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Abstract

In this dissertation, we discuss several existence and uniqueness results for solutions to
nonlinear partial differential equations of Caputo fractional order, with boundary and
initial conditions in a Banach space. We use the Banach contraction principle and the

Schauder fixed-point theorem.

Keywords: Fractional partial differential equations, FDEs, Caputo derivative, fixed point,

Banach space, boundary value problem, initial value problem, existence and uniqueness.
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Notation

Ny Natural numbers {0,1,2,3,...}.
N Nonzero natural numbers {1,2,3,...}.
7 Integers {...,—3,—-2,-1,0,1,2,3,...}.
Zy Integers {...,—3,—2,—1,0}.
R Real numbers (—oo, 00) .
R, Nonnegative real numbers (0, c0) .
R* Nonzero real numbers (—oc,0) U (0, 00) .
C Complex numbers, z € C, then z = = + iy, where z,y € R,
and i? = —1.
C (J,C) The BANACH space of all continuous functions ¢ on J C R,
for which |||, = sup |¢ ()] .
neJ
r() EULER gamma function.
B (-,-)  EULER Beta function.
E, () Standard MITTAG-LEFFLER function.
E.p5(-) MITTAG-LEFELER function in two arguments, a and (.
I&e RIEMANN-LIOUVILLE fractional integral of order a.
“Dg.p  CaPUTO fractional derivative of order a.
FDE Fractional Differential Equation.
FPDE  Fractional-order’s Partial Differential Equation.
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Introduction

Un recent years, considerable interest in fractional calculus has been aroused by Fractional
partial differential equations (FPDEs) Which is a valuable tool for modeling numerous
tangible incidents that science attempts to explain and has approached more frequently. For
further reading on their use, readers can refer to the following books (Diethelm 2010 [19],
Kilbas et al. 2006 [27], Podlubny 1999 [35], Samko et al. 1993 [38]).

Exact solutions (or closed-forms) of fractional-order’s PDEs are crucial for rendering
many qualitative features of natural science processes and phenomena fathomable, where
become obtainable using various methods including the residual power series, symmetry,
spectral, Fourier transform, similarity, efc. (see [9,10,15,24,31,32,34,36,42]).

The existence and uniqueness of solutions for fractional differential equations or fractional-
order’s PDEs have been investigated in recent years. (see [7,9,10,15,27,31,32,34,42]) for
turther details. For this purpose, the technique used is to reduce the study of our problem
to the research of a fixed point of an integral operator. The obtained results are based on
some standard fixed point theorems such as Banach and Schauder [22].

The main objective of this dissertation is the study of the existence and uniqueness of
solutions of CAPUTO-type partial differential equations of fractional order, by transforming
it into differential equations of fractional order.

The originality of our work was by suggesting, studying and discussing new forms
and methods transform FPDEs to FDEs, which were represented in: Firstly, traveling
profile forms (see [11]), this method plays an important role in modeling all scientific
tields: computer science, physics, biology, medicine..., because it contributes to the study of
complex problems by transforming them into simple problems. Secondly, traveling wave
forms (see [40]), which is a special case of traveling profile forms.

This dissertation is divided into three chapters as follows

In the first chapter, we recall the basic notions related to the theory of fractional calculus
that we will need in the rest of this work such as Gamma, Beta and Mittag-Leffler functions
that play an important role in the theory of fractional differential equations, as well as the

fixed point theorems such as Banach and Schauder. Two approaches (RIEMANN-LIOUVILLE
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Introduction

and CAPUTO) to the generalization of notions of derivation will then be considered.
In the second chapter, we study the existence and uniqueness of solutions under the

traveling wave forms
w(z,t) = exp (—KZZt) ¢ (x — kt), with k € R”,

for a free boundary problem of higher-order space-fractional wave equations as follows

02w = K20%w, (z,t) € Q,
w (kt,t) = cpexp (—K%t), cy € R,
Okw (kt,t) =0, ke{l,2,...,m— 1},

where m — 1 < a < m, withm = [o] + 1 and Q = {(z,t) e R x [0,T]; xt <z < X}, for
T>0and X > |k|T.
In the third chapter, we treat and discuss some analytical studies on the existence and

uniqueness of global or blow-up solutions under the traveling profile forms

x—0b(t)
a(t)

for a free boundary problem of diffusion equations of moving fractional order as follows

w(:c,t)zc(t)gp( >,Witha(t),c(t)>0andb(t)ER,

Ow = kKOSw, (z,t) € Q, Kk € R¥,
w(b(t),t) =coc(t), co € R,
0w (b(t) 1) = 1 2, ¢ €R,
Fw(b(t),t)=0,k€2,3,...,m—1, form > 3.

Where m — 1 < a < m, withN 5 m = [a] and
Q={(z,t) eRx[0,T]; b(t) <z <a(t)+b(t)},

for any ¢ € [0, 7] and 7" may be an infinite or a finite nonnegative constant. For application
purposes, some examples of explicit solutions are provided to demonstrate the usefulness

of our main results.
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CHAPTER 1

PRELIMINARIES AND BACKGROUND

MATERIALS

%his chapter will be devoted to the primary definitions and basic concepts related to
fractional calculus such as the EULER Gamma, Beta and MITTAG-LEFFLER functions.
In addition to that, it will also present other elements of functional analysis, such as the
fractional derivation, fractional integration, relative definitions of operators of fractional
order, among others, which will all be at the core of this work.

Throughout the rest of this chapter, we give m € N and « > 0, be sach that m = [a] + 1.

1.1 Special Functions of the Fractional Calculus

In this section, we present the functions EULER gamma, Beta and MITTAG-LEFFLER. These

functions play an important role in the theory of fractional calculus and its applications.

Euler Gamma Function

One of the basic functions of fractional calculus is EULER Gamma function I" (o) which
naturally extends the factorial to nonnegative real numbers (and even to complex numbers

with nonnegative real parts Re(«)).
Definition 1.1 ( [27]). The EULER gamma function I' (o) defined by
[(a)= / T etgarlge, (1.1)
0

this integral is convergent for all « > 0, with I (1) = 1, ' (07) = +o0 and I" («) is a monotonous

and strictly decreasing function for 0 < o < 1.

An important property of the EULER gamma function I' («) is the following recurrence relation

['a+1)=al (o). (1.2)

Amel Zarouk_ 3 University Mohamed Boudiaf of M sila



1.1. Special Functions of the Fractional Calculus

Beta Function

It is one of the basic functions of fractional calculus. This function plays an important

role when combined with the Gamma function.

