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Notations

d(.,.)
(X.d)
(X, d,e)
M, (X)
R
Lip (X)

1l

X7# = Lip, (X,R) = Lip, (X)

Lipy ()
X+
X
Bx

Distance .

Metric space .

Pointed metric space .

Class of complete pointed metric spaces .

Reel space .

Space of bounded Lipschitz functions from X into R .
Norm of Lip space .

Space of all Lipschitz functions between X and Y that vanish at e .
Lipschitz dual of the pointed metric space X .

Norm of Lip, space .

Topological dual of X.

Set of pairs (z,y) in X? such that = # y.

Unit ball of X.

Weak * topology .

Topology of pointwise convergence .

Linear space of all molecules on the metric space X.
Molecule defined by m,,» = 1(z3 — 1z for z,2’ € X.
Arens-Eells space of X.

Lipschitz free space of X.

Little Lipschitz space of X.



Introduction

he Lipschitz function is the natural morphism between metric spaces like linear oper-
ator between Banach spaces. In mathematical analysis, Lipschitz continuity, named
after Rudolf Lipschitz, is a strong form of uniform continuity for functions. So a map f :
(X,dx) — (Y,dy) between two metric spaces is called Lipschitz if there is a positive con-

stant C such that that

Vi,y € Xody (f(2), f(y)) < Cdx (2,9).
For a Lipschitz map f, we define its Lipschitz constant by

Lip (/) = sup dy <§X<2 : ;)@))

= inf {C : verifying above definition } .

We can be define the space Lip (X) of all bounded real-valued Lipschitz functions on X, with

the norm
[ flly, = max {[|fl, . Lip (f)}

Also, we define the Lipschitz space Lip, (X) = X# is the set of all real-valued Lipschitz func-
tions on X which vanish e (e is a distinguished element of X') . With the norm Lip (.) .

So, The space Lip, (X) is a Banach space. It is also a dual space. The first chapter of Lip-
schitz spaces we shall see the concepts Preliminairs on metric space and the propriety of Lip-
schitz functions for defining the space Lip, (X) and it is a Banach space, Also, we mention of
retraction space foresee the projection in the linear case on the non-linear case (Lipschitz case).
Moreover we see two important concepts the unit ball By« is compact and the conjugate space,

for proof the space Lip, (X) is a dual.

vi



The second chapter called of "Pestov’s theorem" we shall see two predual of the space Lip, (X)
are Arens-Eells space (Z£(X)) and free-Banah space (F (X)) , also another construction of the
last space , all this in more details.

The third chapter is denoted to lip, (X). We shall give some properties concerning this space.
We show that lip, (X) is a predual of £(X) if X is compact.

The last chapter , we introduce the class of B-Lipschitz summing operators.
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CHAPTER 1

LIPSCHITZ SPACES

this chapter we recall, some properties about metric space, and Lipschitz functions in order
to prove that Lip, (X) is Banach space. In addition to that, we prove the compactness of
the unit ball By+ which has a significant role as well as the concept of conjugate space to prove
that Lip, (.X) is dual. Moreover , all of these concepts can be found in the references [5], [14] for

more details.



1.1. Preliminaries on metric spaces 2

1.1 Preliminaries on metric spaces

Metric spaces as the natural framework for the study of Lipschitz functions, we present some
notions and results used in the sequel. They are treated in many books on topology, mathemat-
ical analysis, functional analysis, etc. As dedicated exclusively to metric spaces we mention the

books [8], [12] and a good reference for this is the book of Weaver [14].

Definition 1.1.1. Let X be a non empty set. We say that d is a distance on X if d is an application

from X? into R, such that forall z , y, z in X we have
(i) d(x,y) =0 < x = y (separation),
(i1) d(z,y) = d(y,z) (symmetry),
(i19) d(z,2) < d(z,y) + d(y, z) (triangular inequality) .
The space X equipped with d is called metric space (X, d)

Definition 1.1.2. A metric space (X, d) is called discrete if there exists a constant 6 > 0 such that
\V/l'l,l'g : ([L’l 7é [L’Q) S X;d(ﬁl,fﬁg) > 0.

Definition 1.1.3. A pointed metric space (X,d, e), is a metric space (X, d) with a distinguish

elemente € X.

Definition 1.1.4. Let {(X;,dx,,e;),7 € I} be a family of metric spaces in M, we can define by

(IT™ Xi, d, e) the set of elements x = (z;) such that sup,; dx, (z;, e;) < oo, with the metric

d (Iv y) = sup dXi (xia ei)
i€l

and the distinguished point e = (e;),; -

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 3

This definition is well defined. Indeed, We have

d(z,y) = sup dx, (i, i)
1€

< SU? (dXz (x% ei) + dX¢ (ei7 yz))
1€

<supdy, (z;,e;) +supdy; (€;,Yi)
iel el

also, we have ([[™ X;,d,e) € M, as we have by Definition [1.1.4] sup,c; dx, (zi,e;) < oo. So

d(z,y) < oo.

1.2 Lipschitz spaces

1.2.1 Lipschitz functions and proprieties

Lipschitz functions are natural morphisms between metric spaces like linear operator be-
tween Banach spaces. In mathematical analysis, Lipschitz continuity, named after Rudulf Lip-
schitz, is a strong from of uniform continuity for functions. For more informations in the book
[14] .

Definition 1.2.1. Let (X,dx), (Y, dy) be two metric spaces. Amap f: (X,dx) — (Y,dy) is

called Lipschitz if there is a positive constant C' such that

Vr,y € X, dy (f(z), f(y)) < Cdx (z,y). (L.1)

If C' =1, the map is called nonexpansive ( and contractionif C' < 1).

For a Lipschitz map f, we define its Lipschitz constant by

Lip (f) = il;}y) dy (JXCE;:;)(ZJ))

= inf {C : verifying (1.1)} .

Let (X,dx,ex),(Y,dy,ey) be pointed metric spaces. We say amap f : (X,dx) — (Y,dy)
preserves distinguished pointif f (ex) = ey .

Definition 1.2.2. (X, dx), (Y, dy) be two metric spaces. Amap f : (X,dx) — (Y,dy) is called
bi-Lipschitz or quasi-isometry, if f is bijective ( one-to-one = injective and into = surjective ) and
both f, f~! are Lipschitz.

