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Abstract

This thesis in the field of functional analysis, it concerns the study of some characterizations of

realized homogeneous spaces satisfying
r>0: [f(A)~ATAl YA >0, Vf.

In particular, we have obtained some embeddings and inequalities in homogeneous Besov-
Triebel-Lizorkin spaces, their realized versions, BMO and Morrey spaces.

Also, this work contains further results as quasi-norms in smooth functions spaces.

Keywords: Besov spaces, Besov-type spaces, homogeneous spaces, BMO spaces, Triebel-

Lizorkin spaces, realizations, Littlewood-Paley decomposition, Riesz operator.
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Résumé

Cette these dans le domaine de I’analyse fonctionnelle, elle concerne 1’étude de certaines carac-

térisations des espaces homogénes réalisés satisfaisant

r>0: [FA)I~ATIf YA >0, VY.

En particulier, nous avons obtenu des inclusions et des inégalités dans les espaces homogenes
de Besov-Triebel-Lizorkin, leurs versions réalisées, les espaces de BMO et Morrey.
De plus, ce travail contient des résultats supplémentaires en tant que quasi-norme dans les

espaces de fonctions lisses.

Mots clés: les espaces de Besov, les espaces de type Besov, les espaces homogenes, 1’espace
de BM O, les espaces de Triebel-Lizorkin, les réalisations, la décomposition de Littlewood-Paley,

I’opérateur de Riesz.
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Introduction

Harmonic analysis is one of the fundamental theories in functional analysis. Various functional
spaces, including Sobolev, Besov, and Triebel-Lizorkin spaces, have been defined and character-
ized using it. Many authors have been drawn to describing these spaces since the 1970s.

Besov and Triebel-Lizorkin spaces are utilized in the domain of nonlinear analysis, which
involves the study of nonlinear partial differential equations see e.g., [AR], variational problems
and geometric analysis. They are employed in the study of mappings between manifolds in the
regularity theory, as well as in the analysis of singularities and complex features of solutions.

In this thesis we are inserted by studying the homogeneous spaces which satisfied the fol-

lowing equivalent

r>0: [[f(A)~ ATl VA >0, Vf.

The advantage of these spaces that is the sample manipulation of their norms with dilatation,

. . 's
in particular homogeneous Besov space B), ,,
S, T

homogeneous Besov type space B}, 4, where these spaces are defined by distributions modulo all

homogeneous Triebel-Lizorkin space Fzg,q and

polynomials, since for any polynomial f on R” it holds || f|| = 0. To eliminate this observation
we use the realization to resolve some mathematical problems, where the concept of realizations
was first introduced by G. Bourdaud in [IT] for the homogeneous Besov spaces B;j g» and he
has established this theory and demonstrated the existence of realizations in Sobolev spaces and
homogeneous Triebel-Lizorkin space F;q forall 1 < p<ooand 1 < g < oo, see [14, T5], then
M. Moussai extended these results to the cases if 0 < p,g < 1, see [B2]. Recently, M. Benallia
and M. Moussai in their paper [B] treated the case p = oo. Then, the realization of Bf,’,z has been
introduced by F. Bensaid and M. Moussai see [f]. Realization of homogeneous spaces are used
in a lot of ares such as Navier-Stokes equation, see [I], pointwise multiplications, Hardy type
estimations, etc see. e.g [4, 9, [0, 34].

The objective of our research is to demonstrate the possibility of extending certain findings
from inhomogeneous areas to homogeneous ones. However, this cannot be achieved easily,
which is why we employ the idea of realization.

Our thesis is divided into four chapters



e In the first one, we give some classical inequalities, we defined Besov spaces, Triebel-
Lizorkin spaces, Besov type spaces and Lizorkin-Triebel type spaces by using the Littlewood-
Paley decomposition. After that, we review some fundamental concepts about these

spaces. A lot of these properties will be used in the upcoming chapters.

e In the second chapter, we recall the identification between BM O space and the realized
space F;Q_Z of Triebel-Lizorkin proved recently in [23]. This result is based on the fact that
BM O space cannot coincides with FQ.Z, since for any polynomial f of degree > 1 it holds

that || f1| zo ,=0 while || f|| smo = o, and embedding between BM O space and the realized

space Flf {IP . Then, we give some applications of our results such as embeddings between
the homogeneous Sobolev space, the inhomogeneous Besov spaces, their homogeneous
and realized counterparts, and the relation of Riesz operator and Bessel potentials operator
with BMO.

e In the third chapter, we extend some functional characterizations of 55,7 4 space related to
BMO (here A;,q denotes the realized spaces of Besov or Triebel-Lizorkin) given in the
recent paper [24], where we generalize these properties to the realized Besov type spaces

Iéf,’fq, and we prove that the John-Nirenberg Theorem also valid in A; g and Ef,f,
e In the forth chapter, we give tow independent paragraphs:

— A characterization by differences operator of smooth function spaces,

— An Hirschmann property for classical Besov and Triebel-Lizorkin.

e In the end of these chapters, we add an Annexe in which there are some works in the way
to finish.

Finlay, the results given in chapters 2 and 3 have been published, that are:

e B. Gheribi, M. Moussai. Some embedding related to homogeneous
Triebel-Lizorkin spaces and the BMO functions. Probl. Anal. Issues Anal.
13(31) no. 2 (2024), pp. 24-48.

¢ B. Gheribi, M. Moussai. Functional characterizations of realized ho-
mogeneous Besov and Triebel-Lizorkin spaces. FILOMAT, 38(13) (2024),
4417-4440.




Notation

Usual notation

e The set of natural numbers denoted by N and Ny denote the natural numbers including 0
ie., No=NuU{0}.

e The set of all integer numbers denoted by Z.

e R" is the n-dimensional real Euclidean space.

e The integer part of the real number x denoted by [x].

o If x = (x1,x2,...,x,) € R", we set E(x) := ([x1],...,[x:]) € Z".

e Fora=(ai,...,a,) € Nj,and x = (x1,...,x,) € R" we write || = a1 +---+ 0, x%=
o Oy
o Oty a_(d) ...(2
x; - xg and d —(xl> <xn) .

e Leta e R, we put ay :=max(0,a).

e For two quasi Banach spaces E and B, we denote E — F the continuous embedding, there
exists ¢ > 0 such that || f||r < c||f]||g for any f € E.

e supp f is the support of the function f , i.e., supp f = {x: f(x) # 0}.

e p' is the conjugate exponent of p, i.e., p':=p/(p—1)if 1 <p<eand p' ;== if 0 <
p<L

o Let 0 < g <. We denote by /,(Z) the space of sequences (g;),cz endowed by the

quasi-norm

(&) sezle, = (2|g1) if g <o,

1(gj)jezll¢.. == sup|g;].
J



L,(R") is the Lebesgue space endowed by the quasi-norm

1/
7= ([ 1reras) i p <o
|l = esssupl ()]

xeR”

If we take E C R” instead of R” in Lebesgue space i.e., L,(E) we denote the norm of this

space by || [|z, ()

Let E C R" be a measurable set. |E| stands for the Lebesgue measure of E.
L};’C is the space of functions in L,(€2) for any compact subset Q in R”.
2(R") is the set of all C* function with compact support.

2'(R") is the topological dual space of Z(IR"), called distributions space.

For m € N, &2,,(R") is the set of all polynomials of degree < m; we put Zy(R") = {0},
P (R") = {c} and Z(R") the set of all polynomials in R".

Z(R") is the set of all Schwartz functions on R”.
' (R") is the set of all tempered distributions on R”, the topological dual space of .7(R").
For m € NU{eo}, 7, (R") = {f € AR") : (x*, f) = [gax*f(x)dx =0,V|ct| < m}.

< (R™) is the topological dual of .#,(R") the so-called tempered distributions modulo
polynomials of degree less than m.

For all f € ./(R"), [f]- denotes the equivalence class of f modulo Z.(R").
xe denotes the characteristic function on the set E C R".
For x € R” and r > 0 we denote by B (x,r) the open ball in R” with center x, and radius r.

The Fourier transform of a function f € .%/(R") is defined by

FHE =T @)= [ e, xer”

n

Its inverse is denoted by.Z ! f(x) = f(x) := (271) " f(—x), .Z and .Z ! can be extended

on ./ in the usual way.



e The convolution f * g is defined by
8= [ Fle=)st)dy, figeL'®).
e The translation and dilation operators 7, and &, (a € R", A > 0) respectively, are defined

by T.f := f(-—a),and hy f := f(A~'"), respectively.

e We denote by Q( x0A) the cube with side length A centered at xp € R”, i.e.,

Q(xo,l) =xo+[—A,A]".

Special notation

In all this thesis we use:

e c,cy,--- strictly positive constants, depending only on the fixed parameters, as n,s, p,...

and some fixed functions, their values may vary from line to another.

e C*,L,,...instead of C*(R"),L,(R"),.... i.e., we omit R” in all function spaces of this

work, since all spaces are defined on R".

e If a function space E), is defined for p < oo, we limit ourselves to p < oo, then p = oo will

be defined in the usual way.



Chapter 1
Preliminaries

In this chapter, we give several essential tools necessary for this work, such as some classical
inequalities, the definition of homogeneous Besov-Triebel-Lizorkin type spaces, their realized
counterparts and some properties.

For more details we quote e.g., [37, 46, 47, 57].

1.1 Elementary inequalities

We will give some useful inequalities in our work.

Proposition 1.1. (Holder inequality) Let 0 < p,q,r < oo such that 1—17%—5 = % if f €Ly and
g€ L, then fg € L, and
178l < Lfllpllglly-

Proposition 1.2. (Young inequality) Ler 1 < p,q,r < oo such that 1 +% = %—k Cl] Then, for all
f€Lyandg e L;we have f*g € L, and

1f*8ll- < cllfllpllglly-

Proposition 1.3. (Bernstein inequality) Ler 0 < p < g < oo and oo € N", then there exists a
constant c(ot, p, q, n) > 0 such that for all f € L,N.%" and all R > 0 with supp f  {€ : || <R},

we have
1F1|g < cRI®FP=1a) | )|

Proof. See e.g., [46, Remark. 1.3.2/1]. In case || = 0, the constant ¢ can be given explicitly,

c= pg(l/ P=149) where Ppo is the smallest integer not less than p/2, cf. [36, Theorem. 4]. U
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Proposition 1.4. (Minkowski inequality) Let O < p,q < oo. Let E; (where i = p or q) and
E € {{,L}. Let Fj (where j = p or q) and F € {{,L}. If j > i, then

1A1E|

Fj < H”f”Fj E"

Proposition 1.5. Let 0 < o« < 1 and let aj be positive numbers, then

(;aj)a < ;a?‘.

1.2 Littlewood-Paley decompositions

Here we recall the Littlewood-Paley decomposition, where we need to introduce two functions,

p and 7y, which are an infinitely differentiable radial functions satisfying

0<p(E) <1, p(&) = 1if|€] < land p(&) = 0if|€] >3/2,

Y defined as
¥(&) :=p(5)—p(25)
then ¥ is supported by the annulus 1/2 < [§| <3/2,and y(§) =1if 1 < || < 3/4.

These functions enable us to obtain the following two partitions of unit, the homogeneous

partition of unit:

Y y2/&)=1, (£eR"\{0}). (1.1)

JEL

The inhomogeneous partition of unit:

P2+ Y 12778 =1, (§cR"ke). (12)

>k

To obtain (ITl) and (T2) we refer to e.g. [BX, B7, 46]. Using p and y we introduce the operators
S and Q; defined by

Sif=p277)f and Q;f =y27)}, (Vjiez).

Remark 1.6. The operators S; and Q; take values in the space of analytical functions of expo-
nential type, see Paley-Wiener theorem [’6, Theorem 1.7.7].

We need the following notation: f € .’ we denote by [f],, the equivalent class of f in .7},
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where m € NU {eo}, then we use the following convention:
Vf e S, wedefine Q;f :=Q;f1, Vfi € .7 such that [fi]e = f,

then Q; is defined on ./, since Q;f =0 (Vj € Z) if and only if f € Z...

Remark 1.7. The operators S; and Q; are uniformly bounded in .Z’(L,), for any p € [1, 0] (the
Young inequality).

The Littlewood-Paley decompositions are given by the following assertion:

Proposition 1.8. e Forall f € S, it holds that

f:Zija inyoo;

JEZ
this decomposition is so-called homogeneous version. We can replace ./ by 7.

e Forall f € S andall k € Z, it holds that

F=Sf+)Y 0if, in

j>k
this decomposition is so-called inhomogeneous version. We can replace .¥ by ..

Proof. See [32, Proposition 2.7]. O

1.3 Besov type and Triebel-Lizorkin type spaces

In this section we will give the definitions and some proprieties of Besov-type and Lizorkin-

Triebel-type spaces, where we can find their in [57].

1.3.1 Dyadic cubes

We define the dyadic cubes. Let n € Z" and k € Z, where 1 := (11,12, ..., M), the dyadic cube
of side length 2% and sides parallel to the coordinate axes is subset of R” defined by

Pon={xeR": 27 n; <x;<27%(m;+1), j=1,2,...,n},
that means P, , :=27%([0, 1["+7).
Proposition 1.9. For any k € Z we have R" = Upczn Prp -

8
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We can cover any cube O, ) by union of disjoint dyadic cubes. Let k integer number such

that 2 F<r <2751 Ifxe O (xy.r)> We have

X0,r)

—r < Xx; —x? <r
_o—k+l +x? < x; < 27kF1 —i—x?
—24250 < 2ky; <24 250
24250 <2k <34 1250 (i=1,.. ).

Then we obtain 5" disjoint dyadic cubes { P g(oky)_, o, Yoy such that Oy, ) C U;nzl Pl E(2kxg)—utw;
where E (25x0) := ([2549],...,[250) € 2w = (2,...,2), wj i= (W1 j, ooy ;) € Z" withw; ; €
{0,1,2,3,4} (i=1,...,n) and w; # wy if j # j/, ie. wy:=(0,...,0), wp := (1,0,...,0), ...,
wsn = (4,...,4). See, e.g. [B3].

