+Z dt+xl+y] +z

d2(009| dx'di  ,d* dy'd) ,d¥ dz'dk ,d*K

WG(t)=—— R+EE+"E+ vatYE T aat @
+d‘ + dﬁ+d d7+d K+ ©
prid x T +y at T %at 7 dt

We further simplify this equation and rearrange its terms, we obtain the following expression:
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()_dZ(OO) d7+ dj s d?”+ ,d27+ ,d27 dzk’
ta d?t dt i dt 4 & T T e T @
R
T T S d—’)+ d] ,dfc—’)
XUAYJ + 2l +x Y T

Finally, we obtain the following formula:

_ . d¥00H|  ,a¥  d¥ 4Pk dldf AR f—
aq(t)= 2 +xd2t+yd2t+z d2t+2 xd—+y dt+ I +xL+y] +Zz'k
R ar

s

ae ac

Consequently, the absolute acceleration vector (ag) for the moving particle M is the summation
of the relative acceleration vector (a,), the entrained acceleration vector (a,), and the Coriolis

acceleration vector (ag).

T =d d—l +d%] +ddtk’

d2(00 ) U, LY. ]
_— x' y' + 7z
d2t d2t d2t

@a(t) = TG(t) + Te(t) + ac(t) where { @) =

R
. i .djf . dk
as(t) = +y —+7—
L ¢ < dt dt dt)

We can further simplify the Coriolis acceleration vector a;(t)and the entrained

acceleration vector a,(t)as follows:

o The Coriolis acceleration vector a,(t)

Using these relations

aihl  _ 5 dgh| - = A - =
= N , ——| = N = N
dt WAL dt wrJ dt @
R R R
. LA d L di ,
a.(t)=2x I +ydt+zE —2(xw/\1+ya)/\] +za)/\k)

—

as(t) =2 (5/\ 7+ v + z'7c7)) = 20NV,
o The entrained acceleration vector a,(t)

s ,d2?+ a2
X d?t y d2t d2t

dZ(OO )

e()_

R
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Using these relations
(az d(_)A7>_da’/\_,+_)Adi'_d5/\7+ﬁ/ﬁ/\7
azt a\ O T M TR T g M T OOt
A d(, N _d@ 7 _ df dd 7

= ( ) AN FON—= t/\]+a)/\a)/\]

) a _aw
a2t - a\CMN ) T dc  d
2k d/, N dd = _, dk d@ = _, _, —
\E_%(a)/\k)__/\k +(L)/\E—E/\k +(A)/\(J)/\k

. d*00) d@ d@
ae(t)=T + X' (— /\L+w/\(a)/\L))+y( /\] +a)/\(a)/\]))+z(
R
Ak +BA(BAK))
d2(00) 4 s d&
a.(t) = FE: +(dt/\xl+a)/\(w/\xl))+( /\y’]’—i—w/\(a)/\y’]’))+(
R

AZ'K +BA(BAZ'KD))

—”(t)—dz(w) 8 vty s (a7 + EE + @A (BAXT)+ 3
a.(t) = 7t (dt x't") T ') (dt Z’k" )Y+ oA (wAx W
R

ANBAY'T) + (@A (B AZ'ED)

= dZ(O—O;) da 57 77 17 = (= 177 =7 57
ae(t)=T +(E/\(Xl + Y +Z k) +BA(BAEV+ Y+ 2K

R

. d200Y  Ad  —— L
ae(t)=7 +(EA(0M)+(1)/\((J.)/\(0M)
R

Note: If the relative reference moves in a translation motion with respect to the

absolutereference (w = 6), then:

o)

o V(t) =

e W =2(@AET+y] +2K))=0

d2(007)
- TO="31

'
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4) Solved exercises

EXERCISE 01:

The position vector expressions for a particle moving with respect to a fixed reference R and

a reference moving horizontally with a constant velocity Vy are given as follows:
OM =ti+t25+Qt+3)k, 0M=t0 +t3 + (4t +3) K

- Write the expression the position vector 00’

- Write the expression of the absolute velocity and relative velocity of M.

- Deduce the entrained velocity and the nature of the movement of R’ in relation to R.

- Determine the absolute acceleration, entrained acceleration, and relative acceleration of M

Solution

—

-Writing the expression the position vector 00’

OM =00+ OM =00 = OM— 0O'M

— —

00 = tT+t3+Qt+3)k—tV —t3 — (4t +3) K

=7 ;j=7 ;k=k
00 = —2tk

- The absolute velocity and relative velocity of M.

., dOoM) , . -
d(OIM) _')+2t_’)+4ﬁ’

=7 ;7=7 ;k=k

_, doMm) R

vy = T = L+2t]+4k

- Deduce the entrained velocity and the nature of the movement of R’ in relation to R.

—

Vg = Uy + 7,

or
_._d(00) _d(-2tk) -
Ve =Tar T dt 2k

Vel = 2

The motion of O' relative to O is uniform rectilinear motion
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- The absolute acceleration, entrained acceleration, and relative acceleration of M

* The absolute acceleration

_d_,zd('v‘,;)z d(?+2t]+27€)=2%
@ dt dt J

* The relative acceleration

__d@) _d@ 2 4K
ar=—1— = at =ca] =4]

* The entrained acceleration

a, = a,+a,+a, inthiscasea, =0
Ge=a;+a =0
Exercise 02:
The motion of a mobile is defined by the position vector in a mobile frame R':
OM=5t0+({t2—t)) -2tk

This frame undergoes rectilinear translational motion with respect to a fixed reference R,

characterized by a velocity vectorV, = 2t T+ j+ k
o Determine the expression for the absolute velocity of M concerning the reference R.

o Calculate both the relative and absolute acceleration of the mobile M. Deduce the coriolis

acceleration
Solution

o Determining the expression for the absolute velocity of M concerning the reference R

=

due to the rectilinear translational motion of R' with respecttoR = 1= 1 ;] =

]—>/ ,E=I_{)'
0’M:5t7+(t2—t)]’—2t?; Ve=2tf+f+E

_._d(O'M) _d(5tU+(t?—t)] —2tk)
Toodt dt
7= 574+ Qt—1)7 -2k

=504+ Qt-1)) -2k

o= (G+20)I+2tF— k
o Calculating the relative and absolute acceleration of the mobile M.
*The absolute acceleration

., d@y) _ d(G+20T+2tT— k)
@ dt dt

=21+27
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* The relative acceleration

—

r dt dt

d(w) dGi+Q@t-1Dj-2k) . ..
= = :2] :2]

* The entrained acceleration

=21

e Deduce the coriolis acceleration

a, = a, +a,+a, inthiscasea, =a, — a, — a,

a,=21+27-21-27=0

Exercise 03:

A swimmer is crossing a river with a width of L = 1 km, moving from one bank to the other

perpendicular to the current at a constant velocity v = 0.5 km/h. The current velocity is = 2

km/h.

What does each of these two velocities signify?, Write their analytical expressions in
the Cartesian coordinate system (xoy).

Calculate the angle at which the swimmer deviates.

Determine the swimmer's trajectory, velocity, and the time required to reach the

opposite bank.

Solution

The two velocities signified

2 km/h= the entrained velocity v,
0.5 km/h= the relative velocity v,
The analytical expressions of the two velocities in the Cartesian coordinate system

(xo0y)
w=2] ;7 =051

Calculate the angle at which the swimmer deviates.

—

Vg = Ve + 0,
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Vg =Vgco0sal+ vysinaj=057+27

v, cos a = 0.5 2

> tana =

=4 = 75.99
G >a 5

v, Sina =2

2
=—=2.
Vg - 06 km/h

o Determining the swimmer's trajectory, velocity, and the time required to reach the

opposite bank.
. . o d(oM)
v, =051+2)= T

d(OM) = (0.57+27) dt
OM = ](0.5?+ 27)dt =0.5t T+ 2t]

The trajectory of the swimmer

>=-=4 =>y=4x

R I<

{x = 0.5t

y =2t
y= 4x = straight line (rectilinear motion
Exercise 04:
A ball falls without initial velocity from a building of height H, and its descent follows uniformly
accelerated rectilinear motion with acceleration g.
- Determine the trajectory of the ball in a reference frame linked to a car moving at a
constant velocity, passing through the vertical drop point at the moment of release.
- Identify the trajectory of the ball in a reference frame tied to a car moving along a
uniformly accelerated straight path with acceleration g, passing vertically under the

point of descent at the moment of departure.
Solution

- Determining the trajectory of the ball in a reference frame linked to the moving car.
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IN
Q ® (R)

in ht reference (R) :
— 1 .
OM = (—Egt2+H)]

OM = 00’ +0'M

W:J(voadtwotuﬁ

att=0s,5_0_')=(_)):)w=170t?

-_— —_— —_ 1

O'M = 0M=-00"= (-5 gt* +H)] —voti
"=yt

* vo . x' , 1 x’2+H
1 St=—-— =3y =-59—

- Identifying the trajectory of the ball

-, 1

00' = (Ea t2 + vot +xo) T
00 =2q ¢? 1
—261 l

_—  —_— —

1 o1 N
OM=0M-00"=(=gt?+H)j —54 t21

2
_ 1,
X = 2at le x’
>t?=—— =2y '=g—+H
1
y' =—-gt*+H 4 4

2

Exercise 05:
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While driving in the rain at 100 km/h on a flat road, a driver notices that raindrops,
seen through the side windows of the car, follow trajectories making an angle of (g rad) with
the vertical. Upon stopping the car, the driver observes that the rain is actually falling

vertically. Calculate the velocity of the rain relative to the stationary car and relative to the

car moving at 100 km/h.

Solution

(R)

— - — -
Ve =Vl [ Vg =—V4]
—_— __ . T[—> T[—>
vr——vrsmgl —UrCOSg]
- - . Tt—) T[->
—Vy ] =V L+ =V, SiN—=1 — Vv, COS = ]
6 6
- n . 7T
0=v, +—v,sin — VU, = 1, Sin —
6 6
I8 T
—V, = —V, COS g Vg = V. COS g
e = = =200
U= —"=% =
sin— 0.5

n V3
VU, = V, COS i 2007 =100V3

Exercise 06:
—_— - —
!

In the coordinate system R'(0’,1',)', k"), the Cartesian coordinates of a material object M are

expressed as functions of time: X' = t* + 3t, y' =t, 2/ = —t3. The coordinate system R’
moves in a uniform rectilinear translation with a velocity vector Ve) = —31+ 5k relative to an

absolute coordinate system R.

1. Determine the expression for the velocity vector of M relative to coordinate system R.
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2. Infer the coordinates of M in coordinate system R, given that att=0, in coordinate
system R, M is located at the point (0, 1, 0).

