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INTRODUCTION

Function spaces have been a central topic in both theoretical and applied mathematics

and of great interest to researchers over the last century. Their importance have been grow-

ing up because of their role in analysis and applications to fluid dynamics, image process-

ing, modern theory of partial differential equations (PDE), the calculus of variation and

many other fields. Since the thirties more sophisticated function spaces have been intro-

duced and developed, in the first place the Hölder spaces , Lebesgue spaces L p , Orlics

spaces and Sobolev spaces. Later on many new spaces were created and investigated,

among these spaces were Besov spaces Bαp ,q and Triebel-Lizorkin spaces F α
p ,q in the 1960’s

and 1970’s which cover many well-known classical spaces such as (fractional)Sobolev spaces,

Holder-Zygmund spaces and (inhomogeneous)Hardy spaces.

Function spaces have proven to be very efficient in the study of evolution equations

such as transport and heat equations, wave equations, Navier–Stokes, Euler equations, and

the Schrödinger equation, for a detailed presentation of harmonic analysis tools that are

used to solve partial differential equations and references on the this topic see [8].

Simultaneously to this development, the need to generalize classical spaces such as

Lebesgue and Sobolev spaces to the case with either variable integrability or variable smooth-

ness function spaces have been arousing, especially when problems required more gener-

ilized spaces appeared. the first steps of the generalization can be traced back to 1931 by W.

Orlicz [10], but the modern age began with the paper [30] of Kovác̆ik and Rákosník in 1991.

where several basic properties of variable Lebesgue spaces L p (·) and generalized Sobolev

spaces W k ,p (·) were investigated and proved.

Since the 1990s the field of variable exponent function spaces has grown explosively

because of their use in a variety of applications and generalizing Besov spaces Bαp ,q and

Triebel-Lizorkin spaces F α
p ,q to the variable indices Bα(·)p (·),q (·) and F α(·)

p (·),q (·) has taken great part of
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researchers work. The interest in these generalized spaces comes not only from theoretical

reasons but also from their applications to several classical problems in analysis such as

applications to fluid dynamics [4, 5, 41], PDE and the calculus of variation [24, 43] image

processing [14] . For further considerations of PDEs, we refer to [19] and references therein.

In 2009, L. Diening, P. Hästö and S. Roudenko defined and studied a generalized Triebel

–Lizorkin spaces with variable smoothness,α(x ), and variable indices of integrability, p (x )

and q (x ) where several basic properties of these spaces were proved [20], in 2011, Besov

spaces of variable smoothness and integrability Bα(·)p (·),q (·) initially appeared in the paper of A.

Almeida and P. Hästö [3], where several basic properties were shown, such as the Fourier

analytical characterization. Later these space was characterized by local means and es-

tablished the atomic characterization in [21]. After that, Kempka and Vybíral [31] charac-

terized these spaces by ball means of differences and also by local means. The duality of

these function spaces is given in [28] and [39].

The aim from this thesis is achieving new results, properties and applications about

the structure of Besov spaces of variable smoothness and integrability. Our thesis consists

of four chapters. In the first chapter, we provide a brief introduction to variable Lebesgue

spaces, Besov and Triebel–Lizorkin spaces with variable smoothness integrability, where

we give their definitions and basic properties and the material that we need in other chap-

ters, we also recount some of their history, and very briefly sketch some of the motivations

for their study.

In the second chapter, we introduce new equivalent quasi-norms of Besov spaces of

variable smoothness integrability and characterize these spaces by continuous local mean.

In the third chapter, we study an important commutator on Triebel-Lizorkin spaces

of variable smoothness integrability and prove certain estimates under no vanishing as-

sumptions on the divergence of vector fields . Such commutator estimates are motivated

by the study of well-posedness results for some models in incompressible fluid mechanics.

In the forth chapter, we introduce new equivalent quasi-norms of Besov-type spaces of

variable smoothness and integrability

The second chapter was accepted to be published by the Ukrainian mathematical jour-

nal but not published yet. The third chapter is a published paper, see [9], and the forth

chapter is a paper in preparation with the advisor.
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NOTATIONS

Here we give general notations, throughout the thesis other notations will be introduced

whenever needed.

• Rn is the n-dimensional real Euclidean space,

• N is the collection of all natural numbers andN0 =N∪{0} the set of all non-negative

integers.

• The notation f ® g means that f ¶ c g for some independent positive constant c of

f and g (and non-negative functions f and g ),

• and f ≈ g means that f ® g ® f . For x ∈R,

• bx c stands for the largest integer smaller than or equal to x .

• If E ⊂Rn is a measurable set, then |E | stands for the Lebesgue measure of E and χE

denotes its characteristic function.

• By c we denote generic positive constants, which may have different values at dif-

ferent occurrences. Although the exact values of the constants are usually irrelevant

for our purposes, sometimes we emphasize their dependence on certain parameters

(e.g., c (p )means that c depends on p , etc.).

• For a multi-index α= (α1, ...,αn ) ∈Nn
0 , we write |α| :=

∑n
i=1αi and D α :=D α1 · · ·D αn .

• The Euclidean scalar product of x = (x1, ..., xn ) and y = (y1, ..., yn ) is given by x · y =
x1 y1+ ...+ xn yn .

• For x ∈ Rn and r > 0 we denote by B (x , r ) the open ball in Rn with center x and

radius r .
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• By supp f we denote the support of the function f , i.e., the closure of its non-zero

set.

• For a , b ∈R, a ∨ b :=max{a , b } and a ∧ b :=min{a , b }.

• Rn+1
+ :=Rn × [0,∞).

• For any j ∈Z and k ∈Zn denote by Q j k the dyadic cube 2− j ([0, 1)n +k ) and `(Q j k ) its

side length.

• Q := {Q j k : j ∈Z, k ∈Zn} and jQ :=− log2 `(Q ) for any Q ∈Q.

• For all dyadic cubes Q ∈ Q and r > 0, r Q is the cube concentric with Q having the

side length r `(Q ).

• The symbolS (Rn ) is used in place of the set of all Schwartz functions onRn .

• We define the Fourier transform of a function f ∈S (Rn ) by

F ( f )(ξ) := (2π)−n/2

∫

Rn

e −i x ·ξ f (x )d x , ξ ∈Rn .

and its inverse byF −1( f )(x ) :=F ( f )(−x ).

• We denote byS ′(Rn ) the dual space of all tempered distributions on Rn .

4



CHAPTER 1

BASIC SPACES OF FUNCTIONS

1.1 Modular spaces

The theory of semi-modular spaces sometimes called Nakano spaces, is a generalization

of the theory of normed vector spaces was founded by Hidegoro Nakano, in 1950s who

developed an extensive theory of such spaces in [35, 36, 37].

In this subsection we give some preliminaries, where we fix some notations and recall

some basic facts on semi-modular spaces.

Definition 1.1. Let X be a vector space over R or C. A function % : X 7→ [0;∞] is called a

semi-modular on X if the following four properties hold:

(1) %(0) = 0

(2) %(λx ) =%(x ) for all x ∈ X and |λ|= 1

(3) %(λx ) = 0 for every λ> 0 implies x = 0

(4) λ 7→%(λx ) is left-continuous on [0,∞[ for every x ∈ X .

A semi-modular is called modular if

(5) %(x ) = 0 implies x = 0,

and called continuous if:

(6) λ 7→%(λx ) is continuous on [0,∞[ for every x ∈ X .

A semi-modular is called quasi-convex if there exist c ¾ 1 such that

%(αx + (1−α)y )¶ c [α%(x ) + (1−α)%(y )] (1.1)

for all x , y ∈ X and α ∈ [0; 1], if c = 1 it’s called convex.

Once we have a semi-modular on X we obtain a normed space in the following way

5



1.1. Modular spaces Chapter 1

Definition 1.2. If % is a semi-modular on X , then

X% := {x ∈ X : ∃λ> 0,%(λx )<∞}

is called a semi-modular space.

The norm on X% is given by

Theorem 1.3. If % is a quasi-convex semi-modular on X , then X% is a quasi-normed vector

space with the Luxemburg quasi-norm given by

‖x‖X% := inf
n

λ> 0 :%
� x

λ

�

¶ 1
o

An important and useful result of left-continuity is that: ‖x‖X% ¶ 1 if and only if%(x )¶ 1.

Remark 1.4.

(i) An important and useful result of left-continuity is that: ‖x‖X% ¶ 1 if and only if%(x )¶ 1.

(ii) If % is a quasi-convex semi-modular on a vector space X and x ∈ X% is such that %(x )¶
M where M ¾ 1, then

%(
1

c M
x ) =%(

1

c M
x + (1−

1

c M
)0)¶ c [

1

c M
%(x ) + (1−

1

c M
)%(0)]¶ 1,

where c is the constant from (1.1), which implies that ‖x‖X% ¶ c M , so, to prove that ‖x‖X% ®
1 it suffices to prove that %(x )¶M for some M ¾ 1.

(iii) If ‖x‖X% ¶ 1 then %(x )¶ ‖x‖X% .

Example 1.5.

• If 1¶ p <∞, then

%( f ) :=

∫

Rn

| f (x )|p d x

defines a continuous modular on The set of all measurable functions over Rn , X% =

L p (Rn ) and ‖ f ‖X% = ‖ f ‖L p (Rn )

• Given a function p (·) :N→]0;+∞[

%({xi }) :=
∞
∑

i=0

|xi |pi

The sequence spaces `p the generalized discrete version of the variable Lebesgue spaces.

• Let Ω be a measurable subset of Rn , ϕ :Ω× [0,∞)→ [0,∞] a function such that

6



1.2. Variable Exponent Lebesgue Spaces Chapter 1

(i) for every x ∈Rn , ϕ(x , ·) is a convex, left-continuous function, ϕ(0) = 0, limt→0+

ϕ(x , t ) =ϕ(x , 0) and limt→∞ϕ(x , t ) =∞ for every x ∈Rn .

(ii) ϕ(·, t ) is measurable for every t ¾ 0.

then %ϕ defined on the set of all measurable functions on Ω by

%ϕ( f ) =

∫

Ω

ϕ(x , | f (x )|)d x

is a semi-modular, if ϕ(x , t ) > 0 for all x ∈ Rn and t ∈ (0,∞) then %ϕ is a modu-

lar. The space induced by the semi-modular %ϕ via Definition 1.2 is called Musielak-

Orlicz space or generalized Orlicz space, see [19, Chapter 2], [34] for more details and

references therein, for an independent theory of Orlicz spaces of the theory of modular

spaces see [29].

1.2 Variable Exponent Lebesgue Spaces

In this subsection we give the definition of Lebesgue spaces with variable exponents L p (·)

and their basic properties and results. Lebesgue spaces with variable exponents are spe-

cial case of semi-modular spaces, so, the techniques of semi-modular spaces are used to

establish many of theirs properties.

The origin of the variable Lebesgue spaces goes back to 1931 were they were studied

by Orlicz for the first time. Two decades later H.Nakano developed the theory of modu-

lar spaces and introduced the variable Lebesgue spaces as specific examples of modular

spaces where he developed further properties and results. Variable exponent Lebesgue

spaces were independently developed by Russian researchers. They considered and solved

The problem of minimizing the integral

∫ 1

0

| f (x )−φ(x )|p (x )d x

where f is continuous andφ is a polynomial of fixed degree. In 1979, Sharapudinov devel-

oped variable Lebesgue spaces theory on intervals [44], introducing the Luxemburg norm

the local log-Hölder continuity condition throughout many papers. In 1986 Zhikov began

applying the variable Lebesgue spaces to problems in the calculus of variations , see [12,

section 1.2] and references therein. The interest in these spaces increased since the 1990s

because of their use in a variety of applications. Foremost among these is the mathemati-

cal modeling of electrorheological fluids.

7



1.2. Variable Exponent Lebesgue Spaces Chapter 1

In 1991 Kovác̆ik and Rákosník published a paper that is considered the beginning of

the modern period in the study of variable Lebesgue spaces, they established many of the

basic properties of variable Lebesgue spaces in this work.

The variable exponents that we consider are always measurable functions p onRn with

range in (0,∞]. We denote by P0(Rn ) the set of such functions bounded away from the

origin (i.e., p− > 0). The subset of variable exponents with range in [1,∞] is denoted by

P (Rn ). We use the standard notation:

p− := ess-inf
x∈Rn

p (x ) and p+ := ess-sup
x∈Rn

p (x ).

We put

ωp (t ) =











t p if p ∈ (0,∞) and t ∈ (0,∞),
0 if p =∞ and t ∈ (0, 1],

∞ if p =∞ and t ∈ (1,∞).

The variable exponent semi-modular is defined by

%p (·)( f ) :=

∫

Rn

ωp (x )(| f (x )|)d x ,

if p ∈ P (Rn ) then %p (·) is a continuous convex modular. The variable exponent Lebesgue

space L p (·) consists of measurable functions f on Rn such that %p (·)(λ f ) <∞ for some

λ> 0. We define the Luxemburg (quasi)-norm on this space by the formula





 f






p (·) := inf
§

λ> 0 :%p (·)

�

f

λ

�

¶ 1
ª

.

If p ∈ P (Rn ) then L p (·) is a normed vector space. As is known, the following inequalities

hold , see Remark 1.4/(i)




 f






p (·) ¶ 1⇔%p (·)( f )¶ 1. (1.2)

Now we introduce the most important condition on the exponent to study variable

exponent spaces, the log-Hölder continuity condition.

Definition 1.6. We say that a real valued-function g onRn is locally log-Hölder continuous

on Rn , abbreviated g ∈C log
loc (R

n ), if there exists a constant clog(g )> 0 such that

�

�g (x )− g (y )
�

�¶
clog(g )

log(e +1/
�

�x − y
�

�)
(1.3)

for all x , y ∈ Rn . We say that g satisfies the log-Hölder decay condition, if there exist two

8



1.2. Variable Exponent Lebesgue Spaces Chapter 1

constants g∞ ∈R and clog > 0 such that

�

�g (x )− g∞
�

�¶
clog

log(e + |x |)

for all x ∈ Rn . We say that g is globally log-Hölder continuous on Rn , abbreviated g ∈
C log(Rn ), if it is locally log-Hölder continuous onRn and satisfies the log-Hölder decay con-

dition. The constants clog(g ) and clog are called the locally log-Hölder constant and the log-

Hölder decay constant, respectively.

The local log-Hölder condition was first used in the variable exponent context by Zhikov

[56]. We note that any function g ∈C log
loc (R

n ) always belongs to L∞.

Definition 1.7. We define the following class of variable exponents:

P log
0 (R

n ) :=
¦

p ∈P0(Rn ) :
1

p
∈C log(Rn )

©

,

which is introduced in [18, Section 2]. The classP log(Rn ) is defined analogously.

We define
1

p∞
:= lim
|x |→∞

1

p (x )
,

and we use the convention 1
∞ = 0. Note that although 1

p is bounded, the variable exponent

p itself can be unbounded.

Let ϕ ∈ L 1, Define the radial majorant of ϕ by

Ψ (x ) := sup
|y |¾|x |

�

�ϕ
�

y
��

� , x ∈Rn .

The function Φ is radial and decreasing as |x | increases, we note that even if ϕ ∈ L 1, the

function Φ need not be integrable. We suppose that Φ ∈ L 1. Then it was proved in [19,

Lemma 4.6.3] that if p ∈P log(Rn ), then

‖ϕε ∗ f ‖p (·) ¶ c ‖Ψ‖1‖ f ‖p (·)

for all f ∈ L p (·), where

ϕε :=
1

εn
ϕ
� ·
ε

�

, ε > 0.

We put

ηt ,m (x ) := t −n (1+ t −1 |x |)−m

for any x ∈Rn , t > 0 and m > 0. Note that ηt ,m ∈ L 1 when m > n and that




ηt ,m







1
= c (m )

is independent of t . If t = 2−ν, ν ∈N0 then we put ην,m :=η2−ν,m .

9



1.3. The mixed Lebesgue-sequence spaces Chapter 1

The Hardy-Littlewood maximal operatorM is defined on L 1
loc by

M f (x ) = sup
r>0

1

|B (x , r )|

∫

B (x ,r )

�

� f (y )
�

�d y .

It was shown in [19], Theorem 4.3.8 thatM : L p (·)→ L p (·) is bounded if p ∈P log and p− > 1.

Note that if p ∈P and p+ <∞, then p ∈P log if and only if p ∈C log
loc .

We also refer to the papers [13], [12] and [17], where various results on maximal function

in variable Lebesgue spaces were obtained.

We end with the generalization of Hölder’s inequality on variable Lebesgue space. As

usual, if p ∈P , then p ′ denotes the conjugate exponent of p given by 1
p (·)+

1
p ′(·) = 1 with the

convention that 1/∞= 0.

Theorem 1.8 (Hölder Inequality). If p ∈P (Rn ) then for all f ∈ L p (·)(Rn ) and g ∈ L p ′(·)(Rn )

∫

Rn

| f (x )g (x )|d x ¶ c ‖ f ‖p (·)‖g ‖p ′(·).

We refer to the recent monographs [12, 19] for further properties, historical remarks

and references on variable exponent spaces.

1.3 The mixed Lebesgue-sequence spaces

1.3.1 The space `q (·)(L p (·))

Definition 1.9. Let p , q ∈ P0(Rn ). The mixed Lebesgue-sequence space `q (·)(L p (·)) is defined

on sequences of L p (·)-functions by the semi-modular

%`q (·)(L p (·))(( fν)ν∈N0
) :=

∑

ν∈N0

inf

�

λν > 0 :%p (·)

�

fν

λ
1/q (·)
ν

�

¶ 1

�

,

we use the convention λ
1
∞ = 1. The quasi-norm is defined from this as usual:










�

fν
�

ν∈N0










`q (·)(L p (·))
:= inf

§

µ> 0 :%`q (·)(L p (·))

�

1

µ
( fν)ν

�

¶ 1
ª

. (1.4)

If q+ <∞, then

inf
§

λ> 0 :%p (·)

�

f

λ1/q (·)

�

¶ 1
ª

=









�

� f
�

�

q (·)









p (·)
q (·)

,

since the right-hand side expression is much simpler, we often replace (4.3) by a simpler
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1.3. The mixed Lebesgue-sequence spaces Chapter 1

expression even when q+ =∞, this expression is given as follows:










�

fν
�

ν∈N0










`q (·)(L p (·))
=
∞
∑

ν=0





| fν|q (·)






p (·)
q (·)

.

As special cases if the exponent q is a constant from (0,∞) then the semi-modular

%`q (·)(L p (·))(( fν)ν∈N0
) =

∑∞
ν=0





 fν






q

p (·) and









�

fν
�

ν∈N0










`q (L p (·))
=
�

∑∞
ν=0





 fν






q

p (·)

�
1
q

, and if q =∞ then









�

fν
�

ν∈N0










`∞(L p (·))
= supν∈N0





 fν






p (·).

Now, we give some important properties of the semi-modular of Definition 1.9 and

the quasi-norm (4.3). The first theorem ensures that indeed Definition 1.9 gives a semi-

modular, see [3].

Theorem 1.10. If p , q ∈P0, then `q (·)(L p (·)) is a semi-modular. Additionally,

(i) it is a modular if p+ <∞; and

(ii) it is continuous if p+, q+ <∞.

Next, we give sufficient conditions on p and q that make ‖ · ‖`q (·)(L p (·)) a quasi-norm or a

norm, we begin with results from [3].

Theorem 1.11. Let p , q ∈P0, then ‖ · ‖`q (·)(L p (·)) is a quasi-norm on `q (·)(L p (·)).

Theorem 1.12. Let p , q ∈P . If either 1
p +

1
q ¶ 1 point-wise, or q is a constant, then ‖ · ‖`q (·)(L p (·))

is a norm.

In [32, Theorem 1] another sufficient condition was given

Theorem 1.13. Let p , q ∈ P . If q (x ) ¶ p (x ) ¶∞ for almost every x ∈ Rn , then ‖ · ‖`q (·)(L p (·))

defines a norm.

Remark 1.14. Let p , q ∈P0(Rn ),

(i) for any r > 0 and any sequence ( fν)ν∈N0
of measurable functions onRn ,%`q (·)(L p (·)(( fν)ν∈N0

) =

%`q (·)/r (L p (·)/r )((| fν|r )ν∈N0
) and ‖( fν)ν∈N0

‖`q (·)(L p (·)) = ‖(| fν|r )ν∈N0
‖1/r
`q (·)/r (L p (·)/r )

(ii) ‖| f |q (·)‖p (·)/q (·) ¶ 1 if and only if ‖ f ‖p (·) ¶ 1.

