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Introduction

Ever since the concept of fuzzy sets (FSs, for short) was introduced by L.A. Zadeh [21 22]],
in 1965, it gained immense interest from the researchers in the subject field. Additionally, two
years later, ]. Goguen [11] proposed an extension to the fuzzy sets, known as L-fuzzy.

In 1983, K.T. Attanassov [3] introduced, the notion of intuitionistic fuzzy set (for short,
IFS) as a generalization of the concept of fuzzy set. In fuzzy set theory, the non-membership
degree of an element x of the universe is defined as v4(z) = 1 — pa(x), which is fixed, but
in intuitionistic fuzzy set theory, the non-membership degree not equal to 1 — 114(x) the only
condition in this case is v4(z) + pa(xz) < 1. Absolutly, fuzzy sets are intuitionistic fuzzy sets
by setting va(zx) =1 — pa(x).

Intuitionistic fuzzy relation concept is an extension to this direction and this notion gener-
alise the notion of fuzzy relations which introduced by Burillo and Bustince [7,6]. The concept
of an intuitionistic fuzzy lattice and the notion of intuitionistic fuzzy ideal (resp. filter) on a
lattice was introduced by Thomas and Nair [20].

The main objective of this memory is to study some of the properties of the intuitionistic
fuzzy sets. It also aims at emphasizing the importance of the later for that it presents different
applications in different fields (e.g. electoral system). One of the major mathematical applica-
tions of this set is Lukasiewicz-Moisil algebras representation, which the present study intends
to further explain it.

The current memory is divided into three chapters:

¢ The first chapter is an overview of the concept of fuzzy sets. It provides generalities on
fuzzy subsets. It also briefly presents triangular norms and conorms as well as the L-fuzzy
sets.



* The second chapter presents the fundamental concepts of the intuitionistic fuzzy sets the-
ory, its properties, operations on IFSs, the a-level of IFSs, the operators of IFSs, as well as
the relations over IFSs.

¢ The third chapter is concerned with the application of intuitionistic fuzzy sets in the the-
ory of Lukasiewicz-Moisil algebra.

il



CHAPTER 1

GENERALITIES ON FUzzZY SUBSETS

In this chapter, we recall the basic definitions and properties of binary relations, posets,
lattices. Next, we recall some basic notions and properties of fuzzy sets, triangular norms,
conorms and L-fuzzy sets. For more details please refer to [12, 11,13} 21]].

1.1 Classical Sets

Definition 1.1.1. Let X be a set and A be a subset of X (A C X). Then the function

1 af z€A
XA(x)_{O if v¢ A

is called the characteristic function of the set Ain X.

Remark 1.1.1. Clearly, the empty set () has a null characteristic function and the universe set X a unity
characteristic function.

There are several operations defined on classical sets and the following are considered to
be basic ones:

Definition 1.1.2 (Operations on classical sets ). Let X be a universal set, let A and B are a subsets
of X.

(i) Inclusion: A C Bifandonlyifforallx € X, (x € A) = (v € B),1.e,xa(z) < xp(x).
(ii) Equality : A= Bifand onlyif AC Band B C Ai.e., (xa(z) = x5(z)).
(iii) Complement: A°={x € X |z ¢ A}ie, xa(z) =1— xa(x).
(iv) Intersection: ANB={x € X |z € Aandx € B}i.e., xanp(r) = min(xa(z), x5(x)).
(v) Union: AUB ={x € X |z € Aorxz € B}ie., xyaus(z) = max(xa(z), x5(x)).

(vi) Relative complement: A\B=A—-B=ANB‘={rc X |z € Aandx ¢ B}ie., xa_p(z)=
Xanpe(x) = min(xa(z), xp(7))-

Example 1.1.1. Let X = {z,y, z,t, w} be a set, let Aand B be two subsets of X such that A = {z,y,w}
and B = {x,y, z}. Then

A = {z,t};
B* = {t7w};
ANB = {z,y};
AUB = {z,y,z,w}
A\B = A{w}
B\ A = {z}.



1.2 Crisp relations

Definition 1.2.1 (Cartesian products). [17] Let X and Y be two non-empty sets. If v € X andy € Y,
then (x,y) denotes the ordered pair of x with y. The Cartesian product of two sets X and Y is generally
defined as the set

XxY ={(z,y)|lzre X,ye Y}

Remark 1.2.1. At times we write X? for X x X. In fact, for n € N, n > 2, X" denote the set of all
ordered n-tuples of elements from X.

Definition 1.2.2 (Binary relations). [13]l Let X and Y be two non-empty sets. A binary relation R
between two sets X and Y is a subset of the cartesian product X x Y.
For (z, y) € R C X x Y, we write (x,y) € Ras xRy.

Definition 1.2.3 (Properties of binary relations on a set). [19] A binary relation R on a set X is
called:

(i) reflexive, if, for all x € X, it holds that x Rx;
(ii) irreflexive, if, for all x € X, it holds hat xR°x;
(iii) symmetric, if, for any x, y € X, it holds that xRy implies that yRx;
(iv) asymmetric, if, for all x, y € X, it holds that x Ry implies that yR°x;
(v) antisymmetric, if, for all x, y € X, it holds that xRy and yRx imply that x = y;
(vi) tramsitive, if, for all x, y, z € X, it holds that xRy and yRz imply that xRz;
(vii) complete, if, for all x, y € X, either xRy or yRx holds.
Example 1.2.1.
(i) On Z the relation < is irreflexive, antisymmetric and transitive.

(ii) For any non-empty set X, the equality relation A = {(z,z)| x € X} is reflexive, symmetric,
antisymmetric and transitive.

Definition 1.2.4. [19] A binary relation R on a set X is called:
(i) a pseudo-order relation, if it is reflexive and antisymmetric;
(ii) a strict order, if it is irreflexive and transitive;
(iii) an order relation, if it is reflexive, antisymmetric and transitive;
(iv) a total order relation, if it is reflexive, antisymmetric, transitive and complete;
(v) an equivalence relation, if, it is reflexive, symmetric and transitive.

Definition 1.2.5. [10] A partial order (order, for short) is a binary relation < over a set X which is
reflexive (a < a for any x € X), antisymmetric (v < yandy < ximply x = y for any z, y € X) and
transitive (v < yandy < zimply v < z forany z, y, z € X).

A set with an order relation is called a partially ordered set (or, a poset) and we will denote it by
(X, <).



Example 1.2.2. The relation of divisibility is a partial order on N*, then the couple (N*,|) is a poset.

Definition 1.2.6 (Chains and antichains). [10] Let (X, <) be an ordered set. X is a chain if, for all
x, y € X, either v < yory < x (that is, if any two elements of X are comparable). Alternative names
for a chain are linearly ordered set and totally ordered set. At the opposite extreme from a chain is an
antichain. The ordered set X is an antichain if x < y in X, this implies x = y (that is, if any two
elements of X are incomparable).

Example 1.2.3. (i) The sets N, Z,Q, R equipped with the usual order < are a linearly ordered sets
(totally ordered sets).

(ii) The set D(6)={1,2,3,6} of all divisors of the integer 6 equipped with the relation divide | is a chain.

1.3 Classical lattices

Two of the most important classes of ordered sets defined in this way are lattices and complete
lattices. Here we recall some basic definitions and notions concerning lattice.
Lattice
Definition 1.3.1. [10] Let X be a non-empty ordered set.
(i) (X, <) is called a lattice if v V y and x N y exist, forall x, y € X;
(ii) (X, <) is called a complete lattice if sup A and inf A exist, forall A C X.
Proposition 1.3.1. [10] Let L be a lattice. Then the following are equivalent:
(i) xAN(yVz)=(xANy)V(zAz),foranyx, y, z € L;
(ii) xV (yANz)=(xVy)A(xVz),forany z, y, z € L.
Definition 1.3.2. [10] Let L be a lattice. L is said to be distrubitive if it satisfies the distrubitive law,
zA(yVz)=(@Ay)V(xAz), foranyx, y, z € L.
Definition 1.3.3 (Sublattice). Let L be a lattice and let M be a non-empty subset of L. M is a sublattice

of Lifforallz, ye L, x, y € M impliesxVy e Mandxz Ny € M.

Ideals and Filters in a Lattice

Now, we recall the notion of ideal and filter of a lattice L as follows :

Definition 1.3.4. [10] Let L be a lattice. A non-empty subset I of L is called an ideal if for all x,y € L:
(1) Ifyelandx <y, thenx € I,
(i) z, y € Iimpliesx vV y € I.

Using the duality principle we define a filter as:



Definition 1.3.5. [10] Let L be a lattice. A non-empty subset F of L is called a filter if forall x, y € L :
(i) Ifye Fandy <z, then x € F,
(i) z, y € Fimpliesxz Ny € F.

Remark 1.3.1. An ideal and a filter is called proper if it does not coincide with L. It is easy to show that
an ideal I of a lattice L is proper if and only if 1 ¢ I, and dually, a filter F of L is proper if and only if
0¢F.

Definition 1.3.6. [10] Let L be a lattice. A proper ideal I of L is prime if and only if z, y € L and
x ANy € limplythat x € Tory € 1.

Dually, a proper filter F' of L is prime if and only if z, y € Land 2 V y € F imply thatz € F’
ory e F.

1.4 Fuzzy Sets

A fuzzy set is a set containing elements that have varying degrees of membership in the set.
According to Zadeh [21], fuzzy sets are formally defined as follows:

Definition 1.4.1. [21] A fuzzy subset A in X is characterized by an application
pa: X — [07 1]7

where [0, 1] means real numbers between 0 and 1. If x an element of X, pua(x) is the degree of membership
of x. The fuzzy set A in X may be represented as a set of ordered pairs of generic element x € X and its
grade of membership, i.e.,

A= {(z, pa(x))| v € X}.

Example 1.4.1. Let X = {a,b,c,d} be a universal set. Ay = {(a,0.2), (b,0.5)(c,0.8)(d,0.1)}, Ay =
{{(a,0.4), (b,0.1), (¢, 0.0), (d,0.3) } and A3 = {(a,0.7), (b,0.9), (¢, 0.6), (d, 1.0) } be a fuzzy subsets in
X.

