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INTRODUCTION

Function spaces have been a central topic in both theoretical and applied mathematics
and of great interest to researchers over the last century. Their importance have been grow-
ing up because of their role in analysis and applications to fluid dynamics, image process-
ing, modern theory of partial differential equations (PDE), the calculus of variation and
many other fields. Since the thirties more sophisticated function spaces have been intro-
duced and developed, in the first place the Holder spaces , Lebesgue spaces L?, Orlics
spaces and Sobolev spaces. Later on many new spaces were created and investigated,
among these spaces were Besov spaces B;i q and Triebel-Lizorkin spaces Fp‘f q in the 1960’s
and 1970’s which cover many well-known classical spaces such as (fractional)Sobolev spaces,
Holder-Zygmund spaces and (inhomogeneous)Hardy spaces.

Function spaces have proven to be very efficient in the study of evolution equations
such as transport and heat equations, wave equations, Navier-Stokes, Euler equations, and
the Schrédinger equation, for a detailed presentation of harmonic analysis tools that are
used to solve partial differential equations and references on the this topic see [8].

Simultaneously to this development, the need to generalize classical spaces such as
Lebesgue and Sobolev spaces to the case with either variable integrability or variable smooth-
ness function spaces have been arousing, especially when problems required more gener-
ilized spaces appeared. the first steps of the generalization can be traced back to 1931 by W.
Orlicz [10], but the modern age began with the paper [30] of Kovacik and Rdkosnik in 1991.
where several basic properties of variable Lebesgue spaces LP") and generalized Sobolev
spaces WPl were investigated and proved.

Since the 1990s the field of variable exponent function spaces has grown explosively
because of their use in a variety of applications and generalizing Besov spaces B"j‘, q and

Triebel-Lizorkin spaces F?_ to the variable indices B;Z((,'))_ 4 and Fpo(l,()'? o, has taken great part of




researchers work. The interest in these generalized spaces comes not only from theoretical
reasons but also from their applications to several classical problems in analysis such as
applications to fluid dynamics [4, 5, 41], PDE and the calculus of variation [24, 43] image
processing[14]. For further considerations of PDEs, we refer to [19] and references therein.

In 2009, L. Diening, P. Hast6 and S. Roudenko defined and studied a generalized Triebel
-Lizorkin spaces with variable smoothness, a(x), and variable indices of integrability, p(x)
and g(x) where several basic properties of these spaces were proved [20], in 2011, Besov
spaces of variable smoothness and integrability BZ((,'))‘ 40 initially appeared in the paper of A.
Almeida and P. Hasto [3], where several basic properties were shown, such as the Fourier
analytical characterization. Later these space was characterized by local means and es-
tablished the atomic characterization in [21]. After that, Kempka and Vybiral [31] charac-
terized these spaces by ball means of differences and also by local means. The duality of
these function spaces is given in [28] and [39].

The aim from this thesis is achieving new results, properties and applications about
the structure of Besov spaces of variable smoothness and integrability. Our thesis consists
of four chapters. In the first chapter, we provide a brief introduction to variable Lebesgue
spaces, Besov and Triebel-Lizorkin spaces with variable smoothness integrability, where
we give their definitions and basic properties and the material that we need in other chap-
ters, we also recount some of their history, and very briefly sketch some of the motivations
for their study.

In the second chapter, we introduce new equivalent quasi-norms of Besov spaces of
variable smoothness integrability and characterize these spaces by continuous local mean.

In the third chapter, we study an important commutator on Triebel-Lizorkin spaces
of variable smoothness integrability and prove certain estimates under no vanishing as-
sumptions on the divergence of vector fields . Such commutator estimates are motivated
by the study of well-posedness results for some models in incompressible fluid mechanics.

In the forth chapter, we introduce new equivalent quasi-norms of Besov-type spaces of
variable smoothness and integrability

The second chapter was accepted to be published by the Ukrainian mathematical jour-
nal but not published yet. The third chapter is a published paper, see [9], and the forth
chapter is a paper in preparation with the advisor.




NOTATIONS

Here we give general notations, throughout the thesis other notations will be introduced
whenever needed.

e R”"is the n-dimensional real Euclidean space,

e Nis the collection of all natural numbers and Ny = NU {0} the set of all non-negative

integers.

e The notation f $ g means that f < ¢ g for some independent positive constant ¢ of

f and g (and non-negative functions f and g),
e and f ~ g meansthat f Sg S f. For x eR,
e | x| stands for the largest integer smaller than or equal to x.

o If E Cc R"is a measurable set, then | E| stands for the Lebesgue measure of E and yp

denotes its characteristic function.

e By ¢ we denote generic positive constants, which may have different values at dif-
ferent occurrences. Although the exact values of the constants are usually irrelevant
for our purposes, sometimes we emphasize their dependence on certain parameters

(e.g., ¢(p) means that ¢ depends on p, etc.).

n

e Foramulti-index a =(ay,...,a,) €N}, we write |a|:=) . @; and D*:=D“ ... D%,

e The Euclidean scalar product of x = (x,,...,x,) and y =(y,..., y,) is given by x - y =

XN+t X, Ve

e For x € R"” and r > 0 we denote by B(x, r) the open ball in R” with center x and
radius r.




By supp f we denote the support of the function f , i.e., the closure of its non-zero

set.
Fora,beR,aV b:=max{a,b}and a A b :=min{a, b}.
R?*!:=R" x [0, 00).

For any j € Z and k € Z" denote by Q;; the dyadic cube 27/([0,1)" + k) and £(Q;;) its
side length.

Q2 :={Qjx: j€Z,keZ"} and j,:=—log,{(Q)forany Q € 2.

For all dyadic cubes Q € £ and r > 0, rQ is the cube concentric with Q having the
side length r{(Q).

The symbol .#(R") is used in place of the set of all Schwartz functions on R”.

We define the Fourier transform of a function f € & (R") by

9(f)(5)1=(27f)_"/2f e " f(x)dx, EeR™

R2
and its inverse by Z1(f)(x) := Z(f)(—x).

We denote by .#/(R") the dual space of all tempered distributions on R".




CHAPTER 1

BASIC SPACES OF FUNCTIONS

1.1 Modular spaces

The theory of semi-modular spaces sometimes called Nakano spaces, is a generalization
of the theory of normed vector spaces was founded by Hidegoro Nakano, in 1950s who
developed an extensive theory of such spaces in [35, 36, 37].

In this subsection we give some preliminaries, where we fix some notations and recall

some basic facts on semi-modular spaces.

Definition 1.1. Let X be a vector space over R or C. A function p : X — [0;00] is called a
semi-modular on X if the following four properties hold:

(1) o(0)=0

(2) p(Ax)=p(x) forallx € X and|A| =1

(3) o(Ax) =0 for every A> 0 implies x =0
(4) A— p(Ax) is left-continuous on [0, 0o[ for every x € X.
A semi-modular is called modular if

(5) o(x)=0 implies x =0,
and called continuous if:

(6) A— p(Ax) is continuous on [0, oo for every x € X.

A semi-modular is called quasi-convex if there exist ¢ = 1 such that

elax+(1—-a)y)< clap(x)+(1—a)o(y)] (1.1)

forallx,y € X and a €[0;1], if c =1 it’s called convex.

Once we have a semi-modular on X we obtain a normed space in the following way

5



1.1. Modular spaces Chapter 1

Definition 1.2. If p is a semi-modular on X, then
X, ={x€X:9A>0,p(Ax) < o0}

is called a semi-modular space.
The norm on X, is given by

Theorem 1.3. If o is a quasi-convex semi-modular on X, then X,, is a quasi-normed vector

space with the Luxemburg quasi-norm given by

Iy, =inf{2>0:0( 3] <1}

Animportant and useful result of left-continuity is that: || x|| x, S1 ifandonlyifp(x)<1

Remark 1.4.
(i) Animportant and useful result of left-continuity is that: || x||x, <1 ifand only if o(x) <

(ii) If o is a quasi-convex semi-modular on a vector space X and x € X, is such that p(x) <
M whereM =1, then

1

1 1
Ol x)= o x (1= —)0) < el 0(x) +(1 - — o0l < 1,

where c is the constant from (1.1), which implies that ||x||Xg < ¢ M, so, to prove that ||x||Xg <
1 it suffices to prove that p(x) < M for some M > 1.

(i) Ifllxllx, <1 then o(x) < lx]lx, -
Example 1.5.

o If1<p<oo,then
Q(f)1=J |f(x)IP dx
R~

defines a continuous modular on The set of all measurable functions over R", X, =
LP(R") and || fllx, = Il fll Lr @)

e Given a function p(-) : N —]0;+00]

o(lx}): Z|x g

The sequence spaces{? the generalized discrete version of the variable Lebesgue spaces.

o LetQ) be a measurable subset of R", ¢ : 2 x [0, 00) — [0, 00] a function such that

6



1.2. Variable Exponent Lebesgue Spaces Chapter 1

(i) foreveryx €eR", p(x,-) is a convex, left-continuous function, ¢(0)=0, lim,_,+

@(x,t)=¢(x,0) andlim,_,, p(x, t)= oo forevery x e R".

(ii) (-, t) is measurable for every t > 0.

then g, defined on the set of all measurable functions on ) by

Qw(f)=f o(x,|f(x))dx
Q

is a semi-modular, if p(x,t) > 0 for all x € R" and t € (0,00) then g, is a modu-
lar. The space induced by the semi-modular g, via Definition 1.2 is called Musielak-
Orlicz space or generalized Orlicz space, see [19, Chapter 2], [34] for more details and
references therein, for an independent theory of Orlicz spaces of the theory of modular
spaces see [29].

1.2 Variable Exponent Lebesgue Spaces

In this subsection we give the definition of Lebesgue spaces with variable exponents LP")
and their basic properties and results. Lebesgue spaces with variable exponents are spe-
cial case of semi-modular spaces, so, the techniques of semi-modular spaces are used to
establish many of theirs properties.

The origin of the variable Lebesgue spaces goes back to 1931 were they were studied
by Orlicz for the first time. Two decades later H.Nakano developed the theory of modu-
lar spaces and introduced the variable Lebesgue spaces as specific examples of modular
spaces where he developed further properties and results. Variable exponent Lebesgue
spaces were independently developed by Russian researchers. They considered and solved

The problem of minimizing the integral

f [f(x)—p(x)P™ d x
0

where f is continuous and ¢ is a polynomial of fixed degree. In 1979, Sharapudinov devel-
oped variable Lebesgue spaces theory on intervals [44], introducing the Luxemburg norm
the local log-Holder continuity condition throughout many papers. In 1986 Zhikov began
applying the variable Lebesgue spaces to problems in the calculus of variations , see [12,
section 1.2] and references therein. The interest in these spaces increased since the 1990s
because of their use in a variety of applications. Foremost among these is the mathemati-

cal modeling of electrorheological fluids.




1.2. Variable Exponent Lebesgue Spaces Chapter 1

In 1991 Kovacik and Rakosnik published a paper that is considered the beginning of
the modern period in the study of variable Lebesgue spaces, they established many of the
basic properties of variable Lebesgue spaces in this work.

The variable exponents that we consider are always measurable functions p on R” with
range in (0, c0]. We denote by Z,(R") the set of such functions bounded away from the
origin (i.e., p~ > 0). The subset of variable exponents with range in [1, 00] is denoted by
22(R"). We use the standard notation:

p_:=ess-infp(x) and p7:=ess-supp(x).
xER™ x€Rn
We put
t? if pe(0,00)and t €(0,00),
wy(t)= 0 if p=o00andt€(0,1],

oo if p=ooandrte(l,o0).

The variable exponent semi-modular is defined by

2p(f)= J wp(lf(x))d x,
R~

if p € #(R") then p,, is a continuous convex modular. The variable exponent Lebesgue
space LPY consists of measurable functions f on R” such that p,(Af) < co for some

A > 0. We define the Luxemburg (quasi)-norm on this space by the formula

Hf”p(_) = inf{)& >0:0p (%) < 1} )

If p € 2(R") then LPY is a normed vector space. As is known, the following inequalities
hold, see Remark 1.4/ (i)

£, <1 (A<, (1.2)

Now we introduce the most important condition on the exponent to study variable
exponent spaces, the log-Hoélder continuity condition.

Definition 1.6. We say that a real valued-function g onR" is locally log-Hoélder continuous

log
loc

onR", abbreviated g € C,,°(R"), if there exists a constant c,5(g) > 0 such that

|g(x)—g(y)| < Cog(8)

< (1.3)
log(e + 1/|x—y|)

forall x,y € R". We say that g satisfies the log-Hélder decay condition, if there exist two




1.2. Variable Exponent Lebesgue Spaces Chapter 1

constants §., € R and c,,g > 0 such that

Clog

|g(x)_goo|<w

for all x € R". We say that g is globally log-Holder continuous on R", abbreviated g <
C98(R"), if it is locally log-Hélder continuous on R" and satisfies the log-Hdlder decay con-
dition. The constants c,4(g) and c,g are called the locally log-Holder constant and the log-

Hélder decay constant, respectively.

Thelocallog-Holder condition was first used in the variable exponent context by Zhikov
[56]. We note that any function g € Cllc?f(R”) always belongs to L°°.

Definition 1.7. We define the following class of variable exponents:
o n n 1 o] n
PR = {p e ZR™): 5 < CER™)},

which is introduced in [18, Section 2]. The class 2'°8(R") is defined analogously.
We define

= lim ,
Poo |x]—00 p(x)

and we use the convention & = 0. Note that although % is bounded, the variable exponent
p itself can be unbounded.

Let ¢ € L!, Define the radial majorant of ¢ by

, xeR".

W(x):= sup |¢(y)

|y |>Ix]

The function @ is radial and decreasing as |x| increases, we note that even if ¢ € L', the
function ® need not be integrable. We suppose that ® € L!. Then it was proved in [19,
Lemma 4.6.3] that if p € 22'°8(R"), then

Qe * fllpey < eIl

forall f € LY, where
1 /-
=—pl|—=], €>0.
Ve en? (s)
We put

Nem(X):= " (1 + 7" )"

for any x e R", t > 0 and m > 0. Note that ), ,, € L' when m > n and that ||77t,m||1 =c(m)
isindependent of . If r =277, ve N, then we putn,,,,, == 15 -

9



1.3. The mixed Lebesgue-sequence spaces Chapter 1

The Hardy-Littlewood maximal operator ./ is defined on L} by

loc

1
M f(x)=su (Mldy.
T =5 1B, ) JB(X,,) f]dy
It was shown in [19], Theorem 4.3.8 that .# : LPY) — LPU is bounded if p € 2'°8 and p~ > 1.
Note thatif p € 2 and p* < 0o, then p € '8 ifand only if p € Clloocg.