Example 1.10. We have Q(OJ) C U;nzl Po,wj where {P(),Wj}fn:1 are disjoint dyadic cubes, indeed;
ifx€ Q) i.e., =1 <2% <1(i=1,...,n) then,

1<% <141 [0<20% <0+1 | 1< <1+1(i=1,..,n)

wj = (Wi j,...sWnj) €Z" withw;j € {=1,0,1} (i=1,...,n) and wj #wj if j# J, i.e. wi 1=
(<1 = 1), wa = (=1, =1, —1,0), ooy wan i= (1,00, 1)

Now, if we take n = 3 then we obtain 27 disjoint dyadic cubes, where its defined by the following
vectors: wi = (—1,—1,—1), wp := (—1,—1,0), w3 := (—1,0,0),..., wa7 :=(1,...,1).
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1.3.2 Definitions and some properties

Definition 1.11. Let 7 > 0 and p €]0,0|. The Lebesgue-type space L, is the set of functions
feLl suchthat

loc

1/
|fllzs = sup sup 2"’”(/ |f(x)\de) ¥ < oo, (1.3)

k<0 nezr Fin

Remark 1.12. e If we take T = 0, then L; = Lp.
e If T <0, then the set of functions satisfying (I3) is {0}.
« L1 S ifp>1.
o If 1) < 7y, then L} — L.

Definition 1.13. (i) Let 5,7 € R and p,q €)0,|. The homogeneous Besov-type spaces Bf,’fq
is the set of all f € ., such that

‘ 1/q
Il = sup sup 27%( Y 250,74 <o
Bjq keZnezr (]gc J Lp(PkA,n)>

(i) Lets,T € R, g €]0,] and p €]0,o0[. The homogeneous Triebel-Lizorkin-type space Fy
is the set of all f € .. such that

< oo,
Ly(Pey)

(Y 27)0;f19)

>k

1Az = sup sup 20
eLner

Definition 1.14. (i) Let s,7 € R and p,q €]0,00]. The inhomogeneous Besov-type space Bf,’fq
is the set of all f € .’ such that

' 1/q
[l o= sup sup 274 ( ¥ 2947 < oo, here Q=S
Byq keZneln <j>k+ J Lp(Pk,n))

(i) Lets, T €R, g €]0,o0] and p €]0,0[. The inhomogeneous Triebel-Lizorkin-type space Fy'g
is the set of all f € .’ such that

o k j l/q
£l := sup sup 2% (X 2™10:09 |,
€ezZnezr >k p\Tkn

) < oo, here Qg := .

Throughout this work, we employ the notation A to indicate B or F, and A to indicate B or

F when there is no confusion arises.

10
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Remark 1.15. The spaces A and A are quasi-Banach for the above defined quasi-norms, see e.g.,
[52, Corollary 2.1]. The spaces A are endowed with quasi-seminorms in .#,. Their definitions
are independent of the choice p.

In other words, if we select a different functions that possesses the same properties as p,
the definitions of A and A remain independent on the choice of p. Consequently, we obtain
quasi-seminorms and quasi-norms, respectively, that are equivalent to those defined by p (see,

for example, [50, Corollary 3.1]).

Definition 1.16. (i) Let s € R and p,q €]0,0|. The homogeneous Besov space B;} q IS the set
of f € L such that

175, = (X P Qif1,)7)"" < eo.

JEL

(ii)) Let s € R, p €]0,0] and q €]0,00|. The homogeneous Triebel-Lizorkin space denoted by
F]iq is the set of f € ./, such that

£, = (X @103t ]|, < .
' JEZ

Definition 1.17. (i) Lets € Rand q €]0,|. The homogeneous space Foi gisthesetof f € S
such that

. 1/q
IFlls, = sup sup (27 [ ¥ 2010, (x)rax) " < .
9 kEZnGZn Pk,T] JZk
(ii) For q = oo, we put FS = Bﬁom.

00,00

Definition 1.18. (i) Let s € R and p,q €]0,0| The inhomogeneous Besov space denoted by
B, , is the set of f € ' such that

17113, 2= 1Sofllp+ (F 2241101 1) 7 < oo

jz1

(ii) Let s € R, p €]0,00[ and g €]0,o]. The inhomogeneous Triebel-Lizorkin space F, , is the
set of f € %' such that

1717, = ISof o+ 1 (X 2291119 /1), < eo.

Jj=1
Proposition 1.19. Let s, 7€ Rand 0 < p,q < o (p < o in the F —case )
(1) we have Afjg = A';,?q and Af,’% = A‘;w .

11
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(i) If T <O then Aygy = {0} and Ay = P

Proof. We refer to [52, Lemma 2.1, Proposition 2.1 | and [51, Proposition 3.1]. O

1.3.3 Embeddings

Proposition 1.20. Lets € R, T>0and 0 < p,q < oo, (p < oo in the F-space), then one has:
() S Apy— SLand S — Ayy— S,
(i) if0 < q1 < qa < oo, then Ay, — Ajg,.

(iii) B®®

p,min(p,q) %qu =B,

P, maX(p q)°

Proof. For (i) we refer to [50, Proposition 3.1 and 3.4] and [52, Proposition 2.3]. For (ii) we
apply the fact that /,, — £,,. The assertion (iii) follows from the following inequality:

(XNl < (X 1)), < (X syl ™,

=k ik =k
where u = min(p, ¢) and v = max(p,q). O
Proposition 1.21. Let s,51,50 ER, 0 < T <o0and 0 < g < oo

(1) Lets; > sy and 0 < p1 < pr < oo (py < oo in the F-space ). Then

, , $2—n/p2,T . _
Af,llq<—>Af,22q<—>B / if si—n/p1=s2—n/ps.

+nt—n/
(i) Apg < Bow L.
(i) If (t>1/pand 0 < g <o) or(t=1/pand g = ) thenqu _Bs+nr n/p
Proof. For (i) see [50, Proposition 3.3]. For (ii) and (iii) see [51, Theorem 1]. O

The following statement give us the relation between homogeneous and inhomogeneous

Spaces:

Proposition 1.22. Let p,q €]0,], T>0and s > (n/p—n). Then Ay := L NA}Y , where this
intersection means that f € L}, and [l € Ayg. In addition, the expression ANz + | [f]ooHA';:]

and || f| AT are equivalent quasi-norms in AYY

Proof. See [[Z, Theorem 3.1]. O

12
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Proposition 1.23. There exist two constants cy,co > 0 such that

et fllags, < A7 fllags, < ol g

holds, for all f € A% and all A > 0. Moreover, the expression /’L””T_"/I’Hh,lfHA‘f;fq, defines an

equivalent seminorm in A;;:i].
Proof. See [67, Remark 8.1]. O
Proposition 1.24. Let m € N. A function f of ., belongs to Af,’:i] if and only if its derivatives

%) belongs to Ay,"" for all || = m. Moreover, the expression Y a|=m Hf(a)HAxfm,T is an
’ pPq

equivalent quasi-norm in Afgfl.
Proof. See [49, Theorem 1.5]. O

Proposition 1.25. Let 5,7 € R and p,q €]0,+)|. Let a, b be a real numbers such that 0 < a < b

and (u;) jez, be a sequence in /" such that
e U is supported by the annulus a2/ < |&| < b2/,

e A :=sup sup 2’”"( Z 2jsq|]uj||z (P, ))l/q < oo in the B-space,
keZnezr >k PRI

A= ik 2isa|y jay1/4 < oo in the F-space.
¢ A= g sup (T2 ), < o inhe Papece

(i) Then the series Y, ez u; converges in /., to a limit u satisfying HuHA;Z < cA, where the

constant ¢ depends only on n,s,T,p,q,a and b.

(ii) If in addition s > (n/p — n) ., the same result holds for a = 0.

Proof. This assertion is a Nikol’skij-type estimate. To show the proof of (i) in the B-space see
[6, Theorem 2] and for the F-space see [8, Theorem 2.3.1] and for (ii) see [[Z, Theorem 3.2]. [

13



Chapter 2

Riesz operator and realized homogeneous

Triebel-Lizorkin spaces

In this chapter, we see the acting operation of the Riesz operator on Fg,q in a certain sens. We
need to recall some proprieties of BMO space. However, as the realizations play an important
role in this work, we first begin by giving an overview on realizations, definition and some

properties.

2.1 Realizations

The realizations have been introduced by G. Bourdaud in [[1] by studying the Besov case.
Nowadays there is a variant of spaces where we know their realizations counterpart; see. e.g.,
[B, T4, 13, R0, 37].

2.1.1 Generalities on realizations

Definition 2.1. Ler m € {0,1,2,---} U{co}. Let E be a vector subspace of .#,, endowed with a
structurer of Banach space such that the natural mapping E — .} is continuous, then we call
E a Banach distribution space in .#,,(R") abbreviated by (B.D.S).

Definition 2.2. Letm € {0,1,2,---}U{o0} and k € {0,1,2,--- ;m}. Let E be B.D.S of ./, such
that the continuous embedding E — ., holds. We call a realization ¢ of E in .} a continuous
linear mapping ¢ : E — . such that for all function f in E the equivalent class of [G(f)]m
modulo polynomial equal to f, i.e., [6(f)|m = f. The image set 6(E) is so-called the realized
space of E with respect to ©.

The following proposition give us a classification of realizations

14
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Proposition 2.3. Let E be B.D.S. in .%,,. Let 6y : E — .| be a realization. For any finite family
(Za) k<|a|<m Of continuous linear functionals on E, the following formula defines a realization
of E in .7:

o(f)x) =oo(f) )+ Y, Zalf)x®.

k<|a|<m

Conversely, any realization ¢ of E modulo Z(R") is given in such a way.
Proof. See [T, Proposition 1]. O

For every f in E, the element o (f) is the unique representative of f in 6(E); consequently,
o is completely characterized by its range. We say that a realization ¢ of E commutes with
translations (resp. dilations) if 7,006 = 60 1,, a € R", (resp. hy o6 = cohy, A > 0); this goes

if and only if the range of o is translation (resp. dilation) invariant.

Remark 2.4. A subspace E of ., has generally infinitely many realizations in .} if k < m, in
the case of kK = m the identity is the unique realization. Of course, with additional conditions
such as translations or dilations invariance, a realization of E in Yk’ for k < m has some chances

to be unique.

2.1.2 The realized spaces

We recall the definition of distributions vanish at infinity in the weak sens where we need it later

on.

Definition 2.5. We say that a tempered distribution f € .’ vanishes at the infinity in the weak
sense, if f(A71(.)) tends to 0 in %' when A tends to 0, i.e.,

1;53<fw1<->>,<p> =0, Vpe.s.

The set of all such distributions is denoted by 50.
Example 2.6. (i) f€Coif fE€Ly(1<p<o).
(i) dif €Co(j=1,...,n) if f € Les or f € Co.

(iii) If f € Cy is a polynomial, then f =0, i.e., CoN Pos = {0}.

For other examples can be found in [B, p. 26].

15
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As mentioned in the precedent Chapter we have Bf,’,f] — ., however, there is a smaller

integer 1 € Ny such that Bf,’fq — Y‘i, for this purpose, we fix the natural number u as,

) (s+nt—n/p]+1), ifs+nt—n/pgNoorg>1, 2.1
. s+nt—n/p ifs+nt—n/peNpand g <1; . '
For a no confusion if 7 = 0 in (1), we will use the following notation:
HO ::.uu (22)

since, we are going to use the classical Besov and Triebel-Lizorkin realized. Concerning the
realized spaces B, ,(R") and F}; (R") we refer to [I3, T4, 32].
The number pt has the following property, that is the convergence of the Littlewood-Paley

. 5, T
series of any element of B), 4:

Proposition 2.7. Let 5,7 € R and p,q €]0,|. Let f € Bf,’,z, then the Littlewood-Paley sum
Y jez Q;f converges in Y[l to element denoted ,(f). Then the mapping oy, : BZ; — Yﬁ defined
in such a way is a translation and dilatation commuting realization of B’fij into Y[L and oy is

the unique representative of f satisfying d*o, (f) € Co for all |ot| = .
Proof. See [B, Theorem 1]. ]

Definition 2.8. The realized space Bf,rq is the set of all f € ), such that [fle € Bygand 0% f €
Co for all || = u, where L is defined in (Z)). This space is endowed with the quasi-seminorm

11 g5z = 1Lf el g

Proposition D74 guarantees the convergence of the Littlewood-Paley series in .¥),, however
if we want its convergence in ./, we are forced to add a polynomial of degree depends on i,

that is the following statement:
Proposition 2.9. Let f € B}, We define oi(f) (i = 1,2,3) as the following:

e ifeithers+nt<n/por(s+nt=n/pand0< q<1),
o1(f) =YjezQ;f (2.3)
o ifeithers+nt—n/peRT\Nyor(s+nt—n/peNand0<q<1),

0x(f) == Yjez (ij—Z\a\<u(ij)(a)(0)xa/a!> ; (2.4)
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e ifs+nt—n/peNyand g >1
03(f) i= Ljo1 Oif + Ejeo (Qif = D (Qi) @ (012%/at!) (2.5)

Then o; (i = 1,2,3) is a realization of By g into .#' such that o;(f) (i = 1,2,3) converges
in ', with
[6i(f)]e = f in . and 9%0;(f) € Cy if || =

Proof. In [T, Section 2] the author has given the construction of realizations of the homoge-
neous Besov spaces Bz,q in ./, then recently in [f, Remark 5] they extend this construction to

55,T
By g 0

Remark 2.10. The function 7y in Proposition 29 can be replaced with any function v € Z(R"\
{0}) such that v >0 and v(§) > ¢ > 0 if a < |&| < b. In that case, we replace the operators Q;
by v;(D) defined as the following:

—

vi(D)f(§) :=v(27E)f.

Also, we called o;(Byy) (i = 1,2,3) the realized space of By, which has the following

definition:
Definition 2.11. The realized space o;(B)y) (i = 1,2,3) is defined as the following:

1. ifeither s+nt <n/pors+nt=n/pand0<q<1, here y=0o0rpu=1,

o1(BSE) == {f€.7 : [flo € BSL and f € Gy},

2. ifeither s+nt—n/p e R"\Nyors+nt—n/peNand 0 < q<1, here f =[s+nt—
n/pl+1or u=s+nt—n/p, respectively,

o (BSL) = {f €S [flo € By, feCh ' 1Bl 0)=0for |B| < p—1},
3. ifs+nt—n/peNyand g > 1, here u = [s+nt—n/p|+1
o3(B):={f e [flee BSL, feCh,
FP0) =Y ()P (0) for Bl < —1}.
=1

This space is endowed with the quasi-seminorm |‘f|’ci(B;T) = [f]ooHB;,fq.
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In connection with translations and dilations, we add the following assertion:
Proposition 2.12. Let ¢; (i = 1,2,3) be realizations given in (i)—(iii) of Proposition 9. Then
(1) oy commutes with translations and dilations,
(i1) ©p commutes with dilations only,
(iii)) o3 does not commute with translations nor dilations.

Proof. See [B, Remark 7]. The case T = 0 can be found in [I9, Section 4] and [B2, Section 3].
O

Remark 2.13. We define £ D, q in a manner similar to Definition IZ8. In Subsection T, we can
substitute £ and F for B and B respectively, by replacing the conditions 0 <g<land 1 <g <o
in (2, Proposition 29, and Definition ZZTT with 0 < p < 1 and 1 < p < oo, respectively. We
refer to [8], for further information.