1.3.2 The space L p (·)(`q (·))

Let p , q ∈P0(Rn ) and q is with real values. For a family of functions fν :Rn →R, ν ∈N0, we

define for any x ∈Rn





( fν)ν∈N0







`q (x ) =

�

∑

ν∈N0

| fν(x )|q (x )
�

1
q (x )

,

11
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The mapping x →




( fν)ν∈N0







`q (x ) is a function of x and can be measured in L p (·). The space

L p (·)(`q (·)) is defined to be the set of all sequences
�

fν
�

ν∈N0
of functions such that





( fν)ν∈N0







L p (·)(`q (·)) =










( fν)ν∈N0







`q (·)







p (·) <∞.

It is easy to show that L p (·)(`q (·)) is always a quasi-normed space and if p , q ∈ P (Rn ) then

it’s a normed space.

1.3.3 The maximal operator

The maximal operator has proved to be very useful in analysis, but it is not well suited to

the mixed Lebesgue-sequence space `q (·)(L p (·)) and L p (·)(`q (·)). It was found in [20, Section

5] that the maximal operator is not bounded on L p (·)(`q (·))when q is non-constant. In [3] A.

Almeida and P. Hästö showed by example [3, Example 4.1] that the maximal operator is in

general not bounded on `q (·)(L p (·)). We use instead the η-functions when we work in vari-

able exponents scales `q (·)(L p (·)) and L p (·)(`q (·)) to replace the role of the maximal operator

in `q (L p ) and L p (`q ) with fixed p and q . The following statement are from [3, Lemma 4.7]

and [20, Section 5] respectively.

Lemma 1.15. Let p ∈ P log(Rn ) and q ∈ P0 (Rn ) with 1
q ∈ C log

loc (R
n ). For m > n + clog(1/q ),

there exists c > 0 such that







�

ην,m ∗ fν
�

ν







`q (·)(L p (·))
¶ c







�

fν
�

ν







`q (·)(L p (·))
.

Lemma 1.16. Let p , q ∈P log(Rn ) with 1< p− ¶ p+ <∞ and 1< q− ¶ q+ <∞. For m > n,

there exists c > 0 such that





(ην,m ∗ fν)ν∈N0







L p (·)(`q (·)) ¶ c




( fν)ν∈N0







L p (·)(`q (·)).

1.4 The space F α(·)p (·),q (·)

Let us first introduce the concept of a smooth dyadic resolution of unity or dyadic decom-

position of unity, see also [46, Section 2.3.1].

Let Ψ be a function in S (Rn ) satisfying Ψ(x ) = 1 for |x | ¶ 1 and Ψ(x ) = 0 for |x | ¾ 2. We

defineψ0 andψ byFψ0 =Ψ andFψ(x ) =Ψ(x )−Ψ(2x ) and

Fψν(x ) =Fψ(2−νx ) for ν ∈N.

Then {Fψν}ν∈N0
is a smooth dyadic resolution of unity, that is

12
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(i) suppFψ0 ⊂ {x ∈Rn : |x |¶ 2};

(ii) suppFψ⊂
�

x ∈Rn : 1/2¶ |x |¶ 2
	

; and

(iii)
∑∞
ν=0Fψν(x ) = 1 for all x ∈Rn ,

any system of functions {ψν,ν ∈ N0} ⊂ S (Rn ) satisfies(i),(ii) and (iii) is called smooth

dyadic resolution of unity. Thus we obtain the Littlewood-Paley decomposition

f =
∞
∑

ν=0

ψν ∗ f

for all f ∈S ′(Rn ) (convergence inS ′(Rn )).

Remark 1.17. We denote by {FΨ,Fψ} every smooth dyadic resolution of unity {ψν,ν ∈
N0} ⊂S (Rn ) generated by Ψ andψwithψ0 =Ψ andFψν(x ) =Fψ(2−νx ) for ν ∈N.

We are now in a position to state the definition of the spaces F s (·)
p (·),q (·).

Definition 1.18. Let (Fψν)ν∈N0
is a smooth dyadic resolution of unity. For α : Rn → R and

p , q ∈ P0 where p , q <∞, the Triebel-Lizorkin space F s (·)
p (·),q (·) consists of all distributions

f ∈S ′(Rn ) such that





 f






F α(·)p (·),q (·)
=




(2να(·)ψν ∗ f )ν∈N0







L p (·)(`q (·)) <∞.

Using the system (ϕν)ν∈N0
we can define the quasi-norm





 f






F αp ,q
=




(2ναϕν ∗ f )ν∈N0







L p (`q )

for constantsα ∈R, p ∈ [1,∞) and q ∈ [1,∞]. The Triebel-Lizorkin-type space F α
p ,q consist

of all distributions f ∈ S ′(Rn ) for which




 f






F αp ,q
<∞. It is well-known that these spaces

do not depend on the choice of the system (ϕν)ν∈N0
(up to equivalence of norms). Further

details on the classical theory of these spaces can be found in [46] and [47], see also [48] for

recent developments. One recognizes immediately that if s , p and q are constants, then

F α(·)
p (·),q (·) = F α

p ,q .

For any p , q ∈ P log
0 with p+ <∞, q+ <∞, and α ∈ C log

loc , the space F α(·)
p (·),q (·) does not

depend on the chosen of system (ψν)ν∈N0
(in the sense of equivalent norms). They are

Banach spaces, and

S (Rn ) ,→ F α(·)
p (·),q (·) ,→S

′(Rn ).

In particular if p ∈C log
loc , 1< p− ¶ p+ <∞, and m ∈N0, then

F m
p (·),2 =W m ,p (·),

13
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see [20]. The full treatment of the spaces F α(·)
p (·),q (·) can be found in [20] and [19]. We refer

to the paper [51], for further results on the variable Triebel-Lizorkin spaces F α(·)
p (·),q (only the

case of constant q was considered). We also mention the papers [6] and [7], for further

results on the variable Bessel potentials spaces and variable Sobolev spaces.

1.5 The spaces Bα(·)p (·),q (·)

We state the definition of the spaces Bα(·)p (·),q (·), which was introduced and investigated in [3].

Definition 1.19. Let
�

Fψν
	

ν∈N0
be a resolution of unity, α :Rn →R and p , q ∈P0(Rn ). The

Besov space Bα(·)p (·),q (·) consists of all distributions f ∈S ′(Rn ) such that





 f






Bα(·)p (·),q (·)
:=




(2να(·)ψν ∗ f )ν






`q (·)(L p (·)) <∞.

Taking α ∈ R and q ∈ (0,∞] as constants we derive the spaces Bαp (·),q studied by Xu

in [51]. We refer the reader to the recent papers [1], [2], [21] and [31] for further details,

historical remarks and more references on these function spaces. For any p , q ∈ P log
0 (Rn )

and s ∈C log
loc , the space Bα(·)p (·),q (·) does not depend on the chosen smooth dyadic resolution of

unity {Fψν}ν∈N0
(in the sense of equivalent quasi-norms) and

S (Rn ) ,→ B s (·)
p (·),q (·) ,→S

′(Rn ).

Moreover, if p , q , s are constants, we re-obtain the usual Besov spaces Bαp ,q , studied in detail

in [46] and [47].

The following theorem gives basic embeddings between Besov spaces and Triebel- Li-

zorkin spaces

Theorem 1.20. Let α,α0,α1 ∈ L∞ and p , q0, q1 ∈P0.

• If q0 ¶ q1, then

Bα(·)p (·),q0(·) ,→ Bα(·)p (·),q1(·)

• If (α0−α1)− > 0, then

Bα0(·)
p (·),q0(·) ,→ Bα1(·)

p (·),q1(·)

• If p+, q+ <∞, then

Bα(·)p (·),min(p (·),q (·)) ,→ F α(·)
p (·),q (·) ,→ Bα(·)p (·),max(p (·),q (·))

Now, we consider embeddings of Sobolev-type

14
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Theorem 1.21 (Sobolev inequality). Let p0, p1, q ∈ P and α0,α1 ∈ L∞ with α0 ¾ α1. If 1/q

and

α0(x )−
n

p0(x )
=α1(x )−

n

p1(x )

are in C log
loc (R

n ), then

Bα0(·)
p0(·),q (·) ,→ Bα1(·)

p1(·),q (·)·

We end the chapter with some results which are useful for us. The first Lemma is [19,

Lemma A.3]while the second lemma is from [20, Lemma 6.1], see also [31, Lemma 19].

Lemma 1.22. for ν1,ν2 ∈N0 and m > 0, we have

ην1,m ∗ην2,m ≈ηmin{ν1,ν2},m .

Lemma 1.23. Let α ∈C log
loc (R

n ), m ∈N0 and let R ¾ clog(α), where clog(α) is the constant from

(1.3). Then there exists a constant c > 0 such that

t −α(x )ηt ,m+R (x − y )¶ c t −α(y )ηt ,m (x − y )

for any 0< t ¶ 1 and x , y ∈Rn .

The previous lemma allows us to treat the variable smoothness in many cases as if it

were not variable at all. Namely, we can move the factor t −α(x ) inside the convolution as

follows:

t −α(x )ηt ,m+R ∗ f (x )¶ c ηt ,m ∗ (t −α(·) f )(x ).

The proof of this lemma is given in [23, Lemma 2.2].

The following is [31, Lemma 9].

Lemma 1.24. Let %,µ ∈S (Rn ), and M ¾−1 an integer such that

∫

Rn

x αµ(x )d x = 0 (1.5)

for all |α|¶M . Then for any N > 0, there is a constant c (N )> 0 such that

sup
z∈Rn

�

�t −nµ(t −1·) ∗%(z )
�

� (1+ |z |)N ¶ c (N ) t M+1.

Remark 1.25. Since
∫

Rn x αµ(x )d x = i |α|D α(Fµ)(0) the assumption (1.5) is equivalent to

D α(Fµ)(0) = 0

for all |α|¶M .
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CHAPTER 2

CONTINUOUS CHARACTERIZATION OF

BESOV SPACES OF VARIABLE

SMOOTHNESS AND INTEGRABILITY

2.1 Introduction

The main aim of this chapter is to present new equivalent quasi-norms of Besov Spaces of

variable smoothness and integrability Bα(·)p (·),q (·). Based on the continuous version of Calderón

reproducing formula, we define new family of function spaces and prove their basic prop-

erties such as the independence of the chosen resolution of unity and the characteriza-

tion by the so-called continuous Peetre maximal functions. Later, under some suitable

assumptions on the parameters we prove that these function spaces are just the Besov

spaces of variable smoothness and integrability of Almeida and Hästö. Finally we char-

acterize these function spaces in terms of continuous local means.

There are lots of difficulties we need to over come when working in variable Besov

spaces and other variable scales generally, many techniques used in classical fail with vari-

able scales or must be adapted and generalized, other difficulty is the definition of norms

in variable scales which, in general ad additional difficulties and most of time we have to

use the associated semi-modulars rather than quasi-norms.
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2.2 Basic tools

In this section we present some useful results. The following lemma is from [54, Lemma

3.14], it’s valid even when q+ =∞.

Lemma 2.1. Let p , q ∈P0(Rn ). Let f be a measurable function on Rn . If

‖| f |q (·)‖ p (·)
q (·)
¾ 1

then

‖ f ‖q−

p (·) ¶ ‖| f |
q (·)‖ p (·)

q (·)
.

The next lemma is a Hardy type inequalitie, see [33].

Lemma 2.2. Let s > 0 and (εt )0<t¶1 be a sequence of positive measurable functions when t

is a continuous variable. Let

ηt = t s

∫ 1

t

τ−sετ
dτ

τ
and δt = t −s

∫ t

0

τsετ
dτ

τ
.

Then there exists a constant c > 0 depending only on s such that

∫ 1

0

ηt

d t

t
+

∫ 1

0

δt

d t

t
¶ c

∫ 1

0

εt

d t

t
.

Lemma 2.3. Let r, N > 0, m > n and θ ,ω ∈ S (Rn ) with suppFω ⊂ B (0, 1). Then there

exists a constant c = c (r, m , n )> 0 such that for all g ∈S ′ (Rn ), we have

�

�θN ∗ωN ∗ g (x )
�

�¶ c (ηN ,m ∗
�

�ωN ∗ g
�

�

r
(x ))1/r , x ∈Rn ,

where θN (·) :=N nθ (N ·),ωN (·) :=N nω(N ·) and ηN ,m :=N n (1+N |·|)−m .

The proof of this lemma is given in [23, Lemma 2.2]. We begin with a very important

Lemma

Lemma 2.4. Let α ∈ (0, 1),β ∈ (1,∞), p ∈P log (Rn ) and q ∈P (Rn )with 1
q ∈C log

loc (R
n ). Let

g t (x ) :=

∫ min{1,β t }

αt

ητ,m ∗ fτ(x )
dτ

τ
, t ∈ (0, 1], x ∈Rn .

(i) The inequality





|c g t |q (·)






p (·)
q (·)
¶
∫ min{1,β t }

αt





| fτ|q (·)






p (·)
q (·)

dτ

τ
+ t , t ∈ (0, 1]
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holds for every sequence of functions ( ft )0<t¶1 and constant m > n+clog(
1
q ) such that the first

term on the right-hand side is at most one, where the constant c independent of t .

(ii) The inequality




(g t )0<t¶1







å`q (·)(L p (·))
¶ c





( ft )0<t¶1







å`q (·)(L p (·))

holds for every sequence of functions ( ft )0<t¶1 and constant m > n + clog(
1
q ) such that the

right-hand side is finite.

Proof. First let us prove (i). The claim can be reformulated as showing that

J :=




c1 δ
− 1

q (·) g t







p (·) ¶ 1+ log
β

α
, t ∈ (0, 1],

where c1 > 0 andδ :=
∫min{1,β t }
αt





| fτ|q (·)






p (·)
q (·)

dτ
τ +t . Applying Lemma 1.23, with an appropriate

choice of c1, we get

J ¶
∫ β t

αt





c1 δ
− 1

q (·) (ητ,m ∗ fτ)






p (·)

dτ

τ

¶ c c1

∫ β t

αt





ηt ,m−clog(
1
q )
∗ δ−

1
q (·) | fτ|







p (·)

dτ

τ
, m > n + clog(

1

q
)

¶
∫ β t

αt





δ−
1

q (·) fτ






p (·)

dτ

τ
,

sinceδ ∈ (t , 1+t ]and that the convolution with a radially decreasing L 1-function is bounded

on L p (·), since m > n + clog(
1
q ). Write

∫ β t

αt





δ−
1

q (·) fτ






p (·)

dτ

τ
=

∫

(αt ,β t ]∩B

· · ·
dτ

τ
+

∫

(αt ,β t ]∩B c

· · ·
dτ

τ

= J1,t + J2,t ,

where

B :=
�

τ> 0 :




|δ−
1

q (·) fτ|q (·)






p (·)
q (·)
¾ 1

	

.

By Lemma 2.1,

J1,t ¶
∫

(αt ,β t ]∩B





|δ−
1

q (·) fτ|q (·)






1
q−
p (·)
q (·)

dτ

τ
¶δ−1

∫ β t

αt





| fτ|q (·)






p (·)
q (·)

dτ

τ
¶ 1

and

J2,t ¶
∫ β t

αt

dτ

τ
= log

β

α
.
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Now we prove (ii). By the scaling argument, it suffices to consider the case





( ft )0<t¶1







å`q (·)(L p (·))
= 1

and show that the modular of f on the left-hand side is bounded. By rewriting





|c g t |q (·)






p (·)
q (·)
® t

∫ 1

t

τ−1ετ
dτ

τ
+ t −1

∫ t

0

τ ετ
dτ

τ
+ t .

where ετ =




| fτ|q (·)






p (·)
q (·)

and the constant c is from (i). Applying Hardy inequality, Lemma

2.2, we get
∫ 1

0





|c g t |q (·)






p (·)
q (·)

d t

t
¶C

for some positive constant C , which proves the desired result.

Lemma 2.5. Let 0<m , r <∞ such that m r > n. Let {FΦ,Fϕ} be a resolution of unity:

FΦ(ξ) +
∫ 1

0

Fϕ(t ξ)
d t

t
= 1, ξ ∈Rn .

(i) Let θ ∈ S (Rn ) be such that suppFθ ⊂ {ξ ∈ Rn : |ξ| ¶ 2}. There exists a constant c > 0

such that

|θ ∗ f |r ¶ c η1,m r ∗ |Φ ∗ f |r + c

∫ 1

1/4

η1,m r ∗ |ϕτ ∗ f |r
dτ

τ

for any f ∈S ′(Rn ), where ϕτ =τ−nϕ( ·τ ).

(ii) Let ω ∈ S (Rn ) be such that suppFω ⊂ {ξ ∈ Rn : 1
2 ¶ |ξ| ¶ 2}. There exists a constant

c > 0 such that

|ωt ∗ f |r ¶ c η1,m r ∗ |Φ ∗ f |r + c

∫ min(1,4t )

t /4

ητ,m r ∗ |ϕτ ∗ f |r
dτ

τ

for any f ∈ S ′(Rn ) and any 0 < t ¶ 1( if t ∈ (0, 1/4], the first term on the right hand side is

null), whereωt = t −nω( ·t ).

Proof. We split the proof into two steps. First the case 1 ¶ r <∞ follows by the Hölder

inequality.

Step 1. Proof of (i). Since {FΦ,Fϕ} is a resolutions of unity, it follows that

θ ∗ f =Φ ∗θ ∗ f +

∫ 1

1/4

θ ∗ϕτ ∗ f
dτ

τ
.
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First recall the elementary inequality

d nηd ,m (y − z )¶ d 2nηd ,−m (y − x )ηd ,m (x − z ), d > 0, x , y , z ∈Rn , (2.1)

which together with Lemma 2.3 implies that

|Φ ∗θ ∗ f (y )|r ® η1,m r ∗ |Φ ∗ f |r (y )

= c

∫

Rn

η1,m r (y − z )|Φ ∗ f (z )|r d z

® η1,−m r (y − x )η1,m r ∗ |Φ ∗ f |r (x )

for any x ∈Rn and any m > n
r . Furthermore,

|Φ ∗θ ∗ f (y )| ¶
∫

Rn

η1,N (y − z )|θ ∗ f (z )|d z

¶ η1,−m (y − x )θ ∗,m1 f (x )

∫

Rn

η1,N−m (y − z )d z

® η1,−m (y − x )θ ∗,m1 f (x )

for any N >m +n , where

θ ∗,m1 f (x ) = sup
y ∈Rn

|θ ∗ f (y )|
(1+ |y − x |)m

, x ∈Rn .

Therefore,

|Φ ∗θ ∗ f (y )|®η1,−m (y − x )
�

θ ∗,m1 f (x )
�1−r

η1,m r ∗ |Φ ∗ f |r (x )

for any x ∈Rn with m r > n . Again from Lemma 2.3 we conclude

|θ ∗ϕτ ∗ f (y )|r ® η1,m r ∗ |ϕτ ∗ f |r (y )

® (1+ |y − x |)m rη1,m r ∗ |ϕτ ∗ f |r (x )

and

|θ ∗ϕτ ∗ f (y )| ®
∫

Rn

ητ,N (y − z )|θ ∗ f (z )|d z ,
1

4
¶τ¶ 1

® (1+ |y − x |)mθ ∗,m1 f (x )
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for any x ∈Rn , any m > n and any N >m +n . Consequently

θ ∗,m1 f (x )¶ c
�

θ ∗,m1 f (x )
�1−r

�

η1,m r ∗ |Φ ∗ f |r (x ) +
∫ 1

1/4

η1,m r ∗ |ϕτ ∗ f |r (x )
dτ

τ

�

, (2.2)

which implies that

|θ ∗ f (x )|r ¶ c η1,m r ∗ |Φ ∗ f |r (x ) + c

∫ 1

1/4

η1,m r ∗ |ϕτ ∗ f |r (x )
dτ

τ
(2.3)

when θ ∗,m1 f (x ) <∞, which is true if m ¾ n
r +N0 (order of distribution). We will use the

Strömberg and Torchinsky idea [45]. Observe that the right-hand side of (2.3) decreases

as m increases. Therefore, we have (2.3) for all m > n
r but with c = c ( f ) depending on f .

