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  ملخص
من خلال ھذا العمل وباستعمال طريقة استقطاب المثاليات تمكنا من إنشاء مثاليات خطية وأخرى متعددة 
الخطية ثم مثاليات لمؤثرات كثيرات حدود انطلاقا من مثاليات معروفة سابقا و أثبتنا أنھا تملك كل خصائص 

ونظرية التفكيك ثم قمنا بتمثيل ھذه المثاليات  المثاليات الجمعية كنظرية الاحتواء، نظرية الھيمنة  لبيتش
بواسطة نظيمات موترية ملائمة وأنھينا العمل بتقديم نظرية التفكيك للمؤثرات كثيرات الحدود باستعمال تقنيات 

    .مستوحاة من النظرية العامة لفضاءات بناخ الشبكية
  :الكلمات المفتاحية

  .م موتري، نظرية الھيمنة  لـ بيتش،  نظرية التفكيكمؤثر مستمر نسبيا، مؤثر متعدد الخطية، نظي
 
Abstract 
We introduce some new linear and multilinear ideals, and to study the 
representation of these ideals by suitable tensor norms. We show that the results that 
worked for the case of the multi-ideals involving summability could be extended to 
the more general setting that is constructed starting from the interpolation method, 
as inclusion theorems, Pietsch's domination theorem, factorization theorems and 
characterizations by using the adjoints of  m -linear operators. We also introduce 
the ideal of ),( σp -continuous polynomials that extends the nowadays well-known 
ideal to the more general setting of the interpolated ideals of polynomials. We give a 
factorization theorem for this new ideal which requires new techniques inspired in 
the theory of Banach lattices. 
 
Ky words: Absolutely continuous operator (polynomials), multilinear operator, 
tensor norm, tensorial representation, Pietsch domination theorem, factorization. 
 
Résumé 
A travers notre étude, nous introduisons quelques nouveaux idéaux linéaires et 
multilinéaires ainsi que la représentation de ces idéaux par des normes tensorielles 
convenables. Nous pouvons dire que les résultats qui s'appliquent  pour les cas des 
multi-idéaux impliquant la sommabilité pourraient être prolongés sur le cadre plus 
général, construit à partir de la méthode d´interpolation tels que les théorèmes 
d'inclusion, domination, factorisation de Pietsch et des caractérisations, en 
employant les adjoints des opérateurs m -linéaires. Nous présentons également 
l'idéal des polynômes ),( σp -continus qui prolongent l'idéal bien connu à le cadre 
plus général des idéaux interpolés des polynômes. Nous donnons, par conséquent, 
un théorème de factorisation pour ce nouvel idéal qui exige de nouvelles techniques 
inspirées de la théorie des espaces de Banach réticulés. 
 
Mots clés: Opérateur absolument continu (polynôme), opérateur multilinéaire, 
norme tensorielle, représentation tensorielle, théorème de domination de Pietsch, 
factorisation. 
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0.1 Introduction

The main topic treated in this thesis is the representation of some non-linear ideals
by suitable tensor norms, with emphasis mainly on interpolated operator ideals.
The theory of operator ideals was introduced by A. Pietsch in the linear case and
is nowadays well established. The reader can find a lot of information about in the
excellent monograph [61]. Following the original Grothendieck’s approach to the
theory of operators, A. Defant and K. Floret published the famous book “Tensor
Norms and Operator Ideals in 1993, centering the attention in the interplay between
the theory of operator ideals and the theory of tensor norms. Regarding interpolated
operator ideals, H. Jarchow and U. Matter introduced in 1987 a general interpolation
procedure for creating a new operator ideal from two given operator ideals (see
[39]). Using this technique, U. Matter defined the operator ideal Πp,σ of the (p, σ)-
absolutely continuous linear operators – where 1 ≤ p < ∞ and 0 ≤ σ < 1 – by
means of this interpolative construction. The resulting space must be understood
as an ideal located in between absolutely p-summing linear operators and continuous
linear operators, preserving some of the characteristic properties of the first class.
In the nineties, J.A. López Molina and E.A. Sánchez Pérez studied the factorization
properties and the trace duality for these operators in a series of papers, introducing
the class of tensor norms that represent these operator ideals (see [41], [42], and [69]).
Let us write explicitly some definitions: a linear operator T between two Banach
spaces X and Y is (p, σ)-absolutely continuous for 1 ≤ p < ∞, 0 ≤ σ < 1 if there
exist a Banach space G and a p-summing linear operator S : X −→ G such that for
all x ∈ X, the inequality

‖Tx‖ ≤ ‖x‖σ ‖Sx‖1−σ

holds. In his thesis, E.A. Sánchez Pérez introduced several interpolated operator
ideals namely the (q, ν, p, σ)-dominated, (q, p, σ)-mixing, (p, σ)-nuclear and (p, σ)-
integral operators that generalize the well known operator ideals of (q, p)-dominated,
(q, p)-mixing, p-nuclear and p-integral operators respectively (see [70]).

The theory of operator ideals has proved to be a strong tool for the investigation
and classification of linear operators between Banach spaces. Nowadays, it has
become a usual tool for analyzing some classical problems of the Functional Analysis
—as summability of series—, but has also become the starting point to understand
and solve new problems related non-linear operators. The linear theory has spread
to multilinear operators and to polynomials, leading to the notions of multi-ideals
and polynomial ideals. A first outline of such a multilinaer theory was given by A.
Pietsch in 1983 (see [62]). An axiomatic theory of multi-ideals for Banach spaces-
valued m-linear mappings was given by H.A. Braunss in 1984 (see [22]). These new
multi-ideals could also be considered to be the starting point for the study of some
specific properties of non-linear operators, that can be considered as a new area in
non-linear functional analysis.

An ideal of multilinear mappings —also called multi-ideal— M is a subclass of
the class of all continuous multilinear operators between Banach spaces such that
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for a positive integer m, Banach spaces X1, ..., Xm and Y , the components

M(X1, ..., Xm;Y ) := L(X1, ..., Xm;Y ) ∩M,

is a vector subspace of L(X1, ..., Xm;Y ) that is invariant by the composition of a
linear operator on the right and m-linear operators on the left and which contains
the m-linear mappings of finite type.

The 1989 paper by R. Alencar and M. C. Matos [6] is another cornerstone in this
line of thought. This approach turned out to be very successful and a number of
operator ideals have been fruitfully generalized to the multilinear setting in recent
years by several authors (see [1], [2], [5], [16], [23], [26], [30], [43], [45], [52], [57],
[63]....). In certain multi-ideals, the generalization is elementary. For example, this
is the case of completely continuous m-linear mappings, weakly compact m-linear
mappings and compact m-linear mappings (see [8], [9] [37], [66], [65], [31], [45]).
Some properties that hold in the linear case remain true in the multilinear case, and
some of them are not true any more. On the other hand, in the case of the p-summing
linear operators the generalization is not unique: many definitions were introduced
in this direction and many papers were devoted to the concept of summability for
the multilinear mapping (see [11], [12], [13], [30], [59], [58]).

Regarding the general construction of multi-ideals starting from a given operator
ideal, A. Pietsch shown three different approaches for creating multi-ideals (see [62]).
They are the factorization method, the linearization method and the composition
method, which have been developed by several authors. For example, the multi-
ideal Ld,(p1,...,pm) of (p1, ..., pm)-dominated m-linear mappings is generated by the
factorization method from the operator ideals of pj-summing, j = 1, ...,m, (see
[35]). In 2007, G. Botelho, D. Pellegrino and P. Rueda published the paper [19],
describing the composition method for generating multi-ideals from a given operator
ideal. Actually, this procedure was a particular case of the composition technique
introduced A. Pietsch in [62]. A new multi-ideal defined following this construction
by D. Achour and L. Mezrag in [5] is the class of Cohen strongly p-summing m-
linear mappings Dmp ; D. Achour in [1, Theorem 3.6] proved that this multi-ideal
is generated by the composition method from the operator ideals of strongly p-
summing linear operators introduced by J.S. Cohen in [25].

Concerning the representation of multi-ideals by tensor norms, the procedure of
showing it as a dual space of a topological tensor product comes back to Grothendieck’s
known resume [36]. There he proved that integral bilinear forms match to linear
and continuous functionals on the injective tensor product. This idea has worked
successfully in many Banach ideals of multilinear mappings. For example, M. C.
Matos in [43] introduced and studied a tensor norm such that linear operators on the
corresponding tensor product that are continuous with respect to this norm matches
exactly with the class of nuclear multilinear mappings. Let us write explicitly the
definition. We say that a tensor norm α of order m + 1 represents the multi-ideal
M if

M(X1, ..., Xm;Y ∗) = (X1 ⊗ ...⊗Xm ⊗ Y, α)∗ isometrically isomorphic.
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There is another method for representing a multi-ideal, that is

M(X1, ..., Xm;Y ) = (X1 ⊗ ...⊗Xm ⊗ Y ∗, α)∗ isometrically isomorphic.

The main goal of this thesis is to introduce some new linear and multilinear
ideals, and to study the representation of these ideals by suitable tensor norms,
as well as the factorization of the mappings belonging to these ideals. Also, some
topological requirements on the spaces involved for obtaining an adequate multilin-
ear generalization of the (p, σ)-absolutely continuous operators will be studied. Our
main motivation is to show that the results that worked for the case of the multi-
ideals of operators involving summability could be extended to the more general
setting that is constructed starting from the interpolation method. As in the linear
case, each one of these new ideals of multilinear mappings must be understood as an
intermediate ideal in between a given multi-ideal and the whole class of continuous
m-linear mappings. Indeed, both classes must be attained for σ = 0 and σ = 1,
respectively. As far as we know, this is the first attempt in this regard. These
interpolated multi-ideals will have many good properties and will extend almost all
the ones that are satisfied by the ideals of absolutely p-summing, Cohen strongly
p-summing and p-dominated multilinear mappings, as inclusion theorems, Pietsch’s
domination theorems, factorization theorems, tensor product representations and
characterizations by using the adjoints of m-linear operators.
A second purpose of the thesis is to introduce the polynomial analogue of the (p, σ)-
absolutely continuous linear operators. One of the most intriguing problems for
classes of absolutely summing polynomials is to find a canonical homogeneous poly-
nomial such that any other polynomial of the class factors through. Even for the
well-known class of p-dominated polynomials, this problem has proved to be del-
icated (see [20, 21]) and many technical tools are required. The purpose of this
canonical polynomial is to get a Pietsch-type factorization theorem for dominated
polynomials. Same earlier factorizations can be found in [44, 49]. In the thesis we
succeed in proving such a factorization for dominated (p, σ)-continuous polynomial.

The thesis consists of four chapters. In the preliminaries (Chapter 1) we estab-
lish the notation of the thesis. We introduce some important results concerning
sequences Banach spaces and we recall the main definitions and properties of the
theory of operator ideals that we will use later. Also, we recall the most important
results for the classes of the p-summing and strongly p-summing linear mappings.
The third section is devoted to the study of m-fold tensor products of Banach spaces
with m > 2. We study the projective tensor product of Banach spaces X1, ..., Xm;
actually, the projective norm on X1⊗ ...⊗Xm is the norm that guaranties the con-
tinuity of the unique linearization of an m-linear mapping. After this, we recall the
basic concepts on the theory of multi-ideals and their methods of construction. Con-
cretely, the composition methods is described in detail. Finally, we recall explicitly
how to represent a given multi-ideal by a suitable tensor norm.

In Chapter 2 of this thesis we introduce the new class of (p; p1, ..., p1;σ)-absolutely
continuous multilinear operators, that is defined using a summability property that
provides the multilinear version of the (p, σ)-absolutely continuous operators. We
give an analogue of the Pietsch domination theorem and a multilinear version of the
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associated factorization theorem that holds for (p, σ)-absolutely continuous opera-
tors, obtaining in this way a rich factorization theory. We present also a tensor norm
which represents this multi-ideal. As an application, we show that (p; p1, ..., p1;σ)-
absolutely continuous multilinear operators are compact under some requirements.

In the next chapter (Chapter 3) we introduce the new ideal of strongly (p, σ)-
continuous linear operators in order to study the adjoints of the (p, σ)-absolutely
continuous linear operators. Starting from this ideal we build a new multi-ideal
by using the composition method. We prove the corresponding Pietsch domination
theorem and we present a representation of this multi-ideal by a tensor norm. A
factorization theorem characterizing the corresponding multi-ideal —which is also
new for the linear case— is given. When applied to the case of the Cohen strongly
p-summing operators, this result gives also a new factorization theorem.

In the last chapter (Chapter 4) we introduce and study the ideal of (p, q, σ)-
absolutely continuous polynomials which is a polynomial version of the (p; p1, ..., p1;σ)-
absolutely continuous multilinear mappings. A particular case is given: the domi-
nated (p, σ)-continuous polynomials, that extend the nowadays well known ideal of
p-dominated polynomials to the more general setting of the interpolated ideals of
polynomials. We give the polynomial version of Pietsch’s factorization theorem for
this new ideal, showing that the techniques used in [20] can be generalized to other
ideals. Although based in [21], our factorization theorem requires new techniques
inspired in the theory of Banach lattices.
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Chapter 1

Preliminaries

In this chapter we present the concepts and results used throughout the thesis on
some Banach sequence spaces, operator ideals, multi-ideals and tensor representa-
tions of multi-ideals.
We denote by K either the field R of the real numbers or the field C of the complex
numbers. The set of all natural numbers {0, 1, ..., } is denoted by N. If p ∈ R and
1 ≤ p ≤ ∞, we write p∗ for the extended real number satisfying that 1/p+1/p∗ = 1.
We write X for a Banach space with the norm ‖.‖ . The closed unit ball of X is
denoted by BX that is the set {x ∈ X : ‖x‖ ≤ 1} . If Y is a Banach space, the space
L(X, Y ) of all continuous linear mappings is a Banach space with the norm

‖u‖ = sup
x∈BX

‖u(x)‖ .

Throughout the thesis, we call operator to a continuous linear mapping.
The set of all functionals of a normed space X (that is, the continuous linear map-
pings from X into the scalars) is a Banach space, denoted by X∗ and called the dual
of X. For x ∈ X, we shall write 〈x, x∗〉 (or 〈x∗, x〉) for the action of the functional
x∗ on x. The norm of x∗ ∈ X∗ is given by

‖x∗‖ = sup {|〈x, x∗〉| : x ∈ BX} .

A linear operator u : X −→ Y between two normed spaces X and Y is an iso-
morphism if u is a continuous bijection whose inverse u−1 is also continuous. In
such case the spaces X and Y are said to be isomorphic. Such a mapping u is an
isometric isomorphism when ‖u(x)‖ = ‖x‖ for all x ∈ X.
A linear operator u is an embedding of X into Y if u is an isomorphism onto its
image u(X). In this case we say that X embeds in Y . If u : X −→ Y is an
embedding such that ‖u(x)‖ = ‖x‖ for all x ∈ X, then u is said to be an isometric
embedding.
Given the continuous linear operator u : X −→ Y, the continuous linear operator
u∗ : Y ∗ −→ X∗ defined as

u∗(y∗)(x) = y∗(u(x)),

for every y∗ ∈ Y ∗ and x ∈ X is called the adjoint of u and has the property that
‖u∗‖ = ‖u‖ .

7



The C(K) space. If K is a topological space, then by C(K) we mean the space
of all scalar valued (i.e. real or complex valued), bounded, continuous functions on
K. This is a Banach space with the norm

‖f‖∞ = sup
x∈K
|f(x)| .

Clearly, if K is a compact space then C(K) consists of all continuous, scalar valued
functions.
The dual of the space C(K), K compact, equals the space M(K) of all regular Borel
measures (scalar valued, but obviously not necessarily positive) on K. The duality
is defined as

〈f, µ〉 = µ(f) =

∫
K

fdµ, f ∈ C(K), µ ∈M(K).

1.1 Some Banach sequence spaces

In order to study the behavior of the summability properties of the linear and
multilinear mappings several spaces of vector valued sequences are necessary. We
introduce them in this section. Let X be a Banach space over K, and 1 ≤ p ≤ ∞.
The classical Banach sequence spaces `p, `∞ and c0 are defined by

`p =

{
(xi)

∞
i=1 ⊂ K : ‖(xi)∞i=1‖p =

(
∞∑
i=1

|xi|p
) 1

p

<∞

}
, 1 ≤ p <∞,

`∞ =

{
(xi)

∞
i=1 ⊂ K : ‖(xi)∞i=1‖∞ = sup

i∈N
|xi| <∞

}
, p =∞,

c0 =

{
(xi)

∞
i=1 ⊂ K : lim

i→+∞
|xi| = 0

}
.

1.1.1 Absolutely and weakly p-summable sequences

Let `p (X) be the Banach space of all absolutely p-summable sequences (xi)
∞
i=1 in X

with the norm

‖(xi)∞i=1‖p = (
∞∑
i=1

‖xi‖p)
1
p .

We denote by `ωp (X) the Banach space of all weakly p-summable sequences (xi)
∞
i=1

in X with the norm

‖(xi)∞i=1‖p,ω = sup
‖ξ‖X∗≤1

‖(ξ(xi))∞i=1‖p = sup
‖ξ‖X∗≤1

(
∞∑
i=1

|ξ(xi)|p)
1
p .

Notice that `p (X) is a linear subspace of `ωp (X) and

‖(xi)∞i=1‖p,ω ≤ ‖(xi)
∞
i=1‖p for all (xi)

∞
i=1 ∈ `p (X) .
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If p = ∞ we are restricted to the case of bounded sequences and in `∞ (X) we use
the sup norm. Then the spaces `∞ (X) and `ω∞ (X) coincide and

‖(xi)∞i=1‖∞ = ‖(xi)∞i=1‖∞,ω for (xi)
∞
i=1 ∈ `∞ (X) .

If X is finite dimensional with dimX = n, then `p(X) = `ωp (X) and

‖(xi)∞i=1‖p,ω ≤ ‖(xi)
∞
i=1‖p ≤ n

1
p ‖(xi)∞i=1‖p,ω for all (xi)

∞
i=1 ∈ `p(X). (1.1)

If we take n = 1 in (1.1), or X = K, then the spaces `p(K) and `ωp (K) coincide and
we denote `p(K) by `p. In this case we have

‖(xi)∞i=1‖p,ω = ‖(xi)∞i=1‖p for all (xi)
∞
i=1 ∈ `p. (1.2)

We know (see [7, Theorem 2.1]) that
(
`np (X)

)∗
= `np∗ (X∗) isometrically i.e.,

∥∥(xi)
n

i=1

∥∥
p

= sup

{∣∣∣∣∣
n∑
i=1

〈xi, x∗i 〉

∣∣∣∣∣ : (x∗i )
n

i=1
⊂ X∗,

∥∥(x∗i )
n

i=1

∥∥
p∗
≤ 1

}
. (1.3)

For the particular case p = 1 and X = K we have∥∥(xi)
n

i=1

∥∥
1

= sup

{∣∣∣∣∣
n∑
i=1

λixi

∣∣∣∣∣ : (λi)
n

i=1
⊂ K,

∥∥(λi)
n

i=1

∥∥
∞ ≤ 1

}
. (1.4)

Let (x∗i )
n

i=1
⊂ X∗. Then it is also known (see [51, Page 1] or [52, Lemma 2.1]) that

∥∥(x∗i )
n

i=1

∥∥
p,ω

= sup
β∈BX∗∗

(
n∑
i=1

|β(x∗i )|
p)

1
p = sup

x∈BX

∥∥(x∗i (x))n
i=1

∥∥
p
. (1.5)

1.1.2 Cohen strongly p-summable sequences

The space of Cohen strongly p-summable sequences was introduced by J. S. Cohen
in [25] in order to give a characterization of the class of strongly p-summing linear
operators.

A sequence (xi)
∞
i=1 in a Banach space X is Cohen strongly p-summable if the

series
∞∑
i=1

|〈xi, ξi〉| converges for all (ξi)
∞
i=1 ∈ `ωp∗(X∗). We denote by `p 〈X〉 the space

of Cohen strongly p-summable sequences in X which is a Banach space (see [24,
Proposition 2.1.8]) with the norm

‖(xi)∞i=1‖c,p = sup
‖(ξi)∞i=1‖p∗,ω≤1

∞∑
i=1

|〈xi, ξi〉| . (1.6)

Notice that
`p 〈X〉 ⊂ `p(X) ⊂ `ωp (X).

Moreover, for all (xi)
∞
i=1 ∈ `p 〈X〉 ;

‖(xi)∞i=1‖p,ω ≤ ‖(xi)
∞
i=1‖p ≤ ‖(xi)

∞
i=1‖c,p . (1.7)

If p = 1 we have `1 〈X〉 = `1(X) with ‖.‖c,1 = ‖.‖1 and if p = ∞ then `c,∞ 〈X〉 =
`∞(X) with ‖.‖c,∞ = ‖.‖∞ .
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1.2 Normed operator ideals

1.2.1 Definitions and general properties

A linear operator u ∈ L(X, Y ) is said to have finite rank if u(X) is finite dimensional.
The class of all finite rank linear operators between Banach spaces is denoted by
Lf (X, Y ). This space is generated by the mappings of the special form

x∗ ⊗ y : x 7−→ 〈x, x∗〉 y

i.e. if u ∈ Lf (X, Y ) we have

u =
n∑
i=1

x∗i ⊗ yi,

where (x∗i )
n
i=1 ⊂ X∗ and (yi)

n
i=1 ⊂ Y (see [61, page 25]).

Definition 1.2.1. An operator ideal I is a subclass of the class L of all continuous
linear operators between Banach spaces such that for all Banach spaces X and Y its
components I(X, Y ) := L(X, Y ) ∩ I satisfy:

(i) I(X, Y ) is a linear subspace of L(X, Y ) which contains the finite rank oper-
ators.

(ii) The ideal property: if u ∈ L(X,Z), v ∈ I(Z,K) and w ∈ L(K,Y ), then the
composition w ◦ v ◦ u is in I(X, Y ).

If ‖.‖I : I → R+ satisfies
(i’) (I(X, Y ), ‖.‖I) is a normed ( Banach) space for all Banach spaces X and

Y,
(ii’) ‖idK‖I = 1,
(iii’) If u ∈ L(X,Z), v ∈ I(Z,K) and w ∈ L(K,Y ),
‖w ◦ v ◦ u‖I ≤ ‖w‖ ‖v‖I ‖u‖ ,
then (I, ‖.‖I) is called a normed (Banach) operator ideal.

The operator ideal I is said to be closed if each I(X, Y ) is a closed subspace of
L(X, Y ) for the sup norm. The ideal Lf of finite rank linear operators is the smallest
operator ideal and L the largest one [61, Theorem 1.2.2 ].

Proposition 1.2.2. [61, Proposition 6.1.4]
Let (I, ‖.‖I) be a normed operator ideal. Then ‖u‖ ≤ ‖u‖I for all u ∈ I.

Definition 1.2.3. (injective operator ideal)
An normed operator ideal (I, ‖.‖I) is said to be injective if for every isometric em-
bedding i : Y ↪→ G and every u ∈ L(X, Y ) it follows from i ◦ u ∈ I(X,G) that
u ∈ I(X, Y ). Moreover

‖i ◦ u‖I = ‖u‖I ,

i.e. the ideal does not depend on the image space.

10



Definition 1.2.4. (dual of an operator ideal)
Let I is a normed operator ideal. A linear mapping u ∈ L(X, Y ) belongs to Idual if
u∗ ∈ I(Y ∗, X∗), where u∗ is the adjoint of the operator u. In this case we define

‖u‖Idual = ‖u∗‖I .

Proposition 1.2.5. [27, Page 114]
If I is a normed (Banach) operator ideal, then (Idual, ‖.‖Idual) is as well. This
normed (Banach) ideal is called the dual of I.

Some examples

1) Compact linear operators.
A linear operator u ∈ L(X, Y ) is compact if u(B) is a precompact subset of Y for
every bounded subset B of X.
An equivalent formulation is that u is compact if and only if every bounded sequence
(xi)

∞
i=1 in X has a subsequence (xik)

∞
k=1 such that (uxik)

∞
k=1 converges in Y .

We denote by K(X, Y ) the vector space of all compact linear mappings from X into
Y .
2) Weakly compact linear operators.
A continuous linear operator u : X → Y is said to be weakly compact, in symbols
u ∈ W(X, Y ), if u maps BX onto a relatively weakly compact subset of Y . This
is equivalent to say that (u(xi))

∞
i=1 has a weakly convergent subsequence for every

bounded sequence (xi)
∞
i=1 in X.

3) Completely continuous linear operators.
A continuous linear operator u ∈ L(X, Y ) between Banach spaces is said to be
completely continuous if for every (xi)

∞
i=1 weakly convergent to 0 in X it follows

(uxi)
∞
i=1 is norm convergent to 0 in Y.

We denote by V(X, Y ) the vector space of all completely continuous linear mappings
from X into Y .

Proposition 1.2.6. (see [61], [27] or [15])
The three clases K,W and V are closed injective Banach operator ideals, where the
ideal norm is the operator norm. In addition we have K = Kdual and W =Wdual

but V 6= Vdual.

1.2.2 The ideal of p-summing linear operators

The theory of p-summing operators is based on a crucial criterion due to A. Pietsch
[60]. We mention that the linear p-summing operators are the starting point in the
study of summing continuous multilinear mappings.

Let 1 ≤ p <∞. A linear operator u : X −→ Y between Banach spaces is said to
be absolutely p-summing or just p-summing if it takes weakly p-summable sequences
(xi)

∞
i=1 of X to absolutely p-summable sequences (u(xi))

∞
i=1 of Y . This means that

û : (xi)
∞
i=1 7−→ (u(xi))

∞
i=1 defines a linear mapping from `ωp (X) into `p(Y ) that is

11



bounded in view of the closed graph theorem (see [29, Proposition 2.1]). Hence there
exists a constant C ≥ 0 such that(

n∑
i=1

‖u(xi)‖p
) 1

p

≤ C sup
‖ξ‖X∗≤1

(
n∑
i=1

|ξ(xi)|p
) 1

p

, (1.8)

for every finite family (xi)
n
i=1 ⊂ X. This inequality characterizes p-summing opera-

tors. The set of all p-summing operators, is denoted by Πp.
The class Πp is a injective Banach ideal under the ideal norm

πp(u) := inf {C, for all C verifying the inequality (1.8)} = ‖û‖ .

The nowadays classical Pietsch’s domination theorem characterizes the p-summability
of an operator by means of a norm domination uniform inequality. Concretely, it
says that the mapping u ∈ L(X, Y ) is p-summing if and only if there exist a constant
C and a regular Borel probability measure µ on BX∗ (with the weak star topology)
so that

‖u(x)‖ ≤ C

(∫
BX∗

|〈x, x∗〉|p dµ(x∗)

) 1
p

, x ∈ X. (1.9)

In this case, πp(u) is the least of all the constants C such that (1.9) holds. This
inequality also provides a factorization of u through the natural mapping C(BX∗)→
Lp(µ), that allows to prove a lot of important results in the theory of Banach spaces.
For example, the following result —that is called the Dvoretzky-Rogers Theorem—
can be proved using this factorization for p-summing operators.

Theorem 1.2.7. [29, page 50]
If 1 ≤ p < ∞, a Banach space X is finite dimensional if and only if the identity
mapping idX : X → X is p-summing.

Other easy consequence of the domination of p-summing operators and Hölder’s
Inequality is the fact that they form a chain, that is, if 1 ≤ p ≤ q ≤ ∞, then
Πp ⊆ Πq.

The spaces of p-summing operators can be represented by duality using normed
tensor products. The following representation theorem ensures that the space of
p-summing linear operators between the Banach spaces X and Y ∗, Πp(X, Y

∗), is
isometrically isomorphic to

(
X⊗̂dp∗Y

)∗
, where

dp(z) := inf
{
‖(xi)ni=1‖p∗,ω ‖(yi)

n
i=1‖p

}
,

and the infimum is taken over all representations of z =
n∑
i=1

xi ⊗ yi in X ⊗ Y.

Theorem 1.2.8. [68, Page 140] Let 1 < p ≤ ∞ and X, Y be Banach spaces. A
linear operator u ∈ L(X, Y ∗) defines a continuous functional of

(
X⊗̂dp∗Y

)
if and

only if u is p-summing. Moreover the norm of u in
(
X⊗̂dp∗Y

)∗
coincides with πp(u).
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1.2.3 The operator ideal of the strongly p-summing linear
operators

Some early results of the operator ideal theory that go back to A. Grothendieck deal
with the coincidence of the class of all linear and continuous operators between some
classical Banach spaces and the class of the p-summing operators between these
spaces. The relevant Grothendieck’s Theorem establishes that the identity from
`1 into `2 is 1-absolutely summing, and so 2-summing (see for instance [60, page
338]). However, the adjoint operator is not 2-absolutely summing. This well-known
fact motivated the analysis of the concept of strongly p-summing linear operator
(1 < p ≤ ∞). It was introduced by J.S. Cohen in [25] as a characterization of linear
operators having absolutely p-summing adjoint.

Definition 1.2.9. A linear operator u between two Banach spaces X and Y is
strongly p-summing for 1 < p ≤ ∞ if there is a positive constant C such that for all
n ∈ N, x1, . . . , xn ∈ X and y∗1, . . . , y

∗
n ∈ Y ∗ we have

‖(〈u(xi), y
∗
i 〉)

n
i=1‖1 ≤ C ‖(xi)ni=1‖p ‖(y

∗
i )
n
i=1‖p∗,ω . (1.10)

The collection of all strongly p-summing linear operators, denoted by Dp is a Banach
ideal with the ideal norm

dp(u) := inf {C > 0 : C verifying the inequality (1.10 )} , u ∈ Dp(X, Y ).

For p = 1 we have D1(X, Y ) = L(X, Y ).
The following result due to J.S. Cohen [25, Theorem 2.2.2].

Theorem 1.2.10. i) Let 1 ≤ p < ∞. The linear operator u belongs to Πp(X, Y )
if and only if the adjoint operator u∗ belongs to Dp∗(Y ∗, X∗). In this case πp(u) =
dp∗(u

∗).
ii) Let 1 < p ≤ ∞. The linear operator u belongs to Dp(X, Y ) if and only if the

adjoint operator u∗ belongs to Πp∗(Y
∗, X∗). In this case dp(u) = πp∗(u

∗).

Remark 1.2.11. According to (ii) in the previous theorem we obtain Dp = Πdual
p∗ ,

thus (Dp, dp) is Banach operator ideal.

Also, we have a domination theorem for the strongly p-summing linear operators.

Theorem 1.2.12. [25] A linear operator u ∈ L (X, Y ) is strongly p-summing if
and only if there is a constant C > 0 and a regular Borel probability measure µ on
BY ∗∗ ,(with the weak star topology) so that for all x ∈ X and for all y∗ ∈ Y ∗, the
inequality

|〈u (x) , y∗〉| ≤ C ‖x‖
(∫

BY ∗∗

|〈y∗, y∗∗〉|p
∗
dµ

) 1
p∗

, (1.11)

holds.
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The following proposition asserts that the strongly p-summing linear operators
are a dual space of a tensor product and this implies that the operator ideal Dp is
represented by a tensor norm.

Proposition 1.2.13. [25]Let 1 < p ≤ ∞ and let X and Y be Banach spaces. A
continuous linear operator T : X −→ Y defines a continuous linear functional on
(X⊗̂gpY ∗) i.e.

Dp(X, Y ) = (X⊗̂gpY ∗)∗ isometrically.

Where
gp(z) := inf

{
‖(xi)ni=1‖p ‖(yi)

n
i=1‖p∗,ω

}
,

and the infimum is taken over all representations of z =
n∑
i=1

xi ⊗ yi in X ⊗ Y.

1.3 Tensor products of Banach spaces

In this section we introduce some elements of theory of tensor product of Banach
spaces for the order m > 2. In particular, the projective norm, the injective norm
and some basic results on general crossnorms will be presented.

Continuous multilinear mappings.

Let m ∈ N and consider Xj(j = 1, ...,m), Y the normed spaces over K, (either R or
C). A mapping T : X1 × ... × Xm −→ Y is called multilinear (or m-linear ) if the
mappings

Tj : Xj −→ Y
xj 7−→ T (x1, ..., xj, ..., xm),

are linear for each set of fixed xk ∈ Xk, k 6= j, i.e.

T (x1, ..., λxj + yj, ..., xm) = λT (x1, ..., xj, ..., xm) + T (x1, ..., yj, ..., xm),

for all λ ∈ K and xj, yj ∈ Xj(j = 1, ...,m).
The vector space of such mappings is denoted by L(X1, ..., Xm;Y ). If Y = K, we
write L(X1, ..., Xm).

Remark 1.3.1. The set S of all vectors in Y of the form T (x1, ..., xm), xj ∈ Xj(j =
1, ...,m) is not in general a vector subspace of Y (see [38, section 1.1]).

