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Abstract
In this paper, we introduce and study the notion of Lipschitz p-lattice summing

operators in the category of Lipschitz operators which generalizes the class of p-

lattice summing operators in the linear case. Some interesting properties are given.

Also, some connections with other classes of operators are presented.

Keywords Lipschitz p-summing operators � p-Lattice summing operators � Concave

and convex operators � Order bounded operators

Mathematics Subject Classification 46B28 � 46T99 � 47H99 � 47L20

1 Introduction

The notion of Lipschitz p-summing operators was introduced and studied by Farmer

and Johnson [14]. They showed that it is really a good generalization of the concept

of linear p-summing operators [14, Theorem 2]. This class of Lipschitz operators

marked the beginning of the theory of nonlinear summability. Motivated by the

importance of this theory, several authors, have developed and studied many

concepts relating to summability. Chen and Zheng introduced in [10] (strongly)

Lipschitz p-integral and p-nuclear operators. In [6] Chávez-Domı́nguez introduced
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the notion of Lipschitz (r, p, q)-summing operators and Lipschitz (q, p)-mixing in

[7]. Some papers in this domain are due to Yahi, Achour and Rueda [31] and Saadi

[27]. Independently, they introduced and studied the class of Lipschitz strongly p-

summing operators. The first authors introduced also summing Lipschitz conjugates

and ðp; rÞ-summability with an appropriate factorization. They characterized also

those Lipschitz operators whose Lipschitz conjugates are absolutely p-summing.

Other Lipschitz versions of different types of summability of linear operators were

investigated also by many authors such as, [9, 22].

In [32], Yannovskii introduced and studied the notion of 1-lattice summing linear

operators. Nielson and Szulga in [24] and [29], extended this notion to p
(1� p�1). It was extended later in [21], to the theory of operator spaces (or the

non-commutative case) and to sublinear operators in [3]. In the present work, we

generalize this class of linear operators to Lipschitz operators. We give some

characterizations and properties. We end our paper by studying some relations

between other summabilities.

The paper is organized as follows. In Sect. 2, we recall some basic definitions and

properties concerning the Lipschitz dual and many concepts relating to summabil-

ity. In Sect. 3, we study the notion of Lipschitz p-lattice summing operators between

a pointed metric space X and a Banach lattice E, which extends the class of p-lattice

summing operators. This generalization is a natural nonlinear analogous of the class

of p-lattice summing linear operators. We give some properties concerning this

notion and we prove certain characterizations of this type of operators. Finally in

Sect. 4, we try to give some properties in connection with the category of Lipschitz

p-summing operators.

2 Notations, definitions and properties

Unless otherwise stated X, Y, Z will always denote pointed metric spaces, i.e., with

a distinguished element at all time denoted by 0, whereas E, F, G will denote real

Banach spaces. As customary, BE will denote the closed unit ball of E, E� its

topological linear dual and BðE;FÞ is the linear space of bounded linear maps from

E to F. The space Lip0ðX;EÞ is the Banach space of Lipschitz functions T : X ! E
such that Tð0Þ ¼ 0 with pointwise addition and the Lipschitz norm Lipð:Þ given by

LipðTÞ ¼
x 6¼y

T xð Þ � T yð Þk k
dðx; yÞ

� �
:

We denote the Lipschitz dual of X by X# ¼ Lip0ðXÞ ¼ Lip0ðX;RÞ. The closed unit

ball BX# of X# is a compact Hausdorff space for the topology of pointwise con-

vergence on X. A molecule on X is a real valued function m on X with finite support

and satisfying
X

x2supp mð Þm xð Þ ¼ 0. Denote by MðXÞ the real linear space of

molecules on X. The condition
Pn

i¼1 m xið Þ ¼ 0 ensures that m can be represented by

m ¼
Pn

i¼1 aimxiyi
, where mxiyi

¼ 1 xif g � 1 yif g (1 xf g is the indicator function of the

subset xf g of X). Put mk kMðXÞ¼ inf
Pn

i¼1 aij jd xi; yið Þ
� �

, where the infimum is taken

over all representations of m ¼
Pn

i¼1 ai 1 xif g � 1 yif g
� �

: It follows that :k kMðXÞ is a

   67 Page 2 of 22 A. Maamra et al.



norm on the vector space MðXÞ. Denote by Æ Xð Þ the completion of the normed

space ðMðXÞ; :k kMðXÞÞ. This space was first introduced by Arens and Eells in 1956

[1]. Originally, the basic idea goes back to Kantorovich [18]. The terminology

Arens-Eells space Æ Xð Þ is due to Weaver [30]. The application iX : X �! Æ Xð Þ
defined by

iXðxÞ ¼ mx0 ¼ 1 xf g � 1 0f g ð1Þ

is an isometric embedding of X into Æ Xð Þ. Also the family 1 xf g � 1 0f g
� �

x2X
is a

Hamel basis in MðXÞ. For more details on the basic theory of the spaces of Lip-

schitz operators and their preduals, one can consult for example the papers of

Godefroy and Kalton [15] or Weaver [30].

The following theorem due to [30, Theorem 2.2] is known as the linearization of

Lipschitz operators.

Theorem 2.1 Let T 2 Lip0ðX;EÞ. Then there is a unique bounded linear operator
TL 2 BðÆ Xð Þ;EÞ such that T ¼ TL � iX and TLk k ¼ LipðTÞ (iX : X �!Æ Xð Þ is
defined as in (1)).