In this case X and Y are called

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 4

(¢) Lipschitz isomorphie or Lipschitz homeomorphic ( Nigel Kalton ).
Or

(#7) Quasi-isomorphic (Nik Weaver).
A bi Lipschitz function f is an isometry if

Vr,y e X dy (f(2), f(y)) = dx (z,y).

We give some properties and the proof for certain, for the aisance of the reader.

Proposition 1.2.1. Let X, Y and Z be metric spacesand let f : X — Y and g : Y — Z be Lipschitz

functions , then g o f : X — Z is Lipschitz with

Lip (g o f) < Lip(g) .Lip (f).

Theorem 1.2.1. Let X, Y, be metric spaces and let X, Y be their completions . Let fo : X9 — Y, be

a Lipschitz function. Then f has a unique Lipschitz extension f : X — Y such that

Lip (f) = Lip (fo) -

Proposition 1.2.2. Let (X, d) be a metric space. For Lipschitz functions f,g : (X,d) — R and scalar

a € R, the Lipschitz constant has the properties
(i) Lip (f +g) < Lip (f) + Lip (g).
(ii) Lip (af) = |a|Lip (f) .
(é¢i) Lip (min{f,g},ormax{f,g}) < max{Lip (f),Lip(g)}.

Where min (f, g) (resp, max (f, g)) denotes the pointwise minimum ( resp , maximum ) of the func-

tions f and g.

Proposition 1.2.3. Let X, Y be metric spaces and let f and { f,}, .y be Lipschitz functions from X to

Y . Suppose that f,, — [ pointwise . Then

Lip (f) < supLip (fn) -

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 5

Proof. Let x,y bein X. We have

dy (f (@), f (W) = lim_dy (f, () fa ()
Y

dx (z,y) n—eodx (7,y)
sup dY (f (z)af(y)) = sup lim dY (.fn (x>afn (y))
x#y dx (xv y) zAy VT dx (‘% y)
< supsup L U (@) 1o )
z#y n dx (fEa y)
by permitting the sup, we obtain the result. O

Corollary 1.2.1. If Z [ converges pointwise then

n>0
Lip (Z fn> < Lip(fa)
n>0 n>0

Proposition 1.2.4. Let X be a metric space and let f,g: X — R be Lipschitz map , then

(4) Lip (f.9) <Ifllo Lip (9) + llgll Lip (f) -

(1) Tip (%) <) der @) > >0 forallze X,

= 62

Proposition 1.2.5. Let (X,dx),(X;,dx,), (i € I) be metric spaces in M. For each i in I, let f; :
X — X, be a Lipschitz map which preserver distinguished point. Suppose that supLip (f;) < oo. Then
iel
, the product map f : X — [[° X; satisfies
Lip (/) = supLip (£}
1€

Proof. Let x be in X. We prove that (f; (z)) € [[™ Xi. We have

supdx, (fi (z),e;) =supdx, (fi(z), fi(e))

iel el
(d = sup dxi) < supTip () d (z, )

el el

< Q.

For z,y in X. We have by definition

d(f (z), f(y)) dx, (fi (#), fi (y))
d(a:,y) el d(x,y)

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 6

and hence
L@ T W) | (i (@) S ()
xHy (ZE, y) z#y 1€l d (ZE, y)
I AN A0)
i€l zy d (Ia y)
— supLip (£,)
i€l
This implies that Lip (f) := sup,c; Lip (fi) ; and we obtain the result. O

We give the non linear Hahn Banach theorem [14].

Theorem 1.2.2. (Non linear Hahn-Banach theorem )
Let E be a subset of a metric space (X ,d) and let f : E — R be a Lipschitz function. Then f can be

extended to a Lipshitz function f : X —s R with he same Lipschitz constant

Lip (f) = Lip (f).

X~
f

TN

E L R

(z’ is the canonicol injection from E to X and f=fo z)
Proof. Fix zin X — E. We must find a value for f (z) such that for all z in E.
F() = f@)| <Lip()d(x,2) Vo€ B

or equivalently

hence

sup (f (y) = Lip (f)d (y,2)) < f (=) < inf (f (z) + Lip () d (z,2)).

yEE zeFE

It is possible because for all z, y in £/, we have

f(x) = f(y) <Lip(f)d(x,y)

< Lip (f) (d(x,2) +d(z,y)).

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 7

Define the function f : X — R by the formula

f = nf (f (z) + Lip (f) d(z, 2))

zel

To see that this function satisfies the results, fix an arbitrary z, € E.

Then, forany v € F
f(xo) = f (z) < Lip (f) (d (w0, 7))
< Lip (f) (d (0, 2) + d (2, 2)).

This implies (thatf (z) + Lip (f) d (z, ) is bounded belew)

f(@o) = Lip (f) d (2o, 2) < f(x) + Lip (f) d(z, 2).

So f(z) is well-defined. Also , if z € E, the above shows that f(z) = f(z) . Finally ( by

definition of the inf ), for z,y € X and € > 0, choose =, € F such that

f(2) = f(2) +Lip (f) d(z,2.) — e

_f (Z) S _f (xz) - Llp (f)d(Z,l‘z) +e€

Then

f(y) = f(2) < f(x:) + Lip (f)d(y,.) = f(2:) = Lip (f) d(z,2.) + ¢

< Lip(f)d(y,2)+e

Thus , we see that f is indeed Lip (f) — Lipschitz i.e., Lip <f) < Lip (f) . We have f = foiand

Lip (f) = Lip (f 01) < Lip (f) Lip (i)

< Lip (f) ,because Lip (i) = 1.

Conclusion
Lip (f) = Lip (f)

and this proves the theorem. O

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 8

1.2.2 Lipschitz spaces

Definition 1.2.3. Let (X, d) be a metric space , then Lip (X) is the space of all bounded scalar

valued Lipschitz function on X with the norm

1/l = max {|[fl[ , Lip (/)} -

Let now (X, d, e) be a pointed metric space with a distinguished " base point " e which is fixed
in advance . We denote by Lip, (X) the space of all bounded scalar valued Lipchitz mapping

on X vanishing at e by
Lipy (X) ={f: X — R Lipschitz such that f (¢) = 0}

with the norm

Lip (1) 1= sup 47 0

The spaces Lip (X) and Lip, (X, R) become Banach spaces, we put
X# = Lip, (X) = Lip, (X,R).
This Banach space of Lipschitz functions is called also Lipschitz dual of X .

