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Notation

We introduce the necessary notations and definitions that are used

N
N*

Set of natural numbers.

Set of nonzero natural numbers.

Set of real numbers.

Set of positive real numbers.

Euclidean space of dimension N.

Open of RY equipped with the measure of Lebesgue.

Defined measurable function of 2 in R.

; — (Ou Ou Ou
gradient of u, Vu = (6961, s C%N).
. 2 2 2
Laplacian of u, Au = —gx%‘ + %g +--+ 738%% .

Space of continuous functions on ).

space of continuous functions on €2 whose partial derivatives of order k are continuous on 2,
The set of differentiable functions and the derivative is continuous.

space C®(Q) = Ny, C*(Q).

Space of indefinitely differentiable functions in €2, with compact support in (2.

Sobolev space of functions of LP(€2) whose derivatives partial in the sense of first-order distri
The closing of D(Q) in W'?(Q), W, ?(Q) = mww

Almost everywhere.

Weakly converges.

Converges strongly.

the scalar product.

u € L*(Q) et Vu € L*(Q).
1s Dy .
E' is continuously injected into F'.

FE is injected in a compact way into F.

NP

N—-p-°

Hoélder’s conjugate of p, p' = ﬁ, ifp>landp =0 if p=1.

The sobolev exponent, such that p* =



Introduction

The objective of our thesis is to apply Nehari’s method, this method introduce a new
approach to finding solutions for a class of semilinears elliptic problems which is based on
constrained minimization, this approach is slightly more complicated than direct minimization
on Spheres.

Nehari manifold goes back to Nehari’s work [17], [I1&]. The most important articles that used
this method [0, 22, 14, 9, 12].

To approach this class of problem, today, we use some different classes of approaches, variational
methods (for problems in variational form) and critical point theory, this two techniques are
very useful and popular for proving the existence of solutions to boundary value problems in
a variety of contexts, including ordinary differential equations, differential equations partial,
impulsive problems, etc.

In the first chapter, we have collected some of the concepts that we need to study the problems
in the next two chapters, and we mentioned the concept of critical points and some spaces such
as Lebegue space and Sobolev space, and some related properties.

In the second chapter, we have presented two methods Sphere of LP(€2) method and Nehari
Manifold, to prove the existence of a nontrivial solution of superlinear problem, and apply them

to a problem of the following form
—Au+ q(x)u = [ulP?u in Q,
u=>0 on Of.

and p a real number such that
2N

2<p< 2t = N9
this kind of problems their associated functionals are generally unbounded from below and they
present a lack of convexity or concavity properties.
for this problem we are going to use the minimization techniques: minimization on Sphere by
using the set, for every g > 0
S ={uem@ | [lupd=s]
3 Q
we minimize the function whose critical points are the (weak) solution on > 4.

The second technique is minimizing on Nehari Manifold by using the set

N ={ueH)Q) | u#0, (I'(),u)=0},

6
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the minimization on Nehari Manifold can be extended to cover more general problems, such as
the perturbed problem that has a fixed function h € L?(Q) and p €]2, 2*[, the Dirichlet problem

—Au+ q(z)u = [ulP?u + h(z) in Q,
u=70 on OfL.

in this chapter by considering h is small we will prove that this problem admits at least two
nontrivial solutions.

For the third chapter, We study semilinear elliptic problem with Neumann condition, that were
presented in the article [22], posted in (2013), let the following form

—Au+u=|ulf?u in Q,

Gu — Au|t=2u on 0N.

Using the Nehari manifold and fibering maps, we prove the existence theorem of this nonlinear

boundary problem. Here the exponents p and ¢ satisfy

l<g<2<p< 2= 2N
q p = N_o

This is a developed model of some previously studied models of this format in the references

[ ) ’ ) ’ ]




Chapter 1

Preliminary

1.1 Functional spaces

1.1.1 L? Spaces

Definition 1.1 [//.Let p € R with 1 < p < 0o, we set
LP(Q) = {f : Q — RY; fis measurable and /Q|f ()P dx < oo}
with 1
1w = 171, = | [ 1f @ da] "
Definition 1.2 [/]. We set
L>*(Q) = {f 1 Q — RY; fis measurable and |f (z)| < ¢ a.e.on Q},

with
[fllzee = I flloo = inf{c: |f (2)] < c a.eon O},

with ¢ s a constant.

Theorem 1.1 [//.L7(Q) is a Banach space, for any 1 < p < oo, and reflexive for 1 < p < oo,
and separable for 1 < p < oco.

Notation 1.2 .Let 1 < p < oo, we denote by p' the conjugate exponent

Theorem 1.3 (Ho6lder’s inequality) [//.Assume that f € LP and g € LP with 1 < p < oo,
then fg € L' and

[ 19l < 11£110 ol
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1.1.2  W'?(Q) Spaces

Let Q € RY be an open set, and let p € R with 1 < p < oo.

Definition 1.3 [/]. We denote by D(2) the set of function of class C*(Q2) with support compact
include in Q. The Sobolev space WP (Q) is defined by

WP (Q) = {u € L7(Q), 3g; € LP(Q)such that:/ w2 4y — —/ gipde, Yo € D(Q), Vi = 1,2, N} .
Q €T; Q

0

We set
HY(Q) = W2(Q).
For uw € W'P(Q) we set gTZ = ¢;, and we write

ou Ou ou

V= grad =g oy B

The space WP is equipped with the norm |[ullyrr = ||ullr + [|Vul| p, or sometimes with the
1
equivalent norm [ullyn.r = (Il + Va5 if (1< p < o0).

The space HY(Q) is equipped with the scalar product

/uvd:c—l—/ VuVudz.
Q Q

The associated norm ||ul| ;1 = (|lull72 + ||Vu||%2)% is equivalent to the W2 norm.

Proposition 1.1 [/JW!?(Q) is a Banach space for 1 < p < oo, reflexive for 1 < p < oo, and
separable for 1 < p < oco.

In particular HY(Q) is reflexive, separable and Hilbert space.

1.1.3 Sobolev Injections and Inequalities
Let (E,||.|lz), (F, ||| ) Banach spaces

Notation 1.4

1. F is injected continuously into F', means that the canonical injection j : £ — F' is

continuous i.e, 3 ¢ > 0,Vz € E : ||z|| < c¢||z| 5z, and we denote by E — F.

2. F isinjected in compact into F' means that the canonical injection 5 : E — F'is compact
i.e for all sequence bounded u, in E we can extract subsequence u,; convergent in F

and we denote by E — . F.

If 1 < p < oo, the sobolev exponent of p defined by p* = 22 or 1% =

_ 1
N-—p N"*

D=

Theorem 1.5 [/].Let 1 < p < oo, we suppose that 0 is on open set of class C' a bounded
frontier, and we take Q@ = RY

1. WhP(Q) — LIYQ) Vqe[l,p] if p<N.

9
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2. WiP(Q) — L1(Q) Vqé€ [p,oo] if p=N.
5. WP(Q) = L2(Q) if p> N.

Theorem 1.6 (Rellich-Kondrachon) [//.Let Q C RY be a bounded domain of class c*

1. WP(Q) =, LY(Q) Vqe[lp*] if p<N.
2. WIP(Q) —. LY(Q) Vq € [poo| if p=N.

5. W) cc(Q) if p>N.

1.1.4 W,”(Q) Space
Definition 1.4 .Let 1 < p < oo, Wy ? means the closing of D(Q) in WP, we notice

werw) = et

— {uewl'P(Q):u:Osurﬁﬂ},

and

Hy(Q) = W5 ().

The space Wol'p(Q) provided with norm induced by WP, H} is a Hilbert space for the scalar
product of H' we put ||uHH3 = ||u|l.

Remark 1.1 .when Q =R, we know that D(RY) is dense in WP(RY), and there for
WP (RY) = Wr(RY).

Proposition 1.2 (Poincaré’s inequality) [//.Let Q@ C RY on open set, Then there exists a

constant C such that
1.
Hunl-P(Q) <c HVUHLP(Q) Vu € Wy ().

In other words, on Wy, the quantity HVuHLp(Q) is a norm equivalent to the WP norm.
Theorem 1.7 (Young’s inequality) . Fora,b >0 and p,q > 1 such that % +% =1 we have

1 1
ab < —aP + =b1.
b q

1.2 Differentiability of Functionals and Critical Points

In what follows, we introduce some notion of derivatives for functions defined on Banach spaces,

we start with the directional derivative.

10
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1.2.1 Derivative in the sense of Gateau

Definition 1.5 .Let E be a Banach space, 2 C E an open set, and let I : Q0 — R a functional,
we say that I is ad differentiable in the sense of Gateau (G-differentiable) at u € Q, if there
erists A € E' (A linear and continuous), denoted by Ij,(u) such that, for all v € E, where

I(u+ tv) ezists for t > 0 small enough, the directional derivative DI(u) exists i.e:

I(u+tv) — I(u)

lim
t—0

= (4,v)
if I is differentiable in the sense of Gateau in u, there exists only one verified linear functional.

Example 1.1 .Let I : LP(Q) — R, I(u) = [o|ulPdz. I is G-differentiable and we have
(IL(u),v) = p [q|ulP2uvdz, indeed, let x € Q, t sufficient small fized and we define g,.,(s) =
lu+tv|”. s €0,t] let gy, : [0,t] = R, we have g, is continuous on the closed interval [0, 1]
and differentiable on the interval open ]0,t[, then according to the mean value theorem, there
exists a real ¢; €]0,t[ and when t — 0, we have ¢; — 0
. |u+tolP —|ulP
lim

t—0 t

= lim plu+ P (u + cv)v
ct—0

= pluffuv.
According to Lebesgue’s convergence theorem, we have

(I'(u),v) :p/Q lulP~?uvdz.

and we define A: LP — R
v— A(v) = p/ lu|P~ 2uvdw
Q

we prove that A € (LP(Q))' = LP (), i.e A is linear and continuous
A is linear, in effect, let vi,vy € LP(Q) and let a.5 € R

Alavy + Pvy) = p/Q ]u|p_2u(owl + Pug)dx
= P[/Q |U|p_2U01U1dZU+/Q|U|p_2uﬁvgd:p]

= ap [ ful2uvids + 6p [ Jul? uvnds
Q Q
= aA(vy) + BA(vy).