Definition 1.3.2. An m-linear mapping T : X1 × ... ×Xm −→ Y is continuous if
it is continuous as a function between two normed spaces.

As a consequence of this definition, similar to the linear case, we have a result
that gives the characterization of the continuous m-linear mapping.

Theorem 1.3.3. Let X1, ..., Xm, Y be normed spaces. For T ∈ L(X1, ..., Xm;Y ) the
following assertions are equivalent.

(1) T is continuous.
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(2) T is continuous in (0, ..., 0).
(3) There is a constant C ≥ 0 with∥∥T (x1, ..., xm)

∥∥ ≤ C
∥∥x1
∥∥ ... ‖xm‖ , (1.12)

for all xj ∈ Xj(j = 1, ...,m).
(4) ‖T‖ := sup

‖xj‖≤1,j=1,...,m

‖T (x1, ..., xm)‖ <∞.

We will write L(X1, ..., Xm;Y ) for the vector space of all continuous m-linear map-
pings. If Y = K, we write L(X1, ..., Xm).
It is easy to see that

‖T‖ = inf {C ≥ 0, verifying the inequality (1.12)} ,

defines a norm on L(X1, ..., Xm;Y ) which is complete norm when ‖.‖Y is complete.
For the general theory of multilinear mappings we refer to [50] or [28].

1.3.1 m-fold Tensor products of vector spaces

In the setting of the theory of multilinear operators, the theory of topological tensor
product is a necessary tool, since it provides an easy description of how these opera-
tors act on products of Banach spaces, and also because it allows the representation
of dual spaces of multilinear mappings. More concretely, we can understand how it
works as the tool that provides the answers to the following questions.
Is there a vector space V such that L(V, Y ) coincides with (is isomorphic to)
L(X1, ..., Xm;Y )? Rephrasing the question: can we, in some way, linearize mul-
tilinear mappings?
The answer is “yes” and the object is we construct the m-fold tensor product X1 ⊗
...⊗Xm, of X1, ..., Xm will do the job.
The m-fold tensor product X1 ⊗ ... ⊗ Xm of the vector spaces X1, ..., Xm can be
constructed from the elements of the space L(X1, ..., Xm)∗. For xj ∈ Xj(j = 1, ...,m)
we define the linear mapping

x1 ⊗ ...⊗ xm : L(X1, ..., Xm) −→ K,

by
x1 ⊗ ...⊗ xm(φ) := φ(x1, ..., xm),

for each m-linear form φ on X1 × ...×Xm. The functional x1 ⊗ ...⊗ xm is called an
elementary tensor.

Definition 1.3.4. The subspace of L(X1, ..., Xm)∗ spanned by the collection of ele-
mentary tensors {

x1 ⊗ ...⊗ xm, xj ∈ Xj(j = 1, ...,m)
}
,

is called the m-fold tensor product of X1, ..., Xm and will be denoted by X1⊗ ...⊗Xm.
The elements of this space are called tensors.

15



So a typical tensor u ∈ X1 ⊗ ...⊗Xm has the form

u =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi , (1.13)

where (λi)
n
i=1 ⊂ K, (xji )ni=1 ⊂ Xj(j = 1, ...,m) and n ∈ N is arbitrary.

Note that the tensor u can always be rewritten, using the properties of the elemen-
tary tensors, in the form

u =
n∑
i=1

x1
i ⊗ ...⊗ xmi .

There are other, equally natural approaches for define the m-fold tensor product
of vector spaces: the elementary tensors can be viewed as multilinear forms. The
proof is an adaptation of [68, page 7]).

Proposition 1.3.5. For all vector spaces X1, ..., Xm we have a canonical embedding

X1 ⊗ ...⊗Xm ⊂ L(X∗1 , ..., X
∗
m).

By the last canonical embedding, the elementary tensors x1⊗ ...⊗xm ∈ X1⊗ ...⊗Xm

is identified with the multilinear form that maps (ϕ1, ..., ϕm) ∈ X∗1 ⊗ ... ⊗ X∗m to
〈x1, ϕ1〉 ... 〈xm, ϕm〉. In other word we have

x1 ⊗ ...⊗ xm(ϕ1, ..., φm) =
〈
x1, ϕ1

〉
... 〈xm, ϕm〉 ,

for all ϕj ∈ X∗j (j = 1, ...,m).

Universal property of tensor products.

For the vector spaces X1, ..., Xm we consider the canonical mapping

σm : X1 × ...×Xm −→ X1 ⊗ ...⊗Xm,

defined by
σm(x1, ..., xm) = x1 ⊗ ...⊗ xm.

It is clear that the mapping σm is multilinear. The proof of the following theorem
is an adaptation of [68, Proposition 1.4]).

Theorem 1.3.6. For every m-linear mapping T : X1 × ...×Xm −→ Y there exists
a unique linear mapping TL : X1 ⊗ ...⊗Xm −→ Y given by

TL

(
n∑
i=1

x1
i ⊗ ...⊗ xmi

)
=

n∑
i=1

T
(
x1
i , ..., x

m
i

)
,

such that T = TL ◦ σm, i.e. the following diagram commutes

X1 × · · · ×Xm

σm

))

T // Y

X1 ⊗ · · · ⊗Xm

TL

OO .

The correspondence T ←→ TL establishes an isomorphism between the vector spaces
L(X1, ..., Xm;Y ) and L(X1 ⊗ ... ⊗ Xm, Y ). The linear operator TL is called the
linearization of the m-linear mapping T .
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1.3.2 The projective tensor product

The results related to the projective norm for order m > 2 have been treated in
some classical works. For example, we can found some details about these concepts
in [72]. The proofs of the following results can be found also in [72].
Let X1, ..., Xm be normed vector spaces. The aim of this subsection is to introduce a
norm on X1⊗ ...⊗Xm in order to linearize (continuously) the continuous multilinear
mappings defined in X1 × ...×Xm.

Definition 1.3.7. Let X1, ..., Xm be normed vector spaces over K. For each tensor
u ∈ X1 ⊗ ...⊗Xm, we put

π(u) = inf
n∑
i=1

∥∥x1
i

∥∥ ... ‖xmi ‖ , (1.14)

where the infimum is taken over all possible representations of u of the form
n∑
i=1

x1
i ⊗

...⊗ xmi .

Proposition 1.3.8. Let X1, ..., Xm be normed vector spaces over K. Then π, as
defined in (1.14), is a norm on X1 ⊗ ...⊗Xm. Furthermore:
1) π(x1 ⊗ ...⊗ xm) = ‖x1‖ ... ‖xm‖ for all xj ∈ Xj(j = 1, ...,m).
2) For each ϕj ∈ X∗j (j = 1, ...,m) the linear functional ϕ1⊗...⊗ϕm ∈ (X1 ⊗ ...⊗Xm, π)∗

defined by

ϕ1 ⊗ ...⊗ ϕm(z) :=
n∑
i=1

ϕ1(x1
i )...ϕ

m(xmi ), (1.15)

for z =
n∑
i=1

x1
i ⊗ ...⊗ xmi ∈ X1 ⊗ ...⊗Xm is continuous and

∥∥ϕ1 ⊗ ...⊗ ϕm
∥∥ =

∥∥ϕ1
∥∥ ... ‖ϕm‖ .

The norm π is known as the projective norm and we will denote by X1⊗π ...⊗πXm

the m-fold tensor product X1 ⊗ ...⊗Xm endowed with the projective norm π. We
denote its completion by X1⊗̂π...⊗̂πXm. The Banach space X1⊗̂π...⊗̂πXm is called
the projective tensor product of Banach spaces X1, ..., Xm. We now present a repre-
sentation for the elements of a complete projective tensor product, X1⊗̂π...⊗̂πXm,
which complements adequately the representation of the elements of the algebraic
tensor product X1 ⊗ ...⊗Xm.

Proposition 1.3.9. Let X1, ..., Xm be any Banach spaces. An element

u ∈ X1⊗̂π...⊗̂πXm

has the representation

u =
∞∑
n=1

x1
n ⊗ ...⊗ xmn with

∞∑
n=1

‖x1
n‖ ... ‖xmn ‖ <∞,
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and the projective tensor norm of u as

π(u) = inf

{
∞∑
n=1

∥∥x1
n

∥∥ ... ‖xmn ‖ : u =
∞∑
n=1

x1
n ⊗ ...⊗ xmn

}
, (1.16)

where the infimum is taken over all possible representations of u as above.

Linearization of continuous multilinear mappings.

Theorem 1.3.10. Let X1, ..., Xm and Y be Banach spaces. For every continuous
m-linear mapping T : X1 × ... ×Xm −→ Y there exists a unique continuous linear
operator TL : X1⊗̂π...⊗̂πXm −→ Y satisfying

TL
(
x1
i ⊗ ...⊗ xmi

)
= T

(
x1
i , ..., x

m
i

)
,

for every xj ∈ Xj(j = 1, ...,m).
The Banach space L(X1, ..., Xm;Y ) is isometrically isomorphic to L(X1⊗̂π...⊗̂πXm, Y )
through the correspondence T ←→ TL.

The previous theorem gives the canonical identification

L(X1, ..., Xm;Y ) = L(X1⊗̂π...⊗̂πXm, Y ). (1.17)

If we take Y = K, we obtain a canonical identification of the dual space of the
projective tensor product;

(X1⊗̂π...⊗̂πXm)∗ = L(X1, ..., Xm). (1.18)

With this identification, the action of a continuous form T , as continuous linear
functional on X1⊗̂π...⊗̂πXm, is given by

n∑
i=1

x1
i ⊗ ...⊗ xmi 7−→

n∑
i=1

T (x1
i , ..., x

m
i ).

This duality yields a new formula for the projective norm,

π(u) = sup {|TL(u)| , T ∈ L(X1, ..., Xm) and ‖T‖ ≤ 1} . (1.19)

1.3.3 The injective tensor product

Definition 1.3.11. Let X1, ..., Xm be normed vector spaces over K. The injective
norm on X1 ⊗ ...⊗Xm is defined by

ε(u) = sup

{∣∣∣∣∣
n∑
i=1

ϕ1(x1
i )...ϕ

m(xmi )

∣∣∣∣∣ , ϕj ∈ BX∗j
(j = 1, ...,m)

}
, (1.20)

where
n∑
i=1

x1
i ⊗ ...⊗ xmi is any representation of u ∈ X1 ⊗ ...⊗Xm.
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We denote by X1 ⊗ε ... ⊗ε Xm the m-fold tensor product X1 ⊗ ... ⊗ Xm with the
injective norm. The completion, denoted by X1⊗̂ε...⊗̂εXm, is called the injective
tensor product of X1, ..., Xm.
We now recall some properties of the injective norm. The proof is an adaptation of
[68, Proposition 3.1]).

Proposition 1.3.12. Let X1, ..., Xm be normed vector spaces over K.
(1) ε(u) ≤ π(u) for every u ∈ X1 ⊗ ...⊗Xm.
(2) ε(x1 ⊗ ...⊗ xm) = ‖x1‖ ... ‖xm‖ for every xj ∈ Xj(j = 1, ...,m)
(3) If ϕj ∈ X∗j (j = 1, ...,m) then ϕ1⊗ ...⊗ϕm, as defined by (1.15), is a continuous
functional on X1 ⊗ε ...⊗ε Xm with the norm∥∥ϕ1 ⊗ ...⊗ ϕm

∥∥ =
∥∥ϕ1

∥∥ ... ‖ϕm‖ .
1.3.4 Reasonable crossnorms and tensor norms

The relevant notion of tensor norm for tensor products of Banach spaces has its
roots in the work of A. Grothendieck. Indeed, he introduced the notion of reasonable
crossnorm, and defined the greatest crossnorm and the least reasonable crossnorm:
the projective and the injective tensor norms, respectively. Although there is not a
general comprehensive reference for the theory of tensor norms of order m > 2, many
results are straightforward generalizations of the case m = 2 which, for example, is
treated in [68].
We denote by (X1 ⊗α ... ⊗α Xm) the m-fold tensor product X1 ⊗ ... ⊗ Xm with a
norm α. The completion will be denoted as usual by (X1⊗̂α...⊗̂αXm).

Definition 1.3.13. Let Xj(j = 1, ...,m) be normed vector spaces (over the same
scalar field K). A norm α on X1 ⊗ ...⊗Xm will be called a reasonable crossnorm if
α satisfies the following requirements:
1) For any xj ∈ Xj(j = 1, ...,m),

α(x1 ⊗ ...⊗ xm) ≤
∥∥x1
∥∥ ... ‖xm‖ . (1.21)

2) For any ϕj ∈ X∗j (j = 1, ...,m) the linear functional ϕ1 ⊗ ... ⊗ ϕm, as defined by
(1.15) on (X1 ⊗α ...⊗α Xm), is continuous and∥∥ϕ1 ⊗ ...⊗ ϕm

∥∥ ≤ ∥∥ϕ1
∥∥ ... ‖ϕm‖ . (1.22)

Many authors use another definition for reasonable crossnorm of order m > 2. This
second definition is due to K. Floret and S. Hunfeld, and can be found in [34].

Definition 1.3.14. A norm α on X1⊗...⊗Xm will be called a reasonable crossnorm
if

ε(u) ≤ α(u) ≤ π(u), (1.23)

for all u ∈ X1 ⊗ ...⊗Xm.
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In the following theorem it is shown that both definitions of reasonable crossnorm
are equivalent.

Theorem 1.3.15. The last two definitions of reasonable crossnorm α are equivalent.
In addition every reasonable crossnorm α has the following properties.
1) For any xj ∈ Xj(j = 1, ...,m), we have

α(x1 ⊗ ...⊗ xm) =
∥∥x1
∥∥ ... ‖xm‖ .

2) For any ϕj ∈ X∗j (j = 1, ...,m) the norm of ϕ1 ⊗ ... ⊗ ϕm in (X1 ⊗α ... ⊗α Xm)∗

satisfies ∥∥ϕ1 ⊗ ...⊗ ϕm
∥∥ =

∥∥ϕ1
∥∥ ... ‖ϕm‖ .

Proof. Suppose that the norm α satisfies the conditions (1.21) and (1.22). Then for

every u =
n∑
i=1

x1
i ⊗ ...⊗ xmi ∈ X1 ⊗ ...⊗Xm,

α(u) ≤
n∑
i=1

α(x1
i ⊗ ...⊗ xmi ) ≤

n∑
i=1

∥∥x1
i

∥∥ ... ‖xmi ‖ ,
and it follows that α(u) ≤ π(u). On the other hand if ϕj ∈ BX∗j

(j = 1, ...,m), then∥∥ϕ1 ⊗ ...⊗ ϕm
∥∥ ≤ ∥∥ϕ1

∥∥ ... ‖ϕm‖ ≤ 1.

Then we have

ε(u) = sup

{∣∣∣∣∣
n∑
i=1

ϕ1(x1
i )...ϕ

m(xmi )

∣∣∣∣∣ , ϕj ∈ BX∗j
(j = 1, ...,m)

}
= sup

{∣∣〈u, ϕ1 ⊗ ...⊗ ϕm
〉∣∣ , ϕj ∈ BX∗j

(j = 1, ...,m)
}

≤ sup {|〈u, ψ〉| , ψ ∈ (X1 ⊗ ...⊗Xm, α)∗, ‖ψ‖ ≤ 1}
= α(u).

Conversely, suppose that α is a norm on X1⊗ ...⊗Xm satisfies the condition (1.23).
Then by Proposition 1.3.8 we have

α(x1 ⊗ ...⊗ xm) ≤ π(x1 ⊗ ...⊗ xm) =
∥∥x1
∥∥ ... ‖xm‖ ,

for any x1 ∈ Xj(j = 1, ...,m).
Now, since α(u) ≤ 1 implies ε(u) ≤ 1 we have∥∥ϕ1 ⊗ ...⊗ ϕm

∥∥ = sup
{∣∣〈u, ϕ1 ⊗ ...⊗ ϕm

〉∣∣ , α(u) ≤ 1
}

≤ sup
{∣∣〈u, ϕ1 ⊗ ...⊗ ϕm

〉∣∣ , ε(u) ≤ 1
}

=
∥∥ϕ1 ⊗ ...⊗ ϕm

∥∥
(X1⊗ε...⊗εXm)∗

=
∥∥ϕ1

∥∥ ... ‖ϕm‖ ,
for any ϕj ∈ X∗j (j = 1, ...,m). Therefore α satisfies the conditions (1.21) and (1.22).
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If α is a reasonable crossnorm on X1 ⊗ ...⊗Xm then

ε(x1 ⊗ ...⊗ xm) ≤ α(x1 ⊗ ...⊗ xm) ≤ π(x1 ⊗ ...⊗ xm),

for any xj ∈ Xj(j = 1, ...,m). But by Proposition 1.3.8 and Proposition 1.3.12 we
have

ε(x1 ⊗ ...⊗ xm) = π(x1 ⊗ ...⊗ xm) =
∥∥x1
∥∥ ... ‖xm‖ ,

it follows that
α(x1 ⊗ ...⊗ xm) =

∥∥x1
∥∥ ... ‖xm‖ .

Let ϕj ∈ X∗j (j = 1, ...,m). Then using the fact that π(.) ≥ α(.),∥∥ϕ1 ⊗ ...⊗ ϕm
∥∥ = sup

{∣∣〈u, ϕ1 ⊗ ...⊗ ϕm
〉∣∣ , α(u) ≤ 1

}
≥ sup

{∣∣〈u, ϕ1 ⊗ ...⊗ ϕm
〉∣∣ , π(u) ≤ 1

}
=

∥∥ϕ1 ⊗ ...⊗ ϕm
∥∥

(X1⊗π ...⊗πXm)∗

=
∥∥ϕ1

∥∥ ... ‖ϕm‖ ,
this becomes ‖ϕ1 ⊗ ...⊗ ϕm‖ = ‖ϕ1‖ ... ‖ϕm‖ .

Recall that a norm α on X1 ⊗ ...⊗Xm and on Y1 ⊗ ...⊗ Ym satisfies the metric
mappings property: if sj ∈ L(Xj, Yj), j = 1, ...,m, then the linear mapping

s1 ⊗ ...⊗ sm : X1 ⊗α ...⊗α Xm −→ Y1 ⊗α ...⊗α Ym,

defined by

s1 ⊗ ...⊗ sm(x1 ⊗ ...⊗ xm) = s1(x1)⊗ ...⊗ sm(xm), xj ∈ Xj(j = 1, ...,m)

is continuous. Moreover we have

‖s1 ⊗ ...⊗ sm‖ ≤ ‖s1‖ ... ‖sm‖ .

Definition 1.3.16. (Tensor Norm) We define a tensor norm of order m on X1 ⊗
...⊗Xm to be a reasonable crossnorm satisfying the metric mapping property.

It is clear that the projective norm and the injective norm are tensor norms.

1.4 Ideals of multilinear mappings

A. Pietsch presented his “designs of a theory” for ideals of multilinear forms in the
eighties (see [62]). His work provided a general framework from which different lines
of investigation developed. The definition of normed ideals of multilinear continuous
mappings, was explicitly given by H. A. Braunss for Banach space-valued m-linear
mappings in [22].
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1.4.1 Basics on the theory of multi-ideals

Let X1, ..., Xm, Y be Banach spaces. Consider non-zero ϕj ∈ X∗j (j = 1, ...,m), and
y ∈ Y. Define the multilinear mapping

ϕ1 ⊗ ...⊗ ϕm ⊗ y : X1 × ...×Xm −→ Y,

by
ϕ1 ⊗ ...⊗ ϕm ⊗ y(x1, ..., xm) := ϕ1(x1)...ϕm(xm)y. (1.24)

By using Theorem 1.3.3 we obtain ϕ1 ⊗ ...⊗ ϕm ⊗ y ∈ L(X1, ..., Xm;Y ) and∥∥ϕ1 ⊗ ...⊗ ϕm ⊗ y
∥∥ =

∥∥ϕ1
∥∥ ... ‖ϕm‖ ‖y‖ .

We denote by Lf (X1, ..., Xm;Y ), the vector space of finite type, which is generated by
the mappings of the form (1.24). All elements T of this space a finite representation
of the form

T =
n∑
i=1

λiϕ
1
i ⊗ ...⊗ ϕmi ⊗ yi

where (λi)
n
i=1 ⊂ K, (ϕji )ni=1 ⊂ X∗j (j = 1, ...,m) and (yi)

n
i=1 ⊂ Y .

Definition 1.4.1. An ideal of multilinear mappings (or multi-ideal) is a subclass
M of all continuous multilinear mappings between Banach spaces such that for all
m ∈ N and Banach spaces X1, . . . , Xm and Y , the components

M(X1, . . . , Xm;Y ) := L(X1, . . . , Xm;Y ) ∩M,

satisfy:
1) M(X1, . . . , Xm;Y ) is a linear subspace of L(X1, . . . , Xm;Y ) which contains

the m-linear mappings of finite type.
2) The ideal property: If T ∈ M(G1, . . . , Gm;F ), uj ∈ L(Xj, Gj) for j =

1, . . . ,m and v ∈ L(F, Y ), then v ◦ T ◦ (u1, . . . , um) is in M(X1, . . . , Xm;Y ).
If ‖.‖M :M→ R+ satisfies:
a) (M(X1, . . . , Xm;Y ), ‖.‖M) is a normed ( Banach) space for all Banach spaces

X1, . . . , Xm, Y and all m,
b) The m-linear form Tm : Km → K given by Tm (x1, . . . , xm) = x1 . . . xm satis-

fies ‖Tm‖M = 1 for all m,
c) If T ∈ M(G1, . . . , Gm;F ), uj ∈ L(Xj, Gj) for j = 1, . . . ,m and v ∈ L(F, Y ),

then
‖v ◦ T ◦ (u1, . . . , um)‖M ≤ ‖v‖ ‖T‖M ‖u1‖ . . . ‖um‖ ,

we say that (M, ‖.‖M) is a normed (Banach) multi-ideal.

Of course the Banach spaces considered in this definition are all over the same fixed
scalar field.
The multi-idealM is said to be closed if eachM(X1, . . . , Xm;Y ) is a closed subspace
of L(X1, . . . , Xm;Y ) from the sup norm.
Note that L, the class of all continuous multilinear mappings between arbitrary
Banach spaces, is the largest multi-ideal.
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Proposition 1.4.2. [35] Let M be normed multi-ideal, m ∈ N and X1, . . . , Xm, Y
be Banach spaces.
1) ‖T‖ ≤ ‖T‖M for all T ∈M(X1, . . . , Xm;Y ).
2) ‖ϕ1 ⊗ ...⊗ ϕm ⊗ y‖M = ‖ϕ1‖ ... ‖ϕm‖ ‖y‖ for any ϕj ∈ X∗j (j = 1, ...,m) and
y ∈ Y.

In what follows we recall some important ideals of multilinear mappings, and will
be used in the sequel.
We say that T ∈ L(X1 × ... × Xm;Y ) is completely continuous, and we write
T ∈ LV(X1, ..., Xm;Y ), if the sequence (T (x1

n, ..., x
m
n ))

∞
n=1 is norm convergent in

Y for every sequences (xjn)∞n=1 ⊂ Xj(j = 1, ...,m) converges weakly.

A multilinear mapping T ∈ L(X1, ..., Xm;Y ) is said to be weakly compact, in sym-
bols T ∈ LW(X1, ..., Xm;Y ), if T maps BX1 × ... × BXm onto a relatively weakly
compact subset of Y .
This is equivalent to say that (T (x1

n, ..., x
m
n ))

∞
n=1 has a weakly convergent subse-

quence for every bounded sequence (xjn)∞n=1 ⊂ Xj(j = 1, ...,m).

A multilinear mapping T ∈ L(X1, ..., Xm;Y ) is said to be compact, in symbols
T ∈ LK(X1, ..., Xm;Y ), if T maps BX1 × ...×BXm onto a relatively compact subset
of Y .
This is equivalent to say that (T (x1

n, ..., x
m
n ))

∞
n=1 has a convergent subsequence for

every bounded sequence (xjn)∞n=1 ⊂ Xj(j = 1, ...,m)

Theorem 1.4.3. [35, 66, 15, 65] The classes of finite type, completely continuous,
weakly compact and compact m-linear mappings (Lf ,LV ,LW , and LK respectively)
are multi-ideals.

1.4.2 Methods of construction

There are different ways of constructing an ideal of multilinear mappings from a
given operator ideal. The property enjoyed by the linear operators in this ideal can
be generalized to the multilinear case and the resulting classes of multilinear map-
pings happen to be ideals (that is the case of the ideal of weakly compact operators,
for example). The point is that, depending on the operator ideal, it may happen
that there is not a unique natural generalization to the multilinear settings. The
two methods outlined by A. Pietsch in [62] are described in what follows.

1)The composition method.
Next we recall the procedure of composition. It was firstly presented by G. Botelho
et al. in [19], for generating ideals of multilinear mappings starting from an operator
ideal I. Actually this procedure is a particular case of a technique introduced by A.
Pietsch in [62].
A. Pe lczyński proved that a multilinear mapping T between Banach spaces is weakly
compact if and only if T can be written as T = u ◦ S where S is a continuous
multilinear mapping and u is a weakly compact linear operator (see [54]). So, given
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an operator ideal I, it is natural to consider the multilinear mappings T which can
be written as T = u ◦ S with u belonging to I and S is a continuous m-linear
mapping.

Definition 1.4.4. (Composition Ideals) Let I be an operator ideal. An m-linear
mapping T ∈ L (X1, . . . , Xm;Y ) belongs to I ◦ L if there are a Banach space G, an
m-linear mapping R ∈ L (X1, . . . , Xm;G) and a linear operator u ∈ I(G, Y ) such
that T = u ◦R. In this case we write T ∈ I ◦ L (X1, . . . , Xm;Y ) .

To verify if a continuous m-linear mapping T belongs to I◦L or not, by definition
is necessary to investigate the existence of a factorization of the form T = u◦R with
u ∈ I and R ∈ L. As it is not always easy (especially to prove that there is not such
a factorization), G. Botelho et al. introduced in [19] a criterion for establishing that
T belongs to I ◦ L by using the projective tensor product.

Proposition 1.4.5. Let I be an operator ideal. The following are equivalent for
T ∈ L (X1, . . . , Xm;Y ) .
1) T ∈ I ◦ L (X1, . . . , Xm;Y ) .
2) TL ∈ I

(
X1⊗̂π . . . ⊗̂πXm, Y

)
.

Proposition 1.4.6. If (I, ‖.‖I) be a normed (Banach) operator ideal, then (I ◦
L, ‖.‖I◦L) is a normed (Banach) multi-ideal.

Proposition 1.4.7. Let (I, ‖.‖I) be a normed operator ideal, m ∈ N and X1, . . . , Xm, Y
be Banach spaces. If T ∈ I ◦ L (X1, . . . , Xm;Y ), then

‖T‖I◦L = ‖TL‖I .

In addition, the space (I ◦ L(X1, ..., Xm;Y ), ‖.‖I◦L) is isometrically isomorphic to
(I(X1⊗̂π . . . ⊗̂πXm, Y ), ‖.‖I)

Proposition 1.4.8. [19, Proposition 3.5] Let I be an operator ideal and Y be a
Banach space. The following are equivalent:
(i) idY ∈ I(Y, Y ).
(ii) I ◦ L(X1, ..., Xm;Y ) = L(X1, ..., Xm;Y ) for every m and every Banach spaces
X1, ..., Xm.
(iii) I ◦ L(X1, ..., Xm;Y ) = L(X1, ..., Xm;Y ) for some m and every Banach spaces
X1, ..., Xm.

The definition of adjoint of an m-linear mapping is due to M. S. Ramanujan and
E. Schock [64]. Recall, if T ∈ L(X1, ..., Xm;Y ) we define the adjoint of T by

T ∗ : Y ∗ −→ L(X1, ..., Xm), y∗ 7−→ T ∗(y∗) : X1 × ...×Xm −→ K,

with
T ∗(y∗)(x1, ..., xm) = y∗(T (x1, ..., xm)),

and has the property that T ∗ is linear and ‖T ∗‖ = ‖T‖ . It is easy to see that, if
T ∈ L (X1, ..., Xm;Y ) and u ∈ L(Y, Z) we have

(u ◦ T )∗ = T ∗ ◦ u∗.

As applications of the composition method we give the following important result.
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Corollary 1.4.9. The m-linear mapping T ∈ L(X1, . . . , Xm;Y ) is weakly compact
if and only if its adjoint T ∗ is a weakly compact linear operator.

Proof. Because LW =W ◦ L (see [54]), we have that T belongs to LW(X1, . . . , Xm;Y )
if and only if its linearization

TL : X1⊗̂π...⊗̂πXm −→ Y,

is weakly compact linear operator. This is equivalent to

(TL)∗ : Y ∗ −→
(
X1⊗̂π . . . ⊗̂πXm

)∗
,

is weakly compact (see Theorem 1.2.6). On the other hand, we have (TL)∗ = Ψ ◦T ∗
(then T ∗ = Ψ−1 ◦ (TL)∗) where

Ψ : L (X1, . . . , Xm) −→ (X1⊗̂π...⊗̂πXm)∗,

is the isomorphic isometry given by Ψ(φ) = φL (see Theorem 1.3.10). By the ideal
property concerning the operator ideal W we have that (TL)∗ is weakly compact if
and only if T ∗ is too.

2)The factorization method.
Given the operator ideals I1, ..., Im, an m-linear mapping T ∈ L(X1, ..., Xm;Y ) is
said to be of type L(I1, ..., Im), in symbols T ∈ L(I1, ..., Im)(X1, ..., Xm;Y ), if there
are Banach spaces G1, ..., Gm, linear operators uj ∈ Ij(Xj, Gj), j = 1, ...,m, and a
continuous m-linear mapping R ∈ L(G1, ..., Gm;Y ) such that T = R ◦ (u1, ..., um).
If I1, ..., Im are normed operator ideals and T ∈ L(I1, ..., Im)(X1, ..., Xm) we define

‖T‖L(I1,...,Im) = inf ‖R‖ ‖u1‖I1 ... ‖um‖Im ,

where the infimum is taken over all possible factorizations T = R ◦ (u1, ..., um) with
uj belonging to Ij, (j = 1, ...,m) and the continuous m-linear mapping R.

We will see that
(
L(I1, ..., Im), ‖.‖L(I1,...,Im)

)
is a normed ideal of multilinear map-

pings. This method of constructing an ideal of multilinear mappings from ideals
of linear operators is called the factorization method. The proof of the following
theorem can be found in [35] or [10].

Theorem 1.4.10. If I1, ..., Im are normed (Banach) operators ideals, then(
L(I1, ..., Im), ‖.‖L(I1,...,Im)

)
,

is a normed (Banach) ideal of multilinear mappings.

1.4.3 Tensor product representation of multi-ideals

Now we recall how represent a multi-ideal by a tensor norm giving some exam-
ples of this construction. The next proposition is necessary for defining the tensor
representation of a multi-ideal.
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Proposition 1.4.11. [50, Theorem 1.10] Let X1, ..., Xm and Y be Banach spaces.
Then we have the two isometric isomorphism identification.

L(X1, ..., Xm, Y ) = L(X1, ..., Xm;Y ∗), (1.25)

and
L(X1, ..., Xm, Y

∗) = L(X1, ..., Xm;Y ). (1.26)

By the identifications (1.25) and (1.18) we obtain

L(X1, ..., Xm;Y ∗) =
(
X1⊗̂π...⊗̂πXm⊗̂πY

)∗
, (1.27)

that is the key to define the concept of tensorial representation of multi-ideals.

Definition 1.4.12. We say that a tensor norm α of order m + 1 represents the
multi-ideal M if M(X1, ..., Xm;Y ∗) and (X1 ⊗α ...⊗α Xm ⊗α Y )∗ are isometrically
isomorphic under the canonical mapping

Ψ :M(X1, ..., Xm;Y ∗) −→ (X1 ⊗α ...⊗α Xm ⊗α Y )∗ ,

defined by Ψ(T )(x1⊗ ...⊗xm⊗ y) := T (x1, ..., xm)(y), for all m ∈ N and all Banach
spaces X1, ..., Xm, Y .

Remark 1.4.13. Since
(
X1⊗̂α...⊗̂αXm⊗̂αY

)
is the completion of the normed space

(X1 ⊗α ...⊗α Xm ⊗α Y ). Then, in what follows, we can write the isometric identifi-
cation

(X1 ⊗α ...⊗α Xm ⊗α Y )∗ =
(
X1⊗̂α...⊗̂αXm⊗̂αY

)∗
,

through the isometry ϕ 7→ ϕ, where ϕ is the unique extension of ϕ.

The uniqueness of the representation was proved by G. Botelho et all in [17].