Remark 2.14. The realizations of ij and Fzg,q obtained by taken 7 = 0 in all this section
See.e.g., [I1] and [T4, 5, B7].

Finally, for general properties of the realizations, we refer to e.g., [B]—-[f] and [T, 14, 05, D3,
34, B2].

2.2 Triebel Lizorkin and BM O spaces

This paragraph (Preparations) is also useful for the next chapters.

2.2.1 BMO space

The BMO space was first introduced by F. John and L. Nirenberg in [Z8]. To define this space

we need the following notation: For a defined function f, we put its mean value ( or the average

1
mof = g /Q Flx)dx

Definition 2.15. The space of bounded mean oscillation (abbreviated by BMO) is defined as the
set of locally integrable functions i.e., f € LllOC such that

value):

1
1./ || 830 = ] /Q f(x) —mgf] dx < oo

where the supremum is taken over all finite cubes Q in R".

18



CHAPTER 2. RIESZ OPERATOR AND REALIZED HOMOGENEOUS
TRIEBEL-LIZORKIN SPACES

Remark 2.16. e The (BMO,||-||puo) space is a vector space, endowed with the seminorm

vanishing on the constant functions.

e The BMO space is invariant by translation and dilatation, i.e.,

I%afllBsso = Ifllamo  and ||y fllBmo = | f1lBmo -
Example 2.17. (i) L is a proper subspace of BMO.
(ii) The function f(x) :=log|x| belongs to BMO, see [42, p. 140-141].
(iii) We have log|Z(x)| € BMO for all polynomial & on R", see.e.g., [42, p. 177].

(iv) The function h(x) := sgn(x)log |x| is not in BMO. Indeed, we have the mean value of this

function equal zero on [—A, ]

1 A
my_y ah(x) = ﬁ/ sgn(x)log |x|dx

21/ —log( —xdx—|— /log

22 / ll”dx 7 / |10g|;(||d§£’ 1 log V 6]071[7

then sup @ Jo|f(x) —mgf|dx diverges.
For the example f(x) = log|x| see Section 23 below.

2.2.2 Characterization of BMO space

The following assertion proves that functions in BM O space are "nearly bounded", see [A2, [Z1]].

Proposition 2.18. If f is a BMO function then

()]

————dx <o
Rn 1+|x’n+1

The space BMO is characterized by the following statement:

Proposition 2.19. A function f € le"C belongs to BMO if, and only if

o [} 1+\ \nﬂ
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(ii) supg, 1By ~! Jp, Lizk |0 f(x)|>dx < oo, where the supremum is taken over all finite balls
By in R" of radius 2K (keZ)

Proof. See [, p. 147]. O

The proof of this characterization holds a significant historical background given in [23]. We

recall the following proposition:

Proposition 2.20. A function f € BMO if, and only if

- S (&)l
—————dx < oo,
6y o T [ <

(i) supyere ps0h ™" Jumyi<n f(flt|VHf(x)|2dtdx < oo, where P, f is the Poisson integral of f.

Proof. See [T, Theorem 3]. We recall the definition of Poisson integral P, f that mentioned in

last reference

B tf ()
Pif(x) —Cn/n (2 + |x — y|?) (n+1)/2

dy, t > 0.
O

The difference between Propositions ZT9 and lies in condition (ii). For the below

proposition we refer to [25, &7].

Proposition 2.21. Let f be a function in BMO space. For all ball B and k € N, it holds

impf —mypf| < 2"k fllarmo

Proposition 2.22. For all f € BMO.

(1) It holds that
dx < cl|f|lBmo (2.6)

/ |f(x) _mQ(O"l)‘ﬂ
n 1+ |x|n+1

where Qg 1 is the cube with side length 1 centered at the origin.

(i1) Letd > 0. There exists a constant c such that

Rd/ |f(X) _mQ(xO,R)f|

(R+ |x — xo|)ntd dx <[/ fllsmo 2.7)

holds, for all f € BMO, all R > 0 and all xo € R", where Q(x07R) is the cube with side
length R and center x.
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Proof. To prove (i), we utilize Proposition IZ2Z1I. For (ii), we substitute f(Rx+ xg) instead of
f(x) in equation (Z8). Since || - ||pyo remains unchanged under translation and dilation, as
stated in Remark ZT6, we obtain the desired outcome. For further elaboration, refer to sources
such as [0, DS, &7]. [

Proposition 2.23. If f € BMO then f € Ly and

o)
— | |f(x) —mof|Pdx < c|| fl|5e,
holds for all cubes Q in R"
Proof. See e.g., 21, S, DR, &7]. Ol
The following statement is called the John-Nirenberg Theorem:

Theorem 2.24. Let f € BMO. Then there exist two constants ci and ¢, such that

erQ: |f<x)_me|>O‘H§C1|Q|eXp<_ o )

£l Bmo

holds, for all cubes Q in R" and all o« > 0.
Proof. See.e.g., [25, 79, BY] and [&72, p. 144]. O

As a consequence of the John-Nirenberg Theorem that all BM O functions are exponentially

integrable over any cube Q in R", we present it in the following assertion:

Corollary 2.25. All BMO functions are exponentially integrable over any cube; such that the
inequality

1 / b

— [ exp|——|f(x) —mof||dx<c, c:=c(n,b),

Lo ([T /9 mef1) 0)
holds, for all f € BMO and all cubes Q in R".

Proof. See.e.g., [?9]. O

2.2.3 Bessel potentials operator and BM O space
We firstly defined the Bessel potentials operator _#Z by

Fof = F 1 +|EP)"%F) VaeR.

Then we recall that this operator maps Aj, , isomorphically onto A;;fq“ see e.g., [&1, p. 149], [37,
p. 67] or [44, p. 58].
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Proposition 2.26. Let 1 < p < oo If f € L), then
1
| 2o f oo < esupt s )] >3], (2.8)
>

where the notation |{...}| denotes the Lebesgue measure of the set {...}.
Proof. We refer to, e.g., [24, Theorem 2(a)]. L]

Proposition 2.27. Forall 1 < p < oo, we have
H'? < BMO, (2.9)

where H Z/ P is the Bessel-potential space defined as the set of functions f satisfying

0o = 1 fllp <=

Proof. This statement follows from the previous one, where the right-hand side of inequality

(IR) is bounded by c|| f||,. Consequently, we have

Hf”BMO < c”/fn/pfnp»

which yields the result. 0

Proposition 2.28. For all 0 < p < e and 0 < g < oo, we have
Fpl? < BMO

Proof. By applying Proposition 2227 and as H;,/ PI coincides with the inhomogeneous Triebel-
Lizorkin space FIZ/ ' with max(p, 1) < p; < e. Due to the embedding F, /qp - F;l/ P!, we obtain

the required result. U
As a consequence of [44, Theorem 2(b)] we have the following statement:

Proposition 2.29.
BMON (L + L) C B2 .. (2.10)

Proof. In [44, Theorem 2(b)], it was proved that if o > 0, then

| ZafllBe. <cllfllamo

holds, for all f € BMON (L; + L.). As mentioned in the beginning of this section _# maps
Bfﬁ’oo isomorphically onto BQOPO ie., || Zafle, = |Ifllpo _ seee.g., [BZ, p. 67] or [46, p. 58].
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Now, we have
1 llgo,.. < cll fllamo

and we obtain the desired embedding. OJ

Remark 2.30. Here we want to eliminate the assumption L + Lo, in (ZZ10).

2.2.4 The realized space of F, ,

We first recall the definition of realized space of Fof,’ p denoted by F 207 g S€€ [B]. Here we define a

natural number u as
pe=([s]+1)+.

Definition 2.31. The continuous linear mapping o : Foi?q — yﬁ is a realization of Foiq such that
for all [fle € FS , we have [6(f)]y = f in 7). The realized space I::ﬁo,q is the set of f € 7}
such that [f]e € Foi7q and % f € Cy if || = p. This space is endowed with the quasi-seminorm

171, = U1l

Proposition 2.32. Let 0 < g < oo and s € R". Let f € F;Z,_‘q and Oy, is defined as a sum in Yﬁ
Then o : Foi, g YA is a realization of Fof,7 B such that 6 commutes with translations and dilations.
Moreover, 0% (f) € Co, (V|ot| = ).

Proof. See [, Theorem 1]. O

2.2.5 Some main properties on realized spaces

Here we formulate certain features of F' Z/ ; that used to prove the results in [23], which hold true

for Besov.
Proposition 2.33. It holds F£7 .= ng

Proof. [3, Lemma 2] O

Proposition 2.34. Let either (0 < p < o) or (p =0 and g = 2). It holds that FZ{; — LlloC ﬂBgm.

Proof. See [23, Proposition 7].
O

Remark 2.35. We have F° o , = L12OC where the proof is similar to that given for the preceding

proposition
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Proposition 2.36. There exists a constant ¢ > 0 such that the inequality

1
101 Jo Sl de < cliflul

holds, for all f € FZ{};, all k € 7 and all cube Q in R".
Proof. See [23, Proposition 8]. O
Proposition 2.37. Let either (0 < p < ) or (p =0 and q ="2). If f € F'/L. then

|f ()]
R11de<°°. (211)

Proof. See [3, Proposition 9].
O

Remark 2.38. We note that (1) shows that F' Z/ 5 - LllOC if either (0 < p < o) or (p = o and
q=72).

Now, we define the Hardy space H? (see, e.g., [42, Theorem III.1.2/1, p. 91].) to give the
relation between the Hardy space H? and the realized space F;?. ’

Definition 2.39. Let 0 < p < oo. The Hardy space HY is the set of all distributions f such that
[[sup [@; s f|[| ) < oo,
>0

where @ € ., ®(0) = 1 and @, :=1"®(- /1), (t > 0)

Then, as F19 », and H” cannot be identified since for a polynomial f it holds &; * f € ... we

give the relation between the Hardy space H” and the realized space f 272

Proposition 2.40. (i) If0< p <1 then HP = FO

P2 and their quasi-norms are equivalent i.e.,
| flp ~ ||f||;2$2-

(i) If1 < p <oothen L, = ﬁg,z» and their quasi-norms are equivalent i.e.,

fllz, ~ ||f||;2,2-

Proof. For (i) we refer to [39, Theorem 3.17] and for (ii) see, [32, Proposition 5.2]. [
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2.3 BMO space and the realized spaces

The spaces F , which are defined by the Littlewood-Paley decomposition (abbreviated as LPd),

specifically ; 0‘12 as defined in [22, (5.1)], are characterized by distributions modulo all polynomi-
als. On the other hand, the space BMO is defined by distributions that are modulo constants, as
defined in [21]. It is important to note that FQ’Z cannot be identified with BM O, as evidenced by
the fact that for every polynomial f with a degree of at least 1, || f|| r, = 0 while || f||smo =
In [46, p. 243], the author substituted the space BM O-modulo constants with a space modulo
polynomials ( where this spaces denoting by BMO™)) to obtain this identification.

To further examine the above identification, we use the realized space F q of F S . This

space is a subset of ./ ,(see (Z2) by replacing the conditions 0 < g < 1 and 1 <q< < oo with

lio’
0<p<landl < p<oo,respectively). Here, we present some of the results that were previously

published in [3].
Theorem 2.41. The identity BMO = F 90.2 holds with equivalent seminorms.

Now, we turn to the example f(x) = log|x|, x € R" in BMO. Indeed, we prove that f € F ..
We have f(&) coincides with ¢/|&|" for & € R™\{0}, then

0101 f(&) = c&|&] "y(27TE) =210 y(27ig)

where y(&) :=c§1[&|7"y(§) and y € Z(R"\{0}).
‘We obtain

1/2
1971el 1, = sup sup (2 [ ¥ 227 @il Par)
k

n cZ"keZ n J>k

<c1l|Z yllasup (Y 2070") = 0| F My

keZ  j>k

then by applying Proposition T4, we get [f]. € FO ’
To prove that d; f € Cy it suffices to proceed as the following. We write

S (x) =log|x|p(x) +log x| (1 - p(x))
= i) + falx) .
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We will prove that d; fi and d; f> in Cy. For any ¢ € .7, let A > 0, we have:

(OAG).0) = 2" 1{1.019(2)]
<2319l [ [logll|ax
|x|<1

1
<A,

by letting in the last inequality A to 0, we obtain that [(d; f1 (A ~!-),@)| — 0, it holds the desired
result.

To prove that 9, f> € Co, we apply the following lemma proved in [I6, Lemma 1]:

Lemma 2.42. Let f be a continuous function on R" such that f(x) = o(|x|) as |x| — +oo. Then
9if€Co j=1,...n.

Here we have f, is of C* class on R", such that ‘l‘im % =0.
xX|—oo | X

Theorem 2.43. If0 < p < oo, the embedding F Z/ 5 — BMO is proper.

An application of Theorem 241l yields the following assertions for the homogeneous Besov
spaces B;q and inhomogeneous counterparts, where the first one can be found in [12, p. 154]
and in [B7, p. 169, lines 2-3 p. 252]:

Corollary 2.44. If f € BMO, then its equivalence class modulo all polynomials |f]. belongs to
B ..

Proof. It suffices to apply Theorem IZ41 and Proposition 733, UJ
Corollary 2.45. The embedding BMO —» BQW, is proper.

Proof. The embedding BMO —» BQOM follows immediately by Proposition 234 and Theorem
247 In order to establish the strictly of the embedding, it is enough to note that BQO’OO ¢ Llloc.
We recall that Bg,’q C LlloC iff g <2, cf. [20, Theorem 3.3.2]. O

We have the same results for the realized space B), , of By,
Corollary 2.46. It holds that B, , — BMO < B .,

Proof. This is an immediate application of the embeddings ESO ) F o ) 590700, which can be
easily obtained by BY , < F, and Proposition Z33. O

Hence, to deal with F Z/ (f (0 < p < =) presents the contribution of Theorem 243, since (79)

becomes a particular case.
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2.4 Riesz operator and realized spaces

Here, we give some claims related to our results. To observe the performance of the Riesz
potential .#, on BM O, which is defined as

Saf = F (E]7%f) VaeR.

Remark 2.47. We can refer to the fact that .#, maps .%. to itself, which can be easily proven.
In order to provide a consistent definition of % : .¥/ — .., it is appropriate to state that if
f € .ZL, then forall ¢ € .7, and all f; € .’ such that [f}]. = f, the following holds:

(Taf @) = (f1,7a9).