We also refer to the papers [13],[12] and [17], where various results on maximal function

in variable Lebesgue spaces were obtained.

We end with the generalization of Holder’s inequality on variable Lebesgue space. As

% =1 with the

usual, if p € 2, then p’ denotes the conjugate exponent of p given by % +5

convention that 1/00 =0.

Theorem 1.8 (Holder Inequality). Ifp € 2(R") then for all f € LPY(R") and g € LP'O(R™)

J If(x)g(x)ldx < C”f”p(-)Hg”p’(-)'
Rn

We refer to the recent monographs [12, 19] for further properties, historical remarks

and references on variable exponent spaces.

1.3 The mixed Lebesgue-sequence spaces

1.3.1 The space (90(LPV)

Definition 1.9. Let p,q € 2,(R"). The mixed Lebesgue-sequence space {7(LPV) is defined

on sequences of LPV -functions by the semi-modular

QM(')(LP(»))((fV)veNO) = Z inf{lv >0: Qp(-) (%) < 1} ’

veN,

we use the convention A% = 1. The quasi-norm is defined from this as usual:

. 1
H(fv) veNo || gat)(Lp0)) = lnf{‘u >0 Qgavro) (;_i(fV)V) < 1} . (1.4)

If g* < oo, then

(

p0)’
q()

: f 0
1nf{k>0:gp(_)(m) < 1} = H|f|q

since the right-hand side expression is much simpler, we often replace (4.3) by a simpler

10



1.3. The mixed Lebesgue-sequence spaces Chapter 1

expression even when g* = 0o, this expression is given as follows:

oo
| =S A1
£a0(LpL) vy q0)

As special cases if the exponent g is a constant from (0, o0) then the semi-modular
1
Qesow(fiveny) = Yooy | £, and \ () ety = (oo | ll5) > and if g = 00 then

|| = 5P 5l
Now, we give some important properties of the semi-modular of Definition 1.9 and

(f V) veN,

£a(rLp®)

the quasi-norm (4.3). The first theorem ensures that indeed Definition 1.9 gives a semi-

modular, see [3].

Theorem 1.10. Ifp, g € ,, then L99(LPY) is a semi-modular. Additionally,
(i) itis a modularif p*™ < co; and
(ii) itis continuous ifp*,q* < co.
Next, we give sufficient conditions on p and q that make || - ||;4zr) @ quasi-norm or a
norm, we begin with results from [3].

Theorem 1.11. Let p,q € 2, then || - || a0 00y is a quasi-norm on £99(LPV).

Theorem 1.12. Letp, q € 2. Ifeither ;+7 < 1 point-wise, or q is a constant, then || - || gz

is a norm.
In [32, Theorem 1] another sufficient condition was given

Theorem 1.13. Letp,q € 2. If q(x) < p(x) < o0 for almost every x € R", then || - ||yqo(zro

defines a norm.
Remark 1.14. Let p, g € Z(R"),

(i) foranyr >0 andanysequence(f,),en, of measurable functions onR", 0q0r0((fy)ven,) =

1
uacrrerom((1 1) veny) @A NF,)vessgNestrwroy = 1L Vet bty oo

@) 19040 < 1 ifand only if || f1] ) < 1.

1.3.2 The space LPU(¢90)

Let p,q € Z,(R") and g is with real values. For a family of functions f, :R” = R, v N, we
define for any x € R”

1

q(x)
||(fV)V€No||M(x) = (2 |fv(x)|q(x)) ’

vEN

11



1.4. The space Fpo(‘.()")q(,) Chapter 1

The mapping x — ||( Iv)ven, H (aw 18 @ function of x and can be measured in LPY. The space
LPY(¢9V) is defined to be the set of all sequences (f,)

of functions such that
veNy

||(fv)v€N0 ||Lp(~)([l](‘)) = || ”(f”)VGNO ||M(') ||p(~) < ©0.

It is easy to show that LPU(£9V) is always a quasi-normed space and if p, g € 2 (R") then

it's a normed space.

1.3.3 The maximal operator

The maximal operator has proved to be very useful in analysis, but it is not well suited to
the mixed Lebesgue-sequence space £70(LPV) and LPVY(£9Y). It was found in [20, Section
5] that the maximal operator is not bounded on LPY(£90)) when ¢ is non-constant. In [3] A.
Almeida and P. Histo showed by example [3, Example 4.1] that the maximal operator is in
general not bounded on £90(LPV). We use instead the n-functions when we work in vari-
able exponents scales £90)(LPY) and LPY(¢90) to replace the role of the maximal operator
in £9(L?) and LP(¢{7) with fixed p and q. The following statement are from [3, Lemma 4.7]

and [20, Section 5] respectively.

Lemma 1.15. Let p € 2'°¢(R") and q € 2,(R") with % € C8(R™). Form > n+ Clog(1/4),

loc
there exists ¢ > 0 such that

”(nv,m *fv)V”M)(Lp(,)) Sc ||(fV)v||gq(-)(Lp(-))'

Lemma 1.16. Letp,q € 2'°¢(R") with1 < p~<pt<ooandl1< g~ < g <oo. Form> n,
there exists ¢ > 0 such that

||(77 v,m * fv)veNo ||Lp(~)(£q(»)) Sc ||(fv) €Ny ||Lp(»)(lq(<))'

a(-)
1.4 The space Fp(,)’ a0)

Let us first introduce the concept of a smooth dyadic resolution of unity or dyadic decom-
position of unity, see also [46, Section 2.3.1].

Let ¥ be a function in .(R") satisfying ¥(x) =1 for |x| < 1 and ¥(x) = 0 for | x| = 2. We
define iy and ¢ by Zy, =¥ and ZyY(x)=V¥(x)—P(2x) and

FY,(x)=F Y2 "x) for veN.

Then {7 ,},ey, is a smooth dyadic resolution of unity, that is

12



1.4. The spaceF ha0) Chapter 1

(i) suppZFyY,c{xeR":|x|<2};
(ii) suppFy c {xeR":1/2<|x|<2};and
(i) >0, F,(x)=1forall x eR",

any system of functions {y’,, v € Ny} ¢ #(R") satisfies (i), (ii) and (iii) is called smooth
dyadic resolution of unity. Thus we obtain the Littlewood-Paley decomposition

f=Z¢v*f

for all f € /(R") (convergence in .%’(R")).

Remark 1.17. We denote by {7V, Z )} every smooth dyadic resolution of unity {y,, v €
Ny} € Z(R") generated by ¥ and ) withy,=V and ZY ,(x)=FY(27"x) for veN.

We are now in a position to state the definition of the spaces Fps(g? a0

Definition 1.18. Let (FY,),ey, is a smooth dyadic resolution of unity. Fora :R" — R and
p,q € P, where p,q < o0, the Triebel-Lizorkin space F consists of all distributions
f €S (R") such that

_” zm ¢V*f VENo”Lv paw) < ©9-

Using the system (¢, ),ey, We can define the quasi-norm

171

El, _H (2™, f) VGNo”LnM

for constants e € R, p €[1,00) and g €[1, co]. The Triebel-Lizorkin-type space pr‘ q consist
of all distributions f € &/(R") for which ||

do not depend on the choice of the system (¢,),ey, (up to equivalence of norms). Further

ro < 00. Itis well-known that these spaces
p.q

details on the classical theory of these spaces can be found in [46] and [47], see also [48] for
recent developments. One recognizes immediately that if s, p and g are constants, then

al’) —rna
Fn( 24() F

Foranypqe,@  with p* < 00,g" < o0, andozeC1

oc’

the space Fp"(lgy)q(,) does not
depend on the chosen of system (¢,),cy, (in the sense of equivalent norms). They are
Banach spaces, and
n a() /(o n
S RY) = F, )= S (RY).

In particularif p € C1 1<p~<p*<oo,and m €N, then

oc’

m  _ m,p()
FP(J,Z—W !

13



1.5. The spaces B;f((f)), a0 Chapter 1

see [20]. The full treatment of the spaces F , can be found in [20] and [19]. We refer
to the paper [51], for further results on the Varlable Triebel-Lizorkin spaces Fp(_), q (only the
case of constant g was considered). We also mention the papers [6] and [7], for further

results on the variable Bessel potentials spaces and variable Sobolev spaces.

al)
1.5 The spaces Bp(.), a0)

We state the definition of the spaces B;Z((f))‘ a0 which was introduced and investigated in [3].

Definition 1. 19 Let{ﬁtp } be a resolution of unity, a : R" — R and p, q € Z,(R"). The
Besov space B 4() consists of all distributions f € &'(R") such that

B 1@ s sz < 00

Taking ¢ € R and g € (0, 00] as constants we derive the spaces B, studied by Xu
in [51]. We refer the reader to the recent papers [1], [2], [21] and [31] for further details,
historical remarks and more references on these function spaces. For any p,q € Q’OIOg(]R”)
and s € C,°%, the space B!

p()
unity {74 ,},en, (in the sense of equivalent quasi-norms) and

() does not depend on the chosen smooth dyadic resolution of

n s() / n
S (R")— Bp(.),q(,) — Y(R").

Moreover, if p, g, s are constants, we re-obtain the usual Besov spaces B"j’ . studied in detail
in [46] and [47].
The following theorem gives basic embeddings between Besov spaces and Triebel- Li-

zorkin spaces

Theorem 1.20. Leta,ay,a, € L*° and p, q, q, € Z,.

* Ifqy< ¢, then

al) )

B0 7 Boonait)
o If(ay ~>0, then

() ()

B0 < Boonait)

e Ifp*,q" < o0, then
al) al) a
B, minp0.a0) ™ Fpna) ™ Bpormaxp()a0)

Now, we consider embeddings of Sobolev-type

14



1.5. The spaces B;f((f)), a0 Chapter 1

Theorem 1.21 (Sobolev inequality). Let py, p1,q € ¥ and ay, a, € L™ withay, > a,. If1/q

and
n n
ao(x)— =ay(x)———
Po(x) pi(x)
are in Clloocg(]R"), then
() al)
Byt = Burao

We end the chapter with some results which are useful for us. The first Lemma is [19,

Lemma A.3] while the second lemma is from [20, Lemma 6.1], see also [31, Lemma 19].

Lemma 1.22. for v,, v, € Ny, and m > 0, we have

nvl,m * T]VZ,m ~ nmin{vl,vz},m-

Lemma 1.23. Leta € Cllg’cg(R”), m €Ny and let R > c,4(@), where c,4(@) is the constant from

(1.3). Then there exists a constant ¢ > 0 such that

t_a(x)nt,m+}?(x_y) Sc f“(y)m,m(x —)

forany0<t<1andx,y€R".

The previous lemma allows us to treat the variable smoothness in many cases as if it
were not variable at all. Namely, we can move the factor t~%*) inside the convolution as

follows:
l‘_a(x)rlt,mﬂi’ xf(x)Scnem *(t_a(‘)f)(x)-

The proof of this lemma is given in [23, Lemma 2.2].

The following is [31, Lemma 9].

Lemma 1.24. Let p,uc ¥ (R"), and M > —1 an integer such that

f x%u(x)dx=0 (1.5)
Rn
forall|a| < M. Then for any N > 0, there is a constant c(N)> 0 such that

sup [t 7" u(t )% 0(2)| (1 + 12N < c(N) £

z€Rn

Remark 1.25. Since fRn x%u(x)d x = i'" D%(F u)(0) the assumption (1.5) is equivalent to
DY(Fu)(0)=0

forallla| < M.

15



CHAPTER 2

CONTINUOUS CHARACTERIZATION OF
BESOV SPACES OF VARIABLE
SMOOTHNESS AND INTEGRABILITY

2.1 Introduction

The main aim of this chapter is to present new equivalent quasi-norms of Besov Spaces of
variable smoothness and integrability B’f((f))v 4()- Based on the continuous version of Calderén
reproducing formula, we define new family of function spaces and prove their basic prop-
erties such as the independence of the chosen resolution of unity and the characteriza-
tion by the so-called continuous Peetre maximal functions. Later, under some suitable
assumptions on the parameters we prove that these function spaces are just the Besov
spaces of variable smoothness and integrability of Almeida and Héast6. Finally we char-
acterize these function spaces in terms of continuous local means.

There are lots of difficulties we need to over come when working in variable Besov
spaces and other variable scales generally, many techniques used in classical fail with vari-
able scales or must be adapted and generalized, other difficulty is the definition of norms
in variable scales which, in general ad additional difficulties and most of time we have to

use the associated semi-modulars rather than quasi-normes.

16



2.2. Basic tools Chapter 2

2.2 Basic tools
In this section we present some useful results. The following lemma is from [54, Lemma
3.14], it’s valid even when g* = co.

Lemma 2.1. Let p,q € Z\(R"). Let f be a measurable function onR". If

A1l > 1

o
q()
then
L1 < A1l
The next lemma is a Hardy type inequalitie, see [33].

Lemma 2.2. Let s > 0 and (&,)y<;<1 be a sequence of positive measurable functions when t

is a continuous variable. Let
1 t

art art

ntztsf 7 e, — and 6t:t_sJ Tie,—.
t T 0

Then there exists a constant ¢ > 0 depending only on s such that

Ydar (' ar Y odr
0 t 0 t 0 t

Lemma 2.3. Letr,N >0, m > n and 0,w € & (R") with suppZ w C B(0,1). Then there

exists a constant ¢ = c¢(r,m,n)> 0 such that for all g € &' (R"), we have
|0y oy *g (X)| < ey, m* |y *g| ()", xeR”,

where Oy(-):=N"0(N-), wy(-):=N"w(N-)andny , :=N"(1+N ||

The proof of this lemma is given in [23, Lemma 2.2]. We begin with a very important

Lemma

Lemma2.4. Leta<(0,1),5 €(1,00),p € 2'°¢(R") and g € 2 (R") with % € Cll;cg (R™). Let

min{l,8¢} dr
g:(x) ::f nfym*ff(x)T, t€(0,1], x eR".

t

(i) The inequality

lleg .. < j
q()

at

min{l,6¢}
A 4 e, ce1]
) T

17



2.2. Basic tools Chapter 2

holds for every sequence of functions(f;)y<:<; and constant m > n+ clog(é) such that the first
term on the right-hand side is at most one, where the constant ¢ independent of t.
(ii) The inequality

||(gt)0<t<1’

< _
ooy S € ”(ff )0<f<1||zq(~>(m‘))

holds for every sequence of functions (f,)o<;<; and constant m > n + clog( ) such that the
right-hand side is finite.