3. Calculate the relative and absolute accelerations of M.
Solution

- The expression for the velocity vector of M relative to coordinate system R

V, =V, + U,

. dO'M) d(t® + 3t)+ (@) -3 K) N
v, = P It =Qt+3)'+ ) -3t°k
v = (Qt+3)i+ J-3t%k
Vo= (2t+3)i+ ] —3t2k—30+ 5k = (2t +3)i+ j + (-3t +5)k

- The coordinates of M in coordinate system R, given that att=0, in coordinate system R, M is
located at the point (0, 1, 0).
d(OM)
dt
d(OM) = ((2t +3)i+ J+ (=3t% +5) k) dt

—

Ua=Qt+3)+ J+(-3t2 +5)k =

sz((2t+3)f+ j+ (—3t2 +5)l?) dt

OM=(t2+3t+a)i+(t+b)]+(—t3 +5t+0)k

a=0
att=0s = OM=(0)I+)J+ Ok =2{b=1

c=0
OM = (t2 4301+ (t+ 1) ]+ (—t3 +50) k
- The absolute and relative velocities

*The absolute acceleration

. d@))  d(t+3)i+ J+ (=3t +5)k) .
a; = = =21
dt dt

* The relative acceleration

. d@)  d(@t+3)I+ J-3t%k) .
a, = = =21
dt dt
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5) Additional exercises

EXERCISE 01:

Using tand 7 as the unit vectors for the Cartesian coordinate system, and U, and Ug as the

unit vectors for the polar coordinate system (where 0 is time-dependent),

1) Write the expressions for the unit vectors U, and Ugin terms of T and .

2) Calculate the derivatives of these unit vectors with respect to both time and 6.
3) Express the unit vectors tand 7 in terms of U, and Uy.

4) Compute the derivatives of T and J unit vectors with respect to both time and 6

Solution:

1- the expressions for the unit vectors W, and Ugin terms of T and J

We can obtain the expressions for the unit vectors in polar coordinates in terms of the unit
vectors in Cartesian coordinates through the process of orthogonal projection (meaning we
find the components of the polar unit vectors in Cartesian coordinates) as follows:

Uy = (u)y X T+ (U)y X7
(uy)xand (u,), are the components of the polar unit vectors U, in Cartesian coordinates
(ur)x = [l X cos9; (ur)y = l[ull X sind [, ]| = 1

U, = cosY XT+sind X j

Uy = —(Ug)y X T+ (ug)y X7J

(ug)xand (ug), are the components of the polar unit vectors Uy in Cartesian coordinates

(ug)x = llUyll X sin®9; (uy), = l[dyll X cos ¥ |[uyll = 1
Uy = —sind X T+ cosd X
U, = cosI X T+ sind X j

Uy = —sinI XT+cosI X
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2- Calculate the derivatives of these unit vectors with respect to both time and 0.

d (Ur) d(cos 9 1+sin9X7J) . > - = di =dj =
= = — X X = — =()—=
r = siny X1+ cosY X ] =y where r Odﬁ 0

d (u d(—sin9 X7+ cos9 X |
(0): ( ])=—cosz9><?—sin19><_j=—1_ir

dy dy
d(,) d(cos9dxXT+sind x 7)) do L, do .
P i ——Esm19><l+zcosﬁx]
where
al?_adf_qdﬁ_19
dt — ~dt —dt
d(ar) dﬁ . - — o=
T ==E(—51m9><1+c0519><])=19u19
d@,) d(—sind X7+ cosd X 7)) do L, do . .
P I ——ECOSﬁXl—ESIHﬁX]
where
d?_(_jdj’_(_))dﬁ_19
dt — ~dt —dt
d,) do

1t =—E(c0519><?+sin19x7)=—1'9ﬁ’r

3- Express the unit vectors T and § in terms of U, and Uy.

Method 01:We can obtain the expressions for the unit vectors in Cartesian coordinates in terms
of the unit vectors in polar coordinates through the process of orthogonal projection (meaning

we find the components of the Cartesian unit vectors in polar coordinates) as follows:

'
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1= (D), XU, + () X Uy
(i),and (i) are the components of the cartesian unit vectors 1 in polar coordinates
() = |ITll X cos 9, (D)y = —lTll X sind ||T|| = 1
1= cosY XU, —sind X Uy
J= (Dr XUr+ (o X Uy
()and (j) are the components of the cartesian unit vectors J in polar coordinates
(Dr = II7Il X sin®; (g = lIJll x cos I [Ijll = 1
J = sin9 XU, + cosI X Uy
Method 02:
U, = cosY XT+sind X

Uy = —sinI XT+cosI X

A system of two equations with variables, where the variables are T and 7§, we can solve it as

follow:

U —cosIXT . . .
———— = ] we replace the expression of ] in the second equation

sin
- 9 X+ cos O (ﬁr —cosVY X T
Uy = —sind X1+ cos9 X (————
v sind
sin 92 i+ cos U, (cosﬁz X T
Uy = — — X T+ cos9 X — — ,
9 sin sind sind

—cosY XU, +sin9 X Uy = (—sin¥? — cos9?) X 1
—cosY X U, +sind X Uy = (—1) X1T
1=+cosY XU, —sind X Uy

U, —cosI XT U, —cos X (+cos XU, —sind X Uy)
sind - sind

T =

U, —costI X (+cos XU, —sind X Uy)
sind

]
7 =sin9uU, + cosVI X Uy

4- Compute the derivatives of T and J unit vectors with respect to both time and 0
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d(@ d(cosd XU, —sind X iy)

d9 d?d
. . d(@,) - . d (i)
= —sind X U, + cos? dﬁr —cosY Uy — sind X 70
79 —sinY XU, + cosIug — cosY Uy —sind X (—u,) =0
d d(sindu, + cosd X u d(u d(d
dg): ( rdﬁ 19)=cosz9><fir+sin19Ei—l;)—sim?ﬁ,g+cosz9>< Eiﬁﬂ)
ek cos VY X Uy + sind Uy — sinduy + cosI X (—u,;) =0

d(@) d(cosd XU, =sind X Uy)

dt dt

——E51n19><ur+c0519 it —Ecosﬁuﬁ—smﬁx 70
d(i’)_ dﬁ'ﬁx_’+ ﬁdﬁ_, dd 93 '19><< d19_,>_6
- @ sin U, + cos dtu,g T cos Y Uy — sin It U, | =
d ()  d(sindi, +cosd Xy)
dt dt

—Ecosﬁxur+smz9 T —E51n19u19+c0519x 70
40) _ 49 19><_’+'19d19_’ dﬁ'ﬁ_’+ 19><< dﬁ*)—ﬁ
FTRiRiPT: cos U, + sin dtug It sinY ug + cos dtur =

EXERCISE 02:

In the polar coordinate system with unit vectors U, and Uy, the positions of the

moving object M at two different moments t; and t2 are given as follows :Mi (3, n/6)
M: (2, 27/3)

1) Represent the positions of the moving object M in the polar coordinate system.

2) Provide the expressions for the position vector at t; and t> moments.

3) Determine the expression for the displacement vector from M; to M.

4) Convert the coordinates of the two positions from polar to Cartesian coordinates,

and rewrite the previous expressions in Cartesian coordinates.

Solution:
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180

2- the expressions for the position vector at t; and t2 moments.
0M1 = 3 l_irl OMZ =2 ﬁrz

3- the expression for the displacement vector from Mj to M.

MlMZ == OMZ - 0M1 =2 arz - 3 ﬁrl

4- Convert the coordinates of the two positions from polar to Cartesian coordinates, and

rewrite the previous expressions in Cartesian coordinates.

x=3cos(g)=%§ ——  3V3, 3.
= 0M1:_l+__]
y=3sin(§)=3x% 2 2
1

x =2cos (3n/2) = —27

y=25in(3n/2)=2x§

M, (3, 1/6) =

ey

M> (2, 31/2) = = OM,=-T++/3]

3v3, 3 3V3 3
Mle = 0M2 - OMl == —?+ \/gj_) - <T?+ET> = (—1 —T)?'i‘ (\/g—z)]_)

EXERCISE 03:

Consider a point material point M, its motion described by the following Cartesian

coordinates:
x = R(l + cos(29)),y = Rsin(20),where 8 = wt

1- Find in Cartesian coordinates:
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a- The equation of the trajectory and plot it.

b- The position, velocity, and acceleration vectors. Calculate the magnitudes of the velocity

and acceleration.
2- Find in polar coordinates:
a- The equation of the trajectory r = f(6)

b- The position, velocity, and acceleration vectors. Calculate the magnitudes of the velocity

and acceleration.

Solution:

1- In Cartesian coordinates:

x = R(1 + cos(20)) x — R = Rcos(26)
0 = wt>
y = Rsin(26) y = Rsin(26)

(x — R)? = R?cos?(20)
= (x — R)? 4+ y? = R%(cos?(260) + R?sin?(20))
y? = R%sin?(26)

(x —R)? + y? = R?
1t is the equation of a circle with a center at point (R.0) and radius R.
yA
(x —R)? + y? = R?

(R; 0)

b) The position, velocity, and acceleration vectors. Calculate the magnitudes of the velocity

and acceleration

» The position vector

OM(t) =x() T+ y(©)T

OM(t) = R(1 + cos(260))7T + Rsin(20)T
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» The velocity vector

domi d(R(1 + coswb)))  d(Rsin(2 wb))
= L+
dt dt dt
U =—-2Rwsin(2wt) T + 2wR cos(2Qwt) J == 2 Rw(—sin(Rwt) T + coswt) J)

V= T

» The acceleration vector

dv d(—sin(2Qwt d 2wt
2% e, ( sm(w))?Jr (cos(2wt))
dt dt

dt J

d=2Rw Qwcoswt) T — 2w sin(Rwt) J)
d = 4 Rw? (cosRwt) U — sin(Qwt) )

2- In polar coordinates:

a- The equation of the trajectory p = f(6)

r=Jx2+y2=/(R(1 + cos(26)))? + (Rsin(26))?

r = RyJ1 + 2 cos(260) + cos2(26) + sin2(20) = R/2 (cos(20) + 1)

cos(20) = cos?(0) — sin*(0) = cos?(8) — (1 — cos?(0)) = 2cos?(0) — 1

r = R\2(2c0s2(8) — 1+ 1) = R\/4cos2(8)
r = 2R|cos 8|

b- The position, velocity, and acceleration vectors. Calculate the magnitudes of the velocity

and acceleration:

» The velocity vector

—_—

OM = ru,; = 2R coswt u,

» The velocity vector

—

d(ﬂ?)_d(r)_,Jr d(u) _d(r)_, db

U= u. +r U, +r—u
dt dc 7 dt dc " dt ?
dae
— =W
dt
¥ = —2Rw sin wt u, + 2Rw cos wt ug

¥ = 2Rw(—sin wt U, + cos wt uy)
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» The acceleration vector

dv _ d(2Rw(—sinwt U, + cos wt Uy))

T dt
d(—sin wt d(u, d(cos wt d(ug
a= 2Rw(%ﬁ?+ —sin wt (dtr) + ( Tt ) Ug + cos wt (dte))

d = 2Rw(—wcos wtu, + —wsinwt Uy — w sin wt Uy — w cos wtu, )
d = —4Rw?(coswtu, + sinwt uy )

EXERCISE 04:

The position of a particle in the Cartesian coordinate system is described over time by the
following equations: x = 4(1 + cos(9xt)), y = 4sin(9xt)

1- Find the expression of the equation of the trajectory and plot it.

