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Introduction

This thesis is intended to present some viscoelastic problems for a strongly elliptic operator
of second order with variable coeflicients in bounded domains. The main aim is to outline
an overview of the local and global existence, and asymptotic behavior of solutions. In this
regard, we investigate several coupled systems with mixed Dirichlet-Neumann boundary
conditions. The coupling is via the acoustic boundary conditions on a portion of the boundary.
A review of the recent studies on the generalized thermoelasticity theories and their associated
modified models is also presented. Our objective goal is designed to establish exponential,
polynomial, and general decay rate results.

Before the thesis statement, we need to present some motivations that permit us to
formulate our different problems. So that is why we start by deriving keywords related to
the research that will be included in this work. Our results description is presented at the
end of the introduction.

History and motivation

Dissipative systems

Dissipative systems are of particular interest in engineering, physics, and mathematical
modeling. It is considered a thermodynamically open system that is operating out of, and
often far from, thermodynamic equilibrium in an environment with which it exchanges
energy and matter as results in a fundamental constraint on their dynamic behavior. Typical
examples of these systems are electrical networks in which part of the electrical energy is
dissipated in the resistors in the form of heat, viscoelastic systems in which viscous friction is
responsible for a similar loss in energy, and thermodynamic systems for which the second law
postulates a form of dissipation leading to an increase in entropy. Otherwise, a conservative
system is a dynamical system that stands in contrast to a dissipative system. Roughly
speaking, such systems have no friction or other mechanism to dissipate the dynamics, and
thus, their phase space does not shrink over time.

The theory of dissipative systems, since its introduction by Willems [89], has become a
central tool in modeling systems storing or dissipating energy and motivated some researchers
to adjust the asymptotic behavior of solutions of the damped semilinear wave equation

uye — Au+ aug = f(u) in QxRy
u=0 on I'x IR, (1)
u(z,0) = uo(x), u(z,0) =uy(z) for xe€ Q.

There is a wide literature on Problem (I). In the case of no damping (a = 0), Sattinger [86]

developed the so-called potential well theory. Subsequently, equations with linear damping
term (o > 0) have been considered by many authors and proved global existence and decay
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estimates under various assumptions on the source term f, one can refer to some of the most
important papers [17], [45] 64, [57] using deeper techniques.

The nonlinear damping, owing to the difficulty in the analysis of dynamical systems,
has been either produced a lack of regularity and/or obtained a source of instability
which was intrinsically rated of infinite-dimensional in the literature. This effect has
attracted considerable attention many researchers by exploiting strong internal resonance
in a nonlinearly damped as a sort of regularization, see [24] [46] and the references therein.
For investigations on several semi-linear models of the wave equation dealing with nonlinear
boundary conditions, Lasiecka and Tataru [60] proved, under some hypotheses on nonlinear
damping term F' and nonlinear functions fy and fi, global existence of solution and established
a uniform decay rate for the solution of the following system

uy — Au = fo(u) in QxR
G4+ F(ug) = fi(u) on Iy xRy -
u=0 on T'p xRy

u(z,0) = up(x), ue(z,0) =uy(z) for x€ Q.

Problems like were studied existence of global weak solutions by, when fy, = 0, Cavalcanti
et al. [30] by using nonlinear semigroup theory arguments inspired in the work of Chueshov et
al.[37], and Vitillaro [88] with the Schauder fixed point arguments. In the case of fo = f1 =0,
The existence was proved by means of the Faedo-Galerkin method, see [28] B2]. For the
Neumann damped condition overfull the boundary in , Cavalcanti et al. [33] showed
general existence and stability results by applying essentially the same technique as in [60]
that are based on a natural tool for the monotone operator theory.

Time delay phenomenon is still resistant to many physical, chemical, biological, and
thermal phenomena. The inclusion of delays explicitly in the equations is often a simplification
or idealization that is introduced because a detailed description of the underlying processes is
too complicated to be modeled mathematically, or because some of the details are unknown.
Delay effects destabilize the dissipative system, which can be disastrous in the long term. In
these cases, it may be necessary to choose between a model with discrete-time or time-varying
delays and a model with distributed or continuous delay. A question of great importance
is how does the qualitative behavior depend on the form and magnitude of the delays?.
However, a big interest has been directed to achieve tight distributed control of partial
differential equation (PDE) systems (maybe a source of instability and/or ill-posedness due
to the time delay) in recent years. As a result, Datko et al. [40] proved that for a small delay
in the boundary of the wave equation, the system becomes unstable. The inquiries related
to the stability of wave equations with boundary delay have attracted considerable attention
in recent years and many researchers were interested in the connection between the weight
of the delay and the damping memory term or the frictional damping term of the following

Uy — Au =0 in QxR;

u=0 on I'pxR4

% = —pyus — pote(.,. —T) on Ty xRy (3)
u(z,0) = up(x), w(x,0) =ui(z) for =€

u(z,t) = fo(z,t) for (z,t) € Q x (—7,0),

where 7 > 0 is a constant delay parameter, w1, uo > 0 and the initial data (ug, u1, fo) belong
to a suitable space. They can also think of the term pqu; + poug(.,. — 7) in the first equation
of as an internal feedback law where the second term represents the delay. It is well
known that the energy of Problem is exponentially decaying to zero in the absence of
delay (pu2 = 0), in this sense, see [57]. In the presence of both damping and delay terms,
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Nicaise and Pignotti [76] proved exponential stability of the solution of if the delay factor
is less than the damping factor (u2 < p1). The result is obtained by introducing suitable
energies and by using some observability inequalities. If p1 = uo, they further showed that
there exist a sequence of arbitrary small (and large) delays such that instabilities occur. In
the case ps > 1, they also obtained delays that destabilize the system. We refer the reader
to, Xu [92] in one space dimension, Ammari et al. [I3] with interior delay, Fridman et al.
[43] with time-varying delay and Nicaise-Pignotti [T7] with distributed delay.

Thermoelasticity

Thermoelastic damping is a source of intrinsic material damping due to thermoelasticity
present in almost all materials. As the name thermoelastic suggests, it describes the coupling
between the elastic field in the structure caused by deformation and the temperature field.
The earliest study of thermoelastic damping can be found in Zener’s classical work, [93]
in 1937/1938, in which he studied thermoelastic damping in beams undergoing flexural
vibrations. Flexural vibrations cause alternating tensile and compressive strains to build up
on opposite sides of the neutral axis leading to a thermal imbalance. Irreversible heat flow
which is driven by the temperature gradient causes vibrational energy to be dissipated. This
process is governed by the Fourier law of heat conduction, which is the constitutive relation
between the heat flux vector g and the temperature gradient V6. This theory formulates a
linear relationship that is given by

qg = —krV0, (4)
where £ is called the heat conductivity.

In thermoelasticity, the behaviors of parameters in the Cattaneo heat flux model are
qualitatively similar to those in Fourier’s law. The classical heat conduction (Fourier’s law),
or as we call it the type I thermoelasticity, predicts an infinite speed of heat propagation.
Actually, the experiments reveal that fluid temperature has an inverse relationship with the
thermal relaxation time. The purpose of Cattaneo’s law is to overcome this paradox and
disturbances. One of them, developed by Lord-Shulman [63], suggests that Fourier’s law @)
be replaced, for the relaxation time 79 > 0, by

Toqr + ¢ + kVO =0, (5)

which can predict the effects on the boundary layer. This thermal effect is a quantum
mechanical phenomenon in which it involves a hyperbolic-form transport correlation and is
motivated by experiments illustrating more accurately the wave-form heat transfer, rather
than by the more usual mechanism of diffusion. A wave-like thermal disturbance is referred
to as second sound and a nonclassical theory predicting the occurrence of such disturbances is
known as thermoelasticity with finite wave speeds (type II) or second sound thermoelasticity.

Green and Naghdi [48] postulated a new concept in thermoelasticity theories and proposed
three models. They rated the heat conduction of type III in which has been of dissipative
nature, where the heat flux is a combination of type I and II as limiting cases. In addition,
the thermoelasticity of type III allows the constitutive functions for free energy, stress tensor,
entropy, and heat flux to depend on the strain tensor, the time derivative of the thermal
displacement, the gradient of thermal displacement, and the time derivative of the gradient
of thermal displacement. This theory allows the dissipation of energy, but the heat flux
is partially determined from the Helmholtz free energy potential. Both, types II and III,
overcome the unnatural property of Fourier’s law of infinite propagation speed and imply a
finite wave propagation.

Many researchers have formulated such theories in different fields and analyze various
problems of existence and asymptotic behavior, presenting characteristic properties of these
theories, see [62, [70, [87] for examples. Although the majority of examples involve only one
space dimension, but in [84] [95], the authors get into a huddle to extend the result in higher
space dimensions.



Viscoelastic materials

In materials science and continuum mechanics, viscoelasticity is the property of materials
that exhibit both viscous and elastic characteristics when undergoing deformation. The
term viscous implies that they deform slowly when exposed to an external force. The term
elastic implies that once a deforming force (or the stress) has been removed the material
will immediately return to its original configuration. According to viscous materials, like
water, resist shear flow and strain linearly with time when stress is applied. On the other
hand, Hooke’s law states that the displacement of elastic materials is linearly proportional to
the applied load and the effects of multiple load systems can be computed by simple linear
superposition. However, there are materials with properties that are intermediate between
elasticity and viscosity.

The mechanical properties of materials are usually examined by means of stress-strain
(or load-deformation) behavior. Its mathematical expressions are either in shear mode
or extensional mode, both forms being acceptable for the development of mathematical
equations of transient deformation phenomena. For purely elastic materials, loading and
unloading stress versus strain curves (lines) are superimposed. For viscoelastic ones, they
form a hysteresis loop. The area within the loop represents the energy lost which dissipates
as heat. This energy absorption behavior in part explains why viscoelastic materials are
good shock absorbers. A further important property of viscoelastic materials is that their
mechanical properties depend on the rate at which they are deformed.

The problems related to viscoelasticity (see Christensen [36]) have been available for a
much longer time since 1874. There were several early contributors, such as Maxwell, Kelvin,
and Voigt, Boltzmann [21] apparently supplied the first formulation of a three-dimensional
theory of isotropic viscoelasticity. Many advances in the studies of well posedness and
stability were made by the work of Dafermos [39]. The primary discussion touched upon by
several authors is to use the integral term of memory instead the frictional damping term.
In this setting, we are concerned with the following viscoelastic wave equation

ug + Au — fg gt —s)Au(s)ds=0 in QxR
u=0 on I'x R, (6)
u(z,0) = uo(x); we(x,0) = uy(z) for e

where A is an elliptic operator of second order and the integral term is the finite memory
responsible for the viscoelastic damping, where g is called the relaxation function. It follows
in both cases finite and infinite memories as convolution kernels from distribution theory
that

H,oHa,(t) = /0 g(t — s)Au(s)ds,

and
t

+oo
Hy o Au(t) = / g(s)Au(t — s)ds = / g(t — s)Au(s)ds
0 —o0
where Hy = H(g) and H is the Heaviside function.

The question that has been focused their attention as an important work is the viscoelastic
damping of memory effect should be strong enough to procreate the decay of the system. It is
by now well known that the decay of the solutions of @ strongly depends on the decay of the
relaxation function g. As highlighted by some papers, there have been encouraging advances
toward obtaining the asymptotic behavior in both cases of finite and infinite memories.



Finite memory

First, when the relaxation function (kernel) take the form exponentially (g(s) = e~ *), Hrusa
[55] studied a one-dimensional nonlinear viscoelastic wave equation and proved several
global existence results and an exponential decay result. Munoz Rivera [74] proved that the
energy solution of linear isotropic homogeneous viscoelastic solids in bounded domains is
exponentially decay to zero. Moreover, the decay is polynomial when the body occupies the
whole space IR". Many authors, see for example [42, [75], have established the exponential
decay of solutions for system @ under specific condition on g

I>0 g <-Et), vt>0. (7)

Messaoudi and Tatar [67] considered the following equation, for p > 0 and v > 0
t
|ut|Puge — Au — Augy + / g(t — 8)Au(s)ds — yAu; = bluju?™? in Q xRy, (8)
0

and established exponential and polynomial decay results in the absence, as well as in the
presence, of a source term, where v = 0 the kernel g satisfies

31,6 >0 0 &igt) < g'(t) < —&aglt), VE>0. (9)
For a nonincreasing function ¢ : IRy — IR and ¢ satisfying
g < =¢(t)g(t), vt=>0, (10)

Messaoudi [64] looked at @) with A = —A and proved a more general decay result. The
same stability estimate has been established by Said-Houari et al. [85] for coupled two
semilinear viscoelastic wave equations. For more results in this domain, see [53} [78] [91] and
references therein. In [56], Kirane and Said-Houari established the energy decay result for
system @ with A = —A in the presence of delay.

In the case of

Messaoudi and Al-Khulaifi [65] considered with v = b = 0 and proved a general decay
rate from which the exponential decay and the polynomial decay are only special cases, where
the kernel satisfy when 1 < p < 3/2. The same results were extended by Messaoudi-Al-
Khulaifi [66] with boundary feedback and Mustafa [72] for an abstract viscoelastic problem
as@for1§p<2.
Recently, Alabau-Boussouira et al. [I0] introduced the following general assumption of
the relaxation function
§(t) < —H(g(t), ¥ =0, (12)

where H is positive, strictly increasing and strictly C? convex near the origin with
H(0) = H'(0) = 0. Under some additional conditions, an explicit rate of decay is given. We
refer to some of the excellent reviews about explicit general decay [31), [49] [59] and [73] with
H € C}(IR) and H(0) = 0.

More recently for a larger type of relaxation functions, Mustafa [71] introduced the
following general latest assumption

g'(t) < =§(O)H(g(t), VYt =0, (13)

where H is an increasing and convex function near the origin and £ is a nonincreasing function.
He established the best decay rates of @ with A = —A that address both the optimality and
generality. The assumption has wildly attracted considerable attention many researchers
in the last few years. For example, Al-Gharabli et al. [I] extend and combine the result with
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nonlinear boundary feedback stabilization, as well as for a nonlinear internal damping has
been obtained by Belhannache et al. [20]. Al-Mahdi et al. [5] for abstract evolution equation
with time-dependent nonlinear dissipation. The arguments of Mustafa [71] were used in
Chellaoua-Boukhatem [35] to prove the stability for the following second-order abstract
viscoelastic equation in Hilbert spaces with time-varying delay 7(¢) > 0

t
Ugy + Au — / g(t — s)Bu(s)ds + pru + pou(t —7(¢)) =0, in Q xRy,
0
where A and B are self-adjoint linear positive operators.

Infinite memory

The viscoelastic problems with infinite memory terms have been studied by several authors.
Giorgi et al. [47] considered the following semilinear hyperbolic equation in a bounded
domain Q € R?
+oo
uy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f in Q x RY,
0

with K(0), K(o0) > 0 and K’ < 0, and proved the existence of global attractors for the
solutions. Conti and Pata [38] considered the following semilinear hyperbolic equation

“+o0
u + aup — K(0)Au + K'(s)Au(t — s)ds + g(u) = f in Q x Ry,
0
where K and g are functions satisfying specific conditions. They proved the existence of a
regular global attractor where the kernel is a convex decreasing smooth function. Pata [80]
discussed the decay properties of the semigroup generated by the following abstract equation

+oo
uy + aAu + Buy — / g(s)Au(t —s)ds =0, Vte R}
0

where A is a strictly positive self-adjoint linear operator and o« > 0, > 0 and the memory
kernel g is a decreasing function satisfying some conditions. He established the necessary as
well as the sufficient conditions for exponential stability.

Under a class of infinite history kernels that satisfies the following condition

O N (C) NN
v A g gy ST (14)

where H : Ry — R, is an increasing strictly convex function of class C'(IR4) U C?(]0, ool)
satisfying
H(0)=H'(0)=0 and tli)m H'(t) = oo, (15)

Guesmia [49] established general decay result for the following second-order abstract
viscoelastic equation

+o00o
uge + Au — / g(s)Bu(t —s)ds =0, Vt >0, (16)
0
where A and B are two positive self-adjoint operators that satisfy some conditions. Guesmia
and Tatar [52] obtained the stability result under appropriate assumptions on the operators

A and B and by combining two kernels g and f with arbitrary decay for the following
abstract hyperbolic equations

“+o0 “+o0
uge + Au — / g(s)Bu(t — s)ds + / f(s)ue(t —s)ds =0, Vt>0.
0 0
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For a much larger class of relaxation functions satisfying , Guesmia [50] established
the general stability results of two viscoelastic wave equations with (A = -A, B =
—A or —1T) in a bounded domain Q@ C R". Al-Mahdi [2] obtained the same result of the
following plate problem

+oo
gy — oAy + A%y — / g(s)A%u(t —s)ds =0 in Q xRy,
0

where ¢ is a positive constant. The arguments of Guesmia [50] were recently used in
Chellaoua-Boukhatem [34] to prove the stability of the abstract evolution equation with
time delay. For a viscoelastic wave equation with nonlinear boundary feedback, Al-Mahdi and
Al-Gharabli [3] proved a more general stability result without imposing any restrictive growth
assumption on the damping term. From the results that are exponentially or polynomially
decay to zero when H(s) = sP and p covers the full admissible range [1,2), Al-Mahdi et al.
[6] showed the general decay rate to Problem with (A = B = —A) and source term
(ufP~u).

For a coupled system of viscoelastic wave equations acting two kernals, Al-Mahdi et al.
[4] treated the following

{ Uy — Au — fo g1(s8)Au(t — s)ds + f1(u,v) =0
Vg — Av — fo g2(s)Av(t — s)ds + fo(u,v) =0

in Q x IRy, where f; and f; are nonlinear functions describing the interacation between
the two waves. They established a relation between the decay rate of the solutions and the
growth of g;; (i = 1,2) at infinity satisfying with specific properties of £ and H,;.

In one dimensional Timoshenko system, Al-Mahdi et al. [] treated the following

{ pow + K(pz +10), =
P2t — by + K(p )+ f $)Pre(t —s)ds =0

where (z,t) € (0, L) x Ry, L, b, K, p1, and py are positive physical constants. Under
appropriate conditions on £ and H satisfying , the authors established some new decay
results in the equal speeds of propagation case, as well as the nonequal-speed case. For the
thermoelastic porous system, we mention the stability result of Al-Mahdi et al. [7]. They
obtained a relation between the decay rate of the solutions and the growth of g at infinity
satisfying with specific properties of £ and H. These results generalize and improve
many earlier results in the literature such as [49] 51] and delete some assumptions on the
boundedness of initial data.

One of important motivations to studying exponential stability of the associated semigroup
comes from the spectral analysis. This purpose recalls the related results given by the
Gearhart-Priiss theorem (see [62, 82]). It is shown all eigenvalues approach a line that
parallel to the imaginary axis. Moreover, the resolvent operator is bounded for all eigenvalues
of the generator associated. The proof is the combination of the contradiction argument
with a PDE technique. Let us mention some papers on weakly dissipative coupled systems.
In Komornik-Rao [58], the exponential decay is established for each of the wave equations
that have been damped on the boundary. Priiss [83] gave the optimal results to characterize
polynomial as well as exponential decay rates for viscoelastic materials. Apalara et al. [14]
studied the exponential stability of laminated beams when the frictional damping acts on the
effective rotation angle. For weak damping acting only one equation, the following coupled
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wave equation

g — Au + f0+°° g(s)Au(s)ds+av=0 in QxR

v — Av+au =0 in QxRj

u=v=0 on I'x R, (17)
u(z,0) = up(x), ue(x,0) =uy(z) for ze€

v(z,0) = vo(x), vi(x,0) =v1(x) for ze€Q

has been considered by Almeida-Santos [12]. In [I2], they proved the lack of exponential
decay to system . The authors obtained the optimal polynomial decay by using the
recent results due to Borichev-Tomilov [22]. The method used in this contexts introduced by
Alabau-Boussouira [9] and developed by Alabau-Boussouira et al. [T1].

Acoustic boundary conditions

In the nineteenth century since the studies of vibration and sound first appeared, the science
of acoustics has expanded in many directions. Products of the jet age have added economic
incentive to the solution of problems related to the generation and transmission of noise
control. The noise of sound propagates through a certain acoustic medium. New mathematical
techniques for the solution of problems involving coupled acoustic systems have been developed
and the correspondingly great improvement in acoustical measurement techniques has made
the theoretical solutions of more than academic interest. The phenomena of acoustics have
taken on new importance and significance, both scientifically and technologically.

The PDEs coupled system of a viscoelastic wave equation with acoustic boundary
conditions was first introduced by Morse-Ingard [68] and developed by Beale-Rosencrans
[19] [I8]. Moreover, the impedance models provide additional constraints to these conditions
that are imposed simultaneously on the excess pressure and the displacement. The additions
could be, for example, a known vibration velocity, a sound hard wall, or a symmetry plane.
Imposing such constraints, in this case, Beale and Rosencrans [19] derived the equations

Ut — Au=0 in Qx ]R,+ (].8)
ou
3y &t oo I'x Ry (19)
hzy + fze + mz = —pouy on ' x Ry (20)

where u = u(x,t) represents the velocity potential, z = z(x,t) is the displacement, and pg
is the unperturbed density of the gas. The nonnegative functions on the boundary h, f
and m are the mass per unit area, the resistivity, and the spring, respectively. The authors
proved the global existence and regularity of solutions. In [I8], the problem was formulated
as an initial value problem in a Hilbert space and semigroup methods were used to solve it.
The loss of decay has obtained by [I8] where the term z;; was included. Result concerning
existence and asymptotic behavior of smooth, as well as weak solution of wave equation
with acoustic boundary conditions have been established by many authors, we recall to
see [16] [44], [69, [79, [90].

The above model would be to describe the motion of fluid particles from rest in the
domain 2 into the surface at a given point x € I', which can be expressed by the pressure at
that point. The relationship between the velocity potential at a point on the surface and
the normal displacement is proportional to the pressure. It is called acoustic impedance.
This impedance may be complex in the case of the velocity potential was not in phase with
the pressure. In addition, the acoustic boundary layer can be used to describe a vibrating
impermeable wall. It is well known that the fluid particles follow the wall motion. Moreover,
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the acoustic pressure was combined with the displacement at the actual position in order to
characterize the impenetrability condition , which is obtained from the continuity of the
velocity on the boundary. For example, through the air, in a room which is characterized
by a bounded domain 2 and whose walls, ceiling and floor are described by the boundary
conditions. This is the description of Jieqiong Wu in [90].

The first work bringing an analysis involving Dirichlet, feedback and acoustic boundary
conditions to a thermoelastic system has been investigated by Braz e Silva et al. [28]. More
precisely, they treated the nonlinear coupled system of thermoelastic type with acoustic
boundary conditions

ugr — a(t)Au + AMulPu+ (a.V)d =0 in Q xRy

—B([,0dz) A6+ (a.V)u, =0 in Qx Ry
u + h(x)zy + f(x)ze + m(z)z=0 on TI'ogx Ry

o (21)
G =z +n(,up) =0 on I't xRy
u=20 on I'p xR,
0=0 on I'xIRy,

where v and 3 are given functions, A and p are positive real constants, a is a constant known
vector of IR™ and the feedback function 7(.,u;) models a frictional damping on I'y. They
proved the global existence and uniqueness of solution of 7 and therefore they obtained
an exponential decay rate of the energy associated under the geometrical conditions on the
boundary I' and suitable assumptions on the feedback 7.

