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NOTATION

By R” we denote the n-dimensional real Euclidean space.
By N we denote the collection of all natural numbers and N, =NU{0}.
By Z we denote the set of all integer numbers.

a = (a,...,a,) € NJ, stands for some multi—index, whose length is denote by |a| =

a,+..+a,.
The partial differential operator of order « is denoted as,

aal aan ala‘
a__ —
- ap a, — a a
dx,' Oxp," 0x'..0xy"

The Euclidean scalar product of x = (x,...,x,) and y = (y,..., ¥,,) is given by xy =

B o4 R T i A U
Cq,p,... IS @ positive constant depending on the indicated parameters «, 3, ....

The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).

f~gmeans fSgsf.

The notation X — Y stands for continuous embeddings from X to Y, where X and

Y are quasi-normed spaces.

For x € R” and r > 0 we denote by B(x, r) the open ball in R” with center x and

radius r.



e Forany x €R, | x| stands for the largest integer smaller than or equal to x.
e For x =(xy,..., x,) €R" and a =(ay, ..., a,) € NJ/, we write x* = xlal...x,’j‘".
e suppf is the support of the function f , i.e., the closure of its non-zero set.

o If E c R" is a measurable set, then |E| stands for the (Lebesgue) measure of E.

e y is the characteristic function of E c R".

e 9(R")is the set of functions with continuous derivations of all orders and compact

support.

e (R")is the Schwartz space of all complex—valued, infinitely differential and rapidly
decreasing functions on R”. The topology in the complete locally convex space . (R")

is generated by

Py(yp) = sup(1+ |x|)N Z |5‘“<p(x) , N=1,2,..

n
x€R [al<N

e The dual .#/(R") is the space of all tempered distributions on R”.

e A norm on a vector space X is a real-valued function x — ||x|| on X satisfying the
following conditions
(1)|lx||=0if and onlyif x =0, and ||x||>0forall x € X (Positivity),
(2) lIAx||=|Al||x|| forall x€ X and AcC (Homogeneity),
B) [lx+yll<|x||+]lyll forall x,y € X (The triangle inequality).

e Recall a that quasi-norm on a vector space X is a real-valued function x — || x|| on X
when the triangle inequality is weakened to
(3) d3Cx =2 1: |lx+y|| < Cx(l|x]| +1lyll) forall x,y € X (The quasi-triangle
inequality).

Cy is called the modulus of concavity of || - || and independent of x and y.

e Afunctional x — || x|| from a vector space X to a closed interval [0, co] shall be called
a pseudo-norm if it satisfying the following conditions
(a) ||Ax +uyl|l < ||x||+]|lyll for all x,y € X and for every numbers A, u such that
sup{|A],|u|} €1 (The pseudo-triangle inequality),
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(b) ||Ax|| — 0 whenever A — 0 for every x € X.

If || - || has the property that || x|| = 0 implies x =0 it will be called a norm.

A real quasi-Banach space X is a complet metrizable real vector space whose topol-

ogy is given by a quasi-norm.

We say that T is bounded on X if || T x||x < c||x||x for every x € X, where c is inde-

pendent of x and X.

A mapping T is said to be sublinear if for every ¢ € C and for all measurable functions

f and g, we have
(@) 1T Al =1elIT(f,
(@) 1T(f + I <IT(FI+IT(g)I-

Let 0 < p < oo. The classical Lebesgue space LP(R") is the class of all measurable f
such that

1 e = f f)Pdx) <co, 0<p<oo
Rn

and

Il f |l Loorny = €sSSUP | f ()| < 0O.
x€Rn

By (7, 0 < g < 0o, we denote the space of all ( complex) sequences (a; )iz equipped

@r)eezlles = i )
k=—00

( with the usual modification if g = 00).

with the quasi—norm

Q=

Let0< p <00,0< g < oo and let (f;)rez be a sequence of complex-valued Lebesgue

measurable functions on R”, we set

ok llsen = f (3 1) ax)

R f=—00
and - , 1
(fedezllenzn=( D ( J fx)P) dx)",
k=—o00 R



with the usual modification if p = 00 and /or g = co. The sapces L?(£9) and ¢9(L")

are quasi-Banach space ( Banach spaces if p > 1 and g > 1).
Let L;, (R") be the collection of all locally integrable functions on R".

Given a function f € L] (R"); the Hardy-Littlewood maximal operator is defined by

1
//l(f)(x)3=3upmf lf(y)dy, xeR".
’ B(x,r)

r>0

We define the Fourier transform of a function f € . (R”) by

g(f)(g):f(g):(zﬂ)—"ﬂf e f(x)dx, xeR"

Rn
Its inverse is denoted by Z ! (f) or f.

f its spectrum in B(0, ) and r > 0; supp f < B(0, r).

fxg(x)= fRn f(x—y)g(y)dy is the product of the convolution of functions f and g.

Given p(-) : @ —]c; oo[, we define the conjugate exponent function p’(-) by the for-

mula
L + L 1 e
— =1, X ,
p(x)  p'(x)

with the convention that 1/00 = 0. Since p(-) is a function, the notation p’(:) can be

mistaken for the derivative of p(-), but we will never use the symbol ”,” in this sense.
The notation p’ will also be used to denote the conjugate of p a constant exponent.
"i.e." stands simply for "in other words".

"a.e." stands simply for "almost everywhere".



INTRODUCTION

Function spaces with variable exponents have been intensively studied in the recent
years by a huge number of authors. The first article published on this aspect was in the
early thirties of the previous century, the Polish mathematician Wtadystaw Orlicz [93] pub-
lished an article entitled: " Uber konjugierte Exponetenfolgen", which included the follow-
ing question was considered: let (x;) be a sequence of real numbers and p; > 1 such that
> . x!" converges. Which condition on (y;) are necessary and sufficient for >, x; y; to con-
verge? It turns out that the answer is that »_;(1y;)% should converge for some A > 0 and
é + % = 1. Which are nowadays named Holder’s inequality in the spaces £”"). On the other
hand, Orlicz also considered Lebesgue spaces with variable exponents L?Y on thereal line,
and also proved Hélder’s inequality in the functions spaces LPU.

In recent years, Herz spaces have played a significant role in harmonic analysis. Re-
call that the classical Herz spaces were originally introduced by C. S. Herz [53] in 1968.
Herz spaces K;(()) q(]R”) and K:(()) q(]R”) with a variable exponent p but the remaining expo-
nents a € R and g € (0, oo] were kept constant, appeared in the literature for the first time
already in 2009 and 2010 by M. Izuki [55} 56], in the first paper, where he used the Haar
function to obtain wavelet characterization of these function spaces, and in the last paper
he studied the boundedness of sublinear operator on such spaces. After that, the most
general results date back to A. Almeida and D. Drihem [2], where the variability of a was
allowed, and they gave the boundedness results for a wide class of classical operators act-

ing on these function spaces. In 2011, the variable Herz spaces Kpa(()) q(.)(R") and K:(()) q(,)(R”)



were first initiated by M. Izuki and T. Noi in [57]. After that, in 2016, D. Drihem and E Seghiri
[28] gave a new norm equivalents of the function spaces K:(()) q(,)(R”), K:(()) q(.)(R”) and they
proved the boundedness for a wide class of sublinear operators on such spaces. A huge
number of author are interested in the variable of Herz spaces, for instance [25], [26], [100]
and [106].

Another proper substitute for the classical Lebesgue spaces is the classical Hardy
spaces HP(R"), introduced and developed by E. Stein and G. Weiss [108]. Miyachi [80] in-
troduced the Hardy space on open subset 2 of R” via the maximal function, where he has
studied the atomic decomposition and the duality theory of this kind of spaces. On the
other hand, in 1972, C. Fefferman and E. Stein [43]] used a suitable maximal function Gy f
to define the Hardy space HP(R"). This function space consists of all tempered distribution
f such that Gy f € LP(R"), nowadays Gy f is named the Fefferman and Stein grand max-
imal operator . Variable Hardy spaces are a generalization of the classical H”(R") spaces,
replacing the constant exponent p with an exponent function p(-), these spaces appear in
the work of many mathematicians. For instance, [19]], [89] and [101].

At the end of the eighties of the last century, Z. Chen and S. Lau [17] introduced for the
first time the classical Herz-type Hardy spaces H Kp”f q(R”) and H I'(Fff q(R”). These function
space consists of all tempered distribution f such that Gy f € K;q(R”). In 2012, H. Wang
and Z. Liu [116] introduced Herz-type Hardy spaces with a variable exponent H K’f‘(.) (R™)

q
and H I'(;(v) (R"), which is a generalization of classical Herz-type Hardy spaces. After that,

the most ggneral results appeared in an article by D. Drihem and E Seghiri [28]], who con-
sidered Herz-type Hardy spaces H K;‘(()) q(.)(R”) and H K;(()) q(,)(R"), where the variabilities of
a and g were allowed, they established the atomic decomposition for these spaces. Also,
they proved the boundedness of some classical operators on such spaces.

One of the important problems in this field is to prove the boundedness of linear
and sublinear operators on generalized Lebesgue spaces LP"(R") with variable exponents.
But, at the beginning, some problems appeared in the direction. For instance, some op-
erators such as Calderén-Zygmund operators and Ricci-Stein oscillatory singular integral
operators, are not bounded on L!(R"), but map L!(R") to W L(R"). So, the classical weak
Lebesgue spaces W LP(R") play an irreplaceable role in operator theory. Recall that, the
classical weak Hardy spaces W H'(R") was first introduced by Fefferman and Soria [44]

who tried to find the biggest spaces X such that the Hilbert transform is bounded from



X to the weak Lebesgue spaces W L(R"). In the same article, they also established the
boundedness of some Calderén-Zygmund operators from W H(R") to W L}(R"). Further-
more, Fefferman et al [45] proved that the weak Hardy spaces W H”(R") is the intermedi-
ate space of the real interpolation between the Hardy spaces H?(R") and the Lebesgue
spaces L°°(R"), which is another main motivation to develop a real-variable theory of
W HP(R"). Thus, the classical weak Hardy spaces W HP(R") play a vital role in the study
of the boundedness of operators in this field. Kempka and Vybiral [61] studied the weak
Lebesgue spaces W LPU(R") with variable exponent. Recently, Yan et al [127] introduced
the variable weak Hardy spaces W HPY(R") and proved some characterizations and the
boundedness of some operators. Subsequently, Zhuo et al [I30] further studied the func-
tion spaces W HPO(R™).

The motivation for the increasing interest in such spaces comes not only from the-
oretical purposes, but also from application to in partial differential equations (PDE ) with
non-standard growth [51]], image processing [16]. On the other hand, due to their wide
application in fluid dynamics [99]. Another example of the application, the variable of
Lebesgue space proves useful in nonlinear PDE with coefficients of a variable growth. For
instance, Kovacik and Rékosnik [63] gave an application to Dirichlet boundary value prob-
lems for such fields. On the other hand, as a great substitute of the variable Lebesgue space
can be found in [[42], p.438, Example], where Fan and Zhao proved that Lebesgue space
with variable exponents L”") are the key tools to control the nonlinear term of PDE. In ad-
dition, Scapellato [103] proved that Herz spaces with variable exponents can be used in
the study of the regularity of solutions to elliptic equations. It is well known that the vari-
able function spaces such as Herz spaces, Herz-type Hardy spaces and others have been a
central topic in many modern mathematical areas such as geometric analysis, harmonic
analysis and PDE.

It is well known that weighted spaces of smooth function play a leading role in re-
search related to partial differential equations. In particular, we find that Function spaces
of power weights in time play a central role in evolution equations and in order to obtain
results for rough initial data.

In the second half of the seventies of the last century, The mathematicians Jaak Peetre

[94] and Hans Triebel [111]-[112] invented "paramultiplication" at the same time, indepen-



dent from each other, to investigate the product

poa At ™ Apg
in case of p; = p, = p. Here A} stands for either the Triebel-Lizorkin space F; or the
Besov space B’jy = Later, many authors followed the same method for these two mathe-
maticians, nowadays this method has come to be called the paramultiplication.

The motivation to study the problem of multiplication on function spaces comes from
applications to partial differential equations, see for example [120], where estimates of
the product on function spaces are handy in dealing with the quadratic nonlinear term
in many partial differential equations, see also, H. Bahouri, J.-Y. Chemin, and R. Danchin
[5], V.G. Maz’ya and T.O. Shaposhnikova [79]], and Zeidler [128]. Furthermore, estimates of
products of functions have played a key role in investigations of composition operators,
see [98] Chapter 5].

Concerning earlier contributions to this subject, the paper of Yamazaki [124] deals with
the situation where p; = p, = p, whereas Sickel treats the cases with p, = p, # p. Hanouzet
[52] has investigated p, # p, but restricted to Besov spaces. In the a recent work of Sickel
and Triebel the case p, # p, is also studied and a rather complete set of necessary condi-
tions is given. Anew necessary and sufficient conditions are given in the paper of]. Johnsen
(58], see also J. Marschall [77] and [78], and Amann [3]] for Sobolev and Besov spaces. In [98]
the general case is treated in Subsection 4.5.

Concerning the case Eh . BE — E . This case was studied by Franke [46] and
Marschall in [77] and [78] with p, = p. In recent paper [29], the case p, # p is also stud-
ied where known sufficient conditions for pointwise multiplication have been improved.
More close to this contribution is the book of T. Runst, W. Sickel [98], see also V. Maz'ya, T.
Shaponiskova [[79].

Recently, Meyries and Veraar [82], and Lindemulder [66] considered Besov and Bessel
potential spaces B,qu(R”, w), H;(R", w)withrespectto theweight w(x, t)=|t|*, x eR" !, t
R. Under some suitable assumptions on s, p, g and a, they observed that the characteristic
function of the half space is a pointwise multiplier for B;’ 67(R”, w),H ps (R™, w).

The purpose of this thesis is to study the 2-linear map

N n a r n a N n a
A5 R 9-AT (R A3 (R™,]-]9), M



induced by
(fi o) — fi- o

with an application to the continuity of pseudodifferential operators on Triebel-Lizorkin
spaces of power weight. Here A;y q(R”, | -1%) stands for either the Besov space B;, q(R”, |- %)
or the Triebel-Lizorkin space pr q(R”,I -|*). Also, we prove the necessity of the majority
assumptions on the parameters.

In the rest of this introduction, we talk about the structure of this thesis which is divided
into four parts, in the first chapter, we give the most important basic properties of variable
exponent spaces and the Mixed variable Lebesgue’s-sequence spaces. We also give some
key technical lemmas needed in the proofs of the main statements and we have provided
many examples in order to better approximate and explain the concepts to the reader.

In the second chapter, we introduce weak Herz spaces WK;(()) q(‘)(R”) with variable ex-
ponents and the variable weak Herz-type Hardy spaces W H K:(()) q(,)(R”) including the in-
homogeneous version where, and we present an equivalent quasi-norm of such spaces.
Based on these equivalent quasi-norms and the results of [28] and [70] and we give the
atomic decomposition of H K;(()) q(.)(R”) which we will use later to prove the boundedness
properties of singular operators on H K;(()) R, WK;(()) R and WH K;(()) R

In the third chapter, we briefly recall some properties of Littlewood-Paley series, defi-
nitions of Besov space B’j' q(R", |-|%), Triebel-Lizorkin space pr q(R”, |-|4) and we summarize
some the most important inequalities which will be used later. But, the main target of this
chapter is to investigate the product (I) under some suitable assumptions on the parame-
ters.

In the fourth chapter, we will prove almost all our assumptions are necessary, and we
present an application of our results to the continuity of pseudodifferential operators on

Triebel-Lizorkin spaces of power weights.



CHAPTER 1

THE MIXED LEBESGUE-SEQUENCE SPACES

In this chapter, we expose the concepts and results used throughout this thesis. We re-
call some fundamental properties on modular space, variable Lebesgue spaces and mixed

Lebesgue-sequence spaces. We also give some key technical lemmas that we will use later.

1.1 Definition and basic properties of modular space

Recall that modular spaces were initiated by Nakano in 1950 [88] in connection with the
theory of order spaces and redefined and generalized by Luxemburg and Orlicz in 1959.
These spaces were developed following the successful theory of Orlicz spaces, which re-
places the particular integral form of the nonlinear functional which controls the growth
of members of the space. Orlicz and Birnbaum considered, for instance, function spaces.

defined as follows:

Lo ={f ;R—>R;3/1>o:f p(Alf(x))dx < oo},
R
where ¢ : [0, 00) — [0, c0) was assumed to be a convex function increasing to infinity, that
is, the function which to some extent behaves similarly to power functions ¢(#)= t”. Let
us mention two typical examples of such functions: ¢,(f) = e’ —t—1 or p,(t) = e’ —1.
Later named Orlicz spaces, and many applications to differential and integral equations
with Kernels of non-power types.
J. Musielak and W. Orlicz in [86] and [87] introduced the notions of pseudo-modular,
semi-modular and modular spaces, which, with some slight changes.

We refer to the monographs [24] and [85] for an exposition on semi-modular spaces.

10



We start by recalling about the semi-modular functional space.

Definition 1.1. Let X be a (real or complex) vector space. A function g : X — [0,4+00] is

called a semi-modular on X if it satisfies the following condition:
1. p(0)=0.
2. Forallx € X and all A € C with|A|=1, we have p(Ax)= p(x).

3. p is convex, namely, we have that, forall x,y € X and all t €[0;1],
etx+(1—-t)y)<to(x)+(1—-1)o(y)

4. o is left-continuous on [0,+090) (for allx e X,lim,__,,- p(Ax)= g(x)).
5. p(Ax)=0 forall A> 0 implies x =0.
A semi-modular o is called a modular if, in addition,

6. p(x)=0 implies x =0.

A semi-modular o is called continuous if

7. the mapping A — p(Ax) is continuous on [0,+00) forall x € X.

Remark 1.2. (a) The modular doesn’t satisfy the triangle inequality, i.e.,

o(x+y)<p(x)+o(y)

(b) If we replace(3) by

(3 g(ﬁx +(1—5)y) < L(5@(x)+(1—5)g(y)) forall x,y € X and all t € [0;1]; then the
semimodular o is called quasi—convex( or L—convex), note that 1—convex is the usual con-
vex.

