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Abstract

In this paper, we introduce and study the notion of Lipschitz p-lattice summing
operators in the category of Lipschitz operators which generalizes the class of p-
lattice summing operators in the linear case. Some interesting properties are given.
Also, some connections with other classes of operators are presented.
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1 Introduction

The notion of Lipschitz p-summing operators was introduced and studied by Farmer
and Johnson [14]. They showed that it is really a good generalization of the concept
of linear p-summing operators [14, Theorem 2]. This class of Lipschitz operators
marked the beginning of the theory of nonlinear summability. Motivated by the
importance of this theory, several authors, have developed and studied many
concepts relating to summability. Chen and Zheng introduced in [10] (strongly)
Lipschitz p-integral and p-nuclear operators. In [6] Chavez-Dominguez introduced
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the notion of Lipschitz (r, p, g)-summing operators and Lipschitz (g, p)-mixing in
[7]. Some papers in this domain are due to Yahi, Achour and Rueda [31] and Saadi
[27]. Independently, they introduced and studied the class of Lipschitz strongly p-
summing operators. The first authors introduced also summing Lipschitz conjugates
and (p, o)-summability with an appropriate factorization. They characterized also
those Lipschitz operators whose Lipschitz conjugates are absolutely p-summing.
Other Lipschitz versions of different types of summability of linear operators were
investigated also by many authors such as, [9, 22].

In [32], Yannovskii introduced and studied the notion of 1-lattice summing linear
operators. Nielson and Szulga in [24] and [29], extended this notion to p
(1 <p < 0). It was extended later in [21], to the theory of operator spaces (or the
non-commutative case) and to sublinear operators in [3]. In the present work, we
generalize this class of linear operators to Lipschitz operators. We give some
characterizations and properties. We end our paper by studying some relations
between other summabilities.

The paper is organized as follows. In Sect. 2, we recall some basic definitions and
properties concerning the Lipschitz dual and many concepts relating to summabil-
ity. In Sect. 3, we study the notion of Lipschitz p-lattice summing operators between
a pointed metric space X and a Banach lattice E, which extends the class of p-lattice
summing operators. This generalization is a natural nonlinear analogous of the class
of p-lattice summing linear operators. We give some properties concerning this
notion and we prove certain characterizations of this type of operators. Finally in
Sect. 4, we try to give some properties in connection with the category of Lipschitz
p-summing operators.

2 Notations, definitions and properties

Unless otherwise stated X, Y, Z will always denote pointed metric spaces, i.e., with
a distinguished element at all time denoted by 0, whereas E, F, G will denote real
Banach spaces. As customary, Bg will denote the closed unit ball of E, E* its
topological linear dual and B(E, F) is the linear space of bounded linear maps from
E to F. The space Lip, (X, E) is the Banach space of Lipschitz functions T : X — E
such that 7(0) = 0 with pointwise addition and the Lipschitz norm Lip(.) given by

. 1760 = T()ll
=

We denote the Lipschitz dual of X by X# = Lip,(X) = Lipy(X, R). The closed unit
ball By of X# is a compact Hausdorff space for the topology of pointwise con-
vergence on X. A molecule on X is a real valued function m on X with finite support

and satisfying ersupp(m)
molecules on X. The condition Y ., m(x;) = 0 ensures that m can be represented by
m=3"" oimyy,, where my.,, = 1¢, — 1y, (1 is the indicator function of the
subset {x} of X). Put [|m|| ;x)= inf {37 |o;|d(x;, y;) }, where the infimum is taken
over all representations of m =" | o; (14, — 1yy,3). It follows that [l px) s a

m(x) = 0. Denote by M(X) the real linear space of
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norm on the vector space M(X). Denote by Z(X) the completion of the normed
space (M (X), [|-|| yx))- This space was first introduced by Arens and Eells in 1956

[1]. Originally, the basic idea goes back to Kantorovich [18]. The terminology
Arens-Eells space £(X) is due to Weaver [30]. The application ix : X — &£ (X)
defined by

ix(x) = myo = 1y — Lo (1)

is an isometric embedding of X into A(X). Also the family (11 — 1)) ., is a

Hamel basis in M (X). For more details on the basic theory of the spaces of Lip-
schitz operators and their preduals, one can consult for example the papers of
Godefroy and Kalton [15] or Weaver [30].

The following theorem due to [30, Theorem 2.2] is known as the linearization of
Lipschitz operators.

Theorem 2.1 Let T € Lipy(X, E). Then there is a unique bounded linear operator
T. € B(£(X),E) such that T =Ty oix and |TL|| =Lip(T) (ix : X —AE(X) is
defined as in (1)).