The linear operator TL is called the linearization of T. We know from the above

that every molecule m is uniquely expressible in the form

m ¼
Xn

i¼1

aimxi0

where the points xi are all distinct and none equals to 0. Then, TL is defined by

TLðmÞ ¼
Xn

i¼1

aiT xið Þ: ð2Þ

The dual E� of E is naturally isometric to a subspace of Lip0ðEÞ. By [4, p. 37], there

is a norm one projection P : Lip0ðEÞ �! E�. Sawashima in [28] defined the Lips-

chitz adjoint (or dual) T# : Lip0ðEÞ �! Lip0ðXÞ of a Lipschitz map T 2 Lip0ðX;EÞ
by the formula

T# fð Þ ¼ f � T; f 2 Lip0ðEÞ:

He showed that T# is a continuous linear operator and

T#
�� �� ¼ LipðTÞ ¼ T# jE�

�� ��:
We notice that Tt ¼ T# jE� corresponds in a canonical way to the usual adjoint of

the linear operator attached to T by Theorem 2.1, i.e., T# jE�¼ T�
L.
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We recall now some standard notations and some properties concerning Banach

lattices. We denote by :k kp the norm on lp of a sequence of real numbers. For a

sequence of vectors ðaiÞi in a Banach space E, its strong p-norm is the lp-norm of the

sequence ð aik kÞi and we denote its weak p-norm (cf. [11]) by

xp ðaiÞi

� �
¼ sup

a�2BE�
a� aið Þð Þi

�� ��
p
:

We denote respectively these spaces by lp Eð Þ and lxp Eð Þ (lnp Eð Þ and lnx
p Eð Þ if we take

finite sequences ðxiÞ1� i� n � E). Analogously for a sequence ðkiÞi of real numbers

and ðxiÞi , ðyiÞi of points in a metric space X, we denote their ‘‘weak Lipschitz p-
norm’’ by

xL
p kið Þ; ðxiÞ; ðyiÞð Þ ¼ sup

f2BX#

ki f ðxiÞ � f ðyiÞð Þð Þi

�� ��
p
:

Let n be a natural number. For a Banach lattice E and 1� p�1, we let E ln
p

	 

the

space of sequences a ¼ a1; :::; anð Þ 2 En for which

ak kE lnpð Þ¼
Xn

i¼1

aij jp
 !1

p

������
������; if 1� p�1

and

ak kE ln1ð Þ¼ max
1� i� n

aij j
����

����; if p ¼ 1:

The space E lnp

	 

equipped with the natural order

a� b () ai � bi; for all 1� i� n

is a Banach lattice.

Let E be a Banach lattice then E� is a complete Banach lattice w.r.t the ordering

� defined by

a� � 0 () a�; ah i� 0 for all a 2 E�
þ: ð3Þ

Definition 2.2 Let E, F be two Banach lattices. A linear operator T : E �! F is

called positive (T � 0) if
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T að Þj j � T aj jð Þ for all a 2 E:

We denote by BðE;FÞþ the set of all bounded positive operators.

Inspired by the useful concept of absolutely summing operators, Farmer and

Johnson introduced in [14] the following definition: a Lipschitz map T : X ! E is

called Lipschitz p-summing (1� p\1) if there exists a positive constant C such

that for all n 2 N and all x1; :::; xn; y1; :::; yn 2 X and all non negative reals k1; :::; kn

we have

k
1
p

i T xið Þ � T yið Þð Þ
� �����

����
p

�CxL
p k

1
p

i

� �
i

; ðxiÞi; ðyiÞi

� �
: ð4Þ

The infimum of such constants verifying (4) is denoted by pL
pðTÞ. This is a true

generalization of the concept of linear p-summing operators, since it is shown in

[14, Theorem 2] that the Lipschitz p-summing norm of a linear operator is the same

as its p-summing norm. In the sequel, it will be useful to note that the above

definition is the same if we restrict to ki ¼ 1 (see [14] for an implicit proof).

We shall give another equivalent definition in terms of Lipschitz tensor product.

This notion of tensor product between metric and Banach spaces; which is a

nonlinear generalization of linear tensor product, was introduced by Cabrera-Padilla

et al. in [5]. The Lipschitz tensor product X�E is defined as the vector subspace of

Lip0ðX;E�Þ0 spanned by the set

dðx;yÞ�a : ðx; yÞ 2 X2; a 2 E
� �

where dðx;yÞ�a
� �

gð Þ ¼ gðxÞ � gðyÞ; ah i, for any g 2Lip 0ðX;E�Þ (whither

dðx;yÞðgÞ ¼ gðxÞ � gðyÞ). The Lipschitz injective norm on X�E, is defined for u ¼Pn
i¼1 dðxi;yiÞ�ai by

�ðuÞ ¼ sup
Xn

i¼1

f ðxiÞ � f ðyiÞð Þ n; aih i












 : f 2 BX# ; n 2 E�

( )
:

Remark 2.3 A Lipschitz map T : X ! E is Lipschitz p-summing (1� p\1) if

there exists a positive constant C such that for all n 2 N and for all

x1; :::; xn; y1; :::; yn 2 X, we have for all linear operator v : ln
p� �! Æ Xð Þ, v eið Þ ¼

1 xif g � 1 yif g (namely v ¼
Pn

i¼1 1 xif g � 1 yif g
� �

�ai 2 X�ln
p)

Xn

i¼1

TL v eið Þð Þk kp

 !1
p

�C vk k

where ei denotes the unit vector basis of ln
p� and p� denotes the exponent conjugate

to p (i.e., the one that satisfies 1=p þ 1=p� ¼ 1).

We have
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�ðvÞ ¼ sup
Xn

i¼1

f ðxiÞ � f ðyiÞð Þ n; aih i












 : f 2 BX# ; n 2 ln
p�

( )

¼sup
Xn

i¼1

n; f ðxiÞ � f ðyiÞð Þaih i












 : f 2 BX# ; n 2 ln
p�

( )

¼sup n;
Xn

i¼1

f ðxiÞ � f ðyiÞð Þai

* +










 : f 2 BX# ; n 2 lnp�

( )

¼sup
Xn

i¼1

f xið Þ � f yið Þð Þj jp
 !1

p

: f 2 BX# :

8<
:

9=
;

vk k ¼ � vð Þ ¼ sup
fk kX#

¼1

Xn

i¼1

f xið Þ � f yið Þj jp
 !1

p

:

ð5Þ

Remark 2.3 is equivalent to

Xn

i¼1

T xið Þ � T yið Þk kp

 !1
p

�C wk k

where w : X# �! ln
p be the linear operator defined by

w fð Þ ¼ f xið Þ � f yið Þð Þ1� i� n:

The following definition is due to [8].