Recently, Boukhatem and Benabderrahmane [26] considered the following variable
coeflicient viscoelastic wave equation with acoustic boundary conditions and a time-varying
delay in the boundary feedback

U + Au — fot g(t — s)Au(s)ds = |u[P~2u in QxRy
u=0 on Iop xRy

BVA fO t - S BUA (S)dS
+paky (ue (2, 1)) + poka(ue(x, t — 7(¢))) = h(z)z: on Ty x R4

(22)
ur + f(x)z +m(x)z =0 on I'y xR,
u(z,0) = ug(z), w(x,0) = ui(x) in Q
2(x,0) = zo(x) in Ty,
ut(x,t — 7(0)) = jo(z,t — 7(0)) in Ty x (0, 7(0)),

where A is an elliptic operator of second order. Under suitable assumptions, they established
general decay results of the energy solution of via suitable Lyapunov functionals and
some properties of the convex functions. The same authors in [23] studied the global existence
and exponential decay of solution of system when g1 = pe = 0. This result generalizes
the result of Park in [79], in the absence of the term source and when A = —A, where the
authors proved some decay rates under the assumption that the kernel g is assumed to decay
like and / =1 — fo s)ds < 1/2. The absence of the second derivative z in 4
bringb some difficulties in the study because of the abnormality of the system. It can not
apply directly to the semigroups or Faedo-Galerkin’s theories. They added in the arguments
the term ez when € — 0 to overcome the difficulty. In the case of infinite memory, they
obtained, in [27], two arbitrary decay results of system without term source. The first
stability result is given with a relation between the damping term and relaxation function
and the second result is given without imposing any restrictive growth assumption on the
damping term and the kernel function g. The polynomial decay and the blow-up of solutions
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of system , with p1 = pe = 0 where the damping term «(x)u; was added, are showed
in Boukhatem-Benabderrahmane [25]. The estimates for the lifespan of solutions were also
given.

Results description

This thesis is divided into three separate parts composed of six related chapters.

deals with a coupled system of viscoelastic wave equation of infinite
memory where the acoustic boundary condition satisfying (20)). The same problem studied
by [23] in absence of the second derivative zy. In we show the global
existence of energy-associated solutions using semigroup theory in the complex spectral
distribution. Motivated by the mentioned works above concerning Gearhart-Priiss’ theorem,
the exponential stability of the corresponding semigroup is concluded. is
dedicated to studying the general stability result under a very wider class of relaxation
functions. The decay rate is improved explicitly by some properties on the convex function
and without the boundedness condition of initial data. We end the chapter by giving an
example to illustrate our result. This work substantially improves the earlier results in cases
of acoustic boundary conditions.

In we consider a thermo-viscoelastic-coupled system of second sound where the
heat conduction is given by Cattaneo’s law. We introduce a new model that generalizes
through this heat conduction law. As far as we know, there are no results of our system.
More precisely in we reformulate a variational initial-boundary problem in
absence of the second derivative z;, and then we can use the Faedo-Galerkin approach and
the compactness method to deal with the issue of local or global existence. Under a more
class of generality of the relaxation function, we establish a uniform decay rate for the energy
as time goes to infinity in The advantage here is that from our general estimate
we can derive the exponential and polynomial decay rate. Our result extends the various
decay results obtained for problems with or without thermo-viscoelasticity.

is devoted to present a type III thermo-viscoelastic coupled system with
distributed delay in both cases of finite and infinite memories. The interaction feedback
between the nonlinear damping and the acoustic conditions is reacted on a portion of the
boundary. This part extends the results of [72] under a general assumption on the nonlinear
damping term which was first considered in [60]. Our work suggested here applies the system
(21)) studied in [28] with the thermoelasticity of type III. In further use of the
recent papers concerning different mechanisms of damping allows one to obtain the best
decay estimates that address both the optimality and generality. This chapter studies the
case of finite memory of the viscoelastic problem. Finally, in once given the
semigroup method combined with Schauder’s fixed point theorem, it is known that a solution
exists for all time and an interesting question is to ask about the asymptotic behavior of
the solution as time goes to infinity. We can construct a suitable Lyapunov functional to
establish the decay of solution. We also give some examples to illustrate our result. This
work generalizes the composite stability between infinite memory and nonlinear damping.
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Part |

A Coupled System of
Viscoelastic Wave Equation of
Infinite Memory with Acoustic
Boundary Conditions






Chapter 1

Well Posedness and Exponential
Stability in the Complex Plane

Our main results, in this chapter, are dedicated to studying well posedness and exponential
decay for a coupled system of viscoelastic wave equation of infinite memory, in which we
analyze the spectral distribution in the complex plane. The semigroup theory is used to
show the described results of energy-associated solution which is decreasing over time.
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(L1 Problem statement] . . . .. ... ... .. L o 13
[L.2 Assumptions| . . . . . ... 13
1.3 The well posediiess] . . . v v o v v v o e e 14
(1.4 Exponential stability] . . . .. ... ... o000 17

12



1. Well Posedness and Exponential Stability in the Complex Plane Problem statement

1.1 Problem statement

Consider the following viscoelastic wave equation with mixed boundary conditions

ug — div(AVu) + fo (s)div(AVu(t —s))ds =0 in QxR

u=20 on I'p xRy

Qu _ 0+°0 g(t — 8) - (s)ds = z on I't xRy (1)
hzy + fze + mz+u; =0 on Iy xRy

u(x,0) = up(x), u(x,0) = ui(x) for ze€Q

z(x,0) = zo(x), z:(x,0) = 21 (x) for zeTly,

where the functions h, f,m : 'y — IR" are essentially bounded. The initial conditions
ug, uy : 2 — R(or C), 29,21 : 'y = IR(or C) are given functions.
Following the idea of Dafermos [39], we introduce a new variable 7 such as

n(z, s, t) =u(x,t) —u(x,t —s), Vee Vi,s € Ry.

Then, the system (1.1)) becomes

ugy — Cdiv(AVu) — [T g(s)div(AVn(s))ds =0 in QxR

N +1ns —ug =0 in OxRy xRy

hzy + fze +mz+u =0 on I'y xR

u=20 on I'og xRy
(ou (1.2)
bove T f 9(5) (s)ds =z on I'i xRy

u(0) = ug, u(0) = in Q

n(x,s,0) = up(z) — u(a:, —s) =no(x,s) for ze€Q,seRy

2(0) = 2o, 2t(0) = 21 in Ty.

1.2 Assumptions

To study our problems and to formulate existence and stability theorems, we will need some
assumptions in all parts of this thesis.

(H.1) The coefficients a;; € C!(f2) are symmetric and there exists a constants ag > 0 such
that

Z Problema;;(2)Gi¢; > aol¢|?, Vo € Q, ¥¢ € R™(or C™). (1.3)

i,j=1

II-2 I Ile Ielaxat 101 funC( 1011 g . IR — ]I: 1S a b()unded C NONINCr eaSlng funCtl()Il Sat ISfylng
+ + ’
fOr some ﬂ) > O

50 = gt 90)>0, 1= [ gps=e>0, (1.4)
0
and there exists a constant 8 > 0 such that

g'(t) < —Bg(t), Vt=0. (1.5)



1. Well Posedness and Exponential Stability in the Complex Plane  The well posedness

(H.3) There exist three positive constants fy, mg, and hg such that
f(x) > fo, m(x) > mg, and h(x) > hy,
for almost everywhere z in I'y.

We denote the closed subspace of H!(Q) by
HL, (Q) = {u cHYQ) | u=0on ro}

equipped with the norm equivalent to the usual norm in H*(2).

Remark 1.2.1. The Poincaré inequality holds on Hp, (), i.e.,
3C, >0 such that [[u(t)|]2 < C.||Vu(t)|l2, Vu € Hf (). (1.6)
Moreover,
3C, >0 such that [u(t)|lor, < Cul|Vu(t)|2, Vu € HE (Q). (1.7)

Furthermore, we notice, for t > 0

Ou(t) dv(t)

a(u(t),v(t)) = (Au(t),v(t) = ) /Q%‘(x)

ij=1

Remark 1.2.2. Using the hypothesis [(H.1)| it is easy to verify that the bilinear (sesquilinear)
form a(.,.) : Hp (Q) x Hp () — R(or C) is continuous, and by (1.3), we deduce that a is

coercive.

1.3 The well posedness

In this section, we will show the well posedness and regularity of our system.
In order to give a reformulation as a first-order evolution system, we denote by

U= (u,v,n,2,6)7T with v=wu; and &= z.
We consider the product Hilbert spaces
H = Hyp, () x L*() x L2(IR4; Hp, () x L*(T'y) x L*(I'y),

endowed with the following inner product

UO.00)y = talu(t)a(®) + | oOFDd + (1(0),70)

Q
+(m(2)2(t), 2(t)p, + (h(@)d(t),0(8))p (1.8)
where LZ(IR;Hp (€2)) denotes the Hilbert space of Hp (Q2)—valued functions on R,

endowed with the inner product

“+o0
g(s)a(n(s, 1), (s, t))ds, (1.9)

S—

(n(t), ﬁ(t)>L§(R+;H1£0(Q)) =
for every U = (u,v,n,2,0)T and U = (@, 0,7, %,0)7 in H.

14



1. Well Posedness and Exponential Stability in the Complex Plane  The well posedness

Thus, the system (|1.2)) can be rewritten in the following

Ui(t) = AU(t), ¥t>0 (1.10)
U(0) = Uo = (o, u1,m0, 20, 21) € ’
where the operator A : D(A) C H — H is defined by
v(t)
div(AVu(t)) + f s)div(AVn(t,s))ds
AU(t) = v(t) — ﬁs(t,S) (1.11)
o(t)
s (—o(t) — m(z)a(t) — £(@)3(0))
The domain of A is given by
U | AVu € H(div,Q); v € Hy (Q);
D(A) = ne LQ(IPw;H%O( ); 2,0 € L2(Iy); (1.12)
02 4 [ g(s) 2 (s)ds =& on Ty
Set the energy functional E of the system
1
E(t) =5 {U®),Ut))g - (1.13)

Lemma 1.3.1. The energy functional , along the solution of , 18 a nonincreasing
function satisfying, for allt >0

1 [T
E'(t) = 5/0 g'(s)a(n(s,t),n(s,t))ds — || f/265(t) |3, - (1.14)

Proof. Taking the scalar product of (1.2)); with ut and -D with z; in L2(Q) and L2(T'y),
respectively, then adding it to the inner product 1.9) of (1.2)) with 1. Using Green’s formula
and taking its real part, we arrive at

1d
Sq (Hut(t)H% + La(u(t), ult) + In()|Ez + Im' =03 r, + ||h1/25(t)||§,r1)

+oo
- / 9()a(ns(t, 5), n(t, 5)ds — | F/26(0)| 2, (1.15)

Using (|1.4])) and the properties of 7, we have

+o0 1 [te°
| s@atmsnonis = =5 [ g oats). s (116)
Combining and , we get . |

Our aim is ensured by the following theorem

Theorem 1.3.2. The operator A is the infinitesimal generator of a Co—semigroup of
contractions over the Hilbert space IH. Thus, for any initial data Uy € H, the problem
has a unique weak solution U € C(IR4;H). Moreover, if Uy € D(A), then the solution
Ue€C(Ry;DA)NCHIR,; H).
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1. Well Posedness and Exponential Stability in the Complex Plane  The well posedness

Proof. We will use the Hille-Yosida theorem. For this purpose, A is dissipative. Indeed,

using ([1.10)) and (1.13)), we have, for U € D(A)
E'(t) = R(U(t),U(t))yg = RAU(), U(t)) s -
Therefore, we deduce from Lemma that

1

+oo
RAU(), U(1)) g = 5/0 g'()an(t, s),n(t,5))ds — | 1/26(t)|lr, <0. (1.17)

Next, I — A is surjective. Indeed, for each F = (f1, fa, f3, f4, [5)T € IH, we show that there
exists U € D(A) such that

(I-AU=F.
Then, the previous equation reads
u—v = fi (1.18)
“+oo
v — div(AVu) —/ g(s)div(AVn(s))ds = fo (1.19)
0
n+tns—v = f3 (1.20)
L8 = fy (1.21)
h(z)0 +v+ f(x)d +m(x)z = h(x)fs. (1.22)
Suppose (u, z) are found in Hp, (€2) x L*(I'y). Thus, (1.18) and (1.21) yield
v=u— g, (1.23)
0=2z— f4a
Then,
veEH (Q), and §eL*(I).
From (|1.20)), we can determine
n(s) = —ve *+wv +/ fa(r)e™~%dr, Vse Ry, (1.24)
0
that is 7(0) = 0. According (1.24) with (1.23]);, we have
n(s) = —ue * +u+mn(s), VseRy, (1.25)

with 7, € LZ(IR; HE, (Q)) defined by

m(s) = fie* = fi+ /03 f3(r)e” ~*dr.

Then, (1.2))5 becomes

ou Hee om
et | s s = 2 Sy on T xR,

where (, = (£+f0+°o g(s)(l—efs)ds) > 0. Inserting (|1.23) and (1.25)) into (1.19) and
(11.22), adding the results, we get

“+oo
u—Lydiv(AVu) = f1 + fo —|—/0 g(s)div(AVn (s))ds, (1.26)
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1. Well Posedness and Exponential Stability in the Complex Plane  Exponential stability

(1 +m(z) + f(2)z +u=h@)fs + fr + (1 + f(2))fa (1.27)

Taking the inner product of (1.26) with @ in L2(£2), then adding it to the complex conjugate
of the inner product of (1.27) with Z in L?(I';). Using Green’s formula, we obtain the
sesquilinear from

B : (Hp, () x L*(I'y)) x (Hp, () x L*(T'y)) = C
defined by
B((u,2), (4, 2)) = (u, @) + Lya(u, @) = (z,@)p, + (u, Z)p, + (1 +m(z) + f(2)) (2, 2)p,
for every (u, 2), (i, 2) € Hp (Q) x L?(T';), and the conjugate-linear from
G:Hp (Q) x L*(Iy) = C
defined by

+oo
9(a,2) = (fr + fo, @) = /0 g(s)a(m(s),w)ds + (h(@)fs + fi + f(2) fa, Z)r, 5

for every (a, z) € Hp () x L*(T'1).

It’s easy to see that 9B is a continuous sesquilinear form and coercive on (Hp, (€2)xL*(T'1))x
(Hf, (Q) x L?(I'1)) and G is a continuous conjugate-linear form on Hf, (€2) x L*(I'y). Using
complex Lax-Milgram’s theorem, then there exists a unique solution (u, z) € Hf, (Q) x L*(T'),
satisfying, for all (@, 2) € Hf, (Q) x L*(I';)

B((u,2),(a,2)) =G(a, 2). (1.28)

Additionally, we proceed to get more regularity.
Taking Z = 0 in (1.28). Since D(12) is dense in Hf, (€2), we deduce that

¢, (div(AVu), i) = ( /0 o g(s)div(AVm(s))ds,ﬂ) +(n @)y, — (u,0),

for every @ € Hp, (Q). Hence, AVu € H(div, Q) NHf, (Q).
Then U € D(A). Consequently, Lumper-Phillips’ theorem guarantees the generator A of
a Cp—semigroup on H. |

1.4 Exponential stability

Here we will show the exponential stability of (L.10). The method that we shall use is based
on the Gearhart-Priiss theorem [62] to complex value dissipative systems.

Our starting point is to show that the semigroup associated with , generated by A,
is exponentially stable. The following theorem gives our main result, that is to verify the

conditions (¢) and (#i) of Theorem [A.2.10)

Theorem 1.4.1. Assume that holds. Then, et generated by A is exponentially
stable.

Proof. We first show that the resolvent of the system (|1.10]) is located on the imaginary axes.
Note that the resolvent equation (iA\l — A)U = F € H is given by

idu—v = fi (1.29)
+oo
idv — ldiv(AVu) —/O g(s)div(AVn(s))ds = fa (1.30)
D tne—v = (131)
N—d = fu (1.32)
i+ f(x)d+m(z)z+v = f(a)fs. (1.33)
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1. Well Posedness and Exponential Stability in the Complex Plane  Exponential stability

It’s means to show that iR N o(A) = 0, where o(A) is the spectrum of A.
Using contradiction arguments. Let us suppose that 4 has an imaginary eigenvalue. Then,
we have

AU = i)\U, AelR. (1.34)
Thus, F =0 in (1.29)-(1.33). From (|1.17)) and (1.34)), we can get
1 [t
0=RAU®),U)n < 5/ g'(s)a(n(t, s),n(t, s))ds — [f/28(t)|lr, < 0.
0

It follows that § = 0, and from the hypothesis of g that Vi = 0. Using the fact v = 0 in
I' x IR that n = 0. This implies by and that u = v = 0. From equation ,
we conclude that z = 0. Hence, U = 0. We obtain a contradiction.

We now prove (ii) by contradiction arguments again. Suppose that (i) is not true. Then
there exist a sequence A, with |\z| = 400 and a sequence of functions

U, = (uk,vk,nk,zk,5k)T S D(.A) with ||UkHIH =1, (1.35)

such that, as n — +o0;
(iI— AU, -0 in H (1.36)

ie.,
iNgup —vp — 0 in Hf (Q) (1.37)
+oo
iAgog — div(AVug) — / g(s)div(AVn,(s))ds — 0 in L*(Q) (1.38)
0

Nk + O — vk — 0 in L] (1.39)
iz — 0 — 0 in L2(I';) (1.40)
iNeOr + f(2)0h +m(z)zp + v, — 0 in L*(Ty) (1.41)

Taking the inner product (1.8]) of (1.36]) with Uy and then taking its real part yields

Lo[ree
—R((IMI = AUy, Uy = —5/ g (s)a(nk(s), n(s))ds + ||f1/25k”%,1“1 — 0. (1.42)
0
Using (1.5 and we find that
B0 in ARy HE (9)), (1.43)
S — 0 in L*(Ty). (1.44)

On the other hand, taking the complex conjugate of the inner product of ((1.37)) with fuy
in H{(£2), then adding it to the inner product of (1.38]) with v, in L?(2) and using Green’s
formula, we get

1 [t

+ v g(s)a(nk(s),vr)ds — 0. (1.45)
k Jo

. 1
i (—la(uy, ug) + [lox13) — " (Ok> i) p,

1
We can deduce from ([1.37)) that )\—||Vvk||§ is uniformly bounded. By using , 1.43)) and
(1.44), the last two terms in ([1.45)) converge to zero. Hence,

Ca(ug, uy) — |logl3 — 0. (1.46)

Adding the complex conjugate of the inner product of (1.40) with m(z)dy to the inner product
of (1.41) with zj in L2(I'y), we have

. 1 1
i(m* 223, + I66l3r,) + Yk||f1/25k||§,rl W (vk, k)p, = 0.
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1. Well Posedness and Exponential Stability in the Complex Plane  Exponential stability

1
By using (|1.38)) and the fact that )\—||Vvk||§ and [|6;|3 p, are uniformly bounded, we obtain
k

[m' 22130, — 0. (1.47)

Combining (1.35) with (1.43]), (1.44) and (1.47). Then, using (|1.46)), we find that

alug, ug) — (1.48)

)

— N

||UkH§ — 3 (1.49)

1
It’s easy to see that )\—kvk € LE (R4 ; H%O (©2)). Then, taking the inner product 1D of

1
1.39)) with —wvy, we have
Ak

1 1 1
o (1 (5), vk)rz + 3o (Ost(s), vk)ra — v {or; vk)2 = 0. (1.50)
k

Using again the fact that )\— is bounded in H{. ( ) and by using (1.43), we get that the first
term of (|1.50|) converges to zero. This yields

— +oo
u)\z@a(uk,uk) - Ali/o g9(s)a (Dsmi(s),vx) ds — 0. (1.51)

I

The second term (I7) in ((1.51)) converges to zero. Indeed, from (/1.5 and by using again that
— is bounded in H}: ,(Q), we have

>\k
nl = | [ et s
iﬁ Vo, 2 ((1;)5) /O o g(s)a(nk(s),nk(s))d8>1/2 -0,
where a; = max <Z ||a”||oo). This with (1.51f), leads to
;}\—’; —~0 in HE(Q). (1.52)

Taking the inner product of (1.37) with fuy, in Hj(Q). Since uy is bounded in H%O(Q) By
using ([1.52)), we obtain

a(ug, u) — 0.

This contradicts (1.48]). Therefore, the proof is completed. [ |
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Chapter 2

General Decay of
Energy-associated Solution

This chapter is devoted to the investigation of the general decay rate using the energy method.
This result is obtained without the boundedness condition of initial data assumed in many
earlier papers in the literature.
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2. General Decay of Energy-associated Solution Modified Lyapunov functional

2.1 Modified Lyapunov functional
We are going to construct modified Lyapunov functional £ as follows
L(t) = NE(t) + Nip(t) + Natb(t), (2.1)

where N and N;, i = 1,2; are positive constants to be fixed later, the energy E defined by
(1.13]), and

+oo
(gou)(t) = In(®)llzm,aroqe) = / g(s)aln(t, s),n(t, ))ds,
o) = [ wutds+ [ a0+ [ Ouaar+ IR0, 22)
“+o0
P(t) = —/Qut(t)/o g(s)n(t, s)dsdx. (2.3)

Let us define

— JFOO& } W - o 7 +o0 s
Com [ s KO = a0 =g, and k= [ ks (24)

Remark 2.1.1. As )
ag*(s)
ag(s) —g'(s)

using the Lebesgue dominated convergence theorem to show

< g(s),

[e'e] 2
aCa:/ L(S),dsﬁo as o — 0.
o ag(s)—g'(s)

Lemma 2.1.2. The functional ¢ defined by (2.2)) satisfies, for any 0 < a < 1, for allt > 0,

the estimate
@' (t) < Jlue(t)[13—Cau(t), u(t) + C1Ca(kou)(t) — [m'22(t)|[3 r, + Cal W22 (t)3 r,, (2.5)

where

n h -
ar = max (Znaijnio), Cr= " and oy =14 e
i=1

1<j<n 4agC2’ h2

Proof. We differentiate (2.2]) with respect to ¢, we arrive by using Green’s formula and the
boundary conditions ([1.2)), 5 at

+oo
o(t) = *a(U(t),U(t))Jr/o g(s)a(ult — s),u(t))ds + |2z (1) |3 r,
+||ut(t)\|§+2/ 2i(u(t)dl — [[m*22(8)|3 r, (2.6)
I

Now, thanks to Cauchy-Schwarz’s inequality

/Q (/OJroo g(S)Vn(t,s)ds>2dx - /Q (/;OO j%\/@vn(t,S)ds>2dx

%(kou)(t). (2.7)

IN
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2. General Decay of Energy-associated Solution Modified Lyapunov functional

From this, Young’s inequality, (|1.3), and (1.4)), we obtain

o t t))ds < ((1—6)+ 62 0, u(t) + "2 (ko u)(t 2.8
| atsratutt - st < (-0 + 62 ) atu(thut) + foshou)t.  (28)

for some 6 > 0 and

—=2

z/rl 2 (t)u(t)dl < ”hhl(lz)"°||h1/2zt(t)||§,rl + %a(u(t),u(t)). (2.9)

C
Substituting (2.8 into . By choosing § =

Lemma 2.1.3. The functional ¢ defined by (2.3) satisfies, for § > 0, for all t > 0, the
estimate

P(t) < —(1—-L£-9) IIUt(t)II§+5%a(U(t), u(t))+Cs B2z (1) |3 r, +CaCalkou)(t), (2.10)

where

—2 —2 22
Cs = C*HZHOO and Cy = Lmax 2C*k1,1+4\/m7n+7n+2a Cs .
hg dag 0 0

Proof. By exploiting (1.2),, we have
+00 +oo
Wity = - / () / g(s)n(t, s)dsdl — /Q ur(t) / ¢ (s)n(t, s)dsdz
+oo
1O )2+ / AVu(t) / o(s)Vn(t, s)dsdz
Q 0

(] - savitss) ([ ” o(6)V(e)ds ) (2.11)

Similar calculations in (2.8)) and (2.9), we obtain

oo ay nCy,
/ AVu(t) / 9(5)Vn(t,s)dscdr < 6 a(u(t), u(t)) + 5 (ko u) (1), (2.12)
Q 0 ao

ao

for § >0

+oo
= A [ st ssr < L kou(o + Celltle v g, (213

on) 0
and

+00 OKQ 2
[ | gt asde < alu @3+ LI o, 21y

for 61 > 0. We arrive to estimate

+oo +oo
/ (/ g(s)AVn(s)ds) (/ g(s)Vn(s)ds) dz < @(lﬂou)(t). (2.15)

Q 0 0

Inserting ((2.12 into , we obtain |
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2. General Decay of Energy-associated Solution Modified Lyapunov functional

Lemma 2.1.4. For N large enough, the modified Lyapunov functional (2.1) is equivalent to
the energy functional (L.13), and the inequality

r1E(t) < L(t) < ko E(1), (2.16)
holds for two positive constants k1 and K.