Theorem 1.4.14. The tensor norm that represents a given multi-ideal, if any, is
unique.

There is another method for representing an ideal of multilinear mappings M, de-
scribed as follows.

Definition 1.4.15. We say that a tensor norm α of order m + 1 represents the
multi-ideal M if M(X1, ..., Xm;Y ) and (X1 ⊗α ...⊗α Xm ⊗α Y ∗)∗ are isometrically
isomorphic.

Basic examples
1) Tensorial representation of Ld,(p1,...,pm).
The definition of absolutely (p; p1, ..., pm)-summing m-linear functionals is due to A.
Pietsch [62]. In [43], M. C. Matos presented a definition for vector-valued mappings.
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Definition 1.4.16. Let m ∈ N and 1 ≤ p, p1, ..., pm < ∞, with 1
p
≤ 1

p1
+ ... + 1

pm
.

An m-linear mapping T ∈ L(X1, ..., Xm;Y ) is said to be absolutely (p; p1, ..., pm)-
summing if there is a constant C > 0 such that for any xj1, ..., x

j
n ∈ Xj(j = 1, ...,m)

we have ∥∥(T (x1
i , ..., x

m
i

))n
i=1

∥∥
p
≤ C

m∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pj ,ω

,

for every n.

The vector space of these mappings is indicated by Las,(p;p1,...,pm) (X1, ..., Xm;Y ) and
the smallest C satisfying the inequality above, by ‖T‖Las,(p;p1,...,pm)

. This defines a

norm on Las,(p;p1,...,pm) (X1, ..., Xm;Y ) and
(
Las,(p;p1,...,pm), ‖.‖Las,(p;p1,...,pm)

)
is a Ba-

nach multi-ideal.
This definition is equivalent to say that (T (x1

i , ..., x
m
i ))

∞
i=1 belongs to `p(Y ) for every

(xji )
∞
i=1 ∈ `ωpj(Xj).

If 1
p

= 1
p1

+ ... + 1
pm

we will call T is (p1, ..., pm)-dominated and we will denote the

corresponding vector space and norm by Ld,(p1,...,pm) and ‖.‖Ld,(p1,...,pm)
, respectively.

In [43], M. C. Matos gives a representation of the multi-ideal Ld,(p1,...,pm) by the
tensor norm δp of order m+ 1 defined by

δp(z) = inf ‖(λi)ni=1‖p∗
m∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pj ,ω
‖(yi)ni=1‖∞ ,

where z ∈ X1 ⊗ ...⊗Xm ⊗ Y and the infimum is taken over all representation of z
of the form

n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ yi,

with n ∈ N, (λi)ni=1 ⊂ K,
(
xji
)n
i=1
⊂ Xj(j = 1, ...,m) and (yi)

n
i=1 ⊂ Y . By this

notations we have

Ld,(p1,...,pm) (X1, ..., Xm;Y ∗) =
(
X1 ⊗δp ...⊗δp Xm ⊗δp Y

)∗
isometrically isomorphic.

2) Tensorial representation of Ld,(p1,...,pm;r).
The next multilinear generalization of the ideal of (p; q; r)-summing linear operators
was introduced by D. Achour in [1]. This new multi-ideal is represented by a suitable
tensor norm of order m+ 1.

Definition 1.4.17. For 1 ≤ p, p1, ..., pm, r ≤ ∞, with 1
p
≤ 1

p1
+...+ 1

pm
+ 1
r
, a mapping

T ∈ L(X1, ..., Xm;Y ) is absolutely (p; p1 , ..., pm ; r)-summing if there is a constant
C > 0 such that for any xj1, ..., x

j
n ∈ Xj, (1 ≤ j ≤ m), and any y∗1, ..., y

∗
n ∈ Y ∗, we

have

∥∥(〈T (x1
i , ..., x

m
i

)
, y∗i
〉)n

i=1

∥∥
p
≤ C

m∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pj ,ω
‖(y∗i )

n
i=1‖r,ω . (1.28)
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The vector space of these mappings is indicated by Las,(p;p1 ,...,pm ;r) (X1, ..., Xm;Y )
and the smallest C satisfying the inequality above, by ‖T‖Las,(p;p1 ,...,pm ;r)

. This de-

fines a norm Las,(p;p1 ,...,pm ;r) (X1, ..., Xm;Y ) and
(
Las,(p;p1 ,...,pm ;r), ‖.‖Las,(p;p1 ,...,pm ;r)

)
is

a Banach multi-ideal.
If 1

p
= 1

p1
+ ... + 1

pm
+ 1

r
we will call T is (p1, ..., pm; r)-dominated and we will

denote the corresponding vector space and norm by Ld,(p1,...,pm;r) and ‖.‖Ld,(p1,...,pm;r)
,

respectively. For z ∈ X1 ⊗ ...⊗Xm ⊗ Y, we consider

µp,r(z) = inf ‖(λi)ni=1‖p∗
m∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pj ,ω
‖(yi)ni=1‖r,ω ,

where the infimum is taken over all representations of z of the form

z =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ yi,

with λi ∈ K, xji ∈ Xj, yi ∈ Y, i = 1, ..., n, j = 1, ...,m and n,m ∈ N.
The multi-ideal Ld,(p1,...,pm;r) is represented by the tensor norm µp,r i.e., we have the
isometric isomorphic identification(
Ld,(p1,...,pm;r) (X1, ..., Xm;Y ∗) , ‖.‖Ld,(p1,...,pm;r)

)
= (X1 ⊗µp,r ...⊗µp,r Xm ⊗µp,r Y )∗.

3) Tensorial representation of Dmp
The definition of Cohen strongly p-summing m-linear operators is due to D. Achour
and L. Mezrag (see [5]) in order to generalize the concept of strongly p-summing
linear operators.

Definition 1.4.18. For 1 ≤ p < ∞, a mapping T ∈ L(X1, ..., Xm;Y ) is Cohen
strongly p-summing if there is a constant C > 0 such that for any xj1, ..., x

j
n ∈ Xj,

(1 ≤ j ≤ m), and any y∗1, ..., y
∗
n ∈ Y ∗, we have

∥∥(〈T (x1
i , ..., x

m
i

)
, y∗i
〉)n

i=1

∥∥
1
≤ C

(
n∑
i=1

m∏
j=1

∥∥xji∥∥p
) 1

p

‖(y∗i )
n
i=1‖p∗,ω . (1.29)

The vector space of these mappings is indicated by Dmp (X1, ..., Xm;Y ) and the small-
est C satisfying the inequality above, by ‖T‖Dmp . This defines a norm on Dmp (X1, ..., Xm;Y )

and
(
Dmp , ‖.‖Dmp

)
is a Banach multi-ideal.

In the next result, L. Mezrag and K. Saadi in [48, Theorem 3.1] give a characteri-
zation of the Cohen strongly m-linear mappings by using the adjoint operator like
that given by J. S. Cohen in the linear case.

Theorem 1.4.19. Let 1 < p ≤ ∞. Let T ∈ L(X1, ..., Xm;Y ) and T ∗ its adjoint.
Then T belongs to Dmp (X1, ..., Xm;Y ) , if and only if, T ∗ belongs to Πp∗(Y

∗,L(X1, ..., Xm))
and we have ‖T‖Dmp = πp∗(T

∗).
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J. A. López Molina in [40] introduced a tensor norm of order (m + 1) naturally
extending the well-known tensor norm gp of Chevet-Saphar which described as fol-
lows: let Xj(j = 1, ...,m+ 1) be normed vector spaces, and a fixed natural number
k verifying 1 ≤ k < m+ 1. Consider r and s two fixed finite sequences

r := (p1, ..., pk) s := (pk+1, ..., pm+1),

of positive real numbers such that

1

p1

+ ...+
1

pk
+

1

p∗k+1

+ ...+
1

p∗m+1

= 1.

For every u ∈ X1⊗ ...⊗Xm⊗Xm+1 define the Chevet-Saphar tensor norm of order
(m+ 1) by

gr,s(u) := inf

(
k∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pj

)(
m+1∏
j=k+1

∥∥∥(xji)ni=1

∥∥∥
p∗j ,ω

)
, (1.30)

taking the infimum over all representations of u of type

u =
n∑
i=1

x1
i ⊗ ...⊗ xm+1

i ,

with (xji )
n
i=1 ⊂ Xj(j = 1, ...,m + 1). Clearly, if m = 1, we have the classical tensor

norm gp of Chevet-Saphar [68, Page 135].
The tensor norm gr,s has been built to satisfy the isometric identification mentioned
in the following theorem.

Theorem 1.4.20. [40, Theorem 2] Given the Banach spaces Xj(j = 1, ...,m + 1).
The space (

X1 ⊗gr,s ...⊗gr,s Xm ⊗gr,s Xm+1

)∗
,

is isometrically isomorphic to

Ld,(p∗k+1,...,p
∗
m+1) (Xk+1, ..., Xm+1;L (X1, ..., Xk)) .

In (1.30), if we take k = m, p1 = ... = pm = mp and pm+1 = p∗ we obtain the tensor
norm gp of order m+ 1 defined by

gp(u) = inf
m∏
j=1

∥∥∥(xji)ni=1

∥∥∥
pm

∥∥(xm+1
i

)n
i=1

∥∥
p∗,ω

, (1.31)

and the above identification gives(
X1 ⊗gp ...⊗gp Xm ⊗gp Y ∗

)∗
= Πp∗(Y

∗,L(X1, ..., Xm)),

for all Banach spaces X1, ..., Xm, Y.
Finally, by Theorem 1.4.19 we obtain the isometric identification

Dmp (X1, ..., Xm;Y ) =
(
X1 ⊗gp ...⊗gp Xm ⊗gp Y ∗

)∗
,

which gives the tensorial representation of multi-ideal Dmp by the tensor norm gp.
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Chapter 2

Absolutely continuous multilinear
operators

This chapter has been the subject of a publication in the Journal of Mathematical
Analysis and Applications [26] and is divided in two sections. In Section 1 we
present the class of (p, σ)-absolutely continuous linear operators. After defining this
concept, we will review all the main results known for this class, along with some new
results. Thus, we will show the factorization theorem with a proof that is different
than the one given in [47] by U. Matter. As a consequence we show that (p, σ)-
absolutely continuous linear operators are compact under some requirements. In the
second section we extend to multilinear mappings the concept of (p, σ)-absolutely
continuous linear operators, for which the resulting vector space Lσas,(p;p1,...,pm) of

the (p; p1, ..., pm;σ)-absolutely continuous multilinear operators is a Banach multi-
ideal. We establish a domination theorem and a factorization theorem for such
operators and we give two examples to prove the difference between our class and the
class of absolutely summing multilinear operators. Finally, we present a reasonable
crossnorm βp,σ on X1 ⊗ ... ⊗Xm ⊗ Y that satisfies that the topological dual of
the corresponding normed tensor product is isometric to the space of Y ∗-valued
(p; p1, ..., pm;σ)-absolutely continuous multilinear operators on X1 × ... ×Xm . We
generalize in this way the result for the linear case that can be found in [41].

2.1 The ideal of (p, σ)-absolutely continuous linear

operators

2.1.1 (p, σ)-weakly summable sequences

The space of (p, σ)-weakly summable sequences was introduced in [41] by J. A.
López Molina and E. A. Sánchez Pérez in order to give a characterization of the
class of (p, σ)-absolutely continuous linear operators. Now we recall some properties
of this space. Let 1 ≤ p <∞ and 0 ≤ σ < 1. Let X be a Banach space and take a
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sequence (xi)
∞
i=1 in it. Define

δpσ((xi)
∞
i=1) = sup

φ∈BX∗

(
∞∑
i=1

(
|φ(xi)|1−σ ‖xi‖σ

) p
1−σ

) 1−σ
p

and
Hp,σ(X) = {(xi)∞i=1 ⊂ X : δpσ((xi)

∞
i=1) <∞} .

We have that

‖(xi)∞i=1‖ p
1−σ ,ω

≤ δpσ((xi)
∞
i=1) ≤ ‖(xi)∞i=1‖ p

1−σ
, (xi)

∞
i=1 ∈ Hp,σ(X). (2.1)

For the extreme cases σ = 1 and p = ∞, we define also for all 0 ≤ τ ≤ 1 and
1 ≤ q ≤ ∞

δq1 ((xi)
n
i=1) = δ∞τ ((xi)

n
i=1) = sup

1≤i≤n
‖xi‖ = ‖(xi)ni=1‖∞ . (2.2)

If µ is a regular Borel probability measure on BX∗ (with the weak star topology)
and p =∞ or σ = 1, the expression(∫

BX∗

(|〈x, x∗〉|1−σ ‖x‖σ)
p

1−σ dµ

) 1−σ
p

must be understood as ‖x‖ .

Definition 2.1.1. [41, Definition 1.2]
A sequence (xi)

∞
i=1 of elements of X is said to be (p, σ)-weakly summable if it belongs

to the vector space spanned by Hp,σ(X).

We denote by `pσ(X) the vector space of all (p, σ)-weakly summable sequences of
X. For (xi)

∞
i=1 ∈ `pσ(X), we set

‖(xi)∞i=1‖p,σ = inf
k∑
l=1

δpσ
(
(xli)

∞
i=1

)
(2.3)

where the infimum is taken over all representations of (xi)
∞
i=1 of the form

(xi)
∞
i=1 =

k∑
l=1

(
xli
)∞
i=1

,

with
(
xli
)∞
i=1
∈ Hp,σ(X), k ∈ N.

Proposition 2.1.2. [41, Proposition 1.3]
On `pσ(X), the function ‖.‖p,σ, defined by (2.3), is a norm. In addition, we have
the inclusions

` p
1−σ

(X) ⊂ `pσ(X) ⊂ ` p
1−σ ,ω

(X) , (2.4)
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with

‖(xi)∞i=1‖ p
1−σ ,ω

≤ ‖(xi)∞i=1‖p,σ ≤ ‖(xi)
∞
i=1‖ p

1−σ
for all (xi)

∞
i=1 ∈ ` p

1−σ
(X) .

Moreover,

‖(xi)∞i=1‖p,σ ≤ inf

{
k∑
l=1

∥∥(xli)
∞
i=1

∥∥σ
p

1−σ
.
∥∥(xli)

∞
i=1

∥∥1−σ
p

1−σ ,ω

}
where the infimum is taken over all representations of (xi)

∞
i=1 ∈ ` p

1−σ
(X) of the form

(xi)
∞
i=1 =

k∑
l=1

(
xli
)∞
i=1

,

with
(
xli
)∞
i=1
∈ ` p

1−σ
(X).

We now give a representation for the elements in the completion ˆ̀pσ(X), which
complements nicely the representation of the elements of `pσ(X). We will continue
denoting by ‖.‖p,σ the norm in ˆ̀pσ(X).

Proposition 2.1.3. [41, Proposition 1.4]
Let 1 ≤ p <∞ and let X be Banach space. If ϕ ∈ ˆ̀pσ(X), there exist xn = (xni )∞i=1 ∈
Hp,σ(X), n ∈ N such that

∞∑
n=1

δpσ (xn) <∞ and ϕ =
∞∑
n=1

xn in ˆ̀pσ(X)

Conversely for xn = (xni )∞i=1 ∈ Hp,σ(X) there exists a unique ϕ ∈ ˆ̀pσ(X) such that

ϕ =
∞∑
n=1

xn. In both cases

‖ϕ‖p,σ = inf
∞∑
n=1

δpσ (xn)

where the infimum is taken over all representations of ϕ of the appropriate form.

2.1.2 (p, σ)-absolutely continuous linear operators. Prelimi-
naries

Throughout this subsection, let 1 ≤ p <∞ and 0 ≤ σ < 1.

Definition 2.1.4. [46, Definition 3.1]
We say that T ∈ L(X, Y ) is a (p, σ)-absolutely continuous operator, in symbols
T ∈ Πp,σ(X, Y ), if there exist a Banach space G and an operator S ∈ Πp(X,G) such
that

‖Tx‖ ≤ ‖x‖σ ‖Sx‖1−σ , x ∈ X. (2.5)

In such case, we put πp,σ(T ) = inf πp(S)1−σ, taking the infimum over all Banach
spaces G and S ∈ Πp(X,G) such that (2.5) holds.
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Remark 2.1.5. If T ∈ Πp,σ(X, Y ) then ‖T‖ ≤ πp,σ(T ). In order to see this, there
exist a Banach space G and S ∈ Πp(X,G) such that

‖T (x)‖ ≤ ‖S(x)‖1−σ ‖x‖σ ≤ ‖S‖1−σ ‖x‖ , for all x ∈ X

since Πp is a operator ideal we have ‖S‖ ≤ πp(S) therefore ‖T (x)‖ ≤ πp(S)1−σ ‖x‖.
Hence ‖T‖ ≤ πp(S)1−σ, which implies that ‖T‖ ≤ πp,σ(T ).

Theorem 2.1.6. [46, Theorem 3.2]
The class (Πp,σ, πp,σ(.)) is an injective Banach operator ideal.

By the inclusion theorem for the class Πp we have the result

Proposition 2.1.7. Let 1 ≤ p ≤ q <∞ and 0 ≤ σ < 1. Then the following holds

Πp,σ(X, Y ) ⊂ Πq,σ(X, Y )

for all Banach spaces X and Y .

The subsequent characterizations of Πp,σ are derived from the corresponding prop-
erties of Πp. The Pietsch domination theorem concerning the (p, σ)-absolutely con-
tinuous linear operators was proved by U. Matter in [46]. As usual, the unit ball
BX∗ , of X∗ is considered as a compact space with respect to the weak star topology.

Theorem 2.1.8. [46, Theorem 4.1]
For a linear operator T ∈ L (X, Y ) the following statements are equivalent.
(i) T ∈ Πp,σ (X, Y )
(ii) There are a constant C > 0 and a regular Borel probability measure µ on BX∗ ,
such that

‖T (x)‖ ≤ C

(∫
BX∗

(|〈x, x∗〉|1−σ ‖x‖σ)
p

1−σ dµ(x∗)

) 1−σ
p

, x ∈ X. (2.6)

(iii) There is a constant C > 0 such that for every finite sequence (xi)
n

i=1
in X,∥∥(T (xi))

n

i=1

∥∥
p

1−σ
≤ C.δpσ((xi)

n

i=1
). (2.7)

In addition, πp,σ(T ) is the smallest number C for which (ii) and (iii) hold.

The main relationship between the absolutely p-summing and the (p, σ)-absolutely
continuous linear operators is the following.

Proposition 2.1.9. [46, Proposition 4.2]
The inclusion Π p

1−σ
⊂ Πp,σ holds. Consequently, Πp ⊂ Πp,σ.
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As in the case of absolutely p-summing linear operators, the natural way of present-
ing the summability properties of (p, σ)-absolutely continuous linear operators is by
defining the corresponding operators between adequate sequence spaces. A linear
operator T ∈ L(X, Y ) induces a linear operator T̂ mapping ˆ̀pσ(X) into Y N in the
following way: if (xi)

∞
i=1 ∈ `pσ(X) we have

T̂ ((xi)
∞
i=1) = (Txi)

∞
i=1;

if φ ∈ ˆ̀pσ(X) and φ = lim
n→+∞

(xni )∞i=1 in ˆ̀pσ(X) with (xni )∞i=1 ∈ `pσ(X) for each n ∈ N
we have

T̂ (φ) = ( lim
n→+∞

T (xni ))∞i=1.

In this direction, J. A. López Molina and E. A. Sánchez Pérez proved the following
result.

Theorem 2.1.10. [41, Theorem 1.7]
For T ∈ L(X, Y ) the following conditions are equivalent:

(a) T is (p, σ)-absolutely continuous.

(b) T̂ (ˆ̀pσ(X)) ⊂ ` p
1−σ

(Y ).

2.1.3 New results for the class Πp,σ

In the following proposition we prove a Dvoretzky-Rogers type theorem for (p, σ)-
absolutely continuous linear operators.

Proposition 2.1.11. Let 1 ≤ p < ∞ and 0 ≤ σ < 1. A Banach space X is finite
dimensional if and only if the identity mapping idX : X → X is (p, σ)-absolutely
continuous.

Proof. If X is finite dimensional it is clear that idX ∈ Πp,σ(X,X) since it is a finite
rank operator.
Conversely, assume that idX is (p, σ)-absolutely continuous. Then by the domina-
tion theorem (see Theorem 2.1.8) there is a constant C > 0 and a regular Borel
probability measure µ on BX∗ such that for all x ∈ X we have

‖x‖ ≤ C
(∫

BX∗
(|φ(x)|1−σ ‖x‖σ)

p
1−σ dµ(φ)

) 1−σ
p

= C ‖x‖σ
(∫

BX∗
|φ(x)|p dµ(φ)

) 1−σ
p
.

This implies that

‖x‖ ≤ C1/1−σ
(∫

BX∗
|φ(x)|p dµj(φ)

) 1
p
.

Hence idX is p-summing and the result is obtained by the well-known version of the
Dvoretzky-Rogers Theorem involving p-summing mappings.
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Remark 2.1.12. From the previous proposition, Theorem 2.1.10 and the inclusions
(2.4) it follows that ` p

1−σ
(X) = `pσ(X) if and only if the Banach space X is finite

dimensional.

The family of tensor norms associated to operator ideal of (p, σ)-absolutely con-
tinuous linear operators were defined in [41]. They generalize the tensor norms αpq
of Lapresté (see [27, page 150]).

Definition 2.1.13. Let X, Y be Banach spaces and let 1 ≤ p, r < ∞, 0 ≤ σ < 1
such that 1

r
+ 1−σ

p∗
= 1. The tensor norm gp,σ in X ⊗ Y is defined by

gp,σ(z) = inf
∥∥(xi)

n

i=1

∥∥
r
δp∗σ

(
(yi)

n

i=1

)
where the infimum is taken over all representations of the simple tensor z of the

form z =
n∑
i=1

xi ⊗ yi with xi ∈ X, yi ∈ Y, i = 1, . . . , n and n ∈ N.

The following proposition provides a representation of the ideal Πp,σ by the tensor
norms gp,σ.

Proposition 2.1.14. Let X, Y be Banach spaces and let 1 ≤ p, r < ∞, 0 ≤ σ < 1
such that 1

r
+ 1−σ

p∗
= 1. An operator T ∈ L (X, Y ∗) defines a bounded linear functional

on X⊗̂gp,σY if and only if T is (p∗, σ)-absolutely continuous. Furthermore, the norm

of T in
(
X⊗̂gp,σY

)∗
coincides with πp∗,σ(T ).

We recall that every continuous bilinear form B on X × Y has an extension to a
bounded bilinear form B] on X∗∗ × Y ∗∗ with the same norm. If B ∈ B(X × Y ) is
defined by the linear operator T : X → Y ∗ by B(x, y) := 〈y, Tx〉, x ∈ X, y ∈ Y , we
may define

B](x∗∗, y∗∗) := 〈T ∗y∗∗, x∗∗〉 , x∗∗ ∈ X∗∗, y∗∗ ∈ Y ∗∗.
Theorem 2.1.15. [68, Theorem 6.5] Let α be a tensor norm, let X, Y be Banach
spaces and let B ∈

(
X⊗̂αY

)∗
. Then the canonical extension of B is a bounded linear

functional on X∗∗⊗̂αY ∗∗ with the same norm as B.

Proposition 2.1.16. Let T ∈ L (X, Y ) . Then T is (p, σ)-absolutely continuous if
and only if its second adjoint, T ∗∗ ∈ L (X∗∗, Y ∗∗) , is (p, σ)-absolutely continuous.
In this case

πp,σ(T ) = πp,σ(T ∗∗).

Proof. The mapping T ∗∗ extends T . By the ideal property and by the injectivity of
Πp,σ, (see Theorem 2.1.6) if T ∗∗ : X∗∗ → Y ∗∗ is (p, σ)-absolutely continuous so is T,
with πp,σ(T ) ≤ πp,σ(T ∗∗).
Suppose conversely that T ∈ Πp,σ (X, Y ). By the ideal property of the (p, σ)-
absolutely continuous linear operators, Πp,σ (X, Y ) may be embedded in Πp,σ (X, Y ∗∗).
Then by Proposition 2.1.14 we can write

Πp,σ (X, Y ) ⊂ Πp,σ (X, Y ∗∗) =
(
X⊗̂gp∗,σY

∗)∗ .
Thus we may consider T as an element of

(
X⊗̂gp∗,σY ∗

)∗
. By Theorem 2.1.15 T ∗∗ is

the canonical extension of T to a bounded linear functional on X∗∗⊗̂gp∗,σY ∗∗∗, and
the result follows from [27, page 204].
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Now we give the Pietsch factorization theorem for the (p, σ)-absolutely continu-
ous linear operators. Although this result is essentially already known (it was proved
by U. Matter, see [47, Theorem B]), we write a new direct proof that highlights the
role of the spaces C(BX∗) and Lp(η), where η is a regular Borel probability measure
on BX∗ .
We use the following well-known propositions in the sequel; we write the proofs for
the aim of completeness.

Proposition 2.1.17. Let ν be a semi-norm on the vector space X and let

S = {x ∈ X : ν(x) = 0} .

Then S is a vector subspace of X and the quotient space X/S can be provided with a
norm N such that N([x]) = ν(z) for all z ∈ [x], where [x] ∈ X/S is the equivalence
class of x ∈ X.

Proof. For all x, y ∈ S we have

ν(x+ αy) ≤ ν(x) + |α| ν(y) = 0

and then x+αy ∈ S. Thus S is a vector subspace of X. Consider now the equivalence
classes. For all z ∈ [x] we get z − x ∈ S, i.e. ν(z − x) = 0. This gives ν(z) = ν(x)
because |ν(z)− ν(x)| ≤ ν(z − x) = 0. If N([x]) is the constant value ν(x) obtained,
let us check that N is a norm on X/S.

i) if N([x]) = 0 then ν(y) = 0 for all y ∈ [x]; therefore [x] = [0] .
ii) N(α [x]) = N([αx]) = ν(αx) = |α| ν(x) = |α|N([x]).
iii) N([x] + [y]) = N([x+ y]) = ν(x+ y) ≤ ν(x) + ν(y) = N([x]) +N([y]).

Let X be a Banach space, p ≥ 1, 0 ≤ σ < 1 and let η be a regular Borel probability
measure on BX∗ (with the weak star topology). We denote by iX the isometric
embedding X −→ C(BX∗) given by iX(x) = 〈x, .〉. For f ∈ iX(X) ⊂ C(BX∗), we
consider

‖f‖p,σ = inf

{
n∑
k=1

‖fk‖σiX(X) .

(∫
BX∗

|fk|p dη
) 1−σ

p

, f =
n∑
k=1

fk, (fk)
n
k=1 ⊂ iX(X)

}
.

Proposition 2.1.18. ‖.‖p,σ is a seminorm on iX(X).

Proof. Let f ∈ iX(X) and α ∈ K, α 6= 0. If f =
n∑
k=1

fk is a representation of f then

αf =
n∑
k=1

αfk, and so we have

‖αf‖p,σ ≤
n∑
k=1

‖αfk‖σiX(X) .
(∫

BX∗
|αfk|p dη

) 1−σ
p

= |α|
n∑
k=1

‖fk‖σiX(X) .
(∫

BX∗
|fk|p dη

) 1−σ
p
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i.e.
1
|α| ‖αf‖p,σ ≤

n∑
k=1

‖fk‖σiX(X) .
(∫

BX∗
|fk|p dη

) 1−σ
p
.

Since this holds for every representation of f , it follows that ‖αf‖p,σ ≤ |α| ‖f‖p,σ.
In the same way, we have

‖f‖p,σ =
∥∥ 1
α
αf
∥∥
p,σ
≤ 1

|α| ‖αf‖p,σ

giving |α| ‖f‖p,σ ≤ ‖αf‖p,σ, therefore ‖αf‖p,σ = |α| ‖f‖p,σ . This equality is obvious
when α = 0.
Let f, g ∈ iX(X) and ε > 0 and consider the representations

f =
n′∑
k=1

fk, (fk)
n′

k=1 ⊂ iX(X) and g =
n′′∑
k=1

gk, (gk)
n′′

k=1 ⊂ iX(X)

of f and g respectively such that

n′∑
k=1

‖fk‖σiX(X) .

(∫
BX∗

|fk|p dη
) 1−σ

p

≤ ‖f‖p,σ +
ε

2
(2.8)

and
n′′∑
k=1

‖gk‖σiX(X) .

(∫
BX∗

|gk|p dη
) 1−σ

p

≤ ‖g‖p,σ +
ε

2
. (2.9)

Let us pose f + g =
n′+n′′∑
k=1

hk with

{
hk = fk if 1 ≤ k ≤ n′

hk = gk−n′ if n′ + 1 ≤ k ≤ n′ + n′′
. Then we

can write

n′∑
k=1

‖fk‖σiX(X) .
(∫

BX∗
|fk|p dη

) 1−σ
p

+
n′′∑
k=1

‖gk‖σiX(X) .
(∫

BX∗
|gk|p dη

) 1−σ
p

=
n′∑
k=1

‖fk‖σiX(X) .
(∫

BX∗
|fk|p dη

) 1−σ
p

+
n′+n′′∑
k=n′+1

‖gk−n′‖σiX(X) .
(∫

BX∗
|gk−n′ |p dη

) 1−σ
p

=
n′+n′′∑
k=1

‖hk‖σiX(X) .
(∫

BX∗
|hk|p dη

) 1−σ
p
.

By (2.8) and (2.9) we obtain

n′+n′′∑
k=1

‖hk‖σiX(X) .

(∫
BX∗

|hk|p dη
) 1−σ

p

≤ ‖f‖p,σ + ‖g‖p,σ + ε.

This proves that ‖f + g‖p,σ ≤ ‖f‖p,σ + ‖g‖p,σ and completes the proof.

Let S be the vector subspace of iX(X) given by

S = ‖.‖−1
p,σ({0}) =

{
f ∈ iX(X), ‖f‖p,σ = 0

}
.

37



We write Lp,σ(η) for the completion of the quotient space iX(X)/S with the norm

‖[f ]‖p,σ = ‖f‖p,σ , f ∈ iX(X).

Notice that the value of the norm ‖[.]‖p,σ is the same for all g ∈ iX(X) belonging to
the class of f (see Proposition 2.1.17). For the sake of clarity, notice that with this
notation in the case σ = 0 the space Lp,0(η) do not coincide with Lp(η) but with the
subspace of Lp(η) that allows the factorization theorem for p-summing operators.
Let us call Jp,σ : iX(X)→ Lp,σ(η) the projection on the quotient.

Lemma 2.1.19. The canonical mapping Jp,σ : iX(X)→ Lp,σ(η) is (p, σ)-absolutely
continuous, and πp,σ(Jp,σ) ≤ 1.

Proof. Let δω : C(BX∗) → K, 〈f, δω〉 = f(ω) be the Dirac’s delta associated with
ω ∈ BX∗ . Since ‖δω‖ = 1, we may write, for every (fk)

n
k=1 ⊂ iX(X)

∥∥(Jp,σ(fk))
n
k=1

∥∥
p

1−σ
=

(
n∑
k=1

‖fk‖
p

1−σ
p,σ

) 1−σ
p

≤

(
n∑
k=1

‖fk‖
σp
1−σ

∫
BX∗

|fk|p dη

) 1−σ
p

=

(∫
BX∗

n∑
k=1

‖fk‖
σp
1−σ |fk|p dη

) 1−σ
p

≤ sup
ω∈BX∗

∣∣∣∣∣
n∑
k=1

‖fk‖
σp
1−σ . |fk(ω)|p

∣∣∣∣∣
1−σ
p (∫

BX∗

dη

) 1−σ
p

= sup
ω∈BX∗

∣∣∣∣∣
n∑
k=1

(
‖fk‖σ |fk(ω)|1−σ

) p
1−σ

∣∣∣∣∣
1−σ
p

= sup
ω∈BX∗

∣∣∣∣∣
n∑
k=1

(
‖fk‖σ |〈fk, δω〉|1−σ

) p
1−σ

∣∣∣∣∣
1−σ
p

≤ sup
ω∈BX∗

sup
φ∈C(iX(X))∗

‖φ‖≤1

∣∣∣∣∣
n∑
k=1

(
‖fk‖σ |〈fk, φ〉|1−σ

) p
1−σ

∣∣∣∣∣
1−σ
p

= sup
φ∈C(iX(X))∗

‖φ‖≤1

∣∣∣∣∣
n∑
k=1

(
‖fk‖σ |〈fk, φ〉|1−σ

) p
1−σ

∣∣∣∣∣
1−σ
p

.

Then Jp,σ ∈ Πp,σ (iX(X), Lp,σ(η)) and πp,σ(Jp,σ) ≤ 1.

Theorem 2.1.20. For every linear operator T : X → Y , the following statements
are equivalent.
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(i) T is (p, σ)-absolutely continuous.