The linear operator 71, is called the linearization of 7. We know from the above
that every molecule m is uniquely expressible in the form

n
m = E iy,
i=1

where the points x; are all distinct and none equals to 0. Then, Ty, is defined by

TL(m) = i otiT(x,»). (2)

The dual E* of E is naturally isometric to a subspace of Lip,(E). By [4, p. 37], there
is a norm one projection P : Lip,(E) — E*. Sawashima in [28] defined the Lips-
chitz adjoint (or dual) T# : Lip,(E) — Lip,(X) of a Lipschitz map T € Lip,(X, E)
by the formula

T*(f)=foT,  f€Lipy(E).
He showed that T# is a continuous linear operator and
|7#]| = Lip(r) = 7 |||

We notice that T* = T# |- corresponds in a canonical way to the usual adjoint of
the linear operator attached to 7 by Theorem 2.1, i.e., T# |p-= T7.

W Birkhiuser
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E*
We recall now some standard notations and some properties concerning Banach
lattices. We denote by ||.||, the norm on I, of a sequence of real numbers. For a
sequence of vectors (a;), in a Banach space E, its strong p-norm is the /,-norm of the

sequence (||a;||); and we denote its weak p-norm (cf. [11]) by
wP((ai)i) = Ssup ||(a*(ai))i“p'
a*eBpx
We denote respectively these spaces by I,(E) and [)(E) (I;(E) and [} (E) if we take
finite sequences (x;), <;, C E). Analogously for a sequence (4;); of real numbers
and (x;); , (vi); of points in a metric space X, we denote their “weak Lipschitz p-
norm” by

o ((44), (x1), () = sup |

fEBx#

(al £ ) —FOI

Let n be a natural number. For a Banach lattice E and 1 <p < oo, we let E (l;) the

space of sequences a = (ay, ...,a,) € E" for which

1
n P
|a||E(1;)=H<ZIai"> , if1<p<oco
i=1
and
lallg(p )= || max lail ||, if p= oo.

The space E (l;) equipped with the natural order

a<b<=a;<b;, foral 1<i<n

is a Banach lattice.
Let E be a Banach lattice then E* is a complete Banach lattice w.r.t the ordering
< defined by

a*>0<+= (a",a) >0 forallacE}. (3)

Definition 2.2 Let E, F be two Banach lattices. A linear operator 7 : E — F is
called positive (T > 0) if

& Birkhauser
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|T(a)|<T(la]) forall a €E.

We denote by B(E, F), the set of all bounded positive operators.

Inspired by the useful concept of absolutely summing operators, Farmer and
Johnson introduced in [14] the following definition: a Lipschitz map 7 : X — E is
called Lipschitz p-summing (1 < p <o0) if there exists a positive constant C such
that for all n € N and all xy, ..., x,,, 1, ..., y, € X and all non negative reals 11, ..., 4,

we have
pga@(@Q/m»@m) )

The infimum of such constants verifying (4) is denoted by n;‘(T). This is a true
generalization of the concept of linear p-summing operators, since it is shown in
[14, Theorem 2] that the Lipschitz p-summing norm of a linear operator is the same
as its p-summing norm. In the sequel, it will be useful to note that the above
definition is the same if we restrict to 4; = 1 (see [14] for an implicit proof).

We shall give another equivalent definition in terms of Lipschitz tensor product.
This notion of tensor product between metric and Banach spaces; which is a
nonlinear generalization of linear tensor product, was introduced by Cabrera-Padilla
et al. in [5]. The Lipschitz tensor product XXE is defined as the vector subspace of
Lipo(X, E*)' spanned by the set

| (At -rom)

{5(”,)Xa c(x,y)eX? ac E}

where  (8(x,)Xa)(g) = (¢(x) — g(v),a), for any geLip o(X,E*) (whither
O(xy)(8) = g(x) — g(¥)). The Lipschitz injective norm on XX, is defined for u =
er‘l:l 5(-’Ci1y:')®ai by

n

D (fl) = f )& ai)

i=1

e(u) = sup{

1 f € Bys, éeE*}.

Remark 2.3 A Lipschitz map T : X — E is Lipschitz p-summing (1 <p<oo) if
there exists a positive constant C such that for all n € N and for all
X1y ey Xny Y1y Yn € X, we have for all linear operator v : [, — Z&(X), v(e;) =

Ly = Lgyy (amely v =370 (L) — Ly, )Ba; € XRU)

<i|TL(V(€i))”p>F <C|v
i=1

where e; denotes the unit vector basis of /. and p* denotes the exponent conjugate
to p (i.e., the one that satisfies 1/p + 1/p* = 1).

We have

W Birkhiuser
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i

(f (i) = f (i) (&, i)

:f € Bys, felz*}

(& (f(xi) = f(vi)as)

:fG Bx#, 56 l:;*}

<é7iﬂ (f(xl) —f(y,)) >‘ feBx# fel } (5)

1

Wl =) = sup (imm —f(yi)v’)”.

[/l =1

Remark 2.3 is equivalent to

1
(ZIT% |”> < Cllwl]

where w : X7 — [, be the linear operator defined by

w(f) = (f(x:) _f()’i))Lgign-
The following definition is due to [8].