(c) Let X be a (real or complex) vector space. A function p : X — [0,4+00] is called a pseudo-
modular on X ifit satisfies (1),(2) and (3).

(d) Observe that every pseudo-norm is pseudo-modular and every semi-norm is a semi-

modular.
Now we give examples of modular functions :

11



Example 1.3. Let (2 is a Lebesgue measurable subset of R".
(a) If1< p < oo, then

2,(8) =f 1g(x)IPd x,
Q

defines a continuous modular on the space of all measurable functions on (2.
(b) If1< p <00, then

2p((x )= Ix;7,
j=0

defines a continuous modular on R".

(c) Let 9o (1) = 00 y(1,00) (£). Then

Q

defines a semi-modular on on the space of all measurable functions on Q2 which is not con-
tinuous.

(d) Letw € L}OC (R™) with w > 0 almost everywhere and 1 < p < 0o. Then

Q(f)=J |f(x)lw(x)dx,
Q

defines a continuous modular on the space of all measurable functions on (.

Definition 1.4. If p be a semi-modular or modular on X, then

X

Q:{xeX:/%inog(Ax):O},

is called a semi-modular space or modular space, respectively, where the limit A — 0 takes

place ink.

We will give other defintion of modular function.
Let p be a semimodular or modular on X, then by convexity and non-negative of p and

0(0)=0 it follows that p(Ax) is non-decreasing on [0, c0) for every x € X. Also,

p(Ax)=p(Alx)< c|A|p(x) forall |A ,

<1
(1.1)
p(Ax)=p(|Alx) < cﬁg(x) forall |A|<1.

12



From we can alternatively define X, by
X, ={x € X :p(Ax) < oo for some A > 0}.

Theorem 1.5. Let o be a semi-modular. Then X, is a quasi-normed k-vector space. The

quasi-norm, called the Luxemburg quasi-norm, is defined by
X
Ill, =inf{2>0: o(3)<1}.

Example 1.6. The Lebesgue space LP(S2) wherel < p < 00, is normed space with Luxemburg

norm defined by
X

||x||@:inf{bo:g()L

<1},
with modular function

2,(f)= L |f(x)I” dx
on the space of all measurable functions on S).

The following result is very useful from the technical point of view since it allows one to
skip working with the complicated structure of the quasi-norm directly, in many situations

of interest.

Lemma 1.7. Let o be a semi-modular on X. Then
(@) llxllp < 1 and p(x) <1 are equivalent.
(b) If ¢ is left-continuous then || x||, < 1 and o(x) < 1 are equivalent.

(c) If o is left-continuous then || x||, = 1 and 9(x) =1 are equivalent.

1.2 Variable Lebesgue spaces

Variable Lebesgue spaces as their names implies, generalize classical Lebesgue spaces
replacing the constant p with a variable exponent function p(:). In other words, the space
LPY) are special cases of the generalized Orlicz spaces originated by Nakano [88] and de-
veloped by Musielak and Orlicz [86], enjoys many properties similar to classical Lebesgue
spaces, but it also differs from Lebesgue space on several properties such as Maximal,

Poincaré, Young’s convolution inequalities, translation and others. The study of these spaces
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have been stimulated by problems of nonlinear elastic mechanics, electrorheological flu-
ids orimage restoration, calculus of variations, and differential equations with p(x)-growth
conditions. For example, in RGzicka [99]] one can find a model of electrorheological fluids,
where the essential part of the energy is given byf |Df(x)|”*)d x, where Df denotes the sym-
metric part of the gradient Vf. The same type of energy also appears in model proposed by
Zhikov [129] for another type of fluids, where the stress tensor depends on a distribution
of temperature T. In this section, we recall the definition of Lebesgue spaces with variable
exponents LPV(R"), we also mention that main results on the basic properties of LPO(R").
The spaces LPY(R") fit into the framework of Musielak-Orlicz spaces and are therefore also

semi-modular spaces.

1.2.1 Exponent Functions

For the definition of the variable Lebesgue spaces it is necessary to introduce the kind of

varaible exponents that we are interested in.

Definition 1.8. The variable exponents that we consider are always measurable functions

onR" with range in[c, 00| for some c > 0. We denote the set of such functions by Py(R").

We define some notation to describe the range of exponent functions. We use the stan-

dard notation

pT=esssupp(x), p =essinfp(x).
x€Rn xeRn

The subset of variable exponents with range [1, 00) is denoted by P(R”). Some examples

of exponent functions on R include p(x)= p for some constant p, or p(x)=2+sin(x)

Definition 1.9. The variable exponent Lebesgue space LPU(R") is the class of all measur-
able functions f on R" such that the modular

x)

fEpe

A

o,0(f/A)= J

Rn

is finite for some A > 0. This is a quasi-Banach function space equipped with the quasi-norm

IFllpy =int{2>0: 0, £/ <1}
This functional defines a norm when p~ > 1.
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Furthermore, if p(x) = p is constant and 1 < p < oo, then the definition (L.9) is equiv-

alent to the classical norm on LP(R"); if p < 0o and

I

then A = || f|.»gn); the same is true if p = co.

fy
| dx=1,

Remark 1.10. Let2 C R” be open set. We set
LPY(Q) = {f :Q— C mesurable: f yo € LPY(R")}

and
”f ”Ln(-m) = Hf}m”m-)(Rn) .

Example 1.11. Suppose that p(x) =2y .+ (x*+1) g\, and consider the function f(x) =
V2xe* yy,. Then

2xe* /2 plx

et—1
i )

A2

) 1 (? ,
dx=— | 2xe“dx=
A2 o

2p(f/2) =J

R
Therefore | f|l )= ve*—1, then f € LP'Y(R).

Another elementary but useful property of the classical Lebesgue norm is that it is ho-
mogeneous in the exponent: more precisely, for 1 <s < oo, [[|f[*|l, = ||f||§p.

This property extends to variable Lebesgue spaces.

Proposition 1.12. Let p € P(R"). Then forall s, i < s <090,

I e = 171
Proof. This follows at once from the definition of the norm: if we put u = A"/*, we find that

|||f|5||p(~) — lnf{7L>0J (lf(;)ls)p(X)deI}

Rn

~ int{p >0 :f (If(x)ls)sp(x)dx <)=Isle,
R u
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In the development of the variable exponent function spaces, the concept oflog-Hélder

continuity is the cornerstone, which was introduced in 22} 20].

1.2.2 Logarithmic Holder continuity

We say that a function g : R" — R is locallylog-Holder continuous, abbreviated g € C,%%, if

oc’

there exists ¢jg(g) > 0 such that

Clog(g)
logle +1/[x—y)

|g(x)—g(y)| < (1.2)
forall x, y e R". We say that g satisfies the log-Hélder continuous at the origin (or has alog

decay at the origin), if there exist a constant ¢, > 0 such that

Clog
1g(x)—g(0)I < Togle + 1/1x])

for all x € R”. We say that g satisfies the log-Hdlder continuous at infinity (or has a log

decay at infinity), if there exists g., € R and a constant ¢,z > 0 such that

Clog

|g(x)_goo|<m

for all x € R”. We say that g is globally-log -Holder continuous, abbreviated g € C'°8, if it is
locally log-Holder continuous and satisfies the log-Hdlder decay condition. The constants
Ciog(g) and ¢y are called the locally log-Holder constant and the log-Hélder decay constant,
respectively. We note that all functions g € C,°¥ always belong to L*. By 2,°%(R") and
%igg(R”) we denote the class of all exponents p € P(R”) which have a log decay at the
origin and at infinity, respectively. The notation 2'°8(R") is used for all those exponents
p € P(R") which are locally log-Hélder continuous and have a log decay at infinity, with

Poo :=limy;_,oo p(x). Obviously we have
PER") € 2, 5(R")N P LER")

Note that p € 2'°§(R") if and only if p’ € 2'°§(R"), and since (p’)ss = (Poo) We write only

p.. for any of these quantities. We define the following class of variable exponents
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3?’10g:{p eP :%e Cl"g},

were introduced in [23} Section 2]. We define p%.o = 1m0 ﬁ and we use the convention

£ =0. Note that although % is bounded, the variable exponent p itself can be unbounded.

Example 1.13. Forall x €R, we define
p(x):max(l—e3_|x|, min(6/5, max(1/2, 3/2—x2))),

then p € C'°8(R).

Remark 1.14. Local log-Holder continuity was first considered for the variable Lebesgue
spaces by Sharapudinov in 1986 [105], was used by L.Diening [22] to show that the maximal
operator is bounded on LPY(Q), when Q is bounded; log-Holder continuity at infinity was
introduced in 2003 [20]. Various authors have used different names for this condition, e.g.,

weak Lipschitz, Dini-Lipschitz, and 0-Hélder.

1.2.3 Some important inequalities

The variable Lebesgue space LP") share even more results with the classical Lebesgue
space like uniform convexity, modified versions of Holder’s inequality, separability, com-
plex interpolation and embedding (L7 — L4 for p > g) hold. But, in contrast, here are
some fundamental properties from the classical space which do not hold in the space L*")
such as Maximal, Poincaré, Soboley, etc., inequalities do not hold in modular form. For

instance, A. Lerner showed that

f IMfIPYdx<c f |f1P™d x
Rn Rn

if and only if p € (1, 00) is constant ( see [24]). For the Poincaré inequality ( see [24]]). The
translation operator for example, is in general not continuous on LPY(Q) ( see examples
and ). Young’s convolution inequality with a function g € L! is in general not
continuous, i.e. in general || f * g|| e gl £l ( see example .

First, before presenting the following two examples, we will introduce the definition of
translation operator 7, f defined by 7, : LP¥) — LPU, 7, f(x):= f(x +h)for all h € R" and
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measurable function f.

Example 1.15. LetQ=(—1,1)and1<a < ff < oo. We put

p(x)=PB Y10+ X0 and flx)= x_l/ﬁ)([o,l)-

Then p € P(Q) and, obviosly f € LPY(Q). However, given h € (0,1) and for every A > 0, we

0
1 1 dx
onl3o)>5 [ S

have

soT,f ¢ LPIQ).

Below, we will give another counter-example about the construction of an f € LPY(R")
with 7, f ¢ LPU(R"). The idea of this example is based on: choose f, € LPY(R") with
F 20,0l <277 and ||y, f, |,y = 1. Define f := Z;’Zlf,, then || fl,) < Land |7, fll,, =

Q.

—U

Example 1.16. Let v € N and (f,) be a sequence given as follows f,(x) = l z(z)x_zl[m]’
0g
1
veN, consider the functions p(x) =4 yg- + EZR*' For all A > 0, we shall find that
1 £, (x) P 272 (Pgx 272
me(zfu): a ‘ = x T
R ogVA J, x VA
Therefore, ||( fV)qu(.) =277, 50 f, € LPY(R). On the other hand, we find that
1 T3, fo(x) |P) oz (% gy v 2+h
N=Tnfy = dx = = lo ,
QPU(A hf) JR A log(2)vA ), x+h V2 gz(1+h)

SO ||(Thfy)v ||p(.) =277 logg (i:::—Z), thent,f, € LPY(R). Now, we will search for a real number

h, that is not independent of v such that ||(T h, fv),, ||p(.) =1, which yields that

2+hy):1’

2_”log§(1 —

then
1

h, = —1.
" exp(2v/2log(2))—1
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We put
Fx)=D (%),

Hence

S oo
Hf”p(J S Z ”f"”p(q :ZZ_U =1

v=1 v=1

then f € LPY(R). But, in contrast, we have
o0
”T’“fop(.): ”Z”ufv“pm: 0.
=
Therefore, T, f ¢ LPU(R).

The conclusion is from these two previous examples is that the translation operator is
in general not bounded on LPY. Especially, for every LP(R") with p non-constant there
exists f € LPU(R")and h € R"\ {0} such that the translation 7, f is not continuous LPY(R").

Remark 1.17. The question that arises: what are the conditions for which the translation
operator T, f is continuous LPO(R")2. Two years ago, Drihem [32] answered this question,

where he investigated the inequality

||Tthp(~) <C(h) ||f||p(~)’ h R,
under some suitable assumption on the function f and the variable exponent p, see Theorem
below.
Theorem 1.18. Let p € 2'8(R") with1 < p~ < p™ < 00, h € R" and k € N. Then for all

f € LPOR"™) with suppZ f C {£ eR":|E|<2"*}, v €Ny, we have

T flle < ¢ exp(2+2""% 1~ gL/ P f L),

where ¢ > 0 is independent of h, k and v.
For the proof of this theorem , see [32]
Example 1.19. Suppose that p(x)=2yg +4yg: and consider the functions

flx)= |x + 1|_12/25)((—2,0) and  g(x)= |x _2|_ X[-33)
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sothatg € L'(R). Evidently, f € LPY(R) because f can be integrable on (—2, 2) to the power 2

12 1 3
since 7 < > and on the other hand, takingl < x < 3 with use change of variable t =—(y+1)
we find that

-1 2—x
g*f>J |x—y—2|_4/5|y+1|_12/25dy:f 25 —14+1) ar.
x—3 0

r
Now, we use change of variable s = Py we get
x p—

2—x

2—x —
J tB(x—1+ t)74/5dt = (x—l)mSJ s (s + 1)74/5613.
0

0

Therefore
gxf=

c
(x . 1)7/25
2-x _
withc = fOH s712/55(5+1) Sas. Therefore, gxf ¢ LPU(R) because g f can not be integrable
1

3 . 7
on [1, 5] to the power 4 since > > e

The conclusion is from this previous example is that Young’s convolution inequality in
the form || f * gll,() < ¢ lIgll1 || £l ,) is not valid on the variable Lebesgue space LPY(R") and
akernel g € LY(R").

Theorem 1.20. Let 2 bounded and p,q € P(R") withl1 < p~ < pt<ocoandl<q <q*<
0. Then the convolution x: (f,g)— f * g is bounded as a maping from LPY(Q) x L}(R")
o L19(Q) if and only if p~ > q*

For the proof of this theorem , see [24]

Corollary 1.21. Letp € P(R") with1 < p~ < p* <oo. Then

f*gllpe <cllglhllfll,e

for some ¢ >0 and all f € LPO(R") and all g € L'(R") ifand only if p is constant.

We also refer to the papers [21] and [22], where various results on maximal function in

variable Lebesgue spaces were obtained.
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Very often we have to deal with the norm of characteristic functions on balls (or cubes)
when studying the behavior of various operators in Harmonic Analysis. In classical L”
spaces the norm of such functions is easily calculated, but this is not the case when we

consider variable exponents. Nevertheless, it is known that for p € 2'°8 we have

L sllpoll X Bl ~ | B (1.3)

Also,
1
x5l ~|Bl"9, xeB (1.4)

for small balls B c R” (|B| <2"), and

1
| 8llpey = | B P (1.5)

for large balls (|B| = 1), with constants only depending on the log-Ho6lder constant of p
(see, for example, 24} Section 4.5]).

In variable Lebesgue spaces there are some important lemmas as follows.

Lemma 1.22 (norm-modular unit ball property). Ifp € P(R"), then||f||,., <1 and
0,0(f) <1 are equivalent. For f € LP"(R") we have

@ Il f o < 1, then 0,0 (F) <l -

(1) IFL <[ fll ¢y then || fll ¢ < 0p0(f)-

For the proof of this Lemma, see [24]].

Lemma 1.23 ( generalized Holder’s inequality ). Let p,q, s € P(R") such that

=—+—.

11
s() p() q()

If f € LPY(R") and g € L1Y(R") then f g € L*Y(R") and

lfgllse < C||f||p(~)||g”q(~)-

For the proof of this Lemma, see [63]].
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1.3 The space (90(LPV)

The targets of this section are twofold. The first one is to recall the concept of variable
mixed Lebesgue-sequence space £90(LPY) originally introduced by Almeida and Histo in

[1]. The second one is to recall some fundamental properties related to £90(LP0).

Definition 1.24. Ler p,q € Py(R"). The mixed Lebesgue-sequence space £90(LPV) is de-

fined on sequences of L") -functions by the modular

0eary(f)o) Zinf{/ly>0:gp(.)(%)<l}.

14

The (quasi)-norm is defined from this as usual:

1
||(fV)y||gq(-)(Lp(->) = inf{u >0: QM(J(U(-))(;(]CV)V) < 1}- (1.6)

Since g* < 00, then we can replace (1.6) by the simpler expression

AL M i P

Furthermore, if p and q are constants, then (90(LPY)=(49(LP).

Example 1.25. Let v € N, and {f,} be a sequence given as follows f,(x) = 2_”|x|_1/3)([1_00),
consider the functions q(x)=p(x)=2yg_+4)g:. Forallu>0, A,> 0, we shall find that

X p x) 2—4v o 3 2—4v
Op() 1/ ‘ S |x|™*dx =
q() R U )Ll/lfi .