Definition 2.4 Let X be a arbitrary pointed metric space and let E be a Banach

lattice. Consider 1� p�1.

(i) A Lipschitz map T : X �! E is called Lipschitz p-convex if there exists a

positive constant C such that for every n 2 N; for all x1; :::; xn; y1; :::; yn 2 X and all

non negative reals k1; :::; kn, we have

k
1
p

i T xið Þ � T yið Þð Þ
� �����

����
E lnpð Þ

�C
Xn

i¼1

kid xi; yið Þp

 !1
p

for p\1 and we take the maximum for p ¼ 1.

(ii) A Lipschitz map T : E �! X is called Lipschitz p-concave if there exists a

positive constant C such that for every n 2 N, for all a1; :::; an; a0
1; :::; a0

n 2 E and all

non negative reals k1; :::; kn, we have

Xn

ki

i¼1

d T aið Þ; T a0
i

� �� �p

 !1
p

�C k
1
p

i ai � a0
i

� �� �����
����

E lnpð Þ

for p\1: For the case p ¼ 1, the sum should be replaced by max.
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The smallest such constant C is called the Lipschitz p-convexity constant of T

(resp. Lipschitz p-concavity constant of T) and is denoted by CL
p ðTÞ (resp. ML

p ðTÞ).
We shall also denote by CL

p ðX;EÞ and ML
p ðE;XÞ the sets of Lipschitz p-convex and

Lipschitz p-concave operators respectively.

Note that this is a generalization of the linear case: a linear map T : X ! E from

a Banach space X to a Banach lattice E is p-convex if, and only if, it is Lipschitz p-

convex with the same constant. The same for Lipschitz p-concave. Because the unit

ball BX# is not involved. We know also in [8, Theorem 3.3] that a Lipschitz map

T : X ! E is Lipschitz p-convex if, and only if, TL :Æ Xð Þ ! E is p-convex.

Moreover, in this case the p-convexity constants are the same. If X is a Banach

space, then CpðXÞ ¼ CpðIdXÞ and MpðXÞ ¼ MpðIdXÞ:

3 Lipschitz p-lattice summing operators

The following definition was introduced and studied in linear case by Yanovskii in

[32] for p ¼ 1 and generalized by Nielsen and Szulga in [24] and [29] for p[ 1. In

this paper we extend this notion and some results to the theory of Lipschitz

operators. Recall that a linear operator T from a Banach space X to a Banach lattice

E is called p-lattice summing (for 1� p�1) if there is a positive constant C so that

for all finite sets fx1; x2; :::; xng � X we have

Xn

i¼1

jTðxiÞjp
 !1

p

������
�������C sup

x�2BX�

Xn

i¼1

jhx�; xiijp
 !1

p

if p is finite and

sup
1� i� n

jTðxiÞj
����

�����C sup
1� i� n

kxik

if p is infinite. If T is p-lattice summing we denote by kpðTÞ the smallest constant C,

which is a norm on the space KpðX;EÞ of all p-lattice summing operators from X to

E turning it into a Banach space.

Definition 3.1 An operator T : X �! E is Lipschitz p-lattice (or order) summing if,

there is a positive constant C such that for every n in N; for all x1; :::; xn; y1; :::; yn in

X and all non negative reals k1; :::; kn, we have

k
1
p

i T xið Þ � T yið Þð Þ
� �

i

����
����

E lnpð Þ
�CxL

p k
1
p

i

� �
i

; ðxiÞi; ðyiÞi

� �
ð6Þ

if p is finite and
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ki
1� i� n

T xið Þ � T yið Þj j
����

�����C ki
1� i� n

d xi; yið Þ: ð7Þ

if p is infinite.

We denote by KL
pðX;EÞ the vector space of all Lipschitz p-lattice summing

operators T from X into E, which is a Banach space if we consider the norm kL
p Tð Þ,

the infimum of all C verifying (6) and (7).

Remark 3.2 If T is in KL
p ðX;EÞ, then T is Lipschitz p-convex and CL

p ðTÞ� kL
p Tð Þ for

p finite and CL
1ðTÞ ¼ kL

1 Tð Þ.

Remark 3.3 If X is a Banach space and T is a bounded linear operator from X into E,

then if T is p-lattice summing then T is Lipschitz p-lattice summing and

kL
p Tð Þ� kp Tð Þ for all 1� p\1. If p is infinite, we have

kL
1 Tð Þ ¼ k1 Tð Þ ¼ C1ðTÞ. We do not know if the converse is true, because the

unit ball BX# is involved and we do not have a factorization theorem.

Proposition 3.4 Consider T in Lip 0ðX;EÞ;R inLip 0ðZ;XÞ and u in BðE;FÞþ. If T

is Lipschitz p-lattice summing, then u � T � R is Lipschitz p-lattice summing

(1� p�1) and kL
p ðu � T � RÞ� uk kkL

p ðTÞLip Rð Þ.

Proof Let n 2 N, zið Þ1� i� n; z0i
� �

1� i� n
� Z and kið Þ1� i� n� Rþ. Thus

k
1
p

iu � T � R zið Þ � u � T � R z0i
� �� �����

����
F lnpð Þ

¼ k
1
p

iu T � R zið Þ � T � R z0i
� �� �� �����

����
F lnpð Þ

(by [20 p. 55])

� uk k k
1
p

i T � R zið Þ � T � R z0i
� �� �� �����

����
E lnpð Þ

(by Krivine’s theorem)

� uk kkL
p ðTÞ sup

f2B
X#

Xn

i¼1

ki f R zið Þð Þ � f R z0i
� �� �� �

 

p

 !1
p

:

� uk kkL
p ðTÞLip Rð Þ sup

f2B
X#

Xn

i¼1

ki
f � R zið Þ
Lip Rð Þ �

f � R z0i
� �

Lip Rð Þ











p

 !1
p

:

Since
f � R

Lip Rð Þ 2 BZ# we obtain
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Xn

i¼1

ki u � T � R zið Þ � u � T � R z0i
� �

 

p

 !1
p

������
������

� uk kkL
pðTÞLip Rð Þ sup

gk kZ# � 1

Xn

i¼1

ki g zið Þ � g z0i
� �

 

p

 !1
p

:

This implies that u � T � R is Lipschitz p-lattice summing with kL
p ðu � T �

RÞ� uk kkL
p ðTÞLip Rð Þ and this ends the proof. h

Remark 3.5 Clearly the notion of Lipschitz p-lattice summing operators is not an

ideal in Pietsch’s sense but it is an ideal on left.