2- Find the expression of the position, velocity, and acceleration vectors.

3- Calculate the magnitudes of the velocity and acceleration.
Solution:

1- The path equation

X = 4(1 + cos(9t)) x —4 = 4cos(9t)
=
y = 4sin(9t) y = 4sin(9t)

(x — 4)%2 = 42c0s?(9t)
= (x —4)% + y2 = 4%(cos?(9t) + 4%sin?(9t))
y? = 42sin?(9t)

(x —4)2 + y2 = 42
1t is the equation of a circle with a center at point (4.0) and radius R.
yA

(x —4)2 + y? = 42

* >
(4;0)
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2- the expression of the position, velocity, and acceleration vectors.

- The position vector
OM(t) =x(D T+ y(©) ]
OM(t) = 4(1 + cos(9t)) T + 4sin(9t) T
- The velocity vector
doM d (4(1 + COS(%)))? , dsin(9t))

dt dt e
v(t) = —365sin9t U + 36 cos9t J

-
v =

- The acceleration vector

i(6) = dv _ d(—36sin9t )_,+ d(36 cos9t) _,
T dt ' dt J

a(t) = —324cos9t U —324sin9t J

3- the magnitudes of the velocity and acceleration.

15| = v/ (=365sin9t )2 + (36 cos 9t )2 = 36

la(®)|| = /(=324 cos 9t )2 + (=324 sin 9t )2 = 324

EXERCISE 05:

Given the positions of a particle (m) every 0.3 s in the plane (OXY) as shown in the figure:

35
301
251 M,

20 T M7

S 0 5 10 15 20 25 30 35 40 45 50
X (m)
1- Using this diagram, complete the table by specifying the time and the Cartesian coordinates

(x;, ;) of the moving object at each moment t;
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position My M; M, M; My M; Ms M7 Ms

ti(s)

t?,(s%)

x;(m)

yi(m)

Plot the curves x=f(t) and y= k(t°)

Derive the parametric equations governing the particle's motion x(t)and y(t), then,
providing details about the constants' values and the nature of each constant.

write the expression of the vector oM (position vector).

5- Represent the displacement vector of the moving object from M, to Ms on the diagram,
then write the expression for the displacement vector. Derive the expression for the average
velocity between moments t; and ts.

Write the expressions for instantaneous velocity and acceleration.

Calculate the instantaneous velocity at position M2.

Express the average acceleration between positions M4 and M6.

Calculate the instantaneous acceleration at position M35.

Solution:

1- Filling the table by specifying the time and the Cartesian coordinates (x;,y;) of

the moving object at each moment t;

position My M; M; M;3 My M;s M; M; M

ti(s) 0 0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4

t%,(s®) 0 0.09 0.36 0.81 1.44 2.25 3.24 4.41 5.76

x;(m) 0 6 12 18 24 30 36 42 48

yi(m) 0 0.4 1.8 3.9 7.0 11 15.9 21.5 28.3

2- Plot the curves x=f(t) and y= k(t’)
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50 - —o—xw] S - o

201 / 1= ;
S I A

x(t)
AN
y(t)

AN

0.0 0.5 1.0 1.5 2.0 2.5 0o 1 2 3 4 5 6
t(s) t(s)

3- Derivation of Parametric Equations for Particle Motion and Analysis of Constants
According to the graph x=f(t), we notice that the curve is a straight line passing through the

origin with an equation of the form x = a X t. Where a represents the slope of the curve and

is calculated by the tangent of the angle o

) _36—-0 20
ME=T8-0"
the dimension of the constant a
a= % = [a] = % = L.T™Y = The constant a has the same dimension as velocity.

According to the graph y=f(’), we notice that the curve is a straight line passing through the
origin with an equation of the formy = b X t. Where b represents the slope of the curve and

is calculated by the tangent of the angle a

tana = ———2 — 488
mE=525-0
b=<= [b] = M2 5 The constant b has the same dimension as acceleration.

[t]2
4- the expression of the vector oM (position vector).

OM@®) =x(®)T+ y(®) T
OM(t) = (200)T + (4.88t%) ]

5- Representing the displacement vector of the moving object from M| to M3 on the diagram
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35

30 -
25 -

20 -

S5 10 15 20 25 30 35 40 45 50

X (m)

Writing the expression for the displacement vector

OM; =18T+3.9 7

M;M; = OM; — OM; = (18 — 6)T+ (3.9—-0.5)] =127+ 3.5

Deriving the expression for the average velocity between moments t; and t;.

Vo= My M; _ OM;3; — OM; _ (03— %), (y3— 3’1)]_,

l+

137 At ts —t; t; —t; t; —t;

MM;  127+34]

_ - =207+ 5.837

At 09-0.3

6- Writing the expressions for instantaneous velocity and acceleration.

V() =

a(t) =

d(OM) _ d(20t7 + 4.88t27)
at dt

= 207+9.76t J

_d(®) _ d(20T + 9.76¢t 1)

= 976 7
dt dt J

7- calculating the instantaneous velocity at position M2 (at t= t,=0.6s)

V(t,) = 2074+ 9.76 X 0.6 ] =207+ 5.85 J

V(ty) =V

8-Determine the average acceleration between positions M4 and Mo6.
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s VeV Vo= Vi) (Vey = Vay).
4,6 At t6 - t4_ t6 - t4 t6 - t4 ]

Ve=V(tg) = 2071+9.76 X 1.8 ] =207+ 17.56
V,=V(t,) = 200+9.76 x1.2 j=207+11.71

—

(20 — 20). (17.56 — 11.71) _
Aue = 1+ =
’ 1.8—-1.2 1.8—-1.2

7=9.757

9- calculating the instantaneous velocity at position M5 (at t= ts=1.5s)
a(ts) = 9.76 J
d(ts) = age

EXERCISE 06:

The motion of a material point M in the plane is described using the following polar

coordinates:

where a,T and w are positive constants
0(t) = wt

a) Calculate the velocity and acceleration of point M in the polar coordinates

b) Calculate the velocity and acceleration of point M in the Cartesian coordinates
Solution

a) Calculating the velocity and acceleration of point M in polar coordinates

the position vector in the polar coordinates is given as follow:

OM = ru_r’za( i)u_r’

the velocity vector:

—

s _dOM _dr . di
V=7 T ac T

dw, do _, d(t) _,
dt _dt 0T g wT U
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t
dae(_?) t a t ¢
v zg u_’r+wa(_?) ﬁg:——e(_?) u_r>+a)ae(_;) ﬁg
dt T
9
v=ael V(@ g~ Up)
t
Cav daeYw m-1 )
T dt
t — 1 —
_)_d(ae(_?)) ., 1 _ + (_E) d(w ue_; U)
a= It (w ug . u,) +ae It
L_a oy 1 (-9, dCug) 1d( w)
a= Te (w ug " u,) +ae (w i P
du_;_dH —, _dwt) _,
dt _dr 0T Tar eTem
du_g)_ a _,  dwt) _, .
dt  dt "7 T T WTTew
,__a (—5) _,_l — (—E)_ 2 —
a= Te (w uy . u) +aelJ(—w* u; Twug)
a t 1
1o D0 T @ -ty
a:—;e r{Za) u9+(0) T_;)ur)}

b) Calculating the velocity and acceleration of point M in the Cartesian coordinates

U, = cosI XL +sind X j

According to exercise 1 we have: {
Uy = —sinI XT+cosI X7

By substituting the expressions for the unit vectors in the polar coordinates written in terms of

the unit vectors in the Cartesian coordinates in the expressions for velocity and acceleration,

we get:
1
= ae(—f)(w T - - u_r’)

t

1
V= ae(_?) (w (—sindY X T+ cos9 X ) - (cos9 X T+ sin¥ ><7))
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t t

t t
R (__) ) . (__) L a e(_?) a e(_?)
V=-wae\ @Jsind Xl+wae\ @ cosd X J—

cosY X T —

sind X j

t

el Y sinayi+ waeld
cosd —wae' Usind)i+ (wae' 7/ cost —

ael=)

T

v=(— sin9)7J

for the acceleration

- a (-5 — 2 1.,
az—;e T{Zw ug + (w T—;)ur)}

t

a 1
- e(_?){(Zw (—sindY X T+ cosV X J) + (wzr—; ) (cos®9 X T+ sin¥ ><7)}

Q
Il

L __a (Y . 1 v . 1 -
az—;e T {( (w T—;)cosﬁ—2w51nz9)l+(w T—;)sm19+2wc0519)])}

EXERCISE 07:

The motion of a particle (M) is defined by its polar coordinates r(t) and 0(t) given by the
graphs

1- write the equations for each phase of the motion
2- Express the position vector for each phase in the polar coordinate system and compute
the velocity and acceleration components within this coordinate system, thereby deriving

their magnitudes

74 04
4
/ /6 —
/ t t
3 7 g 3 7 -
Solution

1- writing the equations of motion for each time phase

e /" Phase : t € [0; 3s]
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The curve r=f(t) is a straight line passing through the origin, with its equation in the form r=at,
where a is a constant determined by calculating the slope. On the other hand, the curve for the

angle 8=g(t) is a horizontal straight line with its equation in the form 8=b, where b is a constant

t t * 4t
r=at a=tana =z r=—
3 3

g=p="1 p="_
76 6

o 2 Phase : te[3;7s]

The curve 6 =f(t) is a straight line passing through the origin, with its equation in the form 6
=at+b, where a is a constant determined by calculating the slope. On the other hand, the curve

for the angle r=g(t) is a horizontal straight line with its equation in the form r=c, where c is a

constant
r=c
T T
@=at+b a=tana=g_g=£
7—3 24
tt=3s 2 03) == o 2= L x34b ob=—
= =1 = D == — = pp—
@ S 6 6 24 24
r=4
0= — 4+
24 24

2- calculating the position vector , the velocity, and acceleration and their magnitudes

e /' Phase : t € [0; 3s]

- the position vector:

OM =r uT § t u_r’
- the velocity vector:
dOM dr _, du,
=—= U, +r

dw_de_uﬁglﬁ_o_e
dt _dt 0T g TV e
v==u., |[[v|]==x
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- The acceleration vector:

i=T dt
i=2%5=F , Jd|=0
e 2" Phase : t € [3; 75]
- The position vector:

- The velocity vector:

. _doM _ du;
V=7 T Y Tar

- The acceleration vector:

= dt
dug do _,  dG t+) . om
— = U, = — U =—7— U
dt dt " dt " 24 T
G=—tEIp- o ”a||_.lfi
T e T T gt T 144
EXERCISE 08:

The time equations for the motion of a particle in polar coordinates are given by:

r=a,f(t) = nt

& _ 9

where“a’” is a positive constant.