T, uir,
on the other hand, we find that

) fy 3 1
Zlnf{AU >0: ‘Qp(_)(m) < 1} :Z 24V‘u4 = 5—‘u4

v

Therefore

1
||(f”)uHM)(Ln(J(R)) = inf{‘u >0: 5_,114 < 1} =514 < 0,

then f, € (99(LPO(R)), but itis notin LIO(LSPO(R)) because | x|/ yp1 00y is not in L2(R).
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—x2

v X-1;00) JfOT

Example 1.26. Suppose that p = oo, {f,} be a sequence as follows f,(x)=
all v € Ny and consider the function q(x)=2y_y.11+ 3 Yr\-1.1)- Then

ez ((f)) = D _inf{A, > 0: po(f,/2170) <1},

14

Now po..(g)<1if and only if |g| < 1 almost everywhere. Thus |f,| /(A}/q“) <1 a.e., hence

A, = esssup, |fy x |q . It follows that

—2x2

q(x) e T
ZQSS sup =,
- —1<x<1 l/z‘l,L2 6‘112

»(X)

1
Qeq(*)(Loo)(l—l(fy)) = Z

and so||(f,) then f, € L19(L>(R)).

i
u”eq(-)(Loo(R)) = V6

Observed in [I, Proposition 3.5 ] that g0 is @ modular if p* < oo and it is con-

tinuous if p*,g* < 0o . Also in [I, Theorem 3.6] it was shown that (I.6) defines a norm in

_1
q(x)

1 a.e. More recently, it was observed in [60, Theorem 1] that it also becomes a norm if

299(LPY) if g(-) > 1 is constant almost everywhere (a.e.) onR” and p(-) > 1, or if ﬁ+

X

1< g(x)< p(x)< oo a.e. onR". Simple calculations show that

1/r
||Z‘7 O/r(Lp0/T)

||(f”)v“M(')(LP(')) - H(|fV|

Itis not difficult to verify that ||( 5) || gy < ©° implies (£,), € ¢ 90(LPY), which means

f, € LPY for any v € Ny. On the other hand, we also note that the left-continuity of the

semi-modular confirms useful equivalence

||(fy)u||éq(_)(m_)) <1 ifandonlyif  ©s0r0)((f,),) <1 (unit ball property).
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CHAPTER 2

WEAK TYPE ESTIMATE OF SINGULAR
INTEGRAL OPERATORS ON VARIABLE WEAK
HERZ-TYPE HARDY SPACES

In recent years, function spaces with variable exponents have attracted more and more
attention. The growing interest in such spaces is strongly stimulated by the treatment of
recent problems in PDE, fluid dynamics and others. For example, one of the main ap-
plication of such spaces appeared in the Dirichlet problem on the second-order elliptic

equation in nondivergence form is:

LuEZZj:]aij(x)uxixj:f a.e.inQ,
u=0 ondQ,

where x = (x, ..., x,) € R”?, and Q is a bounded domain of R”, the coefficients {aij}?,j:l of

L are symmetric and uniformly elliptic; that is for some v > 1 and every £ € R™:

n
aj(x)=a;(x) and  vUEP <D ay(x)EE <vlEP,
i,j=1
with a.e. x € Q). For more details for this equation, see [118].
Recently, [117] introduced variable weak Herz spaces W K 0, q(R”) and variable weak
Herz-type Hardy spaces W HK o0, R"), including the inhomogeneous version with vari-
able p, but with fixed a and ¢, and gave the boundedness for a class of singular integral

operators on such spaces. The spaces WK;‘(()) q(.)(R”) and WH K’f‘(()) q(.)(R”) including the in-
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homogeneous version with variable exponents ¢, p and g presented for the first time in
the article [11]], where the authors of this article generalized some of the main results in
[117]. For fixed exponents this problem has been provided in [70].

This chapter is concerned with the boundedness properties of singular integral oper-
ators on variable weak Herz spaces and variable weak Herz-type Hardy spaces. Allowing
our parameters to vary from point to point will raise extra difficulties, which, in general,
are overcome by imposing regularity assumptions on these exponents, either at the origin
or at infinity. Our results cover the classical results on weak Herz-type Hardy spaces with

fixed exponents.

2.1 Technical lemmas

In this section, we need to recall some results that will be used in the proofs of our main
results of the present chapter. The proof of the following results are given in [2], where its
a generalization of (I.3), (T.4) and (T.5) to the case of dyadic annuli.

Lemma2.1. Leta € L°°(R")and r, > 0. Ifa islog-Holder continuous both at the origin and
at infinity, then

(ﬂ)a+ if 0<n<3

rét) < 0 1 if 2<nr<2n

('— ¢ if n>2n

forany x € B(0, 1)\ B(0, 3) and y € B(0, 1,)\ B(0, %), with the implicit constant not depend-

ingonx,y,rn andr,.

Lemma 2.2. Letp € PE(R") and let R = B(0, 1)\ B(0,%). If |R| > 27", then
1 1
1 rllpey ~ [RIPS A |R[7es
with the implicit constants independent of r and x € R.

The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally,
p € 2,8 (R")N P8 (R").
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The next lemma is a Hardy-type inequality, see [28, Lemma 2].

Lemma2.3. Let0<a <1and 0<q < 00. Let(&;)rez be a sequence of positive real numbers,
such that

(ex)kezllpa =1 < 00.

Then the sequences (5k S TED N ak‘fsj)kez and (nk TNEe=Disk af‘ksj)kez belong to (9
and

16k )kezllea + ||(7/]k)keZ||(gq =cl,

with ¢ > 0 only depending on a and q.

The following lemma is from [27, Lemma 2.11], see also [65, Lemma 2.6]

Lemma2.4. Letp € 2198 (R"). For any cubes (balls) P and Q, such that P C Q we have

C(@)l/[fr < ||)(Q||p() <c (@)l/p
|P| el |P|

with ¢, C > 0 are independent of |Q| and |P|.

2.2 Sublinear operators on variable weak Herz spaces

In this section we present our first result of this thesis. For convenience, we set
B.=B(0,2"), R.=B\B,, and pyy=yg, keZ.

Now we present the definition of Herz spaces of variable smoothness and integrability,

were introduced and investigated in [28].

Definition 2.5. Let p,q € Py(R") and a : R" — R with a € L°°(R"). The inhomogeneous
Herz space K;(()) q(.)(R”) consists of all f € L (')(R") such that

loc

7]

Kﬁfat) - ”fIBOHP(-) * H (Zka(')f ){k)k>1 ||M(J(Ln(»)) < 0.
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Similarly, the homogeneous Herz space K;(()) q(')(R”) is defined as the set of all f L{Z?(R” \
{0}) such that

]

K9 = || (Zka(.)f ){k)kez HM)(M@) < o0.

If @ and p, g are constant, then K;((,'))’q(,)(R”) = K7 (R") and K;((,'))yq(,)(R”) = Klg’fq(R”) are
the classical Herz spaces.

Herz spaces have a long history. In 1968, the classical Herz space was originally in-
troduced by Herz [53] to study the Bernstein theorem on absolutely convergent Fourier
transforms, while the study on Herz spaces can be traced back to the work of Beurling [9]
in 1964. Indeed, a special Herz space A”(R"), with p > 1 which is also called Beurling alge-
bra, was originally introduced by Beurling [9] to study some convolution algebras.

In the mid-eights, Herz spaces have been generalized and presented lots of applica-
tions related to the classical Hardy spaces by Baernstein and Sawyer. In the 1990s, Lu and
yang [74], [75] introduced the homogeneous Herz spaces K ;f q(R") and non-homogeneous
Herz spaces K q(R”) and extended the boundedness of a large class of operators to these
spaces. Herz spaces Kp”‘(,)’ q (R™) and K ;‘(,)y q (R") with variable exponent p but fixed @ € R
and g were recently studied by Izuki [55, 56]. These spaces with variable exponents «(-)
and p(-) were studied in [2], where they gave the boundedness results for a wide class of
classical operators on these function spaces. The spaces Kp“(()) a0) (R™) and K;’(()) 40 (R™), were
first introduced by Izuki and Noi in [57], where the exponent g is varaible as well. Recently,
Drihem and Seghiri [28]] generalized some of the main results in [2] to the Herz spaces
Kot ®") Ky o).

From then on, Herz spaces have been widely explored in the fields of harmonic anal-
ysis and partial differential equations. Indeed, Herz-type spaces prove useful in the study
related to partial differential equations. For instance, the variable Herz spaces proved to
be the key tools in the study of the regularity of solutions to elliptic equations by Scapellato
[103], while Drihem [40]-[41] investigated semilinear parabolic equations with the initial
data in Herz spaces or Herz-type Triebel-Lizorkin spaces. Also, the Fourier-Herz space is
one of the most suitable spaces to study the global stability for fractional Navier-Stokes

equations.

1
Example 2.6. Let f be a function given as follows f(x) = —5 X1L,00) consider the functions
b

p(x)=3yr: +2)r,, 4(x)=4yg: +2)g, and a(x)=—1. Then
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= |20 )
||f||Kp((~)],q(')(R) H( f)(k

= H(Z_kf)(k)

keZ||gat)(Lrt)

keZ|[gat)(Lr())

on the other hand, we find that

H ) K
(%) 2k (S 2—2k 1
=Zlnf{7tk>0 > }— 2703
= 3Aru = 3u?  9p

Therfore||f || R ®= 3 then f € K., q(,)(R).

Let us denote

(%) y
fi(Ll’(')):(kZ”gk“Z(q) ! and ||{gk}
=0

||{gk}

-1 y
A7) =(k2 ||g’<||Z(~)) '
=—00

for sequences {g; } rcz of measurable functions (with the usual modification when g = 00).

The following proposition plays a fundamental role in this thesis.

Proposition 2.7. Let a € L*°(R"), p,q € Py(R"). If a and q arelog-Hdlder continuous at
infinity, then

a(’) _ Aoo
Kp(~),q(-)(Rn) - Kp(')rqoo (R").

Additionally, if a and q have alog decay at the origin, then

|71 Kl ™ 1250 F 2oy + 25 F 23 g 0

For the proof see [28, Proposition 1]. We refer the reader to the paper [100], where the
continuous variable Herz spaces are studied.
Let k € Z and A > 0. We set

A f)={x€R:|f(x)>2} and Ay4,f)={x €B(0,1):|f(x)|>A}.
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Proposition 2.8. Let f and g be measurable functions. Then for all A,y > 0 and k € Z we
have

(1) IgI<Ifl impliesthat Ay(2,8)C Ay(A f);

(2) AdAcf)=Alf ) forall ceC\{0};

(3) Ac(A+u,f+g) S AA FIUAu, 8);

(4) A(Au, f8) S Ar(A, fIU AL, 8)-

Proposition 2.9. Let fi, f>, ..., f, be measurable functions. Then for all A > 0 and k € Z we

have

2

An 0 5) < | JAadwN, ).

i=1 i=1

-

Now we will give the definition of the weak Herz space.

Definition 2.10. Let p,q € Py(R") and a : R" — R with a € L°°(R"). The inhomogeneous

weak Herz space WK;((,')), 40 R") consists of all measurable functions f such that

“f” WK S;i%)a” (2" xais ))k>o ”M‘)(m)) < 00,

where A, is replaced by A,. Similarly, the homogeneous weak Herz space WK:(()) 40(R™)

is defined as the set of all measurable functions f such that such that

”fH wie T ili%))/l” (25 XAk(Avf))keZ ||€’i(')(LP(')) < ©0o.

If a, p and g are constant, then WK;((.'))Y .0 =WK? and WK;(()) R = WI'(p”f ,(R") are

the classical weak Herz spaces. Now we recall the variable weak LPY(R") spaces.

Definition 2.11. Letp € Py(R"). The weak Lebesgue space with variable exponent LP">°(R")

consists of all Lebesgue measurable function [ satisfying
Hf”Lp(-),oo = i‘i%))A”Z{xeanf(ng}||p(,) < o0,

It is obvious that if p is constant, then WKSJP(R”) = WK;p(R”) = LP°°(R").

Example 2.12. Let f be a function given as follows f(x) = +/x yjo1), consider the functions
p(x)=3yr: +2)r,, q(x)=4yg: +2)r, anda(x)=1. Then
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- —su A
1 s, o =S0p H 2N I

_su A 2 )
P H X (xR E 10> ) 1. oq £a0(LP)

= sup A

0<A<1

25 Y peemoveon)
‘( X{xeR:v/T>A) k€Z\N || gat)(Lr0))

Ssup A

0<A<1

S (Zkl[o,l])kez\N

2k : )
‘( X {xe[0,1]:x>22} k€Z\N || ga0)(Lp0))

£a0(LPL)

on the other hand, we find that

2 yio.1 4 25 Y101
Q[%)(LPL))( ‘ ): Z inf{?’)k >0: Op() ( et )) < 1}
k=—00 nk
0 _ oo
2 2k 223 4
:Zinf{nk>0: <1}: - =
k=00 B2 iz 3u2
therfore
2
< || 2k - =
||f||WKp((,))Yq(<)(R) ~ H(z Z[Orl])kGZ\N £a0(LPY) 1/§

-a()
then f € WKp(.)' q(_)(R).
Now, we present the main result of this section.

Proposition 2.13. Leta € L°°(R"), p,q € Py(R"). If a and q arelog-Hélder continuous at
infinity, then
(Z() — Ao
WKPL)&](-) (R")= WKp(-),qoo (R").

Additionally, if a and q have alog decay at the origin, then

~sup (A} ooyt A2 rao o) @D

(e
WK, (40

Proof. Our arguments are based on [28] Proposition 1]. We will do the proof in four steps.

Step 1. We will prove that

aoo a(’)
WK, 5 R = WK o (RY).

30



We need to prove that
17 lwier S
alt) a
WKP(-),W(J ~ WKP(S?WOO

Qoo
forany f € WK, 7,

case || f ||W Koo = 1 and show that

.(R"). By the scaling argument, we see that it suffices to consider the

<1 (2.2)
p0)
q()

|q(~)

kal-
e 2250y 400

oo
k=1
for any A > 0 and some constant ¢ > 0 independent of A. Since a has logarithmic decay at

infinity, then for k > 1 and x € R, we have

k
kla(x) — ool S ———— <1,
) = ool S 1o ete 41D

Therefore, 2% n 2k%  x € R, with constants independent of k and x, and hence

— 0
> ” e 22" |’
k=1

In addition ||7t X A0 f) Hp(.) < 1 for any A > 0, which yields that

- 0
~ koo qt
P()NZ'“C A2 ZAk(A,f)|
: k=1

0"
q() )

=\

|||7U(AO(A,f)|q(')||% <1
for any A > 0. Observe that (2.2), clearly follows if we prove the estimate

H |c 2 2kt ZAk(A,f)|q(-)

0 < ||A2kaOOZAk(A,f)||Z?3+2_k25, k>1. (2.3)

q(

This claim can be reformulated as showing that

q0)
<

| o <L

q()

H5_1 |C A zkamZAk(Ayf)

which is equivalent to

1
HC 2§ a02 ZAk(A,f)Hp(J st

Since g has logarithmic decay at infinity, then for k > 1 and x € R; we have
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klg(x)—deol _ klq(x)—qeol .k
oo () Gooq~ " logle +|x])

~ M

1 1
Therefore, 2MGs=79) a 1 with constants independent of k and x. Also, since 1 < 2k§ < 2k+1

(zka)q%.o—ﬁ < (2k+1)\q%o—ﬁ| <.

Using the fact that

1

1 1 1 1
5770 = (24 §)m 2K @ w5 and  [[A28% y, 0 <6 =N
we obtain, with an appropriate choice of ¢ >0
¢ A 502k < || 6 2kee <1
X2 ) S Al oS+

Step 2. In this step we prove that

a() Qoo
WK, q0R) = WK,5 (R),

which is equivalent to

I7] s|f]
Qoo ~ a()
WKy 5400 WEK040

forany f € WK;((.')), q40R"). Again, by the scaling argument, we see that it suffices to consider

the case || f H wka) = 1 and show that

doo
cA ZkamZAk(A,f)H <1 (2.4)
p— pl)

for some constant ¢ > 0. As before, we have for k > 1

1225 xanllo S 112 25D 2an |

Now, our estimate (2.4), clearly follows from the inequality

|q(~)

le 225 a0l <2 25 2acan] ™ [l +27 = 5. (-5)
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This claim can be reformulated as showing that
__1 ka()
||C A0 2 ){Ak(lyf)”p(.)gl‘
1
From above, 6 e S 0~ 9@, then with an appropriate choice of ¢ >0
~ o3 oka() —30 9kal)
e 2677 25Oy pll s <IA 87025000 |y
The left-hand side is less than or equal 1 if and only if
—Lka() q() <

1257124 1y <1

We see that the right-hand side can be rewritten us

5_1” |A zka(')ZAk(A,f)V(.) || oy S1

q(

which follows immediately from the definition of 6. Step 3. Let us prove that

||{7L zka(O)ZAk(/l,f)}

(10 p0) T ”{A zkamZAk(%f)} 2% (LrV) S ||f||WK:f§1((-5).q(»)'

for any A > 0. We suppose that || f ||W ca0 < 1UIf, in addition, « has a log decay at the
p(al

origin, then we also have 2%%%) x 2k20) for k<0and x € R;. Thus

||{A zka(O)XAk(A,f)}

~ ka(")
1Oy ~ ||{)L 2 XAk(/Lf)}||g‘<’(°J(Lp(-))'
As in Step 2 we can prove that

q(

0)
ka() ka() qt)
HC A2 ZAkUL,f)Hp(.) < HMZ Oy ain)

+2F
201
q()
for any k < 0 and for some constant ¢ > 0. Then

||{7L 2ka(0)XAk(A,f)}||€Z(0)(Lp(.]) Sl

Using the estimate (2.5) we obtain

33



S1.

koo
12 25 a0} | oo

Therefore,
H {2250y, )}

1oy T ||M ofte XAkM'f)}||ZZ°°(L’”“) 1.

The desired estimate can be obtained by the scaling argument. Step 4. Let

||{A Zka(O)XAku’f)}||1{‘<7(°)(Ln(~)) <1

and

”{7L zkamZAk()L,f)} ) <1

2900 (Lp0)

From Step 1 we have for any k < 0 and for some constant ¢ >0

q(0)
+2Fk

|q(~)
p()

=

ka(0)
9 < HA 25 X A
3

kal-
WCAZmVMMﬂ

q

and using (2.3) we obtain

<
o S 1.
q0)

— 0
> H 225y’
k=—00

Therefore, || f1],, K S 1. The desired estimate follows by the scaling argument. O
pLlql

We consider sublinear operators satisfying the size condition

7 sf T4y, e gsuppy, 2.6
g [ X— Y17
for integrable and compactly supported functions f. Condition (2.6) was first consid-
ered in [109] and it is satisfied by several classical operators in Harmonic Analysis, such as
Calderén-Zygmund operators, the Carleson maximal operator and the Hardy-Littlewood
maximal operator (see [109], [71]).

We have the following results:

Theorem 2.14. Let o : R" — R and q € Py(R") arelog-Hélder continuous at infinity, p €
PRER),0< g~ <g*<1andl<p~ < p*<oo with
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—p% <o < n(l—p%o). 2.7)

Supposethat T is a sublinear operator satisfying estimate (2.6). If T is bounded from LPY(R")
0, : al) al)
to LPY°°(R"), then T is bounded on from Kp(,)_q(.)(R”) to WKp(,),q(,)(R”).