Proof. We can estimate each terms of (2.1)). Indeed, we have

|L(t) = NE(t)] < Nifp(t)] + Nafip(t)]. (2.17)

Using the inequalities of Cauchy-Schwarz and Young, from (|1.6) and (1.7)), we obtain

o
/dmmﬂs—ﬁﬂw@@ﬁn+
r, 2m0

2@0

[17]loo ||m||oo
/Fh(x)Zt(t)Z(t)dFS oI 220l + m'22(0)|3 r,
1

. 1 171
SOl r, < W= 2oy,
Then,
1 9 Cf+6i 1] oo 1/2 2
PO < gl + S autn), ue) + =z g
1 (2
e (2= ) 22 0,
Also,

2(1 —
(0] < 3l + 5= gowi.

From ([2.17)), we have
|L(t) = NE(t)| < CE(1),

where C' > 0. By choosing N large enough, we conclude ([2.16]). |
Lemma 2.1.5. For each i = 1,2; N; large enough while N so large that the functional L
defined by (2.1)) satisfies, for allt >0
1
£ < @l - (e+ 1D = Halu(t), u(t) + 4 (g0 u)(t)
—[lm* 2@, = 1222013 1, (2.18)

2a1n
where 0 = —5
ap

Proof. By Combining (1.14]), (2.1]), (2.5), and (2.10)), taking 6 = fag /(a1 N2), we obtain

+ 1 is a positive constant.

€a0

) < - (00N = 8= 50 @l - I 20, + % o n)e)
— (Y — €) a(u(t), u(t)) — (;V — o (CIN + 04]\72)) (ko u)(t)

(WwN CuN, — @Myw%w%ﬂ7
0
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2. General Decay of Energy-associated Solution Modified Lyapunov functional

We choose N; large enough, so
INy— 0> (o+1)(1—10),
while Ny large enough such that

¢
(1— )Ny — Ny — 20 > 1,
a1

Let us choose N so large, that’s to say

[1flloo
hg

N — C3N; — CgNQ > 1.

From Remark [2.1.1] there is 0 < ay < 1 such that if a < «g, hence

C, < L d L <
aCy, < ———  an a=— < ag,
C1Ni + C4N, oN 7"
which means N
? — Ca(ClNl + C4N2) > 0.
So, we conclude (4.21]). [ |

Lemma 2.1.6. There exists a positive constant My such that
“+o0
/ g(s)a(u(t) —u(t — s),u(t) —u(t — s))ds < Moho(t), (2.19)
t
where ho(t) = f:roog(t + ) (1 + [|[Vuo(s)[|3) ds.
Proof. As in [2, [50]. Using (1.3]) and , we obtain, for all ¢ > 0
+oo
/ g(8)a(u(t) — u(t — s),u(t) — u(t — s))ds
t
+oo
g
t

+oo
< 2CIIVU(%)II%/ (8)d8+20/t 9(s)[[Vu(t — )[3ds

+o00 +oo
< 2csup||w(s)||§/ g(t+s)ds+20/ g(t+ )| Vu(=s)3ds
s>0 0 0

4C “+o00o +oo )
< —FE(0) g(t+ s)ds + 2C g(t + s)||[Vug(s)]]5ds,
a;()é 0 0
which gives (2.19) where My = C' max { 450(?) , 2} . |

Remark 2.1.7 ([50]). The function hg is of class C* on R Indeed, since no € LZ(R; Hf, (),
so, for any ¢ > 0

+oo
ho(t) = / ot +5) (1+ [Vuo(s)[2) ds

IN

+oo
(1+0)+ / gt + 5)[[Vuo(0) — Vro(s)[2ds

“+oo
(1= 0) (142 Vuo(0)[3) + (12(2)/0 g(s)a(no(s), mo(s))ds = My,

IA
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2. General Decay of Energy-associated Solution Modified Lyapunov functional

and, using the left assumption in (|1.4])
+oo
O = = [ g+ s) (4 Vas)3) as

+oo
< 50/0 g(t+5) (14 [|Vuo(s)[l3) ds = Boho(t) < BoMy.

Next, we use the functional

where p(t) = fjoo g(s)ds

Lemma 2.1.8. The functional ® satisfies the estimate

o'(t) < *%(QOU)(U +p(1 = a(u(t), ut)) + —~ho(t). (2.20)

Proof. The proof of (2.20]) is based on similar proceedings used in the one of Lemma 3.4 in
[8] with suitable changes. In fact, we have

p(t) = —g(t),

/Ot g(t—s)ds = /Ot g(s)ds
- /;OO g(s)ds — /:OO g(s)ds = p(0) — p(t).

Now, differentiating ®, we get

and

$(t) = pO)afult),ult) —
g()a(n(t, s) — u(t),n(t, s) — u(t))ds
- / g(8)a(n(t, s),(t, s))ds + 2 / g(8)a(n(t, s), u(t))ds
0 0
; (p<o> - g(s)ds) a(ut), u(t))
+oo

= p(a(u(t), u(t)) + / a()a(n(t, s),n(t, 5))ds

~(gou)(t) +2 / g(8)a(n(t, 5), u(t))ds.

0

Using Young’s inequality for some ¢ > 0, the last term can be estimated as follows

/0 g(t —s)a(n(t,s),u(t))ds = / g(s)/ A (Vu(t) — Vu(t — s)) .Vu(t)dzds

IN

t
o / s Vu(t) + G [ o)Vt o)3as
”fo

IN

), u0) + (g o))
ay +oo

_4(1(2)5 + g(s)a(n(tas)aﬁ(t,S))ds.
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2. General Decay of Energy-associated Solution Stability result

1—
By choosing 6 = 31(257@. Then, as p(t) < p(0) = (1 —¥) and fgg(s)ds < (1-2¢), from
ag [y g(s)ds
(2.19), we conclude ([2.20]). [ |

2.2 Stability result

Here, we shall use a very wider class of relaxation functions and minimal conditions on this
context, namely

(H.4) There exists a function A : Ry — R4 which is strictly increasing and strictly convex
C? function on (0, 7], for a positive constant r < g(0), with #(0) = H'(0) = 0 such that

g'(t) < =EMH(g(t), vt =0, (2.21)
where £ : R. — IR is a nonincreasing differentiable function.

Following this assumption, we will formulate some corollaries and provide some remarks

Remark 2.2.1. Let H be a strictly convex on (0,7] with #(0) = 0, then
H(yz) <~vH(z), VYyel0,1], Vze(0,r]. (2.22)

Remark 2.2.2 ([71]). If|(H.4)[holds. Then # is an extension of H, which is a strictly increasing
and a strictly convex C? function on IR,. For example, setting H(r) = o, H'(r) = 3, and
H"(r) = v, thus H defined by, for all t > r,

H(t) = %t2 + (B —yr)t+ (a + %7“2 - Br) : (2.23)

Thanks to the argument given in [I5 pp. 61-64] to present the following corollary
Corollary 2.2.3. Let H be the conver conjugate of H defined by

H (s) = sup {st —H(t)}.

telR ¢

Then, we have

* -/

H(s) = s(H) () = A ((H) () < s(H) 7 (s), Vs >0 (2.24)
Remark 2.2.4. Here, the generalized Young inequality holds, i.e.,
AB <H (A) +H(B). (2.25)

At this Position, we introduce the class D of functions ¢ : IR+ — R4 satisfying, for some
constants aq,as > 0

YeC(Ry), ¥<1, ¥ <0, (2.26)
and
aoH (Mohi(t)ho(t)) < o (Hz (téi?) e f;lé:;(t))) ; (2:27)
at which

Mo () = /t ' S;f(s), Ho(t) = tH'(sot), and  Hy(t) = H1 (a1 /0 g(s)ds), (2.28)

where ¢ is positive constant to be fixed later. The functions hg and hy are defined in (2.19)
and ([2.31))(below), respectively.
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2. General Decay of Energy-associated Solution Stability result

Remark 2.2.5.

1. H; is strictly decreasing and convex on (0, 7], with }iH(l) Hi(t) = +o0.
—

2. Hs is convex increasing on IR and defines a bijection from IRy to IR.
3. Hg is of class C; on R

4. The set D contains at least the function J(s) = eH3(s) for any 0 < ¢ < 1 small enough,
then it is not empty. According to H; and Hs, (2.26)) is satisfied. On the other hand, we
have hq(s)ho(s) is nonincreasing, 0 < Hz < 1, and H' is increasing, then ([2.27) is satisfied if

oM (Mohy (t)ho(t)) < % (’H’ (1) — H’(D) :

3

which holds, for 0 < & <1 small enough, since  lim H'(t) = +o0.

—+o00
The following theorem gives us the stability result

Theorem 2.2.6. Suppose that ((H.4 ) hold. Then, there exists a constant C' > 0 such

that Ha(t)
t
E@t) <02 2.29
W= Comm (229
for allt > 0.
Proof. We start by using ) and (| - ) to obtain
M,
Ly(t) < =B1E(t) + *Oho( t),
where ; is positive constant and £;(t) = L(t) + ®(¢). Therefore, for all ¢ > 0
B / E(s)ds < £1(0 / ho(s
which means . .
E(s)ds < o (1 +/ ho(s)ds> , (2.30)
0 0
where 2 = max { E}j(lo), é\/[ﬁ} From ([2.30)), we have, for a constant C > 0
t t
/ a(n(t,s),n(t, s)ds < 20/ (IVu(®)|2 + [Vult - 5)|12) ds
0
t
< / E(t)ds <852C (1+/ ho(s)ds).
aof 0
Then, for 0 < ¢2 < min {1, 8‘;3%, MLI}, we obtain, for all t > 0
M) = ——2 <1 and hy(t) /ta(n(t s),n(t, s))ds < 1 (2.31)
' 1+ fot ho(s)ds ' 0 B . .
Now, we define the function, for a constant 53 > 0
t
A0 == [ g/ (s)atuntt, ). (e, s))ds < ~BaE' () (2:32)
0
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2. General Decay of Energy-associated Solution Stability result

From the hypothesis the using of (2.22)), (2.31), and Jensen’s inequality (A.2) leads to

N0 = g [ g atn(t ) s)ds

1 t
T(t)/ ha(DE(s)H(g(s))aln(t, s), n(t, s))ds
£(t
t”</h1 )t 5)ds

5&;?{(h <)A a(s)aln(t.s).n(. @yu). (2.33)

Y

Y

Y

This implies that

/ g(s)aln(t, s),n(t, s))ds < ——F " (hl(m(”), (2.34)
0
which gives

L'(t) < —BE()+

Ba 7 <h1(t)/\(t)

i () ) %)

where 84 = max{i,Mo}.
Now, for g > 0, we define the functional

F)y=H (50 hﬁ)(f)(t)) L().

From (2.35) and the fact that £’ < 0, H >0, H >0, and R} < 0, we conclude that F ~ F
and

) o (SR ()

+B4ho(t) / (50 hlg)(gj)(t)) (2.36)
In view of and with
— hi(t)E(t) 1 (ha(t)A(t)
a=T (") ma B=T" (MgHY)
thus, gives
o< -n0 e T () 20 it (+05)
(2.37)

So, multiplying (2.37) by £(¢). From ([2.32)) and the fact that

mOEG) o mOE®Y ., [ h(b)E®)
0~ B ) <“H(%1mm )‘H<%lﬂm )
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2. General Decay of Energy-associated Solution Stability result

we find
EOF() < —(BE(O) - 545-:0)5(75)5((8%' ("g)(f)(“) BB (1)
+54]fl((tt)>h1(t)ho(t)7'l/ (é‘omg)(f)(ﬂ)

As above, with A = H (z—:o hlgzg)(t)) and B = hy(t)ho(t), in the fact that B < r and
H(B) = H(B), we obtain

ENF(B) < —(E0) = 2e0) €
0

+54

Let us choose € small enough such that 85 = $1 E(0) — 28460 > 0. Then, we obtain, for all
t>0

71(0) < ~o e tte (DS D) 55D s o) (2.39)

where F; = EF + 403 F ~ E and satisfies, for some constants k3, k4 > 0
k3 F1(t) < E(t) < kaFi(t). (2.39)
Since H5(t) = H'(eot) + eotH" (e0t). Using the strict convexity of H on (0,7], we find that

Ho, Hy > 0 on [0,1). Hence, using (2.39)) with ¢; = % > 0, we get

" (’L%f)(t)) > Ha(er Fo(£)ha (1)): (2.40)

Let Fo(t) = c1 Fi(t)hi(t). As cihi(t) is nonincreasing and from ([2.40]) for some constants
ap =c105 > 0 and as = ¢; > 0, we arrive at

Fot) < —ar€(t)Ha (Fa(t)) + b (t)H (Moha (t)ho(t)) - (2.41)

Taking into account ([2.39)), thus, there exists a constant ca > 0 such that Fa(t) > cahy () E(t).

Let 9(t) satisfying (2.26) and (2.27). If

Cghl(t)E(t) S 2 ’19(t) y

then
(2.42)

Else if
Hs(t)

Cghl(t)E(t) > 2 19(t) .

According to (h1E)'(t) <0, then we have, for 0 < s <t

Hs(t)

Fals) 2 eahu(5) B(s) > 250

(2.43)
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2. General Decay of Energy-associated Solution Stability result

For 0 < g1 < 1, using (2.22), 0 < ¥ < 1, and the fact that Ho is convex, we obtain

Ha (219() Fals) — 21Ma(s)) = Mo (alm \Fals) — W)
< aloma (Rl - 1o
< a(s) (7o) - ) 1 (o) - 0"
< ctanire (-5 e (o 45)

7‘[’ (Eofg(s) —£&p

and

These imply that
Ha (e19(8) Fa(s) — e1Hs(s))

< ad(s)F2(s)H (e0F2(s)) — 6119(8)7;[93(? H (EOHS(S)) .

Now, we let

F5(s) = e19(s)Fa(s) — e1Hs(s). (2.44)

By choosing &1 small enough so that F3(0) < 1. Then, using (2.44)), we find, for 0 < s <,
Hs(s

Hz (]:3(8)) S 8119(8)7'{2 (.Fg(S)) — 81’(9(5)7‘[2 < 19?(8))) . (245)

As ¥ <0, we have

Fi(s) = e (s)Fa(s) +e10(s)Fa(s) — e1Hs(s)
< e19(8)F5(s) — e Hy(s). (2.46)

From (2.41)), (2.46)), and (2.45), we get, for 0 < s < t,

i) < —ang(oHa(F(s) - (oo ()
o1 and(s)E(s)H (Moha(5)ho(s)) — e My (s). (2.47)
By the definition of #, and s, we have
Ha(Ra(o) = on | o),
thus, for 0 < s < t,
Hy(s) = —c () Ha(Ra(s)). (2.48)
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2. General Decay of Energy-associated Solution Stability result

Using ([2.48)), we obtain

e1000(8)E(s)H (Mohy (s)ho(s)) — e1Hy(s) — e10n9(s)€(s)Ha (Hg( ))

90
= e1a29(s)E(s)H (Mohi(s)ho(s)) — e1a19(s)E(s)Ha (7;[9(2;)> +er101&(s)Ha(Ha(s))
= 210509t (1ot (a(5) s (T ) 4y P2

So, by (2.27)), we have

s (o - (551 52 =

Consequently, leads to
F3(s) < —ong(s)Ha(Fs(s)).
Then, by the definition of H; and Hs, we get
[H1(F3(5))]" = aré(s). (2.49)
By integrating over (0,t), we obtain

Hi(F5(t) > on / £(s)ds + My (F5(0)),

Note that #H; is nonincreasing, F3(0) < 1, and H;(1) = 0. So,

Falt) <HT! (041 /Otf(s)ds) — My ().

Hence, by the definition of F and F3, we get

1+€1H3(t) 1+¢ Hg(t)
1 O(t) and F1(t) < ercr D) (L)’

Then, as F; ~ E, there exists a constant ¢ > 0 such that F(t) < c3F;. Consequently, we
deduce that

Fao(t) <

03(1 + 61) /Hg,(t)
£1C1 ﬂ(t)hl (t) '

From this estimate and (2.42]), the estimate (2.29) is established with C' = max {3 M}

627 €1C1

Et) <

Now, we give an example to illustrate our result

Example 2.2.7 ([50]). Let g(t) = b(1 4+ ¢)~9, where ¢ > 1 and 0 < b < ¢ — 1 so that
is satisfied, for any Sy > ¢. In this case {(t) = qb%1 and H(t) = . Then, there

exist three positive constants b;;¢ = 1,...,3 depending only on g, a1, ¢, and b such that
-1 q+1
H1 (t) = b1 (tT — 1), Hg(t) = bgtT, and H3(t) = (b3t + 1)—q
If
mo(1+1)" <14 [|Vuo(t)[5 < mi(1+1)* (2.50)
where 0 < k < ¢ — 1 and mg,m; > 0, then, for some positive constants b;;i = 4,...,7

depending only on ¢, b, mg, m1, and k, the estimates

ba(1 4+ )R~ < ho(t) < bs(1 +t)1HrE9, (2.51)
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2. General Decay of Energy-associated Solution Stability result

1+In(l+1¢), ¢g—k=2;
hf?t) >bed 2, g—k>2 (2.52)
(14+t)k+2-1 1<g-k<2,
and
1+In(1+1t), g—k=2;
hfzt) <b:{ 2, g—k>2 (2.53)
(1+t)k+279 1<g—-k<2.

Condition (2.27) is satisfied if

q
1

(1+ t)%ho (£)hy (£)0(t) < bs (1 — it >) : (2.54)

where bg > 0. Choosing

Lre) 1, g—k>2
sy =ag AHOTT amk= (2.55)
1+t 1<qg-—k<2,

SO is valid. Moreover using and -7 we see that d-i is satisﬁed ifo<Aa<1
m

is small enough in , and then 1 ) is satisfied. Therefore (2.29) and (2.53)) imply that,
forallt >0

1+k—q _ 9.
E(t)SC{ (4 + )", g k=2 (2.56)

(1+t)tth—a g—k>2orl<q—Fk<2.

This estimate gives hm E(t) = 0.
On the other hand 1f k=0in , then ) holds with k = 0.
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Part |l

A Variable Coefficient
Thermo-viscoelastic-coupled
System of Second Sound with
Acoustic Boundary Conditions






Chapter 3

Global Existence and
Uniqueness of Solution

In this chapter, we are concerned with global existence and uniqueness of solution of
a variable coefficient thermo-viscoelastic-coupled system of second sound with acoustic
boundary conditions. The proof is obtained by means of the Faedo-Galerkin techniques and
the compactness method.
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3. Global Existence and Uniqueness of Solution Problem statement

3.1 Problem statement

We look into u,0,q : @ x Ry — IR and z : I'1 x Ry — IR solutions of the following
thermo-viscoelastic-coupled system of second sound

t

ug + Au — / g(t — s)Au(s)ds + div(o(x)d) = 0 in QxRy (3.1)
0

p(x)0 + (k- V)g+ (0(z).V)uy = 0 in QxIRy (3.2)

Togt +q+ (k-V)0 = 0 in QxRy, (3.3)

the boundary conditions

u = 0 on T'oxIRi (3.4)
0 = 0 on I'xIRy, (3.5)

and the acoustic boundary conditions

ou K ou
EOR —/0 g(t — s)ﬂ(s)ds = h(x)z, on Ty xR (3.6)
ug + f(x)ze + m(x)z = 0 on Iy xR, (3.7)

Here, the function u = wu(x,t) describes the velocity, § = 6(x,t) is the temperature
difference, ¢ = q(x,t) is the heat flux, and the normal displacement on part of the boundary
represented by z = z(x,t). The function p is assumed to be C(Q2) and the function vector
o in CH(Q,IR™). The coefficient x = (k1,...,#,) is the vector of nonnegative components
called the heat conductivity vector and the parameter 7y is a positive constant represents
the relaxation time.

In addition, the initial conditions

u(x,0) = up(x), u(x,0) =ui(z) for ze€Q
0(x,0) = 0p(x), q(x,0) =qo(x) for xz€Q (3.8)
) for xeTly,

where g, u1,600,q0 : © = IR and 2y : I'1 — IR are given functions.

3.2 Notations and variational formulation

In this section, we will derive a variational (or weak) formulation of the boundary value
problem —. We will discuss all fundamental theoretical results that provide a rigorous
understanding of how to solve our problem.

Let us introduce the following notation

(gou)(t) = /0 g(t = s)a(u(t) — u(s), u(t) — u(s))ds.

Lemma 3.2.1. We have

Gow® = (0w =2 [ ot = a(uls)u)ds

+% (a(u(t)7u(t))/0’g(s)ds> —g(t)a(u(t),u(t)). (3.9)
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3. Gilobal Existence and Uniqueness of Solution Notations and variational formulation

Proof. Since
d

2a(u(t), ue(t)) = ra(u(t), u(t)).

Then

2/0 g(t — s)a(u(s),u(t))ds = 2/0 g(t — s)AVu(s)Vu(t)ds

dt
_ /0 gt s) (jta(ua) — u(s), u(t) - u<s>>> ds + /0 ot —s) (;ta(u(t), u(t))) ds

— 5 (ot | t stejas) + [ "t~ s)a(u(t) — u(s), u(t) — u(s))ds

B / gt — $)AVu(t) — Vu(s) L (Vult) - Tu(s))ds + 2 / ot — s)a(u(t), us(t))ds
0 0

~aau(®u(0) - 5 ([t~ au(t) = u)u(0) - u(s)as

- i(a(““%u(f)) /0 9(s>ds) +<g’<>u)<t)—g(t>a<u<t>,u<t)>—%@Oum

which gives (3.9). |

We are going to transform the boundary value problem (3.1)-(3.8) into an entirely different
kind of problem that is amenable to existence and uniqueness theory.

Proposition 3.2.2. Assume that (u,0,q,2) € Hf, () N H* () x Hj(Q) x H'(Q) x L*(I')
solve the problem (3.1)-(3.8). Then, we have, for any e >0

0 = /Q [uge + div(o(x)0)] wdz + a(u, w) — /Fl h(zx)zyo(w)dl

+/Q [p(x)0; + (k- V)g + (o(z) - V)u] vdx + /Q [T0q: + q + (k- V)0] pdx
+/F [ezu + h(z) f(x)ze + h(z)m(z)z + h(x)u,] £AT,

for all w € Hy, (Q), v € Hi(Q), p € H'(Q), and £ € L*(Ty).

Proof. Let € > 0. We take an arbitrary w € Hp, (), v € Hj(Q), p € H'(Q), and £ € L*(T'y).
Multiplying the equations (3.1]) by w, (3.2 by v, (3.3 by u, and (3.7) by &, respectively,

Il
o

¢
upw + Auw — / g(t — s)Au(s)dsw + div(o(z)0)w
0

p(x)0w + (k- V)qu + (o(x).V)ww = 0
Toqeit + qu+ (k- V)0u =
ezl + h(x) f(x)2:€ + h(x)m(x)z€ + h(x)wé = 0.