A is linear. A is continuous, in effect, let u,v € LP())

|p/ﬂ|u|p_2uvdx| < p/Q|u|p_1|v|dx
< ([ [l dey ([ ey’
o Q Q
< p—1

(-1 g / Pdr) b
p( ] Jul )% ([ Jvlda)

-1
[l o]l -

Then A is a continuous, so the function is G-differentiable.

11
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1.2.2 Derivative in the sense of Frechet

Definition 1.6 .Let E be a Banach space ,£2 C E an open set and let I : Q@ — R a functional,
we say that I is ad differentiable in the sense of Frechet, at u € Q, if there exists A € E' such

“ I(u+tv) — I(v) — Av

1m
Ioli—0 o]

=0

I(u+tv) — I(u) = Av + o(||v]])-

if I is differentiable, then A is unique and we denote I'(u) = A, the set of differentiable function,
we will be denote C*(QL.R).

Proposition 1.3 .Suppose that 2 C E is on open set, such that I G-differentiable in Q and
that 1(, is continuous at Q € E, then I is also differentiable at u, and of cours I, = I'(u).

Remark 1.2 .The importance of Proposition 1.3 reside in the fact that it is often technically
easier to calculate the derivative in the sense of Gateau an then to prove that it is continuous,

rather than to directly prove the differentiability in the sense of Frechet.

Exercice 1.8 .We prove that the function J : L*(]0,1]) — R (p > 2) and by using Holder
inequality we get

1
u— J(u) :/ lulPda.
0

is a Frechet differentiable on L*(]0,1]).
we already prove that J is G-differentiable, with

Jo LP(Q) — (LP(Q) = L1(Q)
u— Ji(u): LP(Q) = R
1
v — (J'(u),v) :p/ lulP~tuvdr
0
it remains to prove that Jf, 1 LP(Q2) — (LP(R2)) = L9(Q2)
u — Jg(u)

1S continuous.
Let (uy,) C LP(Q2) such as u, — u in LP(Q2) we prove that J;(u,) — Ji(uw) in (LP(2))

176 (un) = Je (W)l oy = sup [(JG(un) = Jo(u), v)]
veELP(Q)

let v e LP(QY), such as ||v||;, = 1, we have

| (Ja(un) = Jo(u)v) | = [ {(Jg(un), v) = (Jg(u),v) |
= p|/0 ‘Un|p_2unvdl’—/0 |u|P~2uvda|

1 1
< Bl a2 = ful 2l da] ([ oda)s.

12
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We pose tn = |tn | > tn, u = |[u|’ "> u, we know that u, — u in LP(0,1), there is a subsequence
Upk = Uy, Such that u,(z) — u(z) in |0, 1].

moreover there exists g € LY such that

jun(2)| < g(x) p.pin]0,1[.

$0
(@) < (@) € L7

according to u, — w in Ly we recall that ||Jg(un) — J'(W)|| < Jo [unl??up — [ufP~?udz — 0

and then limy, 4o || Je:(un) — J' (W) Loy =0

as J is G-differentiable and J, is continuous, so J is Frechet differentiable and Ji; = J' .

1.2.3 Ciritical points

Definition 1.7 [/5].Let Q an open set of Banach space E, suppose that I € C1(QL.R), we say
that u € ) is critical point of I, if
I'(u) =0

if u is not critical point, then we say that u is reqular point of I.
if c € R, then we say that ¢ is a critical value of I, if there exists u € €0 such as

I(u) =c and I'(u) = 0.

if ¢ is not a critical value, then c is said to be a reqular value of I.

1.3 Some Theorems used

Definition 1.8 [//(Minimizing sequence). A minimizing sequence of a functional J : E —
| — 00, +00] is a sequence (uy,), such that

lim J(u,) = inf J(u).

n—>-+00 uck
Definition 1.9 Let J: E — R be a functional, we say that J is weakly lower semi-continuous
if Vu, C E:u, —uy in FE, we have

J(up) < lim inf J(u,).

n—> 400

Definition 1.10 [//(coercive) Let J : E — R U 400 a functional on E . We say that J is
coercive if and only if

J(u)

o = 400

lull p—too [Jul|

Theorem 1.9 [//any functional continuous convex on E, then J is weakly lower semi-continuous.

Theorem 1.10 [//(Lebesgue’s dominated convergence theorem) Let (f,,) be a sequence of func-

tions of L*. We suppose that

13
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1. fulz) — f(x) a.e.on ),
2. there exists a function g € L' such that for every n, |f.(z)| < g(z) a.e.in Q.
We have f € L*(Q) and || f, — fll;» — 0.

Theorem 1.11 [//(Lebesgue’s dominated convergence inverse theorem)Let (f,) be a sequence

in LP and let f € LP be such that || f, — f|l;» — 0.
Then, there ezist a subsequence (fy,) and a function h € LP such that

1. fo.(x) — f(x) a.e.on

2. | fu.(2)| < h(x) Yk, a.e.in Q.

14



Chapter 2

Constrained Minimization and Applications

2.1 Introduction

In the case of superlinear problems, the functionals associated to these problems are gen-
erally unbounded from below and they present a lack of convexity or concavity properties.
Actually for rather general f and h only partial results are known, in this section we begin to
present here some of the simplest cases, in which A is identically zero and f is a power. We
take throughout this section a real number p such that

2N
N -2

and we search a function u that satisfies the super-linear and subcritical problem

2<p<2t=

—Au+ q(z)u = |[ulPu in Q,

(2.1)
u=>0 on Of).

This problem admits the zero solution, we will prove the existence of a nontrivial solution
by two different methods, which can be extended to cover more general problems.
In this section, the general framework is specified by the assumption
(h1) Q C RY is bounded and open, ¢ € L>=(2) and ¢(x) > 0 a.e in Q.

Theorem 2.1 [7].Let p €]2,2*[ and assume that (h1) holds. Then the problem(2.1) admits at

least one non-negative and nontrivial solution.

The functional I : H}(Q) — R defined by

1
=5 J Va5 [a@nide = [ jupde = 3 el =l (22)

is Fréchet differentiable using the same method with Example 1.8, we remark that the critical
points of I are the weak solutions of (2.1). We notice immediately that I is unbounded from

below, since for every u # 0, we have

2 tP
I(tu) = — HuH - ulf, — —o0.

as t —> 400, because p > 2. Notice also that [ is the difference of two strictly convex

functionals.

15
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2.2 Minimization on Spheres

The main property in this method is the homogeneity of the two terms in [; indeed the first
term is positively homogeneous of degree 2,while the second is positively homogeneous of degree
p. We cannot use minimization on the whole space H} since the functional I is unbounded
from below, we get rid of this unboundedness by restricting this functional on a set where it
becomes bounded below. In this method we use the sphere of L.

For every 8 > 0, we set
Zgz{UGH&Q:/Q|u|pdx:5}.

In this set, we notice that I takes the form
1 1
1) = 5l = -8
so that it is bounded from below, now by minimizing / on g, we get
mg = inf ||ul®.
u€Sy
We are going to show that mg is attained by some function, and that this function leads to

beginning of appearance to the solution of problem (2.1).

Lemma 2.1 [9].For every B > 0, the level mg 1is attained by a nonnegative function; namely

there exists ug € Xg, ug(x) >0 a.ein Q, such that
2
[[uol|” = ms.

Proof. .Let {u;}, C X5 be a minimizing sequence for ||ul|>. Obviously the sequence {|uy|},
is still a minimizing sequence in X3 and therefore we can assume from the beginning that
ur(x) > 0 ae. in Q and for all & € N. This minimizing sequence is of course bounded in
H;j(2) which is reflexive space, so that, up to subsequences there exist uy, = uy, and ug € Hy (),
such that

up — up in Hy(9Q)
and for 2 < p < 2* the embedding of HJ(f2) into L is compact. Then

up — ug in LP

and Jug, = uy, ug(x) — up(z) a.ein Q.
Since
fuollys = tim gl = lim 5=,
then ug € 2@.

By weak lower semicontinuity of the norm, we obtain
2 . . 2 . 2
< = = .
Juol? < Jim_ inf el = int [l = ms

On the other hand, we have

2 . 2
> p—
JuolP = inf ful* = m,

we get ||uo||> = mg, and uy € X5 implies that uy does not vanish identicaly. m

16
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Remark 2.1 The preceding proof should retain that the key assumption is the subcritical growth
condition p < 2*, the embedding of H}(Q2) into LP is compact, eventually that what allows that
u € Xg. We conclude that u is a minimum in Xg.

The compactness of the embedding fails in the critical problems and the argument used so far
do not work when p = 2*, some problems may have no nontrivial solution. This is the starting

point of a line of research, bequn with[5].

Lemma 2.2 [7].Let ug be a minimizer found with the previous lemma. Then ug satisfies

/Vug.Vvd:E+/ q(x)ugvdr = %/ uo|P ™ ugvdz (2.3)
Q Q 6 Ja
for all v € H} ().

Proof. We proofed that u, minimizes the functional N(u) = ||u||* on ¥4, but this not mean
we can conclude that the differential of NV vanishes at g, also up + v is not belong to X3 there
for ¥ is not a vector space, this means that we cannot compare the values of N(ug) and of
N(up + v). In general, we have to form small variations of uy that lie on 3.