Definition 1.2 ( [27]). The Beta function is a type of EULER integral defined by

1
B(p,q) = /0 & (1-9)" " dg, pg e C\Zy, (1.3)
the Beta function is related to the Gamma function by the following relation

I'(p)T (q) (14)

Blp.a) = L'(p+q)

Mittag-Leffler Function

The MITTAG-LEFFLER function is an important function that is widely used in the field of
fractional calculus. Just as the exponential naturally arises out of the solution to integer
order differential equations, the MITTAG-LEFFLER function plays an analogous role in the
solution of non-integer order differential equations. The generalization of the single-
parameter exponential function has been introduced by G. M. MITTAG-LEFFLER and is

designated by the following definition

Definition 1.3 ( [27]). The standard definition of the MITTAG-LEFFLER function is given by

400 ’T]k
E.(n) = %T(TH) a >0, (1.5)

It is also common to represent the MITTAG-LEFFLER function in two arquments, o and [3. Such that

400 k

T
Eazﬂ (77) - kZ:% T (ak + 6)7 aaﬂ > 0. (16)

The last relation is the more generalized form of the function. For = 1, we find (1.5).

Example 1.1. From the relation (1.6), we find that

+o0 k +oo k

n n
E = —_— —_—= n
1,1 (77) kzzg]r(k—i-l) ,;)k' €,
400 k +oo k +oo k+1
n n 1 n 1
Eis(n) = Y = = - =—(e—1).
1.2 () ;}r(/ﬂm) kz:()(kﬂ)! n = (k+1)! n( )
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1.2. Elements From Fractional Calculus Theory

1.2 Elements From Fractional Calculus Theory

The purpose of this part is to introduce the two most important approaches to fractional
calculus: in the sense of RIEMANN-LIOUVILLE and in the sense of CAPUTO, including some of
their properties as well as the relationship between these two approaches. The majority of
the definitions in this section are taken from [27] and [35], which we refer to for a thorough

analysis of the subject.

Riemann-Liouville Fractional Integrals

Definition 1.4 (Left-sided Riemann-Liouville fractional integral [27]). The left-sided RIEMANN-

LIOUVILLE fractional integral of order o of a continuous function ¢ : [0, ¢] — R is given by

1

Lo () =gy f) (1= e @ dg e 0.0, (17)

' («) is the Euler gamma function (1.1).

Example 1.2. If 5 > —1, then
1 Y]
(0% B — _ a—1 ﬁ

by making the change of variable £ = nz, then (1.8) becomes

Tt = o [ =2 () nd

I'(a) Jo
UCH’ﬁ /1 a1 _g

= 1— d
I'(a) Jo (1-2)" A
nth /1 a—1 _f4+1-1

= 1— d
T Jo (1—2)"""2 z,

using the Beta function definition (1.3) then the relationship (1.4), we arrive at

a, B naJr,B o

I =t BB+
T ()T (B+1)
I'(a) T(a+B+1)
rpg+1)

_ a+pB
T Ta+8+D" (19)

In particular, the relationship (1.9) shows that the fractional integral in the sense of RIEMANN-

LIOUVILLE of ordre « of a constant is given by

o c e
0+C = m?’] s C' = const.
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1.2. Elements From Fractional Calculus Theory

Property 1.1 ( [27]). Let o, 8 > 0, for any function o € L' ([0, ] ,R) and ¢ > 0 we have
STy () = To 0 (n) = Ty, (T80 (),

for almost everything n € [0, £]. If more p € C'([0,¢],R), then this identity is true ¥n € [0, ).

Riemann-Liouville Fractional Derivatives

Definition 1.5 (Left-sided Riemann-Liouville fractional derivative [27]). The left-sided
RIEMANN-LIOUVILLE fractional derivative of order « of a continuous function ¢ : [0,¢] — R is

given by

o w, for a=m € Ny,
RLD 80(77) { 77 Em a—1
s I e (E) €, form —1 <a <méeN,

(m—a)
Example 1.3 (Constant Function).

W =

RL "
D= r'i1l-aw

# 0, C = const.

Example 1.4 (Power Fonction). Let § > m — 1 and € R, then

L(B+1)n"
RLDa Gl . )
e YEEPE

Caputo Fractional Derivatives

Definition 1.6 (Left-sided Caputo fractional derivative [27]). The left-sided CAPUTO fractional
derivative of order o of a function ¢ : [0, (] — R is given by

dm—,f,fora:meNo,
“Diip (n) = { ¢

1_a)f67(77—§)m i ldi;gm d¢, form—1<a<meN.

(1.10)

Property 1.2 ( [27]). Let the functions ¢ and v such as D, p and “Dg, ) exist. CAPUTO

fractional derivation is a linear operator
“Dge (Mg +1) (n) = A “Dgrp (n) + Do (n) , AER.
Property 1.3 ([35]). Let the function o be such that Dy, p exists, then
“Dg D™ (n) = “Di™e (n) # D™ D (n) -
Lemma 1.1 ([27,35]). Assume that “Dg, ¢ € C ([0,¢],R), for all o, then

m—1 (k)
0" (0)
> "

YA DO+90() @ (n) — m—1<a<meN.

k=0
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1.2. Elements From Fractional Calculus Theory

Example 1.5 (Constant Function). The following example is one of the advantages of the CAPUTO

derivative over the RIEMANN-LIOUVILLE derivative (see [35]).
Cpe.C =0, C = const
o+ - Y - ‘

In fact, applying the definition of the CapuTO derivative (1.10) and since the m" deriva-

tive of a constant C' equals 0 it follows
CpgC—— 1 [l m—gmetac=o
> I'(m—a)Jo

Example 1.6 (Power Fonction). We have

(67 (63 F + 1 —Q
“Dyin’ = HDg :F(ﬂ(foﬁ—)l)nﬁ ,m—1<peR.
In fact, let 3 > m — 1land € R.
The direct way reads
1
C — S B __ s\ym—a-1
Dy’ = - )t/ (&)™ - de
B +1)

- B—m _ \m—a—1

and using the substitution { = zn, 0 < 2z <1

«@ r P (6 + 1) n —m m—a—1
R ) (= WHJ)/<wW (1= 2)m)™ " ndz

I'(B+1)n° . ym-a-l
T T(m-a)D(B- m—l—l/ e “7
r(B+1)n"
— I‘(m—a)F(ﬁ—m+1)B(ﬁ_m+1’m_a)
L(B+1)n—= F(B-—m+1)T(m-a)
F'(m—a)T(8—m+1) 'g—a+1)
rB+1)n"
r—-—a+1)