Notation 1.4.1. Let F(X) denoted the set of all fuzzy subsets of X.

Operations on Fuzzy subsets

As we know that the fuzzy set theory was generalized from classical set theory so, fuzzy set
also allows operations like equality, inclusion, intersection, union and complement of a fuzzy
set, addition and multiplication of two fuzzy subsets. The notion related to the operations on
fuzzy sets are defined as follows (see,[13, 21]).

Definition 1.4.2 (Equality and inclusion of fuzzy sets). Let X be a non-empty set and let A and B
two fuzzy subsets

1. we say A and B are equal. That is,

A = Bifand only if pa(x) = pp(z), forall xin X.

4



2. We say that A is included in B if and only if pa(x) < pp(z) for all x in X. In symbols A C B <
pa(z) < pp(z), forall zin X.

When a fuzzy set A is included in B, then A is called a fuzzy subset of B.

Definition 1.4.3 (Union and intersection of fuzzy sets). Let X be a non-empty set and let A and B
two fuzzy subsets. For all x € X, the union and the intersection are defined as follows:

Union : pavs(x) = max{pa(x),us(x)}
= palx) Vv ps(r);
Intersection : panp(z) = min{pa(z), up(x)}

= pa(@) App().

Definition 1.4.4 ((Complement of a fuzzy set). The complement of a fuzzy set A is denoted by A°
and is defined by :
pac(x) =1 — pa(x), forall zin X.

Proposition 1.4.1. [5] Let X be a non-empty set and let A, B and C € F(X), the following properties

hold:
Complementary :
(A°)° = A
Commutativity :
ANB=BnNA
AUB=BUA.
Associativity :
(AUB)UC =AU (BUC)
(ANB)NC=AnNn(BNC)
Distributivity :

De Morgan’s laws :

Absorption :



Definition 1.4.5 (Addition). Let X be a non-empty set and let A and B two fuzzy subsets, the addition
defined by forall x € X

parp(x) = pa(z) + pp(r) — pa(x) - pa(z).

Definition 1.4.6 (Multiplication). Let X be a non-empty set and let A and B two fuzzy subsets, the
multiplication defined by for all x € X

prap(z) = pa(x) - pp(z).

Characteristics of Fuzzy subset

We can characterize fuzzy sets in more detail by referring to the features used in characteriz-
ing the membership functions.

Definition 1.4.7. [16l] Let A be a fuzzy subset on a set X. The support of A is the crisp subset on X
given by:

supp(A) = {z € X[ pa(z) > 0}.
Definition 1.4.8. [16] Let A be a fuzzy set on a set X. The kernel of A is the crisp subset on X given
by :

ker(A) ={z € X| pa(z) = 1}.

Definition 1.4.9. [16] Let A be a fuzzy subset on a set X. The height of A is the highest value taken by
its membership function given by:

H(A) = sup pua(x).

zeX

Example 1.4.2. Let X = {a, b, c,d} and let A be a fuzzy subset on a set X, defined by:
A= {(CL, 03>7 <b7 06>7 <Ca O8>7 <d7 00>}

then :

supp(A) = {a,b,c},
ker(A) =0,
H(A)=0.28.

Proposition 1.4.2. [14] The support and kernel of a fuzzy set A satisfied the following :
(i) Supp(A°) = X — Ker(A);
(ii) Ker(A°) = X — Supp(A).
Proof.
(i)
Supp(A%) = {x € X | pac(x) # 0}
—{w € X |1— pualx) # 0}
={z € X | pa(x) # 1}

={reX |z ¢ Ker(A)}
=X — Ker(A).
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(ii)
Ker(A¢) ={z € X | pac(z) =1}
={r e X|1—pa(z) =1}
= {2 € X pale) = 0)
={ve X |z ¢ Supp(A)}
= X — Supp(A).

The a-cut of fuzzy sets

Definition 1.4.10. [14] Let A be a fuzzy set in X and let o €]0, 1]. The a-cut of A, denoted by A,, we
mean all elements of X that belong to A with a degree at least «.. That is, A,, is a classical set defined by

A, ={z € X|pa(z) > a}.
If o < 3, then Az C A,.

Example 1.4.3. Let A = {< 1,0.6 >,<2,0.8 >,<3,0.8 >,<4,0.1 >,<5,0.1 >}
AO.S = {ZE' € X| ,LLA((L’) > 08}, then Ao_g = {< 2,0.8>,<3,0.8 >}

Remark 1.4.1. The characteristic function x a,, is such that : x 4, (x) = Lifand only if ppa(x) > .
Proposition 1.4.3. [14] Let X be a non-empty set and let A, B € F(X), the a-cuts of fuzzy sets verify:
1. (ANB), = AxN B,.
2. (AUB), =A,UB,.
3. AC B<= A, C B,, forall a €]0,1].
4. Ay = Ker(A).
5. Ay =X.

Cartesian Product on Fuzzy Set

Definition 1.4.11 (Cartesian product on fuzzy set). [13] The cartesian product applied to n fuzzy
sets can be defined as follows:

Let pa,,piay, ..., a, be membership functions of Aj, As,...,A,. Then, the membership degree of
(1,22, ..., xn) € X1 X Xg X ... X X, on the fuzzy set Ay, As, ..., Ay is,

HAlegx...xAn(xla T2y .ny %) = miH{MAl(ﬂﬁl), KA, ($2)> ey ,UAn(fEn)}-

Example 1.4.4. Let X, = {«, 8}, Xo = {a,b,c} and let A, B be two fuzzy subsets defined on Xy, Xs
respectively given by:

A = {{a,02),(B,0.7)},
B = {(a,0.5),(b,0.9), (c,1.0)}.

then we have:



Fuzzy Relations and Composition

Definition 1.4.12. [24] Let X and Y be two non-empty sets. A fuzzy relation on X x Y, denoted by
R, is defined as the fuzzy set

R={((z,y), pr(z,y)) | (r,y) € X x Y},

where the function ugr: X xY — [0, 1] is called a membership function. It gives the degree of membership
of the ordered pair (z,y) in R associating with each pair (x,y) in X X Y a real number in interval [0, 1].

Remark 1.4.2. A fuzzy relation R is a mapping from cartesian space X x Y to the interval [0, 1]. If
X =Y we say that R is a binary fuzzy relation in X.

Example 1.4.5. Let X = {x,y, 2z} and R a binary fuzzy relation defined in X as:

HR | T ) z
x | 0307]0.2
y 105]08]0.5
z 101104105

Definition 1.4.13. The a-cut sets and support of fuzzy relations is defined as in fuzzy sets, i.e., The
a-cut of a fuzzy relation R: X x Y — [0,1] is defined as, forall x € X andy € Y,

Ro = A{(z,y) € X xY | R(z,y) > a}.
In the same way, we define the support of a fuzzy relation S(R) as
S(R) ={(z,y) € X XY | R(z,y) > 0}.

Definition 1.4.14. (Composition of Fuzzy Relations) [13|]

Let R and S two fuzzy relations are defined on sets X,Y and Z. Thatis, RC X xY,S CY x Z. The
composition S o R of two relations R and S is expressed by the relation from X to Z and this composition
is defined by the following.

For (x,y) € X XY, (y,2) €Y x Z,

fsor(T,2) = m;»X[min{uR(x, y), s (Y, 2) }]
= Vylur(z,y) A ps(y, 2)].

Example 1.4.6. Let X = {1,2,3,4},Y = {a,b} and Z = {a,p}. Consider fuzzy relations
RC X xYand S CY x Z, defined by its following tables.

R| a b
10103 ST a R
211.01]04 a|02]04
3106109 b 109105
410007

the composition of two relations R and S is as follows

8



RoS | a | B
1 0.31]0.3
2 04104
3 09105
4 0.710.5

Types of fuzzy Relations

Definition 1.4.15. [[13|] Let R be a fuzzy relation and X, Y two non-empty sets we will say that R is:

(i) Reflexive if forany x € X,
,UR(JJ,ZL’) =1

(ii) Symmetric if for all (z,y) € X x Y,
MR(xa y) = :uR(ya ZE)
(iii) Antisymmetric if for all (z,y) € X x Y,

:UR(may) >0
and == T =1.

pr(y,z) >0

(iv) Transitive if forall x,y € X,

RoR - R7 i.@., MRoR(%?J) < MR(xJ y)
The fuzzy reflexivity, symmetry, antisymmetry and transitivity notion were first defined by Zedeh [24].

Definition 1.4.16. Let X be a non-empty set.
A binary fuzzy relation R: X x X — [0,1] is called a fuzzy equivalence relation in X if R is
reflexive, transitive and symmetric.

Definition 1.4.17. [9] Let X be a non-empty set.
A binary fuzzy relation R: X x X — [0, 1] is called :

(i) Fuzzy pre-order relation in X if it is a fuzzy reflexive and transitive relation.
(ii) Fuzzy partial order relation if R is fuzzy reflexive, antisymmetric and transitive.

(iii) Fuzzy total order relation if and only if either R(x,y) > 0 or R(y,z) > 0 forall z, y € X.

If R is a fuzzy partial order relation on a set X, then (X, R) is called a fuzzy partially ordered set
or fuzzy poset. If R is a fuzzy total order relation in a set X, then (X, R) is called a fuzzy totally
ordered set or a fuzzy chain.



1.5 Triangular Norms and Conorms

In this section, we will remind some basic definitions and notions concerning triangular norms
and conorms.

Definition 1.5.1. [12] A triangular norm (t-norm for short) is a binary operation T" on the unit interval
0, 1], i.e., it is a function T [0,1]> — [0, 1] such that for all x, y, =z € [0,1] the following four axioms
are satisfied :

(t1) Commutativity ie., T'(z,y) =T (y,x);
(ty) Associativity i.e., T(x,T(y,2)) = T(T(x,y), z);
(t3) Monotonicity i.e., T(x,y) < T(x, z) whenever y < z;
(t4) Boundary condition i.e., T'(x,1) = x.
Proposition 1.5.1. [5] Any t-norm T satisfies T'(0,z) = T'(x,0) = 0, for all z € [0, 1].
Proof: From (t,) we have T'(0,1) = 0. Then from (¢3) it follows that
T(0,z) <T(0,1) =0, forall xz € [0,1],
ie,T(0,z) = 0. Then from (t;) we get T'(z,0) = 0.

