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Introduction

Over the past decades, significant interest has been devoted to the determination of coefficients
in diffusion equations, see [4} 9, 10, [11} 12, [15}18]. Problems of this type arise in many mathe-
matical models, particularly in heat conduction, radioactive decay processes in a rod, the design
of building heating systems, and thermal energy storage in a medium, see [2, 3,5, 7, 13].

Let T > 0 be a fixed number. In the rectangle Q7 = {(z,t) : 0 <z <1, 0 <t < T}, we

consider the following initial-boundary value problem:

ue(,t) = a(t)uee(z,t) + f(2,t), (z,1) € Qr, (1)
uz,0) =¢(z), 0<z<1, (2)

up(0,8) = Buy(1,1), 0<t<T, (3)
w(0,8) = u(1,t), 0<t<T, (4)

where f and ¢ are given functions, and condition @) is called a nonlocal boundary condition.
If the coefficient a(t), 0 < t < T, is known, then problem @) is called a direct problem.

It is well known that equation (1) models a heat conduction process in a rod undergoing
radioactive decay or damage with a heat source. The thermal conductivity, diffusivity, heat
capacity, and heat transfer coefficient vary depending on the degree of degradation, which may
depend on time, see [3] 12].

The function ¢(z) represents the initial temperature distribution in the rod at time ¢t = 0,
while u(x,t) represents the temperature distribution at time ¢.

The diffusion coefficient a(t) > 0 is defined as

iD= 2o

where k(t) > 0 is the thermal conductivity of the material, p is the density, and c¢,(¢) is the heat

capacity, see [3,[12].



The local Neumann condition (3) means that the right end + = 1 of the rod is insulated,
so that no heat flows through this boundary, while the nonlocal condition (4) means that the
temperature at the left end x = 0 is equal to the temperature at the right end = 1 for all
te[0,7].

The problem is well posed in the sense of Hadamard when a(t) > 0 is known. How-
ever, when q(t) is unknown, the problem becomes ill-posed. In this case, we introduce an

additional integral condition:
1
/ u(z,t)de = E(t), 0<t<T, (5)
0

where E(t) is a given function.

The problem of determining the pair (u(z,t),a(t)) satisfying conditions (I)([5) is called an
inverse problem. The objective is to determine the diffusion coefficient a(t) that produces the
required energy distribution in the rod.

The inverse problem of determining a(t) in equation (1) with nonlocal boundary conditions
has been studied in [9, 11}, [12].

In this work, we focus on two main aspects:

¢ Theoretical aspect: We study the existence and uniqueness of the solution of the inverse
problem , as well as the continuous dependence of the solution on the data, using the

Fourier method, Schauder fixed point theorem, and a non-self-adjoint spectral problem.

* Numerical aspect: We solve numerically the inverse problem using the Crank-
Nicolson finite difference scheme combined with a predictora€”corrector technique. Nu-

merical examples are presented to validate the efficiency of the method.

This dissertation is organized into three chapters as follows:

In Chapter 1, we recall some fundamental preliminary notions and necessary tools used in
this work, including functional spaces, a non-self-adjoint spectral problem, and the Schauder
tixed point theorem.

In Chapter 2, we prove the existence of the solution on {2 and the uniqueness on Qy, with
0 < Ty < T using the Fourier method and Schauder fixed point method. We also establish the

continuous dependence of the solution on the data.



In Chapter 3, we introduce a Crank-Nicolson finite difference scheme combined with a
predictor-corrector technique to solve the inverse problem numerically. Numerical examples
are presented to illustrate the effectiveness of the method.

Finally, we conclude this work with a general conclusion and some perspectives.



CHAPTER 1

RECALL ON MATHEMATICAL TOOLS

In this chapter, we recall some fundamental preliminary notions and the necessary tools used in
this work, concerning functional spaces, a non-self-adjoint spectral problem, and the Schauder

tixed point method.

1.1 Normed Spaces

Definition 1.1. Let E be a vector space over the field K (X = Ror C). Anorm on £ is a mapping
|- || - E — R satisfying:

1. [[z]] > 0and ||z]| =0 <= z =0,
2. ||Az|| = [A|||z]|, forallz € Fand X € K,
3. [lz+yll < llzll + llyll, for all z,y € E.

Remark 1.1. A vector space E equipped with a norm is called a normed space, denoted by

(E, |l - ||)- The following are usual norms on R™:

i=1 i=1

n n %
lelloo = max feul, ol =l wm=<§]mﬂ SRS

Let 2 be an open subset of R”. The space of square integrable functions on (2 is:

L2(Q) = {f ; Q%R,/Q]f(x)ﬁd:c< oo}.

\UH=<[jﬂum)%

The mapping

defines a norm on L*(2).



1.2 Banach Space

Definition 1.2. A Banach space is a complete normed space.

Definition 1.3. Let ' be a normed vector space. A sequence (z,) in £ is called a Cauchy se-
quence if:

Ve >0, 3N € Nsuch thatn,m > N = ||z, — x| < e.

Definition 1.4. A normed space FE is said to be complete if every Cauchy sequence in E con-

vergesin E.

1.3 Hilbert Space

Definition 1.5. Let E be a vector space over K. An inner product on E is a mapping (-, -) :

E x EF— K suchthatforall z,y,z,,20 € Eand A\ € K:
1. (z,z) > 0and (z,z) =0 < x =0,

2. (z,y) = (y,2),

@

(x1+22,9) = (21,Y) + (T2, %),

H~

- Az, y) = Mz, ).

Remark 1.2. An inner product induces a norm defined by:
2] = V/{z, z).

In R™, the standard inner product is:

(ﬁ, y) = Z ZiYi-
=1

1.3.1 L” Spaces

Let [a, b] be an interval of R.
Definition 1.6. Let 1 < p < co. The space L?([a, b]) is defined by:

LP([a,b]) = {f : [a,b] = C, f measurable, ||f||» < oo},

5



with

| £llzs = (/ab\f(x)\pdx);.

L*([a, b)) is a Banach space. For p = 2, L*([a, b]) is a Hilbert space with inner product:

(f.g) = / F(2)g(z) da.

1.4 Fixed Point Theorem

Fixed-point theorems are the basic mathematical tools that help establish the existence of solu-
tions for various types of equations.
We recall the fixed-point theorems that we will use to obtain various existence results. We

begin with the definition of a compact operator.

1.5 Compact Operator

Definition 1.7. Let £ and Y be Banach spaces. An operator P : D(P) C E — Y is called

compact if:
1. P is continuous,
2. P maps bounded sets into relatively compact sets.

Theorem 1.1 (Schauder Fixed Point Theorem). Let M be a nonempty, closed, convex subset of a

Banach space E, and let P : M — M be a compact operator. Then P has at least one fixed point.
Theorem 1.2 (Arzel'a€” Ascoli). A subset M of C([0, 1], E) is relatively compact if:

1. M is uniformly bounded,

2. M is equicontinuous.

Corollaire 1.1. If M is a nonempty, compact, convex subset of a Banach space and P : M — M is

continuous, then P has a fixed point.



CHAPTER 2

STURM-LIOUVILLE PROBLEM WITH
TWO-POINT BOUNDARY CONDITIONS

n this chapter, we study a spectral problem for Sturm-Liouville operator with two-point
boundary conditions. We introduce some necessary properties regarding: regular bound-
ary conditions and biorthogonal systems in a Hilbert space. We make a detailed study of the
completeness property and the fundamental property of the system of root functions. Finally,
we introduce the non-self-adjoint spectral problem that we use in Chapter 2 and which is a key

element of a paper published in an international journal [17].

2.1 Sturm-Liouville problem with two-point boundary condi-
tions

We study the linear Sturm-Liouville problem consisting of the equation
u(x)+Au(x)=0,0<z<1, \€, (2.1)

and the linear two-point boundary conditions of the general form

(2.2)

{Bl (u) = a1’ (0) + aga’ (1) + agzu (0) + ayu (1) = 0,
Bs (u) = anu’ (0) + axnu’ (1) + agsu (0) + agqu (1) = 0,

where B; (u) and B; (u) are linearly independent forms with arbitrary complex-valued coeffi-
cients.

We consider the linear operator Lu = —u” defined on L? (0, 1) with the domain
D(L):={ue L?(0,1): By (u) = By (u) = 0}.

Definition 2.1. [21][Page 193] A number ), is called an eigenvalue of the operator L if there

exists a function u° € D (£) with u° # 0 such that

Lu® = \gu°. (2.3)



The function u" is called the eigenfunction, of the operator £, for the eigenvalue ).