Example 1.7 (Exponential Fonction). Let 3 € C. Then the CAPUTO fractional derivative of the

exponential function has the form

CD8‘+65” = """ El p—at1 (67) -

Amel Zarouk_ 7 University Mohamed Boudiaf of M sila



1.2. Elements From Fractional Calculus Theory

In fact;

CDS+ ePn

LetéE=2n,0<2<1

CDS‘+ ePn

00 k
— CD3+ Z (5]:;7‘)
k=0
_ 1 1 (& (B8)°
B F(m—a)/o <,;) k!
Bm+k€k

7/02

k=0

_m
L{m — o) =
Bm [ee) Bk AT
F(m—oz)kz:%ﬁn :
0o 5]{),’7’6
2

k=0

© ()"

oogk;
K

5mnm7a
L'(m—
anm_a

a)

F(m—a);:%k!/o gk(n_

T (k+1)T (m

(m)
) (n—&)m " dg
. é)m—a—l d§

g)mfafl df

. k m—a—1
| Gt = ey e
. 1
/ =2 dz
0

B(k+1,m—«)

— )

Zk!

['(m—a) iz

(Bn)"*

I'm+k—a+1)

ﬁmmaz

Example 1.8 (Sine function). Let z € C. Then

I
DS, sin zn = _ii (i2)

m_m—«

n

(El,m—a—I—l (ZZT’) i1

Fm+k—a+1)

(=1)"™ Bym-a+1 (—i27)) .

In fact, the following representation of the sine function used

el — e~

siné = 5

, £eC.

Now, using the linearity property of the CAPUTO fractional derivative and formula for the

exponential function it can be shown that

“Dg, sin zn
1
2

c ,Dg‘*'

1

—5i )"

el#n _ pizn
21

(CD8+ eizn . CD6y+efizn>

(El,m—oH—l (ZZT’) -

1 : m _m—o ; ; m m-—a« :
5 ()™ 0" By (izn) = (=izn)™ " By (i)

(_l)m Eim—at1 (—izﬁ)) .
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1.3. Caputo Fractional Order’s PDEs

Example 1.9 (Cosine function). Let z € C. Then
1 - m m—o . m .
CD3+ COS 27) = 2 (12)"n (B m—as1 (i2n) + (=1)" By _aq1 (—i2m)) -

In fact, the following representation of the cosine function used

el + e~

;— E€C.

cosé =

Now, using the linearity property of the CAPUTO fractional derivative and formula for the

exponential function it can be shown that

eizn _ e—izn

“Dg, coszn = 9Dy 5
- ; ((izﬁ)m N Bl m—a+t1 (120) + (—i20)" 1" E1 m_at1 (—izn))
= ; (i2n)" " (Eim—as1 (i20) + (1) Bl m—as1 (—iz7)) .

Relation Between Riemann-Liouville and Caputo Derivatives

If o ¢ Ny and ¢ is a function for which the CAPUTO fractional derivatives D, o of
order « exist together with the RIEMANN-LIOUVILLE fractional derivatives #2Dg, ¢, then, in

accordance with (1.7), they are connected with each other through the following relations

m—1 (k)
“Diep () = Do) ~ 2wy
k=0
then

°Dep(n) = DG (), if 9 (0) = ¢ (0) = -+ = ™ (0) = 0.

1.3 Caputo Fractional Order’s PDEs

Partial differential equations (PDEs) with fractional order have recently become a
valuable tool for modeling numerous tangible incidents that science attempts to explain
and have approached more frequently in recent years. Their application spans studies of
vibration and control, signal and image processing, and modeling earthquakes, among
others (Diethelm 2010 [19], Kilbas et al. 2006 [27], Podlubny 1999 [35], Samko et al. 1993
[38]).

Exact solutions of fractional-order’s PDEs are crucial for rendering many qualitative

features of natural science processes and phenomena fathomable, where become obtainable
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1.4. Difterent Solution Forms For Caputo FPDEs

using various methods including the residual power series, symmetry, spectral, Fourier
transform, similarity, etc. (For more details see [1,2,16,18,29,41,44]).
What is a CAPUTO fractional-order’s partial differential equation?

To answer this question, we present the following two definitions.

Definition 1.7 (Caputo FDEs). CAPUTO fractional differential equations is a relationship of the
type

Do (n) = f (.9, “Dit . “Dito , °Ditp .. ), (1.11)
where the variable n € R, and the fractional derivatives of order oy, oz, i, . . . of the unknown

function ¢ at the point . With o > o1 > g > ... > 0.

Definition 1.8 (Caputo FPDEs). CAPUTO fractional order’s partial differential equations are space
or time fractional Defined by the following relation

Ofw=F (:r:l,xg, cetw, (A w, 2w 8“%}...) s> > ap > ... >0, (1.12)

s Y -

where (—A)™" defines the fractional Laplacian operator [28] and the symbol 0%w is the CAPUTO
left-sided fractional derivative of order o.. With

0w 0™ w
or 07w = Ofw = I{)”_"‘—atm ,

Ow=0w=1L""
* Ty a am:n

where w = w (x,t) is a scalar function of the time t > 0 and space variables x € (a,b)" , and a,b

may be finite constants or infinitie.

1.4 Different Solution Forms For Caputo FPDEs

Sometimes to prove that the FPDEs accept at least one or only one solution, the FPDEs
are converted into an FDEs of form and then the solution of the form is said to be the
solution of the given FPDEs.

What are the methods available to convert FPDEs into a form FDEs?

To answer this question, we present the following ways

Traveling wave Solutions

Traveling wave solution is important in application because it allows modeling the
dynamics of many problems in physics, chemistry, engineering, medicine, economics,

control theory, etc. We propose solutions in "Traveling wave" form for FPDEs as follows

w(z,t) =exp(a(t))p(n), withn =z — kt, and k € R*, (1.13)

Amel Zarouk_ 10 University Mohamed Boudiaf of M sila



1.4. Difterent Solution Forms For Caputo FPDEs

the function « (¢) depends on time ¢, and the basic profile ¢ are not known in advance and

are to be identified.

Example 1.10. Let k € R* and a (t) = —k*t, we consider the space-fractional wave equations of
higher order as follows
Pw 0%
— = 1.14
o~ " dxe (1.19)

then the transformation (1.13) reduces the partial differential equation of space-fractional order
(1.14) to the fractional differential equation of the form

“Dyip(n) = w20 () + 269" (n) + " (n), (1.15)

For more details about using the method “traveling wave” to convert FPDEs (1.14) into a form

FDEs (1.15), see page 15 in chapter two.