By Proposition 3.4, we have the following proposition. For the converse, we can

see [27, Remark 3.3].

Proposition 3.6 Consider 1� p\1: Let T : X �! E be a Lipschitz map and TL

its linearization (as in Theorem 2.1). If TL is p-lattice summing, then T is Lipschitz
p-lattice summing. The converse is false.

Proposition 3.7 Let T be in Lip 0ðX;EÞ, then T is in KL
1ðX;EÞ if, and only if, TL is

in K1ðÆ Xð Þ;EÞ and k1 TLð Þ ¼ kL
1 Tð Þ.

Proof Suppose that TL is in K1ðÆ Xð Þ;EÞ. Then, for every n 2 N; for all

x1; :::; xn; y1; :::; yn 2 X and all non negative reals k1; :::; kn, we have

ki
1� i� n

T xið Þ � T yið Þj j
����

���� ¼ ki
1� i� n

TL mxi0ð Þ � TL myi0

� �

 

����
����

¼ ki
1� i� n

TL mxiyi

� �

 

����
����

¼
1� i� n

TL kimxiyi

� �

 

����
����

� k1 TLð Þsup ki
1� i� n

d xi; yið Þ:

This gives that T is in KL
1ðX;EÞ and kL

1 Tð Þ� k1 TLð Þ.
For the converse, suppose that T is in KL

1ðX;EÞ. This yields by Remark 3.2 that,

T is in CL
1ðX;EÞ and CL

1ðTÞ ¼ kL
1 Tð Þ. By [8, Theorem 3.3], TL is in C1ðÆ Xð Þ;EÞ

and hence is in K1ðÆ Xð Þ;EÞ. h

Proposition 3.8 Let T be inLip 0ðX;EÞ. If Ttð Þ�2 Kpð X#
� ��

;E��Þ then,

T 2 KL
p ðX;EÞ.

Proof Suppose that Ttð Þ� is in Kpð X#
� ��

;E��Þ. Then , TLð Þ�� is in Kpð X#
� ��

;E��Þ
and by [26] the operator TL is in KpðÆ Xð Þ;EÞ. So we conclude by Proposition 3.6,

that T 2 KL
p ðX;EÞ. h
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Remark 3.9 By Proposition 3.7, the converse is true for p ¼ 1. But it is not valid

for 1� p\1 by Proposition 3.6.

Theorem 3.10 Let T : X �! E be a Lipschitz operator such that Tð0Þ ¼ 0 and
1� p\1. Then, we have the following properties for a positive constant C.

(i) If the operator T 2 KL
p ðX;EÞ with kL

p Tð Þ�C, u 2 Bðln
p� ;Æ Xð ÞÞ, then for all

n 2 N and xið Þ1� i� n; yið Þ1� i� n� X the operator TLu is in K1ðln
p� ;EÞ and

k1ðTLuÞ�C uk k, where u eið Þ ¼ mxiyi
.

(ii) If k1ðTLuÞ�C uk k for all n 2 N and u 2 Bðln
p� ;Æ Xð ÞÞ then, the operator T is

in KL
p ðX;EÞ and kL

p Tð Þ�C uk k:

Proof (i) Suppose that T is in KL
p ðX;EÞ: Let n be in N and

xið Þ1� i� n; yið Þ1� i� n� X. Consider u eið Þ ¼ mxiyi
, where eið Þ1� i� n denote the unit

vector basis of lnp� . By (5), we have uk k ¼ sup
fk k

X#
¼1

Xn

i¼1
f xið Þ � f yið Þj jp

	 
1
p

and for

a 2 ln
p�

TLu að Þj j ¼ TLu
Xn

i¼1

aiei

 !










 ¼

Xn

i¼1

aiTL mxi0 � myi0

� �












¼
Xn

i¼1

ai T xið Þ � T yið Þð Þ












ð½20 Part II, page 42	Þ

�
Xn

i¼1

T xið Þ � T yið Þj jp
 !1

p Xn

i¼1

aij jp
�

 ! 1
p�

�
Xn

i¼1

T xið Þ � T yið Þj jp
 !1

p

ak kln
p�
:

By [24, Proposition 1.2 and Theorem 1.3], we have

k1ðTLuÞ�
Xn

i¼1

T xið Þ � T yið Þj jp
 !1

p

������
������

� kL
p Tð Þ uk k�C uk k:

This implies that TLu is in K1ðln
p� ;EÞ and k1ðTLuÞ�C uk k.
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(ii) Suppose that k1ðTLuÞ�C uk k for all n 2 N and all u 2 Bðlnp� ;Æ Xð ÞÞ. This

implies by [24, Theorem 1.3] that kp TLð Þ�C uk k and by Proposition 3.4, we have

kL
p Tð Þ�C uk k: h

Theorem 3.11 Let X be a pointed metric space and E be a Banach lattice. Consider

T in Lip0 X;Eð Þ. If the operator T is in KL
1ðX;EÞ, then T is in KL

p ðX;EÞ for

1� p�1.

Proof Suppose that T is in KL
1ðX;EÞ. This implies by Proposition 3.7 that TL is in

K1ðÆ(X), E). We observe by [24, Theorem 1.5] that K1ðÆ(X), E) is a subspace of

KpðÆ(X), E). Therefore TL 2 KpðÆ(X), E) and consequently by Proposition 3.6, we

conclude that T 2 KL
p ðX;EÞ. h

We give now the following definition to have an equivalent relation between the

operator T and its linearization TL. In a way, it is the reciprocal of Proposition 3.6.

