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Asymptotic Derivation of Effective Boundary
Conditions for Thin Poroelastic Slabs

Abstract

This work is devoted to the asymptotic derivation of effective boundary conditions for a thin poroelas-
tic strip in the framework of linear elasticity with voids. We consider a three-dimensional transmission
problem coupling a thick elastic body with voids and a thin bonded layer. Using asymptotic expansion
techniques, we construct an approximate impedance operator that replaces the thin layer. Rigorous er-
ror estimates are established, showing that the error between the solution of the transmission problem

and the solution of the approximate impedance problem is of order O(6?) in the H'-norm.

Keywords: Elasticity with voids, asymptotic analysis, impedance boundary condition, thin layer,

transmission problem.

Résumé

Ce travail est consacré a la dérivation asymptotique de conditions aux limites effectives pour une bande
mince poroélastique dans le cadre de I’élasticité linéaire avec vides. Nous considérons un probléme de
transmission tridimensionnel couplant un corps élastique épais avec vides et une couche mince collée.
A Daide de techniques de développement asymptotique, nous construisons un opérateur d’impédance
approché remplagant la couche mince. Des estimations d’erreur rigoureuses sont tablies, montrant que
I’erreur entre la solution du problme de transmission et la solution du problme d’impdance approch
est d’ordre O(62) dans la norme H'.

Mots-clés : Elasticité avec vides, analyse asymptotique, condition d’impédance, couche mince, prob-

léme de transmission.
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(zeneral Introduction

The mathematical modeling of composite materials and structures involving thin layers is a cornerstone
of modern engineering and applied mathematics. From coated surfaces in aerospace engineering to
biological tissues and geological strata, the presence of a thin, distinct material layer bonded to a
thicker substrate profoundly influences the overall mechanical response. Direct numerical simulation
of such multi-scale configurations is notoriously challenging, as resolving the fine geometry of the thin
layer often requires prohibitively fine meshes, leading to high computational costs and ill-conditioned

systems.

To overcome this difficulty, asymptotic methods provide a powerful framework. The core idea is to
replace the thin layer governed by complex partial differential equations with an effective impedance
boundary condition imposed on the interface of the remaining domain. This reduced model preserves
the essential physics of the layer (its stiffness, its internal structure) while eliminating its geometric

thickness from the numerical mesh.

In this dissertation, we focus on a specific and advanced continuum theory: linear elasticity with voids.
Unlike classical elasticity, this theory, pioneered by Cowin and Nunziato, introduces an additional
scalar field representing the volume fraction of voids within the material. This allows for the modeling
of porous solids where the pores are dry and do not contain fluid. The presence of voids adds an extra
equilibrium equation and couples the displacement field with the void volume fraction, making the

derivation of effective boundary conditions a non-trivial task.

We consider a three-dimensional transmission problem consisting of a thick elastic body with voids
(©2_) bonded to a thin poroelastic (voided) layer (2%.) of small thickness §. The objective is to analyze
the asymptotic behavior of the solution as § — 0 and to derive a simplified model on the fixed domain

Q_ that encapsulates the effect of the thin layer through a set of effective boundary conditions.
The dissertation is structured as follows:

Chapter 1: Elements of Functional Analysis for PDEs. This chapter serves as a mathematical
foundation. We recall the essential concepts and theorems required for the rigorous analysis of partial
differential equations, including Lebesgue and Sobolev spaces (LP, H™, H(div)), the theory of distri-
butions, trace theorems, and the Lax-Milgram theorem. These tools are indispensable for establishing
the well-posedness of the transmission problems studied later.

Chapter 2: Study of a model transmission problem for the linear elasticity system with
voids. This chapter formulates the exact three-dimensional transmission problem (P?) in the domain
=0 U U Qi. We present the equilibrium equations, constitutive laws, and transmission
conditions for both the displacement field and the void volume fraction. Using the Lax-Milgram
theorem, we rigorously prove the existence and uniqueness of the solution in a suitable Hilbert space.
Furthermore, we perform a scaling transformation to map the thin layer to a fixed domain and establish

critical stability estimates for the scaled problem, which are independent of the small parameter 9.

Chapter 3: Modeling the Effect of a Planar Thin Layer in the Framework of Linear
Elasticity with Voids. This is the core chapter dedicated to asymptotic modeling. We formally
derive an approximate impedance operator T,s that mimics the mechanical action of the thin layer.

Two complementary methods are employed:



Contents

(i) Taylor Expansion Method: A direct expansion of the solution in the thin layer with respect

to the thickness coordinate.

(ii) Asymptotic Expansion Method (Multi-scale): A systematic expansion of the scaled trans-

mission problem, leading to a hierarchy of boundary value problems.

Both techniques yield a first-order effective boundary condition of order §, which replaces the thin
layer. We prove the well-posedness of the resulting approximate impedance problem and provide
rigorous error estimates showing that the error between the exact solution and the approximate

solution is of order O(62) in the H'-norm, demonstrating the optimality of the derived model.



Chapter 1

Elements of Functional Analysis for PDEs

In this chapter, we recall the essential tools from functional analysis required for the rigorous analysis of
the transmission problems studied in this dissertation. We present the main properties of Lebesgue and
Sobolev spaces, the theory of distributions, trace theorems, Korn’s inequality, and the Lax-Milgram

theorem. This chapter is based on the classical references [B, 9, 21, 7, 05, 00].

1.1 The spaces LP(£2), (1 < p < 400)

) is an open set of R"™.

Definition 1.1. [6] The Lebesgue space LP(2) is the set of measurable functions f : @ — R such

that
(Jo If(@)[? da) if 1<p<+oo,

1
1 zn @y < Foo with fllzsq) = { esssup,eq | f ()] if p=+o0
TE - :

Definition 1.2. [6] Let v = (v1,...,on) be a vector field defined on an open set 2 of RY, where each

component v; : ) — R is a measurable function. The L? norm of v is defined by:

1/2
|U||L2 Q) = (ZHUZ'L?(Q) :

Definition 1.3. [6, 9] Let A = (a;;) € RM x RY be a matrix whose coefficients a;; : O — R are

measurable functions defined on an open set Q of R%. The L? norm of A is defined by:

1/2

M N
2
HAHL2(Q) = ZZ ||aij||L2(Q)
i=1 j=1
Proposition 1.1. [6, @/ The mapping v — |[v[|1,q) € LP() defines a norm on the space LP((2)
and the spaces LP(Y) are Banach spaces for 1 < p < 400 , separable for 1 < p < +oo and reflexive
for 1 < p < +oo0.

Proposition 1.2. [@] Let f € LP(Q) and g € L1(Q) with 1 < p < 400 and % +é = 1. Then

f.g € LY(Q) and | |
[ i@t < ([ 1r@pa) ([ o)’

Proposition 1.3. [9] Let f € LP(Q) and g € 7 (Q) with p € [1,400[ and let r > 0 such that:

1,1 _1
>

= we have:

Lr S HfHLp ||9||Lp’
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1.2 Notions on distributions

Definition 1.4. [6, 8] Let 2 be an open set of R™ and let f be a function from 2 to C. The support
of f is the closed set of R™ which is the closure of
{reQ: f(z) #0} CR™

It is also the complement of the largest open set on which it is interesting to study f.
Proposition 1.4. [6, 9] D(Q) is dense in L*(Q), i.e:

V[ € Q). Ve >0, Tp € DO): |[f — pllpagay < e
Definition 1.5. We denote by D(€2) or C$°(€2) the space of all functions f of class C* with compact
support in §2, also called the space of test functions.
Definition 1.6. A sequence (¢,)neny of D(Q) is said to converge to ¢ in D(Q), if there exists a

compact K C Q such that: for all n € N we have

suppy, C K and lim sup |DPg,, — DPp| =0,Vp € N*,
" zeK
with
ol
Or¥r oxb? ... Ozl

Definition 1.7. A linear form 7" : D(Q2) — R is continuous if for every sequence (¢, )nen converging

Dpsﬁz and ‘p|:|(p1’p27"'apn)|:pl +p2+---+pn~

to ¢ in D(Q), we have
Wm T (pp) = T()-

Definition 1.8. A distribution on Q is a continuous linear form on D(2). We denote by D’(Q2) the

space of all distributions on 2.
Definition 1.9. The derivative of a distribution 7' € D’(Q2) of order m € N™ is the mapping

D™T : D(Q) — R, — D™T(p) = (=1)I™I(T, D™ ).

1.3 Sobolev spaces

1.3.1 Sobolev space W™P()

Definition 1.10. [6, 9] The Sobolev space of order m € N is the set

mp UGLP( ) :V]a| <m,3g, € LP(Q)
W = { Joul (2)dz = (=1)l°! [, gap(@)da, Ve € C(2) } '

1) For 1 < p < 400, the space W“’(Q) is equipped with the norm

1
llullw.p () ( > )
Lo(0)

2) For m =1 and p = 2, we set H*(Q2) = W2(Q) is equipped with the scalar product

l

(u, v) 1y = (u,v) L2(0) + Z(@Uﬁiv)y(sz)

i=1

is a Hilbert space and the norm associated with this scalar product is

1
2
||U||H1(Q) = ( L2(9)> :

sz
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Theorem 1.1. [d, @/ The mapping
v ||UHW1*T’(Q) S WLP(Q)
defines a norm on the space W1P(Q).