(ii) There exist a regular Borel probability measure µ on BX∗ (with the weak star

topology) and a linear continuous operator T̃ ∈ L(Lp,σ(µ), Y ) such that the following
diagram commutes

X T //

iX
��

Y

iX(X)
Jp,σ // Lp,σ(µ).

T̃

OO

Proof. (i)=⇒(ii) If T is (p, σ)-absolutely continuous, the domination theorem (The-
orem 2.1.8) provides a regular Borel probability measure µ on BX∗ for which

‖Tx‖ ≤ πp,σ(T ). ‖x‖σ .
(∫

BX∗

|〈x, x∗〉|p dµ
) 1−σ

p

for all x ∈ X.

Then, we also obtain

‖Tx‖ ≤ πp,σ(T ) ‖〈x, .〉‖p,σ = πp,σ(T ) ‖Jp,σ ◦ iX(x)‖p,σ .

We denote the range of Jp,σ ◦ iX by M and then Jp,σ ◦ iX : X → M . By definition
the closure of M is the space Lp,σ(µ). Let us consider the operator T1 : M → Y
with T1(Jp,σ ◦ iX(x)) = Tx. This linear mapping is well-defined, since by

‖T1(Jp,σ ◦ iX(x))‖ ≤ πp,σ(T ) ‖Jp,σ ◦ iX(x)‖p,σ for all x ∈ X

we have
Jp,σ ◦ iX(x) = 0 implies T1(Jp,σ ◦ iX(x)) = 0

Moreover, T1 is continuous for the Lp,σ(µ)-topology with norm ≤ πp,σ(T ). Hence,
T1 can be extended to the continuous linear operator

T̃ : M = Lp,σ(µ)→ Y

such that
∥∥∥T̃∥∥∥ = ‖T1‖ ≤ πp,σ(T ).

(ii)=⇒(i) Since Jp,σ is (p, σ)-absolutely continuous, by the ideal property, it follows

that T̃ ◦ Jp,σ ◦ iX = T is (p, σ)-absolutely continuous and

πp,σ(T ) ≤
∥∥∥T̃∥∥∥ · πp,σ(Jp,σ) · ‖iX‖ ≤

∥∥∥T̃∥∥∥ .
As an application we show that (p, σ)-absolutely continuous linear operators are
compact under some requirements. For this we present the next proposition.

Proposition 2.1.21. Let 0 ≤ σ < 1, 1 ≤ p < ∞ and X be a Banach space. The
inclusion/quotient mapping i : X → Lp,σ(η) defined by i(x) = [〈x, .〉] is completely
continuous.
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Proof. Take a sequence (xn) in X converging weakly to zero. Then for each x∗ ∈ X∗
we have that (〈xn, x∗〉)n converges to 0. But this means that the functions sequence

(〈xn, ·〉)n converges pointwise to 0. Consider the functions sequence |〈xn, ·〉|p‖xn‖
pσ
1−σ .

Clearly, they converge to 0 too, and its sequence is order bounded in L1(η) by the

η-integrable function supn ‖xn‖
p

1−σχBX∗ because for all x∗ ∈ BX∗ we have

|〈xn, x∗〉|p ‖xn‖
pσ
1−σ ≤ ‖xn‖p ‖x∗‖p ‖xn‖

pσ
1−σ ≤ ‖xn‖

p
1−σ

and then
|〈xn, .〉|p ‖xn‖

pσ
1−σ ≤ sup

n
‖xn‖

p
1−σ χBX∗ .

Notice that ‖xn‖ is bounded because (xn) converges weakly to 0. The dominated
convergence theorem gives that

lim
n

∫
BX∗

|〈xn, ·〉|p‖xn‖
pσ
1−σ dη = 0.

Therefore, since

‖ [〈xn, ·〉] ‖
p

1−σ
Lp,σ
≤
∫
BX∗

|〈xn, ·〉|p‖xn‖
pσ
1−σ dη

we obtain that ‖ [〈xn, ·〉] ‖Lp,σ →n 0. The result is proved.

Corollary 2.1.22. Let X, Y be Banach space, X in addition reflexive, and let 0 ≤
σ < 1, 1 ≤ p <∞. If T ∈ Πp,σ (X, Y ), then T is compact.

Proof. By Theorem 2.1.20 we have T = T̃ ◦ i with T̃ ∈ L(Lp,σ(µ), Y ) and i ∈
Πp,σ(X,Lp,σ(µ)). This last operator is completely continuous, and then T = T̃ ◦ i
is also completely continuous —by the ideal property— and has a reflexive domain.
Then T is compact.

2.2 (p; p1, ..., pm;σ)-Absolutely continuous multilin-

ear mappings

2.2.1 Properties of (p; p1, ..., pm;σ)-absolutely continuous m-
linear mappings

In the following we extend the definition of the class of (p, σ)-absolutely continu-
ous linear operators to the case of multilinear mappings. We will show that this
new multi-ideal satisfies the inclusion theorem and a characterization by using the
corresponding operator between adequate sequence spaces.
The next results, concerning the class of (p; p1, ..., pm)-summing m-linear mappings,
can be found in [35] and [43], and will be used in the sequel.

Proposition 2.2.1. Let 1 ≤ p, p1, ..., pm < ∞, with 1
p

= 1
p1

+ ... + 1
pm

and T ∈
L (X1, ..., Xm;Y ) . Then T is (p1, ..., pm)-dominated if and only if there exist Banach
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spaces G1, ..., Gm, an m-linear mapping S ∈ L (G1, ..., Gm;Y ) and linear operators
uj ∈ Πpj (Xj, Gj), j = 1, ...,m, such that

T = S ◦ (u1, ..., um).

Moreover, we have

‖T‖Ld,(p1,...,pm)
= inf

{
‖S‖

m∏
j=1

πpj (uj) : T = S ◦ (u1, ..., um)

}
.

Proposition 2.2.2. Let 1 ≤ p ≤ q <∞ and 1 ≤ pj ≤ qj <∞, j = 1, ...,m be such
that

m∑
j=1

1

pj
− 1

p
≤

m∑
j=1

1

qj
− 1

q
.

Then
Las,(p;p1,...,pm) (X1, ..., Xm;Y ) ⊂ Las,(q;q1,...,qm) (X1, ..., Xm;Y ) .

Definition 2.2.3. Let 1 ≤ p, p1, ..., pm <∞ with 1
p
≤ 1

p1
+ ... + 1

pm
and 0 ≤ σ < 1.

A mapping T ∈ L(X1, ..., Xm;Y ) is (p; p1, ..., pm;σ)-absolutely continuous if there is
a constant C > 0 such that for any xj1, ..., x

j
n ∈ Xj, (1 ≤ j ≤ m) we have

∥∥(T (x1
i , ..., x

m
i

))n
i=1

∥∥
p

1−σ
≤ C

m∏
j=1

δpjσ((xji )
n
i=1). (2.10)

The space of all such mappings is denoted by Lσas,(p;p1,...,pm) (X1, ..., Xm;Y ) .
In this case, we define

‖T‖Lσ
as(p;p1,...,pm)

= inf {C > 0 : C satisfies (2.10)} ,

and we denote by Lσas,(p;p1,...,pm) (X1, ..., Xm;Y ) the class of these mappings.

For σ = 0, we have L0
as,(p;p1,...,pm) (X1, ..., Xm;Y ) = Las,(p;p1,...,pm) (X1, ..., Xm;Y ).

As an easy consequence of the definition, we have the following

Remark 2.2.4. If T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ). Then

‖T‖ ≤ ‖T‖Lσ
as,(p;p1,...,pm)

(2.11)

In order to see this, we will write (2.10) for n = 1. Thus, for all xj ∈ Xj, (1 ≤ j ≤ m),
we obtain

‖T (x1, ..., xm)‖ ≤ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

sup
φj∈BX∗

j

|φj(xj)|
1−σ ‖xj‖σ

≤ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

sup
φj∈BX∗

j

‖φj‖ ‖xj‖
1−σ ‖xj‖σ

≤ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

‖xj‖

Hence, ‖T‖ ≤ ‖T‖Lσ
as,(p;p1,...,pm)

.
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The next proposition asserts that the class of (p; p1, ..., pm;σ)-absolutely m-linear
mappings is a Banach multi-ideal.

Proposition 2.2.5. The class (Lσas,(p;p1,...,pm), ‖.‖Lσ
as,(p;p1,...,pm)

) is a Banach ideal of

multilinear mappings.

Proof. (i) It is clear that T ≡ 0 ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ). By (2.11), if

‖T‖Lσ
as,(p;p1,...,pm)

= 0 then T ≡ 0.

Let S, T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ) and (xji )
n
i=1 ⊂ Xj(j = 1, ...,m). Then∥∥((S + T )(x1

i , ..., x
m
i )
)n
i=1

∥∥
p

1−σ

≤
∥∥(S(x1

i , ..., x
m
i )
)n
i=1

∥∥
p

1−σ
+
∥∥(T (x1

i , ..., x
m
i )
)n
i=1

∥∥
p

1−σ

≤
(
‖S‖Lσ

as,(p;p1,...,pm)
+ ‖T‖Lσ

as,(p;p1,...,pm)

) m∏
j=1

δpjσ((xji )
n
i=1)

which means that S + T is (p; p1, ..., pm;σ)-absolutely continuous and

‖S + T‖Lσ
as,(p;p1,...,pm)

≤ ‖S‖Lσ
as,(p;p1,...,pm)

+ ‖T‖Lσ
as,(p;p1,...,pm)

By a similar argument, for all α ∈ K(α 6= 0) we have∥∥(αT (x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ
= |α|

∥∥(T (x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ

≤ |α| ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

δpjσ((xji )
n
i=1)

hence αT is (p; p1, ..., pm;σ)-absolutely continuous and ‖αT‖Lσ
as,(p;p1,...,pm)

≤ |α| ‖T‖Lσ
as,(p;p1,...,pm)

.

For the reverse inequality, we have T = 1
α
.αT and then∥∥∥∥ 1

α
αT

∥∥∥∥
Lσ
as,(p;p1,...,pm)

≤
∣∣∣∣ 1α
∣∣∣∣ . ‖αT‖Lσas,(p;p1,...,pm)

.

This means
‖αT‖Lσ

as,(p;p1,...,pm)
≥ |α| ‖T‖Lσ

as,(p;p1,...,pm)
.

The case α = 0 is evident by (2.11)
Thus, we have shown that Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ) is a vector subspace of the

space L(X1, ..., Xm;Y ) and that ‖.‖Lσ
as,(p;p1,...,pm)

is a norm on this space.

Now let 0 6= x∗j ∈ X∗ and y ∈ Y . Then by the general Hölder’s inequality and (2.1)
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we get ∥∥(x∗1 ⊗ ...⊗ x∗m ⊗ y(x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ

= ‖y‖
(

n∑
i=1

|x∗1(x1
i )...x

∗
m(xmi )|

p
1−σ

) 1−σ
p

≤ ‖y‖
m∏
j=1

(
n∑
i=1

∣∣x∗j(xji )∣∣ pj1−σ

) 1−σ
pj

= ‖y‖
m∏
j=1

∥∥x∗j∥∥
(

n∑
i=1

∣∣∣∣ x∗j

‖x∗j‖
(xji )

∣∣∣∣
pj

1−σ
) 1−σ

pj

≤ ‖y‖
m∏
j=1

∥∥x∗j∥∥∥∥(xji )
n
i=1

∥∥ pj
1−σ ,ω

≤ ‖y‖
m∏
j=1

∥∥x∗j∥∥ m∏
j=1

δpjσ((xji )
n
i=1).

It follows that x∗1 ⊗ ...⊗ x∗m ⊗ y ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ), which gives

Lf (X1, ..., Xm;Y ) ⊂ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ),

since the first space is generated by the mappings of the form

x∗1 ⊗ ...⊗ x∗m ⊗ y : (x1, ..., xm)→ x∗1 (x1) ...x∗m (xm) y.

In order to prove that
(
Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ), ‖.‖Lσ

as,(p;p1,...,pm)

)
is a Banach

space, we will consider a Cauchy sequence (Tn)n∈N ⊂ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ).
Hence for all ε > 0, there exists nε ∈ N such that

‖Tn − Tk‖Lσ
as,(p;p1,...,pm)

< ε, for all n, k ≥ nε.

By Remark (2.2.4), we have

‖Tn − Tk‖ ≤ ‖Tn − Tk‖Lσ
as,(p;p1,...,pm)

< ε,

which means that (Tn)n∈N is a Cauchy sequence in the Banach space L(X1, ..., Xm;Y ).
Thus, it exists T ∈ L(X1, ..., Xm;Y ) such that ‖Tn − T‖ −→ 0.
Now, let (xji )

N
i=1 ⊂ Xj(j = 1, ...,m). Since Tn − Tk is (p; p1, ..., pm;σ)-absolutely

continuous m-linear mapping, it follows that for every n, k ≥ nε, we have∥∥∥(Tn − Tk)(x1
i , ..., x

m
i ))

N
i=1

∥∥∥
p

1−σ

≤ ‖Tn − Tk‖Lσ
as,(p;p1,...,pm)

m∏
j=1

δpjσ
(
(xji )

N
i=1

)
< ε

m∏
j=1

δpjσ
(
(xji )

N
i=1

)
.

Since Tn(x1, ..., xm) → T (x1, ..., xm) for all xj ∈ Xj(j = 1, ...,m) and after passing
to the limit for k → +∞, we obtain that for every n ≥ nε,∥∥∥(Tn − T )(x1

i , ..., x
m
i )
)N
i=1

∥∥∥
p

1−σ

< ε

m∏
j=1

δpjσ
(
(xji )

N
i=1

)
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which means that (Tn − T ) ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ) and hence,

T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ).

In addition,
‖Tn − T‖Lσ

as,(p;p1,...,pm)
< ε, for all n ≥ nε

i.e. the sequence (Tn)n∈N is convergent to T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ) with

respect to the (p; p1, ..., pm;σ) -absolutely continuous norm, ‖.‖Lσ
as,(p;p1,...,pm)

.

(ii) Ideal property: let T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ), v ∈ L(Y, F ) and uj ∈
L(Ej, Xj), j = 1, ...,m. For all (eji )

n
i=1 ⊂ Ej(j = 1, ...,m) we have∥∥((v ◦ T ◦ (u1, ..., um)(e1

i , ..., e
m
i ))

n
i=1

∥∥
p

1−σ

≤ ‖v‖
∥∥(T (u1(e1

i ), ..., um(emi )))
n
i=1

∥∥
p

1−σ

≤ ‖v‖ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

sup
φj∈BX∗

j

(
n∑
i=1

(∣∣φj(uj(eji ))∣∣1−σ ∥∥uj(eji )∥∥σ) pj
1−σ
) 1−σ

pj

≤ ‖v‖ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

‖uj‖ sup
φj∈BX∗

j

(
n∑
i=1

(∣∣∣φj◦uj‖uj‖ (eji )
∣∣∣1−σ ∥∥eji∥∥σ)

pj
1−σ
) 1−σ

pj

≤ ‖v‖ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

‖uj‖
m∏
j=1

δpjσ
(
(eji )

n
i=1

)
,

which means that v ◦ T ◦ (u1, ..., um) is (p; p1, ..., pm;σ)-absolutely continuous and

‖v ◦ T ◦ (u1, ..., um)‖Lσ
as,(p;p1,...,pm)

≤ ‖v‖ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

‖uj‖ .

Let (λji )
n
i=1 ⊂ K(j = 1, ...,m). Again, by using a general form of Hölder’s inequality,

(1.2) and (2.1) we obtain∥∥(Tm(λ1
i , ..., λ

m
i ))

n
i=1

∥∥
p

1−σ
= ‖(λ1

i ...λ
m
i )ni=1‖ p

1−σ

≤
m∏
j=1

∥∥(λji )
n
i=1

∥∥ pj
1−σ

=
m∏
j=1

∥∥(λji )
n
i=1

∥∥ pj
1−σ ,ω

≤
m∏
j=1

δpjσ
(
(λji )

n
i=1

)
Hence, Tm ∈ Lσas,(p;p1,...,pm)(

mK;K) and ‖Tm‖Lσ
as,(p;p1,...,pm)

≤ 1. For the reverse in-

equality, we have that

1 = ‖Tm‖ ≤ ‖Tm‖Lσ
as,(p;p1,...,pm)

,

and we obtain ‖Tm‖Lσ
as,(p;p1,...,pm)

= 1.
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As in the classical cases, the natural way of presenting the summability properties of
our m-linear operators is by defining the corresponding m-linear mapping between
adequate sequence spaces. An m-linear operator T ∈ L(X1, . . . , Xm;Y ) induces an

m-linear operator T̂ mapping ˆ̀p1σ(X1)× . . .× ˆ̀pmσ(Xm) into Y N that is given by

T̂
(
(x1

i )
∞
i=1, . . . , (x

m
i )∞i=1

)
= (T (x1

i , . . . , x
m
i ))∞i=1,

for (xji )
∞
i=1 ∈ `pjσ(Xj) and

T̂
(
φ1, . . . , φm

)
= ( lim

n−→+∞
T (x1,n

i , . . . , xm,ni ))∞i=1,

for φj ∈ ˆ̀pjσ(Xj) with φj = lim
n−→+∞

(xj,ni )∞i=1 in ˆ̀pjσ(Xj) and (xj,ni )∞i=1 ∈ `pjσ(Xj), j =

1, ...,m, for each n ∈ N.

Proposition 2.2.6. For T ∈ L(X1, . . . , Xm;Y ) the following conditions are equiv-
alent:

(a) T is (p; p1, . . . , pm;σ)-absolutely continuous.

(b) If (xji )
∞
i=1 ∈ `pjσ(Xj), for j = 1, . . . ,m, then (T (x1

i , . . . , x
m
i ))∞i=1 ∈ ` p

1−σ
(Y ).

(c) The mapping T̂ : ˆ̀p1σ(X1) × . . . × ˆ̀pmσ(Xm) → ` p
1−σ

(Y ) is well-defined and
continuous.

In this case ‖T‖Lσ
as(p;p1,...,pm)

= ‖T̂‖.

Proof. (c)⇒ (a) and (c)⇒ (b). Assume that T̂ , already defined, is well-defined and
continuous.
Let (xji )

n
i=1 ⊂ Xj, j = 1, ...,m. From the continuity of T̂ and (2.3) we obtain∥∥(T (x1

i , ..., x
m
i ))

n
i=1

∥∥
p

1−σ
=

∥∥∥T̂ ((x1
i )
n
i=1, ..., (x

m
i )ni=1)

∥∥∥
≤

∥∥∥T̂∥∥∥ m∏
j=1

∥∥(xji )
n
i=1

∥∥
pj,σ

≤
∥∥∥T̂∥∥∥ m∏

j=1

δpjσ

((
xji
)n
i=1

)
.

Hence T ∈ Lσas,(p;p1,...,pm)(X1, ..., Xm;Y ) and ‖T‖Lσ
as,(p;p1,...,pm)

≤
∥∥∥T̂∥∥∥ .

Let (xji )
∞
i=1 ∈ `pjσ(Xj), j = 1, ...m. Again T̂ is continuous; in fact we have∥∥(T (x1

i , ..., x
m
i ))

∞
i=1

∥∥
p

1−σ
=

∥∥∥T̂ ((x1
i )
∞
i=1, ..., (x

m
i )∞i=1)

∥∥∥
≤

∥∥∥T̂∥∥∥ m∏
j=1

∥∥(xji )
∞
i=1

∥∥
pj,σ

<∞.

It follows that (T (x1
i , ..., x

m
i ))

∞
i=1 ∈ ` p

1−σ
(Y ). Thus, (b) is proved.
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(a) ⇒ (b) and (a) ⇒ (c). Assume that T ∈ Lσas(p;p1,...,pm)(X1, . . . , Xm;Y ). Note first

that if (xji )
∞
i=1 ∈ Hpj ,σ(Xj), j = 1, . . . ,m, we have∥∥(T (x1

i , ..., x
m
i ))

∞
i=1

∥∥
p

1−σ
= sup

n

∥∥(T (x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ

≤ ‖T‖Lσ
as,(p;p1,...,pm)

sup
n

m∏
j=1

δpjσ

((
xji
)n
i=1

)
= ‖T‖Lσ

as,(p;p1,...,pm)

m∏
j=1

δpjσ

((
xji
)∞
i=1

)
.

Now let (xji )
∞
i=1 ∈ `pjσ(Xj), j = 1, . . . ,m. For each j = 1, . . . ,m and ε > 0, there

exists (x
j,lj
i )∞i=1 ∈ Hpj ,σ(Xj) such that

(xji )
∞
i=1 =

kj∑
lj=1

(x
j,lj
i )∞i=1 and

kj∑
lj=1

δpjσ

(
(x

j,lj
i )∞i=1

)
≤ ε+

∥∥(xji )
∞
i=1

∥∥
pj ,σ

.

So we have

∥∥(T (x1
i , . . . , x

m
i

))∞
i=1

∥∥
p

1−σ
≤

k1∑
l1=1

· · ·
km∑
lm=1

∥∥∥(T (x1,l1
i , . . . , xm,lmi

))∞
i=1

∥∥∥
p

1−σ

≤ ‖T‖Lσ
as,(p;p1,...,pm)

k1∑
l1=1

...
km∑
lm=1

m∏
j=1

δpjσ

((
x
j,lj
i

)∞
i=1

)
= ‖T‖Lσ

as(p;p1,...,pm)

(
k1∑
l1=1

δp1σ

(
(x1,l1

i )∞i=1

))
· · ·

(
km∑
lm=1

δpmσ

(
(xm,lmi )∞i=1

))
≤ ‖T‖Lσ

as(p;p1,...,pm)

(
ε+

∥∥(x1
i )
∞
i=1

∥∥
p1,σ

)
· · ·
(
ε+ ‖(xmi )∞i=1‖pm,σ

)
.

Since this holds for all ε > 0, we obtain

∥∥(T (x1
i , . . . , x

m
i

))∞
i=1

∥∥
p

1−σ
≤ ‖T‖Lσ

as(p;p1,...,pm)

m∏
j=1

∥∥(xji )
∞
i=1

∥∥
pj ,σ

.

Then it follows that T : `p1σ(X1) × . . . × `pmσ(Xm) → ` p
1−σ

(Y ) is well-defined and

continuous with norm ≤ ‖T‖Lσ
as(p;p1,...,pm)

. It can shown as in the Theorem 2.2.10 that

this mapping is well-defined. Its continuous extension to ˆ̀p1σ(X1)× . . .× ˆ̀pmσ(Xm)

coincides with the mapping T̂ : ˆ̀p1σ(X1)×. . .× ˆ̀pmσ(Xm)→ ` p
1−σ

(Y ) already defined

and we see that (a) implies (b) and (a) implies (c) with

‖T̂‖ ≤ ‖T‖Lσ
as(p;p1,...,pm)

.

(b)⇒ (c). First, for all φj ∈ ˆ̀pjσ(Xj) we have

φj = lim
n−→+∞

xj,ni
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with (xj,ni )∞i=1 ∈ `pjσ(Xj), j = 1, ...,m, for all n ∈ N. Now fix k ∈ {1, ...,m}. For all

φj ∈ ˆ̀pkσ(Xj), j 6= k we define the linear mapping

T̂k : ˆ̀pkσ(Xk)→ Y N, T̂k(φ
k) = ( lim

n−→+∞
T (x1,n

i , . . . , xk,ni , ...xm,ni ))∞i=1.

By the hypothesis we have T̂k

(
ˆ̀pkσ(Xk)

)
⊂ ` p

1−σ
(Y ). Then by the proof of [41, The-

orem 1.7 (2⇒1)]) we see T̂k is continuous for all φj ∈ ˆ̀pjσ(Xj), j ∈ {1, ...,m}, j 6= k.

It follows that T̂ is separately continuous between Banach spaces, hence continuous
[27, page 8].

Proposition 2.2.7. (Inclusion Theorem).
Let p ≤ q, pj ≤ qj(1 ≤ j ≤ m). If 1

p1
+ ...+ 1

pm
− 1

p
≤ 1

q1
+ ...+ 1

qm
− 1

q
, then

Lσas,(p;p1,...,pm) (X1, ..., Xm;Y ) ⊂ Lσas,(q;q1,...,qm) (X1, ..., Xm;Y ) .

Proof. If 1
p1

+ ...+ 1
pm
− 1

p
< 1

q1
+ ...+ 1

qm
− 1

q
, then there exists t > 0 such that

1
p1

+ ...+ 1
pm
− 1

p
= 1

q1
+ ...+ 1

qm
− 1

q
− 1

t
.

Considering 1
s

= 1
q

+ 1
t
, we have

1
p1

+ ...+ 1
pm
− 1

p
= 1

q1
+ ...+ 1

qm
− 1

s
.

Considering also 1 ≤ r, rj <∞ with 1
r

+ 1
s

= 1
p
, 1
rj

+ 1
qj

= 1
pj

(1 ≤ j ≤ m) it follows

that 1
r1

+ ...+ 1
rm

= 1
r
.

Now select a multilinear mapping T in Lσas,(p;p1,...,pm) (X1, ..., Xm;Y ) and xj1, ..., x
j
n ∈

Xj, for j = 1, ..,m. Then, with λji = ‖T (x1
i , ..., x

m
i )‖

s
rj , we have

∥∥T (λ1
ix

1, ..., λmi x
m)
∥∥ p

1−σ =
m∏
j=1

∥∥T (x1
i , ..., x

m
i )
∥∥ s
rj

p
1−σ
∥∥T (x1

i , ..., x
m
i )
∥∥ p

1−σ

=
∥∥T (x1

i , ..., x
m
i )
∥∥ ps
r(1−σ)+ p

1−σ

=
∥∥T (x1

i , ..., x
m
i )
∥∥ s

1−σ
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An application of Hölder’s inequality reveals that(
n∑
i=1

‖T (x1
i , ..., x

m
i )‖

s
1−σ

) 1−σ
p

=

(
n∑
i=1

‖T (λ1
ix

1
i , ..., λ

m
i x

m
i )‖

p
1−σ

) 1−σ
p

≤ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

δpjσ

((
λjix

j
i

)n
i=1

)
= ‖T‖Lσ

as,(p;p1,...,pm)

m∏
j=1

sup
φj∈BX∗

j

(
n∑
i=1

(
λji
∣∣φj(xji )∣∣1−σ ∥∥xji∥∥σ) pj

1−σ
) 1−σ

pj

≤ ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

sup
φj∈BX∗

j

(
n∑
i=1

∣∣λji ∣∣ rj1−σ

) 1−σ
rj

(
n∑
i=1

(∣∣φj(xji )∣∣1−σ ∥∥(xji )
∥∥σ) qj

1−σ
) 1−σ

qj

= ‖T‖Lσ
as,(p;p1,...,pm)

m∏
j=1

(
n∑
i=1

‖T (x1
i , ..., x

m
i )‖

s
1−σ

) 1−σ
rj

δqjσ
(
(xji )

n
i=1

)
= ‖T‖Lσ

as,(p;p1,...,pm)

(
n∑
i=1

‖T (x1
i , ..., x

m
i )‖

s
1−σ

) 1−σ
r m∏

j=1

δqjσ

((
xji
)n
i=1

)
.

Since 1−σ
p
− 1−σ

r
= 1−σ

s
, we end up with∥∥(T (x1

i , ..., x
m
i ))

n
i=1

∥∥
s

1−σ
≤ ‖T‖Lσ

as,(p;p1,...,pm)

m∏
j=1

δqjσ

((
xji
)n
i=1

)
.

It is clear that 1
s

= 1
q

+ 1
t

implies q > s, and further

∥∥(T (x1
i , ..., x

m
i

))n
i=1

∥∥
q

1−σ
≤
∥∥(T (x1

i , ..., x
m
i

))n
i=1

∥∥
s

1−σ
≤ ‖T‖Lσ

as,(p;p1,...,pm)

m∏
j=1

δqjσ

((
xji
)n
i=1

)
.

Hence T ∈ Lσas,(q;q1,...,qm) (X1, ..., Xm;Y ) and ‖T‖Lσ
as,(q;q1,...,qm)

≤ ‖T‖Lσ
as,(p;p1,...,pm)

.

A relevant special case of (p; p1, ..., pm;σ)-absolutely continuous m-linear map-
pings is when we have 1

p
= 1

p1
+...+ 1

pm
. In this situation —and following the standard

notations in similar cases—, we will call the mappings dominated (p1, ..., pm;σ)-
continuous and we will denote the corresponding Banach space by

(Lσd,(p1,...,pm)(X1, ..., Xm;Y ), ‖.‖Lσ
d,(p1,...,pm)

).

We can establish the following comparison between the classes of dominated (p1, ..., pm;σ)-
continuous and (p1, ..., pm)-dominated m-linear mappings.

Proposition 2.2.8. Let 1 ≤ pj, p <∞, j = 1, ...,m such that 1
p

= 1
p1

+ ...+ 1
pm

and
0 ≤ σ < 1. Then

Ld,( p1
1−σ ,...,

pm
1−σ ) (X1, ..., Xm;Y ) ⊂ Lσd,(p1,...,pm) (X1, ..., Xm;Y ) .
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Consequently,

Ld,(p1,...,pm) (X1, ..., Xm;Y ) ⊂ Lσd,(p1,...,pm) (X1, ..., Xm;Y ) .

Proof. Let T ∈ Ld,( p1
1−σ ,...,

pm
1−σ )(X1, ...Xm;Y ) and let (xji )

n
i=1 ⊂ Xj(1 ≤ j ≤ m). By

using the inequality (2.1), we have∥∥(T (x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ
≤ ‖T‖Ld,(p1,...,pm)

m∏
j=1

∥∥(xji )
n
i=1

∥∥ pj
1−σ ,ω

≤ ‖T‖Ld,(p1,...,pm)

m∏
j=1

δpjσ
(
(xji )

n
i=1

)
.

Then T ∈ Lσd,(p1,...,pm)(X1, ...Xm;Y ), in addition we have

‖T‖Lσ
d,(p1,...,pm)

≤ ‖T‖Ld,(p1,...,pm)
.

Now we have p ≤ p
1−σ and pj ≤ pj

1−σ , (j = 1, ...,m) then by Proposition 2.2.2 we
obtain

Ld,( p1
1−σ ,...,

pm
1−σ )(X1, ...Xm;Y ) ⊂ Ld,(p1,...,pm)(X1, ...Xm;Y ).

Consequently,

Ld,(p1,...,pm)(X1, ...Xm;Y ) ⊂ Lσd,(p1,...,pm)(X1, ...Xm;Y ).

2.2.2 Domination and factorization theorems

In the case of (p, σ)-absolutely continuous linear mappings it is possible to obtain
a Domination Theorem as the one that holds for p-summing linear operators (see
Theorem 2.1.8). It can be also extended to the multilinear case. For the proof of
this domination theorem we use the full general Pietsch domination theorem recently
presented by D. Pellegrino et al. in [56].

Theorem 2.2.9. Let 1 ≤ p, p1, ..., pm < ∞ with 1
p

= 1
p1

+ ... + 1
pm

and 0 ≤ σ < 1.

An m-linear mapping T ∈ L (X1, ..., Xm;Y ) is dominated (p1, ..., pm;σ)-continuous
if and only if there is a constant C > 0 and regular Borel probability measures
µj on BX∗j

, 1 ≤ j ≤ m, (with the weak star topology) so that for all (b1, ..., bm) ∈
X1 × ....×Xm the inequality

∥∥T (b1, ..., bm)
∥∥ ≤ C

m∏
j=1

∫
BX∗

j

(
∣∣φ(bj)

∣∣1−σ ∥∥bj∥∥σ)
pj

1−σ dµj(φ)

 1−σ
pj

(2.12)

is valid.
The infimum of all these possible C is equal to ‖T‖Lσ

d,(p1,...,pm)
.
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Proof. Note that by choosing the parameters

t = m
Ej = K, j = 1, ..., k
Gj = Xj, j = 1, ...,m
Kj = BX∗j

, j = 1, ...,m

H = L (X1, ..., Xm;Y )

q = p
1−σ , qj =

pj
1−σ , j = 1, ...,m

S(T, x1, ..., xk, b1, ..., bm) = ‖T (b1, ..., bm)‖
Rj(φ, x

1, ..., xk, bj) = |φ(bj)|1−σ ‖bj‖σ , j = 1, ...,m
It is clear that the mapping

(Rj)x1,...,xm,b : BX∗j
→ [0,+∞) , (Rj)x1,...,xm,b(φ) = |φ(b)|1−σ ‖b‖σ ,

is continuous for all b ∈ Xj(j = 1, ...,m). By the homogeneity of the norm, linearity
of φ ∈ BX∗j

and the multi-linearity of the mapping T we obtain

Rj(φ, x
1, ..., xm, ηjb

j) = |φ(ηjb)|1−σ ‖ηjbj‖
σ

= ηj |φ(bj)|1−σ ‖bj‖σ

= ηjRj(φ, x
1, ..., xm, bj)

and

S(T, x1, ..., xm, α1b
1, ..., αmb

m) =
∥∥T (α1b

1, ..., αmb
m)
∥∥

= α1...αm
∥∥T (b1, ..., bm)

∥∥
= α1...αmS(T, x1, ..., xm, b1, ..., bm)

for all 0 ≤ ηj, αj ≤ 1, bj ∈ Xj and φ ∈ BX∗j
(j = 1, ...,m).