Definition 2.4 Let X be a arbitrary pointed metric space and let E be a Banach
lattice. Consider 1 <p <oo.

(i) A Lipschitz map T : X — E is called Lipschitz p-convex if there exists a
positive constant C such that for every n € N, for all x;, ..., x,; y1,...,y, € X and all
non negative reals 4, ..., 4,, we have

H( )-70:)) » sc@mxhyoﬂf

for p <oo and we take the maximum for p = ooc.

(ii) A Lipschitz map T : E — X is called Lipschitz p-concave if there exists a
positive constant C such that for every n € N, for all ay, ..., a,; a},...,a, € E and all
non negative reals 4, ..., 4,, we have

for p <oo. For the case p = oo, the sum should be replaced by max.

& Birkhauser
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The smallest such constant C is called the Lipschitz p-convexity constant of T
(resp. Lipschitz p-concavity constant of T) and is denoted by C;;(T) (resp. MII;(T)).
We shall also denote by Cy;(X, E) and My (E, X) the sets of Lipschitz p-convex and
Lipschitz p-concave operators respectively.

Note that this is a generalization of the linear case: a linear map 7 : X — E from
a Banach space X to a Banach lattice E is p-convex if, and only if, it is Lipschitz p-
convex with the same constant. The same for Lipschitz p-concave. Because the unit
ball By is not involved. We know also in [8, Theorem 3.3] that a Lipschitz map
T :X — E is Lipschitz p-convex if, and only if, 7} :£E(X) — E is p-convex.
Moreover, in this case the p-convexity constants are the same. If X is a Banach
space, then C,(X) = C,(Idx) and M,(X) = M, (Idy).

3 Lipschitz p-lattice summing operators

The following definition was introduced and studied in linear case by Yanovskii in
[32] for p = 1 and generalized by Nielsen and Szulga in [24] and [29] for p > 1. In
this paper we extend this notion and some results to the theory of Lipschitz
operators. Recall that a linear operator 7 from a Banach space X to a Banach lattice
E is called p-lattice summing (for 1 < p < o0) if there is a positive constant C so that
for all finite sets {x1,x2,...,x,} C X we have

(Z |T<x,->|">p <C sup (2 <x*7xi>|”>"

x€Byx \ =1

if p is finite and

sup (1) <€ s
1<i<n 1<i<n

if p is infinite. If T is p-lattice summing we denote by 4,(7T’) the smallest constant C,
which is a norm on the space A, (X, E) of all p-lattice summing operators from X to
E turning it into a Banach space.

Definition 3.1 An operator T : X — E is Lipschitz p-lattice (or order) summing if,
there is a positive constant C such that for every n in N, for all xy, ..., x,; y1, ..., ¥, In
X and all non negative reals 4y, ..., 4,, we have

| (At o) o cot((#) .00 .

i

if p is finite and

W Birkhiuser
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We denote by Alf(X ,E) the vector space of all Lipschitz p-lattice summing

Ai |T(xi)—T()’i)|H§C Ai d(xi,yi). (7)

1<i<n 1<i<n

if p is infinite.

operators T from X into E, which is a Banach space if we consider the norm X[%(T),
the infimum of all C verifying (6) and (7).

Remark 3.2 If Tis in A],; (X, E), then T'is Lipschitz p-convex and C}/(T) < )L;‘ (T) for
p finite and C% (T) = A% (T).

Remark 3.3 If X is a Banach space and T'is a bounded linear operator from X into E,
then if T is p-lattice summing then 7 is Lipschitz p-lattice summing and
}L[I;(T) <J(T) for all 1<p<oo. If p is infinite, we have
5 (T) = 15o(T) = Cs(T). We do not know if the converse is true, because the

(o)
unit ball By is involved and we do not have a factorization theorem.

Proposition 3.4 Consider T in Lip o(X,E),R inLip o(Z,X) and ¢ in B(E,F),. If T
is Lipschitz p-lattice summing, then @ o T oR is Lipschitz p-lattice summing
(1<p<oo) and A(¢ o T oR) < ||o||A(T)Lip(R).

Proof Letne N, (z);<;<,; (2

D1 <icaC Z and (%), <;<,C Ry. Thus

H<ﬁ¢oToR@g—¢oToR@Q>

F (1)

H(ﬁwa@R@gToR@»)
(by [20 p. 55])

<ol (#(ror@) - TorE)

(by Krivine’s theorem)

F(k)

E(1;)
1

<ol (r) s (Sallstke -1k )

L(T)Li "~ IfoR(@) foR()
<llol5(TILip(R) sup (Z ufeie) Lo o

1
P) P

R
Since ]ipo—(m € B,+ we obtain

& Birkhauser
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H (Zii|(poToR(zi) — (poToR(z;)|p>
i=1

1

< |||l 25(T)Lip(R) sup (}:&k&»—g@wv).

llgllz# <1\ 'i=1
This implies that @ oT o R is Lipschitz p-lattice summing with /1;((/) oTo
R)< Hgo||iII;(T)Lip(R) and this ends the proof. O

Remark 3.5 Clearly the notion of Lipschitz p-lattice summing operators is not an
ideal in Pietsch’s sense but it is an ideal on left.