We fix v € Hj(Q), for s small enough, say s €] — ¢, €[, the function ug + sv is not identically
zero. Therefore there exists t :] — ¢, e[—>]0, +00[, such that

[ 1) o + s0)lP e = 5,

precisely,

_ B8 %_ . p 7%
Hs) = <f9|uo+sv|pdx> =5 </Q o + 50 dm) '

Indeed, we have

s
t Pdr = Pd
/Q| () (uo + sv)[” dz o o sl

s / p
= d
Jo luo + svl” dx Q|u0—i—3v] v

= B.

then we conclude that t(s)(ug + sv) € 5. The function ¢ is differentiable on | — €, €[, we have

1 _%_1
t'(s) = —p» (/ |ug + svl” dx) / luo 4 sv]P % (ug + sv)vdz.
0 Q

So t(0) = 1 and #/(0) = =" [;, [ue|" > uvdz.
When s = 0 the curve of the application s — #(s)(ug + sv) on X passes through wugy, we

provide this application with norm, such that
N (t(s)(uo + sv)) = [[t(s)(uo + sv)|*,

v(s) =
1(s) = [ IV [#(6) o + sv)] o + [ q(a)(t(s) (o + sv))*d

and we remark that (u, U)Hg = Jo VuVudz + [ q(x)uvdz.
Since t(s)(ug + sv) € Xg, for every s €] — €, €[ the point s = 0 is a local minimum for -, the

function ~ is differentiable and

17
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'(s) = 2/ V [t(s)(uo + sv)] .V [t'(s)(uo + sv) + t(s)v] dz

+2/ )(uo + sv)(t' () (ug + sv) + t(s)v)dx
2 (t(s)(ug + sv),t'(s)(ug + sv) + t(s)v) .
so that
0=7(0) = 2(t0)ug,t'(0)ug + t(0)v)
= 2(0)¢'(0) [Juo||* + 2¢*(0) {uo, v)

— o luo|P 2 uvda: + 2 (ug, v)
Q

5
and this shows that
(ug,v) = ”;B /Q |uo|p_2 uopvdz,

for every v € Hj(2), namely (2.3).
end of the proof. =

2.3 Minimization on the Nehari Manifold

In this section we are going to present a second method to prove the existence of a nontrivial
solution to (2.1), and this approach is still based on constrained minimization but more com-
plicated and has the advantage that it does not require the nonlinearity to be homogeneous,
which can be extended to cover more general problems, we use the problem (2.1) to explain it
more.

We consider the associated functional as (2.2), we know that [ is unbownded from below, to

get rid of this problem we restrict I to suitable set, we consider the following set
N = {ueHYQ) | u+0,(I'(u),u)=0}
— {ueH}Q) | w0l = [ jufdof. (2.4)
This set is called the Nehari manifold.

Remark 2.2 By definition, the Nehari manifold contains all the nontrivial critical points of

I. we have

/Vqudx+/ uvdaz—/ |ul’ " wvdz.
Notice that

/ o 2 2 _ p —
(I'(u),u) =0 <= /Q|Vu\ d:v—l—/gq(:v)u dx /Q\u] dr =0

2
=l = llullz -

and this leads us that the function I reads

10 = (5= Il = (5= 3 Wultae = (5= 3) [ b e

18
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This shows at once that I is coercive on N, in the sense that, if {ux}, C N satisfies |Juy]| — oo,
then I(uy) — co. We define
m = inf I(u).

ueN
we are going to show that m is attained by some uw € N which is a critical point of I on the
whole space H}(Q), and there for a solution to problem (2.1).
We begin with some basic properties of N and I.

Lemma 2.3 [7] The Nehari manifold is not empty.

Proof. For every u € H}(Q), u # 0, for ¢t > 0, we see that tu € A and it is equivalent to

2
[t :/Q|tuv’dx. (2.5)
we obtien )
tp—? HU”
Jo ul” d’
SO

and this means that there exists ¢ > 0 , such that tu € N, and from it we conclude that
NZ) =

Lemma 2.4 [7] we have
m = inf I(u) > 0.

ueN
Proof. Let 2 < p < 2* we pose tu € N, by the continuous embedding H}(Q) < LP, there
exists ¢ > 0 such that
2
[ull” = [Jull7, < clull”.

since ||u|| # 0, then we obtain
1

Jul > C)_ > 0, (2.6)

so that, for every tu € N we have

_ 1 1) . s (1 1\ /1\5>
= = _—— = > _——_— — p— .
m ulgj{f[(u) (2 p) ulgf/HuH > <2 p) (c) >0
]

Lemma 2.5 [7] The level m is attained by a nonnegative function, namely there exists u, €
N u.(x) >0 a.e.in Q, such that
I(uy) = m.

Proof. Let{us}, C N be a minimizing sequence for I, that is liin I(uy) = inf I(u) = m,
obviously |ug| € N and I(Jug|) = I(ug), the sequence {|ug|}, is still a minimizing sequence

in N, therefore we can assume straight away that ug(z) > 0 a.e in Q for all k, we have

1

already spotted that I is coercive on N, and since I(u;) = (5 - %) l|ug|)?, if we suppose that

{ur},, is not bounded so (% — %) |ug|> — +00, consequently I(uy,) converge to +oo, which is
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contradiction with the fact that I(u;) converge to m, this implies that the sequence {u}, is
bounded in Hj(£2) which is reflexif space, so that up to subsequences, there exists uy, = ux and
u, € H}(2) such that

up — u, in Hy(Q)

and for 2 < p < 2*, the embedding of H}(Q) into LP(f2) is compact, then uj, — wu, in LP(£2)
and Jug, = uy, ug(x) — uy(z) a.e in Q

then we have u, > 0, and by weak lower semicontinuity

1 1 1 1
M) = gl = 3 el < pint (3 foul? - 2 ol
= lilgn inf I(ug) =m (2.7)
Since u, € N, we have |ug]| = [ |ur|” dx, by (2.6) it cannot be |jug|| —> 0 and therefore

Jo |ug|” dz cannot tend to zero, thus the strong convergence in LP(2), implies that
lurllze — llusllZs -

Consequently [q |u.|” dx # 0, which shows that u, # 0. Passing to the limit we obtain

lu]® < lim infllug)® =  lim inf/\u*]”dm
k—+o00 k—+o00 0
= /|u*|pdx7é0
Q
we obtian
2
el < [ ful” da (2.8)

if ||u.]|® = Jq [us|” dz, then u, € N and (2.7) shows that wu, is the required minimizer. Since

(2.8) holds, we only have to treat the case where

s < /Q [P d. (2.9)
take t > 0 such that tu, € A/, namely

_1
¢ — Jw? )7
B Ja ’u*’p dx

Since we are assuming (2.9) holds, we deduce that 0 < ¢ < 1, but tu, € N, so that

1 1 1 1
O<m < Itu)— (2—) [t = 2 (2—) o
p p

1 1

< #* lim inf < - ) ugl|> = > lim inf I(u) = t*m < m.
k—s 400 2 p k—s 400

contradiction, and this leads us to conclude that

I(u,) = m.

this is the end of the proof. m

20



Salah. M Nehari manifold for a class of elliptic problems

Lemma 2.6 [7] u, is a solution of problem (2.3).

Proof. Let v € H}(Q), for s small enough, say s €] —¢, €[ the function u, + sv is not identically

zero, there for, there exists t(s) > 0 a function such that ¢(s)(u. + sv) € N, precisely

t(s):< . + sv]? )

Jo [ + sv|’ dx

the function ¢ is differentiable because ¢ is a composition of differentiable functions we dont
need ¢’ here, we have ¢(0) = 1, the application s — ¢(s)(u. + sv) defines a curve on N passe
through u, when s = 0 along which we evaluate I. We define v :] —¢,¢[— R as

v(s) = 1(t(s)(u. + sv))

= (3 3) o)+ 0
— (; — ]19) [/ﬂ (V [t(s) (us + 50)])* + /Qq(x) (t(s)(u, + sv))* da
and
V(s) = 2 @ _ ;) [ 1) e+ 50)) V(7)o + 50) + t(s)e]
2 <; — ;) /Qq(a:)t(s)(u* + sv) (t'(s)(ux + sv) + t(s)v) dz.
So that

0=+(0) = 2(3—2)

we have  (I'(uy),us) =0,
then we obtain for every v € H}(R2) (I'(u.),v) = 0 , which proved that u, is a solution of
problem (2.1). m

Remark 2.3 The last part of the proof shows that a minimum of I constrained on the Nehari
manifold N is actually a free critical point of I, on the whole space H}(Q). This remarkable

fact is expressed by saying that the Nehari manifold is a natural constraint for I.

2.4 A Perturbed Problem

As we saw from the previous section that minimization on the Nehari manifold can be prolonged
to cover more general problems, throughout this section, we deal with perturbed problem which
we begin with an existence result, when we consider a fixed function h € L?(Q2) and a power

nonlinearity. The result contained in this section is quite delicate, and can be omitted upon
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first reading with under suitable assumptions we are going to prove it.
Let h € L*(Q) and let p €]2,2*[, we consider the following the Derichlet problem

—Au+ q(z)u = |[ulP"2u+ h(z) in Q,

(2.10)
u=0 on Of).

The unperturbed problem when (h = 0) admits two solution, the one found with Theorem
(2.1) and the trivial solution u = 0, and if ||h|,. is sufficiently small, we are going to show that
(2.10) admits at least two nontrivial solutions.

If h does not vanish identicaly, the trivial solution u = 0 exchanged by a nonzero solution.
the most important thing here, is to focuse on finding the analogue of the solution found in
Theorem (2.1) by minimization on the Nehari manifold, while in this scheme the trivial solution
of the unperturbed case can be found very easily.

The functional associated to (2.10) is

1 1 1 1
I =5l =~ [ de = [ hude =3 [l = > jully, ~ [ hude,
2 pJQ Q 2 p 0
which is differentiable on H}(2). The main result is the following.

Theorem 2.2 [7]/Let p €]2,2* and assume that (h1) holds. Then there exists €* such that for
every h € L*(Q), with ||| ;. < €, Problem (2.10) admits at least two solutions.

We tacitly assume that the hypothesis (h1) holds, and going through a series of lemmas, we
will prove the existence of two solutions, one of these solutions is found in Theorem (2.1).

From the previous section, we take the same constant m, such that

1 1
mz(—)nmmﬁ
2 p

we know that the Nehari manifold defined in (2.4) is associated to the function I, corresponding
“unperturbed problem”, so, we need to define a new Nehari manifold associated to the function
J.

By embedding of H}(Q2) into LP(£2), we denote S, the best constant, such that

Sp=inf{c>0 | |ull, <cllull Yue H)Q)}.