For homogeneous spaces we have the following statement:

Theorem 2.15. Let g € Py(R"), p € 2,%6(R")N ZoB(R") with 1< p~ < p* < 00 and0< g~ <
g <1. Leta € L*°(R") and q arelog-Holder continuous, both at the origin and at infinity,
such that

~ 2 ca<at<n(1-—) 2.8)
p+ p

Then every sublinear operator T satisfying @.6) which is bounded from LPO(R") to LPV"*°(R")
; -a) >al)
is also bounded from Ky, q(,)(R”) to WK, q(,)(R”).

Proof. By similarity, we prove only Theorem Our proofs use partially some decom-
position techniques already used in [70] where the constant exponent case was studied. In

view of Proposition|2.13|we use the equivalent quasinorm (2.I). We split the operator into

|Tf| < |T(fXBk,2)| + |T(f)(§k)| + |T(fo”\Bk+2) ’

with k € Z, where R :={x e R": 2¥2 <|x| < 2K} . Estimate of T(f x5, ,)- Let A>0,

— kaco
w0y A b= A2y,

_ ka(0)
L= yarisn, T

Given k <—1 and x € R, we write

|T(fka_2)(x)|Sf lx—yI"If)ldy =c ZJ lx—yI7"If()ldy.

By—

Noting that |x — y|>2*2forx € R, and y € R;. Hence

k—2

\T(fXBk—z)(x”Sz_kn f lf |dy<2 - Z Hf)(f”p(-)fo p’()
j——OO

j=—o00

by Holder’s inequality. Observe that 2/%¥) ~ 2/%9), x € R;, which yields that
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k—2

ka0 |T f)(Bkz X)| 2 kn Z 2lk=jla ||2]a f}(]” H){j”p/()

=
Therefore

225N paort |l oo

can be estimated by

c27kn Z 2tk }21& fZJH ||Xj||p’(-)||%k||l7()

j=—o00

S YT SR T

]——OO

where the positive constant ¢ is independent of k, x € R, and y € R;. Since p has a log

decay at the origin, we also have

j_n_ i _n_ _n_
2V 2170, 250 N 28, xeR,ye R;.

We can estimate the last term by
k—2
c D 2O 20y

j=o0

Since a(0)—n + ;5; <0, we apply Lemmawe get

p()q

by Proposition[2.7} Now we estimate L. In view of the estimation of I;, we have

A2kae ||)(Ak(a,T(fka,2 ))”p()

can be estimated by
k=2

c Z Za L] PYESH ||p(.) 27151 2K, k>0.

j==00
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We can distinguish three cases as follows (here we present the all cases):
¢ 0< j < k—2: by Lemma[2.2)we get

. n n . . i)
271501 2K 70 ay 27T pes 2K s a2k Npes < oK)=

e j <0< k—2: in this case we obtain

e j < k—2<0: here we have

. (k—j)n _
277507 2K500 & 25 2Kt r) < 2=

Indeed, since | x;| < 2%, |x;] < 2/ < 2F we make use of local log-Hélder continuity of p at the

origin and get, for k <0,

1 1’ —k

— < <
(¥) px) ¢

—k ’ <
( n)p log(e+2ik)

with ¢ > 0 independent of k, j, x, y. Therefore

A28 | xarr im0 ||y

can be estimated by

=

—2
olk=j)a—n+E)

c
j
Since a*—n+.= <0, weapply Lemmawe get L 5||/]
of T(f x5,)- Let 1> 0,

’2]'“(.)]0)(]'”,9(.), k=0.

(o]

)

g Dy Proposition Estimate
p(ha()

— ka(0)
Vi= 7L||{2 ){Ak(%T(fZiék))} ESI0))

and

koo
Vo = A2 a2, 70,0}

£4e°(LP0)y*

By similarity, we estimate only V}. Since T isbounded from LPY(R") to LP")°°(R"), it follows

that
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AHZA;C(A,T(fmk))||p(~) S ||f){§k||p(~)’

where the implicit constant is independent of A and k. Consequently

Vi S [[25O f x

<|7]
q(0) N~ sa(t)
£27(LPD) K,,(A)_q(.)

where we used Proposition Estimate of T( I xrm BM). LetA>0

_ ka(0)
S = )L” {2 %Rk(AvT(fZR”\B,Hz))} 1O Lp0y

and

— kaoo
Jo = A||825% 2,117 gm0 |0 00

By similarity, we estimate only J;. Given k <—1 and x € R; we write

IT(fon\Bk+2)(x)|sJ x—y[MfWldy=c > | lx=yI"Ify)dy.
R\ By, j=k+3JR;

Noting that |x — y| > 2/ for x € R and y € R;, we use successively Holder'’s inequality

to obtain the estimate

oo
25O\ T(f g JOO| 8 D, 27252 Nl

j=k+3
Therefore

225Ny a0l oo

can be estimated by

o
¢ > 27028 O il gl ol

j=k+3

o
s S oo gy | ottt
j=k+3

where the positive constant c¢ is independent of k, x € R and y € R;. Thanks to Lemma
we estimate the last term by
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oo

c Z k=i + %)

j=k+3

2]’d(~)f){j ||p(.)

Since a~ + 3% > 0, we apply Lemmawe get 1 S | f]
is complete.

¢ > by Proposition The proof
p()a()

Remark 2.16. Theorems|2.14 and[2.15 are proved in [117] in the case of constant a > 0.
In [117] the author has assumed the boundedness of the maximal operator ./ on LPV(R")
both in the homogeneous and in the inhomogeneous case. Although we assume the slightly
stronger assumption p € ngg(R”) N 2.8R") in the homogeneous case, we stress that only
the log-decay of p is assumed when we deal with inhomogeneous spaces. In the classical
Herz spaces Theorems|2.14 and[2.15 can be found in [70]. We refer the reader to [97] for the

boundedness of Riesz potential operator in continual variable exponents Herz spaces.

Since the Hardy-Littlewood maximal operator ./ is sublinear, satisfies the size condi-
tion (2.6) and it isbounded from LPO(R")to LPO>°(R")if p € 2'°§(R")and 1< p~ < pT < 00
(see [24, Theorem 4.3.8)]), from Theorems and we immediately arrive at the fol-
lowing result.

Corollary 2.17. Let p € 2"°¢(R") with1< p~ < p* < 00, and a € L™ (R").

(i) Let g € 2,5 (R")N PRER") with 0 < g~ < g+ < 1. If @&7) holds and a satisfies the
log-Holder decay condition, then ./ is bounded from K;(()) q(.)(R”) to WK;((.')), q(,)(R”).

(i) Let q € 2,"(R")N Po8(R") with0 < g~ < g+ < 1. If @B) holds and a has a log decay,
both at the origin and at infinity, then ./ is bounded from K;(()) R o WK;(()) R

Remark 2.18. The boundedness of the maximal operator in variable exponent Lebesgue
spaces was first proved by Diening [22]. Further details and references on subsequent contri-
butions, can be found in [24, Chapter 4]. We refer the reader to the paper [64] for more results

about the boundedness of sublinear operators on Herz spaces of fixed exponents.

2.3 Variable Herz-type Hardy space

In the spirit of the ideas of Orlicz [93] and E. Stein and G.Weiss [108], Nakai and Sawano
[89]introduced Hardy spaces with variable exponents on R” via the grand maximal func-

tion, which can be seen as a generalization of the Hardy spaces and the variable Lebesgue
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spaces. Always in the same paper, Nakai and Sawano have investigated several properties
for the variable Hardy spaces, in particular, they have obtained the atomic characterization
of the Hardy space HP"(R") with variable exponent, with this decomposition, they have
proved the Littlewood-Paley characterization of HP(R"). Independently, Cruz-Uribe and
Wang [19] studied the variable Hardy space HP"(R") with p(-) satisfying some conditions
slightly weaker than those used in [89]. More recently, Liu [67]] extended the result of Miy-
achi [80] to the variable setting, where he introduced the Hardy spaces with variable ex-
ponents on domains and studied the atomic decomposition and the duality theory of the
variable Hardy space.

Herz-type Hardy spaces were first considered by Chen and Lau [17]. They introduced
Hardy spaces associated with the Beurling algebras A on the real linewith 1 < g < 2.
In higher-dimensional and all 1 < g < oo by Garcia-Cuerva [49]. Independently Garcia-
Cuerva and Herrero [50] and Lu and Yang [72], [73] generalized the Hardy space theory
for Herz spaces. Herz-type Hardy spaces with variable exponent H K ;(,), q and HK ;(.)’ q have
recently been investigated in [116]. In [28], the authors introduced the variable Herz-type
Hardy spaces H K;(()) 4 and H K;(()) 4 Where all parameters defining the space are variable
and established their characterization in terms of atom. Moreover, applying the atomic
decomposition , they obtained the boundedness of some singular integral operators on
these spaces.

The main goal of this section is to recall an atomic decomposition result for variable
Herz-type Hardy space. First we introduce the basic notation. Let Gy f be the grand max-

imal function of f defined by

Gy f(x)= sup |y (f)x),

pedy

where .oy = {p € S (R"): SUP <5<y [X# 0P 0(x)| <1} and
@}‘V(f)(x)=sug>|%*f(x)l,
>

with ¢, = 7" ¢(3).

Definition 2.19. Let p,q € Py(R") and a : R" - R witha € L*°(R") and N > n+1. The
inhomogeneous Herz-type Hardy space H K:‘(()) 40 R") consists ofall f € & '(R™) such that
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Gyfe K,f(()) o) (R") and we define

1 e,

Similarly, thehomogeneous Herz-type Hardy space H K;(()) a0) (R") is defined as the set of all
f €S (R") such that Gy f € K;(()) o (R") and we define

1 Wiz, =
HEy040

We have Gy, satisfies the size condition (2.6). Let g € Py(R"), p € 2'°§(R") with 1 <
p~ < pt<oo,andlet a and g are log-Holder continuous at infinity, with ¢ € L*°(R") and
—p% <Oo < (1 — —) Then

HK™ (R")mL’”

_ pat)
() oo R")= K5 ) (R").

Let g € Py(R"), p € 21°8(R™")with 1 < p~ < p* < 00, and let « and g are log-Hélder continu-
ous, both at the origin and at infinity, such that a € L*°(R") and —p% <ag <at< n(l — p—l_)
Then
o) p() _ al)
HK,; RN L, (R \{0}) = K5, (R").

loc

To prove our results we use the atomic decomposition of Herz-type Hardy space.

Definition 2.20. Let a € L*°(R"), p € P(R"), g € Py(R") and s € N,. A function a is said to
be a central (a(-), p(-))-atom, if

(i) suppa cB(0,r)={xeR":|x|<r},r>0.

(i) ||a,, </BO.",  0<r<1,

(iii) ||a|| <|B(0, r)[%e/n, r=1.

(iv) fRn xﬁa(x)dx =0, |BI<s

A function a on R” is said to be a central (a(-), p(-))-atom of restricted type, if it satisfies
the conditions (iii), (vi) above and suppa c B(0,r),r > 1.

Now we come to the atomic decomposition theorems.

Theorem 2.21. Let a and q arelog-Holder continuous at infinity and p € 2'°§(R") with
l<p <p*<oo.Foranyfe HK;((,'))'q(') (R™), we have
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F=> May, 2.9)
k=0

where the series converges in the sense of distributions, A = 0,each ay. is a central (a(-), p(-))-

atom of restricted type with suppa C By, and

= 1/a
Ml ) < e g, -
(Zl d sl HEG

k=0

Conversely,ifd o, = n(l—p%.o) ands > [aoo+n(p%.o—l)], and if @.9) holds, then f € HK;((,'))W(_) (R"),

and N
3 1/qoo
||fHHK;((A.)),q(‘)mlnf{(;Mkwm) q }’

where the infimum is taken over all the decompositions of [ as above.

Theorem 2.22. Leta and q are belog-Hélder continuous, both at the origin and at infinity
and p € ?'°8(R") with1 < p~ < p* < oo. Forany f € HK&S{W (R"), we have

= May, (2.10)
k=—00

where the series converges in the sense of distributions, A;. = 0, each a;. is a central (a(-), p(-))-

atom with suppa C By and

-1 [ele]
1/67(0) 1/"700
(20 1) (el =) < g,
120%[C]
k=—00 k=0

Conversely,ifa(-) > n(l—pi_) ands > [a++n(#—1)], and if @10) holds, then f € HI'(:((.'))yq(,) (R"),

and 1
— o)
gy, ~inf{( S @) (=) ),
HEK, 0,900 £ -
=—00 k=0

where the infimum is taken over all the decompositions of [ as above.
For the proof see [28], Theorem 4.

Remark 2.23. In the necessity part of the theorems the atoms in the decomposi-
tions (2.9) and 2.10) can be taken to be supported in dyadic annuli.
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Remark 2.24. We mention that corresponding statements to Theorems and were
proved by Liu and Wang [116], with a and q constants, under the assumption that the maxi-
mal operator ./ is bounded on LPV (R") (both in the homogeneous and the inhomogeneous

situation). Here we are requiring the log-Holder continuity at two points only (zero and in-

finity).

Next, we will give the definition of the weak Herz-type Hardy space with variable expo-

nents.

Definition 2.25. Let p,q € Py(R") and a : R" — R witha € L*°(R") and N > n+1. The
inhomogeneous weak Herz-type Hardy space W H K:(()) a0 (R™) consists of all f € &'(R")
such thatGy f € WK;((,'))’ o (R") and we define

1 lwrrgs, =GN i
WHEK, ()40 WEy0.40

Similarly, the homogeneous weak Herz-type Hardy space W H K;(()) ¢ (R") is defined as the
setofall f € '(R") such that Gy f € WI(";‘((.'))’q(.) (R"™) and we define

A llwaxer = NGwF g -
WHK, ()40 WK, (a0

2.4 Boundedness of some singular integral operators

Let K be ameasurable function defined on R” x R”\{x = y} that satisfies the size condition
5
M

g (2.11)

|K(x,y)—K(x,0)|<

if 2 |y| < |x| for some 6 € (0,1]. Let T : /(R") — %/(R") be a linear operator such that for
any f € L*(R") with compact support and almost everywhere x ¢suppf,

Tf(x)=f K(x,y)f(y)dy, (2.12)
Rn

which are more general than the standard Calder6n-Zygmund operator.

This section is devoted to the behavior of T on variable Herz type Hardy space.
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Theorem 2.26. Let a and q arelog-Holder continuous at infinity and p € 2'°§(R") with
l<p <pT<ooand0<q < qg* < oo such that

(1—-=) < <nf1-——)+é.

Then every linear operator T satisfying 2.12) which is bounded on LPY)(R") is also bounded
al) al+)
from HEK,; ;)(R") 10 K 4 (R).
The counterpart for homogeneous Herz spaces runs as follows:

Theorem 2.27. Leta and q are belog-Hélder continuous, both at the origin and at infinity
and p € 28R with1 < p~ < p*<oo and0< g~ < g* < 00, such that
ez n(1-—), a0 <n(1——)+5 and am<nfi-—)+8.
p- p(0) Poo
Then every linear operator T satisfying 2.12) which is bounded on LPY)(R") is also bounded
from H K5 (R") 10 K (R™).

Proof. By similarity, we prove only Theorem[2.27| Let f € H K;(()) 40" Then

f= Z Acag, (2.13)
k=—00

where the series converges in the sense of distributions, A; > 0, each a, is a central (a(-), p(-))-

atom with suppa; C R, and

—1 o]
(> |/1k|q(0))”"(°)+(Z|;\k|€foo)”"°° <c||f|len - 2.14)
[ ——. =0 120%(C]
We will prove that
171N, < e kg,

We decompose [ into two parts:

j—4 00
f=D M+ D Mag, jeEL (2.15)
k=—0c0 k=j-3
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Define

and

We will estimate each term separately. Estimate of I,. Let x € R}, j <—1. From 2.11) and

Holder’s inequality, we obtain

Ta(x) < J |k(x, )= k(x,0)| [ax(y)| dy
o

y
Re |J|C|n1+5 |ak(y)|dy

< Czkﬁfj(rwﬁ)Hak||p(.)HXk||p/(.),

<

where the positive constant ¢ independent of x, k and j. Hence, we obtain

2450

20O e ol 2

||(Tak))(j||p(.)

'ZANRIAN

Observe that

n

27].”||Xk||p’(~)||){j||p(~) S27imkvn 2, xeR;,yeR,,

where the positive constant ¢ is independent of k, x € R; and y € R;. Since p has a log

decay at the origin, we have
257 e 2870, 2759 5 2J70,  x eR,y €R,;.
Using the fact that a(0) < n(1— )+, we obtain by Lemma that

p(0)
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<Z(Z|Ak|2k15+n »ioy—el0 ) kaw <”f||

=—00 k=—00 k=—00

Estimate of 1,. We decompose the sum Zi:_oo Ara; into two parts;

-1 j_4
Z /\kak+ZAkak, jENO.
k=—00 k=0
We put Zi:(l) Ararp=0if j=0,1,2,3. Let k < 0. From the estimation of I;, we get

2(k—j)6—jn—ka(0)“%k|| HXJHp(-)
o k(6+n—jly—a(0) g j(5+n—75)

H(Tak)xj”p(.)

'ZANRIAN

where we have used Lemmal[2.2] Therefore

—1

Sraeen( 3wzl )

k_

i J@+n—5s—0oo qoo( Z 2 k(6+n— |Ak|) 0

k=—00

2 Pl " S ||f||HK (

A

A

Now let k = 0. Again from the estimation of I;, we get

R Rl 24 21
< MO+ —eo)n=j(04n—555)
Consequently
- j—4 Goo 7 j—4 . ) o
(2= (X Tz ) ") s (o2 A ) )
J=0 k=0 -

[ 20

A

1
M=) 5 e
| k| ~ f HK;((‘J).OI(-),

(

where the inequality follows by Lemma Hence I, S || f || HE Estlmate of I and I,.