Proposition 1.2.6. Let (X, d, e) be a pointed metric space . The space (Lip, (X ), Lip (.)) is a Banach

space.

Proof. One verify that Lip (.) is a norm on Lip, (X) . Let f be in Lip, (X) , we have

e o 1S (@) = f ()l
Lip(f) =0<V(z,y) EX,W

SV(ry) e X, f(x)=f(y).

=0

This implies that f is constant, as f (¢) =0, thus f =0.

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 9

Consider f, g in Lip, (X) . We have

|f () +g(x) = (f(v)g(y))l

Lip (f + g) = sup

oy d(z,y)
g =700 —0 )
<ol e
<sup L o

< Lip (f) + Lip (g) -

Let f be in Lip, (X) and A be in R . One have

Lip (Af) = il;]y) A (Z)(; ;)f ()|
o P @) =1 @)
zFy d(ZL‘7y)
= ALip (f).

This means that (Lip, (X ), Lip (.)) is a normed space.

We prove now that (Lip, (X),Lip(.)) is a Banach space. We use this : a normed vector
space is complete if, and only if, every absolutey convergent sequence (a sequence (f,) in a
normed vector space is said to converge absolutely if ) || f,,|| converges ) converges. Indeed,
the forward direction of this is easy. To prove the reverse direction, let (g,) be any Cauchy
sequence, we must show that it converges.

Passing to sub-sequence, we may assume that g,+1 — g, < 2% for all n . Then define f; = ¢;
and, for n > 1, f,, = g, — gn—1 . Evidently (f,,) is absolutely convergent, and since its nth partial
sum is just g, , the implication " absolutely convergent implies convergent " now entails that
(gn) converges.

Let (f,,) be a sequence in Lip, (X ) such that ZLip (fn) < oco. For any z € X we have |f,| <

n=1

Lip (f,)d (z,e) < oo. Thus (f,,) converges pointwise, and the sum f is Lipschitz by Proposition

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 10

1.2.3/. Letting g, = Z fr be the nth partial sum, we have
k=1

Lip (f — ga) = Lip ( > fk) < ( > Lip (fk)) — 0.

k=n+1 k=n+1
This shows that the series (f,,) converges to f in Lip, (X) . By the above, we conclude that
Lip, (X) is complete.

Let (fy),cy @ Cauchy sequence in Lip, (X') . We have

Ve >0 dng e N:Vm,n>ng; Lip(fin—fa) <e€ (1.2)
Lip (i — ) = sup P LI (0~ U @) Fu ]
zy (z,y)

So, for every x € X (fn, () — (fn (x))) is a Cauchy in R and hence converges. Let f (z) be its

limit. We have
(a) £(0)= lim f, (0) =0.
(b) Letx,ybein X . We have

@)= F ) = Tim|fu (@)= fu )]

< lim Lip (f,)d(z,y) < Kd(z,y).

n—aoo

Where K = Lip (f,) . Indeed, by

Hence (Lip (f»)),,cy is @ Cauchy sequence in R and thus converges to K, so f € Lip, (X).

(¢) (fn)converges to f .
Consider n > ng. We have Lip (f, — f) = lim Lip(f, — fi) < € and hence (f,),cx

converges to f.

This ends the proof. O

University of M’sila Banach space of Lipschitz functions



1.2. Lipschitz spaces 11

Remark 1.2.1. The space Lip, (X' ) does not depend on the choice of base point.

If e; and e are to different distinguished elements, then the linear map is a surjective isometry

w: Lipy(X,e;) — Lipy (X, e2)
f — [ = f(e2)

o u well defined

u(f)(e2) = f(e2) = f(e2)

So u (f) € Lipy (X, e2).

e u linear

u(f+g9)=rf+g—(f(er) +g(e2))
=f—fle)+g9—gl(e)
=u(f)+ulg)
u(Af) = Af = Af (e2)
=A(f — f(e2))
= Au(f)

e uisometry

z#y d(z,y)
@) = F o) = (F () = F(e2)
TFY d(d],y)
@ =1 W)
TFY d(l‘7y)
= Lip (f).

e u surjective

Consider g in Lip, (X, e3), the reciprocal image g — g (e2) = u (g) so g — g (e2) = g.

University of M’sila Banach space of Lipschitz functions



1.3. Retract spaces 12

Definition 1.2.4. Consider X, Y in MyandletT : X — Y be a Lipschitz map which preserver

base point. We define 7% : Lip, (Y) — Lip, (X) by

T#(9)(x) = (goT) (z) = g (T (x)).
The definition make sens by the property of composition maps.

Proposition 1.2.7. Consider X, Y in Mg and let T : X — Y be a Lipschitz map which preserver
base point. Then T# is a bounded linear map and ||T#|| = Lip (T). The map T# is compatible with

products and preserver order.

Proof. We have

Lip (T (g)) = Lip (g o T') < Lip (g) Lip (T
so ||T#|| < Lip (T) . For the converse inequality, fix p,q € Y. Let g = dy (.,p) — dy (ey,q) then

Lip(g) =1and

|T#]| = Lip (T* (9))

T# (g) (x) — T*# (g) (y)|
- dx (x,y)
19T (z) — gT (y)|
dx (%9)
19T (z) — gT (y)| dy (T (z) , T (v))
T dy (T(2),T(y)  dx(z,y)

>

Taking the supremum over x and y , we find ||T#|| > Lip (7). O

1.3 Retract spaces

The notion of Lipschitz retract in metric spaces is like linear projection in Banach spaces.

Definition 1.3.1. Let X be a metric space and let E be a subspace of X . A Lipschitz map
p: X — E is called a Lipschitz retraction if p/ F = Id. In this case we say that F is a Lipschitz
retract of X.

A metric space F is called an absolute Lipschitz retract if it is a Lipschitz retract of every metric

University of M’sila Banach space of Lipschitz functions



1.4. The unit ball By« is compact 13

space containing it.

(£ absolute Lipschitz retract < VX D EF:3 p: X — E Lipschitz retraction )

X
p

TN\

E L E

Proposition 1.3.1. Let Y be a metric space. Then, the following properties are equivalent
(1) The space Y is an absolute retract space.