Traveling Profile Solutions

Traveling profile solutions (see [11]), plays an important role in modeling all scientific
tields: computer science, physics, biology, medicine... Because it contributes to the study of
complex problems by transforming them into simple problems. We suggest finding the

solution for FPDEs in the following "traveling profile" form

x—0b(t)
a(t)

The functions a (t), b (t) and ¢ (t) depends on time ¢ and the basic profile ¢ are not known

w(z,t)=c(t)p(n), withn = , where a (t) > 0. (1.16)

in advance and are to be identified.

Example 1.11. Let « € R*, we consider a diffusion equation of moving fractional order as follows

Ow 0%w

then the transformation (1.16) reduces the partial differential equation of space-fractional order
(1.17) to the fractional differential equation of the form

Dy (n) = ap (n) + (Bn+7) ¢ (n). (1.18)

For more details about using the method "traveling profile” to convert FPDEs (1.17) into a form
FDEs (1.18), see page 26 in chapter Three.
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1.5. Fixed Point Theorems

1.5 Fixed Point Theorems

In the remainder of this section, we introduce the notations, definitions and theorems

necessary for this study.

Definition 1.9 (Equicontinuous [4]). Let E be a BANACH space. A part P in C (E) is called

equicontinuous if
Ve>0,30>0,Vn,p € E,VAEP, |l —nf <d= || A(m) —Anp)|| <e.

Theorem 1.1 (Ascoli-Arzela [22]). Let E be a compact space and P in C (E). If A(P) is an

equicontinuous, bounded subset of C' (E) , then A is relatively compact.

Definition 1.10 ( [22]). Let E be any space and A a map of E, or of a subset of I, into E.
- The map A is called a contraction mapping if there exists k € (0, 1) such that

Vo, o1 € B, | Ap — Api|| <kl — -
- A point ¢ € E is called a fixed point for A if Ap = .

Theorem 1.2 (Banach’s fixed point [22]). Let P be a non-empty closed subset of a BANACH space
E, then any contraction mapping A of P into itself has a unique fixed point.

Theorem 1.3 (Schauder’s fixed point [22]). Let E be a BANACH space, and P be a closed, convex
and nonempty subset of E. Let A : P — P be a continuous mapping such that A (P) is a relatively
compact subset of E. Then A has at least one fixed point in P.
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CHAPTER 2

HIGHER ORDER SPACE FRACTIONAL
WAVE EQUATIONS

%he results presented in this chapter are based on and provide a detailed exposition
of those established in [21].

2.1 Introduction

This chapter investigates the problem of existence and uniqueness of solutions under

the traveling wave forms
w(z,t) = exp (—KJQt) ¢ (x — kt), with kK € R*, (2.1)

for a free boundary problem of higher-order space-fractional wave equations as follows

OPw=rw, kER*, m—1<a<meNy—{0,1,2}, (2.2)
with
N olw, a=m € Ny,
Ow (x,t) = . N PPt
Tona) Jut (T — 7) smw (T, t)dr, m—1<a<meN.

It does so by applying the properties of Schauder’s and Banach’s fixed point theorems.
Where the basic profile ¢ are not known in advance and are to be identified and

w = w (z,t) is a scalar function of a space and time variables (z,t) € Q with
Q={(z,t) e Rx[0,T]; kit <z < X}, forT >0and X > |k|T.

The higher-order space-fractional wave equation (2.2) becomes the wave equation for
a = 2 and the fourth-order wave equation for o = 4, (see [43]). This was, with a second

member, the first model of surface waves in shallow water that takes into consideration
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2.2. Analysis of the Obtained Results

the balance between the nonlinearity and dispersion, thus, keeping the wave’s shape; it is
properly termed currently the ‘Boussinesq paradigm with a second member. This balance
bears solitary waves that behave like quasi-particles, these waves behave as particles called
Solitons. This concept can be crucial for the interpretation of the dualism wave-particle in
physics.

This method permits us to reduce the fractional-order’s PDE (2.2) to a fractional differ-
ential equation. This approach (2.1) is very promising and can also bring novel results for
other applications in fractional-order’s PDEs.

Throughout the rest of this chapter, we have m > 3 is a natural number and

m—1<a<m,T>0and X > |s|T for some xk € R*,

(2.3)
and J = [0,/] with ¢ = X + |x|T.

2.2 Analysis of the Obtained Results

Statement of the Free Boundary Problem

In this part, we first attempt to find the equivalent approximation to the following free

boundary problem of the higher-order space-fractional wave equation

2w = K20%w, (x,t) € Q,
w(kt, t) = cpexp (—k%t), cy € R, (2.4)
Okw (kt,t) = 0, ke{l,2,...,m—1},

under the traveling wave form
w(z,t) = exp (—5215) ¢ (n), withn =z — kt . (2.5)

Principal Theoretical Results

Now, we give the principal theorems of this work.
Theorem 2.1. Let o, k, T, X € R, be the real constants given by (2.3). If
(X + [ T)* 7 [a (2 (X + |6|T) [ + 0 — 1) + 52 (X + |5 T)*] < T (a+1), (2.6)
then the problem (2.4) has at least one solution in the traveling wave form (2.5).
Theorem 2.2. Let o, k, T, X € R, be the real constants given by (2.3). If

T(a+1)>a(X +]|sT)* 22X+ |k T) |6 +a—1)
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2.3. Compute of Traveling Wave Solutions

and
w2 (X |w| T)"

Tlatl)—a(X+r T 2R+ HT) | +a-1)

then the problem (2.4) admits a unique solution in the traveling wave form (2.5).

1, (2.7)

2.3 Compute of Traveling Wave Solutions

First, we should deduce the equation satisfied by the function ¢ in (2.5) and used for

the definition of traveling wave solutions.

Theorem 2.3. The transformation (2.5) reduces the partial differential equation problem of space-
fractional order (2.4) to the fractional differential equation of the form

Do (n)=g(n), n€J, (2.8)

where

with the conditions
©(0) = coand o™ (0) =0, fork € {1,2,...,m —1}. (2.9

Proof. The fractional equation resulting from the substitution of expression (2.5) in the
original fractional-order’s PDE (2.4), should be reduced to the standard bilinear functional
equation (see [36]).

First, for n = v — xt, we getn € J and

0w = exp (—H,Qt) g (), (2.10)

with
g(n) = k>0 (n)+ 260" (n) +¢" (1) .