The spaces WHP(Q) are Banach spaces for 1 < p < +o00. For p =2, WY2(Q) is even a Hilbert space.

Moreover, these spaces are separable and reflexive for 1 < p < +o0.

1.3.2 The spaces H™ () and H}" (1)

Definition 1.11. Let Q be a bounded open set of R™, for m € N, we denote by H™(Q) the space
defined by:
H™(Q)={ueL* ), D*uec L*(Q), Va e N": |a| <m}

we equip it with the scalar product:
Vu,v € H™ () (4, 0) gy = Z (D%u, D) 120y = Z / DYuD%v dQ)
laj<m jal<m 7€

and the associated norm is:

1/2

a 2
||U||Hm(Q) = Z |D U||L2(Q)

o] <m
Definition 1.12. Let 1 < p < 4o00. W"" (Q) denotes the closure of C2° () in WP (Q). We denote
HE" () = W™ ().
The space Wy™"? () equipped with the norm induced by W™ (Q) is a separable Banach space, it is
reflexive if 1 < p < +00.  H{ (Q) is a Hilbert space for the scalar product of H! ().

Theorem 1.2. Let S be an open set of R™
o If Q) =TR", the space of test functions D (R™) is dense in H' (R").
o If Q # R"™, the space of test functions D (Q) is not dense in H' ().

Theorem 1.3. [T7] Let Q be an open set of R"™ of class C1 with boundary Q. We have

1. C>=(Q) is dense in HY(Q).
2. The trace mapping o which is linear continuous defined by

O (Q) — L2(Q)
u+— U590

)

extends by continuity to a linear continuous mapping from H*(SY) into L?(0S2)

Yo : H'(Q) — L*(09), u— vo(u) = ujp

There exists a constant C > 0 independent of 2 such that, for every function v in H*(2), we
have

||70(U)||L2(39) <C ||U||H1(Q) :
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Proposition 1.5. The most important properties of the trace are the following:
o If u e WHP(Q) then in fact ujpq € Wl_%’p(aQ) and

H“IaQHW < Cllullyiny Vue W (Q),

o) T

moreover the trace operator u — wujpq is surjective from WP (Q) onto WP (09)).
e The kernel of the trace operator is Wol’p (Q), i.e.

Wo? (Q) = {u € WP (Q) ,ujpq =0} .

Lemma 1.6. Assume that Q) is a bounded open set. Then there exists a constant C (depending on Q
and p) such that
||u||LP(Q) <C HVUHLP(Q) Vu € W()Lp (),1<p< +oo.

In particular the expression ||Vul prq)y is a norm on Wy (Q) which is equivalent to the norm on
WP (Q); on Hg (Q) the expression [, Vu- Vv is a scalar product which induces the norm || Vul|r2(q)

equivalent to the norm |[ull g1 (g, -

Proposition 1.7. (Korn’s inequality) [10] Let @ C RN be a regular open set, with N > 2. Then there
exists a constant C > 0 such that, for allu € [H} (Q)]N, we have:

IVl 2y < Clle ()]l 2 -
where e (u) = (eij (u)), <, j<n denotes the linearized strain tensor, defined componentwise by:
1 8’&1 an
€ij (U) o 5 <8$J + 61‘1) '

Proof. In the first member of the inequality there are all the derivatives, whereas in the second member

only particular combinations of the derivatives appear. Let u € [D (Q)}N, we have

3uz 8uj 2
2”21 / leij (u)]>dQ = = Z / o, 50 o
o, |° auj Bul 8u]

zyl z]l

But since u € [D (Q)]N, integration by parts gives
Ou; Quy o 0 (0Ou; / Ou; 8u]
Q 8a:j 8$ldQ_ A <8$] <8$l>> i) = 8$l 81']

Ou; Ouj
q Oz O0z;

Since we have

o = /(V~u)2d920,
)
then
2le (u)ll72(0) = [VulZ2gg
Now using the density of [D (2)]" in [H} (Q)]N, we obtain

N
IVl L2y < V2lle (W)l 2y, Yu € [Hg ()]
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1.3.3 Duality

Definition 1.13. [6] We define the space W17 () as the dual space of W, (). In other words
an element f of W~17'(Q) is a continuous linear form on W,"*(Q2), and we denote by (,) the duality
pairing between W12 () and W, (). Recall that

fyv
[fllw-10 )= sup B sup_ ()
vEWLP(Q) ”vHWOl’p(Q) HU“W&”’(Q)Zl

and
(£,0) < I fllw -1 [[0llwrn (e for all v € Wy P(Q).

Theorem 1.4. [d, ©] Let f € W12 (Q). Then there exist
FO 0t Y i LP(Q),
such that for all v € Wy P(Q) we have

(f,v) =/Q (f°v+§:fivmi> da

i=1

N 1/17
P i|p ,
1l 1o (/gu | )

In particular if f € L*(Q) C H71(Q), then

<f,v>=/ﬂfvdxf0r all v e HY(Q).

and

Theorem 1.5. [9] Let Q be a regular open set. If u and v are functions in H' (), they satisfy

/Qu(x) 5'8;]1 dx = —/Qv(av)gjZ dx + /89 u(z)v(z)n;(x)ds,

with 1 = (M;)1<i<n the unit outward normal to ON.

Theorem 1.6. [6] Let Q be a bounded open set with boundary T of class C1. Then if u is a function
in H?(Q), the mapping

O (Q) — L2(99) x L2(99)
ur— (0 (u),m (u) = (U\OQ’ (g%) = (Vu- n)\an> ’

extends to a linear continuous mapping from H?(Q) into L?(I") x L*(T).

|00

Proposition 1.8. [9/ Let Q be a bounded open set with boundary T of class Ct. For any function u
in H2(Q) and v in HY(Q), we have the following formula:

/Q(Au)de: —/QVqudQ—k/F%(u)%(v) dr.

Theorem 1.7. Let H be a Hilbert space equipped with a scalar product denoted (.,.) and f a continuous
linear form on H, then
lye H, VeeH f(x)=(y,uz).

Theorem 1.8. [Z1] Let H be a Hilbert space and af.,.) a continuous and coercive bilinear form. Then

for all ¢ € H there exists a unique u € H such that

a(u,v) = (p,v),

moreover if a is symmetric then u is characterized by the property uw € H and

%a(u, w) — (¢, u) = min {;a(v, v) — (@, v)} :

veEH
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1.4 The Hilbert spaces H(div, )

Definition 1.14. [I5] Let 2 be a regular open set of R™. We set
H(div, Q) = {w € [L*(Q)]"; divw e L*(Q)}.
Equipped with the scalar product
(u,v) = (u,0) 120y + (dive, dive) g
the space H(div, () is a Hilbert space.
A consequence of the Riesz representation theorem is the following characterization of the dual of
H(div, ).

Proposition 1.9. [14] A linear form F € [H(div,Q)]" (dual of H(div,Q) ) if and only if there exists
f € H(div, Q) such that

(F, W) H(div.Q)) x H(div,@) = (f5 W) H(div,0)x H(div,0), Yw € H(div, Q).
Proposition 1.10. [T4] The subspace [C°(Q)]" is dense in H(div, Q).
Theorem 1.9. [7d] Let Q be a bounded regular open set of class C*. We define a mapping v, by

1 : H(div, Q) — H™2(9Q)
wr—rm (W) = (w-n)

b
Xe)

The mapping v1 (the trace of the normal component of an element of H(div,Q) ) is linear continuous
surjective from H(div,Q) into H=2(8Q). In particular there exists a constant C > 0 such that, for
all v in H(div,Q) , we have

||U ’ 77|69||H—%(39) <C ”v”H(div,Q) :
Theorem 1.10. [74] Let ) be a bounded regular open set. If u € H*(Q) and 6 € H(div,Q) is a vector
function in [L?(2)]"™ such that div0(z) € L*(Q) then

/Qu(a:)divedx:f/QVu(:z:)~¢9(:c)d1:+/ w(@)f(z) - () ds.

o0



Chapter 2

Study of a model transmission prob-
lem for the linear elasticity system with

voids

In this chapter, we formulate a transmission problem (P?) for an elastic body with voids bonded
to a thin poroelastic layer, following the theory of Cowin and Nunziato [[1, 24]. Using the Lax-
Milgram theorem, we prove the existence and uniqueness of the solution. We then introduce a scaling
transformation, as in [1, 2, 8], and establish stability estimates for the transmission problem (P?) that

are independent of the small parameter J.

2.1 Elasticity with voids (Poroelasticity)

Classical linear elasticity describes the mechanical behavior of solid materials under small deforma-
tions, establishing a linear relationship between stresses and strains via Hooke’s law. However, this
theory assumes a continuous medium without internal defects, an assumption that becomes restric-
tive for porous materials or those containing microscopic voids. These voids, whether natural (as in
bones, ceramics or foams) or artificial (in architected composites), significantly influence mechanical

properties such as stiffness, strength or response to loads.