By Proposition 3.4, we have the following proposition. For the converse, we can
see [27, Remark 3.3].

Proposition 3.6 Consider 1 <p<oo.Let T : X — E be a Lipschitz map and Ty
its linearization (as in Theorem 2.1). If Ty is p-lattice summing, then T is Lipschitz
p-lattice summing. The converse is false.

Proposition 3.7 Let T be in Lip o(X,E), then T is in AI;O (X, E) if, and only if, Ty is
in Moo (E(X),E) and s (TL) = 15 (T).

Proof Suppose that Ty is in A, (&E(X),E). Then, for every n e N, for all

X1y oo Xy V15 ooy Y € X and all non negative reals A1, ..., A, we have
160 =700l =] 4 [1utmo) = 7o)
|, 2t
|, i Gom) |

< Aoo(T1) sup A;id(xi,¥;).
1<i<n
This gives that T is in AL (X, E) and 2% (T) < Ao (Ty).
For the converse, suppose that T is in AEO (X, E). This yields by Remark 3.2 that,
Tisin C% (X,E) and C% (T) = /% (T). By [8, Theorem 3.3], Ty is in Coo (E(X), E)
and hence is in Ay (E(X),E). O

Proposition 3.8 Let T be inLip o(X,E). If (I')°€ A,((X*)",E™) then,
T € A;(X,E).

Proof Suppose that (T*)" is in A,((X#)",E**). Then, (Tp)" is in A, ((X#)",E*)
and by [26] the operator 71, is in A,(Z£(X), E). So we conclude by Proposition 3.6,
that T € A;(X,E). O

W Birkhiuser
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Remark 3.9 By Proposition 3.7, the converse is true for p = co. But it is not valid
for 1 <p < oo by Proposition 3.6.

Theorem 3.10 Ler T :X — E be a Lipschitz operator such that T(0) =0 and
1 <p<oo. Then, we have the following properties for a positive constant C.

(i) If the operator T € AL(X E) with XL( )<C, u € B(l). ,£(X)), then for all
neN and (xi);<;<p 0i)y<;<,C X the operator Tiu is in Ax(l).,E) and
Joo(TLu) < Cllul|, where u(e;) = myy,.

(ii) If Aoo(TrLu) < Cllu| for all n € N and u € B(l}, ,£(X)) then, the operator T is

in Aj(X,E) and 2;(T) < C|lul|.

Proof (i) Suppose that T is in AII;(X,E). Let n be in N and
(X)) <i<n> V)1 <j<,C X. Consider u(e;) = my,,, where (e;); -, ., denote the unit

1
vector basis of /.. By (5), we have |lul| = sup I(Z?:Jf(x[) —f(y,')|p>p and for

Hfo#:

=|TLu (Zoc,e,) ‘ =
(i)

< (ijnx,-) - T(y,->|P>p <Z||>

(ZT x) >F|a||,n .

y [24, Proposition 1.2 and Theorem 1.3], we have

wo(TLu) < <Z|T xi) — T(v) )pl

<2y (T)|ul] < Clu].

n
aElP*

|TLM

n
Z%’TL (mx,-() - myfo)
i=1

([20 Part II, page 42])

This implies that Tyu is in A (L., E) and Ao (Tru) < Cllul|.

& Birkhauser
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(ii) Suppose that A (Tiu) < Cllu|| for all n € N and all u € B(l). ,£(X)). This
implies by [24, Theorem 1.3] that 4,(71.) < C|ju|| and by Proposition 3.4, we have
Ay (T) < Cl|ull. O

Theorem 3.11 Let X be a pointed metric space and E be a Banach lattice. Consider
T in Lipy(X,E). If the operator T is in A% (X,E), then T is in AIIj(X, E) for
1<p<oc

Proof Suppose that T'is in A% (X, E). This implies by Proposition 3.7 that Ty is in

Ao (E(X), E). We observe by [24, Theorem 1.5] that A, (Z£(X), E) is a subspace of
A, (E(X), E). Therefore T\, € A,(Z(X), E) and consequently by Proposition 3.6, we

conclude that T € /\[E(X LE). O

We give now the following definition to have an equivalent relation between the
operator T and its linearization 77.. In a way, it is the reciprocal of Proposition 3.6.

Definition 3.12 An operator 7 : X — E is Lipschitz factorable p-lattice summing
if, there is a positive constant C such that for all n,m € N, (x;), ;; (vy),;; € X and all

reals (i,j)iJ, (1<i<n,1<j<m), we have
p)},

i=1
(8)

JeBgx \ i=1
The class of all Lipschitz factorable p-lattice summing operators is denoted by

i (T (xi) — T(vy))
=

Zm: Aii(f (xi) = f (vif)

Alp"f(X ,E). In this case, we define i;"f(T) as the infimum of all constants C verifying
(8).