In another way, for { = 7 — xt, we get

o 1 x mea_1 O"w (T,1)
8IW_F(m—04)/me (@=7) orm ar
I T PR L ),
- T'(m—a) /nt (@ —7) arm ar
_ &Xp (_K2t> K m—a—1 d™
—F(m_&)/0 (=€) T (€)de
= exp (—/@215) ‘Do (n) . (2.17)
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2.4. Existence and Uniqueness Results

If we replace (2.10) and (2.11) in the first equation of (2.4), we get

“Dyp(n)=g(n).

From the conditions in (2.4), we find for each k € {1,...,m — 1} that

w(kt,t) = exp (—m2t> @ (Kt — Kt) = exp (—/{215) ¢ (0),
OFw (kt,t) = exp (—m2t> ©®) (Kt — Kt) = exp (—/{2t) o™ (0),

which implies that
©(0) =coand ™ (0) =0, fork € {1,2,...,m —1}.

The proof is complete. O

2.4 Existence and Uniqueness Results

In what follows, we present some significant lemmas to show the principal theorems.

Lemma 2.1. The problem (2.8)—(2.9) is equivalent to the integral equation

1

P =cot gy [ =0 g€)de, e ]

where g € C (J,R) satisfies the functional equation
g(m) = #" (co+Zgrg () + ¥ (9 (),
with ¢ : R — R is a function satisfying
V(g (m) = 26Zg g (n) + I %g ().
Proof. Using Theorem 2.3, and applying Z, to the equation (2.8), we obtain
I5. “Divep () =I5eg (1)

From Lemma 1.1, we simply find

a Cpa el QO(k) (0) k
Ig- D) =9 () = X ==, m—l<a<meN
k=0 :
Substituting (2.9) gives us
@ (n) =co+Zyg(n). (2.12)
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2.4. Existence and Uniqueness Results

As p
¢ (n) = o (co+ I g (n) = L5 g (n)
and
d2 « a—2
©" () = e (co+Zgvg (n) = L5 g (n)
then

g(n) = s +2k¢ () +¢" ()
= 1% (co+ I8 (n) + 265 g (n) + T g (n)
= & (co+ZIgeg(n) +¢ (g (m))-

Otherwise, starting by applying “Dg, on both sides of the equation (2.12) and using
the linearity of Caputo’s derivative and the fact that “Dg,.co = 0, we find easily (2.8).

Furthermore;
p(0) = (co+Zgrg) (0) = co
o®(0) = Igfkg(()) =0, forany k € {1,2,...,m — 1} .
The proof is complete. O

Theorem 2.4. If we put
o7 la (2K + o = 1) + K202 < T (e +1), (2.13)
then the problem (2.8)—(2.9) has at least one solution on J.

Proof. To begin the proof, we will transform the problem (2.8)—(2.9) into a fixed point

problem. Let us define

Aul) = &+ g5 [ 1= a0 e .19
where
g(n)=r*un) +v(gm), neJ,
with

v (g (n) = 26Z5 g () + Z5 %9 () -
We first notice that if ¢ € C'(J,R), then Au is indeed continuous (see the step 1 in this
proof); therefore, it is an element of C' (J,R) , and is equipped with the standard norm

[ Aul|, = sup [Au ()| .
nedJ

Clearly, the fixed points of A are solutions of the problem (2.8)—(2.9).
We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem

(see [22]). This could be proved through three steps.
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2.4. Existence and Uniqueness Results

Step 1: A is a continuous operator.

Let (uy),cy, be a real sequence such that Aim u, =uin ¢ (J,R). Then Vn € J,

Aun ) = Au )] < [ g €~ g (9 @15
where
{gumzn%um+wwam»
g(n) =r*u(n)+v(gn)
We have

(g (M) =g (] = |12 (un () = w (1)) + ¢ (g0 (n)) =¥ (9 ()

< 2l — ul, + 21l [ 22 (g0 () — g ()] + |Z22 (g () — 9 ()]
As
Tt e -a )| < g [ = Ol (€) - g (€)]
< & gl
= gk U
and
2w =90 < sy [ =0 e ©) -0l
< . 8
= Wl-1 "
72 (a— 1)
< W”Qn_QHmV
Then we get
190 = gl < 2 = ull + L= g, g

According to (2.13), we have I (o) — 0“2 (20 || + o — 1) > "‘i% > 0, thus

2
lon — gll. < w1 {a)
T (o) =072 (20 |k|+a—1)

[un = ullo -

Since u,, — u, we get g,, = g when n — oo.

Now, let it > 0 be such that for each n € J, we get

lgn (M| < 1, g ()] < e
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2.4. Existence and Uniqueness Results

Then, we have

(n;(i))a 92 () — g ()| < (771:(2)& [lgn (M + lg (]
20 o1
< F(Oz) ("7_5) :

For each n € J, the function £ — % (n—&)*"is integrable on [0, 7], then the

Lebesgue dominated convergence theorem and (2.15) imply that
|Au, (n) — Au (n)] — 0asn — oo,

and hence

lim || Au, — Aul|_, = 0.
n—oo
Consequently, A is continuous.

Step 2: According to (2.13), we put the nonnegative real

K20~
> |1
T_< +F(a+1)—€0‘—2[a(2€|m|—I—a—l)—i—/#éz])|CO|

and define the subset H as follows
H={ueC(JR):|u|l,<r}.

It is clear that H is a bounded, closed and convex subset of C' (J,R) .
Let A: H — C (J,R) be the integral operator defined by (2.14), then A (H) C H.
Indeed, we have for eachn € J

lg (] = | () + 2 (g (0))
o220 |kl + o — 1)

<R+ =gy Mol

According to (2.13), we get T’ () — (*7%(2¢ |k| + a — 1) > 0 and

gl < <1 (a)
T T(a) = o2 (20 |k| +a—1)
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2.4. Existence and Uniqueness Results

Then
Au ()] < ! o1 d
A ()] < Jeol + gy [ =" g ©)]de
K2 n o1
< _
- ‘COH_F(a)—E“2(26\%\—1—04—1)/0 (n—=&)"dg
C 2y
< feol + () — 02220 |k|+a—1)
< | |+ K2£a
SO TG ) — a2 (2l +a—1)

H2ga
< o (1 = F(a+1)—€a*2[a(2€|n|+a—1)+52€2})
1+ K20

T(a+1)—£e—2[a(2l]k]|+a—1)+Kr22]
B K2
r
IM'a+1)—ale=2 (20|l +a—1)

<r.