Definition 2.2. [21][Page 193] A function u,, is called an associated function of the operator £
of order m (m = 1,2,...) corresponding to the same eigenvalue )\, and the eigenfunction u° if

satisfies the equation
Lu™ = u™ +u™ " (2.4)

The set of functions {u’,u!,...} is called the eigen-and associated functions of the problem

(2.1)-(2.2).
From the condition (2.2), we can form the matrix

A— a1 G122 13 Qa4
Q21 A22 A23 A24

We denote by A (ij) the matrix composed of the i-th and j-th columns of A, and denote

ay1;  Alj

Q2; QA2j

Then the general solution of equation (2.1) is given by:
u (z) = ¢ cos (px) + cosin (px), A = p?,

where ¢; and ¢, are arbitrary constants. Substituting the general solution into the boundary

conditions (2.2)) for finding ¢; and ¢y, we obtain the system of equations

<—a12 sin i + 42 + CL14%) ¢+ (an + a12 COS [L + G14Si%> cy =0,
2.5)
<—CL22 sin g + 2 + CL24%) c1+ (CL21 + Qg2 COS [ + a245i%> cy = 0.

Hence, the boundary value problem (2.1)-(2.2) has a nonzero solution if and only if the system
(2.5) has a nonzero solution. The eigenvalues of the boundary value problem (2.1)-(2.2) are the

roots of the characteristic determinant

COoS [L sin p

—ayo Sin p + “f + a4 a1 + agp CoS [t + ay

A = : cog siﬁ
(1) —Q22 S [ + af + agq H“ Q21 + Qg2 COS [ + Q24 #“
Simple calculations show that
sin p .
A(p) = —Aig — Aoy + Asy — (Agz + Aug) cos pu + Ajppusin . (2.6)



Definition 2.3. Two-point boundary conditions under one of three conditions
(1) Az # 0,
(2) A12 = 0, Ay + Axg # 0, (2.7)
(3) A1z =0, Aq + Agg = 0, Ag4 # 0.
are called the non-degenerate boundary conditions. Accordingly, if
Ay = Aiy + Agz = A3y = 0, (2.8)
then the two-point boundary conditions are called the degenerate boundary conditions.

[[21]] Let the two-point boundary conditions (2.2) be non-degenerate, that is, one of the

three conditions holds. Then, the problem (2.1)-(2.2) has an infinite countable number of
eigenvalues. [[21} page 196]] Consider the Sturm-Liouville problem

{_u" () =Xu(z), 0<x <1, (2.9)

v (1) —au(l) =0, u(0) =0,
where a € is a fixed number. From the boundary conditions of the Sturm-Liouville problem

(2.9), we have the matrix

01 0 —«
A_[()Ol 0}

It is easy to see that for all o the case (2) from holds: A, =0, A4 + Ay = 1. Therefore, the
boundary conditions of the Sturm-Liouville problem are non-degenerate. [[21, page 195]]

We consider the Sturm-Liouville problem

{_u" (r) =Au(z), 0<z <1, (2.10)

uw (0) +au' (1) =0, u(0) —au(l) =0,
where o € C'is a fixed number. From the boundary conditions of the Sturm-Liouville problem

(2.10), we have the matrix

1 o« 0 O
A_[()Ol—a]

It is easy to see that for all o, holds: Ay = Ayy + Az = Asy = 0. Therefore, the boundary
conditions of the Sturm-Liouville problem (2.10) are degenerate. From (2.10), we have

A (/L) = —Alg — A24 =—1 -+ ()é2.

Then we obtain that for a? # 1 the Sturm-Liouville problem (2.10) does not have eigenvalues,

and for o = 1 each number ) € is an eigenvalue of this problem.

9



2.2 Regular boundary conditions

In this section, we present the concept of regular boundary conditions. This concept was first
introduced by G. D. Birkhoff in his works in 1908 in [27], for n-th order general ordinary differ-

ential operators
u™ (2) + g () u™ D (@) + . F ooy ()0 (@) + gn (@) u(z) = Mu(z), 0 <z <1, (2.11)

with n linearly independent boundary conditions of the general form

—_

B; (u) = (ajsu(s) (0) + bjsu'® (1)) =0,j=1,...,n,

s

Il
o

Rewrite the limit forms B, (u) by the form

ki—1

a;u®) (0) + bu*) (1) + Z ajsu® (0) +bju® (1)) =0, j=1,...,n, (2.12)

where ]aj\+\bj| >O,n—12k12k22...2kn,kj>kj+2.

Definition 2.4 ([21} page 197 ]). We denote by ¢; = exp (i2X), j = 1,...,n, the roots of order n

from 1.

1= In the odd case n = 2m — 1, the “normed” boundary conditions (2.12)) are called the
regular boundary conditions if the numbers 6, and 0; defined by the equality

k k k k
a1& ... g (a1 + sby) el bl€m+1 oo e
ko ko ko ko
Qo€ ce. Qo€ 2 as + sby) € bock? ... b
60 + 913 — 21 2¢m—1 ( 2 2) m 2¢m+1 2Cn
kn kn kn kn kn
™ ... apgry (an + sby) el bn5m+1 co bper

are different from zero.

1= In the even case n = 2m, the "normed” boundary conditions (2.12) are called the regular
boundary conditions if the numbers 0; and ¢, defined by the equality

k1 k1 k1 by k1 k1 k1
algi . a15?_1 (a1 + sby) ekt (a1 + : )e ZLH bigg o ... Dby
) a9€ A9E 2 ay + sby) g2 (ay + 2) ™ boe’? byck2
2 PR 2 _ 2 2 2 « 0. 2
60 (918 _ 1 m—1 ( ) m ( s ) m+1 m+2 n
anel” oo anery (an + sby) et (an + —S") Emriy bueptio .. bpey

are different from zero.

10



An important subclass of the regular boundary conditions, the so-called strengthened reqular

boundary conditions was defined.

Definition 2.5. i In the odd case n = 2m — 1 of equation (2.11) all the regular boundary

conditions are strengthened regular.
= In the even case n = 2m of equation (2.11)), we have

1. If 62 — 46,0, # 0, the regular boundary conditions (2.12) are called strengthened

regular.

2. If 63 — 46,0, = 0, the regular boundary conditions (2.12) are not strengthened regular.

For the case of the Sturm-Liouville problem (2.1)-(2.2), we haven =2, m = 1,¢; = —1 and
Eg9 = 1.
Let first A;» # 0. In this case the boundary conditions (2.2) have the normed form. we have

a1 = ay1, by = aya, as = asy, by = ass, k1 = ko = 1. We calculate the determinant

:A12<5—1>.
S

Then 6y = 0, 0, = Ay, 05 = —Ajo. In this case the boundary conditions (2.2) are regular. Since

02 |(ar+sbi)ett (ar +B)eht

0o+ b1s+ — = o
0 ! S ((LQ + Sbg) 8?2 ((LQ + bf) 652 — (CL21 + Sa22> (CL21 + %)

B | ‘— (a11 + Salg) (all + asﬁ)

03 — 46,0, = 4A3, # 0, in this case the conditions are strengthened regular.
Let now Ajs =0, and |a11| + |a12| > 0. Then the boundary conditions (2.2) can be reduced to

the normed form

anu’ (0) + Cluu/ (1) + a13U (O) + a14U (1) = 0, (2 13)
QAo3U (O) + gy (1) = 0. .
we have a; = aj1, by = @12, as = @93, bs = as4, k1 = 1, ko = 0. We calculate the determinant
02  |=(an +sayz) ap + 42| 1
vt = [Tt L= (o) G ) 2 )
Then, 6, = 0y = — (A4 + As3), 0 = —2(A13+ Asq). That is, in this case the boundary con-

ditions (2.13) are regular under the additional condition A4 + As; # 0. The condition of the

strengthened regularity will be written in the form:

03 — 46,05 = (A3 + A24)2 — (A + 1423)2 # 0.

11



Consider the remaining case A;; = 0, with a;; = a;2 = 0. Then the boundary conditions (2.2)

can be reduced to the normed form

aysu (0) + ajqu (1) =0,
{a23u (0) + agau (1) = 0. (2.14)

We have a; = a3, by = a4, a3 = a93, by = a04, k1 = ko = 0. We calculate the determinant

:A34(l—8).
S

then, 0, = —0; = Ajz4, 6p = 0. The inequality A3, # 0 is satisfied in view of the linear indepen-

dence of the boundary conditions (2.14). Hence, in this case the boundary conditions (2.14) are

a13 + Say4 a3+ a%

0
O+ 015+ 2 =
0+ 15+ S a23+sa24 (123—’—%4

regular. Since 07 — 46,6, = 4A3,, these boundary conditions are strengthened regular.