1. Find the expression for the Cartesian coordinates of the moving particle, deduce the

shape of the path.
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2. Use the polar coordinates to calculate the time it takes for the particle to complete
two and a half cycles (t2+0.5).
3. Write expressions of the velocity and the acceleration, then calculate their

magnitudes.
Solution

1- the Cartesian coordinates of the moving particle:

X =acos Tt

M (a, nt) :5{

y = asinmt
- The path equation
x? = a? cos® mit
= x2 +y2 = a? (cos? nt + sin® nt) = a?
y? = a?sin®mt
x% + y? = a? (path ofcircle with a center at point (0.0) and radius R=a)
2- the time it takes for the particle to complete two and a half cycles (t2+0.5)

lturn=2m =25turns=5m
S = mt =>t=5§ = 5s

3- the velocity and the acceleration, and their magnitudes
OM =ru' =au,

- The velocity vector:

. _doM  dw
VS T Y

dw, do _, d(mt) _,
dt dr 0T T4t

V=aru ,; |[V|]=ar
- The acceleration vector:
L dv d(am uyg)
a=—-=
dt dt
dugy de _, d(mt) _, .
—_—=——u, = - U, =—T U
dt dt " dt 7 "
d=—annu, = —an’u , ||d|| = ar?
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EXERCISE 09:

A person slides on a helical path as shown in the figure, and its coordinates in the Cartesian

system vary with time as follows:

X(t) =4 cos (2xt),y =4 sin(2xt), z(t) = §xt

1- Write expressions for the position vector, velocity, and acceleration. Calculate the time

required to complete half a cycle. Determine the height of the object when completing

half cycle.
2- Re-answer the same questions (I and 2) using cylindrical coordinates.

solution

1- The expressions of the position vector, velocity, and acceleration.

OM(t) =4cos2t T+ 4sin2t J+8tk

_, d(OM) d(4cos2t) . d(4sin2t). d(8t)-
o= =& ‘T a It a X

V(t) = —8sin2t T+ 8cos 2t + 8k

L. _d® d(-8sin2t), d(8cos2t), d(8)-
a®) = dt dt L a T a K

a(t) = —16 cos2ti— 16sin2t J

- Calculating the time required to complete half a cycle.

'
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att=0s =x(0) =4, y(0) =0, z(0) = 0, to achieve half cycle x= -4
4cos2t = —4 = cos2t = —1 = 2t = (2n+ 1)mw where n is the number of cycles
=0,1,2..n
for half cycle n =0 =t = g

- Calculating the height of the object when completing half a cycle and a full cycle.

z(t) =8t
p=2 :Z(E)—SE—ALR—IZS
2 2/ T2 ™

2- The same questions using cylindrical coordinates.

in the cylindrical coordinates

N

M(x,y,z) =M (r,0,z) where tan @ =

R

zZ =127

(r =16 cos2(2t) + 16 sin2(2t) = 4

! 4 sin 2t
tan =—=tan2t = 0 =2t
4 cos 2t

z =8t
M (r,0,z) =M (4,2t,8t)

OM(t) = 4w +8tk

d(OM)  d(4%,) N d(8t) -
dt dt dt

V() =

—

du,
dt

V() =4 + 8k

duy
dt

=2ug

V(t) =8ug + 8k

_4@) _ d(8u_e’)+d(8)E

at) = —7 T T
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Calculating the time required to complete half a cycle.

0 = 2t , then to achieve a half cycle 8 =
2t t z
= = = —
i 2
Home work
Answer the same questions of exercies 08 in the following cases :

V r=uyyxt,0(t)=mn
vV r=1vyxt,0(t)=nmxt
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1) Introduction

In the previous chapter, we discussed the motion of a particle by considering only the
changes in its position, velocity, acceleration, and trajectory, without delving into the reasons
for these changes. In this chapter, we will address the laws of motion that connect the
characteristics of motion (position, velocity, acceleration) on one hand, and the factors

affecting motion and what influences them (forces and the mass of the particle) on the other

hand.

2) NEWTON'S LAWS OF MOTION

Newton's Laws of Motion are a set of three fundamental principles in classical
physics that describe the relationship between the motion of objects and the forces acting on
them. These laws provide a framework for understanding the motion of objects and the
interactions between them. These laws were formulated by the English physicist Sir Isaac
Newton in the 17th century and remain a cornerstone of classical mechanics. Here are the

explanations of Newton's Laws of Motion.

Before delving into the explanation of Newton's Three Laws, we will elucidate some

terms associated with these laws:

2-1)Mass

Mass is a scalar quantity that determines the amount of matter present in a body.
From a dynamic standpoint, it represents the inertia of the body, meaning it is a
measure of the resistance to any change in the motion of the body.

2-2) Center of inertia (G) :

Considering a body as a collection of material points (each with mass m; and
position vectors T; relative to a reference point O), the center of mass of the body

coincides with the center of mass (the centroid) where it satisfies the following

relationship:
o = X myT;
Ximy
( ]
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2-3) Forces:

o Force is any effect that leads to a change in the motion state of an object
(change in the velocity, direction, path, or stopping of the object) or a change
in the shape of the object.

o Force is a vector quantity used to describe the interaction between two bodies,

represented by a vector F, where this vector represents the characteristics of
force, including direction, support, and magnitude.

o Forcesin nature are one of two:

2-3-1)Contact forces resulting from direct contact between two objects (for example,

pulling an object with a rope, pushing a cart)

We list below the properties of some forces that act at a distance:

a) Normal Force (ﬁ)

this force represents the effect exerted by the supporting surface on the body and its

direction is perpendicular to the surfaceof contact.

N
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'

(
{



Chapter 03: Dynamics Dr. Saad Essaoud Saber

b) Tension force(T):
The tension force T is the force that a cord, rope, or cable exerts on an object attached to
it. Thisforce is directed along the rope away from the object at thepoint where the rope is

attached.

¢) Friction Force:
The frictional force is due to the interaction between the surface atoms of any two bodies

in contact. The direction of this force is always parallel to the surface of

contact, opposing the motion or the planned motion of one object relative to the other.

Hence, the normal and frictional forces are both contact forces and they are always

perpendicular to each other.

There are two types of frictional forces:

v’ The statistical frictional force 75
The name statistical comes from the fact that the body remains stationary. Statical

frictional force is directly proportional to the magnitude of the normal force, N,

according to the following relationship

fs=”’sﬁ

where pg coefficient of static friction.

=|

S R TR T ST P v p A P TR T T
- ey

STl —
_ hdevd Sy et f e irh et il eirhie

=l

v’ The kinetic frictional force 7k
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When the body moves, the retarding frictional force is then called the kinetic

frictional force fk , The expression for this force is given by the following relation:
f;c = Hi N
where yy, is the coefficient of kinetic friction.
The dimensionless coefficients us and (i depend on the nature of the surfaces in contact.
d) The elastic force of a spring

The elastic force of a spring, also known as the spring force or restoring force, is the force
generated by a spring when it is displaced from its equilibrium position ( compressed or

extended). The expression for the elastic force is given by the following relation:

7] =k ox
where k is the spring constant, and Ax is the displacement from the equilibrium position.
The negative sign indicates that the force opposes the direction of displacement.

Direction and Orientation of the elastic force:

Direction: The elastic force 761 is always in the opposite direction of the displacement,

meaning it is a restoring force that works to bring the spring back to its equilibrium position.

Orientation: If the spring is stretched (positive displacement), the elastic force is directed
inward (toward the equilibrium position). If the spring is compressed (negative

displacement), the force is directed outward (toward the equilibrium position)

F

2-3-2) Field forces (Forces acting at a distance): these forces do not require

contact between the two bodies, such as the force of gravity between two objects,
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Attraction and repulsion between two magnets, and the electric force between two

electric charges).

Earth Object

We list below the properties of some forces that act at a distance:

a) Weight (w)

The weight of and object (The gravitational force) is a non-contact force exerted
by the Earth on an object. Its magnitude is proportional to the mass of the object
and the value of the gravitational constant g.

The weight force is a consequence of the universal law of gravitation between two
bodies (the Earth with a mass M and the object with a mass m), separated by a

distance d.

= . Mxm
W=FM/m= - %=G

—

Re+d)? "
WhereG=6.67<10""'N m?. Kg?, M = 5,98 x10* Kg, and Rg= 6.37>10°m

ngﬂﬁw=m§where§=GL_’=9.8ﬁ
E

For d=0—-w=¢G -
(RE)

The weight force is denoted by a vector W and itexpression is given by:

w=mg

The characteristics of the gravitational force vector are:

Direction: Vertically towards the center of the Earth.

Support: The line connecting the center of mass of the object and the center of the Earth.

Magnitude: Proportional to the mass of the object and the gravitational acceleration of

magnitude 9.8m/s*.||W| = m||g|l = m x 9.8

( ]
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b) Electrostatic forces (Coulomb force):

These forces arise between two charged bodies Qu and Qpseparated by a distance d.

¢)The electromagnetic force:

This force arises due to the presence of a charged body Q moving with a velocity U within

an electric field E and a magnetic]‘ieldiiz
F = Q(E +UAB)
3) Linear momentum

Linear momentum P for a moving object is a vector quantity equal to the product of the mass

of the object and its velocity. P=mV

If the system consists of a collection of bodies, the total linear momentum of the system is the

sum of the linear momentum of its individual bodies

ﬁ = Zﬁl = Zmi.vi
3-1) Conservation of Linear Momentum

The linear momentum of a system is conserved if the derivative of the linear momentum with
respect to time is zero. The linear momentum of an isolated system is conserved if its value
and direction remain constant throughout the entire time. the law of conservation of
momentum, which can be written as:

. . dP

P(t) =P (t) »—=0
where the subscripts refer to the total momentum of the system at initial time i and

final time f
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4) Newton’s Laws

4-1) Newton's First Law (The Law of Inertia):

Newton’s first law states that if the net force on an object is zero, it

must stay at rest or move with constant velocity.