Then A(H) C H.

Step 3: A (H) is equicontinuous.

Letny,ne € J,m1 < me,and u € H. Then

m

[Au (n2) = Au(m)| = w7

(=" = (m—&*") g(©)|de
+—IW<‘[72<n2-s>“1|g<5>|d5

2

CE ”“‘2?22 k| +a—1) [/077 (2= €)"" =
(m — f)a—1’ d¢ + /7:2 (s — €)1 d{} '
We have
(=€) = (= ! =~ el = 9 = (- 7]
then

/771
0

we have also

[ =7 b = =2 (m = O < ¢ (=)

«

Then (2.16) gives us

K27 (2 (g — ) + (05 — 7))
|.Au (772) — Au (771)| < F(Oz T 1) — o2 (2€|/<;| Ta— 1)'

/Om (2 — )" g (&) dE — /0 (m -9 "g (9 df’

(2.16)
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2.4. Existence and Uniqueness Results

As n; — 12, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 3, and by means of the Ascoli-Arzela theorem, we deduce
that A : H — H is continuous, A (H) is relatively compact and satisfies the assumption of
Schauder’s fixed point theorem [22]. Then A has a fixed point which is a solution of the

problem (2.8)—(2.9) on J. The proof is complete. O

Theorem 2.5. Ifwe put T (o + 1) > al® 2 (20 |x| + a — 1) and

K20

F(a+1)—ale=2(20|5|+a—1)

iy (2.17)

then the problem (2.8)—~(2.9) admits a unique solution on J.

Proof. In the previous Theorem 2.4, we transformed the problem (2.8)—(2.9) into a fixed
point problem (2.14).
Let uy,us € C (J,R), then

i o1
Auy (1) = Auz (1) = g [ 0197 (91(€) = 92 () e
Where
gi (n) = K*us (n) + 4 (9: (n)),
¥ (9: (n)) = 26T5" gu () + L5 s (n) , for i =1,2.
Also
A 1) = a0 = |5 [ 0= €7 (00 = 2 0) g
< ra f -9 I © - m O] de @.18)
We have

lgr — golle < 52 un — walloo + 21l [Z55 (91 () — g2 ()] + |Z57% (91 (0) — 92 ()|
o1 72 (a—1)

< K2 w 2k —— — L -/ —
2|k| 7 40272 (a— 1
< Rl -l + P gy - g
2 |k| o=t 4 o2 (o — 1)\ "

< i -

up — ug| . -
= T(a) =22k +a—1) """ e

From (2.18) we find
K20

||.AU1 - .AUQH

< - .
© = T(a+1)—ale-2(20|x[+a—1) Jug — gl
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2.5. Proof of Principal Theorems

This implies that by (2.17), A is a contraction operator.
As a consequence Banach’s contraction principle (see [22]), we deduce that A has a
unique fixed point which is the unique solution of the problem (2.8)—(2.9) on J. The proof

is complete. O

2.5 Proof of Principal Theorems

In this part, we prove the existence and uniqueness of solutions of the following free

boundary problem of the higher-order space-fractional wave equation

2w = K20%w, (x,t) € Q,
w(kt, t) = copexp (—K%t), ¢y € R, (2.19)
Okw (kt,t) = 0, ke{l,2,...,m—1},

under the traveling wave form
w(z,t) = exp (—Fdzt) ¢ (n), withn =z — kt. (2.20)

Proof of Theorem 2.1
The transformation (2.20) reduces the problem of the higher-order space-fractional wave

equation (2.19) to the fractional differential equation of the form

“Dyp(n)=g(n), (2.21)

where

with the conditions
©(0) = coand ™ (0) =0, fork € {1,2,...,m —1}. (2.22)
From (2.3) we get ¢ = X + |s| T', then the condition (2.6)
R2(X + 6] D) +a(X + 6| T)* 22X + |&|T) k| +a—1) <T(a+1),

becomes
K2+l (20 |5 +a —1) < T (a+1),

which is the condition (2.13).
We already proved the existence of a solution of the problem (2.21)—(2.22) in Theorem
2.4, provided that (2.13) holds true. Consequently, if (2.6) holds, then there exists at least
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2.5. Proof of Principal Theorems

one solution of the problem of the higher-order space-fractional wave equation (2.19) under
the traveling wave form (2.20). The proof is complete.

Proof of Theorem 2.2

Based on Theorem 2.5, we use the same steps through which we proved Theorem 2.1
to prove the existence and uniqueness of a traveling wave solution to the problem (2.19),

provided that the condition (2.7) holds true. The proof is complete.
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CHAPTER 3

GLOBAL EXISTENCE AND BLOW-UP OF
SOLUTIONS FOR FRACTIONAL
DIFFUSION EQUATIONS

%he results presented in this chapter are based on and provide a detailed exposition
of those established in [20].

3.1 Introduction

This chapter particularly addresses and discusses some analytical studies on the exis-
tence and uniqueness of global or blow-up solutions under the traveling profile forms for a

free boundary problem of diffusion equations of moving fractional order as follows
Ow=rOgw, kER*, m—1<a<meN;—{0,1}, (3.1)

where dfw = Zj{/*0;'w, with b is a real function of time ¢. Also w = w (z,1) is a scalar

function of a space and time variables (z,t) € Q with
Q={(z,t) eRx[0,T]; b(t) Sz <a(t)+b(t)},

a(t) > 0forany t € [0,7] and 7" may be an infinite or a finite nonnegative constant.

It does so by applying the properties of Banach'’s fixed point theorem.

The equation (3.1) becomes the transport equation for o = 1 and the linear dispersive
equations of Airy type for o = 3.

Therefore, for m = 2, the space-fractional diffusion equation (3.1) becomes a space-
fractional heat equation, in which the existence problems of its self-similar solutions and
its scale-invariant solutions have been discussed in [9,15,31].

Our main goal in this work is to determine the existence, uniqueness and main properties

of the global or blow-up solution in time of the fractional-order’s PDE (3.1), under the
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3.2. Analysis of the Obtained Results

traveling profile form (see [11,45]), which is

w(z,t)=c(t)y (m a_(lz)f;t)

the functions a (¢) , b (t) and ¢ (¢) depend on time ¢ and the basic profile ¢ are not known in

) , withe(t), a(t) >0and b(t) € R, (3.2)

advance and are to be identified.
This method permits us to reduce the fractional-order’s PDE (3.1) to a fractional differ-
ential equation; the idea is well illustrated with examples in our chapter. This approach

(3.2) is very promising and can also bring new results for other applications in FPDEs.