=
Il

0
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Using the boundedness T on LPY(R") we obtain
—1 ] (ee] [eS)
FO< S 2000 S (ranz,|,,)" Z 2900 > 2, |ad]|)"
j=—00 k=j-3 =00 k=j—3

We write

Z |/1k|||akH Z |/1k|||ak|| +Z|Ak|”ak”

k=j-3 k=j-3
If k <—1, then ||ak|| o) < 27ka0) and Lemma , yields
— - q(0)
Z 2167(0):1(0)( Z |;\k|||ak||p(.))
j=—00 k=j-3
is bounded by
-1
(0) q(0)

cj;omm I ke

Now if k > 0, then ||ak||p(.) < 27k gnd

—1

Z 2J4a(0) (ZMIJ”ak” ) < sup|A,|1© Z 2Ja(0)a(0)
j=—o00 keN, j=o00

< (ZMHq )qO)/%o

S ||f ||HK

Finally, we estimate I,. We easily obtain
I <Zz]qooaoo Z 9 kdootoa| ) e < kaww < ||f||
k=j-3
This completes the proof. O
Theorem 2.28. Let a and q are belog-Hélder continuous at infinity and p € 2'°8(R") with

I<p <p*<ooand0<q  <q*<1,suchthat

aoo:n(l—p%o)—f-é. (2.16)
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Then every linear operator T satisfying 2.12) which is bounded on LPY(R") is also bounded
al*) al+)
from HK,y ,(R") to WK, (R").

For homogeneous spaces, we have the following statement:

Theorem 2.29. Let a and q are belog-Holder continuous, both at the origin and at infinity
and p € 2'°¢(R") with1 < p~ < pT <00 and0< q~ < q* <1 such that

1 1 1
a(-)>n(1—;), a(O)zn(l—m)+5, and aoozn(l—p:)—i-& (2.17)

Then every linear operator T satisfying @.12) which is bounded on LPY(R") is also bounded
>a(-) >af-)
from HK i), (R") to WK (R).

Proof. By similarity, we prove only Theorem Our arguments are based on [70]], where

the constant exponent case was studied. Let f € HK :‘(()) 4)- Again, thanks to Theorem 2.22
we have the decomposition (£.10) and the estimate (2.14). We will show that

Tl [l
WK, 0,40 HE, G409

forany fe H Kp“(()) q)- We decompose f as in (2.15). We will use the equivalent quasi-norm
2.1). Let A>0,

_ ja(0) , }
E = 4 {2 %Aj(%r 1 oo Ak(Tay)) gz(o)up(.])’

_ i »
EZ = A {2 XA]'(%, {;ioo)\k(Tﬂk))} gZ‘X’(LP('))’

— ja(0)
ES = A {2 XAJ(%vzzij—3AkT(ak))}

¢10Lp0)

and

= jaoo
E4 _A"{z ZAf(%’Z;Zj_Q,Ak(Tak))}

(2 (Lr0)’
Estimate of E,. Let x € R; and k < j—4, j < —1. Thanks to (2.1T) and 2.12) we have the

estimate

)
| Ta(x)| <J |Ly|"|+5 lav(y)|dy.
Ry
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Using Holder’s inequality to estimate the last integral by

2k5—j(n+5)—ka(0)

CZk&—ﬂn+®”ak”pw”Zk|p%) < ”Xk|wm
S 2k("—ﬁ+5—a(0))2_j(n+5)
< 2—j(n+5),

where the implicit constant is independent of j and k. Therefore
|Ta,(x)| < C27/n+d) (2.18)

for any x € R; and any k < j—4, j <—1. Observe that (2.18) is true even j € N,. Conse-

quently

j—4 j—a

> AT@))| < [Tad)l D 1l

k=—00 k=—00

-1 1
< (C27in+d) Mk|q(0) 40)
(2 1a)

<

—j(n+8)
C2 j(n+ ||f|| o
HEKp,q0)

where we used the embedding 19y !. Assume that

j—4 2
'{x er;:| Y /lkTak(x)' > 5}‘ £0.
k=—o00
Then
2 <202y S
For any fixed A > 0 we put
. 1 _
=l 51080 g, )

The advantage of this choice consists in the fact that

j—4 2
k;wakTak(x)’ >2]
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if —1> j > j, + 1. Hence, we obtain

B < (zzm Wy 5 it o)™
(zzm Nz ll5)™

N

< ¢ Z 240X )%
< AZM (n+0)
S ”f”HK;((ﬁ).q(»)'

Estimate of E,. Observe that Z]kj_oo Akl S || f || ypv » which yields that
p()q()

j—4
Tay(x)|< Y Pl Tap(0l < 2 £l
k=—00 '

where we used the estimate (2.18). We have

E, < (;zf%oaw”Z{XGR |Z’4 - | ||qoo)

i o

< C)L(ngooaoo||xj||;7:)qw
j=0
Ja N

< CA(szqoo(aoo-i—p%))ﬂoo
j=0

S ||f||HKI;Z((~5],q(').

Estimate of E;. From the boundedness of T on L?Y(R"), we obtain

> ndl(ranz]| Z Adll|(Tan)z]] +Z|Ak|||(Tak Zill
k=j-3 k= ]—3
< 3 il +Zwlllak||
k=j-3
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Z [Al27k +Z|zk|2—"“°°

k=j—-3

Hence )

-1
Z 2jq(0)a(0)( Z |7Lk|H(Tdk))(j”p(.))qm),

j=—00 k=j-3

can be estimated by

-1 -1 —1
. —k q(0) q(0)
c 2 2]61(0)(1(0)( E A2 a(O)) < 2 Ilqu(m < Hf”HK"(‘) .
k:_w p[‘)’q(')

j=—o00 k=j-3

again by Lemma[2.3] Now

—1 o0 q(O) q(O)
| —kdso
Z 21q(o)a(°)(z|/\k|||(Tak)Xf||p(-)) S Z 2 (ZMklz a )
s > “~, k=0

keNy
(0)
< R -
S [l

Estimate of E,. We easily obtain

E, 5 (szqmaoo Z Z_kq""a‘”l)t |qoo) 1/qoo

k=j-3
1/qco
< (§ Al %)
k=0
S [ llke
~ HKIJ(J.!](') ’

by Lemmal2.3] This completes the proof.

Remark 2.30. Corresponding statements to Theorems[2.2§8 and|2.29, with a,p and q con-
stants, can be found in [70], while with a and q constants Theorems[2.28 and|2.29 are proved

in [117], under the assumption that the maximal operator ./ is bounded on LPY(R") (both

in the homogeneous and the inhomogeneous situation). Here we are requiring the log-

Hélder continuity at two points only (zero and infinity). We also note that our conditions

(2.16) and [2.17) are more explicit that those used in [117], hence allowing better comparison
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with the already known constant exponent setting..

If the operator T in Theorems and is of convolution type, we then can obtain

the following results:

Theorem 2.31. Leta and q are belog-Holder continuous at infinity and, p € 2'°§(R") with
l1<p <pT<ooand0<q  <q*<1,suchthat

aoo:n(l—p%o)-l—ﬁ.

Let T defined by

£—

Tf(X)=limf K(x=y)f(y)dy,
|e—ylze

where the kernel K satisfies

5
|K(x—y)—K(x)| < ||xJ|/—n|+5’

if2|y| < |x| for some & € (0,1]. Assume that T is bounded on LPO(R"). Then T is also
a(-) al*)
bounded from H K, q(,)(R”) to WHK, | 67(‘)(]R”).
The counterpart for homogeneous Herz spaces runs as follows:

Theorem 2.32. Leta and q are belog-Hélder continuous, both at the origin and at infinity
and p € 28R with1 < p~ < p* < oo and0< q~ < q* <1, such that

1 1 1
a)znll——), a0)=n{l————|+0, and a,=n{l——/|+0.
( p—) ( p(O)) ( poo)
Let T beas in Theorem Assume that T is bounded on LPY)(R"). Then T is also bounded

s a(-) -a()
from HK; ,(R") o WH K, (R").

Proof. By similarity, we prove only Theorem [2.32| Let f € HK ;‘(()) 40+ Then, we have the

decomposition (4.10) and the estimate (2.14). As before, we write we decompose f as in

@I5). Let A>0,
R =AH{2"““’)%

A 4
A5 X0 oo AkGN(Tak))} lz(o)(”(‘))’
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_ JQoco )
B = AH{Z XA;(%rZiZfOOAkGN(Tak))}

ooz’

M
|

AH{zj (0)

ZAj(%'ZZij—3 ArGyn(Tay)) } ZZ(O)(LIJ(‘))

and
E;=7LH{2ja°°)(A

j(%lzzzj73 lkGN(Tdk))} lzoo(LpM)'

Estimate of F, and F,. The boundedness of Gy and T on LPY(R") yield that

( _Zl 2740 ( Z MleGN Ta, Z]” ) )1/q()

j=—00 k=j-3
1 =) q(0\1/q(0)
< (3 200 S o (raz |19)
j——oo k=j-3
< (32 5 )
j=—00 k=j-3

We decompose the second sum in (2.19) into two parts;
S q(0) a0 N7 40 q0) _
Z |2l ||ak||p(,) +Z|7Lk| ”ak”p(.) =P jth,;.
k=j—3 k=0
If k <—1, then ||ak ||p(.) S 27kel0) and Lemma yields
-1
IEIED LD WINEECES JINCE
j==00 j==00 k=j=3 j==00

Now if k = 0, then ||ak||p(.) < 2 ke gnd

—1

. ke
Z 2]‘7(0)“(°)P2’j < Z 27a(0) kaw 9~k q(0
j=—o00 j==

S sup|2/ sz

keN, j=—o00
q(0)
< o) .
S Il

53

(2.19)



We easily obtain that

E, < (Zz]qwaw Z 2_16400,100'% |qoo) 1/qoo

k=j-3

(kalqm) 1/qoo
k=0

Hf” -alt)
HKP(‘).q(-)

74\

A

by Lemma[2.3| Estimateof F. Let x € R;and k < j—4. Let [x—y| <t and ¢ € .o/y. We

have

(Tap*p)y) = f Taw(z) ¢y —2)—¢,(y))dz
R~

_ t_”J Tak(z)(go(yzz)—go(%))dz
Rn

|z|<2k+1 2k+1g|z|< 8 |z[=1l

= B(y)+Py(y)+P(y)

because of fRn Tai(z)dz = 0. Let us estimate each term separately. By the main value

theorem;

‘90(—) SO(y) < t7Yzlsup|DPy (——0 )| 0<0<1
IB1=1

S t"zl(t+|y—0z)" (2.20)

Observethatt+|y—0z|=2|x—y|+|y—0z|=2|x—0z| > %le,whichyields

y

PO < €| Ta], (0=l
< |xlnﬂll @] ol
2k(1 a(0)+n—5)
S O
C
< T
|x|n+5
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where the positive constant C is independent of x. Observe that

-z
f ) f MK (2= k)= K@) h(o(*—2)=p(T))dz.
2k+1<‘z|<x
and s
h° 2
Jmk(hnK(z h)—K(2)dh < flk Ndh, s < sl
Therefore, with the help of (2.20),
C1en 1
IP(y) < C2Mx[™! Hak”lJ ||Wdz
lzl<5

< C2k0

Np’()

1
|x|n+5||ak||p(-)||)(3k

C
|x|n+5’

where the positive constant C is independent of x. Again by the vanishing condition of a;

we have

Py)= f f a(K (e~ )= K(2Ddh(p"—5) - p(2))az
lz[>5 J R

Observe that

_ —Z
217 |p(—2)— p(2)|dz
x| t t
|z|= 5

2o Edz+ | e L)z
2>l 4 Lx] t

|z|>5

N

Ct" y
< —n—5 7
< |x|n+5+f |z| IsO(t)Idz
2> 12
C t" e _
< 1n+5+C2t"J 2|0 (¢t + ]y " dz
| x| e
C t" e
< 1n+6+C2t”|x|_"f 1z % dz
x| 2> 13!
Ct"
< -
|x|n+5’
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because of t +|y| = |x —y|+|y| = |x|. Hence |Py(y)| < le%’ where the positive constant C

is independent of x. Therefore, we obtain

j—4 j—4

—j(n+6)
> MGy(Ta)x)<C > il A2 g o ¥Ry
k=—00 k=—00

The desired estimate follows by the same arguments as in Theorem The estimate of
E follows as in the estimate of F,. This completes the proof. O

Remark 2.33. Under the assumption that the maximal operator ./ is bounded on LPO(R")
spaces, both in the homogeneous and the inhomogeneous situation, Theorems|2.31|and|2.32

with a and q constants are given in [117]. For the classical Herz-type Hardy spaces, see [70].
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CHAPTER 3

MULTIPLICATION ON BESOV AND
TRIEBEL-LIZORKIN SPACES OF POWER
WEIGHTS

The purpose of this chapter is to study the 2-linear map
N n a r n a N n a
Apl,q(R ’ | : | ).APZ,GZ(R ’ | : | )(_)Ap'q(R )l : | )r (3.1)
induced by

(fio o) — fi fo-

Here, A;’ q(R”,I -|*) stands for either the Besov space B,j, q(R”,| -|%) or the Triebel-Lizorkin
space F; q(R", |-|%). But at the beginning of this chapter, we briefly recall some properties of
Littlewood-Paley series, definitions of B;’ q(]R”, |19, Fpﬁ q(R”, |-]%) and we summarize some

the most important inequalities which will be used later.

3.1 The decomposition of Littlewood-Paley

Littlewood-Paley series play an important role in defining Besov and Triebel-Lizorkin spaces.
So, we will recall the definition of the decomposition of Littlewood-Paley of a tempered
distribution. Let ¢ be a function in . (R") satisfying y/(x) =1 for |x| < 1 and ¢(x) = 0 for
|x| > 2. We put

po(x) =1 (x),
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and

pilx)= 0,277 x) for j=2,3,...

Then we have suppy; C {x e R" : 27! < |x| <3.277'}, ¢ (x) = 1 for 3.277? < |x| < 2/ and
z?zo p;(x)=1forall x € R". The system of function {¢;},cy is called a smooth dyadic

resolution of unity. We define the convolution operators A as follows
Aif=F"p;xf, jeN and Ayf=F 'Yxf, feS'R".
Also, we define the convolution operators Q; by
Qi f =7y 7))*f, jeN

We set A, = Q,, thus we obtain
k
Qf =D A;f, keN. (3.2)
j=0

The decomposition of f of the Littlewood—Paley type given by
f= Z Ajf. (3.3)

=0

The serie (3.3) converges in the sense of tempered distributions. The serie (3.3) can be

written as

F=Quf+ D A,

j=k+1

this formula is valid for any f € .#/(R") and k € N.

3.2 A decomposition of the product [ - g

For technical reasons it is convenient to replace the pointwise multiplication of functions

by a product ( defined for every f and g in .%’(R")) in the following definition
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Definition 3.1. Let f,g € &'(R"). We define the product f - g by:
f-g=lim Q;f-Q;8, (3.4)
whenever this limit exists in &'(R").

This extends the pointwise product of smooth functions. Observe that Q; f-Q; g is well-
defined in a pointwise sense the factors have compact Fourier support and are therefore
smooth. The definition above has been introduced independently in [59] and [109], but
without the ¢/-independence. An advantage of the product (3.4) is that it allows the use of
para-multiplication which we will know in the following lines. Then (3.2) and (3-3) read as

follows:
k 00
Qcf = ZAff’ keN and f= ZAjf (convergense in #’(R")),
j=0 j=0

suppose that f - g exists in .’(R"). Then we split

i
f'g:jli{%o ij'ng:leH;oZZAefAkg
(=0 k=0
oo k—2 oo  k+1 co (-2
=D D ASAEHDL D AFAEFD D AfAg
(=0 k=0 k=0 (=k—1 (=2 k=0
:Hl(f!g)+H2(f)g)+H3(fvg)y

whenever these three limits IT,(f, g), II,(f, g) and II5(f, g) exist € /(R"). We may rewrite
this into

M(f,8)=D Q284S
k=2

M(f,8)=> ArgAwf
k=0

and

My(f,8)= > Qu2fAcg,
k=2
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with A, = Zf:,i_l Aj, k €Ny. The advantage of the above decomposition consists in
supp 7 (QeofArg) c{E:2°° <[g| <21}, k>2

and
suppZ (ArgAcf)c{E:1E1<5-2%}, k>o0.

The mappingI1,(f, g),II,(f, g) and II3( f, g) are called the para-multiplication ( or the para-
product). For pointwise multipliers this technique was employed by Peetre [94] and Triebel
[110]-[113] in order to treat the case of B—and F—spaces in the full parameter range p, g €
(0; co]. The para-differential notion was introduced by Bony in [12] and extended in [124]
and [125]].

3.3 Besov and Triebel-Lizorkin spaces of power weights

Now we give the definition of the spaces B;, q(R") and Fpﬁ 6I(R”).

Definition 3.2. Lets€R and0< p,q < 00.
(i) The Besov space B’j, q(R") is the collection of all f € &'(R") such that

If

— isq qg\1/4q
|B,2,,,(Rn):(202 ||Ajf||p) < 00,
=

with the obvious modification if g = 0.
(ii) Let0 < p < 00. The Triebel-Lizorkin space pr q(R”) is the collection of all f € &'(R") such

that
> 1/q
— isa|a . |9
= (22 1,]") Hp<°°’
Jj=0

with the obvious modification if g = 0.