Theory of elasticity with voids initially developed by Cowin and Nunziato in the 1980s, the theory
of elasticity with voids extends the classical framework by introducing an internal variable: the void
volume fraction. This scalar quantity, often denoted w, represents the local volume of pores relative
to the material. Unlike poroelasticity, which incorporates the effects of interstitial fluids, this theory

focuses on the mechanical interactions between the solid matrix and static voids.

In addition to the classical equations of continuum mechanics, the theory introduces an additional

equilibrium equation to describe the redistribution of voids:

1. Force equilibrium
3
ZDJ‘O'ij (’U,7UJ) = —Di, 1= 172,3,
j=1
where o;; is the stress tensor, and p the body forces.
2. Void equilibrium

3
> Dihj (&) =g (u’,0’) =4
j=1

where h; is the equilibrated stress vector, g is the intrinsic equilibrated body force and g repre-

sents external void sources
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3. Constitutive law|, 24]:: For an isotropic material, the stress tensor is given by:

Oij (u‘;,w‘;) = 2ue;; (u‘s) + Aepp (u‘s) 0ij + ﬁw‘séij, i,7,p=1,2,3,
h; (wé) = oszw‘s, 7 =1,2,3,
g (u‘s,w‘s) = fepp (u‘s) + Cw5,p =1,2,3,
Where 0;; is the Kronecker delta, e;; is the strain tensor defined by
eij (u’) = % (Diuf + Djul), i,j =1,2,3,
and u, a, ¢, A and 8 are material constants satisfying the inequalities:

>0 a>0, (>0, A>0, >0,
p+3A>0, (u+3)\)¢ >33

2.2 Model transmission problem

In this chapter, we consider a three-dimensional model of linear elasticity with voids in a domain
Q9 = R? x ]—1, 6] composed of two bonded porous elastic bodies, 2_ = R? x |—1,0[ and a thin slab
Q% =R?x]0,0[, we also set ' =R? x {~1}, ¥ =R? x {0} and T’} =R? x {§}, We assume that
Q_ and Q‘i are homogeneous and isotropic. We limit our consideration to the case of elastostatics
and to a planar geometry, and we denote by the index + (resp. —) the restriction to Qi (resp. to Q_
). The transmission problem (P?) given by the model for the displacement u%. and the change in the
volume fraction wi..

(1) Equilibrium equations in _

23:1 Djo_ij (ul,w) = —p_;, i=1,2,3, o)
E?:l Dijh_j (w’) —g- (uo,w’) = —q_. .

1. . . . )
(2) Equilibrium equations in Q9

3 .
ngﬂ Djoiij (ud,wl) =0, i=1,2,3, (2.2)
> j=1 Dihy; (w§) — g+ (u§,w§) =0.
(3) Dirichlet boundary conditions on I'_
w,=0,i=1,23,
w® =0.
o )
(4) Neumann boundary conditions on I'q.
3 )
D=1 0+4ij (uf,wl)v; =0, i=1,23, (2.3a)
D3wi =0.
(5) Transmission conditions at the interface 3
u =y, i=1,2,3,
5 0
P (2.4)

Z?:l 0—ij (u‘i,w‘i) v; = Zj’:l O 4ij (u‘i,wi) vj, 1= 1, 2, 3,
a_Dsw? = a+D3wi.

10
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Where v = (v1,v2,v3) = (0,0, 1) is the unit normal vector to X, o4;; is the stress tensor, and p_ is

the body force vector, g4 is the intrinsic equilibrated body force, h4 is the equilibrated stress vector,
o _.

-9
Ox

g— is the extrinsic equilibrated body force and D; = for simplicity in the following sections, we

adopt the following notations:

(uivwi) = (uftlﬁuftzvuéi&wft)v

O+ (ufl:awfl:) V= (U:t13 (u(ijft) y 0+23 (Ui,Wi) y 0£33 (uiawi)) )
(04 (U, wlh) v, axDswl) = (0413 (uh, W), 0003 (uh,wl) 0033 (ul,wl), asDswl) .
The constitutive equations for isotropic linear elasticity with voids [, 24| are defined by: are defined
by:
O+ij (ui,wi) = 2:ui€:tij (Ui) + )‘ieipp (Ui) 51] + Biwiéz]a i7j7p = 17 2a 3)
hij (wi) = OéiDjWi, ] = 17233a
g+ (ud,0h) = Brewpy (uh) + Cewl,p = 1,2,3,

Where §;; is the Kronecker delta, e;; is the strain tensor defined by:
s 1 s s .
etij (ul) = 5 (Diuﬂ:j + Djul,), i,5 =1,2,3,
and p4, ay, (4, Ax and B4 are material constants satisfying the following inequalities (see [I]):

pt >0, ax >0, ¢+ >0, A\x >0, ﬂ:ﬁ:>07

s +3Ae >0, (ut +3Ms) (e > 361

2.3 Well-posedness of the transmission problem

In this section, we will prove the existence and uniqueness of the solution to the transmission problem
(P‘s). We consider the space W (Q‘S) defined by:

(v, ) € [L? (Q‘Sﬂ4 :
W) =) @ =) €@ 0oy = (e € (1 (D), |
V- =Uy ON X, Y =@y 0N X,
v_ =0ix3onl'_, ¢p_=0onT_.

equipped with the norm

b

2 2 1/2
||(U»90)||W(Qé) = [”(v*v@*)H[Hl(Q_)]“ + ||(U+»SD+)||[H1(QE+)}4}

which is equivalent to the norm

1/2
|(U790)|W(Qé) = |:|(,U—790—)|fHé(Q7)]4 + |(v+a¢+)|fHé(Qi)]4:| )
with 5
2
||(vi7¢i)||[H1(Qi)}4 = II%IIZI(QD + ; Hvﬂllzl(gi) ;
and 5
2
’(via¢i)|[Hé(Qi)]4 = |S0:t|§{%<mi) +ZZ:; |vii|j{§(ﬁi) .

11



Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

For all [(u’,w?),(v,¢)] € [W (Q‘s)]Q, we set

a” [(ul,w?), (v, )] :/

trs (J, (u‘s_,w‘i) e_ (v,)) +a_Vu -Vp_
dQy_,
+C_wl o+ B (Dlu‘il + Doul 5 + Dgu‘i;j) w_

ot [ 0) (o] = |

trs (o4 (ud,wl) ey (v4)) +apVws - Voo JP
+Crwhpy + By (Drudy + Daudy + Daud3) ¢ -
where trs is the trace of a 3 x 3 matrix.

Theorem 2.1. For given (p—,q—) in [L2 (Q,)]4, there exists a unique solution (u‘s,w‘s) in W (Q‘s)

to the transmission problem (P%). Its weak formulation is given by

a [(u‘s,w‘s) ,(U,gp)] =L(v,p), V(v,p) €W (Q‘S) ,
with
a[(u’,e), (v,9)] =a” [(u?,0?), (v o)) +at [(u, W), (vi,04)]

and
Lwe)= [ v +apo)do.

Proof. To prove the existence and uniqueness of the solution to the transmission problem (P‘;) in
W (Q‘S), it suffices to verify that the linear form L and the bilinear form a satisfy the hypotheses of
the Lax-Milgram theorem. It is obvious that L is continuous on W (Q‘s). For the continuity of a, we

have
o [(w’,”) (v, 9)]]
< o™ [(u,w?), (0,0 )]| + [a™ [(ud,wh) , (vr, 1)

< A (S0 [Pt ) (s 1Dk0-il) + 21 523 e (u2) sy (0-)]
oo | 18- [(Druly + Dauly + Dsuls)|[o-| + ¢ | [wl | [o-| + Ja—| [Vwl | V]
v Al (ot 1Deud]) (Shos 1Dsvsal) + 2l |50y fess (u3) e (v4)] ] -
Qi | +[B84] [(Drufy + Daudy + Dauls)| o] + ¢ [l | o] + | | [VWl [ [V ]
Using the Cauchy-Schwarz inequality and from the definition of the space W (95), we obtain
3 3 3
Z (/ €ij (Ué_) €ij (7)_) dQ-) < Z ||6'L] (ué—)HL2(Qi) Z ||61] (U—)HLz(Qf)

i,5=1 - 2,j=1 i,j=1

<c ||“§H[H1(Q,)]3 oIz ye

<c H(u67w6)HW(Q5) ||(U750)||W(Qé) )
where ¢ is a positive constant independent of §, the remaining terms of a~ can also be bounded by
|}(u57w5)HW(m) (v, )|l (s, Which gives

o™ [(ul,wl) , (0 )] | < Cu || (u,0°) |y ) 10 @)l s »

where (7 is a positive constant independent of §. In the same way, we prove that

|a+ [(ui,wi) (g, 04)] | <Gy ||(“6’°"6)”W(m) (0, @)llw (s »

where (5 is a positive constant independent of §. Consequently, for all (u‘s,w‘s) , (v, ) iIn W (95),
there exists a positive constant C' independent of § such that

|a [(u6>w6) 7(’0790)” S C H(u67w6>|‘w(96) ||(U7QP)HW(Q‘5) )

12



Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

which proves the continuity of a on [W (Q‘S)]Q. Let us now show that a is coercive, we have

a [(u‘s w‘s) (u5 w‘s)]