Specifically, we have the following proposition:

Proposition 2.48. We have f in Flf7q if, and only if Zyf in F;;;“. Moreover,
1f HFg_q-
Proof. We refer to [46, Theorem 5.2.3/1]. O

faf”Fg;“ ~

From the last statement, we get

Proposition 2.49. o Zu([flw) €F, Iffqo‘ iffe F 7. and there exists a function g € F ;;,Za such
that 4 ([fle) =[] in L.

o In particular, Z4([f]=) € F2, if f € BMO.
Proof. We put g := 0y, (Fu([f])). Where oy, is defined in (Z3)—(Z3). O

Proposition 2.50. Let 0 < p < g < co. We introduce o :=n(1/p—1/q).
(i) Then it holds |\fa([f]oc,)||i-5(,2 < ch||F-v02f0r all f € FY,.
q; P

(i) Ifg e ﬁg 5 such that I_4([g]w) € ﬁg o then it holds |8 =y < c||S-a([g]w)llz where
I I (172 p¢2

the constant c is independent of g.

Proof. Step I: Proof of (i). Let f & F (1)7 »» by using Proposition 249 then there exists a function
ge f;‘z such that 7y ([f]w) = [g]e in .7L. i€,

llglel 2, = 117 (1)l s, @.12)

With 0 < p < g <eand & =n/p—n/q, we apply the embedding F%) — ng and Proposi-
tion Z4R, we get
el <eullglolse, .13
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and
1 7a([fl) e, < e2lllfll o, (2.14)

By (I132), (13) and (ZT4) we obtain the desired result.

Step 2: Proof of (ii). On the other hand, by the definition of ., and by Proposition 249,
thus, for f € fg,z we have Zy([fle) — 8 € P, 1.0, f/([ﬁm) =gon R"\ {0}. Also, for allg
in .7 and all f} in .’ with [f}]e = [f]w, We have

(Fa([fle), 7-a®) Z (f1,0) = (8, 7 a®) E (I_a(lg]w), §);

then similarly, for f € F 272 we get I_g([g]e) — f € Peo. O

We now present the Hausdorff-Young inequality where it is required below, see e.g., [43,
p. 178].

Lemma 2.51. (Hausdorff-Young inequality) Let 1 < p <2. For any f € L, we have fe L,

and

1A < 11

Corollary 2.52. (i) If 0 < p <2, then
—2(n/p—n/2)| Fr £\ |2 1/2 -0
(/18 F©PE) " <clfly . vreFy, @.15)
p,

(i) If2< g < o and g € .7 such that g € L\°°, then

N 1/2
Il <c( [ IR/ ge)Pag) 216

where the positive constant c is independent of g; we assume that the right-hand side of (I_16)

is finite.

Proof. Step 1: proof of (i). The case p = 2 is easy. Then we assume 0 < p < 2. By taking g =2

in Proposition (1) it suffices to prove

e 7], < cl|Zallfl)l2, VFEFS,, a=n(1/p—1/2). (2.17)

Indeed we will use standard arguments. We first show that |& |_°‘fA"is aregular element in ., in

the sense that

[ e i@e@E| <=, voes.

28



CHAPTER 2. RIESZ OPERATOR AND REALIZED HOMOGENEOUS
TRIEBEL-LIZORKIN SPACES

Incase 1 < p <2 we have fe L, (the Hausdorff-Young inequality since f € L) then by Holder
inequality, for every ¢ € .,

7 2 1/p ~
- , - —op , - ‘
[, Ereio@iae <l ol ( [, 167 ag) " <elflplol. @19

since @ < n/p; for N > n/p — a we have

/§|>1 &I fp(&)ldE < Cl||ﬂ|l7'</ |§|_(N+“)Pd§> . < oo|fll -

1E]>1

In case 0 < p < 1 we have | f(&)| < c|€["/P=D|| f||» proved in e.g. [42, 1IL.5.4, p. 128], then,
for every ¢ € .7,

Jom E1TO@IE <l larloll [, 1817 Vg <ol 219

sincen—o+n(1/p—1)=n/2; for L > n/2 we have

—a| 7 L-n 1/p
[, e eiFe@laz <l [, 1 2a8)" <ol

19

We note that this proof also contains the argument of that |& \_O‘fis a regular distribution, i.e., in
LllOC (in (ZIR) and (1Y) take & € R” and ¢ € 2). In the second, by duality in L,, density of .
in L and density of . in .’ endowed with the L, norm (this can be done as follows, if f € .
then ((id —S_;)f) is a sequence in .., where

IS-ifll2 < elp@)fll2 < 2 "2|plallfli,

thus (id —S_;)f — f in Ly), together with Parseval’s identity (||@|2 = (27) /2| @(—-)||2) we
get

lIE a7l <e  sup €7 f(E)P(-&)de|
pese, ol2<1

—c sup [(FIEB(=)],

PETw, || [2<1

Rn

since the function |€|~%@ belongs to .# and f € ., recall that f € .#”. We continue where the
elementary equality .Z ~![|&|7%@(— )] (—x) = .F ~1[|E|~*P](x) implies

(2 €99 ) = r)(f, 7 E“G(— (=) = 27)"(f,u).
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Then |||]"%f]|» < c1 SUPge 7. [olr<1 | {-Za([f]x), @)], and by Cauchy-Schwarz inequality we
obtain (ZI77); then (Z_19).

Step 2: proof of (i1). As above the case g = 2 is easy, then we assume that 2 < g < 0. Also,
here by taking p = 2 in Proposition Z30(i1) it suffices to use the Plancherel formula, and obtain
(recall the assumption g € .7 N L)

|7 allglo)lz= sup  |[(&,7a@)|= sup |(g16%0)]
P, [l@]2<1 S, [l@]2<1
< sup (81981817 (1€199) )| < clll&]%gllz,
S, [l@]2<1
and thus (ZI8) is proved. O

Remark 2.53. In this remark we present other inequalities similar to (ZZ13).

The inequality outlined below is given in [Y9, Theorem 1.4.1]:

~ 1/
</Rn‘5|_n(2_p)|f(5)|pd§> "<elfll,, forall<p<2 andall feL,

After that, the author in [, Theorem 3.1] provided the following inequality:

_~ 1/
(L IE e P17E)rag) " <elflyy, . forall0<p<2 and0<g<e.
Rn s

holds, for all f € Flg)’ e Then, we refer to [42, p. 128] for this inequality

([ 1eremiferag)” <ciflar, forao<p<t.

Here, we give the reason for adding the assumption g € LllOc in (Z-16), and quote [43, 1.4.13,
p. 34] for the following proposition:

Proposition 2.54. If ¢ > 2 there exist functions g € L, such that g ¢ LI°¢ i.e., gis not a function.

2.5 Embedding between homogeneous Sobolev space and Fv 1y

We consider the homogeneous Sobolev space H* of tempered distributions f such that fe LllOC

and

1f 1l = 1P F 2 < oo

See e.g., [, Section 1.3] for other properties of H*.
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Proposition 2.55. (i) If1 < p <2 then L, — H"(1/P=1/2),
(ii) If0 <s <n/2 then H* — Loy j(n—2s)-

Proof. Let 1 < p <2. By applying Proposition 40 L, = F 272 if 1 < p < oo, and by applying
inequality (_T3) we obtain the first embedding.

In estimation (Z-T6), we set s = n/2 —n/q that means g = 2n/(n — 2s) and as H = fg 5 if
0 < p <1 (see Proposition Z40) we get the second embedding. U

Proposition 2.56. We have
A < F5, and H"?< BMO. (2.20)

Proof. Theorem 41l yields the second embedding in (Z20). We then prove the first one. Let
f € H®, then

[ MERIRIENCURD W MEERERGIRE

JEZ JEZ

where Q; denotes the annulus (1/2)2/ < |&| < (3/2)2/, and here |&| ~ 2/. Thus,

/(li\SW(Zji)f(i)!)zdééf (IEFIF &) r(2778) de,
Q R

J

but ¥ jc7 7(277€)? < 3||7]|2 since this sum contains at most three non-vanishing terms, which
gives the desired estimate and [f]. € F5,.
We now prove that f(®) € C, for |ot| = p; see (ZT) for the definition of u:

u=(s—n/2]+1);. (2.21)

Let A > 0 and r € Z be such that 27"~! < 4 <277, The function .% (h; (Q;_,f'*)) (where
hy.f := f(A~1.)) is supported by the annulus 2/~ < |£| < 3-2/. We have

F(Quhy (Qjf ")) =0 if k—j>3 or k—j<-2,
and

Mf =Y Qi f ) =Y ¥ Quiha(Qi o).

JkeZ JEZ —2<k<3

We set Q i =Y _2<k<3Qjx associated to the function ¥:=Y »<;<3¥(27+). Thus for every
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o~

@ € ., and by using the elementary formula (f,g) = (27)"(f,g(—-)), we have

Y (Qjia(Qirf1Y),0) =2 Q; 'Y, Qjp(A-))
—2<k<3
= 2m) N EXY 2 ) FL 2 AT ) e(-A ),

the function E%y(277.)f € L¢ since E%y(2"7/-) € 9, then we can apply Cauchy-Schwarz

inequality in the last term, and obtain

[t @) < eam? Y ([ &%y ) F |, 727 )@=, (2.22)

JEL
Clearly on the one hand we have (again |§|**y € 2)

164y T )|, = IEH 1@ )IELF]], < 2V W] £l s
< 2T IR £l - (2.23)

On the other hand, we exploit the following assertion, a classical consequence of Taylor formula:
1Q;0||» = 0(27/N) as j — 4o, for all N € N, then we have

M2 )0(= )2 < c1llQjella < 227N (recall that 7 is even),

and

Y 20725 (= ), < et £ 208l + 1B 72 L 27+

JEL Jj=1 J<0
< Z 2Jj(l—=s—N) + e Z 2 Jj(l=s+n/2) ’ (2.24)
Jj=1 J<0

choosing the natural number N such that N > p —s, and by (IZ211) we have u —s+n/2 > 0, thus
we get that the right-hand side of (Z24)) is bounded by a positive and finite constant c3. Finally,
we turn to (IZ22), where from (223) and (Z-24) it holds that

[ f1, @) < A2 f s
Taking A | 0, then by (2221 (i.e. it —s+n/2 > 0) we obtain f(%) € Cy, and (Z21) is proved. [J

As Bg,p C—>Fg72 (—>Bg72 if0< p<2,and F%2 — B’ ,if p<piands:=n/p—n/p, then

we can obtain embeddings between H? and realized of Besov spaces; we omit details.
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Chapter 3

Functional characterizations of

homogeneous Besov-type spaces

Under certain conditions on s, p and g, several function characteristics of BMO are valid on
realized homogeneous Besov E’;.q and Triebel-Lizorkin spaces F g Cf. [24]. We propose to

extend the results of [?4] to the realized homogeneous Besov-type space B;Z

3.1 Results already obtained on ;\}*,g

Besov and Triebel-Lizorkin spaces are defined with respect to polynomials, as indicated in chap-
ter [ HfHB;,q = HfHng = 0 if and only if f is a polynomial on R".
However, Propositions T8, 277 and 73 are not valid if we replace BM O with B; q Or Flf_‘ e

See the introduction of the paper [24] we give an example in this context.
In [4], we have extended some properties given in Chapter @ Section 227 to the realized
spaces A; q- To recall this, we use the following brevity:

If for a given function f € A; 4 there exists a polynomial uy € 2, then we set

Ji=rf+uy.
Theorem 3.1. Let 0 < p,q < ecand s> (3 —n)+. Let d be a real number such thatd > (s — 7).

Iffe fi;’q, then there exists a polynomial uy € 2, such that the inequality

7| |
T = el el

holds; the constant cy is independent of f.
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In particular, if either s < % (p < o in F-spaces) or s = 127 and g < 1 in B-spaces (p < 1 in

F-spaces); here, realizations commute with translations, then the inequality

/()]

o T & S all U=l

holds for all xy € R"; the constant c; is independent of f and x.

Proof. See [?4, Theorem 2.1]. O

Remark 3.2. It is required that p < o if 5 < % or s = % and ¢ < 1 in B-spaces (p < 1 in F-

spacess) and s > 0.

Remark 3.3. By the fact that BMO = ch » and U = 1 (see Theorem Z41), we obtain Proposition
1R by applying Theorem BTl

Theorem 3.4. Let s, p,q and d be identical to those in Theorem B

) If f € ;‘;,q’ then there exists a polynomial uy € &y, such that the inequality

/ ’f(x) _mQ(O,l)f‘

1+ |x|n+d

dr < [y,

holds; the constant c is independent of f.
(1) Assume that p < oo in F-spaces and that

o cither s < % ors = % and g < 1 in B-spaces (p < 1 in F-spaces),

e cither s — 7—7 eRM\Ny or s— ;l—) € Nand g < 1 in B-spaces (p < 1 in F-spaces);

here, realizations commute with dilations. If f € A;ﬂ, then there exists a polynomial

up € Py, such that the inequality

|[F(x) —mgy, F s—d—n

) —d—n/p .
Jo T @ S A
holds for all A > 0; the constant c is independent of f and A.

(iii) In particular, if either s < % (p < oo in F-spaces) or s = 7—7 and g < 1 in B-spaces (p < 1

in F-spaces); here, realizations commute with translations, then the inequality

/ ’f(x) _mQ(xo,l)f‘
R

T e E S AT 3.1)
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holds for all f € g;q, all A > 0 and all xy € R"; the constant c is independent of f, A and

X0-
Proof. See [?4, Theorem 2.4]. O

For modulo constants (uo = 1, that is, uy = constant), we can extend the claim (iii) of The-
orem B4 to the cases if either s — % € RT\Np or s — lﬂ) € Nand g <1 in B-spaces (p < 1 in
F-spaces) or s — % € Np and g > 1 in B-spaces (p > 1 in F-spaces); that is:

Corollary 3.5. Let 0 < p,gq < oo. Suppose that 1y = 1 in either s — % € RM\Ny either s — 129 eN
and g <1 in B-spaces (p < 1 in F-spaces) or s — % € No and g > 1 in B-spaces (p > 1 in
F-spaces). Then, the inequality (B) remains true.