I#

Besov and Triebel-Lizorkin spaces have a long history. Nikol’skij [92] introduced in
1951 the Nikol’skij-Besov space, which nowadays denote by B;,OO(R"). However, he was
mentioning that this was based on earlier work of Bernstein [6] (p = o0) and Zygmund
[131] ( periodic case, n =1, 1 < p < 00). Later, Besov [7, 8] introduced in 1959 the Besov
space B’j’q(]R”) for any given g € (0, 00]. Around 1970 Triebel [111] and Lizorkin [68, [69]
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introduced some new function spaces, nowadays denoted by E q(R”) for any given p €
(0,00), g € (0,00], and s € (0,00), which are nowadays named after these two math-
ematicians. Around 1973 — 1975 Peetre [96} 95, 94]] , extended the ranges of s, p, and g to
values less than one. Further, we have to mention the contributions of Frazier and Jawerth
[48, 47| obtained the molecular and the atomic characterization of B;y q(R”) and pr q(R”).
Bownik [14} [I3] introduced and developed Besov and Triebel-Lizorkin spaces. Finally, for
more information on Besov and Triebel-Lizorkin spaces on R”, we refer the reader to the
monographs[102, 112} 114} 115]

Leta € Rand 0 < p < 0o. The weighted Lebesgue space L,(R",|-|%) contains all mea-

surable functions such that
171, gy = f F) 121 dx) " < oo.
Rn

If & =0, then we put L,(R", |- ") = L,R") and || £, o, . =f],-
We are now in a position to state the definition of Besov and Triebel-Lizorkin spaces

equipped with power weights.

Definition 3.3. Leta,s € R,0<p <00 and0< q < 00.
(i) The Besov space B;,q(R", |-1%) is the collection of all f € &'(R") such that

X jsq q 1/q
!IfIB;,q(Rn,l.a):(Zoz 1A ) <00,
]:

with the obvious modification if g = 0.
(ii) The Triebel-Lizorkin space pr q(R”, |-|%) is the collection of all f € &'(R") such that

<00,
Ly(Rm,[|@)

o < 1/
||fHF,;q(Rn,|~|a): H(ZOZJ ! |A1‘f}q) '
=

with the obvious modification if g = 0.

Clearly, forseR,0<p<ooand 0 < g < 00,

N n ay S n S n . oy S n : —
B (R"|:|)=B (R") and FS (R",||)=F; (R") if a=0.
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In addition
E R [-)=W,"(R",|-]), (Sobolev spaces)

where 1 < p < 00,—n < a < n(p—1)and m € N,. For more details about Besov and Triebel-

Lizorkin spaces equipped with general weights, see [36], [37], [38] and [39].

Remark 3.4. From the compactness of the support of ¢ ;, j €Ny, the Paley-Wiener-Schwartz
theorem tells us that A, f is an entire analytic function. So the convolution Z ' ¢ ;xf, j €N,
make sense. Let s € R,0 < p < 00,0 < g < 00 and a > —n. The spaces B;’q(R”,I -|%) and
E q(R”, |-|*) are independent of the particular choice of the smooth dyadic resolution of unity
{©;}jen, (inthesense of equivalent quasi-norms). In particularB;'q(R", [-]%) andefq(R", [-]%)
are quasi-Banach spaces and if p,q = 1, then B’j’q(R",l -1%) and prq(R”,l -1*) are Banach

spaces, see [15] and [122]. Furthermore,

7 (R") < BS (R",]-|) > &' (R")
and

S R") = ES (R, |- &' ([R").

Before presenting the following examples, we will present definitions for the function
o and the set U,. Let p be a C* function on R such that p(x)=1 for x < e and p(x)=0
for x > e72. Let (A, 0) € R* and U, be the set of (A, o) such that

—1_1 1 _ 1
e A=1 qand0>q,or7t<1 q,lncase1<q<c>o,
e A=0and o >0,0r A<0,incase g =1,
e A=1land o >0,0r A< 1, in case q = co.

Example 3.5. Let(A,0)€R?, 1< p<00,1<g<00,a>—n and
(A 0)eU,. (3.5)
Let f; , be the function defined by

fro(x)=log|x|I*|log|log x|l o (| x])-

n+a

We have f; , € BFZ (R™,|-1). In the case a > 0, the condition (3.5) becomes necessary.
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Example 3.6. Let >0,1<p<oo,—n<a<n(p—1),

p 6 +5¢
2 1 =
)< (B+1) and o Brl

n+a

0<max(5+§,5+

Let g € BL, o (R) for some o < y. The function

fx)=1x°glxP)o(x))

belongs to Bgoo(R”, [-]%).

For more details about the proofs of these two previous examples[3.5/and [3.6, we refer
to [34].

3.4 Embeddings

The following theorem gives basic embeddings of the spaces B;' q(R”, |-|%) and Fpﬁ q(R”, [-]%),
see [121].

Theorem 3.7. LetseR,0<p <00,0<g< o0 anda>—n. Then

B in(pa RV B (R [7)— B

- R™ |-]%).
p,mln(p,q p,max(p,q)( r| | )

Remark 3.8. Theorem[3.7 when a = 0 generalizes the corresponding results on Besov and

Triebel-Lizorkin spaces established in [112], Section 2.3.

Theorem 3.9. Leta;,a,, 5,5 €R,0<g< 00,0, >—nanda,>—n. Let0<p < s <00 and

a, = a,. We suppose that

n+a, n+a,
S — < S — .
S p
Then
S2 n . |22 S1 n 4!
B2 (R",|-|)— BS (R",]-|“)
and

E% (R |- [%) e B2 (R",]-).

,O0

The proof is given in [30], [31] and [81].
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Theorem 3.10. Leta,,a,,s;, s €R,0<r < 00,a, >—n and a, > —n. Under the following

assumptions
n+a n+a, a, _ o

0<g<p<oo, s§— S and —2>—
p T q q_p

\Y

we have
E2 (R"[-]*)= B (R",]-|"), (awerth embedding).

Theorem 3.11. Leta,,a,,$,5 €R,0< 0 <oo,a,>—n anda,>—n. Let

n+a n+a a «
0<g<p<oo, s§-— L=s— 2 and =2>2,
p q
Then
B2 (R",|:|")— Ey(R",|-|"), (Franke embedding)
holds.

For the proof, see [33] and [81].

3.5 Basic Inequalities

3.5.1 Classicinequalities

In this section, we will give some estimations such as The weighted Lebesgue space-

version of Holder, Plancherel-Polya-Nikolskij inequalities and others.

Proposition 3.12. Leta € R, 1< p,q < 0o. We suppose that a > —n, f € L,(R",|x|%) and
g € L4(R",[x[%). Then

I f &Iz, @n ixio) S L@, x1) 18]z, e ey (3.6)

1 1 1
where —+ —=—.
r

Proposition 3.13. Let a; be a sequence of positive reals. we have
oo 0 o0
(1) (ijl “j) <Zj:1 ajg, forany 0<0<1.
0
(2) Z;.Zl a]f.’ < (221 aj) , forany 1<0 < oo.
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0
(3) (Z}'Zlaj) SN a?  when 1< <oo.

0
(4) Zﬁlangl_e(Z?ﬁlaJ, when 0< 0 <1.

Proposition 3.14. Lets€R and0< p < oo.
(i) We have

5P 101 1l ey < €1 ey

forall f € Fp‘?Z(R”, [x|%).
(ii) Let jeNyand f € B;'OO(R”, |x|*). Then there exists a positive constant c, indepen-
dent of j, such that

HQJf”L (Rn,|x|e) Sc¢ €J||f|

By oo(RY,|x[2)’

where

275, if s<0,
;= 1, if §>0,
(j+1)m, if s=0.

(iii)LetjeN0,0<p<p<u<ooomdfeBS (R™,|x|%). Then

where the positive constant c is independent of j.
(iv) We have

< ¢ 255 f]

u(®Rm,|x|9) By oo (R?,| x[7)

HQ, SR xS € Kf||f| B3 oo (R7, | x4)’
forall jeNy, allf€B; (R™,|x|*)and allp < v < - i) , Where
p n
1, if p<v<-—+,
o (I-2)
- 1
J (] + ]_)min(l,u lf V= ; 15
=

and the positive constant c is independent of j.

For more details about the proof of this previous proposition [3.14] refer to [35]. The

following lemma is the L,(R",|x|%)-version of the Plancherel-Polya-Nikolskij inequality,

65



see [30].

Lemma 3.15. Let @ € R. We suppose that @ > —n,0 < p < s < 00. Then there exists a
positive constant ¢ > 0 independent of R such that for all f € L,(R",|x|*)Nn.<'(R") with
supp Z f c {£ eR":|&| < R}, we have

nta Vl+(1

Ly(R,|x[) <cR7?

f”L (Rn,|x|@)

3.5.2 Maximal inequalities

First, we will give a definition of the Peetre maximal functions

Definition 3.16. Let f € &'(R"), k e Ny and a > 0. We define the maximal operators asso-
ciated to the A, and Q.
|Axf(x—y)l a |Qcf(x—y)l

— and Q! f(x)=sup —74 (3.7
yexn (1+2¥]y|) ‘

A*,(l —
v fx) yeRn (1+2k|y|)

Clearly, for all k € Ny and x € R”, |Q;f(x)| < Q¥ f(x) (1AL f(x)| < A%* f(x)), and we
have Q;“ =0 if and only if Q; f(x)=0 ( Ay*=0ifand only if Ay f(x)= 0).

Remark 3.17. (a) We observe that sometimes Q. f and A}" f are also defined in definition
with(1+2%|y|)* replaced by 1+|2* y|%, but these two definitions are obviously pointwise
equivalent

) In deﬁmtzon. resp., )) we can replaced A, f by AY* f with a > (n/min(p, q))(
resp., a > n/p), (cf. seel [114], Theorem 2.3.2]).

The following lemma means that, for any 0 < p < oo and k € N, Q;“f is bounded by
Qcf in LP(R™).

Lemma 3.18. Let0 < p < 00 and — < a < 00. Then there exists a positive constant ¢ such

that, forany f € '(R") and k €N,

”Qlt'a”Lﬁ(Rn) < cl| Qi fllLrrn)-

The Hardy-Littlewood maximal operator ./ is defined on locally integrable functions
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by
1
Mf(x)=su dy, xeR”"
f( ) V>£)|B(x)r)| JB(x’r)|f(y)| y

Let0< ¢t < 1. We put ./, f(x) = (//llflt(x))%. In what follows, we need the Marschall’s

inequalities, see [76, Proposition 1.3] and [126} Proposition 6.1].

Lemma 3.19. LetA>0,R > 1. Let b € 2(R") and a function f € C*°(R") such that
suppZ f C{E€R":|E|< AR} and suppb C{{eR":||<A}.

Then
|77 b+ f(x)| < c(AR)""|| b

A ))

forany0 <t <1andanyx €R", where c is independent of A, R, b and f. Here Bft denotes

the homogeneous Besov spaces.

Various important results have been proved in the space L,(R",|-[%) under some as-
sumptions on ¢ and p. The condition—n < a < n(p—1),1 < p < oo is crucial in the study of
the boundedness of classical operatorsin L,(R", |-|*) spaces, such as the Hardy-Littlewood
maximal operator. One of the main tools of this thesis is based on the following result,
which follows since | -|“ € .¢/,(R"), Muckenhoupt classes, if and only if —n < a < n(p —1),

see [4].

Lemma 3.20. Ler1 < g <00 and1 < p < o0. If{f;};en, is a sequence of locally integrable

functions onR" and—n < a < n(p —1), then

H(i(ﬂfj)q)l/q i < H(i|f]|q)l/q
P J

j=0 ’ =0

Lp(Rn)Ha)

holds.

The next two lemmas are used in the proof of our result, see [78] for the Besov and

Triebel-Lizorkin spaces.

Lemma 3.21. Lets € R,A,B>0,0<p <00,0< g < 00 anda > —n. Let{f,}leN0 be a

sequence of functions such that

suppZ fo C{£ eR": |E| < A}
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and
suppZ f; € {£ eR": B2'"! <|&| < A2}

There exists a constant ¢ > 0 such that the following inequalities

> (D2 Al i)
1=0 l Bﬁ,q(R”yI-\a)\ HiL,®n,|e)

|2

and

(3.8)

1/q
e <I2 151

p(R7,[)

hold.

Proof. By similarity, we prove (3.8). Using the support properties of .7 f; and Lemma|3.19

we easily obtain

o j+N2 N2 Ng
> A< D A= DA S D Alf) 0< <IN, NN,
1=0 I=j—N, i=—MN i=—N,

where the implicit constant is independent of j € N,. Here we put f; = 0if i < 0. Take
0< ¢ <min(l,q, p, 2~) and using Lemmasand-we get

oo Nz fo%)
i g\1/4 d .
'ZO: R N i;I"(;ZJSQ|ﬂt(E+i)| ) @) d =min(1,p, q)
o0
Isq q 1/q]|4
s 1))
The proof is complete. -

Lemma 3.22. LetA,B>0,0<p<00,0<g<ooanda>—n. Let {ﬁ}leNo be a sequence of
functions such that
suppZ f; C{£ eR": |E| < A2},

(i) Let s > max(0, ; —n, "—*a—n). Then it holds that

oo
(511 <5 )
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(ii) Let s > max(0, ;; —n, =% —n, 7 — n). Then it holds that

1], 5[0
=0

1=0
Proof. By similarity, we prove (3.9). Using again the support properties of 7 f; and Lemma
obtain

(3.9)
p(R7|- @)

278

ZA fl‘ 2 Z A, fil S 278 Z 200G g (£), 0<t<1,N,jEN,

I=j+N; I=j+N;

where the implicit constant is independent of j € N,. Take - < ¢ <min(1,q, p, £=) and
using Lemma 2.3 we obtain

(20| a1 ) 5 (D2
=0 1=0 7=0

The desired estimate follows again by Lemma|3.20 O

We shall also need the following elementary fact.

Lemma 3.23. Let0 < p < oo,a€Rand [, € LIOC(R” |x|*), k € Ny. Then, forany0 < 7 <

min(1, p),
1
E E T T
fr <( fe . a) .
H k=0 Ly(Rn,|x]a) k=0 || ||LP(R | x1e)

Proposition 3.24. Let0< t,b < 0o and a function f such that suppfc {EeR":|&|< b},

then for any x e R", we have

If — Yl

<S¢ M f(x).
yeR" (1+|_V|) oo/t t

3.6 Multiplication on Besov and Triebel-Lizorkin spaces of

power weights

Pointwise multiplication has been a central topic in modern analysis, and are now of in-
creasing application in many fields of mathematics. The motivation to study the problem

of multiplication on function spaces comes from applications differential equation.
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One of the main applications of such results is concerned with global existence results

for the two-dimensional (2D) dissipative quasi-geostrophic (Q C) equation

0;,0+u-veo +K‘(—A)a9 =0,
w=(u, )=V, (—A)fyp=0.

supplemented with the initial condition
0(x,0)=0y(x)

where x € R?, k > 0 is the diffusion coefficient and a € [0;1] is a parameter, 6 = 0(x, t) is
a scalar representing the temperature, u is the velocity fields, and i is the usual stream
function. For more details for this equation, see [120].

In this section we present the first results of this thesis. We begin with the sufficient

part. Our arguments are based on some techniques used in [29].
Theorem 3.25. Let0O<p,p,,p, <00,0<g<00,a=20and0<r< %. Assume that

1 1 r

1
p pm p nta

and
n+a n+a . n+a
—r+max(0, + —n)<s<m1n( ,r). (3.10)
121 P> 2]
Then
S n a r n a S n a
ES (R",|x[%) B! (R",|x|") > ES (R",|x|)

. 1 1 T
holds, with - > - — 5.

Proof. Let f € ij,q(R", |x|*)and g € B;Z’qz(R”, |x]%). Recall that

f-g=IL(f,g)+IL(f,g)+1s(f,g).

Hence we need only to estimate

Hi(f»g)r i:172y37
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in pr q(R”, |x|*) spaces. Estimate of IT,(f, g). Lemma yields that

||H1(f,g)| Fy q(Rn,|x|a)’
is bounded by
1 el q 1
q q
H(ZZSW\QJC ngkf| ) H SUP | Qi 2g|(223kq|Akf| ) .
= p(R",|x]2) = Ly(R"|x]2)
By Hélder’s inequality we estimate the last term by
1
ell sup 1Qe-28ll, s (ZZ”‘”’lA 1A
= py (R x])
where = - — ;= Recall that
” sup | Q- 2g|||Lb R~ |x|e) ~ Hg”FO (R7,|x|a)’
see [15} Theorem 1.4]. Thanks to the embeddings
0
B! (R",|x|") = EY,(R",|x]%),
see Theorem|(3.11 we obtain
||H1(f,g)\ Ej g(Rn,[x]2) B}, (R, Ej 4(Rn|x]2)
This is the desired estimate. Estimate of I1,(f, g). Let £ € R be such that
n+a n+a n+a n+a
maX(O, -, —s—r)< < (3.11)
b b P
Observe that such a choice is always possible. We put
1 1 1 n+a n+a n+a n+a
—=—+4-, nN=s— + and 0=s— + .
a p t p d P 4

These guarantee the embedding B;" p(R”, |x]%) — Fpﬁq(R”, |x]%), see Theoremm Hence,

we need to estimate I1,(f, g) in Bg,p(R”, | x|*) spaces. We claim that
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n>max(0,n—|d_a—n) and 0<d<p. 3.12)
From Lemma[3.22]it follows that
||Hz(f,g)||B;’p(Rn,|x|a) S (;znkp“Akfzkg”id(R",lea))p'

Holder’s inequality yields

zkn”Akukg”Ld(R",lea) S 2kr||Zkg||Lp2(R",|x|a)2k5||Akf| Ly (Rn ||’

where the implicit constant is independent of k. This expression in /”-quasi-norm can be

estimated by
o0 1 1
C(szrb ||Akg||ip2(Rn,|x|a))b (szﬁlﬂl ||Akf \i(R",IXI”)) 5
k=0 k=0
s ls] 8y @ il B?, (R» |x|e)’

Our desired estimate follows by the embedding
s n a o n a
FS (R, |x)— B? (R",]x[%),

see Theorem To show the claim, by (3.11) it follows that

1 1 1 1 1 r 1
e — > —— ==, 1n>0,
d p t p p n+a p

which together with (3:10) yields that (3.12) holds. Thus, the claim is true. Estimate of
II;(f, g)- Let u € R be such that

n+a n+a . rn+a n+a
max(O, —r)< <m1n( —s).
%) u %) 4]
We put
1 1 n+a n+a n+a n+a
—=—4+—, g=s— and g=s— +
v p, u p 1% 121 u
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These guarantee the embeddings
BY (R",|x|")— FS (R",|x|") and FES_(R",|x|)— BE, (R"|x|%), (3.13)

see Theorems[3.10/and[3.11] Lemma3.21]yields that

o0

T

) By p(Rn,|x]) S (Z iu(R"VIXI“)) )
k=2
Therefore Holder’s inequality leads to
zka”Qk—ZfAkg“LU(Rn,uw)’
is bounded by
c2t” ||Akg||Lpz(R" LR x|2)
S Zkr”Akg”L,,z(R",le ”Qk 2/ || @ 21y (3.14)

for any k =2,3, ..., where the implicit constant is independent of k. Since 0 —r = p <0, by
Lemmas and2.3} (3.14) in ¢”-quasi-norm is bounded by

oo
jem
B,:Z,OO(RH.W)(ZZ |

f |

1
)m
Ly (R7,|x]@)

clsl

< llslls,

0.2 By py (R x])

(R7,] x|%) wpy (

The proof is complete by the second embedding of (3.13). O

Remark 3.26. We show below in Theoreml|4.1|that the assumption -

1 1
5 2 5t —rg isoptimal

and cannot be improved.