Theorem 2.1 ([21, Theorem 3.105 ]). The boundary conditions are regular in the following three

cases:
(1) A #0,
(2) A1z =0, Aq+ Asz #0, (2.15)
(3) Ajg=A13=A1y = As3 = Ay =0, A3y #0.

Here, the boundary conditions will be strengthened reqular in the cases (1) and (3), and in the case (2)

under the additional condition
Ajg + Aoy # £ (Ars + Agg) . (2.16)

Corollaire 2.1 ([21, Corollary 3.106]). 1. For the case of the Sturm-Liouville equation (2.1)), all the
regular boundary conditions are non-degenerate.

2. Here, the boundary conditions can be non-degenerate and simultaneously irreqular in the case

when
Ajg = Ay + A3 =0, Asy # 0, and |Ass| + |Ara] + |Aas| + |Au] >0

[[21, Example 3.107]] Consider the spectral problem

{_u,, () =Au(z), 0<z <1, (2.17)

v (0) —au(l) =0, u(0) =0,
where o € C is a fixed number. It is easy to see that for all a # 0 in case (3) from holds:
Ajp =0, A1y + Ayg = 0, A4 = o # 0. Therefore, the boundary conditions of the problem (2.17)

are non-degenerate.

12



Here, the determinant A;3 = 1 is not equal to zero since condition (3) from (2.15) does not
hold. Hence, the boundary conditions of the problem (2.17) are not regular. For convenience
of use we reformulate Theorem in terms of coefficients of the boundary conditions (2.2).

Theorem 2.2 ([21, Theorem 3.108]). The boundary conditions are reqular, if one of the following

three conditions holds:
(1) a11022 — 12091 # 0,
(2) anage — ar2a91 =0, |ag1| + |a12] > 0, ar1a24 + arpa03 # 0, (2.18)
(3) a1 = a1z = ag = ag =0, a13024 — a1aa23 7 0.

The regular boundary conditions are strengthened regular in the first and third cases, and in the second

case under the additional condition

11023 + Q12024 F 11024 + Q12093 (2.19)

2.3 Regular but not strengthened regular boundary conditions

From Theorem 2.1|and (2.19), the boundary conditions (2.2) are called regular but not strength-

ened regular boundary conditions, if the following conditions are hold:
Az =0, Arg+ Aoz # 0, A1z + Azg = £ (A1s + Azs) .

From Theorem the regular but not strengthened regular boundary conditions (2.2) can be

written in the form

(111U/ (0) + CL12U/ (1) + a13U (O) + aj4u (1) = 0, (2 20)
a23U (O) + Qo4 (1) = O, ’
when |aj1| + |age| > 0 and two conditions
11094 + a12a93 7 0, (2.21)
A11023 + 12094 = £ (a11024 + A12093) , (2.22)

simultaneously hold. Indeed, condition (2.22) can be written in the form:

(all + alz) (6123 + 6124) = 0.

13



Theorem 2.3 ([?]). If the boundary conditions are regular but not strengthened reqular, they can
be always reduced to the form (2.20) (with |a11| + |az| > 0) of one of the following four types:

1) ann = a2, Q93 # —aou;

2

Q

(1)
(2) an1 = —a12, ags # as;
(2.23)
(3) azs = ags, an # —a;
(4) ag3 = —ag, an # an
Corollaire 2.2 ([21, Corollary 3.110]). All regular, but not strengthened regular boundary conditions
can be reduced to one of the four forms:

W (0)—u (1)+ au(0)+bu(l)=0, [« (0)+u (1)+ au(0)+bu(l)=0,

u(0) + au (1) =0, u(0) —au (1) =0,

0,

u(0) —u(l) =0, uw(0) +u(l)

{u’ (0) + aw’ (1) +  au (0) + bu (1) = 0, {u (0) — aw/ (1) 4+ au (0) + bu (1)
— =0,

where o # 1, and the coefficients a and b can be arbitrary. For o = 1, these boundary conditions are

degenerate and consequently, are not reqular.

2.4 Biorthogonal systems in Hilbert spaces

Definition 2.6. Let H be a Hilbert space. Two systems of elements () and (y;) are said to be

biorthogonal systems in H if the relation

1, ifi=j

o (2.24)
0, ifi#j,

(i, y5) = 035 = {

holds for all values of the indices ¢ and j. Here ¢;; is the Kronecker delta.

Definition 2.7. A system of elements of a Hilbert space H is said to be a complete system if any

vector orthogonal to all vectors of this system is equal to zero.

Definition 2.8. A system of elements of a Hilbert space H is said to be a Riesz basis in H if there

exist two constants m, M > 0 such that for any f € H, the following inequality holds:

+oo
m|flE <> fF<M|flIG (2.25)

=0

14



2.5 A non-self-adjoint boundary value problem

In this section we consider main properties of eigen- and associated functions of a non-self-
adjoint boundary value problem for a second-order ordinary differential operator.

In L? (0, 1), we consider the operator £ given by:
LX =-X"(x)=AX(z), 0< 2z <1, (2.26)

and nonlocal boundary conditions:

{31<X>=X<o>—x<1>:o,

(2.27)
By (X) = X' (0) = X' (1) = 0, || < L.

where B, (X) and B, (X) are linearly independent forms. It is easy to justify that the operator

L is a linear operator on L? (0, 1) defined by (2.26) with the domain
D(L)={Xe€L*(0,1): B;(X) =By (X)=0}.

Remark 2.1. From case (3) in Theorem 2.3} the boundary conditions in are regular but not

strengthened regular.
The adjoint problem of the boundary value problem (2.26)-(2.27) is given by:
LY =-Y"(2)=AY (2),0< 2 <, (2.28)

with nonlocal boundary conditions

{Br (Y)=Y(0)—BY (1) =0, |8] <1,

By (Y)=Y'(z) - Y'(1) = 0. (2.29)

Proof. The operator L* defined by is a linear operator on L? (0, 1) with the domain
D(L£)={X e L?(0,1): Bf (X)=B;(X)=0}.
Let X € D(£)and Y € D (L*), by integration by parts twice, we obtain
(LX,Y) / X"(
=X O O -8 WO+ X O 1) -V 0] [ X0V
= (X, L),

then, £* is the adjoint operator of the operator L. Since, the problem (2.28)-(2.29) is the adjoint
problem of the problem (2.26)-(2.27). O
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Remark 2.2. Obviously D (£) # D (L*) then, the spectral problems (2.26)-(2.27) and (2.28)-(2.29)

are not self-adjoint.

We have

1. The two spectral problem (2.26)-(2.27) and (2.28)-(2.29) have the same double eigenvalues
Ar = (21k)? (except for the first A, = 0). The set of eigenfunctions of the problems (2.26)-

(2.27) and (2.28)-(2.29) are the following;:

Xo () = bo; Xog—1 (z) = Agcos (2mkx), k €, by, Ax €, (2.30)

Yo (z) = aq (x + %) ; Yor (x) = By sin (2rkx), k €%, ag, By € . (2.31)

2. The sets of eigenfunctions { Xy (), Xox—1 ()} and {Y; (x) , Yo (2)}, k €%, are not complete
in the space L* (0, 1).

Proof. 1. We have:

(@) If A = 0in (2.26) and (2.28), then X, () = apx + by and Y (x) = ajz + b, From (2.27),

we obtain:

& ag = 0,

XO=XM, _ [=ao+b
X)) = X' (1) | Bao = Bao

then Xy (0) = by. On other hand,

Yy =), _Jlu=~a+tk) _, _ B
Y’ (0) =Y’ (1) b= !

then, Yj (z) = q (a: + %)

(b) If X = i?, the general solutions of equations (2.26) and (2.28) are given by :

Xok—1(x) = Agcos (ux) + By sin (ux), Yor () = A} cos (ux) + By sin (ux), Ay, By, A}, By, € R.

From boundary conditions (2.27), we have:

{XZkl (0) = Xog—1 (1) a) PN {Ak (cospp = 1) + Bysinp =0, (2.32)

BX51(0) = X5, (1 —Agsinpu+ By (cosp — §) = 0.
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(©)

The system (2.32) admits a non-trivial solution, then the determinant of this system

is zero. Therefore, we have:

cosp— 1 sin p

Alp) = —sinpy  cospu— 3

=2(B+ 1)sin® (u/2) = 0 & uy, = 27k, k €,

then \; = (27k)? are multiple eigenvalues and From (2.32), we obtain B, = 0. Then,

Xok—1 = Ay cos (2mkx) are eigenfunctions.