We can easily check that if the right-hand side of (2.3), with c = c ( f ), is finite imply that

θ ∗,m1 f (x )<∞, otherwise, there is nothing to prove. Returning to (2.2) and having in mind

that now θ ∗,m1 f (x )<∞, we obtain the desired estimate (2.3).

Step 2. Proof of (ii). We have

ωt ∗ f =

∫ min(1,4t )

t /4

ωt ∗ϕτ ∗ f
dτ

τ
+

¨

0, if 0< t < 1
4 ;

ωt ∗Φ ∗ f , if 1
4 ¶ t ¶ 1.

Let

g t (y ) =

∫ min(1,4t )

t /4

ωt ∗ϕτ ∗ f (y )
dτ

τ
, y ∈Rn , 0< t ¶ 1.

It follows from Lemma 2.3 that

|ωt ∗ϕτ ∗ f (y )|r ® ηt ,m r ∗ |ϕτ ∗ f |r (y )

® ητ,m r ∗ |ϕτ ∗ f |r (y )

= c

∫

Rn

ητ,m r (y − z )|ϕτ ∗ f (z )|r d z

® (1+τ−1|y − x |)m rητ,m r ∗ |ϕτ ∗ f |r (x )

and

|ωt ∗ϕτ ∗ f (y )| ®
∫

Rn

ητ,N (y − z )|ωt ∗ f (z )|d z

® ω∗t ,m f (y )

∫

Rn

ητ,N (y − z )(1+ t −1|y − z |)m d z

® ω∗,mt f (y )

® (1+ t −1|y − x |)mω∗,mt f (x )

21



2.2. Basic tools Chapter 2

for any x , y ∈Rn , any t /4¶τ¶min(1, 4t ), 0< t ¶ 1 and any N >m +n , where

ω∗,mt f (x ) = sup
y ∈Rn

|ωt ∗ f (y )|
(1+ t −1|y − x |)m

, x , y ∈Rn , 0< t ¶ 1.

Therefore, |g t (y )| can be estimated from above by

c
�

ω∗,mt f (x )
�1−r
(1+ t −1|y − x |)m (1−r )

×
∫ min(1,4t )

t /4

(1+τ−1|y − x |)m rητ,m r ∗ |ϕτ ∗ f |r (x )
dτ

τ

® (1+ t −1|y − x |)m
�

ω∗,mt f (x )
�1−r

∫ min(1,4t )

t /4

ητ,m r ∗ |ϕτ ∗ f |r (x )
dτ

τ
,

if 0< t ¶ 1. Now if 1
4 ¶ t ¶ 1, we easily obtain

|ωt ∗Φ ∗ f (y )| = |ωt ∗Φ ∗ f (y )|1−r |ωt ∗Φ ∗ f (y )|r

® (1+ t −1|y − x |)m (1−r )
�

ω∗,mt f (x )
�1−r

η1,m r ∗ |Φ ∗ f |r (y )

® (1+ t −1|y − x |)m
�

ω∗,mt f (x )
�1−r

η1,m r ∗ |Φ ∗ f |r (x ),

which yields that

sup
y ∈Rn

|ωt ∗Φ ∗ f (y )|
(1+ t −1|y − x |)m

®
�

ω∗,mt f (x )
�1−r

η1,m r ∗ |Φ ∗ f |r (x ).

Consequently

|ωt ∗ f (x )|r ®
�

ω∗,mt f (x )
�r ®η1,m r ∗ |Φ ∗ f |r (x ) +

∫ min(1,4t )

t /4

ητ,m r ∗ |ϕτ ∗ f |r (x )
dτ

τ
. (2.4)

whenω∗,mt f (x )<∞, 0< t ¶ 1 and x ∈Rn . Using a combination of the arguments used in

(i), we arrive at the desired estimate. The proof is complete.

The following lemma is [42, Lemma 1]

Lemma 2.6. Let p , q ∈ P0(Rn ) and δ > 0. Let (gk )k∈N0
be a sequence of non-negative mea-

surable functions on Rn and denote

Gν(x ) =
∑

k∈N0

2−δ|k−ν|gk (x ) , x ∈Rn , ν ∈N0.
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Then there exists a positive constant c depending on p , q and δ such that





(Gν)ν∈N0







`q (·)(L p (·)) ¶ c




(gk )k∈N0







`q (·)(L p (·)) .

2.3 Variable Besov spaces

2.3.1 The space å`q (·)(L p (·))

Let ( ft )t ∈(0,1] be a sequence of functions ft (x ), t ∈ (0, 1], x ∈ Rn , measurable on (0, 1]×Rn ,

We set

%
å`q (·)(L p (·))

(( ft )0<t¶1) :=

∫ 1

0

inf

�

λt > 0 :%p (·)

�

ft

λ
1/q (·)
t

�

¶ 1

�

d t

t
.

we use the convention λ
1
∞ = 1. The quasi-norm is defined from this as usual:





( ft )0<t¶1







å`q (·)(L p (·))
:= inf

§

µ> 0 :%
å`q (·)(L p (·))

� 1

µ
( ft )0<t¶1

�

¶ 1
ª

.

Now, we give two cases where it is possible to simplify the expression of the previous quasi-

norm.

Example 2.7.

(i) If the exponent q is a constant from (0,∞) then the semi-modular

%
å`q (·)(L p (·))

(( ft )0<t¶1) =

∫ 1

0





 ft







q

p (·)

d t

t
and





( ft )0<t¶1







å`q (·)(L p (·))
=

�

∫ 1

0





 ft







q

p (·)

d t

t

�1/q

.

(ii) If q =∞, letµ= ess-sup
t ∈(0,1]

‖ ft ‖p (·) <∞, then for all t ∈ (0, 1],λt > 0 we have%p (·)

�

ft /µ

λ1/∞
t

�

=

%p (·)
�

ft /µ
�

¶ 1 then inf
n

λt > 0 :%p (·)

�

ft /µ

λ1/∞
t

�

¶ 1
o

= 0, implies that%
å`∞(L p (·))

(( ft /µ)0<t¶1) =

0, therefore




( ft )0<t¶1







å`∞(L p (·))
¶ µ, now, we prove the reverse inequality, let m ∈ (0,µ)

then there exists a subset I ⊂ (0, 1] where |I | > 0 and m < ‖ ft ‖p (·) on I , then for all

t ∈ I ,λt > 0 we have %p (·)

�

ft /m

λ1/∞
t

�

=%p (·)
�

ft /m
�

> 1, then inf
n

λt > 0 :%p (·)

�

ft /m

λ1/∞
t

�

¶ 1
o

=

inf ;=+∞ for all t ∈ I , therefore%
å`∞(L p (·))

(( ft /m )0<t¶1) = +∞ for any m ∈ (0,µ), hence





( ft )0<t¶1







å`∞(L p (·))
= ess-sup

t ∈(0,1]
‖ ft ‖p (·).

If ess-sup
t ∈(0,1]

‖ ft ‖p (·) =∞ then for any positive m there exist a measurable subset I ⊂ (0, 1]

of positive measure such that m < ‖ ft ‖p (·) on I , it follows that for any positive m and t ∈
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I , inf
n

λt > 0 :%p (·)

�

ft /m

λ1/∞
t

�

¶ 1
o

= inf ; = +∞, and then %
å`∞(L p (·))

(( ft /m )0<t¶1) = +∞,

therefore,





( ft )0<t¶1







å`q (·)(L p (·))
:= inf

¦

m > 0 :%
å`q (·)(L p (·))

�

( ft /m )0<t¶1

�

¶ 1
©

= inf ;=+∞.

Theorem 2.8. Let p , q ∈ P0 (Rn ). For every function f (t , x ) measurable on (0, 1]×Rn the

function defined by

Θ f (t ) := inf

�

λt > 0 :%p (·)

�

ft

λ
1/q (·)
t

�

¶ 1

�

, t ∈ (0, 1],

is measurable on (0, 1].

Proof. First, we prove that if g is a non-negative function null outside a measurable subset

of (0, 1]×Rn of finite measure , then Θg is measurable on (0, 1]. For such a function there

exists an increasing sequence of step functions gk that converges pointwise to g . namely,

gk (t , x )¶ gk+1(t , x ) for all k ∈N0 and (t , x ) ∈ (0, 1]×Rn , limk→∞ gk (t , x ) = g (t , x ), where

gk (t , x ) =
Nk
∑

i=0

αk
i χR k

i

where each rectangle R n
i is a product of n +1 one-dimensional bounded intervals,

R k
i =

n+1
∏

j=1

[a i ,k
j , b i ,k

j [

with [a i ,k
1 , b i ,k

1 [⊂ (0, 1], and
∏n+1

j=2 [a
i ,k
j , b i ,k

j [⊂Rn , without loss of the generality we can rela-

bel the numbers a i ,k
1 , b i ,k

1 , 0 ¶ i ¶ Nk as x1 < x2 < · · · < x2Nk
(the number of the xi ’s may be

less than 2Nk ), so, we can rewrite

gk (t , x ) =
2Nk
∑

i=0

αk
i χB k

i

where the first side of each rectangle B k
i is one of intervals [xi , xi+1[, the advantage of this

new representation is that gk (t1, ·) = gk (t2, ·) for any t1, t2 ∈ [xi , xi+1[, it follows that Θgk
is

constant or equals ∞ on every [xi , xi+1[ and null outside
⋃

[xi , xi+1[, then, Θgk
is mea-

surable for any k ∈ N0. We have Θgk
¶ Θgk+1

¶ Θg since gk ¶ gk+1 ¶ g for all k ∈ N0.

The sequence of functions (Θgk
)k∈N0

converges to a measurable function we denote by

Λ, then Λ ¶ Θg . We have for any t ∈ (0, 1], if Λt =∞ then Θg (t ) =∞ and if Λt <∞

then the sequence of functions
�

gk (t , ·)/Λ1/q (·)
t

�p (·)
is increasing and converges pointwise to
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�

g (t , ·)/Λ1/q (·)
t

�p (·)
, then we get

%p (·)

�

g t

Λ
1/q (·)
t

�

=

∫

Rn

�

g (t , x )

Λ
1/q (x )
t

�p (x )

d x = lim
k

∫

Rn

�

gk (t , x )

Λ
1/q (x )
t

�p (x )

d x ¶ 1

which implies that Λ=Θg , then, Θg is measurable.

Now, let f be an arbitrary measurable function defined on (0, 1]×Rn , since Θ f = Θ| f |
it suffices to suppose that f is non-negative. Then, there exists an increasing sequence of

non-negative simple functions fn that converges pointwise to f , namely,

fn (t , x )¶ fn+1(t , x ) for all n ∈N0 and (t , x ) ∈ (0, 1]×Rn , limn→∞ fn (t , x ) = f (t , x ), where

fn (t , x ) =
Nn
∑

i=0

αn
i χAn

i

where the An
i are disjoint measurable subsets of (0, 1]×Rn and of finite measure. since fn

is null outside
⋃

An
i and

⋃

An
i is of finite measure, by the first part, Θ fn

is measurable for

any n ∈N0, by similar arguments as in the first part we prove that Θ f is measurable.

Theorem 2.9. If p , q ∈P0, then %
å`q (·)(L p (·))

is a semi-modular.

Proof. To show that%
å`q (·)(L p (·))

is a semi-modular we need to check properties(1)-(4) of Defi-

nition 1.1, Properties (1) and (2) are clear. To prove (3), suppose that%
å`q (·)(L p (·))

((λ ft )0<t¶1) = 0

for allλ> 0 then




|λ ft |q (·)






p (·)
q (·)
= 0 for allλ> 0, since





|λ ft |q (·)






p (·)
q (·)
=%`q (·)(L p (·))((λ ft , 0, 0, · · · )) and

%`q (·)(L p (·)) is a semi-modular we deduce that ft = 0 for all t ∈ (0, 1].

To prove the left-continuity we see that it suffices to show that the sequence%
å`q (·)(L p (·))

((µn

ft )0<t¶1) converges to %
å`q (·)(L p (·))

(( ft )0<t¶1) for every non-decreasing sequence µn of elements

in (0, 1) that converges to 1, since the sequence of function (‖|µn ft |q (·)‖ p (·)
q (·)
)n is non-decreasing

we have

lim
n

∫ 1

0










�

�µn ft

�

�

q (·)









p (·)
q (·)

d t

t
=

∫ 1

0

lim
n










�

�µn ft

�

�

q (·)









p (·)
q (·)

d t

t
=

∫ 1

0










�

� ft

�

�

q (·)









p (·)
q (·)

d t

t

where we have used limn ‖|µn ft |q (·)‖ p (·)
q (·)
= ‖| ft |q (·)‖ p (·)

q (·)
which follows from the left continuity

of %`q (·)(L p (·)).

By Definition 1.2, the space å`q (·)(L p (·)) is the set of all sequences ( ft (x ))t ∈(0,1] of measur-

able functions ft on (0, 1]×Rn such that %
å`q (·)(L p (·))

((λ ft )0<t¶1) for some λ> 0. It still to prove

that




( ft )0<t¶1







å`q (·)(L p (·))
is indeed a quasi-norm, we follow the approach used in [3].

Theorem 2.10. Let p , q ∈P . If 1
p +

1
q ¶ 1 point-wise, then





( ft )0<t¶1







å`q (·)(L p (·))
is a norm.
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Proof. Let ( ft )0<t¶1 ∈ å`q (·)(L p (·)). If




( ft )0<t¶1







å`q (·)(L p (·))
= 0 then

∫ 1

0
ł|| ft |q (·)‖ p (·)

q (·)

d t
t ¶ µ for all

µ ∈ (0, 1] which implies
∫ 1

0
‖| ft |q (·)‖ p (·)

q (·)

d t
t = 0 and then ft = 0 for all t ∈ (0, 1]. it’s clear that





(λ ft )0<t¶1







å`q (·)(L p (·))
= |λ|





( ft )0<t¶1







å`q (·)(L p (·))
for all λ ∈C.

Now, we prove that





( ft + g t )0<t¶1







å`q (·)(L p (·))
¶




( ft )0<t¶1







å`q (·)(L p (·))
+




( ft )0<t¶1







å`q (·)(L p (·))

for all ( ft )0<t¶1, (g t )0<t¶1 ∈ å`q (·)(L p (·)). By [3, page 1636], we have for all λ,µ> 0,
















�

�

�

�

ft + g t

λ+µ

�

�

�

�

q (·)















p (·)
q (·)

¶
λ

λ+µ
















�

�

�

�

ft

λ

�

�

�

�

q (·)















p (·)
q (·)

+
µ

λ+µ
















�

�

�

�

g t

µ

�

�

�

�

q (·)















p (·)
q (·)

.

Now, taking λ >




( ft )0<t¶1







å`q (·)(L p (·))
, µ >





(g t )0<t¶1







å`q (·)(L p (·))
and the integral

∫ 1

0
·d t /t on both

sides, we get




( ft + g t )0<t¶1







å`q (·)(L p (·))
¶λ+µ,

which implies the desired result, The proof is complete.

Theorem 2.11. Let p , q ∈P0, then ‖ · ‖
å`q (·)(L p (·))

is a quasi-norm on å`q (·)(L p (·)).

2.3.2 The space B
α(·)
p (·),q (·)

In this subsection we present our version of Besov spaces of variable smoothness and in-

tegrability, and prove the basic properties in analogy to the case of fixed exponents. Select

a pair of Schwartz functions Φ and ϕ satisfying

suppFΦ⊂ {x ∈Rn : |x |¶ 2}, suppFϕ ⊂
�

x ∈Rn : 1/2¶ |x |¶ 2
	

(2.5)

and

FΦ(ξ) +
∫ 1

0

Fϕ(t ξ)
d t

t
= 1, ξ ∈Rn . (2.6)

Such a resolution (2.5) and (2.6) of unity can be constructed as follows. Let µ ∈ S (Rn ) be

such that
�

�Fµ(ξ)
�

�> 0 for 1/2< |ξ|< 2. There exists η ∈S (Rn )with

suppFη⊂
�

x ∈Rn : 1/2< |x |< 2
	

such that
∫ ∞

0

Fµ(t ξ)Fη(t ξ)
d t

t
= 1, ξ 6= 0,
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see [16], [26] and [25]. We setFϕ =FµFη and

FΦ(ξ) =







∫ ∞

1

Fϕ(t ξ)
d t

t
if ξ 6= 0,

1 if ξ= 0.

Then FΦ ∈ S (Rn ), and as Fη is supported in {x ∈ Rn : 1/2 ¶ |x | ¶ 2}, we see that supp

FΦ⊂ {x ∈Rn : |x |¶ 2}.

Now we define the spaces under consideration.

Definition 2.12. Let α : Rn → R and p , q ∈ P0(Rn ). Let {FΦ,Fϕ} be a resolution of unity

and we putϕt = t −nϕ( ·t ), 0< t ¶ 1. The Besov spaceBα(·)
p (·),q (·) is the collection of all f ∈S ′(Rn )

such that




 f






Φ,ϕ

B
α(·)
p (·),q (·)

:= ‖Φ ∗ f ‖p (·)+




(t −α(·)ϕt ∗ f )0<t¶1







å`q (·)(L p (·))
<∞.

When q =∞, the Besov space B
α(·)
p (·),∞ consist of all distributions f ∈S ′(Rn ) such that





 f






Φ,ϕ

B
α(·)
p (·),∞

:=




Φ ∗ f






p (·)+ sup
t ∈(0,1]





t −α(·)(ϕt ∗ f )






p (·) <∞.

One recognizes immediately that Bα(·)
p (·),q (·) is a quasi-normed space and if α, p and q are

constants, then

B
α(·)
p (·),q (·) = Bαp ,q ,

where Bαp ,q is the usual Besov spaces.

Now, we are ready to show that the definition of these function spaces is independent

of the chosen resolution {FΦ,Fϕ} of unity. This justifies our omission of the subscript Φ

and ϕ in the sequel.

Theorem 2.13. Let {FΦ,Fϕ} and
�

FΨ,Fψ
	

be two resolutions of unity. Let α : Rn → R
and p , q ∈P0(Rn ). Assume that p ∈P log

0 (Rn ) and α, 1
q ∈C log

loc (R
n ). Then





 f






Φ,ϕ

B
α(·)
p (·),q (·)

≈




 f






Ψ,ψ

B
α(·)
p (·),q (·)

.

Proof. It is sufficient to show that there exists a constant C > 0 such that for all f ∈Bα(·)
p (·),q (·)

we have




 f






Φ,ϕ

B
α(·)
p (·),q (·)
¶C





 f






Ψ,ψ

B
α(·)
p (·),q (·)

, (2.7)
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interchanging the roles of
�

Ψ,ψ
�

and
�

Φ,ϕ
�

we obtain the desired result. By Lemma 2.5/(ii)

|ϕt ∗ f |r ¶ c

∫ min(1,4t )

t /4

ητ,N ∗ |ψτ ∗ f |r
dτ

τ
+

¨

0, if 0< t < 1
4 ;

c η1,N ∗ |Ψ ∗ f |r , if 1
4 ¶ t ¶ 1.

where r =min{p−, q−} and N arbitrary large. For all t ∈ (0, 1] and t /4 ¶ τ ¶min(1, 4t ) we

have 1/4¶τ/t ¶ 4, since α ∈C log
loc (R

n ) then α is bounded, hence, by Lemma 1.23

|t −αϕt ∗ f |r ¶ c h (t ) + c g (t )

where

g t :=

∫ min(1,4t )

t /4

ητ,N ′ ∗ |τ−αψτ ∗ f |r
dτ

τ

and

ht :=

¨

0, if 0< t < 1
4 ;

η1,N ′ ∗ |Ψ ∗ f |r , if 1
4 ¶ t ¶ 1,

where N ′ = N − clog(rα) still can be taken arbitrary large, remark that η1,N ′ ¶ η1,N . Since

p/r ∈ P log (Rn ) and 1
q/r ∈ C log

loc (R
n ) , by taking N ′ large such that N ′ > n + r clog(1/q (·))

Lemma 2.4 yields





(g t )0<t¶1







å`q (·)/r (L p (·)/r )
¶ c





(|t −αψt ∗ f |r )0<t¶1







å`q (·)/r (L p (·)/r )

¶ c




(t −αψt ∗ f )0<t¶1







r
å`q (·)(L p (·))

.