Definition 3.12 An operator T : X �! E is Lipschitz factorable p-lattice summing

if, there is a positive constant C such that for all n;m 2 N; ðxijÞi;j; ðyijÞi;j 2 X and all

reals ðkijÞi;j, ð1� i� n; 1� j�mÞ, we have

�����
 Xn

i¼1







Xm

j¼1

kijðTðxijÞ � TðyijÞÞ






p!1

p
������C sup

f2B
X#

 Xn

i¼1







Xm

j¼1

kijðf ðxijÞ � f ðyijÞÞ






p!1

p

:

ð8Þ

The class of all Lipschitz factorable p-lattice summing operators is denoted by

KL;f
p ðX;EÞ. In this case, we define kL;f

p ðTÞ as the infimum of all constants C verifying

(8).

Remark 3.13 Every Lipschitz factorable p-lattice summing operator is Lipschitz p-

lattice summing operator, i.e., KL;f
p ðX;EÞ � KL

p ðX;EÞ, and kL
p ðTÞ� kL;f

p ðTÞ (we take

m ¼ 1).

Theorem 3.14 Let X be a pointed metric space and E be a Banach lattice. Consider
T in Lip0ðX;EÞ. Then T is Lipschitz factorable p-lattice summing if, and only if, TL

is p-lattice summing, and we have kL;f
p ðTÞ ¼ kpðTLÞ.

Proof Let n, m be in N, for ðxijÞi;j; ðyijÞi;j in X and ðkijÞi;j in R, ð1� i� n; 1� j�mÞ,
we have
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This gives that T is Lipschitz factorable p-lattice summing and kL;f
p ðTÞ� kpðTLÞ.

Following the inverse schema, we will have the reciprocal. h

We give here a characterization of Lipschitz factorable p-lattice summing

operators.

Proposition 3.15 Let 1� p�1. Then T 2 KL;f
p ðX;EÞ if, and only if, TLu 2

K1ðlp� ;EÞ for all n 2 N and u 2 Bðln
p� ;Æ(X)). In this case we have

Proof Consider T 2 KL;f
p ðX;EÞ. This means that TL 2 KpðÆ(X), E). As TL is linear

operator and according Nielsen-Szulga theorem [24, Theorem 1.3], we have TLu 2
K1ðln

p� ;EÞ for all u 2 Bðlp� ;Æ(X)) and
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We conclude by Theorem 3.14. h

Let now T : E �! F be a Lipschitz operators between Banach lattices E, F. We

say that T is Lipschitz p-regular, (1� p�1) and we write T 2 qL
p E;Fð Þ, if there is

a positive constant C such that for every n in N; for all x1; :::; xn; y1; :::; yn in X and

all non negative reals k1; :::; kn, we have

k
1
p

i T xið Þ � T yið Þð Þ
� �����

����
F lnpð Þ

�C k
1
p

i xi � yið Þ
� �����

����
E lnpð Þ

for p finite and we take the sup if p is infinite. The best possible constant will be

denoted by qL
p Tð Þ.

If T is linear then the notions of regular and Lipschitz regular coincide with

qpðTÞ ¼ qL
pðTÞ. It was proved by Krivine in [19] (see also [20]) that every bounded

linear operator is 2-regular and every positive linear operator is p-regular for,

1� p�1. In general, the Lipschitz operators are not 2-regular, we can see [2].

Remark 3.16 Let T : X �! E be a Lipschitz p-lattice summing operator. If R :
E �! F is p-regular, then R � T is Lipschitz p-lattice summing and

kL
p R � Tð Þ� qL

p Rð ÞkL
p Tð Þ:

Proposition 3.17 Let E;F;E1;F1 be Banach lattices and 1� p�1. Consider a
Lipschitz p-regular operator T : E �! F, a positive linear bounded operator u :
F �! F1 and a Lipschitz operator R : E1 �! E. Then, u � T � R is Lipschitz p-

regular and qL
p ðu � T � RÞ� uk kqL

p ðTÞLip Rð Þ.

Proof Since u is positive, we have

Xn

i¼1

ki u � T � R aið Þ � u � T � R bið Þð Þj jp
 !1

p

¼
Xn

i¼1

u k
1
p

i T � R aið Þ � T � R bið Þð Þ
� �










p

 !1
p

¼ sup
aið Þ2Bln

p�

u
Xn

i¼1

k
1
p

i T � R aið Þ � T � R bið Þð Þai

 !

� u sup
aið Þ2Bln

p�

Xn

i¼1

k
1
p

i T � R aið Þ � T � R bið Þð Þai

0
@

1
A

� u
Xn

i¼1

ki T � R aið Þ � T � R bið Þj jp
 !1

p

0
@

1
A:
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This yields

k
1
p

iu � T � R aið Þ � u � T � R bið Þ
� �����

����
F1 lnpð Þ

¼ u k
1
p

i T � R aið Þ � T � R bið Þð Þ
� �����

����
F1 lnpð Þ

(by [ 20 p. 55])

� uk k k
1
p

i T � R aið Þ � T � R bið Þð Þ
� �����

����
F lnpð Þ

� uk kqL
p ðTÞ k

1
p

i R aið Þ � R bið Þð Þ
� �����

����
E lnpð Þ

� uk kqL
p ðTÞLip Rð Þ k

1
p

i ai � bið Þ
� �����

����
E1 lnpð Þ

and thus the announced result is obtained. h

Remark 3.18 Let E;F;F1 be Banach lattices and 1� p�1.

1ð Þ Consider a Lipschitz p-regular operator T : E �! F and a Lipschitz p-

concave operator R : F �! F1. Then, R � T is Lipschitz p-concave and

Mp
LipðR � TÞ�Mp

Lip Rð ÞqL
p ðTÞ. Indeed,

k
1
p

i R � T aið Þ � R � T bið Þð Þ
� �����

����
lnp F1ð Þ

�Mp
Lip Rð Þ k

1
p

i T aið Þ � T bið Þð Þ
� �����

����
F lnpð Þ

�Mp
Lip Rð ÞqL

p ðTÞ k
1
p

i ai � bið Þ
� �����

����
E lnpð Þ

:

2ð Þ Consider a Lipschitz p-regular operator T : E �! F and a Lipschitz p-convex

operator S : E1 �! E. Then, T � S is Lipschitz p-convex and

Cp
LipðT � SÞ�Cp

Lip Sð ÞqL
p ðTÞ.