Remark 3.13 Every Lipschitz factorable p-lattice summing operator is Lipschitz p-
lattice summing operator, i.e., A;j"f(X JE) C A;j (X,E), and i;(T) < );;’f(T) (we take
m=1).

Theorem 3.14 Let X be a pointed metric space and E be a Banach lattice. Consider
T in Lipy(X,E). Then T is Lipschitz factorable p-lattice summing if, and only if, T
is p-lattice summing, and we have )fl;’f(T) = Jp(T0).

Proof Letn, mbein N, for (x;), ; (vy);;in X and (4);;in R, (1 <i<n,1<j<m),
we have

W Birkhiuser
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n m p %
3 | (T~ Tloiy)
i=1 |j=1
= Z Z)‘ijTL(mﬂiijyij)
i=1 |j=1
n m p %
= 1y, Z)‘ijmmnyu
=1 j=1
. 1
- (Dmomor
=1
1
n P
< Ap(T)  sup ( |f(mi)|p>
§€Bm(x)* \j—1
S)‘P(TL) sup Zg Z)‘ijmﬂiijyu
E€Bme) \ =1 j=1
< )‘p(TL) sup Z Z)\z]é_(mwuyu)
§€Bmx)r \i=1 [j=1
N

< Ap(T1,) sup Z Z)\ij (f(xi5) — f(yiz))

FeBx# \i=1 |j=1
This gives that T is Lipschitz factorable p-lattice summing and /l]l;’f(T) <2,(T1).
Following the inverse schema, we will have the reciprocal. [

We give here a characterization of Lipschitz factorable p-lattice summing
operators.

Proposition 3.15 Ler 1<p<oo. Then T € Allj’f(X, E) if, and only if, TLu €
Axc(lp,E) for alln € N and u € B(l;* JE(X)). In this case we have

A1) = sup { Ao (TLw) :n € N and u € B(IJ\, A(X))} .

Proof Consider T € AIE"f(X ,E). This means that Ty, € A,(Z£(X), E). As Ty, is linear
operator and according Nielsen-Szulga theorem [24, Theorem 1.3], we have Tpu €
A (., E) for all u € B(l, /(X)) and

& Birkhauser
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Ap(T1) = sup { oo (TLu) : n € N and u € B(l)., B(X))} .
We conclude by Theorem 3.14. U

Let now T : E — F be a Lipschitz operators between Banach lattices E, F. We
say that T is Lipschitz p-regular, (1 <p < 0o) and we write T € p;;(E, F), if there is
a positive constant C such that for every n in N, for all xy,...,x,;y1, ..., ¥, in X and
all non negative reals 4y, ..., 4,, we have

|(Are - rom) F(ﬁ))scH(f(xi—yi)) "

for p finite and we take the sup if p is infinite. The best possible constant will be
denoted by p(T).

If T is linear then the notions of regular and Lipschitz regular coincide with
pp(T) = pg(T). It was proved by Krivine in [19] (see also [20]) that every bounded
linear operator is 2-regular and every positive linear operator is p-regular for,
1 <p < oo. In general, the Lipschitz operators are not 2-regular, we can see [2].

Remark 3.16 Let T : X — E be a Lipschitz p-lattice summing operator. If R :
E — F is p-regular, then RoT 1is Lipschitz p-lattice summing and
Ay (Ro T) < ph(R) Ay (T).

Proposition 3.17 Let E,F,E,F, be Banach lattices and 1 <p <oo. Consider a
Lipschitz p-regular operator T : E — F, a positive linear bounded operator u :
F — F and a Lipschitz operator R : E; — E. Then, uoT o R is Lipschitz p-
regular and py;(uo T o R) <|lul|p;(T)Lip(R).

Proof Since u is positive, we have
(Zwu oToR(a) ~uoTo R(b,->>|">
i=1

1

u <l;(T oR(a;)—To R(b,-))> ,,>p'

= sup u(ii’ll-’(TOR(ai) —TOR(b,-))oc,)

(%)GB,;* i=1

(5

i=1

<ul| sup Z/I’E(TOR(ai) —ToR(bi))w

(%‘)63% i=1
1
n 14
<u (ZWO R(a) ~To R<b5>|">

i=1

W Birkhiuser
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This yields

1
H (Afu oToR(a;j)—uoTo R(b,-))

Fi(1y)

u<jabng—Tonm>
(by [ 20 p. 55))

‘(ﬁuona—Tonm)

Fi(l)

< |

F (i)
< lullgb )| (iRt - R0

E()
<l (1)o@ | (7~ )

£ (1)
and thus the announced result is obtained. O
Remark 3.18 Let E, F, F| be Banach lattices and 1 <p < oco.