Now, we estimate




(ht )0<t¶1







å`q (·)/r (L p (·)/r )
: if





Ψ ∗ f






p (·) ¶ 1, since N ′ > n , p/r ∈ P log (Rn )

and the convolution with a radially decreasing L 1-function is bounded on L p (·)/r , it follows,




η1,N ′ ∗ |Ψ ∗ f |r






p (·)/r
®




Ψ ∗ f






r

p (·) ® 1, hence there exists c1 > 0 such that




c1η1,N ′ ∗ |Ψ ∗ f |r






p (·)/r

¶ 1, it follows that









�

c1η1,N ′ ∗ |Ψ ∗ f |r
�(q (·)/r )










p (·)/r
q (·)/r

¶ 1, therefore

%
å`q (·)/r (L p (·)/r )

((c1ht )t ∈(0,1]) =

∫ 1

1/4










�

c1η1,N ′ ∗ |Ψ ∗ f |r
�(q (·)/r )










p (·)/r
q (·)/r

d t

t
¶ c ,

then,




(ht )0<t¶1







å`q (·)/r (L p (·)/r )
¶ c , by scaling arguments we get,





(ht )0<t¶1







å`q (·)/r (L p (·)/r )
¶ c





Ψ ∗ f






r

p (·) ,
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therefore





(|t −α(·)ϕt ∗ f |r )0<t¶1







å`q (·)/r (L p (·)/r )
¶ c





(g t )0<t¶1







å`q (·)/r (L p (·)/r )
+ c





(ht )0<t¶1







å`q (·)/r (L p (·)/r )

¶ c




(t −αψt ∗ f )0<t¶1







r
å`q (·)(L p (·))

+ c




Ψ ∗ f






r

p (·)

¶ 2c
�





 f






Ψ,ψ

B
α(·)
p (·),q (·)

�r

,

this implies that




(t −α(·)ϕt ∗ f )0<t¶1







å`q (·)(L p (·))
®




 f






Ψ,ψ

B
α(·)
p (·),q (·)

. (2.8)

With similar arguments, Lemma 2.5/(i)

|Φ ∗ f |r ¶ c η1,N ∗ |Ψ ∗ f |r + c

∫ 1

1/4

η1,N ∗ |ψτ ∗ f |r
dτ

τ

¶ c η1,N ∗ |Ψ ∗ f |r + c

∫ 1

1/4

ητ,N ∗ |τ−αψτ ∗ f |r
dτ

τ

let k :=
∫ 1

1/4
ητ,N ∗ |τ−αψτ ∗ f |r dτ

τ . If




 f






Ψ,ψ

B
α(·)
p (·),q (·)
¶ 1 then

∫ 1

1/4










�

|τ−αψτ ∗ f |r
�(q (·)/r )










p (·)/r
q (·)/r

d t

t
¶ 1,

remark that ‖[| · | ](q (·))‖ p (·)
q (·)
= ‖(| · |r )(q (·)/r )‖ p (·)/r

q (·)/r
, by taking N large enough, Lemma 2.4/(i) en-

sures that there exists a positive constant c such that




|c k |q (·)/r






p (·)/r
q (·)/r
¶ 1 which implies that

‖c k‖p (·)/r ¶ 1, it follows that




|Φ ∗ f |r






p (·)/r
¶ c , by scaling arguments we get





Φ ∗ f






p (·) ®




 f






Ψ,ψ

B
α(·)
p (·),q (·)

,

this with (2.8) proves (2.7), the proof of Theorem 2.13 is complete.

2.4 Relation between B
α(·)
p (·),q (·) and Bα(·)p (·),q (·)

In this section we present the coincidence between the above function spaces and the vari-

able Besov spaces of Almeida and Hästö..

Theorem 2.14. Let α : Rn → R and p , q ∈ P0(Rn ). Assume that p ∈ P log
0 (Rn ) and α, 1

q ∈
C log

loc (R
n ). Then

B
α(·)
p (·),q (·) = Bα(·)p (·),q (·),
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in the sense of equivalent quasi-norms.

Proof. Step 1. We will prove that

B
α(·)
p (·),q (·) ,→ Bα(·)p (·),q (·).

Let {FΦ,Fϕ} and
�

Fψ j

	

j∈N0
be two resolutions of unity and let f ∈Bα(·)

p (·),q (·) with





 f






B
α(·)
p (·),q (·)
¶ 1. (2.9)

We have,Fψ0 is supported in {ξ ∈Rn : |ξ|¶ 2}, and suppFψ1 ⊂ {ξ ∈Rn : 1/2¶ |ξ|¶ 2}.
from Lemma 2.5 for all ν ∈N0 we have

|2να(·)ψν ∗ f |r ®
∫ min(1,22−ν)

2−ν−2

ητ,N ∗ |τ−α(·)ϕτ ∗ f |r
dτ

τ
+

¨

0, if ν¾ 2;

η1,N ∗ |Φ ∗ f |r , if ν= 0, 1.

where r =min{p−, q−} and N can be taken arbitrary large. For any ν ∈N0 denote the first

term on the right hand side by gν. Since p/r ∈ P log (Rn ) the convolution with a radially

decreasing L 1-function is bounded on L p (·)/r , we obtain










�

�c1η1,N ∗ |Φ ∗ f |r
�

�

q (·)/r









p (·)/r
q (·)/r

¶ 1 (2.10)

for some suitable positive constant c1. By (2.9) we have%
å`q (·)(L p (·))

((t −α(·)ϕt ∗ f )0<t¶1)¶ 1 then

∫ min(1,22−ν)

2−ν−2










�

|τ−α(·)ϕτ ∗ f |r
�q (·)/r










p (·)/r
q (·)/r

dτ

τ
¶ 1,

for any ν ∈N0. Applying Lemma 2.4, we obtain





|c2gν|q (·)/r






p (·)/r
q (·)/r
¶
∫ min(1,22−ν)

2−ν−2





|τ−α(·)ϕτ ∗ f |q (·)






p (·)
q (·)

dτ

τ
+2−ν, ν ∈N0, (2.11)

with an appropriate choice of c2( remark that




| · |q (·)






p (·)
q (·)
=




|(| · |r )q (·)/r






p (·)/r
q (·)/r

). For the positive

constant C = 1/2 min{c1, c2}we get





|C |2να(·)ψν ∗ f |r |q (·)/r






p (·)/r
q (·)/r
¶




|c2gν|q (·)/r






p (·)/r
q (·)/r
+







0, if ν¾ 2;









�

�c1η1,N ∗ |Φ ∗ f |r
�

�

q (·)/r









p (·)/r
q (·)/r

, if ν= 0, 1,
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(we remark that




| 12 ( f + g )|q (·)






p (·)
q (·)
¶




| f |q (·)






p (·)
q (·)
+




|g |q (·)






p (·)
q (·)

if p ∈ P (Rn )). Taking the sum

over ν ∈N0 using (2.10) and (2.11) we obtain

%`q (·)(L p (·))((c 2να(·)ψν ∗ f )ν)® 1

which implies that




 f






Bα(·)p (·),q (·)
® 1.

Step 2. We will prove that

Bα(·)p (·),q (·) ,→B
α(·)
p (·),q (·).

Let {FΦ,Fϕ} and
�

Fψv

	

v∈N0
be two resolutions of unity and let f ∈ Bα(·)p (·),q (·) with





 f






Bα(·)p (·),q (·)
¶ 1.

We have

ϕt ∗ f =
∞
∑

ν=0

ϕt ∗ψν ∗ f

=
blog2(

4
t )c+1

∑

ν=blog2(
1

2t )c

ϕt ∗ψν ∗ f +

¨

0, if 0< t ¶ 1
4 ;

ϕt ∗ψ0 ∗ f , if t > 1
4

and

Φ ∗ f =
1
∑

v=0

Φ ∗ψν ∗ f .

Notice that if ν¶ 0 then we putψν ∗ f = 0(in the last sum when t ∈ [1/2, 1]).

Let 0 < r < min{1, p−}, t ∈]2−i , 2−i+1], i ∈ N, denote Ki = {ν ∈ N, i − 2 ¶ ν ¶ i + 3}, we

have

|ϕt ∗ f |¶
∑

ν∈Ki

|ϕt ∗ψv ∗ f |+

¨

0, if i ¾ 3;

|ϕt ∗ψ0 ∗ f |, if i = 1, 2,

we have ηt ,N ≈ην,N for all t ∈]2−i , 2−i+1] and ν ∈ Ki , then, |ϕt |®ηt ,N /r ®ην,N /r for any large

positive N . By Lemma 2.3, for any large N , |ψv ∗ f |¶ c (ην,N ∗|ψν ∗ f |r )1/r , it follows that for

any t ∈]2−i , 2−i+1] and ν ∈ Ki

|ϕt ∗ψν ∗ f |¶ cην,N /r ∗ (ην,N ∗ |ψν ∗ f |r )1/r ,

31



2.4. Relation between B
α(·)
p (·),q (·) and Bα(·)p (·),q (·) Chapter 2

by Minkowski’s integral inequality (with exponent 1/r > 1)

|ϕt ∗ψν ∗ f |r ¶ c [ην,N /r ∗η
1/r
ν,N ]

r ∗ |ψν ∗ f |r

¶ cην,N ∗ |ψν ∗ f |r

where we used ην,N /r ∗ην,N /r ≈ ην,N /r which follows by Lemma 1.22, also we have when

i = 1, 2 and t ∈]2−i , 2−i+1]

|ϕt ∗ψ0 ∗ f |¶ cηi ,N /r ∗ (η1,N ∗ |ψ0 ∗ f |r )1/r

¶ cη1,N /r ∗ (η1,N ∗ |ψ0 ∗ f |r )1/r ,

then we get

|ϕt ∗ψ0 ∗ f |r ¶ cη1,N ∗ |ψ0 ∗ f |r ,

it follows that

|ϕt ∗ f |r ®
∑

ν∈Ki

ην,N ∗ |ψν ∗ f |r +

¨

0, if i ¾ 3;

η1,N ∗ |ψ0 ∗ f |r , if i = 1, 2,
(2.12)

since α ∈ C log
loc (R

n ) then α is bounded, hence, for all t ∈]2−i , 2−i+1] and ν ∈ Ki , t −α(·) ≈ 2να(·),

and if i = 1, 2 then t −α(·) ¶ c , by Lemma 1.23, for all t ∈]2−i , 2−i+1] and i ∈N

|t −α(·)ϕt ∗ f |r ¶ c1

∑

ν∈Ki

ην,N ′ ∗ |2να(·)ψν ∗ f |r +

¨

0, if i ¾ 3;

c1η1,N ′ ∗ |ψ0 ∗ f |r , if i = 1, 2,

where N ′ =N − clog(rα) still can be taken large(remark η1,N ¶η1,N ′ ). Now observe that for

the constant c where c r = 1/6c −1
1 c2(the number of terms in the last estimate is always¶ 6)

and c2 will be determined later, we have

∫ 1

0





|c t −α(·)ϕt ∗ f |q (·)




 p (·)
q (·)

d t

t
=
∞
∑

i=1

∫ 21−i

2−i










�

|c t −α(·)ϕt ∗ f |r
�q (·)/r








 p (·)/r
q (·)/r

d t

t

¶ c
∞
∑

i=1

∑

ν∈Ki










�

c2 ην,N ′ ∗ |2να(·)ψν ∗ f |r
�q (·)/r








 p (·)/r
q (·)/r

+A

= c
3
∑

j=−2

∞
∑

i=3










�

c2 ηi+ j ,N ′ ∗ |2(i+ j )α(·)ψi+ j ∗ f |r
�q (·)/r








 p (·)/r
q (·)/r

+B

¶ c %`q (·)/r (L p (·)/r )((c2 ην,N ′ ∗ |2να(·)ψν ∗ f |r )ν),

where

A = c









�

c2 η1,N ′ ∗ |ψ0 ∗ f |r
�q (·)/r








 p (·)/r
q (·)/r
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and

B = A+ c
∑

ν∈K1










�

c2 ην,N ′ ∗ |2να(·)ψν ∗ f |r
�q (·)/r








 p (·)/r
q (·)/r

+ c
∑

ν∈K2

· · · ,

by taking N ′ > n + clog(1/(q/r )) Lemma 3.1 yields







�

ην,N ′ ∗ |2να(·)ψν ∗ f |r
�

ν







`q (·)/r (L p (·)/r )
¶ c







�

|2να(·)ψν ∗ f |r
�

ν







`q (·)/r (L p (·)/r )

¶ c




 f






r

Bα(·)p (·),q (·)

¶ c

therefore, there exists a positive constant c such that

%`q (·)/r (L p (·)/r )((c ην,N ′ ∗ |2να(·)ψν ∗ f |r )ν)¶ 1

taking c2 to be this constant we find

∫ 1

0





|c t −α(·)ϕt ∗ f |q (·)






p (·)
q (·)

d t

t
® 1. (2.13)

Similarly, we have for large N

|Φ ∗ f |r ¶ c
1
∑

ν=0

η1,N ∗ |ψν ∗ f |r , (2.14)

then, we get





|cΦ ∗ f |q (·)






p (·)
q (·)
¶

1
∑

ν=0

‖( cην,N ∗ |2να(·)ψν ∗ f |r
�

q (·)/r






p (·)/r
q (·)/r

¶%`q (·)/r (L p (·)/r )((c ην,N ∗ |2να(·)ψν ∗ f |r )ν)

¶ 1

for some suitable positive constant c , hence,




Φ ∗ f






p (·) ¶ c , this with (2.13) proves that




Φ ∗ f






p (·)+




(t −α(·)ϕt ∗ f )0<t¶1







å`q (·)(L p (·))
¶ c . The proof is complete.

2.5 Characterization of Bα(·)
p (·),q (·)

Let a > 0, α : Rn → R and f ∈ S ′(Rn ). Then we define the Peetre maximal function as

follows:

ϕ∗,at t −α(·) f (x ) := sup
y ∈Rn

t −α(y )
�

�ϕt ∗ f (y )
�

�

�

1+ t −1
�

�x − y
�

�

�a , t > 0
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and

Φ∗,a f (x ) := sup
y ∈Rn

�

�Φ ∗ f (y )
�

�

�

1+
�

�x − y
�

�

�a .

The next theorem is from [21].

Theorem 2.15. Let p , q ∈P log
0 (Rn ) , α ∈C log

loc (R
n ), and a > n

p− . Then










�

ψ∗,aν 2να(·) f
�

ν¾0










`q (·)(L p (·))

is an equivalent quasi-norm in Bα(·)p (·),q (·), where

ψ∗,aν 2να(·) f (x ) := sup
y ∈Rn

2να(y )
�

�ψν ∗ f (y )
�

�

�

1+2ν
�

�x − y
�

�

�a , ν ∈N0.

We now present a fundamental characterization of the spaces under consideration.

Theorem 2.16. Let p , q ∈ P log
0 (Rn ) , and α : Rn → R such that α ∈ C log

loc (R
n ), and a > n

p− .

Then




 f






È
B
α(·)
p (·),q (·)

:=




Φ∗,a f






p (·)+




(ϕ∗,at t −α(·) f )0<t¶1







å`q (·)(L p (·))

is an equivalent quasi-norm in B
α(·)
p (·),q (·).

Proof. It is easy to see that for any f ∈S ′(Rn )with




 f






È
B
α(·)
p (·),q (·)

<∞ and any x ∈Rn we have

t −α(x )
�

�ϕt ∗ f (x )
�

�¶ϕ∗,at t −α(·) f (x ).

This shows that




 f






B
α(·)
p (·),q (·)
¶




 f






È
B
α(·)
p (·),q (·)

. We will prove that there is a constant C > 0 such

that for every f ∈Bα(·)
p (·),q (·)





 f






È
B
α(·)
p (·),q (·)
¶C





 f






B
α(·)
p (·),q (·)

. (2.15)

First we will prove that





 f






È
B
α(·)
p (·),q (·)
¶ c










�

ψ∗,aν 2να(·) f
�

ν¾0










`q (·)(L p (·))
(2.16)

By (2.12) , for all t ∈ [2−i , 2−i+1], i ∈N,

|ϕ∗,at t −α(·) f |r ®
∑

ν∈Ki

|ψ∗,aν 2να(·) f |r +

¨

0, if i ¾ 3;

|ψ∗,a0 f |r , if i = 1, 2,

and by (2.14)

|Φ∗,a f |r ¶ c
1
∑

ν=0

|ψ∗,aν f |r ,
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with similar arguments used to the prove Step 2 of the proof of theorem 2.14 we get (2.16).

Now, we have the following chain of estimates










�

ψ∗,aν 2να(·) f
�

ν¾0










`q (·)(L p (·))
®




(2να(·)ψν ∗ f )ν






`q (·)(L p (·)) ®




 f






B
α(·)
p (·),q (·)

where the first estimate follows by Theorem 2.15 and the second by Theorem 2.14, this

proves (2.15). the proof is complete.

2.6 Local mean characterization of Bα(·)p (·),q (·)

In order to formulate the main result of this section, let us consider k0, k ∈ S (Rn ) and

S ¾−1 an integer such that for an ε > 0

|Fk0(ξ)|> 0 for |ξ|< 2, (2.17)

|Fk (ξ)|> 0 for
1

2
< |ξ|< 2 (2.18)

and
∫

Rn

x αk (x )d x = 0 for any |α|¶ S . (2.19)

where, when S =−1, the above last requirement disappears automatically. Here (2.17) and

(2.18) are Tauberian conditions, while (2.19) states that moment conditions on k . We recall

the notation

kt (x ) := t −n k (t −1 x ) for t > 0.

For any a > 0, f ∈S ′(Rn ) and x ∈Rn we denote

k ∗,at t −α(·) f (x ) := sup
y ∈Rn

t −α(y )
�

�kt ∗ f (y )
�

�

�

1+ t −1
�

�x − y
�

�

�a , t > 0.

The next theorem is from [21].

Theorem 2.17. Let p , q ∈P log
0 (Rn )with q+ <∞, α ∈ C log

loc (R
n )with α+ < S +1, and a > n

p− .

Then









�

k ∗,aν 2να(·) f
�

ν¾0










`q (·)(L p (·))

is an equivalent quasi-norm in Bα(·)p (·),q (·).

We are now able to state the so called local mean characterization of Bα(·)p (·),q (·) spaces.
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Theorem 2.18. Let p , q ∈P log
0 (Rn )with q+ <∞, α ∈C log

loc (R
n ), a > n

p− and α+ < S +1. Then





 f






′
Bα(·)p (·),q (·)

:=




k ∗,a0 f






p (·)+




(k ∗,at t −α(·) f )0<t¶1







å`q (·)(L p (·))

is an equivalent quasi-norm on Bα(·)p (·),q (·).

Proof. The idea of the proof is from V. S. Rychkov [42]. The proof is divided into three steps.

Step 1. Take any pair of functions ϕ0 and ϕ ∈S (Rn ) such that

�

�Fϕ0(ξ)
�

�> 0 for |ξ|< 2 ,
�

�Fϕ(ξ)
�

�> 0 for
1

2
< |ξ|< 2.

We prove that there is a constant c > 0 such that for any f ∈ Bα(·)p (·),q (·)





 f






′
Bα(·)p (·),q (·)
¶ c










�

ϕ∗,aj 2 jα(·) f
�

j¾0










`q (·)(L p (·))
. (2.20)

Let Λ, λ ∈S (Rn ) such that

suppFΛ⊂ {ξ ∈Rn : |ξ|< 2}, suppFλ⊂ {ξ ∈Rn : 1/2< |ξ|< 2}

and

FΛ(ξ)Fϕ0(ξ) +
∞
∑

j=1

Fλ(2− jξ)Fϕ(2− jξ) = 1, ξ ∈Rn .

In particular, for any f ∈ Bα(·)p (·),q (·) the following identity is true:

f =Λ ∗ϕ0 ∗ f +
∞
∑

j=1

λ j ∗ϕ j ∗ f ,

where

ϕ j := 2 j nϕ(2 j ·) and λ j := 2 j nλ(2 j ·), j ∈N.

Hence we can write

kt ∗ f = kt ∗Λ ∗ϕ0 ∗ f +
∞
∑

j=1

kt ∗λ j ∗ϕ j ∗ f , t ∈ (0, 1].

Let t ∈]2−i , 21−i ], i ∈N. First, let j ¶ i , j ∈N. Writing for any z ∈Rn

kt ∗λ j (z ) = 2 j n k2 j t ∗λ(2 j z ),
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we deduce from Lemma 1.24 that for any N > 0 there is a constant c > 0 independent of t

and j such that
�

�kt ∗λ j (z )
�

�¶ c
�

2 j t
�S+1

η j ,N (z ), z ∈Rn .