3ð Þ If p ¼ 2 and R is a bounded linear operator, we have

qL
2 ðT � RÞ�KGqL

2 ðTÞ Rk k; because every bounded linear operator R is 2-regular and

q2ðRÞ�KG Rk k (where KG is the universal Grothendieck constant).

Now, we define the Lipschitz order bounded operator. This definition is inspired

from the linear case (see [24]) which is: if X is a Banach space and E is a Banach

lattice then a bounded linear operator T : X �! E is called order bounded if there

exists an element a 2 Eþ such that

T xð Þj j � a xk k; for all x 2 X: ð9Þ

In this case, we define the order bounded norm Tk km by

Tk km¼ inf ak k : a satisfies (3.4)f g

which is by [23] a complete norm on B X;Eð Þ, the space of all order bounded
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operators from X into E. By Schaefer [13], the m-tensor product X b
mE is defined by

the closure of X 
 E in B X�;Eð Þ.
An operator T in Lip0 X;Eð Þ is called Lipschitz order bounded if there exists an

element a in Eþ such that

T xð Þ � T yð Þj j � ad x; yð Þ; for all x; y 2 X: ð10Þ

The space of such operators is denoted by Lip0 X;Eð Þ. We let

Lip Tð Þ ¼ inf ak k : a satisfies (3.5)f g:

or

Lip Tð Þ ¼ sup
x 6¼y

T xð Þ � T yð Þj j
d x; yð Þ

�����
����� ð11Þ

which exists by (3); because T is order bounded as a map into E�� (also we can take

E a complete Banach lattice). We have also

Lip Tð Þ�Lip Tð Þ: ð12Þ

Indeed, we have for all x; y 2 X

T xð Þ � T yð Þj j
d x; yð Þ � sup

x 6¼y

T xð Þ � T yð Þj j
d x; yð Þ

and consequently

T xð Þ � T yð Þk k
d x; yð Þ � sup

x 6¼y

T xð Þ � T yð Þj j
d x; yð Þ

�����
�����

for all x; y 2 X. By taking the sup, we obtain by (11) that Lip Tð Þ�Lip Tð Þ. It is

clear that Lip0 X;Eð Þ is a vector space and that Lip :ð Þ is a norm on Lip0 X;Eð Þ. Let

us prove that the space Lip0 X;Eð Þ equipped with the norm Lip :ð Þ is a Banach space.

By (12) and [12, Lemma 3.100], it is enough to prove that if Tnð Þn� 1� Lip0 X;Eð Þ
such that

Pþ1
n¼1 Lip Tnð Þ\þ1, then the operator T ¼

Pn
i¼1 Tn is in Lip0 X;Eð Þ and

Lip Tð Þ�
Pþ1

n¼1 Lip Tnð Þ. In this case

Lip Tð Þ ¼ inf
Xþ1

n¼1

Lip Tnð Þ
( )

where the infimum is taken over all series in Lip0 X;Eð Þ summing up to T. Consider

�[ 0 and choose a sequence anð Þ � Eþ such that

ank k�Lip Tnð Þ þ �

2n
; forn� 1:

Then
Pþ1

n¼1 ank k�
Pþ1

n¼1 Lip Tnð Þ þ � and hence from [12, Lemma 3.100] again ,

we can find a 2 Eþ, such that
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ak k�
Xþ1

n¼1

Lip Tnð Þ þ �:

We have Lip Tð Þ�
Pþ1

n¼1 Lip Tnð Þ þ �: As � is arbitrary, this proves the statement.

Theorem 3.19 Let Xbe a pointed metric space and E be a Banach lattice. Consider
T in Lip0 X;Eð Þ: Then T is Lipschitz order bounded if, and only if, TL is order
bounded and TLk km¼ Lip Tð Þ.

Proof Suppose that TL is order bounded. Then there is a in E such that

TL mð Þj j � a mk k for all m 2 M Xð Þ:

This implies for all x; y 2 X

TL mxy

� �

 

� a mxy

�� ��
and hence

T xð Þ � T yð Þj j � ad x; yð Þ

by [30, Lemma 3.5] and (2).

For the converse, suppose that T is Lipschitz order bounded. So there is a in E
such that for all x, y in X, we have T xð Þ � T yð Þj j � ad x; yð Þ: Let m be in M Xð Þ. For

�[ 0, consider a representation of m ¼
Xn

i¼1
aimxiyi

such thatXn

i¼1
aij jd xi; yið Þ\ mk k þ �. We have

TL mð Þj j ¼ TL

Xn

i¼1

aimxiyi

 !










 ¼

Xn

i¼1

ai T xið Þ � T yið Þð Þ













� a
Xn

i¼1

aij jdðxi; yiÞ� a mk k þ �ð Þ

and this for all �[ 0. Thus TL mð Þj j � a mk k for all m in M Xð Þ and by continuity

TL mð Þj j � a mk k for all m in Æ Xð Þ. h

The following corollary is immediate.

Corollary 3.20 Consider T in Lip0 X;Eð Þ: Then T is Lipschitz order bounded if, and

only if, Ttð Þ� is order bounded and Ttð Þ�k km¼ Lip Tð Þ.

Remark 3.21 If w : E �! F is a positive linear operator, then w � T is order

bounded. Indeed, consider x, y in X and a in Eþ such that T xð Þ � T yð Þj j � ad x; yð Þ.
We have

w � T xð Þ � w � T yð Þj j ¼ w T xð Þ � T yð Þð Þj j
�w T xð Þ � T yð Þj jð Þ
�w að Þd x; yð Þ:
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As w is positive, then w að Þ 2 Fþ and this implies that w � T is order bounded.