Proof. First let us prove (i). The claim can be reformulated as showing that

J=|le 67, <1+10gE, re@

min{l,8¢}

"E

where ¢c; >0and o : f

choice of ¢;, we get

|[1.£:14¢ || " dT +t. Applying Lemma 1.23, with an appropriate

Pt L drt
J < ] ||Cl5 ‘“')(m,m*ﬁ)H,,(.)T
Pt
<cq ||77tm log() kO ™ |f||| —, m>n+ =)
e
< 67 £|]
Jat

since 6 € (t, 1+¢]and that the convolution with a radially decreasing L' -function is bounded
on L"), since m > n + clog(é). Write

Bt
f A ac _J ...ﬂ+f .4z
at T (at,ptINB T (at,ptINBe T

= ]1,t+]2,t’
where
B:={r>0: 1671 £|7]|,,, > 1
q()

By Lemma 2.1,

hes [ ot <o [y L <

o (at,BiINB o T w 0o
and
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Now we prove (ii). By the scaling argument, it suffices to consider the case

||(ft)0<t<1||£W)):1

and show that the modular of f on the left-hand side is bounded. By rewriting

1 t
|[lc g1t || <tJ T_1€T%+t_1f Tsfg+t.
t 0

where €, = ||| f.|at H and the constant c is from (i). Applying Hardy inequality, Lemma
2.2, we get
dt
c q0) —<
[ egiry
for some positive constant C, which proves the desired result. O

Lemma 2.5. Let0<m,r < oo such thatmr > n. Let{Z®, 7 ¢} be a resolution of unity:

9¢(g)+f gw(ti)?:l, £eR".
0

(i) Let 8 € & (R") be such that supp Z 0 c {£ € R" : |E| < 2}. There exists a constant ¢ > 0

such that .

dart
|9*f|r Cnlmr*lq)*fl +Cf nl,mr*lgof*fer

1/4
forany f € '(R"), where p. =17"p(2).
(ii) Let w € < (R") be such that supp Fw C {£ e R" : % < |E] € 2}. There exists a constant
¢ > 0 such that

min(1,4t)

at
|C() *f| Cnlmr*lq)*fl +Cf 7/’T,mr>|<|(,0’L'>kf|r_
L4 v
forany f € &'(R") and any0 < t < 1(if t €(0,1/4], the first term on the right hand side is
null), where w, = 7" w(3).

Proof. We split the proof into two steps. First the case 1 < r < oo follows by the Holder
inequality.
Step 1. Proof of (i). Since {Z ®, Z ¢} is a resolutions of unity, it follows that

1

d
9*f=<I>*9*f+J H*QOT*fTT.

1/4
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2.2. Basic tools Chapter 2

First recall the elementary inequality
A" Mgy —2)<d*" Ng_m(y —XMNamx—2z), d>0,x,y,z€R", 2.1
which together with Lemma 2.3 implies that

@x0xf(YN" S Mm@ fI(Y)
= Cf Mmr(y —2)|®* f(2)]"dz
Rn

S nl,—mr(y_x)nl,mr*lq)*f|r(x)

for any x € R” and any m > 2. Furthermore,

@0 f(y)l < f mn(y—2)l0xf(z)ldz
R~

N

N,—m(y — X)Hl*""f(X)f MN-m(y —2)dz
R
N—m(y —x)07"" f(x)

A

for any N > m + n, where

0o ()= sup 1EI W)

——=— xeR"
yERn (1 + |y _xDm

Therefore,
@56 % F(Y) S Moy —X) (07" F(X)) ™ 11y %1% f1 (%)

for any x e R” with mr > n. Again from Lemma 2.3 we conclude

0@ % f(YN" S Numrxlo:*fI"(y)
(1+|y_x|)mrnl,mr*|gof*f|r(x)

74\

and

ZAN

|05 @ f(y)l

NI

J NNy —2)0x f(z)ldz,
Rn
S (A+]ly—=x))"0™ f(x)

20



2.2. Basic tools Chapter 2

for any x e R”, any m > n and any N > m + n. Consequently

1

1-r d
0;" f(x)< (6" f(x) (m,mr*l‘1>*f|r(x)+J m,mr*ltpf*fl’(x)%), 2.2)

1/4
which implies that

1

art
|9*f(x)|r <c nl,mr*lq)*f|r(x)+cj nl,mr*|¢r*f|r(x)7 (23)

1/4
when 6 "™ f(x) < oo, which is true if m > 2 + N, (order of distribution). We will use the
Stromberg and Torchinsky idea [45]. Observe that the right-hand side of (2.3) decreases
as m increases. Therefore, we have (2.3) for all m > = but with ¢ = ¢(f) depending on f.
We can easily check that if the right-hand side of (2.3), with ¢ = ¢(f), is finite imply that
0" f(x) < oo, otherwise, there is nothing to prove. Returning to (2.2) and having in mind
that now 6; "™ f(x) < 0o, we obtain the desired estimate (2.3).

Step 2. Proof of (ii). We have

min(1,47) drt 0, i 0<t<i;
W f = s RO
t/4 T wx®xf, if ;<<

Let

min(1,4¢t) dr
gt(y)=J w[*%*f(y)T, yeER",0<t<1.
t/4

It follows from Lemma 2.3 that

lwrx@ex FYNT S Nemrxl@ex fI7(¥)

S Nemrxl@xfI'(¥)
= Cf nr,mr(y_z)lgof*f(z)'rdz
Rn
S A+ My =xD)" e e %@ x f17(x)
and
lwexp-xf(y) S J Nen(y —2)|lw, x f(z)ldz
R~
S w’;mf(y)J Nen(y —2)1+17y—z)"dz
R~
S " f(y)
S A+ y—xD)" w0t f(x)
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forany x, y e R”, any /4 < 7 <min(1,4¢),0< t <1and any N > m + n, where
yx,y y y

Cl)):'mf(X) =su |wt *f(J/)| ’
yern (L+ 11y —x[)m

x,yeR",0<t<1.

Therefore, |g;(y)| can be estimated from above by
c(@ymf) My — x0T

min(1,4¢t) drt

Xf (1+T_1|y_x|)mrnr,mr*|(pf*f|r(x)_
T

t/4

min(1,4t)

—r po AT
S @+ ey —x)" (w0 f(x) J Nemr ¥1@e* fI1(x)=—,
t

/4

if 0 < r < 1. Now if ; < 7 <1, we easily obtain

lw, x@* f(Y) = |, *®* f(y)'" " |w, x®* f(y)I"
S @+t y —x )™ (@ F)) Dy #[Bk FIT ()
< (1+t_lly—xl)m(w*;'mf(x))l_rTh,mr*|‘1’*f|r(x),
which yields that

sup |, x®@x f(y)l
yern (L+ 171y —x|)

— S (@ F) T My #19x FI ().

Consequently

min(1,4t)

o * f(x)" S (™ F(x)) S Nime *I‘I’*flr(X)+f

t/4

art
nr,mr*l()or*flr(x)T- (24)

when ¥ f(x) < 00,0 <t <1and x € R". Using a combination of the arguments used in

(i), we arrive at the desired estimate. The proof is complete.

The following lemma is [42, Lemma 1]

O

Lemma 2.6. Let p,q € Z,(R") and 6 > 0. Let (g;)ren, be a sequence of non-negative mea-

surable functions on R" and denote

G,(x)= Z 270kMg (x), xeR", veN,.

kENO
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2.3. Variable Besov spaces Chapter 2

Then there exists a positive constant ¢ depending on p,q and 6 such that

”(Gv)veNo ||M(~J(Lp(~)) S¢ ”(gk)keNo Heqm(m)) :

2.3 Variable Besov spaces

2.3.1 The space (70)(LrD)

Let (f):<0,1) be a sequence of functions f;(x), ¢ € (0,1], x € R", measurable on (0,1] x R”,

We set .
. fi dt
QZW))((ft)O<t<1)::J lnf{/lt>039p(-)(AT;(.) <1 -
0 t

we use the convention A% = 1. The quasi-norm is defined from this as usual:

”(ft 0<t<1||m N2 —mf{u>0 O oo ( (fi 0<t<1)\1}

Now, we give two cases where it is possible to simplify the expression of the previous quasi-
norm.

Example 2.7.

(i) Ifthe exponent q is a constant from (0, 00) then the semi-modular

1/q
i = [ Wil 2 and v e U 151, ) |

(ii) Ifq = 00, letu = ess-sup || f;|,) < 00, then forallt €(0,1],A, > 0 we have g, (fi,/if,)
t€(0,1]

0,0(fi/u)<1 themnf{l, >0: ,Qp(.)({i[//g,) } 0, implies that 0 5 ((f/Mo<r<1) =
0, therefore ”(fz)0<z<1||€m)
then there exists a subset I C (0,1] where |I| > 0 and m < ||f;||,, on I, then for all
t€l, A, >0 wehavep,, (féffj) =0,0 (ﬁ/m)> 1, thenmf{/l >0: 0,0 (fﬂéo"l) < 1} =
inf@=+o0 forallt € I, therefore € o170 ﬁ/m o<i<1) = +00 forany m € (0, u), hence

< U, now, we prove the reverse mequalzty, letm e (0,u)

(o< ||g;7LT,(.)) = ess-supl| fill -
t€(0,1]

Ifess-sup || f;|| ;. = oo then for any positive m there exist a measurable subset I C (0,1]
t€(0,1]

of positive measure such thatm <|| f;|| ., on 1, it follows that for any positivem and t €
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I, inf{/lt >0: Qp(.)(flé:l) < 1} = inf() = + 00, and then Qem)((ﬁ/m)0<t<1) = +00,

therefore,
Fdoceaa|| iz = 1nf{m > 0: 0, ((fi/ Mhpcrca | < 1} = inf B = +o0.

Theorem 2.8. Let p,q € 2)(R"). For every function f(t, x) measurable on (0,1] x R" the
function defined by

Gf(t)::inf{/lt>0:Qp(.)(%)<1}, r€(0,1],
t

is measurable on (0, 1].

Proof. First, we prove that if g is a non-negative function null outside a measurable subset
of (0,1] x R" of finite measure , then @, is measurable on (0, 1]. For such a function there
exists an increasing sequence of step functions g; that converges pointwise to g. namely,

8i(t, x)< gryi(t,x)forall k eNgand (¢, x) €(0,1]xR”, lim;_, gx(t, x)=g(t, x), where

N
g, x)=> afyp
i=0

where each rectangle R is a product of n + 1 one-dimensional bounded intervals,

n+l

k_ ik ik
R! _l_![aj b
J:

with [af'k, bf’k[c (0,1], and H?:zl[a]i.’k, b;'k[c R”, without loss of the generality we can rela-

1

bel the numbers al’k, bf’k,o < i< N as x; < X, <+ < Xy, (the number of the x;’s may be

less than 2V, ), so, we can rewrite

2N

gk(t,x):Zaf)(Bik
i=0

where the first side of each rectangle Bl." is one of intervals [x;, x; [, the advantage of this
new representation is that gi(;,-) = gi(%,") for any 1, t, € [x;, x;44], it follows that O, is
constant or equals co on every [x;, x;,;[ and null outside | J[x;, x;41[, then, Oy, is mea-

surable for any k € N;,. We have O, < O, < O, since g; < gy < g for all k € N,

8k+1

The sequence of functions (0, )iey, converges to a measurable function we denote by

)
8k
A, then A < ©,. We have for any ¢ € (0,1], if A, = oo then ©4(¢) = o0 and if A, < o0

. NP . . . .
then the sequence of functions (gk( t,")/ Ai/ 9t )) is increasing and converges pointwise to
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1P
(g(t, YA ))p , then we get

(%) p(x)
g g(t,x)\" . (1, x)
Op0) (‘Al/q(-)) :f ( Al/q(x)) dx=lm NCE) dx<1
t Rn t Rn t

which implies that A =0y, then, O, is measurable.

Now, let f be an arbitrary measurable function defined on (0,1] x R", since ©; = 0,
it suffices to suppose that f is non-negative. Then, there exists an increasing sequence of
non-negative simple functions f, that converges pointwise to f , namely,

fu(t, x)< f(t, x)forall n e Ny and (¢, x) € (0, 1] xR”, lim,,_,, f,,(t, x)= f(t, x), where

Ny,
fult, )= ey
i=0

where the A are disjoint measurable subsets of (0,1] x R” and of finite measure. since f,
is null outside UAI" and UA? is of finite measure, by the first part, © 7, 1S measurable for
any n € Ny, by similar arguments as in the first part we prove that ©, is measurable.

O

Theorem 2.9. Ifp,q € 2, then g lS a semi-modular.

q()

Proof. To show that g
nition 1.1, Properties (1) and (2) are clear. To prove (3), suppose that o, _5—- e 7L (Afi)o<i<1)=0
forall 2> 0 then [||4 ;19| , =0 forall 2> 0, since [[IA. 10|y = @eae /lf,,0,0, -))and
QatLrt 1S @ semi- modular we deduce that f; =0 for all £ €(0,1].

0 1s a semi-modular we need to check properties(1)-(4) of Defi-

To prove the left-continuity we see that it suffices to show that the sequence g ((,un
ft)o<t<1) converges to o, —— e ﬁ o<:<1) for every non-decreasing sequence u,, of elements

in (0, 1) that converges to 1, smce the sequence of function (|||, f;19"|| »0),, is non-decreasing
61(<)

. 1 _ dt 1 .
hﬁnfo H|“”ft|q() QTZL H|ft|q()

where we have used lim,, |||u,, ;197 oy = = ||| f;|9¢ || Wthh follows from the left continuity

we have

1
dt . at)
m7=L i 1]

q()

of 9 gq0(Lr0)- [

By Definition 1.2, the space £90)(LP0) is the set of all sequences (f;(x)),¢,1; of measur-
able functions f; on (0,1] x R" such that g, _— e 7L (Afi)o<i<1) for some A > 0. It still to prove

that || (fdo<i<a || (a0(Lr0) is indeed a quasi- norm, We follow the approach used in [3].