=0

<

—

Ilaw = YF,,=0
¥V = constant

4-2) Newton's Second Law

Newton's Second Law states that the change in the linear momentum of an object is directly
proportional to the net external acting forces. The second law of Newton can be formulated

mathematically as follows:

. dP

zFext: E
Zﬁ _ dm®) _d(®) . d(m)
ext dt dt dt

am) _ o . 4®)
dt dt

=a
The acceleration of an object, @, is related to its mass, m, and the net external acting

forces on it ), ﬁext . this second law can be expressed by the relation:

= -
Fort =ma

4-3) Newton's Third Law (Action and Reaction)

For every action (force) on an object, there is an equal and opposite reaction

(force).The third law of Newton can be formulated mathematically as follows:

FA/B = _FB/A
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4-4) Application : Projectile Motion

Ay

9 ¢

%, ¢ 2 . O

ol e

FABY S L

Study of the motion of a projectile subject only to the force of gravity as it is thrown upwards
with an initial velocity and at an angle of o.. The motion of this projectile is in the plane and

is studied in a Cartesian axis (0xy)

Based on the basic principle of motion, we can write:

ZFext =ma=>P=ma=>-mgj=ma =—-gj=a = cnstant

~

To find the equations of motion, we follow the steps:

do v t
'c?=—=—gf=>d17=—gdtj:fm?:f—gdtf
dt s o
0
V—Vyg=—gt] =20=—gtj+ v
dr 7 t
B == —gtj+ By = di = (—gtj+ 130)dt=>f d?=f (—gt]+ Bo)dt
o 0
- - 1 22 - 1 2 2 - -
rT— Ty = —Egt J+ Vot =7 = —Egt J+ vt + 1y
According to initial data, at the moment Ty = 0; Uy = v, cos ai+ Vg Sin af

So the equations of motion for the basketball are as follows:

1
F=xU+yJ = —Egt2f+ (vocosal+ vosinaj)t
V=0, T+ vy,]=—gtj+ vycosai+ vysinaj
a=al+a,7=—g9J
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(? =xU+y] = (—%gt2 +tvgsina) J+ t vycosal
V=0, T+ v,] =(— gt+vpsinaj) j+ vocosal
a=al+a,7=—g9J
Therefore, the projectile's motion is straight and uniform with respect to the (Ox)

axis,; and straight and uniformly variable with respect to the (Oy) axis. Its motion equations

with respect to each axis are given as follows:

( a, =0 ( ay =—4g
= along (0x) 4 vy =vocosa and along (0y) 4 vy = —gt+vpcosa
1 .
sz t vycosa ly= —Egt2+tv051na

At the maximum height the projectile reaches, the velocity v), becomes null

Vo COS &

—gt+vycosa =0 =>t= g

The projectile reaches its maximum height at the moment t = Doo%2

v?, cos a

Hopgx = —Ecosza +

v?,sina

The distance at which a projectile falls:

1 1 2v
—Egt2+tvosina=0 :>§gt2 = tvy sina :>§gt=vosina >t=""sina

. oo . 2vg .
The moment at which the projectile touches the ground's surface is t = % sina

And it touches the ground surface after covering a distance of

2v%,
sin a cos a

X=1tvycosa =

5) The torque

Torque is a vector quantity that represents the ability (tendency) of a force to induce

rotational motion of an object around an axis (A)passing through point O .
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Torque is denoted by ﬁ/o (F) where F is the applied force O is the point through which the

axis of rotation passes, and ¥ = OM is the vector extending from point O (the point on the

axis of rotation) to the M point where the force is applied. The expression for torque is given

by the cross product between T and F as follow :
ﬁ/o (ﬁ) = _12 JAN ﬁ

The direction of ﬁ/o (f‘j is perpendicular to the plane formed by T and F and its sense is

given by the right-hand rule or of advance of a right-handed screw rotating from T to F.
the magnitude of the torque : ||ﬁ/o(F_))|| =17l ||I?'|| sina , where a is the smaller angle

between T and F.

Rotational axis (A) —Pi

o——

6) Angular momentum

The angular momentum of the point M in rotation around a fixed point O is vector quantity

denoted Z",O , its expression is given by is given by the cross product between the vector T
and the linear momentum P as follow :
L,=7AP
v’ The angular momentum is a vector perpendicular to the plane containing the
vectors T and P .
v' The magnitude of the angular momentum: ||Z/0|| = |7l ||13|| sina , where a is

the smaller angle between ¥ and P.
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Trajectory

Rotational axis —>

The angular momentum expression can be written in Cartesian coordinates as follows:

F=xi+yj+zk

Xy
L/0=r/\ﬁ= x y z|= + k

P, B |p. Bl |B B

P, B, P
L= (yP,—Pz)T — (xP, — P.2)] + (xP, — Py) k
Lyx Ly Ly
If the system consists of a number of particles, the angular momentum of the system is the

—

sum of the angular momentum of these particles L 0= il /0

6-1) The angular momentum theorem

The angular momentum theorem states that the derivative of the total angular
momentum of a system with respect to time is equal to the sum of the external torques applied

to the system. The law of the angular momentum theorem can be derived as follows:

dlyo _ d *Aﬁ)—df/\ﬁ+*/\dﬁ—*/\ *+*/\dﬁ
dt _dcV T dt TG TV AmYT T AT

If the system consists of n particles, then the derivative of the angular momentum of the

system is equal to the sum of the torques of all external forces acting on these particles.

126

——
| S



Chapter 03: Dynamics Dr. Saad Essaoud Saber

ALy

N__> -
dt Zi Mo (F)

6-2) Conservation of Angular Momentum

The angular momentum of a system is conserved if the derivative of the angular momentum

with respect to time is zero. Therefore, we can write:

If the net external torque acting on a system is zero (i.e. an isolated system),
the total angular momentum of the system remains constant in both magnitude

and direction.
6-3) Application : simple pendulum

A simple pendulum consists of a small mass suspended by a thread of length L of massless
and non-stretchable fixed at the other end. If the mass is pulled to the right or left from its
equilibrium position and then released, the pendulum will swing in a vertical plane about an

axis passing through O.

the forces applied to the mass m are the weight P and the tension T, their expressions in the

polar coordinates are given as :
P=PcosOu,— PsinBu,
T=Tu,

By Applying the angular momentum theorem:
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L, N e
=) I, (F) =36 (P) + 38 (T)

the vector OM = lu;,

3, () = O A T

M, ,,(P)=0MAP = I 0 0
Pcos8 —-Psinf 0
B 0 0 _ 0] —s D
_l |Pc059 O|u9+|Pc050 —Psin0|k_ LPsin6k
M,-/O(T)=0M/\T= I 0 0=|0 _|T 0 +|T ol = 0k
T 0 0
Li=0MAP = OMAm#v
. d(oMm) (w4 ) 46
= = = e
v dt dt dt U muv=mogr e
Lo=0MAP = = a | g do|k
Lo =OM AP do ‘ml— ol ~lo ol%*lo m &k
O mla 0 dt dt
ae -
L/O—mld—k
i, dmPZ k) p A2
at dt - M m

m 126k =—1Psinfk = mi?§ =—ILPsin@

For small values of angle § = sin 0 =~ 0

g
9+ZT9_0 =>0+l6—0

7) solved exercises
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EXERCISE 01

A body of mass m= 3 Kg suspends by three cords, as illustrated in the figure:

-—yryw qv-r 5 90 ot}

S
e )

If the angles aand B formed by cords I and 2 with the horizontal plane are % and g

respectively, find the tension force of the three cords.

Solution

AR
DR
g (P O1A(FS W 18 P81 vy,
'}n:—-s:sw-)mn}' "‘-.." ¥

Zﬁm =0 = P+T;=0 =2T,=mg=3%x98=294N
at the knot

y4

I _
e et

YF,, =0 =T, +T, +F’)3=6 where?—ﬁ = -T,
T, = Tycosa T+ Tysina J
T,=—T, cosB I+ T,sinf J

F3=_T3f

-

T1+?2+F;3 =6 = T1COSCZ ?‘l‘ Tlsina j_ T2 COSB i)+ TzSinﬁ ]_)_ T3 ]_)=0
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(Tycosa— T, cosB) i+ (Tysina + T,sinf — T3)j=0

T,v3 T,
( Tycosa— T, cosff =0 ( 1\/——_2=
. 2 2
Tisina + T,sinff — T3 =0 E V3 _ T
+ T, =0
2 2
( T-\/3
T, = T;V3 = =—— = 25.46N
Tl\/§: TZ Tl\/§: TZ
T, TiV3V3 =\T, 3T, =
24 =7, =+ =T,
2 2 2 " 2 T,
\ T, =2 =147N
EXERCISE 02

A billet with a mass of 5 g is launched from rest and reached a velocity of 200 m/s at the exit

of handgun barrel of 8 cm length .

1- Assuming that the acceleration of the bullet is constant inside the barrel, calculate the

acceleration of the bullet.
2- Calculate the force applied to the bullet that causes this acceleration.
Solution

1- Since the bullet's motion is straight and uniformly varied with constant acceleration, we

can write the motion equations of this bullet:

1 .2
x=-at‘+vyt+x
{ 2 U bt wherev():O? and xy =0

v =at+ v,
% ) 1 v,
v=at >5t=— andx=—-at*=x==a (-)
a 2
2 v2
X=— 2a=—
2a 2x

X is the length of the gun = 8cm =0.08m
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_(200)?

= = 2500000 2
4= 5%008 m/s

2- The applied force
F=mXa =0.005X% 2500000 = 12500 N
EXERCISE 03

A small ball of mass 10 g is suspended by a massless thread from the roof of a truck at rest.

N
Ig \.’.,

© l-l

1- Calculate the angle 0 made by the thread when the truck is moving with an acceleration of

3m/s’

, Determine the value of the thread tension.

2- Calculate the angle 6 made by the thread when the truck is moving with a constant speed

of 50 m/s , Determine the value of the thread tension.
Solution

1- Calculating the angle 0 made by the thread when the truck is moving with an acceleration

of 3 m/s*, and determining the thread tension value

P= -mgJ

ZFext =ma = P+T=ma where {T= T sin07+ T cos67]

U

8|

=a

—-mgJ] +T sin0tr+ T cos@ 7 =matr = T sin0tr+ (T cos6 —mg)] =mat
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T sin@ = ma T sin@ = ma T sin@ ma a 3
= = = = = tanf = —=—
T cos§ —mg=0 (T cosg=mg 1 cos6 mg g 98
6 =17.0°
T 9= =>T_mg _0.01x9.8_0103N
cosv=mg “cos® 095

2- Calculating the angle 6 made by the thread when the truck is moving with a

constant speed of 50 m/s , and determining the thread tension value

in this case the acceleration is zero (@ = 0 )since the truck is moving at a constant

velocity
( P=-mgJ
Zﬁextza): P+T =0 where T=Tsin0U+ T cosOT

=07

8]

—-mgJ] +T sin0tr+ T cos@ 7 =00 = Tsinfr+ (T cos® —mg)] =07

T sin =0 sinf =0 0=0

T cos@ —mg =0 T cos@ =mg T =mg =0.098N
EXERCISE 04

A block of 20 g slides without friction from the highest point of a Surface of a hemisphere of

radius R (as shown in the figure), starting at position My at time t = 0 s.

A

.

A,

1. represent the forces acting on the body at positions My and M.
2. Using Cartesian coordinates (xy), write the position vector, instantaneous velocity,

and acceleration of the body, then calculate their magnitudes.
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3. Using Cartesian coordinates (xy), write the analytical expression for each force at the

point M.

4. Write the velocity as a function of g R and cos 6, then deduce the formula for the

normal force.

5. Calculate the angle at which the body stops touching the surface of the sphere.

6. Re-answer all the previous questions using the polar coordinates (r, 0).
Solution

1- Representing the forces acting on the body at positions My and M.

(the forces acting on the block are: the gravitational force (the weigh force) P (vertical

towards the centre of the earth), and the normal force N (perpendicular to the surface)

2-  Writing the position, instantaneous velocity, and instantaneous acceleration

vectors of the body using Cartesian coordinates (xy).