We recall now the following, as announced in [17]. Let X be a metric space and E
be a Banach space. The Lipschitz image of a mapping T : X ! E is the set

T xð Þ � T yð Þ
d x; yð Þ : x; y 2 X; x 6¼ y

� �
:

An immediate consequence, T : X ! E is a Lipschitz mapping if its Lipschitz

image is a bounded subset of E.

Definition 3.22 [17] A Lipschitz operator T in Lip0ðX;EÞ has Lipschitz finite

dimensional rank if the linear hull of its Lipschitz image is a finite dimensional

subspace of E. In that case we define the Lipschitz rank, Lrank(T) of T to be the

dimension of this subspace.

We regard now the norm Lip as Lipschitz tensor product.

Definition 3.23 Let X be a pointed metric space and E be a Banach lattice. The

space X# E is defined as the linear subspace of ðX�E�Þ0 spanned by the set

f�a : f 2 X#; a 2 E
� �

:

This space is called the associated Lipschitz tensor product of X;E�. For this

concept, we can also consult [16].

The Lipschitz operators of finite rank from X into E are majorizing; that is

X# E ⊂ Lip0 (X,E). Indeed, consider T ¼
Pn

i¼1 fi�ai in X# E. We have

T xð Þ � T yð Þj j ¼
Xn

i¼1

fi xð Þ � fi yð Þð Þai














�
Xn

i¼1

fi xð Þ � fi yð Þj j aij j

�
Xn

i¼1

Lip fið Þ aij j
 !

d x; yð Þ:

This implies that X# E is in Lip0 X;Eð Þ and suggests us the following definition.

Definition 3.24 The Lip-tensor product X#
LipE is the closure of X# E in

Lip0 X;Eð Þ.

The following proposition generalizes, Proposition 1.2 of [24].

Proposition 3.25 Consider T in Lip0ðX;EÞ. The operator T is in KL
1ðX;EÞ if, and

only if, T is in Lip0 X;Eð Þ. In this case, kL
1ðTÞ ¼ Lip Tð Þ ¼ k1ðTLÞ ¼ TLk km.

Proof Suppose that T is in Lip0 X;Eð Þ. For �[ 0, there is a in Eþ such that for all

x, y in X, we have
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T xð Þ � T yð Þj j � ad x; yð Þ

with Lip Tð Þ� ek k� 1 þ �ð ÞLip Tð Þ: This implies that, for every n in N, all

x1; :::; xn; y1; :::; yn in X and all non negative reals k1; :::; kn, we have

sup
1� i� n

ki T xið Þ � T yið Þj j � a sup
1� i� n

kid xi; yið Þ

and hence

k
1� i� ni

T xið Þ � T yið Þj j
����

���� � ak k k
1� i� ni

d xi; yið Þ

� 1 þ �ð ÞLip Tð Þ k
1� i� ni

d xi; yið Þ:

As � is arbitrary, then kL
1ðTÞ�Lip Tð Þ.

Consider now T in KL
1ðX;EÞ. By Proposition 3.7, this gives that TL is in

K1ðÆ Xð Þ;EÞ and consequently for all x1; :::; xn; y1; :::; yn in X, we have

1� i� n
TL mxiyi

� �

 

����
����� k1ðTÞ

1� i� n
mxiyi

�� ��:
By [13, Proposition 3.4], there exists a in Eþ, ak k� k1ðTÞ such that for each x, y in

X, one has TL

mxy

mxy

�� ��
 !











� a. We conclude that for all x; y 2 X,

T xð Þ � T yð Þj j � ad x; yð Þ and thus by (10), T is Lipschitz order bounded and

Lip Tð Þ� kL
1ðTÞ: h

Corollary 3.26 The Lip-tensor product X#
LipE is a subspace of KL

p ðX;EÞ for all

1� p�1.

Proof We have by definition X#
LipE and by Proposition 3.25 Lip0ðX;EÞ ¼

KL
1ðX;EÞ with kL

1ðTÞ ¼ Lip Tð Þ. If T is in KL
1ðX;EÞ then TL is in K1ðÆ Xð Þ;EÞ

which is included in KpðÆ Xð Þ;EÞ by [24, Theorem 1.5(i)] and consequently T 2
KL

p ðX;EÞ: h
Lemma 3.27 Let X be a pointed metric space and E be a Banach lattice. Consider
T in Lip0ðX;EÞ. Then, T is Lipschitz order bounded operator if, and only if, there
are a compact Hausdorff space K and operators T1 2 Lip 0ðX;CðKÞÞ and T2 2
BþðCðKÞ;EÞ so that LipðT1Þ� 1, T2k km¼ LipðTÞ and T ¼ T2 � T1.

Proof Let T 2 Lip0ðX;EÞ. This means by Theorem 3.19 that TL is order bounded

operator. Then, by a classical result we can find a compact Hausdorff space K and

operators TLð Þ12 BðÆ Xð Þ;CðKÞÞ and T2 2 BþðCðKÞ;EÞ so that TLð Þ1

�� ��� 1,

T2k km¼ TLk km, TL ¼ T2 � TLð Þ1 and the following diagram is commutative
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Note that T1 ¼ TLð Þ1�iX 2 Lip0ðX;CðKÞÞ and Lip(T1Þ� 1. Indeed,

LipðT1Þ ¼ Lipð TLð Þ1�iXÞ� TLð Þ1

�� ��� 1:

Conversely, suppose that T1 2 Lip0ðX;CðKÞÞ and T2 2 BþðCðKÞ;EÞ such that

T ¼ T2 � T1. Let x; y 2 X and a 2 Eþ. We have

jT xð Þ � T yð Þj ¼ jT2 � T1 xð Þ � T2 � T1 yð Þj
¼ jT2 T1 xð Þ � T1 yð Þð Þj
� a T1 xð Þ � T1 yð Þk k
� aLipðT1Þd x; yð Þ:

This implies that T 2 Lip0ðX;EÞ. h

Theorem 3.28 Let X0 be a subspace of a pointed metric space X which contained
the distinguished element and E be a Banach lattice space. Then, each operator T in

Lip0ðX0;EÞ admits a Lipschitz order bounded extension eT : X �! E, with

Lipð eT Þ ¼ LipðTÞ.