(27) For every metric space X , for every subset E C X and every Lipschitz function f : E — Y can

be extended to a Lipschitz function f : X — Y.

XN
f

TN\

E L v

(113) For every metric space Z containing Y and for every metric space F' , then every Lipschitz function

f:Y — F can be extended to a Lipschitz function f : 7 — F.

ZN
f

TN\

vy L F

1.4 The unit ball B, is compact

1.4.1 Product Topology

Let (X;, T;),c; be a net of topological spaces. We note by

X:HXZ-.

iel
The product topology of X noted 7 is the least fine topology making projections continuous

University of M’sila Banach space of Lipschitz functions



1.4. The unit ball By« is compact 14

The least fine,i.e., having the fewest openings. The elementary openings of the product topol-

ogy are of the form

(p;' @), 7 (finite) C 1.

=

Remark 1.4.1. () The projection p; is an open application.

(i7) Anapplication f: (Y, ) — (X, T) is continuous if, and only if, p; o f is continuous for

every ¢ in /.
The celebrate theorem in the product topology is the theorem of Tychonov(ff).

Theorem 1.4.1 (Tychonov). A product space product X = [] X; is compact if, and only if, X; is
el
compact for all i in I. In other words, the topological product of any number of compact spaces is

compact.

Pointwise convergence is the same as convergence in the product topology on the space
Y X, where X is the domain and Y is the codomain. If the codomain Y is compact, then, by
Tychonov’s theorem, the space Y is also compact.

Let (X,d, e) be a pointed metric space. The topology 7, of pointwise convergence is the

topology induced by the product R* and determinates by the condition

£ fesvVre X, fi(z) — f(2)

for any net (f;),.,in R* and f € R*.
Let now giving the analog of the Aloaglu (1940 for every Banach spaces)-Banach (1932 for

separable Banach spaces) theorem for the unit bull Bx# of Lip, (X).

1.4.2 Compactness of By is compact

Proposition 1.4.1. The unit bull By is compact for the topology T,.

University of M’sila Banach space of Lipschitz functions



1.5. Conjugate space 15

Proof. Observe that Bx# is closed in R* with respect the topology 7,. Indeed, consider a net

(fi);e;in R¥ such that

£ s f e RY.

For z,y in X, the inequality

implies that

[f (2) = ()| < d(2,y)

and consequently f € By#.

Let now f € Bx«. We have

|f(2)] < d(z,e), VrelX.

This shows that

fe]flo.d(ze)

zeX

and this implies

By# C H 0,d(z,e)].

zeX

The space [] [0,d(x,e)] is compact by Tychonov’s theorem and By+is closed so it is compact
rzeX

(closed of compact is compact). O

1.5 Conjugate space

For more details on this section, we can consult [9].

Let £ be a Banach space. We say that F is a conjugate space if there exists a Banach space B

University of M’sila Banach space of Lipschitz functions



1.5. Conjugate space 16

such that B* is isometrically isomorphic to E (i.e., B* = E). We now give a simple sufficient

condition to generate that space B exists.

Let us recall that a family of seminorms on a linear space generates a locally convex topol-

ogy in the following sense.

Theorem 1.5.1. Let {p; : i € 1} be a family of seminorms on the linear space E. Let U be the class of all

finite intersections of sets of the form

where j € J (finite) C I, r; > 0. Then U is a local base for a topology J that makes E a locally
convex topological vector space. This topology is the weakest making all the p; continuous, and for a net

{zo} C E, x4 = xin J if, and only if, p;(x, — x) — 0 for each i € 1.

Theorem 1.5.2. ( Dixmier-Ng theorem )
Let E be a Banach space. Suppose that there is a ( Hausdorff ) locally convex topology o on E such that

B is o -compact. Then E is a conjugate space.

Proof. Let B = {¢ € E'¢|Bg is o — continuous} (E" = algebraic conjugate space ). Then B is a
closed linear subspace of E*, and is therefor a Banach space. ( To see that B C E* observe that
for any ¢ € B the image ¢ (Bg) is compact hence bounded set of scalar; that is, ||¢|| is finit and
so ¢ € E*.Bis closed in E* because convergence in E* entails uniform convergence on Bg) We

now bring in the ( canonical embedding ) operator Jp 5 : E — B* defined by

< @, JE,B (ZL’) >= (I)

this operator assigns to each z € X the functional " evaluation at " in B* , we clearly
have ||Jg g (z)|| < 1. The proof will be completed by showing that Jz 5 (z) is an isomor-
phic isometry between £ and B*. We do this by showing that Jg 5 (z) is injective and that
it maps Br onto Bp-. The first assertion follows because B is total. Indeed B contains the

dual space E; which certainly separates the points of £. The second assertion follows from
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the fact (evident by definition of B) that Jg 5 is continuous from the o-topology on F into the
weak*-topology on B*. This means in particular that Jz 5 (Bg) is w*-compact in B*. But, by the

Goldstine-Weston density lemma, this image is also weak*-dense in Bp-. O

Example 1.5.1. Consider the space Lip (X, d, R) of bounded Lipschitz functions defined on the

metric space (X, d) and normed by

I, = max {[[.llo , Lip (1)} -

Let o be the topology of pointwise convergence on X , which we denote by ¢ (Lip (X, d,R), X)

, then By is certainly a o (Lip (X, d,R), X) -closed subset of X . We have
Brip(x,ar) C [—1, 1]X :

Since [—1, 1] is compact by Tychonov’s theorem we have [~1,1]* . consequently , Briy(x.ax) is
o (Lip (X, d,R), X) compact and so X is a conjugate space .

Let X# = Lip, (X) . Let 7, be the topology of pointwise convergence on X#i.e., 7, = o (X#, X)
. Then By« is certainly a 7, -closed subset of X#. ( And this what have we seen the previous

title ) so X# is a conjugate space .

1.6 Lip, (X) is dual

We have seen that the unit ball By« is 7, -compact and according to " Dixmier-Ng theorem "

Lip, (X) is a dual space , for every X € M, .
Theorem 1.6.1. The space X# is a dual space.
Proof. By Dixmier-Ng’s theorem, it suffices to prove that 7, is Hausdorff locally convex.
(¢) The topology 7, is locally convex.
(¢7) The topology 7, is separating.