- Position vector

xM=RSin0
OM =7 =xyil+yy = = O0M =7 =Rsinf T+ RcosO]
Yy = Rcos@

||W|| =7 = /(Rsin@)? + (Rcos@)? = /(R)? (cos26 + sin?0) = R

- Velocity vector

S > L _dr _dxy ., dym_
v=vxl+vy]=E=Wl+F

( ]
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dxy . 0 .
vx=?=xM=ERcost9 = 0OR cos 6
=
dxy . de L
vyzwzyMz— ERsmﬁz— OR sin @

*—deR 071 ng in07 = ROcos® T — RO sind7
U—dt COoS l dt Sin ] = COoS l Sin ]

1ol =v = \/(Ré cos 9)2 + (—R6 sin 9)2 = \/(RO)Z (cos26 + sin26) = Ré

- Acceleration vector

( dv, d(6R cos 0)

- - — d"}) dvx - dvy—> ax:%:vx: dt
a—axl+ay] —E—Elﬁ‘g :>i dvy . d(-@RSlHQ)
VST YT T

d(OR cos @ d(o .d(R cos 8 ; )

ax=%=Rcose c(it)+0 ( i )=Rc0500—R9251n9

d(— ORsin@ d(6) .d(Rsin# ) .

ayzgz—Rsine ( )—0 ( )=—Rsin99—R92c059
dt dt dt

d = (RO cos® —RO?sin0)i+ (—RO sin® — RO? cos O)

lld|l = a = \/(Ré cos 8 — RO? sin 0)2 + (—R@sin6 — RO? cos 9)2

a= [(R6) +(R62)’

3- Writing the analytical expression for each force at the point M using Cartesian

coordinates (xy).

P=-mgJ

N=Nsin6 I+ Ncos6J

4- Writing the velocity as a function of g R and cos6

-

Zﬁext =ma@ = P+N=ma
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Nsin® T+ Ncos8] —mg] =m(R8 cos — RO sin0)T + m(—RO sin® — RH? cos 0)]°
Nsinf =m (Ré cos 6 — RO’ sin 6)

N cos8 = m(—R@ sin @ — Réz cos0) —mg

By multiplying both sides of the 1*' equations by cos 8 , and both sides of the 2"

equation by sin 0 , we get:
cos O N sind = cos @ mRE cos 6 — cos § mRE” sin
sin® N cos 8 = sin@ mg — sin® mR6 sin 6 — sin 6 mR&’ cos 0
cos O MR cos O — cos® mRA?sinf = sinh mg — sinf mRO sin@ — sin® mRH? cos O
sin® mRA sin @ + cos@ mRO cos @ = sin@ mg — sin@ mRO? cos § + cos® mRO? sin 6
mRO(sin® @ + cos? @) = sinf mg + mRO?(—sin6 cos 6 + cos sin @)

sin%?0 + cos?0 =1

; do
RO =sinf g =>RE=sin9 g

de . v Rdv dv
Notethat — = 0 =— = ——=sinf g = —=sinf g
dt R Rdt dt

By multiplying both sides of last equation by d@
dt

dv deo
df — = gsin6 dbf :>dvE=gsin9 df = vdv =Rgsin6 df

v 0
1
fvdvzf Rgsin6 db :>Ev2= [-Rg cos0]§ = Rg (1 — cos )
0 0

V= \/ZRg (1 ——cos0)
* Deducing the formula for the normal force.

N sin® = mRé cos & — mR6? sin 6
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note that RO =sinf g = Nsinf = mgsinf cos  — mRA?sin g

- g . v v,
N =mg cos 0 —mR06 NotethatE=6=E:N=‘mgcose—mR(§)

N =mg cosﬁ—%vz note that v = \/ZRg (1 —cos0)

N =mg cos@—%ZRg (1—cosfB) >N=mg cosf—2mg (1—cosB)
N=mg (cos6—-2+2cos@)=mg (—2+3cos0)
5- Calculate the angle at which the body stops touching the surface of the sphere.
N=0=mg(—2+3€059):>—2+3€050=Oz3cos€=2:oc059=§ =0 =48°

6- Re-answer all the previous questions using the polar coordinates (r, 0).

a- Writing the position, instantaneous velocity, and instantaneous acceleration vectors of the

body, using Cartesian coordinates (r, 0).

- Position vector

- Velocity vector
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drR
S _df _dR_  di prinl _di_do-
= — = — _ = N = = — = e =
VT T a T ae di, do_ ' TG “arteT oM
dt — dt °

- Acceleration vector

do _, ae
dv _ d(R Ug) db_ d(R) de d(ig) + Rit d(=,)

“=a dt  de®dr C Vde de T
( dR
EZO
N L
dt dt r
ol?} d?6
| () =T =

d=—RO 01U, + Riigh = —RO? 1, + RO i,

b- Writing the analytical expression for each force at the point M using Cartesian
coordinates (r, 6).
N=Ni,

p=—Pcosf U, — Psinf iy

c- Writing the velocity as a function of g R and cos6

—

Zﬁext =ma@ = P+N=ma
N, — PcosO i, — Psin iy = —mRO? U, + mRO 1y
(N —PcosH)'ﬁr—Psinﬁﬁg=—mR92'ﬁr+mRéﬁ9

N — Pcosf = —m RH?
=

—Psind = mRO
N = Pcos® —mRH?

) " do
—Psinf = mRO = RO =sinf g :>RE=sin9 g
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Not thtde b=- Rdv in 9 dv in@
otethat — = == > —— = = =
dt R Rdt SIme g dt sme g

By multiplying both sides of last equation by d@

dv deo
do a=gsin9 do =>dvE=gsin9 df = vdv =Rgsin6df

v (2]
1
fvdv=f Rgsin 6 do :>Ev2= [-Rg cos0]§ = Rg (1 — cos )
0 0

v = /2Rg (1 — cos 6)
* Deducing the formula for the normal force
N —Pcosf® = —mRO? = N = P cos§ — mRH?

Ntthtdg—é—v:N— ] R(Zy2
ote tha rriniAn =mg cos m(R)

N =mg cost9—%v2 note that v = \/ZRg (1 —-cos0)

N =mg cosB—%ZRg (1—cosB) >N =mg cos6 —2m g (1 —cos0)

N=mg (cos@ —2+2cosf)=mg(—2+3cos8)

5- Calculate the angle at which the body stops touching the surface of the sphere.

2
N=0=mg(—2+30059):—2+3c059=0=>3€0$9=2$0059=§ = 0 = 48°

EXERCISE 05

A basketball player, standing 2 meters tall, throws a ball at an angle of 30°, as shown in the

figure. The basket is 3 meters above the ground and 6 meters away from the player.
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1. Study the motion of this ball and write the time-dependent equations that describe its

motion.

2. Find the velocity required for the ball to reach the basket? And how long does it take to

reach the basket?

3. Write the equation of a basketball's trajectory, then find the maximum height the ball can

reach.

4. If the player throws the ball at initial velocity = 10 m/s at an angle of 45°, find the

distance at which he must be positioned for the ball to go into the basket.
Solution

1- Writing the time-dependent equations that describe its motion.

ZFext =ma = P=ma =-mgj=ma=ma,T+ma,j
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Uy t
{dvx=0dt J d”"=f0dt {”x—”xo=0
0
=

UxO
= vy t
dvy = —g dt f dv, = f —gdt vy — vy, = —gt
vy 0

voV3

Ux = Vxy = vycosf =

%
vy, = —gt +v, = —gt+v,sing = —gt+?0

= vo\/§?’+(—gt+%)]_’

2
- - — dF dx—> dy—> UO\/§—> vO —
v—vxl+vy1—E—El+E = l+(—gt+?)]
X t
g_voﬁ d Uo\/§ d f d :f VO\/§ d
= dt_ 2 = X = 2 N X 0 2
dy Vo Vo Y t Vo
i gt+2 y (g+2) Jyody -fo( gt+2)dt

( ]
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voV3 voV3
X —Xg = t X = t +x0
= 2 N 2
=g+ 2 S L
Y= Yo = —59tt = y=—Zgt" + >t +

According to the given data, at the momentt = 0s xo=0m and yo=2m
voV3
2

= Llgr Doy
Y=T90 Ty

X = t

So the equations of motion for the basketball are as follows:

( voV3 1 v
Fe=xT+ y]=——tT+ (=gt +—t+2)]
2 2 2
< = = = Vo\/§_> Vo -
V=01 +vy] = > l+(—gt+7)]
L a=a,T+a,7=—g7J

2- Finding the velocity required for the ball to reach the basket

To reach the basket which has a height of 3 meters, the ball must cover a distance of 6

meters.

* Finding the time taken by the basketball to reach the basket

To reach the basket which has a height of 3 meters, the ball must cover a distance of 6

meters.
. 12 12 0.7
= = = 0./s
voV3  9.7+/3
3- Writing the equation of a basketball's trajectory,
2x
t =
voV3
( ]
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1 (Zx )2+v0 2x 42 2g 2+x+2
Y Zg vo\/§ 2 vo\/§ Y 31]20 \/§
29 , X
= - —+2
y 37, x +\/§+
*Finding the maximum height the ball can reach.
Vo Vo Vo
1 v, vo(vo) v,  v?,
y==39G) T \gg) T2V = Ty Ty T m

4- Finding the distance at which he must be positioned for the ball to go into the basket, in

case when the player If the player throws the ball at initial velocity vy = 6 m/s

dx 9
V=0l + 1y :E:EL-I_E = dy
vy=a= —gt +tvy,, = —gt+v,sinb
d
—x=v0cost9 dx = vy cosf dt
z :{
d .
d—}tl=—gt+vosin9 dy =(—gt+wvysin)dt
X t
fdxzfvocose dt
X0 0
y t
fdyzf(—gt+vosin0 )dt
Yo 0
X —Xg=vgcosOt X =vgcosft +x,
= 1 =

1
y—y0=—Egt2+vosin9t y=—§gt2+vosin0t+y0

According to the given data, at the moment t = 0s xo=0m and yo=2m

X =vgcosOt
1, .
yz—Egt +vysinft+2

To reach the basket, the ball must arrive at the coordinates of the basket (x, 3). Therefore we

can write:

T 2
x:lOtcos(Z) {xlotvz_S\/?t
=

1 T 1
3——§gt +8t511’1(z)+2 1:—Egt2+5\/7t
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1
—Egt2+5\/7t—1=0

A=30.36 = VA = 551,t = 1.28s
x=5v2 t=9.07m
EXERCISE 06

A small ball of mass 10 g is suspended by a massless thread from the roof as shown in the

following figure:

1- Using both methods, demonstrate that the differential equation for the motion of a simple

pendulum is as follows:

é+%0=0

a- The first method involves using polar coordinates and Newton's second law.

b- The second method employs Cartesian coordinates and the angular momentum theorem .
Solution

a- The first method involves using polar coordinates and Newton's second law.