Proof. It is Corollary 2.5 in [24]. O
Theorem 3.6. Let 0 < p,g < oo and s > (% —n)y. Let 0 < p; < oo Incase 1 < p; < oo we
assume that

in F-spaces: 1711 > % -, (3.2)
in B-spaces: either PLI > 1% —s, or I’ll = % —sandq < py. (3.3)
) If f e j;q, then there exists a polynomial uy € 2, such that the inequality
~ ~ 1/p1
(176 = me 71" ax) ™ <l (3.4
(0,1) ’

holds; the constant c is independent of f.
(i1) Assume that p < oo in F-spaces and
e cither s < % or s= % and g < 1 in B-spaces (p < 1 in F-spaces),
e cither s — 1% e R"\Ny or s— 1% € Nand g < 1in B-spaces (p < 1 in F-spaces);

N

here, we have realizations commute with dilations. If f € AS, _, then there exists a polyno-

P-q
mial uy € Py, such that the inequality
1 rd ra pl 1/[)1 S_}’l/p
(G Jo, [T =moun 71" a) ™ <A Plifely, @9
: (0.1) ,

holds for all A > 0; the constant c is independent of f and A.
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(ii1) In particular, if either s < % ors = % and g < 1 in B-spaces (p < 1 in F-spaces); here, we

have realizations commute with translations, then the inequality

1
<\Q(x0.,/1)| /Q(

holds for all f € fi;,’q, all A > 0 and all xy € R"; the constant c is independent of f, A and

1/pi
F@) =mg o f17 ) <A [Aallyy, 36
) ’

x0,A

XQ-
Proof. See [?4, Theorem 2.6]. ]

As in Corollary B3, we extend the assertion Theorem B-f/(iii) to functions f € A; ¢ such that
Uo = 1. Where in this formulation we will find interesting examples with cases s = 1% or 1+ %.

Corollary 3.7. Let s,p,p and q be the same as in Theorem B4, in particular the conditions
BE2)—@B3). Let either (% —n)y <s<1 +% ors=1 +% and g < 1 in B-spaces (p < 1 in
F-spaces). Then, the inequality (B-8) remains true.

Uo = 0 or 1 in Corollary B7A. See [?4]. The inequality (B-8) is false for functions f € ;1;,’6] if
Ho > 2.

Example 3.8 (counterexample). The function define by
h(x) :=x3

belongs to Af,j;n/ P since ug > 3. Through simple computation, one determines

4
|h(x) —mg,, . hldx = —=2".
/Q(o,1) Con 9\/§

Thus, if p1 > 1 by Holder inequality we obtain

pi 1/p
/ |h(x)—mQ(O,1)h|dx§c</ |h(x) ~mg, , A dx) ,
Q.1 Q.1

if 0 < p1 <1, since |h(x) —mg, , h| < |h(x)| +i<3forallxe Q(0,1) we have
/ Ih(x) —mgq, hldx = / Ih(x) = mg, AP |R(x) = mg,, , Al dx
Q1) Q.1
1—
<[ h) - moy, b,
Qo
this the left-hand side of (B8), while ||[R]e| 340/ = 0.
p.q
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Example 3.9. The function g(x) := x| belongs to fi;;"/ P (with ¢ > 1 in B-case and p > 1 in

F-case, here 1y = 2) for with the same calculations given for h.

Remark 3.10. The constant c in the right hand of (38-4)—(B-6) with the form ¢ p, where ¢; > 1
independent of pj, as can be shown by closely examining the proof of Theorem Bf in the case
s2%andl§p1<oo.

The purpose of Corollary B77 is to extend to realized spaces the so-called John-Nirenberg

inequality, which has been proven on BMO (see, for example, [25, 29, B9] and [22, p. 144]).

Theorem 3.11. Let 0 < p < o and 0 < g < oo Leteither%§s<1+%ors:1+%andq§1

in B-spaces (p < 1 in F-spaces). Then, there exist two positive constants cy,cy, such that the

inequality
(650X 0.4
{x€0uun): 1F)=mo, , f1> a}| <erlQunlexp (- - ) 67
‘ (x0,A) (x0,1) (x0,4) |Q(x()7l)|s/n 1/p||[f]oo||A,;7q
holds for all f € fi;,’q, all @ > 0 and all cubes Qy, ) in R".
Proof. See [24, Theorem 2.12]. O

The previous result has the following consequence

Corollary 3.12. Let p,q and s given as in Theorem BIL1. Then

1 b
@ /QeXp <|Q’S/n1/p”[f]°°HA;y |f(x) —me\) dx<e¢, c¢:=c(n,b),

holds for all f € Aéfw, all oo > 0 and all cubes Q in R"™ with sides parallel to the axes. where

b < ¢ (cy is the constant given in (BZ1)).
Proof. The proof is similar as in [?5, Corollary 2.1.7]. 0

Remark 3.13. In [4, Section 5.1], we have proved that the condition d > (s — 7). given in
Theorem Bl is optimal.

3.2 Recent results

3.2.1 Statement of assertions in Besov-type spaces

Here, we will extend the results discussed in section Bl to the realized homogeneous Besov-type

space E;Z We will focus on the case where 0 < 7 < 1/p. However, if 7> 1/p and 0 < g < oo,
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orif T=1/p and g = oo, the homogeneous Besov-type space coincides with the homogeneous

Besov space By, = Bl:::f,r_"/ P as described in [S1].

Theorem 3.14. Let 0 < p < o0, 0 < g< o0, 0 <7< 117 and s > (% —n) 4. Let d be a real number
such that d > (s +nt — %)Jr If fe E;Z then there exists a polynomial uy € &), such that the
inequality ~

f ()|

Rn 1+|x|n+ddx§c1”[f]°°HB;fq (3.8)

holds; the constant cy is independent of f.
In particular, if either s +nt < % or s+nt= ;—; and q < 1; here we have realizations

commute with translations, then the inequality

f ()

o T —xgpred & = 2lllfl=llis (3.9)

holds for all xo € R"; the constant c; is independent of f and xy.

Theorem 3.15. Let 0 < p <o, 0 < g <00, 0<T< % and s > (% —n) 4. Let d be a real number
such that d > (s+nt — %)+.
WIffe é;,’;, then there exists a polynomial uy € 2, such that the inequality

/ ‘f(x) _mQ<o‘1>f’

1+ |x’n+d

e < cf (1]l (3.10)

holds; the constant c is independent of f and uy.
(ii) Assume that either s+nt < % either s+nt = ;—; and q < 1 either s+nt — % e RT\Ny or
s+nt— % € N and g < 1, here we have realizations commute with dilations. If f € E;’L’ then

there exists a polynomial uy € &), such that the inequality

/R }f(x)—mg(o_mf’ dx§cl””fﬁd*"/pH[f]oo”B;;; 3.11)

n Antd o |xjntd

holds for all A > 0; the constant c is independent of f, uy and A.

(ii1) Assume that either s +nt < 1% or s+nt = 127 and q < 1; here we have realizations
commute with translations. If f € B;;L, then there exists a polynomial uy € &), such that the
inequality

‘f(x) - mQ<x0,/1)f|

Rn An—‘-d + |x_xO|n+d

dr < AP [ flo| e (3.12)

holds for all 2 > 0 and all xo € R"; the constant c is independent of f, uy, A and xo.
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Theorem 3.16. Let 0 < p < o0, 0 < g <o, 0<T< 119 and s> (n/p—n)y. Let 0 < p; < oo. In
case 1 < p| < oo we assume that either n/p; >n/p—sorn/py =n/p—sand q < py.
W)Iffe Ef;f], then there exists a polynomial uy € 2 such that the inequality

~ ~ 1/p1
([ 1760 =mog, 1" ax) ™ <cl 1l G.13)
Q1) ’
holds; the constant c is independent of f and uy.

(ii) Assume that either s +nt < % either s+nt = ;—; and g <1ors+nt— ;—; € RT\Ny, here,
we have realizations commute with dilations. If f € B;,’fl, then there exists a polynomial uy € &,

such that the inequality

1 f e g s+nt—n/p N
<\Q(o,x)\ Qo) [F@) =mgf| dx) <ch ILfJeo e (3.14)

holds for all A > O; the constant c is independent of f, A and uy.

(ii1) Now, assume that either s +nt < % or s+nt= % and g < 1, here we have realizations

commute with translations, then the inequality

(o
1Qxo)| /o

holds for all f € E;’L, all A > 0 and all xo in R"; the constant c is independent of f, A and u.

~ ~ 1/p1 .
70 —mgy P ) AT f e, (31S)
)

x0,A

Remark 3.17. In the left-hand side of the inequalities (3R), (B10), (311), (313), and (B14),
it is possible to replace [ with inf,c4_ [ and f with f 4 u, respectively. This substitution is in
accordance with the concept presented in [46, 5.2.4(2)].

Remark 3.18. The condition pi] > % — s is required for Theorem B8, specifically in equation
(B13), this condition implies that pil > % —s—nt. If we suppose that s +nt + pil — % < 0. By
dividing each term in equation (314) by A*T"7~"/P  we obtain

n/p—n —s—n 7 7 l/pl
wrloalpzsnt (7 —moy, 71" ax) < el el

(0,4)

and letting A — oo. Then its contradiction with the assumption. Then, probably the condition

pi] > % — s —nt is the correct one for Theorem B14.

Remark 3.19. It is interested to show the optimality of the above conditions given in Theorems
BT4-37T4d in the sens of Remark B-T3. See again [?4, Section 5.1].
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3.2.2 Necessary tools

The following assertions are in the sequel.
Proposition 3.20. Let g € &, 1 is defined in () if d > (s +nt — %)Jr then

(%)

Proof. We need only that x* with |o| = u — 1 satisfies (BI8), it suffices to choose d > p — 1.

Since
(Hnr—ﬁ) Su—1, 3.17)
p/+

we obtain the desired result. We now demonstrate that estimate (BE-I7) is true.
If u = [s+m'—1—”§]+1 or p =s+nt— 7. Thus, 4 —1 <s+n7—7.
If p=1orp=0fors+nt—7<0. Wehaveu—1:0<d0ru—1:—1<(s+nr—%)+,

respectively. O

Proposition 3.21. Let 0 < p < oo and N € Ny. Then there exists a constant ¢ > 0, such that

1/p

£ <e(R" [ 1F0)17(1+ Rix—y)) 7 ay) (3.18)

holds, for all R > 0, all f € ' such that supp f C {& : |E| <R} and all x € R".

Proof. To show (BE-IX) we consider two cases:

Case p > 1: Let us consider 6 € .7 such that 8(&) = 1if |€| < 1. We put 6(€) = 8(&/R).
Then it holds

f = QR * f .
We apply Holder inequality

1@ =l sl = [ 00— d|

< [ 100+ )R]

< (100 @ @)™ [ b e r .

then by changing variables z := x — R~ !y, we obtain the result.

Case 0 < p < 1: Let us consider 6 € . such that supp @ C {& : |€| <3/2} and 6(&) = 1 if
|E| < 1. We put

g(y) =00 f(x—R""y)
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for a fixed x € R". We have
2(&) = [ B —me N F(—Rm)dn.

Form the last equality, we get supp gy C {& : |§] < 5/2}, then by Bernstein inequality

5

n/p—n "
ledi < (5)" ey, (vxeRY).

An easy calculation gives
flx) = /R gx(v)dy, VxeR"
then using this inequality, we obtain
I < | 100 (x—R""y)dy
P —-1,\P l/p
<a( [ 100FIx=R"y) d)
e [ 100)P A+ (1 + )V f =R dy)

<es( [ b)) ray) " sup 1010+

z€R”

1/p

Then the desired result. O

Corollary 3.22. Let 0 < B < oo and N € Ny, then there exists a constant ¢ > 0 such that

: , 1/B
016 < c(2 [ 1081 (1+2/lx—y)) P dy)

holds, forall j € Z, all x e R" and all f € ..

Proof. The proof already exists in [43, Chapter V, Theorem 5]. We can prove it by using another
way for that it suffices to apply Proposition B2T with R := 2/, f = Q jgand p = B. UJ

Remark 3.23. In Proposition B211 if we take N € R it remains true.

3.2.3 Proof of Theorem 3.14

We will subdivide the proof into several steps.

Step 1. Let f € Bﬁ,fl As we have 0 ([flw) — f € P, we will show (BR) with o([f]«) instead
of fwhere o = o; (i = 1,2,3) with o; are defined in Proposition 9, see (Z3)—(Z5). We are
reduced to prove

/ |0i([f]e) (%))
R

R dr < cf|[flellgz  (=1,2,3), (3.19)
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under the restriction on parameters n,s, p,q and T given in Proposition 2% and s > (n/p —n).

For this and brevity, we set

gri=Y Oif, =Y {ij— Y (ij)(a)(o)%},
Jj>1 j=1 lo| <t )
g3:=Y Oif, ga:=) {ij— Y (ij)(a)(o)%},
Jj<0 Jj<0 o <p '
where
o1([fle) :== g1 + 83,
02([fleo) 1= g2+ g4,
03([fle) := g1+ ga-
We put
L |gi(x)] .
U= [ Tynpra® (=1.2.34).

Also, for reason of clarity we will subdivide the proof of this step into several substeps. We

will essentially prove that the above series converges normally on every compact subset of R".

Substep 1.1: estimate of 61([f]w) witheither (n/p—n)+nt<s+nt<n/pors+nt=n/p
and 0 < g < 1; recall that here u = 0.

1.1.1 The case: s+nt=n/pand 0 < g < 1.
We consider p > 1 and p < 1, separately.

o If p > 1, by Corollary with B := p and g := f we have

1/p
0@l (L [ logmra+2-s) tre) " G20
nez"’in
Ifxe P, andy € P then
1+ |w—n| <2vV2n(1+25x—y|) (Vk>1). (3.21)

By inserting the last estimation in (B220), and using the fact that (Znezn e ) Ip <Xnezn (c- )1/p,
since 1/p < 1, see Proposition [, it holds

1/
0 f ()| <277 Y (14 [w—n)~ D) (/P kaf(y)\de) "WxeP, k>1. (322
(K]

nez"
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By using characteristic of the support of é;;‘ such that

supp.Z (Qcf) Nsupp.Z (Q,f) =0 if |k— j| >1log,3,

the serie } ;c7, @3 (&), for all & € R™\{0}, contains at most 3 non-vanishing terms correspond-
ing to the compact annulus 21 < || < 3.2k ( = —1,0,1). We have ¥1cz Ocf () =
YkeZ ke Ouf (&), where the set A is constituted by consecutive elements, i.e., A := {J,J +
1,J+2}.