(1) Define

pe (f) =1 (@)], =€ Eand f € Bxs
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1.6. Lip, (X) is dual 18

and put P = {p,} By the precedent theorem, the topology defined by P is locally

zeE *

convex and it is exactly the topology of pointwise convergence 7,.

(it) The topology 7, is a Hausdorff topology if, and only if, the family {p,}, . is separating,

i.e., given f # 0, there exists x € E such that p,(f) # 0.

This is the case and this ends the proof. O
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CHAPTER 2

PESTOV’S THEOREM

n this chapter, we will introduce the predual of dual Banach space Lip, (X) is Arens-Eells
space denoted by Z£(X) , due to "Pestov’s theorem", we will also introduce Free Banach
space and a main principals of this space to proof that they are isometrically isomorphic to

Lip, (X), as well as another construction, all of those concepts can be found in the references

[A], [11], [14], [10], [13]], [7Z], [5] for more details.
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2.1 Arens-Eells space

This space was first introduced by Arens and Eelles [1]] in 1956 .Originally, the basic idea goes
back to Kantorovich [11]]. The terminology Arens-Eelles Z(X, d) is due to Weaver [14].
Let (X, d, e) be a pointed a metric space . A molecule on X is a real valued function m on

X with finite support (i.e., the set where m has non-zero values ) and satisfies

Z m(z) =0

xE€supp(m)

Denote by M (X) the real linear space of molecules on X . We can write

m = Z m (x) 1z

zEsupp(m)
n

= Z m (z;) 1y

i=1
Where supp (m) = {x1, s, .....,x,} and 1y, denotes the characteristic function of the set {x} .
For z,y € X we define the basic molecule m,,,, = 1{;,} — 1z, ( with 2;, 2, € X are called
atoms ). It is easy to see that every molecule m can be written as a ( non unique ) finite linear
combination of basic molecule ( the condition Z m (x;) = 0 insures that such representations

i=1
of mexist m = Ay 0y + (A1 + A2) Mgy + oooo + (A1 + oo + A1) My, 12, ). We have

l
m=>a; (1 — Ly,)
j=1

l
= E ozjmxjyj .
=1

Example 2.1.1. Consider m : R — R such that

m (0) = —4;
m(1l) =1,
m(2) = 3;

0 othewise.

m = —4.1{0} + 1.1{1} + 3.1{2}
= =310y — L1y + L1141y + 3.1y

=11y — Loy) +3 (L2 — Loy) -
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2.1. Arens-Eells space 21

Put now

!
||m||M(X) = inf {Z || d (x;, yj)}

j=1
I
over all representation of m = Y _ a; (15} — 1y3) -
j=1
If follows that [|.[| vy, is @ norm on the vector space M (X) . Denote by ZA(X, dx) the comple-

tion of the normed space (/\/l (X), ||.||M(X)> :

Remark 2.1.1. Every molecule m is uniquely expressible in the form

[
> a; (1) — 1)
j=1

where the points z; are all distinct and none equals to e .

Indeed , suppose that there is two representations

l l
DN (A — L) = Doy (1) — 1)
st s

where z; # z; # e.

« tsometrically _ |

We now prove that (Z£(X)) = Lip, (X).
Theorem 2.1.1. (Z£(X))" is isometrically isomorphic to Lip, (X).

Proof. Define

S (X, d) — Lip, (X)
by

(Sp) (2) = ¢ (Lzy — L1ey) -

Since ||1(4) =d(z,2') forall z,2" € X , we have

— 1 H}E(X,d)

(Se) () = (S¢) (@) = |¢ (1ey — L)) — @ (Ley — L4ey))|

= o (1 — 1)) |

< el d(z, ).
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Also (S¢) (e) = ¢ (0) , so indeed S¢ € Lip, (X). It follows that S is a non expansive linear
mapping from Z&* (X, d) to Lip, (X)i.e., Lip (S¢) < ||¢|| g--
Define now R : Lip, (X) — Z£"(X, d) by

=Y m()f (e

!
for f € Lip, (X) and m a molecule. If m = Z Aj <1{xj} - 1{5}) , we have
j=1

I(Rf) (m)| = (Zm(a:)f(x)ﬂ
Z%‘f (z:) — f (2))
< Z NS () = f ()]

!
< Lip (f Z])\\d Tj,x ]

IN

Hence [(Rf) (m)| < Lip (f) [[m| v4(x) » which uniquely extends to a continuous linear functional
on the completion Z&(X, d) of M (X) , denoted by the same symbol Rf . Thus Rf € £*(X,d),
and [|Rf]l < Lip (f).

Straightforward calculations show that R and S are inverses . Indeed , for all z € X
(5o R)(f) (x) = S(R(f)) ()

=R(f) (1) — 1)

= [(z)
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and for all m € M (X)

(Ro5) () (m) = R(S(#)) (m)
= Zm (x) S
= Z A (S (9) (x5) = S () (25))
= Z Ajp <1{xj} - 1{m;}>
= (m).

The operators R,S are non expansive and R o S = S o R = Id, so S is isometric
([l = (R o S) (@)[ < [BI[[S ()]} < IS (2)]]) and hence Lip, (X) is isomorphic to £"(X, d) (

for more information see [4] ). ]
Proposition 2.1.1. Let (X, e, d) be pointed metric space.

(i) For any molecule m we have

> m(x)

zeX

HmHAEXd —sup{ m, f)| =

f 6 Bx#}
and there exists f € By« such that (m, f) = [|m|| g x a,)-
(1) 1 (x ) 18 @ normon M (X) and |1y — 1gyy|| = d (2,y) forall z,y in X .

(122) ||-[lg(x.a is the largest semi norm on M (X) which satisfies for all x,y in X, M (X) and
[y = Tyl = d (2,0) -

Proof. (i) This follows from the identification of Lip, (X,d) with Z£(X,d)" and the Hahn-

Banach theorem.

(ii) The inequality ||1(;y — 1( || < d (2, y) follows from the definition. Conversly, fix z in X

and define

fx(y) :d(x,y)—d(:v,e).