This together with Lemma 1.23 yield that

t −α(y )
�

�kt ∗λ j ∗ϕ j ∗ f (y )
�

� ,

can be estimated from above by

c 2( j−i )(S+1−α+)ϕ∗,aj 2 jα(·) f (y )

∫

Rn

η j ,N−clog(α)−a (y − z )d z ® 2( j−i )(S+1−α+)ϕ∗,aj 2 jα(·) f (y )

for any N > n +a + clog(α) any y ∈Rn and any j ¶ i . Next, let j > i . Then, again by Lemma

1.24, we have for any z ∈Rn and any L > 0

�

�kt ∗λ j (z )
�

�= t −n
�

�

�k ∗λ 1
2 j t
(
z

t
)
�

�

�¶ c
�

1

2 j t

�M+1

ηt ,L (z ),

where an integer M ¾ −1 is taken arbitrarily large, since D βFλ(0) = 0 for all β . Hence,

again with Lemma 1.23,

t −α(y )
�

�kt ∗λ j ∗ϕ j ∗ f (y )
�

�

¶ t −α(y )
∫

Rn

�

�kt ∗λ j (y − z )
�

�

�

�ϕ j ∗ f (z )
�

�d z

® 2(i− j )(M+1+α−)ϕ∗,aj 2 jα(·) f (y )

∫

Rn

�

1+2 j
�

�y − z
�

�

�clog(α)+a
ηi ,L (y − z )d z .

We have for any j > i

�

1+2 j |z |
�clog(α)+a ¶ 2( j−i )(clog(α)+a )

�

1+2i |z |
�clog(α)+a

.

Then, by taking L > n +a + clog(α),

t −α(y )
�

�kt ∗λ j ∗ϕ j ∗ f (y )
�

�® 2(i− j )(M+1+α−−clog(α)−a )ϕ∗,aj 2 jα(·) f (y ).

Let us take M > clog(α)−α−+2a to estimate the last expression by

c 2(i− j )(a+1)ϕ∗,aj 2 jα(·) f (y ),
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where c > 0 is independent of i , j and f . Using the fact that for any z ∈Rn and any N > 0

|kt ∗Λ(z )|¶ c t S+1η1,N (z ),

we obtain by similar arguments that for any t ∈]2−i , 21−i ], i ∈N

sup
y ∈Rn

t −α(y )
�

�kt ∗Λ ∗ϕ0 ∗ f (y )
�

�

(1+ t −1
�

�x − y
�

�)a
¶C 2−i (S+1−α+)ϕ∗,a0 f (x ).

Further, note that for all x , y ∈Rn all t ∈]2−i , 21−i ], i ∈N and any j ∈N

ϕ∗,aj 2 jα(·) f (y ) ¶ ϕ∗,aj 2 jα(·) f (x )(1+2 j
�

�x − y
�

�)a

¶ ϕ∗,aj 2 jα(·) f (x )max(1, 2( j−i )a )(1+2i
�

�x − y
�

�)a .

Hence

sup
y ∈Rn

t −α(y )
�

�kt ∗λ j ∗ϕ j ∗ f (y )
�

�

(1+ t −1
�

�x − y
�

�)a
¶C ϕ∗,aj 2 jα(·) f (x )×

¨

2( j−i )(S+1−α+) if 1¶ j ¶ i ,

2i− j if j > i .

Therefore for all f ∈ Bα(·)p (·),q (·), any x ∈Rn and any t ∈]2−i , 21−i ], i ∈N, we get

k ∗,at t −α(·) f (x )

® 2−i (S+1−α+)ϕ∗,a0 f (x ) +C
∞
∑

j=1

min
�

2( j−i )(S+1−α+), 2i− j
�

ϕ∗,aj 2 jα(·) f (x )

= C
∞
∑

j=0

min
�

2( j−i )(S+1−α+), 2(i− j )
�

ϕ∗,aj 2 jα(·) f (x )

= CΨi (x ).

Assume that the right hand side of (2.20) is less than or equal one. We have

∫ 1

0





|k ∗,at t −α(·) f |q (·)






p (·)
q (·)

d t

t
=

∞
∑

i=1

∫ 21−i

2−i





|k ∗,at t −α(·) f |q (·)






p (·)
q (·)

d t

t

®
∞
∑

i=1





|cΨi |q (·)






p (·)
q (·)

for some positive constant c . The last term on the right hand side is less than or equal one

if and only if




 (c1Ψi )i






`q (·)(L p (·)) ¶ 1

for some suitable positive constant c1, which follows by Lemma 2.6 of and the fact that
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α+ < S +1. Also we have for any z ∈Rn , any N > 0 and any integer M ¾−1

�

�k0 ∗λ j (z )
�

�¶ c 2− j (M+1)η j ,N (z ) and |k0 ∗Λ(z )|¶ c η1,N (z ).

As before, we get for any x ∈Rn

k ∗,a0 f (x )¶Cϕ∗,a0 f (x ) +C
∞
∑

j=1

2− jϕ∗,aj 2 jα(·) f (x ). (2.21)

In (2.21) taking the L p (·)-norm and using the embedding `q (·)(L p (·)) ,→ `∞(L p (·))we get (2.20).

Step 2. Let
�

Fϕ j

	

j∈N0
⊂S (Rn ) be such that

suppFϕ ⊂
�

ξ ∈Rn : 1/2¶ |ξ|¶ 2
	

and

suppFϕ0 ⊂
�

ξ ∈Rn : |ξ|¶ 2
	

,

with ϕ j = 2 j nϕ(2 j ·), j ∈N. We will prove that










�

2 jα(·)(ϕ j ∗ f )
�

j¾0










`q (·)(L p (·))
®




 f






′
Bα(·)p (·),q (·)

(2.22)

Let Λ, λ ∈S (Rn ) such that

suppFΛ⊂ {ξ ∈Rn : |ξ|< 2ε}, suppFλ⊂ {ξ ∈Rn : ε/2< |ξ|< 2ε},

FΛ(ξ)Fk0(ξ) +

∫ 1

0

Fλ(τξ)Fk (τξ)
dτ

τ
= 1, ξ ∈Rn .

In particular, for any f ∈ Bα(·)p (·),q (·) the following identity is true:

f =Λ ∗k0 ∗ f +

∫ 1

0

λτ ∗kτ ∗ f
dτ

τ
.

Hence we can write

ϕ j ∗ f =

∫ min{1,2− j+2}

2− j−2

ϕ j ∗λτ ∗kτ ∗ f
dτ

τ
+

¨

0, if j ¾ 2;

ϕ j ∗Λ ∗k0 ∗ f , if j = 0, 1.
.

Using the fact that

max(|kτ ∗λτ(z )| , |ϕ j ∗λτ(z )|)®η j ,N (z ), z ∈Rn , 2− j−2 ¶τ¶min{1, 2− j+2}, j ∈N,
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and Lemma 1.23, with N > 0 large enough, we easily obtain

2 jα(y )
�

�ϕ j ∗λτ ∗kτ ∗ f (y )
�

�®min(k ∗,aτ τ
−α(·) f (y ),ϕ∗,aj 2 jα(y ) f (y ))

for all y ∈Rn , 2− j+2 ¶τ¶min{1, 2− j+2} and j ∈N, if j = 1

2 jα(y )
�

�ϕ j ∗Λ ∗k0 ∗ f (y )
�

�®min(k ∗,a0 f (y ),ϕ∗,aj 2 jα(y ) f (y ))

Therefore for any 0< r < 1

2 jα(y )|ϕ j ∗ f (y )|®
�

ϕ∗,aj 2 jα(·) f (y )
�1−r

�

∫ min{1,2− j+2}

2− j−2

�

k ∗,aτ τ
−α(·) f (y )

�r dτ

τ
+

¨

0, if j ¾ 2;

(k ∗,a0 f (y ))r , if j = 1.

!

which yields that

ϕ∗,aj 2 jα(·) f (x )®
�

ϕ∗,aj 2 jα(·) f (x )
�1−r

�

∫ min{1,2− j+2}

2− j−2

�

k ∗,aτ τ
−α(·) f (x )

�r dτ

τ
+

¨

0, if j ¾ 2;

(k ∗,a0 f (x ))r , if j = 1.

!

This estimate gives

�

ϕ∗,aj 2 jα(·) f (x )
�r
®
∫ min{1,2− j+2}

2− j−2

�

k ∗,aτ τ
−α(·) f (x )

�r dτ

τ
+

¨

0, if j ¾ 2;

(k ∗,a0 f (x ))r , if j = 1.

and

2 jα(x )r |ϕ j ∗ f (x )|r ®
∫ min{1,2− j+2}

2− j−2

�

k ∗,aτ τ
−α(·) f (x )

�r dτ

τ
+

¨

0, if j ¾ 2;

(k ∗,a0 f (x ))r , if j = 1.
(2.23)

but if ϕ∗,aj 2 jα(·) f (x ) <∞. Using a combination of the arguments used in Lemma 2.5, we

get (2.23) for all 0< r < 1, a > 0 and all f ∈ Bα(·)p (·),q (·). Similarly we obtain

|ϕ0 ∗ f (x )|r ®
�

k ∗,a0 f (x )
�r
+

∫ 1

1
4

�

k ∗,aτ τ
−α(·) f (x )

�r dτ

τ
. (2.24)

Let g j =
∫min{1,2− j+2}

2− j−2

�

k ∗,aτ τ
−α(·) f (x )

�r dτ
τ and 0 < r < min{1, p−, q−}, suppose that the right

hand side of (2.22) is less than or equal one , with similar arguments used to prove (i) of
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Lemma 2.4 we prove that there exists a positive constant c such that for all j ∈N





|c g j |q (·)/r






p (·)/r
q (·)/r
¶
∫ min{1,2− j+2}

2− j−2





|k ∗,aτ τ
−α(·) f |q (·)







p (·)
q (·)

dτ

τ
,

also we have









�

�c1(k
∗,a
0 f )r

�

�

q (·)/r









p (·)/r
q (·)/r

¶ 1.

Following similar arguments as in Step 1 of the proof of Theorem 2.14 we prove that

%`q (·)(L p (·))((c 2 jα(·)ψ j ∗ f )ν¾1)® 1,

by (2.24) we prove that









�

�c (ϕ0 ∗ f )
�

�

q (·)









p (·)
q (·)

¶ 1,

which implies that









�

2 jα(·)(ϕ j ∗ f )
�

j¾0










`q (·)(L p (·))
¶ c , this proves (2.22) whenever its right hand

side is less than or equal one, by scaling arguments we get (2.22).

Step 3. We will prove in this step that for all f ∈ Bα(·)p (·),q (·) the following estimates are true:





 f






′
Bα(·)p (·),q (·)
®




 f






Bα(·)p (·),q (·)
®




 f






′
Bα(·)p (·),q (·)

. (2.25)

Let ϕ0,ϕ ∈ S (Rn ) satisfy (2.17), (2.18) and (2.19). The first inequality follows by the chain

of the estimates




 f






′
Bα(·)p (·),q (·)
®









�

ϕ∗,aj 2 jα(·) f
�

j¾0










`q (·)(L p (·))
®




 f






Bα(·)p (·),q (·)
,

where the first inequality is (2.20), see Step 1, and the second inequality follows by Theorem

2.17. Now the second inequality in (2.25) can be obtained by the following chain of the

estimates




 f






Bα(·)p (·),q (·)
®









�

2 jα(·)(ϕ j ∗ f )
�

j¾0










`q (·)(L p (·))
®




 f






′
Bα(·)p (·),q (·)

,

where the first inequality is obvious and the second inequality is (2.22), see Step 2. Thus,

Theorem 2.18 is proved.
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CHAPTER 3

COMMUTATOR ESTIMATES FOR VECTOR

FIELDS ON VARIABLE

TRIEBEL-LIZORKIN SPACES

3.1 Introduction

We aim in this chapter to estimate the commutator

[V ·∇,∆ j ] f =
n
∑

k=1

Vk∂k∆ j f −∆ j (Vk∂k f ), (3.1)

in variable Triebel-Lizorkin spaces F s (·)
p (·),q (·). In (3.1), ∆ j f = ϕ j ∗ f , j ∈ N0, V = (V1, ..., Vn )

is a smooth vector field in Rn and (Fϕ j ) j∈N0
is a smooth dyadic resolution of unity, see

Section 3.2.

The motivation to do such an estimate is that the estimation of the commutator (3.1)

is one of the main tools to study the Euler equations over different function spaces such as

Lebesgue spaces, Sobolev spaces, Besov spaces, and Triebel-Lizorkin spaces. Euler equa-

tions for the homogeneous incompressible fluid flows is:











∂ u
∂ t + (u ·∇u )u =−∇p , (x , t ) ∈Rn × (0,∞),

div u = 0, (x , t ) ∈Rn × (0,∞),
u (x , 0) = u0(x ), x ∈Rn ,

where u = (u1, ..., un ) is the velocity of the fluid flows, p is the scalar pressure, and u0 is the
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given initial velocity satisfying div u0 = 0. For the Euler equations, V in (3.1) can be taken

the velocity of the fluid flows, see for example [8, Lemma 2.100] and [11, p. 663].

The theory of Euler equation in function spaces has been developed in detail in [8] but

has a longer history already including many contributors.

Allowing s , p and q to be functions overRn will raise extra difficulties which, in general,

are overcome by imposing some regularity assumptions on these exponents. Recently, in

[27] were presented new estimates of (3.1) in weighted and variable exponent Lebesgue,

Triebel-Lizorkin F s
p (·),q , and Besov spaces B s

p (·),q , but with s and q constant. These estimates

are obtained under no vanishing assumptions on the divergence of the vector field. which

is based on the boundedness of the maximal function on the spaces L p (·)(`q ) and `q (L p (·)).

Since the maximal operator is in general not bounded on L p (·)(`q (·)), to estimate (3.1) on

F s (·)
p (·),q (·) we are forced to introduce some new methods. In the case of constant exponents

we recover the results of [27].

The chapter is organized as follows. First we give some preliminaries where we fix some

notation and recall some basic facts on the variable Triebel-Lizorkin spaces. Also we give

the key technical lemmas needed in the proofs of the main statements. The main state-

ments and their proofs are formulated in Section 3.2.

3.2 The results and their proofs

Lemma 3.1. Let p , q ∈P log with 1< p− ¶ p+ <∞ and 1< q− ¶ q+ <∞. For m > n, there

exists c > 0 such that





(η j ,m ∗ f j ) j∈N0







L p (·)(`q (·)) ¶ c




( f j ) j∈N0







L p (·)(`q (·)).

The proof of this lemma is given in [20, Section 5]. The next lemma is a Hardy-type

inequality which is easy to prove.

Lemma 3.2. Let 0< a < 1 and 1¶ q ¶∞. Let (εk )k∈N0
be a sequence of positive real numbers

and denote

δk =
k
∑

j=0

a k− jε j , and ηk =
∞
∑

j=k

a j−kε j , k ∈N0.

Then there exists a constant c > 0 depending only on a and q such that

�

∞
∑

k=0

δ
q
k

�
1
q
+
�

∞
∑

k=0

η
q
k

�
1
q ¶ c

�

∞
∑

k=0

ε
q
k

�
1
q

.
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Lemma 3.3. Let p , q ∈P with 1< p− ¶ p+ <∞, 1< q− ¶ q+ <∞ and
�

f j

�

j∈N0
∈ L p (·)(`q (·)).

Then




( f j ) j∈N0







L p (·)(`q (·)) ≈ sup

∫

Rn

∞
∑

j=0

| f j (x )||g j (x )|d x ,

where the supremum is taken over all sequences of functions
�

g j

�

j∈N0
∈ L p ′(·)(`q ′(·)) such that





(g j ) j∈N0







L p ′(·)(`q ′(·)) ¶ 1.

Proof. Let




( f j ) j∈N0







•
L p (·)(`q (·)) = sup

∫

Rn

∞
∑

j=0

| f j (x )||g j (x )|d x .

Since 1
q (·) +

1
q ′(·) =

1
p (·) +

1
p ′(·) = 1, by Hölder’s inequality,





( f j ) j∈N0







•
L p (·)(`q (·)) ®





( f j ) j∈N0







L p (·)(`q (·)).

Now let us prove the converse inequality. By the scaling argument, it suffices to consider

the case




( f j ) j∈N0







•
L p (·)(`q (·)) ¶ 1 and prove that





( f j ) j∈N0







L p (·)(`q (·)) ¶ 1. Since ( f j ) j∈N0
∈ L p (·)(`q (·))

we have
∫

Rn





( f j (x )) j∈N0







p (x )

`q (x )d x <∞.

Assume, for the sake of contradiction, that

∫

Rn







�

f j (x )
�

j∈N0







p (x )

`q (x )d x > 1.

Then by the continuity of the modular there exists d > 1 such that

∫

Rn





(d −1 f j (x )) j∈N0







p (x )

`q (x )d x = 1.

Define

g j (x ) =
| f j (x )

d |q (x )−1

�∑∞
v=0 |

fv (x )
d |q (x )

�1− p (x )
q (x )

, j ∈N0, x ∈Rn ,

which leads to





( f j ) j∈N0







•
L p (·)(`q (·)) ¾

∫

Rn

∞
∑

j=0

| f j (x )||g j (x )|d x = d

∫

Rn





(d −1 f j (x )) j∈N0







p (x )

`q (x )d x > 1,

which contradicts our assumption. The proof is completed by applying the unit ball prop-

erty (1.2).
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Let (Fϕ j ) j∈N0
be a smooth dyadic resolution of unity. Let Ψ ∈S (Rn ) and

Λ j ,m ( f , g )(x ) =

∫

R2n

ϕ j (x − y )(Ψm (x − z )−Ψm (y − z )) f (y )ϕm ∗ g (z )d y d z ,

where j , m ∈N0 and Ψm = 2mΨ(2m ·).

Lemma 3.4. Let s ∈ C log
loc , a ∈ R, p , p1, p2, q ∈ P log with 1 < p− ¶ p+ <∞, 1 < p−1 ¶ p+1 ¶

∞, 1< p−2 ¶ p+2 <∞ and 1< q− ¶ q+ <∞. Assume that 1
p =

1
p1
+ 1

p2
and (s +a )− > 0. Then

∞
∑

j=0

∞
∑

m= j

∫

Rn

2 j a |Λ j ,m ( f , g )(x )||h j (x )|d x ®




 f






p1(·)





g






F s (·)+a
p2(·),q (·)

holds for any (h j ) j∈N0
⊂S (Rn ) such that











(2− j s (·)h j ) j∈N0







`q ′(·)







p ′(·) ¶ 1.

Proof. We use some decomposition techniques of [27]. Since ϕ,Ψ ∈S (Rn ), we have

|ϕ j |¶ cη j ,N and |Ψm |¶ cηm ,N , j , m ∈N0, N > n ,

where the positive constant c is independent of j and m . Therefore |Λ j ,m ( f , g )(x )| can be

estimated by

c

∫

R2n

η j ,N (x − y )ηm ,N (x − z )| f (y )||ϕm ∗ g (z )|d y d z

+c

∫

R2n

η j ,N (x − y )ηm ,N (y − z )| f (y )||ϕm ∗ g (z )|d y d z

¶ c (η j ,N ∗ | f |(x ))(ηm ,N ∗ |ϕm ∗ g |(x ))+ c I j ,m (x )

= c H j ,m (x ) + c I j ,m (x ),

with

I j ,m (x ) =η j ,N ∗ (| f |ηm ,N ∗ |ϕm ∗ g |)(x ), x ∈Rn , j , m ∈N0, N > n . (3.2)

Let us estimate each term separately. Let (h j ) j∈N0
be a sequence of Schwartz functions with











(2−s (·) j h j ) j∈N0







`q ′(·)







p ′(·) ¶ 1.