Integrating the first three equations over 2 and the laste over I'y, and adding the result. Every
term is integrable since AVu € H(div,Q), § € HY(Q), ¢ € HY(Q), and ¢ € L(I'y), hence,
Avu € L2(Q) and w € L2(Q) imply Auw € LY(Q). In addition, ¢, (k- V)q, (k- V)0 € L2(Q)
and v, € L2(Q) imply qu, (k- V)qu, (k - V)0u € LY(). Also, z,& € L3(I'y) imply
2&,70(ug)€ € L1(Ty).
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3. Global Existence and Uniqueness of Solution Existence and uniqueness

Using Green’s formula and the impenetrability boundary condition (3.6]), according to

which
(oo e omirs)o
- /ro (881/1; - /Otg(t - 5>88,Z(8)d8> Yo(w)dl

_/0 g(t — s)a(u(s),w)ds — h(z)z¢yo(w)dT, (3.10)

Iy
and we conclude since w € H, (2) is equivalent to yo(w) = 0 on T.
In order to recovry the impenetrability boundary condition (3.6, taking w € D(Q2) in

(3.10) and using Green’s formula.
Similarly, v € H}(€2)

/Q(KZ - V)gqudz + / (o(z) - V)wvdr = /F(O'(CL‘) - v)v0(ue)yo(v)dl — / u(o(z) - V)vdz

Q Q
+ / (- )70(g)y0(0)dT — / gl - V)vdz,

is equivalent to yo(v) =0 on T
Also, we have

/Q(ﬁ; -V)0pde = /F(n )0 (0)vo(p)dl — / 0(k - V)ude. (3.11)

Q
It follows that u € HY(Q). [ ]

Actually, the variational formulation is not entirely complete, since we have not yet
decided in which space to look for (u,#). In fact, the reasonable way to impose the Dirichlet
boundary condition is to require that (u,6) € Hf, () x Hj(Q).

Let us rewrite the variational formulation in a standard abstract form. We let (the
functional space) (u, 0, q, z) € Hf, (€2) x Hj(€2) x H' () x L?(T'1). The variational formulation
then reads

0 = (uw,w)+alu,w)— /0 g(t — s)a(u(s),w)ds + (div(c0),w) — (hzt, w)p, + (pby,v)
+ ((K/ . V)q, U) + ((U . V)Ut,v) + 70 (qtap“) + (Qa /U‘) + ((’i : V)G,,u)
+ (€2, §)p, + (Wfze, E)p, + (hmz, &), + (hug, §)p, (3.12)

for all (w, v, u,€) € Hy, (Q) x Hi() x H(Q) x L*(Ty).

3.3 Existence and uniqueness

The global existence and uniqueness of solution of system (3.1))-(3.8]) is established here.

Definition 3.3.1. A regular weak solution for the initial-boundary value problem (3.1))-([3.8)
is a quadruple of real functions {u, 0, ¢, z} such that, for each fixed T > 0, it satisfies

u,ug € L°(0, T5Hp (), uy € L(0,T;L%(Q)), AVu € H(div, Q);
0 € L>(0,T;L*(Q)), 6 € L®(0,T;L*());
q €L>(0,T;13(Q)), ¢ €L>°(0,T;L*(Q));
2,2 € L0, T; L2(T));
and the initial conditions (3.8]).
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3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

The following theorem paves our result

Theorem 3.3.2. Let (u07u1,90, G0, 70) € Hp () x L2(Q) x Hy(Q) x H'(Q) x L*(T'y) be given.
Suppose that (H.3) hold. Then, the problem W (@) has a unique regular global

weak solutwn

u € C(Ry; Hy () NCHIR4; L2(Q));
6 € C(R+;:L*(2)) N CH(R4; L*(2));
g € C(IR4;L2(2)) N C*(IR45 L2 ();
z € C(Ry; L3(TY)).

Moreover, if ug € H*(Q) NHE, (), uy € HE, (Q), and 6y € H*(Q) NH{(), then the solution
(u,0) satisfies

u € C'(R4; HE () NC*(R4; L*()),  AVu € H(div, Q) N Hp, ();
6 € C(Ry; Hy(©)) N CH (R4 L*(2)).

The proof of this theorem will be given in Section [3.4]

3.4 Proof of Theorem 3.3.2

We want to show that problem — has exactly one weak solution (u, 0, ¢, z), which
depends continuously on the data in a suitable norm. We will focus on the Faedo-Galerkin
approach and the compactness method. Let us describe the main strategy which divides into
three steps

e Solution of the approximate problem by using the Faedo-Galerkin method.
e A priori estimates for this approximated solution are derived.

o Passage to limits by the compactness method, derive the regularity of solution and
justify the initial condition.

For each € € (0,1) and k € IN. Let T}, > 0 a real number and denote by {cx, Bjk, ik, Ok }
a real functions defined on [0, T}], which define the approximated solution (uke, Oke, Gk, Zke )

ke (2, 1) = Zaﬂc w;(x), Ope(x,t) = Zﬁjk Joj(z), and  gre(w,t) = Z’V]k iy ();

for every z € 2, and
Zge (T, 1) = Z(sjk(t)gj(x)Q

for every z € I'1, where

o {wj}1<j<k be an orthonormal bases of Hf (€2) which be an orthogonal and complete
system of eigenfunctions (\;) of A in Hp () NH?(Q); that’s generate the space
Wi, = Span{wy, wa, ..., wg}.

e {vj}i1<j<k be an orthonormal bases of H}(2) which be an orthogonal and complete
system in H}(2); that’s generate the space Vi, = Span{vi, va, ..., vy}

o {ujti<j<k be an orthonormal bases of H'(2); that’s generate the space Ay =
Span{Hh M2, - ,,Uk}~
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3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

o {&}1<j<r be an orthonormal bases of L?(I'1); that’s generate the space A, =

Span{glv 527 s 7516}'
The approximate perturbed system of (3.1))-(3.7) is given by

/Q [ugs (t) + div(o(z)0ke (t))} wdz + a(uge(t), w)

= / h(zx)z,. (t)wdl +/ g(t — s)a(ure(s), w)ds, Yw € Wy; (3.13)

r, 0
/Q [p(x) e () + (k- V)aqre(t) + (a(x).V)uﬁw(t)}vdx =0, YveV (3.14)
/Q [Toq,’%(t)dx + qre(t) + (K - V)Okg(t)} pdr =0, Vp € Ay; (3.15)

/F [EZ;’JE(t) + h(@)up (t) + h(@) f(2) 20 (t) + h(:v)m(w)zke(t)} €Al =0, V€€ Ay (3.16)

The initial conditions

ke (0) = ugg = Z?Zl < ug, wj > w;
u)(0) = w1 = Zle < ur,w; > w,
0re(0) = ok = 51 < o,v; > v
qk=(0) = qor = 25:1 < qo, fj > g (3.17)
e (0) = Zon = Y5y < 20,65 > &
2 (0) = 214 = — (W) .
Obviously,
uor — ug  strongly in - Hp, () NH?(Q),
u1g — up  strongly in Hi, (),
Oor — 0o strongly in  H}(Q) N H2(Q), (3.18)
qokr — qo  strongly in HY(Q),
20k — 2o strongly in L3(T'y).

Since the system — is a normal system of ordinary differential equations, then
there exists a unique local solution (u, 0, g, z) which can be extended globally at time. This
solution will be obtained as the limit of (uge, Oke, qke, 2ke) as k to infinity and e to zero.

In order to facilitate a compactness procedure for passing to the limit, it suffices to use
some a priori estimate for the approximate solution.

In the following, we need to show that the solution can be extended for all ¢ > 0.

First estimate

Taking w = 2uj,_ in (3.13)), v = 20k, in (3.14)), p = 2qx. in (3.15), and & = 2z;_ in (3.16).

Since O € Vi C H(S2), the Gauss divergence theorem yields

div(o(z)0ke (1)) uy (t)dx + 2/ (0(2).V)u) (£)ke(t)dz = 0

Q Q

and

2 [ (- V)awe(Ohc()de + 2 [ (- V)oucanc () =0,
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3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

From (3.9, we have

d

& (el + (1= [ 105 ) alwrcto)uaet) + [ o)onc(0Paa

roll ke (8)]2 + ell 2 ()12, + / m<x>|h1/2zkg<t>|2dr) Lo / F(@) B2 (8) AT
Q

Iy

= (g om)(t) ~ 5590 ur)(®) — 9(D)ale (1), 1 (0)) — 2ase (O] (3.19)

Integrating over (0,¢) and observing that
t t
o))~ [ (¢ om)e)ds+ [ gls)atunc(s)w(sDds =0, (3:20)
0 0
which (3.19)) becomes
t
o1+ a0 (1 [ a5)as) ITuscO1F + pll 00 + rllanc (013

t
+ellze ()II5,r, +mollh' 2 ()3 r, +2fo/0 122 ()13 p, ds

< Jukl3 + a0l Vuorl3 + lollsc100xl13 + 7ollgor 13 + ellz1rll3.r, + [Allocllmlloollzon

5.0,
According to (3.18)), we deduce that there exists a constant K independent of k, e, and ¢,
such that, for all £ > 0

e ()3 + aoll|Vure ()13 + poll ke (D15 + 7ollgre (1)3 + ell 2k ()13,

t
+mollht 2z (8)|[5r, + 2fo/0 122 ()5, ds < K. (3.21)

These estimates imply that the solution (uke, Oke, gre, 2ke) of the system (3.13)-(3.17) exists
globally at time.

Second estimate

First of all, we have to estimate [|uy_(0)[3, 16}.(0)/13, [l (0)[3, and [|2{.(0)||3 . Taking

w =y (t) in (3.13), v =05 _(¢) in (3.14), p = q;,.(t) in (3.15)), and § = 2}/ (¢) in (3.16), then

considering ¢t = 0 to find
[uke (0)ll2 < [|Auorl2 + llol[[[VOok 2,

Pl (0)l2 < llklloc Vaorll2 + ol Va2,
Tollgke (0)ll2 < llgokll2 + | lloo IV B0 2,

and
ell2=(0)ll2,r, < max {|A], [Rf],|hm[} ([luiglle + [|z1%

zel'y

2., + llzokll2.r,) -

Consequently, we conclude that there exists C' > 0 independent of k and & due to (3.18]
satisfying

iz ()13 + 116k (O3 + llgr=(O)I3 < € and [l (0)[5 r, = 0. (3.22)
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3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

Next, differentiating (3.13])-(3.16)) with respect to t, setting w = 2uj/_(t), v = 20}_(t),
p=2q,.(t), and = 2z]/_(t), we obtain

d /
T (IIUZE(t)H%+a(ULg(t),u;s(t))+/Qp(f17)|9ke(t)2dx+fo|Q25(t)||§
+ellzr- (013 r, +/ m|h1/222a(t)l2dF> +2/ FIRM 22 () Par

Iy Q

2/l (1)]13 +2/Qaij(:c)% </O gt — s)azg“;js)d > &éxf Jae.  (323)

Whereas

d [t Oupe(s) , Ouge(0) t Ouy(s)
3 | ot 9T e = g 2D 1 [t - o Feas

then, the last term of the right side in (3.23)) gives

Jas@ry ([ ot 2ueblas) 2y,
= [ ot = 9t aenas+ [ aVuo (5 6OTL0) g OF0) @
It follows together with the above equality that
e ()13 + a0l Vit (D113 + polle (D113 + Tollahe (DI + ell 24 (1) .r,
ol 224 (1) 3, +2fo / TREEABIEE
o O3 + aoll Versil13 + [1plloc 162 (0) 13 + 7oll e (0) 3

t
HIhmllsollz1l3 r, + ellz(0)13 r, — (g0 uke)(2) +/0 (9" o uge)(s)ds

IN

- [ s(s)aluhe(). vt +2 | g0AVULTv (0

Q
—2/ / $)AVugr V. (s)dzds. (3.24)

As g € CY(IR™), by using Young’s inequality (ab < 20’ + 20b%), we get

- 1
Ag(t)AVUOkvugs(t)dx < ||g||OOZ (25/9 dz +25/Q
7,7=1

n
< glloo g5 Vuokll3 + 20llgllocar | Vur. ()3,

5u0k
6$j

A

and

/ / $)AVuor Vuy, (s)dzds
Q

)3 ( LG e [ ([ sotoras o 2l ds)de>

1,j=1

t
0 Vuoe |3 + aaB3(1 — 1)? / |Vul ()] 2ds,
0

Auor |?
Ox;

IN

IA

Substituting these last two inequalities into (3.24)) and observing that
t t
(g © upe)(t) —/0 (g'OUQe)(S)dS+/O g(s)a(uy.(s), uc(s))ds = 0,

41



3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

by choosing § < apl/(2a1||g]|~), we can apply Gronwall’s inequality to get a constant Ky > 0,
independent of k, e, and ¢, such that

iz (O3 + Vi (O3 + pollOke (D13 + Tollgke (W13 + ell2i= (O3 r,

HIR 22 (O3, + 2/ 122 ()3, ds < K. (3.25)

Passing to the limit

The estimates ((3.21)) and (3.25) are enough to get solutions in the sense of Definition
In fact, for all ' > 0 fixed, we get, among other estimates, the following one

(ure), (up,) are bounded in  L*°(0, T; Hy, (Q)),
(uy) is bounded in Le°(0, T; L3(Q)),
(Ore), (07,2) are bounded in  L*°(0,T;L2(Q)),
(qre), (gie) are bounded in  L>(0,T;L2(Q)),
(hY%2), (W22, ) are bounded in  L>°(0,T;L3(T'y)),
(RY/22] ), (h*/?2!.) are bounded in  L2(0,T;L3(Ty)).

Consequently, we can extract subsequences of approximations (uge)kemN, (Oke) ke, (Gke) ke,
and (zre ) pew, which still denote by (uge ke, (Oke) ke, (qre) ke, and (2ke ) ke (independent
of €), respectively, such that

Upe — U weakly star in  L°°(0, T; Hp, (€2)),
up, —u weakly star in  L°(0, T; Hp, (€2)),
uy. —u”’ weakly star in  L°°(0,T; L*(Q)),
Ope — 0 weakly star in  L°°(0,T; L3(Q)),
0. — 0 weakly star in  L°°(0, T; L3(Q)),
ke — ¢ weakly star in  L°(0, T; L2(2)), (3.26)
Qe — ¢ weakly star in  L°°(0,T;L*(Q)),
h'2z,. — hY/22 weakly star in  L>°(0,T;L*(Ty)),
hl/2z  — pl/2y weakly star in  L>°(0,T; L%(T)),
RY/22 s 20 weakly in L2(0,T;1L2(T)),
]

limg 4 o00,e—0 ||2c]l2,r, =0 a.e. in 0,7

Thanks to Green’s formula in the fact 5. (t) € H{(Q), from the convergence (3.26)4,6, we are
able to show the convergence

/ (k- V)Ope (t)pdz — —/ 0(t)(k-V)ude = / (k- V)O(t)pud, (3.27)
Q Q Q
for all 4 € Ay, C HY(Q), and

/Q(H - V)@ (t)vde — — /Q q(t)(k - V)vdr = /(Ii - V)q(t)vde, (3.28)

Q

for all v € Vi, C H}(Q) as k — co. Every convergence in (3.26))-(3.28) allows us to pass to

the limit in (3.13))-(3.16)).
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3. Gilobal Existence and Uniqueness of Solution Proof of Theorem |3.3.2|

Uniqueness

Let (u1,01,q1,21), (u2,02,q2,22) be two quadruple of solutions to (3.1)-(3.8). Define
U= u —us, 0 =60, —0, ¢ = q —q2, and z = 21 — 2o, then (u,0,q,z) satisfy this
system

o'+ Au— fot g(t — s)Adi(s)ds + div(c(x)0) =0 in  Qx (0,T)
p(x)0' + (k- V)G + (o(z). V)@ =0 in Qx(0,7)
700 +q+ (k-V)8 =0 in Qx(0,7T)
2u _ [Pg(t— 5) 2L (s)ds = h(z)Z' on Ty x(0,7T)
'+ f(x)Z +m(x)z = on Ty x(0,7T) (3.29)
i=0 on Tgx(0,7)
6=0 on T x(0,7)
u(z,0) = @ (x,0) = 0(x,0) = g(2,0) = 0 x €N
Z(x,0) = Z'(2,0) =0 xely
Therefore,
[a(t) + div(o()A(0))|wd + a(a(t) w) - / h(z)? (H)wdl
Q Iy
- g(t — s)a(u(s), w)ds (3.30)
/Q ()8 (8) + (5 V)a(t) + (o). V) ()| vdar = 0 (3.31)
/Q [Toq’(t)dx () + (k- V)é(t)] pdz =0 (3.32)
/F {sZ”(t) + h(z)v'(t) + h(z) f(x)Z'(t) + h(m)m(x)é(t)} &dr = 0, (3.33)

for all w € H{, (Q), v € H§(Q), p € H'(Q), and & € L*(T'1). By replacing w = 2’ in (3.30),

v =20 in , Ww=2qin , and £ = 27’ in . By exploiting , we find

G (s (1= | tg(s)ds> o050 + [ o

sl + [ mintzoPar) +2 [ s opar
Iy
_ d _ PN
< (g eu)t) - 5 [lgoa)®)] - g()ala(t), ult))-
Integrating the above estimate over (0,t¢) and using (3.20)), we get
0 < |l@@®)|3+ aollVat)|3 + poll(t)II3 + molla(t)ll3

t
Fmo|BY25 ()2 r, + 2/ / 1hY25(s) 2.,
0
< 0.

This implies that « =0 = g =z = 0.
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Chapter 4

Optimal and General Decay of
Energy-associated Solution

We are interested in studying, in this chapter, the optimal and the general decay rates
of the energy associated solution with system —. The proof is based on suitable
assumptions of the relaxation function and on some properties of the convex functions, from
which we can construct a suitable Lyapunov functional.

Let us introduce the energy functional E associated with system — by

E(t) = El(t) + Ez(t), Vvt >0,

where the first-order energy defined by

B = gl g (1 [ aas) atuoun) + gaon

2
+5 L p@looRds + Dl + 5 [ a@m@=oPdr
and, the second-order energy
1 , 1 i
Bat) = ol + 5 (1= [ o()as) atwu(th o)
50w+ Plali +3 [ s@loPds
+5 [ @m0 Par - oatu, ).

We now define Lyapunov functional £ as follows
L(t) = NE(t) + eK1(t) + MKs(t) + K3(t), (4.1)

where N, €, and M are positive constants to be fixed later.

Contents
4.1 Technical lemmasl . . . . . . . . .. ... 45
4.2 Stability result| . . . . . .. ... ..o o 52
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

4.1 Technical lemmas

Here we will state and prove some technical lemmas needed to establish the desired results.

Lemma 4.1.1. The energy functional satisfies, along the solution of —(@, the estimates,
forallt >0

BL(1) = (6’ 0 0)t) = 50(atu(®).ut) = la®)lF = [ ho)f@)lz(Par <o, @2)
Ey(t) < ~llau®)[3 + eg(t) Vo3 (43)

5201

2&0 ’

where ¢ =
Proof. Taking w = ws, v =0, u = ¢, and £ = z in the variational formulation (3.12). Knowing
that e — 0, we arrive at
1d
2 dt

a1~ [ )@l OPr+ [ gt shaluts),u)ds.

Iy

<Ut(t)llg+a(U(t),U(lﬁ))Jr/ﬂﬂ(w)le(t)2dﬂf+To|f1(t)|§+/F h(x)m(ff)IZ(t)IQdF)

This and by using , we get (4.2 .
On the other hand taking the time derivation of the variational formulation (3.12)) and

setting w = wug, v = 0y, u = g4, and € = z;. According to (3.9) and € — 0, we obtain

;c(llt <||Utt( )||2 + (1 7/0 g(s)ds) alug(t),ur(t)) + (g ou)(t)
+ [ sl Par + rlawlids + [ h@m)ial par)
= (o)) - égu)a(ut(t),ut(t)) [ b r@) e Par
Iy
—llae(@®)I5 + g(t)aluo, us (t)). (4.4)

By using Young’s inequality and the fact ([1.5]), the last term of the right hand side in ({4.4])
gives, for § > 0

g(Daluo un) = & lg(Daluo, u(®)] ~ o (aluo, ue(1)
< 5 lo0atuo, ()] + 5 g0 Vol + 22 g(0)a(ua(0). u(0).

By choosing ¢ = & From , we conclude 1' |

Remark 4.1.2. The second-order energy of system ([3.1)-(3.8) is a bounded nondecreasing
function satisfying, for all £ > 0

t
By(t) < Ex(0) + ¢ Vo2 / g(s)ds < C,
0

where C' is a positive constant. Moreover, we conclude that

Ej(t) < E'(t). (4.5)
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

Now we are going to construct Lyapunov functional equivalent to the energy functional
by resorting to the following functions (K;,i = 1,2, 3), with which we can show the desired
result.

