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Abstract. We propose in this work a new approach to obtain a general form of
self similar solutions to heat equation with a power-law nonlinearity. We use the
”traveling profiles method”. This method is inspired of the traveling wavelets method
which belongs to the category of the particular methods. The traveling profiles method
enables us to obtain many explicit exact solutions to this equation.
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1 Introduction

In general, the partial differential equations does not admit an exact solutions, partic-
ularly when we imposed initial /boundary conditions. But for some classes of PDEs
which enjoy certain symmetries we can find their exact solutions for many particular
cases [1,4,11,12] . With some finite or infinite transformations, these partial differential
equations becomes invariant and are exactly reduced to ordinary differential equations
which can be integrated in a closed form. These solutions are called ”self similar solu-
tions” [3,5,9, 15].

The heat equation with a power-law nonlinearity called also ”porous medium equa-
tion” is one of class of equations which admits these properties of similarity. This
equation is written in the form:

{?;; = (u”flux)x , (1.1)
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2 Traveling profiles solutions to heat equation with a power-law nonlinearity

where £ € R, t > 0, and n > 1, is a fixed real number.

This equation occurs in nonlinear problems of heat and mass transfer and flows in
porous media [2,3,16]. For n = 1, equation (1.1) is the classical equation of heat
conduction.

In this work, we seek a solution to equation (1.1), called "traveling profiles solutions”,
which are written in the form:

x —b(t)
a(t)
where a(t), c(t),b(t) and the profile ¢ are to be determined.

For c¢(t) = t*, a(t) = t%, and b(t) = 0, we find the ”classical” self similarity
solutions :

u(x,t):c(t)w{ ] a, ¢, be R, (1.2)

u(z,t) =t*f(n), n=at"", (1.3)

where o and  (constants) and the profile f are to be determined.

2 Traveling profile solutions to heat equation with a power-
law nonlinearity

We want to find a general form of self similar solutions called ” traveling profiles solutions”
of (1.1), with the form (1.2), written as follow:

x —b(t)
a(t) ’

if we replace this form of solutions in equation (1.1) we find

u(z,t) =c(t)Y(&), with £ =

C’VL

c a / b r —1_,7\/
Oégw - ﬁa&/}g - ’YE% = E(T/JH T/’g)g (2.1)
this equation depends of many unknown parameters and our aim is to determine the
coefficients a, ¢, b and the profile ¥, we use new approach called the ”traveling profiles
method” (TPM) [6,7].
The principle of TPM is to determine firstly the coefficients a (t),c(t) and b(t) by

resolving the following minimizition problem:

—+00
min/
p J—o0

c,a,b

ou 2

i (u”_lul,) dz, (2.2)

xT

therefore, we obtain three orthogonal equations which are read

(o)) =0
(S — (u”_luz)z 7§¢é> =0 (2.3)
(5t = (u"lua) ) =0

g'Q)

ey
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where (.,.) is the inner product in L? space.
Then the PDE (1.1) is transformed into a set of three coupled ODE’s :

£, ) — €0, — LW, 8) = S0 )
S(E0E ) — Sleut €ug) — Blewk ) = S )k €vt) (24)
() — L, Ep) — 2o, vh) = S (V" ), Eup)

to finding exact solution in the form (2.1) we based on the following main theorem

Theorem 2.1. The function

x —b(t)
a(t)

is an exact solution of problem (1.1), if the ”based profile” 1 is a solution of following
differential equation

u(z,t) =c(t)Y(§), with £ = , t€R, t>0,and a(t), c(t), b(t) > 0.

(" )k = anp + BEYL + 9L, where a, B, € R, (2.5)

in this case, the coefficients ¢ (t),a (t) and b(t) are given by :

alt) = (1 - AB)7
c(t) = (1 — ABt)7a L 0<t<T, (2.6)
b(t) =3 (1—ABT — 1
for
284+ (n—1)a >0 (2.7)
with
A=2+%n—1), (2.8)
B
The finite time T is equal to
1
For
26+ (n—1)a=0 (2.10)
we have

c(t) = exp (at) , 0 <t < oo, (2.11)
b(t) = G exp (~50) — )

{ alt) = exp (~Bt)
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Proof. The proof of this theorem is based on the result shown in [7] for an evolution
differential operator, in follow we recall the result but in special case where the differential
operator is in the form (1.1).