Example 1.5.1. The following are the four t-norms T/ T,, Tp and Ty, given respectively by :

Ty (z,y) = min(z, y), (minimum)

Tp(z,y) = z.y, (product)

Tr(x,y) = max(x +y — 1,0), (Lukasiewicz t-norm)
_J o if (z,y) € [0,1] -

Tp(x,y) = { min(z, y) Otherwise. ( drastic product )

As a formal construction, triangular conorms are dual to triangular norms.

Definition 1.5.2. [12] A triangular conorm (t-conorm for short) is a binary operation S on the unit
interval [0,1], i.e., it is a function S: [0,1]* — [0, 1] such that for all =, y, z € [0,1] the following four
axioms are satisfied :

(s1) Commutativity : S(z,y) = S(y,x);

(s9) Associativity : S(z,S(y, z)) = S(S(x,y),2);

(s3) Monotonicity : S(z,y) < S(z, z) whenever y < z;
(s4) Boundary condition : S(x,0) = x.

Proposition 1.5.2. [5] Any t-conorm S satisfies S(1,z) = S(z,1) =1, forall x € [0, 1].
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Proof.

From (s4) we have S(1,0) = 1 so, from (s3) it follows that
1=5(1,0) < S(1,2),

then
S(l,z) =1=85(x,1), forall x € [0,1].

Example 1.5.2. The following are the four basic t-conorms Sy, S,, Sp, and Sp given respectively by:

Sy (x,y) = max(z,y), ( maximum )

Sp(z,y) =x+y—uzy, ( probabilistic sum )

Sp(z,y) = min(zx + 1y, 1), ( Lukasiewicz t-conorm, bounded sum )
_J 1 if (x,y) €]0,1)%, -

Sb(,y) = { max(z,y) Otherwise. (drastic sum )

Proposition 1.5.3. [5] We have T'(z,y) < x Ay and S(z,y) > x V y for any t-norm T, t-conorm S,
and any z, y € [0,1].

Proposition 1.5.4. [6] Let T" be a triangular norm, the mapping defines as :
S:10,1] x [0,1] — [0, 1]
Sx,y)=1-T1—2,1-1y)
will be called dual t-conorm of T

Remark 1.5.1. All t-norm is an intersection operator i.e., we can define A Ny B by its membership
function in the following way :

tanyB(x) = T(pa(x), up(x)), forall xzin X.

All t-conorm is a union operator i.e., we can define A Ug B by its membership function as follow :

Havss(@) = S(ua(@), pp(@)), forall zin X.
Example 1.5.3. Let X = {x,y, 2}, let Aand B be two fuzzy subsets on X given by:
A = {(x,0.5),(y,0.9), (2,1.0)},
B = {(z,0.2),(y,0.4),(z,0.1) }.
We define the intersection and union respectively :
() prang5(x) = T(pa(), pp(e)) = max(ua(z) + pp(r) = 1,0), for all x in X;
(ii) pavsp(r) = S(pa(e), pp(r)) = min(pa(z) + pp(), 1), forall xin X.

So, we get

11



(i) Any B = {(x,0.0), (y,0.3), (2,0.1) }.
(i) AUg B = {{(z,0.7), (y,1.0), (2,1.0)}.
Definition 1.5.3. [5] A function N: [0,1] — [0, 1] is called negation if :
(i) N is non-increasing i.e., v <y = N(y) < N(x), forall z, yin [0, 1];
(i) N(0) =1and N(1) = 0.
The negation N: [0, 1] — [0, 1] is called strict negation if :
(i) N is a continuos function;
(ii) N is a strictly decreasing function i.e., v <y = N(z) > N(y).
The strict negation N: [0,1] — [0, 1] is called strong negation if is a involution that is,
(i) N(N(x)) = forzin[0,1].

Definition 1.5.4. [5] A t-norm T and a t-conorm S are said to be dual for strict negation if they satisfy
the following formulas for all z, y € [0,1] :

S(w,y) = N(T(N(x), N(y)))-

T(z,y) = N(S(N(x), N(y)))-

1.6 Lattice Valued Fuzzy Sets (L-Fuzzy sets)

J. Goguen [11] proposed an extension to the fuzzy sets, known as L-fuzzy. The definition and
notation can be found in [5, [11].

Definition 1.6.1. Let X be a non-empty set and let L be a complete lattice. An L-fuzzy subset, on X,
is a mapping :

A X — L
That is, the family of all L-fuzzy subset, of X, is just L consisting of all mappings from X to L.
Definition 1.6.2 ( Operations on L-fuzzy sets). The basic connectives of L-fussy sets are:

AAB(z) = inf(A(z), B(z)),
AV B(z) = sup(A(z), B(z)),
N(A)(z) = N(A(z)),

forany z € X.

Example 1.6.1. ([0, 1], <) is a completely distributive lattice. Then classical fuzzy sets can be seen as
L-fuzzy sets with L = [0, 1]. We observe that [0, 1] is complete and completely distributive lattice. We
observe that the L-fuzzy sets with L = |0, 1] coincide with the fuzzy sets F(X).
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CHAPTER 2

GENERALITIES ON INTUITIONISTIC Fuzzy
SUBSETS

In this chapter, we recall the definition of intuitionistic fuzzy set, basic notions of intuition-
istic fuzzy set which suggested by Atanassov [3] in 1983, and some properties of intuitionistic
fuzzy relations and intuitionistic fuzzy lattices.

2.1 Intuitionistic Fuzzy Sets

Definition 2.1.1. [3, 4] Let X be a non-empty set. An intuitionistic fuzzy set (IFS, for short) A on
X is an object of the form
A= {(z, pa@),valz))r € X},

where the functions:
pa: X —[0,1]

and
va: X —[0,1]

define the degree of membership and the degree of non-membership, of the element x € X, respectively,
and for every x € X :
0 < pa(r)+wvalz) <1.

Definition 2.1.2. [3] The value of
ma(x) =1 — pa(x) — va(z),

is called the degree of non-determinacy ( or uncertainty ) of the element x to the intuitionistic fuzzy set
A. Clearly, in the case of ordinary fuzzy sets, m4(x) = 0, for every x € X.

Example 2.1.1. [3] Let X be the set of all countries with elective governments. Assume that we know for
every country x € X the percentage of the electorate that has voted for the corresponding government.
Denote it by M (x) and let p(z) = ]Vljég) (degree of membership, validity, etc.). Let v(x) = 1 — p(z).
This number corresponds to the part of the electorate who have not voted for the government. Using only
the fuzzy set theory, we cannot consider this value in more detail. However, if we define v(z) (degree
of non-membership, non-validity, etc.) as the number of votes given to parties or persons outside the
government, then we can show the part of electorate who have not voted at all or who have given bad
voting-paper and the corresponding number will be m(x) = 1 — pu(x) — v(x) (degree of indeterminacy,

uncertainty, etc.). Thus, we can construct the set {(x, u(z),v(x))|z € X} and obviously,

0 < p(x) 4+ v(z) <1

13



Example 2.1.2. Let X = {a,b},1 = {0,1,1} C [0, 1] we will find the intuitionistic fuzzy subsets of X.
forall z,y € I we define the sets:

p={¢: X — IPtand o = {p: X — I? |z +y < 1}, the set of all intuitionistic fuzzy subsets of
X.

So, || = (|I2)X! = [{(x,y) | z +y > 1}. Consequently we need to find 36 intuitionistic fuzzy subsets.
A1 = {{a,0,0),(0,0,0)} || Az ={(a,0,3),(0,0,0)} || Az ={{a5,3),(b,0,0)}
Ay = {{a,0,0), (6,0, 3)} || As = {<a707%> (0,0,5)} || A ={{a,3,3),(6,0,1/2)}
A3:{<6L,0,0>,<b,0,1>} AQ—{<a 0, > <b7071>} A15:{<a7%v%>7<b7071>}
A4—{<a7070>7<b=%70>} AIO—{<a O >7<b %70>} Alﬁ—{<a>%7%>7<b7%70>}
A5_ <a7070>><b7%7%>} An _{<a 0, §>7<b7%7%>} A17_{<a7%7%>’<b’%’%>}
Ag = {{a,0,0), (b,1,0)} || A12 ={{a,0,3),({,1,0)} || Ais={{a,3,3),(b,1,0)}
A19:{<a7071>7<b7070>} A25—{<a7%70>7<b7070>} ASI {<a7170>7<b7070>}
A202{<a7071>7<b707%>} A26—{<a7%?0>7<b7071/2>} A32 {<a7170>7<b707%>}
A21 :{<a>071>7<b7071>} A27_{<a7%70>7<b70a1>} A33 {<a7170>7<ba071>}
A22:{<a7071>7<b7%70>} A?S_{<a7%’0>v<b7%’0>} A34 {<aa170>’<ba%>0>}
A23: <a7071>7<b7%7%>} A29—{<a7%’0>7<b7%’%>} A35_{<aa170>’<b’%7%>}
A24_{<a7071>7<b7170>} A30—{<a7%70>7<b7170>} A36:{<aa170>7<b71’0>}

Definition 2.1.3. [5] Intuitionistic fuzzy sets can be seen as L-fuzzy sets by considering the lattice

L C0,1)%
L={(z,y) € 0,1z +y <1}
where the inequality relation generating the lattice structure is defined by

(#,9) <1 (2,1) & [r < zandy > 1],

Moreover, L in this case is a complete, completely distributive lattice.

Operations on Intuitionistic Fuzzy sets

For two intuitionistic fuzzy sets A and B on a set X, several operations are defined in the
following way(see [3} 4]) :

¢ Inclusion
AC Bif pa(x) < pp(z) and va(z) > vp(z), for any z € X.

¢ Equality
A=DBif ps(x) = pp(r) and va(z) = vg(x), for any z € X.
¢ Complement
A° = {{w,vale), pala))le € X},
¢ Empty set
A=0if pa(x) =0andva(z) = 1.
¢ Intersection

ANB = {{z,ua(x) A ug(x), va(z) Vvp(x))|z e X}.
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¢ Union
AUB = {{z,pua(x) V up(z),valz) ANvp(z))| z € X}.