Lemma 4.1.3. Let (u,0,q, 2) the solution of (3.1)-(3.8). Then, the functional

K (t) = /Q w(tyu(t)ds + /F M@l + 5 [ (o) f(@)la(0)Pr,

1 Fl

satisfies the estimate, for any 0 < a <1, for allt >0

Y4 CC,
Ki(©) < u(®l = go((t.u0) + = kou)®) +Co [ pwlb(o)fds
+C3/ h(ff)f(w)Izt(t)lzdF—/ h(x)m(x)|z(t)[*dT, (4.6)
Fl l—‘1
where
~ 6ain _ _ _ 3BllelPllells ~ 6C||hllsollf Nl
T B 7 A7 A

Proof. Using and in direct computation of K, we get
Ki(t) = Ju@®l3 —a(U(t)aU(t))Jr/o g(t—S)G(U(S)7U(f))d8+/99(75)(0'V)U(t)dﬂf
- /F h(@)m(z)]=(8)[2dT + 2 / h(@)u(t) 2 (£)dT. (4.8)

Iy

As in (2.7), we have

t 2
/ (/ gt — 8)(Vu(s) — Vu(t))ds) dz < C2 (ko u)(t).
Q \Jo Qo
Using Young’s inequality, , and , we obtain, for some constant § > 0
¢ N ou(s)  Oul(t)\ Oul(t)
/0 g(t —s)a(u(s),u(t))ds = Z /0 g(t —s) /Q a;j(x) ( e, O, ) oz, dzds

4,J=1

n (/Otg(s)ds> a(u(t), u(t)),

< ((1 Sy 533) a(u(t), u(t)) + ZZ‘} (kou)(t).  (4.9)

Using Cauchy-Schwarz’s and Young'’s inequalities, from (|1.7]), we get, for 6; > 0

h(m)u(t)zt(t)dF’ . / }l(ji)(f;x)u(t)zt(t)dl“‘
Ty Ty r
[RIESFES oqr) oqr)
< BEVE ([ n@s@laopa) ([ wopar)
~2
< agza(un),u) + U [ @@ opar, @)
and, for d5 > 0
ortpiins] < NPl [ b
[ wuwoad < ERE [ pwpopas+ Zaw.ae). @
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

Substituting (4.9)-(4.11]) into (4.8]), we find that

/ 2 a1 éf (52
Ki(t) < Ju@®|z+(—€+5—+20—=+ =) a(u(t),u(t))
ag ap ag
nCoy 2] ool £l oo / 2
Tang 000+ = [ n@)s@loPar
L A aqr
+ 3 p(z)|0(t)|"dx (z)m(z)|z(t)["dT".
4o205  Jo I
Let us choose § LOK 1) 7@()5 and o aot Then, we get (4.6 [ |
— — — = —. Wi . .
6@1’ 1 12037 2 6 ) g

Lemma 4.1.4. Let (u,0,q, z) the solution of (3.1)-(3.8). Then, the functional

Ko(t) = — / ur(t) / g(t — 5)(u(t) — u(s))dsdz,

satisfies the estimate, for § >0, for allt >0
C(xc5 (6) + 06 (5)

Ki(t) < c4<6>a<u<t>,u<t>>+( )(kou><t>+c7 [ tarotas

4agp
- < /0 g(s)ds - 6) lue (0113 + Cs /F h(x) f ()| (t)2dT, (4.12)
where
Ca(8) =852, Co(8) = 1+ y/ar + %
Cols) = % o = 2”%’”;-;”””2 ‘o Wo

Proof. By exploiting and using Green’s formula, we have
Kyt = (1— /0 g(s)ds) /Q AVu(?) /0 gt — 8)(Vu(t) — Vau(s))dsdz
+ /Q /0 ot — ) AV (ut) — u(s))ds /O ot — 8)V (u(t) — u(s))dsdz
~ [ wtt) [ 9/t = 9)u(t) — ule))asdz - ( / g(s)ds) e (8) 13
—/ J(x)@(t)/ g(t — s)(Vu(t) — Vu(s))dsdx
Q 0
—/F h(m)zt(t)/o g(t — s)(u(t) —u(s))dsdl. (4.13)

As result of (4.9), we obtain, for 6 > 0

AVu(t) /0 g(t — s)(Vu(t) — Vu(s))dsdz < 5a—1a(u(t), u(t)) + nCa (kou)(t), (4.14)

Q an 40,0(5

and, for 4; > 0

—/ a(:z:)@(t)/ g(t — s)(Vu(t) — Vu(s))dsdz
Q 0

HPHOOHC 2/ 2 Oa
< _— + O . 4.1
< 5 g p(x)\@(t)| dz agds (k u)(t) ( 5)

47



4. Optimal and General Decay of Energy-associated Solution Technical lemmas

By repeating the same arguments of (4.9) and (4.10), we get, for d; > 0

/ h(a:)zt(t)/ g(t — s)(u(t) — u(s))dsdl’
r 0

~2
CiCa (kou)(t) + 52M
fO I

465a0 h(z) f(x)]z(t)[?dT. (4.16)

We arrive to estimate

/Q /0 g(t—$) AV (u(t) —u(s))ds /0 ot =)V (u(t) —u(s))dsdz < YO (hou) (1), (.17)

ao
and, for 93 > 0

~ [0 [ e = 9)utt) = u(s))dsde <l o) + LB ow. @y

Inserting (4.14))-(4.18]) into (4.13]), we obtain

150 < = ([ o615 = an) IuOIf + 62 au(thu(t) + T ko wie)

Ca 1 C? 2a%C?
LR +4\/ain + @ (kou)(t)
0 61 09 J3

172l e [l £l oo
f3

By choosing §; = 2 and d, = 202, Then, we get the estimation (4.12)). |

ool
s =7l [ oo Pas +
Lo Q

/ () ()2 (£) 2.
Iy

Lemma 4.1.5. Let (u,0,q,z) the solution of —(@. Then, the functional

Ks(t) = —m /Q a(t) / o(t - 5)(u(t) - u(s))dsdz,

satisfies the estimate, for allt >0

Co + C,
K5(8) < (@) 3 + == (ko u)(®) + Co / p@)l0(®)Pde + Cralla®Il3,  (4.19)
where
T ks 2o Pl oe L
Co = 2(7_0;7_1)27 Cio = T, Cu = 173(1 —0)% + 4(moa — 1)2C2.

Proof. By differentiating K3, using (3.3]), Green’s formula, and recalling the boundary
conditions, we obtain

K = - ( / tg(s)ds) [ attyurae— [ o) [ gl — )5 V)(ult) — u(s))dsda
[ [ o= gtt = D00 ~ s
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

Applying the similar procedure of and (4.10) to get, for d,d1,02 > 0

Ca Ellso = 2(moar — 1)2C?
K40 < ol + o (e 2a S DO oy
4@0 é (52
273 k1 C2 |\P||oo/ 2
+——=(ko +4 x)|0(t)|*dx
TR (kou + 51 [ ot
2 2
(1 —10) 2
(BT ) lato
Let us choose § = 2|k|oo, 01 = 1, and 63 = 4(19ar — 1)2C2. Then, we find (4.19). [ ]

Next, we use the functional
t
Ka(t) = / p(t — s)a(u(s), u(s))ds, Vit >0,
0

where p(t) = fjoo g(s)ds
Lemma 4.1.6. Assume that and hold. The functional K, satisfies, along the

solution of —(@, the estimate
Ki(t) < —%(9 ou)(t) 4+ o(1 = f)a(u(t), u(t)). (4.20)

Proof. By Young’s inequality and the fact p/(t) = —g(t), we see that
Ki(t) = p0)a(u(t),u(t)) —/O g(t — s)a(u(s),u(s))ds
= —(gou)(t)+ 2/0 g(t = s)a(u(t) — u(s), u(t))ds + p(t)a(u(t), u(t)).

But

t an tg(s)ds
| st = atue) = uts). ut)as < 1= a(u.u(v) + BEEF G0

ap

Then, as p(t) < p(0) = (1 — ¢) and fo s)ds < (1 —£), we get (4.20). [ ]

Lemma 4.1.7. For each € and M large enough while N so large that there exist two positive
constants oy and ag such that, for all t >0

a E(t) < L(t) < axE(t),

and the functional L defined by satisfies

) < =llue)llf = (e +1)(1 = Halu(t), u(t)) + (9<>U)(t

76/ h(z)m(x)|z(t)|?dT — (Coe + CvM + Co) [ p(z)|0(t)>dz
I

@\

~7ollg(®)[I3 + eNg(t)[|Vuol3. (4.21)
Proof. First, we are going to estimate each terms of the following
|L(t) = NE(t)] < e[ K1 (1) + M[K2(t)] 4 [K3(t)]. (4.22)
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

It follows from (1.3]), Cauchy-Schwarz’s, Young’s, and Poincaré’s inequalities that

/Q ug(t)u(t)da

2

< Sllue@1B + 5= a(ult),u(e),

and, by using (1.7))

~2

[l sollm2[] oo 2 C;
< — .
5 h<x>u<t>z<t>dr\ < S E [ Mm@ EOP + S a(u(),u(t)
Hence, we get
1 , C?24C?

B0 < gllw®llz + =5~ alu(®), u(t))

(P ) [r@m@opar,

2m0 mo

K] < gluk+g [ ( /Otga—s)(u(t)—u(s))ds)de

<
2(1 —
< @i+ U o, (1.21)
ao
and 5 21 ¢
Ka(o)] < Zlaol + =5 g u)o. (425
Inserting (4.23 into , we obtain
€ € 2 ~2
e - nE@ < M %aw),u(t»
FELD 0 41y g o) o)+ Llaco)3
ao
h o0 m o0 oo
e (Bt W= [ ooyt
< CEi().

where C' is a positive constant. By choosing N > 0 so large, we conclude that E

We turn now to proving (4.21f). Let g1 = / g(s)ds. By combining , , .,
([6), [@12), and ([@.19), taking & = lag/(4a1 M), we obtain

£ <~ (o0m =50 - 1) I - (5e- 5 ) aluto) o)

«
+5N(gou)(t) + eNg(t)[Vuoll3 — Nlla:(£)]13

- (;V - 4% (Cre+CsM +1) — 4—(06M+ Cg)> (kou)(t)

(N = Cye — Cs) / h(e) f (@) z(8) T — (N — Cny) a(0)3
— € 1 X 2 T — € r)mlx )iz 2
(C +C7M+Co)/gp( Jj6(t)d / h(a)m(z)|=(t) 2T

12 (Cye + CoM + Cry) / pl)[6(t) 2.
Q
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4. Optimal and General Decay of Energy-associated Solution Technical lemmas

Then, we can estimate (3.3)) to determine

2 / p(0)]0(1)[2dz < Crordlar(t)]12 + Cralla ()3

where Cg = M and kg = 1r<n‘i£1 |k;]. Consequently,
L) < ENgouw®) - (se— %) atw®)u®) - (0 =2 1) )3
_29U 262GU, 91 4a16 t\l)][2

N C,
—(—(cle+c5M+1)

> " Iag (CeM + Cg)) (kou)(t)

ao

— (Cae+ C7M + Cho) /Q p(x)|0(t)Pdx — 6/1“ h(z)m(z)|z(t)]*dl’

— (N = C3e = CsM) /F h(z) f(2)]z()|*dT + eNg(t)|[Vuol3

— (N = C1275 (Cae + C:M + Cro + 1)) [l (1) 13
— (N = C11 — C12C19 — Cra (Cae + C7 M + 1)) [lq(t) 13-

At this point, we choose € large enough so that

ée — g > (o+ 1)(1—2), (4.26)

and therefore M large enough such that

I
gM -2 59
40,1

We arrive to choose N so large satisfying
N—L(CeMJng) >0,
2ay
N — C1278 (Cope + C7rM + Cyo + 1) > 0,
N — Cse — CsM > 0,
N — C12(Coe + CrM + 1) — Cy1 — C12C10 > 1p.

From Remark [2.1.1] there is 0 < ay < 1 such that if a < g then

1 1
Ca d = A7 )
« <4(C’16+C’5M+1) an « 2N<ao
which means N © L
— -2 CsM +1) — — (CegM + C 0.
2 4(1()( 1€+ > * ) 4(10( 6 * 9)>
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4. Optimal and General Decay of Energy-associated Solution Stability result

4.2 Stability result

This section is devoted to giving the stability result where the first-order energy solution
decays optimality and generality.
For the purpose of |(H.4)| we can reproduce the following lemma

Lemma 4.2.1. There exists a constant to which satisfying, for allt <t
g'(t) < —By(t), (4.27)

where B is a possitive constant.

Proof. From (|1.4) and |[(H.4), we can easily deduce that there is tg large enough while
g(to) = r. Hence, for all t < ¢

which implies that there are two positive constants €; and €5 such that
a1 < E(HH(g(t)) < e

Therefore,
38 = % >0 suchthat g¢'(t) <—Bg(t), Vt<to
9

Our main stability result is the following

Theorem 4.2.2. Let (u,0,q, z) the solution of (3.1)-(5.8). Assume that hold.

Then there exist three positive constants k;,i = 1,2,3; such that, the first-order energy
functional satisfies, for all t > tg

t t t
Bi(t) < kae " o SO0 g Vg [ gt L0 (4.28)
to
if H is linear. Moreover, if H is nonlinear, then

By (t) < Hs(t) <k2 + k3| Vuol|3 t W@) , (4.29)

for all t > to. Here, Hz(t) = H* (kl ftto f(s)ds) :

—+oo
Remark 4.2.3. In case / &(s)ds = +o0; Theorem {.2.2| ensures
0

t——+o0

Corollary 4.2.4 (Arbitrary decay). Assume that H(s) = sP, 1 < p < 2. By simple
calculations in , we see that the decay rate of Ey(t) is given by, for some ki, ky > 0

(k1 + k2l Vuoll3 J €()97(s) (1+ Ji &(r)ar)/ @™V as)
Ei(t) < ) =D .
(1+ Jo €(s)as)
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4. Optimal and General Decay of Energy-associated Solution Stability result

Proof of Theorem[].2-2. We start using (4.2]) and (4.27) to find, for all ¢ > ¢,
to _1
/ g(s)a(u(t) —u(t — s),u(t) —u(t — s))ds < F(g’ ou)(t) < —c1 B4 (t), (4.30)
0

where ¢; is a positive constant. Inserting (4.30) into (4.21)), we get, for all ¢ > ¢

F'(t) < =B1E1(t) + B2 / g(s)a(u(t) —u(t — s),u(t) — u(t — s))ds + Bsg(t)||Vuo |3, (4.31)

to

where F = (L + ¢1E1) ~ F and (;,i = 1,2,3; are positive constants. Here f; =

2min{1, (0 +1),e} > 1 because of (4.26).

Now, we study the stability under suitable assumption of H.

Case 1: H is linear. Multiplying (4.31) by £(¢), using (4.2) and (2.21]), we have, for some

tp small enough

EOF' () < —PE)EL() + B26(t) / g(s)a(u(t) = u(t = s),u(t) —u(t — s))ds

+B3€(1)g(1) | Vo I3

< =B EL(t) + B t /f(s)g(s)a(u(t) —u(t —s),u(t) —u(t — s))ds
+B3E(t)g(8) | Vo3

< —BiE()Er(t) — Balg o u)(t) + BsE(t)g (1) Vuoll3

< —BiE(H)Er(t) — B2EL(t) + B3 () g () [ Vuoll3-

Since £ is a positive nonincreasing function, then
(EF + BoEn)'(t) < —E(1) Br(t) + Ba&(t)g ()| Vuol[3- (4.32)

Using the fact that (§F + B2E1) ~ E and (4.5), hence, (4.32) yields a linear first-order
)

ordinary differential equation. Consequently, we conclude (4.28)).
Case 2: H is nonlinear. First, we use (4.21)) and (4.20) to deduce that

L1(t) = L(t) + K4(t),
is nondecreasing function satisfying, for all ¢t > ¢,
L(t) < —bEv(t) + B39(t)|[Vuoll3,

where b is a positive constant. This implies that

b/t Ei(s)ds

to

IN

Lalto) = £1(8) + Bol[ Vo2 / o(s)ds

to

IN

£1(to) + B Vol 2 / 9(5)ds.
0
Therefore,
/ Ey(s)ds < oo. (4.33)
0

We define the function

I(t) = 02/ a(u(t) —u(t —s),u(t) —u(t —s))ds, Vit >to.

to
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4. Optimal and General Decay of Energy-associated Solution Stability result

Note that, for ¢ > 0 and for all ¢ > to, I(t) > 0. Otherwise, (4.31) gives (4.28]).
From (4.2) and (4.33), we have, for C' > 0

IA

/t a(u(t) —u(t — s),u(t) —u(t — s))ds 2C’/t (||Vu(t)||§ + ||Vu(t — s)||§) ds

_ 8C' t
- 0,0(1 76) to

Then, (4.34]) allows for a constant 0 < ¢y < 1 chosen so that, for all ¢ > ¢

Ey(t)ds < oo. (4.34)

0<I(t) <Ll (4.35)
We define another functional
t
At) = —/ g (s)a(u(t) —u(t — s),u(t) —u(t — s))ds, Vt>to.
to
Using (4.2]), we observe that, for ¢z > 0
At) < —c3Ef (). (4.36)

The use of (2.22)) in the fact (2.23]), hypothesis (4.35), and Jensen’s inequality
(A.2) leads to

At) = czll(t) /tt I(t)(—g'(s))e2au(t) — u(t — s),u(t) — u(t — s))ds

= CQIl(t) /t: I()E(s)H(g(s))eaa(ult) — u(t — ), u(t) — u(t — s))ds

= ij(f()t) t: H(I(t)g(s))cza(u(t) — u(t — s), u(t) — u(t — s))ds

- %)ﬂ (62 /t g(s)alult) = ult —s),ult) —ult - s))ds> .
This implies that

/t: g(s)a(u(t) — u(t — s),u(t) — u(t — s))ds < ég*l <02;(\t()t)> _
Thus, becomes
F(t) < —BiEx(t) + f—jﬁ* (?}f?) + Bsg(t) || Vuo 2. (4.37)

Now, for ¢y > 0 and ¢4 > 0, we define the functional

Jfl(t) = ﬁ/ (50 gi((é))> F(t) + C4E1 (t),

54



4. Optimal and General Decay of Energy-associated Solution Stability result

Using 1) and the fact that Ff < 0, H > 0, H' > 0, we conclude that F; ~ E and

Ft) = a0ty (e El(t))f(t)+%’( o <t)>}"( )+ el (1)

£ \"E©0) A0)
= 1(t) ﬁ El(t) ——1 ([ C )\(t)
< —hROH (’°’°E1<o>)+ ”( E1<o>>H (Z(t))
gVl (2025 ) + cabt o) (1.39)

In view of (2.24) and (2.25) with A = H' (50 g;g;;;) and B=H " (CW)), 4.38) gives

Fit) < - (51E1(0) - 502) Z((é))# (60511((3))) +,322§;)
+53g(t)\|Vuo||§ﬁ/ (50 Er(t) + ey B (t).

E1(0)

As previously way with A = H (50 o (t)) and B = ¢(t), we obtain

E.(0)
£ < - (B0 -0 (2 + slvual}) ) IR (2210
0+ Bl Vol Rl(0) + a0

Eq(t —
Then we multiply by £(¢), using (4.36)) and the fact that, as £ 1(§ ) <, H ( Ea(t )> =

H (50 giéé;), we find that

) < - (51E1(0) — & (f; + ﬁ3||Vuo|§)> £(t) gll((é))’}{' (s E1(t)>

+B3[|Vuoll36 () H(g(t)) — (Bacs — ca€(0)) B4 (1),

where Fo = (£F1) ~ E. Let us choose ¢y and ¢4 small enough such that

= (61E1(0) — &0 </fj + 63||VUO||§>) > El(O) >0

and
Bacs — c4€(0) >0
Then,
7o) < ~cat(oha () + Al VB HIo 1) (4.39)

Since H5(t) = H'(eot) + cotH" (eot), and using the strict convexity of H on (0, 7], we find
that Ha, H5 > 0 on (0, 1]. Let

Using the fact that (4.5), thus, (4.39)) yields

R(t)<--2

<503 IFulBE®R(g(t). (4.40)

§(t)Ha2(R(1))

E4(0)
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4. Optimal and General Decay of Energy-associated Solution Stability result

This is an example of the inhomogeneous first-order nonlinear differential equation. The
general solution is written in the form

R(t) = Ri(t) + Ry(1),

where Ry, (t) is a solution of the associated nonlinear and homogeneous equation and R, (t)
is a particular solution of (4.40). A simple integration over (to,t), using the fact that
eo Ry (tg) < r, we obtain

coRn(to) (g s t

Hl(gORh(t)) - /soRh(t) SH/(S) El (0) to

Then by the properties of H1

Lo,

mi < 2t (5% [ eoas).

To determine the particular solution, we use the variation of constants method. So, we set

050) /t t g(s)ds> , (4.41)

Ry(t) = ClOH; 5

where goC(t) > 1, for all ¢ > t;. We differentiate using the product and chain rules to find

C'(H ( /f )+C>[H1 (E1 /f ﬂ

= _Elc(O)g(t)Hz(Rp(t)) + Vuoll56(H)H(g(t)).

/

E1(0)
We can estimate from the fact £ > 0,1’ > 0, H” > 0 and (4.41) that

i g [ m)] = oo o (g [ com)]

- —eomon (1 (525 [:§<s>ds))

Cs
By (SO H (B (1),

/ —1

Y

Thus, becomes
/s ) B | o ()M g 1)),

cons (57 Er(0)

We find C(t) by integrating this equality over (tg,t). Consequently,

I (Ef?m / “S)ds) |

+B3 Vo 13 / S g()Hy (Ef?o) /tt f(T)dT)

! (E1<0> () )]d

This finishes the proof. |
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Chapter 5

Existence and Stability Estimates
of Energy Solution

The main objective of this chapter is to give the existence of solution, optimal and general
stability estimates for a type III thermoelastic coupled system. The decay rates are improved
explicitly by using the convexity of the relaxation function g and without imposing any
restrictive growth assumption on the damping term. The proof is based on the construction
of a suitable Lyapunov functional.
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5. Existence and Stability Estimates of Energy Solution Problem statement

5.1 Problem statement

Consider the type III thermoelastic coupled system of the form

g + Au — fg t— s)Au( )ds + div(c0) =0 in QxRy

0, + B0 +Bo, + f (5)0:(t —s)ds+ (0 - V)upy =0 in  Q xRy

u=0 on TgxIR,

8uA fo (t—1s) ( )ds + F(ut) = hz on Iy xRy

ug + fze +mz = 0 on T xRy (5.1)
=0 on I'xIR;

Oi(z, —s) = ¢(x, s) for ze€Q,seRy

u(0) = ug, ut(0) =wuy, 6(0) =06y, 6:(0) =6, in Q

2(0) = 2o in Ty,

where the second integral term ( fOJrOO 1(8)0,(t — s)ds) represents the infinite distributed
delay. The functions p, F' and ¢ are given.

For completeness of the results, we first reformulate our system and present some
additional assumptions to contribute to the existence theorem result.

Let us take a new variable ¢ first introduced in [94]

t
o(z,t) = / 0(z,s)ds + @(z), VreQ, Vi>0,
0
where ® € H}(Q) solves

B® =6, + Bf, + f0+°o wu(s)f(—s)ds+ (o -V)u; in Q
®=0 on I
As in [76], let us set
W($7Pa5at):@t(x7t_3p)7 (l‘,p,S)EQ:QX(O,l)X]R,+7 tZO

Then our system (5.1)) leads to

g + Au — fot g(t — s)Au(s)ds + div(ep) =0 in QxR,

o + By + By + f0+oo u(s)w(x,1,8,t)ds+ (0-V)uy =0 in QxR

swi +wp =0 in QxIRy
fzr+mz4+u =0 on Iy xRy

uauz 0 on T'p xRy (5.2)
B — fo g(t — 5) “(s)ds + F(u) = hz on I'y xRy

=20 on I'xIR4

w(z,p,s,0) = wo(x,p,s) for (z,p,8) €Q

u(0) = ug, ut(0) =uyg, ©(0) =@, ¢ (0) =09 in Q

z(0) = 2o in Iy
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5. Existence and Stability Estimates of Energy Solution Additional assumptions

Remark 5.1.1. In the consequence of Remark [[.2.2] we deduce that the bilinear form
b(-,-) : Hy(Q) x Hy(Q) — R is symmetric, continuous and coercive where the coefficients
bi; € C' () satisfying, for a constant by > 0

n

D bi(@)GG > bol¢)?, Vo e Q, V¢ e R™ (5.3)

i,j=1

5.2 Additional assumptions

Here, we present some assumptions in addition to[(H.1)(H.3)|and [[H.4)] defined on Sect.
and Sect. respectively.

(H.5) We assume that p: IRy — R4 is a bounded nonincreasing function satisfying

+oo
c1=by— Cf/ w(s)ds > 0. (5.4)
0

(H.6) F: IR — IR is an increasing C° function such that there exists a strictly increasing
function Fy € C'(IRy) with Fy(0) = 0. Furthermore, there exist three constants
ch, ¢h, ¢ > 0 such that

(F(s) = F(r)) (s —r)>cj(s—r)* forall s#r, (5.5)
chyls| < |F(s)| < c4ls| forall |s| > e, (5.6)
Fo(|s|) < |F(s)| < Fy*(|s]) forall |s|<e. (5.7)

In addition, we assume that the function G, defined by G(s) = v/sFy(1/s), is a strictly
convex C? function on (0,71]; (r1 > 0). This hypothesis was first considered by [60].

We introduce the following functions

Gl(t)z[lscff(s), Colt) = G/ (ext), (5.8)
W= (G +H N7 and Wi(t) = W (eat), (5.9)

where €1 and e, are positive constants to be fixed later.

Remark 5.2.1. According to the properties of H and G introduced in [[H.4)| and [(H.6)]
respectively,

1. Gy is strictly decreasing and convex on (0, ], with %in% Gi(t) = +o0.
—

2. Gg is convex increasing on IR, and defines a bijection from R4 to R.

3. W and W are strictly convex and increasing on (0,7¢] where ro = min{r,r} > 0.

We state, in the following theorem, the global existence of solution for the system
Theorem 5.2.2. Let up € H*(Q) NH (Q), w1 € Hp (Q), ® € H*(Q) NH{(Q), 6o € Hy(Q),

wo € L2(Q) and zy € L3(T'y) be given. Assume that (5.9, and

hold. Then, the system has a unique regular global weak solution
u € CH(IRy; HE () NC*(IR4; L*(Q)),  AVu € H(div, Q) N Hp, (Q);
o € C (R4 HY(Q) N C2(IR 1 LA(Q), BV € H(div, Q) N HY(Q);
w € L2(R4: L*(Q));
2,2 € LO(IR4; LA(TY)).