(1) Consider a Lipschitz p-regular operator T: E — F and a Lipschitz p-

concave operator R:F — F;. Then, RoT is Lipschitz p-concave and

Mﬁip (RoT)< Mfip (R)p;(T). Indeed,

H(ﬁmormg—korwm>

<Mt )| ((r(a) - 700

I(Fy)

F(1;)
<M, (@50 (- 1)

£(1)
(2) Consider a Lipschitz p-regular operator T : E — F and a Lipschitz p-convex
operator S:E; — E. Then, ToS is Lipschitz p-convex and
C{iip(T 08) < Cfip(S)P;(T)'

(3)If p=2 and R is a bounded linear operator, we have

p5(T o R) < Kgp5(T)||R||; because every bounded linear operator R is 2-regular and
02(R) < Kg||R|| (where K¢ is the universal Grothendieck constant).

Now, we define the Lipschitz order bounded operator. This definition is inspired
from the linear case (see [24]) which is: if X is a Banach space and E is a Banach
lattice then a bounded linear operator T : X — E is called order bounded if there
exists an element a € E such that

|T(x)| <allx||, forallxeX. 9)
In this case, we define the order bounded norm ||T||,, by
IT],,= inf{||a|| : a satisfies (3.4)}

which is by [23] a complete norm on B(X,E), the space of all order bounded
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operators from X into E. By Schaefer [13], the m-tensor product X @,,1E is defined by
the closure of X ® E in B(X*, E).

An operator T in Lipy(X, E) is called Lipschitz order bounded if there exists an
element a in E such that

|T(x) — T(y)| <ad(x,y), forallxyecX. (10)
The space of such operators is denoted by Lipy(X, E). We let
Lip(T) = inf{||a]| : a satisfies (3.5)}.
or

sy ) = 7).

Lip(T) =
x#£y d('xa y)

‘ (11)

which exists by (3); because T is order bounded as a map into E** (also we can take
E a complete Banach lattice). We have also

Lip(T) < Lip(T). (12)
Indeed, we have for all x,y € X
T(x)—T T(x)—T
70~ TO)| _ 1T = T0)
d(xvy) x#£y d(x,y)
and consequently
769 =TI _ ||, T = 70
d(xay) x#£y d(xay)

for all x,y € X. By taking the sup, we obtain by (11) that Lip(T) < Lip(T). It is
clear that Lip (X, E) is a vector space and that Lip(.) is a norm on Lip,(X, E). Let
us prove that the space Lip (X, E) equipped with the norm Lip(.) is a Banach space.
By (12) and [12, Lemma 3.100], it is enough to prove that if (7,,), . C Lipo(X, E)
such that > 2ip(T,,) < + oo, then the operator T = S| T, is in Lipy(X, E) and
Lip(T) < anl Lip(T,). In this case

Lip(T) = inf {Z Lip(T, }

where the infimum is taken over all series in Lip,(X, E) summing up to 7. Consider
€ > 0 and choose a sequence (a,) C E; such that

llan || < Lip(T,) + forn>1.

€
on’
Then > %|a, || < 32725 Lip(T,) + ¢ and hence from [12, Lemma 3.100] again ,
we can ﬁnd ackE,, such that
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+00
lall < Y ip(T,) +e.
n=1

We have Lip(T) < > Qip(T,) + . As e is arbitrary, this proves the statement.

Theorem 3.19 Let Xbe a pointed metric space and E be a Banach lattice. Consider
T in Lipy(X,E). Then T is Lipschitz order bounded if, and only if, Ty, is order
bounded and ||Ty||,,= Lip(T).

Proof Suppose that T is order bounded. Then there is a in E such that
|TL(m)| <a|m|| for all m € M(X).
This implies for all x,y € X
|71 (mey) | < af|mo |
and hence
T (x) = T(y)| <ad(x,y)

by [30, Lemma 3.5] and (2).
For the converse, suppose that 7 is Lipschitz order bounded. So there is a in E
such that for all x, y in X, we have |T(x) — T(y)| <ad(x,y). Let m be in M(X). For

e>0, consider a representation of m= Zi:lo‘imeyf such  that
Z:Z:l|°fi|d(xu)’i) <||m|| + e. We have

n
i=1

<ay |ogld(xi,y;) < a(|m|| + €)
i=1

i=

Te(m)| =

and this for all € > 0. Thus |7 (m)| <al|m|| for all m in M(X) and by continuity
|T.(m)| <a|m| for all m in £(X). O

The following corollary is immediate.
Corollary 3.20 Consider T in Lipy(X, E). Then T is Lipschitz order bounded if, and
only if, (T")" is order bounded and ||(T")"|,,= Lip(T).

Remark 3.21 If w:E — F is a positive linear operator, then wo T is order
bounded. Indeed, consider x, y in X and a in E; such that |T(x) — T(y)| <ad(x,y).
We have

woT(x) —woT(y)| =[w(T(x) = T(y))l
<w(IT(x) = T()])
<w(a)d(x,y).
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As w is positive, then w(a) € F and this implies that w o T is order bounded.