Now, we choose [ :=J in (B222), then we get

J+2
Y 0f(x)[ = ) |0kf ()]
k>J k=J
< Y (1+w—n))~ Y 22"”/”||Qkf||L,,p,,, VX € Py, (3.23)
nezr

but, we have (recall % =nt+s)

1/q
2|0 f ()l < 22 (247 X 27001 N )

k>J
2
< 22|l g

then inserting the last estimation into (3223), we obtain

Y 0] < cll[flellgsz ¥ (1+Iw—n) 0, vre Py, (3.24)

k>J nezr

we turn to o], we have

[01([flee) ) < Y NS W) < ell[floll gz x € Py, (3.25)
k>J '

Recall that we used the fact that Znezn(l +|lw—n|)" (nt1) .— ¢ < oo,
Now, to obtain (B19) it suffices to observe that d > 0 and

JRLOC PNy YU TN
" Prw

l—l—‘x‘”+d 1_|_‘x‘n+d
dx
HB,Y,Z e 14 |x|n+d :

wez"

<c[[[f]

e Now, if 0 < p < 1, we introduce a parameter a satisfying 0 < a < p < 1 which will be
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chosen later, and use Corollary with B :=a, g:= f and N := n+ € (¢, also will be chosen
later) then we apply Holder inequality (with v := p/a and V' := p/(p — a)), we obtain for all
x € By,

1/a
0 <2 (X [ @)+ 2 ) )
I

nezn

2kn/a[ Z HQkaL,,P,n </P (1+2k|x v~ (n+e Vady) /V’} l/a.

nezr

Then, choosing as above [ := J using the equality o} ([f])(x) = ZJ +2 7 Okf, we get

1/Vq1/a
91101 < X[ T 1@uFl 0,0, (1275 ear) ]

k>J nezr

forall x € Py .
By the Minkowski inequality, see Proposition T4, we get, (Vx € Py,,),

~a 1/a
o1([fl=) ()] < e {Z [szn/a“QkaLpPJn (/P (14 2K —y|)~(r+e)a” dy>1/( )] } .

nezr | k>J

By applying (BZ21l), we obtain

a\ 1/a
|01([f]oo)(x)|§6< Y (1 |w—n|)~trree [ZZ"”/“ Qi f P,,,] )

nezr k>J

a\ 1/a
szn/pHQkaL,,(Pj,,,)] ) ~

k>J

Sc<s Y, (1 [w—mn|)- ek

nez

We now proceed as in the preceding case, since — = s+ nt, we obtain

010l <l Flullgs ( X b)) veep, G26)

nezn

‘We have

Y (1 [w—nqfyrtotela oy retlrre)a

nezr ji>1

then it suffices to choose € and a such that

n n
n+e>—and — <a<p.
p n+¢&
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We conclude that (B219) holds, since d > 0.

1.1.2 The case: nt < s+nt <n/pand 1 < p < oo (recall here u = 0), we have

183G < N1 Teoll gotmemio X277 F7P) < | [Fleol e (3.27)
j<0

then we apply Bjj5 < Bia' ™ "/P which yields Us < c||[fell g5z, since d > 0.
By Holder inequality we also have

|g1(x)] / g1(x)]
——— —dx= ————dx
R 1+’x|n+d Z 1_|_|x|l’l+d

nezn’Pin

/ 1/p'
<Yy 1811, (P ) (/ (14 |x|rdy=p dx> g
1

nezr

CaTen ks n o 1/17/
< X 2T 20 0 i ([ (1 )

nezr k>1 1,n

<ellflellg:2 X2 Y ([ e a)”

k>1 nezr ~/Pin

Thus, by the fact that 1 + |n|"* < ¢(1 + |x|"*¢) and B)j — B}, we get

,k d _
U <alllflellge X278 X ()" < eall( ol
T k>l nezn '

Recall that
Z (1+|n‘n+d)—l ~ Zj—(d-i-l) < oo,

nez’ j>1

since d > 0. It holds the desired result.

1.1.3 The case: n/p—n+nt <s+nt <n/pand 0 < p < 1. We introduce a parameter p
such that we apply Proposition 21l and obtain

5,7 5—n/p+n/p1,T
B g Bpig

then we first choose p < p;. By assumption we have

n n n
Ss——+—+nt < —,
P Pi P1

then, if we put u; and p; the associated numbers to B ».g and Bf,l rf/ pn/piT , respectively, we get
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1 = tp =0and
55T 5s—n/p+n/p1,T
Bp,q — BPhq

Now, we choose p; such that

n/p—s<n/p

and apply 1.1.2 for EZTZ/ PEER/PT fhstead of B;Tq Then the desired result holds since d > 0.

Substep 1.2: estimate of 65([f]e) with either s +nT— 7 € R™\ Ny or s+nt — » €Nand
0<g<1.

1.2.1 The case: s+nt— 7—7 € RT\Np. For all integer N, we can control it, we set

fnv(x) == F(27Vx).

We have
Q;f(§) =27y V2N E) fy(27NE)
= 2_N"QT—N\JCN(Z_NQ = Z[0;-nfn(2Y)](&),
then

Q;f(x)=Qj nfn(2"x).

By inserting this equality in 0»([f]«), we get

NX o
02 ([f1e) (x) = 82(x) + 84(x) = Zi (Qj—NfN(ZNx) - | Y (@ nf) () <2oc') )
JE€ ol<u .
Ny
~ Y (@2 - ¥ @02 0)

keZ la|<p

We divide 05([f]) as g5+ g With g5 :=Y>1 ... and g6 := Y <q - ... We have

8501 < X (IQufullate X 2% (@) @)

k=1 o <p

By Bernstein inequality (see Proposition [3) we also have ||(Qxfn) ®|le < c2X1%)|0s S |-
Thus,

lgs(x)| < C||[fN]oo||Bz°+°ri‘r—n/p Z (z—k(s—i—nr—n/p) +2—k(s—n/P+nr—u+l) Z ’2Nx||a|).
= ol=p
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By using
NUlell g = 27PN [l e
and as s +nt — % —u+1>0, it follows
g5 (0)| < 27 PN [A | (14 X 27401, (3.28)

lo|<p

the constant c is independent of f, N and x.
To estimate g¢ we introduce a parameter b such that 0 < b < 1, we will fixed this parameter

later, and use Taylor’s formula, then we obtain

g <}, (IIQka||oo+ )y ||(Qka)(a)||oo|2Nx|°‘(a!)“)l_b

k<0 o] <u

x (1 Y (@2 /0 1(1—t)”_1|(Qka)(“)(2NtX)|dt>b- (3.29)

|ot|=n

Using the well-known inequality
x>0,y>0,a>0: (x+y)* <max(1,2°7")(x*+y9), (3.30)
we get

86| < 1|l e wp X 27 KT 1/PI0)

k<0
«(1+ ¥ zka|2Nx||a|)”’ (2—k(s+nf—n/p—u)|2Nx|u)b
loe|<p
< e[l e wp 2% (14 Y Ve @l0D) Y o Kotnenont) (33

lor|<p k<0

Then we need the condition ub + 1% —s—nt > 0. Hence, the number b must satisfy

1
—<s+m—ﬁ) <b<l. (3.32)
H p
Thus, as in (B28), we obtain
[86(x)] < 2 TPV Ay |2V (14 Y0 33
' ot <p

where the constant ¢ is independent of f, N and x.
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e Notice that (333) holds true when we assume that s +n7 = % and that 1 < g < oo, meaning

that u = 1; for more information, go to Substep 1.3 below.

Now, to estimate 63 ([f].). We choose N := N(x) € Z such that 27V < |x| < 27N*1 (ie,, |x| ~
27V), then from (BZ2R) and (B33), it holds

102([f1e) ()] < el 2| [ ol s

where the constant c is independent of f and x. Hence, (B19) is satisfied since d > s+ n7T — %.

1.2.2 The case: s+nt — % € Nand 0 < g < 1. We use the Taylor’s formula, then

el =Y ¥ (@) W [ (108 () @ ar

k€Z |ot|=p

J+2
We have Z e = Z .-+, where J is defined in Case 1.1.1, its definition is given in the same
k=J

kezZ? .
way by Fourier transform, i.e.

—

O @ (1) (E) =170 f@(1~E),

and the fact that
k=l <= hg1 <3287 with r=-1,0,1,

hence J € A C Z with Card A = 3 (recall A := {J,J+1,J+2}).

Now

J+2

(AWl e ¥ Y e @] [ e

|ot|=p k=J

<all* Y I Yellpo
|ot|=pt '

< eslxl*|[fleoll g, < calxlP LA - (3.34)

We obtain the desired estimate since d > U ; recall that 4 = s+nt — %.

Substep 1.3: estimate of 03([f]-) with s+nt—% € No and 1 < q < eo. Recall that here
H=S+m’—,ﬂ,+1 > 1.

1.3.1 The case: s+nt = % We introduce a parameter p) satisfying max(p,1) < p; < oo, we
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will use the same way as in Case 1.1.1 by applying (B23) with p;

J+2
@@ < Y U+ w=n) Y 2PN ()L, Py X E P
nezr k=J

and applying (B224)) with replacing s, p and g by n/p; —nt, p; and oo respectively, we obtain

i) < Y (1+yw—n|)*<"+1)sz"/P'llefllewW)SCIHf]ooIIB;/]g{m- (3.35)

nezr k>J
For estimate Uj, we combine the last inequality, the embedding By, — B% PLT"0T (see Proposi-
tion [XT) and the fact that d > 0, it follows
U < ! dx < 3.36
< el gy oee [ T 0 < el el (3.36)

To estimate Uy, we proceed as in Substep 1.2 for gg, thus by (B32) with Choosing 0 < b <
min(1,d) and (BZ33), it holds
18400 < clxll[[f]eoll o . (3.37)

then by using the embedding B — BY, .., we get

x”

Uy < |5 1+ [xnd
s=allfl=lla,. [, 1+ [x[n+d

dx < | [fleol g7 - (3.38)
Hence, (336) and (B3R) yield the desired estimate (319).

1.3.2 The case: s+nt—n/p € N. We observe that the estimate

Y 1Ok [l = Y 27K me K ne =) O fl < [ [ el gt
k>0 k>0 00,00
gives
Ur < ctll[fleell gne-nio < c2ll[fleoll gz - (3.39)

The estimate for Uy, which is the most complicated one, relies on the Case 1.2.1. We take into
account the following two cases:
o If [x| < 1, we introduce an integer N > 1 such that |x| ~ 27V, As a result, using (332) with

s+nt—n/p
s+nt—n/p+1

<b<l1
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and by (B33), we arrive at the following equation
182001 < el TP [fleol| e < €lllfToll grven (3.40)

o If |x| > 1. Defining an integer N > 0 such that |x| ~ 2V. We set fiy(x) := f(2Vx), and we
apply the equality (for j < 0)

Qif(x) = Qjnfn(2Vx) = Oxfw(27Vx) withk:=j+N<N,

then, we can write g4 = g7 + gg where

—-N,\«
g1(x) =), (Qka(Z_Nx)— Y, (Qufn)' ™ (0) < a,x) >,
k<0 lot|<p :
N,
w@= ¥ (enme™- ¥ @m @0 ).
0<k<N lor|<p :

For g7, we have as in g¢ (see (332) with % < b < 1and BER)),

1701 < elx™ TP [leol s (3.41)

To estimate gg, we use an inequality similar to (329) with 0 < b; < 1 instead of b, that is

1-b,
@l < Y (leivll-+ ¥ H<ijN><“>Hm|z*er'“'<az>*1)
0<j<N la|<u
p Y (a) RNl (=R (@) @ (27 Ne) | de
( o =p / >

We get

|gg(x)|§C1||[fN]oo||Bio+A£77n/p Z 2j(ﬂb1—s+nr—n/17)<1_|_ Z 21|(X|(l—b1)>

0<j<N loe|<p
S CZH [fN]°°HBS+”T*"//’ < Z 2j(ﬂblfs+n‘C*VZ/P) _|_ Z Zjbl) . (342)
o 0<j<N 0<j<N

Now, we choose by such that ub; —s+nt—n/p <0

(ie., Z pJ(ubi=s+nt=—n/p) < Z 2/ (Hbr=s+nT=n/p) — - < o) (3.43)
0<j<N Jj=0
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where the constant ¢ is independent of N. Using the following elementary inequality

2901 < ¢ 2NB1 < ¢y x|
0<j<N

(the constants c1,c; depend only on by and n), and

1 T N L [ W

then (B-42) becomes
s ()] < P (1 ) | [l gsneai - (3.44)

Summarizing, (339)—(3241) and (3244 we arrive at

105([f]e) ()] !
L e b < el ewn ([ 7pra s

|x|s+nr—n/p W ’x’s+nr—n/p+b1 "
b e [ F )
=1 1 [x]+ CE

s+nt—n/p+b <d.

Thus, we need the condition:

Then, from this condition and (B243), we choose b; satisfying

T J—
0<b1<min< stnt—n/p ,d—s—nr—{—n/p),
s+nt—n/p+1
and by the fact that Bf;; — 'f:f—"/ P we obtain the desired estimate (319) for o3.

Step 2: proof of (B9). Replacing f by 7_, f in (B19), applying Proposition T2 and using
the fact that o1 ([T_x, f]e) (x) = 01([f]e) (x +x0), then

e < ]| [T_sq o5

/ |01 ([f]e) (x +0) |

1+ |x|n+d
by changing variable y = x4 x( and as || - || g7, 18 translation invariant, it follows
|01 (1f]) )]
ORI Gy < el ool s
[ <ol

According with the requirements on the parameters n,s, T, p, and g given in Proposition 2.9
(i). The fact that 0 ([f]«) — f € Yo = {0} leads us to the required estimate. O
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3.2.4 Proof of Theorem B3.15

The proof is divided into three steps. Let f € B35

Step 1: proof of (i). Similar to the proof of Theorem BT4 and by the fact that 6;([f].) — f €
Py, (i=1,2,3) it is enough to deal with realizations o; (i = 1,2,3) defined in Proposition 9.
By (B19), it is evident that

/ 16i([f]e=) (x) =m0, 1) Gi([f]e0)| 1

e ax < a1 [F1-lgg + Imey U)o

< &al[flesl g7

! 0i((f)-.)
+ / 1+ n+d / d
Qo] Joo, T )1+|x|"+d Ty
< el (1 S et
< eall[fleell g3 (3.45)

and then the desired estimate (3-10) holds.

Step 2: proof of (ii). The same as in the previous step, we apply o;([f]e) — f € Py
and Proposition IZT2. We only proceed with realizations commute with dilations o; (i = 1,2)
defined in Proposition Z9. Changing f by f(A-) (A > 0) in (B3) and using the equality
0i([h1/2.f]e)(x) = 0i([f]w)(Ax), we then obtain

| 61([f1e) () — g, G [1)]

A e dv < AT [flalge (i=1,2). (3.46)

The desired inequality (B1T).
Step 3: proof of (iii). We use (B48) with only o7, by replacing f with 7_, f (xo € R")and

by considering the fact that o is translation invariant i.e., 6 ([T, f]e) = O1([f]) (x +x0) and

mQ 101 ([Txp o) (x) = mQ 1) 01 ([fle)

o) (X + — oo
[ o Mo WU g, < casre e s G4

)‘n-l-d + |x|n+d

by changing variable y = x+x( and the fact that || - || g, commute with translation we obtain the
desired result (312). U
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3.2.5 Proof of Theorem 3.14

Let f € E;Tq Here also we apply o;([f]e) — f € Pu (i = 1,2,3), we use the realizations o;
(i=1,2,3) given in Proposition 9.