We define the positive numbers

1 1

b=t ) d —<1d2)”

o \e-DS ’ R
1 d

dg = 2mm{d1, 2} .

we notice that ds < ds.
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Lemma 2.7 [9] There exists e, > 0 such that for every h € L*(Q) with ||h||;2 < €1 and for
every u € H}(Q), if

|2 :/Q|u|pdx+/ﬂhudx: ||u||§p+/ﬂhudx. (2.11)

then either
llul| < ds or |ul| > d;. (2.12)

if the second case occurs, we have also

[ull p > da. (2.13)

Remark 2.4 We will introduce later the Nehari manifold that relative to J, and for the fact
that the condition (2.11) expresses that u belongs to this set, the meaning of the previous lemma
is that for ||h|| . is small, then, from expression (2.12), we will get either ||ul| < ds or |ju|| > d.
The region ||u|| € [ds, dy] is forbidden.

Proof. We start by assuming the condition (2.11) and by using the Holder’s inequality for
p =p =2 and the embedding of H}(Q) into L*({2), we obtain

2
lull™ < Spllll® + 12 2 lull .2
< Spllll® + el lull-

1

where ¢ = (%1)5, then if u # 0, we have

Il plull” 2l e [ull
+c
K0/ i [[ul
ie,
-2
[ul| = Sp lul|”™" = cl|h]|;. < 0. (2.14)

Setting ¢ = ||ul|, and considering the function ¢ : [0, +oo[—> R defined by
p(t) =t —Sptr=! —cl|hll 2

the function ¢ is differentiable, then
Pt)=1—(p—1)SEr=2.

we obtain
Pt)=1-(p-1)Spr*=0

1

1 2
= 1)55) =,

we conclude that ¢ = d; is a unique global maximum point because the function ¢ is strictly

=

increasing on [0, d; | and strictly decreasing on |dy, +00[.
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when t = 0 then ¢(0) = —c||h||;2 <0, and tgquoo(’p(t) = —00
when ¢t = d; we get

1 p—1

1 1+
p—2 1 1 p—2
B p(p—1) <p_ 1) _C“h”L2
S1S, 7

=

_ Sl (pi1> - Sl (pil) (pil) —cllhll»
()
=

1 1 \»2 1
= =\, 7 (1__1>_CHhHL2
Sp? p p
1
1 1 \r2p-2
- =\, 71—CHhHL2
Sp=2 \P
we put
_1
1 < 1 P2 p—2
oa=—F|—— —
SF p—1 p—1
then

‘P(dl) =a—=cC ||h||L2

since p > 2, then a > 0, if we take ||h[|,» < 5%

C

then
o o
o(dy) = a—c|h| 2 Zoz—cQ—C =3 >0
when we assumed that
1Al 2 < o
L% = 9¢

that means the function ¢ has exactly two zeros t1,t2 then ¢(t1) = ¢(t2) = 0 such that
t1 < dy <tg, and @(t) > 0 in |t1, t3], while p(t) < 0 in [0, ¢;[U]t2, +00].

we have ¢(t;) = 0 means that
ty — P —c||h]|. =0

i.e,

cllhfl =t (1 Spy?).

Since t; < di, we deduce from this and the definition of d; that

el > i (1-Sp?)

1
-l
p—1

-2
- tlLa
p—1
so that )
p—
h< Eellble.
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But, if we take

p—2d;
. < ———
Il < 2255
we get 1 < dj.
Summary of the above, if we choose
. fp—2d3 «
Il < min {222 2} (2.15)

we deduce that ¢(t) < 0 implies t < d3 or t > d;.

From (2.15),we have that the inequality (2.14) implies (2.12), and thus also (2.11) implies
(2.12).

Which completed the proof of the first part.

Now, we proof the second part by checking (2.13) if (2.11) holds, since ||u|| > d;, using the
Holder’s inequality for p = p’ = 2, we obtain

2
lullyy = Nl = [ huda > df = ]z full -
& = A2 [l

A%

where d = |Q|p?;1027 then
Il + d IRl g2 lull , — df >0, (2.16)

Consider the function ¢ : [0, +0o[— R defined by
O(t) =" +d |||t - di,
the function ¢ is differentiable, we have
¢'(t) = pt' '+ d||R|

we can see that ¢'(t) > 0 for all ¢ > 0. When ¢ = dy, we have

and when ¢t = dy we have

¢(dy)

1
S+ d||hll 2 dz - &

1
— bl dy — 5

So,
di
012 < 50
we get
1 2 d% 1 2
¢(d2) = d ||h||L2 d2 - §d1 < dmdz - §d1 == 07

since ¢(d2) < 0 and ¢/(t) > 0 for all ¢ > 0, and for ¢ € [0, d2] we deduce that ¢(¢) < 0, then the
inequality (2.16) implies that |ju|, > d»
this finishes the proof with the choice

. {p—ng (8% d% }
€1 = min .

p—1 ¢’ 2c 2dd,
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From now, we assume |[|h||;. < €;. We define the set

N = {ue Hy(Q) | (J'(u),u)=0 , [ul >di}
= {uem@ | = [ JuP do+ [ huds, ol > di}.
Q
and let the value

mp = uler}\{;h J(u).

Notice that N}, is not the complete Nehari manifold associated to J, but only a subset of it, on
N, the functional J takes the form

() = <; _ ;) > — <1 _ ;) | hud.

First, we investigate under which conditions N}, is not empty.

Lemma 2.8 [J] There exists €5 €)0, €1], such that for every h € L*(Q) with ||h|| 2 < €, there
results Ny, # 0, Ny, is not empty.

Proof. For every not identically zero u € Hj(f2), we study the behaviour of the function

s (J'(tu), tu) = HtuH2—/ ]tu]p—/ htuds
Q Q

- tQHuHQ—tp/ \u|p—t/hudx
Q Q

_ t[t||u||2—tp_1/ |u|p—/ hudm}.
Q Q

for ¢t > 0, we analyse the function

n(t) :t||u||2—tp*1/ W-/ hudz.
Q Q

the function 7(t) is differentiable and
! o 2 p—2 p
n(8) = llull” = (p = )" " [ullLs

when 7/(t,) = 0 we get

0 (t) = [lul” = (p — D2 [|ull7, =0,

_1
A
E\CES I
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The function n has a global maximum at the point ¢,, with an easy computation, we get

nt) = ol =7 [ uf ~ [ huda
9] [9]

1 p—1
() = () = f
o 1) ull, (v 1) ull,

k= k=

%= —9
= HuH; - b —/hudw.
fulpy? (p—Drzp =L e

We put
1 p—2

(p—-1)p =1
since p > 0, then o > 0.Using the embedding H} () into LP, we get

o =

2
TR R L Ry S
lull 22®
1
= |lull —=z o = [|2ll g2 lull 2
Sp*
1 «
> Nl —=z o —cllbll 2 lull = lull { —== —cllhll;2 ] -
— Sp—Q
P P
So, if we assume that
o
1Al € ——=, (2.17)
2eSy7?

then, we have n(t,) > 0. From (2.17), the function 7 is strictly increasing in |0, ¢.[, and strictly
decreasing in |t., +oo[, and we have 7(t,) > 0 and tgril n(t) = —oo, this shows that the func-

tion 7 has at least one zero t; €lt,, +oo[ such that n(¢;) = 0, which implies that the function
v = tyu satisfait (2.11). Moreover,

_1
[ )H
vl =t ||lul| > tflul|l = ——— U
[v]] = t1 [Jull [l <(p_1 7 [
1

(p—1)728"

then ||v|| > di, and this shows that v € Nj,. Which finishes the proof with the choice

. o
€9 = Min | €, —— ¢ -
2cS5?
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Now, we prove that for ||h[/;. is small, the levels m;, are uniformly bounded from above, the

uniform bound from below will be obtained in Lemma 2.11.

Lemma 2.9 [9]Let ¢ = min{1,ey}. There exists co > 0 such that for every ||h||;. < €3 there

results my, < cs.

Proof. We denote u* € N the solution of the unperturbed problem (2.1) when (h = 0) solved

in the preceding section, and m* the level of the solution

m* =min I(u) = I(u").

ueN

We extract from the previous lemma that N, is not empty and this means that if ||A||. < €s,
there exists ¢, > 0 such that t,u* € N,. We know that if u* € N, then, it satisfies ||u*||* =

|w*|| ,, thus the condition t,u* € N is equivalent to

2

— tp |, = /Q £ hu*da

(8 — &) " :th/Qhu*d:c
then
(th—tp 1 ||| /hu dx
We know that [, hu*dx < ||h||2 ||u*]]2 < cl|h|| 2 ||w*]], this implies that
the condition implies
(tn = t27) I = —cllBl 2 1wl

i.e.

- c|lhll e
t — 7)) > -2
( " ) ]|

if || k]| ;2 < €3 <1 we obtain

C
th—t2h) > — . (2.18)
( " ) [[w|]

when t — +o00 the function ¢ — ¢ —##~! tends to —oo, the inequality (2.18) shows that there
exists c3 > 0 independent of h, such that ¢, < cs.
Since t,u* € N} and by using the Holder’s inequality we have

1 1 1
my < Jtw) = (= — =) It ? = (1= /hthu*da:
2 p p)Ja
11\ 5y o 1
) e+ (1 - =) esclbllye llut
(5= 3) e+ (1= 3) cclibla ol

and since ||h||;» < €3 < 1 then

1 1 .12 1 X
mo< (53] el (1= ) cclall o

= Ca.

IN

We have ¢, > 0 and ¢y does not depend on h, then we obtain m;, < c¢,.
this the end of the proof. =

We go on with a uniform bound on minimizing sequences.
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Lemma 2.10 [3/There exists c4 > 0 independent of h, such that if ||h| ;. < €3, then there
exists a minimizing sequence {w}, for my such that ||w|| < cq for alll, and also ||w||;, < Spcs
for all l.