We recall now the following, as announced in [17]. Let X be a metric space and E
be a Banach space. The Lipschitz image of a mapping T : X — E is the set

{T(X) —T()

x,yeX, x y}.
d(x.) 7

An immediate consequence, T : X — E is a Lipschitz mapping if its Lipschitz
image is a bounded subset of E.

Definition 3.22 [17] A Lipschitz operator T in Lipy(X, E) has Lipschitz finite
dimensional rank if the linear hull of its Lipschitz image is a finite dimensional
subspace of E. In that case we define the Lipschitz rank, Lrank(7) of T to be the
dimension of this subspace.

We regard now the norm Lip as Lipschitz tensor product.

Definition 3.23 Let X be a pointed metric space and E be a Banach lattice. The
space X# m [ is defined as the linear subspace of (X@E*)' spanned by the set

{f&a:feX#,aeE}.

This space is called the associated Lipschitz tensor product of X, E*. For this
concept, we can also consult [16].
The Lipschitz operators of finite rank from X into E are majorizing; that is

X#®E C Lipy (X, E), Indeed, consider 7 =), fi¥a; in X# @ F. We have

709~ T0) =360 ~ )

< 3100 —Alai

< (Z Lip(ﬁ)Icn-) d(x,y).

This implies that X# mE is in Lipy(X, E) and suggests us the following definition.
Definition 3.24 The Lip-tensor product X #mPE is the closure of X# m F in
Lipy(X, E).

The following proposition generalizes, Proposition 1.2 of [24].

Proposition 3.25 Consider T in Lipy(X, E). The operator T is in AL (X, E) if, and
only if, Tis in Lipy(X,E). In this case, I% (T) = Lip(T) = ioo(TL) = ||TL]|,,-

Proof Suppose that T is in Lipy(X, E). For € > 0, there is a in E such that for all
x, y in X, we have
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IT(x) — T(y)| <ad(x,y)

with Lip(T) <|le]| < (1 4+ €)Lip(T). This implies that, for every n in N, all
X1,y X3 V1, ---,¥p in X and all non negative reals 1y, ..., 4,, we have

sup 4|T(x;) = T(yi)|<a sup Ad(xi,y;)

1<i<n 1<i<n

and hence

A
E

(MJJ
< (1+e)5.tp() (Xi,yi)~

SS

i 1760 =700 |

1<i<n;

As e is arbitrary, then A5 (T) < Lip(T).
Consider now T in AL (X,E). By Proposition 3.7, this gives that Ty, is in
Ao (E(X),E) and consequently for all xi, ..., X,; ¥1,..., ¥, in X, we have

1<i<n

‘TL(mxiYI) ’ H S /loo(T)l <i<nme,-y,- H
By [13, Proposition 3.4], there exists a in E;, ||a|| < A (T) such that for each x, y in

()
L
]

|T(x) — T(y)| <ad(x,y) and thus by (10), T is Lipschitz order bounded and
Lip(T) <15 (T). O

X, one has <a. We conclude that for all x,y€X,

Corollary 3.26 The Lip-tensor product X#mpE is a subspace of Azl; (X, E) for all
1 <p<oo.

Proof We have by definition X #mpE and by Proposition 3.25 Lip,(X,E) =
AL (X, E) with 2L (T) = Qip(T). If T is in AL (X, E) then Ty is in Ay (&E(X),E)
which is included in A,(Z£(X),E) by [24, Theorem 1.5(i)] and consequently T €
AS(X,E). O

Lemma 3.27 Let X be a pointed metric space and E be a Banach lattice. Consider
T in Lipy(X, E). Then, T is Lipschitz order bounded operator if, and only if, there

are a compact Hausdorff space K and operators Ty € Lip (X, C(K)) and T, €
B (C(K),E) so that Lip(T\) <1, | T2||,,= Lip(T) and T =T, o T.

Proof Let T € Lipy(X,E). This means by Theorem 3.19 that T}, is order bounded
operator. Then, by a classical result we can find a compact Hausdorff space K and
operators (T),€ B(&E(X),C(K)) and T, € B{(C(K),E) so that |[(T.),||<1.

I721,,= ITL]l,.» Te = T2 o (T1), and the following diagram is commutative
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T T

C(K)
Note that T; = (71.),0ix € Lipy(X, C(K)) and Lip(T;) < 1. Indeed,
Lip(T)) = Lip((71.),0ix) < |[(TL),|| < 1.

Conversely, suppose that 7; € Lipy(X,C(K)) and T» € B4(C(K),E) such that
T=T,oT,.Letx,y € X and a € E. We have
T(x) =T = [TaoTi(x) = TaoTi(y)|
= |L(Ti(x) - Ti(y))l
allTy(x) = Ty (y)
aLip(Ty)d(x,y).