Step 1: proof of (1). We will prove (B-13) in several steps, where we will present explicitly
the constant which appears in its right side.

Substep 1.1: If0 < p; < 1. Initially, we observe the case p; = 1. Selectingd > (s+nt— 1%)+
as previously, it holds according to (B-I0)

F F |7 () —mgy, /|
/Q(O ; !f(x)—mgm.])f\dxgcl/Q(m) 1+|x|n+°(; dx < o] [flell e - (3.48)

Let us suppose 0 < p; < 1 in the second case. We put v := p%' Using exponents v and V' and

Holder inequality, we then obtain

- ~ 1/p B - -
(/ |f(x)—mQ<oﬁ1)f‘p1 dx> e pl)/pl/ |7 (x) —me?l)f‘dx,
Q.1 Q.1

Now, to reach the required estimate, we apply the first case dp; = 1.

Substep 1.2: If 1 < p; < oo. Using o; (i = 1,2,3), we divide the input, and we will apply
(B30), as in th Proof of Theorem BT4, we put

gri=Y Oif, g:=) {ij— Y (ij)(a)(o)x—},

=1 = o< o
Gi= Y 0if. gi=Y {0~ ¥ (N0},
Jj<0 Jj<0 o<y :

1.2.1: Estimate of 01([f]). Recall that 01 ([f]e) = g1 + &3-

olfs+nt= % and 0 < g <1, we apply (B=23) and (B26), then we have
01([£1=)3) =gy, (@1 (1) 7 < ey~ (£l 101 (1)) — gy, (1 (1)
< )" el 17 () = moy, 71,

T
q

consequently, applying (B4R) is sufficient to get the desired outcome. with the constant (c¢;2) 1=1/p1e, <

C3.
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olfs+nt < %, and p; < p < oo, by Holder inequality (with exponents v := Pﬁl and V'), since
s> 0,2M/P1=1/P < 21 and as 0(0,1) C UfnzlPowr (see Example 10 ), it holds

. 1/p
1811lL,, () < 21/p "/p(/ |g1(x)|"dx )
’ Q.1

3}1
<2"Y Y NQifllL, ()
r=1j>0
<cll[flellgz Y 277 349

>0

elfs+nt< ,p<p1<ooandﬂ—s< <—asQ(0 I)CU _Po,w, we have

3}1
Ig1llz,, o) < X X 19if L, o)

r=1j>0
<c[|[f]o|l Yn/ern/plTZZ Jj(s=n/p+n/p1)
j>0
Using the embedding B, 5 — B;h"/ﬁn/pl, and
2P < VB >0
Z g2 (VB > 0)

j>1

it holds

-1
Ig1lle,, @) <=5 +5) Nflellzyr -

oIfs—l—nT< , P <Pp1 <ooand——s— l<— we have

p

10z, (0101 < ||Q,f||f”/“Q(Ol lQjflirr

< Z 101, QAP

the second term in the last inequality is bounded by 2~/57/71|[f].. Hp /P! and the third one is em-
bedded by 2~ /(s+77=1/P)(1=P/P)|| [ f].| lsf;épi/p then by applying the embeddmg By < Booo n/ptne.

we get that ||g; HLP1 (00.,) 18 bounded by

8111z, @01 < X NQiF Iy, (or) < llflellgys I 27w/,

j>1 j>1
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by the assumption p < p; we obtain the desired result.

e We now see g3 if s+nt < ;’—7. By (BX12) we obtain

1/p1
18311z,, (001 < e3lllFhell oo /Q de) = 2Py | [l g

(071)

On the other hand, since

|01([/]) ()|

1+ |x|n+d ’

/Q(o.l) |01([f]) (x)] dx < C/Q

(0.1)

then by (B-19) and the fact that 2n/P1 < 2" we have

1/p1
(L mou, @A) " ax) " =27 g, (01(1f1) | < 2el[flullg B50)
(0.1)

Hence (B-13) is proved for o7.

1.2.2: Estimate of 65([f]). As in the proof of Theorem BT4, we have 03 ([f]w) = g2 + g4-

Assume first s +nt— 7 € R™\Np. To estimate ||g2||Lp] (00,1, thus 1Y>1 ij||Lp1 (Q0.)) CAN

)
be treated as in (B249) if p; < p, however, if p; > p, we have

X o <2/7 Y 110l
Jj=>1 j>1

Ly, (Q0,1))

S czn/pl H [f]ooHBﬁLm:—n/p Z 2*.l'(s+n7:fn/l7)
otz

-1
< 2P (s 17— 1) [ el gy -

We apply the embedding B), 7 — 'iiﬁf_"/ P and Bernstein inequality (Proposition I-3), in order
to proceed with the second term in g».

x%pr N1/ 1/p1

([ | X @n@o"a)" <a ¥ ([ i)™ ¥ o).
Qo1 ' j>1|al<u : lal<u 7 Lo01) j>1
1/p1 :
<a ¥ ([ ar) " L2100
jaf<p Qo jz1

< 2P| [f]wHBHM_n/p Z J(n/p—s—nt+u—1)
Psq =1

< 2"cs]|[feoll g7
since %—s—m’—k,u— 1 <O0.
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We now estimate ||g4||Lp1 (00,13 PY B3T) with N' = 0, we obtain

_n\ 21 1/p1
||g4HL,,1(Q(O’|)) < Cl”[f]WHBg;rn/p(/Q |x‘“bp1 (1+ Z |x|\(x\(1 b)) dx)

(0,1) la|<p

< zn/plC2H[f]ooHBiiirfn/p < 2nC2H[f]°°HB§i£T*”/P ’

where b satisfies the condition (332), and we conclude with the embedding B}y — Bi:fir_"/ P,

Second, if s +ntT — % € Nand 0 < g <1, we apply (B34) and obtain
o211y ) < 27 elllf ol

Finally, the estimate of (fQ(O N |mQ<01> (02([f1)) [ ldx)l/ P! can be done similar to (B330).
The desired estimate is obtained with a constant ¢ > 1 independent of pj.

1.2.3: Estimate of 03([f]w). Here 03([f]e) = g1 + g4 Where g1 = Y.j>1 Q;f and g4 =
Y1 (Qif - Y <u %(ij)(a) (0)x*). Assume that s+nt — » € Nand g > 1; this case can be
done similar to the preceding substep when s +nt — % € RT\Ny and will be omitted. We now

n

see the case s+n7 = 7. Recall that as s > (n/p —n)+ implies that p < . By (B317) we get

84l < |77t 1/p]||[f] g <2"/Pies||[f]eell
84llLy, (Qo1) = €1 x =llgo , <2V el flell g

0,1)

where 0 < b < 1.
n/p1—nt,T

Now, if p; > p, by applying both (B33) and the embedding B,y < By’ """, we obtain
n/p
611y Q) < 2PNl
< [ flalg

if p; < p, by the same way as in (B49) i,e,. Using Holder inequality (with exponents v := pﬁl
and V') and the fact that Q(O_‘l) C UE;P()’W,_, we have

”gl ||Lpl (Q(O,l)) S 2n/pl €1 Hgl ”LP(Q(O,I))

3’1
< 21’!/Plc1 Z Z 2_js(2]sHijHP0ﬁwr)

r=0;>1

I e
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Also, the estimate of (fQ(O 9 Img,,, (03([f])) 7" dx) VPt can be done similar to (B50). By these

estimates we obtain the desired result for o3 ([f]).

Step 2: proof of (ii). The realizations o; (i = 1,2) commute with dilations, we then proceed
as in the proof of Theorem B15/Step 2.

Step 3: proof of (iii). Here as the proof of Theorem BT4/Step 2 since the realization G
commutes with translations.Let f € Bj%. Here also we apply 0i([f]e) — f € Py (i = 1,2,3),

we use the realizations o; (i = 1,2, 3) given in Proposition 9. 0J

3.2.6 Application

We recall the definition of Morrey and refer to [57, sect. 1.3.2].

Definition 3.24. The Morrey space M* (0 < r < u < ) is the set of all functions f € L\°° such
that

1/r
1]z 1=SUP|Q|1/”_1/’< / If(X)IrdX) <o,
0 0
with the supremum is taken over all cubes Q in R".
Proposition 3.25. We have 4] = L,, 4" = Lo

As mentioned before, the presence of the polynomials causes that B;’L can not embedded in

. However, in realized spaces one can obtain the following result:

Theorem 3.26. Let 0 < p < o, 0 < g <ocoands > (% —n). Suppose that either s +nt < Iﬂﬂ or

s+nt= ;—; and g < 1. Let 0 < p1 < o be a real number such thaz‘eitherpi1 > %—s, orpi1 = %—s
: 1.1 . i35, T

and q < py if 1 < py <oo. We put -, := I;—%—’L’. Then it holds By g — M.

Proof. Let f ¢ E;Tq By applying Theorem B14, we can establish that E;,Z — L¢ for every
0 < p1 < oo, this implies that for all N > 0

o[ @7 ax) " < el el
lx|<N

By substituting f with f(A-) in the previous inequality and using Proposition 23, we get

O N TGREIEEY

1
/P < CNAerm'fn/pH [f]oo”BS~T )

P.q
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Taking Qy, 1) rather than B(xo,A) in the last estimation and N = 1. Since 61([f].) — f € P,
we obtain

Q|7 ([ polma) < el el (3.51)

Qro.1)
Since s +nt < n/p, p1 €]0,e|, and since n/p —nt—s <n/p—s <n/p; we obtain 1/p—1—
s/n < 1/p1, then we can derive the required conclusion from the inequality (B3T). UJ

The following result give us the John-Nirenberg Theorem for B}, y:

Theorem 3.27. Let 0 < p < oo and 0 < g < oo, Leteither% <s+nt< 1+Iﬂ)0rs+m': 1+%

and q < 1. Then, there exist two positive constants cy,cy, such that the inequality

o
{re0un: |f<x>—mQ(x0A,Mf|>a}\ScﬂQwﬂe"P(—,Q< 17 ] o)
X0, <lBp,

4

(3.52)
holds for all f € 5‘;;72, all @ > 0 and all cubes Qy, ) in R".

Proof. The proof is similar to that given in [42, p. 145] using Theorem B—TH. UJ

3.3 To Triebel-Lizorkin-type spaces

As the realized homogeneous Triebel-Lizorkin-type spaces are defined in the recent thesis [,
Section 4.3], we propose that we can extend the results given in the last section to F}f; , and this

will be an eventually future paper to publishing in collaboration with the advisor of the thesis.
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Chapter 4

Further proprieties via differences and

Fourier transform

This chapter contains tow independent sections, where the first one is a characterization of
smooth functions by differences operator, and the second concerns the Hirschmann property

in Besov and Triebel-Lizorkin spaces.

4.1 Quasi-norms in ¥

4.1.1 Preparations
We first give the definition of this operators :

Definition 4.1. The difference operates are define by Apf := f(-+h) — f. We put A} f := Ay f
and Al'f := A} (A" f) form=12.3, ...

The explicit formula can be demonstrated via mathematical induction

m o (m ‘

s = Y -0 () e ), @)
j=0 /

We are inspired the main result of this paragraph form the following assertion that proved in [,

Lemma 1.4]:

Proposition 4.2. Let 0 < r < 1. Let f be a function of class C' , with compact support in R".
Then the function

F(x) := supt—"" /M Anf ()| dh

t>0

isin L, forall p € [1,00].

59
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Notation: To formulate the result, we give the following notation which will be used

throughout this paragraph:
gty = | ([ /h<t|AZlf(-)|dh)q$)l/ I .
4.1.2 A quasi-norm in ¥

We have the following result:

Theorem 4.3. Let 0 < p <0, 0 < g <eoand 0 < s <m, then Ny ,"(f) defines a quasi-norm in
72

Proof. Let f € Z; for simplicity we subdivide the proof into two steps.

Step 1: Convergence of 45" (f). We set

I%xy::(AwtSq@”%%gJAﬁf@ﬂdh)“?)”%

We will prove that F is in L,. As f in 2 we have supp f C B(0,M), where B(0,M) is a ball
centered at 0 with radius M.

For technical reasons we write
IF|,=(A+B)'"7,
where

A:/’ IF ()] dx
|x|<(m+2)M

B:= |F (x)|Pdx.
x> (m+2)M

and

Substep 1.1: Estimate of A. If |x| < (m+2)M, by using the explicit form of A}’ f see (&),

we have

AP F < f Y (’j) <1l flles 42
Jj=0
and
AP F()] < el 43)

Applying (22) and (E3), we obtain
AR f (x)] < min(cy | flleo; 2|A[™) < c3 min(L, [A]™).
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To show (B3) we apply Taylor’s formula to f(x+ jh) for all (j € {0,---,m}) we obtain
n 1
S J) = S5+ Y [ (L= )0if = juh) du V=0, m.
i=1
By taking summation in the last equality on j we get

1) = () £ 0=t )

j=0

:méhi/()](l —u) i(—1)m—f (m_ 1)8,~f(x+juh) du.

=1 =1

Then it holds (E3).

We will show tow cases.

Case 1.1.1: if t < 1, we have
@< e [ = e,
|h| <t |h|<t
Case 1.1.2: if r > 1, we have

t"s/h<t\A;l”f(x)\dh < clt"s</ IA|™ dh + dh) <ep™

h|<1 1<|h|<t

then, as 0 < s < m it holds that F in |x| < (m+2)M is bounded as well as A. Indeed; by inserting

the two last cases we obtain

A= IF () [P dx
[x|<(m+2)M

< 01/ (/lt(””)qg +/wt“1 g>p/qu
o x| <(m+2)M \JO ! 1 t

<cp(m+2)"M".
Substep 1.2: Estimate of B. If |x| > (m+2)M. As supp f C B(0,M), here we have f(x) = 0.
Case 1.2.1: if t < M, since |h| <t we have
e+ jh| = x| = [jh| = (m+2=j)M ¥j=0,---,m

then
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it holds
nf(x)=0.