University of M’sila Banach space of Lipschitz functions
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We have f, € By, (x,q because f, (e¢) = 0 and Lip (f;) = 1. Indeed

i _ |fa (1) — fo (32)]
Lip (fx) = ys117l£2 d (y1, 92)

TFY d([E,y)
d(z,y)
= d(z,y) !

and

: _ |fm (yl)_fx (y2)|
L) = S0 = G we)
|d({L‘,y1) —d(l’,yg)|

= sup
Y17Y2 d (yb y2)
_ d(yl?/z) —1
d(yhyz)

By part (i) , we have

Ly = Lyl = [may, fo)]
> Mgy () fr (x) + My () fo (y)]
> |=myy (2) d (2, €) + may (y) d (2,y) + may (y) d (2, €)]
> My (y) d (z,y)]

> d(z,y).

(iii) Let ||.||, be any semi norm such that

11y — Ly, < d(2,y)

forallz,y € X . Letm = Z a;mg,,,, be amolecule. We have
=1

lmly =

n
Z QMg
i=1
n
< lail lmay,
1=1

< Z |ai| d (i, y:) -
i=1

0

0
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Taking the infimum of all such representation of m yields ||m||, < ||m|| 5 .

This ends the proof. O
Corollary 2.1.1. The application ix : X — (X, d) defined by
ix (2) = Ljap — Tjep = Mae
is an isometric embedding of X into Z£(X,dx) .

Proof. We have by (i7) in the precedent proposition

lix () = ix Wlle = [l = L | g = d (@, 9)
forallz,y € X . So iy is an isometry. O]
The following theorem is known as the linearization of Lipschitz operators

Theorem 2.1.2. Let (X, d, e) be a pointed metric space. Let E be a Banach space and let T : X — E
be a Lipschitz map which preserves base points (i.e., T (e) = 0) . Then there is a unique bounded linear
operator u : ZE(X) — E such that T = woix and ||u|| = Lip(T) (ix : X — Z£(X)).
Z(X)
u
ix T\
X 5 E

The operator w is denoted by T7..

2.2 Free Banach spaces

There are a different notation and appelation was used in [10] by Godefroy and Kalton. It is
the Lipschitz-free space denoted by F (X)) which we introduce in the sequel. Similar space was

introduced by Pestov in [13] under the name free Banach space.

2.2.1 Banach Free spaces

The following theorem was independently proved by Flood in [7], Pestov in [13] and Weaver

in [14].
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Theorem 2.2.1. Let (X, d, e) be a pointed metric space, then there exist a unique up to an isomorphism
a Banach space B (X) over the field F and an isometric embedding

ix : X — B(X) such that
(i) The linear span of ix (X) is dense in B (X).

(13) Every map T in Lip, (X, E) can be extended to a continuous linear operator

T%: B(X) — E such that | T*|| = Lip (T) for any arbitrary normed space E .

2.2.2 Lipschitz free spaces

It is proved without any reference to molecules that the closed linear subspace of (X#)°

spanned by the evaluation function 4, : X — K, given by

0 (f) = flx);2€ X

is a predual of X# (we note that any weak*-closed linear subspace B of a conjugate space E* is
itself a conjugate space. This follows from the observation that By is compact in the (relative)
weak*-topology). This space was called Lipschitz-free space and denoted F (X) by Godefroy
and Kalton in [10].

Definition 2.2.1. The Lipschitz free space on X is

Lipg{X)"

F(X,dx) = span{0,,x € X} :
We say that v € F (X, dx) is finitely supported if
v € span{dz,x € X}.

Then, the support of such a v ( denoted supp) is the smallest subset /' of X which contains e

and such that vy € span {6,,z € X} .

Remark 2.2.1. By applying the bipolar theorem , we give a precise description of Br(x) by

0p — i
Y defined on X# , where (z,y) runs

d(z,y)

means of the Lipschitz evaluation functionals d, ;) =

throughf( ={(z,y) € X?:x #y}
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(1) The closed unit ball of F(X) is the closed, convex, balanced hull of the set
{5(%@/) : (I,y) S X} in (X#)*
(ii) The space F (X) is the closed linear hull of the set {J, : # € X} in (X#)".
(iii) From (i) , we deduce that F (X) is the closed linear hull in (X#)" this set

{5($,y) (z,y) e X } Then (ii) follows since the linear hulls of this set and the set
{0, : * € X} coincide. Notice that 6, = d, — 6y = d (2,0) d(z0) (x € X,z #0).
Proposition 2.2.1. Define

5 X — (x#)
T o Oy

The application ¢ is an isometry, i.e., for every x1,xo in X , one have |0, — 04,|| = d (z1,22) (thies

implies that ||6,| = d (z,0).)

Proof. For x1,x5 € X , we have in the first part

H(Sm - 512” = Sup ’5361 (f) - 5£E2 (f)‘

Lip(f)=1

= sup |f(z1)— f (z2)]

Lip(f)=1
S d (1'1, {['2) .

In the second part, for a fixed zy € X , let g € Bx# defined by
g (ZL‘) = d($7$1) —d (.730,.1’1) :
We have

102, — Oas|l = g (z1) — g (22)

> d (71, 72)
and this ends the proof. O

Proposition 2.2.2. For any metric space X, F (X,dx)" = Lip, (X) .
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Proof. We define a linear surjective isometry .J on Lip, (X) with values in F (X,dx)" by

J(f)(0z) = f(z) and we extend by continuity to F (X dx) . Consider f in Lip, (X) and m

in span {d,,x € X} such thatm = Z ;0. J (f) (m Z a; f (x;) . We show that J is a surjec-
i=1

tive isometry.
a) Consider f in Lip, (X) and m in F (X,dx) . We have
70 )] = [ w0000 = [ im0 im0 | < L () Il
and we obtain ||/ (f)|| < Lip (f).

- 8y — O
b) Let (z,y) bein X and put m = ﬁ We have |[m|| -y, = 1 because 4 is an isometry see
Y

Proposition above and

HJ(f)Hf(X,d > [J(f) (m)|
154
d
( we take the sup) > Lip (f).

c¢) Consider ¢ € F(X,d)" . Then ¢ is determinated by 4, for every x in X , we put for every
rin X, f (z) = ¢ () and we prove that f is Lipschitz and J (f) = ¢.

(1) We show that f € Lip, (X).

o f(0)=p(d)=¢(0)=0.

o Letz,ybein X

[f (@) = f )] = [@(6) — @ (dy)]
= (¢, 6z — 0y)]
< HSOHI(X,d)* HH(LipO(X))*

< ”SOHJE(X,d)* d(z,y).