Using the well-known estimate

η j ,N ∗ | f |®M ( f ) (3.3)
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and Lemma 1.23 we can estimate

∞
∑

j=0

∞
∑

m= j

∫

Rn

2 j a H j ,m (x )|h j (x )|d x (3.4)

by

c

∫

Rn

M ( f )(x )
∞
∑

j=0

∞
∑

m= j

2 j (a+s (x ))ηm ,N ∗ |ϕm ∗ g |(x )2− j s (x )|h j (x )|d x

®
∫

Rn

M ( f )(x )
∞
∑

j=0

∞
∑

m= j

2( j−m )(a+s (x ))ηm ,N1
∗ (2m (a+s (·))|ϕm ∗ g |)(x )2− j s (x )|h j (x )|d x

for some N1 > n . Now

∞
∑

j=0

∞
∑

m= j

2( j−m )(a+s (x ))ηm ,N1
∗ (2m (a+s (·))|ϕm ∗ g |)(x )2− j s (x )|h j (x )|

can be estimated by







�

∞
∑

m= j

2( j−m )(a+s (x ))ηm ,N1
∗ (2m (a+s (·))|ϕm ∗ g |)(x )

�

j∈N0







`q (x )

×






�

2− j s (x )h j (x )
�

j∈N0







`q ′(x )

®






�

η j ,N1
∗ (2 j (a+s (·))|ϕ j ∗ g |)(x )

�

j∈N0







`q (x )







�

2− j s (x )h j (x )
�

j∈N0







`q ′(x ) ,

where we have used Hölder’s inequality and Lemma 3.2. Hence (3.4) does not exceed

c

∫

Rn

M ( f )(x )




(η j ,N1
∗ (2 j (a+s (·))|ϕ j ∗ g |)(x )) j∈N0







`q (x )





(2−s (·) j h j (x )) j∈N0







`q ′(x )d x

®










M ( f )(η j ,N1
∗2 j (a+s (·))|ϕ j ∗ g |) j∈N0







`q (·)







p (·)











(2−s (·) j h j ) j∈N0







`q ′(·)







p ′(·)

®




M ( f )






p1(·)











(η j ,N1
∗2 j (a+s (·))|ϕ j ∗ g |) j∈N0







`q (·)







p2(·)

®




 f






p1(·)











(2 j (a+s (·))ϕ j ∗ g ) j∈N0







`q (·)







p2(·)

®




 f






p1(·)





g






F s (·)+a
p2(·),q (·)

.

In the first estimate we used Hölder’s inequality, while the second follows by Lemma 1.16

and the boundedness of maximal function on variable Lebesgue spaces. We estimate the
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term (3.2). Observe that

∞
∑

j=0

∞
∑

m= j

∫

Rn

2 j a I j ,m (x )|h j (x )|d x

=

∫

Rn

∞
∑

j=0

2− j s (x )|h j (x )|2 j (a+s (x ))η j ,N ∗
∞
∑

m= j

(| f |ηm ,N ∗ |ϕm ∗ g |)(x )d x

=

∫

Rn

∞
∑

j=0

2− j s (x )|h j (x )|2 j (a+s (x ))η j ,N ∗κ j (x )d x ,

where

κ j =
∞
∑

m= j

(| f |ηm ,N ∗ |ϕm ∗ g |), j ∈N0.

To continue we apply Hölder’s inequality and obtain

∞
∑

j=0

2− j s (x )|h j (x )|2 j (a+s (·))η j ,N ∗κ j (x )

is bounded by





(2 j (a+s (x ))η j ,N ∗κ j (x )) j∈N0







`q (x )





(2−s (x ) j h j (x )) j∈N0







`q ′(x ) .

Taking the L 1-norm and using the Hölder inequality, we get

∞
∑

j=0

∞
∑

m= j

∫

Rn

2 j a I j ,m (x )|h j (x )|d x

®










(2 j (a+s (·))η j ,N ∗κ j ) j∈N0







`q (·)







p (·)











(2−s (·) j h j ) j∈N0







`q ′(·)







p ′(·)

®










(η j ,N1
∗2 j (a+s (·))κ j ) j∈N0







`q (·)







p (·)

®










(2 j (a+s (·))κ j ) j∈N0







`q (·)







p (·)

®










 f (2 j (a+s (·))η j ,N ∗ |ϕ j ∗ g |) j∈N0







`q (·)







p (·),

by Lemmas 1.23 and 1.16, and Lemma 3.2, where N1 =N −clog(s )> n . Using again Hölder’s

inequality and Lemmas 1.23-1.16 we estimate the last expression by

c




 f






p1(·)











(2 j (a+s (·))η j ,N ∗ |ϕ j ∗ g |) j∈N0







`q (·)







p2(·)

®




 f






p1(·)











(2 j (a+s (·))ϕ j ∗ g ) j∈N0







`q (·)







p2(·)

®




 f






p1(·)





g






F s (·)+a
p2(·),q (·)

.

The proof is completed.

47



3.2. The results and their proofs Chapter 3

For 0¶m ¶ j , j , m ∈N0, x ∈Rn and K ∈N, we set

E j ,m ,K ( f , g )(x )

= 2(m− j )K

∫

R2n

η j ,N (x − y )ηm ,N (x − z )| f (y )||ϕm ∗ g (z )|d y d z

+2(m− j )K

∫

R2n

η j ,N (x − y )ηm ,N (y − z )| f (y )||ϕm ∗ g (z )|d y d z ,

where N > n large enough.

Lemma 3.5. Let s ∈ C log
loc , a ∈ R, K ∈ N, p , p1, p2, q ∈ P log with 1 < p− ¶ p+ <∞, 1 < p−1 ¶

p+1 ¶∞, 1< p−2 ¶ p+2 <∞ and 1< q− ¶ q+ <∞. Assume that 1
p =

1
p1
+ 1

p2
and (s +a )+ < K .

Then
∞
∑

j=0

j
∑

m=0

∫

Rn

2 j a E j ,m ,K ( f , g )(x )|h j (x )|d x ®




 f






p1(·)





g






F s (·)+a
p2(·),q (·)

holds for any (h j ) j∈N0
⊂S (Rn ) such that











(2− j s (·)h j ) j∈N0







`q ′(·)







p ′(·) ¶ 1. (3.5)

Proof. We employ the same notation as in Lemma 3.4. Let 0¶m ¶ j . We have

2 j a E j ,m ,K ( f , g )(x ) ® 2(m− j )K +a j
�

η j ,N ∗ | f |(x )ηm ,N ∗ |ϕm ∗ g |(x ) + I j ,m (x )
�

= 2(m− j )K +a j
�

H j ,m (x ) + I j ,m (x )
�

.

where N large enough and x ∈Rn . The estimate (3.3) and Lemma 1.23, yield that

∞
∑

j=0

j
∑

m=0

2(m− j )K +a j H j ,m (x )

is bounded by

cM ( f )(x )
∞
∑

j=0

2− j s (x )
j
∑

m=0

2(m− j )(K −s (x )−a )ηm ,N1
∗ (2m (s (·)+a )|ϕm ∗ g |)(x )

= cM ( f )(x )
∞
∑

j=0

2− j s (x )ϑ j (x ),

where N1 large enough and the constant c is independent of x . Observe that

j
∑

m=0

2(m− j )K + j a I j ,m (x ) =η j ,N ∗ω j ,
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with

ω j =
j
∑

m=0

2(m− j )K + j a (| f |ηm ,N ∗ |ϕm ∗ g |), j ∈N0.

From Lemma 1.23 we derive

2 j s (x )η j ,N ∗ω j ®η j ,N2
∗2 j s (·)ω j ®η j ,N2

∗µ j ,

where the implicit constant is independent of x , N2 large enough and

µ j =
j
∑

m=0

2(m− j )(K −s (·)−a )(| f |ηm ,N3
∗2m (s (·)+a )|ϕm ∗ g |), N3 > n .

Consequently

∫

Rn

∞
∑

j=0

j
∑

m=0

2(m− j )K +a j H j ,m (x )|h j (x )|d x

®
∫

Rn

M ( f )(x )
∞
∑

j=0

|h j (x )|2− j s (x )ϑ j (x )d x

®




 f






p1(·)













�

ϑ j

�

j∈N0







`q (·)







p2(·)
,

where we used Hölder’s inequality, (3.5) and the boundedness of maximal function on vari-

able Lebesgue spaces. Lemmas 3.2 and 1.16 yield













�

ϑ j

�

j∈N0







`q (·)







p2(·)
®











(η j ,N1
∗2 j (s (·)+a )|ϕ j ∗ g |) j∈N0







`q (·)







p2(·)

®




g






F s (·)+a
p2(·),q (·)

.

Again by Hölder’s inequality and (3.5) we derive

∫

Rn

∞
∑

j=0

j
∑

m=0

2(m− j )K +a j I j ,m (x )|h j (x )|d x ®
∫

Rn

∞
∑

j=0

2− j s (x )|h j (x )|η j ,N2
∗µ j (x )d x

®










(η j ,N2
∗µ j ) j∈N0







`q (·)







p (·)

®












�

µ j

�

j∈N0







`q (·)







p (·),
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where the last term follows by Lemma 1.16. Applying Lemmas 3.2, 1.23 and 1.16 we obtain













�

µ j

�

j∈N0







`q (·)







p (·) ®










(| f |η j ,N3
∗2 j (s (·)+a )|ϕm ∗ g |) j∈N0







`q (·)







p (·)

®




 f






p1(·)











(η j ,N3
∗2 j (s (·)+a )|ϕm ∗ g |) j∈N0







`q (·)







p2(·)

®




 f






p1(·)











(2 j (s (·)+a )(ϕm ∗ g )) j∈N0







`q (·)







p2(·)

®




 f






p1(·)





g






F s (·)+a
p2(·),q (·)

,

which is the desired estimate.

In this section we present our main results of this chapter. Let f = ( f1, ..., fn ) ∈ X n for

some normed space X . Then we put





f






X
=

n
∑

i=1





 fi







X
.

We have the following result:

Theorem 3.6. Let s ∈ C log
loc , s− > 0, p , p1, p2, q ∈ P log with 1 < p− ¶ p+ <∞, 1 < p−1 ¶ p+1 ¶

∞, 1 < p−2 ¶ p+2 <∞, and 1 < q− ¶ q+ <∞. Assume that 1
p =

1
p1
+ 1

p2
. Let V = (V1, ..., Vn ) ∈

(S (Rn ))n be vector field. Then for any f ∈S (Rn )











(2 j (s (·)[V ·∇,∆ j ] f ) j∈N0







`q (·)







p (·) ®




∇ f






p1(·)





V






F s (·)
p2(·),q (·)

+A (3.6)

and











(2 j s (·)[V ·∇,∆ j ] f ) j∈N0







`q (·)







p (·) (3.7)

® ‖ f div(V )‖F s (·)
p (·),q (·)

+




∇V






p1(·)





 f






F s (·)
p2(·),q (·)

+




 f






p1(·)





V






F s (·)+1
p2(·),q (·)

,

where

A =




∇V






p1(·)





 f






F s (·)
p2(·),q (·)

or A =




V






p1(·)





∇ f






F s (·)
p2(·),q (·)

.

Proof. The proof follows the ideas in [27, p. 1217].

Step 1. Preparation. Let V = (V1, ..., Vn ) ∈ (S (Rn ))n and f ∈S (Rn ). From Lemma 3.3 we

need to estimate
∫

Rn

∞
∑

j=0

|[V ·∇,∆ j ] f (x )h j (x )|d x

for any (h j ) j∈N0
⊂S (Rn ) such that











(2− j s (·)h j ) j∈N0







`q ′(·)







p ′(·) ¶ 1. (3.8)
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We have

[V ·∇,∆ j ] f (x ) =
n
∑

k=1

Vk (x )∂k∆ j f (x )−∆ j (Vk∂k f )(x )

=
n
∑

k=1

∫

Rn

ϕ j (x − y )(Vk (x )−Vk (y ))∂k f (y )d y .

Let (Fϕ j ) j∈N0
be a smooth dyadic resolution of unity. Then

[V ·∇,∆ j ] f (x ) =
∞
∑

m=0

n
∑

k=1

∫

Rn

ϕ j (x − y )(ϕm ∗Vk (x )−ϕm ∗Vk (y ))∂k f (y )d y

=
∞
∑

m=0

n
∑

k=1

Π j ,m ,k (∂k f , Vk )(x )

=
j
∑

m=0

· · ·+
∞
∑

m= j+1

· · ·

for any x ∈Rn and any j ∈N0. Therefore we need only to estimate

�

j
∑

m=0

n
∑

k=1

Π j ,m ,k (∂k f , Vk )
�

j∈N0
and

�

∞
∑

m= j+1

n
∑

k=1

Π j ,m ,k (∂k f , Vk )
�

j∈N0
, (3.9)

in L p (·)(`q (·))-norm.

Step 2. In this step we prove (3.6). From the support properties of (Fϕ j ) j∈N0
we have

Π j ,m ,k (∂k f , Vk )(x ) =Λ j ,m (∂k f , Vk )(x ), x ∈Rn , j , m ∈N0, k ∈ {1, ..., n},

with Ψm =
∑2

i=−2ϕm+i , m ∈N and Ψ0 =Φ+ϕ1. For simplicity, we useϕm instead of Ψm , m ∈
N0. Applying Lemmas 3.3 and 3.4, with the help of (3.8), we estimate the second term of

(3.9) in L p (·)(`q (·))-norm by




∇ f






p1(·)





V






F s (·)
p2(·),q (·)

.

Let K ∈N be such that 0< s− ¶ s+ < K . From [27, Lemma 3.1]we derive

Π j ,m ,k (∂k f , Vk ) =
∑

1¶|α|<K

2|α|(m− j )(θ j ,α ∗ ∂k f )(∂ αϕ)m ∗ϕm ∗Vk +Υ j ,m ,K ,k (∂k f , Vk ),

=
∑

1¶|α|<K

I1, j ,m ,|α|,k +Υ j ,m ,K ,k (∂k f , Vk ), (3.10)
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where

Υ j ,m ,K ,k (∂k f , Vk )(x ) =

∫

R2n

ϕ j (x − y )
�

∑

|α|=K

1

α!
(∂ αϕm )(ξα)(y − x )α

�

∂k f (y )ϕm ∗Vk (z )d y d z ,

ξα is on the line segment joining y − z and x − z and

θ j ,α(x ) =
(−1)|α|

α!
(2 j x )αϕ j (x ), x ∈Rn , j ∈N0.

When K = 1, the sum on the right-hand side of (3.10) is interpreted as zero. Again from

[27, Lemma 3.1],

|Υ j ,m ,K ,k (∂k f , Vk )|® E j ,m ,K (∂k f , Vk ), 0¶m ¶ j ,

which yields by Lemma 3.5 with a = 0 that

∞
∑

j=0

j
∑

m=0

∫

Rn

|Υ j ,m ,K ,k (∂k f , Vk )(x )||h j (x )|d x ®




∂k f






p1(·)





Vk







F s (·)
p2(·),q (·)

for any k ∈ {1, ..., n}. From the support properties of (Fϕ j ) j∈N0
, we have θ j ,α ∗ ∂k f = θ j ,α ∗

ϕ̃ j ∗ ∂k f , where ϕ̃ j =
∑l=2

l=−2ϕ j+l . Here we put ϕv = 0 if v < 0. Hence

|I1, j ,m ,1,k | ® 2m− j (η j ,N ∗ |ϕ̃ j ∗ ∂k f |)(ηm ,N ∗ |ϕm ∗Vk |)

® 2m− j (η j ,N ∗ |ϕ̃ j ∗ ∂k f |)M (Vk )

and then
∞
∑

j=0

j
∑

m=0

∫

Rn

|I1, j ,m ,1,k (x )||h j (x )|d x (3.11)

does not exceed

c

∫

Rn

M (Vk )(x )
∞
∑

j=0

(η j ,N ∗ |ϕ̃ j ∗ ∂k f |)|h j (x )|d x

®
∫

Rn

M (Vk )(x )




(2− j s (x )h j (x )) j∈N0







`q ′(x )





(2 j s (x )η j ,N ∗ ϕ̃ j ∗ ∂k f (x )) j∈N0







`q (x )d x ,

which is bounded by

c




M (Vk )




(2 j s (·)η j ,N ∗ ϕ̃ j ∗ ∂k f (x )) j∈N0







`q (·)







p (·)

®




M (Vk )






p1(·)













�

2 j s (·)η j ,N ∗ ϕ̃ j ∗ ∂k f
�

j∈N0







`q (·)







p2(·)
.

Finally the boundedness of maximal function on variable Lebesgue spaces and Lemmas
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1.23 and 1.16 guarantee that the last term can be estimated by

c




Vk







p1(·)





∇ f






F s (·)
p2(·),q (·)

.

We have

j
∑

m=0

∑

1¶|α|<K

I1, j ,m ,|α|,k =
j
∑

m=0

∑

1¶|α|<K

2|α|(m− j )(θ j ,α ∗ ϕ̃ j ∗ ∂k f )(∂ αϕ)m ∗ϕm ∗Vk .

Recall that

θ j ,α(x ) = 2 j |α| (−1)|α|

α!
x αϕ j (x ),

which yields that

|θ j ,α ∗ ϕ̃ j ∗ ∂k f |® 2 jη j ,L ∗ |ϕ̃ j ∗ f |, L > n .

The arguments of [27, p. 1218] yield that

�

�

�

j
∑

m=0

∑

1¶|α|<K

2|α|(m− j )I1, j ,m ,|α|,k

�

�

�

® η j ,L ∗ |ϕ̃ j ∗ f |
j
∑

m=0

∑

1<|α|<K

2(|α|−1)(m− j )ηm ,L ∗ |∇Vk |+ (η j ,L ∗ |ϕ̃ j ∗ f |)(η j ,L ∗ |∇Vk |)

® M (∇Vk )(η j ,L ∗ |ϕ̃ j ∗ f |).

Therefore (3.11) with I1, j ,m ,|α|,k in place of I1, j ,m ,1,k can be estimated by

c




∇V






p1(·)





 f






F s (·)
p2(·),q (·)

.

Step 3. In this step we prove (3.7). As in [27, p. 1219]

Π j ,m ,k (∂k f , Vk )(x ) = J 1
j ,m ,k (∂k f , Vk )(x ) + J 2

j ,m ,k (∂k f , Vk )(x ),

where

J 1
j ,m ,k (∂k f , Vk )(x ) =

∫

R2n

ϕ j (x − y )(∂kΨm )(y − z ) f (y )ϕm ∗Vk (z )d y d z

and

J 2
j ,m ,k (∂k f , Vk )(x ) =

∫

R2n

2 j (∂kϕ) j (x − y )(Ψm (x − z )−Ψm (y − z )) f (y )ϕm ∗Vk (z )d y d z .
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Similarly as in [27, p. 1219]we obtain













�

2 j s (·)
∞
∑

m=0

n
∑

k=1

J 1
j ,m ,k (∂k f , Vk )

�

j∈N0







`q (·)







p (·) =




 f div(V )






F s (·)
p (·),q (·)

.

Observe that J 2
j ,m ,k (∂k f , Vk ) is just 2 jΛ j ,m ( f , Vk ) but with (∂kϕ) j in place of ϕ j . Using the

same type of arguments as in Step 2 it is easy to see that













�

2 j (s (·)
∞
∑

m=0

n
∑

k=1

J 2
j ,m ,k (∂k f , Vk )

�

j∈N0







`q (·)







p (·)

®




∇V






p1(·)





 f






F s (·)
p2(·),q (·)

+




 f






p1(·)





V






F s (·)+1
p2(·),q (·)

.

The proof is completed.

Remark 3.7. Corresponding statements to Theorem 3.6 were proved in [27, Theorem 1.1]

under the assumption s and q are constants and based on the fact that the maximal operator

M is bounded on L p (·)(`q ), which in general is not bounded on L p (·)(`q (·)).

Optimal inequality in (3.6) is much more complicated even in the case of constant exponents.

Probably (3.6) can be improved in some particular case, see Theorem 3.8 below.

The last statement of this paper is the following theorem; the case where s and q are

constants it is given in [27, Theorem 1.2].

Theorem 3.8. Let s ∈ C log
loc , p , p1, p2, q ∈ P log with 1 < p− ¶ p+ <∞, 1 < p−1 ¶ p+1 ¶∞, 1 <

p−2 ¶ p+2 <∞, and 1< q− ¶ q+ <∞. Assume that 1
p =

1
p1
+ 1

p2
. Let V = (V1, ..., Vn ) ∈ (S (Rn ))n

be vector field. Then for any f ∈S (Rn )











(2 j (s (·)[V ·∇,∆ j ] f ) j∈N0







`q (·)







p (·) ®




∇ f






p1(·)





V






F s (·)
p2(·),q (·)

, 0< s− ¶ s+ < 1

and










(2 j (s (·)[V ·∇,∆ j ] f ) j∈N0







`q (·)







p (·) ®




 f div(V )






F s (·)
p (·),q (·)

+




 f






p1(·)





V






F s (·)+1
p2(·),q (·)

,

with −1< s− ¶ s+ < 0.