Ww))] +at [(uf,wl), (ud wf)]
e (u 6)12+2u ooz ()] + 20 [ea (2]
i oo )]+ s G+ eono )]
s s 5112 dQy_
A [eczn (09) + e (u) + _aa (u)]
2808 feons (12) + e (u0) + e (u2)] + - (2)? + o [V
2y fernn (u)]” 2 [esmn (u0)]° 4 20 [esan (D)
Fp [era (05)]7 + 4y ferns ()] + dpy [eras (uf)] 5
+ 5 2 dQ—i—’
a3 A4 [ero (ud) + e (uh) + evas (ul)]
2 2
+28408 [esnn (ul) +eqan (ud) +evas (ud)] + G4 (03) + ay [Vt
for all u ,w‘s), and let us try to bound W (Q‘S) from below by a [(u‘s,w‘s) , (ué,wé)]. We start with
[( 5) , ( 7)] Using the inequality <3a +3b2+3c2 > (a+b+ 0)2, Y (a,b,c) € R?’), we
obtain

which implies that
o [ 60 ()

H— [[611 ((u‘s))];—k p— [6[22 (125)])2];- e [6[33 (U(S()]Q)]Q
Hap [eor (ul)]” +4p- [e13 (ud)]” +4p_ [e_oz (ud
- / + 5 ) [ecnn (u0) +e o (ul) +es3 (u‘;_)f i dQd-,
6,) +e€e_922 (’LL(Z) +e_33 (u‘i)] +(_ (w‘i) + a_ ’vwi|

for all (u_,w ) in [Hl (Q_ )] . Using the inequality (a2 + 2ab > —b?, V(a,b) € Rz) with
5
a= ()\_ + %) [6_11 (u‘S_) + e_o9 (u‘s_) +e_33 (u‘s_)] and b = L,
(A +5)
we obtain

(3 5 ) oo (02) ez (02) 4 e (02

28 e (u) + e (u7) + e (u2)]” + ¢ ()

B2 (w2) 2 (o (po+3X) =362 , ;.2
oy e =y )
which implies that
o [(u2,wl), (ul,w?)]
ol () o (0] + e fesa ()]
> | . oo (1)) i o ()] 44 [ens (O | an
_|_

(p—+3X_)—382 2 2
St (W) 4 ac [Vl |

for all (u®,w?®) in [H* (Q,)]4. Since we have

¢ (pu_+3x_)—33%

(i 43\ ) >0 because ¢ (u_ +3X_) >36% and (u_ +3X_) >0

p— >0 and

13



Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

C_(p_+31_)—382
T (p—3xD)

e ()] 4 oo G0)]° 1 [eoan (2]
100 ()] 2 [ e ] 4 e O] # e ()] |

) () |l [

Then, there exists a positive constant C'; = min (,u_, a_, ) independent of § such that

In the same way, we prove that for all (uiwi) in [Hl (Qi)]4, we have

s (D)) + sz (D) + [esan ()]
at [(ul,wl), (uf,wl)] 2 02/9 +[esan (uf)] + [€+213 (u})] -2|- [e4as (ud)] dy,
¢ +(@8) + |Vt

G (py+3X21)—38%

Where Cy = min (N+» Aty (et +331)

) is a positive constant independent of §. Thus

e ()] oo (10 5 [eoss (02
o [00) (0)] 2 Cr [ ] fear (@8] e ()] + femn (u2)]7 | a0

B + (@)’ +a_ Vel |?
ean (] + e L)) ¢ e (2]
0 [ ]+ lenan ()] + ensa ()] + [enan ()] | a0

2
() + [Vt |
Thanks to Korn’s inequality, we obtain

a[(u,w), (u,w")] > C | (u,00) ||y e > forall (ul,w?) € W (2F),
Where C' is a positive constant independent of §, which proves the coercivity of a. Consequently, by

the Lax-Milgram theorem, the transmission problem (P?°) admits a unique solution in W (Q‘s). O

2.4 Stability of the transmission problem

2.4.1 Scaling and the scaled transmission problem

When the parameter § varies, the domain Q‘i also varies. The solution (u‘i, Wi) of the problem (P5)
depends on § and we cannot compare the solutions corresponding to different values of the parameter
5. We therefore perform a scaling to bring the transmission problem defined in ° to a transmission
problem defined on a fixed domain, which we will denote by 2, we perform a dilation in the normal
direction of Q% with ratio 6-1. We obtain Q@ = R? x ]0,1[, I'; = R? x {1}, and for each point
(x1,22,73) € Q, we associate the point x° (z1, 22, 23) € Q° as follows:

X Q - 0

5 (xl,ﬂi‘g,l’g) if I3 SO
T1,%2,% — T1,X2,23) = i
( 1,22 3) X ( 1,22 3) { (x1,$2751'3) if x3 >0

and we define the function (u%.,@%) by:

s (z1,29,23) = u® (z1,22,23), for all (z1,z9,23) € Q_,

0% (w1, 22, 73) = W (z1,79,23), for all (z1,72,23) € Q_,

and
) Qp=R?x]0,1[ — RS
(w1, 22,23) (U (21, @2, 63) , udy (21, 22, 023) , 6l g (21, 2, 03)) ,
Wl Qp=R%x]0,1[ — R
($1,$2,$3) = wi (mlax2a5x3)a

14



Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

We then obtain the following scaled problem:

(1) The equations in Q% are rewritten in €2, as:

~ ~ 1 ~
(E+1) 0= D1 |:(2p,+ + )\+) D1U,(_S~_1 + /\+ (Dguig + 62D3ui3> + ,8+wi:|

+ /J,+D2 [D1u+2 + DQU_,’_I] 3 D3 [D1U+3 + D3u+1]

6

(Ey2): 0= Dy [(2M+ +A+) D2U+2 + Ay <D1U+1 + D3U+3) + 5+°~Ui}

(52 D3 [D2u+3 —+ D3U+2} + ‘LL+D1 D17.L+2 + D2u+1]

1 1
(E+3) 0= ng I:ILL_;,_ (D1U+3 + D3U+1)] + 6D2 I:ILLJ,_ (D2U+3 + D3'U;+2):|

2y + A ~ ~ ~ ~
[MD?)“H + Ay (Didy + Daidy) + 5+W§r} :

5
E . O — D D2~ 1 D2~5 D ~0 D ~0 1 D ~0 ~4
(Eya): 0=ay ( DI&) + D305 + STl By | Drufyy + Doty + 52 8U4s ) Cwl.

(2) The boundary conditions on I' are rewritten in I'; as:

1 1
(BCP+1) : 0= l,l/JrgD?,uil + ,U/Jrg.Dl’U/iS,

1 1
(BCF+2) : 0= N+SD3U§F2 + ,u«‘,»gDQuis?

(2p4 +A4)
62

1
(BCT4): 0= gpgwi

(BCT43): 0= D3ty + Ay (D1 + Dottl,) + B,

(3) The transmission conditions on ¥ are rewritten as follows:

) ~5
sufy =uly,

. 6 ~0
DU, =ulg,

(CT%y)
(CT%,)
(CTSs) : iuig =,
( )

CTSy): &% =3°

(CTSs): o1 (@2,32)

/% (D3, + Diifs)
(5 (D3u+2 + D2u+3)

(CTS6) : 093 (a2,3%)

5 ~ 204 + A - ~ ~ -
(OTE7) : 0_-33 ( J 6) %Dguﬁ; + )\+ (Dluil + DQUiQ) + ﬂ.;.wi,

e -
—+D3wi

(CTYg): a D&’ = 5

15



Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

2.4.2 Stability for the scaled transmission problem

After scaling, the space for the study of the transmission problem (P5) in the fixed domain Q_UXUQ

becomes:

(v.p) € [L2 ()]
e = ] @90 =) € Q] e, = () € [ @],
v_ =01x3onl'_, p_=0onT_,
(v_1,v_9,0v_3) = (V41,V42,v43) on X, and ¢_ = ¢ on X,

and the variational formulation of the scaled transmission problem is written:
Find (a°,&°) € W5 (Q), such that ¥ (v, ) € W5 (Q) :
L5 (U7 410) =a [(ﬂiaai) ’ (’U—a @—)} + Cl+ [(ai7ai) ’ (’l)+, <)0+)] ’

with
— (=6 ~6 - trs (0’_ (ﬂ‘s_7(,~u5_) e_ (U_)) +a_ Vit . Vo_
a [(ufyw—) 7(1)7730*)] B /97 —|—C_L:}i(p_ +IB_ (Dlﬂil 4 D2a5_2 + Dgﬂé_S) o dQ,,
and
s ~ o 1 o
o [(@.3) (0] = 0ty [(1.35)  (r00)] + 507 [(@.50) (0400
1 5 ~
+ gaf?) [(’LLi,(Ui) 7(U+v (er)] ’

where

[ (2u4 + Ay) D1t Diviy + Ay (Dol o Dyvgq + D1’y Davys)
+64 (Z}iDlvH + (DingJrg)
ot [@,5) (vr,94)] = / g [(D1usy + Dauly) ] [~D§1U+2 + Daviq] + a0,
o + (2p4 + Ay) D2t 3 Davyn
+ay D1@0% Dipy + ay Daw Doy + (@5 o
+84 (D1u%y + Dauly) o4