Theorem 2.10. Letp,q € 2. If ;; + ; <1 point-wise, then |(fo<ea is a norm.

||£a(<)([‘p(<))
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a0 Lp0) 1
Proof. Let (foesct € L1O(LPO). T [[(fo<r<a|,sizm, = O then [ HIAIT ¢ < p for all
u € (0,1] which implies fol |||ft|q(~)||
q

q0
)4t = 0 and then fi =0forall £ €(0,1]. it’s clear that
||()L.f[)0<[<1 ||Zq(A)(Lp(A)) = |A‘| ||(.ft)0<t<l ||€‘7('](Lp(')) fOI‘ all A (S (C
Now, we prove that

(A

=

t

H(ft +8ho<i<1 a0(LP0) < ”(ﬁ)oqsl”[m(n"‘ ||(ft)0<t<1||em)

for all (f;)o<:<1,(€:)o<i<1 €LTO(LPD). By [3, page 1636], we have for all A, u >0,

q() q() q()

A

\)L+,u

fi+8
A+u

fi
A

U
+—
) A+u

q()

8
u

20}

0]
q()

Now, taking A > ”(ff)0<f<1||zm))’ u> ||(gf)0<f<1||em)) and the integral fol -dt/t onboth
sides, we get
||(fr +gr)o<r<1||gm) SA+u,

which implies the desired result, The proof is complete. O

Theorem 2.11. Let p,q € &, then|| - HZWJ) is a quasi-norm on £40)(LP)),

al)
2.3.2 The space s pOL0)
In this subsection we present our version of Besov spaces of variable smoothness and in-
tegrability, and prove the basic properties in analogy to the case of fixed exponents. Select

a pair of Schwartz functions ® and ¢ satisfying
suppZPc{xeR":|x|<2}, suppFypcC {x eR":1/2<|x|< 2} (2.5)

and

1
9(1)(5)+f 990(@)#:1, £eR". 2.6)
0

Such a resolution (2.5) and (2.6) of unity can be constructed as follows. Let u € . (R") be
such that |9’,u(§)| >0 for 1/2 < |&] < 2. There exists n € & (R") with

suppZnc{xeR":1/2<|x|<2}

such that -~
d
f 9u(t€)9n(t€)7t=1, £ 40,
0
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see [16], [26] and [25]. We set F ¢ = F u.F n and

o d
f wua% it £#£0,
1
1 if £=0.

Fo(&)=

Then Z® € ¥ (R"), and as &1 is supported in {x € R" : 1/2 < |x| < 2}, we see that supp
FocC{xeR":|x|<2}.

Now we define the spaces under consideration.

Definition 2.12. Leta :R" — R and p,q € Z,(R"). Let {Z ®, 7 ¢} be a resolution of unity
andweputy, =1t7"¢(;),0<t < 1. The Besov space %Z((.-)),qt) isthe collection of all f € '(R")
such that

7]

2.0 — —a() _
Bya0 ||(I)*fllp(')+||(t ‘ %*f)0<f<1”eﬂ('>(m’)< o

When g = 0o, the Besov space %Z((.-)),oo consist of all distributions f € .&/(R") such that

]

i;é:;m = |}<I>*f||p(.)+ sup |77, *f)||p(,) < 0o.

One recognizes immediately that %Z(& q) 18 @ quasi-normed space and if ¢, p and g are
constants, then
p(i)),q(d =B,
where B;f' q is the usual Besov spaces.

Now, we are ready to show that the definition of these function spaces is independent
of the chosen resolution {Z®, .7 ¢} of unity. This justifies our omission of the subscript ®

and ¢ in the sequel.

Theorem 2.13. Let {7, 7 ¢} and {9\11,91/)} be two resolutions of unity. Leta : R" - R
and p,q € Z,(R"). Assume that p € 2,°¢(R") and a, é € C°8(R"). Then

loc

]

®,0 v,y
gy S|l -
p()a() p()al)

Proof. Itis sufficient to show that there exists a constant C > 0 such that for all f € %Z((Z)) 40

we have

7]

D, U,y
wi) S C[flly (2.7)
p()q() p()q0)
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2.3. Variable Besov spaces Chapter 2

interchanging the roles of (¥,1)) and (®, ¢ ) we obtain the desired result. By Lemma 2.5/(ii)

min(1,4t) . 1

art 0, if 0<t<g3;

|(pt*f|r<cf T’T,N*“p’r*fer'i'{ N
t

/ cmnxUxfl, if 3<r<l.

where r = min{p~,q~} and N arbitrary large. For all £ €(0,1] and ¢/4 < v < min(1,4¢) wi
have 1/4< 7/t <4,sincea € Clocg(]R”) then «a is bounded, hence, by Lemma 1.23

[t™@x fI" < ch(t)+ cg(t)

where (1)
min|
' B art
8 ::J 7/’T,N”"lﬁc— a’#r*flr—
t/4 T
and

0, if o<t<i;
ht::{ 4

MmN fl7, if <1<,

where N’ = N — clog(ra) still can be taken arbitrary large, remark that 1, 5. < n; 5. Since
p/r € 2"°8(R") and q/r € C°(R"), by taking N’ large such that N’ > n+ r Clog(1/4 ()

loc

Lemma 2.4 yields

||(gt)0<f<1 ”eaw/r(Lp(»J/r) sc ”(l Y x fl owraa ”eq(m/q

<c ||(t_al/J[ *f)0<t<l||zm)'

Now, we estimate H 0<t<1||€q T s if ||lIl>x<fH <1, since N’ > n, p/r € 2'%(R")
and the convolution with a radially decreasing L!- functlon isbounded on LPY/" | it follows,

||T’1,N’* |\Il*f|r\|p(,)/r S “‘I’*f”;(a < 1, hence there exists ¢; > 0 such that ||61771,N/* IlIl*fIr”p(v)/r

(/1)

< 1, it follows that H[cl Ny * W fl7 ](q < 1, therefore

2=
e e

1

(qC)/r
[Clnl,N/*|‘I’*f|r]

O yacir (o0 /r)((clh )te(O,l]):J

1/4

then,

< H (T Lo < ¢, by scaling arguments we get,

||(ht)0<t<1||gq[m/r) s¢ ||\I;*f||;(),
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2.4. Relation between %ZE',)) and Bp( ) Chapter 2
therefore
0700w PV ho<sesl iz, < € [ do<rllgizznnn * € [hedocra iy
sc ”(t lpf*f)0<t<1”eW))+ ¢ ”‘I'*f”p(-)
r

< 2¢ ( ;ép((z))yq(-)) ’

this implies that
”(t_a(')@r *f)0<t<1||€W)) S \Il’gjm (2.8)

With similar arguments, Lemma 2.5/(i)

1

art
| f]" C771N*|‘I’*f|r+cf T)l,N*Wr*fVT
1/4

1

r rdT
<CT’I,N*llIl*fl +Cf 7/}T,N’km- lpf*f|

1/4

o,
;’f.) < 1then
Bpia0)

1
let k := fanT,N*w—alpT

1
_ ()/r) dt
fl [|T al/’¢*f|r] MT<1’

/4

remark that ||[| - I](”’”)II% =||(| - |7 )@t} || e by taking N large enough, Lemma 2.4/(i) en-
L

sures that there exists a positive constant ¢ such that || |c k|70 || »orr S 1 which implies that
qt)/r

llckll,eyr <1, it follows that ”|<I>*f|’||p(.)/r < ¢, by scaling arguments we get

||(I)*f||p(-) S
this with (2.8) proves (2.7), the proof of Theorem 2.13 is complete. O
° a(') a(')
2.4 Relation between B () and B 0.q0)

In this section we present the coincidence between the above function spaces and the vari-

able Besov spaces of Almeida and Hésto..

Theorem 2.14. Leta : R" — R and p,q € Z,(R"). Assume that p € 2,%(R") and ;€
C¥(R"). Then

loc




. al-) al+)
2.4. Relation between B p(a() and Bp(.), 40 Chapter 2

in the sense of equivalent quasi-norms.

Proof. Step 1. We will prove that

Let {Z®,Z ¢} and {9‘ Y j}jeNO be two resolutions of unity and let f € ‘BZ((',)), 4 With

I7]

o S 2.9
30 (2.9)

We have, Z 1), is supportedin { e R" : |£| <2}, and supp ZFyY, c{£ eR":1/2< || < 2}.
from Lemma 2.5 for all € N, we have

min(1,2%77)

0, if v>2;

art
x| TV _x fIT— +
nT,N | 907 f| T { Th,N*|‘1’*f|r’ if VZO,I.

|2W(.)lpv*f|r S J
2—v—2

where r =min{p—, g~} and N can be taken arbitrary large. For any v € N; denote the first

term on the right hand side by g,. Since p/r € 2'°¢(R") the convolution with a radially

decreasing L'-function is bounded on LPY/", we obtain

<1 (2.10)

pQ)/r
q0)/r

H|clnl,N* |(I)*f|r|q()/r

for some suitable positive constant c,. By (2.9) we have p . (t7*Yp, % [)o<i<1) <1 then

a0(LP0)

min(1,2%77) » dr
—a() nae)/r
f H(|T poxfl") i <1
2

—v-2 qa()/r

for any v€N,. Applying Lemma 2.4, we obtain

min(1,2277) dr
128l ™| e < f 17 f190)| g —+27", veN,, (@11
q()/r —— a) T
with an appropriate choice of ¢, ( remark that ||| -|a¢) H o) = || I(]-]7)av/r || w0y ). For the positive
q() q0)/r

constant C =1/2min{c,, ¢,} we get

[1C127 Oy FIT1TV | i < ||l 28l ™| e +
qa()/r q()/r
0, if v>2;

q)/r .
H|01771,N*|‘I’*f|r{ ! if v=0,1,
a0/t
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2.4. Relation between B p(a() and Bp(.), 40 Chapter 2

(we remark that |[[3(f + )17 ,u < [[1£177] 0 + ||I€170)| o if p € 2(R™)). Taking the sum
q0) q0) qc)
over v € Nj using (2.10) and (2.11) we obtain

QM(-)(LP(-))((CZ va(~)w p X f)v) 5 1

which implies that || f |

al) s 1.
i Byya0
Step 2. We will prove that

Ba()

al’)
o000 ™ B pq0)

Let {Z®,Z ¢} and {9 zpv} be two resolutions of unity and let f < B;((f))y 40 With

veEN

a S 1.
||f~ Bp((-)),q(-) h
We have
[ee]
pief = D pexthoxf
=0
1 4 .
[log,(7)1+1 0, if 0<t<i;
= Z (‘pt*lpv*f'i' . )
v={log,(2)] Y xPoxf, if t>
and

<I>*f:zl:<b*l/)v*f.

Notice that if ¥ <0 then we put ¢, % f =0(in the last sum when r €[1/2,1]).
Let 0 < r <min{l,p~}, t €]27/,27""1], i € N, denote K; = {v € N,i —2 < y<i+3}, we

have

, if i23;
* < *Yy *x +
lpex fl VEZIQI% Yo xSl {m*lpo*fl, if i=1,2,

we have 1, y &1, y forall r €]2~/,27"*!]and v € K, then, |¢,| SN, n/r S 1yn,, for any large
positive N. By Lemma 2.3, for any large N, [, * f| < ¢(1),, 5 *[Y),x f|")V/", it follows that for
any t €]27,27""!1and ve K;

|Q0t*l/)v*f| < Cnv,N/r*(nv,N*h/Jv*f'r)l/r»
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2.4. Relation between %ZE',)) and B Chapter 2

P()Ci

by Minkowski’s integral inequality (with exponent 1/r > 1)

e xtpyx FI7 < clnyuyr k) * 1 f17
< Cnv,N*llpv*flr

where we used 1), n/, * 1y n/r ~ 1, n,, Which follows by Lemma 1.22, also we have when
i=1,2and t €]27F,27*1]

lp,xPox [ < ChinNyr (1NN * |¢0*f|r)l/r

<Ny (N * Yo *f|r)1/r,

then we get

lp: % Pox fI" <cmynxpox fl

it follows that

@ FI7S D Mo xlth o 17+ (2.12)

vekK;

0, if i=23;
My *Yoexf17, if i=1,2,

since a € C,°§(R") then a is bounded, hence, for all t €]27,27"*]and v € K;, t~) ~ 2790,

loc

andif i =1,2 then r~*Y < ¢, by Lemma 1.23, for all  €]27/,27""]and i € N
0, if i>3;
|t~ Sat*f| S0 n N’*|2va 1/) * fl"+ { e
; " ’ oy xYox fI7, if i=1,2,

where N’ = N — ¢oq(r @) still can be taken large(remark 7, y <17, 5. ). Now observe that for
the constant ¢ where c" =1/ 60 ¢, (the number of terms in the last estimate is always < 6)
and ¢, will be determined later, we have

dr & - —a() ryat/r dt
3T =2 ], e teem) E%T

H‘“

q()

1
fmm Yo x £199]
0

+A

)/r

o
i=1 veK; OFr
3

oo
ZH(Cz Nixjne #1207k f17) ooy TB
e ol

q()/r

Sc QMJ/Y(Lﬂ(‘)/r)((Cz Ny,N* |2m(')¢v*f|r)v)

where

q0)/
A=c|(ex munexlipon 7)™

pQ/r
q()/r
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2.5. Characterization o ‘Ba('.) Chapter 2
pOq( p

and

qC)/r
B= A+CZH CZT"VN/*lz wv*fv) p(')/r_;’_cz...,

veK q0)/r vek,

by taking N’ > n + ¢jo4(1/(g/r)) Lemma 3.1 yields

||(TIVJV’ * |2va(')¢V*flr)v”fq('l/r(Lp(-)/r) Sc ||(|2va(7)¢1’*flr)v”M(-)/r(Ln(J/r)

<

N
o

therefore, there exists a positive constant ¢ such that

Oeaonrrom((€ My %127 % £17),) <1

taking ¢, to be this constant we find

1
JH'” I, x [ || —<1 (2.13)
0

Similarly, we have for large N

1
@x fI" < ¢ > nunxlffl, (2.14)
v=0

then, we get

1

lle@ £10]|s < D Cen a2y £17 Y
q()

q()/r
y=0

< Qpavrrroim((€ 771}N*|2m lpv*fl
<

—

for some su1table positive constant c, hence, HCD* f || < ¢, this with (2.13) proves that

||<I>>1<f||p(.)+ H Wy, *f)0<t<1||m(~)(m)) < ¢ . The proofis complete. O

2.5 Characterization of B )) 0.0

Leta >0, a:R" - Rand f € &'(R"). Then we define the Peetre maximal function as

follows:

¥)
@V f(x):= sup #ex /1)

yeRn(1+t—1|x_y|)a’ r>0
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2.5. Characterization of ‘Bz(('.))’ " Chapter 2

)

and

v gy e e 25 O]
® f(x)‘_§2u5(1+|x—y|)a'

The next theorem is from [21].

Theorem 2.15. Let p,q € 2,"*(R"), a € G¥(R"), and a > o= Then

w2,

£a0(LPL)

is an equivalent quasi-normin By, .., where

lp*,azvat)f(x) = sup 2va(y) |¢v*f(y)|

, No.
yeRn (1+2V|x—y|)“ eN,

We now present a fundamental characterization of the spaces under consideration.