From boundary conditions (2.29), we have:

Yor (0) = BY2 (1), - Al (Beosp— 1)+ By sinp =0, (233)
Y4, (0) = Y5, (1). — A sin i + By (cos i — 1) = 0, |
The system (2.33) admits a non-trivial solution, then the determinant of this system

is zero. Therefore, we have:

Becosp—1 sin

Alw) = —sinpg cosp—1

’:2(2—(5—1)cosp)sin2(u/2):O<:>,uk:27rk, ke,

then \; = (2rk)” are multiple eigenvalues and from (2.33), we obtain A}, = 0. Then,

Yor = By sin (2rkx) are eigenfunctions.

If A\ = —u?, with u # 0, the general solutions of equations (2.26) and (2.28) are given

by :
ng (iL’) = C’ke“‘r = Dkeiu‘r, Yrgkfl = C’,i,e‘” + D;ei‘uw, Ck, Dk, C]/C, D;C €.

From boundary conditions (2.27)), we have:

(2.34)

ng (0) = ng (1) 5 o (6“ = 1) Ck + (6_'u = 1) Dk = 0,
BXY, (0) = Xy, (1). (c# — )Gy + (B — e#) Dy = 0.

The system (2.34) admits a non-trivial solution, then the determinant of this system

is zero. Therefore, we have:

=2(8+1)(coshp—1)=0,

then, ;1 = 0 (impossible).
From boundary conditions (2.29), we have:

{mlmzw@mm @gwun%+ww—wm=a

2.35
Vi1 (0) =Y, (1). (e# —1)Cl+ (1— ) Dy = 0. (2.35)
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The system (2.35) admits a non-trivial solution, then the determinant of this system

is zero. Therefore, we have:

fet —1 fe™# —1
et —1 1—¢e™*

A(p) = =2(B+1)(coshp —1) =0,

then, 1 = 0 (impossible).
2. Let f () = 2sin (27kz) and g (z) = 2 cos (2mkz). We have:
1 1
(Xog—1(2), f(x) = / 2ay, cos (2rkx) sin (2rkx) dx = / ag sin (drkx) de = 4a—k [cos (4mkz)]; = 0,
0 0

and

1 1 !
(Yor (), g (2)) = / 2a), sin (27kx) cos (2rkz) dx = / ay sin (drkx) de = f—kk [cos (47k)] = 0,
0 0 T
then, sets of eigenfunctions { Xy, Xox—1 (2)} and {Y; (), Yar (z)}, k €, are not complete in
L?(0,1).

]

To make the set { Xy (x), Xox—1 (z)}, k €*, a complete set on L*(0,1), we have to look for the
associated eigenfunctions X, (). According to Definition we have to solve the following

spectral problem:

{—Xé’k () = M Xog () + Xop1 (), 0 <z < 1, (2.36)

Ko (0) = Xox (1), BX3 (0) = X5, (1)
The solution of spectral problem (2.36) is given by:

Ap Ap 1 .
Xog (z) = <Ck + 167r2k2) cos (2mkx) + Tk <ﬁ + :1:> sin (2rkzx) ,

where A, Cy, € and k €*. Similarly for the set {Y; (z),Ya, (2)}, & €%, we have to solve the

following spectral problem:

{—Ygzl (&) = MeYapor (2) + Yo (2), 0 < 2 < 1, 237

Yor1(0) = BYar-1 (1), Yoy (0) = Y5, 4 (1).

The solution of spectral problem (2.37) is given by:

B B
Yor_1 (z) = —% (% - x) cos (2mkx) + (Dk + 1671'—’;]{32) sin (27kz) ,

where By, D, € and k €*.
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To show that the two systems of functions {X,(x),Xo_1(z),Xo(z)} and
{Yo (z),Yor—1 (z), Yo (z)} are biorthogonal, we must explicitly determine the coefficients

bo, ao, Ak, By, Ci, and Dy. According the biorthogonality condition:
<X07Y0> = 1, <X2k—17}/2k—1> - 17 <X2k‘7}/2k‘> = ]-7 <X2k7}/2k:—1> - O (238)

From the first condition we get

! 2 1
1= (Xo,Yp) = boai)/o (a: + %) dz = boa {% + f_—xﬁ} = bya 0—2<<11+ 66))'

Then, by = 2 and af = 15 +g In this case, we have:

Xo () =2, Yy (x) =ax +b, (2.39)

_1-p & =3
where a = 1Jrﬁandb R

We use the second condition from (2.38):

ABe (Y B Ay By, L
= (X1, Vor1) = T L) | g B drkz)d
1= (Xog_1, Yor_1) ik /0 (5— 1 x| cos® (2mkz) dx 5 Dy, 6252 / sin (4rkz) dx

_ABy (Y B ABe (Y[ B
= o /0 (ﬁ—q)dx%— Sk /0 (ﬁ_l—x>cos(4ﬂkx)dx

271 . 1 1 .
Ay By, [ Bx x ] AiBy < 2 A $> sin (47kx) +/ sin (47rka7)dx]
w Jo Atk

T 8rk -1 2|, 8wk |\B-1 Atk
 ABr (B+1)
167k (B—1)°

Then, A, =4 and B, = Ark(5-1) n this case, we have:
1+8

Xog—1 () = 4cos (2mkx), Yor_1 () = (ax + b) cos (2mkz) + (Dk - ﬁ) sin (2rkz),  (2.40)

where D, €. We use the third condition from (2.38)):

B, A b ABy (Y1 _
1 = (Xog, Yoi) = 7"’ (C’k + Wslﬂ) /0 sin (4rkz) dx + 4];]: /0 (ﬁ + x) sin? (27kx) d

‘hﬂlllc ! 1 llk‘B]; /1 1
= -+ dr — — + drkx) dx
Sk /0 1 X X Sk ; 1 Xz COS( x)

AB | @ +x2 !
8k -1 2],
_ ABLB+1

167k B —1°
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Then, B, = 1and A; = %ﬁ_l) In this case, we have:
Xok (x) = (Ck - ik;) cos (2mkx) +4 (1 — b — ax) sin (27kz) , Yor (z) = sin (27kz) , (2.41)
m

where C}, €. We use the fourth condition from (2.38)), and from (2.40), (2.41) we have:

T
_ (%_ﬁ> [/01(ax+b)dx+/01(ax+b)cos(4wkx)dx]

+2(Dk—m> [/01(1—b—ax)dx—/01(1—b—am)cos(élﬂk:x)dx]

:a(%—ﬁ>—2a<Dk—ﬁ)

1 1
0= (Xog, Yop_1) = <C — &> / (azx + b) cos® (2mkax) dx + 4 (Dk - ﬁ) / (1 —b— ax)sin® (27kz) dx
0 0

Then, we have:
Cy =4D;. (2.42)

Thus, from (2.39)-(2.42), the system given by:

Xo () =2, Xop—1 () =4cos (2rkx), Xop (x) =4 (Dk - ﬁ) cos (2rkx) + 4 (1 — b — ax) sin (27kx)
(2.43)

will be biorthogonal to the system

Yo (2) = az + b, Yap1 () = (az + b) cos (2mkz) + <Dk . ﬁ) sin (2kz) , Yoy () = sin (2kz) .

(2.44)
We calculate the norms of elements of the biorthogonal systems (2.43) and (2.44).
a \2 4 a 8

Xoll =2, | Xapall =2V2, | Xal|* =8(Dp——) +— (D — —) — = (2b* = 36 +3b — 1
| Xoll Xkl V2, (Xl 8( . 47rk> +7rk:a< g 47rk> 3a( * )’

a? + 3b% 4 3ab 5 1 a\2 a a a? 1
Y| = Yo :—(D——>——<D— ) = (a® + 3ab + 307) ,
I¥oll \/ 3 Yot = 5 (P = )~ G (P~ ) g T (@ + 300430

V2
¥orll = =~

Using [21) Theorem 3.151], we check for which of the constants D;, the necessary and sufficient
condition of the unconditional basis holds.

If the sequence (D) is unbounded. Then,

| X[ [[Yar]| = 400, lim [ Xop || [|Yor—1] = +o0.
k—+o00 k—+o00
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Hence, the requirement of the criterion in [20, Theorem 3.151] for an unconditional basis does
not hold. Therefore, the systems (2.43) and (2.44) does not give an unconditional basis in
L%(0,1).

In the case when the sequence D, is bounded, we get

[ X ok ][ [[Yarl| < 400, [ Xop1 [ [IYar[] < +oo.

lim lim
k—+o00 k—+o0

Then, we obtain the following result for the systems (2.43) and (2.44). If D, = ;% with £ €7,

then the systems
Xo () =2, Xop—1 () =4cos (2rkz), Xop =4 (1 — b — ax)sin (2rkz), (2.45)
and
Yo = ax + b, Yo, (z) = (ax + b) cos (2mkx) , Yo, (z) = sin (2wkz) , (2.46)

are bi-orthonormal in L? (0, 1).