Case 1.2.2: ift > M and t > |x|/(m+2), we have

—n—s m _ ,—n—s A m . s
ol = Z< )/hgt‘f(x—i—]h)]thchHwt |

=i\
Case 1.2.3: ift > M and ¢ < |x|/(m+2), we have

m+2+j 2m+2
x| <
m-+2 m—+2

X+ jh| < [x]

and

[+ jh| > x| = [jh| > [ -

m+2

Let 6 be a real number which will be choosing later, then

m
e /|h|<, Af(O)ldh ="} (7) /h<t e+ I+ | | f (x -+ )| dh

j=1

s 2 O & (m 5
< (k) T () [, e

1
<a =0 [ Pl dn

< clx| 70,

Now, we have by inserting the precedent cases

o/ m42) -
F)7 < (% [ g 4 [ =)
v 0 Sy 1

< el %,
then, if we take 8 > n/p we obtain

Bgc/ |x|6pdx§c/ P1=0r g,
|x|>3M M

if we take 8 > n/p we obtain that B is bounded.

Step 2: Npy"(f) defines a quasi-norm:
=0 A7"(f)=0.

62



CHAPTER 4. FURTHER PROPRIETIES VIA DIFFERENCES AND FOURIER

TRANSFORM
As AJ'(f) is linear operator, then
Npg Af) =AM (f), VA eC
and
Fe= 1 AT +8) KA )+ A ()
O

4.2 Hirschmann property for B, , and F, A spaces

We propose to generalize Hirschmann theorem to Besov spaces B), , and Triebel-Lizorkin spaces

F, , by changing H* with H;,, in previous works, see e.g. [T7].

4.2.1 The Fourier multipliers

The Fourier multipliers play a fundamental role in this chapter. We begin this paragraph, then
we need to define the pointwise multipliers.

4.2.1.1 Pointwise multipliers

Definition 4.4. Let E be a distribution Banach space (D.B.S). contain D as a dense subspace,
we say that the distribution A is pointwise multiplier, if there exists a constant ¢ > 0, such that
forall y € C°NE we have Ay € E and

[Aw|[; <cllwlle.

The space of linear multiplier noted by M(E) with the norm

||A||M(E):{HAIII‘E;||l//||E:1, forall yeC”NE.}

Proposition 4.5. e <M (E), |-l M(E)) is a Banach space.
e [fDCM(E) then M(E) is algebra, i.e., A1,Ay € M(E) = A1A, € M(E).

© M(L,) = Lo, forall1 < p < oo,
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4.2.1.2 The Fourier multipliers for L,

Let f € Y and f € .7 then we have Z ~'mx f € . As we have .# dance in L, (1 < p < ),
then T : f — .% ~'mx f may be extend to continuous operator in L, to itself. We can defined

iton.’. Letm € ./, m is a Fourier multiplier for L,, if there exists a constant ¢ > 0 such that
|F 'mx fl|r, < c|fll, forall fe.7,
M), denotes the collection of all Fourier multipliers for L, with the norm

s, = sup |~ mx fl|.
|f p:1

Remark 4.6. We can defined the space M, by: M, = M(.#L,,), where

FLy:={f €S| fllz1, = 17 fllp}-

Proposition 4.7. e M| = M. = ¥ B, with B is the bounded measure space.
® M2 = Loo.
. I 1
° Mp:Mp/lfl §p§ooand—+—/:1.
p p
o M,,\M,, C M, where p = 0 +P_1’ 0<6<1and|m|y, < ||mH1\,1p0 HmHMm'

e MiCM,CM;CMif1<p<gqg<2

Proof. See [9] or [I]. O

4.2.1.3 Fourier multipliers for B), ,

Definition 4.8. Lets € R, 0 < p,q < oo. Let m € .. m is a Fourier multiplier for B, . if there

exists a constant ¢ > 0 such that
|7~ mx fllmy, <cllflsy, forall fe..

pq —

The set of all Fourier multipliers for B), , denoted by M » 1s independent of s and g, see [46].
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4.2.1.4 Fourier multipliers for F; ,

Definition 4.9. Let s € R, 0< p<ocoand 0 < g<oo. Letm € .'. mis a Fourier multiplier for

F]i o if there exists a constant ¢ > 0 such that
Hﬁflm*fHFj;‘q <c|fllgy, forall fe€.

The set of all Fourier multipliers for F, , denoted by M .q 1 independent of s, see [46].

Remark 4.10. We can defined the space M » by: M p=M(FB),,), where

TBy g, ={f €S | flzsy, =17 fllp},

with the quasi-norm

-1
lmllyz =~ sup [[F~ mxflg;, -
/18y, =1
. ~ ~ 1 1
Proposition 4.11. o My=M, if1 < p<ocand—+ — =1L
p p
M, (i, i, where 1 =179 4 8 691 d|ml|z < |m|®|m|®
° where — = —, and ||\m||5 < ||m|l <7 |m|% .
Do 14 q q Do D1 M, Mp, Mp,
o My CM,CMy=My=Leif0<p<g<2.
0]\21C]V[,p21.
Proof. See [46]. O

Remark 4.12. We can defined the space Mpﬂ by: M/p,q =M(ZFF, ), where

FLy={f e :|fllzr, =17 flp}

with the quasi-norm

o — -1
i, = swp 17 me Al
Fpg

Proposition 4.13. ° 1\711,71, = Mp if0< p<oo
° Mp72:]\2pifl<p<00.

~ ~ I 1 1 1
° Mp7q:Mp/7q/if1§p,q§ooandl—)—|— =-—+—=1

r q 4

® My, CM,if0<p<cand0<gq<o.
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° MIMIO Cﬂp,ql if0<qgo<qi<porp<qi<qo<coandp# oo
~ ~ 1 1-6 06 1 1-6 06
o M CM, g if —= + -, — = +—=—with0< 0 <1.
P0,90 P1,91 pl pO 2 QI C]O 2
Proof. See [46]. O

4.3 Hirschmann’s theorem

4.3.1 Bessel-potential space

To demonstrate that the space of Fourier multipliers M » contains Hy N By, , under certain param-

eter conditions, we recall the definition of Bessel-potential space H,.

Definition 4.14. Let s € R and 1 < p < oo the Bessel-potential space Hy, is the set all f € &/ !
such that

1f Ny o= 1 Z {1 +1EP)2ZFE)] (llp < .

4.3.2 Hirschmann’s theorem in M,

Proposition 4.15. Ler s <% and r e R*\N, if f € B, . NH? then f € M), for all

2r+2(n/2—s) 2r
<p< .
2r+n/2—s n/2—s

The preceding theorem is valid also in M » and in M g

Proposition 4.16. Lers <% and r e R*\N, if f € B2, o NH" then f € AZ,, for all

2r+2(n/2—s) 2r
<p< .
2r+n/2—s n/2—s

Proposition 4.17. Let s <5 and r e R"\N, if f € BY, ,NH’ then f € ]\Zpﬂfor all

2r+2(n/2—s)
2r+n/2—s

<p< and p=q or q=2.

r
n/2—s

4.3.3 Statement of the results

Theorem 4.18. Let s < % and r € RAN, if f € B, ..,NH,, then f € M, for all

2r—|—2(1%—s) ) 5
ST <u<;——t2
P p
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Theorem 4.19. Let s <" and r € R*\N, if f € BL, ., (\H}, then f € M, for all

2r+2(2% —s) 2
—np<u< 7 d +2andu=qorqg=2.
2r—|—;—s S

4.3.4 Proof of main results

2r+2(2—s
Proof of Theorem A.I8. It’s clearly T
r —_——

2
is the conjugate of - : +2, by Proposition
Z—s
p p
B2, it sufficient to prove the theorem only on

2r+2(2 —5
2}"—|—[—)—S

Let f € B, ,NH;, werecall that f =Y~ Q; f with éj\f = }/(Z_jé)f(é) and Q/(;” = p(é)f(é)
Thanks to the interpolation, we have

10 £l < cllQif i ®1QiflI5,, forall 0<6<I.

4.4)
We will estimate the right hand side of (B4). To begin, we estimate ||Q; f||u,, using Propo-
sition B, we find

10 fllss = 101l < 277" £l ..

4.5)
Then, using ||Q; f||s, by using Holder inequality and the fact that ||g||,» = (Zn)ﬁ |.7 g, with
1 <p<2, we have

101wy = 1571

< FE) A+ Py lly2 ) (1 + ),
< c(2m)7 2757 e 1 (4.6)
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by inserting (B-6) and (E3) into (E4)), we get

10, f I, < 275 —*)(1-0)=ir®

?

1 0
where — = (1—-0)+ ) to obtain that f € M,,, we have to suppose that (% —5)(1-6)—r6 <0

u
2 (ﬂ — s) +2r
by simple calculate, we get np— < u.
E —s+2r
We obtain the desired result with 1 < p <2 and use the duality in H, to get the rest when
p>2. 0

Proof of Theorem B.TY. As what we say in proof of Theorem BE-I8, and by Proposition BT, it

sufficient to suppose
2r+2(2 —ys)
TR <o
2r+ E — S

Let f € B;, .. H,. To prove that f € M, we will use the same method as in Proof of Theorem
BETR, by replacing M, with M, in (B4) which comes from Proposition ETTI.
We use the fact that ||Q; f{|;7, = [/Q;f|lm, and applying (B3) to estimate [|Q;f |z,

1ifllz, < 27l lse... 4.7)
We will now estimate ||Q; f]| 4, using the young equality

llf_lef*gHBg,m < sup 177 Qif 1127 y(2*)] gl = ||9_1ij!|1||g||3?ﬁw7

then we obtain that [|Q; f| ;7 = .7 710, f|l1 in the other hand we have ||.Z ~'Q;f|l1 = |Q;fm,
by applying (E-fl) we get

10;f 1157, < 25| fllmy  forall 1<p<2 (4.8)
then inserting (8-2) and (E8) in HQJf“AZ, < C”ij”}ﬁ:eHfoH%z’ with 0 < 6 < 1 we get
10, £ < 2/ =) 1=6)p=jré

1 0 ~
where — = (1 —0) + 5> We suppose that (;’—7 —5)(1—6)—r6 <0 to obtain that f € M, then by

u
2r+2(%—s)
simple calculation we get u > —,,f.
2r4+——s
p
When p > 2 we use the duality of H),. 0
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Proof of Corollary . If ¢ = u, we have MW = M,, then we apply Theorem ET9.
If g =2, we have M/u’z = Mu then we use Theorem BEIR. O
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Chapter 5

Annexe

5.1 Further obtained results

The following assertion can be found in [24]:
Theorem 5.1. Let 0 < a < b. Let (u;) jez, be a sequence in " such that

it} is supported by the compact annulus a2/ < |&| < b2/,

A= (Z 2jsq||uj||g)l/q < oo in B-space,
JEZ

A= H(Z2jsq|uj|q)l/q|]p<°° in F-space if p < oo,
JEZL

A=

/ Z 2”q|u |qu in F-space if p = oo.
keZ ueZ" Pep j>k

() Then the series Y, jczu; converges in 7, to a limit u satisfying ||u| ;. < cA, where the
P4

constant ¢ depends only on n,s, p,q,a and b.

(ii) Ifin addition s > (% —n)4 in B-space, s > (m —n)4 in F-space, the same conclusion
holds for a = 0.
Proof. See [24, Proposition 3.7]. [

Remark 5.2. Only the case p = o in Triebel-Lizorkin spaces is the aim result here, where the
proof is obtained using the decomposition on dyadic cubes, since other cases can be found in,
e.g., [I’Z, Proposition 4], [B1, Proposition 3.4] and [372, Propositions 2.15, 2.17].
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CHAPTER 5. ANNEXE

5.2 'The Besov-Triebel-Lizorkin type spaces

5.2.1 The algebra spaces

If we consider the space
7S AS
Ay g =Ap 4N Leo,

we obtain an algerbra space for the product. This space plays an important role in some fields,
see e.g. [IX], [TY] and [B3T].

Here, we will give some functionals characterizations of the algebra spaces szp g = A5Y g VLo

in collaboration with F. Bensaid, we note that these spaces have recently studied in [[7].

5.2.2 Characterization via differences

We are working in the proof of the following results,
where we need first the notation:
For 1 <u < oo, 5 >0and m € N, we put

« q/p de\1/q
Az (= sup 2 ([T [ g anar) )
’ k€T, UET! 0 Py t/2<|h|<t t

- oo /u ~Na/pde\1/q
e%s,‘r,m - 2n‘ck / t*SCI / tfn / Am “ dh i dx D )
P.q (f) keZs,lineZ” ( 0 ( P ( ¢ J2<|h| <t ’ hf(x)’ ) ) t )

o

o0 de\p/a \1/p
STy otk / / 18" / Ydh—) ‘dx)
P4 (f) keZS,leeZ" ( < 0 t/2§|h|§t| ( )| ) )

A= s ([

keZ,uez"

</0°°t_sq<t_n/t/2§|h|§t AT f (x ),udh>q/ cit)p/qu>1/p.

For the simplicity, we put a; := 2min(1,27%) and
q/p dt) 1/q

Pl = sup 25 [Te([ o | Fp dnax) " Y
P4 kel ueln P /2<|h|<f t

ax q/p dt\ /4
(i) qup 2k / 54 / f”/ AP o dn) P ax) )Y
I = s (o ) e an a) T 25)

o

o1
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CHAPTER 5. ANNEXE

% de\rla \1/p
||fH*s,‘L' : sup 2nrk</ (/ t_sql_n/ | mf(‘x>|qdh_> dx) )
F, h
P4 keZ, puezn Py NJO t/2<|h|<t t

s = sup 2Mk</Pk </oakfsq(tn/,/2§|h|gt| ff(x)\”dh)q/u%y/quy/p.

P4 keZ,ueznr
Then we will characterize the realized homogeneous Besov and Triebel-Lizorkin type spaces as

o

in [B3]. We are also characterize the algebra versions with the help of these functional formulas.
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Conclusion and perspectives

In this work, we prove that BMO coincides with the realized homogeneous space F 0 ,. For

p < oo, we show that the realized space of F}Z‘ /qp is strictly embedded in BMO. Then we derive
additional results that extend to homogeneous and inhomogeneous Besov spaces. We present an
embeddings between BM O and Besov space Bg,w, as well as the realized spaces ég’z and égm.
We apply the Riesz operator ., to BMO space to produce embeddings of realized versions.

We extend some functional characterization given in [?4] to the realized homogeneous
Besov-type spaces E’”;Tq we prove embedding between Morrey space and Bf,,z under certain
conditions on parameters and we also show the John-Nirenberg inequality on Ef;fq.

We obtain a quasi-norm in smooth functions spaces. We are now going to discuss some

planned future research in a number of different fields.
e We propose that we can extend the results given in Chapter 3 to F,f; .

e It is interesting to see if F 0 , can be endowed with seminorms defined by the Poisson

semi-group, we refer to [23].

. RS IS+ 00 . Bs B+ : L :
) As o 1 By, — By, we have @ B), . — B is an open question, similarly in the

F-spaces, cf. [34, Remark 2.11].
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