Theorem 2.16. Let p,q € 2,°8(R"), and a : R" — R such that a € Cllé’cg(R”), and a > -
Then

I7]

;%qm . | q)*’af”p(-)—'_ ”((’O’tﬁ’a t_a(.)f)0<t<1“zW))

is an equivalent quasi-norm in %Z((',))' 0"
Proof. Itis easy to see that for any f € .&/(R") with || f |

v
gy <00 andanyx €R" we have
p()a()

Dok fx)| <yt f (),

This shows that || f |

<|ifl
a(-) X
%p('mt)

al’)
that for every f € B )

;;,,U . We will prove that there is a constant C > 0 such
p()q()

v
17 s < C 1 Ny (2.15)
First we will prove that
v . )
[ H (5208 o e (2.16)

By (2.12) , forall r €[27/,27""],i €N,

O I A

vek;

0, if i>23;
Wy fIr, if i=1,2,

and by (2.14)
1
|(I)*,uf|r < CZ |w>:af|r’
y=0
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2.6. Local mean characterization of B;f((f)) g Chapter 2

O]

with similar arguments used to the prove Step 2 of the proof of theorem 2.14 we get (2.16).

Now, we have the following chain of estimates

S I B VN I

al)
¢at)(Lrt) %p(»),qm

where the first estimate follows by Theorem 2.15 and the second by Theorem 2.14, this
proves (2.15). the proof is complete. O

2.6 Local mean characterization of B;((f)) a0

In order to formulate the main result of this section, let us consider k;, k € .(R") and

S 2 —1 an integer such that foran ¢ >0

| T k(&) >0 for [&]<2, (2.17)
1
| Z k(&) >0 for 5<|§|<2 (2.18)
and
J x%k(x)dx=0 forany |a|<S. (2.19)
Rn

where, when S =—1, the above last requirement disappears automatically. Here (2.17) and
(2.18) are Tauberian conditions, while (2.19) states that moment conditions on k. We recall
the notation

k,(x):=t"k(t"x) for t>0.

Foranya >0, f € #’(R") and x € R” we denote

t>0.

O kx )
ke —a() = ! ,
Cf(x) sup iy

The next theorem is from [21].

Theorem 2.17. Let p,q € 2,°8(R") with g+ < 00, a € Cll(fcg(R”) witha* <S+1,anda> ;-.
Then

|m2r),.

£40)(LpL)

is an equivalent quasi-norm in B;f((f))y 40

We are now able to state the so called local mean characterization of B;‘((,')) 4() Sbaces.
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2.6. Local mean characterization of B;f((f)) g Chapter 2

O]

Theorem 2.18. Let p,q € 2, (R") with q* < 00, a € Co¥(R"), a > = anda* < S+1. Then

If

;foiqu = |65 #1106 70 o< oy

is an equivalent quasi-norm on B;(((f))y a0

Proof. Theidea of the proofis from V. S. Rychkov [42]. The proofis divided into three steps.
Step 1. Take any pair of functions ¢, and ¢ € & (R") such that

|7 po&)|>0 for [g]<2,
|Z(&)|>0 for %<|g|<2.

We prove that there is a constant ¢ > 0 such that for any f € B"f((,')) 40

| (2.20)

/ .
: <CH( waojal) )
() =X X .
BZ(»),q(‘) (’01 f 720 [[gat)(Lp()

Let A, A € (R") such that
supp FAC{EeR":|E| <2}, suppZAC{EeR":1/2<|&|<2}

and

FNET polE)+ D FMTEF9278)=1, ZeR".

j=1

In particular, for any f € B, ., the following identity is true:

F=RAxpoxf+D> Ajxp;xf,
j=1

where
Q= 2j"g0(2j-) and A;:= 21" (27, JEN.

Hence we can write

kexf=kxAxpox f+ D> kexAjxpxf, £€(0,1].
j=1

Let r €]27/,2!77], i e N. First, let j < i, j € N. Writing for any z € R”

ko x 2j(2)=2""kyi, % A2/ 2),
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we deduce from Lemma 1.24 that for any N > 0 there is a constant ¢ > 0 independent of ¢
and j such that
NS+ n
|kt*7tj(z){ <c (211,‘) njn(z), zeR"

This together with Lemma 1.23 yield that
y)\kz */lj*%'*f(J/)’,
can be estimated from above by
c2U IS paglat) £ (y) f 1. N-augla-aly —2)dz 2V guan i) f(y)
Rn

forany N > n+a+ ¢o4(a) any y € R"” and any j < i. Next, let j > i. Then, again by Lemma
1.24, we have for any z € R” and any L >0

|kex2(2)| =t

z/z(t)’ C(le't)MHnt,L(z)»

where an integer M > —1 is taken arbitrarily large, since D#.Z A(0) = 0 for all 5. Hence,

again with Lemma 1.23,

ay)|kt*lj*90j*f(J/)|

< t—“(ﬂf |kex2;(y —2)| | * f(2)|dz
Rn

qog (a)+a

S 2 pranlatf(y) f (1+27]y —z2|) iy —2)dz.
Rn

We have for any j > i
(1+2/ |z|)q°g(“)+“ < 2U-aw(@a) (] 4 i |Zl)qog(a)+a
Then, by taking L > n + a + ¢,4(a),
PkpwAj gy fy)] § 2= al@malgraziad £ y),

Let us take M > ¢og(@) —a~ +2a to estimate the last expression by

Cz(i—j)(cH-l *azja f(y
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2.6. Local mean characterization of B;f((f)) a0 Chapter 2

where ¢ >0 is independent of i, j and f. Using the fact that for any z € R” and any N >0
ke xA(2)| < ¢ 5711, n(2),

we obtain by similar arguments that for any ¢ €]27/,27], i e N

£ |k % Ak po % f()
sup <

C 27i(5+17a+) %0 (x)
yeRn (1+t—1\x—y|)a 7S

Further, note that forall x, y e R™ all r €]27%,2'"/], ie Nand any j €N

ey 2 f(y) < @i f (R +2] [x -y
< @2l f(x)max(1, 20771+ 2 |x — y|)*.

Hence
Nk, %A %@ % f(y) - 2U=08H1=a) §f 1< j<,
sup | tXAEPD fy|<Ccp’f’“2]a(')f(X)>< o ) .] ]
yeRn (1+t—1|x—y|)a J 217 it  j>i.

Therefore for all f € B;f((,'))y 4y Ay X €R" and any ¢ €]27,27], i €N, we get

ke U f(x)

A

oo
2SI gk f(x)+ C D min (20~ SH-e, o1 oragiet) £ x)
j=1

[e°]
- C Z min (z(j—i)(5+1—a+), 2“"1’))@’;’“ 2190 £(x)
j=0

= ClIJl(X)

Assume that the right hand side of (2.20) is less than or equal one. We have

o 9l—i

wa c—a() £19() ﬂ
S oo
o0
> lewd ]
=1 q()

for some positive constant c. The last term on the right hand side is less than or equal one

1
f 1z 7 £ 190 ?
0

q()

N

if and only if
[(c1w); ||(€‘7(')(LP(')) <1

for some suitable positive constant c¢;, which follows by Lemma 2.6 of and the fact that
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2.6. Local mean characterization of B;f((f)), a0 Chapter 2
at < S+ 1. Also we have for any z € R”, any N > 0 and any integer M > —1
kg% 2(2)| < 27/ v(2) and  |kyxA(2)| < ¢ 11 n(2).
As before, we get for any x e R”
(o]
K F(X)< Cop f(x)+C D 279321 f(x). (2.21)
=1

In (2.21) taking the L”")-norm and using the embedding ¢77(LPV) — ¢>°(LPV)) we get (2.20).
Step 2. Let {ﬂ'tpj}j c Z(R"™) be such that

ENO

suppgr'goc{ieR”:l/2<|€|<2}

and
supp Z p, C {EeR":|E|<2},

with ¢; =2/"¢(2/.), j € N. We will prove that

(2.22)

H (Zja(')(QOj *f))j>0

/
S ”f B
£a0(LpP0) p()al)

Let A, A € (R") such that

supp FAC{EeR":|E|<2¢e}, supp FAC{EeR"::g/2<|E| < 2¢},

ﬁ'A(§)9k0(§)+f 9/1(75)3”6(75)? =1, £eR".
0

In particular, for any f € B, ., the following identity is true:

1

d
f:A*kO*f+f AT*kT*fTT.

0

Hence we can write

min{1,27/*2} : i
d 0, f =2
pixf= goj*kf*kf*f—f+ 1 _] .
yoi2 T pixAxkox f, if j=0,1.

Using the fact that

max((k, # A(2)],l¢; # A2 S nynl2), 2€R", 272 <t <min{l,277}, jeN,
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and Lemma 1.23, with N > 0 large enough, we easily obtain
21D | A x ko x f ()] S min(k2* T f (), @521V f ()
forall y eR",277/"2< 7 <min{l,27/"}and j €N, if j=1
21 | 15 A ko f ()] S min(ky® £ (y), 07327V £ ()
Therefore forany0<r <1

25 f1 5 (5200 )

min{1,27/+2} . .
J (k;k,a T—a(.)f(y)) T + { y 1 ]
2—j-2 T (ko' f(y))', if j=1L

which yields that

: . 1-r
¢y )5 (520 )
min{1,2-/*2} . .
radT 0, if j=22;
f (k0 () & +{ o )

- K Fo), if j=1.

This estimate gives

. min{1,27/%2} . ‘>0
(‘P;'azja(’)f(x)) Sf (krer O f(x))" dT+{ 0 i =2

_ T | ), if j=1.
and
min{1,2~/*2} . .
. rd 0, f j=2;
214 s () S (krer @ p) 4] o (2.23)
T ef)y, it j=1.

but if gojf’“Zf @) f(x) < 0o. Using a combination of the arguments used in Lemma 2.5, we
get (2.23) forall0<r<1,a>0andall f € B;((f)), o)+ Similarly we obtain

1
r r d
lpox FLOI S (k3 f(x)) +J (krer~0f(x)) TT (2.24)

Letg; = f;,ll_lz{lz . (k*“ —a f(x)) * and 0 < r < min{1, p~, g}, suppose that the right

hand side of (2.22) is less than or equal one , with similar arguments used to prove (i) of
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Lemma 2.4 we prove that there exists a positive constant ¢ such that forall j €N

|||Cg'|q(.)/an(-)/r < Jmm{l'z - |||k*'“T_a(.)f|q(.)||p(~) ﬁ,
/ o/ T T

Following similar arguments as in Step 1 of the proof of Theorem 2.14 we prove that

also we have

*, r q()/r
(k3 f) <1

pQ)/r
qC)/r

ng(-)(Lp(o)((CZja(')l/Jj * 1) S 1

by (2.24) we prove that
<1,

|lctoox )™

0]
q()

which implies that” 21“ (goj*f)

., < ¢, this proves (2.22) whenever its right hand
a0(LP)
side is less than or equal one, by scalmg arguments we get (2.22).

>0
Step 3. We will prove in this step that for all f € B;‘((.'))’ 4 the following estimates are true:

(2.25)

Let ¢, ¢ € S (R") satisfy (2.17), (2.18) and (2.19). The first inequality follows by the chain
of the estimates
715, % | (#5°2'5)

where the firstinequality is (2.20), see Step 1, and the second 1nequa11ty follows by Theorem

j>0

2.17. Now the second inequality in (2.25) can be obtained by the following chain of the

estimates

Sl

where the first inequality is obvious and the second inequality is (2.22), see Step 2. Thus,

Theorem 2.18 is proved. O
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CHAPTER 3

COMMUTATOR ESTIMATES FOR VECTOR
FIELDS ON VARIABLE
TRIEBEL-LIZORKIN SPACES

3.1 Introduction

We aim in this chapter to estimate the commutator
[V-V,0)1f =D Vi@l f —A{Vidc f), (8.1)
k=1

in variable Triebel-Lizorkin spaces Fps(g?q(‘). In(3.1), A;f=9;jxf,j €Ny, V=(W,.., V)
is a smooth vector field in R” and (7 ¢;) ey, is @ smooth dyadic resolution of unity, see
Section 3.2.

The motivation to do such an estimate is that the estimation of the commutator (3.1)
is one of the main tools to study the Euler equations over different function spaces such as
Lebesgue spaces, Sobolev spaces, Besov spaces, and Triebel-Lizorkin spaces. Euler equa-

tions for the homogeneous incompressible fluid flows is:

‘2—’;+(u-Vu)u=—Vp, (x,t)eR" x (0, 00),
divu =0, (x,t)eR" x(0,00),
u(x,0)=uy(x), x eR”,

where u =(u,, ..., u,) is the velocity of the fluid flows, p is the scalar pressure, and u, is the
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3.2. The results and their proofs Chapter 3

given initial velocity satisfying div u, = 0. For the Euler equations, V in (3.1) can be taken
the velocity of the fluid flows, see for example [8, Lemma 2.100] and [11, p. 663].

The theory of Euler equation in function spaces has been developed in detail in [8] but
has a longer history already including many contributors.

Allowing s, p and g to be functions over R” will raise extra difficulties which, in general,
are overcome by imposing some regularity assumptions on these exponents. Recently, in
[27] were presented new estimates of (3.1) in weighted and variable exponent Lebesgue,
Triebel-Lizorkin Fps(,)' " and Besov spaces B;(-), 7 but with s and g constant. These estimates
are obtained under no vanishing assumptions on the divergence of the vector field. which
is based on the boundedness of the maximal function on the spaces LP"(¢9) and ¢9(LPV).
Since the maximal operator is in general not bounded on LPU(£9Y), to estimate (3.1) on
Fps(g? 4() We are forced to introduce some new methods. In the case of constant exponents
we recover the results of [27].

The chapter is organized as follows. First we give some preliminaries where we fix some
notation and recall some basic facts on the variable Triebel-Lizorkin spaces. Also we give
the key technical lemmas needed in the proofs of the main statements. The main state-

ments and their proofs are formulated in Section 3.2.

3.2 The results and their proofs

Lemma3.1. Letp,q € P8 withl1<p~<p*<ooandl<q <q'<oo. Form> n, there
exists ¢ > 0 such that

||(77j,m *f]')]'GNo ”Lp(‘)(ea(»)) Sc¢ H(fj)jeNo“Lp('J(gq(‘))'

The proof of this lemma is given in [20, Section 5]. The next lemma is a Hardy-type

inequality which is easy to prove.