Now we can write(
n∑
i=1

(S(T, x1, ..., xm, α1b
1, ..., αmb

m))
q

) 1
q

=

(
n∑
i=1

‖T (b1, ..., bm)‖
p

1−σ

) 1−σ
p

and

m∏
j=1

sup
φ∈Kj

(
n∑
i=1

Rj(φ, x
1
i , ..., x

m
i , b

j
i )
qj

) 1
qj

=
m∏
j=1

sup
φ∈BX∗

j

(
n∑
i=1

(∣∣φ(bji )
∣∣1−σ ∥∥bji∥∥σ) pj

1−σ
) pj

1−σ

.

Thus, T : X1× ...×Xm −→ Y is dominated (p1, ..., pm;σ)-continuous if and only if T
isR1, ..., Rm-S-abstract ( p1

1−σ , ...,
pm
1−σ )-summing. The generalized Pietsch domination

theorem, [56, Theorem 4.6], tells us that T is R1, ..., Rm-S-abstract ( p1
1−σ , ...,

pm
1−σ )-

summing (see [56, Definition 4.4]) if and only if there is a C > 0 and there are
regular Borel probability measures µj on BX∗j

, j = 1, ...,m, such that

S(T, x1, ..., xk, b1, ..., bt) ≤ C
t∏

j=1

∫
BX∗

j

Rj(φ, x
1, ..., xk, bj)

pj
1−σ dµj(φ)

 1−σ
pj
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i.e; ∥∥T (b1, ..., bm)
∥∥ ≤ C

m∏
j=1

∫
BX∗

j

(
∣∣φ(bj)

∣∣1−σ ∥∥bj∥∥σ)
pj

1−σ dµj(φ)

 1−σ
pj

and we obtain the inequality in the statement of the theorem.

It is likely that the class of dominated (p1, ..., pm;σ)-continuous m-linear map-
pings has a nice factorization theorem, like its linear version.

Theorem 2.2.10. (Multilinear Version)
Let 1 ≤ p, p1, ..., pm <∞ with 1

p
= 1

p1
+ ...+ 1

pm
and 0 ≤ σ < 1. Then

T ∈ Lσd,(p1,...,pm) (X1, ..., Xm;Y )

if and only if there exist Banach spaces G1, ..., Gm, (pj, σ)-absolutely continuous
linear operators uj ∈ L(Xj, Gj) and an m-linear mapping S ∈ L(G1, ..., Gm;Y ) so
that

T = S ◦ (u1, ..., um).

Moreover,

‖T‖Lσ
d,(p1,...,pm)

= inf

{
‖S‖

m∏
j=1

πpj,σ (uj) : T = So(u1, ..., um)

}
.

In other words, we say that the class Lσd,(p1,...,pm) is the Banach multi-ideal generated

by the factorization method from the Banach operator ideals Πp1,σ, ...,Πpm,σ (see
Theorem 1.4.10) i.e.,

Lσd,(p1,...,pm) = L(Πp1,σ, ...,Πpm,σ).

Proof. For the “if” part, if T has such a factorization, we have

∥∥T (x1, ..., xm)
∥∥ =

∥∥S (u1

(
x1
)
, ..., um (xm)

)∥∥ ≤ ‖S‖ m∏
j=1

‖uj (xj)‖ ,

for all (x1, ..., xm) ∈ X1 × ....×Xm.
We know that (see Theorem 2.1.8), for each j = 1, ...,m, there is a regular Borel
probability measure µj on BX∗j

, such that

‖uj (xj)‖ ≤ πpj,σ (uj) (
∫
BX∗

j

(
|〈xj, φ〉|1−σ ‖xj‖σ

) pj
1−σ

dµj)
1−σ
pj , xj ∈ Xj.
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Now we have

∥∥T (x1, ..., xm)
∥∥ ≤ ‖S‖ m∏

j=1

πpj,σ (uj)
m∏
j=1

(

∫
BX∗

j

(∣∣〈xj, φ〉∣∣1−σ ∥∥xj∥∥σ) pj
1−σ

dµj)
1−σ
pj .

Therefore, by Theorem 2.2.9, T is dominated (p1, ..., pm;σ)-continuous and

‖T‖Lσ
d,(p1,...,pm)

≤ ‖S‖
m∏
j=1

πpj,σ (uj) .

To prove the “only if” part, take T ∈ Lσd,(p1,...,pm) (X1, ...., Xm;Y ). Then, by Theorem
2.2.9, there exist regular Borel probability measures µj on BX∗j

such that for all

(x1, ..., xm) ∈ X1 × ....×Xm we have

∥∥T (x1, ..., xm)
∥∥ ≤ ‖T‖Lσ

d,(p1,...,pm)

m∏
j=1

(

∫
BX∗

j

(∣∣〈xj, φ〉∣∣1−σ ∥∥xj∥∥σ) pj
1−σ

dµj(φ))
1−σ
pj .

We now consider the linear operator uj : Xj → Lpj ,σ(µj), uj(x
j) = [〈xj, .〉]. (It is

the inclusion/quotient mapping described in Proposition 2.1.21.)
Since ‖〈xj, .〉‖ = sup

φ∈BX∗
j

|〈xj, φ〉| = ‖xj‖ for all xj ∈ Xj and 1 ≤ j ≤ m, we have

∥∥u
j
(xj)

∥∥ = inf

{
n∑
k=1

∥∥〈xjk, .〉∥∥σ .(∫BX∗
j

∣∣〈xjk, φ〉∣∣pj dµj) 1−σ
pj

, 〈xj, .〉 =
n∑
k=1

〈
xjk, .

〉}

≤ ‖〈xj, .〉‖σ .
(∫

BX∗
j

|〈xj, φ〉|pj dµj
) 1−σ

pj

= ‖xj‖σ .
(∫

BX∗
j

|〈xj, φ〉|pj dµj
) 1−σ

pj

.

Then uj is (pj, σ)-absolutely continuous with πpj ,σ (uj) ≤ 1 (see Theorem 2.1.8).

Let S0 be the m-linear operator defined on u1(X1)× ...× um(Xm) by

S0(u1

(
x1
)
, ..., um (xm)) := T (x1, ..., xm).

We prove that the mapping S0 is well defined and continuous, so we have∥∥S0

(
u1

(
x1
)
, ..., um (xm)

)∥∥ ≤ ‖T‖Lσ
d,(p1,...,pm)

m∏
j=1

(

∫
BX∗

j

(∣∣〈xj, φ〉∣∣1−σ ∥∥xj∥∥σ) pj
1−σ

dµj)
1−σ
pj .

Fix j = 1 and ε > 0. Then there exists (x1
k)
n
k=1 ⊂ X1 such that x1 =

n∑
k=1

x1
k and

n∑
k=1

∥∥x1
k

∥∥σ .(∫
BX∗1

∣∣〈x1
k, φ
〉∣∣p1 dµ1

) 1−σ
p1

≤ ε+
∥∥[〈x1, .

〉]∥∥
p1 ,σ

.
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We have

‖S0 (u1 (x1) , ..., um (xm))‖

=

∥∥∥∥S0

(
u1

(
n∑
k=1

x1
k

)
, ..., um (xm)

)∥∥∥∥
≤

n∑
k=1

‖S0 (u1 (x1
k) , ..., um (xm))‖

≤ ‖T‖Lσ
d,(p1,...,pm)

n∑
k=1

‖x1
k‖

σ
.

(∫
BX∗1
|〈x1

k, φ〉|
p1 dµ1

) 1−σ
p1

×
m∏
j=2

(
∫
BX∗

j

(
|〈xj, φ〉|1−σ ‖xj‖σ

) pj
1−σ

dµj)
1−σ
pj

≤ ‖T‖Lσ
d,(p1,...,pm)

(
ε+ ‖[〈x1, .〉]‖p1 ,σ

) m∏
j=2

(
∫
BX∗

j

(
|〈xj, φ〉|1−σ ‖xj‖σ

) pj
1−σ

dµj)
1−σ
pj .

We can write the same domination result for j = 2, with this new domination, to
obtain

‖S0 (u1 (x1) , ..., um (xm))‖
≤ ‖T‖Lσ

d,(p1,...,pm)

(
ε+ ‖[〈x1, .〉]‖p1 ,σ

)(
ε+ ‖[〈x2, .〉]‖p2 ,σ

)
×

m∏
j=3

(
∫
BX∗

j

(
|〈xj, φ〉|1−σ ‖xj‖σ

) pj
1−σ

dµj)
1−σ
pj .

By induction, we get

∥∥S0

(
u1

(
x1
)
, ..., um (xm)

)∥∥ ≤ ‖T‖Lσ
d,(p1,...,pm)

m∏
j=1

(
ε+

∥∥[〈xj, .〉]∥∥
pj ,σ

)
.

Since this is true for all ε > 0, we obtain

∥∥S0

(
u1

(
x1
)
, ..., um (xm)

)∥∥ ≤ ‖T‖Lσ
d,(p1,...,pm)

m∏
j=1

∥∥[〈xj, .〉]∥∥
pj ,σ

. (2.13)

For simplicity we show that S0 is well defined for the case of bilinear mappings
S0 : u1(X1)×u2(X2)→ Y , but our reasonings extend without further complications
to more spaces.
Assume that (x1, x2), (x′1, x′2) ∈ X1 ×X2 satisfy that

(u1(x1), u2(x2)) = (u1(x′1), u2(x′2)).

It follow that ‖uj(xj − x′j)‖pj ,σ = ‖uj(xj)− uj(x′j)‖pj ,σ = 0 with j = 1, 2.

Let us show that T (x1, x2) = T (x′1, x′2) (and then the operator S0 is well-defined).
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By the inequality (2.13) we have

‖T (x1, x2)− T (x′1, x′2)‖
= ‖T (x1, x2)− T (x′1, x2) + T (x′1, x2)− T (x′1, x′2)‖
≤ ‖T (x1 − x′1, x2)‖+ ‖T (x′1, x2 − x′2)‖
≤ ‖T‖Lσ

d,(p1,p2)
‖u1(x1 − x′1)‖p1,σ ‖u2(x2)‖p2,σ

+ ‖T‖Lσ
d,(p1,p2)

‖u1(x′1)‖p1,σ ‖u2(x2 − x′2)‖p2,σ
= 0.

Again the inequality (2.13) gives the continuity of S0 on u1(X1)× ...× um(Xm) and
has a unique extension S to u1(X1)× ...× um(Xm) = G1 × ...×Gm with

Gj := uj(Xj) = Lpj ,σ(µj), j = 1, ...,m.

Moreover we have
‖S‖ = ‖S0‖ ≤ ‖T‖Lσ

d,(p1,...,pm)
.

Finally, note that T = S ◦ (u1, ..., um) where uj ∈ Πpj ,σ(Xj, Gj), (1 ≤ j ≤ m),
S ∈ L(G1, ..., Gm;Y ) and

‖S‖
m∏
j=1

πpj,σ (uj) ≤ ‖T‖Lσ
d,(p1,...,pm)

.

This completes the proof.

Compactness of multilinear mappings is in general a property that is not easy to
characterize, and it is nowadays not very well known. In what follows we prove that
under certain summability conditions we can assure that the multilinear mapping is
compact. We relax the requirements that are necessary for the case of p-summing
multilinear mappings by using Corollary 2.1.22 and the factorization theorem for
the class of dominated (p1, ..., pm;σ)-continuous multilinear mappings that we have
proved (the previous theorem).

Corollary 2.2.11. Let Y a Banach space, 0 ≤ σ < 1 and 1 ≤ p, p1, ..., pm <
∞ with 1

p
= 1

p1
+ ... + 1

pm
and let X1, ..., Xm be reflexive Banach spaces. If T ∈

Lσd,(p1,...,pm) (X1, ..., Xm;Y ), then T is compact.

Proof. By the previous theorem there exist Banach spaces Gj, mappings uj ∈
Πpj ,σ(Xj, Gj), j = 1, ...,m and S ∈ L(G1, ..., G1;Y ) such that

T = S ◦ (u1, ..., um).

Corollary 2.1.22 asserts that uj(j = 1, ...,m) is a compact linear operator. On the
other hand,

T (BX1 × ...×BXm) = S(u1(BX1)× ...× um(BXm)).

By the compactness of uj(j = 1, ...,m) and the continuity of S the set T (BX1× ...×
BXm) is a relatively compact subset of Y .
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D. Ruch in [65, Proposition 8] proved that the bilinear mapping T ∈ L (X1, X2; c0)
has the form

T (x1, x2) =
(
bn(x1, x2)

)
n

with ‖bn‖ −→ 0, bn ∈ L (X1, X2;K), if and only if T is compact. As a consequence
of this result we have the following

Corollary 2.2.12. Let X1, X2 be reflexive Banach spaces and T ∈ Lσd,(p1,p2) (X1, X2; c0).

Then T can be written as T (x1, x2) = (bn(x1, x2))n for a norm null sequence (bn)n
of continuous bilinear forms.

Regarding Proposition 2.2.8 and Theorem 2.2.10, let us show with some examples
the difference between absolutely summing and absolutely continuous multilinear
mappings.

Example 2.2.13. Let m ∈ N,m ≥ 2, p > 1 and 0 < σ < 1 such that p∗ < p
1−σ and

p > m. Consider the m-linear mapping

S : ` p
1−σ
× ...× ` p

1−σ
→ ` p

1−σ
, S

(
x1, ..., xm

)
=
(
x1
ix

2
i ...x

m
i

)∞
i=1

,

where xj = (xji )
∞
i=1 ∈ ` p

1−σ
, j = 1, ...,m. Consider also u ∈ L(`p∗ , ` p

1−σ
) defined

by u(ei) = (1
i
)
1
p ei, where (ei)

∞
i=1 is the unit vector basis of `p∗. The m-linear map-

ping T ∈ L
(
`p∗ , ..., `p∗ ; ` p

1−σ

)
given by T = S ◦ (u, ..., u) is dominated (p, ..., p;σ)-

continuous but it is not (p, ..., p)-dominated.

In order to see this, note that by [41, Example 1.9 ] we have u ∈ Πp,σ(`p∗ , ` p
1−σ

). It is

easy to see that S is well-defined. Since 1−σ
p

= 1−σ
mp

+ ...+ 1−σ
mp

, by Hölder’s inequality
we have

‖S (x1, ..., xm)‖ =
∥∥(x1

i ...x
m
i )
∞
i=1

∥∥
p

1−σ

≤
∥∥(x1

i )
∞
i=1

∥∥
mp
1−σ

... ‖(xmi )∞i=1‖ mp
1−σ

≤
∥∥(x1

i )
∞
i=1

∥∥
p

1−σ
... ‖(xmi )∞i=1‖ p

1−σ
(because mp

1−σ ≥
p

1−σ )

= ‖x1‖ ... ‖xm‖ .

It follows that S is continuous and ‖S‖ ≤ 1. Then by Theorem 2.2.10 we have

T ∈ Lσd,(p,...,p)
(
`p∗ , ..., `p∗ ; ` p

1−σ

)
.

On the other hand,

‖(ei)∞i=1‖p,ω = sup
φ∈(`p∗ )∗,‖φ‖≤1

(
∞∑
i=1

|φ(ei)|p
) 1

p

= sup
(φi)∞i=1∈`p,‖(φi)∞i=1‖p≤1

(
∞∑
i=1

|φi|p
) 1

p

= 1.

But

‖(T (ei, ..., ei))
∞
i=1‖ p

m
=

∥∥∥∥( 1

i
m
p

)∞
i=1

∥∥∥∥
p
m

=

(
∞∑
i=1

1

i

)m
p

=∞,
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i.e. (ei)
∞
i=1 ∈ `ωp (`p∗) but (T (ei, ..., ei))

∞
i=1 /∈ ` pm (` p

1−σ
).

By Definition 1.4.16, this implies that,

T /∈ Ld,(p,...,p)
(
`p∗ , ..., `p∗ ; ` p

1−σ

)
.

Example 2.2.14. A bit more elaborated example of this kind can be given in
the setting of the Hilbert spaces. Let L2 be the Hilbert space L2[0, 1], and L1

the corresponding L1-space. For the case, p = 2 and 0 ≤ σ < 1 it is known
that the ideal of (2, σ)-absolutely continuous operators between a couple of Hilbert
spaces coincides with the one of 2

1−σ -approximable operators (see 15.5 in [61] for
the definition, and Proposition 5.1 in [46] for the result). It is also known that
for all 1 ≤ r < ∞, r-summing operators and 2-approximable operators (Hilbert-
Schmidt operators) coincide on Hilbert spaces (see Theorem 22.1.8 in [61]). This
allows to construct an easy example of a bilinear mapping T : L2×L2 → L1 which is
dominated (2, 2;σ)-continuous but is not ( 2

1−σ ,
2

1−σ )-dominated. Let 0 < σ < 1, and
define such a T as T (f 1, f 2) := u(f 1) ·u(f 2), where u : L2 → L2 is a (2, σ)-absolutely
continuous that is not a 2

1−σ -summing operator and “·” is the pointwise product of
elements in L2. Take n couples (f 1

1 , f
2
1 )...(f 1

n, f
2
n) of elements of L2. Then, using

Hölder’s inequality and taking into account that u is (2, σ)-absolutely continuous,
we obtain (

n∑
i=1

‖T (f 1
i , f

2
i )‖

1
1−σ
L1

)1−σ

=

(
n∑
i=1

‖u(f 1
i ).u(f 2

i )‖
1

1−σ
L1

)1−σ

≤
(

n∑
i=1

(‖u(f 1
i )‖L2 . ‖u(f 2

i )‖L2)
1

1−σ

)1−σ

≤
(

n∑
i=1

(‖u(f 1
i )‖L2)

2
1−σ

) 1−σ
2

.

(
n∑
i=1

(‖u(f 2
i )‖L2)

2
1−σ

) 1−σ
2

≤ C.δ2σ((f 1
i )ni=1).δ2σ((f 2

i )ni=1),

and so T is dominated (2, 2;σ)-continuous. However, since u is not 2
1−σ -summing,

there is a sequence (gi)
∞
i=1 of functions in L2 such that

(gi)
∞
i=1 ∈ `ω2

1−σ
(L2) but (u(gi))

∞
i=1 /∈ ` 2

1−σ
(L2).

Since

‖(T (gi, gi))
∞
i=1‖ 1

1−σ
=

(
∞∑
i=1

‖u(gi).u(gi)‖
1

1−σ
L1

)1−σ

=

(
∞∑
i=1

(‖u(gi)‖L2)
2

1−σ

)1−σ

=∞,

we have
(T (gi, gi))

∞
i=1 /∈ ` 1

1−σ
(L1).

Therefore, the bilinear mapping T is not ( 2
1−σ ,

2
1−σ )-dominated (see Definition 1.4.16)

.
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2.2.3 Tensorial representation

In this section we introduce a tensor norm, βp,σ, of order m+ 1 represent our multi-
ideal Lσd,(p1,...,pm) i.e. the topological dual of the normed space (X1 ⊗βp,σ ... ⊗βp,σ
Xm ⊗βp,σ Y ) is isometric to

(Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗) , ‖.‖Lσ
d,(p1,...,pm)

).

Let u ∈ X1⊗...⊗Xm⊗Y , for 1 ≤ p, p1, ..., pm, r <∞, 0 ≤ σ < 1 with 1
p

= 1
p1

+...+ 1
pm

and 1
r

+ 1−σ
p

= 1, we consider

βp,σ(u) = inf
m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖r ,

where the infimum is taken over all representations of u of the form

u =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ yi

with xji ∈ Xj, yi ∈ Y, i = 1, ..., n, j = 1, ...,m and n,m ∈ N.

Proposition 2.2.15. βp,σ is a reasonable crossnorm.

Proof. First, we show that βp,σ(λu) = |λ| βp,σ(u) for all u ∈ X1 ⊗ ...⊗Xm ⊗ Y and

λ ∈ K. This is obvious when λ = 0, so suppose that λ 6= 0. If u =
n∑
i=1

x1
i ⊗ ...⊗xmi ⊗yi

is a representation of u then λu =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ (λyi), and so we have

βp,σ(λu) ≤
m∏
j=1

δpjσ((xji )
n
i=1) ‖(λyi)ni=1‖r = |λ|

m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖r .

Since this holds for every representation of u, it follows that βp,σ(λu) ≤ |λ| βp,σ(u).
In the same way, we have

βp,σ(u) = βp,σ(
1

λ
λu) ≤ 1

|λ|
βp,σ(λu),

giving |λ| βp,σ(u) ≤ βp,σ(u). Therefore βp,σ(λu) = |λ| βp,σ(u).
Now, to prove that βp,σ satisfies the triangle inequality, let u′, u′′ ∈ X1⊗ ...⊗Xm⊗Y,
and let ε > 0. Choose representations of u′ and u′′ of the form

u′ =
n′∑
i=1

x′1i ⊗ ...⊗ x′mi ⊗ y′i, u′′ =
n′′∑
i=1

x′′1i ⊗ ...⊗ x′′mi ⊗ y′′i
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such that

βp,σ(u′)+ε ≥
m∏
j=1

δpjσ((x′ji )n
′

i=1).
∥∥∥(y′i)

n′

i=1

∥∥∥
r

and βp,σ(u′′)+ε ≥
m∏
j=1

δpjσ((x′′ji )n
′′

i=1).
∥∥∥(y′′i )n

′′

i=1

∥∥∥
r
.

We can write u′, u′′ in the following way

u′ =
n′∑
i=1

z′1i ⊗ ...⊗ z′mi ⊗ t′i, u′′ =
n′′∑
i=1

z′′
1

i ⊗ ...⊗ z′′mi ⊗ t′′i

with

z′ji = (βp,σ(u′)+ε)
1−σ
pj

δpjσ((x′ji )n
′
i=1)

x′ji , j = 1, ...,m, i = 1, ..., n′,

t′i =

m∏
j=1

δpjσ
(

(x′ji )n
′
i=1

)
(βp,σ(u′)+ε)

1−σ
p
y′i, i = 1, ..., n′,

z′′
j

i = (βp,σ(u′′)+ε)
1−σ
pj

δpjσ((x′′ji )n
′′
i=1)

x′′ji , j = 1, ...,m, i = 1, ..., n′′,

t′′i =

m∏
j=1

δpjσ
(

(x′′ji )n
′′
i=1

)
(βp,σ(u′′)+ε)

1−σ
p
y′′i , i = 1, ..., n′′.

It follows that

δpjσ((z′ji )n
′
i=1) = (βp,σ(u′) + ε)

1−σ
pj and

∥∥(t′i)
n′
i=1

∥∥
r
≤ (βp,σ(u′) + ε)

1
r ,

δpjσ((z′′ji )n
′′
i=1) = (βp,σ(u′′) + ε)

1−σ
pj and

∥∥(t′′i )
n′′
i=1

∥∥
r
≤ (βp,σ(u′′) + ε)

1
r .

Thus

m∏
j=1

δpjσ((z′ji )n
′
i=1).

∥∥(t′i)
n′
i=1

∥∥
r
≤ βp,σ(u′) + ε ≤ βp,σ(u′) + βp,σ(u′′) + ε,

m∏
j=1

δpjσ((z′′ji )n
′′
i=1).

∥∥(t′′i )
n′′
i=1

∥∥
r
≤ βp,σ(u′′) + ε ≤ βp,σ(u′) + βp,σ(u′′) + ε.

The last two inequalities imply that

βp,σ(u′ + u′′) ≤ βp,σ(u′) + βp,σ(u′′) + ε.

Since this holds for every ε > 0, we have βp,σ(u′ + u′′) ≤ βp,σ(u′) + βp,σ(u′′).

Let ε denote the injective tensor norm on X1 ⊗ ...⊗Xm ⊗ Y. Let u =
n∑
i=1

x1
i ⊗ ...⊗

xmi ⊗ yi ∈ X1 ⊗ ...⊗Xm ⊗ Y. By Hölder’s inequality and (2.1) we get

ε(u) = sup

{∣∣∣∣ n∑
i=1

φ1(x1
i )...φm(xmi )ψ(yi)

∣∣∣∣ ;φj ∈ BX∗j
, ψ ∈ BY ∗

}
≤ sup

φj∈BX∗
j

∥∥(φ1(x1
i )...φm(xmi ))

n
i=1

∥∥
p

1−σ
‖(yi)ni=1‖r

≤
m∏
j=1

∥∥(xji )
n
i=1

∥∥ pj
1−σ ,ω

‖(yi)ni=1‖r

≤
m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖r .
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Since this holds for every representation of u, we obtain ε(u) ≤ βp,σ(u). Thus
βp,σ(u) = 0 imply u = 0. Hence βp,σ is a norm on X1 ⊗ ...⊗Xm ⊗ Y.
It is clear that

βp,σ(x1 ⊗ ...⊗ xm ⊗ y) ≤
∥∥x1
∥∥ ... ‖xm‖ ‖y‖

for every xj ∈ Xj, j = 1, ...,m and y ∈ Y.
Let φj ∈ X∗j with φj 6= 0, j = 1, ...,m, let ψ ∈ Y ∗ and let u =

n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ yi.

Then an application of Hölder’s inequality yields

|φ1 ⊗ ...⊗ φm ⊗ ψ(u)| =

∣∣∣∣φ1 ⊗ ...⊗ φm ⊗ ψ(
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ yi)

∣∣∣∣
=

∣∣∣∣ n∑
i=1

φ1(x1
i )...φm(xmi )ψ(yi)

∣∣∣∣
≤

n∑
i=1

|φ1(x1
i )...φm(xmi )ψ(yi)|

≤
m∏
j=1

(
n∑
i=1

∣∣φj(xji )∣∣ pj1−σ

) 1−σ
pj

‖(ψ(yi))
n
i=1‖r

≤ ‖φ1‖ ... ‖φm‖ ‖ψ‖
m∏
j=1

(
n∑
i=1

∣∣∣ φj
‖φj‖(x

j
i )
∣∣∣ pj1−σ

) 1−σ
pj

‖(yi)ni=1‖r

≤ ‖φ1‖ ... ‖φm‖ ‖ψ‖
m∏
j=1

∥∥(xji )
n
i=1

∥∥ pj
1−σ ,ω

‖(yi)ni=1‖r

≤ ‖φ1‖ ... ‖φm‖ ‖ψ‖
m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖r ,

from which it follows that

|φ1 ⊗ ...⊗ φm ⊗ ψ(u)| ≤ ‖φ1‖ ... ‖φm‖ ‖ψ‖ βp,σ(u).

Therefore φ1 ⊗ ...⊗ φm ⊗ ψ is bounded and satisfies

‖φ1 ⊗ ...⊗ φm ⊗ ψ‖ ≤ ‖φ1‖ ... ‖φm‖ ‖ψ‖

and we have shown that βp,σ is a reasonable crossnorm.

In particular, note that when m = 1, the norm βp,σ coincides with the norm dp,σ
on X1 ⊗ Y , that was introduced by J. A. López Molina and E. A. Sánchez Pérez in
[41].
In what follows we consider the tensor product of linear operators in connection
with the reasonable crossnorm βp,σ. We show that the reasonable crossnorm βp,σ is
actually a tensor norm (see Definition 1.3.16).

Proposition 2.2.16. Let Xj, Yj, X, Y be Banach spaces, and T ∈ L(X, Y ), Tj ∈
L(Xj, Yj), (j = 1, ...,m) . Then there is a unique continuous linear operator

T1 ⊗βp,σ ...⊗βp,σ Tm ⊗βp,σ T :
(
X1⊗̂...⊗̂Xm⊗̂X, βp,σ

)
→
(
Y1⊗̂...⊗̂Ym⊗̂Y, βp,σ

)
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such that

T1 ⊗βp,σ ...⊗βp,σ Tm ⊗βp,σ T (x1 ⊗ ...⊗ xm ⊗ x) = (T1x
1)⊗ ...⊗ (Tmx

m)⊗ (Tx)

for every xj ∈ Xj, (j = 1, ...,m) and x ∈ X. Moreover

∥∥T1 ⊗βp,σ ...⊗βp,σ Tm ⊗βp,σ T
∥∥ = ‖T1 ⊗ ...⊗ Tm ⊗ T‖ = ‖T‖

m∏
j=1

‖Tj‖ .

Proof. By [68, Page 7] there is a unique linear operator

T1 ⊗ ...⊗ Tm ⊗ T : (X1 ⊗ ...⊗Xm ⊗X)→ (Y1 ⊗ ...⊗ Ym ⊗ Y )

such that

T1 ⊗ ...⊗ Tm ⊗ T (x1 ⊗ ...⊗ xm ⊗ x) = (T1x
1)⊗ ...⊗ (Tmx

m)⊗ (Tx)

for every xj ∈ Xj, j = 1, ...,m and x ∈ X. We may suppose Tj 6= 0, j = 1, ...,m and
T 6= 0. Let u ∈ X1 ⊗ ...⊗Xm ⊗X such that

u =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ xi,

hence the sum
n∑
i=1

(
T1x

1
i

)
⊗ ...⊗ (Tmx

m
i )⊗ (Txi)

is a representation of T1 ⊗ ... ⊗ Tm ⊗ T (u) in Y1 ⊗ ... ⊗ Ym ⊗ Y. Then, for every
1 ≤ p, p1, ..., pm, r <∞, 0 ≤ σ < 1 with 1

p
= 1

p1
+ ...+ 1

pm
and 1

r
+ 1−σ

p
= 1, we have

βp,σ (T1 ⊗ ...⊗ Tm ⊗ T (u)) ≤
m∏
j=1

δpjσ((Tjx
j
i )
n
i=1) ‖(Txi)ni=1‖r

≤ ‖T‖
m∏
j=1

‖Tj‖
m∏
j=1

δpjσ((xji )
n
i=1) ‖(xi)ni=1‖r .

Since this holds for every representation of u, we obtain

βp,σ (T1 ⊗ ...⊗ Tm ⊗ T (u)) ≤ ‖T‖
m∏
j=1

‖Tj‖ βp,σ(u).

So that the linear operator

T1 ⊗ ...⊗ Tm ⊗ T : (X1 ⊗ ...⊗Xm ⊗X, βp,σ)→ (Y1 ⊗ ...⊗ Ym ⊗ Y, βp,σ)

is continuous and we have ‖T1 ⊗ ...⊗ Tm ⊗ T‖ ≤ ‖T‖
m∏
j=1

‖Tj‖ .

On the other hand, as βp,σ is an reasonable crossnorm we get that
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‖T‖
m∏
j=1

‖Tj‖ = sup
x∈BX

‖T (x)‖ .
m∏
j=1

sup
xj∈BXj

∥∥Tj(xj)∥∥
= sup

x∈BX ,xj∈BXj

(
‖T (x)‖ .

m∏
j=1

∥∥Tj(xj)∥∥)
= sup

x∈BX ,xj∈BXj

βp,σ
(
(T1x

1)⊗ ...⊗ (Tmx
m)⊗ (Tx)

)
= sup

x∈BX ,xj∈BXj

βp,σ
(
(T1 ⊗ ...⊗ Tm ⊗ T )(x1 ⊗ ...⊗ xm ⊗ x)

)
≤ sup

βp,σ(u)≤1

βp,σ ((T1 ⊗ ...⊗ Tm ⊗ T )(u))

= ‖T1 ⊗ ...⊗ Tm ⊗ T‖ .

Thus

‖T1 ⊗ ...⊗ Tm ⊗ T‖ ≥ ‖T‖
m∏
j=1

‖Tj‖ ,

and therefore ‖T1 ⊗ ...⊗ Tm ⊗ T‖ = ‖T‖
m∏
j=1

‖Tj‖ .

Now taking the unique continuous extension of the linear operator T1⊗ ...⊗Tm⊗T
to the completions of X1 ⊗ ...⊗Xm ⊗X and Y1 ⊗ ...⊗ Ym ⊗ Y which we denote by

T1 ⊗βp,σ ...⊗βp,σ Tm ⊗βp,σ T

we obtain a unique linear operator from
(
X1⊗̂...⊗̂Xm⊗̂X, βp,σ

)
into

(
Y1⊗̂...⊗̂Ym⊗̂Y, βp,σ

)
with the norm ∥∥T1 ⊗βp,σ ...⊗βp,σ Tm ⊗βp,σ T

∥∥ = ‖T‖
m∏
j=1

‖Tj‖ .