Proof. This theorem can be established by means of the Faedo-Galerkin method as the proof
of Theorem [3.3.2) [ ]
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5. Existence and Stability Estimates of Energy Solution Energy functional

5.3 Energy functional

Multiply (5.2]); by u¢ and integrate over . Using Green’s formula and the boundary
conditions, we obtain

0 - /Q ey (D) ()dz + a(u(t), ue(t)) — /0 ot — $)a(u(s), u(t))ds
+ (F(ue(8) we(t))p, = (Rze(t), we(t))p, — /Q(U'V)Ut(t)@t(t)d% (5.10)
and multiply (5.2), by ¢, we get
0 = [ pultheu(t)ds + be(0). ¢(0) + bolt) ()
+oo
—1—/0 u(s)w(z, 1, s, t)ds + /Q(a - V)ug () (t)de. (5.11)
Taking the inner product of (5.2), with su(s)w in L?(Q), we arrive at
/ sp(s)we(p, s, t)w(p, s, t)dzdpds +/ p(s)wp(p, s, t)w(p, s, t)dedpds = 0 (5.12)
Q Q
We notice from (5.2)), that

— (hz(t),w(t))p, = W22 5 0, + <hm( )2(t), 2te(t))r,

||h1/2f1/2zt<t>||§,pl WP . (5.13)
Adding the results - . From , we have
1d t
(nut( 2+ (1 - / g(s)ds) a(u(t), u(t)) + (g o uw)(t) + i (1) 2

thl

+b(p(t), p(1) + [|h'/2m!22(1) |3 r, +/ SM(S)OJQ(%ns,t)depdx)
Q

- ;glw)(),%g() (u(t), u(t) = [/ £/ (0,

“+o0
—(F(u(t)),u - f/ / (2,1, 8,t) — w?(x,0,s,t)] dsdz
“blpu(t), oult)) — /Q oult) / w(s)w(e, 1, 5, t)dsda. (5.14)

Set the energy E of system (5.2), for all ¢ > 0

B = @+ 5 (1= [ s atulo).ule) + 50 o0t

1 1 1
+50(0(1): () + 5l @)lI3 + §||f11/277%1/22(25)||§,r1

1
+§/ sp(s)w?(x, p, s, t)dsdpda. (5.15)
Q

Lemma 5.3.1. The energy functional , along the solution of (5.2), is a nonincreasing
function and satisfies the estimate

g(talu(t), u(t) — |21 220)|5 r,
)r, — allVe(®)l13. (5.16)

N | =

B(t) < (g ou)lt) -

— (F(ug(t)), we

—~
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

Proof. The last two terms of the right side of ([5.14)) can be estimated as follows

From (5.3)), we have
= b(e(t), () < Dol Vepu (1)]13-

Using Young’s and Poincaré’s inequalities, we obtain
400
—/ got(t)/ w(s)w(z, 1, s, t)dsdx
Q 0
cz ([ L
< pis)ds ) [Veu(t)lz + 5 p(s)w®(z,1, 5, t)dsdw.
2 \ o 2 Ja Jo

Substituting (5.17)-(5.18) into (5.14)), from (5.4) ,we get the estimate (5.16]).

5.4 Modified Lyapunov functional
We now turn to construct modified Lyapunov functional £, which is defined by
[,(t) = NE(t) -+ NlKl(t) + NQKQ(t) + NgKg(t) + N4K4(t),

where N;, i = 1,2,3,4; are positive constants to be chosen properly later and

Ko(t) = [ (e -+ 20, u)r, + 5102 O],

Kalt) = [ rhplt)da + 5h(e.0) + [ (01a) - Dult)gtids

K;(t) = /QseSpu(s)MQ(m,p, s,t)dpdsdz,
Ky(t) = —/Qut(t)/o g(t — s)(u(t) — u(s))dsdz,

Lemma 5.4.1. For N large enough, the inequality
a1 E(t) < L(t) < asE(t),
holds for two positive constants ay and as.

Proof. From (j5.19)), we have
IL(t) = NE(1)] < Ni[Ky(8)] 4 No| Ka(t)] + N3 K (t)| + Na|Ka(t)]-

The terms in ([5.25)) are estimated as follows

As in (4.23), we have

C2+C?
et a(u(t) u(t)

< + 1 flloo ) IBY2m' 2 2(1)|I3 r,
mo

1
K@l < Slu@llz+

1
2m0

Using Cauchy-Schwarz’s and Young’s inequalities, we obtain

Ka0)] < 3l + gmatulthut) + (g + 102 4 ) soto). )
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

and
| K5(t)] S/ sp(s)w?(x, p, 5, t)dedpda. (5.28)
Q

It follows from (4.24)) that
2

ma0] < glu@B+ g [ ([ =90 - uouas) a

C2(1-0)
2&0

1

= §||ut(t)||3 + (g ou)(t). (5.29)

Substituting ([5.26))-(5.29) into (5.25)), we obtain

2 ~2
o - nEw) < EE ) EETIE I 4 ,00)
PR o)+ 2o
ao

€2 ollo 1

w2 + 17 4 ) ot o)

+N3 / sp(s)w? (z,p, s, t)dxdpda
Q

IAllsollmlloo | [flloo 1,172, 1
N R2mM 22 (4|12
+Nq < 2m? + 9me | m2z(t)]3

T

< CE(@).
where C' is a positive constant. By choosing N so large, we obtain (5.24)). |

Lemma 5.4.2. Let (u,p,w,z) be a solution of (5.2). Then, the functional Ky defined by
(5.20) satisfies the estimate, for any 0 < a < 1, for all t >0

Ki®) < (0l = gou(®)u) + G (row(e) +Ca | Flu()ar

+C3lIVer ()13 + Callk 2 f122 ()13 r, — IR *m22(0) 13 (5.30)

where the constant C1, and the constant C,, and the function k are defined in @ and ,
respectively, and

2 403 2 20 112
0, o o OV +C2lol

aoﬁ’ aoﬁ

—2
6O sl
aol f3

’ C&
Proof. Direct computations, by using (5.2)), and (.2))5, gives

Ki(t) = Hm(t)H%—a(U(t)m(t))Jr/o g(t = s)a(u(s), u(t))ds
—(F(u (1)), u(t))p, — IR 2m"22(@)[13 r, + 2 (hae(t), (D))

1

- /Q div(o(2) (£) Ju(t)da. (5.31)
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

As in (4.9), we have, for some constant ¢ > 0
t
| ot = spatuts). u(e)ds
0
< ((1 —0)+ 6al> a(u(t),u(t)) + @(kz o u)(t). (5.32)
agp 4&05

Using Cauchy-Schwarz’s and Young’s inequalities, using —, we get, for 1 > 0

[ES TSy
o), uOe,) < P s g o, futo)lar,
(oK Allocll Flloo
< et + PERE 0 6a)
for 99 >0
C2||div(o) |2 2 5,C2
/ div(a(os)w(t))u(t)dx\ < G 21 10, 0)13 + 252 aute), u(r), (539
and for 43 > 0
1 5,0
~ (P uldr, < 55 [ FuOur + S, um). 6.3)

Substituting (5.32)-(5.35) into (5.31)), we find that

—=2 —=2

a C 5,02 65C

O 5 20— 4 2 g B
Qg ap an ap

Ei(t) < [lu(®)]3 +

a(u(t), u(t))

nCe, C2|div(o)|* + |lo|?
e kown) + I 7 ) - im0 B,
+||hHOOHf||OO||h1/2f1/22t(t)”§F 4+ FZ(’LLt(t))dF
251f§ 1 453 r,
Let us choose
. LOE . aof . aof and e — 0470(
_8a1’ 1_166i7 2_803 3 — 75
Then we obtain ([5.30]). |

Lemma 5.4.3. Let (u,p,w, z) be a solution of (5.2). Then, the functional Ky defined by
(5.21) satisfies the estimate, for allt >0

KYO) < =aluldu0) + ol Vil — 3b(p(t). ol0)
+oo
+CG/Q/0 w(s)w?(z, 1, s,t)dsdz, (5.36)

CQ +o0
where 2Cs5 = 2C2 + ||o||? and Cs = 2b* (/ u(s)ds) .
o \Jo

Proof. By exploiting (5.2), and using Green’s formula, we have

Ky(t) = H%(t)l\i—b(w(t),w(t))—/(G(I)-V)%(t)U(t)dz

Q
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

+oo
—/ <p(t)/ u(s)w(z, 1, s, t)dsdx. (5.37)
Q 0

We can estimate the last two terms above for similar calculations in (5.32)) in the following

2

- [o0) Daoutar < T Az Sou. . 639

and for § > 0

+00
~ o) [ utat s dsis
gfob(so(t),so(t)w(i(/m ds) /Q /+OO (2,1, s, t)dsdz. (5.39)

2

C:
Let us choose 6 = i Inserting (5.38]) and ( into , we get - |
0

Lemma 5.4.4. Let (u, ¢, w,z) be a solution of (5.2). Then, the functional K3 defined by
(5.22)) satisfies the estimate, for allt >0

IN

—+o0
K50 < oIVl = [ [ nee@ s )asde = [ sp(a)e?(@,p. s, )dpdsda,
Q
(5.40)
“+o0
where C7 = Cf/ u(s)ds.
0

Proof. By differentiating K3 with respect to ¢, we obtain

“+o00 1
K50 = =2 [ [ o) [ el st o5, s,

+o0 1
—/ / w(s) (e_SwQ(l, 5,t) —w?(0,t) + s/ e~ Puw(p, S,t)dp> dsdz,
Q 0

+oo
Cr|| Vs (1)]12 — // 2(1,s t)dsdx—/Qs,u(s)wg(p, s,t)dpdsdz.

IN

|
Lemma 5.4.5. Let (u,p,w,z) be a solution of . Then, the functional ky defined by
(5.23) satisfies the estimate, for 6 > 0, for all t > 0
t
K30 < = ([ 9(6)s = 8) Il + Cu(Oyatute) uto)
0
n (CQCQ((S) + 010(5)

) (ko u)(t) + Cn[[Ver(0)|2

4&0
+Cra|[W 2 f12 2 (1) |5r, + Cha | F2(ug(t))dT, (5.41)
Iy
where
a1 202C2 +n 2k, C2?
08(6) = 6;07 C(9(5) =1 + 4\/ naiy + f) 010(5) = 5 3
. )
011 = 303”0’”2, C = 3C*||h‘|]|l,;o||f||oo, 013 = 303
0
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

Proof. By exploiting 1 and using Green’s formula, we have
K1) = <1 - /O t g(s)ds) /Q AVu(t) /0 "ot — $)(Va(t) — Vu(s))dsdz
+ /Q /Ot g(t — s)A(Vu(t) — Vu(s))ds /Ot g(t — s)(Vu(t) — Vu(s))dsdx
- (nato, | gl — s)ult) - “(s”ds>n - ( / tg(s)ds) RO
- [ it / gt — $)(ult) — u(s))dsd
- [ o@ra. [ gl — $)(Vu(t) — Vu(s))dsd
¥ <F<ut<t>>, / gt~ s)(u(t) - u(s))ds> . (5.42)

I

Using the similar calculations in ([5.32]), we obtain

/Q AVau(t) /0 ot — 5)(Vu(t) — Va(s))dsde < 6 La(u(t), u(®)) + "C2 (ko u)(t), (5.43)

ag 4@06

for 6 > 0 and

—/ U(x)cpt(t)./ g(t — s)(Vu(t) — Vu(s))dsdz
Q 0

Ca
< &HCel?IVe @3 + Tags; Few®), (5.44)

for §; > 0. By repeating the same arguments of (5.32))-(5.33)), we get, for do > 0

- (na0, gl — ) (ult) - u)as )

c2c, 2]l ool £l 50
402a0 13

Iy

<

(kou)(t) + 1R/ 22 (6)13p, - (5.45)

We arrive to estimate

/ / g(t — $)A(Vu(t) — Vu(s))ds/ g(t — s)(Vu(t) — Vu(s))dsdz
aJo 0

VvainCy
< VOO gou) (). (5.46)
ao
Using Cauchy-Schwarz’s and Young’s inequalities, we obtain, for 3 > 0
k a?[Cy + k1]C?
— [ty [ 6= 9)0utt) — utpasde < ol + S oy, 5a0)
Q 0 20300

and for §, >0

C2C,
454@0

<F<ut<t>>, / g<t—s><u<t>—u<s>>> <o [ Puwar+ SO own. 649

I
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

Inserting ((5.43 into , we obtain

/ t 2 ay 2]{5103
Ki(t) < - g(s)ds — 04 | [lue(t)[|2 + 5*a(u(t)7u(t)) + (kou)(t)
0 4d3aq
Cy [n 1 02 202C? C?
e | (k t
+4ao {5 oy b an 03 N 04 (kou)(?)
1 C2 ol Vo0 + 81 [ FPun(®)ar
Iy
h o0 o0
sl o sz iz, o
0
If we choose §; = 3 and 0y = 6, = 3C2, then we get (5.41). [ |

Recall the predefined functional

Ks(t) = /0 p(t — s)au(s), u(s))ds,

where p(t) = fjoo g(s)ds

Lemma 5.4.6. Assume that (L.3)) and (L.4]) hold. The functional K5 satisfies, along the
solution of (5.2)), the estimate

1
K5(t) < =5 (g ou)(t) + o(1 = Oa(u(?), u(t))- (5.49)
Proof. The proof obtained with the same approach that is given in (4.20)). |

Lemma 5.4.7. For each i = 1,2,3,4; N; large enough while N so large that the functional L
defined by (5.19) satisfies, for allt >0

L't < —llw@)i —(e+ 1)1~ Halu(t), u(t)) + i(gou)( t) — &b( (1), (1))
~gealledIE + (€1 + €N [ P uppar
—Nl||h1/2m1/22(t)||§’r1 —Ng/ sp(s)w?(z, p, s, t)dpdsda. (5.50)
Q

Proof. By combining (5.16)), (5.19), (5.30), (5.36), and (5.40)-(5.41)), taking & = faq/(4a; N4)

and Ny = fag/(2C?), we obtain

0 < (oo 2908 ) 3~ (53~ 5 ) st + N tgou)
*fg% ((t), (1)) = @f - f—o (C1Ny + CoNy) — Ci‘;f:‘*) (ko u)(t)

—N3/ sp(s)w?(x, p, s, t)dpdsdz + (Co Ny + 013N4)/ F2(uy(t))dl
Q Iy

— (N — C4Ny — C1oNy) W2 f2 28|30, — N1l 2m*22(2)|13

“+o0
_( cseao) / / WA, 1,5, )dsde — g, (1)2
Q 2C%

aN Csla,
(- ;C; - Oy = Ol ) [V B
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5. Existence and Stability Estimates of Energy Solution Modified Lyapunov functional

We choose N; large enough so that

¢ l
Ny — = 1)(1 —

and therefore Ny large enough such that

€a0

g1N4777N1 > 1.
4a1
. Cslag )
By choosing N3 > 50z 0 Ve arrive to choose N so large that N > Ny where
ChoN. 2 Csla
Ny = maX{ W0 C4Ny + CiaNy, . (Cle + ;TQO + C7Ns + 011N4> } .
1 *

From Remark [2.1.1] there is 0 < ag < 1 such that if o < «g, then
1

Co d = — < ay,
oS JCIN, + CoNy) ¢ CT gy S0
which means N © O N
T = —X[C1Ny + CyNy — =22 > 0.
2 4a0 [ B + 9 4] 4(10 -
Thus (5.50) is proven. [ |
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5. Existence and Stability Estimates of Energy Solution Optimal and general stability

5.5 Optimal and general stability

The optimal explicit and general decay results are established here. These theorems are
consequently divided according to the nature of the function Fj that is defined on [(H.6)l In
Subsect. we give the general decay theorem when Fj is linear. In the case of Fj being
nonlinear, the general stability result is given in Subsect. [5.5.2]

5.5.1 First general theorem
Theorem 5.5.1. Assume that|(H.1){(H.6) and hold and Fy is linear. Then, there exist

two constants ky, ko > 0 such that

B0 < ks (e /t:as)ds) | (5.51)

for allt > tg.

Remark 5.5.2. The decay rate of E(t) driven by (5.51]) is optimal in the sense that it is
consistent with the decay rate of g(¢) driven by (2.21]). So, we have

Cogs) [T ds o
/glm o)~ /g@ H(s) ~ ololt) 2 /M) €(s)ds.

Note that H, is strictly decreasing and convex on (0, r], with %in% Ho(t) = +00. Then,
—
t
o) <1 ([ es), vezg)
g—*(r)
We notice by the properties of H, Hp, and H; that

Ha(t) = / Hd—() < Holt) = tr % = Ho(t) = HT L) < Hy L (1)

This shows that (5.51) provides the best decay rates expected under the very general
assumption |(H.4)|

Remark 5.5.3. Since 7—[1_1 is decreasing. It is easy to deduce that we can start the integration
inside at zero whereas if k] < ky be chosen that kf til ds =k fgl ds, then,

t
E(t) <H! (kl/ g(s)ds) . YE> .
0
Proof of Theorem[5.5.1. From and , we have
to
/ g(s)a(u(t) —u(t — s),u(t) —u(t — s))ds < —co F'(t),
0

where ¢ is a positive constant. It follows from ([5.50) that, for all ¢t > ¢,

Ft) £ —BEBE@®)+ 5 / g(s)a(u(t) — u(t — 5),u(t) — u(t — 5))ds

to
480 [ F(u)ar, (5.52)
Ty
where §;, i = 1,2, 3; are positive constants and F = (L + coE) ~ E.
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Under the assumption (2.21)of H, we study the stability effect.
Case 1: H is linear. Multiply (5.52)) by £(t), using (2.21)) and (5.16]), for some ¢y small

enough, we obtain

EOF'(t) < —BiE()E() + /5’2/t §(s)g(s)alu(t) —u(t —s),u(t) — u(t — s))ds
+B3¢(t) - F2(uy(t))dD
< —BEE() = Ba(g o u)(t) + Bacys (t) (F(ue(t)), ue(t))p,
< —BiE)E(t) — BE'(2),

where 8, = (82 — 83¢5£(0)). Since £ is a positive nonincreasing function, then
(EF 4 BaE) (t) < =Br&(t)E(t).
Using the fact that (§F + 54F) ~ E, we conclude, for all t > ¢

B(t) < kye " 0 €909

Case 2: H is nonlinear. First, we consider
Li(t) = L(t) + K5(t),
to be nonnegative, and it follows from (|5.16)), (5.49), and (5.50) that

Li(t) < —cB(t)+ccy (Flu(t)), ue(t))r
< —cE(t) — B (1),

1

where ¢o and ¢* are positive constants. Therefore, for all ¢ > tg
t
C2/ B(s)ds < La(to) — La(t) < La(ty) < oo,
to

where Lo = (L1 + ¢*chE) ~ E.
Next, we define the function

I(t) = 03/ a(u(t) —u(t — s),u(t) —u(t — s))ds.

to

Note that, for ¢ > 0 and for all ¢ > tg, I(t) > 0. Otherwise, an exponential decay is
concluded. After that, for a constant C' > 0, for all ¢t > tg, we have

/ a(u(t) —u(t —s),u(t) —u(t —s))ds < 2C/t (IVu®)ll3 + [ Vu(t - s)lI3) ds

to
t
< ao(?cé) . E(t)ds < oo,
and therefore for a constant 0 < ¢3 < 1 chosen so that
0<I(t)<l. (5.53)

We also define the functional
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for each ty small enough. By using (5.16[), we observe that for a constant ¢4 > 0,
A(t) < —cyE'(1). (5.54)
From the hypothesis the using of (2.22)), (5.53)), and Jensen’s inequality (A.2)) leads to

At) = 03ll(t) /to I(t)[fg’(s)]c;;a(u(t) —u(t —s),u(t) —u(t — s))ds
> 1 [ 1€t esaute) = u(t =), u(t) = (e~ 9)ds
> c31 / H(I()g(s))esalu(t) — ult — s), u(t) — u(t — s))ds
> £ ( /t g(s)a(ult) — ult — s),u(t) — ult — s))ds> . (5.55)

It follows that

/tt g(s)a(u(t) — u(t — s),u(t) — u(t — s))ds < Lo <03)\(t)> |

C3

Thus, (5.52) becomes

Fi(t) < —BLE(t) + f—jﬁ‘l (CZ?t()t )) : (5.56)

where F = (F — B3¢h€(0)E) ~ E.
Now, for €9 > 0 and 5 > 0, we define the functional

Pty =H <50£},(<é))> Fi(t) + BsE(t).

Using (5.56) and the fact that E’ < 0, H > 0, H' > 0, we conclude that F5 ~ E and

Fit) = sog((g))}[” <sog((é)) A +H <50§((é))> Fl(t) + BsE'(t)

)
~BEOH <€0 gé?)) + %ﬁ’ <€0 g((é))> " (CZ?S )> + BsE'(t).  (5.57)
On the other hand, in view of EZ1) and @25) with A = H' (o5t} ) and B =
() 63D aives
B(t) < E() A(t)

Fo) < (i) ~ o) g W (20 ) ) + By

So, multiplying by £(t), using and the fact that, as
E(t) (. EQN _ (. EQ)
g < 7 (o5w) =" (5
Fi0) < €040 < ~(BB0) - e 5 7 (200

where F3 = (£F3). Let us choose €y and 5 small enough such that
Bs = F1E(0) —e0 >0 and Pacy — B5£(0) >0

IN

+ BsE'(t).

we find that

) — (Bhes — Bs£(0))E' ().
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Then, for some constants oy, as > 0

a1F3(t) < E(t) < asFs(t),

F(t) < ﬂaf(t)g((é))ﬂl (60 g((é))> = —B6&(t)H (g(((t)))> , (5.58)

Since H4(t) = H'(eot) 4+ eotH (eot), then, by using the strict convexity of H on (0,7], we
find that Ha, H5 > 0 on (0,1]. Let

and

Ozl]:g (t)
E(0)

R(t) =

From the fact that R ~ E, thus, (5.58)) yields

R'(t) < —B6&(t)Ha(R(1)).

A simple integration over (o, t), taking into consideration that eoR(to) < r, gives

EoR(to
t)) > >
mieor)> [ 7 s [ el

Using the fact that #H; is strictly decreasing function on (0,r] and

lim Hy(t) = +o0,

t—0

we get (5.51)). [ |

5.5.2 Second general theorem
Theorem 5.5.4. Assume that[(H.I}[(H.6) and (5.3) hold and Fy is nonlinear. There exist

two constants ki, ks > 0 such that, for all t > tg

E(t) < kG (kz/ &(s ) (5.59)

if H is linear. Moreover, if H is nonlinear, then there exist another two constants ks, ky > 0
such that

B(t) < kot — to)W;* ( b ) 7 (5.60)

[t —to] f,, &(s)d
for all t > ty, where Gy and Wi defined in @) and , respectively.

Remark 5.5. 5 Suppose that [-] and - hold. The energy decay in each case that
driven by (5.51 , ) and (5.60]) is missing and satisfies ligrn E(t) = 0 provided that

f0+oo &(s)ds = +oc.