Proof. It is easy to show that the systems (2.45) and (2.46) form a bi-orthogonal system on [0, 1],

i.e.

1ifi = j,

X = [ K@Y (@)da - {Oifl.#ji

The systems of functions (2.45) and (2.46)) are complete in L? (0, 1).

Proof. Let f € L?(0,1) be orthogonal with the system of functions (2.45). f (z) can be presented
by the series

—+00

f(x)=>_ Bysin(2mnz), (2.47)

n=1

which converges in L? (0, 1). Since f () is orthogonal with (2.45), we have
1
0= / 4(1—=0b—ax) f(z)sin (2rkz) dx
0
—+00 1
= Z Bn/ 4 (1 —b— ax)sin (2rkz) sin (2rnz) dr = By, k € N*.

n=1 0

From (2.47), f (x) = 0. Then, (2.45) is complete in L? (0, 1). O]
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The following theorem is valid:

Theorem 2.4. The system of functions ([2.45) forms a Riesz basis in L* (0, 1).

Proof. From [21} page 211], the system (2.45) is a Riesz basis in L? (0, 1) if there exist two con-

stants m, M > 0 such that for any f € L? (0, 1), the following inequality holds:

“+oo
2 2
m HfHL2(O,1) < Zfi2 <M HfHLQ(O,l) ;
=0

where

=(f,Y;) = /f r) dvand f; = (f, X;) /f (x) dz.

For i = 0, and using the Cauchy-Schwarz inequality we have

£ = () = [/Olmmf(x)dxrs/olma:)dx/olf?(x) s

198 + 43
< e e
~ 3014 p)°

For i = 2k — 1, and using the Bessel inequality we obtain:

11122 0,1y -

2 2 2
Zf% 1—2 (f, You-1)" < [ Yar-1ll 7201y 1F12200,1)
k=1

7— 118+ 782
6(1+p)°

For i = 2k, and using the Bessel inequality we obtain:

1A 20, -

1
2 2 2 2
Zf% - Z [ Yar)” < ||Y2k||L2(0,1) ||fHL2(0,1) = 2 ||f||L2(0,1) :

k=1

From (2.49)-(2.51), we have
+oo +oo +o00
2
fo = fo+ ngk—l + ngk < M| fllz20,1) »
i=0 k=1 k=1

_ 4=p+4p?
where M = 2B

On the other hand we have:

2= (f X [/ Xy (o dx] <A1 oo
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Using the Bessel inequality, we obtain:

Z foa = Z (f, Xor-1)* <8 fII220. » (2.54)
k=1
8(1+ 4+ 5%
Zf% = kZ (f, Xai)? < e 1£17201) - (2.55)

Then, from (2.53)-(2.55) we have:

44+ 806 14432
Zf (14 8)?

Using the Cauchy-Schwarz inequality and (2.56), we get
11220y = 4, 9)

too
=0

||f||L2 (0,1) - (2.56)

400 1/2 +o00o 1/2
<27 [
L i=0 i=0
- 1/2 +o00 1/2
< 44 + 808 + éé4ﬁ2} T [Z fz?]
L 3(1+5) i=0
Consequently, we have:
+0c0 2
3(1+P)
2 < 2 m= : 2.57
(IEE FETCRY —;f“ T 441 805 + 4452 @57)
From (2.52) and (2.57), the system (2.49) is a Riesz basis in L* (0, 1). ]

Corollaire 2.3. From Lemma 2.5 and Theorem [2.4} the systems ([2.45) and [@2.46) are equivalent bases
in L*(0,1).
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CHAPTER 3

AN INVERSE COEFFICIENT PROBLEM FOR A
PARABOLIC EQUATION IN THE CASE OF
NONLOCAL BOUNDARY AND OVER
DETERMINATION CONDITIONS

In this chapter, we study the existence and uniqueness of the solution for the inverse problem
associated with a parabolic equation with nonlocal boundary conditions.

We consider the following problem:

3.1 Problem Formulation

u(z,t) = a(t)ug(x,t) + f(z,t), (x,t) € (0,1) x (0,7 (3.1)

with initial and boundary conditions:

u(z,0) = p(x), (3.2)
ux(l,t) = ﬁux(ovt)a (33)
u(0,t) = u(1,t), (3.4)
and the additional condition:
/1 u(z,t)dr = E(t) (3.5)
0

The aim is to determine the pair (u(z,t), a(t)).

3.1.1 Existence, uniqueness and continuous dependence results
We have the following hypotheses on the problem data
(4) E(T) € CY0,T], E'(t) <0 Vt e [0,T).
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(A2) @(x) € C*0,1];

(1) (0) = (1) (1) = B (0)s ¢ i [ p(a)de = B(0);
(2) o > 0,k =1,2, ..

(A3) F(z,t) € C(Qr), F(z,t) € C*0,1] for fixed arbitrary V¢ € [0, T;
(1) F(0,8) = F(1,8); Fy(1,8) = 0; Fyu(0,8) = Fuu(1,1);
(2) Fo(t) > 0; Fay(t) > 0;%¢ € [0,T];
(3) For(t) > 0,k = 0,1,2, ..., [ E'(t)dt + 332, 2o, — 2 [} Fo(t)dt > 0
Where @), = fol o(2)Yy,(z)dz, Fy,(t fo (z,t)Yi(z)dz, k = 0,1,2, ... Let hypotheses (A;) — (43)

be satisfied. Then the followmg statements are true:

(1) the inverse problem 3.Thas a solution in ¢r

(2) the solution of inverse problem ?? is unique in o7, ; where the number T; (0 < T < 1))

is determined by the problem data.

Proof. Any solution of equation 3.1 can be represented as:
rt) = 3 Uk} Xela) 69)
k=
Where the functions Uy (t), k = 0,1, 2, ... satisfy the following system of equations:
U(I, ) + i ng ng —|— Uzk_l(t)XQk_l(lL‘)] (37)
k=1

By using the Fourier method, we can easily see that Uy (), k = 0, 1, 2, ... satisfies the following

system of many linear equations:

{U,g(t) + a(t) \Ui(t) = F(t) (3.8)

Uk(0) = ¢x

Where )\, k = 0, 1... are the eigenvalues of

Following the same work, we will look for the solution of the equation in the form

{U;,H(t) + (27k)2a(t) Usg—1 () + AmkUsy (1) = Fap1 (1)
Uzk-1(0) = par-1

We look for the solution of the equation under the second term (homogeneous equation)
We have Uy, (t) + (27k)?a(t)Usgi—1(t) + 47kUsa(t) = 0, a separable variable equation
We have

Use 1 (1) + (27k)2a(t)Usp_1 (t) = —4mkUsy(t)
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= UQk—l(t> = C2k_16_(27rk)2 fot a(s)ds
For ¢t =0, then Uy, _1(0) = Cop_1 = par_1

= ‘102k—1<t) = QOQk_le_(QWk)ng a(s)ds

We will look for the solution of the equation in the form
U2k71 (t) = Qo1 (t)ef(Qﬂk)ZA(t)

Differentiating the function Uy;,_; with respect to ¢ and substituting, we find

o (27k)2A() 2mk)2A(t)

Pog—1(t) = —4mkepgpe

= o1 () = —4mkpa

By integration

Yor—1(t) = —4mkport + Cog_1, With or_1(0) = Cop—1 = Yor—1
= Qop—1(t) = Yor—1 — 4wkt

From where

= Uzp-1(t) = (par—1 — 47Tk<p2kt)e—(27f’f)2f5 a(s)ds

2" step: using the same method, we find the last part

[e.9]

t
Z {/ (FQkfl(T) - 47TkF2k (T) (t — 7'))67(27"]‘3)2 f: a(s)dsdT
0

k=1
By substituting the solution of the system of equations and initial condition [3.6| into we

obtain the solution of the problem ??-?? in the form:

Uz, t) = {900 + /Ot Fo(r)dr] Xo(x)

WK

- t
n pope TR [j als)ds +/ Fy(r)e~ ™ )2 “(S)dsdT] Xor(z)

0

e
Il
—

_ (3.9)
(Por—1 — 47T/f902kt)€7(2ﬂk)2fola(S)dS] Xop—1(x)

n
NE

e
Il
—

t
/ (F2k71<7') — 47T]€F2k<7') (t — 7'))6_(27rk)2 f" a(s)dsd,]_:| ng,l(x)
0

B
Il
—

+
g
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Under condition (1) of (Ay) and (Aj3) of the series and of 97 are uniformly convergent in

Q7 because their majorant sums are absolutely convergent. Consequently, their U(x,t) and

. = . 2 .
U, (z,t) are continuous in Q7. Moreover, %—[{ and the series 272] of the second order are uniformly

convergent in 7. Thus we have U(x,t) € C?(Q7)NCY(Qr). Furthermore, U, (z, t) is continuous
in Qp.