VANVAN

This implies that T € Lipy(X, E). O
Theorem 3.28 Let X be a subspace of a pointed metric space X which contained
the distinguished element and E be a Banach lattice space. Then, each operator T in
Qipy(Xo, E) admits a Lipschitz order bounded extension T :X — E, with
Qip(T) = Lip(7).

Proof Consider T in Lipy(Xo,E). By Lemma 3.27, T has the following
factorization

N A

C(K)

where T € Lipy(Xo, C(K)) and T, € B,(C(K),E) such that Lip(7) <1,
IT2],,= Lip(T). By the non linear Hahn-Banach theorem [4, Proposition 1.2], T}
admits an extension T € Lip,(X, C(K)) with Lip(T) =Lip(T}). Hence, T admits a
extension T such that T = T, 0 T 1. We deduce from Lemma 3.27, that T is
Lipschitz order bounded operator with

Lip(T) < ||Ta|,,Lip(T1) = Lip(T)Lip(T1) < Lip(T).

W Birkhiuser



67 Page 20 of 22 A. Maamra et al.

For the reverse inequality, note that 7 = Toi (i : Xo — X is the natural isometric
embedding) and hence Lip(T) = Lip(T o i) < Lip(T). O

4 Connection with Lipschitz p-summing operators

In this section, we try to make the connection between Lipschitz p-lattice summing
and Lipschitz p-summing operators.

Theorem 4.1 Consider 1 <p<oo. Let T : X — E be a Lipschitz map. If T is in
A;‘ (X, E), then for all Lipschitz p-concave operator S : E — F, So T is Lipschitz
p-summing and n[]; (ST) < MII;(SM[E(T).

Proof Let T be in /\[%(X7 E) and consider S: E — F a Lipschitz p-concave

operator. We have for every n in N, all (x;), (y;) C X and all non negative reals
My eey 2on

(ifl.(ST(x;) - ST(yi)))

1<i<n

n(F)

(Ao - 100)

<My (S)

1<i<n

£(tp)
Ligy L Ll (s
< Mp (S))”p (T)wp ((&) s (_X,‘), (y,)) .
This implies that S o T is Lipschitz p-summing and n;‘(ST) SMPL (S)/IL‘(T). O

Proposition 4.2 Consider 1 <p<oo.Let T : X — E be a Lipschitz map. If T is in
A; (X,E), then for all p-concave space F and all positive bounded linear operator

@o:E—F, @poTisin l_II%(X7 F) and m;(¢T) < ||(p||Mp(F)i;(T).

Proof We have for every n in N, all (x;), (y;) C X and all non negative reals
Ay eeey

(ot - o700

1<i<n

)

<M, (F) (Z loT(x) - <pr<y,~>|">”

(Proposition 3.4) <||¢||M,(F) (Z 2T (x;) — T(yi)|”>
=

< ||<p|Mp<F>ﬂ»,%<T>wﬁ((”f")’<xf>f’(y")f)'
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This implies that ¢ o T'is Lipschitz p-summing and 7 (¢T) < ||q0HM,,(F))LII;(T). d

Corollary 4.3 Let X be a pointed metric space and E be a p-concave Banach lattice.
Then, every Lipschitz p-lattice summing operator T from X into E is Lipschitz p-
summing and n;‘(T) < Mp(E))»;‘(T).

Theorem 4.4 Let X be a pointed metric space and let E be a Banach lattice.

Consider T : X — E a Lipschitz map. If the operator T is in HII; (X, E),then for all

Lipschitz p-convex S:E— F, we have SoT is in A]’j(X, F) and
L

2y (SoT) < Cy(8)my(T).

Proof As F is p-convex, we have for every n in N, all (x;), (y;) C X and all non
negative reals A;, ..., 4,

(iyﬁmm—nmvy <¢w(iﬁwmwnwmy

F
1

T&O—T@m&>p

(Proposition 3.4) < Cy(S) (Z i
i=1

<crmmot((4).0.09).

This implies that S o T is Lipschitz p-lattice summing and );;(S oT)< C;;(S)n;‘(T).
O
Corollary 4.5 Let X be a pointed metric space and E be a p-convex Banach lattice.

Then, every Lipschitz p-summing operator T from X into E is Lipschitz p-lattice
summing and )L;‘(T) < Cp(E)nI%(T).

Corollary 4.6 If E=F =L,(Qu) and S=ldyq, then, TI;(X,L,(Q,pn)) =

A;;(X, L,(Q, ) and nII;(T) = /l,%(T).

Proof This comes from the fact that L,(Q, n) is p-convex and p-concave with

Remark 4.7 letT:X — E,S:Z — X and R : E — F be Lipschitz maps. Then
(i) If T is Lipschitz p- lattice summing operator and S is Lipschitz p-summing,
then 7 o S is Lipschitz p-lattice summing and )VII;(T 08)< )v[Ij(T)n[]; (S).
(i) If T is p-regular and R is Lipschitz p-summing, then R o T is Lipschitz p-

summing and 7; (R o T) < pi;(T)7; (R).
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