)\_;,_ [D3ﬂj_3 (D1’U+1 + D2U+2) + (Dlﬂil + Dgﬂi_Q) D3’U+3]
+B4 @} D3vys + D3t 304 |

atl [(ﬂi,&i) ) (U+, @-‘r)] = / +M+ (Dlﬂig + D3ai1) (D11)+3 + D3U+1) dQ+,
Ot +p4 (Dol g + D3tiy) (Davys + Dsvys)
+Oé+D3&iD3g0+
aty [(@,&5), (vg, 04)] = /Q (244 + Ay) D3l 3 Davy3d€dy,
+
and

Loo.o) = [ (p-vodf +q o) a2

Now, in order to estimate the error between the solution of the transmission problem in 2_ and its
first-order approximation, we first set
Ao o) = HU*H[Hl(Q,)]S + ”(JO*HHl((L) J

[D1v+1ll 20, + 1D2v42ll 12,y + 1D1v42 + Daviall 2 q, )

b

B (v4, 04) =
+1D1o+ll 2,y + 1D2¢0+llp2(a, ) + 1o+l L2y

C(v4,04) = [[ID1v43 + D3viallp2(q, ) + 1D2vis + Daviall 2,y + 1Ds0+ll 2, ) -
D (v4, o4) = [[D3v4sll 2,y »

For all (v, p) € Ws (). Then, we state and prove the following stability result:
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Chapter 2. Study of a model transmission problem for the linear elasticity system with voids

Theorem 2.2. Let Ls be a continuous linear form on Ws (Q) such that:

ILs (0, 0)] < Is A(U—AP—H\/EB(M,%H% C(v+,w+)+ﬁ D (vy, 02)]

where lg is any function of 6 > 0. Then, there exists a constant C' > 0 (independent of §) such that

the solution (ﬁi,@i) of the problem

Find (a°,&°) € W5 (), such that ¥ (v, ) € W; () :
Ls (v,0) = a” [(@2,8°), (v_, )] +a™ [(@, &%), (vs, 04)] , (2.5)

satisfies the following estimates:

A(a2,&°) < Cls, (2.6)
B (4%,00) < C6 515, (2.7)
C (a,8%) < Ca3ls, (2.8)
D (a,3%) < C83l;. (2.9)

)

Proof. Thanks to Korn’s inequality, the expression A2 (175,, w ) is equivalent to a~ [(ﬂ‘i, o0 ) , (ﬂ‘i , (TJ‘S,)] ;

and we have:

24 D3’ 5 (D1 + Dotidyy) + 2840 D3tid, 5
~ ~ ~ ~ ~ ~ 2 ~ ~ 2
o [@32) @] = [ | e (D1 + D]+ [Daiy + Dail]” | di,
: ta (Dsit)

And from the expressions of B, C and D, we obtain:
aty (@, &), (@, @%)] < (A4 +284)B (@, @) D (W, &) + (2u4 + oy ) C* (a4,&7) .
Since we have:

(2A+ +284) % (B.D) (@3, &%) < (As +B4) <5E2 (@, &) + (%3[[))2 (ﬁi,&i)) ;

Then, taking (55, @6) = (ﬂ‘s, &5) in the variational formulation (23), we obtain the following estimate:

( A% (@,00) + 6 B (@, | ) §015< A@ @) + Vo B (W, 55) | )

+1C2 (@, 30) + &D? (@, +L € (@, + 2 D (i, 54

where C' > 0 is a positive constant independent of §. This leads to the estimates (P)-(29). O
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Chapter 3

Modeling the Effect of a Planar Thin

Layer in the Framework of Linear Elas-
ticity with Voids

In Chapter 2, we formulated a model transmission problem (P?) for an elastic body with voids bonded
to a thin poroelastic layer of thickness §. This chapter derives an approximate impedance condition
that replaces the thin layer, reducing (P°) to a simpler problem on )_ (approximate impedance
problem). The exact effect of the thin layer is captured by an impedance operator T5. We construct
a first-order approximation of T5 using Taylor expansion (as in [1, B, B]) and asymptotic expansion

with scaling (see Chapter 2, Section 2.4), and we prove an error estimate between the two solutions.

3.1 Definition of the Exact Impedance Operator

Our objective in this section is to derive an approximate impedance boundary condition on the in-
terface ¥ that approximately incorporates the effect of the thin layer Qi_ on {)_ in order to reduce
the transmission problem (P?) to a boundary value problem defined in the fixed domain Q_, i.e., the
equilibrium equations in Qi, the transmission conditions on ¥ and the Neumann conditions on Fi

are integrated in the form of an impedance boundary condition on 3 depending on 4.

Impedance concept in modeling. Our objective is to reduce the transmission problem defined in
PV =0_UuUXU Qi to a boundary value problem defined solely on the fixed domain €2_. The exact
effect of the thin layer Qi on the domain 2_ is given by the impedance operator Ts defined by:

Ts (v5’¢5) = (0’+ (ui,wi) Vs, a+D3wi|Z> ,

Where (ufsH wi) is the solution of the following boundary value problem:

Equations (2.2) on Q7
(P?) : { Boundary conditions on re,
ui_:v‘S on 3, wi:w‘s on 3,
from the transmission conditions (E4), it follows that:

(a_ (v, w’) v, a_Dgw‘s_‘Z) =T; (u‘s_lz,wim) ,

and the transmission problem (P°) then becomes equivalent to the following impedance problem
defined in Q_:

Equations (2.1) on _,

’U,J :leg onI'_
5y . - )
(P2): w =0 onI_,

(a, (u?,w’) ys, a,Dgwi‘E) =Ts (Ui\zawim) on X.

18
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Voids

Given that an explicit expression of the exact impedance operator Ty is not accessible in the general

case, we will simply derive an effective approximation T,s of Ts with:

T.s = 6T, and T, (v°,9°) = (C1,C2,C5,Cy) (v°,4°),

where
dpg (pg +A4) 2pq Ay
C 5 5 _ +—D2 ) D2 § P2t pDiD ) DD )
1(“ ﬂp) O + 2004 1V1 + pt 2U1+2H++>\+ 1D2vy + py D1D2vg
2
+ B Dy,
2p4 + Ay
dpg (B + Ap) 204 A
5 .68 + M+ +) 2.8 2.6 +A\+ 5 B
= ————D D —— DD DD
Cy (U ’7/’) O+ 200) QU + g 1”2+2M++)\+ 1207 + pyp D1Dovy
2p4 By 5
+ —————Dyy°,
2y + Ap 2
C3 (0537/}6) =0,
and

G Cpg +Ay) - 511/}5.

Cy (Uéﬂ/}a) —a, (D%wé +D§1/J6) _264Bs (Dw‘f +D2v§) 5
it + Ap

D 2pp Ay

The solution (u’,w’) of the transmission problem (P°) in _ is then approximated by the solution
0

(u®,,w?,) of the following approximate impedance problem:
S Djoij (uf W) =—p_i, i=1,23inQ_,
3
Zj:l DJh*J (wi*) —g- (uiww&—*) = —g- on va

& .
(P—*) . u‘i* = Ol><3 on Ff, w‘i* =0on Ffa

5 5 5 _ 5 5
(cr_ (u_*,w_*) Vs, oz_Dgw_*m) =Tis (U_*\sz_*\z> on X,

Theorem 3.1. For given (p—,q-) in [L? (Q,)Tl, the boundary value problem (P°,) has a unique

solution in the space

(voripo) on [H'(Q)]":
W, (Q_) = (D1v_1,D1v_3,D1p_) on [L2 (Z)]?”
T (Dav_1,Dav_3,Dyp_) on [L? (Z)]g,

v =01xz3mmn ', o =0inl_,
and the following error estimate holds

5

—k

H“i Uiy T Hw(s— - Wé—*HHl(Q,) < Co?,

Where the constant C' depends only on p_,q_ and the elasticity coefficients.

The proof of Theorem 3.1 is organized in four steps. First, in Section 3.2, we derive the approximate
impedance operator T,s; = 07, using Taylor expansion. Second, in Section 3.3, we validate this
approximation via asymptotic expansion of the scaled transmission problem, computing the first
terms explicitly and showing that the thin layer’s effect appears at order §. Third, in Section 3.4, we
prove that the approximate impedance problem (P?,) is well-posed: existence and uniqueness follow
from the Lax-Milgram theorem, and stability estimates are established. Fourth, in Section 3.5, we
combine these results to obtain the final error estimate |[u? —u? ,||[z1}s + |w® —w?, | g1 < €62, which
completes the proof of the theorem.
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3.2 Derivation of the approximate impedance operator by Tay-

lor expansion

As in [0, @], we construct a first-order approximation of the impedance using Taylor expansion. The
first step to obtain an approximate impedance condition is to explicitly express the normal derivatives
of u‘i, wf_, 0413, 0423, 0433, and D3(,di on ¥ in terms of traces on ¥ of 0413, 0493, 0433, ui and wi.
Since we have
0113 = piy (Dsuly + Diuds) = iy (Dsu’y + Dauly)
+13 = B4 (L3l 1Uyg), 0423 = {4 (3Ugg 2UL3)

and
0133 = (2uy + Ay) D3Ui3 + At (Dluil + DQU/ig) + ﬁ+wi,

it follows that

1 1
Dguly = — [0413 — puy D1uly], Dauly = — [0423 — pry Douds] (3.1)
M+ Mt
and 1
D3ui3 = — [0’+33 — )\+ (D1’U,i_1 + Dgui_Q) — ﬁ.gui] s (32)
2y + A4

and then, using (8d) and (82), we obtain

o1 = (2uy + Ap) Diudy + Ay Daudy + Ay Daul g + Bl

dpg (B +24) 5 204 Ay 5 2p4 B+ 5
O taun) D+ 2pr Ay Dauty + 55w , (3.3)
A+
+ Ty 0+33
and
5 5 5 s
0422 = (2p4 + ) Dauly + Ay Diuly + A Dauf g + Brwl
dpy (pr+Ay) 5 2p4 Ay 5 2p4 By 8
A+ +2p4) Datiy + 2)’\L++>‘+ Dyuf, + DI Wit ) (3.4)
A+
+ Ty 0+33