d@)  d*6 _,  d6dug

d(m)_ldw do .
- dt dee TN de

dt a g a=
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dig  do
dt  dr T

d=10u, —10%u;
R L. P=PcosOu, — Psin0ug
ZFext =ma > P+T=ma where
T=Tu,
Pcos@u, — Psin@ug +Tu, =mllu, —mlo?u,
mlf=—Psind
—ml@? =T + P cos 6

or small values of angle 0 = sin 6 = 0

mlf+ Psinf =0 =>é+%9=0

b- The second method employs Cartesian coordinates and the angular momentum theorem

~

I
|
I
I
I
i
I
1
v

y
By Applying the angular momentum theorem:

L, Ny e e o
=D () = 3, (F) + 3 o (T)

the vector OM = xT+ y J = lsin@ i+ L cos 6]

ﬁ_dO_M)_del g 40, -
v = dt _dt CosU 1 dt N

the forces applied to the mass m are the weight P and the tension T, their expressions in the

polar coordinates are given as :
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P=mg7T
T=—Tsinf7— T cosO7F
By Applying the angular momentum theorem:

L, N e
=) Iy (F) =36 (P) + 38 (T)

;. o(P) = OM AP

3, o(T) = OM AT

o 7 ]k
Mi/O(P)=0MAP= Isind lcos® O
0 mg O
__|lcos@ 0], lsin® O0|-, |Isinf lcos@|; AT
mg 0 l—| 0 ol 0 mg k=Ilmgsinfk
o, U j k
M ,o(T) =OMAT = | [sing lcos§ 0
—T sin@ —T cos8 0
lcos@ 0]~ [sin@ 0 - [sin@ lcosO |7 _~ 7
—T cos®B Ol —T sin@ 0]+|—Tsin0 —TcosHk_Ok
Lo=0MAP = OMAm?
i 7 K
P _ v aAD — [sin@ lcosH 0
L/O—OM/\P—dH l ; 0 R
dtm cos dtm sin
lcos@ 0 [sin@ 0 [sin@ lcosH .
— . 7—|do j+|do do . k
—— ml sing 0 — mlcosf O — mlcos@ ——ml sin6
dt dt dt dt
N dé de - de -
_(_27 2 ain2 Y12 anc2 __ 2
L/O—( dtml sin 0+dt ml“ cos H)k dtml k
dl,, d(=—ml* k) d?6
/0_ dt — _ 2_—>= _ 2..—>
Tk T ml dztk ml<0 k

—m 20k =lmgsin6k= —mi?§ =1lmgsin6

For small values of angle 0 = sin 8 ~ 0
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i+150=0 sd+%9=0
mi? l
EXERCISE 07

The position vector of a body weighing 2 kg is given as follows.
OM = (t2 + 4t +3)T+ 2t + (t + Dk
1- Find the mathematical expressions for:

The velocity

The acceleration

The linear momentum
The applied force

The torque of this force

The angular momentum

2- Calculate the derivative of the linear momentum with respect to time, and state your

conclusions.

3- Calculate the derivative of the angular momentum with respect to time, and state your

conclusions from these calculations.
Solution

* The velocity

dOM _ d((t? + 4t + 3)T + (2t + (¢t + 3)k)

s _ =Qt+ )T+ 4T +k
v T I Qt+4)r+4t7 +
» The acceleration
Ao d(Qt+4)T+ 4tT+k
=D MR M) sy
dt dt
* The linear momentum

P=mi= 2((2t+4)7+4t7+?)= (4t +8)T+8t7+2k
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- The applied force
F=mid=2Q7+47)= 47 +87

* The torque of this force

~!
=

J

Fi)/o(ﬁ)=01"1/\ﬁ= t2+4t+3 2t2 t+3

4 8 0
. 2t t+3 t? +4t+3 t+3 t? +4t+3 2t%|
M; /o(F) = l— J+ k
8 0 4 0 4 8
= (—8t—24)T+ (-4t —12)] + (32t + 24) k
* The angular momentum

i ik
2. Li=O0MAP= |2 44t+3 2t t+3

4t + 8 8t 2

2t2 t+3 t?4+4t+3 t+3 t2+4t+3 2t?

-

[ j+ k

8t 2 4t + 8 2 4t + 8 8t

= (—4t2 — 24 ) T+ (=22 — 12t — 18)] + (16t2 + 240) k

2- Calculate the derivative of the linear momentum with respect to time, and state your

conclusions.

dP  d((4t+8)T +8t7+2k
ar _d(( ) j ) _ 4T 48T
dt dt

we conclude that:

3- Calculate the derivative of the angular momentum with respect to time, and state your

conclusions from these calculations.
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ALy d((—4t? —240)T + (-2t% — 12t — 18)] + (16¢% + 24t) k)
at dt

= (-8t —24)T+ (-4t —12)T + (32t +24) k

we conclude that:
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1) Introduction

Through this chapter, we aim to advance from studying the motion a material point
(kinematics) and the forces causing this motion (dynamics), to exploring energy changes and
the work done by applying force. when a force affects an object, it performs work that results
in the transfer or conversion of energy. thus, any applied force on a system has a visible
effect 'the work done by the force) and hidden effect , which involves the transfer or

conversion of energy.

2) Work of a force

Any action of a force that results in the displacement of an object is known as work of force.

Work of force is a means of transferring or transforming energy from one form to another.
Work is a scalar quantity, and is symbolized by the symbol W.

The physical dimension of work is: [W| = M L?>T™? where:

M represents mass.

L represents distance or displacement.

T represents time.

The unit of work in the International System of Units (Sl) is the joule (J), and the joule can be

expressed as follows:
1joule = 1kg - -m?/s?
2-1) Work Done by a Varying Force

consider object moving along a curved path and affected by a force may vary in magnitude

or in direction or in both as shown the figure:

Y A F—2> —
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We divide the path of the body's motion into elementary displacements dr ( dr tangent to the

path ) where for each displacement, the force can be approximated to be constant in both

magnitude and direction, and the elementary work dW done by the force F; is written as
follows:
dw;(F,) = F, .dr,

The total work done as the object moves from A to B is the sum of all the elementary works

done along each elementary displacement:

n B B B
WAAB(F*)=ZWL-=[ dW1+---+f dWi+---+f aw,
— A A A
B—> — B—) R B—> _
=jFl.dr1+...+fFl.drl+---+jFn.drn
A A A

By dividing the path into a large number "n" of elemental displacements, therefore to

calculate the total work done by the force along the path, we calculate the integral dW;

WAAB(ﬁ)=ZWi=f ZdWizf ZF[.E (i=1,....n0)
i=1 493 4=

To accomplish this integration, it is sufficient to write the components of both the force and
displacement vectors, and this is according to the coordinate system adopted in the study.

For example:

% Cartesian coordinates

In the Cartesian coordinates elementary displacement vector dr and the force vector F are

written as :

dr=dxi+dyj+dzk

- -

I8 = 18,0408, ) A0 8, Ik
5 XB YB ZB
=>WA_>B(F)=I dex+f Fydy+f E, dz
XA ya ZA

¢ Cylindrical coordinate

In the Cylindrical coordinates elementary displacement vector dr and the force vector F are

written as :
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dr=dru, +rd0ug +dzk
F=Fu +Fus+Fk
OB

ZB
rFy dO +J E, dz

A ZA

= B
:>WA_,B(F)=_[ Frdr+je
L\

% Spherical coordinates

In the Spherical coordinates elementary displacement vector dr and the force vector F are
written as :
dr =dru, +rd0ug +rsind do i)
F=Fu +Fyug+F,u,
OB

- "B
=>WA—>B(F)=f Frdr+f

T4 0a

¢B
rFy dO +f rsind F, do
®a

2-2) Work Done by a Constant Force

Consider an abject moved along a straight line and affected by a constant force F (in

both magnitude and direction that causes it to move from position A to position B, where AB

represents the vector of its displacement, as shown in the following figure:

Work done by a constant force can be defined as the scalar product between the force

F and its displacement AB. the mathematical expression of the force work is given as:
7] 14B] if =0
Wyos (F) = F.AB = |F|.||4B|| cos « = 0 ifa=z
) 3B if « =

where a is the angle between F and AB
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A key point: If the value of the work done by a force is positive, this means that the work is
driving and the force is in the same direction as the motion (. If the work is negative, this

indicates that the work is resistive, and the force is in the opposite direction to the motion.
3) Examples of some force works
3-1) Work Done by a Weight

the work of the weight force P of a block falls from point A to point B as shown in the figure.

« OF

PY a8

P

Wyg (P) = P.AB =m g.||4B|| cos 0

—

Wy (B) = B.4F = m g.||AB||

3-2) Work Done by Friction

A block moves on a rough surface where it is subjected during its movement to the weight

force P. the normal force N, the force of tension T, and the force of kinetic friction ?k as

shown in the figure.

The work of the kinetic friction force during the movement of the mass from position A to

position B is given by the relation:

Wass (fi) = fic- AB = ||fill - |4B]| cos « = —||fill. || 4B
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2-3) Work Done by a Spring Force

The following figure represents a block connected to a light spring of constant K fixed at the

other end to a horizontal, frictionless surface.

X0

The expression for the spring force, which is a non-constant force in both magnitude and

direction, is written as follows:
F=—kxt
where x represents the displacement from the equilibrium position, Thus, the expression for

the work of the spring force when a displacement occurs from position x to the equilibrium

position xo =0 is as follows is as follows:

dr =dxi+dyj+dzk

-

F=Fi=—kxl

Xo

o 1 1
dexzf —kxdx=—=kx? =-—=kx?
; 2", T2

X0

Wiy (F) = f

X
3) Conservative and Nonconservative Forces

We say that a force is conservative if the work it does when a body moves from one

position to another is independent of the path followed but only on the initial and final

positions.
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We say that a force is non-conservative if the work it does from one place to another

changes according to the path followed.