Proof. Let {v;}, be a minimizing sequence for my, and v; € N}, and let ||h||;» < €3 < 1, namely

lim J(v;) = inf J(v).

|—>400

s = (3= )l = (1-1) [ hu

then, J(v;) — my, asl — +o0.

we have

From previous lemma we have my, < c¢s, so, there exists { such that, for every | > [, we get
J(v;) < 2¢y and this implies that

1 1 1
2%y > <—> ||vl||2—<1—>/hvldx
2 p pj 7o
1 1 1
> (55 = (1= 3 ) clile
P p

from this inequality, we obtain

T 2 7’2
2 2
V1l = — 2 <2,
( el wﬂ) oy =77

This implies that

ro + \/T%87‘162
o € ——7F——

27“1

7‘2+\/T§87'102

we set ¢y = o

,and u; = vy, then we have |y <c¢;. =

The next lemma will complete the estimate of Lemma 2.9.
Lemma 2.11 [7]There exists e, < €3 such that if ||h|| 2, then my, > 3m* > 0.

Proof. We notice from preceding section that the minimization on the Nehari manifold dealt
with the unperturbed problem (2.1) that it is associated to the function I, and in this proof
we denote by Jj, the functional I associated with the perturbed problem (2.10).

For every h with ||h| ;. < €3, we consider the minimizing sequence {u;}, obtained in Lemma
2.10, let u; € NV}, and let ¢; be such that t;u; € N (notice that both u; and ¢; depend on h).

As we know from the preceding section

1
t = ( ||ul||2 )p2
[l
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Since t;u; € N, then |Ju||* = |Jwl[% + [y hwdz, we have

f = (1 + W) o (2.19)

[z

then we obtain

i} 11
m S I(tlul) = | = - ||tlul||2
2 p

1 1 1 1
= ( - > 2 |w]* - (1 - ) tlz/ hwdx + <1 - > tlQ/ huydx
2 p [ Q P Q
1
= t7J(u) + <1 — p) tlQ/Qhuldw. (2.20)

Now we begin from estimate ¢; from above, to this aim, by the estimates that obtained in

Lemmas 2.7 and 2.10 we have

[ o (171
CCy
< IIhIIdefg'
Now we set the condition ,
&[4\ T
hil,. <— | (= -1
||HL2_.CQ((3) ,
by this condition we obtain
p=2
| fa hu;dx| < (4) z 1
[l 3

then from (2.19) we will have

1 2
hudz|\ 72 4= v
tl=<1+|f““§,$|> < 1+()2 1
[l |7 3

we notice that ¢; is bound from above, also we want to obtain a uniform bound from below on

Jh(ul).

Next we analyse the last term in (2.20), from Lemma 2.20 we have ||| < ¢4 we see immediately

that
1
’(1 — ) tlz/ huw;dx
P Q

1
< Q—p)ﬁMMwww

1\ 4
(1-2) 3 Mtlscon

IN

and now we choose the condition
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we obtain

1
‘(1 — ) tlQ/ hwdx
% Q

1\ 4
< (1-3) § Wlisces

*

m
3

IN

From this and from (2.20), we obtain

1
m* < B Ju(u) + <1 - ) tlz/ hwdx
p Q

*

3

S t?Jh(uD —|—

w

we deduce that

tlQJh(Ul) 2 mr.

Wl N

Since t; > 0 we conclude that J;(u;) > 0, and we also have 7 < %, we eventually arrive to
2 4
—m S t%Jh(ul) S th(ul),
3 3
finally we get %m* < Ju(w;), and when | — 400, we obtain
1 *
mp, > §m > 0.

and this is the end of the proof by choosing the bounds of ||A||,. with
& (4) =N X m*
ea=1¢e,— ||z -1, —— 7.
! P ey \\3 4 (1 — %) ccy

Now by next Lemma we show that the minimum on N, is attained.

Lemma 2.12 [7/There exists €5 < €4 such that for every ||h|| > < €5 the infimum my, is attained

by some u € Nj,.

Proof. Let ||h]|;. < €4, and let {w;}, be a minimizing sequence for m; and u;, € N to be

specific z liI}rl J(u;) = inf J(u) = my, constructed as in Lemma 2.10, and with the fact that
—>+00

J(u;) converge to my, it implies that the sequence {u;}, is bounded in H () which is reflexif

space, we can assume that, up to subsequence there existy;, = u; and u; € H}(2) such that
U — U

and for 2 < p < 2* the embedding of Hj () into LP(Q) is compact then w; — uy in LP(2)
and

Elulk = Uy ul(x) — U1<JI> a.ein €
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and by weak lower semicontinuity

1 1 1
J(uy) = (2 — p) ||u1||2 — (1 - p) /Qhuldx
. 1 1 9 1
< - _ = _ _ =
< llg-noolnf [(2 p) ||| <1 p> /Qhulda:]

= lil«rknoo inf J(u;) = my,.

and that
”U1H2 < g [[? —i—/ﬂhulda:.

if we suppose that
HUIH2 = ||u1]|” —l—/Qhuldx.

(2.21)

(2.22)

(2.23)

That means the arguments in Lemma 2.7 holds, then either ||u;|| > dy or ||ui]] < d3. In the

first case, u € Ny, and then (2.21) implies that u; is the minimum we are looking for.

If ||uy|| < ds, by the definition of d3, we obtain

d
il < Sp[Jur]] < Spds < Sps—2 = ds.
p

This is a contradiction in what we saw in Lemma 2.7 that says that ||w]|;, > da, by the strong

convergence in LP(§)) we obtain |ju;||;, > dq, as | — +o0.

This means that, if (2.23) holds, it cannot be ||u1|| < d3, then, as we have seen w; is a minimum.

We suppose that in (2.22) the strict inequality hold, namely
sl <l + | hund

From Lemma 2.7, we know that there exist ¢; > 0 such that t;u; € NV}, and
1
t>1= ( s || )”_2
1 =< )
(p — 1) [Jua |7
Since (2.22), we obtain

7 < <||U1||]Zp+fg hu1d$>‘72 B ( 1 N Jq huydx >1’2
—\ (=Dl p—1 (p—1)llullzs

and by using the Holder’s inequality, and ||u|| < ¢4 and [ju1]| > dy we will have

| Jo huydz] 1Bl c [Jual]
(=Dl — =) [Jwll,
< Al ces 7z
then we obtain
P< 1oy 17]] 2 004;7
p—1 (p—1)d}

%, then we have the choice

. — min { (p—2)(p—1)dh 64} |

2cey

Since zﬁ < 1, we can choose | hl|;2. <

(2.24)
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if ||l < €5, then £ < 1.

We consider the function that we have already studied
n(t) =t =7 fur |, — [ hurda

we know that 7 is decreasing in J¢, +oc[. Since t,u; € N}, we have n(t;) = 0. The inequality
(2.24) is equivalent to n(1) < 0. Since £ < 1 and ¢ < t;, we must necessarily have t; < 1, since
tiu; € N}, we obtain

1 1 1
my < J(tiw) = (t)? (2 — p) Hu1||2 —t (1 — p) /Qhuldar
1 1 1
2 1. . - - 2 . T
(th) lg?mlnf<2 p) Jeal]” = 4 lim (1 p) /Qhuldx
1 1 1
t; lim inf K - ) || — (1 - ) / huldx]
l—+00 2 p p/) Jo

= t; lim inf J(Ul) =timy < my,.
=400

IN

IN

The last strict inequality holds because t; €]0,1[ and m;, > 0, and it is contradiction and this
shows that the inequality (2.12) cannot hold, and this means (2.23) is true. In this case, as we

have seen, u; is the required minimum. m

The last step consists in proving that the minimum is a critical point of J on the whole space

H; ().

Lemma 2.13 [3/There exists g €]0, €5 such that if ||h||;2 < €6, then the minimum uy of J on
N, satisfies (J'(u),v) = 0 for all v € HL(Q).

Proof. We fix v € H}(Q) and consider the function o : Rx]0, +0o[—> R defined by
o(s,t) = t* |u+ sv||* — t* ||u + sv||%, t/ (u+ sv)d
we put s =0 and ¢ = 1, and we have that (2.23) holds and since u; € N}, we obtain
0(0.1) = [l = sl = [ hurde = 0

then ¢(0,1) = 0.

The function o is of class C*, since
Jual =l + P,
we obtain
20.1) = 2wl ~plurl, — [ hwd
ot 3 - Uy b |ur p o uax
= @=p)Jul’+@-1) [ huda.

if we suppose ‘9"(0 1) =0, we would have

(2= p) [ur]* + (p = 1) | hundz =0
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so,
-1
ol = 2= [ huda,
p—2Ja

by Holder’s inequality and the embedding of H}(Q) into L*(2) we get

-1
Jorll < = Wbl o | (2.25)
We know that ||u|| > dy, if we take
p—2
hil 2 < d
H HL2 C(p— 1) 1
then, the inequality (2.25) will be [ju|| < di, a contradiction. Then it must be %2(0,1) # 0

for such choices of h, Therefore, obtaining that there exist a number § > 0 and a C! function
t(s) ] = 6,6][— R such that o(s,t(s)) = 0 for every s €] — 4, [, and ¢(0) = 1. Since ||u1|| > dy,
we can also take ¢ so small that ¢(s)(u + sv) > dy. We have thus constructed a differentiable
curve s — N}, passing through u; when s = 0. We now evaluate J along this curve, now we
consider the function

V(s) = J(t(s)(ur + sv))
The function ~ is differentiable and
7' (s) = [t'(s)(ur + sv) + t(s)v] J (t(s)(u1 + sv))
the function v has also a local minimum at s = 0 and

0=7(0) = [

we have (J'(uy),u;) = 0, then, we obatin (J'(uy),v) =0

because u; € Nj,. Since this holds for every v € Hj (), it is enough to take a positive €5 such

that
(p—2)dy }
cp—1)
we have obtained (J'(uy),v) = 0, proving that u; is a solution of problem (2.10). =

€6 < min {65,

We now complete the proof of the theorem by constructing a second solution.

Lemma 2.14 [3] For every € > 0 there exists 6 > 0 such that if ||h||;. < 0, then Problem
(2.10) admits a solution wuy, satisfying ||us|| < e.