Using the embedding Fp;qz(R", |x|%) — B’ (R, [x]%) with 11] = — — —— see Theorem

pz n+a 4

we immediately arrive at the following result.

Theorem 3.27. Under the hypotheses of Theorem|3.25 we have

N n a r n a N n a
S (R [x[")-F}  (R"|x|") = E} (R",|x]")
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For the Besov spaces B;, q(R”, |x|*) we have the following statement:

Theorem 3.28. Under the hypotheses of Theorem|3.25 we have
N n a r n a N n a
B, (R%[x[%)-B,  (R"|x|")— B, (R"|x]%).

Proof. We employ the same notation as in Theorem[3.25] Using a combination of the ar-
guments used in the Theorem with the Sobolev embeddings in B;, q(]R”, |x|%) spaces

instead of Franke-Jawerth embeddings, we obtain the desired result. O

Remark 3.29. Corresponding statements to Theorem|[3.25 were proved in |29, Theorem 2.1]
but with a = 0. Theorems|[3.27 and|3.2§ with a = 0 is given in [58] and [98, Chapter 4], see
also |29, Corollary 2.2].

o

Now, we present the limit case r = %.

Theorem 3.30. Let0< p,p, <00,0< g < 00 anda = 0. Assume that

n+a n+a n+a _(n+a n+a
— +max(0, + —n)<s<m1n( , )
4] 4] p 4]
Then
ES (R, [x]%): (B)oo(R", X)) N Loo(R™)) = E (R", |x|)
holds.

Proof. From Theorem we need only to estimate IT,(f, g), but
Qj-282,f1< sup (1Qk—81)IA; 15 |8 A fl j=23,..
=2,3,...

where the implicit constant is independent of j. The proofis complete. O

Theorem 3.31. LetO<p,p;, p, <00,0< g <00,a=0andr >0. Assume that

1 1 1
— =4 —
p P P
and
n+a
—r+max(0,——n)<s<r. (3.15)
p
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Then

N n a r n a N n a
Fpl,q(R ,|X| )sz,oo(R ,|X| )(_)Fp'q(R ,|X| )

holds.

Proof. We employ the same notation of Theorem Estimate of I1,(f, g). Asin Theorem
and Holder’s inequality

A

||g||Fp°2Y2(R”,|x|a)

Im (£ (S 27| g f|" )"
k=0

|

Es (R, |x]a) L,(Rn,|x]2)

A

ES o |x]e)’

The desired estimate follows by the embedding
B! LR, |x[) > E°,(R", |x|*).
Estimate of I,(f, g). From the embedding

B;,min(p,q)(Rn’ |x|11) - Fpslq(Rn! |x|a), (316)

see Theorem ‘ we will estimate IL,(f, g) in the spaces B® (R"™,]x|%). Observe that

p,min(p,q)
ZAk(Ajijg):ZAk(Ajijg)» k €Ny,
j=0 j=k

so we need only to estimate {2F¢ || Z;’zk Ak(Ajijg)”L i in{™n(P9)_quasi-norm. From
p

Lemma/[3.19]it follows that

(R"vIXI“)}

|Ak(Ajijg)| S 2(f_k)(¥—")//lT(Ajijg)

forany 0 < 7 <1 and any j = k, where the implicit constant is independent of k and j. We

choose

n+a
)
which is possible in view of (3:15). Lemma3.20]and Holder’s inequality yield

n
<—<n+s+r,

max(n,
T
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2’“||Ak(Ajijg)“Lp(Rn,lxla)

A

2ks U=k ||A]g||L (Rn,|x|2) ||A f”L (R7,]x|®)
= 2 MRUHEmm Rl A g (R ]2) ” ,f||

2—kr2] k)(2—n—s—r

L (R7, ] x|)

A

||g||B,;2,oo(Rn,|x|a)|| ”F;l_m(w,ma)'

where the positive constant c is independent of j and k. Therefore

o) 0o 1
2ks||ZkAk(Aijjg)||Lp(R",lx|a) 5 zks(zk||Ak(A]'fA]'g)”ip(RnJﬂa))
J= Jj=
o P T
j=

for any k € Ny, with k =min(1, p). Since r > 0, by Lemma the last expression in £ min(p,q)._

quasi-norm is bounded by

1 o1 15 oo

Estimate of I1;(f,g). By the embedding (3.16), we will estimate IT;(f,g) in the spaces

B minp,g R">1x]%). By Lemma-we obtain
— 1
ITs(f, g “B,mm (R, x]) ¥ (;ymnpq ||Angk—2f||mme |qx| ) ",

Let A=min(1, p;) and k =2,3,.... Holder's inequality and Lemma3.23|imply

st||Angk—2f||L,,(R”,lx|“)

does not exceed

02]” ||Akg||Lp2(Rn,|x|a)2k(s_r)||Qk—2f“Lm(Rn'|x|a)

k 1
< okr ||Akg||Lm(Rn,|x|a)2k(s_r)(ZZ_j(s_mz_m . ZM”Aff”ipl(m,w)y
j=0
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< (zk(s—r) kzz: 9= j(s=1)A 2—jrl)% Hg|

j=0

fl

By, co®n|x|) 1) | BS oo(®n[x])

where the positive constant c is independent of k =2,3,.... By Lemma[2.3} with help of
the hypothesis s < r and r > 0, yields the last term in ¢ min(p,q )-quasi-norm is bounded by

|l BS, oo(R7,[x]4) ] B oo(R,|x]0)"
The proof is complete. O
Remark 3.32. Later on, see Theorem|4.1 below, we prove that the assumption 5 < -+ - is

optimal and cannot be improved.

Using the embeddings FPZ’OO(R”, |x|%) — B;Z,OO(R”, |x|%), we immediately arrive at the

following result.

Theorem 3.33. Under the hypotheses of Theorem|3.25 we have
N n a r n a N n a
F R x[%)-F) R [x][%) = F](RY, | x]%).

For the Besov spaces B’jy q(R”, |x|*) we have the following statement:

Theorem 3.34. Under the hypotheses of Theorem|3.25 we have
N n a r n a N n a
B, ,R"[x[%)-B, (R"[x]")—= B, (R"[x[%).

The proofis very similar to that of Theorem|3.31

Remark 3.35. Theorem was proved in [29, Theorem 2.1] with a = 0, while Theorems
and|[3.34 with a =0 is given in [58] and [98, Chapter 4].

Now we present the much more complicated case, which generalize the corresponding
results given in [29], [58] and [98, Chapter 4].

Theorem 3.36. LetO<p,p;, p, <00,0< g <00,a=0andr >0. Assume that

)+ max(0, —— — )<%<i+i (3.17)



and

n+a n+a
—r+max(0, + —n)<s< r. (3.18)
P 2
Then
S n a r n a S n a
Flﬂ]yq(R ,|.7C| )BPZvOO(R )|x| )%Fp’q(R ’lxl )
holds.

Proof. In comparison with the proof of Theorems and we must modify the esti-
mate of ITy(f, g) and Il(f, g). Estimate of I, (f, g). We put = - + 5, with

1 r 1 1
max (0, — — J<—<—. (3.19)
p, n+a u p
As before, we estimate
||H1(f,g)| F,j,,,(]Raan\oz)s ||g 1I~‘122(Rn,|x|a) f||F,g,q(Rn,|x\a)'

We can conclude the desired result by the fact that

n+a n+a

B! (R, |x[) B " R |x|) ES,®", |x]).

Estimate of IT,(f, g). We employ the notations of Theorem .25} but we replace (3-I1) by

n+a n+a n+a n+a n+a
max(O, — , e r) < < (3.20)
p 2 1%} 1%}
Let A > 0 be such that
———— <2A<min(1 nd ) (3.21)
n+r+o6 "n+a’ '
which is possible by using (3:18), (3.20) and the fact that
n+a n+a n+a n+a n+a
O0+r=s+r— + > + —n= —n
121 3 P2 4 d

Thanks to Lemma[3.19]it follows that

A A ) S 2U7PE g, (A fAg)
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for any j > k, k € N. Lemma3.20]and Holder’s inequality yield

Zk"||Ak(Ajijg)”Ld(Rﬂ,\xl"‘)

L
s Zk(n—b'—r)z(j—k)(%—n—6 r ||g|

74\

Ly (Rn,|x|e)

B}, oo(R7,|x|7) |B;’,oo(Rn,lx|a)’

where the implicit constant is independent of j and k. Therefore

2’”’HZA1€(A fAjg ||Ld R, |x]a)

_ %
< zkn(z||Ak(AjfAjg)”zd(R”Jﬂa))
=k
! oo
< zk(n—B—r)(Zz(J k)(4—n—6—r) ) ||g|B’ &7, |36 (R7,|x]2)
0 o (R,
=k

for any k € N, with k =min(1, d). Using (3.21) and

n+a n+a n+a
n<s+r— — + =0+,
P p2 d

we get that last expression in £”-quasi-norm is bounded by

f”Fs (Rn,|x|@)"

l’lq

oo(R7,|x]%) oo(R™, oo(R7,|x]%)

Estimate of Il5( f, g). The situation is quite different and more complicated. For this reason
we are forced to decompose the prove in three separate steps: e Step 1. s < 0. By the
embedding (3.16), we will estimate I1;(f,g) in B, ., 1)
Lemma Let 3 = 5-+ 4, with u us in (3.19). Holder’s inequality yields that

(R” |x|*) spaces with the help of

zks“Angk—ZfHLp(RnJﬂa)’ (322)

can be estimated by
2ks ’

—2f|| (R x]2)”

Thanks to Lemma3.15|there exists some positive constant ¢ independent of k such that

Rn
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< 2P o]

nta__ n+a

s 2 g

|

Ly(Rm,|x|) | x9)

BY, oo(R7, | x]2)’

By Lemmas[2.3]and [3.23} we obtain

174\

1
2ks( E 2= ]Sl’nll’llpl)zjsl’nll’llpl ||A fHI'ﬂmlpl )min(lvm)

2k HQk—Zf”Lm(R",lea) R”,|x|2)

A

171

Ey o7, x]7)

for any k > 2. Since 2% — ¢ _ r < (), (3.22) in {™"(P9)-quasi-norm is bounded by

clsl i

B;I;Z,oo(R") P oo(R7,[x|2)"

o Step2:0< s <L We put 7 = i+i—m . Substep2 1: Thecase ;% > 1 or (s < B¢ < r).

We distinguish two cases. e Case p < b. We put + w1th L <1< %. Using

Holder’s inequality we obtain

ks k(s—r)
2 A I < :
8 Qi—2f Ly(Rn,[x) B}, co(R7,| x]2) Ly(R7,| x|2)
Thanks to Lemmas[3.15 and[3.23]it is obvious that
< (Z| min(1,v) )mmlv}
Ly(Rn|x|e) ™~ »(R7,| x|@)
j=0
k—2 .
nta n+a (1,v) min(1,»)
< ](”;"1 s—24%)min(1,7) js min(1,» || ||m1n )mm
~ (Zz 1 2 AjF L, @i
j=0
s 1ill£|
S Vel g @ aley
since ”;“ s — %<0, where

[ (k=vm, if p=b,
Te= 1, if p<b.
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Now since s < r, we conclude the desired estimate using the embedding

S n a s n a
B, nin(p.) R 1X ) = B, (R, |x[%) (3.23)

and Lemma e Case p > b. Let u be a positive number satisfying

1 1 1 1 S
max(0,4 - L)<l S
p P u p nta
We put
1 1 1 n+a n+a n+a n+a
—=—+—, O0=5— + , B=s— + .
v o p. u p v p u
Then
BY (R",|x|")— E; (R",|x]*). (3.24)

We need to estimate Il;(f, g) in B,fp(R", |x|*) spaces. Holder’s inequality yields that

Qi f]|

24| A8 Quaf

Ly Re o) S 2k0||Akg||Lp2(R",|x|“) Ly(Rn |x]0)"

We set h = min(1, u). Again, by Lemmas and[2.3|we obtain

k—2 k—2
zkﬁh ZO ||A]f| iu(Rny|x|¢Z) s zkﬁh Zoz_jﬁhzjﬁh”Ajf iu(R”,lxla) s ||f il?u/%oo(Rn,lxla)’
J= J=

since 8 <0, where the implicit constant is independent of k. Consequently

s

Ly(Rn)|x]e) ~

24| Arg QeS|

B}, oo (R, |x|7) fHEfoo(Rmxwr

Observe that 0 — 3 —r <0, then the last expression in £”-quasi-norm is bounded by

c|g] Bf, 00 (R7|x]%) f”ﬁfoo(RanM'

The desired estimate follows by the embeddings (3:24), Lemma|3.21]and
FS J(R"|x|*) = FP(R",]|x|).

p1,00

e Substep 2.2: %"‘ < s < r. We have only the case p < b needs to study. As in Substep 2.1
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we obtain the desired estimate. o Step 3: s > —“ o Substep 3.1: s > 2 and p < p,. We put

% =14 Z’ where v > p,. Observe that

2| Ak Quaf 1 ey $ 278 (3.25)

By, 0o(R?,|x]%) Ly(®R",|x]@)”

We set u =min(1, v). From Lemma|3.15}, we obtain

k—2 k—2
jz (ke _nte oy s w
< j5 =S j .U” ”
”AfHme ~ EP ' 2P0Af py (RY[x]2)
j=0 j=0
u
s |1
~ f pl oo(R7,|x]2)’

which yields that (3.25) is bounded by

Czks r|

FS

]Rn ploo Rn |x|a

where the positive constant ¢ isindependent of k. Then, we conclude by the factthats < r,
with the help of Lemman the embedding (3:23) and Lemma- o Substep 3.2: s > ¢
and p = p,. By Lemma|3.15, we obtain

k—2

Joefll s 2l f||w<zzf"# {1
=
forany k =2, 3, .... Therefore
zmwngohﬂﬂqwmm S ﬁWAHﬂ%mum Qhﬁﬂw
S 20 811 By oo®|x]0) f| Bn"ta (R, |x]a)’

The desired estimate follows by the embeddings (3.23), Lemma|3.21}

n+ta

ES (R",|x|") = B, (R",|x])

and the fact that s + ¢ —r — ¢ < 0. e Substep 3.3: s = > and p > p,. We choose

n+a n+a n+a
O<d<r+ — — ,
p

41 P2
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which is possible by (3.17). Obviously

k +a k_ n+a

Angk 2f||L (Rn,|x|2) Akg”L (R7|x]2) Qk 2f||oo

forany k =2,3, .... As before

|Qe-2fles <ZZ”’2] A s S 21

nta_ .
pL 0
B, e Jxl)

Therefore

n+a
n+a _

B, " ®exle)’

2k

Angk_zf”L — < 2k(%“+np+2a e ) ||g~

fl

B, co(R",|x]2)

where the implicit constant is independent of k. The desired estimate follows by the em-
beddings (3.23), Lemma|3.21

n+a n+a

nte -t
Byl (R", [x]|9) = Byloo (R",[x]%)

and the fact that “# + 3¢ —r — 224 + 9 < 0. The proof is complete. O
Remark 3.37. In Theorem below, we prove that% > % — = + g IS optimal and cannot

be improved.

83



CHAPTER 4

OPTIMALITY CONDITIONS AND
APPLICATION

The aim of this chapter is shed some light upon the following question:- Which condi-
tions or assumptions on s, 1, p;, p», ¢, and g, given in the previous chapter 3 are necessary?.
When we answer this question, we found that almost all our assumptions are necessary.
Historically, A first systematic treatment of necessary conditions in the framework of Besov
and Triebel-Lizorkin spaces has been given by J.Franke [46] in 1986. In the mid-nineties,
many studies appeared in this direction by many mathematicians, for example, J.Johnsen
[58]-[59], J.Marschall [[77]-[78], W.Sickel and H.Triebel [107], see the monograph of T.Runst
and W.Sickel [98] for more details. In the rest of this chapter, we explain an application
to the continuity of pseudo-differential operators with non-regular symbols on Triebel-

Lizorkin spaces of power weights.

4.1 Optimality conditions

In this section we prove the necessity of some of our assumptions given in Section 4. Our

examples are based on [98, Chapter 5].

Theorem 4.1. LetO<p,p,, p, <00,0<q,q,,q, < 00, a>—n and s,r € R. Assume that

N n a r n a s n a
A, RY[x]9)-AL (R [x])— A (R, ]x]9). 4.1)

Then necessarily we have




Proof We will do the proof into two steps. e Step 1. We prove the necessity of
Let f,g € (R") be such that

n+a

27 14
supp,ﬂ'fc{geR”-—<|§|<—} and suppFgc{feR":=—<[{|<—}

Weputy=s—"4¢ b=r—"¢

fix)=2""f2%x) and gu(x)=2""g(2*x), keN,xeR".
Let jeNand k=6,7,.... From the support conditions of 7 f; we easily obtain
Aifi=0
if j<k—5o0rj>k—2andA,fy =0forany k =6,7,.... Lemmal3.19 leads to
A fill SAM(fi), k—5<j<k—2

npy

n+a’ n+a) Hence

for any 0 < 7 <min(1, py, p», ==

<c,

Il o <€ and [

P (R 1x1%)

Apy g (R |x]%)
where the positive constant c¢ is independent of k. We have supp.Z (fi.g;) C {€ €R" : 2F2 <
|€] < 222k}, Therefore

Ai(fi8)=0, j#k and Ai(fi8)= fi&k-

Hence for any k=6, 7, ...