Following the idea of [43, Theorem 3.7] we present the representation of the
multi-ideal Ld,(p1,...,pm) by the tensor norm βp,σ.

Theorem 2.2.17. The space (Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗) , ‖.‖Lσ
d,(p1,...,pm)

) is isomet-

rically isomorphic to (X1 ⊗ ...⊗Xm ⊗ Y, βp,σ)∗ through the mapping Ψ defined by

Ψ(T )(x1 ⊗ ...⊗ xm ⊗ y) = T (x1, ..., xm)(y),

for every T ∈ Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗) , xj ∈ Xj, j = 1, ...,m and y ∈ Y.

Proof. It is easy to see that the correspondence Ψ defined as above is linear. It
remains to show the surjectivity and that

‖Ψ(T )‖(X1⊗...⊗Xm⊗Y,βp,σ)∗ = ‖T‖Lσ
d,(p1,...,pm)

for all T in (Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗)).

Take now T ∈ Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗) , and let
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u =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ yi ∈ X1 ⊗ ...⊗Xm ⊗ Y,

where m ∈ N, (xji )ni=1 ⊂ Xj, (yi)
n
i=1 ⊂ Y, j = 1, ...,m. Hence, by Hölder’s inequality

it follows that

|Ψ(T )(u)| =

∣∣∣∣ n∑
i=1

T (x1
i , ..., x

m
i )(yi)

∣∣∣∣
≤

∥∥(T (x1
i , ..., x

m
i ))

n
i=1

∥∥
p

1−σ
‖(yi)ni=1‖r

≤ ‖T‖Lσ
d,(p1,...,pm)

m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖r .

So
|Ψ(T )(u)| ≤ ‖T‖Lσ

d(p1,...,pm)
· βp,σ(u).

Since u is arbitrary it follows that

‖Ψ(T )‖(X1⊗...⊗Xm⊗Y,βp,σ)∗ ≤ ‖T‖Lσ
d,(p1,...,pm)

.

In order to establish the reverse inequality, let φ ∈ (X1 ⊗ ... ⊗ Xm ⊗ Y, βp,σ)∗ and
define the m-linear mapping T ∈ L (X1, ..., Xm;Y ∗) by

T (x1, ..., xm)(y) = φ(x1 ⊗ ...⊗ xm ⊗ y).

Let (x1
i , ..., x

m
i )ni=1 ⊂ X1 × ...×Xm. Since∥∥T (x1

i , ..., x
m
i )
∥∥ = sup

yi∈Y,‖yi‖=1

∣∣T (x1
i , ..., x

m
i )(yi)

∣∣ ,
for each ε > 0, choose (yi)

n
i=1 ⊂ Y, ‖yi‖ = 1, j = 1, ...,m such that

∥∥T (x1
i , ..., x

m
i )
∥∥ p

1−σ − ε

n
≤
∣∣T (x1

i , ..., x
m
i )(yi)

∣∣ p
1−σ

then

n∑
i=1

∥∥T (x1
i , ..., x

m
i )
∥∥ p

1−σ ≤ ε+
n∑
i=1

∣∣T (x1
i , ..., x

m
i )(yi)

∣∣ p
1−σ = (∗).

With a convenient choice of λi ∈ K, |λi| = 1, i = 1, ..., n we can write
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(∗) = ε+
n∑
i=1

∣∣∣|φ(x1
i ⊗ ...⊗ xmi ⊗ yi)|

p
1−σ−1

φ(x1
i ⊗ ...⊗ xmi ⊗ yi)

∣∣∣
= ε+ φ

(
n∑
i=1

λi |φ(x1
i ⊗ ...⊗ xmi ⊗ yi)|

p
1−σ−1

x1
i ⊗ ...⊗ xmi ⊗ yi

)
≤ ε+ ‖φ‖ βp,σ

(
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗

(
λi |φ(x1

i ⊗ ...⊗ xmi ⊗ yi)|
p

1−σ−1
yi

))
≤ ε+ ‖φ‖

m∏
j=1

δpjσ((xji )
n
i=1)

∥∥∥(λi |φ(x1
i ⊗ ...⊗ xmi ⊗ yi)|

p
1−σ−1

yi

)n
i=1

∥∥∥
r

= ε+ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1)

(
n∑
i=1

|φ(x1
i ⊗ ...⊗ xmi ⊗ yi)|

( p
1−σ−1)r

) 1
r

= ε+ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1)

(
n∑
i=1

|T (x1
i , ..., x

m
i )(yi)|(

p
1−σ−1)r

) 1
r

≤ ε+ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1)

(
n∑
i=1

‖T (x1
i , ..., x

m
i )‖(

p
1−σ−1)r

) 1
r

.

Since ( p
1−σ − 1)r = p

1−σ , these inequalities imply(
n∑
i=1

∥∥T (x1
i , ..., x

m
i )
∥∥ p

1−σ

)1− 1
r

≤ ε+ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1).

Since this holds for every ε > 0, we have(
n∑
i=1

∥∥T (x1
i , ..., x

m
i )
∥∥ p

1−σ

) 1−σ
p

≤ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1)

showing that
T ∈ Lσd,(p1,...,pm) (X1, ..., Xm;Y ∗)

and
‖T‖Lσ

d,(p1,...,pm)
≤ ‖φ‖ = ‖Ψ(T )‖(X1⊗...⊗Xm⊗Y,βp,σ)∗ .

Now we are ready to introduce a new formula of the tensor norm βp,σ in
such a way that we characterize the space of dominated (p1, ..., pm;σ)-continuous
multilinear forms.
Let u ∈ X1⊗...⊗Xm⊗Y. For 1 ≤ p, p1, ..., pm, r <∞, 0 ≤ σ < 1 with 1

p
= 1

p1
+...+ 1

pm

and 1
r

+ 1−σ
p

= 1, we consider

ν̃p,σ(u) = inf ‖(λi)ni=1‖r
m∏
j=1

δpjσ((xji )
n
i=1) ‖(yi)ni=1‖∞
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taking the infimum over all representations of u of the form

u =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ yi

with (xji )
n
i=1 ⊂ Xj, (yi)

n
i=1 ⊂ Y, (λi)

n
i=1 ⊂ K, j = 1, ...,m and n,m ∈ N.

Proposition 2.2.18. We have ν̃p,σ(u) = βp,σ(u) for all u ∈ X1 ⊗ ...⊗Xm ⊗ Y.

Proof. We note first that every representation of u of the form
n∑
i=1

λix
1
i ⊗ ...⊗xmi ⊗yi

can be written as
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ (λiyi) and hence

βp,σ(u) ≤
m∏
j=1

δpjσ((xji )
n
i=1) ‖(λiyi)ni=1‖r

≤
m∏
j=1

δpjσ((xji )
n
i=1) ‖(λi)ni=1‖r ‖(yi)ni=1‖∞

from which it follows that βp,σ(u) ≤ ν̃p,σ(u).

On the other hand, let
n∑
i=1

x1
i ⊗ ...⊗xmi ⊗ yi be a representation of u. We can write u

as
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ zi, where λi = ‖yi‖ and ‖zi‖ ≤ 1 for every i = 1, ..., n. Then

ν̃p,σ(u) ≤ ‖(yi)ni=1‖r
m∏
j=1

δpjσ((xji )
n
i=1) ‖(zi)ni=1‖∞ ≤ ‖(yi)

n
i=1‖r

m∏
j=1

δpjσ((xji )
n
i=1)

and hence ν̃p,σ(u) ≤ βp,σ(u).

Remark 2.2.19. Making F = K, in Theorem 2.2.17 we obtain that for every
family of Banach spaces X1, ..., Xm, the space of dominated (p1, ..., pm;σ)-continuous
multilinear forms

(Lσd,(p1,...,pm) (X1, ..., Xm) , ‖.‖Lσ
d,(p1,...,pm)

)

is isometric to (X1 ⊗ ...⊗Xm ⊗K, ν̃p,σ)∗.

We recall that by the universal property of tensor products (Theorem 1.3.6), there
is an algebraic isomorphism between the m-linear mapping from X1× ...×Xm into
Y and the linear mapping from X1 ⊗ ...⊗Xm into Y . To each m-linear mapping T
corresponds the unique linear mapping TL such that

TL(x1 ⊗ ...⊗ xm) = T (x1, ..., xm).

In Proposition 2.2.15 if we take Y = K, then we identify X1 ⊗ ... ⊗ Xm ⊗ K with
X1 ⊗ ... ⊗ Xm, and in this case the corresponding tensor norm will be denoted by
νp,σ and can be described as follows:
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νp,σ(u) = inf ‖(λi)ni=1‖r
m∏
j=1

δpjσ((xji )
n
i=1)

where the infimum is taken over all representations of u ∈ X1⊗ ...⊗Xm of the form

u =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi with (λi)

n
i=1 ⊂ K, (xji )ni=1 ⊂ Xj, j = 1, ...,m.

The next theorem and its proof are similar to Theorem 2.2.17.

Theorem 2.2.20. (Lσd,(p1,...,pm) (X1, ..., Xm) , ‖.‖Lσ
d,(p1,...,pm)

) is isometrically isomor-

phic to (X1 ⊗ ...⊗Xm, νp,σ)∗ through the mapping T 7→ TL.

Proof. We consider φ ∈ (X1⊗ ...⊗Xm, νp,σ)∗ and T the m-linear scalar function on
X1 × ...×Xm given by T (x1, ..., xm) = φ(x1 ⊗ ...⊗ xm). This means that TL = φ.
We can choose scalars λi, |λi| = 1, i = 1, ..., n such that

n∑
i=1

|T (x1
i , ..., x

m
i )|

p
1−σ

=
n∑
i=1

|φ(x1
i ⊗ ...⊗ xmi )|

p
1−σ

=

∣∣∣∣ n∑
i=1

|φ(x1
i ⊗ ...⊗ xmi )|

p
1−σ−1

λiφ(x1
i ⊗ ...⊗ xmi )

∣∣∣∣
=

∣∣∣∣φ( n∑
i=1

λi |φ(x1
i ⊗ ...⊗ xmi )|

p
1−σ−1

x1
i ⊗ ...⊗ xmi

)∣∣∣∣
≤ ‖φ‖ νp,σ

(
n∑
i=1

λi |φ(x1
i ⊗ ...⊗ xmi )|

p
1−σ−1

x1
i ⊗ ...⊗ xmi

)
≤ ‖φ‖

∥∥∥(λi |φ(x1
i ⊗ ...⊗ xmi )|

p
1−σ−1

)n
i=1

∥∥∥
r

m∏
j=1

δpjσ((xji )
n
i=1)

= ‖φ‖
(

n∑
i=1

|φ(x1
i ⊗ ...⊗ xmi )|(

p
1−σ−1)r

) 1
r m∏
j=1

δpjσ((xji )
n
i=1)

= ‖φ‖
(

n∑
i=1

|T (x1
i , ..., x

m
i )|(

p
1−σ−1)r

) 1
r m∏
j=1

δpjσ((xji )
n
i=1)

= ‖φ‖
(

n∑
i=1

|T (x1
i , ..., x

m
i )|

p
1−σ

) 1
r m∏
j=1

δpjσ((xji )
n
i=1).

These inequalities imply(
n∑
i=1

∣∣T (x1
i , ..., x

m
i )
∣∣ p
1−σ

) 1−σ
p

≤ ‖φ‖
m∏
j=1

δpjσ((xji )
n
i=1).

Thus T is dominated (p1, ..., pm;σ)-continuous and

‖T‖Lσ
d,(p;p1,...,pm)

≤ ‖φ‖ = ‖TL‖(X1⊗...⊗Xm,νp,σ)∗ .
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Conversely if T is dominated (p1, ..., pm;σ)-continuous we have

TL(u) =
n∑
i=1

λiT (x1
i , ..., x

m
i )

for u =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ∈ X1 ⊗ ...⊗Xm.

Then, by Hölder’s inequality, we have

|TL(u)| ≤
n∑
i=1

|λi| |T (x1
i , ..., x

m
i )|

≤ ‖(λi)ni=1‖r .
∥∥(T (x1

i , ..., x
m
i ))

n
i=1

∥∥
p

1−σ

≤ ‖T‖Lσ
d,(p1,...,pm)

‖(λi)ni=1‖r
m∏
j=1

δpjσ((xji )
n
i=1).

It follows that |TL(u)| ≤ ‖T‖Lσ
d,(p1,...,pm)

νp,σ(u). Consequently

‖TL‖(X1⊗...⊗Xm,νp,σ)∗ ≤ ‖T‖Lσ
d,(p1,...,pm)

.
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Chapter 3

Strongly (p, σ)-continuous
multilinear operators

The results in this chapter were published in collaboration with D. Achour, E. A.
Sánchez Pérez and P. Rueda in the journal of ”Linear and multilinear algebra”
[4] and are presented as follows. Section 3.1 is devoted to study the notion of
strongly (p, σ)-continuous linear operator. We present a characterization given by
a summability property and an integral domination. In Section 3.2 we construct a
new multi-ideal by the composition method starting from the ideal of strongly (p, σ)-
continuous linear operators. We give an analogue of the Pietsch domination theorem
and we characterize the adjoint operators of strongly (p, σ)-continuous m-linear op-
erators. In section 3.3 we find the trace duality representation of the strongly (p, σ)-
continuous m-linear operators by presenting a tensor norm gp,σ on X1⊗· · ·⊗Xm⊗X
that satisfies that the topological dual of gp,σ on X1⊗ · · · ⊗Xm⊗ Y ∗ is isometric to
the space of strongly (p, σ)-continuous m-linear operators from X1 × · · · ×Xm into
Y. Finally, we present the factorization theorem for the strongly (p, σ)-continuous
m-linear operators (Theorem 3.2.13). Two particular cases of this result are relevant
and new: the linear case, that is given in Theorem 3.2.15, and Theorem 3.2.16 which
provides the factorization theorem for the Cohen strongly p-summing operators.

3.1 Strongly (p, σ)-continuous linear operators.

3.1.1 Preliminary.

The ideal Πp,σ is a particular case of the family Dq,ν,p,σ of operator ideals introduced
in [41], which generalizes the classical ideal Dq,p of (q, p) -dominated operators [61].
They are defined as follows. Let 1 ≤ r, p, q <∞ and 0 ≤ σ, ν < 1 such that

1

r
+

1− σ
p∗

+
1− ν
q

= 1.

Definition 3.1.1. An operator T ∈ L(X, Y ) is said to be (q, ν, p, σ)-dominated if
there exist Banach spaces G,H, linear operators R ∈ Πq(X,G), S ∈ Πp∗(Y

∗, H) and
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a constant C > 0 such that

|〈Tx, y∗〉| ≤ C ‖x‖ν ‖Rx‖1−ν ‖y∗‖σ ‖Sy∗‖1−σ x ∈ X, y∗ ∈ Y ∗. (3.1)

In such case, we put

dν,σq,p (T ) = inf
{
Cπq(R)1−νπp∗(S)1−σ} ,

taking the infimum over all C > 0, R ∈ Πq(X,G) and S ∈ Πp∗(Y
∗, H) such that

(3.1) holds.

We denote by
(
Dq,ν,p,σ, dν,σq,p

)
the Banach ideal of (q, ν, p, σ)-dominated linear op-

erators. The following result is a characterization of this ideal (see [41, Theorem
2.4]).

Theorem 3.1.2. Let 1 ≤ r, p, q ≤ ∞ and 0 ≤ σ, ν ≤ 1 such that 1
r

+ 1−σ
p∗

+ 1−ν
q

= 1.
The following assertions are equivalent.
(i) T ∈ Dq,ν,p,σ(X, Y )
(ii) There exist a constant C > 0 and regular Borel probability measures µ and τ on
BX∗ and BY ∗∗ , respectively, such that for every x ∈ X and y∗ ∈ Y ∗, the following
inequality holds

|〈Tx, y∗〉| ≤ C

(∫
BX∗

(|〈x, x∗〉|1−ν ‖x‖ν)
q

1−ν dµ

) 1−ν
q

×
(∫

BY ∗∗

(|〈y∗, y∗∗〉|1−σ ‖y∗‖σ)
p∗
1−σ dτ

) 1−σ
p∗

. (3.2)

(iii) There exist a constant C > 0 such that for every (xi)
n
i=1 ⊂ X and (y∗i )

n
i=1 ⊂ Y ∗

the following inequality holds

‖(〈Txi, y∗i 〉)
n
i=1‖r∗ ≤ Cδqν((xi)

n

i=1
)δp∗σ((y∗i )

n

i=1
). (3.3)

Moreover, dν,σq,p (T ) = inf C, where the infimum is taken over all constants C either
in (3.2) or in (3.3).

Consider a (q, σ, p, σ)-dominated operators T : X −→ Y . The domination (3.2)
is in fact the same thing that characterizes that BT (the bilinear form associated to
T ), is dominated (q, p∗;σ)-continuous. This provides the domination

|BT (x, y∗)| := |〈T (x), y∗〉| ≤ C(

∫
BX∗

(|〈x, x∗〉|1−σ ‖x‖σ)
q

1−σ dη1)
1−σ
q

×(

∫
BY ∗∗

(| 〈y∗, y∗∗〉1−σ ‖y∗‖σ dη2)
p∗
1−σ )

1−σ
p∗ ,

where η1 and η2 are regular Borel probability measures on the corresponding unit
balls. The last inequality implies that

‖T (x)‖ ≤ C(

∫
BX∗

(|〈x, x∗〉|1−σ ‖x‖σ)
q

1−σ dη1)
1−σ
q ,
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and

‖T ∗(y∗)‖ ≤ C(

∫
BY ∗∗

(| 〈y∗, y∗∗〉1−σ ‖y∗‖σ dη2)
p∗
1−σ )

1−σ
p∗ ,

for all x ∈ X and y∗ ∈ Y ∗. After Theorem 2.1.20, we can find the following factor-
ization scheme for the (q, σ, p, σ)-dominated operators (we use the same notation as
that in Theorem 2.1.20). Then there are regular Borel probability measures η1 and
η2 on BX∗ and BY ∗∗ , respectively, such that T factorizes as

X
T−→ Y

i ↓ ↑ T̃
iX(X)

Jq,σ−→ Lq,σ(η1)

and T ∗ factorizes as

Y ∗
T ∗−→ X∗

i ↓ ↑ T̃ ∗

iY ∗(Y
∗)

Jp∗,σ−→ Lp∗,σ(η2)

In fact, our multilinear factorization result Theorem 2.2.10 gives that the bilinear
form BT associated to T factorizes as

X × Y ∗ → Lq,σ(η1)× Lp∗,σ(η2)→ R.

3.1.2 Ideal of strongly (p, σ)-continuous linear operators.

This subsection is devoted to analyze the linear ideal of strongly (p, σ)-continuous
operators. This ideal can be obtained as a particular class of (q, ν, p, σ)-dominated
operators, for ν = 1 (see Definition 3.1.1).

Definition 3.1.3. Let 1 < p, r < ∞ and 0 ≤ σ < 1, such that 1
r

+ 1−σ
p∗

= 1. A

mapping T ∈ L(X, Y ) is strongly (p, σ)-continuous if there are Banach spaces H, a
linear operator S ∈ Πp∗(Y

∗, H) and a constant C > 0 such that for all x ∈ X and
y∗ ∈ Y ∗ we have

|〈T (x), y∗〉| ≤ C ‖x‖ ‖y∗‖σ ‖S(y∗)‖1−σ . (3.4)

The class of all strongly (p, σ)-continuous linear operators from X into Y is denoted
by Dσp (X, Y ) and by dσp(T ) the strongly (p, σ)-continuous norm which is defined by

dσp(T ) = inf
{
Cπp∗(S)1−σ} .

where the infimum is taken over all C > 0 and S ∈ Πp∗(Y
∗, H) such that the

inequality (3.4) holds.
We can use Theorem 3.1.2 in order to obtain the subsequent characterization of
strongly (p, σ)-continuous linear operators in terms of a summability property and
an integral domination. This is a particular case of the general characterization
of (q, ν, p, σ)-dominated operators; the equivalence with (iii) is new. We write the
proof for the aim of completeness.
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Theorem 3.1.4. Let 1 < p, r < ∞ and 0 ≤ σ < 1, such that 1
r

+ 1−σ
p∗

= 1. For

T ∈ L(X, Y ), the following statements are equivalent.
(i) T ∈ Dσp (X, Y ).
(ii) There exist a constant C > 0 and a regular Borel probability measure µ on BY ∗∗

, such that for every x ∈ X and y∗ ∈ Y ∗ the following inequality holds

|〈T (x), y∗〉| ≤ C ‖x‖
(∫

BY ∗∗

(|〈y∗, ϕ〉|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

.

(iii) There exist a constant C > 0 such that for every (xi)
n
i=1 ⊂ X and (y∗i )

n
i=1 ⊂ Y ∗

the following inequality holds

‖(〈T (xi), y
∗
i 〉)

n
i=1‖1 ≤ C

∥∥(xi)
n

i=1

∥∥
r
δp∗σ((y∗i )

n

i=1
).

(iv) There exist a constant C > 0 such that for every (xi)
n
i=1 ⊂ X and (y∗i )

n
i=1 ⊂ Y ∗

the following inequality holds

‖(〈T (xi), y
∗
i 〉)

n
i=1‖ p∗

1−σ
≤ C ‖(xi)ni=1‖∞ δp∗σ((y∗i )

n

i=1
).

Moreover, dσp(T ) = inf C, where the infimum is taken over all constants C either in
(ii) or (iii) or in (iv).

Proof. The equivalence (i)⇐⇒(ii) and the implication (iv)=⇒(i) is given by Theo-
rem 3.1.2 and taking into account the equality (2.2).
(ii)=⇒(iii) Let (xi)

n
i=1 ⊂ X and (y∗i )

n
i=1 ⊂ Y ∗. An application of Hölder’s inequality

reveals that

‖(〈T (xi), y
∗
i 〉)

n
i=1‖1

≤ C
n∑
i=1

‖xi‖
(∫

BY ∗∗
(|〈y∗i , ϕ〉|

1−σ ‖y∗i ‖
σ)

p∗
1−σ dµ

) 1−σ
p∗

≤ C ‖(xi)ni=1‖r

(
n∑
i=1

∫
BY ∗∗

(|〈y∗i , ϕ〉|
1−σ ‖y∗i ‖

σ)
p∗
1−σ dµ

) 1−σ
p∗

= C ‖(xi)ni=1‖r

(∫
BY ∗∗

n∑
i=1

(|〈y∗i , ϕ〉|
1−σ ‖y∗i ‖

σ)
p∗
1−σ dµ

) 1−σ
p∗

≤ C ‖(xi)ni=1‖r δp∗σ((y∗i )
n

i=1
).

(iii)=⇒(iv) For all (xi)
n
i=1 ⊂ X and (y∗i )

n
i=1 ⊂ Y ∗ we have

‖(〈T (xi), y
∗
i 〉)

n
i=1‖ p∗

1−σ
=

(
n∑
i=1

|〈xi, T ∗(y∗i )〉|
r∗

) 1
r∗

≤

(
n∑
i=1

‖xi‖r
∗
‖T ∗(y∗i )‖

r∗

) 1
r∗

≤ ‖(xi)ni=1‖∞ ‖(T
∗(y∗i ))

n
i=1‖r∗ .

On the other hand, by the equality (1.3) we have
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‖(T ∗(y∗i ))
n
i=1‖r∗ = sup

{∣∣∣∣∣
n∑
i=1

〈T ∗(y∗i ), zi〉

∣∣∣∣∣ : (zi)
n

i=1
⊂ X,

∥∥(zi)
n

i=1

∥∥
r
≤ 1

}
.

Thus, for all (zi)
n

i=1
⊂ X we obtain∣∣∣∣ n∑
i=1

〈T ∗(y∗i ), zi〉
∣∣∣∣ ≤ n∑

i=1

|〈y∗i , T (zi)〉|

≤ C
∥∥(zi)

n

i=1

∥∥
r
δp∗σ((y∗i )

n

i=1
).

By taking the supremum over the unit ball in `nr (X) we obtain

‖(T ∗(y∗i ))
n
i=1‖r∗ ≤ Cδp∗σ((y∗i )

n

i=1
).

Therefore
‖(〈T (xi), y

∗
i 〉)

n
i=1‖ p∗

1−σ
≤ C ‖(xi)ni=1‖∞ δp∗σ((y∗i )

n

i=1
).

Note that if we take σ = 0, we obtain D0
p = Dp.

Remark 3.1.5. According to [70, Definition 2.2.2] and Definition 3.1.1 we obtain

Dσp = (Πp∗,σ)dual = {T ∈ L(X, Y ) : T ∗ ∈ Πp∗,σ(Y ∗, X∗)} . (3.5)

Thus (Dσp , dσp) is a Banach operator ideal (see Proposition 1.2.5).

Corollary 3.1.6. Consider 1 < p, q <∞ such that p ≤ q. Then,

Dσq (X, Y ) ⊂ Dσp (X, Y ) .

Proof. If u ∈ Dσq (X, Y ) = (Πq∗,σ)dual (X, Y ), then u∗ ∈ Πq∗,σ(Y ∗, X∗). Now, by the
inclusion theorem for the class of (p, σ)-absolutely continuous linear mappings (see
Proposition 2.1.7) and the relation (3.5), we have

u ∈ Dσp (X, Y ).

Remark 3.1.7. If Y is a reflexive Banach space, then every strongly (p, σ)-continuous
linear operator T : X → Y is compact. Certainly, since T ∗ : Y ∗ → X∗ is (p∗, σ)-
absolutely continuous, we can conclude from Corollary 2.1.22 that T ∗ is compact.
Consequently, T is compact.

We can establish the following comparison between the classes of strongly (p, σ)-
continuous linear operators and strongly p-summing linear operators.
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Proposition 3.1.8. Let p > 1 and 0 < σ < 1. Then,

Dp(X, Y ) ⊂ Dσp (X, Y ).

Moreover we have

dσp(T ) ≤ dp(T ) for all T ∈ Dp(X, Y ).

Proof. Let T ∈ Dp(X, Y ). Then its adjoint T ∗ : Y ∗ → X∗ is (p∗, σ)-absolutely
continuous and πp∗,σ(T ∗) ≤ dp(T ) (see Theorem 1.2.10 and Proposition 2.1.9) and
the result is obtained by (3.5).

In what follows we prove more general results, also with the aim of proving
that strongly p-summing and strongly (p, σ)-continuous linear operators are in fact
different classes (Example 3.1.10). We will show first that in fact the strongly
(p, σ)-continuous linear operators are the adjoints of (p, σ)-absolutely continuous
linear operators. For the proof of this result we will use Proposition 2.1.16.

Corollary 3.1.9. Let 1 < p < ∞ and 0 ≤ σ < 1. Let T ∈ L(X, Y ) and T ∗ ∈
L(Y ∗, X∗) its adjoint. Then T is (p, σ)-absolutely continuous if and only if T ∗ is
strongly (p∗, σ)-continuous.

Proof. By the relation (3.5), the linear mapping T ∗ : Y ∗ −→ X∗ is strongly (p∗, σ)-
continuous if and only if its adjoint T ∗∗ : X∗∗ −→ Y ∗∗ is (p, σ)-absolutely continuous
and this equivalent to T ∈ Πp,σ(X, Y ).

We show in the next example that in general Dp 6= Dσp .

Example 3.1.10. Let p > 1 and 0 < σ < 1 such that p∗ < p
1−σ . Let T ∈

L(`p∗ , ` p
1−σ

) defined by T (ei) = (1
i
)
1
p ei, where (ei)

∞
i=1 is the unit vector canonical

basis of `p∗ . The adjoint operator of T is strongly (p∗, σ)-continuous but it is not
strongly p∗-summing. In order to see this, note that by [41, Example 1.9] we have

T ∈ Πp,σ(`p∗ , ` p
1−σ

) and T /∈ Πp

(
`p∗ , ` p

1−σ

)
. Then by Theorem 1.2.10 and Corollary

3.1.9 we get the result.

3.2 The multi-ideal of strongly (p, σ)-continuous

multilinear operators

3.2.1 Properties of strongly (p, σ)-continuous multilinear map-
pings

In this subsection we extend to multilinear mappings the concept of strongly (p, σ)-
continuous linear operators, for which the resulting vector space Dm,σp of the strongly
(p, σ)-continuous multilinear operators is a normed (Banach) multi-ideal. We also
show the Pietsch’s domination theorem for such operators. We prove that Dm,σp is
generated by the composition method from the operator ideal Dσp and we study the
connection between a mapping belonging to this multi-ideal and its adjoint.
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Definition 3.2.1. Let 1 ≤ p, r < ∞ and 0 ≤ σ < 1 such that 1
r

+ 1−σ
p∗

= 1. An

m-linear mapping T : X1 × · · · × Xm → Y is strongly (p, σ)-continuous if there
is a constant C > 0 such that for any xj1, . . . , x

j
n ∈ Xj, (1 ≤ j ≤ m) and any

y∗1, . . . , y
∗
n ∈ Y ∗, we have

∥∥(〈T (x1
i , . . . , x

m
i

)
, y∗i
〉)n

i=1

∥∥
1
≤ C

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((y∗i )
n
i=1) (3.6)

for all choices of n ∈ N.

The collection of all strongly (p, σ)-continuous m-linear mappings X1×· · ·×Xm → Y
will be denoted Dm,σp (X1, . . . , Xm;Y ).
The least C for which (3.6) holds will be written ‖.‖Dm,σp

. It is easy to check that if

T ∈ Dm,σp (X1, . . . , Xm;Y ), then

‖T‖ ≤ ‖T‖Dm,σp
.

For σ = 0, we have Dm,0p (X1, . . . , Xm;Y ) = Dmp (X1, . . . , Xm;Y ), the space of Cohen
strongly p-summing m-linear operators.

The next result provides a characterization of this class by means of an inequality.

Proposition 3.2.2. Let 1 ≤ p, r < ∞ 0 ≤ σ < 1 such that 1
r

+ 1−σ
p∗

= 1. The

mapping T ∈ L(X1, . . . , Xm;Y ) is strongly (p, σ)-continuous if and only if∥∥(〈T (x1
i , . . . , x

m
i

)
, y∗i
〉)n

i=1

∥∥
1
≤ C

m∏
j=1

∥∥(xji )
n
i=1

∥∥
rm
δp∗σ((y∗i )

n
i=1) (3.7)

whenever xj1, . . . , x
j
n ∈ Xj, (1 ≤ j ≤ m) and y∗1, . . . , y

∗
n ∈ Y ∗.

Proof. Indeed, starting from (3.7) we obtain (3.6) by replacing xji by

(
m∏
k=1
‖xki ‖

) 1
m

‖xji‖
xji .

The reverse is immediate by Hölder’s inequality and taking into account the equality
1
r

= 1
rm

+ (m)... + 1
rm

.

This class satisfies a Pietsch’s domination theorem. For the proof we will use the
full general Pietsch’s domination theorem (see [56, Theorem 4.6]).

Theorem 3.2.3. An m-linear operator T ∈ L (X1, . . . , Xm;Y ) is strongly (p, σ)-
continuous if and only if there is a constant C > 0 and a regular Borel probability
measure µ on BY ∗∗ ,(with the weak star topology) so that for all (x1, . . . , xm) ∈ X1×
· · · ×Xm and for all y∗ ∈ Y ∗, the inequality

∣∣〈T (x1, . . . , xm
)
, y∗
〉∣∣ ≤ C

m∏
j=1

∥∥xj∥∥(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

(3.8)

holds.
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Proof. A strongly (p, σ)-continuousm-linear operator T isR1, R2-S-abstract (r, p∗

1−σ )-
summing (see [56, Definition 4.4]) for the parameters

t = 2 and k = m− 1
G1 = Xm and G2 = Y ∗

Ej = Xj and j = 1, . . . ,m− 1
K1 = BX∗1×···×X∗m and K2 = BY ∗∗

H = L (X1, . . . , Xm;Y )

q = 1, q1 = r and q2 = p∗

1−σ
S(T, x1, . . . , xm, y∗) = |〈T (x1, . . . , xm) , y∗〉|
R1(ϕ, x1, . . . , xm) = ‖x1‖ · · · ‖xm‖
R2(ϕ, x1, . . . , xm−1, y∗) = |ϕ(y∗)|1−σ ‖y∗‖σ ,

[56, Theorem 4.6] gives the result.

An immediate consequence of Theorem 3.2.3 is the following corollary.

Corollary 3.2.4. Consider 1 < p, q <∞ and 0 ≤ σ < 1 such that p ≤ q. Then

Dm,σq (X1, . . . , Xm;Y ) ⊂ Dm,σp (X1, . . . , Xm;Y ).

Moreover we have ‖T‖Dm,σp
≤ ‖T‖Dm,σq

for all T ∈ Dm,σq (X1, . . . , Xm;Y ) .