Using equations (E) and formulas (B3) and (B4) of o411 and o499 as well as the fact that o413 =

0431 , 0423 = 0432, We obtain

4 +A 21\
Dso113 = _%D%“il — pyD3ud, — T D1 Dyu’y — py D1 Doul,
2p4 B 5 A
_2u+++>\++ Diwl — ﬁDla-i-?)Sa
4 +A 204 A
D304 93 = —%D%u‘fﬂ — py Diuy — T D1 Dauly — py D1Dyul4 (3.5)
2p4 B 5 A
_2u+++>\++ Wy — ﬁD2U+33a
D3o433 = —D10413 — D20423,
and
D20 — D200 4+ D2u? 204 By Dol 4 Doud
s D3l = . (D + D) + 240 (Dl 4 D)
P+ Ay
G @ue +0y) = B3 wl + b 0433 (3.6)
204 + Aq T oA Y .

The second step to obtain an approximate impedance condition is to use the Taylor expansion of
0413, 0423, 0433, and Dg,wfs|r in Qi with respect to &, then we write the boundary conditions on F‘i

as follows:
0413 (6) = 0413 (0) + 6D30413 (0) + ...,
0423 (6) = 0423 (0) + 6D30423 (0) + ..., (3.7)
0433 () = 0433 (0) + 0D30433(0) + ...,
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and
D3’ (8) = D3w’. (0) + 6D3w. (0) + ... (3.8)

Using (87), (8R), (8H), (88) and the boundary conditions (ZZ38) on I'’., we obtain at first order the
following approximate impedance T,s defined by its expression:

Tis (U(S?I/)&) =9 (Cl (’Uéa Ws) aCQ (’U67’(/)6) aC?) (U(s)w&) 7C4 (’Uéa wé)) )
and thus we obtain the problem (Pf*) in Q_.

Remark 3.1. In the case of the two-dimensional model of linear elasticity with voids (057w5) =
(v‘f, vg , ’(/Jé), v = (0,1), and in the same way, we can show that the expression of the impedance will

be in the form:

Ty (0, 4°) = (0 (v*,9°) v, - D3y")
= (012 (v ¥°) 022 (v%,9°) , @-Dsy?)
(Cr (v,9°), Oz (v7,9°) . G5 (+°,9°))

where

dpg (s + A1)
(A4 +2p4)

0,

M+ﬂ+ D,

D%vf + W

CVl (U67 1/}6)

C2 (vé, 1/}6)

and )
G @Qus +A0) =B 5 2By Dyof

C 5, 4 —a D2 6
2 (v,07) = o DYy 2p4 + Ay 204 + Ay

3.3 Construction of the asymptotic expansion and the approx-

imate impedance operator

In this section, we construct a first-order approximation of the impedance operator using asymptotic
expansion techniques applied to the scaled transmission problem. The scaling transformation was
introduced in Chapter 2, Section 2.4, where we mapped the thin layer Qi to a fixed domain Q.
by dilating the normal coordinate xs with factor 6~'. This scaling allows us to work on a domain

independent of § and to expand the solution in powers of 4.

3.3.1 Asymptotics of the scaled transmission problem

Recall the scaled transmission problem established in Chapter 2, Section 2.4.1, which consists of
the equations (E41) — (E44) in Q4, the boundary conditions (BCTy;) — (BCT'14) on I'y, and the
transmission conditions (CTY;) — (CTSs) on X. We expand the solution (ud,&3 ) of this scaled

transmission problem in powers of ¢ as follows:
(@, %) = (@, &%) + 6 (@, @h) + 6% (@3,83) + ...,

with (ﬂ’jt, @i) for all k£ € N independent of §. Inserting these asymptotic expansions into the scaled
transmission problem and identifying the terms with the same power of §, we obtain the following

21



Chapter 3. Modeling the Effect of a Planar Thin Layer in the Framework of Linear Elasticity with

Voids

hierarchy of boundary value problems:

and

where we set

(EE44),_o: 0=

(2p4 + Ay) D1t ® + Ay (Dout5? + Duky)
+B4wk 2
gDy (D15 + Datih7?) + g Ds (Dyth 5 + Dsufy) in Qy,

(EE+1)k72 . 0 = D1

(EBCT41);,_, ¢ peDsuky + pyDiuby =0 on Ty, (3.9)
(BECTXs), ¢ o—13 (@ 1,&" ) = puy (Dsk, + Diuky) on 3,
(ECTYy), : @by =", onX,
(2p4 + Ay) Douh5? + Ay (D1t ? + Dauky)

+B4ak2
g Dy [(D1l5? + Do ?)] + py Ds [(D2tls + Dsitl,)] in Q.

(EE+2)k—2 : 0= DQ

(EBCT 42);,_; : pDsuky + pyDouly =0 on Ty, (3.10)
(ECTSg)y y : 093 (1,05 Y) = py (Dsul, + Doth;) on'3,
(ECTY,), ,:uk, =", onX,

(EBys)py: 0= Dy | GHrFA0) Dallis + 0 (DﬁL%Dza’izz)]
-3 -

+By a2
g Dy [(D1a5? + Dsufy?)] + pg Do [(D2ul5® + Dstln?)] in Q.

(EBCT13);_o

(2p4 + Ay) Dsuly ] —0 onT,,

A4 (D12 + Douln?) + B2

(3.11)

(ECT%r))_y: 053 (4 ek 2)
[(2M+ +A4) D3U+3 + A4 (D1U+1 + D2U+2 ) + 6+~k 2] on X,

(ECTY3), ,: uty=u"3" on¥,

oz+(D%w+ —l—D%er +D3w+)
~k—2

~ in Q+,
—B+ (D1U+1 —|—D2u+2 +D3“+3) CGwy

(EBCT44),_, : Dswh =0 onTy, (3.12)

(ECTYg), ,: a_D3&" ' =a,;Dso% onX,

(ECTXy),, : &% =a&® on X,

u_f—ﬂj_ =01x2 in Oy, o.)+ :w+ =0 in Q4,

P R R s B B
Ul =Uug g =up =uy=wt =wy =0 only,
~9 o~ el 2~ o~

uyi=uli=us=wi"=w; =u_3=0 on},

o1z (0=, @"") =0 a3 (u=", @ ") =0 33 (u=*,®"*) =Dsw_' =0 on X
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Remark 3.2. 1) Thanks to the scaling technique in the thin layer Q‘_S._, the terms of the asymptotic
expansion of ﬂi and w4 can be computed explicitly by recurrence as functions of the terms of the
asymptotic expansion of 7° and @’ on X.

2) The equations in problems (B)—(8T2) are linear second-order differential equations with respect
to the variable x3.

3) By integrating the equations of problems (89)—(812) and using the transmission conditions on ¥
as well as the boundary conditions on I';, we can compute ﬂi and @i as functions of ©* and w® on
3.

3.3.2 Calculation of order 0 terms in (2,.

For k = 0, integration by parts in z3 in problems (B9)—(BTI2) gives the following results:

u%; =0 in Q4
Uiy =u_yy in Qy,
Ujy =u_gy In Qy,

wi =w |y inQy.

3.3.3 Calculation of order 1 terms in (2,.

For k = 1, integration by parts in x3 in problems (B™)—(BI2) gives the following results:

~1 .0 :

Uys = U_gy 1IN Qy,

~1 1 0 :

Ul = Uiy — a:;),D1u_3|Z in Q4,
~1 1 0 .

Upy = u_gy — 3D2u” g5 in Oy,

~ _ 1 .
Wy =wly inQy.