_ Czk(n+a)(ﬁ+5—;—m)

||fkgk|

A3 (R, [x|2) _2 ||fkgk||L (R7,|x|9)

where the positive constant ¢ is independent of k. Assume that % +--—>—-=>0. Lettlng
k tends to infinity, which contradicts (@.I). e Step 2. We prove the necessity of - 5 S E + Z'
Define h(x)= f(27%x), x € R, k € N. We easily obtain

A]hk:() and AOhk:hk’ jGN,kEN.

85



Hence

Je nta
h = | h]| =c2tm.
” kil a3, 4 ®n)x|) kIl ®n,|x|)
Similarly, we obtain
h zkm
” k|A’ O

P2,42
where the positive constant c is independent of k. Observe that suppZ(h?) C {£ e R" :
|€] < $27}. Therefore

A(h)=0 and Ag(h})=h?, jeN.

Consequently,

k n+a

||h,§ j=c2tr,

A5 4R x]a

where ¢ > 0 is independent of k. If (4.1) holds, then

for some positive constant ¢ is independent of k. Assume that % > i + i. Letting k tends
to infinity, which contradicts (4.1). O

Theorem 4.2. Assume that (A.1). Then necessarily we have
0<psp

and
O<p<pp, Iif r=s.
In addition
n+a n+a
ZSs—
2 p
Proof. By similarity we prove (£.2). Let v e R,0< ¢t < 00 (0 < t < oo for the F-scale) and
0<u<oo. Let feSR") besuchthatsuppf c {x eR":|x;| < i, i=1,..,n}and

(4.2)

f x’f(x)dx=0 for |B|<L,
Rn
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with L large enough. Define
fl(x)=f@2'x), xeR",jeN.

Then

Af ,(R1) 2 ’

I @3

see [98| p. 144]. Let us prove that

n+a)

a2 ,  a>—n. (4.4)

(I

A 4 (R1, | x]2)

Using the atomic decomposition of A;y q(R", |x|*) spaces, see, e.g. [31] and [123]], we find
that

A

77

2|00l a1

n+a)

< 20750 (4.5)

|AA (Rn,|x|)

the opposite inequality of (4.5). Assume that —n < a < 0. Let a, >0 be such that
0=(1—-0)a+0a,, 0<O<I1.

By Holder’s inequality, (4.3) and (4.5) we obtain

q(R7,|x]9) s2 e ngjH

7

Apq(R") S ”fj f

A5 4R |x|)

Ap g R |x|e)”

This leads to (4.4) if —n < a < 0. Now, assume that ¢ > 0. Let —n < @, < 0 be such that
0=(1—-0)a+0a, 0<0<I1.

Again, By Holder’s inequality, (4.3) and (@.5) we obtain the desired estimate. Now we prove
the necessity of (4.2). Let g € Y(R")besuchthatg=1on{xeR":|x;|<1,i=1,...,n}. By
(4.5) we easily obtain

17711

5 2](r—%).

b ap (BT, x]2)
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Assume that (4.1) holds. Then

— j
||f A, (R, | x|@) - ||f A (R, x|@)
< j
s e A @i Ny, i
i
S 1L e
5 zf(r ”,,J;a)’
which yields that
2/6=5% <2150 jeN.
This completes the proof of the necessity of (4.2). O
Theorem 4.3. Assume that (&.1). Then necessarily we have
q2aq (4.6)

and

qg=q,, if r=s.

Proof. By similarity, we prove only that g = q,. Let f € (R") be such that supp.Z f c {£
R": |€| < €} where € small enough. Define

0,(x)=e'#2 N f(x), xeR" k>3.

We obtain suppZ 0, c {£ €R" : 12k —e <[&| < {25 +e}and A0, =0, if j # k, k> 3. We put

N
Oy =Zz—sk9k, NeN.

Hence
1
=cNax,

where the positive constant ¢ is independent of N. Now supp.Z (0, f) C { € R":3.2k2 <
|| < 2%} and hence

Apyqr (R |x]9)

9]
<

|6 f

A g (R7|x|2)
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Assume that (4.1) holds. Then

|6 ]

A5 4[R2 x]) NHQN A5 o (Rn|x]@) fHA

P ( (R x]r)?

P2, ‘72

which yields N T < 1. As above we deduce the necessity of (4.6). O

Theorem 4.4. Assume that [&.1). Then necessarily we have

n+a n+a
MLLLI)

s+r>max(0, » p
1 2

Proof. Firstlet us prove that s + r > 0 is necessary. Let 6, k > 3 be as in Theorem[4.3|and
wix)=e M f(x), xeR" k>=3.

We have

16l ey = €2 fleoe] =c2",

P (R x1%)

Ay gy (R, |x[7)

where the positive constant c is independent of k. Assume that (4.I) holds. Then

Using the fact that 6, w, = f? k > 3, we obtain the desired result by letting k tends to

< 2k(s+r)-

(R7,|x|e) ™

S g (R, x]a) ~ ||9’< R~ |x|?)

Pl 471( PZWZ

n+a |, nta
+ n+a
P2

manner as in [98, p. 145]. O

infinity. The proof of the necessity of s + r = — n can be obtained by the same

4.2 Application

As well known, the theory of classical pseudo-differential operators appeared in the
literature for the first time already in 1965 by Kohn and Nirenberg [62] and Hé6rmander
[54]]. The notion of pseudo-differential operators have played an important role in various
areas of mathematics and mathematical physics such as in quantum mechanics, signal
analysis, harmonic analysis and partial differential equations. Since its discovery, it has
been found to be one of the most powerful tools in attacking various problems in EDP
such as the existence and uniqueness of the boundary value problems [104], regularity of

the solutions of the EDP [54]], solvability of a general partial differential operator [91],etc.
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One of the important problems in harmonic analysis and partial differential equations
is boundedness of pseudo-differential operator on function spaces such as on Lebesgue
spaces L”, Sobolev spaces H*, Holder Spaces %°, Besov spaces B, ,» Herz-Besov spaces
K B; and others. Therefore, we find many mathematicians who studied of this operator,
for example Hormander[54] proved that the pseudo-differential operator of order m =0,

of symbol o(x, &) satisfying

)m—nlal+5\ﬁ|

6280 o(x, &)l 5 (1+1¢] (4.7)

for 0 < 6§ < n < 1, are bounded on L?, and the is true for § = n # 1. In the case
0 =1 =1, A counter-example of Ching [18] in 1972 proved that the continuity of pseudo-
differential operator on L? generally not insured. In the same year, A. Calder6n and R.
Vaillancourt have proved the L?— continuity of pseudo-differential operator having sym-
bols in S{,'fs where 0 < 6 < 1. Another result due to E. Stein, which proved the continuity of
such as operator on Sobolev spaces H* for s > 0.

In this section we apply some of our results to the continuity of pseudodifferential op-
erator on pr q(R", |x|*) spaces. We refer the reader to the monographs [90] and [119] for

further details, historical remarks and more references on pseudodifferential operators.

Definition 4.5. Let E bea Banach space of functions inR" xR". S{ (E) is the class of symbols
a satisfying
”aéﬁ“("g)”E Sep(1+ £l v eN” £eR™.

Definition 4.6. Let a be a symbol. The pseudo-differential operator Op, associated to a is
defined by

Opu(f)(i)zf eixga(x,g)ﬁf(x)dx, fesR"),EeR".
Rn

Definition 4.7. Let E be a Banach space. We say that a € 510,0 (E) is a elementary symbol if
a(x,£)=> a;(x)0;(&),
j=0

where §; € 2(R") withsupp 6, C {£ €R" : || <3}, supp 6; C {EeR":2/<|E[<3-2/}, jeN

andsupj>0||aj||E <c.
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Example 4.8. Let1 < p,q <00, a>—n ands €R. Let{p;} ey, be a partition of unity and
{a]}jeN R” |x|%), such that

<c.
B} 4(R7 | x]a)

sup ||
JjeN

Then -
a(x,8)=a(X)¢y(E)+ Y a;(x0)p(278), xEeR”,

j=1

is an elementary symbol.
Let f € %/(R") and Y € ¥ (R") be such that
suppZ 1 C{E€R" 1y <<y}, r>1.

We put
fi=yixf, y;=2"yR)), jeN,

Lemma4.9. Let0< p;,p, < 00,0< g < 00 and a = 0. Assume that

n+a n+a n+a
+m (0, +

n+a n+a)
2 P j2) '

—n)<s<min( » , »
1 2

n+a

C Byoo(R",[x|)N Loo(R") and f € F; (R",|x|*). Then

S5

Let{mj}jeNO

fl

J(Rn |x|a) (]Rn 1x]0)NL oo (RM) Ey 4(R7 |x]9)

holds.

Proof. Recall that
m]f}:Hl(m],f})+H2(m],f])+H3(m],f]), jENo.
Hence, we need only to estimate
00
ZHl(m])f])) i:]-)z)s)
=0
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in prq(R”, |x|“) spaces. Let k € N,. Observe that Ay f; #0and Qg f; #0if k— N, < j <
k+ N, and j < k + N,, respectively, where N, = |log,y] and N, = |log,3y|. Estimate of
> %2 I (m;, f;). We have

j=0
[e%) J+N N
Hl(mj,fj)ZZQi—zminfj: Z QiomjA;f;= Z Qjsn—amiAjipf
i=2 i=j—N h=—N

for some N €N, where we put A, f; =0 and Q.m; =0if 7, v <0. Therefore

k+N

D A(my, ) = D Al (my, £;)

j=0 J=k=N,

N3 N
Z Z Aj(Qrszrn—2Mpsz Dkt zn frerz)

z2=—N3 h=—N

for some N; € N. By similarity, we estimate only A (Qr_>mi A fi), k=2,3,.... Lemma|3.19
yields that

Qa1 A fil < SUPIQ2m; 1A fel 5 su§||mj||w//ttmkf), k=2,3,..
1z JENp
and

25 A Qe M Ak fi)l S 28 M (Qro i Ak fi)

< 2kssup||mj||w%t(%t(Akf)) (4.8)
J€Ny
forany 0 < ¢ <1and any k =2,3,.... In @38) we choose 0 < ¢ < min(1,2%), the £7-quasi-
norm and then the L, (R",|x|*)-quasi-norm, we obtain that
S 1
o\
H(Zzskq | A Qe A )] ),, )
P Ly, (R, |x])
with the help of Lemma[3.20} is bounded by
O 1
c sup||m; 2ska | A FI7)° =c sup||m; . .
AN [0 e R T 1
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This yields the desired estimate. Estimate of 290 I,(m i f] . This follows by the same

arguments of Theorem|3.25/ Estimate of Z o1s(m;, f;). Observe that

Apls(my, ) = D AuQiaf;Aim))
i=2

k+N
= D AdQiafiAim;)
i=k—N
= Z Ap(Qrsn—2fiDrrnm;)
h=—N
for some N € N. Hence
) k+N; N k+N
D Asmy, f)= D Alls(my, )= D > AdQun-afiDrenm;)
=0 =0 h=—nN =0

for some N, € N. We employ the same notation as in the estimation of I13( f, g) of Theorem

with p = p,. Again by similarity, we estimate

k
2% ZAk(Qk—ijAkmj)y k=2,3,..

j=0

in L,(R",|x|*)-quasi-norm and then in ¢”'-quasi-norm. Using Lemma we get

|A(Qu—a fiArm)| S M Qe fiArm;)

for any 0 < £ < 1. We choose 0 < r < min(1, ;%) and using Lemma([3.20} we obtain
\ (Lv)
ko min(1,v min(1,v)
2 (Z HAk Qr2f (Rn,|x|a)) ’
=0

is bounded by

1
min(1,v) )m
»(R7,]x]@)

ZkU(Z”Qk 2 fiArm;

et (ZIIQk Silly
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(4.9)

S sup ||Akm |
J€eNy

min(1,v) )mml 0)
u(R7,| x]@)



min(1,v) )mln (1,v)
u(R7,|x]@) ’

Ssup2¥ [ agm, 0240 T(lef;

Jj€Ny

where we used the Holder’s inequality. Let us prove the last inequality. Observe that

Q- fj(x)=2"477 J T (2y) fi(x—y)dy,  xeR",
R7

which yields that

k—2

F (2
|Qk—2fj (X)| < fj*,a(x)zn(k—z)J | 90( y)l v f;,*'u(x)
Rn

(1+27 |y |y

for any a > 7, since j < k, where

1 (x—v)l

f (x) yeR” 1+2]|y|)a

(Peetre maximal function)

and the implicit constant is independent of j and k. Using the well know estimate

a , nu
f; (X)SA(f;), 0<7T <m1n(1, n+a)'

see [112, p. 16], we obtain

| Qu—zf;

<cl|7
La@njri) S CIill pugn i

forany0< j < k and any k =2,3,.... Since 0 —r < 0, by Lemma[2.3} (£.9) in (" -quasi-norm
is bounded by

oo

1
jep P
B}, c0(R7,| x]2) (Z;z ‘Hf} u(R | x| )) '
J
Using Lemma|3.19|we obtain
i=j+N
IS LD Aif), j,NEN,0<K <L,
i=j—N

Our desired estimate follows by the application of Lemma with 0 < k < min(1, .5%)

> n+a
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and the second embeddings of (3.13). The proof is complete. O
By using the same arguments as in [83] we obtain the following.

Proposition 4.10. Lets e R,a>—-nand1 < p,q < 00. Let N € N, even and N > n. Let

ac SEO(LOO(R")) N SIOYO(B;#(R”, |x|%)). Then a allows a representation in the form

a(x,&)= f L+ "™ a, (x, ) du+A(x,8),

where A(x,&)=0 forany|&| >3,

and a,, is a elementary symbol;

2P A, 8))|

<c(a), VEeR"

By q(R7,|x]*)NLoo(R7)

a,(x,8)=> m;,(x)0,(27¢),

j=0

with
j;,)}blth” ”mivu|~B,§,,,(Rn,\x|a)nLoo(Rn) <c(a)
and
0,(8)=(2m e (1+uP) " 0(&),

where @ € C*°(R"),supp 0 C {£ e R":1<|&|<3} and”aﬂﬁunOo <c,YueR”, |/3| <SN—n—
1.

Now, we formulate the main result of this section.

Theorem 4.11. Let1< p,p;, p,,g <00 and a2 0. Assume that1 < p, < p, < 00 and

n+a n+a
+
p 15

. /n n
—n)< S <m1n(—,—).

_n +max(0,
P P

P2

n+a

Assume that a € 810,0 (L*°)N Sﬁo(Bfoo(Rn’ |x|?)). Then the pseudodifferential operator Op, is
bounded from prq(]R”, |x|%)N prq(R”) to prq(R”, |x|%)+ prq(R”).
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n+a

Proof. Leta € 510,0 (L>®°)N SRO(B,EO(R”, |x|#)). By Proposition4.10, @ can be rewritten as

a(x,§)=(2n)—"f (L+1uP) " a, (x, &) du+A(x, &),
R~

where a, is a elementary symbol. Recall that

lop.f|

Eg o(R7,| x|+ E5 (RN) = Opa inf (||g0| Es 4(R7,|x]2) + ||g1| F,{q(Rn))'

f=80t+8&1

Applying Lemmaf.9|we obtain

< . «
||Opauf| Ey R [x]a) ™ jel\?ol,ll})eR" ||m],u~ BEO(R”JXW)HLoo(R”) f| Ey 4(R7 |x]9)
<
~ ||f| ES (R | x|0)NES o (Rn)*
n+a n
Now, we have B, (R",|x|*) — B, ,;(R"), see Theorem , and
—(n+1)/2
OPaf(x)=f (1+]uP) o0u(x)f(x+u)du,
R~

where

0u(x)= (271)_"] e (I =AY A(x, &) dE.
R~

Applying Theorem we easily obtain

1O gy % s 0w S 10 e
: ESHE(HQJ Bﬁimn,umw(w)) |f||FPS'ﬂ(R”)
S ”f||F,,~iq(Rn,|x|a)ﬁF;q(R")'
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Résumé : Dans cette thése, nous présentons la continuité des
operateurs intégraux singuliers sur les espaces de Herz faibles avec des
exposants variables et sur les espaces de Herz-type Hardy faibles avec
des exposants variables. D'autre part, sous certaines hypothéses
appropriées, nous prouvons quelques plongements de la form F-B—F,
F-F—F et B-B—B, ou B et F, dénotra I'espace de Besov des poids de
puissance et I'espace de Triebel-Lizorkin des poids de puissance,
respectivement, avec une application a la continuité des operateurs
pseudo-differentiels sur les espaces de Triebel-Lizorkin des poids de
puissance, et nous avons trouvé que presque toutes nos hypothéses sont
nécessaires.

Mots-clés : Espace de Besov, espace de Triebel-Lizorkin, poids de
puissance, operateurs pseudo-differentiels, espaces de Herz-type Hardy,
espaces de Herz faibles, espaces de Herz-type Hardy faibles, atome,
operateurs intégraux singuliers.

Abstract: In this thesis we present the boundedness properties of
singular integral operators on variable weak Herz spaces and variable
weak Herz-type Hardy spaces. On the other hand, under some suitable
assumptions, we prove some embeddings of the form F-B—F, F-F—F and
B-B—B, where B and F,will denote the Besov space of power weight and
the Triebel-Lizorkin space of power weight , respectively. An application to
the continuity of pseudo-differential operators on Triebel-Lizorkin spaces
of power weights and we find almost all our assumptions are necessary.

Keywords: Besov space, Triebel-Lizorkin space, power weight,
pseudo-differential operator, Herz-type Hardy spaces, weak Herz spaces,
weak Herz-type Hardy spaces, atom, singular integral operators.
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