Proof. Let T ∈ Dm,σq (X1, . . . , Xm;Y ). There is a regular Borel probability measure
µ on BY ∗∗ so that for all (x1, . . . , xm) ∈ X1 × · · · ×Xm and for all y∗ ∈ Y ∗ we have∣∣〈T (x1, . . . , xm

)
, y∗
〉∣∣ ≤ ‖T‖Dm,σq

m∏
j=1

∥∥xj∥∥(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
q∗
1−σ dµ

) 1−σ
q∗

≤ ‖T‖Dm,σq

m∏
j=1

∥∥xj∥∥(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

then T ∈ Dm,σp (X1, . . . , Xm;Y ) and ‖T‖Dm,σp
≤ ‖T‖Dm,σq

.

We show in what follows that the multi-ideal generated by the composition
method from the operator ideal Dσp coincide with the space of strongly (p, σ)-
continuous multilinear operators.

Proposition 3.2.5. For 1 < p, r ≤ ∞ and 0 ≤ σ < 1 such that 1
r

+ 1−σ
p∗

= 1. We

have T is strongly (p, σ)-continuous m-linear operator if and only if its linearization
TL is strongly (p, σ)-continuous linear operator. In this case ‖T‖Dm,σp

= dσp(TL).

Proof. Suppose that TL is strongly (p, σ)-continuous. Let xj ∈ Xj(j = 1, ...,m) and
y∗ ∈ Y ∗. By Theorem 3.1.4 there exists a regular Borel probability measure µ on
BY ∗∗ , (with the weak star topology) such that∣∣〈T (x1, ..., xm), y∗

〉∣∣ =
∣∣〈TL(x1 ⊗ ...⊗ xm), y∗

〉∣∣
≤ dσp(TL)π(x1 ⊗ ...⊗ xm)

(∫
BY ∗∗

(
|ϕ(y∗)|1−σ ‖y∗‖σ

) p∗
1−σ dµ

) 1−σ
p∗

= dσp(TL)
m∏
j=1

∥∥xj∥∥(∫
BY ∗∗

(
|ϕ(y∗)|1−σ ‖y∗‖σ

) p∗
1−σ dµ

) 1−σ
p∗

.
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From Theorem 3.2.3 we get T ∈ Dm,σp (X1, ..., Xm;Y ) and ‖T‖Dm,σp
≤ dσp(TL).

Conversely, suppose that T is an strongly (p, σ)-continuous m-linear operator. Let

v =
n∑
i=1

x1
i ⊗ · · · ⊗ xmi ∈ X1⊗̂π · · · ⊗̂πXm such that v 6= 0 and y∗ ∈ Y ∗. Then there is

a regular Borel probability measure µ on BY ∗∗ , such that

|〈TL (v) , y∗〉| =

∣∣∣∣∣
n∑
i=1

〈
TL(x1

i ⊗ ...⊗ xmi ), y∗
〉∣∣∣∣∣

≤
n∑
i=1

∣∣〈T (x1
i , . . . , x

m
i

)
, y∗
〉∣∣

≤
n∑
i=1

‖T‖Dm,σp

m∏
j=1

∥∥xji∥∥(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

= ‖T‖Dm,σp
(
n∑
i=1

m∏
j=1

∥∥xji∥∥)

(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

.

Taking the infimum over all representations of v we get

|〈TL (v) , y∗〉| ≤ ‖T‖Dm,σp
π(v)

(∫
BY ∗∗

(|ϕ(y∗)|1−σ ‖y∗‖σ)
p∗
1−σ dµ

) 1−σ
p∗

.

Therefore, by Theorem 3.1.4, the linear mapping TL is strongly (p, σ)-continuous
and

‖T‖Dm,σp
= dσp(TL).

As a consequence, we obtain the following corollary which is a straightforward con-
sequence of the preceding proposition, Theorem 1.4.5 and Proposition 1.4.6.

Corollary 3.2.6. The class Dm,σp is the Banach multi-ideal generated by the com-
position method from the Banach operator ideal Dσp , i.e.,

Dm,σp (X1, . . . , Xm;Y ) = Dσp ◦ L(X1, . . . , Xm;Y )

for all Banach spaces X1, . . . , Xm and Y.

The preceding corollary has more straightforward consequences.

Remark 3.2.7. Every strongly (p, σ)-continuous m-linear operator with a reflexive
range is compact. Indeed, if T ∈ Dm,σp (X1, . . . , Xm;Y ), then there is a Banach space
G, an operator u ∈ Dσp (G;Y ) and R ∈ L(X1, . . . , Xm;G) such that T = u ◦R. Since
every strongly (p, σ)-continuous linear operator with a reflexive range is compact
(see Remark 3.1.7), the mappings T is compact.

A natural question is to study the connection between multilinear operators and
their adjoints for different classes of summability. In the next result, we character-
ize the class of strongly (p, σ)-continuous m-linear operators by using the adjoint
operators in a similar way that is done in the linear case.
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Theorem 3.2.8. Let 1 < p ≤ ∞, 0 ≤ σ < 1, T ∈ L(X1, . . . , Xm;Y ) and T ∗ its
adjoint. Then T is strongly (p, σ)-continuous if and only if T ∗ is (p∗, σ)-absolutely
continuous. In this case,

‖T‖Dm,σp
= πp∗,σ(T ∗).

Proof. By the Proposition 3.2.5 we have that T belongs to Dm,σ
p (X1, . . . , Xm;Y )

if and only if its linearization TL is strongly (p, σ)-continuous and by (3.5) this is
equivalent to (TL)∗ : Y ∗ →

(
X1⊗̂π · · · ⊗̂πXm

)∗
is (p∗, σ)-absolutely continuous. In

the other hand, we have (TL)∗ = Ψ ◦ T ∗ (then T ∗ = Ψ−1 ◦ (TL)∗) where

Ψ : L (X1, . . . , Xm) −→ (X1⊗̂π...⊗̂πXm)∗

is the isomorphism isometry given by Ψ(φ) = φL (see Theorem 1.3.10). By the ideal
property concerning the operator ideal Πp∗,σ , we have that (TL)∗ is (p∗, σ)-absolutely
continuous if and only if T ∗ ∈ Πp∗,σ(Y ∗,L (X1, . . . , Xm)) and

πp∗,σ(T ∗) = πp∗,σ((TL)∗) = dσp(TL) = ‖T‖Dm,σp

Corollary 3.2.9. For a Banach space Y , the following assertions are equivalent.

(i) idY ∈ Dσp (Y ;Y ).

(ii) Dm,σp (X1, . . . , Xm;Y ) = L(X1, . . . , Xm;Y ) for all Banach spaces X1, . . . , Xm

and Y.

(iii) Y is finite dimensional.

Proof. By Proposition 1.4.8 we have, idY is strongly (p, σ)-continuous if and only if

Dσp ◦ L(X1, . . . , Xm;Y ) = L(X1, . . . , Xm;Y ).

Then the equivalence between (i) and (ii) is obtained by Corollary 3.2.6. For the
implication (ii)⇒ (iii) we can define the multilinear mapping T0 : Y×R×· · ·×R→ Y
given by T0(y, r1, . . . , rm−1) = yr1 · · · rm−1. It is clear that T0 is continuous hence it
belongs to Dm,σp (Y,R, . . . ,R;Y ). Using the domination theorem for strongly (p, σ)-
continuous multilinear operators (Theorem 3.2.3), we obtain for all y∗ ∈ Y ∗ and
y ∈ Y

|〈T0(y, r1, . . . , rm−1), y∗〉|
= |r1, . . . rm−1| |〈y, y∗〉|

≤ C ‖y‖ |r1| . . . |rm−1|
(∫

BY ∗∗

(
|ϕ(y∗)|1−σ ‖y∗‖σ

) p∗
1−σ dµ(ϕ)

) 1−σ
p∗

.

Then

|〈y, y∗〉| ≤ C ‖y‖ ‖y∗‖σ
(∫

BY ∗∗

|ϕ(y∗)|p
∗
dµ(ϕ)

) 1−σ
p∗

.
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Taking the supremum over all y ∈ BY we get

‖y∗‖ = ‖IdY ∗(y∗)‖ ≤ C
1

1−σ

(∫
BY ∗∗

|ϕ(y∗)|p
∗
dµ(ϕ)

) 1
p∗

,

and so IdY ∗ is p∗-summing. Therefore, by the Dvoretsky-Rogers Theorem (see
Theorem 1.2.7) Y ∗ is finite dimensional. To finish the proof let us show (iii) ⇒ (i).
If Y is finite dimensional, then IdY is a finite rank operator, and so IdY ∈ Πp∗,σ.
Therefore, by (3.5) we have IdY ∈ Dσp (Y ;Y ).

3.2.2 Representation of the multi-Ideal Dm,σp by tensor norms

After the results of the previous subsections, we are ready to introduce a tensor norm
which represents the multi-ideal Dm,σp i.e. to show that the strongly (p, σ)-continuous
m-linear operators are a dual space of an (m+ 1)-fold tensor product.
Let X1, . . . , Xm, X be Banach spaces. Let u ∈ X1 ⊗ · · · ⊗ Xm ⊗ X, for 1 < p, r <
∞, 0 ≤ σ < 1 such that 1

r
+ 1−σ

p∗
= 1. We define

gp,σ(u) = inf

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((xi)
n
i=1), (3.9)

where the infimum is taken among all the representations of u as

u =
n∑
i=1

x1
i ⊗ · · · ⊗ xmi ⊗ xi,

with (xji )
n
i=1 ⊂ Xj, (xi)

n
i=1 ⊂ X, j = 1, . . . ,m and n,m ∈ N.

Using the representations given in the proof of Proposition 3.2.2 we obtain a new
formula for the norm gp,σ,

gp,σ(u) = inf
m∏
j=1

∥∥(xji )
n
i=1

∥∥
rm
δp∗σ((xi)

n
i=1). (3.10)

Proposition 3.2.10. gp,σ is a tensor norm of order m+ 1.

Proof. Let u′, u′′ ∈ X1 ⊗ ... ⊗ Xm ⊗ Y, and let ε > 0. Choose representations of u′

and u′′ of the form

u′ =
n′∑
i=1

x′1i ⊗ ...⊗ x′mi ⊗ x′i, u′′ =
n′′∑
i=1

x′′1i ⊗ ...⊗ x′′mi ⊗ x′′i ,

such that

gp,σ(u′) + ε ≥

(
n′∑
i=1

m∏
j=1

∥∥x′ji ∥∥r
) 1

r

δp∗σ

(
(x′i)

n′

i=1

)
,
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and

gp,σ(u′′) + ε ≥

(
n′′∑
i=1

m∏
j=1

∥∥x′′ji ∥∥r
) 1

r

δp∗σ

(
(x′′i )

n′′

i=1

)
.

We can write u′, u′′ in the following way

u′ =
n′∑
i=1

z′1i ⊗ ...⊗ z′mi ⊗ t′i, u′′ =
n′′∑
i=1

z′′
1

i ⊗ ...⊗ z′′mi ⊗ t′′i ,

with

z′1i =
δp∗σ

(
(x′i)

n′
i=1

)
(gp,σ(u′)+ε)

1−σ
p∗
x′1i , and z′ji = x′ji , j = 2, ...,m, i = 1, ..., n′

t′i = (gp,σ(u′)+ε)
1−σ
p∗

δp∗σ((x′i)
n′
i=1)

x′i, i = 1, ..., n′

z′′
1

i =
δp∗σ

(
(x′′i )n

′′
i=1

)
(gp,σ(u′′)+ε)

1−σ
p∗
x′′1i , and z′′

j

i = x′′ji , j = 2, ...,m, i = 1, ..., n′′

t′′i = (gp,σ(u′′)+ε)
1−σ
p∗

δp∗σ((x′′i )n
′′
i=1)

x′′i , i = 1, ..., n′′.

It follows that

δp∗σ
(
(t′i)

n′
i=1

)
= (gp,σ(u′) + ε)

1−σ
p∗ and

(
n′∑
i=1

m∏
j=1

∥∥z′ji ∥∥r
) 1

r

≤ (gp,σ(u′) + ε)
1
r

δp∗σ
(
(t′′i )

n′′
i=1

)
= (gp,σ(u′′) + ε)

1−σ
p∗ and

(
n′′∑
i=1

m∏
j=1

∥∥∥z′′ji ∥∥∥r
) 1

r

≤ (gp,σ(u′′) + ε)
1
r .

Thus

δp∗σ
(
(t′i)

n′
i=1

)
.

(
n′∑
i=1

m∏
j=1

∥∥z′ji ∥∥r
) 1

r

≤ gp,σ(u′) + ε ≤ gp,σ(u′) + gp,σ(u′′) + ε,

δp∗σ
(
(t′′i )

n′′
i=1

)
.

(
n′′∑
i=1

m∏
j=1

∥∥∥z′′ji ∥∥∥r
) 1

r

≤ gp,σ(u′′) + ε ≤ gp,σ(u′) + gp,σ(u′′) + ε.

The two last inequalities imply that

gp,σ(u′ + u′′) ≤ gp,σ(u′) + gp,σ(u′′) + ε,

for all ε > 0, hence the triangular inequality is proved for gp,σ.
We show that gp,σ(λu) = |λ| gp,σ(u) for all u ∈ X1 ⊗ ...⊗Xm ⊗X and λ ∈ K. This

is obvious when λ = 0, so suppose that λ 6= 0. If u =
n∑
i=1

x1
i ⊗ ... ⊗ xmi ⊗ xi is a
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representation of u then λu =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ (λxi), and so we have

gp,σ(λu) ≤

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ ((λxi)
n
i=1)

= |λ|

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ ((xi)
n
i=1) .

It follows that gp,σ(λu) ≤ |λ| gp,σ(u). In the same way, we have

gp,σ(u) = gp,σ(
1

λ
λu) ≤ 1

|λ|
gp,σ(λu),

giving |λ| gp,σ(u) ≤ gp,σ(u). Therefore gp,σ(λu) = |λ| gp,σ(u).
Let φj ∈ BX∗j

, ψ ∈ BX∗(j = 1, . . . ,m) and let

u =
n∑
i=1

x1
i ⊗ · · · ⊗ xmi ⊗ xi ∈ X1 ⊗ · · · ⊗Xm ⊗X.

It follows directly from Hölder’s inequality and (2.1) that

∣∣∣∣ n∑
i=1

φ1(x1
i ) · · ·φm(xmi )ψ(xi)

∣∣∣∣ ≤
(

n∑
i=1

m∏
j=1

∣∣φj(xji )∣∣r
) 1

r ( n∑
i=1

|ψ(xi)|
p∗
1−σ

) 1−σ
p∗

≤

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

‖(xi)ni=1‖ p∗
1−σ ,ω

≤

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((xi)
n
i=1).

Then, if ε is the injective norm, we have

ε(u) = sup
φj∈BX∗

j
,ψ∈BX∗

∣∣∣∣ n∑
i=1

φ1(x1
i ) · · ·φm(xmi )ψ(xi)

∣∣∣∣ ≤
(

n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((xi)
n
i=1).

Since it holds for every representation of u, consequently ε(u) ≤ gp,σ(u). Thus
gp,σ(u) = 0 imply u = 0. Hence gp,σ is a norm on X1 ⊗ ...⊗Xm ⊗X and ε ≤ gp,σ.
On the other hand we have

gp,σ(u) ≤

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((xi)
n
i=1)

≤

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r ( n∑
i=1

‖xi‖
p∗
1−σ

) 1−σ
p∗

.
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By replacing in the representation of u the xji by(
m∏
k=1

∥∥xki ∥∥ ‖xi‖) 1
rm

∥∥xji∥∥ xji ,

and xi by (
m∏
k=1

∥∥xki ∥∥ ‖xi‖) 1−σ
p∗

‖xi‖
xi,

a simple calculation gives

gp,σ(u) ≤
n∑
i=1

m∏
j=1

∥∥xji∥∥ ‖xi‖ .
Taking the infimum over all representations of u, we find gp,σ(u) ≤ π(u). And we
have shown that gp,σ is a reasonable crossnorm.
It only remains to show that gp,σ satisfies the metric mapping property. LetXj, Yj, X, Y
be normed vector spaces and let s ∈ L(X, Y ), sj ∈ L(Xj, Yj), (j = 1, ...,m) . We
may suppose that sj 6= 0, j = 1, ...,m and s 6= 0. Let

u =
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ xi ∈ X1 ⊗ ...⊗Xm ⊗X,

hence the sum
n∑
i=1

s1(x1
i )⊗ ...⊗ sm(xmi )⊗ s (xi)

is a representation of s1 ⊗ ...⊗ sm ⊗ s(u) in Y1 ⊗ ...⊗ Ym ⊗ Y. Then,

gp,σ (s1 ⊗ ...⊗ sm ⊗ s(u))

≤

(
n∑
i=1

m∏
j=1

∥∥sj(xji )∥∥r
) 1

r

δp∗σ ((s (xi))
n
i=1)

≤ ‖s‖
m∏
j=1

‖sj‖

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ ((xi)
n
i=1) .

Since it holds for every representation of u, consequently

gp,σ (s1 ⊗ ...⊗ sm ⊗ s(u)) ≤ ‖s‖
m∏
j=1

‖sj‖ gp,σ(u).

So that the linear operator

s1 ⊗ ...⊗ sm ⊗ s :
(
X1 ⊗gp,σ ...⊗gp,σ Xm ⊗gp,σ X

)
→
(
Y1 ⊗gp,σ ...⊗gp,σ Ym ⊗gp,σ Y

)
80



is continuous and we have

‖s1 ⊗ ...⊗ sm ⊗ s‖ ≤ ‖s‖
m∏
j=1

‖sj‖ .

The main result of this subsection is the following

Theorem 3.2.11. Let X1, . . . , Xm, Y be Banach spaces and let 1 < p, r < ∞, 0 ≤
σ < 1 such that 1

r
+ 1−σ

p∗
= 1. The space (Dm,σp (X1, . . . , Xm;Y ) , ‖.‖Dm,σp

) is isomet-

rically isomorphic to (X1 ⊗ · · · ⊗Xm ⊗ Y ∗, gp,σ)∗.

Proof. It is easy to see that the correspondence

Ψ : (Dm,σp (X1, . . . , Xm;Y ) , ‖.‖Dm,σp
)→ (X1 ⊗ · · · ⊗Xm ⊗ Y ∗, gp,σ)∗

defined by
Ψ(T )(x1 ⊗ · · · ⊗ xm ⊗ y∗) =

〈
T (x1, . . . , xm), y∗

〉
,

for every T ∈ (Dm,σp (X1, . . . , Xm;Y ), xj ∈ Xj (j = 1, . . . ,m) and y∗ ∈ Y ∗, is linear.
It remains to show the surjectivity and that

‖Ψ(T )‖(X1⊗···⊗Xm⊗Y ∗,gp,σ)∗ = ‖T‖Dm,σp
.

Take T ∈ (Dm,σp (X1, . . . , Xm;Y ) and let u ∈ X1⊗ · · · ⊗Xm⊗ Y ∗ with the represen-
tation

u =
n∑
i=1

x1
i ⊗ · · · ⊗ xmi ⊗ y∗i .

We have

|Ψ(T )(u)| =

∣∣∣∣ n∑
i=1

〈T (x1
i , . . . , x

m
i ), y∗i 〉

∣∣∣∣
≤ ‖T‖Dm,σp

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ((y∗i )
n
i=1).

Since it holds for every representation of u we get

|Ψ(T )(u)| ≤ ‖T‖Dm,σp
gp,σ(u).

It follows that

‖Ψ(T )‖(X1⊗···⊗Xm⊗Y ∗,gp,σ)∗ ≤ ‖T‖Dm,σp
.

In order to establish the reverse inequality, let φ ∈ (X1⊗· · ·⊗Xm⊗Y ∗, gp,σ)∗, define
the m-linear mapping T ∈ L (X1, . . . , Xm;Y ) by
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〈
T (x1, . . . , xm), y∗

〉
= φ(x1 ⊗ · · · ⊗ xm ⊗ y∗).

Let (xji )
n
i=1 ⊂ Xj(j = 1, . . . ,m) and (y∗i )

n
i=1 ⊂ Y ∗, for λ1, . . . , λn ≥ 0 we can write∣∣∣∣ n∑

i=1

λi 〈T (x1
i , . . . , x

m
i ), y∗i 〉

∣∣∣∣
=

∣∣∣∣ n∑
i=1i

λiφ (x1
i ⊗ · · · ⊗ xmi ⊗ y∗i )

∣∣∣∣
≤ ‖φ‖ gp,σ

(
n∑
i=1

λix
1
i ⊗ · · · ⊗ xmi ⊗ y∗i

)
≤ ‖φ‖ ‖(λi)ni=1‖∞

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ
(
(y∗i )

n

i=1

)
.

By taking the supremum over all λ1, . . . , λn ≥ 0 with ‖(λi)ni=1‖∞ ≤ 1 and using the
equality (1.4) we get that

∥∥(〈T (x1
i , . . . , x

m
i ), y∗i

〉)n
i=1

∥∥
1
≤ ‖φ‖

(
n∑
i=1

m∏
j=1

∥∥xji∥∥r
) 1

r

δp∗σ
(
(y∗i )

n

i=1

)
;

this becomes T ∈ Dm,σp (X1, . . . , Xm;Y ) and

‖T‖Dm,σp
≤ ‖φ‖ = ‖Ψ(T )‖(X1⊗···⊗Xm⊗Y ∗,gp,σ)∗ .

3.2.3 The factorization theorem

Let X1, . . . , Xm, Y be Banach spaces, 1 ≤ p, r <∞, 0 ≤ σ < 1 such that 1
r
+ 1−σ

p∗
= 1

and a regular Borel probability measure η on BY ∗∗ , (with the weak star topology).
We denote by e the isometric embedding Y ∗ → C(BY ∗∗) given by e(y∗) = 〈y∗, ·〉.
For f ∈ e(Y ∗) consider the seminorm

‖f‖p,σ = inf
n∑
k=1

‖fk‖σe(Y ∗)
(∫

BY ∗∗

|fk|p dη
) 1−σ

p

,

the infimum computed over all decompositions of f as f =
n∑
k=1

fk in e(Y ∗). Following

(see subsection 2.1.3), let Lp,σ(η) be the completion of the quotient normed space

e(BY ∗)/‖ · ‖−1
p,σ(0)

of all classes of functions as 〈y∗, ·〉 ∈ e(BY ∗) ⊂ C(BY ∗∗), y
∗ ∈ Y ∗, with the quotient

norm ‖·‖p,σ. Let us call Jp,σ : e(Y ∗)→ Lp,σ(η) the projection on the quotient.
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In what follows, let the m-linear mapping K : X1 × · · · × Xm → L(X1, . . . , Xm)∗

defined by

K(x1, . . . , xm)(φ) := φ(x1, . . . , xm) for all φ ∈ L(X1, . . . , Xm). (3.11)

For the proof of the Factorization Theorem concerning the class Dm,σp we need the
following proposition.

Proposition 3.2.12. The multilinear mapping K, us defined by (3.11), is contin-
uous and ‖K‖ = 1. On the other hand, if T ∈ L (X1, ..., Xm;Y ) and kY : Y ↪→ Y ∗∗

is the natural embedding. Then the following diagram commutes

X1 × · · · ×Xm
K //

T
��

L(X1, . . . , Xm)∗

T ∗∗

��
Y

kY // Y ∗∗

i.e., kY ◦ T = T ∗∗ ◦K.

Proof. By the definition of the m-linear mapping K, we obtain directly

‖K‖ = sup
‖xj‖≤1,j=1,...,m

∥∥K(x1, ..., xm)
∥∥

= sup
‖xj‖≤1,j=1,...,m

{
sup
‖φ‖≤1

∥∥K(x1, ..., xm)(φ)
∥∥}

= sup
‖φ‖≤1

. sup
‖xj‖≤1,j=1,...,m

∣∣φ(x1, ..., xm)
∣∣

= sup
‖φ‖≤1

‖φ‖

= 1.

For all xj ∈ Xj(j = 1, ...,m) and y∗ ∈ Y ∗ we have

(kY ◦ T )(x1, ..., xm)(y∗) = y∗(T (x1, ..., xm))

= T ∗(y∗)(x1, ..., xm)

= K(x1, ..., xm)(T ∗y∗)

= T ∗∗ ◦K(x1, ..., xm)(y∗)

this gives kY ◦ T = T ∗∗ ◦K.

Theorem 3.2.13. (Factorization Theorem)
For every multilinear operator T : X1× · · · ×Xm → Y, the following statements are
equivalent.
(i) T is strongly (p, σ)-continuous.
(ii) There exist a regular Borel probability measure µ on BY ∗∗ and a continuous
m-linear mapping u∗ : X1 × · · · ×Xm → (Lp∗,σ(µ))∗ such that

kY ◦ T = e∗ ◦ J∗p∗,σ ◦ u∗.
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Proof. To simplify the notation, let us write L∗ instead of L(X1, . . . , Xm)∗.
(i) ⇒ (ii) Assume that T is strongly (p, σ)-continuous. By Theorem 3.2.8 we have
that T ∗ : Y ∗ → L(X1, . . . , Xm) is (p∗, σ)-absolutely continuous with ‖T‖Dm,σp

=

πp∗,σ(T ∗). By Theorem 2.1.20, there exist a regular Borel probability measure µ on
BY ∗∗ and a bounded linear operator u such that the following diagram commutes,

Y ∗ T ∗ //

e

��

L(X1, . . . , Xm)

e(Y ∗)� _

��

Jp∗,σ // Lp∗,σ(µ)

u

OO

C(BY ∗∗)

since Lp∗,σ(µ) is the closure of (Jp∗,σ ◦ e)(Y ∗). By transposing the diagram above
and the preceding proposition, we obtain the following diagram, which commutes

Y
kY

))
X1 × · · · ×Xm

K //

u∗ **

T

44

L∗ T ∗∗ //

��

Y ∗∗

(Lp∗,σ(µ))∗
J∗
p∗,σ // (e(Y ∗))∗

e∗

OO

where u∗ is the m-linear mapping defined by

〈u∗(x1, . . . , xm), Jp∗,σ ◦ e(y∗)〉 := 〈u∗ ◦K(x1, . . . , xm), Jp∗,σ ◦ e(y∗)〉
= K(x1, . . . , xm) (u (Jp∗,σ ◦ e(y∗)))
= u (Jp∗,σ ◦ e(y∗)) (x1, . . . , xm)

for all y∗ ∈ Y ∗, xj ∈ Xj(j = 1, . . . ,m). It is clear that u∗ is well-defined because

u (Jp∗,σ ◦ e(y∗)) ∈ L(X1, ..., Xm).

On the other hand we have∣∣〈u∗(x1, . . . , xm), Jp∗,σ ◦ e(y∗)
〉∣∣ =

∣∣u(Jp∗,σ ◦ e(y∗))(x1, . . . , xm)
∣∣

≤ ‖u(Jp∗,σ ◦ e(y∗))‖
m∏
j=1

∥∥xj∥∥
≤ ‖u‖ ‖Jp∗,σ ◦ e(y∗)‖Lp∗,σ(µ)

m∏
j=1

∥∥xj∥∥ .
We take the supremum over all Jp∗,σ ◦ e(y∗) with ‖Jp∗,σ ◦ e(y∗)‖Lp∗,σ(µ) ≤ 1 in order

to obtain ∥∥u∗(x1, . . . , xm)
∥∥ ≤ ‖u‖ m∏

j=1

∥∥xj∥∥ .
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Therefore, u∗ is continuous with norm ≤ ‖u‖.
(ii) ⇒ (i) Assume that kY ◦ T = e∗ ◦ J∗p∗,σ ◦ u∗. The natural inclusion/quotient
mapping Jp∗,σ is (p∗, σ)-absolutely continuous (see Lemma 2.1.19). Then J∗p∗,σ is
strongly (p, σ)-continuous by Corollary 3.1.9. Consequently, the m-linear mapping
is J∗p,σ ◦ u∗ is strongly (p, σ)-continuous by Corollary 3.2.6 and so

e∗ ◦ J∗p∗,σ ◦ u∗ = kY ◦ T ∈ Dm,σp (X1, . . . , Xm;Y ∗∗)

by the ideal property.
It remains to show that the mapping T is in Dm,σp (X1, . . . , Xm;Y ). By Theorem
3.2.8 we have

(kY ◦ T )∗ = T ∗ ◦ k∗Y ∈ Πp∗,σ(Y ∗∗∗,L(X1, . . . , Xm)).

The fact that k∗Y ◦ kY ∗ = idY ∗ implies

T ∗ = (T ∗ ◦ k∗Y ) ◦ kY ∗ ∈ Πp∗,σ(Y ∗,L(X1, . . . , Xm)).

Thus T ∈ Dm,σp (X1, . . . , Xm;Y ).

A direct consequence of the previous theorem is the following

Corollary 3.2.14. A multilinear operator T : X1 × · · · × Xm → Y belongs to
Dm,σp (X1, . . . , Xm;Y ) if and only if T ∗∗ ∈ Dσp

(
L(X1, . . . , Xm)∗, Y ∗∗

)
.

For the case m = 1 we obtain the factorization theorem for the linear case, which
as we said in the introduction of this chapter is also new. Let us write it separately.

Theorem 3.2.15. For every linear operator T : X → Y, the following statements
are equivalent.
(i) T is strongly (p, σ)-continuous.
(ii) There exist a regular Borel probability measure µ on BY ∗∗and a continuous linear
mapping u∗ : X → (Lp∗,σ(µ))∗ such that

kY ◦ T = e∗ ◦ J∗p∗,σ ◦ u∗.

Let us finish this chapter by writing the factorization theorem for Cohen strongly
p-summing multilinear operators. The linear case (i.e. for m = 1) is also new.
Putting σ = 0 in Theorem 3.2.13, we obtain the following

Theorem 3.2.16. For every multilinear operator T : X1 × · · · × Xm → Y , the
following assertions are equivalent.
(i) T is Cohen strongly p-summing.
(ii) There exist a regular Borel probability measure µ on BY ∗∗, a subspace S of the
Lebesgue space Lp∗(µ) and a continuous m-linear mapping u∗ : X1× · · ·×Xm → S∗

such that
kY ◦ T = e∗ ◦ J∗p∗ ◦ u∗.
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Chapter 4

Absolutely continuous polynomials

The results obtained in this chapter have been published in the Journal of Mathe-
matical Analysis and Applications [3]. In this chapter we introduce and study the
polynomial version of the (p; p1, . . . , pm;σ)-absolutely continuous multilinear oper-
ators, that will be called (p; q;σ)-absolutely continuous polynomials. Special at-
tention is paid to the particular case of dominated (p;σ)-continuous polynomials.
Inspired by the factorization theorem for dominated polynomials [19], we prove a
more general factorization scheme for dominated (p;σ)-continuous polynomials. The
factorization in [19] is based in finding a prototype of a p-dominated polynomial with
values in a linear subspace of an Lp space, endowed with a suitable norm, through
which any p-dominated polynomial factors. Our approximation to this problem is
slightly different.
This chapter is organized as follows. In Section 1, we recall some notation and basic
facts on polynomials on Banach spaces. In Section 2, we study and characterize
the ideal of (p; q;σ)-absolutely continuous polynomials. In Section 3 we present a
particular case: the dominated (p;σ)-continuous polynomials, where a factorization
should apply. Far from being trivial, the expectations are met. First we establish a
domination theorem for such operators similar to th one that holds in the m-linear
case, comparing also dominated (p;σ)-continuous and p-dominated polynomials and,
in Section 4, we show our main result: the factorization theorem for dominated
(p;σ)-continuous polynomials.

4.1 Definitions and general results

A mapping P : X → Y is an m-homogeneous polynomial if there exists a unique

symmetric m-linear mapping P̌ : X × (m). . . ×X → Y such that P (x) = P̌
(
x, (m). . ., x

)
for every x ∈ X. Both are related by the polarization formula [50, Theorem 1.10]

P̌
(
x1, . . . , xm

)
=

1

2mm!

∑
εi=±1

ε1 · · · εmP (ε1x
1 + · · ·+ εmx

m), (xj)mj=1 ⊂ X.
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We denote by P(mX;Y ) the Banach space of all continuous m-homogeneous poly-
nomials from X into Y endowed with the norm

‖P‖ = sup {‖P (x)‖ : ‖x‖ ≤ 1} = inf {C : ‖P (x)‖ ≤ C ‖x‖m , x ∈ X} .

The (finite) linear combinations of the m-homogeneous polynomials x → φ (x)m y,
where φ ∈ X∗ and y ∈ Y , are called polynomials of finite type. For the general
theory of homogeneous polynomials we refer to [28].