Proof of Theorem[5.5.7 . First, we assume that max{ry, Fy(r1)} < &; otherwise 71 small
enough. Let &1 = min{ry, Fy(r1)}. From (5.6)-(5.7), we have

chls| < [F(s)] < c3ls] for all |s| > e,
Fo(ls]) < |F(s)] < Fy'(|s]) for all |s| < 1.
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Then, for all |s| < ey
G(F*(s)) = |[F(s)| Fo(|F(s)]) < sF(s),

which gives
F%(s) < G7Y(sF(s)), V|s| <e1. (5.61)

The following partition was first introduced by Komornik [57]
' = {IE el |Ut(t)| > 61}, I'is = {(E el |Ut(t)| < 61}. (562)
Note that, for a constant c5 > 0

1

T2 Jr,,

Then, by using (5.16)), (5.61)), (5.62) and Jensen’s inequality (A.2)), we get

J(t) = ue(8) F (g (4))dT < —es B'(1). (5.63)

/P F2(uy (4))dD < G (J(t)) — cHE'(t). (5.64)

Case 1: H is linear. Multiplying (5.52) by £(¢) and using (5.64)), we have
Fit) < =Bi&(H)E(t) + Bz()GH (I (1)), (5.65)
where Fy = (§F + (cy + 4)E) ~ E.
Now, for 0 < 1 < r1 and 87 > 0, by using (5.65) and the fact that £/ < 0, G’ > 0,
G” > 0 on (0,r], we find that the functional F5, defined by

Flt) =& (2 B ) £l0)+ (),

satisfies, for some as,ay > 0
Oé3.7:5(t) < E(t) < Oé4.7:5(t).

Using the convex conjugate of G in the sense of Young (2.25), as in (2.25), with

A=G (51 E(O))) and B = G711 (J(t)), by using (5.63) and again the fact that E’ < 0,

G’ >0, G” > 0, we obtain

E0r (o, 20 £ g

Fi(t) = e E(0) €1 E(0)

)+ BrE'(t)

E(
OO (2o ) + g0 (= ﬁgég)a L) + BE()
G

IN

IN

) o . E( ,
(B1E(0) 51)§(t)E<0) €1 E(0) + (B7 — ¢5)E' ().
Consequently, with a suitable choice of €1 and 7, we obtain, for all ¢t > ¢,

70 < 560 oy & (i) ) = ~see0 (g ).

where s = B1E(0) —e1 > 0.Since G4(t) = G'(e1t) + 1tG”(e1t) , then, using the strict
convexity of G on (0,71], we find that Ga, G4 > 0 on (0, 1]. Let
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Using the fact that Ry ~ E, we have
Ri(t) < —Bs&(t)Ga(Ru (1), Yt > to.

This concludes ([5.59)).
Case 2: H is nonlinear. First, we define the functional

nt) = —C / a(u(t) — u(t — s), u(t) — u(t — ))ds,

(t - tO) to

and choosing 0 < ¢g < 1 small enough so that
0< Iy (t) <1,

for all ¢ > tp. In the same way as in ([5.55)), we obtain

/ g(s)a(u(t) —u(t — s),u(t) —u(t — s))ds < (t— to)ﬂfl ((cﬁ)\(t)> .

to co t—to)Et)

Hence, we can write ((5.52)) as follows

(t - to)—fl Cﬁ)\(t)
o (u—mxm

F(t) < —BLE(t) + )+G1aw»—me»

Since .
lim —2— =0,
t—+4oo t — to

c
there exists t; > t¢ such that 6

; < 1 for all t > t;. Combining this with the strictly
— a
increasing and strictly convex properties of G, using (2.22)), we obtain, for all ¢ > ¢;

P < ) + L (( CGA(t)(t)> L (t—t)g ( ceJ () ) |

Ce t— to)f Cg (t - to)

where Fg = (F + 4 F) ~ E.

A(t) ()
a—mx@%r%w}sq
(t —to)

Fs(t) < —B1E(t) + TW_I (x(®)) - (5.66)

Let ro = min{r,r } and x(¢) = cg max{

Now, for 0 < €5 < rp, using (5.66) and the fact that £ <0, W >0, W’ > 0 on (0, r¢],
we find that the functional F7, defined by

/ €2 E(t)
70 =W (G255 ) 0

satisfies, for some as, ag > 0

015./_"7(t) S E(t) S a6f7(t).
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As above, using the convex conjugate of W, as in (2.24)), we get

—&2 €2 El(t) % €2 E(t)
<<t 0 T to) E(O)) W ((t - to>E<0>> 7ot

/ €2 E(t) /
e ((t — o) E(0)> Fo(0)

N o g2 E@Q)\  (t—to), ,( e E{)\, 1
< - (2 )+ (; ) o

F7(t)

Cg t— to) E(O)
< —(B1E(0) - sz)g((é)) W ( i io) gé?)) C ;ﬁt“) (). (5.67)

From (5.54) and (5.63)), we observe that, for ¢; > 0

(t —to)
Ce

E(x(t) < —cr B (1)

After multiplying (5.67) by £(¢), from the fact 52% < rp, it follows that

Ft) < ~(5u80) - 060 oW (25 50 )

where Fg = (§F7 + ¢7E) ~ E. Let us choose 2 small enough such that
ﬂg = ﬂlE(O) — &9 > 0
Therefore, for all ¢ > t;

1<) E(t)
(t —to) £(0)

s W ( ) < -7 (5:69)

Integration (5.68) and multiplying the result by ﬁ, by using the fact that W' W" >0
and taking into consideration the nonincreasing property of E, we deduce that, for all ¢ > t;

By ((t_lto)gé(?)) /:s(s)dss /tt By ((S_lto)gggi) (o)ds < (J:S—(ttlo)y

Consequently, (5.60) is derived as follows

. Fs(t1)
E(t) < E(0)(t — to)WV |
(t) < E(0)(t — o)Wy ( Bo(t —to) [, 5(8)015)
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Chapter 6

Well Posedness and General
Decay in the Infinite Memory
Case

Our main aim in this chapter is the study of global existence and general decay estimates of
energy solutions for a thermo-viscoelastic coupled system of type III with nonlinear boundary
feedback, infinite memory and distributed delay. The well posedness and regularity is proved
in Sect. by using semigroup theory combined with Schauder’s fixed point theorem. In
Sect. [6.3] we establish general decay rates by constructing a suitable Lyapunov functional.
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(6.3 Stability result| . . . . . . . ... oo 84
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6. Well Posedness and General Decay in the Infinite Memory Case  Problem statement

6.1 Problem statement

We are concerned with system (5.2)) in the case of infinite memory where the first equation
leads to

+oo
uy + Au — / g(t)Au(t — s)ds + div(ep;) =0 in Q x Ry,
0
with the initial condition
u(x, —s) = up(x,s) forxze seRy,

the fourth equation given by

“+o0
;TZ—/ (t)gi(t—s)ds—i—F(ut)—hzt onT'; x Ry,
0

and the sixth equation by
ziw+ fze+mz4+u =0 on Iy xRy

Our new system can be rewritten by

u + (Au + fo (s)An(s)ds + div(op) =0 in QxRy

77t+775—ut=0 in OxRi xRy

ou + By + o) +f Jw(l,s)ds+ (6. V)uy =0 in QxR

Swy 4wy =0 in QxIRy

zie+ fze+mz+u =0 on TI'y xRy

u=0 on TgxIR,

Eaaui + f 87] (s)ds + F(ut) = hz on TI'y xRy (6.1)
=0 on I'xIRj4

u(x, —8) = up(x, s) for zeQ,seRy

u(0) = ug, @(0) =@, v (0) =6y in Q

w(x,p,s,0) =wo(z,p,s) for (x,p,s) €Q

n(xz,s,0) = up(x,0) —uo(x, s) = no(x, s) for ze€Q,seRy

2(0) = 20, 2(0) = 21 in T;.
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6. Well Posedness and General Decay in the Infinite Memory Case The well posedness

6.2 The well posedness

This section concerns the existence and uniqueness of solutions to problem (6.1)).
We denote by

U= (u,v,n,¢,¢%,w, 20T with v=u;, ©Y=¢ and 0= z.

Our first-order evolution system is given by

Us(t) = AU(t), V>0
U(0) = Uy = (ug,u1,m0, P, 00,wo, 20,21)T € H,

where the operator A : D(A) C H — IH given by

v(t)
—(Au(t) — [ g(s)An(s, t)ds — div(oe(t))

v(t) = ns(s,t)

P(t)
—(o - V)o(t) — Bo(t) — Bep(t) — [;7 p(s)w(1, s, t)ds

Twp(pa S, t)

o(t)
—o(t) — m(z)z(t) — f(2)d(t)

and the domain D(A)

UeH | AVu,BVy € H(div,Q); v € HE (9);
n,ms € LZ(IRy; HE (Q)); n(0) = 0;

D(A) =
. ¥ € Hy(Q); ( )—¢; z,6 € HY2(Iy);
A (s)ds + F(v) =hd on T,

We set the product Hilbert spaces
H = H}. (Q) x L2(Q) x L2(Ry: HE () x H} () x L*(Q) x LA(Q) x L*('y) x L2(T)y),

equipped with the following inner product
(U, 0()y = Lalu(t),a(t)) + /v(t) (t)dz + (n(t), 7))Lz + b((t), (1))

/1/1 der/ sp(s)w(x, p, s, t)o(z, p, s, t)dsdpda
Q

+ (hmaz(t), 2(t))p, + (h6(2), 6(t))r, (6.3)

for every U = (u,v,n,p,9¥,w, 2z,0)T and U= (a,ﬁ,ﬁ,cﬁ?z/;?@,igﬁ in H.
Our main global existence of solution is ensured by the following theorem

Theorem 6.2.1. Assume that (5-9), and hold. The operator A

is the infinitesimal generator of a Co—semigroup on IH.

Proof. For the proof, we collect the well-known Lumer-Phillips theorem’s and its corollary
concerning generation of the Cp-semigroup generated by a dissipative operator (see Pazy [81]).
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First, for U € D(A) and using the inner product (6.3)), we get

+oo
(AU@D),UM))m = fa(u(t)’v(t))+/0 g(s)a(n(s,t),v(t) —ns(s,t))ds
+o00o
+/Q (—ZAu(t) —/0 g(s)An(s)ds — dlv(a(x)w(t))) v(t)dx

- /Q Bo(t)p(t)dz + b(p(t), ¥(1)) — /Q(U(l“) “V)v(t)y(t)dz
+ (hmd(t), z(t))p, — (hv(t) + hmz(t) + hfo(t),d(t))p,

# [ (3o - [ ete 5005 ) i

—/ u(s)w(z, p, s, thwy(x, p, s, t)dsdpdz. (6.4)
Q

Using the Green formula. Thus, (6.4) can be written as follows

+o0
(AU(),U(t)) = —/ g(s)a(n(s,£),ms(s,1))ds — (F(u(t)), v(6)),
/ /+oo (2,0,s,t) — w?(z,1,s,t)] dsdz

¥(t) = ||h1/2f1/25( I3 r,

_ /Q " /0 u(s)w(a, 1, s, t)dsda. (6.5)

From |(H.2), we have

+o0 1 [t
[ sslatnts tntsnds = 5 [ g s)atnis.thn(s,1)ds <o,
0 0

Fromand , we get
— (F(o(t), vy, < —chllo®|Er, — /G ))dT < 0.

Using Young’s and Poincaré’s inequalities in the last term of the right side of (6.5)) can be
estimated as follows

- [e | " (el 1,5, tdsde
< S([ T uoas)iveens+g [ [ nore s nase

Therefore, we conclude from (5.4) that the operator A is dissipative.

Next, we notice that I — A is surjective. Indeed, for each F € H, we show that there
exists U € D(A) such that

(I =AU =F = (f1, f2, f3, 1, f5, fo. fr. f5)T-
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The previous equation reads to

u—v = fi
+oo
v+ l(Au+ / g(s)An(s)ds + div(ow) = fo
0
N+ns—v = fS
e—¢ = fi
+oo
Vo Vot Be 4 Bu®+ [ uls)oleLsds = f
0
swHw, = sfs
z—=0 = [f7
O+ fo+mz+v = fs

We can determine from that
n(z,s) = —v(x)e * +v(x) +/ fa(x,m)e" " %dr, VreQ, Vse Ry,
0

and from (6.11) that

P
w(z,p,s) =(x)e P + 56_37’/ fo(x,7,8)edr, V(x,p,s) € Q.
0

So, 1(.,0) =0 and w(x,0,.) = ¥(x). According with (6.14]), we have
n(x,s) = u(zx) (1 — e_s) +m(x,s), VeeQ, Vse Ry,

with 7y € L2 (IR; Hf, (€2)) defined by

m(e,s) = —fi(e) (1-e7") + /0S fa(@, )" dr.

In particular, from , we have
w(x,1,8) =p(x)e* +wolx,s), Ve, VseRy,

with wp € L%(Q x IR) defined by

1
wo(x,s) = —fa(z)e™® + sefs/ fo(x,7,8)e7dr.
0

(6.14)

(6.15)

(6.16)

(6.17)

Substituting v, 1 and ¢ from and into and (6.10)), respectively, using (6.16)

and (6.17), we get

+oo
W oAt div(og) = ot fi +div(e)f) = [ o) Am(s)ds

(6.18)

+oo
j1 + (0(x) - V)u+2Bg = (0 V) fy + Bfs + fa+ fs - / i(s)wo(s)ds,  (6.19)

where, ¢, = ( + fc+oo g(s)(1 —e®)ds and p; =1+ f0+oo p(s)e *ds are positive constants

due to|(H.2)|and |(H.5)| respectively. Moreover, it can be shown that the right-hand side
of (6.18)) and ([6.19) both are in H=1(Q).
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On the other hand, inserting v and z from and (6.12)) into (6.13). Then, (6.1)),

becomes

+o0
14 Ju +/ g(s)%(S)ds—i—F(U—fﬂ:Mz (fr = mfr+ fs) — pou on Ty,
0

g@I/A Ova
h
where pip = ———— . From the hypotheses of h, f, and m, we observe that
= ftm
0< g << e
L+ ([ Flloe + lImlloe 1+ fo+mo

Now, multiplying (6.18]) by @ and (6.19) by ¢, integrating over Q and using Green’s
formula, we obtain the bilinear form

B : (H, () x Hy(Q)) x (Hp, () x Hy(Q) » R

defined by
B((u, ). (5, 8)) = / widz + ya(u, @) + 2 (u, @)p, + / ppda
Q Q

120, 5) + / —p(o(@) - V)i + (o(z) - V)uglde,

for every (u, @), (@, @) € Hf, () x H§(Q2), and the linear formm
G:Hp (2) x Hy(Q) = R

defined by
G g) = /Q U+ o+ div(o(@) f)lade + (s (fs — mfr + fs) G,

+00
—|—/Q [(o(z) V) f1 + fa+ f5] pdx — /0 g(s)a(ni(s),a)ds

- [ (] o p(5)en(s)ds ) s,

for every (@, ) € Hy, (Q) x H§(2), which
B((u, ), (@, ) + (F(u = fr), @)y, = G(4,P). (6.20)

It’s easy to see that the bilinear form 9B is continuous and coercive on (Hp, (Q2) x Hj(€2)) x
(Hp, () x Hg(£2)), that is to say, there exists a constant 3* > 0 such that

B((u, ), (u,0)) = B (IVull3 +IVel3) , (6.21)

for all (u, ) € Hp (€2) x H§(2). Moreover, the linear form G is continuous on Hy. (€2) x Hg(Q).
Then, there exists a constant M > 0 such that

- o~ - - 1/2
G(a,¢) < M (|Val3+ [val3)'?, (6.22)

forall (@, @) € Hp, (Q) x H5(€).
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The existence of solution of (6.20) can be proved by Schauder’s fixed point theorem (see

Edwards [41]).
Let u* € H'/2(T';). This implies from the fact that F(u* — f;) € H/2(T';). Using
Lax-Milgram’s theorem, then there exists a unique solution (u, ) € Hf, (€2) x Hj(€2) satisfying
B((u, @), (@, ) = G(a, §) — (F(u" = f1), @), , (6.23)

for all (@, @) € Hp, (€2) x Hy(Q).

In the following, we define the map 7" from Hyp, () to Hp, () by T'(u*) = u, where u is
the solution of problem . Suppose R be large enough. It suffices to show the map S
that sends from ~o(Bg) to Bgr, in which S(vo(u*)) = T'(u*) = u, is continuous and {S(u*)
u* € v9(BRr)} is relatively compact in Hf, () where Bg = {v € Hp () : [[Vv|[2 < R}

o (Estimation) Taking (@, @) = (u,0) in (6.23), by using (1.7)), |(H.6)| and taking into
account (6.21])-(6.22)), we obtain
B(IVullz < M + CL|[F(u” = fi)lluzer,)-
It follows that
w2 ry) < R = [[Vull2 < R. (6.24)

+ S is continuous. Indeed, let (u})renw a sequence of H/2(I';) and u* € HY2(T).
Suppose uf — u* in H/2(Ty) (when k — o0). Since F' € C°(R) and f; € H'/2(T).
Then,

F(uy — f1) > F(u* — f1) a.ein I'y,

and [|[F(uf — fi)llmzm,y < cR+ || fillar/zr,). By using (Lemme 1.3. in Lions [61]),
we get
F(u; — f1) = F(u* — f1) weakly in HY/2(I';). (6.25)

From (6.24), we deduce that (ux)ren = (S(uj))ren is bounded in Hy () and therefore
there exists subsequence of (ug)gew, which we still denote by (ug)renw such that

up — I weakly in H'(€2).

It follows from Rellich-Kondrachoff’s theorem, as H!(Q) < L2?(2) be compactly
embedded, that

ug — Iy strongly in L(Q); (6.26)
Vup =1 weakly in L%(Q). (6.27)
Let ¢ € H{(Q) be fixed. Since (ug)remw = (S(u}))ken, we have
B (s ), (3 9)) = (@ 0) — (Flui — fi),i)y,  Vae HE ().

Passing to the limit when & — oo and taking into account ((6.25)-(6.26)) in the previous
equality, we conclude that u = S(u*) with

Up —> U strongly in L?(0).
This implies from distribution theory and that [y = Vu and
Vu, = Vu weakly in L?(0).
Subsequently,

limsup ||Vug|le = liminf [|[Vug|2 = lim [|[Vug|2 = ||Vule.
k—o0 k— o0 k—o00

If we consider u € D(Q2) in (6.23) when ¢ € H(Q2), we find that (u, ) be solution
of (6.18) and (6.19) in D’(2) and thus vyo(u) = 0 on T'y. Hence,

S(uy) — S(u*) strongly in Hllﬂ(J (Q).
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o Siscompact. Indeed, let (u})ren a bounded sequence of H'/2(T';). Since the embedding
of HY/2(I'y) in L?(I'1) is compact. There exists a subsequence denote again (u})xen,
which is strongly converge to I3 in L2(T';). It follows that

F(uy — f1) =1y ae. inTy

where Iy = F(l3 — f1) € L?(I'1). Suppose (ug)rew = (S(u}))ren. Then, there exists a
unique solution u € Hf, (Q) satisfies

B((u, ), (@, 9)) = G(a,9) — (ls, @)p,  Va € Hy, (). (6.28)

Our aim is to prove that the sequence (uy)ren converge in Hf, (Q) to solution of (6.28),
u=S(u*).

We well know from (6.24) that (uj)rew is bounded in Hf, (Q), so there exists a
subsequence, which we still denote (ux)re, that’s weakly converge to 5 in H ().
Hence, we have

B((ur, 9), (@,9)) = G(a,9) — (Fup = fu), @)y, Vi€ Hp,(Q). (6.29)
Passing to the limit, tends to
B((Is, ), (@, 9)) = G0, ¢) — (la,@)p, Vi € Hp, ().
It means from that u = l5. This result gives,
up —u  weakly in H'(Q).

For completeness our main existence, we are going to state that (ug)gew be strongly
converge to u in Hf, (€2). For this purpose, by using Lebesgue’s dominated convergence
theorem, we remark that (when k — oc.)

B((ur, ¢), (uk, ) = Guk, @) — (F(uj, — f1), uk)p, = G(u, ) — (la,u)p, -
Since wu is solution of , we obtain
Jim B((ur, 0), (s, £)) = B(w, ), (0, 2).
This implies as a consequence of that (when k — 00.)
BV (ur = w)ll3 < B((ur —u, 0), (ur — u,0)) — 0;

ie.
up — u  strongly in H%O ().

Therefore, Schauder’s theorem allows that there exists a solution u € H%O (Q) of such
that u = S(u).

For uniqueness. Assuming that u = S(u) and u* = S(u*) are solutions of (6.20), and we
set W = u — u*. It is straightforward to see that W satisfies, for all & € Hp ()

B((W, ), (1, 9) + (Fu— f1) = F(u" = f1),@)p, = 0. (6.30)
Taking & = W in and by using , we obtain
B(W,p), (W, ) = —(Flu—fi) = Fu" —f1),W)p,
< _C/1||W||§I1/2(F) v@ € H(l)(Q)
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In particular,
B IVW3 < B((W,0), (W,0)) < 0.

Then, we conclude that w = u*. This guarantees the uniqueness of solution of ([6.20)).

Additionally, from (6.6), (6.9), (6.12) and (6.13), we have v € H{ (), ¢ € Hj(Q) and
2,0 € HY/2(Ty).
Now, from (6.14) and (6.15)), we obtain
||77||i§(1R+;H1{0(Q)) <C (HVUH% + HfSHig(m/Jr;H;O(Q))) )

and
lwlifai) < C1 (1813 + Ifolz)

from where it follows that 1 € L2 (IR; Hp, (Q)) and w € L?(Q).
From (6.18) and (6.19)), we get

AVu,BVp € H(div, Q).
On the other hand, from 7 we obtain

||TISH%,§(]R+;H11,O(Q)) < (s <||Vv||§ + ||f3Hi§([R+;H%,O(Q)) + ||n||i’f](]R+;H1{0(Q))) :

It follows that n, € LZ(IR4; Hf, ().
Therefore, U € D(A). Consequently, Lumper-Phillips’ theorem guarantees the generator
A of a Cy—semigroup on IH. The proof is completed. |

6.3 Stability result

To obtain the general decay results, we present some lemmas needed for the proof. We define
a Lyapunov functional £ as follows

L(t) = NE(t) + N1 Ky (t) + NoKy(t) + N3K3(t) + NyKy(t), (6.31)
where N;, i =1,--- ,4; are positive constants to be fixed later and the following functions
defined by

“+oo
(gou)(t) = In(t9)lF, = / g(s)a(u(t) — u(t — s),u(t) — u(t — s))ds,
0
1 1 , 1
B#) = 3 {U0. Uy = ylu@lE + Sa(u(t),u(t) + 3lg0u))
1 1 1
+50(p(t), (1)) + §||90t(t)||§ + §||h1/2m1/22(t)||3,r1
1
+§/ sp(s)w?(x, p, s, t)dsdpde,
Q
1
Ki(t) = [ w@u(t)dz + (hz(t),u(t))p, + (hz(t), 2(t))p, + i\lhl/Qfl/QZ(t)llg,rl,

putplt)da + 5H(.0) + [ (0(a) - Du(t)e (B

se P u(s)w?(z, p, s, t)dpdsda

Z
I
—— 55—

+oo
Ku(t) = —/Qut(t)/o g(s)(u(t) — u(t — s))dsdx.
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Remark 6.3.1. Let N be large enough. According to Lemma [5.4.1] then £ ~ E.

Remark 6.3.2. Repeating exactly the same arguments in (5.16), (5.30), (5.36), (5.40) and
(5.41)). Then, the modified Lyapunov functional £ defined by (6.31]) satisfies (5.50) under a

suitable choice of N and N;, i =1, - ,4.

Lemma 6.3.3. The functional

Ks(t) = / p(t — s)a(u(s), u(s))ds,

satisfies, along the solution of , the estimate

1 M,
K4(1) < ~ (g0 u)(®) + p(1 = Oa(u(®) ut) + ny (e, (6:32
where p(t) = f;oo g(s)ds.
Proof. The proof of (6.32) is the same as the one of Lemma [2.1.8] [ |

The following theorem gives us the general stability results according to the nature of

the function Fy defined in |(H.6)

Theorem 6.3.4. Assume that (H.6) and hold. Then, there exist two constants
ki,ko > 0 such that the solution of satisfies, for allt >0

E(t) <

E0), (k +ky fgasm(ho(s)hl(s))ds) (6.33)

ha(t) [y &(s)ds

if Fy is linear. Moreover, if Fy is nonlinear, then there exist other two constants ks, kqy > 0
such that, for allt >0

E(t) <

E(0) <k3 +ky fy f(S)W(ho(S)h1(8>>d8> (6.34)

ha(t) ! fg &(s)ds

where £, H, Ha, W, Wi, hg, and hy are functions defined in|(H.4) , , ,
and , respectively.