¢ Addition
A® B = {{z, pa(x) + pp(r) = pa(@).pup(@),va(z)ve(z))| v € X}.
* Multiplication
A® B = {{x,pa(x).pup(x),va(z) + vp(x) — va(z).vp(z))|r € X}.
Example 2.1.3. Let X = {a, b, c} and Let A, B be two intuitionistic fuzzy subsets given by:
A = {{a,0.3,0.5), (b, 0.6,0.4), (¢, 0.9,0.0) };
B = {{a,0.7,0.1), (b,0.8,0.1), {c, 1.0,0.0) }.

Then, we have:

AN B = {(a,0.3,0.5), (b,0.6,0.4), (c,0.9,0.0) };
AUB = {(a,0.7,0.1), (b,0.8,0.1), {c, 1.0,0.0) };

A¢ = {(a,0.5,0.3), (b,0.4,0.6), (c,0.0,0.9) };

B° = {{(a,0.1,0.7), (b,0.1,0.8), (¢, 0.0, 1.0} };
A® B = {(a,0.79,0.05), (b,0.92,0.04), (¢, 1.0,0.0) };
A® B = {{a,0.21,0.55), (b, 0.48,0.46), {c, 0.9, 0.0) }.

Definition 2.1.4. [18] Let A be an intuitionistic fuzzy set on universe X. The support of A is the crisp
subset of X given by:

Supp(A) ={z € X | pa(z) > 0o0r (ua(z) =0andvas(x) < 1)}.

Definition 2.1.5. [18] Let A be an intuitionistic fuzzy set on universe X. The kernel of A is the crisp
subset of X given by:
Ker(A) ={z € X | pa(z) = landva(z) = 0}.

Example 2.1.4. From Example we have :
Ker(A) =10;

Supp(A) = {a, b, c}.

Intuitionistic Fuzzy Sets of a Certain Level

This concept follows that of a fuzzy set of level o, where o € [0, 1]. Formally, we have the
following definition.

Definition 2.1.6. [3, 4] Let A be an intuitionistic fuzzy set on a set X, and o, § € [0, 1] such that
a+ B < 1. Aset of (o, B)-level generated by an IFS A, is defined as:

Nop(A) ={z € X | pa(z) > aand vs(z) < S}
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We will also define two other sets related to an IFS, « € [0, 1] is a fixed number.

Definition 2.1.7. [3] 4] The set
No(A) = {z € X | pa(z) > a}
is called a set of level of membership o generated by A.

And

NYA) ={z € X |va(x) < a}
is called a set of level of non-membership o generated by A.

Example 2.1.5. Let A be an intuitionistic fuzzy subset an a set X = {a, b, c, d}, defined by:
A = {(a,0.3,0.5), (b,0.7,0.1), {¢,0.1,0.8), (d, 0.0,1.0)},

then

No2,04(A) = {b};

Noo(A) ={a,b};

N4 (A) = {b}.
Theorem 2.1.1. [4] For every IFS A and for every «, 5 € [0, 1], there holds

Nag(A) = Ny(A) N NP(A).

Proof. Easily from definition m

Operators over Intuitionistic Fuzzy Sets

In 1986, K.T. Atanassov established different ways of changing an intuitionistic fuzzy set into a
fuzzy set and defined the following operators:

"Necessity" and "Possibility" Operators
Definition 2.1.8. [3] 4] Let A be an intuitionistic fuzzy subset on a set X.

(i) The necessity operator is defined as :
[A] = {(@, pal2), 1 = pa(e)) |z € X}
(ii) The possibility operator is defined as :

(A) = {{z, 1 = va(z),va(z)) [z € X}.
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Example 2.1.6. Let X = {x,y, 2} and let A be intuitionistic fuzzy set given by:
A={(x,0.2,0.3), (,0.4,0.4), (2,0.6,0.2)}
then, the necessity and possibility operators have the forms :
[A] = {(x,0.2,0.8), (y,0.4,0.6), (z,0.6,0.4)} ;
(A) = {(z,0.7,0.3), (y,0.6,0.4), (z,0.8,0.2)} .
Remark 2.1.1. Obviously, if A is an ordinary fuzzy set, then
[A] = A= (A).

Operators D, and F, 5
Definition 2.1.9. [7] Let A be an intuitionistic fuzzy subset. An operator D,, is defined as follows:

Dp(A) = {(z, pa(e) + pra(e), 1 — pa(e) —pra(z))| v € X},

with p € [0, 1] be a fixed number.
Remark 2.1.2. From the above definition, it follows that D,(A) is a fuzzy set, because

pa(r) +pra() +1 = pa(z) —pra(r) =1
Example 2.1.7. Let X = {x,y,z} and Ay, As, Az be an intuitionistic fuzzy subsets given by:

Ay = {(2,0.3,0.4), (y,0.2,0.6), (2,0.5,0.0) } ;

Ay = {(£,0.7,0.3), (4,0.2,0.2), (z,0.6,0.1)} ;

Ay = {(,0.2,0.5), (4,0.0,0.9), (z,0.1,0.4)} .

Then

A, = {(x,0.3),(y,0.2),(2,0.5)};

T4, = {(z,0.0), (y,0.6), (2,0.3) } ;

A, = {(x,0.3),(y,0.1), (z,0.5)} .

Therefore, we have:

Dos(Ay) = {{z,0.36,0.64), (y,0.24,0.76), (z,0.6,0.4)} ;
Doa(As) = {{z,0.7,0.3), (y,0.72,0.28), (z,0.66,0.34) } ;
Doa(A3) = {(x,0.26,0.74), (,0.02,0.98), (z,0.2,0.8)} .
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Proposition 2.1.1. [3| 4] For every intuitionistic fuzzy set A and for every o, B € [0, 1] we have:
(i) Ifa < B, then Do(A) < Dy(A),
(i) Dy(A) = [A],
(iii) D1(A) = (A).
Proof.

1. We have a < j3, then a.ma(z) < B.ma(x)
therfore pa(z) + ama(z) < pa(z) + B.rwa(x)
on the other hand we have

a<f,then — pa(r) — ama(z) > —pa(x) — B.ra(zx)

then
1 —pa(x) —ama(x) > 1 — pa(x) — Bora(x)
Hence, D,(A) < Ds(A).

the proof of (ii) and (iii) easily from definition[2.1.9)

Definition 2.1.10. [3| [4] Let o, 5 € [0,1] and oo + 5 < 1. The operator F, s, for the intuitionistic
fuzzy set A is defined as :

Fop(A) = {{z,pua(z) + a-ma(x),valz) + - ma(z))|x € X}.

Theorem 2.1.2. [3, 4] For every intuitionistic fuzzy set A and for every o, B, v € (0,1}, such that
a+p<1:

(i) Fag(A)isan IFS,

(i)) If 0 <~y <a,then F,3(A) C F,p(A),
(iii) If 0 <~ < 8, then F,3(A) C F,.(A),
(iv) Do(A) = Fui-a(A),

(v) [A] = Fya(4),
(vi) (A) = F10(A).

Proof. Easily from the definition of the operator F, 3.
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Cartesian Product on Intuitionistic Fuzzy Set

Definition 2.1.11. The cartesian product applied to n intuitonistic fuzzy sets can be defined as follows:
Let pa,, ftay, ..., ba, be membership functions of Ay, As,...,A,. Then the membership degree of
(1, %2, ..., xy) € X1 X Xg X ... X X, on the intuitonistic fuzzy set Ay, Ao, ..., A, is,

[LAsx Az x.x Ay (T1, T2, ooy T) = min{pia, (1), 14, (T2), o, f1a, (T0) }
= pay (21) A pray (T2) Ao A pra,, ()
and the non-membership degree is,

VA1><A2><...><An(x17x27 e xn) = maX{VA1($1)> Va, (352), ey VAn(xn)}

= VA1($1) V VAQ(IQ) V..V I/A"(xn),

Example 2.1.8. Let X; = {«, 3}, Xo = {a,b,c}, and let Ay, Ay be two intuitionistic fuzzy subsets
defined on X, X, respectively given by:

A= {(0,0.2,0.6),(3,0.7,0.2)};
Ay = {{a,0.5,0.4), (b,0.9,0.1), {c,1.0,0.0)}.

Then, we have:

((a,a),0.2,0.6,), {(ct, b),0.2,0.6)

A x Ay = { (8.),0.5,0.4, {(8.5).0.7,0.2), (8. ). 0.7,0.2)

-~
N
L
)
N—
e}
0o
S
=2
~
——

2.2 Intuitionistic Fuzzy Relations

This section contains the basic definitions and properties of intuitionistic fuzzy relations
which introduced by Burillo and Bustince [7, 6] as a natural generalization of fuzzy relation.

Definition 2.2.1. [I8,l6] Let X and Y be two non-empty sets. An intuitionistic fuzzy binary relation
from X toY (IFR, for short) is an intuitionistic fuzzy subset of X x Y, i.e., is an expression R given by

R ={{(z,y), pr(x,y), vr(z,y))|(z,y) € X x Y}

where
g X XY —s[0,1]

and
vr: X xY — [0,1]

satisfy the condition 0 < pgr(z,y) + ve(z,y) < 1, forevery x, y € X x Y. The value pgr(x,y) is called
the degree of membership of (x,y) in R and vg(x,y) is called the degree of non-membership of (x,y) in
R.

Notation 2.2.1. We will denote by IF R(X x Y') the set of all the intuitionistic fuzzy subsets in X x Y.

Example 2.2.1. Let X = {z,y, 2z} and R be intuitionistic fuzzy binary relation on X given by:
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Ur| X | Yy | z vp| x |y | z
x | 02]05]01 x 060403
y | 0 ]04]07 y | 0.7]02]01
z | 10606 z |0 |03/02

Remark 2.2.1.

1. If ug(z,y) # 1, then vg(x,y) # 0.

2. This definition of intuitionistic fuzzy relation includes, as a particular case, binary relation and
fuzzy relation in a way similar intuitionistic fuzzy relation.