Proof. We have from previous section I(u) = % ||ul|* — % |||} ,, by using the embedding of

2
Hg () into LP(2), we obtain

1 Sy
I(w) = 2 fJull” = =2 [Jul”
p

consider the function »

1
K(t) = —t* — 24P
2 p
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the function K is continuous and satisfies K(0) = 0, and is strictly increasing in a right
neighbourhood of 0, therefore there certainly exists ¢ < e such that for all ¢ €]0, €[ there
results k(t) > 0.

We fix a €]0, €[, we obtain I(u) > K(a) > 0 if ||u| = «, we deduce that by using Holder’s
inequality and the embedding of H} () into L?*(£2)

J(w) = 1) = [ hude > K(a) = [l 2 lul
= K(a) = |1z co.

choosing

il < 5 = s
we conclude that, for ||ul| = a.

Jw) > & ;O‘) -0
Let now

By ={u€ Hy(Q) | |ju] <a}
and
Ng = uignga J(u).

Clearly n, # £+00. Moreover n, < J(0) = 0. the value n, is attained by some u;, € B, and this
can be proofed by using the arguments that used many times in the first part of this chapter,
since J(up) = no < 0 that means that ||up|| # «, and therefore uy, lies in the interior of the ball
B,. The function wy, is thus a local minimum for J and solves the problem (2.10). Moreover,
|lunll <e. m

Now, we proved that Theorem 2.2 holds. Thanks to Lemma 2.13, we know that for every
|h]|;2 < €6, there exists a solution u; of Problem (2.10) with [jui| > d;. By Lemma 2.14,
choosing € = d;, we can fix 0 > 0 such that for every ||h| ;. < 0 there exists a solution wy, of
Problem (2.10) with |lup| < d;. If

|h]] ;2 < € = min {eg, 0} .

we obtain two distinct solutions of Problem (2.10). The proof is complete.
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Chapter 3

The Nehari manifold for a semilinear elliptic

problem with the nonlinear boundary condition

3.1 Main results

In this chapter, we will consider the following semilinear elliptic problem

(3.1)

9u — \|u|?2u on Of.

{Au+u lulP"2u in
on

Where A > 0 is a parameter, and €2 is a bounded domain in R" with N > 3 and with a smooth

boundary 0f2. % denotes the derivative along the outer normal; that is

ou L = o
5 Vu.n = ; 8—%711

We notice that the problem (3.1) has two nonlinear terms. One is from the equation, namely,
the term |u|P~2?u, and another is from the boundary condition, i.e., |u|?"?u. Here the exponents

p and ¢ satisfy

l<qg<2<p<2'= 2N (3.2)
q P = .

Definition 3.1 We say that u € H(Q) is a weak solution of Problem (3.1) if and only if
/ VuVudz + / uvdr — )\/ || uvds — / ||’ wwdz = 0,
Q Q o0 Q
for any v € H'(Q).
For solving Problem (3.1), we use the variational method to study the functional

1 1 A
ﬂ@:QAme+Mﬂm—pémﬁm—qA¢m@ (3.3)

where ds is the measure on the boundary. It is easy to see that J is well-defined and C* in
H'(Q) if p and q verify condition (3.2). We have

(J'(u),v) :/Vqudx—i—/ uvdm—/ |ufP uvdw—)\/ || uuds. (3.4)
0 Q Q 20
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The weak solution of (3.1) corresponds to the critical point of the functional J on H'(Q), where

H'() is a standard Sobolev space on 2 equipped with the norm

lull? = [ (IVul* +Juf*) dz.

In the following we present the main results of this section.

Theorem 3.1 [22/Assume that the condition (3.2) holds. If X satisfies 0 < X < Ao, then
Problem (3.1) has at least two positive solutions u; and uy, where A\g > 0 is a constant such
that N° =0 (we will introduce it latter).

Next, we consider the condition
g=2, 1<p<?2, (3.5)

under this condition we get a bifurcation problem from the first eigenvalue of the related

eigenvalue problem. This eigenvalue problem is known as the Steklov problem [16]

du — Ny on Of).

—Au+u=0 in €,
s {
on

It is well-known that the first eigenvalue A\;g of problem (S) is just the best constant in the
Sobolev trace embedding H'(Q) < L*(92) in the sense that

Mis l[ullz2an) < Il
We will use the Nehari manifold methods to solve Problem (3.1) where (3.5) is satisfies.

Theorem 3.2 [22] If X satisfies 0 < X\ < \ig and ¢ =2, 1 < p < 2, then Problem (3.1) has at

least one solutions uy such that uy > 0 in Q, and lm ||uy| — 400, where \ig is the first
A 1s
eigenvalue of the Steklov problem.

3.2 Corresponding Nehari manifold
We denote N to be the Nehari manifold
N={ueHQ) | u#0(J(u),u)=0},

where (-, -) denotes the usual duality between H'(Q2) and H'(Q2)*. It is clear that any critical
points of J must lie on A/. As we will see below, local minimizers on A are usually critical
points of J. u € N if and only if

(J(u),u) =0 <= ||u||2—/Q|u|Pdgc—/8Q u|”ds = 0. (3.6)

by definition
6u(t) = J(tw) = Sl = 2 [ e =2 [ pugras
e 2 p Jo q Joo '
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If u € H'(Q), we have

Sult) = (J'(tu),u)
= / V \VuH—u)dx—/ ]tu]pdx—)\/ [tu|? ds.
Q
= t/ (|Vu\ —i—u)dm P 1/ lul” dx — At~ 1/Q|u\qu
=t —tp_l/\u|pda:— tq—l/ [ul? ds. (3.7)
Q 20

and

" _ 2 2 _ _ p—2 p _ _ q—2 q
(1) /Q(\w +u?) de — (p— 1)t /Q|u| dr — \g — 1)t /BQ lul? ds.
2 —2 -2
— (1) / P — Mg — 1)t / 7 ds.
Jull = (o= ) [ uf do = Ag - 12 [ Julds

From (3.6) and (3.7), we can see that ¢/ (1) = 0 if and only if u € N/, more generally, tu € N if
and only if ¢/ (1) = 0, i.e., the elements in N correspond to stationary points of fibering maps
¢u. Hence for u € N, by (3.6) we get

1) = Jul’=(p=1) [ Juldr—=Ng=1) [ Julds
= @=p) [ |uPde+r2—q) [ |ufds
= @=qlul’ - p-q) [ Jufdz
= C=p) e’ +22~q) [ |ul’ds
2=plul"+A2=q) [ |u"ds
Therefore we can split the Nehari manifold N into three parts, i.e.,

Nt = {ueN : ¢1) >0}
N™ = {ueN : ¢I(1) <0} (3.8)
N = {ueN : ¢/(1)=0}.

’lL

We will research the existence of minimizers of functional J on N to prove the existence of
solutions of Problem (3.1) corresponding to local minima, local maxima and points of inflection.
The following Lemma shows that the local minimizers on Nehari manifold A are usually critical

points of J.

Lemma 3.1 [22] Suppose that ug is a local minimizer of J on N and ug ¢ N°. Then ug is a
critical point of J.
For proof we can refer to Binding et al.[7] and Brown-Zhang [0].

3.3 Convex—concave subcritical result: the case

l<g<2<p<?2®

In this section we use the fibering methods and the technique of the Nehari manifold

2N

decomposition to study Problem (3.1) with 1 < ¢ <2 <p <2 = 3.
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o) " (pu(“ k

Figure 3.1: possible graphs of function ¢ (t) and ¢, (t)

From (3.4), letting v = tu, we get
T (tu), tu) = /t2V 2 4 |u?)d —/tp Pq —)\/ 19 u|? ds,
ety = [ POV +Pyde [ @l de - [ ol
= £l - tp/ lul? dz — m/ lu|? ds.
Q 20
Let tu € N, then
(J'(tu), tu) = 0 == 12 ||u]|® — tp/ luf? dz — m/ lu|” ds. = 0. (3.9)
Q 00
From (3.9), we can consider the function
() = 27 ul? = 7 [ Juf? da.
Q
Clearly, for t > 0, tu € N if and only if ¢ is the solution of the equation
£) = A / v dg, 3.10
v =X [ Jultda (3.10)
we analyse the function (), since
V) = 2=t = (= ! [ Jul? da,
Q

the function ¢ has a global maximum at ¢, (see Figure 3.1), such that

%:[(@—qwmf rb’

p— Q) Ja |U|p dx

we deduce
P(t) >0<=0<t<ty,

then the function % initially increasing and eventually decreasing because of the condition
p—q>2—q>0.
From Figure 3.1 and the fact A [y, |u|? dz > 0 and that the equation(3.10) has no solution if A

satisfies the following condition

2-q p—q 2(p—q)
2—q¢\7? [(2-— =
/\/ u|? dz > b(ty) = <q> - <q> L (3.11)
00 P—q P—q (o [ul? dz) 72
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then we have the inequality
2 u2—tp_q/ updx<)\/ ul? dx 3.12
Sl [ e <A [ Ju (3.12)
multiplying (3.12) by t&", we get
twmﬁ—ﬁ4/mP@—Aﬁ4/1mwx<o
Q o9

Moreover, (3.7) and (2.2) implies that ¢! (¢) < 0. Hence we have tu ¢ N for any ¢ > 0. On the
other hand, if \ satisfies

O<A/|m%x<me
129

we can verify that t is solution of equation

W(t) =\ - lu|? dx

if and only if ¢ is solution of
¢u(t) =0

then from Figure 3.1, we know that equation (3.10) has two solutions ¢y, to with t; < tg < £y
such that ¢, (t1) = ¢, (t2) = 0 and ¢'(t1) > 0,¢'(t1) < 0. Therefore, we have

dut) = C=qlul’ - -t [ [uf de
= a7 (-l ~ (- ) [ Jul do)
= t({_lzbl(tl)a

and

dilt) = 2=a)ul’ = (0=t [ Jul da
= w7 (C-as T~ - ot [ uP do)

= t§/ (t).

These imply that ¢ (t;) > 0 and ¢! (t2) < 0, and so fibering maps ¢, have local minimum at
t; and a local maximum at ¢, such that ¢t; € N and t, € N~. (See graph of ¢, as shown in
Figure 3.1).