(17) Letm = Z a;0,, be in span {0, : x € X} . Then ¢ (m Z a; f (z;) = J(f)(m)

=1
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and ends the proof. O

Remark 2.2.2. By Theorem of Pestov, the predual of X# provided by the Dixmier-Ng
theorem coincides with the Lipschitz-free space of X, i.e., F (X, d) is isometrically isomorphic

to £(X,d).

Theorem 2.2.2. Let (X, d, e) be a pointed metric space and let E be a Banach space. Let T : X — E
be a Lipschitz map such that T' (e) = 0. Then, there is a unique linear map u ( noted Ty,) : F — E with

|Tr|| = Lip (T") and such that the following diagram commutes

x I E

oxd
17,

F(X)

2.3 Another construction

We can regard that 7 (X) as the completion of the set of Borel measures 1 on X For more

information on this, you can consult [10]

2.3.1 Another interpretation of F (X)

Let (X, d, e) be a pointed metric space. A functional

n
E Ozi&(;i
i=1

from span {J, : + € X} can be viewed as a Borel measure ; on X with finite support {z, ..., z,}
acting by the rule i (z;) = «; and p (V') = 0 for any Borel subset Y of X with YN {xq,...,z,} = 0.

Then

| riu- Zazf v) = (Zaz )

for every f € Lip,(X). So the space }" (X) will be exactly the completion of the set of Borel

measures ;1 on X with finite support under the norm
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nm:mm{

/ fdﬂ‘ : fEBX#}
X

It now follows that any finite Borel measure i supported on a compact subset K of X can be

identified with a member of 7 (X) . Indeed,

p= [ 5@ dut)

and

u(f)z/deu, f € Lip, (X).

2.3.2 Properties

Lemma 2.3.1. Let X, Y be two Banach spces. If T : Y* — X*is an opeartor w* — w* continuous,

then there is an operator S : X — Y such that T = S™.

Theorem 2.3.1. Let X and Y be Banach spaces and suppose T' : X — Y is a Lipschitz map such that
T(0) = 0. There exists a unique linear map T . F(X) = F(Y) such that Téx = 64T, i.c., the
following diagram commutes:

x I v
dx
(

<

<
(=%
>~<

and Hf” = Lip (7).

Proof. The linear map 7% : Lip (V) — Lip (X) defined by T# (F') = F o T is pointwise-to-
pointwise continuous, hence by previous lemma there is a linear map T between the preduals

such that <f)* = T#. Itis clear that || T#|| = Lip (7), and H (f)*

= ||7]| = I7#(I. The other

assertions are clear. O

If /1 is a measure of finite support on X we can define its Brycenter 3 (1) = 8x (1) € X by

beta (,u):/xdu.
X
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Note that if 2* € X*, we have

[{beta (1), 2 < 2" il 2 )
and so 3 extends is a bounded linear operator
B:F(X)— X.

Lemma 2.3.2. Let X be a Banach space. Then [ is a linear quotient map and is a left measure of

5,i.c., B8 = Idy.

If 11 is a measure of finite support on X, we can define its If we define T=3 yf, we deduce

from the precedent theorem the corollary.

Corollary 2.3.1. Let T be a Lipschitz map from a Banach space X to a Banach space Y such that

T(0) = 0. There exists a unique linear map T : F (X) — Y such that Téx = T, and ||T|| = Lip (T).
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CHAPTER 3

THE LITTLE LIPSCHITZ SPACE

this chapter we interest to define the little Lipschitz space lip, (X) and its some properties,
in order to prove that space is predual of (X ). For more details and informations see [5],

[14].
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3.1 Definition

Let (X,d,e) be a pointed metric space. A Lipschitz function f : X — R is called little
Lipschitz if

i sup{|f (2) = £ ()| /d (2,9) : 0 < d (w,y) < 6} =0. (3.1)

This means that for every € > 0 there exists 6 > 0 such that forall z,y € X,

d(z,y) <6 =|f(x) =yl <ed(z,y).

Condition (3.1]) can be written also in the equivalent form

L @ - fw)

=0
d(z,y)—0 d (ZL‘, y)

The space of little Lipschitz functions is denoted by lip, (X), that of little Lipschitz functions
vanishing at e by lip, (X) (i.e.,: f (e) =0).

3.2 De Leeuw’s Map

This is a map considered first by de Leeuw [6] in the study of spaces of Lipschitz functions.
For a pointed metric space (X, d, e) let X = {(z,y) € X?: 2z # y} . For a function f : X — R,

let &f : X — R be giving by

f ) = f ) ¢

(@f) (z,y) = 1) (z,y) € X.

It is obvious that f is Lipschitz if and only if @ f is bounded and is this case
Lip (f) = 19l -
3.3 Properties the space lip, (X)

In this section (X, d,e) will be a pointed compact metric space. We shall present the basic

properties of the spaces of little Lipschitz functions.
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Proposition 3.3.1. The space lip, (X) is a closed subspace of Lip, (X) .

Example 3.3.1. If f € lip,(X), so f is differentiable and f/ = 0. Moreover f(0) = 0, so

lip, ([0, 1]) = {0} .
Proposition 3.3.2. Let (X, d, e) be pointed compact metric space and f € Lip, (X). Then
f elipy (X) & of € C (X) .

The subspace lip, (X) = &~ (Cy (X)) is closed in Lip, (X), so it is Banach space ( with respect to the
P 0 0 p P

Lipschitz norm ).

Remark 3.3.1. The space lip, (X) is a Banach algebra and Banach lattice, that is,
(1) f.g €lipy (X) = f.g € lipy (X).

(ii) f,g €lipy (X) = max {f, g}, min{f, g} € lipy (X).

Definition 3.3.1. Let (X, d, e) be a pointed compact metric space. One says that lip, (X) sepa-
rates points uniformly if there exists & > 1 such that for every z,y € X there exists f € lip, (X)
with

Lip (f) <aand |(z) - f ()| = d(z,y).

Theorem 3.3.1. Let (X,d,e) be a pointed compact metric space. If lip, (X) separates points uni-
formly, then lip, (X )" = ZA(X) and lip, (X )™ = Lip, (X) .