Definition 2.2.2. [6] Given a binary intuitionistic fuzzy relation between X and Y, we can define R~!
between Y and X by means of

,UR—l(y,.T) = :uR(xay)
vr-1(y,x) = vr(z,y), ¥(z,y) € X XY

to which we will call inverse relation of R.

Operations on Intuitionistic Fuzzy Relations

Let R and P be two intuitionistic fuzzy relations from a universe X to a universe Y, for every
(z,y) € X x Y, we can define (see [6]).

1. RC P& pr(z,y) < pp(r,y) and vr(z,y) = vp(z,y);
2. RUP = {<<‘T7y)7,U/R(x7y) \/MP<xvy)7VR<x7y) N VP(‘T7y)>| x e Xuy < Y}7
3. RNP = {<(a:,y),uR(a:,y) /\H'P(xay)vl/R<x>y) v UP($7y)>| reX,ye Y}7

4. Rc - {((‘I7y)7VR(x7y)7:uR(x7y)>| S X7y S Y} :

Properties 2.2.1. [6] Let R, P and () be three intuitionistic fuzzy relations from a universe X to a
universe Y.

(i) fFRC P then R™' C P}
(ii) (RUP) =R 'UP,
(i) (RNP)"' =R NPt
(iv) (R7Y)™'=R;
(v) RN(PUQR)=(RNP)U(RNQ)and RU(PNQ)=(RUP)N(RUQ);
(vi) RC(RUP),PC(RUP),RNPC Rand RN P C P;
(vii) If P C Rand Q C R, then PUQ C R;
(viii) If RC Pand R C (), then R C PN Q.
Proof.
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(i) If R C P, then pup-1(y,z) = pr(z,y) < pp(x,y) = pp-1(y,z) for every (z,y) of X x Y,
analogously
VR—l(yv'r) = VR<x7y) > Vp(l’,y) = VP_l(ywr)
for every (z,y) of X x Y.
(ii)
M(ruP)-1 (y, x) = MRUP(xa y)
= pr(z,y) vV pp(r,y)
= pr-1(y, ) V pp-1(y, )
= ptr-10p-1(Y, T).
the proof for v(gup)-1(y, ¥) = vg-1up-1(y, v) is done in a similar way.
(v) We will use the fact that ([0, 1], <, A, V) is a distrubitive lattice
H(RN(PUQ)) (l’, y) = #R(xa y) A {MP('I’ y) \% MQ(xv y)}
= {ur(e,y) A pe(e,y)} vV {ue(e,y) A pgle,y)}
= p(rnp) (T, Y) V Hrng) (T, Y)
= M(RmP)u(RmQ)(% y)-

The proof is analogous to the previous one, in the case of
Vrn(PuQ) (T, Y) = V(rnP)u(rnQ) (T, Y)-

The rest of the items are proved in a way similar to the previous ones.

Composition of Intuitionistic Fuzzy Relations

Definition 2.2.3. [l6] Let o, 3, X and p be t-norms or t-conorms not necessarily dual two-two, R &
IFR(X xY)and P € IFR (Y x Z). We will call composed relation Picf R e IFR(X x Z) tothe
one defined by

Ap

Pa(’)ﬁR: {((ZL’,Z),/L o8 (f,Z),I/ aéﬁR(Iaz)H x < X?'Z S Z}

A,p Ap
where
”PmﬁR(x7 Z) =« {B [MR($7 y)7 ,UP(:% Z)]}
A?p Y
VpaéﬁR(‘ru Z) =A {p [VR<:E7 y)7 VP(ya Z)]}
Ap 4
whenever

0< upiéiR(x,z) + VpiéiR(x,z) <1, forall (z,z) e X x Z.
Proposition 2.2.1. [6] In the conditions of the Definition if \* and p* are respectively, the dual
forms of X and p and o < X*, 8 < p*, then

0< MPQéBR(x,z) + VPaéﬁR<I,Z> <1, forall (z,z) e X x Z.

A,p A,p
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Proof. We know that
pr(z,y) <1—vg(z,y), forall(z,y) € X xY

and
pp(y,z) <1—vp(y,z), forall(y,z) €Y x Z

taking as hypothesis o < A* and 5 < p*, we have:

Blur(z,y), np(y, 2)] < p* 1 —val(z,y),1 —ve(y, 2)];
{3 [ur(x,y), up(y, )]} < A {p" [1 = va(z,y), 1 —ve(y, 2)]}
—1- 3{1 —p" [ —vr(z,y),1 —vp(y, 2)]}
= 1= Mplvr(,y),ve(y, )]}

therefore
g{ﬁ[;m(x, Y), 1p(y, 2)]} + Q{p[VR(lz y),ve(z,y)l},

ie.,
0< upaéﬁR(m,z) + ypaéﬁR(x, z) <1, forall (z,2) € X x Z.

Ap Ap

Intuitionistic Fuzzy Binary Relations

We will study now the properties of the binary intuitionistic fuzzy relations in a set X.

Identity relation

Definition 2.2.4. [l6/]
(i) The relation A € IFR(X x X) is called the relation of identity if,

MA(w,y)Z{é z; j;g

o) ={ |

forallz, y € X x X.

(ii) The complementary relation A, defined by

MAc<x>y):{(1] ZZ ;;y

e ={ ¢ 1 15

forallz, y € X x X.
Remark 2.2.2. Is evident A = A1,
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Reflexivity and Antireflexivity
Definition 2.2.5. [8, |6l Let R be an intuitionistic fuzzy relation on X, we will say that R is :

1. Reflexive, if for every x € X, pgr(x,x) = 1. Just notice that for every x € X, vg(z,z) = 0;

2. Antireflexive, if for every x € X, then { ’Z Réi’g - f that is to say, if its complementary
R\4, = ’
R. is reflexive.

Symmetry and Antisymmetry
Definition 2.2.6. [18, 6] Let R be an intuitionistic fuzzy relation on X, we will say that R is :

1. Symmetric, if R = R™', that is, for every (z,y) in X x X,

{uR(fay) = uR(y,x))

vir(z,y) = vely,x
in a contrary manner we will say that it ia asymmetric.

2. Antisymmetrical intuitionistic if,

forevery (x,y) of X x X, x # y then

MR(IMU) 7& :U’R(ywx)
VR(I7y) 7£ VR(ywr)
WR<x7y) = WR(y,QT),

where np(x,y) = 1 — pr(z,y) — ve(z,y).

Theorem 2.2.1. [6]] Let R be an element of FR(X x X). R is antisymmetrical fuzzy intuitionistic if
and only if:
for every (x,y) € X x X, x # ythen pr(zx,y) # pry, v).

Proof. As vgr(x,y) =1 — pr(z,y) and mr(x,y) = 0 for every (z,y) € X x X, then

:U’R(x7 y) 7A :U’R(y7 'T)
pr(z,y) # ur(y,x) if and only if < vg(x,y) # vr(y, x)
Tr(z,y) = 7r(y, ©)

Definition 2.2.7. [6] Let R be an intuitionistic fuzzy relation on X, we will say that R is Perfect
antisymmetrical fuzzy intuitionistic relation if, for every x, y € X with x # y and

pr(z,y) >0
or

pr(x,y) =0 and vg(z,y) <1,

then
pr(y,x) =0
and
VR(yw/E) =1
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Example 2.2.2. Let X = {x,y, 2}, let R be the intuitionistic fuzzy relation given by:

Ur | = | y | 2 vR| T |y | %
z 0410301 x |05]07]04
y [0.0]0.5]0.0 y | 1 (0306
z 1001]0.0]0.1 z | 1 1 107

R is a perfect antisymmetrical intuitionistic fuzzy relation.

Transitivity and c-transitivity

Definition 2.2.8. [8, 6] Let’s take o t-conorme, [ t-norme, \ t-norme and p t-conorme.

o We will say that R € IFR(X x X) is transitive if R C;éﬁ RCR.
0

o We will say that R € IFR(X x X) is c-transitive if R C R IR,

o,p

Definition 2.2.9. [23] Let X be a non-empty crisp set and

R = {((x,y),uR(x,y), VR(x7y>>| T,y € X}

be an intuitionistic fuzzy relation on X. Then R is called an intuitionistic fuzzy ordering or a partial
intuitionistic fuzzy order if it is reflexive, transitive and perfect antisymmetrical fuzzy intuitionistic.

Example 2.2.3. Let X = {a,b, c¢,d}. Then the intuitionistic fuzzy relation R defined on X by

R = {((x,y),uR(x,y), VR(xay)>| T,y € X}7

where g and vy, given by the following tables :

LR | a b | ¢ d
a | 1.00.010.0| 045
b 100]|10] 0 | 02
c [00]0.0]1.0] 0.0
d [00]0.0/|00)| 1.0
VR | a b c d

a [ 00]1.0025]|0.3
b 102100]| 05 0.2
c |1.0]1.0| 0.0 | 0.6

is intuitionistic fuzzy ordering on X .

Example 2.2.4. Let m,n € X = {1,2,3,4} and let up, vy defined as folow :

1, if m=n 0,if m=n
pr(m,n)=4¢ 1=24if m<n and vg(m,n) =14 3=, if m<n
0, if m >n, 1,if m>n

The intuitionistic fuzzy relation R on X is an intuitionistic fuzzy ordering.
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Now, we recall the notion of linear or total intuitionistic fuzzy ordering as follows:

Definition 2.2.10. [23] An intuitionistic fuzzy ordering R is linear (or total) on X if for every x,y € X,
we have:
pr(x,y) > 0and vg(z,y) =0

or
pr(y,x) > 0andvg(z,y) =0

Definition 2.2.11. [23] An intuitionistic fuzzy ordered set (X, pug, vg) in which R is linear is called a
linearly intuitionistic fuzzy ordered set or an intuitionistic fuzzy chain.

Conversly, we obtain the following definition of incomparable elements.

Definition 2.2.12. [23|] Let (X, g, vr) be a non-empty intuitionistic fuzzy ordered set and let a, b be
two elements of X. We say that a and b are incomparable in (X, g, vg) if

pr(a,b) =0orvg(a,b) >0

and
wr(b,a) = 0orvg(b,a) > 0.