R. Ryan, in his thesis [67], introduced the projective tensor norm on the sym-
metric tensor product of Banach spaces to study homogeneous polynomials.
Let X be a Banach space and denote by ⊗m,sX = X⊗ (m). . .⊗X the m-fold symmetric
tensor product of X. The projective symmetric tensor norm, πs is the norm,

πs(z) = inf

{
n∑
i=1

‖xi‖m : m ∈ N, z =
n∑
i=1

xi ⊗ (m). . . ⊗ xi

}
,

and ⊗̂m,sπs X stands for the completion of X ⊗πs (m). . . ⊗πs X. We use PL to denote
the linearization of the polynomial P ∈ P(mX, Y ), that is, PL is a linear operator
from ⊗̂m,sπs X into Y such that P (x) = PL(x ⊗ · · · ⊗ x) for every x ∈ X. The
correspondence between a polynomial and its linearization P ↔ PL establishes an
isometric isomorphism between P(mX, Y ) and L(⊗̂m,sπs X, Y ). For definitions and
basic properties of symmetric tensor products, the s-tensor norm and the interplay
with homogeneous polynomials we refer to [33].

In this chapter we follow the standard definition of ideal of polynomials which can
be found for example in [15]. An ideal of homogeneous polynomials (or polynomial
ideal) is a subclass Q of the class of every continuous homogeneous polynomials
between Banach spaces such that, for all m ∈ N and any Banach spaces X and Y
the components Q(mX, Y ) = P(mX, Y ) ∩Q satisfy:
(i) Q(mX, Y ) contains the m-homogeneous polynomials of finite type.
(ii) Q has the ideal property: if u ∈ L(E,X), P ∈ Q(mX, Y ) and v ∈ L(Y, F ), then
v ◦ P ◦ u is in Q(mE,F ).

(Q; ‖.‖Q) is a normed (Banach) polynomial ideal if
(i′) (Q(mX, Y ), ‖.‖Q) is a normed (Banach) space for all X, Y,
(ii′) ‖idKm : K→ K : idKm (x) = xm‖Q = 1 for all m,
(iii′) If u ∈ L(E,X), P ∈ Q(mX, Y ) and v ∈ L(Y, F ), then ‖v ◦ P ◦ u‖Q ≤
‖v‖ ‖P‖Q ‖u‖

m .
In the Definition 2.2.3, if we take p1 = . . . = pm = q and 1

p
= 1

p1
+. . .+ 1

pm
= m

q
we

say that T is dominated (q, σ)-continuous and we denote the corresponding vector
space and norm by Lσd,q(X1, ..., Xm;Y ) and ‖.‖Lσd,q respectively. In this case, the

inequality (2.10) can be written as

∥∥(T (x1
i , . . . , x

m
i

))n
i=1

∥∥
q

m(1−σ)
≤ C

m∏
j=1

δqσ
(
(xji )

n
i=1

)
. (4.1)
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4.2 (p;q;σ)-Absolutely continuous m-homogeneous

polynomials

In this section we define and characterize the notion of (p; q;σ)-absolutely contin-
uous m-homogeneous polynomials, according to the definition of (p; p1, . . . , pm;σ)-
absolutely continuous multilinear mappings.

Definition 4.2.1. Let m ∈ N, 1 ≤ p, q < +∞ such that mp ≥ q and 0 ≤ σ < 1.
A polynomial P ∈ P(mX;Y ) is called (p; q;σ)-absolutely continuous if there exists
a constant C > 0 such that for every (xi)

n
i=1 ⊂ X,

‖(P (xi))
n
i=1‖ p

1−σ
≤ C. (δqσ((xi)

n
i=1))

m
. (4.2)

The space of all such polynomials is denoted by Pσas(p,q)(mX, Y ). It is equipped with

the complete norm ‖.‖Pσ
as(p,q)

, which is computed as the infimum of all constants C

such that the inequality (4.2) holds.

For σ = 0 we have P0
as(p,q)(

mX;Y ) = Pp,q(mX;Y ), the space of absolutely (p; q)-

summing polynomials (see [44]).

Remark 4.2.2. Let us show some basic ways of constructing polynomials belonging
to our new class. Let X, Y and Z be Banach spaces and let m ∈ N, 1 ≤ p, q < +∞
such that mp ≥ q and 0 ≤ σ < 1.
(a) Every m-homogeneous polynomial of finite type from X into Y is (p; q;σ)-
absolutely continuous. A simple calculation shows this result.
(b) Let us show a particular example of the case mentioned above. Let P = idKm
be the polynomial idKm : K→ K given by idKm(x) = xm. The following calcula-
tions show that it is (p; q;σ)-absolutely continuous and that ‖idKm‖Pσ

as(p,q)
= 1. Let

(xi)
n
i=1 ⊂ K. By the inequality (2.1) we can write

‖(idKm(xi))
n
i=1‖ p

1−σ
= ‖(xi)ni=1‖

m
mp
1−σ

≤ ‖(xi)ni=1‖
m
q

1−σ ,ω

≤ (δqσ ((xi)
n
i=1))m .

It follows that idKm ∈ Pσas(p,q)(mK;K) and ‖idKm‖Pσ
as(p,q)

≤ 1. In fact, it can be

easily shown that ‖idKm‖Pσ
as(p,q)

≥ ‖idKm‖ = 1.

(c) Let Q ∈ P(mX;Y ) and let u : Z → X be a (p;σ)-absolutely continuous linear
operator. Then the polynomial P = Q ◦ u is ( p

m
; p;σ)-absolutely continuous and

‖P‖Pσ
as(

p
m ,p)

≤ ‖Q‖ (πp,σ(u))m .

In order to see this, note that if (zi)
n
i=1 ⊂ Z, then

‖(P (zi))
n
i=1‖ p

m(1−σ)
≤ ‖Q‖ . ‖u(zi)

n
i=1‖

m
p

1−σ
≤ ‖Q‖ . (πp,σ(u))m . (δpσ((zi)

n
i=1))m .
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As a consequence of parts (a) and (b) of the remark above and the next result —
which proof is straightforward using calculation as in Remark 4.2.2(c)— we obtain

that
(
Pσas(p,q), ‖.‖Pσ

as(p,q)

)
is a normed polynomial ideal.

Proposition 4.2.3. (Ideal property). Let u ∈ L(X,G) and v ∈ L(F, Y ). If P ∈
P(mG,F ) is (p; q;σ)-absolutely continuous, then v ◦ P ◦ u is (p; q;σ)-absolutely
continuous and
‖v ◦ P ◦ u‖Pσ

as(p,q)
≤ ‖v‖ ‖P‖Pσ

as(p,q)
‖u‖m .

Although (p; q;σ)-absolutely continuous polynomials have been introduced indepen-
dently of (p; p1, . . . , pm)-absolutely continuous multilinear mappings, in order to re-
late both classes we characterize first these classes of non linear operators by means
of their summability properties.
Adapting the proof of Proposition 2.2.6, we easily get the characterization of (p; q;σ)-
absolutely continuous polynomials by means of transformations of vector valued
sequence spaces.

Proposition 4.2.4. Let m ∈ N, 1 ≤ p, q < +∞ such that mp ≥ q and 0 ≤ σ < 1.
Let P ∈ P(mX;Y ). Then the polynomial P is (p; q;σ)-absolutely continuous if and
only if (P (xi))

∞
i=1 ∈ ` p

1−σ
(Y ) for every (xi)

∞
i=1 ∈ `qσ(X).

The above characterization allows to relate the properties of the (p; q;σ)-absolutely
continuous polynomials with the ones of their corresponding symmetric multilinear
mappings.

Corollary 4.2.5. Let P ∈ P(mX;Y ). Then P ∈ Pσas(p,q)(mX;Y ) if and only if

P̌ ∈ Lσas(p;q,...,q) (mX;Y ) .

Proof. It follows by means of a standard argument from the polarization formula
and Proposition 2.2.6.

The interest of inclusion theorems yielded to establish a very general setting
where an abstract inclusion theorem holds [56]. Let us see that the class of (p; q;σ)-
absolutely continuous polynomials satisfies an inclusion theorem by using this ab-
stract result, although a standard calculation gives also the inclusion.

Proposition 4.2.6. (Inclusion theorem). Let 1 ≤ p ≤ q <∞ and 1 ≤ p1 ≤ q1 <∞
be such that m

p1
− 1

p
≤ m

q1
− 1

q
. Then Pσas(p,p1)(

mX;Y ) ⊂ Pσas(q,q1)(
mX;Y ). Moreover,

we have ‖.‖Pσ
as(q,q1)

≤ ‖.‖Pσ
as(p,p1)

.

Proof. Any polynomial in Pσas(r,s)(mX;Y ) is (r′, s′)-abstract (R, S)-summing (see

[56] for the definition), for r′ := mr
1−σ , s′ := s

1−σ , R : X × R × BX∗ → [0,∞) and
S : P(mX;Y )×X × R×BX∗ → [0,∞) given by

S(Q, x, b, φ) := ‖Q(x)‖1/m and R(x, b, φ) := |φ(x)|1−σ‖x‖σ.

The mappings R and S satisfy S(Q, tx, b, φ) = |t|S(Q, x, b, φ) and R(tx, b, φ) =
|t|R(x, b, φ) for all x ∈ X, b ∈ R, Q ∈ P(mX;Y ) and φ ∈ BX∗ . Then [56, Theorem
3.15] gives the result.
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4.3 Dominated (p,σ)-continuous polynomials

A relevant special case of (p; q;σ)-absolutely continuous polynomial is when we have
mp = q. In this situation —and following the standard notations in similar cases—
we will call the mappings dominated (p;σ)-continuous polynomials, and we will
denote the corresponding vector space and norm by Pσd,p(mX;Y ) and ‖.‖Pσd,p , re-

spectively, for p ≥ m. Actually, we have Pσd,p(mX;Y ) = Pσas( p
m
,p)(

mX;Y ), i.e. a

polynomial P ∈ P(mX;Y ) is dominated (p;σ)-continuous if there is a constant
C > 0 such that for every (xi)

n
i=1 ⊂ X we have

‖(P (xi))
n
i=1‖ p

m(1−σ)
≤ C. [δpσ ((xi)

n
i=1)]m . (4.3)

Notice that for m = 1 we recover also the ideal of (p, σ)-absolutely continuous
linear operators. When σ = 0, P0

d,p(
mX;Y ) is the space of all p-dominated m-

homogeneous polynomials, which is denoted simply by Pd,p(mX;Y ). The definition
and some fundamental results on p-dominated homogeneous polynomials between
Banach spaces can be found in [15], [44] or [49].

Remark 4.3.1. From Corollary 4.2.5, Theorem 2.2.10 and [15, Proposition 9] it
follows that the decomposition in part (c) of Remark 4.2.2 actually characterizes
dominated (p;σ)-continuous polynomials. Indeed, P ∈ Pσd,p(mX;Y ) if and only if
there is a Banach space Z, a (p;σ)-absolutely continuous linear operator u : X → Z
and a polynomial Q ∈ P(mZ;Y ) such that P = Q◦u. This factorization will be used
several times and is essential for our purposes of getting a Pietsch type factorization
theorem for dominated (p;σ)-continuous polynomials.

It is well known that (Pd,p, ‖.‖d,p) is a Banach ideal of polynomials if p ≥ m.
Although a domination theorem for dominated polynomials follows easily as in the
linear case, to get the corresponding factorization theorem requires new techniques
that use mainly symmetric tensor products and an adequate representation of these
spaces. This has been done in [20] and [21], where it is shown that any p-dominated
polynomial factors through a canonical prototype of a p-dominated polynomial in the
spirit of Pietsch’s classical result. Our aim is to obtain a domination/factorization
result for the larger class of dominated (p;σ)-continuous polynomials. We will see
that new constructions of renormed subspaces of Lp spaces different from the ones
used in [20] and [21] are required.

Theorem 4.3.2. (Domination theorem) Let m ∈ N and 1 ≤ p < ∞. An m-
homogeneous polynomial P ∈ P(mX;Y ) is dominated (p;σ)-continuous if and only
if there is a regular Borel probability measure µ on BX∗ (with the weak* topology)
and a constant C > 0 such that for all x ∈ X

‖P (x)‖ ≤ C ‖x‖mσ
(∫

BX∗

|φ(x)|p dµ(φ)

)m(1−σ)
p

. (4.4)

Moreover, in this case ‖P‖Pσd,p = inf {C > 0 : C satisfies (4.4)} .

90



Proof. A dominated (p;σ)-continuous m-homogeneous polynomial P is RS-abstract
q-summing (see [18, 55] for the definition), for q := p

(1−σ)m
, R : BX∗×X×R→ [0,∞)

and S : P(mX;Y )×X × R→ [0,∞) given by

R(φ, x, b) := |φ(x)|(1−σ)m‖x‖σm and S(Q, x, b) := ‖Q(x)‖,

x ∈ X,φ ∈ BX∗ , b ∈ R, Q ∈ P(mX;Y ). Theorem 2.2 in [18] or Theorem 3.1 in [55]
gives the result.

Definition 4.3.3. Any regular Borel probability measure µ on BX∗, with the weak*
topology that satisfies (4.4) is called a Pietsch measure for P .

An inclusion between the classes of the dominated (p;σ)-continuous polynomials
and the p-dominated polynomials follows easily from the definitions.

Proposition 4.3.4. Let 1 ≤ p < ∞ and 0 ≤ σ < 1. Then Pd, p
(1−σ)

(mX;Y ) ⊂
Pσd,p(mX;Y ). Consequently, Pd,p(mX;Y ) ⊂ Pσd,p(mX;Y ).

Proof. Let P ∈ Pd, p
(1−σ)

(mX;Y ). Let (xi)
n
i=1 be a sequence in X. Using inequality

(2.1) we have(
n∑
i=1

‖P (xi)‖
p

m(1−σ)

)m(1−σ)
p

≤ ‖P‖d, p
(1−σ)

[
‖(xi)ni=1‖ p

1−σ ,ω

]m
≤ ‖P‖d, p

(1−σ)
[δpσ((xi)

n
i=1)]

m
.

Then P ∈ Pσd,p(mX;Y ) and ‖P‖Pσd,p ≤ ‖P‖d, p
(1−σ)

.Hence Pd, p
(1−σ)

(mX;Y ) ⊂ Pσd,p(mX;Y ).

Since p ≤ p
1−σ it follows that Pd,p(mX;Y ) ⊂ Pd, p

(1−σ)
(mX;Y ) (see [49]). Hence the

inclusion Pd,p(mX;Y ) ⊂ Pσd,p(mX;Y ) is proved.

By [14, Example 1] there is a m-dominated polynomial P ∈ P(mX;Y ), m ≥ 2, which
is not weakly compact. Then Proposition 4.3.4 gives the existence of a dominated
(m,σ)-continuous polynomial which is not weakly compact.

Remark 4.3.5. In general, Pσd,p 6= Pd, p
(1−σ)

. Let us show an example of a polynomial

belonging to Pσd,p that is not in Pd, p
(1−σ)

. Let L1 := L1[0, 1] and L2 the corresponding

Hilbert space. We know by Example 2.2.14 that there is a symmetric bilinear
operator T : L2 × L2 → L1 such that

T ∈ Lσas(1;2,2)(
2L2;L1) but T /∈ Las( 1

(1−σ) ; 2
(1−σ) ,

2
(1−σ) )(

2L2;L1).

Then, by Corollary 4.2.5 and [49, Theorem 6], the polynomial T̂ ∈ P(2L2;L1)
associated to T satisfies that T̂ ∈ Pσd,2(2L2;L1), but T̂ /∈ Pd, 2

1−σ
(2L2;L1).
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4.4 The factorization theorem

As in the case of the p-dominated multilinear operators, we will show that there is
a factorization theorem that characterizes when a polynomial is dominated (p;σ)-
continuous. In fact, this theorem presents the prototype of dominated (p;σ)-continuous
polynomial, i.e. the polynomial belonging to this class through which each polyno-
mial of the class factors. The ideas for proving the factorization follow the lines of
the one that are used in [21] but there are some meaningful differences based on
the fact that the domination for the dominated (p;σ)-continuous polynomials is not
based in a norm but in some interpolated expression between the norm of X and
the one of Lp(µ). To deal with, we use techniques inspired in the convexification of
Banach lattices.

If X is a Banach space and m ∈ N, we define the m-homogeneous polynomial

∆: X −→ C(BX∗); ∆(x)(ϕ) = ϕ(x)m, x ∈ X,ϕ ∈ C(BX∗).

We consider the restriction δ of its linearization to the m-fold symmetric tensor
product ⊗m,sπs X. So defined, δ is a linear operator

δ : ⊗m,sπs X −→ C(BX∗); δ(x⊗ · · · ⊗ x)(ϕ) = ϕ(x)m.

By Lemma 4.1. in [20], this mapping is injective. To simplify the notation, some-
times we shall write ⊗mx := x ⊗ · · · ⊗ x. Let δm stand for the canonical m-
homogeneous polynomial

δm : X −→ ⊗m,sπs X; δm(x) = x⊗ · · · ⊗ x.

Let iX : X → C(BX∗) be the canonical isometric inclusion given by the evaluation.
Given µ a Borel probability measure on BX∗ , jp : C(BX∗) → Lp(µ) denotes the
canonical mapping and jmp

m
the continuous m-homogeneous polynomial,

jmp
m

: iX(X) ⊂ C(BX∗) −→ L p
m

(µ); jmp
m

(f) = j p
m

(fm).

On jp ◦ iX(X) consider the seminorm

‖jp ◦ iX(x)‖p,σ := inf

{
n∑
j=1

‖xj‖σ‖jp ◦ iX(xj)‖1−σ
Lp(µ) : x =

n∑
j=1

xj, xj ∈ X, n ∈ N.

}

Consider the relation

jp ◦ iX(x) ≡ jp ◦ iX(y) if and only if ‖iX(x− y)‖ = 0,

and denote by Lp,σ(µ) the quotient space and by jp,σ : iX(X)→ Lp,σ(µ) the quotient
mapping. Then ‖ · ‖p,σ becomes a norm on Lp,σ(µ).
Following a general construction that is well-known for the case of Banach function
spaces (see for example [53, Chapter 2]), we can define what we call the m-th power
Lp,σ(µ)[m] of Lp,σ(µ). However, notice that in this case this new space is not a
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Banach function space. It is a vector space that is defined as the linear span of all
polynomials of the form (j p

m
◦ iX(x))m for x being an element of X, i.e.

Lp,σ(µ)[m] =
{
h ∈ L p

m
(µ) : h =

∑n
j=1 λjj pm ◦∆(xj), xj ∈ X,λj ∈ K, n ∈ N

}
=
{
h ∈ L p

m
(µ) : h =

∑n
j=1 λjj pm (iX(xj))

m , xj ∈ X,λj ∈ K, n ∈ N
}
.

Consider the m-homogeneous polynomial Q given by

Q : jp,σ ◦ iX(X)→ Lp,σ(µ)[m]; Q(jp,σ ◦ iX(x)) := j p
m
◦∆(x),

and let QL be its linearization. Given

h =
n∑
j=1

λjj p
m
◦∆(xj) ∈ Lp,σ(µ)[m],

we will denote by θ the tensor θ :=
∑n

j=1 λj ⊗m xj. By T we denote the symmetric
m-fold tensor product of the linear operator jp,σ ◦ iX . So

T : ⊗m,s X −→ ⊗m,sjp,σ ◦ iX(X); T (⊗mx) = ⊗mjp,σ (iX(x)) for every x ∈ X.

For each h ∈ Lp,σ(µ)[m] define

πp;σ,m(h) := inf

{
n∑
j=1

|λj|‖jp,σ ◦ iX(xj)‖mp,σ : h =
n∑
j=1

λjj p
m
◦∆(xj)

}
,

and this is equal to

inf

{
n∑
j=1

|λj| ·

(
nj∑
k=1

‖xjk‖
σ‖jp ◦ iX(xjk)‖

1−σ
Lp

)m

: h =
n∑
j=1

λjj p
m
◦∆(

nj∑
k=1

xjk)

}
.

Note that

QL ◦ T (θ) = j p
m
◦ δ(θ) = j p

m
◦ δ

(
n∑
j=1

λj ⊗m (

nj∑
k=1

xjk)

)
=

n∑
j=1

λjj p
m
◦∆(

nj∑
k=1

xjk) = h

whenever θ =
∑n

j=1 λj ⊗m (
∑nj

k=1 x
j
k).

Proposition 4.4.1. If p ≥ m then πp;σ,m is a norm on Lp,σ(µ)[m].

Proof. Following [20, Proposition 4.2], on the space X
p
m := jmp

m
◦ iX(X) ⊆ L p

m
(µ) a

norm is defined by

π p
m

(h) := inf

{
n∑
i=1

|λi| · ‖(j p
m
◦ δ)⊗m xi)‖L p

m

}
,
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where the infimum is taken over all representations
∑n

i=1 λi ⊗m xi of all θ ∈ ⊗m,sπs X
such that (jp/m ◦ δ)(θ) = h. We have that

π p
m

(h) = inf

{
n∑
i=1

|λi| · ‖(j p
m
◦ δ)(⊗mxi)‖L p

m
: θ =

n∑
i=1

λi ⊗m xi, (j p
m
◦ δ)(θ) = h

}

= inf

{
n∑
i=1

|λi| · ‖(jp ◦ iX(xi)‖mLp : θ =
n∑
i=1

λi ⊗m xi, (j p
m
◦ δ)(θ) = h

}

≤ inf

{
n∑
i=1

|λi| ·

(
ni∑
k=1

‖jp ◦ iX(xik)‖Lp

)m

: θ =
n∑
i=1

λi ⊗m (

ni∑
k=1

xik), (j p
m
◦ δ)(θ) = h

}

≤ inf

{
n∑
i=1

|λi| ·

(
ni∑
k=1

‖xik‖σ‖jp ◦ iX(xik)‖1−σ
Lp

)m

: θ =
n∑
i=1

λi ⊗m (

ni∑
k=1

xik), (j p
m
◦ δ)(θ) = h

}
= πp;σ,m(h).

Therefore, if πp;σ,m(h) = 0 then π p
m

(h) = 0, hence h = 0.
Let h′, h′′ ∈ Lp,σ(µ)[m] and ε > 0. Choose representations of h′ and h′′ of the form

h′ =
n′∑
j=1

λ′jj pm ◦∆(x′j), h
′′ =

n′′∑
j=1

λ′′j j pm ◦∆(x′′j )

such that
n′∑
j=1

|λ′j|‖jp,σ ◦ iX(x′j)‖mp,σ ≤ πp;σ,m(h′) +
ε

2
,

and
n′′∑
j=1

|λ′′j |‖jp,σ ◦ iX(x′′j )‖mp,σ ≤ πp;σ,m(h′′) +
ε

2
.

Then
∑n′

j=1 λ
′
jj pm ◦∆(x′j) +

∑n′′

j=1 λ
′′
j j pm ◦∆(x′′j ) is a representation of h′ + h′′ and so

πp;σ,m(h′ + h′′) ≤
n′∑
j=1

|λ′j|‖jp,σ ◦ iX(x′j)‖mp,σ +
n′′∑
j=1

|λ′′j |‖jp,σ ◦ iX(x′′j )‖mp,σ
≤ πp;σ,m(h′) + πp;σ,m(h′′) + ε.

Since this holds for every ε > 0, we obtain the triangular inequality. Now given
α ∈ K, α 6= 0 and h ∈ Lp,σ(µ)[m] with the representation

∑n
j=1 λjj pm ◦ ∆(xj). We

have

αh =
n∑
j=1

λjj p
m

(iX(α
1
mxj))

m =
n∑
j=1

λjj p
m
◦∆(α

1
mxj).

Using the homogeneity of ‖.‖p,σ we obtain

πp;σ,m(αh) ≤
n∑
j=1

|λj|‖jp,σ ◦ iX(α
1
mxj)‖mp,σ

= |α|
n∑
j=1

|λj|‖jp,σ ◦ iX(xj)‖mp,σ.
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Since this holds for every representation of h, it follows that

πp;σ,m(αh) ≤ |α|πp;σ,m(h).

In the same way, we have

πp;σ,m(h) = πp;σ,m(
1

α
αh) ≤ 1

|α|
πp;σ,m(αh),

giving |α|πp;σ,m(h) ≤ πp;σ,m(αh). Therefore |α|πp;σ,m(h) = πp;σ,m(αh). The case
α = 0 is obvious.

The next proposition shows that QL is an isometric isomorphism between the spaces
⊗̂m,sπs Lp,σ(µ) and (Lp,σ(µ)[m], πp;σ,m) whenever we assume its injectivity.

Proposition 4.4.2. Assume that QL is injective. The completion of the space
(Lp,σ(µ)[m], πp;σ,m) is isometrically isomorphic to ⊗̂m,sπs Lp,σ(µ).

Proof. Consider QL restricted to ⊗m,sπs jp,σ ◦ iX(X), that is

QL : ⊗m,sπs jp,σ ◦ iX(X)→ (Lp,σ(µ)[m], πp;σ,m).

Let us see first that QL is onto. Given h =
∑n

j=1 λjj pm ◦ ∆(xj) ∈ Lp,σ(µ)[m], let

θ =
∑n

j=1 λjxj ⊗ · · · ⊗ xj. Then

QL(T (θ)) =
n∑
j=1

λjQ
L(⊗mjp,σ ◦ iX(xj)) =

n∑
j=1

λjQ(jp,σ ◦ iX(xj))

=
n∑
j=1

λjj p
m
◦∆(xj) = h.

From the definitions of the norms and the injectivity of QL it follows that πp;σ,m(h) =
πs(T (θ)) and so QL is an isometry. Therefore, the extension of QL to the completions
is the required isometric isomorphism.

To simplify the notation we will use (Lp,σ(µ)[m], πp;σ,m) for its completion too. Let us
define a polynomial which shall play the role of the canonical prototype of dominated
(p;σ)-continuous m-homogeneous polynomial through which any other polynomial
of the class must factor. Define the polynomial

jp;σ,m := Q ◦ jp,σ : iX(X) −→ Lp,σ(µ)[m]

For each x ∈ X,

jp;σ,m(iX(x)) = Q ◦ jp,σ(iX(x)) = j p
m
◦∆(x) = (j p

m
◦ iX(x))m

and so jp;σ,m can be identified with the restriction of the m-homogeneous polynomial
jmp
m

to the space iX(X) and with values in Lp,σ(µ)[m].
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Proposition 4.4.3. The m-homogeneous polynomial jp;σ,m is dominated (p;σ)-
continuous.

Proof. Given x1, . . . , xn ∈ X. Since the canonical linear mapping jp,σ : iX(X) →
Lp,σ(η) is (p, σ)-absolutely continuous and πp,σ(jp,σ) ≤ 1 (see Lemma 2.1.19) we have(

n∑
i=1

πp;σ,m(jp;σ,m(iX(xi)))
p

m(1−σ)

)m(1−σ)
p

=

(
n∑
i=1

πp;σ,m((j p
m
◦ iX(xi))

m)
p

m(1−σ)

)m(1−σ)
p

≤

(
n∑
i=1

‖(jp,σ ◦ iX(xi)‖
p

1−σ
p,σ

)m(1−σ)
p

≤ [δpσ((iX(xi)
n
i=1)]m,

proving that jp;σ,m is dominated (p, σ)-continuous and ‖jp;σ,m‖Pσd,p ≤ 1.

To get the factorization of dominated (p;σ)-continuous polynomials through
jp;σ,m we need some preliminary results.
Although the following proposition intends to generalize [21, Proposition 3.4], it
only applies for some specific Pietsch measures of a dominated (p;σ)-continuous m-
homogeneous polynomial P (see Definition 4.3.3) and a different proof is required.
From Remark 4.3.1, P can be written as P = Q ◦ u, where u is a (p;σ)-absolutely
continuous linear operator from X into some Banach space Z and Q : Z → Y is a
continuous m-homogeneous polynomial. An easy calculation shows that any Pietsch
measure µ for u is a Pietsch measure for P . In the following result we are considering
µ such a measure.

Proposition 4.4.4. Let P ∈ Pσd,p(mX;Y ). If x, y ∈ X are such that jp,σ ◦ iX(x) =
jp,σ ◦ iX(y) then P (x) = P (y).

Proof. By Remark 4.3.1, there exist a Banach space Z, a (p;σ)-absolutely continuous
linear operator u : X → Z and a polynomial Q ∈ P(mZ;Y ) such that P can be
written as P = Q◦u. Let µ be a Pietsch measure for u with constant C. Therefore,
by the polarization formula we obtain P̌ = Q̌ ◦ (u, . . . , u). Take ε > 0. The equality
jp,σ ◦ iX(x) = jp,σ ◦ iX(y) says that ‖jp,σ ◦ iX(x− y)‖p,σ = 0. Then, there exist

x1, . . . , xn ∈ X such that x− y =
∑n

k=1 xk and

n∑
k=1

‖xk‖σ‖jp ◦ iX(xk)‖1−σ
Lp(µ) < ε. (4.5)

96



It follows that

‖P (x)− P (y)‖ = ‖P̌ (x, (m). . ., x)− P̌ (y, (m). . ., y)‖

= ‖
m∑
j=1

P̌ (y, (j−1). . . , y, x− y, x, (m−j). . . , x)‖

≤
m∑
j=1

n∑
k=1

‖P̌ (y, (j−1). . . , y, xk, x,
(m−j). . . , x)‖

=
m∑
j=1

n∑
k=1

‖Q̌
(
u(y), (j−1). . . , u(y), u(xk), u(x), (m−j). . . , u(x)

)
‖

≤
m∑
j=1

n∑
k=1

‖Q̌‖‖u(y)‖j−1‖u(xk)‖‖u(x)‖m−j

≤ ‖Q̌‖
m∑
j=1

‖u(y)‖j−1‖u(x)‖m−j
n∑
k=1

πp,σ(u)‖xk‖σ‖jp ◦ iX(xk)‖1−σ
Lp(µ)

< πp,σ(u)‖Q̌‖
m∑
j=1

‖u(y)‖j−1‖u(x)‖m−jε.

As ε > 0 is arbitrary we conclude that P (x) = P (y).

We present now the factorization theorem for dominated (p;σ)-continuous polyno-
mials.

Theorem 4.4.5. Let m ∈ N and p ≥ m. Assume that (BX∗ , w
∗) is separable.

A polynomial P ∈ P(mX;Y ) is dominated (p;σ)-continuous if and only if there
exist a regular Borel probability measure µ on BX∗, with the weak* topology, and
a continuous linear operator v : (Lp,σ(µ)[m], πp;σ,m) → Y such that the following
diagram commutes

X P //

iX
��

Y

iX(X)
jp;σ,m//

��

Lp,σ(µ)[m]

v

OO

��
C(BX∗) L p

m
(µ)

. (4.6)

Proof. Assume that P ∈ Pσd,p(mX;Y ). By Remark 4.3.1, there exist a Banach space
Z, a (p;σ)-absolutely continuous linear operator u : X → Z and a polynomial
Q ∈ P(mZ;Y ) such that P can be written as P = Q ◦ u. Let µ be a Pietsch
measure for u. By [21, Proposition 2.5] we can assume that j p

m
: ∆(X)→ L p

m
(µ) is

injective. For each x ∈ X define R(jp,σ ◦ iX(x)) := P (x). By Proposition 4.4.4 the
mapping R : jp,σ ◦ iX(X) → Y is a well-defined m-homogeneous polynomial. Let
QL : ⊗m,sπs jp,σ ◦ iX(X)→ Lp,σ(µ)[m] be the surjective isometric isomorphism given by
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Proposition 4.4.2. Indeed QL is injective by QL ◦ T = j p
m
◦ δ. Taking into account

the commutative diagrams

X
P //

iX

��

∆

&&

Y

∆(X)
j p
m

%%
iX(X)

jp,σ

��

jp;σ,m // Lp,σ(µ)[m]

v

==

jp,σ ◦ iX(X)

Q
44

// ⊗̂m,sπs jp,σ ◦ iX(X)

RL

OO

QL

hh

let us define v := RL ◦ (QL)−1. It is clear that, so defined, v is continuous and closes
the diagram (4.6).
The converse follows from Proposition 4.4.3 and the ideal property.

Conditions that assure the separability of (BX∗ , w
∗) are easy to find (see for

example [32, Page 127]).
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[32] M. Fabian, P. Habala, P. Hájek, V. Montesinos and V. Zizler, Banach Space
Theory, Springer, Berlin, 2011.

[33] K. Floret, Natural norms on symmetric tensor products of normed spaces, Note
Mat. 17 (1997), 153–188.

[34] K. Floret, Hunfeld S, Ultrastability of ideals of homogeneous polynomials and
multilinear mappings on Banach spaces, Proc. Amer. Math. Soc. 130 (2001),
1425–1435.

[35] S. Geiss, Ideale multilinearer Abbildungen, Diplomarbeit, 1985.
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