Conservative forces are also distinguished by the fact that they are derived from potential U,

unlike non-conservative forces. We write:
conservative force = F = —grad U
the rotational of conservative force equal to zero Tot F=VAF=curlF=0

where the formula of v is given in the Cartesian, Cylindrical, and spherical coordinates

systems as follow:

i Cartesian: V = aa—x?+ a—j+ aa—zig
3 Cylindrical: V = iu_’ + liu_g’ + EE
or " raf 0z
. . 9., 10 . 1 a_,
(Spherical s V=320 + 2o + g 5T

As an example of a conservative force, consider the following example, which involves the

motion of a block from position A to position B via two different paths.

y

a) Calculating the work done by the weight force according to path (1)

Xq = 0 Xp
the postion A the postion B the weight force vector P = —mgJ
Ya yg =0
the displacement vector AB = (xg — x)T+ (y5 — V)] = (x)T+ (=y4)]

WA—’B (ﬁ) = ﬁﬁ= mgya

(
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b) Calculating the work done by the weight force according to path (2)

xA = 0
the postion A the postion C {
Ya Yc

Xc XB

the postion B {
yg =0
the displacement vector AC = (e — x0T+ e — V)] = (X )T+ Ve —ya)J
the displacement vector CB = (x5 — xc)T+ (Vg — ve)] = (xg — x)T + (—ye)]
the weight force vector P= -mgJ
Wasc (P) = P.AC = (=mg]) .((x)T+ (e = ya)]) = —mgyc + mg ya
Weop (‘B) = P.CB = (—-mg]). ((XB — xc)T+ (—}’c)f) = +tmgyc

Waoc (P) + Weop (P) = —mgyc +mg ya + mgyc = mg ys = Wap (P)

4) Power of a force

The Power is defined the time rate of doing work, it expresses by the derivative of
work with respect to time, and is written as follows:
dw F.dr

— = =F.v
dt ~ dt

The SI unit of power is joules per second (J/s) and is called the watt (W).
I W=1Jis=1kgm’/s

5) Work-Energy Theorem

The work done by this net force on a moving block from an initial position T, to a

final position Tf can be calculated using the following steps :

- Using the fundamental principle of motion:

ol

d

F= = dP = Fdt

U
~

The effect of the force F on the block results in a change in the linear momentum P by dp.
P=m#
dP =mdv + b dm

If the mass is constant, the velocity of the moving block changes:

( ]
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dP = m dv

dP = F dt ) i

= Fdt= mdv
dP = mdv

We multiply both sides of this equation by ¥ , we find:

-

F.odt= mv.dv

. L d
given that v = =
dt

L dr .
F.— dt = mv.dv
dt
v.dv = ||9]|.]|dV|| cos 8

where 6 confined between ¥ and dv and, ||¥|| = v and ||dv|| = dv

1 o . . :
The quantity ;m v? expresses the kinetic energy of an object of mass m moving with a

velocity of v. According to the expression obtained (W ot} (f')extemal) = AEy) the change

in kinetic energy between two moments is equal to the net work done by the external forces

acting on the body.

This statement relates to the work-energy theorem, which states that the net work done on an

object is equal to the change in its kinetic energy.
5-1) Translational Kinetic energy

A block is said to be in translational motion if all points of the body, during their

motion.
1. Move along identical paths

2. Travel the same distance in the same period of time.
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The following figure represents the paths of three points on a block moving in translational

motion, where these points follow identical paths. Also, all points travel the same distance in

the same amount of time.

within a period of time At = ti,1—t; = |G a1l = ||bibuq|| = Il CCll
_ PERE Y
T c2
-7 i by
/z’ ”‘—:::.—+~\\\\
""" ) ™
b1/,/’ - o,
+ =

The expression for the kinetic energy of a body moving in a translational motion is

written as follows:

i=1
N
where vi = v, =+ V;..=V ,and m= Zmi
i=1
1 2
Ex =§mv

5-2) Rotational Kinetic Energy

A block is said to be in rotational motion if all points of the block during their motion:
1. Move along circular paths

2. All circular paths have the same center of rotation.

3. The distance traveled increases over the same time interval as one moves away from the

axis of rotation.

158

——
| S



Chapter 04: Work and Energy Dr. Saad Essaoud Saber
The following figure represents the paths of three points on a block moving in
rotational motion, where all points trace circular paths with the same center, and all points

cover different distances that increase as we move farther from the center of rotation

’ + N
. \
/I bt \
1 \
! \
L Too,
[ \ -,
v Ci 1
1
‘\ 1 .
E e o m———
i ¥ ai*l"*-, -~ P N
H A \ R + B
PP G A AR : 4+
'?;) g NeV  brt!
(i bivr v Le ay iy
ke \;;) PO e -
AN Lo [t el
DETONED s i

within a period of time At = t;.1—t; = |[a,a4]|| < || b bl+1|| < |le;co1ll

The expression for the kinetic energy of a body moving in a translational motion is written as

follows:

Nlr—\

where v; =1; 0 (0 is the angulat velocity )

n
1
ZE m; ;2 0% == HZZml r? == 921 where | = ZmL r;2 is moment of inertia
i=1 i=1 i=1
6) Potential energy

A body is said to have potential energy if its state or position enables it to perform
work (or movement) under the influence of conservative forces, such as gravity or elastic
force, without the need for additional forces to generate this work. For example: the state of
an elevated body allows it to move downward under the influence of its conservative

gravitational force. Similarly, the state of a compressed spring allows it to move and return

to its natural state under the influence of elastic force.

The work of the conservative forces can be expressed from a state function

called potential energy. Thus, the change in potential energy is written as follows:

——
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AEP = EPf - EPi = _Wl—)f (FconservatiUE)

the negative sign arises because the work done is opposite to the change in potential energy.

That is, if the object moves from a state of low potential energy to a state of high potential

energy, the work must be negative.

For an elementary change in potential energy, we write:
dEp = — dW(F) = —F .dr = Ep = —fﬁ.%

F = —gradEp = —VEP

V is given in the Cartesian, Cylindrical, and spherical coordinates systems as follow:

( Cartesian: V=i?+if+ iié
dx  Jdy dz
3 Cylindrical: V=i7+lif+iﬁ
ar " rag ? " oz
. - d_, 10 _, 1 9 _
kSpherlcal V= Eur +;%u9 + e %u(p

6-1) Gravitational Potential Energy

To calculate the gravitational potential energy of an object, we write:

- / path
AR
T,
7o ()

. P

Kk

T > x

J
F = —VEp = (dEP*+dEP*+dEPE) dP= k
B P dx ' dy J dz an -y

dx @yl T a f) T
dEp

17 mg = dEp = mgdz = Ep = f‘mg dz = mgz + Constant
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or
. 77 VA dr =dxi+dyj+dzk
WF;_,,.—/; (P) = f dw; = j P.dr where
T r P = -mg k
r—f)=xif+yif+ziz and r—f)=xff+yff+zfl_c)
- Zf
= Weswg (P) = f -mgdz = —mg( Zp — Zl-)
Z
AEp = Ep, — Ep = —Wr; (P) =mg(z —z)
6-2) The Elastic Potential Energy

To calculate the spring potential energy of an object, we write:

A 4

= dE dE dEp -
£ _( P P j2

1+ Jj+ de) and F = —kx 1

dE,  dE, . dEp- )
_ k)=—k
(dxl+dy]+ dz o

dEp 1
Ezkx =>dEp = kxdx = Ep = kadx =3 k x? + Constant
7) Mechanical energy

The total mechanical energy of an object Et is defined as the sum of all of the kinetic

energies E g of the objects within the system plus all of the potential energies Ep.
ET = EK + Ep

According to the kinetic energy theory, which states that the change in kinetic energy
between two initial and final positions is the result of all the work of the external conservative

and non-conservative forces acting on the system.
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W 5z (Fexternar) = DEx = Wiz (Feon) + W7 (Fucon)
Ex(77) = Ex (@) = Wiz (Feon) + W7 (Fucon)
W sz (Foon) = —BEp = —(Ep(77) — Ep(7))
Ex(77) — Ex(R) + (Ep(?f’) —Ep (?{)) = Wi (Fcon)

(EK(Ff)) + Ep(ﬁ)) —(Ex@) +Ep(1)) = Wrorr (ﬁNCON)
According to the definition of mechanical energy, we can write
Ex(m) + Ep(1) = Er (7)) R
., . . = AEp = ET(?) —Er(@) = W?;—>Ff (FNCON)
Ex(77) + Ep(77) = Er(77)

Therefore, the change in the mechanical energy of the system is equal to the total work of the

non-conservative forces.

8) solved exercises
EXERCISE 01

A block of mass m=0.2 kg is pushed up a rough inclined plane with an angle 6 = % rad

using a constant force ”I?'” = 10 N, which is parallel to the slope, as shown in the figure

below. The mass reaches the top of the incline after traveling a distance d of 3 meters.

a) Represent the forces acting on the mass and write the analytical expressions for

each of them.
b) Calculate the work done by each force, where g=9.8m/s* i =0.2

¢) Determine the initial velocity at which the mass was pushed.
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SOLUTION

a) Representing forces acting on the block: F: the driving force ; P: the weight force ; N:

the normal force; ]_C: the kinetic friction force

y
X - —
d ¢ o N
T fx
P [0
v F:the driving force F = F1= 107
P: the weight force P=—mgsinf T—mgcosf |

-

v N: the normal force N = N j

on(ox)=>—uy N1— mgsinf i+Fi=mal

Z Fope=mid = {
on(oy) > —mgcosf j+N j=0] =>mgcosfd =N
N=Nj=mgcost J
V' fu: the kinetic friction force fr = — pemgcos6 T
b) Calculate the work done by each force.
the displacement vector d = d T = 31

v’ E: the driving force

v’ B: the weight force

W(ﬁ)= P.d=(-mgsinf i—-mgcos@ j).di=—-mgsin0 d=—-152]

v N: the normal force

'
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W(N)=N.d=mgcosd j.di=0
Fu: the kinetic friction force fr = — pmgcos T
W (f)=fe.d= —pemgcosd i.di=—pmgcosd d=—1.14]
¢) Determining the initial velocity at which the mass was pushed.
WF{—»r_f’ (ﬁexternal) = AEg = EK(ﬁ) - EK(?:)
— o 1 ) -
EK(rf) =0and Ex(r;) = _E mve;, = Wﬁ'ﬁﬁ (Fexternal)

~mv? = Weig (Fexternat) = W (B) + W (F) + w (N) +w (7,)

1

S m v?, = —1.14—1.52+ 30 = 27.34]
27.34
v = [2X 07 = 16.53m/s
EXERCISE 02

A child weighing 25 kg slides on a curved track without friction and without initial velocity as

shown in the figure.

1- Represent the forces acting on the child while he is sliding.

A- Calculate the final velocity at which he reaches the ground..

h=3m

D R el

SOLUTION
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A- Representing the forces acting on the child while he is sliding.

B- Calculating the final velocity at which he reaches the ground.

Wﬁeﬁc’ (ﬁexternal) = AEg = EK(E’)) - EK(?:)
., 1 . 1 -
EK(rf) = 2 m vzf and Ex(;) =0 = 2 mvzf = Wﬁ’aﬁ (Fexternal)

% m sz = Wﬁ'—if (ﬁexternal) =W (1_5) +W (ﬁ)

1 2
Emvfzmgh

vp=429gh =7.67m/s
EXERCISE 03

A small object with a mass of m=10g is released from point A without any initial velocity.

The guide is a fixed hemispherical cylinder with a radius R, lying horizontally in an inertial

reference frame (Earth frame).

When the object reaches point B, the lowest point of the guide, for the first time, its velocity is
ve=4m/s. Given: R=0.4 and g=10m/s’.

1. Calculate the work done by the friction force.

2. Determine the constant value of this friction force
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EXERCISE 04

A particle moves under the effect of the force F= (> +V°)T + (xy)] + starting from the the point

A to point C. Calculate the work done by this force for the following two paths:

Path A—-B—C

e A(0,0) B(1,0  C(1)
o A(0,0) B(12 1/2) C(l1)

EXERCISE 05

A body of mass m, subjected to a force FT{, moves along a closed path OABCO consisting of a

parabolic arc and a straight line segment, following the direction indicated by the arrow.

Compute the work done by E) in the following cases:
a) Fi=1+x] b F;=xi+)]

1. What conclusions can be drawn in each case?

 y(m)
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