2.3 Intuitionistic Fuzzy lattices

In this section, we recall the basic definitions and properties of intuitionistic fuzzy lattices,
intuitionistic fuzzy ideals (resp. filter) and characterize the prime intuitionistic fuzzy ideals
(resp. intuitionistic fuzzy filters).

Definition 2.3.1. [2,20] Let L be a lattice and A = {x, pa(x),va(z) | x € L} be an intuitionistic fuzzy
subset of L. Then A is called an intuitionistic fuzzy sublattice of L (IFL, for short), if the following
conditions are satisfied for all z, y € L:

(i) pa(z Uy) = min {pa(

(i) pa(zMy) > min{pa(), pa(y)};
( ( )

(iv) va(rMNy) < max{va(z),va(y)}.

Example 2.3.1. Consider the lattice L of divisors of 15. That is L = {1,3,5,15}. Let A =
{(z, pa(x),va(z))| x € L} be given by:

A=1{(1,05,0.1), (3,0.4,0.5), (5,0.4,0.3), (15,0.7, 0.3)}.

Then Ais an IFL of L.
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Intuitionistic Fuzzy Ideals and Filters on a Lattice

This subsection contains the definitions of intuitionistic fuzzy ideal (resp. filter) on a lattice
was first introduced by Thomas and Nair [20], and a basic characterization of these concepts.

Definition 2.3.2. [20, [15] An intuitionistic fuzzy subset 1 of L is called an intuitionistic fuzzy ideal of
L (IF-ideal, for short), if the following conditions are satisfied for all x, y € L:

(1) pr(zUy) > min{p(2), pr(y)}
(i) pr(x My) = max {pr(x), pr(y)};
(iii) vi(zUy) < max {v(z),vi(y)};
(iv) vi(x Ny) < min{vr(z),vi(y)}.

Example 2.3.2. Comsider the lattice L = {1,2,3,4,6,12} of divisors of 12.  We define
A= {{w, pa(@),va(@))| = € L} by:

A=1{(1,0.7,0.2),(2,0.5,0.5), (3,0.6,0.3), (4,0.4,0.5), (6,0.5,0.5), (12,0.4,0.5) }.
Then it can be easily verified that A is an IF-ideal of L.

Remark 2.3.1. Every IF-ideal of L is an IF-lattice, but the converse in general is not true. Consider the
lattice L = {1, 2,5, 10}. The intuitionistic fuzzy set A of L defined by

A=1{(1,0.5,0.1),(2,0.4,0.3), (5,0.4,0.5), (10,0.7,0.3)}.
Here A is an IF-lattice but not an IF-ideal, because

pa(2) = pa(2Mm10) = 0.4 2 max{pa(2), pa(10)} = 0.7.

Definition 2.3.3. [20,[15] Let L be a lattice and F' = {x, up(x),vp(z) | x € L} bean IFS on L. Then F
is called an intuitionistic fuzzy filter on L (IF-filter, for short), if for all x, y € L, the following conditions
are satisfied:

y) > min {pp(x), nr(y)};

(iti) vp(xUy) < min{ve(z),ve(y)};

(xUy) <
(iv) vp(z My) < max {vp(z),vr(y)}

Example 2.3.3. Consider the lattice L = {1,2,3,4}, with < is the useal order in N. The intuitionistic
fuzzy set F on L defined by:

F ={(1,0.1,0.9), (2,0.3,0.5), (3,0.4,0.3), (4,0.7,0.1) }.
Then it can verified that F is an IF-filter of L.

Proposition 2.3.1. [15] Let L be a lattice, L? be its order-dual lattice and A is an intuitionistic fuzzy
set on L. Then it holds that A is an IF-ideal on L if and only if A is an IF-filter on L% and conversely.
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Proposition 2.3.2. [20, 15] Let L be a lattice, A and B are two intuitionistic fuzzy sets on L. Then it
holds that

(i) if Aand B are two IF-ideals on L, then AN B is an IF-ideal on L;
(ii) if Aand B are two IF-filters on L, then AN B is an IF-filter on L.

Remark 2.3.2. The union of two IF-ideals need not be IF-ideal. Consider the lattice L given in exemple

Let A = {(x, pa(x),va(x))| x € L} is defined by:
A={{1,0.7,0.2), (2,0.5,0.5), (3,0.6,0.3), (4,0.4,0.5), (6,0.5,0.5), (12, 0.4,0.5)},
and B = {(z, pp(x), vp(x))| © € L} is given by:
B = {{1,0.6,0.2), (2,0.6,0.4), (3,0.5,0.5), (4,0.5,0.4), (6,0.4,0.5), (12,0.5,0.5) }.
Here A and B are IF-ideals of L. Also AU B = {(z, paus(2), vaus(z))| x € L} is
{(1,0.7,0.2), (2,0.6,0.4), (3,0.6,0.3), (4,0.5,0.4), (6, 0.5, 0.5), (12, 0.5, 0.5)}.
Here va,p(12) = vaup(3U4) = 0.5 £ max{vaup(3), vaus(4)}. Hence, AU B is not an IF-ideal.

In the following theorem, we provide a basic characterization of IF-ideals on a lattice.

Theorem 2.3.1. [15][19] Let L be a lattice and 1 is an intuitionistic fuzzy set on L. Then it holds that 1
is an IF-ideal on L if and only if the following two conditions are satisfied:

() iz Uy) =min{u(z), u(y)}, forz, y € L;
(ii) vi(x Uy) = max{v(x),n(y)}, forz, y € L.

In the same manner, the following theorem provides a basic characterization of IF-filters on
a lattice.

Theorem 2.3.2. [[15[19] Let L be a lattice and ¥ is an intuitionistic fuzzy set on L. Then it holds that
F is an intuitionistic fuzzy filter on L if and only if the following conditions are satisfied:

(i) pr(zMy) = min{ur(z), pr(y)}, forz, y € L;
(ii) vp(xMy) = max{vp(x),vr(y)}, forz, y € L.

Proposition 2.3.3. [15] 19 Let L be a lattice and A is an intuitionistic fuzzy set on L. Then it holds
that:

(i) if Ais IF-ideal, then its support Supp(A) is an ideal on L;
(ii) if A is IF-filter, then its support Supp(A) is a filter on L.

Proof. (i) Suppose that A is an IF-ideal. We show that Supp(A) is an ideal on L,
we have:
Supp(A) ={z € X | pa(z) > 00r (ua(z) =0and va(z) < 1)}.

a) Let x € Supp(A) and y < x. We show that y € Supp(A).
There are two cases to consider :
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case1 (y < xand pa(x) > 0)
Since y < z, then z LIy = z. This implies that pa(x Uy) = pa(x) > 0 and from Theorem

pa(z Uy) = min{pa(z), na(y)}. Hence pa(y) > 0. Thus, y € Supp(A).

case2 (y < xand (pa(x) =0and vu(x) < 1)
Sincey < x, then x Uy = x. then pa(z Uy) = pa(z) = 0and va(x Uy) = va(z) < 1. From

Theorem 2.3.1) pua(x Uy) = min{ua(z), pa(y)} = 0 and v4(z Uy) = max{va(x),va(y)} < 1.
Hence, pa(y) > 0or (ua(y) = 0and va(y) < 1). Thus, y € Supp(A).

b) Let z,y € Supp(A). We show that z Uy € Supp(A).
There are four cases to consider:

case1 pia(x) > 0and pa(y) >0

We have A is an [F-ideal, then from Theore then p(xUy) = min{ua(x), pa(y)} > 0.
Hence, z Uy € Supp(A).

case 2 (pua(xr) =0and va(z) < 1)and (ua(y) =0and v4(y) < 1)
From Theore it follows that s (zUy) = 0 and v4(zUy) < 1. Then, zUy € Supp(A).

case 3 pia(x) > 0and (ua(y) =0and va(y) < 1)
From Theore it follows that pa(zUy) = 0 and v4(zUy) < 1. Then, zUy € Supp(A).

case4 (pa(x) =0and vy(z) <1)and va(y) > 0.
is analogous to the third case. Hence, x Uy € Supp(A).

ii) Follows from Propositio and (i).

Prime Intuitionistic Fuzzy Ideals (resp. Filters) on a Lattice
In this subsection, we introduce the notion of a prime IF-ideals (resp. IF-filters) on a lattice

Definition 2.3.4. [15][19] An IF-ideal 1on a lattice L is called a prime IF-ideal if, for any x, y € L,

pr(eMNy) <max {pr(x), 1ur(y)}

and
vi(z My) > min{v;(z), vi(y)} .

Definition 2.3.5. [[15,[19] An IF-filter ¥ on a lattice L is called a prime IF-filter if for z, y € L,

pr(rUy) < max{up(r), pr(y)}

and
vr(zUy) > min{vr(z), ve(y)

A combination of Theorem and Definition leads to the following characterization
of prime IF-ideals.

Proposition 2.3.4. [[15, 19] Let L be a lattice and 1 is an intuitionistic fuzzy set on L. Then, it holds
that 1 is a prime IF-ideal on L if and only if the following conditions hold:
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(i) pa(x Uy) = min{p(x), pa(y)}, forany v,y € L;
(i) pu(z My) = max{u(z), pu(y)}, forany x,y € L;
(iii) vi(z Uy) = max{w(z), n(y)}, forany z,y € L;
(iv) v(z Ny) = min{w(z), n(y)}, forany z,y € L.

Similarly, Theorem and Definition lead to the following characterization of prime
IF-filters.

Proposition 2.3.5. [15]19] Let L be a lattice and ¥ is an intuitionistic fuzzy set on L. Then, it holds
that ¥ is a prime IF-filter on L if and only if the following conditions hold:

(i) pr(zUy) = max{pr(z), pr(y)}, forany z,y € L;
(i) pe(z My) = min{up(x), pe(y)}, forany z,y € L;
(iii) vp(z Uy) = min{vp(z), ve(y)}, forany z,y € L:
(iv) vp(z My) = max{vp(z), ve(y)}, forany z, y € L.