Proof. The first estimate follows by Steps 1-2 of Theorem 3.6, with K = 1 and a = 0, while

the second one follows by the same arguments of Step 3 in Theorem 3.6.

Remark 3.9. In Theorem 3.8 we present an improvement of (3.6) with 0< s− ¶ s+ < 1 and of

(3.7) with−1< s− ¶ s+ < 0. An extension of Theorem 3.8 to general case s ∈C log
loc is still open.

54



CHAPTER 4

LOCAL MEAN CHARACTERIZATION OF

VARIABLE-BESOV-TYPE SPACES

4.1 Introduction

In this chapter, we aim to establish new characterizations of the recently introduced Vari-

able Besov-type spaces in terms of local means, Peetre maximal function of local means.

The motivation is that this characterizations were used to study Fourier multipliers on

Besov-type and Triebel–Lizorkin-type spaces, and to present some equivalent quasi-norms

of these spaces in terms of derivatives.

4.2 Variable Besov-type space

Following [38, 54], we denoteG (Rn+1
+ ) the set of all measurable functionsφ :Rn+1

+ → (0,∞)
having the following properties: there exist positive constants c1 and c2 such that, for all

x ∈Rn and r > 0

c −1
1 φ(x , 2r )¶φ(x , r )¶ c1φ(x , 2r ) (S1)

and, for all x , y ∈Rn and r > 0 with ‖x − y ‖¶ r ,

c −1
2 φ(y , r )¶φ(x , r )¶ c2φ(y , r ). (S2)
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We point out that (S1) and (S2) are called the doubling condition and the compatibility

condition, respectively.

In what follows, forφ ∈G (Rn+1
+ ) and all cubesQ :=Q (x , r )with center x ∈Rn and radius

r > 0, defineφ(Q ) :=φ(Q (x , r )) :=φ(x , r ).

Now we give some examples.

Example 4.1.

(i) ifφ(P ) := |P |τ with τ ∈ [0,∞) for all cubes P . Then, Φ satisfies the conditions (S1) and

(S2), and c1 = 2nτ and c2 = 1.

(ii) Let τ(·) ∈P log
0 (Rn ) and Φ defined for all cubes P ∈Q,

φ(P ) :=
‖χP ‖Lτ(·)(Rn )

|P |
,

φ satisfies the conditions (S1), (S2).

For more examples and information and references see [54, 38, 53].

Remark 4.2. Letφ ∈G (Rn+1
+ ),

(i) for all x ∈ Rn , any r > 0 and any j ∈ Z, c −| j |1 φ(x , r ) ¶ φ(x , 2 j r ) ¶ c | j |1 φ(x , r ), where c1 is

the constant from (S1).

(ii) The constant c1 ¾ 1. For any P ∈Q of center x and radius r , we have r =
p

n
2 `(P ), hence,

φ(P ) =φ(x ,
p

n
2 `(P )).

(iii) for any constant r ∈ (0,∞),φr ∈G (Rn+1
+ ), if c1(φ) and c1(φr ) are the constant from (S1)

ofφ andφr respectively then c1(φr ) = c r
1 (φ).

Definition 4.3. Let p , q ∈P0(Rn )and P ∈Q. The mixed Lebesgue-sequence space `q (·)(L p (·)
φ (P )

, I ), I ⊂ N0 is defined on sequences to be the set of all sequences F := ( fν)ν∈I of measurable

functions on Rn such that

‖F ‖
`q (·)(L p (·)

φ (P ),I )
:=

1

φ(P )
‖( fνχP )ν∈I ‖`q (·)(L p (·)) <∞ (4.1)

The space å

`q (·)(L p (·)
φ (P ), J ), J ⊂ (0, 1], denotes the set of all measurable functions F :=

ft (x ), x ∈Rn , t ∈ J measurable on Rn × J such that

‖F ‖
å

`q (·)(L p (·)
φ (P ),J )

:=
1

φ(P )
‖( ftχP )t ∈J ‖å`q (·)(L p (·))

<∞ (4.2)
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The space `q (·)(L p (·)
φ (P )) is defined by `q (·)(L p (·)

φ (P )) := `
q (·)(L p (·)

φ (P ), I )where I = {ν ∈N0;ν¾
jP ∨ 0}. Therefore for any sequence F := ( fν)ν¾ jP∨0 ∈ `q (·)(L p (·)

φ (P )) of measurable functions

on Rn we have

‖F ‖
`q (·)(L p (·)

φ (P ))
=

1

φ(P )
inf

¦

µ> 0 :%`q (·)(L p (·)(Rn ))

� 1

µ
( fνχP )ν¾ jP∨0

�

¶ 1
©

. (4.3)

with

%`q (·)(L p (·)(Rn ))(( fνχP )ν¾ jP∨0) =
∑

ν¾ jP∨0

inf
¦

λν > 0 :%p (·)

� fνχP

λ
1/q (·)
ν

�

¶ 1
©

.

The mixed Lebesgue-sequence space `q (·)(L p (·)
φ (Rn )) is defined on sequences to be the set

of all sequences ( fν)ν∈N0
of measurable functions on Rn such that





( fν)ν∈N0







`q (·)(L p (·)
φ (Rn )) := sup

P∈Q





( fν)ν¾ jP∨0







`q (·)(L p (·)
φ (P ))

<∞.

The space å

`q (·)(L p (·)
φ (P )) is defined by å

`q (·)(L p (·)
φ (P )) := å

`q (·)(L p (·)
φ (P ), J ), where J = (0,`(P )∧

1]. Therefore for any sequence F := ( ft )t ∈(0,`(P )∧1] of functions ft (x ), x ∈ Rn , t ∈ (0,`(P )∧ 1]

measurable on Rn × (0,`(P )∧1], we have

‖F ‖
å

`q (·)(L p (·)
φ (P ))

=
1

φ(P )
inf

¦

µ> 0 :%
å`q (·)(L p (·))

� 1

µ
( ft (·)χP )t ∈(0,`(P )∧1]

�

¶ 1
©

(4.4)

with

%
å`q (·)(L p (·)(Rn ))

(( ftχP )t ∈(0,`(P )∧1]) =

∫ `(P )∧1

0

inf
�

λt > 0 :%p (·)
� ftχP

λ
1/q (·)
t

�

¶ 1
	d t

t
.

The space å

`q (·)(L p (·)
φ (Rn )) is defined to be the set of all sequences ft (x ), x ∈Rn , t ∈ (0, 1]mea-

surable on Rn × (0, 1] such that





( ft )0<t¶1







å

`q (·)(L p (·)
φ (Rn ))

:= sup
P∈Q





( ft )0<t¶`(P )∧1







å

`q (·)(L p (·)
φ (P ))

<∞.

For p , q ∈P0(Rn ), the ‖·‖
`q (·)(L p (·)

φ (P ),I )
is a quasi-norm on `q (·)(L p (·)

φ (P ), I ), I ⊂N0

Remark 4.4.

(i) Let p , q ∈P0(Rn ) and P ∈Q. For any sequence ( fν)ν∈I ∈ `q (·)(L p (·)
φ (P ), I ), I ⊂N0 of measur-

able functions on Rn and r > 0 we have





( fν)ν∈I







`q (·)(L p (·)
φ (P ),I )

=




(| fν|r )ν∈I







1/r

`q (·)/r (L p (·)/r
φr (P ),I )

,
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and for any ( fν)ν∈N0
∈ `q (·)(L p (·)

φ (Rn )) and r > 0,





( fν)ν∈N0







`q (·)(L p (·)
φ (Rn )) =





(| fν|r )ν∈N0







1/r

`q (·)/r (L p (·)/r
φr (Rn ))

.

(ii) For any sequence ( fν)ν¾ jP∨0 of measurable functions on Rn , we have




( fν)ν¾ jP∨0







`q (·)(L p (·)
φ (P ))
¶ 1 if and only if %`q (·)(L p (·))(( fνχP /φ(P ))ν¾ jP∨0)¶ 1 which is equivalent to

∑

ν¾ jP∨0 inf
¦

λν > 0 :%p (·)

�

fνχP

φ(P )λ1/q (·)
ν

�

¶ 1
©

¶ 1.

Definition 4.5. Let
�

ϕν
	

ν∈N0
be a resolution of unity, p , q ∈ P0(Rn ), s : Rn → R and φ ∈

G (Rn+1
+ ), Then the Besov-type space with variable smoothness and integrability, Bα(·),φp (·),q (·), is

defined to be the set of all f ∈S ′(Rn ) such that





 f






B
α(·),φ
p (·),q (·)

:= sup
P∈Q










�

2να(·)ϕν ∗ fv

�

ν¾ jP∨0










`q (·)(L p (·)
φ (P ))

<∞ (4.5)

where, when j = 0, ϕ0 is replaced by Φ, and the supremum is taken over all dyadic cubes P

in Rn .

If φ(P ) = 1 for all cubes P ∈ Q(Rn ), then Bα(·),φp (·),q (·) = Bα(·)p (·),q (·), where Bα(·)p (·),q (·) is the Besov

space with variable smoothness and integrability introduced in [3], and if p , q ,τ are con-

stant exponents andφ(P ) = |P |τ withτ ∈ [0,∞) for all cubes P ∈Q(Rn ), then Bα(·),φp (·),q (·) = B s ,τ
p ,q ,

which was investigated in [55].

If p , q ∈ C log(Rn ) and s ∈ C log
loc (R

n )∩ L∞(Rn ) Then the Besov-type space with variable

smoothness and integrability is independent of the choice of the resolution of unity.

4.3 Characterizations of the space Bα(·),φp (·),q (·)

Lemma 4.6. Let p , q ∈P0 (Rn ), φ ∈ G (Rn+1
+ ), δ > log2(c1) where c1 is the constant from (S1)

and {gm}m∈N0
∈ `q (·)(L p (·)

φ (Rn )) . For any ν ∈N0 and x ∈Rn , let Gν(x ) =
∑

m∈N0
2−|m−ν|δgm (x )

then,





(Gν)ν∈N0







`q (·)(L p (·)
φ (Rn )) ®





(gm )m∈N0







`q (·)(L p (·)
φ (Rn )) .

Proof. By scaling arguments it suffices to suppose that




(gm )m∈N0







`q (·)(L p (·)
φ (Rn )) ¶ 1. We prove,





(Gν)ν¾ jP∨0







`q (·)(L p (·)
φ (P ))
® 1, ∀P ∈Q.
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Since




(gm )m∈N0







`q (·)(L p (·)
φ (Rn )) ¶ 1 then, for every P ∈Q,





(gm )m∈N0







`q (·)(L p (·)
φ (P ))
¶ 1, therefore,

%`q (·)(L p (·)(Rn ))((gmχP /φ(P ))m¾ jP∨0)¶ 1, ∀P ∈Q. (4.6)

By definition, for any P ∈Q, for any ε > 0 there exists {λm > 0, m ¾ jP ∨0}, such that

%p (·)

�

gmχP

φ(P )λ1/q (·)
m

�

¶ 1,
∑

m¾ jP∨0

λm ¶%`q (·)(L p (·)(Rn ))((gmχP /φ(P ))m¾ jP∨0) + ε, (4.7)

Fix P ∈Q with jP > 0 and set ε = 1. For any m < jP , m ∈N0, let Pm ∈Q be such that P ⊂ Pm ,

P and Pm cocentric, and `(Pm ) = 2−m , then jPm
=m , by (4.6) and (4.7) (with ε = 1) there exist

λ∗m > 0 such that

%p (·)

�

gmχPm

φ(Pm )(λ∗m )
1/q (·)

�

¶ 1, λ∗m ¶ 2. (4.8)

Since δ− log2(c1) > 0 there exist γ > 0 such that δ− log2(c1) > γ1/q−, for any ν ¾ jP set

βν :=
∑

m< jP
2−|m−ν|γλ∗m +

∑

m¾ jP
2−|m−ν|γλm , where λm , m ¾ jP are from (4.7) of the fixed P ,

it’s clear that βν <∞, let r :=min{1, p−} and p̃ (·) := p (·)/r , we have

|Gν|r ¶
∑

m∈N0

2−|m−ν|rδ|gm |r

then

|Gν|r ¶
∑

m< jP

2−|m−ν|rδ|gm |r +
∑

m¾ jP

2−|m−ν|rδ|gm |r .

By Remark 4.2,

φ(P ) =φ(x , c 2− jP ) =φ(x , 2− jP+m c 2−m )¾ c −|− jP+m |
1 φ(x , c 2−m ) = c −|− jP+m |

1 φ(PM ),

where x is the center of P (and Pm ), hence,

∑

0¶m< jP

2−|m−ν|rδ(φ(P ))−r |gm |r ¶
∑

0¶m< jP

2−|m−ν|rδc r |− jP+m |
1 (φ(Pm ))

−r |gm |r

=
∑

0¶m< jP

2−|m−ν|rδ2r ( jP−m ) log2(c1)(φ(Pm ))
−r |gm |r ,

since
∑

k∈N0
2k r (−δ+γ1/q−+log2(c1)) is finite and 2−|m−ν|γλ∗m/βν ¶ 1, 0 ¶ m < jP , by (4.8) and

59



4.3. Characterizations of the space Bα(·),φp (·),q (·) Chapter 4

Remark 1.1(i), it follows,
















∑

m< jP
2−|m−ν|rδ|gm |rχP

(φ(P ))rβ r /q (·)
ν
















p̃ (·)

¶
















∑

m< jP

2|m−ν|r (−δ+γ1/q−)2r ( jP−m ) log2(c1)

×
(2−|m−ν|γλ∗m )

r /q (·)

β
r /q (·)
ν

�

|gm (x )|χPm

φ(Pm )(λ∗m )
q (·)

�r










p̃ (·)

¶
∑

m< jP

2( jP−m )r (−δ+γ1/q−+log2(c1))

¶
∑

k∈N0

2k r (−δ+γ1/q−+log2(c1))

¶ c ,

since
∑

k∈N0
2k r (−δ+γ1/q−) is finite and 2−|m−ν|γλm/βν ¶ 1, jP ¶m , by (4.7) and Remark 1.1(i),
















∑

m¾ jP
2−|m−ν|rδ|gm (x )|rχP

φ(P )β r /q (·)
ν
















p̃ (·)

¶
















∑

m¾ jP

2−|m−ν|rδ
λr /q (·)

m

β
r /q (·)
ν

�

gmχP

φ(P )λ1/q (·)
m

�r















p̃ (·)

¶
∑

m¾ jP

2|m−ν|r (−δ+γ1/q−)

¶ 2
∑

k∈N0

2k r (−δ+γ1/q−)

¶ c ,

therefore, there exists c > 0 independent of ν such that %p (·)

�

c GνχP

φ(P )β1/q (·)
ν

�

¶ 1.

It follows

%`q (·)(L p (·)(Rn ))

�

(c GνχP /φ(P ))ν¾ jP

�

¶
∑

ν∈¾ jP

βν

¶
∑

ν¾ jP∨0

∑

m< jP

2−|m−ν|γλ∗m +
∑

ν¾ jP

∑

m¾ jP∨0

2−|m−ν|γλm

we have if m < jP ¶ ν then |m −ν|= |m − jP |+ | jP −ν|, since λ∗m ¶ 2, it follows

∑

ν¾ jP

∑

m< jP

2−|m−ν|γλ∗m =
∑

ν¾ jP

∑

m< jP

2−|m− jP |γ2−|ν− jP |γλ∗m

¶ 2
∑

ν¾ jP

2−|ν− jP |γ
∑

m< jP

2−|m− jP |γ

¶ c ,
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also,

∑

ν¾ jP

∑

m¾ jP

2−|m−ν|γλm =
∑

m¾ jP

λm

∑

ν¾ jP

2−|m−ν|γ ¶ c
∑

m¾ jP

λm .

therefore

%`q (·)(L p (·))

�

(c GνχP /φ(P ))ν¾ jP

�

® 1+
∑

m¾ jP

λm .

If P ∈ Q with jP ¶ 0, then (4.6) and (4.7) holds true with m ¾ 0, for any ν ¾ 0 set βν :=
∑

m¾0 2−|m−ν|γλm , by similar arguments, there exists c > 0 independent of ν such that %p (·)
�

c GνχP

φ(P )β1/q (·)
ν

�

¶ 1 and %`q (·)(L p (·))

�

(c GνχP /φ(P ))ν¾0

�

® 1+
∑

m¾0λm .

Then, by (4.7) (with ε = 1) and (4.6), for every P ∈Q,

%`q (·)(L p (·))

�

(c GνχP /φ(P ))ν¾ jP∨0

�

® 1+
∑

m¾cjP

λm

® 1+%`q (·)(L p (·))

�

(gmχP /φ(P ))m¾ jP∨0

�

(4.9)

® 1

implies for every P ∈Q,




(Gν)ν¾ jP∨0







`q (·)(L p (·)
φ (P ))
® 1, which ends the proof.

Remark 4.7. Ifφ(P ) = |P |τ, then c1 = 2nτ, so, the previous Lemma holds true ifδ > log2(c1) =

nτ, which coincides with [52, Lemma 2.3].

Let R ∈N0 ∪{−1} and Φ0,Φ ∈S (Rn ) satisfy,

FΦ0(ξ)> 0 on {ξ ∈Rn : |ξ|< 2} (4.10)

and

FΦ(ξ)> 0 on {ξ ∈Rn : 2< |ξ|< 2} and D α(FΦ)(0) = 0 for |α|¶R , (4.11)

where, when R = −1, the above last requirement disappears automatically. For any a ∈
(0,∞) and ϕ ∈S (Rn ) , any distribution f such that ϕ ∗ f makes sense, and x ∈Rn , we let

(ϕ∗t f )a (x ) := sup
y ∈Rn

|ϕt ∗ f (x + y )|
(1+ t −1|y |)a

and (ϕ∗k f )a (x ) := sup
y ∈Rn

|ϕk ∗ f (x + y )|
(1+2k |y |)a

which are called the Peetre-type maximal functions, where, for any k ∈N and t ∈ (0, 1)

ϕt (x ) := t −nϕ(
x

t
) and ϕk (x ) := 2k nϕ(2k x ), ∀x ∈Rn

In view of the above notation,ϕk =ϕ2−k and (ϕ∗k )a = (ϕ
∗
2−k )a for any k ∈N. Recall that Φt ∗ f
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for any t ∈ (0, 1) is usually called the local means

Lemma 4.8. Let Φ0 and Ψ0 satisfy (4.10), Φ and Ψ satisfy (4.11) and a > 0, then for all large

L ∈N, ν ∈N0 , s , t ∈ [1, 2] and x ∈Rn

|(Ψ∗2−νs )a f (x )|® 2−ν(R+1)
�

Φ∗0 f
�

a
(x )+

∑

1¶ j¶ν

2( j−ν)(R+1)(Φ∗2− j t )a (x ) +
∑

j¾ν+1

2(ν− j )(L−a )(Φ∗2− j t )a (x ),

where when ν= 0 we replace Ψ with Ψ0.

Proof. LetΦ0,Φ satisfy (4.10) and (4.11) respectively, there existΛ0,Λ such that, suppFΛ0 ⊂
{ξ ∈Rn/|ξ|¶ 2}, suppFΛ⊂ {ξ ∈Rn/1/2¶ |ξ|¶ 2} and

FΦ0(ξ)FΛ0(ξ) +
∑

j¾1

FΦ(2− jξ)FΛ(2− jξ) = 1 (4.12)

then, for all ξ ∈Rn and t ∈ [1, 2]

FΦ0(t ξ)FΛ0(t ξ) +
∑

j¾1

FΦ(2− j t ξ)FΛ(2− j t ξ) = 1

therefore, for all g ∈S ′(Rn )

g = (Φ0)t ∗ (Λ0)t ∗ g +
∑

j¾1

(Φ j )t ∗ (Λ j )t ∗ g .