Lemma3.2. Let0<a<1landl<q < o0. Let(&;)en, be asequence of positive real numbers

and denote
k %)
5k=2ak_]£j, and nkzz:af_ksj, k €N,.
j=0 j=k

Then there exists a constant ¢ > 0 depending only on a and q such that

(Sat) (o) <e (et
k=0 k=0 k=0
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3.2. The results and their proofs Chapter 3

Lemma3.3. Letp,q € P with1<p—<p+<oo,1<q—<q+<ooand(fj)j e LPO(pav),
Then

107 e | oeary ~ sUP f D Ifx)llg (x)ld x,
=

where the supremum is taken over all sequences of functions (gj)jeNO € LP'OV) such that

||(gj)j€N0 HLP/(')(M’(‘)) <1.

Proof. Let
o0
| serll oy =sup | DI (lIg;(x)ldx.
Rn j=0
Since 5+ 75 = 55+ 75 = 1, by Holder's inequality,

LPOEat) S ||(f] )f€N0||LP(')(€‘7('))'

() e,

Now let us prove the converse inequality. By the scaling argument, it suffices to consider

the case “(fj)jeNO < 1 and prove that H(fj)]-eN0 < 1. Since (fj) ey, € LPO(CY)

L]
||Ln(~)(gq(»)) HLpb)(M(J)

we have
J ||(f]'(x))jeN0||5q(8dx < co.
Rn

Assume, for the sake of contradiction, that

(NS
R»

Then by the continuity of the modular there exists d > 1 such that

|l i1
R~

Define
|¥|q(x) 1
gj(x)= ) R jENy, xeR"
v X T qx)
(Do 1fg=jat)
which leads to

”fJJeNo J Zlf](x llg;(x)ldx = dJ ”(d_lfj( JéNo”M dx>1,

n _

which contradicts our assumption. The proofis completed by applying the unit ball prop-
erty (1.2). ]
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Let (7 ¢ ;) en, be a smooth dyadic resolution of unity. Let ¥ € &(R") and

Ajm(f,8)(x) =f @i =y n(x —2) =Wy (y —2)f(¥)pm*g(2)dydz,

R2n

where j, m e Ny and ¥,, = 2™y(2").

Lemma 3.4. Lets € C.%

loc’

ac€R,p,p,pqg € P withl <p~ < p*<oo,l<p<pt<

i+% and(s+a)” >0. Then

_ — 1
00,1<py Sp<ooandl<q <q'<oo.Assumethat ;=

)33 J 29910l f )Myl x 5|7, I8

s()+a
: : Fm(~),q(~
j=0m=j

)
holds for any (h;) ey, € & (R") such that

<L

” ”(2_].5(')}’1')1'61\10 | p'0)

¢a’) |

Proof. We use some decomposition techniques of [27]. Since ¢, ¥ € . (R"), we have
|%’|<an,1\/ and |lI}m|<CT’m,Nv j»meNO’N>n;

where the positive constant ¢ is independent of j and m. Therefore |A; ,,(f, g)(x)| can be

estimated by
Cf Nin(xX—=yIMNmn(x=2)fWlen*xg(z)ldydz
R2n
+CJ NiNEX=y NNy —=2Nf(YNlen*xgz)ldydz
R2n
< cMin *# LI mn * [0 m * 8l(X)) + € I (X)
= CHj,m(x)+Clj,m(x)r
with
L m(X)=0; n % (| I mn*l@m*gN(x), x€R", j,meN,N >n. (3.2)

Let us estimate each term separately. Let (h;) oy, be a sequence of Schwartz functions with

<1l

1Y R jeny g |y

a’e) 1

Using the well-known estimate
Njn*fISA(f) (3.3)

45



3.2. The results and their proofs Chapter 3

and Lemma 1.23 we can estimate

ZZJ 209 H, ,(x)|h;(x)\d x (3.4)
: o

R7 Jj=0 m=j
~ f A(F)x) DD 20Tk O g ) ()27 Iy (x| d x
R~ j=0 m=j

for some N, > n. Now

oo o0
DO almmlarstn s @O, x g ) ()27 hy(x)

Jj=0 m=j

can be estimated by

o
sz D, #2701 10)) |
m=j

|2 et
JGNO

S ||(77j,N1*(2]a+5 |901*g|)(x))jeNo||m<x)(

{q’(x)

- (x)hj(X))

jeNy ”M’(x)’

where we have used Holder’s inequality and Lemma 3.2. Hence (3.4) does not exceed

—s()j hi(x)) e, ”M’(x) dx

c f MY, % 7D 5 gD jer, || oo
R~

5 ||||//l(f)(7’l],zv1 *2] arst |90] *g| ]ENOHM || ||||(2_ )]ENO /() |p/(.)
S ||//[(f)||p1(-)”||(nj,]\’1 w2t |901'*g| I'GNOHM(')”pz()

S ”f”pm”H(Zﬂaﬂ('n% *g)jGNOHM(')HPz()

S N lelielson

In the first estimate we used Holder’s inequality, while the second follows by Lemma 1.16

and the boundedness of maximal function on variable Lebesgue spaces. We estimate the
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3.2. The results and their proofs Chapter 3

term (3.2). Observe that
f 2091} (x| 1y (x)|d x
27y ()27 k> (1 %P % g D)

m=j

27y ()20 e (x)d x

1]
i gk
M8 IMz iMe

.
Il
[}

where

=S N #lpmxgh, €N,
m=j

To continue we apply Holder’s inequality and obtain
Zz PRy ()27 D s (x)

is bounded by

127 ) e 27 g ) e

Taking the L'-norm and using the Holder inequality, we get

J ]“I )|h (x)|dx
Jj= Om jJR2
””(2] anst T]j,N *Kj f€N0||M('>Hp(-)”H(Z_S(.)] hf)f€N0||M/(')||p’(-)

|| ||(nj’Nl * 2j(a+$('))Kj)j€No ||Z‘7(‘) ||p(‘)
127k ) ey Hp(.)

[1£ 7@+ 1 % &1 jemo || o ||p(_),

N N N N

by Lemmas 1.23 and 1.16, and Lemma 3.2, where IV; = N — ¢jo4($) > n. Using again Holder’s

inequality and Lemmas 1.23-1.16 we estimate the last expression by

I M0 x0T
S ||f||pl(-)”|| (1 xg JENUHM'”;}Z(-)
S A lollgllgone -
The proof is completed. O
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ForOsm<j,jmeN, x€eR"and K €N, we set

Ejmi(f,8)x)

- z(mf)Kf NiNn&X =Y Nmn(x=2)f(Ylon*g(2z)ldydz
R2n
sl f N (X =Y My =2 Wllom +g(2Ndy dz,
R2n

where N > n large enough.

Lemma 3.5. Lets € Cll(?f,a eR,KeN,p,p1,pq € P8 with 1 < p-<pt<oo,l< p; S

i+é and(s+a)" <K.

pi<00,1<p; <pf<ooandl<q <q*<oo.Assumethaty; =

Then
JZ J Ejmx (£ @0l x 5 ||, 18] o
holds for any (h;) ey, € % (R") such that

70! \

Proof. We employ the same notation as in Lemma 3.4. Let 0 < m < j. We have

<1l (3.5)

” ||(2_j3(.)hj)i€No p()

21°E; i (f,8)(x) S 20 KH (s ux | £l * | % 81(X)+ 1 (X))
2= DRraI(F(X)+ 1 (X))

where N large enough and x € R”. The estimate (3.3) and Lemma 1.23, yield that

io:zj:zm jK+u]H ( )

Jj=0 m=0
is bounded by
o0 . j .
C M (f)(x) D 271 NIy (2, 1 g )(x)
j=0 m=0

where N, large enough and the constant c is independent of x. Observe that

J
> 2 ()= k),
m=0
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with
J
w;= > 2K fln | gl €N,
m=0

From Lemma 1.23 we derive
k) S0 %27 V0 S0 x )
where the implicit constant is independent of x, N, large enough and
pj= > 2 KO0 £l 52" D, xg]), Ny> .

Consequently

co ]
f DD ol ()l hy(x)ld x
R~ j

Jj=0 m=0

A

f J/l(f)(X)ZI hy(x)[27 0 (x)d x
R~
I7

ZA\

Fllnellleo ,eNOIIM ey

where we used Holder’s inequality, (3.5) and the boundedness of maximal function on vari-

able Lebesgue spaces. Lemmas 3.2 and 1.16 yield

11€95) e, el

1107 %2760 5 g s ||p2()
il

A

74\

Again by Holder’s inequality and (3.5) we derive

] oo
f plm=iKrai (o (x)dx S f D> 2O (0, #as(x)d x
R R

n j=0 m=0 =0
S ||||(nf'N2*Mj)jGNoHM(~)||p(.)
S [ (75 ey v
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where the last term follows by Lemma 1.16. Applying Lemmas 3.2, 1.23 and 1.16 we obtain

” ” ('uf)jeN(J HZ‘?(‘)”p(-) S H ||(|f|nj,N3 *zj(s(')+a)|90m *ngeNO”gqup(.)
S Hf||p1(~)|| ||(77ny3 *2].(5(.)%)'90’" *gl)fGNO ”M‘J ||pz(-)
S “f||p1(-)|| ”(Zﬂs(')”)(sf’m *8)) jeny ”eqw ||p2(-)
S T 4
which is the desired estimate. O
In this section we present our main results of this chapter. Let f=(f,,..., f,,) € X" for

some normed space X. Then we put

I8l =204l
We have the following result:

Theorem 3.6. Lets € C,°%, s~ > 0,p, py, Ps, § € P8 withl < p~ < pt < 00,1 < p; < pf <

loc’
1

00,1< p; <p2 <oo,andl<q~<q*<oo. Assumethat%za+%. LetV =(V,,..,V,) €
(Z(R"))" be vector field. Then for any f € & (R")

”WﬂM%VWZAAﬂﬁMmmmM$Hmem”HE%W+A (3.6)
and
||||(2js(')[V-V, Af]f)jGNo“M('JHp(J 3.7)
: ||fdiy(v)||"}f((-i),q<-)+HVV||p1(~)||f||F,,jg),q(,)+||f”p1(~)||v||pp;§>)+(;u
where
A=V ol sy, or A=Vl I9 7D

Proof. The proof follows the ideas in [27, p. 1217].
Step 1. Preparation. Let V =(V,,..., V) €(<Z(R"))" and f € ¥ (R"). From Lemma 3.3 we
need to estimate
f ZHV-v,Aj]f(x)hj(dex
R7 j=0
for any (h;) jen, € (R") such that

[l *0n,)

el iy < 1- (3.8)
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We have
[V-V,A0f(x) = D Vi(x)aA,; f(x)= A, (Vb f)(x)
= >, f @ j(x = YN Velx) = iy )8 f(y)d
k=1 n

Let (7 ¢ ;) en, be a smooth dyadic resolution of unity. Then

oo

ZZJ Qi x =y @m* Vi(X)— @ x Vi(¥))Oc f(y)d y

[VV,A]]f(JC)

= Z ]mkakf Vk)(x)

m=0 k=1

for any x e R” and any j € N,. Therefore we need only to estimate
j n
ZZH] mi(Ocf Vi) o, and Z ZH] kO f Vi) jen 3.9)
m=0 k= m=j+1 k=1
in LPY(¢490)-norm.
Step 2. In this step we prove (3.6). From the support properties of (Z ¢ ;) jey, We have

I k(O o Vi) X)= A (0 f, Vi)(x), x€R", j,meNy, kefl,..,n},

with¥,, = Zi_z Ym+i>m € Nand ¥, =@+ ¢,. For simplicity, we use ¢,, instead of ¥,,,, m €
Ny. Applying Lemmas 3.3 and 3.4, with the help of (3.8), we estimate the second term of
(3.9) in LPY(£9Y))-norm by

IV £l

Let K e Nbesuchthat0< s~ <s" < K. From [27 Lemma 3.1] we derive

(hal)

M m@ef Vo) = D 20, %8 )@ @)k P # Vie+ Y Bk f, Vi),

1<|al<K

= Z L jomgank + Xiomx k(G o Vi) (3.10)

1<|a|<K
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where

T i@ fr Vi) = f 0 x =Y X @ D ENy — S (o Vil2My dz,
R2n

laj=K

&, is on the line segment joining y — z and x —z and

0 .
0;q(x)= pr (27x)p;(x), xe€R", jeN,.

When K = 1, the sum on the right-hand side of (3.10) is interpreted as zero. Again from
[27, Lemma 3.1],
X5 m k(O s VI S Ejm k(G [ Vi), 0<Sm <,

which yields by Lemma 3.5 with a =0 that

ZZ |Tj,m,K,k(akf’ Vk)(x)“hj(x)ldx S ||akf“p1(~)|

j=0 m=0J R~

for any k € {1,..., n}. From the support properties of (¥ ¢ ;) ey, we have 0, , %0, f = 0; , *
Q%0 f, where ¢; = ;jz ¢;+1- Here we put ¢, =0if v <0. Hence

|Il,j,m,1,k| 5 zm_j(nj,N * |¢] *akfn(nm,N * |(;0m * Vkl)
S 2" N *1@x O f )M (V)

and then

o
ZZJ [y 1 (O 1y ()] (3.11)
Rn

j=0 m=0

does not exceed
c f VX)) D (0% 1@ % O f DIy (x)d x
=0

(2js(x)r]j.N * (ﬁj *akf(x))jeNo||M(x)dx’

f A (V)()|| @7 Ry (x)) e,
which is bounded by

o[- (V|| @7 o 5 B % B F (D) e | | o
-V 1127105 25 B s Newol

Finally the boundedness of maximal function on variable Lebesgue spaces and Lemmas
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1.23 and 1.16 guarantee that the last term can be estimated by

[ Vell, 1971

s() .
sz(-),q(']

We have

j j
> Ljmjar =Y. >, 290, 4% 3 %8 fNO“P)m * P * Vi

m=01<|a|<K m=01<|a|<K

Recall that
(1)

0;q(x) :zj\alTxa%(x)’
which yields that
10;0%P;*0f] 52jnj,L*|<,5j*f|, L>n.
The arguments of [27, p. 1218] yield that

J

Z Z 2|a|(m_j)[1,j,m,|a|,k

m=01<|a|<K

J
okl @i fI . > 20y s (Vi (0,018 0%V Vi)

m=01<|a|<K

MV Lx1@j* ).