3.2 Analysis of the Obtained Results

Throughout the rest of this paper, we have J = [0, 1] and m — 1 < a < m, withm > 2
is a natural number, x € R* and A, 3,7, ¢y, c; € R. Also the functions a (¢), b (t) and ¢ (t)
depend on time ¢ given by (3.2).

Statement of the Free Boundary Problem

In this part, we first attempt to find the equivalent approximate to the following free

boundary problem of the diffusion equation of moving fractional order

Ow = kOJw, (z,t) € Q, Kk € R*,
b(t),t) = coc(t), €R,
w (b (t) 1) = coc )t o (3.3)
0w (b(t),1) = a1 58, ¢ €R,
Okw(b(t),t)=0,k=23,....,m—1, form >3,
under the traveling profile form
—b(t
oant) =0 o), withn = =20 34

where

Principal Theoretical Results

Now, we give the principal theorem of this work.

Theorem 3.1. Let a (t), b (t) and c (t) be three real functions of time t, given by the traveling profile
form (3.4). If we put forall t € (0,T)

(la @]+ [p®)]) a** (1) < |5|T ()
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3.3. Compute of Traveling Profile Solutions

and

a* (1) Je (1) 3
5T (@) = (la (®)] + |b(£)]) a==" (1)
then the problem (3.3) admits a unique solution in the traveling profile form (3.4), which is global in

ac(t), (3.5

time when a (t) > 0, and it blows up in a finite time

a' = (t)

aa(t)

O<t<T=— when a (t) < 0and ¢ (t) > 0.

3.3 Compute of Traveling Profile Solutions

We should first deduce the equation satisfied by the function ¢ in (3.4) and used for the

definition of traveling profile solutions.

Theorem 3.2. The transformation (3.4) reduces the partial differential equation problem of space-
fractional order (3.3) to the fractional differential equation of the form

Dgo(m) =gm),neJ, (3.6)
where

gm) =X o)+ Bn+v)¢ ),

with the conditions

0 (0) =co, ¢ (0) = cq, foranym > 2, (3.7)
e® (0)=0, k=2,3,...,m—1, form > 3, '
"X ) () ) b
(N B,y) = N (C(t),—a(t),—a(t)>,fOYSOme/\,ﬂ,’VER- (3.8)

Proof. The fractional equation resulting from the substitution of expression (3.4) in the

original fractional-order’s PDE (3.3), should be reduced to the standard bilinear functional

equation (see [11]). First, for n = ma_(i()t), we getn € J and
' b
0w (2,1) = €09 1) = ¢(€) e (1) = ¢ (0) 7 01 ). 69)

In another way, we get for a (t) £ = 7 — b (¢) that

kOjw (2,1) = KL " 0y'w (2, 1)

mladm T—0b(t)
/b z=7) dTm(p< a(t) )dT

= ic () a™* () “Divep () - (3.10)
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3.4. Existence and Uniqueness Results of the Basic Profile

If we replace (3.9) and (3.10) in the first equation of (3.3), we get

a:(t) (289@ (n) — Zg;ns&’ (n) — DM (n))

= e () +Bn+)¢ ()
= g(n).

“Dso(n) =

From the conditions in (3.3), we find for each k € {1,...,m — 1} that

w(b(t).1) = c<t>so(b<”‘b“>) — o (0)c (),
O (b (6),) — C(t))(p(k) (b(t) 3 b(t)> — »® (0) c(t)

which implies that

© (0) = ¢o, ¢ (0) = ¢, and ™ (0) = 0, forany k € {2,...,m — 1}.

The proof is complete. 0

3.4 Existence and Uniqueness Results of the Basic Profile

In what follows, we present some significant lemmas to show the principal theorems.
Lemma 3.1. The problem (3.6)—(3.7) is equivalent to the integral equation
p () =cotan+Iigm), vneJ (3.11)
where g € C (J,R) satisfies the functional equation
g (n) = Aeo+ e +Zg (m) + (B +7) (e + T g ()
Proof. Using Theorem 3.2, and applying ¢, to the equation (3.6), we obtain
5. Do () =Tgvg ().

From Lemma 1.1, we simply find

a Cpya = SO(k) (O) k
L5 "D () =) = 3, —7—n" s m—1<a<meN
k=0 :
Substituting (3.7) gives us
v (n) = (co+ e +Iggn). (3.12)
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3.4. Existence and Uniqueness Results of the Basic Profile

And ;
¢ (n) = % (co+cam+I5ign)=a+Zi g(n),

then

A (n) + (B +7) ¢ (n)
= Meo+en+Igg(m) + (Bn+7) (e + I g ().

g(n)

Otherwise, starting by applying “Dg. on both sides of the equation (3.12) and using the
linearity of Caputo’s derivative and the fact that “D, (cy + ¢1n) = 0, we find easily (3.6).

Furthermore;
v (0) = (co+an+TI5g)(0) = c
P 0) = (a+Z8'g) (0) =
e® (0) = I¢7%g(0) =0, forany k € {2,...,m —1}.
The proof is complete. O

Theorem 3.3. If we put |5 + |y| < T («) and

Al
I(a+1) —a(lBl+ 1)

<l (3.13)

then the problem (3.6)—(3.7) admits a unique solution on J.

Proof. In the previous Theorem 3.3, we transformed the problem (3.6)—(3.7) into a fixed

point problem

Aul) = o+ e+ g [ =0 g (€)ds 319

Let uy, uy € C (J,R), then
A () = A () = s [ (0= " (01 (6 = 2O .

where

g: () = A (n) + (Bn + ) Zg5 ' g: (n) , fori =1,2.
Also

1 n a1
A 1) = ) = [z [0 €7 (000 - m )
<m0 O - O] de 6.15)
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3.4. Existence and Uniqueness Results of the Basic Profile

We have
91 () = g2 (M| = X (ua () = w2 (0)) + (B +7) Tgi" (91 (0) — g2 ()|
< Il = walls + (181 + D 257 (91 () — g2 ().
As
-1 1 K a—2
‘I& (91(77)—92(77))‘ = ’F(a—l)/o (n—¢) (91(5)—92(5))d§|
< e -9 e © - (€l
1

< ol
= F(a) ”gl g?“oo’

then

(181 +Iv1)
— < | h NIRRT VL ) o
lgr = g2lloc - = Wl = wallog + 75 llor = 92

il
< (1= D) -

As |5 + |y < T («), we obtain

IAIT (@)
91— 92|l < ug — Uzl -
o =92l = gy =T o 12~

From (3.15) we find

I AIT ()
Mo = Azl < TR X T 18—
AIT ()
oT(@) — al8l —al]
i
Tlat D) (BT T

This implies that by (3.13), A is a contraction operator.