By differentiating condition ??, under hypothesis (A;), we obtain. We have from ??

/01 Uz, t)dz = B(t) = %/01 Uz, t)dz = %E(t)
So :
/0 Uz, t)de = E'(t), 0<t<T (3.10)
This gives
alt) = Pla(t)] (3.11)

From equation ?? we have

Ui = a(t)Uyzy + F(z,1)

Then by integration over [0, 1]

/1 U(z, t)dx = a(t) /1 Upzdz + /1 F(z,t)dx
From[3.9we find 1
E'(t) = a(t)[BU,(0,t) — U,(1,1)] +/0 F(z,t)dx

With the condition of ??, we have

1
(=8 + Da(t)U(1,1) = / Flz, t)dz — E'() (3.12)
0
We will look for U, (0, t). From the series 3.7/ we differentiate with respect to  We have

%U(m, t) = [4(1 — z) sin(2wkx) + 8wk(1 — x) cos(2mkx)|Ua(t) — [8mk sin(2mka)|Usgy—1 (t)

Then

S t
U,(0,0) = sk(1 — 1) [me@ﬂkffaa@wu | Fustryeremt ey

k=1 0

From where equation we have

Jy Flz,t) — E'(t)

0

(1 - ﬂ)Uaz(O» t)
27
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It is clear that the function F'(z,t) is written in the form

F(z,t) = Fo(t) Xo(z) + ZF2k 1(t) Xop—1(x) + ink(t)X%(x)

F(z,t) dx‘

. 1
By integrating over [0, 1] and integration by parts, we obtain Calculation of J,

1 1 o0 1
/ Fla,t) dr = 2F(t) / dr+ 3 4By (1) / cos(2mhz) de
0 0 =1 0
o 1
+ Z AFo(t) / (1 —b— ax)sin(2rkz) dx
= 2Fy(t) + Z AFy(t / (1 —b—ax)sin(2rkz) dx

=2Fy(t) —a Z 4 Fy(t / xsin(2rkz) dx
k=1

2a o Fop(t
:2F0(t)+—a 2k()
T k
k=1
! 26L = ng
F(z,t)dx = 2Fy(t) + — k;
0 T

From where we obtain:
QFO( )—|—2a zolF%() E/( )
Y e, 87k [go%e (2mk)? [§ a(s)ds 4 f Fop (T (27rk)2fja(s)dsd7_]

Pla(t)] = (3.13)

We note

NE
5

2
Co =2 min Fy(t) + min (_a
te[0,7) teloT) \ T £ k te[0,T

I
e

k(1)

k(t)> — max F'(t)
)

]
— min E'(t

hE
3

2
C1 = 2 max Fy(t) + max (_a -

te[0,T] telo, 7] \ T te[0,T]

B
Il

1

T ) oo 2 T
02:/ E(t)dt—k;%go%—Q/o Fo(t)

0

00 T
Cg = 2871'/{? (QOQ]C—I-/ ng(T)dT>
k=1 0

It is easy to verify that Cj, > 0,k = 0,1,2,3 and C, < Cs. From 3.9 by integration over [0, T]

/OT (/01 Ut(x,t)d:c) dt = /OT B (1)t
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We will look for fol Uy(z,t)dx. We have

Us(,t) = Up(t) Xo(x) + Y Upe_y () Xan1 (2) + Y Up(t) Xow(2)

k=1 k=1

1 1 o0 1 o) 1
/ Ui(z,t) doe = 2U|(t) / dx + Z Usp_1 (%) / Xok—1(x) dx + Z Uy (t) / Xog(z) dx
0 0 Pt 0 Pt 0
% 1
—oUy(t) + AU (1) / cos(2rka) da
k=1 0

o0 1
+ Z 4U3,.(t) /0 (1 —b— ax)sin(2rkx) dz.
k=1

Since

1 . 2 1
/ cos(2rkx) dx = [M] =0,
0 2k 0

and integrating by parts,

1
/0 (1 —b— ax)sin(2rkx) dx = ﬁ,
we obtain
1 ® o
/ Ui(z,t) doe = 2U)(t) + Z —ang(t).
0 =1 &
Using

Us(t) = Fo(t),

it follows that

/1 Up(z,t) de = 2Fy(t) + i 2—ng(15) :

Integrating over [0, 7] gives

k=1
T [e’s) 2(1
=2 ) Folt)dt+ Z -k <U2k(T) - U2k(0)>
0 k=1
Since
t
Uni(t) = pore” B o a0 / Fy(r)e™ @m0 fLo(e)ds .
0
we have

T . T T
/ Uy (t) dt = (’0%6—(2@)2_[0 a(s)ds 4. / FQk(T)e_(%k)fo as)ds g P2k -
0 0
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Therefore

/OT E'(t)dt = 2/0T Fo(t) dt

=, 2a T _ T
iy [@%6 @rk)? [T a(s)ds +/ Fyu(r)e- @R I at)ds g %k] ‘

k=1 0

3

Hence

[e.o]

) E'(t) dt + i 20 e —2 ' Fy(t)dt =) 20 e G [ ale)ds ' Fy(r)e™ @m0 7 a(s)ds g
ok P2k 0 Tk P2k . 2k .

0 k=1 0 =1

Since

0 < e—(27rk)2 fg a(s)ds 1

we obtain

T

T = 2a

EW)dt+S o —2 [ Fot)dt
[RECEEDIE LY U
Sz—k[<ﬂ2k+/o sz(T)dTl-

Using the following estimation: Lemma 2.1. For ¢; <t < ¢, where ¢;,t, > 0 we have

‘6—(27#9)2 ]51 a(s)ds e—(27rk)2 ng a(s)ds < (27.‘_]{:)2“1 s t2| maxa(t)

(0,7]

where 0 < 7 < t, and ||a(t)||cjo,r] denotes the Chebyshev norm defined by

lalloor = e la(o)

Proof. We define g(t,7) = e@™)?[fa@ds y ¢ [t 4,],0 < 7 < T. Where g(.,7) € Clt,t,] and

g(0, ) is differentiable on (¢;, t2), by using the mean value theorem

l9(t1, 7) — g(ta, T)| = |t1 — ta|g'(t, T)

Moreover

t —g(t < (2mk)2t, — t
9(t1, 7) — g(ta, 7)| < (27k)% |t glé]r[loa%|a|

Therefore

e—(27rk)2 fotl a(z)dz _ _—(2mk) fo (27T]€)2|t1 . t2’ maxa(t),

(0,7]

And on the other hand we have

|N(t1) _ N(t2)| < Z 87T]{7902k (e—(ZTrk)2 jgl a(z)dz 6—(27rk:)2jg2 a(x)da:)

k=1
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to .
Zgﬂk U Py (r)e” B Jt el / sz(f)e@ﬂk)?fﬁa(s)ds}
0

With0<t1<t2<T

IN(t;) — N(ts) |<:j{:8ﬂk;2ﬂk><p%4m,—t2hnaxa(w
k=1

t1 to
|:/ F2k ) —(2k)? f:l a(s)ds _ / F2k<7-)€*(27rk)2 f:2 a(s)ds __ / Foy, (7_)6*(27#6)2 f:Q a(s)ds:|

0 t1

00 t1 . .
= Z (27k) <P2k|t1 — 1o} maxa )+ Z 87Tk:/ Fo(7) ‘6_(2”)2 [zt a(s)ds _ o= (2mk)? [12 a(s)ds
k=1 0

+287Tk/ For(1)e —(2rk)? [*2 a(s)ds

Since e~(2™)* 2 a(s)ds < |k =0, 1,2 we obtain

(27k) t1 —t maxa )+ 4(27k) / For(7)dr max a(t
< 3 4C2rk)pults ~t Z 20 (7)dr max a(t)

+Z87T/<:/ For(7)dr

We set

o) T 0 0o
04 = 24(271']{])3902’“ 05 = /(; Z4<27Tk)3F2k(T)d7', CG = %%}]{ (Z 87T]€F2k<t)> .
k=1 k=1 ’

Then

From hypothesis (A4); and (As)s

O<a(t)§ﬁ<oo, 0<t<T
Cy
We obtain
C
IN(t1) = N(t2)| < |(Ca+ C5)~ + Co | [t1 — ta (3.14)

Cs

Notice that from the definition of (;, we obtain

k()] < Ci; N(t)>Cy, tel0,T]
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Since K (t) is a continuous function, then for a given € > 0, 36; > 0 Such that 6; = d1(¢), Vt1,t2 €

[0, T](|t — t2| < 6) From where
026
|K(t1) — K(t2)| < 5 whenever |t — t5] < (3.15)