Proof. Case 1: F, is linear. Let £ (t) = L(t) + K5(t). By combining (5.50)) and (6.32)),
using (5.6 and (5.16)), we obtain

My

Ly (t) —BLE(t) + B2 (F(uw(t)), ue(t))r, + —~ho(?),

IN

< BB~ B (1) + O ho(r),

where #; and (s are positive constants. Therefore, for all ¢ > 0

t t
ﬂl/o E(s)ds < £2(0) + %/0 ho(s)ds,

where Lo = (L1 + f2E) ~ E. Tt follows that

/Ot E(s)ds < B3 <1 + /Ot ho(s)ds> , (6.35)
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where 3 = max {E%—(lo), é\%} From (/6.35)), we have, for a constant C' > 0

IN

20 [ (IFu(®IB + [Vatt — 5)3)

_ 88sC t
< aQE/E S ol <1+/Oho(s)ds>.

Then, for 0 < ¢o < min {1 Lol T T—l}, we recall (2.31)), i.e.,

/0 a(ult) — u(t — s), u(t) — u(t — s))ds

7 8B3C 7 My’ My

C2
1+ fg ho(s)ds

In the same way as in ([2.32)-(2.38] we have

7o) <~ tts (0D 52O s o) (6:37)

Since H4(t) = H'(eot) + eotH" (eot) and by using the strict convexity of H on (0,7], we
conclude that Ha, H5 > 0on [0,1). As E' < 0 and b} < 0, then Hs (%) is decreasing.
Hence, for 0 <t < T, we have

W(EEET) (R e

hi(t) = <1 and hl(t)/o a(n(t, s),n(t,s))ds < 1. (6.36)

Combining (6.37) with (6.38)) and multiplying by hi(t), we get

M7 + st (T < sae(om nho(o).

Since hq(t) is a nonincreasing function, then for all 0 <¢ < T

7y @)+ oo (P ) < peom moma0). 039
Integrating over [0,T], we arrive at
BsHa ( 0 ) / §(s)ds < (h1F2)(0) + 54/ &(s ho(s)) ds,

and thus

H2<h1(T)E(T)> ) <(h1f2) + B4 ? s)H (s)hl(s))ds)
0 S

B(0) 4 (“Z)” +6 foT5<s>H<ho<s>h1<s>>d8> |
Jo &(s)ds
This gives .

Case 2: Fj is nonlinear. First, we assume that max{ry, Fy(r1)} < e; otherwise ry
small enough. Let e; = min{ry, Fo(r1)}. From (5.6)-(5.7), we have

cils] < |F(s)] < chls] for all |s| > ey,
Fo(|s|) < |F(s)| < Fy'(|s]) for all |s] < &;.
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6. Well Posedness and General Decay in the Infinite Memory Case Stability result

Then, for all |s| < ey
G(F*(s)) = |[F(s)|Fo(|F (s)]) < sF(s),

which gives

F%(s) < G7Y(sF(s)), V|s| <e1. (6.40)

Note that, for a constant ¢; > 0

1
J(t) = = u(t)F(ug(t))dl < —c7 B/ (). (6.41)

T12| Jr,,
Then, by using (5.62), (5.16)), (6.40) and Jensen’s inequality (A.2)), we get
/ F2(uy(1))dD < G (J (1)) — c,E'(t). (6.42)
I'y

As above in (2.33))-(2.34]), we can write (2.35)) as follows

Bi =1 (hi(t)A(t) .
i ( £(t) )*52@ (J(£)) + Baho(t)-

Combining this with the strictly increasing and strictly convex properties of G as in ([2.22)),
using ((6.36)), we obtain

Ft) < —BE@) + 8 ’Hl(f”“)““)+ P2 G (ha(8)(1)) + Baholt).

F(t) < —AE®R) +

ha(t) £(t) ha(t)
Let 7o = min{r, 1 }, S5 = max{fa, 4} and x(t) = max {2\((3, J(t)}. So,
F(0) < =B + W (i (Ox(0) + ko). (6.43)

Now, for 0 < €5 < rg, using ([6.43) and the fact that £ <0, W >0, W’ > 0 on (0, r¢],
we find that the functional F3, defined by

fg(t) = W’ <€2hlg_j)(§;(t)> ]:(t),

satisfies, for some k3, k4 > 0
KkaF3(t) < E(t) < kaF3(t).

We can follow the same above steps used in (2.36]) in the sense of the convex function W,
then

Fa(t) = ezmﬁ());“)w“ <€2mg)(g:)(t)> ]-"(t)+W’< g)(f)( ) >]~"’(t)
< —BEBW (52 hl(bf)(f)(t) + hiﬁt) W <sgé%3)(t)> W (h (£)x(8))
+Baho ()W’ (52}11(Et)<§)(t)> : (6.44)
So, with A = W'( %) and B = W~ (hy(t)x(t)), using (2.24) and (2.25), thus (6.44
yields
F(t) < —(B1E(0) - /8452)5((3)) w’ (52]115;)(?)“)) + Box(t) + Baho ()W’ (52%)
(6.45)
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From ([2.32) and (6.41)), we observe that, for ¢s = min{fs,c7} >0
EOX(E) < —es B (D). (6.46)
After multiplying (6.45) by £(t), from the fact that

hi(H)E(t)

“27R(0)

<o,

it follows from (/6.46]) that

T < 4mmm_m@mﬂggw«@mg§w)

—BecsE'(t) + fa 51(8) ha(8)ho ()W’ <E2hl(Et)(0E)(t)> .

Again with A =W’ (52 %) and B = hq(t)ho(t) in the fact that B < rg, we obtain

Fi0) <~ (515(0) - 20 €)W (2™ 5 ) + 50w (o).

where Fy = (§Fs + PecsE) ~ E. Let us choose g2 small enough such that §; =
B1E(0) — 2f4¢2 > 0. Then, we obtain, for all ¢ > 0

/ £(t) hi(H)E(t) £()
710 < sy (B ) A
Note that Wi (t) = W (eat) + tW" (eat). Using the strict convexity of W on (0, ro], we find

that Wi (t), Wi (t) > 0 on (0, 1]. Since E' < 0 and h} < 0, we conclude that W, (%)

W (ha (D) ho(t)) . (6.47)

is decreasing function. Then, for 0 <t¢ < T, we have

(M) = (M)

Combining this with (6.47) and integrating the result over [0,7]. By using the fact that
W' W' > 0, and taking into consideration the nonincreasing properties of E and hy, we get

oo (P2 0 = [ ()

w¢mm+@45@wmwmwmm

IA

IN

and thus

(h17:4 (0)
W (hl(T)E(T)) - ( + B4 ffo s) ho(s)hl(s))ds)
0 S

mmWI<W”@+ﬂk W UM@Mj.
' fos

This gives (6.34)). [ |
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Now, we give an example to illustrate our result.
Example 6.3.5 ([50]). Let g(t) = a(1 +¢)~9, where ¢ > 1 and 0 < a < ¢ — 1 so that [(HL.2)|
—1 q+1
is satisfied, for any Sy > ¢. In this case £(t) = gqa™@ and H(t) = 15 Then, there exists a

constants «; > 0 depending only on g, ¢ and « such that Ha(t) = alt% )
Case 1: Fj is linear. If s — ||[Vug(s)||3 is not bounded and satisfies

mo(14+t)F <14 [|[Vue(t)]|2 < mi(1+t)F, (6.48)

where 0 < k < g—1 and mg, my > 0, then we have, for some positive constants o, i = 2, 3,4, 5;
depending only on ¢, a, mg, my and k, the estimates

ap(1 4+ )19 < ho(t) < as(1 +t)HrE9, (6.49)
1+In(1+1t), if g—k=2;
1
>agy 1, if ¢q—Fk>2; (6.50)
ha(t)
(1+t)kt2-a if 1<q—k<2,
and
. 1+In(l+1¢), if ¢g—k=2;
0 <asg 2, if ¢q—Fk>2; (6.51)
1
(1+t)k2=a if 1<qg—k<2.

Then, using the first assumption in ([6.36])

T+ +In(1+8)]", if g—k=2;
h1 (t)h()(t) < cougayy %(1 + t)f(qfkfl), if q—k>2; <o, (652)
(1+t)7 4 if 1<q—Fk<2,

where rg = min{r, 1 } with r,r; > 0 defined in respectively.

For example, if 1 < ¢ —k < 2, we have, forall 0 <t <T
r 9 1 _1
| mhasm(s)ds = a1+ 1),
0
It follows that, for some kq, ko, ag > 0

/0 E(s)H(ho(s)h1(s))ds < +oo,

. <k1 F ko fgf(s)H(ho(s)M(S))ds) < agT (7). (6.53)

2 fg £(s)ds

Using (6.49)-(6.53)), then there exists a constant a7 > 0 such that, the energy functional
(16.33]) satisfies

A+ +1)T ), i g—k=2
E(T) < az{ 7 (3H), if g—k>2 (6.54)
Q+7)(k=2tgh) i 1<g-k<2

Forg—k >2or1/2 (k +Vk? +4k + 8) < q < k+2, the estimate 1|6.54 gives Tlim E(T)=0.
—00
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On the other hand, if s — ||[Vug(s)||3 is bounded (k = 0 in (6.48))) as it was assumed in
[49, [51], then, for ¢ > /2, 1|6.54 holds with k = 0. This result generalizes and improves the

decay rate ((1 +t)7F for 0 < k < %) obtained in [49] .
Case 2: Fj is nonlinear. Assume that Fy(t) = ct’, where 3 > 1 and G(t) =
ViFy(vE) = ct“5 . Thus,
2 q

W) = (G +H ) (1) =c (tm + tm> .

If g =2 and 8 = 5, we find that G(t) = ¢t® and H(t) = t2. Here g(t) = (1 4+ t)~2 and
&(t) =y, where 7 is a fixed constant and « is chosen so that assumption (2.21)) remains valid.
Then, we have, for all t > 0

3
Vat+1 -1
W) = ¢ <+2> , (6.55)
and
W) = 3t <\/4t+1—1>2 _ Bt 3t 3t
SN/ 2 WaA+1  VAi+r1l 2
3¢t 3ct?  3ct 3
< — 4+ —— — — =ct2. 6.56
< Sty g = (6.56)
Let us consider
mo(1+ 1) <14 ||[Vuo(t)]|3 < ma(1+1)F, (6.57)
where 0 < k < 1 and mg, m; > 0, then we have the following, for some «;, i = 2,3, 4;
ao(14+1)71F < ho(t) < as(1 +t)71FF, (6.58)
1 1+In(1+1¢), if k=0;
> a n(l+9), i (6.59)
ha () (141", if 0<k<1,
and
1 1+In(l+1¢), if k=0
< as n(l+8), i (6.60)
ha(t) (1+t), if 0<k<1.
It follows from (6.58])-(6.59]) that
L+ 0)(1+In(1+8)]"", if k=0;
hl(t)h()(t) S Colz30uy [( )f n( ))] 1 (661)
(1+1¢)74 if 0<k<1;

Combining (6.55)), (6.56) and (6.61)), we get, for some ks, ky, B >0, for all 0 <t < T

/0 £(s)W (o (s)ha (5))ds < +oo.

ks + ka [ €(s)W(ho(s)h(s))d

o ( o ki Jy €W o (o) (5) ) P
JT€Gs)ds

Then there exists a constant a; > 0 such that, the energy functional (6.34)) satisfies

(1+In(1+7))T"3, if k=0;

(1+1)" 5k, if 0<k<l. (6.:62)

E(T) < (644 {

Thus, for 0 < k < %, the estimate (6.62)) gives lim FE(T) =0.
T—+o0
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Appendix A

Basic Concepts in Standard
Application

Throughout this thesis, we recall a well-known concepts in standard application. We will
also present the properties that will interest us, as well as the results known in the case of
partial differential equations (For further proofs of the following theorems and lemmas, we

refer the reader to references [29] A1, 54, [8T]).
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A. Basic Concepts in Standard Application Unbounded operators

A.1 Unbounded operators

Let IH be a real or complex Hilbert space equipped with the inner product (-,-)y; and the
induced norm || - ||y, and A is a linear mapping from D(A) C H into IH. The subspace D(.A)
is called the domain of the operator A.

Definition A.1.1. Let A be a linear (unbounded) operator on H. A is dissipative if and only
if
Vo € D(A), R{Ap,p)y < 0.

Remark A.1.2. If H is a Banach space, a linear operator A, is dissipative if and only if
Vo € D(A), YA>0, [[Al—A)elm = Al
Definition A.1.3. An unbounded linear operator A on H, is m-dissipative if and only if
o A is dissipative,
o Vf e, VA >0, 3p € D(A) such that

(M —=A)p = .

Remark A.1.4. Let A be a dissipative operator on IH. The operator A is m-dissipative if
and only if

>0, VfeH, Jpe DA | (AI-Ap =1
Corollary A.1.5. If A is a m-dissipative operator then A is closed and D(A) is dense in TH.

Theorem A.1.6. If A is a m-dissipative operator then, for all A > 0, the operator (\I — A)
admits an inverse, (Al — A)~1f belongs to D(A) for all f € H, and R(\; A) = (Al — A)~L is

a linear bounded operator on H satisfying

1RO Al < -
Definition A.1.7. The resolvent set p(.A) of an operator A is the set

p(A) ={X € C| Al — A is invertible}.
The spectrum of operator A, denoted o(A), is the complement of the resolvent set p(.A)

o(A) =C\ p(A) = {X € C| Ais an eigenvalue of A},

where each eigenvalue of operator A is a complex number A such that there exists a nonzero
¢ € H, called eigenvector with property Ag = Ay, in other words ¢ € ker(AI — A).

Corollary A.1.8.

1. If |A| > || A| then A € p(A),hence the spectrum is bounded.

2. The resolvent set p(A) is open, i.e. for any \ € p(A) then there exist ¢ > 0 such that
all pp with |\ — p| < € are also in p(A), i.e. the resolvent set is open and the spectrum is
closed.

Both statements together imply that the spectrum is compact.
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A.2 Semigroup on a Hilbert space

We are interested in equation
O'(t) = Ap(t), ©(0) =y € H, vVt € R. (A1)
When equation ([A.1)) does admit a solution in C*(IR;H) given by

o(t) = S(t)po, Vt=>0.

Definition A.2.1. A family of bounded linear operators {S(t), ¢ > 0} on H is a strongly
continuous semigroup (Cp—semigroup) when the following conditions hold:

(i) S(0) =1,
(ii) S(t+s) = S(t)S(s), Vt,s >0,
(i) lim [[S()p = ¢llm = 0, ¥y € H.
Remark A.2.2. For all ¢ € H, the mapping ¢t — S(¢)p is continuous from R, into TH.
Definition A.2.3. A semigroup of bounded linear operator, S(t), is uniformly continuous if
lim [[S(t) — Il @) = 0.

Definition A.2.4. The linear operator A defined by, with domain D(A) consisting of points
o such that the following limit exists

swf—wz{d

Ap = lim dtS(t)go} , for ¢ € D(A),

t—0

is called the infinitesimal generator of the semigroup S(t).

Theorem A.2.5. Let S(t) be a strongly continuous semigroup on H. Then there exist
constants M > 1 and w € IR such that

1Sl 2@ < Me**, Vt>0.
Remark A.2.6. A Co—semigroup S(t) = e** generated by A
e is exponentially stable if M > 1 and w < 0.
e is uniformly bounded if M > 1 and w > 0.
o If M =1 it is called a Cy—semigroup of contractions.

Theorem A.2.7. Let A be the infinitesimal generator of S(t), a Co—semigroup on IH. For any
initial data po € H, the problem has a unique weak solution ¢ € C(IR4;H). Moreover,
if vo € D(A), then the solution

¢ € C(Ry; D(A)) N CH(Ry; H).
Proof. Existence: Let ¢y € D(A) and set ¢(t) = S(t)po. We know that
AS(t)po = S(t)Apo.
Since the mapping ¢ — AS(t)po, is continuous from R, into HH, then ¢ € C(IR4; D(A)).
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Moreover d
72 Wpo = AS(t)po = 5(t) Apo.

Therefore ¢ € C1(R4;H) and ¢’ = Agp.
Uniqueness: Let ¢t > 0 be arbitrarily fixed. Let u € C(IRy; D(A)) NC'(IR+; H) be an other
solution of the problem. Set

v(s) = S(t—s)u(s), for 0<s<t.

We have d

EU(S) = —AS(t — s)u(s) + S(t — s)Au(s) = 0.
Consequently v(s) = v(0) for all s € [0,¢]. In particular v(¢) = u(t) and v(0) = ¢(t). Thus
u(t) = p(t). [ |

Theorem A.2.8 (Hille-Yosida). A linear (unbounded) operator A is the infinitesimal generator
of a Co—semigroup of contractions S(t), if and only if

(a) A is closed and D(A) = H,

(b) the resolvent set p(A) of A contains R4 and for every A > 0,

IO =A™ 2 <

> =

Theorem A.2.9 (Lumer-Phillips). An unbounded linear operator A in T is the infinitesimal
generator of a semigroup of contractions on I if and only if A is m-dissipative in TH.

Theorem A.2.10 (Gearhart-Priiss). Let S(t) be a Co—semigroup of contractions on Hilbert
space H. Then S(t) is exponentially stable if and only if

(i) The resolvent set p(A) of A contains the imaginary azis (iR C p(A)),
(ii) limsup [|(iA] — A) ™ || ) < oo.

[A]— o0

A.3 Principal theorems and inequalities

Notation A.3.1. Let 1 < p < 4o00; we denote by ¢ the conjugate exponent
1 1
S4o=1
p q

Theorem A.3.2 (Holder’s inequality). Assume that f € LP(Q2) and g € LI(Q) with
1 <p<+oo. Then fg € LY () and

j£|f($)90fﬂda7§ 1f1lpllgllq-
Corollary A.3.3 (Cauchy-Schwarz’s inequality). By taking p = q = 2, we obtain

(f:9) < I fll2llgll2-

Theorem A.3.4 (Young’s inequality). Let a,b > 0. Then for any ¢ > 0,
2, b
b<d .

T
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Lemma A.3.5. For all a,b > 0, the following inequality holds

a? bl . 1 1
ab< —+ —, with —+-=1.
p q p g

Theorem A.3.6 (Jensen’s inequality). Suppose ¢ is a non-negative measurable function
satisfying fQ p(x)de = 1. If f is any real-valued measurable function and ¥ is convex over
the range of f, then Jensen’s inequality states that

v| [ st < [ wi@lpa (A.2)

Theorem A.3.7 (Gronwall’s inequality). Assume ¢ : [0, T] — IR is a bounded nonnegative
measurable function, f : [0, T| = IR is a nonnegative integrable function and o > 0 is a
constant with the property that

o(t) <« +/O f(D)e(r)dr, Vtelo, T].

Then .
o(t) < aexp (/O f(T)dT) , vtelo, T).

Theorem A.3.8 (Schauder fixed point). A continuous compact mapping on a closed, bounded,
convex set in a Banach space has a fized point. Alternatively, a continuous mapping on a
compact, conver, set in a Banach space has a fized point.

Theorem A.3.9 (Rellich-Kondrachov). Suppose that Q is bounded and of class Ct. Then we
have the following compact injections:

Wl,p(Q) — LQ(Q)7 Vq € [1a p*)v where i* = 1 - lv Zf p<n,
p p n

WHP(Q) < L1(Q), Vg€ [1, +o0), if p=n,

WLP(Q) = C(Q), if p>n,

Corollary A.3.10. In particular, WHP(Q) < LP(Q) with compact injection for all p (and for
allm).

Definition A.3.11. For any u € C*°(), define the trace operator 7o : H! () — L3(T") by

’YO(U) = ’u’\Fa

and the Neumann trace operator v; : H*(Q) — L2(T") by

Proposition A.3.12. The most important properties of the trace are the following
(i) If u € HY(Q), then in fact vo(u) € HY2(T) and
0 (@)llm2ry < Cllullin ),  Vu € HY(Q).
(ii) The kernel of the trace operator is Hy(Q2), i.e.,
Hi(Q) = {u e HYQ) | ~o(u) =0 on r}.
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(iii) Set AVw € H(div, ), then ;Tu has a meaning and belongs to H=/2(T"). Moreover,

A
there exists a constant C > 0 such that

)
—
Ova H-1/2(T),H/2(T)

Theorem A.3.13 (Trace theorem). Let ) be a bounded simply connected Lipschitz domain.

Then the trace operator u —s {vo(u),v1(u)} is bounded, linear, and surjective from H?(£2)
onto H3/2(T") x HY2(T).

< CHVUHH(div,Q)HU”Hl/?(l") Vv € HI/Q(F) (A?))

Theorem A.3.14 (Poincaré’s inequality). Suppose that 1 < p < +oo and Q is a bounded (at
least in one direction) open set. Then there exists a constant C* (depending on 2 and p)
such that

lelly < CullVelly, Vo € wy™ (). (A4)

Lemma A.3.15 (Green’s formula). Let Q be a bounded domain of R"™ with a smooth boundary
I'. Foru € H?(Q) and v € HY(Q), we have

/Auvdx:/@vdF—/ Vu - Vodx
Q r Ov Q

Remark A.3.16. If v € H}(Q), then Green’s formula is reduced to

/ Avvdzr = —/ Vu - Vodx
Q Q
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Abstract: In this thesis, we consider some viscoelastic problems for a strongly elliptic operator
of second order with variable coefficients in bounded domains. A review of the recent studies on
the generalized thermoelasticity theories and their associated modified models is also presented. In
this regard, we investigate several coupled systems with mixed Dirichlet-Neumann boundary
conditions and boundary interaction feedback. The coupling is via the acoustic boundary conditions
on a portion of the boundary. Using some interesting methods of mathematical analysis as,
semigroup theory, Schauder fixed point, Faedo-Galerkin approach, and compactness estimates, to
show the local and global existence of energy-associated solutions. In addition, taking into account
the Gearhart-Prlss theorem, the exponential stability of the corresponding semigroup is concluded.
Moreover, under a very wider class of generality of relaxation functions, we establish several
general decay results using the energy methods.

Keywords: Acoustic boundary conditions, Exponential stability, General decay, Global existence
of solution, Thermoelastic effect, Viscoelastic damping.

Résumeé: Dans cette thése, nous considérons quelques problémes viscoélastiques pour un
opérateur fortement elliptique du second ordre avec des coefficients variables dans des domaines
bornés. Une évaluation des études récentes, sur les théories de la thermoélasticité généralisée et
leurs modéles modifiés associés, est également présentée. A cet égard, nous étudions plusieurs
systémes couplés avec des conditions aux limites mixtes Dirichlet-Neumann et une rétroaction
d'interaction aux limites. Le couplage se fait via les conditions aux limites acoustiques sur une
portion de la frontiére. En utilisant des méthodes intéressantes d'analyse mathématique comme la
théorie des semi-groupes, le point fixe de Schauder, les approximations de Faedo-Galerkin et les
estimations de compacité, pour montrer I'existence locale et globale des solutions associées a
I'énergie. De plus, en tenant compte du théoréme de Gearhart-Priss, la stabilité exponentielle du
semi-groupe correspondant est obtenue. Ensuite, sous une classe de généralité trés large des
fonctions de relaxation, nous établissons plusieurs résultats généraux de décroissance en utilisant
des méthodes énergétiques.

Mots clés: Amortissement viscoélastique, Conditions aux limites acoustiques, Effet
thermoélastique, Existence globale de solution, Décroissance générale, Stabilité exponentielle.
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