IN

|21 —U2||oo-

As a consequence of Theorem 1.2, using Banach’s contraction principle [22], we deduce
that A has a unique fixed point which is the unique solution of the problem (3.6)—(3.7) on
J. The proof is complete. 0
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3.5. Proof of Principal Theorems

3.5 Proof of Principal Theorems

In this part, we prove the existence and uniqueness of solutions of the following free

boundary problem of the diffusion equation of moving fractional order

Ow = kOSw, (z,t) € Q, Kk € R*,
w(b(t),t) =coc(t), co € R,
0 o 0 (3.16)
Opw (b(t),1) = a1z c €R,
Okw(b(t),t)=0,k=2,3,...,m—1, form >3,
under the traveling profile form
—b(t
w (1) = e (t) p (n), with g = =210 (317)

with
a(0)=c(0)=1, b(0) =0.

We denote by (z), the nonnegative part of 2, which is z if 2 > 0 and what remains is zero.
Proof of Theorem 3.1
The transformation (3.17) reduces the space-fractional diffusion equation in (3.16) to the

fractional differential equation of the form

“Dgo(n)=g(n),n € J, (3.18)

where
g(m) =g+ (Bn+)¢ (1)

and A, 3,y € R are constant satisfying

et () (e(t) a(t) b()
(A B,7y) = ( - ( ) (3.19)

with the conditions

{woﬁwm¢@=aiwmwm21 (3.20)

©® (0)=0, k=2,3,...,m—1, form > 3.

Now, to determine the functions a (t), b (¢) and ¢ (¢) , we just solve the system (3.19).
If 5 =0,wehavea(t) = 1and

{ b(t) = —rrt,

c(t) = exp (KAL)

t>0.
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3.5. Proof of Principal Theorems

If 5 # 0, after an integration from 0 to ¢t we get

a(t)
b(1) 4%<u—1mﬁw$—1),0<t<71 (3.21)

c(t)=(1—arpt),"",

(1-— omﬁt);%_ ,

where T' > 0 is the maximal existence value of time for the solution w, which may be finite

or infinite. Thereupon, we separate the following cases

1. If k5 <0 (i.e., a(t) > 0), the problem (3.16) admits a global solution in time under the
traveling profile form (3.17); this solution is defined for all ¢ > 0, (i.e., T = o0).
In addition, for A3 > 0 (i.e., ¢ (t) < 0), we have

lim w(z,t) =0.

t—+o0
2. If kB > 0 (ie, a(t) < 0), the functions a (t), b(t) and ¢ (t) are defined locally and are
well-defined if and only if

l-a
0<t<Tog — )
akf aa (t)

The moment 7" = ﬁ represents the maximal existence value of the functions a (¢), b (t)
and c (t). Moreover; if A\ > 0 (i.e., ¢ (t) > 0), the problem (3.16) admits a solution under
the traveling profile form (3.17), which it blows up in a finite time. The solution is
defined for all ¢t € [0,T), the moment T represents the blow-up time of the solution such
that

. . z—b(t)\ _
forall x € R, tgl%l_w(xat)_tgr%l—c(t)(p< a(t) >_+OO

We recall that the solution blows up in a finite time if there exists a time 7" < +o0, which
we call the blow-up time, such that the solution is well defined for all 0 < ¢ < T', while

sup |w (z,t)] = +o00, whent - T = —.
zeR akf

By using (3.19), the condition (3.5) is equivalent to (3.13), which is
A
Fla+1) —a(fl+ 1)

We already proved the existence of a solution to the problem (3.18)—(3.20) in Theorem 3.3,
provided that (3.13) holds true. Consequently, if (3.5) holds for any ¢ € [0, 7], then we have

< 1with ||+ 7] < T (a).

proved the existence and uniqueness of global or blow-up traveling profile solution to the

problem (3.16) under the traveling profile form (3.17). The proof is complete.
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3.6. Explicit Solutions

3.6 Explicit Solutions
Example 1: According to the proof of the Theorem 3.1, for 3 = v = 0 and )\, x € R*, we get
a(t)=1, b(t) =0and c(t) = exp (kAt).

In this case, for m = 2, (i.e., Space-fractional heat equation), we give new explicit solutions

on the traveling profile form of the problem (3.16) as follows
w(z,t) = exp (kKAL) [COEQ (Az%) + c12Eq 2 ()\12)} ,Co,c1 €R,

where E, ., () is the function of Mittag-Leffler type. The solution defined for all ¢ > 0.
Example 2: We present new explicit solutions on the traveling profile form of the problem
(3.16)

Form > 2, if we put 5, k,cp,c; E R*, A= (1 —m)fand vy = M , we get that

01( = 1)k k
—C -+ A
y Zl ETRm—k— 1) m— 1)

is a solution of the problem (3.18)—(3.20). Then the traveling profile solution of the problem

(3.16) is presented as follows

oy mg__jl . C]f_(m - 1)'! 5 (x L <t)>k] . (322)

a(t)

where

1
:7<(1—omﬁt)i—1), 0<t<T,

According to the proof of the Theorem 3.1, we separate the following cases

1. If k3 < 0, the problem (3.16) admits a global solution in time under the form (3.22), this

solution is defined for all £ > 0.

2. If k5 > 0, the functions a (¢), b (t) and ¢ (¢) are defined if and only if 0 < t < T = ——

omﬁ
and the solution does not blow up in the moment 7', because \3 = (1 —m) 3? < 0.
Moreover;

sup |w (x,t)] = 0, whent - T = —.
z€R akf3
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Conclusion

this dissertation, we have studied the existence and uniqueness of solutions to two
problems for fractional FPDEs with CAPUTO derivative operator
Firstly, we have discussed the existence and uniqueness of solutions by traveling wave

transformation for higher-order space-fractional wave equations
Olw = k0%, kER* m—1<a<meNy—{0,1,2}.

Secondly, we have discussed the existence of solutions by traveling profile forms for

diffusion equations of moving fractional order
Ow = KOw, Kk € R,

in chosen Banach spaces.

For this purpose, we have proposed new methods for transforming FPDEs to fractional
order differential equations. We have used several fixed point theorems such as Banach
and Schauder to prove the results. We have also provided an illustrative example of each
of our considered problems to show the validity of the conditions and justify the efficiency

of our established results.
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