Let

C2e
§ = min < 1 (e), 2
. { ) (G T )0+ Cala) O }
From for |t; — t5] < € we obtain

[(Ci + C5)C1 + oG Cye
N(t;) — N(t)] < X
|N (1) (t2)] < C, 2[(Cy+ C5)Cy + C2Cq] ¢4
From where
|N(t)—N(t )|<C_226 (316)
1 2/l = 201 '

And on the other part

|K(t1)] <2 max Fy(t) + max (i ing(t)) — min F'(t)

te[0,T] tefo.1) \ £ 7k te[0,T
Then
[K(t)| < Cy
And
N(ty) < C5such that Cy < C5 then N(ty) < Cy
And also

N(t;)N(ty) < C3

By substituting|3.15and [3.16|into [3.14} gives

< G, CiCEe
=20, 20,03

|Pla(t,)] = Pla(ty)]

Then
|Pla(t)] — Pla(t)]] <€

Thus, the set is equi-continuous. Then P(M/;) is a compact set and the operator is compact and
the application of set M to itself. Using the Schauder fixed point theorem, we have a solution

a(t) € C0, T of equation [3.11]
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3.1.2 Uniqueness of the solution

Let us now show that there exists {2, (0 < T, < T') for which the solution (a, U) of problem
3.22|is unique in Qy,. Suppose that (U(z, t),a(t)) and (V(z,t),b(t)) are two pairs of solutions to
the problem Then, from the representations[3.9/and of the solution

U(z,t) Z Dk ( (2nk)? fy als)ds _ o —(2mk)? fg b(s)ds) Xok(x)

+ Z ( / Fyp(r) (e G Jr s _ g=(2mk? 7)) d7'> Xou(2)

t t
(por—1 — dmkpait) (67(2”’“)2 Joals)ds _ o—(2mk) g b(s)ds) Xop—1(x)

Mg T

+

T

1

t
(/ Fop1(7) (67(2”)”7 a(s)ds _ o=(2mk)? [; Ms)ds) d7'> Xop—1(x)
0

t
(47Tk/ F2k<7) (t _ 7—) (6_(2”k)2 Jra(s)ds _ e—(27rl<;)2 It b(s)ds) dT) X2k71<£L‘)
0

NE

+

k=1

M8

B
Il

1L

a(t) = b(t) = Pla(t)] — P[b(t)].

Where

k=1

(1= B)(1—1) Y sk (wzke—ww& (s | / Fulrjeerh? Siegr )
k=1 0

Uai(t) — E'(2)

w|

Pla(t)] = P[b(t)] =

2Fy(t +Z ng E'(t)

> sk (@2k6(2”k)2f5 b(s) ds +/ Fy(r)e™ ) [ 55) deT)
k=1 0

The following estimate is true:

00 ¢
Z87rk (gpgk +/ For(7) dT) > (.
0

k=1
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Then

X ( Z Stk Dok ‘6—(27rk)2 ]5 a(s)ds 6_(27rk)2 /ot b(s) ds

t
¢ t
+ Z 87'(']6/(; ’FQk(T” ’e*(Qﬂ'k)? [Za(s)ds _ 67(27rk)2 [t b(s) ds

dT> |

Using the estimates

‘67(27”“)2 Jya(s)ds _ o~ (2mk)? [ b(s) ds < (QWk)QT Or?tzggp la(t) — b(t)], (3.17)
—(27k)? ]Tt a(s)ds _ _—(2rk)? f: b(s)ds < 2 -
e e < (27k) Toréltf:%}%M(t) b(t)], (3.18)

we obtain

2o(t) + 3 22 Upy(t) + B ()
1Pla(o)] = PRI < ——7 =5

[o'e) 0 T
X [2327r3k3<p2k+2327r3k3 / | For(7)| dr | T max |a(t) — b(t)).
k=1 k=1 0

0<t<T

Let
00 00 T
Ci=Y @ Kew  Co= 520k [ Eu)ar
k=1 k=1 0

Then

26o(t) + 3 22 Ub(t) + B ()
[Pla(t)] = Pb(t)] <

B (1=8)(1—=b)C3

Taking the maximum over [0, 7], we obtain

(Ca+ G5)T max |a(t) — b(t)]-

2 max |Fy(t)| + max (37, 2 |Fax(t)]) + max |E'(t)|

0<t<T 0<t<T 0<t<T B
ma [ Pla()]—PI(0)]| < =T (CotO5)T ma: alt)—b(0).
By the definition of C,

— 2
2 max |F0(t)‘ + max (Z %‘FQk(t}‘) + max ’E’(t)’ < Cl.

0<t<T 0<t<T \ &= 0<t<T
Hence
C1(Cy+ Cs)
J— < Z P .
0sieT [Pla(t)] = POl < (1—-p8)(1—-0b)C2 0sier alt) = (0)
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Set

_ C1(Cy+ Cs)
(1=-p)(1-0)C3
Then
Dax [Pla(t)] — P(¢)]] < o max |a(t) - b(¢)]-
Let o € (0,1) and choose Ty, 0 < Ty < T, such that

Ci(Cy+ C5)

- p-—ncF ="

Then from (??) we obtain
la = bllcpm) < alla—bllcpm)-

Since o < 1, it follows that

(1 —a)lla—bllcpm <0.

Therefore,

a(t) = b(t), t €0, Tp).
Substituting a = b into (??), we obtain
Ux,t) —V(x,t) =0,

hence

Therefore

Uz, t) = V(z,t), a(t)=bt), tel0,T].

3.2 Continuous dependence on data

Theorem 2.2. Under hypotheses (A;) — (A3) the solution (a,u) of problem depends

continuously on the data for small 7'.

Proof. Let ¢ = {¢, F, E} and ¢ = {, F, E} be two sets of data, which satisfy the hypotheses

(A1) — (A3). Then there exist positive constants A/;, i = 1, 2, 3 such that O

[9llcaoy < My, [[Fllcrogyy < M2, [[Ellcapy < Ms,

Haucﬂ[o,l} < M, "F”C4«0(m) < M, HEHCHOJ} < M3,
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Let (a,U) and (@, U) be the solution of the inverse problem corresponding to the
data ¢ and ¢, respectively, according to the equation we have

2F0(t) + D oney 2 Falt) — E’< )

alt) = - (3.19)
ZZO:1 8k | pore™ (27k)? [§ a(s)ds + f For (T e—(27k)? [ a(s) dsdT}
2Fo(t) + 352, ZFo(t) — E'(t
Zzozl 8k go e~ (2mk)? Jo als)ds + f F% e—(2mk)? [ a(s)deT]
First, let us estimate a — @ to calculate that
Fo(t) Z 87rk¢2k€—(2nk)2 Jyals)yds _ Fo(t) Z 87rk902ke_(2”’f)2 St a(s)ds
k=1 k=1
— Fo(t) Z 871.]{@2]{7 ( (27k) fo a(s)ds e*(ZTI'k a s)ds) —(27k)? fo (@Qk . ¢2k)
k=1

+ | Brkippye I 2 By (1) — Fo (1))

k=1

By using ?? and the theorem hypotheses, we have the following for the first estimation:

Fy(t) Z 87Tk¢2k3_(27rk)2 foatsyds _ Fo(t) Z 8771@21:6_(2”)2 o als)ds

k=1 k=1

ax (Zél (27k)? | Fo(t) || Do (t )|> T max |a(t) —a(t)| + ZS?Tk max | o, — Do
k=1

k=1

+ max (Z 87Tk‘|g02k|) max | F(t) — F(t)]

k=1

< 34l lellcnnlla ~alloan + 3 8mkle — Bleson + - lellowonlF — Flewsan
k=1 k=1

ME% I

< " 42rk)> T M, Ms|a — @l oz + Z 87k — Bl + Z 8TkM,||F — Fll o100y

1 k=1 k=1

B
Il

In the same way, we have:

FO Z/ F2k —(27k)? f as)deT—FO 287{-}{;/ }7’2]€ 27rk)2'/‘:a(8)dsd7_

<> 4@rk)’ T M3 |la — allcpor + Z 167k MyT || F — F|c10(0p)

=1 k=1
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2 00 .
_k Z 8Tk py,e (2mk)? [y a(s)ds _ Z _FQk Z 87Tk'902k6_(27rk)2 Jo a(s)ds