A

A

Therefore (3.11) with 1, ; ,,, |4« in place of [ ; ,, ; ;. can be estimated by

C”VV“Pl(')”f

s()
FPZ(')JJ(‘)

Step 3. In this step we prove (3.7). As in [27, p. 1219]

I k(O f Vid(x) = ]jl’m'k(ﬁkf, Vi)(x)+ ]J-Z,m,k(akf» Vi)(x),

where

T} i@ Vk)(x)=f 0, (X = Y@,y — ) f (V) * Vil2)d ydz
R2n

and

T2 i@, Vi) = J 29(8,0),(x = YWy x — 2) =W,y = 2)F(¥)p # Vel y d 2.

R2n
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Similarly as in [27, p. 1219] we obtain

o0 n
|||| 2]S mE_;) ) Jm}c (Gcf Vi) JeNOHM ” = HfdiV(V)| Eaty

Observe that ]].z,m,k(ﬁkf, Vi) is just 27A; ,,(f, Vi) but with (J,¢); in place of ¢ ;. Using the

same type of arguments as in Step 2 it is easy to see that

” H(zj(s(-) Z Z ]jz,m,k(akf’ V’C))jeNo ”MU ||p(~)

m=0 k=1
ISVl l o+ 1 e

The proof is completed. O

Remark 3.7. Corresponding statements to Theorem 3.6 were proved in [27, Theorem 1.1]
under the assumption s and q are constants and based on the fact that the maximal operator
M is bounded on LPY((7), which in general is not bounded on LPO(£9%).

Optimal inequality in (3.6) is much more complicated even in the case of constant exponents.

Probably (3.6) can be improved in some particular case, see Theorem 3.8 below.

The last statement of this paper is the following theorem; the case where s and g are

constants it is given in [27, Theorem 1.2].

Theorem 3.8. LetseClOC,p Piy P, g € P8 wlth1<p <p <00, l<p; <pf<oo,1<
p, Sp,,<00,andl<q <q*<oo. Assumethat —. LetV=(W,.., V,)e(ZLR")"

Pl
be vector field. Then for any f € & (R")

IOV -5, 816 e | oo |y S IV E L1 V]

PO 0<s <s"<1
p2(),q()

and

+1;

171V 9, 710 |l S

with—1< s~ <st<0.

o F e
Botra0)

Proof. The first estimate follows by Steps 1-2 of Theorem 3.6, with K =1 and a =0, while

the second one follows by the same arguments of Step 3 in Theorem 3.6. O

Remark 3.9. In Theorem 3.8 we present an improvement of (3.6) with0 < s~ < s* <1 and of

(3.7) with—1 < s~ < s* <0. An extension of Theorem 3.8 to general case s € C is still open.
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CHAPTER 4

LOCAL MEAN CHARACTERIZATION OF
VARIABLE-BESOV-TYPE SPACES

4.1 Introduction

In this chapter, we aim to establish new characterizations of the recently introduced Vari-
able Besov-type spaces in terms of local means, Peetre maximal function of local means.
The motivation is that this characterizations were used to study Fourier multipliers on
Besov-type and Triebel-Lizorkin-type spaces, and to present some equivalent quasi-norms

of these spaces in terms of derivatives.

4.2 Variable Besov-type space

Following [38, 54], we denote ¢(R"*!) the set of all measurable functions ¢ : R”*! — (0, 00)
having the following properties: there exist positive constants ¢, and ¢, such that, for all
xeR"and r >0

¢ o(x,2r)< @(x,r)< ¢ ¢(x,2r) (S1)
and, forall x,y e R" and r >0 with ||x —y||< T,

¢, Py, 1)< P(x, 1)< Py, 7). (S2)
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4.2. Variable Besov-type space Chapter 4

We point out that (S1) and (S2) are called the doubling condition and the compatibility

condition, respectively.
In what follows, for ¢ € ¢ (R_’}_“) and all cubes Q := Q(x, r)with center x € R" and radius

r >0, define ¢(Q):=@(Q(x,r)):=¢(x, 7).

Now we give some examples.

Example 4.1.

(i) if(P):=|P|* witht €[0,00) for all cubes P. Then, ® satisfies the conditions (S1) and
(82), and ¢, =2"" and c, = 1.

(ii) Lett(-)e Wolog(R”) and ® defined for all cubes P € 2,

||)(p||Lf(-)(Rn)
¢(P):=—7—,
|P|

¢ satisfies the conditions (S1), (S2).
For more examples and information and references see [54, 38, 53].

Remark 4.2. Let ¢ € 4(R"*),

(i) forallx eR", anyr >0 andany j €Z, cl_ljl(p(x, r)<¢(x,2/r)< clljl(p(x, r), where c, is
the constant from (S1).

(i1) The constant ¢, =2 1. For any P € £ of center x and radius r, we have r = ‘/TW(P), hence,
@ (P)= ¢ (x, LL(P)).

(iii) for any constantr €(0,00), ¢ € %(Rﬁ“), ifci(@) and c,(¢p") are the constant from (S1)
of ¢ and ¢" respectively then c,(¢") = c/(¢).

Definition4.3. Letp,q € Z,(R")and P € 2. The mixed Lebesgue-sequence spacef‘?(')(L;(')(P)
, 1), I ¢ Ny is defined on sequences to be the set of all sequences F := (f,),<; of measurable

functions on R" such that

1
|F ||gq(-)(LZ(')(p),[) = »(P) N xp)verlleaoroy < 00 (4.1)

The space M”(LZ(')(P),] ), J € (0,1], denotes the set of all measurable functions F =

fi(x),x eR", t € ] measurable on R" x ] such that

1
e = mll(ﬁ xp)iesllzoimm, < O 4.2)
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The space (7(L}"(P)) is defined by (10(L,"(P)) := ¢90(LE(P), I) where I = {» € Ny; v >
Jjp V 0}. Therefore for any sequence F := (f,)y,vo € ¢ q(')(LZ(')(P)) of measurable functions

on R"” we have

. 1
Lo 1nf{,u >0: QN('](U’('](R"))(‘l_'L(vaP)JéjPVO) < 1}- (4.3)

1
) = p(p)

with
Qeown)(Fp)vs )= > inf{A,>0: 0, (/J;l/ﬂgp) 1.

V>ij0

The mixed Lebesgue-sequence space ¢ q(’)(LZ(')(]R”)) is defined on sequences to be the set

of all sequences (f;),ey, of measurable functions on R” such that

||(fv)V€N0||M(‘)(LZ(')(R'1)) sup” D) v>]pv0||M L” P)) < 0Q.

The space £40(L}(P)) is defined by £40(L)"(P)) = ¢4(LL"(P), J), where ] = (0,£(P) A
1]. Therefore for any sequence F := (f});<0(p)a1) Of functions f;(x), x € R", ¢ € (0,{(P)A1]

measurable on R" x (0,/(P) A 1], we have

IE| inf{u>0: 0,55 ( (2P )eorm) <1} (4.4

1
240 Lg“(P)) ¢o(P)

with
{(P)A1

Qeq(.mn))((ﬁXP)tE(O,Z(P)/\l]):J 1nf{)\ >0:0p

0

(L)<

PYZE r

The space N(’)(L;(')(Rn)) is defined to be the set of all sequences f;(x), x € R", t €(0,1] mea-
surable on R” x (0, 1] such that

||(ft)0<t<l||z

=sup ||(fz)0<t<1f(P)/\1 ”
Pe2

— <
a0(LEO®n)) 0L (p))

For p, g € Z,(R"), the |- IIM 1saqua81 norm on £9¢ (Lp (P),I), I CN,

(P),I)
Remark 4.4.

(i) Letp,q € Z(R") and P € 2. For any sequence (f,),; € E"(')(Lf;(’)(P), I), I ¢ N, of measur-

able functions onR" and r > 0 we have

1/r
|| fv V€I||€q LP || |fv| )V€I||Zq )7 Lp /r )N’
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and for any (f,),en, € L70(LL(R)) and r > 0,

1/r
|| fv)veNOHM Lp Rn)) — || |fv| )VGNOHM )r L” /T (Rn)) *

(i) For any sequence(f,),j,vo 0f measurable functions on R", we have
105 voll sy, < 1 i and only if @usciwro(fy20/9(PY)ys o) < 1 which is equivalent to

> s voinf{2,>0: gp(.)(d)(gifv’/m) <1f<1.

Definition 4.5. Let {go } be a resolution of unity, p,q € Z,(R"), s : R" - R and ¢ €

%(R"*'), Then the Besov- lype space with variable smoothness and integrability, B )¢>(), is
defined to be the set of all f € &'(R") such that
=sup H A ) N sy <% (4.5)

where, when j =0, @, is replaced by ®, and the supremum is taken over all dyadic cubes P
inR".

If ¢(P) = 1 for all cubes P € 2(R"), then B q() Ba(())q(,), where Bg((,’)),q(.) is the Besov
space with variable smoothness and 1ntegrab1hty introduced in [3], and if p, q, T are con-
stant exponents and ¢ (P) = |P|* with T € [0, oo) for all cubes P € 2(R"), then B = BS T
which was investigated in [55].

If p,g € C°8(R") and s € C,°](R")n L°°(R") Then the Besov-type space with variable

loc

smoothness and integrability is independent of the choice of the resolution of unity.

4.3 Characterizations of the space BZ((,'))'Z)(.)

Lemma 4.6. Letp,q € Z)(R"), ¢ € %(RZ“), 0 >log,(c,) where c, is the constant from (S1)

and {8} men, € M”(L;“(R”)) . Forany ve N, and x € R", let G,(x) = zmeNo 27 Im=o g (x)
then,

(G )sen, ||m(-)(Lf;(‘)(Rn)) ] (AR ”M-J(Lg(‘)(wn ‘
Proof. By scaling arguments it suffices to suppose that ||(gm)mel\10 H (L@ < 1. We prove,

||(Gv)v>jpvo||M(.)(L;(-)(P)) S1, VPeX.
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Since ||(gm)m6N0|| D) < 1then, forevery P € 2, | (gm)meNOH 2022 (P < 1, therefore,

00a0(Lro®n)(8m X/ P(P)m>jvo) <1, VP E L. (4.6)
By definition, for any P € 2, for any ¢ > 0 there exists {A,, >0, m = j, V 0}, such that

% (%) <1, Z Am < Quaowrore)(&m A p/ P(PDmsjpvo) +€ (4.7
P (P)Am Moo

Fix P € £ with j, >0and set¢ =1. Forany m < jp, m € Ny, let P,, € £ be such that P C P,,,
P and P,, cocentric, and £(P,,)=2"", then j, =m, by (4.6) and (4.7) (with £ = 1) there exist
A* >0 such that

N

ngPm %
gp(.)( qj(Pm)(%)l/q(_))@, A <2 (4.8)

Since 6 —log,(c;) > 0 there exist y > 0 such that 6 —log,(c;) > y1/q~, for any v > jp set
Byi=Dome;, 27 TAE 430,05, 27 A, where A, m > jp are from (4.7) of the fixed P,
it's clear that 3, < 0o, let r :=min{1, p~} and p(-) := p(-)/r, we have

|Gv|r < Z 2—|m—v|r5|gm|r

meN,

then

|Gv|r < Z 2—|m—v|r5|gm|r+ Z 2—|m—v|r5|gm|r.

m<jp m>]P

By Remark 4.2,
P(P)=p(x,c277)=¢(x, 277 c27™) > ¢ (x, 27 = ¢ TP (Py),
where x is the center of P(and P,,), hence,

D 2GRN Il < D 2T G () g

0<m<jp 0<m<jp

= Z 2—|m—V\r52r(jp—M)10gz(Cl)(¢(Pm))—r gl

0<m<jp

since ), .y, 2°7 00 Horla)) s finite and 27" A /B, < 1,0 < m < jp , by (4.8) and
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Remark 1.1(i), it follows,

Zm< in 2"’"‘”"5|g " xp

Z olm=yr(=5+y1/q7) g r(jp—m)log,(c1)

r/q
y (27Im=rlr px yr/at) ( 1gm(X)xp, )r|
1C/q(-) ¢(pm)()p;n)q(-) 50
< Z 2(jp—m)r(—5+y1/q_+log2(cl))
m<jp
< Z okr(=6+71/q +log,(c1))
keNy
<c,
since D .y, 2X" 079V is finite and 27" 4, /B, < < m, by (4.7) and Remark 1.1(i),
2—lm—1ré r
‘ZM>1P Y Igm(x)I’)(p Z 2~ |m— v\r6 ()( 8mXp )
r/q r/q 1/4()
¢(P) m>jp PP)Am pO)
< Z 2|m—v|r—6+y1/q )
m2 jp
< 2 Z 2k1‘(—5+’}’1/q7)
kGNO
<c,
therefore, there exists ¢ > 0 independent of v such that g, (%) <1
It follows
O ¢aty(Lrty(R") ((CGv}{PM’ (P))ys> Z By
veZ jp
PIPALECIS 1P WL
2 jpV0 m< jp V2 jp m2jpV0

we have if m < jp < vthen|m—v|=|m— jp|+|jp— V|, since A¥ <2, it follows

Z Z 2"’”_”'7/1*;” = Z Z 2_|m_]'P|7'2_|V—jp|yA>;;n

'V>jp I’Yl<jp 'V?jp m<jp
<2 E 2—\V—]P|Y E 2—|m—]P|7’
vZjp m< jp
<c,
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also,

DDA, = > A > 2T < > A

vZjp m2jp m jp vZjp m jp

therefore

Oati(Lr0)) ((C GVZP/¢(P))v>jp) S1+ Z Am-

If P € 2 with jp <0, then (4.6) and (4.7) holds true with m > 0, for any v > 0 set 3, :=
D 02 A, by similar arguments, there exists ¢ > 0 independent of v such that g ,,

(m) <land Opat)Lrv) ((CGVZP/¢(P))V>O) S 1 +2m>0 Am

Then, by (4.7) (with € =1) and (4.6), for every P € 2,

Qatirrt) ((CGVXP/(P(P))@jpvo) S1+ Z Am

m?f;
S 1+ 0gaorrey ((gmlp/¢(P))m>jpvo) (4.9)
S1
implies for every P € 2, ’ (G,)),> ]-PVO” L2 (e < 1, which ends the proof. O

Remark 4.7. If¢(P)=|P|*, then ¢, =2"%, so, the previous Lemma holds true if o >log,(c;) =

nt, which coincides with [52, Lemma 2.3].