Proposition 2.3.6. [15] [19] Let L be a lattice and A is an intuitionistic fuzzy set on L. Then it holds
that:

(i) if Ais a prime IF-ideal, then its support Supp(A) is a prime ideal on L;

(ii) if Ais a prime IF-filter, then its support Supp(A) is a prime filter on L.
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CHAPTER 3

MANY-VALUED LOGIC AND
INTUITIONISTIC FUZZY SETS

In this chapter, we will study the representation theory of involutive interval-valued
PLukasiewicz-Moisil Algebras by using the notion of intuitionistic fuzzy sets.

Representation of Lukasiewicz Algebra by Intuitionistic Fuzzy
sets

Notation 3.0.1. We note by J the unit interval [0,1] and J° = J — {0}, J' = J — {1} and J*! =
J—{0,1}.

3.1 Lukasiewicz-MoisiL algebra

Definition 3.1.1. [1] A many-valued Lukasiewicz-Moisil algebra is a structure (L, J°, (0n)ac.o) veri-
fying the following axioms:

1. L is a bounded distributive lattice,
2. Forall x of L, ¢, (x) belongs to the Boolean algebra,

3. (Ya)aco is a family of morphisms: L — C(L) preserving 0 and 1, where C'(L) is the comple-
mented elements of L,

4. l_fOé S /B/ then @ﬁ S 9004/
5. forany a, B of J°, poa = P,
6. if po(x) = @aly) forall aof J°, then x = y (principal Moisil determination).

Definition 3.1.2 (Homomorphism of two interval-valued Lukasiewicz-Moisil algebras). [1] Two
interval-valued tukasiewicz-Moisil algebras (L, J°, (0a)acyo), (L', J°, (©,)aco) are said to be homo-
morphic if there exists a morphism f : L — L' satisfying

fogpa:go;of,forallozéJO.
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3.2 ‘Lukasiewicz-Moisil algebra with involution

Definition 3.2.1. [1An interval-valued Lukasiewicz-Moisil algebra with involution is the structure
(L, J° (¢a)acso, (Va)acsr,n, N) verifying the following axioms:

1. (L, J° (pa)acso) is an interval-valued Fukasiewicz-Moisil,
n is a decreasing involution on J,

N is a decreasing involution on L such that if v € C'(L), then N(z) is the complement of x,

W

(Ya)acst is a family of applications of L in C(L) verifying

(07 S ﬁ — w,@ § 7%;

forall a € J°, oo N = Nipyq,

(we can show that 1, is an endomorphism L — C(L) and 1, o 15 = 13).

Definition 3.2.2 (Homomorphism of two involutive interval-valued Lukasiewicz-Moisil alge-
bras). [1Il Two involutive interval-valued Lukasiewicz-Moisil algebras

<L7 J07 (QOQ)QEJ(J? (wa)aeJlana N)7

(L/v JO: (90;)(16707 <w/a>a€J1>n7 N/)

are said to be homomorphic if there exists a morphism f : L — L' satisfying
(i) fowa=1,0f, foralla € J°
(i) foN =N of.

In order to show that the set I F'(X) of all intuitionistic fuzzy subsets over X admits a struc-
ture of an involutive interval-valued Lukasiewicz-Moisil algebra, we define the intuitionistic
weak a-cut and the intuitionistic strong a-cut as follow:

1. foreach « € J°, the intuitionistic weak a-cut as a mapping N,: I F(X) — P(X) defined

by
Noy(A) ={r € X | pa(xr) > aand va(z) < na}

2. for each a € J', the intuitionistic strong a-cut as a mapping N.: [F(X) — P(X)
defined by

’

N, (A) ={z € X | pa(x) > aand va(z) < na}

«

with n is the unary, involutive, order-reversing operator on .J.
The intuitionistic fuzzy complementation is the order-reversing involution 72 on / F'(X') defined,
forall A € IF(X) by

{(x, paa(z), via(x)) |z € X}
= {(z,va(x), pa(z)) |z € X}.
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3.3 Representation theorems

In this section, we will study the relationships between the involutive Lukasiewicz-Moisil alge-
bra and the algebra of intuitionistic fuzzy sets.

Lemma 3.3.1. [[1] The families of maps (N, | € J°) and (N, | a € J*') satisfy the following conditions:

1.

5.
6.

No(0) =0, No(X) = X,

2. ifa < B, then Ny < N,,
3.
4. if A, B € IF(X) and for every o € J°, N,(A) = N,(B), then A = B (Moisil’s determination

NaONﬂzNg,

principle),
N, < N,, forall a € J*,
N.n =nN,

no/

forall o € J°.

Proof.

1.

2.

For all o € J%!, we have
N,(0) ={z € X | pg(x) > aand vy(x) < na}
={re X|0>aand 1 < na}
= 0.

No(X)={z € X | ux(z) > aand vx(x) < na}
={reX|1>aand0 < na}
= X.
Let o, 8 € J% such that a < 5. Then we have

Ng(A) ={zx € X | pa(z) > fand va(x) < np}
C{zr e X |pa(z) > aand va(z) < na}
= N,(A).
Hence, N3 < N,.

. We show that N, o N3 = Nj,

we have N, o Ng(A) = N,(Ns(A)) = Ns(A), because Ng(A) € P(X).

. Suppose that N, (A) = N,(B) for all « € J° and we show that A = B.

Let
No(A) ={r € X | pa(xr) > aand va(z) < na}

and
Nuo(B) ={z € X | up(x) > aand vp(z) < na},

forall o € J°, N,(A) = N,(B), then

{r € X|pa(z) > aand vy(z) <na} ={r € X|pup(z) > aand vg(z) < na}
Hence, pia(x) = up(x) and va(z) = vg(x) forall x € X
Thus, A = B.
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5. For all o € J%!, we have

N, (A) ={z € X | pa(z) > aand va(z) < na}
C{r e X |pa(x) > aand va(z) < na}
= N4 (A).

Hence, N, < N, for every a € JO.

6. We show that N,7 = AN, for all a € J°
for all o € J°, we have

Non(A) = {x € X | paa(x)
={z € X | npa(x)

Let 72(A) = A the complement of A, then

AN (A) = ifz € X | pa(z)

=n{z € X | pa(z)
={zr € X |pa(r) <naand va(z) > o}
= N,n(A),

> naand v4(z) < nna}
()

> no and vy (x

for every a € J°.

The structure (IF(X),U,N, 0, X) of all intuitionistic fuzzy subsets is a distributive lattice.
For any sublattice F' of IF'(X), containing () and X, closed under the intuitionistic fuzzy com-
plementation 71, closed under the intuitionistic weak a-cut N, for all « € J°, and under the
intuitionistic strong a-cut N, , for all a € J', the sequence (F, J, (Na)aco; (N,)acs1, ) is called
an involutive interval-valued intuitionistic fuzzy algebra.

Lemma 3.3.2. [1] Let (L, J, (¢a)acso, (Va)acst,n, N) be an involutive interval-valued fukasiewicz-
Moisil algebra and U be an ultrafilter of C(L).Then

sup{a € J™ | po(z) € U} = sup{a € JO! | ¢, (x) € U}.

Theorem 3.3.1. [1]] An involutive interval-valued intuitionistic fuzzy algebra

’

(F, J, (Na)acso, (No)aesr; 0, 1t)
is an involutive interval-valued Lukasiewicz-Moisil algebra.
proof.
1. (IF(X),J% (Nu)acso) is an interval-valued Lukasiewicz-Moisil algebra,

2. n is a decreasing involution on J (for all & € J, nna = 1 — (1 — @) = a and for any
a, B € J, a < wehave na > np),
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3. We show that 7 is a decreasing involution on I F'(X)
let A € IF(X), then

Ai(A) = i{ (@, va(e), pa()) | 2 € X}
— ({2, pal2),va(2)) | 2 € X}
= A.

Let A, Be IF(X),if AC B, thenwe have jus < pugand vy < vp
Hence, npp < nus and nvg < nvy. Thus, n(B) C 7(A)(decreasing).

4. Easily follows from lemma3.3.1]

Theorem 3.3.2. [1]] Any involutive Lukasiewicz-Moisil algebra

(La J, (@a)aeﬂ% (wa)aeﬂa n, N)

can be embedded in the Lukasiewicz-Moisil of an involutive interval-valued intuitionistic fuzzy algebra

!

(‘[F(X)7 J7 (NCY)QGJO7 (Na>a€J1 ) 10, ﬁ)a
where X is the set of all ultrafilters of C'(L).
Proof.

We show that f is a monomorphism of involutive Lukasiewicz-Moisil algebras. Firstly, we
prove that f is a morphisme of lattice. Secondly, we show the following two conditions are
verified:

(i) fops= N,o f, forevery a € J°,
(i) foN=ro f.
Let U be an ultrafilter of C'(L) and f be a map from L to [ F(X) defined by:
fl@) ={U € X [{U, py)(U), V@) (U))},

where
50 (U) = sup{a € J | palz) € U},

and
Vi) (U) = sup{a € J° | Yna() ¢ U}

1. wehave f(z) ={U € X | (U, puy(2)(U), v§(z)(U)) }, then
@ f(0) ={U € X | (U, ps0)(U), v40)(U))}
with

w0 (U) = sup{a € J° | . (0) € U}
=sup{a € J°| 0 € U} (because ¢,, is a morphisme of L — C(L))
= sup )
= 0.
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2.

and

vio)(U) = sup{a € J° | $na(0) ¢ U}
= sup{a € J*| 0 ¢ U} (because 1, is an endomorphisme of L — C(L))
= sup J°
= 1.

Hence, f(0) = {U € X | (U,0,1)} =0
(b) f(1) ={U € X [ (U, 1) (U), v¢1)(U)) } with

pp)(U) = sup{a € J° | (1) € U}
=sup{a € J*|1 € U}
= sup J*
= 1.

and

v (U) = sup{a € J° | ¢na(1) ¢ U}
=sup{a € J*|1¢ U}

sup )

= 0.