— k=1

<> 16(2wk)* T M Ma|a — @llcppr) + 16Mzl¢ — Bllcsp + 16M:i||F = Fllcaogn)

k=1
= 2 = ‘ - ¢ s s)as
> Eu(t) )8k / Fus(r)eBobF faohsgr 3 2 Foslt Z 8k / Fap(r)eCr* [ g
k=1 k=1 k= 1
<> 16(27k)*M3T?|la — @l o) + 32MaT || F = Flcan(on)
k=1
B(0)Y Sk G BTN (1) S Sy G2 o
k=1 = b
<) 4@k TM Mslla — @llcpg + Y 87kl — Bllcapy + Y 8TkM||E — Ellcsoqq)
k=1 k=1 k=1
o t N
E'(t) Z 87rk:/ ng(T)e_(27rk) Jrals)ds gy Z 87rk/ Fop(T —(2mk)? [1a(s)ds 1
k=1 0
<> 4Q2rk) T’ MyMslla — @llcpg + > 87T F — Fllosogr + Z STET My || E — E||cro0r)
k=1 k=1 k=1
Where M.,k = 1,...,7 are some constants. We have:

My =Y 42rk)* TM My + > AQrk) T? M3 + Y 16(2rk)*TM; My + Y 16(2mk)* M3 T*
k=1 k=1 k=1 k=1

+ ) A(2mk) T M, Ms
k=1

My = Z 167k + 16 M,

Z 8wkM; + Z 167kT My 4+ 16 M, + 32T M, + Z 8k

k=1 = k=1
M, = Z SwkM; + Z TM,
k=1 k=1

After using these estimations in a — @, we obtain:
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(1= My)lla—alcpr < Ms (|1 E — Ellcioqqr + I — @llcipy + |1 F = Fllesoon)

Where M; = max{M,, Ms, M,}. With the inequality M; < 1by taking small 7', we finally obtain:

la = @llcpn < 716 =l

Ms
(1 — M)

If we set Mg = (ﬁ—;m, then:

l¢ =@l = 1B = Ellcsor + lle = Pllcspa + I1F = Fllcsoqn

From equation a similar estimation is also obtained for the difference U — U as:

U = Ullog,) < Msllo — ol
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Then we have

Milla —@llcpz) + Molle — Bllcapa + M| F — Fllcso@r) + Mall E — Ellcaoqr)

t)—alt) < ’ !
a(t) —a(t) < -
(3.21)
Where () is a constant defined previously. Then
(Co — My)lla —allcpor) < Malle — Bllcap,) + Ms||F — Fllcaop) + MallE — El|lcaoor)
< M5 (llp = @llespo + |1 F = Fllesogry + I|1E = Ellcto@qr)
Where My = max{ M, M3, M,}. For a small T such that Cy — M; > 0, we obtain
_ 3.22
Ja — @l < 56— 3] (62)
Where H¢ - a” = ng — @HC"*[UJ] + HF == FHC‘LO(QT) + HE - EHC"LO(QT)- Let M6 Co M, M ’ then
la —@llcpr) < Msllé — ¢ (3.23)

Now, let’s estimate U(z,t) — U(z, t) using the representation From we have
U(,t) = Ula, )| < |Us(t) — Uo(t)||Xo ()| + Z |Uai(8) = Usze(t)[| Xan ()]

+Z|U2k 1(8) — Ugi—1 (1) ]| Xog—1(z))

Using the properties of the basis functions Xj(x) and the previous estimations for a(t) — a(t),
we obtain

IU = Ullogyy < Ml — 4 (3.24)

Where M is a constant depending on the data and 7". This completes the proof of Theorem 2.2

regarding the continuous dependence on the data.
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CHAPTER 4

NUMERICAL APPROXIMATION OF THE
SOLUTION

problem is non-linear and coupled, we use an iterative algorithm based on the fixed-point

method described in Chapter 3.

4.1 Numerical Approximation

Let N1, N, € N and define

where

TN N,

Let U/ be the numerical approximation of U(z;, ;) and a’ the approximation of a(t;).

The finite difference approximations are given as follows.

1. The approximation of the time derivative:

Uitt i
Ui(zi, t;) = ——— 4+ O(7). (4.1)

-
2. The Crank-Nicolson approximation for the second derivative in space:

Uss (i, 1;) (Ul =207 + UL) + (UL = 2077 + UZD] + O(h?). (4.2)

T on?

3. The initial condition:

U(e:,0) = p(z;) = U= 43)
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4. The nonlocal boundary conditions become

U0,t)) =U(L,t;) = Uj=Uk,
and

Ui U
mL

J J
UN2 - UN2—1

U:(0,t;) = BUL(1,t;) = h

8

Hence,

Uj — U§ = BU%, — Uk,_y).
Finite Difference Scheme

Using equations (3.1)—(3.2), the Crank—-Nicolson discretization of the problem becomes

Uittt i gty - j : j
i i _ g Lo (U7, —2U! + UL ) + (Uij—:_ll —7 Ui]jll)} +

R+ F
T 4h? '

2

Let | '
ot +al)r

|
f= 4h?2

Then equation (3.7) can be written as

T

—RUI! +2(1+ RU** = RUIY = RUL, +2(1 - R)UY + RUJ,, + -

(F/ + FY).

fori=1,2,..., Ny — 1.

The boundary relations are

J 7179
Uy = Uy,,

and
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Matrix Formulation

The numerical scheme can be written in the matrix form

AU = BUY + F7, (4.11)
where
Uy
Ul = Ug
U

The matrices A and B are tridiagonal matrices given respectively by

2(1+ R) —R 0 0
—R 2(1+ R) —R 0
A= 0 —R 20+ R) --- 0 ,
0 0 0 —R 2(1+R)
and
2(1 - R) R 0 0
R 2(1 - R) R 0
B = 0 R 20—-R) --- 0
0 0 0 R 2(1-R)
Moreover,
F* 4 B
i T Fg —+ FQJ
9 -

FRota + Py
Remark 3.1. The matrices A and B are strictly diagonally dominant. Therefore, the matrix

A is invertible and the discrete system admits a unique solution.

Predictor—Corrector Iterative Method

Integrating the equation over (0, 1) and using the nonlocal boundary conditions, we obtain
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—E'(t) + /1 F(z,t)dx

a(t) = (4.12)
0= = h)0.0.0)
Using finite differences,
Ei+l _ |
RN
- T
@l = : : ) (4.13)
(1= 8)(U - Up)
At each iteration step (s + 1), we compute
Fit2 _ pitl ,
AR SN
(s41) ]
asyy = —— - (4.14)
’ (1 - Bt — g™
Then the corrected solution is obtained from
Ui]'+1(s+1) L Uij+1(5) p o a§i+11) +a§?1
T 2h2 2
% [(Ui]rlusﬂ) _ QUin(SH) b Ugj11(5+1)) 415)

+ (UIR© - 20710 4 @)

1 . .
+ (T + F).

The iterative process is stopped when the difference between two successive iterations sat-

isfies a prescribed tolerance.

4.1.1 Numerical Example

We consider the inverse problem (3.1), with

F(z,t) =e " [(47°t* — 1)(1 — b — ax) sin(27z) + 4wa t* cos(2mz)] ,
o(z) = (1 — b — ax)sin(27zx),
E(t) == —e™", z €[0,1], t € [0,T].

It is easy to verify that the analytical solution of problem (B.1)—(??) is given by

{a(t),U(z,t)} = {t*, (1 — b— az)sin(2rz)e "} . (4.16)
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_ 1-8 _ B
Fora = 73 and b = T3

Applying the numerical scheme described in the previous section with the mesh sizes

where N,, N; € N, we observe that the scheme becomes unstable when T exceeds a critical
value. In particular, for the step size
1

h=15 ~ 7=0.005

We consider the inverse problem with 3 = 9:

Hence, the nonlocal boundary conditions are satisfied.

Corrected Crank-Micaolson solution
D-"-l | T T T T | T T T
: : : : : : Exact
=& = Crank-Micolson

0 0.1 0.2 03 04 05 e 07 os 039 1

44



Conclusion

In this thesis, we have studied an inverse problem for a parabolic equation with an unknown
coefficient a(t). We established the existence and uniqueness of the solution using the Schauder
tixed-point theorem and proved the continuous dependence on the data. Finally, a numerical
method was implemented to approximate the solution, showing good agreement with exact

cases.
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Abstract

In this memoir, we have studied an inverse problem for the identification of a coefficient of ther-
mal diffusivity as a function of time and the distribution of temperature in a one-dimensional
diffusion equation with an integral condition when a heat exchange takes place through the
material border. We have shown that the inverse problem is well posed under certain regu-
larity conditions on the data of the problem. The inverse problem is also studied numerically,
using the Cranka€”“Nicolson finite difference scheme combined with the predictor-corrector
technique. We have presented numerical examples to validate the effectiveness of this scheme.

Keywords : Fourier method, Schauder fixed point method, Non-self-adjoint spectral problem,

Crank-Nicolson scheme.
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