Proof Consider T in Lip0ðX0;EÞ. By Lemma 3.27, T has the following

factorization

where T1 2 Lip0ðX0;CðKÞÞ and T2 2 BþðCðKÞ;EÞ such that LipðT1Þ� 1,

T2k km¼ LipðTÞ. By the non linear Hahn-Banach theorem [4, Proposition 1.2], T1

admits an extension eT 1 2 Lip0ðX;CðKÞÞ with Lipð eT 1Þ ¼LipðT1Þ. Hence, T admits a

extension eT such that eT ¼ T2 � eT 1. We deduce from Lemma 3.27, that eT is

Lipschitz order bounded operator with

Lipð eT Þ� T2k kmLipð eT 1Þ ¼ LipðTÞLipðT1Þ�LipðTÞ:
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For the reverse inequality, note that T ¼ eT � i (i : X0 �! X is the natural isometric

embedding) and hence LipðTÞ ¼ Lipð eT � iÞ�Lipð eT Þ: h

4 Connection with Lipschitz p-summing operators

In this section, we try to make the connection between Lipschitz p-lattice summing

and Lipschitz p-summing operators.

Theorem 4.1 Consider 1� p\1: Let T : X �! E be a Lipschitz map. If T is in

KL
p ðX;EÞ, then for all Lipschitz p-concave operator S : E �! F, S � T is Lipschitz

p-summing and pL
p STð Þ�ML

p ðSÞk
L
p ðTÞ.

Proof Let T be in KL
p ðX;EÞ and consider S : E �! F a Lipschitz p-concave

operator. We have for every n in N; all xið Þ; yið Þ � X and all non negative reals

k1; :::; kn

k
1
p

i ST xið Þ � ST yið Þð Þ
� �

1� i� n

�����
�����

lnp Fð Þ

�ML
p ðSÞ k

1
p

i T xið Þ � T yið Þð Þ
� �

1� i� n

�����
�����

E lnpð Þ

�ML
p ðSÞk

L
p ðTÞxL

p k
1
p

i

� �
; ðxiÞ; ðyiÞ

� �
:

This implies that S � T is Lipschitz p-summing and pL
p STð Þ�ML

p ðSÞkL
p ðTÞ. h

Proposition 4.2 Consider 1� p\1: Let T : X �! E be a Lipschitz map. If T is in

KL
p ðX;EÞ, then for all p-concave space F and all positive bounded linear operator

u : E �! F, u � T is in PL
p X;Fð Þ and pL

p uTð Þ� uk kMp Fð ÞkL
p ðTÞ.

Proof We have for every n in N; all xið Þ; yið Þ � X and all non negative reals

k1; :::; kn

k
1
p

i uT xið Þ � uT yið Þð Þ
� �

1� i� n

�����
�����

lnp Fð Þ

�Mp Fð Þ
Xn

i¼1

k
1
p

i uT xið Þ � uT yið Þj jp
 !1

p

������
������

(Proposition 3.4)� uk kMp Fð Þ
Xn

i¼1

k
1
p

i T xið Þ � T yið Þj jp
 !1

p

������
������

� uk kMp Fð ÞkL
p ðTÞxL

p k
1
p

i

� �
; ðxiÞi; ðyiÞi

� �
:
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This implies that u � T is Lipschitz p-summing and pL
p uTð Þ� uk kMp Fð ÞkL

p ðTÞ. h

Corollary 4.3 Let X be a pointed metric space and E be a p-concave Banach lattice.
Then, every Lipschitz p-lattice summing operator T from X into E is Lipschitz p-

summing and pL
p Tð Þ�Mp Eð ÞkL

p ðTÞ:

Theorem 4.4 Let X be a pointed metric space and let E be a Banach lattice.

Consider T : X �! E a Lipschitz map. If the operator T is in PL
p ðX;EÞ,then for all

Lipschitz p-convex S : E �! F, we have S � T is in KL
p ðX;FÞ and

kL
p ðS � TÞ�CL

p Sð ÞpL
p ðTÞ:

Proof As F is p-convex, we have for every n in N, all xið Þ; yið Þ � X and all non

negative reals k1; :::; kn

Xn

i¼1

ki ST xið Þ � ST yið Þj jp
 !1

p

������
������

F

�CL
p Sð Þ

Xn

i¼1

ki T xið Þ � T yið Þk kp
F

 !1
p

(Proposition 3.4)�CL
p Sð Þ

Xn

i¼1

ki T xið Þ � T yið Þk kp
E

 !1
p

�CL
p Sð ÞpL

pðTÞxL
p k

1
p

i

� �
; ðxiÞ; ðyiÞ

� �
:

This implies that S � T is Lipschitz p-lattice summing and kL
p ðS � TÞ�CL

p Sð ÞpL
p ðTÞ:

h

Corollary 4.5 Let X be a pointed metric space and E be a p-convex Banach lattice.
Then, every Lipschitz p-summing operator T from X into E is Lipschitz p-lattice

summing and kL
p ðTÞ�Cp Eð ÞpL

p Tð Þ:

Corollary 4.6 If E ¼ F ¼ Lp X; lð Þ and S ¼IdLp X;lð Þ then, PL
p ðX;Lp X; lð ÞÞ ¼

KL
p ðX; Lp X; lð ÞÞ and pL

p Tð Þ ¼ kL
p ðTÞ:

Proof This comes from the fact that Lp X; lð Þ is p-convex and p-concave with

CL
p Lp X; lð Þ
� �

¼ ML
p Lp X; lð Þ
� �

¼ 1: h

Remark 4.7 Let T : X �! E; S : Z �! X and R : E �! F be Lipschitz maps. Then
ið Þ If T is Lipschitz p- lattice summing operator and S is Lipschitz p-summing,

then T � S is Lipschitz p-lattice summing and kL
p ðT � SÞ� kL

p ðTÞpL
p Sð Þ:

iið Þ If T is p-regular and R is Lipschitz p-summing, then R � T is Lipschitz p-

summing and pL
p R � Tð Þ� qL

p ðTÞpL
p Rð Þ:
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