Hence, f(1) ={U € X | (U,1,0)} = X.
(@) Wehave f(z Vy) = {U € X | (U, tt@vy)(U), Vs(ovy) (U)) }

where

tiavy)(U) = sup{a € J° | pa(z vV y) € U}
= sup{a € J? | pa(z) V ¢a(y) € U} (because ¢, is a morphisme of L — C(L))
=sup{a € J? | p.(z) € UV pu(y) € U}
=sup{a € J° | p,(z) € U} Vsup{a € J'| po(y) € U}
)(

= @) (U) V ppy (U),

and

ViGevy) (U) = sup{a € J° [ ¢na(z V y) ¢ U}
= sup{a € J° | ¥na(®) V ¥na(y) € U} (because v, is an endomorphisme of L —s C/(L
= sup{a € J? | Yna(®) € UAYna(y) € U}
= sup{a € J° | ¢na(z) ¢ U} Asupfa € J° [ ¢naly) ¢ U}
= Vi) (U) A vy (U).

Then, f(z Vy) = f(z) U f(y)
(b) We have
fxny) ={U € X [ (U, tyany)(U) Vyay) (U}
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where

Liany(U) = sup{a € J° | po(z Ay) € U}
= sup{a € J%| pa(r) A pa(y) € U}
ceUANpa(y) €U}
c U} Asup{a € J? | pa(y) € U}

~— — ~—

(
(
=sup{a € JO| p.(
=sup{a € J?| pu(x
)(

U

~—

= @) (U) A piyy

9

and

Viny)(U) = sup{a € J° | na(z Ay) ¢ U}
= sup{a € J° | Yo (@) A Pna(y) ¢ U}
= sup{a € J? | na(@) €UV Ynaly) € U
= sup{a € J° | Yya(@) ¢ U} Vsup{a € J° [ ¢na(y) ¢ U}
= V@) (U) V Vi) (U).

Then, f(z Ay) = f(z) N f(y).

Hence, f is a morhpism of lattice.

3. Now, we show that f is injective
forz, y € L, we have f(x) = f(y) implies that

{U e X[ (U, pia)(U),viw)(U))} ={U € X | (U, piyy)(U), vy (U)) }-

From the definition of equal intuitionistic fuzzy subsets we obtain

frf@)(U) = p) (U)
and
Vi) (U) = vy (U)

for every U € X.
Thus,
sup{a € J° | po(r) € U} = sup{a € J| pa(y) € U}.

This implies that:
{ae ]| ga(z) e U} ={ae J|ealy) € U}.

Hence, for all & € J%, ¢, (x) € U if and only if ¢, (y) € U,
from the Moisil’s determination principle, we obtain ¢, (z) = ¢, (y) for all « € J° and
then x = y, thus f is injective.

Hence, f is a monomorphism of lattice.

The second step is to show that

1. fop, = N,o f,forevery a € J°,
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2. foN =nof.
(1) fo@a:Naof

fowa(z) = fpa(r))
={U € X | (U, tt4(0u@)(U); Vs(pu(en (U)) }, foralla € J°.

with

[1f(pa(z)(U) = sup{B € J° | ps(pa(z)) € U}
= sup{f € J° | pa(x) € U} (because pg(pa(r)) = @a(r))

_{0 if ¢alz)EU
1 if @a(x)eU.

= 0(pa(2)),

where o is the stone monomorphisme. Moreover, we have

Vi(pa(a)(U) =sup{B € J° | Yys(pa(z)) ¢ U}
=sup{ € J° | pa(z) ¢ U}

:{ L if walz) ¢ U
0 if palx)elU.

= no(pa(7)),

and
fowalr)={U € X | (U, 0(pa(x)),no(pa(z)))}, foralla € J°.
Therefore,
Naoo f(x) = Na(f(2))
={U € X | ty()(U) = e and vy (U) < nar}
={UeX|ae{Be ) |ps(x) eUtanda ¢ {8 € J|us(z) ¢ Ut}
={U € X | (U,0(¢a(2)),no(¢a(x)))}
= fowa(z).

Thus, f o ¢, = N, o f.
(2) Weshow that fo N =no f,

we have
foN(z)=f(N(z))
={U € X (U, by (U), vy vy (U))
with
pyna)(U) = supfa € J° | po(Nz) € U}
= sup{a € J° | Npo(z) € U}(we have ¢, (Nx) = Nibo(z))
= sup{a € J* | Yna(z) ¢ U}
= Vi) (U),
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and

Vina)(U) = sup{a € J° [ hna(Nz) ¢ U}

sup{a € J*| Noo(z) ¢ U}(we have 1,,,(Nx) = Ny (z))
=sup{a € J° | p.(z) € U}

pa)(U)-

Then, f(N(z)) = {U € X | (U, @) (U), pyay(U)) }

and we have

o f(z) =n(f(x))
=n{U € X | (U, py)(U), vy (U)) }
={U € X [(U,vp)(U), y()(U))}
= f(N(z)).

Hence, fo N =no f

Thus, we have f is a monomorphism of involutive Lukasiewicz-Moisil algebras.
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Conclusion

In this memory, we have viewed the concept of intuitionistic fuzzy sets as a generalization
of the notion of fuzzy sets. We have managed to study some of its properties, operators and
relations over intuitionistic fuzzy sets, intuitionistic fuzzy lattices, intuitionistic fuzzy ideals
and intuitionistic fuzzy filters. Moreover, we have presented one of the applications of this set
on the theory of the Lukasiewicz-Moisil algebras.

39



Bibliography

[1] A. Amroune, B. Davvaz, Many valued Logic and Intuitionistic Fuzzy Sets: a Stone
theorem generalization, Honam Mathematical, 3 (2015), 269-279.

[2] A. Amroune, B. Ziane, More on Intuitionistic Fuzzy sublattices and their ideals, Facta
Universitatis, Series: Mathematics and informatics, 5 (2019), 871-888.

[3] K. T. Atanassov, Intuitionistic Fuzzy Sets, Springer-Verlag, Heidelberg/New York,
(1999).

[4] K. T. Atanassov, On Intuitionistic Fuzzy Sets Theory, Springer, Berlin, (2012).

[5] B. Bede, Mathematics of Fuzzy Sets and Fuzzy Logic, Springer-Verlag, Heidel-
berg/New York, (2013).

[6] P.Burillo, H. Bustince, Intuitionistic fuzzy relations (Part I), Mathware and Soft Com-
puting, 2 (1995), 5-38.

[7] P. Burillo, H. Bustince, Intuitionistic fuzzy relations (Part II), Effect of Atanassov’s
operators on the properties of the intuitionistic fuzzy relations, Mathware and Soft
Computing, 2 (1995), 117-148.

[8] H. Bustince and P. Burillo, Structures on intuitionistic fuzzy relations, Fuzzy Sets and
Systems 78 (1996), 293-303.

[9] L Chon, Fuzzy partial order relations and fuzzy lattices, Korean Journal Mathematics,
17 (4) (2009), 361-374.

[10] B. A. Davey, H. A. Priestley, Introduction to Lattices and Order, Second Edition, Cam-
bridge University Press, Cambridge, (2002).

[11] J. A. Goguen, L-fuzzy sets, ] Math and Application, 18 (1967), 145-174.

40



[12] E.P. Klement, R. Mesiar and E. Pap Triangular norms. Springer Science and Business
Media, 8 (2013).

[13] K.H. Lee, First Course on Fuzzy Theory and Applications, Advances in Intelligent
and Soft Computing, Springer-Verlag Berlin Heidelberg, 27 (2004).

[14] B.B. Meunier, La logique floue et ses application, Addison Wesley, Paris, 1995.

[15] S. Milles, L. Zedam, E. Rak, Characterizations of intuitionistic fuzzy ideals and filters
based on lattice operations, Journal of Fuzzy Set-Valued Analysis, 2 (2017), 143-159.

[16] W. Pedrycz, F. Gomide, An introduction to fuzzy sets, Analysis and Deeign, A Brad-
ford Book, Cambbridge, London, England, (1998).

[17] S. Roman, Lattices and ordered sets. Springer Science+Business Media, New York,
(2008).

[18] S. Sahoo, M. Pal, Different types of products on intuitionistic fuzzy graphs, Natural
Science and Engineering, 17 (2015), 87-96.

[19] Soheyb Milles (2017). On The Intuitionistic Fuzzy Ordered Sets, Doctoral thesis, De-
partment of Mathematics, Med Boudiaf University of Msila, Algeria.

[20] K. V.Thomas, L. S. Nair, Intuitionistic fuzzy sublattices and ideals, Fuzzy Information
and Engineering, 3 (2011), 321-331.

[21] L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965), 338-353.

[22] L. A. Zadeh, Similarity relations and fuzzy orderings, Information sciences, 3 (1971),
177-200.

[23] L. Zedam, A. Amroune, B. Davvaz, Szpilrajn theorem for intuitionistic fuzzy order-
ings, Annals of Fuzzy Mathematics and Informatics, 9 (2015), 703-718.

[24] L.A. Zadeh, Similarity relations and fuzzy orderings, Information sciences, 3 (1971),
177-200.

41



	Introduction
	Generalities on Fuzzy Subsets
	Classical Sets
	Crisp relations
	Classical lattices
	Lattice
	 Ideals and Filters in a Lattice

	Fuzzy Sets
	Operations on Fuzzy subsets
	Characteristics of Fuzzy subset
	The  -cut of fuzzy sets
	Cartesian Product on Fuzzy Set
	Fuzzy Relations and Composition
	Types of fuzzy Relations

	Triangular Norms and Conorms
	Lattice Valued Fuzzy Sets (L-Fuzzy sets)

	 Generalities on Intuitionistic Fuzzy Subsets
	Intuitionistic Fuzzy Sets
	Operations on Intuitionistic Fuzzy sets
	Intuitionistic Fuzzy Sets of a Certain Level
	Operators over Intuitionistic Fuzzy Sets
	Cartesian Product on Intuitionistic Fuzzy Set

	Intuitionistic Fuzzy Relations
	Operations on Intuitionistic Fuzzy Relations
	Composition of Intuitionistic Fuzzy Relations
	Intuitionistic Fuzzy Binary Relations 

	Intuitionistic Fuzzy lattices
	 Intuitionistic Fuzzy Ideals and Filters on a Lattice
	Prime Intuitionistic Fuzzy Ideals (resp. Filters) on a Lattice


	Many-Valued logic and Intuitionistic Fuzzy Sets
	Łukasiewicz-MoisiL algebra
	Łukasiewicz-Moisil algebra with involution
	Representation theorems
	Conclusion
	Bibliography