Let (Ψ0,Ψ) be a pair of functions satisfying (4.10) and (4.11) respectively, we put g = (Ψν)s ∗ f

where f ∈S ′(Rn ), ν ∈N0 and s ∈ [1, 2], it follows that

(Ψν)s ∗ f = (Ψν)s ∗ (Λ0)t ∗ (Φ0)t ∗ f +
∑

j¾1

(Ψν)s ∗ (Λ j )t ∗ (Φ j )t ∗ f .

by (4.12) and since suppF (Λ0)t ⊂ {ξ ∈Rn/|ξ|¶ 2} for any t ∈ [1, 2]we have

(Λ0)t ∗ f = (Λ0)t ∗Φ0 ∗Λ0 ∗ f

then

(Ψν)s ∗ (Φ0)t ∗ (Λ0)t ∗ f = (Ψν)s ∗ (Φ0)t ∗ (Λ0)t ∗Φ0 ∗Λ0 ∗ f

= (Ψν)s ∗Wt ∗Λ0 ∗Φ0 ∗ f
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where Wt = (Φ0)t ∗ (Λ0)t = (Φ0 ∗Λ0)t For all ν ∈N0 we have

(Ψν)s ∗Wt (x ) =

¨

t −n (Ψ0)s/t ∗W ( x
t ), if ν= 0;

t −nΨ 2−νs
t
∗W ( x

t ), if ν ∈N,

by Lemma 1.24 with M =−1 for Ψ0 and M =R for Ψ and since t , s ∈ [1, 2]we obtain

|(Ψν)s ∗Wt (x )|¶C (N )

¨

ηt ,N (x ), if ν= 0;

2−ν(R+1)ηt ,N (x ), if ν ∈N,

for all N > 0 and t ∈ [1, 2].

We have ηt ,N ® η1,N for any t ∈ [1, 2] and |Λ0 ∗Φ0 ∗ f | ® η1,N ∗ |Φ0 ∗ f |, it follows that for

all ν ∈N0 and t , s ∈ [1, 2]

|(Ψν)s ∗Wt ∗Λ0 ∗Φ0 ∗ f |® 2−ν(R+1)η1,N ∗η1,N ∗ |Φ0 ∗ f |

® 2−ν(R+1)η1,N ∗ |Φ0 ∗ f |,

therefore, for all ν ∈N0, t , s ∈ [1, 2]

|(Ψν)s ∗ (Φ0)t ∗ (Λ0)t ∗ f |® 2−ν(R+1)η1,N ∗ |Φ0 ∗ f |.

For all ν ∈N0, j ∈Nwe have

(Ψν)s ∗ (Λ j )t =















s−nΛ 2− j t
s
∗Ψ0(

x
s ), if ν= 0;

(2− j t )−n (Ψ) 2−νs
2− j t

∗Λ( x
2− j t ), if j ¶ ν;

(2−νs )−nΛ 2− j t
2−νs

∗Ψ( x
2−νs ), if j >ν,

again, by Lemma 1.24, with M =R for Ψ and M = T for Λwhere T can be chosen arbitrary

positive integer since D βFΛ(0) = 0 for all multi-indice β becauseFΛ is supported away

from zero, we aobtain, for all N > 0, ν ∈N0, j ∈N and s , t ∈ [1, 2]

|(Ψν)s ∗ (Λ j )t (x )|¶C (N )











2− j Tηs ,N (x ), if ν= 0;

2( j−ν)(R+1)η2− j t ,N (x ), if 1¶ j ¶ ν;

2(ν− j )Tη2−νs ,N (x ), if j >ν.

For all ν ∈N0, j ∈N where j > ν and any s ∈ [1, 2] we have η2−νs ,N ® 2(ν− j )(n−N )η j ,N then, for
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all ν ∈N0 and j ∈N

|(Ψν)s ∗ (Λ j )t (x )|®

¨

2( j−ν)(R+1)η2− j t ,N (x ), if 1¶ j ¶ ν;

2(ν− j )(T+n−N )η2− j t ,N (x ), if j >ν.

It follows, for any ν ∈N0

|(Ψν)s ∗ (Λ0)t ∗ (Φ0)t ∗ f |(y )¶ c 2−ν(R+1)η1,N ∗ |Φ0 ∗ f |

= c 2−ν(R+1)

∫

Rn

η1,N−a (y − z )
|Φ0 ∗ f (z )|
(1+ |y − z |)a

d z

¶ c 2−ν(R+1)
�

Φ∗0 f
�

a
(y )

∫

Rn

η1,N−a (x )d x

¶ c 2−ν(R+1)
�

Φ∗0 f
�

a
(y )

¶ c 2−ν(R+1)
�

Φ∗0 f
�

a
(x )(1+ (2−νs )−1|x − y |)a

By taking N large such that N −a > n , where we used in the last estimate the following

(Φ∗0 f )a (y )® (Φ∗0 f )a (x )(1+ |x − y |)a ® (Φ∗0 f )a (x )(1+ (2
−νs )−1|x − y |)a

for all x , y ∈Rn and s , t ∈ [1, 2]. Similarly, or all ν ∈N0 and j ∈N and s , t ∈ [1, 2]

|(Ψν)s ∗ (Λ j )t ∗ (Φ j )t ∗ f (y )|®
¨

2( j−ν)(R+1)(Φ∗2− j t )a (x )(1+ (2
−νs )−1|x − y |)a , if 1¶ j ¶ ν;

2(ν− j )(T+n−N−a )(Φ∗2− j t )a (x )(1+ (2
−νs )−1|x − y |)a , if j >ν.

Therefore, for all ν ∈N0 and s , t ∈ [1, 2]

|(Ψν)s ∗ f (y )|
(1+ (2−νs )−1|x − y |)a

® 2−ν(R+1)
�

Φ∗0 f
�

a
(x )+

∑

1¶ j¶ν

2( j−ν)(R+1)(Φ∗2− j t )a (x ) +
∑

j¾ν+1

2(ν− j )(L−a )(Φ∗2− j t )a (x )

where L = T +n −N can be taking arbitrary large. Taking the suppermum we obtain, for

all ν ∈N0 and s , t ∈ [1, 2]

|(Ψ∗2−νs )a f (x )|® 2−ν(R+1)
�

Φ∗0 f
�

a
(x )+

∑

1¶ j¶ν

2( j−ν)(R+1)(Φ∗2− j t )a (x ) +
∑

j¾ν+1

2(ν− j )(L−a )(Φ∗2− j t )a (x ).

where when ν= 0 we replace Ψ with Ψ0. The proof is complete.
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Theorem 4.9. Let p ∈ P log
0 (Rn ) , q ∈ P0 (Rn ) and φ ∈ G (Rn+1

+ ) with 1
q ∈ C log

loc (R
n ) and q+ <

∞, R ∈ N0 ∪ {−1} be such that R + 1 > log2(c1) + α+ where c1 is the constant from (S1),

a > n
p− + clog(α) + clog(1/q ) + log2(c1), then the space Bα(·),φp (·),q (·)(R

n ) is characterized by

Bα(·),φp (·),q (·) =
n

f ∈S ′(Rn ) :







 f
�

�

�B
α(·),φ
p (·),q (·)(R

n )









i
<∞

o

, ∀i ∈ {1, · · · , 3},

where








 f
�

�

�B
α(·),φ
p (·),q (·)










1
:= sup

p∈Q

1

φ(P )





(Φ∗0)a f






L p (·)(P )+




t −α(Φ∗t f )a






å

`q (·)(L p (·)
φ (Rn ))

,








 f
�

�

�B
α(·),φ
p (·),q (·)










2
:=




(2−να(·)(Φ∗ν f )a )ν¾0







`q (·)(L p (·)
φ (Rn ))

and








 f
�

�

�B
α(·),φ
p (·),q (·)










3
:=




(2−να(·)Φν ∗ f )ν¾0







`q (·)(L p (·)
φ (Rn )) .

Furthermore, any







·
�

�

�B
α(·),φ
p (·),q (·)










i
, i ∈ {1, 2, 3} is an equivalent quasi-norm on Bα(·),φp (·),q (·).

Proof. Step 1: In this step we will prove that







 f
�

�

�B
α(·),φ
p (·),q (·)










2
and








 f
�

�

�B
α(·),φ
p (·),q (·)










3
are equivalent,

First we prove that, for any








 f
�

�

�B
α(·),φ
p (·),q (·)










Ψ

2
¶C








 f
�

�

�B
α(·),φ
p (·),q (·)










Φ

1
(4.13)

where ‖ f |Bα(·),φp (·),q (·)‖Ψ2 denotes ‖·|Bα(·),φp (·),q (·)‖2 defined in Theorem 4.9 whereΦ0 andΦ are replaced

by Ψ0 and Ψ satisfying (4.10) and (4.11) respectively. By Lemma 4.8 with s = 1, we have, for

all ν ∈N0 and t ∈ [1, 2]

(Ψ∗ν f )a (x )® 2−ν(R+1)(Φ∗0 f )a (x ) +
ν
∑

k=1

2(k−ν)(R+1)(Φ∗2−k t f )a (x )

+
∞
∑

k=ν+1

2(ν−k )(L−a )(Φ∗2−k t f )a (x ),

where L ∈N can be chosen large enough, therefore

2να(x )(Ψ∗ν f )a (x )® 2−ν(R+1−α+)(Φ∗0 f )a (x ) +
ν
∑

k=1

2(k−ν)(R+1−α+)2kα(x )(Φ∗2−k t f )a (x )

+
∞
∑

k=ν+1

2(ν−k )(L−a+α−)2kα(x )(Φ∗2−k t f )a (x ).
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Choosing L large such that L −a +α− >δ where δ :=R +1−α+, then

2να(x )(Ψ∗ν f )a (x )® 2−νδ(Φ∗0 f )a (x ) +
∞
∑

k=1

2−|k−ν|δ2kα(·)(Φ∗2−k t f )a (x )

® 2−νδ(Φ∗0 f )a (x ) +
∞
∑

k=1

2−|k−ν|δ(2−k t )−α(x )(Φ∗2−k t f )a (x )

since α ∈ L∞ and t ∈ [1; 2]. Let 0< r < 1, it follows that

|2να(x )(Ψ∗ν f )a (x )|r ® 2−νrδ|(Φ∗0 f )a (x )|r +
∞
∑

k=1

2−|k−ν|rδ|(2−k t )−α(x )(Φ∗2−k t f )a (x )|r , (4.14)

taking the integral
∫ 2

1
· · · d t

t on both sides, gives

|2να(x )(Ψ∗ν f )a (x )|r ® 2−νrδ|(Φ∗0 f )a (x )|r +
∞
∑

k=1

2−|k−ν|rδ
∫ 2−k+1

2−k

|t −α(x )(Φ∗t f )a (x )|r
d t

t

set g0 = |(Φ∗0 f )a |r and gk :=
∫ 2−k+1

2−k |t −α(·)(Φ∗t f )a |r d t
t , k ∈ N, p̃ := p/r, q̃ := q/r , since δ >

log2(c1) then by Remark 4.2/(iii), rδ > log2(c
r

1 ) = log2(c1(φr )) where c1(φr ) is the constant

ofφr from (S1), now, Lemma 4.6 gives





(|2να(·)(Ψ∗ν f )a |r )ν∈N0







`q̃ (·)(L p̃ (·)
φr (Rn )) ®





(gk )k∈N0







`q̃ (·)(L p̃ (·)
φr (Rn )) , (4.15)

then





(2να(·)(Ψ∗ν f )a )ν∈N0







`q (·)(L p (·)
φ (Rn )) ®










�

g 1/r
k

�

k∈N0










`q (·)(L p (·)
φ (Rn ))

, (4.16)

next, we prove that









�

g 1/r
k

�

k∈N0










`q (·)(L p (·)
φ (Rn ))
®C








 f
�

�

�B
α(·),φ
p (·),q (·)










Φ

1
, (4.17)

Suppose that the right hand of (4.17) is less than or equal one. for any P ∈Q we have

%`q (·)(L p (·))((g
1/r
k χP /Φ(P ))k¾ jP∨0) =

∑

ν¾ jP∨0










�

�g 1/r
k χP /Φ(P )

�

�

q (·)









p (·)
q (·)

.

Let r and γ be such that max{1, q+

p− }<γ<
q−

r , by Hölder’s inequality for any x ∈ P

|gk (x )/Φ
r (P )|

q̃ (x )
γ ¶C

∫ 2−k+1

2−k

|t −α(·)(Φ∗t f )a (x )/Φ(P )|r
q̃ (x )
γ

d t

t
,
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by Minkowski’s integral inequality








|gkχP /Φ
r (P )|

q̃ (·)
γ










γ
p̃ (·)
q̃ (·)

¶C

∫ 2−k

2−k−1








|t −α(·)(Φ∗t f )aχP /Φ(P )|r
q̃
γ










γ
p̃ (·)
q̃ (·)

d t

t

=C

∫ 2−k

2−k−1





t −α(·)(Φ∗t f )aχP /Φ(P )|r q̃ (·)






1/γ
p̃ (·)
q̃ (·)

d t

t

¶C

 

∫ 2−k

2−k−1





t −α(·)(Φ∗t f )aχP /Φ(P )|r q̃ (·)






p̃ (·)
q̃ (·)

d t

t

!1/γ

,

it follows that





|gkχP /Φ
r (P )|q̃ (·)







p̃ (·)
q̃ (·)
¶C

∫ 2−k

2−k−1





t −α(·)(Φ∗t f )aχP /Φ(P )|r q̃ (·)






p̃ (·)
q̃ (·)

d t

t
,

which means that





|g 1/r
k χP /Φ(P )|q (·)







p (·)
q (·)
¶C

∫ 2−k+1

2−k





t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t
,

for P ∈Q with jP > 0, taking the sum on both sides we get

∑

ν¾ jP





|g 1/r
k χP /Φ(P )|q (·)







p (·)
q (·)
¶C

∫ 2`(P )

0





|t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t

¶C

∫ `(2P )∧1

0





|t −α(·)(Φ∗t f )aχ2P /Φ(2P )|q (·)






p (·)
q (·)

d t

t

¶C ,

for P ∈Q with jP ¶ 0 we have

%`q (·)(L p (·)(Rn ))((gkχP /Φ
r (P ))k¾ jP∨0) =

∑

ν¾0





|g 1/r
k χP /Φ(P )|q (·)







p (·)
q (·)

®









�

�(Φ∗0 f )aχP /Φ(P )
�

�

q (·)









p (·)
q (·)

+
∞
∑

k=1

∫ 2−k+1

2−k





t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t
, (4.18)

if the right hand of (4.17) is less than or equal one then supP∈Q
1
φ(P )





(Φ∗0)a f






L p (·)(P ) ¶ 1 which

implies that supP∈Q ‖
�

�(Φ∗0 f )aχP /Φ(P )
�

�

q (·) ‖ p (·)
q (·)
¶ 1, for the second term on the right hand side
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of (4.18) we have

∞
∑

k=1

∫ 2−k+1

2−k





t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t
=

∫ 1

0





t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t

=

∫ `(P )∧1

0





t −α(·)(Φ∗t f )aχP /Φ(P )|q (·)






p (·)
q (·)

d t

t

¶ 1,

therefore, we get %`q (·)(L p (·)(Rn ))((gkχP /Φ
r (P ))k¾ jP∨0)¶C for all P ∈Q, so, we have










�

g 1/r
k

�

k∈N0










`q (·)(L p (·)
φ (Rn ))
¶C

whenever







 f
�

�

�B
α(·),φ
p (·),q (·)










Φ

1
¶ 1, by scaling arguments we get (4.17).

Next, we prove that








 f
�

�

�B
α(·),φ
p (·),q (·)










Ψ

1
¶C








 f
�

�

�B
α(·),φ
p (·),q (·)










Φ

2
(4.19)

by Lemma 4.8 with t = 1, for any ν ∈N and s ∈ [1, 2],

((Ψν)
∗
s f )a (x )®

ν
∑

k=0

2(k−ν)(R+1)(Φ∗k f )a (x ) +
∞
∑

k=ν+1

2(ν−k )(L−a )(Φ∗k f )a (x )

and

(Ψ∗0 f )a (x )®
∞
∑

k=0

2−k (L−a )(Φ∗k f )a (x ),

hence

(2−νs )−α(·)(Ψ∗2−νs f )a (x )®
∞
∑

k=0

2−|k−ν|δ2kα(·)(Φ∗k f )a (x )

and

(Ψ∗0 f )a (x )®
∞
∑

k=0

2−kδ2kα(·)(Φ∗k f )a (x ), (4.20)

denote G0 = 0 and Gν = (2−νs )−α(·)(Ψ∗2−νs f )a ,ν ∈ N0, when ‖ f |Bα(·),φp (·),q (·)‖Φ2 ¶ 1 then by (4.9) we
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have,

%`q (·)(L p (·))

�

(c GνχP /φ(P ))ν¾ jP∨0

�

¶C , ∀P ∈Q.

where C is independent of s . For any P ∈Q, with an appropriate choice of some constant
c , we get

∫ `(P )∧1

0





|c s−α(·)(Φ∗s f )aχP /Ψ(P )|q (·)






p (·)
q (·)

d s

s
=

∫ 2

1

∞
∑

ν= jP∨0+1





|c (2−νs )−α(·)(Ψ∗2−νs f )aχP /Φ(P )|q (·)






p (·)
q (·)

d s

s

®
∫ 2

1

∞
∑

ν= jP∨0





|c GνχP /Φ(P )|q (·)






p (·)
q (·)

d s

s

= c

∫ 2

1

%`q (·)(L p (·))

�

(c GνχP /φ(P ))ν¾ jP∨0

� d s

s

¶C .

therefore









�

s−α(Φ∗s f )a
�

s∈(0,1]










å

`q (·)(L p (·)
φ (Rn ))
¶C . (4.21)

Now, we prove

sup
p∈Q

1

φ(P )





(Ψ∗0 f )aχ(P )






p (·) ¶C , (4.22)

by (4.20) with r =min{1, p−}we have

|(Ψ∗0 f )aχP /φ(P )|r ®
∞
∑

k=0

2−k rδ|2kα(·)(Φ∗k f )aχP /φ(P )|r ,

taking the norm ‖ · ‖p (·)/r we get

‖|(Ψ∗0 f )aχP /φ(P )|r ‖p (·)/r ® sup
k∈N0

‖|2kα(·)(Φ∗k f )aχP /φ(P )|r ‖p (·)/r ,

when ‖ f |Bα(·),φp (·),q (·)‖Φ2 ¶ 1, we have ‖2kα(·)(Φ∗k f )aχP /φ(P )‖p (·) ¶ 1 for any P ∈Q, hence, ‖(Ψ∗0 f )a
χP /φ(P )‖p (·) ¶ c , which proves (4.22). it follows that

sup
p∈Q

1

φ(P )





(Ψ∗0 f )aχ(P )






p (·)+









�

s−α(Φ∗s f )a
�

s∈(0,1]










å

`q (·)(L p (·)
φ (Rn ))
¶C ,

whenever ‖ f |Bα(·),φp (·),q (·)‖Φ2 ¶ 1, by scaling arguments we get (4.19).
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Conclution

In chapters two, three and four we introduce new methods and tools that help us to work

in variable Besov spaces, variable Triebel-Lizorkin spaces and variable-Besov-type spaces

to overcome many difficulties that rise. Chapter four is a part of a paper in preparation

which we aim to finish presenting new valuable results.
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Abstract:

In this thesis we introduce new equivalent characterizations and certain commutator

estimations on Besov spaces, Besov-type spaces and Triebel-Lizorkin spaces of variable

smoothness and integrability.

We prove the continuous characterization of the space Bα(·)p (·),q (·) and characterization via

Peetre-type maximal functions of local means of variable Besov spaces Bα(·)p (·),q (·) based on

the continuous version of Calderón reproducing formula and and of variable Besov-type

spaces Bα(·),φp (·),q (·). We prove certain estimates on Triebel-Lizorkin spaces of variable smooth-

ness and integrability F α(·)
p (·),q (·) for the commutator [V ·∇,∆ j ]( f ), these estimates are obtained

under no vanishing assumptions on the divergence of the vector field.

Key words:

Besov space, Triebel-Lizorkin space, variable exponent, Calderón reproducing formula,

Commutator, vector field.

Résumé

Dans cette thèse, nous présentonts des nouvelles caractérisations équivalentes pour

les espaces de Besov Bα(·)p (·),q (·) à l’aide de la formule de Calderón et pour les espaces de type

de Besov Bα(·),φp (·),q (·) avec des exposants variable, et estimons le commutateur [V · ∇,∆ j ]( f )

dans les espace de Triebel-Lizorkin avec des exposants variable.

Mots clés: espaces de Beso, espace de Triebel-Lizorkin, exposants variable, formule de

Calderón, commutateur, champ vectoriel.
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