Let

Ve = {0, %, €%, }
the subspace of L? generated by associated functions to ¢ at the moment ¢.
From relations (2.3), it is deduced that %7; - (@/)”flwé)’g is orthogonal to subspace V.
In particular we have % € V;, then <88—1t” — (Wl_lwé)’g, %> = 0, thus if also (1/}"_11/12)’5
belongs to V; then the method provides us a weakly exact solution, which is written
under the form
x—0b (t)]

ule.t)=cv | *

According to the principle estimates of this method, if (u”_luz)m = Z—Z(d)"‘lwé)’é be-

longs to the subspace V;, then the function u (z,t) = ¢ (t) ¥ [xa_(z()t)} is an exact solution of

equation (1.1), in this case the term (1/1”*11#2)’5 can be expressed as a linear combination
of functions v, {y¢, and vy, thus

(") = anp + BEYL +19t, for a, B,y € R.

The coefficients ¢ (t),a (t),b(t) are obtained as follow:
When one replaces (d)"‘lgbé)’& by the combination ) + B&Z}é + Mbé in (2.4), we obtain
the system:

Cnfl
MX =~ MF (2.11)
with
(v, 9) (Eg, ¥) (g, ¥) c a
M= (i) (Y&  (Edpyy) |, X=] -2 | and F=| §
R A A S ) b Y

where (.,.) is the inner product in L2
The matrix M in system (2.11) is symmetric and invertible, then (2.11) can be written
under the form:

C?’L

C = S5

a2
a =-<28 (2.12)
b = —Cna_lfy
At the boundaries, we impose the lateral boundary conditions a(0) = 1, ¢(0) = 1,

b(0) = 0.
We can see that from (2.12) we have

=

(t)+ Ky '

2
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if we replace (2.13) in (2.12) then we deduct (2.6)
alt) = (1 - AB1)* ,

c(t) = (1— ABt)74 ,0<t<T,
b(t) = 3 (1 — ABF — 3
for (n —1)a+28 >0 with A=2+ §(n—1) and TZW(”_W

For (n —1)a + 28 = 0, we have (2.11)

a(t) = exp (—[5t)
c(t) = exp (at) , 0 <t < oo,
b(t) = 3 exp (1) — 3

We notice that from this theorem we have two time behaviors of coefficients ¢ (¢) , a (t) and
b(t), there behaviors depends of parameters of similarity «, 8 and ~. O

3 New explicit exact solution

For a = 8 > 0, we can find explicitly a new exact solution to equation (1.1). In fact, in
this case, equation (2.5) becomes

W) =[(a€+7) ¥,  wherey €R, (3.1)
after integration, we obtain
wn_l¢é = (a€+v)9+k, with k constant.
if we put for example 9 (0) = 0, this implies & = 0, then we obtain
P2 = (al + ),
finally the solution of (3.1) is written under the form

n—1

v (© = =22 (56 +7¢) |

the coefficients ¢ (t),a (t) and b(t) are given by :

alt) = (1= (n+ 1) at)w1, 1
c(t) = (1—(n+1)at)nrt ,0<t<T:m. (3.2)
b(t) = 2 (1— (n+1)at)et — 1

Then the solution of (1.1) is written under the form

1

w (1) = e(t) [(n —9)? <62“ (x ;8;”)2 4y <“" ;(i)(t)))J o

where a(t), b(t) and a(t) are given by (3.2).
This particular explicit solution is new in literature.
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Conclusion

In this work we have find a new solution of heat equation with a power-law nonlinearity
in a general form of self similar solutions. The method used is called ”traveling pro-
files method” [7]. This method enables us to obtain exact solutions to large classes of
nonlinear PDEs. It gives us the possibility to obtain a varied choice of classes of exact
solutions.
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