Now, we consider functions ¢ and ¢, at the point ¢y. Since ¢/(ty) = 0 and
Filto) = 2 =) ull = (p = @)t > [ Jul” do = 1§74/ (to).

we have ¢/ (ty) = 0, so t; is a point of inflection of function ¢,. Then, we obtain the following

result.

Lemma 3.2 [22]There exists a constant g > 0 such that N° =0 for 0 < X < \o.
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Proof. By contradiction, Suppose that there exists 0 < A < \g, such that AN # (). Then, for
u € N°, we have

0 = SV =C=pul’+Ap—q) [ _uds

= =g lul’=(p-q [ [ufdz. (3.13)
Let (3, C' > 0 be the constant of Sobolev embedding, by the Sobolev embedding theorem, we

have

e = 22D g

(p—2)
S A
( ) La(0Q)
AP =a) g0
S (p . 2) b H H
Ap—g)f\ 77
[Jul] < <(p_2) ) : (3.14)
Using (3.13) and Sobolev embedding, we get
ful? = 20
(p—q) Jo |ul” dz
B (2—1q)
(= @) [lull7r (g
(2—9)
(p—q)e? Jull”’
(2—q) \7°
ot = (222)7 .15

the inequalities (3.14) and (3.15) imply that
(A(p— Q)CZ>“ - ( (2-4q) )”
(r—2) “\p—q)r

(S () )

which is a contradiction, Thus we conclude that there exists a constant Ao > 0 such that N* =0
for0< A< )Ag. m

then

Lemma 3.3 [22]The functional J is coercive and bounded from below on N .

Proof. By the Sobolev embedding theorem and since 1 < ¢ < 2 < p, we have that
11\ 11
Jw = [=-> DY / 74
@ = (52 0 =a(t-2) [ e
11\ 11\,
= (5= 3) 10 =2 (3= 2 ) Il
11
> (35 =a (-3 )
g p
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Where ¢, be a positive constant then.
We obtain that the functional J is coercive and bounded from below on N'. =
By Lemmas 3.2 and 3.3, for 0 < A\ < )¢, and we obtain that N'= N~ UN™T and J is bounded

from below on N~ and N'". Therefore, we may define

Jr_ .
By —ugjl\% J(u) and [ = mf J(u).

ueN—

We have the following results.

Proposition 3.1 [22/If 0 < A < Ao, then the functional J has a minimizer u; in N and

satisfies

1. J(up) = inf J(u) <0,

ueN+
2. uy 1s a positive solution of problem (3.1).
Proof. Since J is bounded from below on N, there exists a minimizing sequence {u,}, C N

such that
lim J(u,) = inf J(u).

ueN+
Then, by Lemma 3.3 it implies that the sequence {u,}, is bounded in H'(€), so that up to

subequence there exist u,, = u, and u; € H*(Q) such that
u, —up in HY(Q).
from (3.2), the embedding of H'(Q) into LP(2) and L?(Q) are compact, then
U, — uy in LP(Q) and L%(N2)
i.e,
/ |un|” dz — / |uq [P dz and / [un | ds — / lug | ds.
Q Q o0 o0

as n —» o0o. There exists t; such that tyu; € N and J(tju;) < 0 (see Figure 3.1). Hence we
have inf J(u) < 0.

ueN+
Now we prove that u, — wu strongly in H'(Q). If not, then |lu;|| < lim inf l|tn]|. Thus, for
u, € N, we get

lim = lim <t unz—tp_l/ unpd:)s—)\tq_l/ unqu)
Jdim 0l (0) = tim (6= 87 [ o
>t — 87 [ el de =28 [ s
Q o0

= ¢, () =0.

ie, ¢!, (t1) > 0 for n sufficiently large. Since u, = 1.u,, € N'*, From Figure 3.1 it is easy to see
that ¢, (t) <0 for ¢ €]0,1[ and ¢, (1) = 0 for all n. Hence we must have ¢, > 1. On the other
hand, ¢/, (t) is decreasing on |0, [, and so

J(tiur) < J(ug) < im J(u,) = inf J(u),
ueN+
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which is a contradiction. Hence u,, — u; strongly in H'(Q). This implies
J(un) — J(up) = inf J(u) as n — oo.
ueN+

Thus u; is a minimizer of J on N . Since J(u;) = J(Ju1|) and |uq] € N, using Lemma 3.1
we have that u; is a positive solution of problem (3.1). m

Next, we establish the existence of a local minimum for J on N~

¢u[£} ¢'|]{t)

Figure 3.2: possible graphs of ¢, (t)

Proposition 3.2 [22]For 0 < X\ < A, then the functional J has a minimizer us in N~ and

satisfies

1. J(ug) = ulel}\;— J(u),

2. ugy 1s a positive solution of problem (3.1).

Proof. Analogous to the proof of Proposition 3.1, we have J is bounded from below on N .

Then there exists a minimizing sequence {u,}, C N~ such that

lim J(u,) = inf J(u).

n—r:o0 ueEN—

Then, by Lemma 3.3 it implies that the sequence {u,}, is bounded in H'(§), so that up to

subequence there exist u,, = u, and uy € H*() such that
U, — uy in HY(Q),
and for the embedding of H'(Q) into LP(2) and L%(2) then

/|un\pdx—>/ |ug|” dz and / ]unlqu—>/ lug|? ds.
Q Q 20 20

As n — oo. From the analysis for fibering maps ¢, and Figure 3.2, we know that there exists
t1,ts with 1 <ty <tio such that

tiu € N7 tou e N7 and  J(tiu) < J(tu) < J(tqu).
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Now we prove that u, — uy strongly in H'(Q). If not, then |luy| < lim inf f[u, . Since
u, € N~, we have J(u,) > J(tu,) for all t > ty, and
t3

2ty 5
J(tQUQ) = §||U2|| —p/Q|U,2|pdl’—/\q /89|U2|qd8

. t% 2 ng P tg q
< lim (2 |u| _7/ | d:v—)\—/ | ? ds
n—oo \ 2 p Ja q JoQ

= lim_ J(tauy,) < lim J(u,) = uleljl\;i J(u).
which is a contradiction. Hence u,, — uy strongly in H'(2). This implies
J(up) — J(uz) as n — oc.

Thus uy is a minimizer of J on N'~. Since J(uz) = J(Juz|) and |us| € N, using Lemma 3.1
we have that us is a positive solution of problem (3.1). m

Now we can give the proof of Theorem 3.1

Proof of Theorem 3.1. By Propositions 3.1 and 3.2 and Lemma 3.1, we get that Problem
(3.1) has two positive solutions u; € Nt and uy € N~ in H'(Q2). Since NT NN~ = 0, then

those two solutions are distinct. This completes the proof. m

Remark 3.1 OQur method can be applied to the condition 1 <p <2 < q < 2} = 2(]2\1—21) i.e.,p

stands for the concave term, and q stands for the convex one. The proof of the existence result

is similar to the one performed for the problem (3.1).

3.4 Bifurcation result: the case ¢ =2, 1 <p <2

In a recent paper, Brown and Zhang [6] have studied a subcritical semilinear elliptic equation
with a sign-changing weight function for a bifurcation real parameter in the case ¢ = 2 and

Dirichlet boundary conditions, i.e.,
—Au = Xa(x)u—+b(x) [ulPu for € Q; u=0 for x e I,

where 2 < p < 2* and a,b : Q= — R are smooth and sign-change functions. It is well-known
that, when p > 2, a curve of positive solution bifurcates from the zero solution at A = A\;(a),

where A(a) is the principal eigenvalue of the weight linear problem
—Au = da(x)u for x €Q; u=0 for x € IN.

In that paper, they gave an interesting explanation of a well-known bifurcation result from the
relationship between the Nehari manifold and fibering maps. In fact, the nature of the Nehari
manifold changes as the parameter A crosses the bifurcation value.

In this section, we fix p such that 1 < p < 2 and regard A as a real parameter. Therefore, we

still consider the sublinear perturbation of nonlinear boundary problem, i,e,

—Au+u=uf?u in Q,

qu = \u on X

(3.16)
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The problem (3.16) is asymptotically linear when 1 < p < 2, and then in this case the bifurcation

at infinity occurs when A = \;g, where \;g is the principal eigenvalue of the Steklov problem

Q) {Au+u0 in €,

% = \u on Of).

the eigenvalue \ig of problem S(€2) can be defined as follows

. 2 2 . 2 _
Als_ue}?lf(m{/g (IVaP +uf)dz 5 [ Jal ds_l}.

For the problem (3.16), the corresponding energy function J(u) and fibering maps ¢,(t) are

given by . .
Ty =5 (Il = > [ P ds) = [ jup e,
oult) = o) = 5 (1l =2 [ ol ds) =2 [
We define
B, — {ueHl(Q) . lul =1 and /Qyuv’da;>o},
B - {ueﬂl(sz) . Jul=1 and /Qyuv’da;<o},
By, — {ueﬂl(g) . Jlul =1 and /Q]u|pda:—0}.
and

L, = {u e H(Q) : |lu[|=1 and |ul® - )\/a ul” ds > O} :
9]

L. = {u e H(Q) : |lu[|=1 and |u|* - )\/8 ul® ds < O} :
9]

Ly — {u e H'() = full =1 and [l =X [ Jul*ds = o}.
2/}

then we get the following two cases:

case(I) [Jul|® — A fyq [ul* ds > 0,

case(Il) [[u|® = X [y [ul*ds < 0.

We note that, in Case (I), ¢, () < 0 for ¢ small enough, and ¢,(t) — oo as t — oo for
u € By N Ly, thus, the fibering maps ¢, (t) has local minimum at point

t,_( Jo lul? d )ﬁq
o ||U||2 —/\fag|u|2d3 ,

and satisfies t,,;,u € M. The possible graph of ¢, can be seen in Figure 3.2.

In case (II), we obtain that u € By N Ly and ¢, (t) is strictly decreasing for all ¢ > 0, thus, ¢,
has no turning point and so no multiples of u lies in A/. The possible graph of ¢, can be seen
in Figure 3.2.