The same is true in the case of the space F (X).

Proof (Sketch). One defines I' : Z(X) — lip, (X)* by

(Pm) (F) = (Fm) = D (F (@) = f (), f € lipg (X).

for every molecule m in ZA(X). One shows that I' is a linear isometry that extends to an iso-
metric isomorphism of Z(X) onto lip, (X)". But then the conjugate operator I'* will be an iso-

morphism of lip, (X)™ onto Z£(X)" = Lip, (X) . In proving the surjectivity of I" one appeals to

the isometric isomorphism ¢ between lip, (X) and Cj (X ) from proposition |3.3.2) and to the
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representation of continuous linear functionals on Cj (X ) as Radon measures.

In this case of the space F (X) one can consider the evaluation functionals ., € X, acting on
lip, (X) by the rule 0, (f) = f (), f € lip, (X). In fact these are the restriction of the evalua-
tion functionals 4, € lip, (X)" considered in subsection to the closed subspace lip, (X) of
Lip, (X). Put X5 := {0, : # € X} C Lipy (X)" and X = {6; cx € X} C lip, (X)" and consider

the mapping I' : span (X5) — span (X; ) C lipy (X)" given by

x

for Z a;0,, € span (Xs). This correspondence is linear and isometric, so that it extends to an
isométric linear mapping from F (X) to lip, (X)" . One shows that this mapping is also onto,
and so it is an isometric isomorphism.

Consequently, I' (F (X)) = span (X; ) = lipy (X)".

The space Lip, (X) is isometrically isomorphism to the space lip, (X)** = F (X)", the isomor-

phism ¥ : Lip, (X) — lip, (X)™ determined by the condition

v () (5.) = f (@), € X, f € Lipy (X).
Its inverse ¥ ! satisfies
v () (2) = (0 ) o € X, € lipy (X))

This ends the proof. O
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CHAPTER 4

APPLICATION

n this chapter, we introduce the notion of B-Lipschitz summing operators which is the

generalization of the class of B-Lipschitz summing operators.
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4.1 B-Lipschitz summing operators

We introduce and study a new class class of Lipschitz operators which we call "B-Lipschitz
summing operators". In the linear case, it was studied by F. Baur [2] . Let (€2, Y, i) be a probabil-
ity space such that L, (€2, >, 1) is infinite and B C L, (€2, ), 1) denotes an infinite orthonormal

system.

Definition 4.1.1. Let X be a pointed metric space and E be a Banach space. A Lipschitz operator
T : X — F is said to be B-Lipschitz summing operator if there exists a constant C' > 0 such
that for all finite sequences (b;),;<,, C B, {zi},;<,, » {¥i}1<i<,, in X and all {a;},,.,, C RT, we

have

S azbi () (T (@) = T (1))

1=1

J

We denote by ITf; (X, E) the space of all B-Lipschitz summing operators from X into F and by

dp(w) | < C sup (Zai|f($i)_f(yi)|2> (4.1)

feByy \'i\=1

75 (.) the smallest constant C' satisfying (4.1) which is a norm on IT§ (X, E). the space IT§ (X, V)

equipped with the norm 7f; (.) is a Banach space.

Proposition 4.1.1. Let X,Y be metric spaces and E,F be Banach spaces. Let W : E — F
be a bounded linear operator and V : Y — X be Lipschitz function. Consider T : X —
E be a B-Lipschitz summing operator. Then WTV is B-Lipschitz summing and & (WTV) <

WD (T) Lip (V).
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Proof. Consider {7}, ;< {¥i}1<i<, in X and {a;},_,.,, C R*. We have

N|=

(fa St vV () wv ) du )

=

< w) (fQHz“Z )@V ) =1V ) dule) )
< W (1) sup (St lfV () =V @0F)’

o v fov 2\
< Wl (1) Lip(V) s (z o ) = e ) )
< Wb (D) Lin(V) sup 3 ailg(e) — o)l

gGBy# i=1
This implies that WT'V is Lipschitz B-summing operator and
m (WTV) < ||W/|[mg (T) Lip (V) . O

Remark 4.1.1. If T is linear then 7§ (T') < 7 (T).

The linear case was study by F. Baur in [2]. The definition is the following: a linear operator
u : E — F between Banach spaces is said to belong to the class Il (E, F') of B-summing

operators if there exists a constant C' > 0 such that for all finite sequences {z;},.,., in E, we

(/ dp (w)) <C sup (Z 1€ (z4) > (4.2)

We denote by 7 (u) the infimim of C' such that the inquality holds. 7p (u) is norm on

have

xz

IIg (£, F') which becomes a Banach space.

Probleme 4.1.1. Now we try to generalize some properties in linear case to Lipschitz case.
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Abstract

(S 9D 4 g5 g ladh (§ yie sliad X e Lipy (X) ¢ judendld) slinadlly migiw cJoall 10a 2
@ Lgailas g (wledll @ gludie oo I F(X) 9 H(X) $98 Jdle Dlsbiadl) pw jtiw
JE(X) J g8 Judle 098 X e do g 2l aay Soond O 950 it lip, (X)) eliaadt o yodiw
A i daasn B O )3 Bad) Cay jals Jeall 10a il

o Lide OLaiS

A s BrncamB G155 3adl 8 addene

—

ans ce travail, on s’intéresse a l'espace Lip, (X) ot X est un espace métrique pointé et
qui est un dual, on étudie les préduaux Z(X) et F (X) qui sont isométriques et leurs
propriétés. Puis on étudie 'espace lip, (X') qui est sous certaine conditions de X un prédual de

ZA(X). On termine ce travail, par introduire les opérateurs B-Lipschitz sommants.

Mots-Clés: Espace métrique, espace de Lipschitz, espace Arens-Eells, espace de Banach libre,

le petit espace de Lipschitz, opérateurs B-Lipschitz sommants.

this work, we tackle Lipschitz space Lip, (X ), that X is a pointed metric space, and it is

dual. We study the preduals £(X) and F (X), that are isometrics in addition to its proper-

ties. Then we study the space lip, (X), which is under certain conditions of X is a predual of
Z(X). We end this work, by introducing B-Lipschitz summing operators.

Key-words: Metric space, Lipschitz space, Arens-Eells space, Free Banach space, The little

Lipschitz space, B-Lipschitz summing operators.
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