3.3.4 Calculation of order 2 terms in €2,.

For k = 2, in the same way, we obtain

~ z3 .
Ui = ulgy — @i+ ) |:)‘+ (D1U(l1|z + D2u32\z) + 5+wg\z} in O,

(ur+Ay) | (2M2+-%>\+)
2 1
+ (2/L+-¢/\+)D1w—|2 + D2u—1|2 - Dlu—g\z
T [<4#L++2A+>
2 [ ps +24)

~2 2
Uy =ulyy + T3

4(u++/\+)D%ugllz 4 284437y D1D2u0_2‘2 ]

Diu? 5 + DiDaul o + D%“Lz] in Qy,

Quitiy) P2%=—2|2 + Cp+Ary) -1z

Uls =1 +x
+2 —2|Z 3 0 2.0 1
Dgcu_lE + D1u_2|E — Dgu_g‘E

Alus+A1) 2,0 204 +3A4 Dy Doul® ]

4P+
RRCTEESYS)

o [ (Ap4+3X1) m2,.0 204 +2A 4 0
3 [ Dyugm + D1Dau”y 5

(2us+ry) (2u4+Ay)
2

in Q+,
o Dol n + Diulys 1
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2,0 2,0 2p4 B ~0 0
Diwl s + D3l |y — sroiinn (D1“—1|z + D2“—2|z)

¢+ @urtAy)-BE W0
oy (2uytAry) ToIE

2 204 By ~0 0 CrCur+r)—8Y o
+ T3 | ay@ui+rp) (Dluflm + D2u72‘2> TS e ) in O
+>5

2 12,0 _ n2.0
DILLL‘E Dzw,\z

~2 _ 2
wy =wligtT3

3.3.5 Calculation of order 3 terms in (2.

For k = 3, problem (BI) gives the following relation:
g_33 (U£|E,W£|E) = (2/l+ + )\+) Dgﬂig + )\Jr (Dlﬂlﬂ + DgﬂiQ) + 6+ai = O on E

Then, the asymptotic expansion of the equations in 2_, the boundary conditions on I'_ and the
transmission conditions (CTY5) — (CTXg) on X, allow us to obtain the following results:

3.3.6 Order 0 terms in Q_ :

At order 0, the terms (u(l, wo_) satisfy the following boundary value problem in Q_:

S Djo_ij (u®,w®) =—p_;, i=1,2,3 inQ_,
S Djhoj (W) —g- (u®,w’) = —q_ inQ_,
(P-)o : W =w? =0 onT_,

(0'_ (ug,wg)m v, a_D3w9‘2> =0 onX.

This means that at order 0, the thin layer Qi has no effect on Q_.

3.3.7 Order 1 terms in Q_ :

At order 1, the terms (ul, wi) satisfy the following boundary value problem in Q_:

S Djo_iy (ul,wl) =0, i=1,2,3 nQ_,
S Djhoy(wh) —g- (ul,wl) =0 inQ,
(P*)lz 1 1:O OHF,,

ul =wl
(0'_ (ul,wi)‘z v, a_D3w£‘E) =T, (uglz,w9|2> on X.

This means that at order 1, the effect of the thin layer Qi on )_ is represented by forces and
equilibrated forces exerted on X.

3.3.8 First-order approximation of the impedance.

Due to the linearity of the constitutive equations, we find that the function (u’,,w’,) defined by:

(ul,,w?,) = (u? +dul,w 4 dwl) satisfies:

(0, (u‘i*,w‘i*) Vs, oz,D;;w‘i*‘Z) = (0, (ug,wg) Vs, a,Dgwg‘Z)—i—é (0, (ui,wl) Vs, a,D3w£‘2) .

(3.13)
Using the boundary conditions on ¥ of problems (P_), and (P-),, we obtain from (8I3) the following
relation:

(a, (u‘i*,w‘i*) Zh8 a,D3w‘i*‘E) =9 (a, (ui,wi) Zh8 a,Dgwl‘E) =0T, (uglz,wgm) , (3.14)
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And since we have (ug‘z,wglz) = (u‘s_*lz —5u1_|2,w5_*|2 —5w1_|2), then relation (BId) can be

written as follows:

(J, (u‘i*,wi*) Z58 a,Dgw‘i*‘E> = 0T (u‘i*lz,wi*m) — 6°T, (ui‘z,wlm) ,

Thus, if we neglect the order 2 terms with respect to §, we find the same approximate impedance as

that obtained by the Taylor formula in section 3.2.

3.4 Well-posedness of the approximate impedance problem.

3.4.1 Existence and uniqueness of the solution to the impedance problem

We consider the space:

o) o)
W (@)= (P, Divz Dip) € [12 ()],
* - (-D27171,.D2’U,27 DQQD,) c [L2 (E):I?), 5

v =01xz3on I'_, p_=0onT_.

equipped with the following norm:

1/2
||(U77S07)||W*(Q_) = [”(7)77907)“[2111(9_)]4 + H(U—llEav—2|27QP—IE) H[QHl(z)]S}

with s
2 2 2
||(’U*a‘p*)||[H1(Q,)}4 = ||<p7||H1(Q,) + Z ||'U*i||H1(Q,) 5

i=1
and

2
2 2 2
||(”—1|27”—2\2750—\2)H[H1(2)13 = ||‘P—IE||H1(2) + Z ||”—i\ZHH1(z) :
i=1

For all (u®,,w’,) and (v_,p_) in W, (Q_), we set:

gy W

0 (4 .) (o)) = / 7

try (o- (ul,,w?,)e_ (v_)) +a_Vuw’,  Ve_

dQ_,
+<—wi*¢— + 6— (Dlu(i*l + DQU&—*Z + D3u6—*3) w—

ay [(ué—*awi*) ) (’U*7 90*)]

dpg (py+Ag) 5 ) 20 Ay s
O +2n0) D1u7*1D11},1 + M+D2u7*1D2v,1 + PITRES Dguf*QDl’U,l

5 2u4B+ 8 2u4B+ 8
—|—,u+D1u_*1ng_2 + PR w_*Dlv_l + PITRES w_*DQ’U_Q

= / +MD2U‘Z*2D2U—2 + pyD1ul ,Div_g + 3 +/\/\++ Diu? Dov_s | d3,
)

2p
(A4 +2p4) bt
+M+D1U5_*1D2’U_2 + o<+D1w5_*D1<p_ + 04+D2w6_*D2<p_

244 By 5 5 CrCuy+Ap)—B3 s
— il (D1u? ,q + Daul o) o + TS N

and we state and prove the following theorem:

Theorem 3.2. For a pair (p—,q—) in [L2 (Q_)]4, there exists a unique solution (u5 w? ) n

—k 7 —%k

W, (Q_) to the impedance problem (P2,). Its weak formulation is given by:
az [(ul,,wl,), (v—yp-)] = L(v-,p-), V(v-,p-) € W, (Q-)
with
ay [(ul,.w,), (voyp)] =a™ [(ul,,w’)), (=, p_)] +das [(u’,.w2,), (v_,p_)],

and
L) = [ (ot ampo)d
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Proof. 1t is clear that L is continuous on W, (©_). For the continuity of aj , as in the proof of Theorem

10, we have:

|a7 [(ué—*vwé—*) a(v—atp—)” <C ||(U6_*,w5_*)|

W.(Q-) ||(U—a QD—)”W*(Qf) )

where (' is a positive constant independent of §, and using the Cauchy-Schwarz inequality as well as
the definition of the space W, (Q2_), we obtain:

las [(u?,,w?,), (v_,p)]| < Cof|(ul,,w’,)

o 10— ) ey -

where Cs is a positive constant independent of §, and then we obtain:

o5 [0 (om0 < [(08.) s (omsp)]| s [(102.) (-]
<Ol||( %) —*)HW )H(v—?(/)—)”W*(Q,)

+CQ(5||( U_,, 5,*) (Ufa@*)HW*(Q_)’

Since § << 1, then for all (u‘i*,w‘i*) ,(v_,p_) in W, (Q_), we obtain:

a5 [(u2,wl,), (v 9 )] < O (ulswl.)

W (Q_ )H(’U—a@ )HW Q_)-

with C' = € + C3, which proves the continuity of a; on [W, (©_)]°. For the coercivity of ay , as in
the proof of Theorem 11, for all (u‘i*,w‘S ) in W, (Q_), we have:

—%

a [(“i*"”i*) J (“i*’ J] = H( U ,*)H [H1(Q )"

with C is a positive constant independent of §, and since we have:
2 2
2Dou’ oDy’ > — (Do’ )" — (D1ul,;)",

then for all (u,,w?®,) in W, (Q_), we obtain:

dp—(p-_tA-) 5§ V2 Ap—(p_+Ar_) s \2
IZA,#H;L) (Dluf*l) + P(L,\,ljrzp,) (D2“7*2)

as [(u',,00.) (w00 ,)] = / AT Db Dyt Ly e (Diu? ) + - (Dol ,,)?
b

i +o_ (D]_Cdi*)2 +a_ (DQUJi*)Q + = (QSM t:\)\ ( )
> / i (vt ) 4 i (D2u5*2)2+u (D1l )" + p— (Daul )’
“l| ol (Dwd,)? +a (Dawd )P+ “—+< )

2
5 5 1
> Cy ’ (U_*1|gau_*2|2aw_*|g) H[Hl(E)]d )

) . _(2p_+x_)—p2
with Co = min (uﬂaﬂ %

(u?,,w’,) in W, (Q_), we obtain:

aé_ [(ui*7w6_*) ’ (U’&—*’wé—*)] =a [(U’E—*’wé—*

=e [

) is a positive constant independent of §, and then for all

()] + das [( Lowll), (ul,wl)]

)
2
)H HY(Q)* +0C *1|2a 6_*2\2,0‘16_*\2
[ )]
L

= O [ (ul, w2, )|

*

[H(2))?

2

2 min (Ch 026) (Ui*, wi*) H[Hl(Qi)rl + H (ué—*lma ui*Z\va(s—ﬂE) H
2
w.