Suppose 0 < A < A\ig. It is well-known that

JulP = A [ fulPds > Jull = A [ JuPds >0
o0 [2)9]

for all u € H*(Q2) — {0}, L_ and L, are empty. Then we have the following result.
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Proposition 3.3 [22] Suppose 0 < X\ < A\ig. Then, N is bounded and J is bounded from
below on N'*.

Proof. We suppose that {u,} € N'T a sequence unbounded, so that up to subsequence there
existu,, = u, and {u,} C N7, such that |Ju|]]| — +o00 as n — +o00. Let v, = %2, up to

llunll?

subsequence, we assume that Jvg € H* (), such that
v, = vy in H'(Q), and v, —> vy in L*(0Q) and LP(Q),

where 1 < p < 2. Since u, € N, we get

foal” = A [ folds = (”“””Z A '“”'22ds>
o0 ] 02 [|un|
= e (=2 [ halas)
unl” vl
e T

— 0 as n — oo.

Now we prove that v, — vy strongly in H'(€). Suppose the contrary. Then [lvy] <

liminf, ., [|v.]| and so

||vo||2 — )\/ |vo|2 ds < lim inf ||vn||2 — /\/ |vn|2ds = 0.
a0 n—>00 a0

Thus, we obtain IIZEII € L_ which is impossible since L_ = (). Hence v,, — vy strongly in

H(Q). Therefore, ||vg| and

feoll* = A [ feol? ds = 0.

i.e., vg € Lo which is impossible since Ly = (). Hence N " is bounded.
Now we prove J is bounded from below on N*. For u, € N, by the Sobolev embedding
theorem and the fact that N7 is bounded, and let ¢; be a Sobolev embedding constant, we

J(w,) = <;—;> [ ual?

1 1
> (3-3) .
p

then, J is bounded from below on N*. This completes the proof. m

have

Proposition 3.4 [22] Suppose 0 < X\ < \ig . Then there exists a minimizer for J on N't.

Proof. Since J is bounded from below on N, we can take {u,} C N a minimizing sequence,
such that
inf J(u)= 1l J(u,).
nf J) =l J(u,)

n—> 00
From previous Proposition we know that the sequence {u,} is bounded. so up to subsequence,

we may assume that Jug, such that

u, = uy in H'Y(Q) and u, — up in L*(0Q) and LP(5),
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where 1 < p < 2. From Figure 3.2 there exists g such that toug € N and J(tyug) < 0. Now
we prove that u,, — ug strongly in H*(€2). Suppose the contrary. Then |Jug]|| < lim inf ||n]|-
the function ¢, (t) is differentiable and

G, () = tull® =07t [l dw =Xt [ fulds.
Q oN
Thus, for u, € N,
lim ¢ (t) = I <t AP =t [l do = o [ ﬁd)
im_ g, (t0) = tm (tolunl® =57 [ fualdz— Ao [ fual*ds

n—o0
t ||u0||2—tg—1/ |u0|pdx—/\t0/ luo|? ds
Q oY)
= ¢{u0<t0) = 07

V

that is, ¢,, (to) > 0 for n sufficiently large. Since u, = 1- u,, € N'*, from Figure 3.2, it is easy
to see that ¢; (ty) < 0 for ¢ €]0,1[ and ¢;, (to) = 0 for all n. Hence we must have ¢, > 1. On
the other hand, ¢, (t9) = 0 is decreasing on |0, %[, and so

J(toug) < J(up) < lim J(uy,) = ulgjf/+ J(u),

which is a contradiction. Hence u,, — ug strongly in H'(Q). This implies

J(up) — J(ug) = inf J(u) as n — 0.
up €N+

Thus, ug is a minimizer of J on N'". The assertion is proved. =

Remark 3.2 For 1 < p < 2, we know that the problem (3.16) is asymptotically linear with
corresponding nonlinear boundary Steklov problem S(€)). Since L_ =0 for A < A\ig, it follows

from Proposition 3.4 that J has a minimizer on N whenever A < \ig.

Our next result corresponds to the fact that a branch of positive solutions bifurcates from
infinity to the left at A = A\jg when [, [p1]” dx > 0, where ¢ is the eigenfunction corresponding
to the principle eigenvalue \;g.

Now we can give the proof of Theorem 3.2,

Proof of Theorem 3.2. By Propositions 3.3 and 3.4 and Lemma 3.1, we get that Problem
(3.1) has at least one nontrivial solution uy € N*. By J(uy) = J(|uy]) and |uy| € N, u, is a
positive solution of problem (3.1) with 1 < p < 2 and q = 2.

when A = A\;g and u = ¢; we obtain the problem

—Ap1+p1 =0 in Q,

% = A\1sp1 on Of).

then
/ Vi1 Vudr — /\15/ prvds + / prvdr = 0,
Q a0 Q

we put v = ¢

/|Vg01|2dm—/\15/ gpfds—k/go%dxzo,
Q a0 Q
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leil” = Mis /8(2 pids =0,

On the other hand, since 0 < A\ < A5 , we have
lerl? = [ leal ds = (s = A) [ il ds > 0,
o9 o0

and then ¢, € Ly N By, namely, ||¢1]* — A fyg o1 ds and [, |1[Pde have the same sign.

Hence, from the analysis of Case(I), the fibering map ¢, has a unique turning point at

_1
. ( Jolr [P )
T\l = Ao e[ ds

such that ¢, ¢1 € N and

Jitoi01) £, (el =2 [ 1ol ds)

2
Jo lo1|Pdx v ( 2 2
£ =y d>
®1 [||¢1||2 _ )\faQ |(p1|2 ds ||(p1|| 50 |901| S
(Jo lp1|Pdx)>>
(H@1H2 — A Jag |901|2OZ$)ﬁ

P _2
( 1 )“ (oo 1 |? dax) =7
Alg — A

/N
N | —
|

—_

5~

"= "B~ "Bl

N—— N~ "

DN | —

S

(faQ o1 [? d3> 231,

Il
7N /N N

N | —

This means

lim inf J(uy) — —o0.
A A g UAENT

Since uy, € N1, we have

1 1 1 1
(5= 3) bl < (5 3) [ abdo = s — —ox

as A — Ajg for o > 0. Hence for uy € N we get ||uy|| — oo as A — Alg. This completes
the proof. m
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CONCLUSION

In this work, we have studied some minimization techniques to solve semilinear elliptic equation,
posed on a bounded open set Q C RY. In the first chapter, we gave some basic concepts which
are necessary for our work, In the second chapter, we proved the existence of a nontrivial
solution by two different methods, Minimization on Sphere and Minimization on the Nehari
Manifold. And by using the method of Minimization on the Nehari Manifold we proved that
the perturbed problem admits at least two nontrivial solution. As for the third chapter, we
have studied the existence theorem of the nonlinear boundary problem by using the Nehari
manifold and fibering maps.

There are some cases that we have not studied, so we look forward to be studied by our
colleagues in the coming years, such as, critical case for the semilinear elliptic problem and the

case when ¢ = 2 and 2 < p < 2*.
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Abstract

In this work, we study some minimization techniques to solve semilinear elliptic equation, posed

on a bounded open set 2 C RY. the first problem considered is

—Au+ q(z)u = |[ulPu in Q,
u=20 on 0f).
We prove the existence of a nontrivial solution by two different methods: Minimization on

Sphere and Minimization on the Nehari Manifold. Also, we consider the perturbed problem,
for h € L*(Q) and p €]2,2*[, the Dirichlet problem

—Au+ q(x)u = |[ulP"2u+ h(z) in Q,
u=20 on Of).
By using the method of Minimization on the Nehari Manifold we proved that this problem

admits at least two nontrivial solution. Using the Nehari manifold and fibering maps, we prove

the existence theorem of the nonlinear boundary problem

—Au+u = |ulP?u in Q,

Gu = Au|?%u on Of.

on a bounded domain Q C RY. We discuss how the Nehari manifold changes as A changes,

and show how the existence of solutions depends on the properties of the Nehari manifold.

Résumé

Dans ce travail, nous étudions quelques techniques de minimisation pour résoudre 1’équation
elliptique semi-linéaire, posée sur un ensemble ouvert borné Q C RY. Le premier probléme

considéré est
—Au+q(z)u = |[ulP72u in Q,
u=20 on 0.
Nous prouvons 'existence d'une solution non triviale par deux méthodes différentes : la min-
imisation sur la sphére et la minimisation sur la variété de Nehari. Aussi, nous considérons le
probléme perturbé, pour h € L*(Q) et p €]2, 2%
—Au+ q(z)u = |[ulP72u + h(z) in Q,
u=">0 on 0f).
En utilisant la méthode de minimisation sur la variété de Nehari nous avons prouvé que ce

probléeme admet au moins deux solutions nontriviales. En utilisant la variété de Nehari et les

cartes de fibrage, nous prouvons le théoréme d’existence du probleme de frontiere non linéaire

—Au+u = |ulP2u in Q,

Gu = Au|"%u on O€.
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sur un borné domaine Q@ C RY™, Nous discutons de la facon dont la variété de Nehari change
lorsque A change, et montrer comment l'existence des solutions dépend des propriétés de la
variété de Nehari.

e oy e Bl il Ll Plae i aadl oL Jan Ll 8 Jeddl s
S o el SV RY e sgas - gt

—Au+ q(z)u = |[ulPu in Q,
u=20 on 0f.

G by 85 plaw fo pradl &y b ooealiz ooy b Jlalely 60 8 Jo 292y ool
SUE g & s Dls iS55 0k 3l g Lo i

—Au+ q(x)u = [ulP7?u + h(z) in Q,
u=20 on OS2

s b Ny ;j SAN (Ll s s Azl Jealul p €]2,27 ¢ h € LA(Q) G
S g ey S s Blas S pes 5 sVl o) Ol e e Y
a2 Gad) Alal) oy B ol OUY Slands @ by gl desie de il T b

Ll |
{Au+u lulP~2u in Q,

Gu = AMu|"?u on S

A it lacughl s g egie s LS N e L RY e sgus i Q Ca
Sl egte pelgt Joldl gy Bt daST el
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