Let R e Nyu{—1} and ®,, ® € /(R") satisfy,

FP(E)>00n{EeR":|E| <2} (4.10)

and
FO(E)>00n{€R":2<|E|<2} and DUF®)0)=0 for || <R, 4.11)
where, when R = —1, the above last requirement disappears automatically. For any a €

(0,00) and ¢ € ¥ (R"), any distribution f such that ¢ x f makes sense, and x € R", we let

. e fx+y)l . e fx+y)l
(03 fa(x) = SUP S e and (g fla(x):= SUP = 2Ry D

which are called the Peetre-type maximal functions, where, for any k e Nand ¢ €(0,1)
X
0, (x):= t_"go(?) and @, (x)=2p(2"x), Vx eR"

In view of the above notation, ¢ = p,-« and (¢%), = (¢;_.), for any k € N. Recall that ®, * f
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for any t €(0, 1) is usually called the local means
Lemma 4.8. Let®, and ¥, satisfy (4.10), ® and ¥ satisfy (4.11) and a > 0, then for all large

LeN,veNy, s, t€[l,2] and x € R"

W, e S 270 (@5 ) ()4
Z 2(j—V)(R+1)((I,;_j[)a(x)+ Z Z(V_j)(L_a)(q);_jt)u(x),

I<j<y JjZr+l
where when v =0 we replaceV with V.
Proof. Let ®,, ® satisfy (4.10) and (4.11) respectively, there exist A,, A such that, supp Z A, C
{EeR?/|E|<2}, suppFAcC{EeR"/1/2<|E|<2}and

FO(ETN(E)+ D> FO2TEFA2TE)=1 (4.12)

i>1

then, for all £ e R” and ¢ €[1, 2]

T (1E) T N(1E) +thq>(z—f tOFAN2TtE)=1

>1

therefore, for all g € #/(R")

8 =(®@0), (Ag) x8 + D (@), %(A)), *g.

j>1

Let (¥, V) be a pair of functions satisfying (4.10) and (4.11) respectively, we put g = (¥, ), * f
where f € ¥’(R"), ve N, and s €[1,2], it follows that

() f = (B,) % (M), (Do), # f + D (W) (A), %(®)), * f.

j>1

by (4.12) and since supp Z(Ay); € {& € R"/|&| < 2} for any ¢ €[1,2] we have
(Ao)e* f=(Ag)s % ®o* Agx f
then

()5 # (Pg); *k (Ag) e * f = (W) (Pg) * (Ag), %Py x Ay f
— (), % Wy 5 Ag 5B f
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where W, =(®;); *(Ay); =(Py*Ay); For all ve N, we have

" (Po)sy e x W), if v=0;

U ). x W(x)=
(W,) +(x) { t—n\lj@*w(%), if veN,

by Lemma 1.24 with M =—1 for ¥; and M = R for ¥ and since ¢, s €[1, 2] we obtain

Nen(x), it v=0;

)% W (x)l < C(N
|(L,)s % Wi (x)| ( ){ 2By, y(x), if veEN,

forall N >0and t €[1,2].
We have n); y S 1y forany ¢ €[1,2] and [Ag* g * f| S 11y % |®g * [, it follows that for
all veNjyand t,s €[1, 2]

[(W))s % W,k Ag % P | S 2_V(RH)WLN 1)1, % |[Po * [

S 27y, k(@ x f,
therefore, for all veN,, t,s €[1,2]
(W) % (Do), * (o) # F15 277Uy [ % 1.
For all veN,, j € N we have

ST A, % Uy(3), if v=0;
(0,)s*(A), = (Z‘ft)‘”(\Il)%.: * A=), if j<
277y " Api xU(555),  if j>,

2-7s
2= 7Vs

again, by Lemma 1.24, with M = R for W and M = T for A where T can be chosen arbitrary
positive integer since D?.Z A(0) = 0 for all multi-indice 3 because Z A is supported away
from zero, we aobtain, forall N >0, veN,, jeNand s, r €[1,2]

27T n(x), if  v=0;
(@)% (A))(x) S C(N)R 20 F I, 5, o), if 1< <y,
2070 g (%), it j>v

For all veN,, j € Nwhere j > vand any s €[1,2] we have 1), -, y S 20" /""N)p; y then, for

63



. . a(')r‘P
4.3. Characterizations of the space B’ ., Chapter 4

all veNyand jeN

(J=R+1) . . <<y
I(\I’v)s*(Aj)t(x)|5{ 2 Na-i1,n(X), if 1<j<y

207Ny (), i f>

It follows, for any ve N,

() % (Ag), # (@), * f1(¥) < €27, |y f |

_ Py f(2)
= c2 "+ Jy—z %% ()
J;{n Nin-aly )(1+|y—z|)a

<c27(epf), y)f Mn-a(X)dx

<c2 Y(R+1) ((I)*f)
<c27(@r ) (x)(1+(27s)  |x—y )

By taking N large such that N —a > n, where we used in the last estimate the following

®* (1) S @ F)a(x) L +]x—yN* S (@ fa(x)1+277s) x—y))°

forall x,y e R"” and s, t €[1,2]. Similarly, orall ve Ny and jeNand s, t €[1,2]

|(@,)s % (A )ex f(y
2(1—v J(R+1) ((I)*_]t) (X)A+277s) Hx—yDe, if 1<j<
2( —j)T+n—N—a (q); Jt) (x)(l_i_(z—vs)—llx_yna, if j> V.

Therefore, for all ve Ny and s, €[1,2]

(W) *f(.V)| <2 WR+1) ( f)

(1+@ sy x—yla ™
Zz] VR+1 2]t sz— La th)a()

1<jsy jZr+l

where L = T + n— N can be taking arbitrary large. Taking the suppermum we obtain, for
all veNjand s, t €[1,2]

), Do fO S 27D (@5 f) (x
Z 2(] V)(R+1) ((I)g ,t + Z 2v— (L—a) 2 Jt) (JC)

1<j<y JZr+l

where when v =0 we replace ¥ with ;. The proof is complete. O
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Theorem 4.9. Let p € 2,°(R"), q € Z,(R") and ¢ € Y(R™M) wzth € Cl(?cg(R”) and q* <
00, R € NyU {—1} be such that R +1 > log,(c,) + a© where ¢, is the constant from (S1),

> ﬁ + Ciogl@) + Ciog(1/q) +10g,(cy), then the space B;((.'))"Z’(A)(R”) is characterized by

f={res®: Hf Oo,®)| <oo}, vie w3y,
l
where
1
a().¢ — * —a o*
Hf Bpiratn 1_—§l€lg (P) H((I)O)af”” +Ht L dall e ®n)’
al-).¢ — |lro—ral) g *
| [Bise |, = e @ oy
and

al-),¢ — —va()
Hf ‘Bp(-),q(-) L = (@70 o gy
BV W ie{1,2,3) is an equivalent quasi-norm on B? .
b0 ||, 1 €123} q q p()a0)
. 1 3 a(')ﬂi) a(-),¢ :
Proof. Step 1: In this step we will prove that H F1Boiat , and H f ‘Bp(,)y a0 H3 are equivalent,
First we prove that, for any
v )
al-),¢
,<C ‘ T 1By, (4.13)

where || f] B I‘I’ denotes ||- IB || , defined in Theorem 4.9 where ®, and ® are replaced

by ¥, and lIl satlsfylng (4.10) and (4.1 1) respectively. By Lemma 4.8 with s = 1, we have, for
all veNjyand t €[1,2]

(U )a(x) S 2 R“@V(x+§pk”“@ﬂjn)

+ 2@ f)(x),
k=v+1

where L € N can be chosen large enough, therefore

zva(x)(qjx;f)a(x)sz WR+1— a* (I)*f)a x)+22k (R+1—at) 2ka ((I)Z k[f) ( )

oo

+ Z 2(v—k)(L—a+a*)2ka 2 ktf)a )

k=v+1
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Choosing L large such that L—a+a~ > 6 where 6 :=R+1—a", then

gva(x (\I—‘*f) (x)<2—v5 (I)*f)a x)+22 k=716 o ka() ((1)2 ktf) (x)

k 1

$27°@ x)+Zz K02 ey @, falx

since ¢ € L*° and t €[1;2]. Let 0 < r < 1, it follows that

275 ()" S 277N (@5 f +Zz |27 ey @y, Pa(, (414
taking the integral f 2L on both sides, gives
o—k+1 dt
270w ()l S 27 @ a0 +Zz - ”5J 7@ falx) =
k
set gy = |(®;f).|" and g := fz . It‘“ (<I>*f),,|’ ,keN, p:=p/r,g:=q]r, since 6 >

log,(c;) then by Remark 4.2/(iii), ré6 > log,(c/) = log,(c;(¢ ")) where ¢,(¢") is the constant

of ¢ from (S1), now, Lemma 4.6 gives

()
1027005 £l ety 20y S (8o zzeny (4.15)
then
va() (% 1/r
next, we prove that
[}
o scC H (4.17)
H(gk )kGNO £a0(LP I Rm)) 1|8 1

Suppose that the right hand of (4.17) is less than or equal one. for any P € 2 we have

r ()
Qa6 Lr0O ((gk "1 p/®(P)is jpvo) = Z |81/ ZP/‘I)(P)|q o
a0

v2jpV0 q(

Let r and y be such that max{1, Z—i} <y << byHolder’s inequality for any x € P

2—k+1
! ax) d
g(x)/@' ()7 < C f @, £, (/) L
2

—k
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by Minkowski’s integral inequality

sz
a0 —a() [ m* rd dt
|igexerer ™|, <c f 0@ oz PIF |, =
2

pl)
750 —k-1 740

ok

d

=cf 0@, P, e a0 41
2

—k—1

27k At 1/r
c U |670@" £ p /P —) ,
2-k-1 it

N

it follows that
= dt
18k p/@"(P)7O|| 5y < cf | £ @ f)asp / PP T | o) —
a0 9ok o I
which means that
o—k+1 dt
et zosoei g < [ et i
0 ok a0 I
for P € 2 with j, > 0, taking the sum on both sides we get
2((P) dt
> e xe/2(P) by < CJ [127°0(@; a0 /2(P) 7| oo —
= q0) 0 a0
(2P)AL dr
<C J 1670} f)a 2w 12(2P) | =
0
<C,
for P € £ with jp, <0 we have
a0 Lrown)(8k X p /P (P))is jpvo) = ;||Ig1/’)(p/‘1>(P)|"(’)H%
s|l@;prazeree|™
o—k+1 " dt
f |e70@; Pao/2PUO s —=, 4.18)

if the right hand of (4.17) is less than or equal one then sup,_, ﬁ ||(<I>3)a f || LP6(P) < 1 which
implies that supp.g || |(<I>§ axre/ (I)(P)|q(') | o < 1, for the second term on the right hand side
e
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of (4.18) we have

o—k+1

—a() ek dt )k dt
>l ey 5 - f [e=20@; Pz (P 2
2-k
(P)AL
A dat
= f |£7O@ £z p /BT o) —
0 a0 T
<1,
therefore, we get 0 q0(r0wn)((&x X p/®"(P))k>j,vo) < C forall P € £, so, we have
1/r <
H(gk )kGNU M('](LZ(')(RVL))\ C
are ||*
whenever H f Bp(,)’:f(.) ‘ < 1, by scaling arguments we get (4.17).
’ 1
Next, we prove that
[0}
al).¢
Byyanr ||, S , (4.19)
by Lemma 4.8 with t =1, forany ve N and s €[1, 2],
14 oo
W) Fla(x) S D 25 @r ), (x)+ D 2@ f),(x)
k=0 k=v+1
and
(\Il* Zz k(L— a((I) ( )
k=0
hence
(27 9) (@5, x)<Zz k102K @ £),(x)
and
(W) Zz kogkal\@* £),(x), (4.20)
k=0

denote Gy = 0 and G, = (27"s) (W}, f),, v € Ny, when || f| By [12 < 1 then by (4.9) we

68



. . a(')r‘P
4.3. Characterizations of the space B’ ., Chapter 4

have,

QN(')(LF’('))((CGVXP/(p(P))v?jPVO) <C, VPeX.

where C is independent of s. For any P € 2, with an appropriate choice of some constant
c, we get

(PIAL s o ds 2 o o ds
| et pmer] S 5 e, e

v=jpV0+1

f S fleGun/aey].

v=jpVO

2
ds
= Cf a0y (€ Gy p /P (P))ysj,v0) 5
1

<C.

therefore
<C. (4.21)

(ERCIR I

37 PO mon
LIOLE (R™))

Now, we prove

Sup 5y P) I \pgf)a;((P)Hp(.) <C, (4.22)

by (4.20) with r = min{1, p~} we have
%5 f)axp/ PP ’<Zz—’”5|2k“ (@ faxp/ PP

taking the norm || - || ,(;,» we get

0% F)a 20/ PPN N piysr S sup 2@ Fa o/ D PN Wiy

keN,

when [|f[B% [1F <1, we have [[20(® £), 5/ ¢ (Pl < 1 for any P € @, hence, |[(¥;f),
xp/ @ (Pl < ¢, which proves (4.22). it follows that

<C,

sup = 05 2P (5795 )

37 PO imon
LAOLE (R™))

whenever || f IBZ((,'))”(?(.)II‘;’ < 1, by scaling arguments we get (4.19). H
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Conclution

In chapters two, three and four we introduce new methods and tools that help us to work
in variable Besov spaces, variable Triebel-Lizorkin spaces and variable-Besov-type spaces
to overcome many difficulties that rise. Chapter four is a part of a paper in preparation

which we aim to finish presenting new valuable results.
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Abstract:

In this thesis we introduce new equivalent characterizations and certain commutator
estimations on Besov spaces, Besov-type spaces and Triebel-Lizorkin spaces of variable
smoothness and integrability.

We prove the continuous characterization of the space B;f((f))' 40 and characterization via
Peetre-type maximal functions of local means of variable Besov spaces B;{((f)), q() based on

the continuous version of Calder6n reproducing formula and and of variable Besov-type

)¢
)q()”

ness and integrability F;((()) a0 for the commutator[V-V, A;](f), these estimates are obtained

spaces BZ((. We prove certain estimates on Triebel-Lizorkin spaces of variable smooth-
under no vanishing assumptions on the divergence of the vector field.
Key words:

Besovspace, Triebel-Lizorkin space, variable exponent, Calderén reproducing formula,

Commutator, vector field.

Résumé

Dans cette thése, nous présentonts des nouvelles caractérisations équivalentes pour
les espaces de Besov B;f((f)), 4) al'aide de la formule de Calder6n et pour les espaces de type
de Besov B;((f)),’:f(,) avec des exposants variable, et estimons le commutateur [V -V, A;](f)
dans les espace de Triebel-Lizorkin avec des exposants variable.
Mots clés: espaces de Beso, espace de Triebel-Lizorkin, exposants variable, formule de

Calder6n, commutateur, champ vectoriel.
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