«(Q2-)7

where C'is a positive constant independent of §, which proves the coercivity of ay . Consequently, by

the Lax-Milgram theorem, the impedance problem (P? ) admits a unique solution in W, (Q_). O
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3.4.2  Stability for the impedance problem

In order to estimate the error between the solution of the approximate impedance and its first-order
approximation, we first define
A o) = (v—s o)l iy
Blo g )= D101 25y + [D2v-1ll 125y + 1D1v—2|l 125 +
1D2v—2ll2(xy + D10~ L2y + 1D20- |l L2 (zy + 1=l L2y

For all (v_,p_) € W, (Q_). Then, we state and prove the following stability result.

Theorem 3.3. Let Ls be a given linear form on W, (2_) satisfying the following bound as a function
of 6:
s (v o) < ms (Ao, o) + VB B(voypo)),  forall (vo,p-) € W (2-),

where ms is any function of § > 0. Then, there exists a constant C' > 0 (independent of §) such that

the solution (u‘i*,wf*) of the problem

find (ul,,w?,) € W, (Q-), such that for all (v_,p_) € Wy (Q_): (3.15)
a [(u&—*vwé—*) 9 (U—a QD—)] =+ (SCLE [(u(i*7w§_*) ) (U—v 90—)] = L(; (U—v SD—) ) .
satisfies the following estimates
AW, w’,) < Cms, (3.16)
B (u‘i*,w‘s_*) < C 6V ?mg. (3.17)
Proof. Thanks to Korn’s inequality, the expression A2 (u‘s_*, w‘i*) is equivalent to a™ [(u‘i*,w‘s_*) , (u‘s_*, wé_*)] ,

and we have

—%

where C' > 0 is a positive constant independent of 6. Then taking (v_,¢_) = (ué_*,w‘s_*) in the

variational formulation (BTH), we obtain the following estimate:
A? (u‘i*,w‘i*) +6 B? (u‘i*,wi*) < Kmg (A (u‘i*,w‘i*) +V6 B (u‘i*,wi*)) ,

where K > 0 is a positive constant independent of . This directly gives the estimates (B18) and
(B8T). O

3.4.3 Asymptotic Expansion for the Approximate Impedance Problem

Setting

uw, =ul, +oul, + 6%, + .

— %

W, =wl, + 0wl + 0%, + ...
And inserting these expansions into the approximate impedance problem (Pf*), we obtain a hierarchy

of equations and boundary conditions. At order 0, we obtain:

S Djo_i (u0,,w0,) =—p_;, i=1,23 inQ_,

—%

Zj‘:l Djh*j (wg*) —g- (ug*vwg*) = —q- in Q*a
(P=s)o : u’, =01x3onl_, W, =0onT_,

0 0 0 _
(0_ (117*,0J7*)|E v, a—D3W7*|z) =0y1x4 on X.
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At order 1, we obtain:

Z?:l DjO'_ij (ul_*,wl_*) = 0, 1= 1,2,3 in Q_,
Z?:l Djh’—j (w1—*> —g- (ul_*,wi*) =0in Q_,
(P-s)y : 1

Uy
1 1 1 _ 0 0
(0, (u_*,w_*)‘zl/, a,Dgw_*m) =T, (u—*IE’w—*IE> on 3,

=0ixz3onl_, wl, =0onT_,

Remark 3.3. The terms (ug*,wg*) and (ug,wg) (respectively (ul*,wl ) and (u{,wl)) of the

—%

—k

expansion of (u‘i*,w‘S ) and (u‘i, w? ) are solutions of the same boundary value problem at order 0

(respectively at order 1). Thus, by uniqueness, we have:

(ug*,wo_*) = (ug,wg) and (ul_*,wl_*) = (ul_,wl_)

3.5 Error estimates and optimality

3.5.1 Error estimate for the transmission problem

Setting

ul =0 4sul, ul =G0 4+ 5uk + 62 (0,0,72,),

WO =0? owl, W =39 + 6w,

and using the problems (P_), and (P_), satisfied by (u,w’) and (ul,w!), as well as problems
(B9)—(B8Tm) for k € {0,1,2,3}, we obtain:

Ls (U7 gp) = ai—3 [(ﬂivwi) 7(U+7 <P+)] + 5/Q /L+D3ﬂ3-1D3U+1dQ+
+

+ 1) LL+D3F1I?FQD3’U+2dQ+ + 1) a+D3§iD3ap+dQ+
Q4 Q4

=0 [ [ D133 D1vgs + py Dot 3 Davyg) Yy — 6%af, [(ah, @), (04, 04)]
o

where
Ls(v,p) =a~ [(ﬁ‘s_ —u®V & w@’l)) ,(v—,w—)]
~ 5,1) ~ 5,1
+ CL+ |:<U;j_ — U,S_ ),LUj_ - CUS_ )) a(v+790+):| ’

and thus, we obtain:

|L5 (U7¢)| < 063/2 [A (0—7(10—) + ﬁB(U-‘rv@%—) + % C(U+7<)O+) + % ]D)(U+a(p+):| s

which implies, by the stability result (see Theorem 2.2), the following error estimate:

fu = + ol = < 0532, (3.18)
[(H(Q2-)]® H(Q_)
where C' is a positive constant independent of 4.
Remark 3.4. We took
ulyt =G, + oy + 673,

in order to satisfy the transmission condition.
u(fél) = 5u(fél) on X,

and, consequently, we have (ugf’l),wf ’1)) in the space Wy (2).
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Remark 3.5. If p_ and ¢_ are regular, we can obtain all the terms of the asymptotic expansion

(uk w?® ) for k > 2 and prove an analogous error estimate. For example, we can prove:

Hui — u(,m)H + Hw‘s — w@’Q)H < C§°/2, (3.19)

(H(©2-))° B HY(Q-)

where

u(_M) =4 4+ 6ul +6%? and W

62 _ =w? 4+ dw! + 5202,

3.5.2 Error estimate for the impedance problem

Setting

u(_‘s;l) . +oul

*9

WO =00, 48wl

and
a= [ (u, —uD w =) (v, oo )]

+ dax [(u‘i* —u®Y w, — Wb 1)) (v—y - )} = Ls (v-,-),

and using the problems (P_,), and (P_,), satisfied by (u?,,w’,) and (u’,,w!,), we obtain:
Ls (v ) = =0%ax [(ul,,wl,), (v, )]
and thus, we obtain:
[Ls (v p-)| < €82 [Avoyp) + VB Bo-p)]

which implies, by the stability result (see Theorem 3.3), the following error estimate:

) G

—x% Uy

W, - wEZ;”H < C5%?, (3.20)

. 3
HY(Qo)

"
(H!(Q-))®
where C' is a positive constant independent of §.

Remark 3.6. If p_ and ¢_ are regular, we can obtain all the terms of the asymptotic expansion

(uk L ) for k£ > 2 and prove an analogous error estimate. For example, we can prove:

e

‘ Lt Hwi* - w@f)H < 0852, (3.21)
[ (o)) H (@)
where

ul®? = 02

u®, +oul, +6%u?, and W' @ WO, owt, 4 622,

3.5.3 Final error estimate and optimality

This subsection is devoted to the error estimate between the solution of the transmission problem in
Q)_ and the solution of the approximate impedance problem. Since we have (u‘l*,wo_*) = (u‘l,wo_)

and (ul,,wl,) = (ul_,wl_) (see Remark 3.3), then, applying the triangle inequality, we can write:

H @yt H"NJE _wi*HHl(Q_)

< Hu_ —u —du 8 =+ ||u‘i* —u?, — du

1—H[H1(Q 1—*||[H1(SL)]3

0

+ ||L~Ui — wg — 5w1*||H1(Q,) + ||CU6,* —w (swl**HHl(Q,)’
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and by virtue of (B20) and (BIX), we obtain:
Hﬂé— - ui*H[Hl(Q,)P + Ha’g— - wé—*HHl(Q,) < o2,

where the constant C' depends only on p_, ¢_ and the elasticity coefficients. Indeed, if the data p_
and ¢_ are sufficiently regular so that we can determine (u?,w?) and (u?,,w?,), then, using (B19),

the last error estimate, which is not optimal, can be improved ;s follows:_ )
@ —oul ||, A L Y 1 1

< C10°% 4+ 0,62 < €62,

HY(Q)]?

and

H(:)i S — 6w£HH1(Q_) < HE}‘E —w? —dw! — 62w2,||H1(Q_) + 62 Hw%HHl(Q_)

< C18°% + 8% < €52

O, —ul, —dul, W, —wl, — 5w£*) can be proved in the same

—kr M —x

Using (B=20), similar estimates for (u

manner as described above.
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Conclusion

In this work, we successfully derived effective impedance boundary conditions for a thin poroelastic slab
bonded to a thin elastic body with voids. Using asymptotic expansion techniques and Taylor series, we
constructed an approximate impedance operator of order 1 that replaces the thin layer. Rigorous error
estimates are established, showing that the error between the solution of the transmission problem and
the solution of the approximate impedance problem is of order O(4?) in the H'-norm. This approach
provides a powerful tool for reducing computational costs in multi-scale simulations of porous materials

and opens perspectives for extensions to nonlinear or dynamic problems.
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