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Notations

Notations

| G|

Order of group

M, «n(R) | The set of n x n matrices over R

GL,(R) | The set of n x n invertible matrices over R

G/H The set of all left cosets of a subgroup H in a group G
H/G The set of all right cosets of a subgroup H in a group G
(G : H| The index of a subgroup H in a group G

N an action

cl(x) Equivalence class of an element

o A permutation

Sn The symmetric group of the first n natural numbers
Cn The cyclic group of order n

D, The nth dihedral group

O, The orbit of an element

Stab(z) | The stabilizer of an element

Fiz(g) The invariant of an element

Cim(o) | Cycle index monomial of a permutation

Pq Cycle index polynomial associated with a group

W, The weight of an element

W(f) The weight of a function

Plq Pattern inventory under a group G




Introduction

This memory is about the study of an isomorphism problem between two graphs and count-
ing the number of nonisomorphic graphs on n vertices.

The isomophism between two graphs G and G’ is a bijection between the vertices of G
and G’ which preserve the adjacency. Since, | G |=| G’ |= n. There is n! bijection between
them. The problem is then: how to find this bijection, if there is one, from the set of the n!
permutations.

For instance, if there is n = 50 vertices in the graphs, then there is n! = 50! =
3041093201713378043612608166064768844377641568960512000000000000 permutations to
check if the graphs are isomorphic or not and this number is very large and we say that
NP — hard. The Pélya’s enumeration theorem can be used to calculate the number of non-
isomorphic graphs with a fixed the number of vertices. Let V' and V' be a set of n vertices.
Two graphs G = (V. E) and G’ = (V', E') are isomorphic if there is a permutation 7 € Sy
such that (z,y) € F < (w(x),7(y)) € E'. To apply the Pélya’s enumeration theorem we
identify each graph G = (V, E) with a function f from the set X of all edges to the set
Y = {black,white}, So the set of all graphs is identify with the set of all functions from
X to Y. Hence, the problem of finding the number of nonisomorphic graphs is equivalent
to find the number of distinct colorings of the edges of the complete simple graph on n
vertices using two colors black and white. In this case, the method of finding the group of
permutations (denoted by S?) and its cycle index polynomial is given in this memory.

This memory is organized as follows:



Introduction

e In chapter 01; we present the group theory through examples and a connection with
symmetry.

e In chapter 02; we study the concept of an action of a group G' on a non empty set X
and we given the Pélya’s enumeration theorem and use it to solve some counting problems
like the counting of the number of nonisomorphic graphs with n vertices.

e In chapter 03; we study some proprieties of the graphs and counting the number of
nonisomorphic graphs with n vertices, then we present the method of finding the group of

permutations S? and its cycle index polynomial.

i



Chapter 1

General concepts of group theory

1.1 Group

Definition 1.1.1 (Group)A group is a nonempty set G together with an operation "«" on
G such that each of the following axioms are satisfied:

1)Associativity:

ax(bxc)=(axb)xc, foralla,b,ceCG

2)Existence of an identity element:

There is an element e € G such that a x e = e x a = a, for each a € G.

3)Existence of inverse element:

for each a € G, there is an element b € G such that axb="bxa = e.

Definition 1.1.2 A group (G, *) is said to be abelian if the group operation is commutative
1.€.,

Ya,b € G, axb=>bxa.
Example 1.1.1

1.The sets Z,Q,R,C with addition are a groups.
2.The sets Q*,R*, C* with multiplication are a groups.

Example 1.1.2



1.1. Group

1.The groups (Z,+),(Q*, x),(M,(C),+) are abelian.
2.The set C* of the numbers complexes with the multiplication is an abelian group.
3.The set GL,(R) of all the n x n matrices over R with non-zero determinants is a not

an abelian group under the matriz multiplication. This group is called the general linear

group.

Theorem 1.1.1 Assume that G together with * is a group
1. The identity element of G is unique.

2. Each element in a group has a unique inverse.

Proof. a) The identity element of GG is unique, that is if e and f are elements of G such
that,

exa=axe=aforeacha € Gand fxa=ax f=aforeachaeG

Then, e = f.

b)If a,z and y are elements of G

axr=x*xa=eand axy=y*xa=e with a,r and y as stated, write

rT=uxx*e (e is the identity)
=xx(ax*xy) (axy=ce)
= (xxa)*y (associativity)
=ex*xy (x*a=¢e)
=y (e is the identity) m

1.1.1 Subgroups

Definition 1.1.3 A subset H of a group G is a subgroup of G if H is itself a group with
respect to the operation on G (denoted H < G).

Notice that if G is a group with operation %, H 1is a subgroup of G, and a,b € H, then
axbe H. That is, H must be closed with a xa € H for each a € H.

Lemma 1.1.1 Let G be a group with operation * and let H be a subgroup of G.
1. If f is the identity of H and e is the identity of G, then f = e.

2. If a € H, then the inverse of a in H is the same as the inverse of a in G.



1.1. Group

Theorem 1.1.2 Let G be a group with operation x, and let H be a subset of G. Then H 1s
a subgroup of G if and only if:

1. H s nonempty .

2. Ifae H andb€e H, thenaxbe H.

3. Ifac H, thena ' € H.

1.The sets 7.,Q and R are subgroups of the group C with addition.
2.The set {—1,1} is a subgroup of (R*,x).

1.1.2 Cyclic groups

Definition 1.1.4 A group G is called cyclic if there is an element a in G such that G =
{a"™/n € Z} such an element a is called a generator of G, we may indicate that G is a cyclic

group generated by a, by writing G =< a .

Example 1.1.3 The subgroup ({1,—1,i,—i},x) of the group (C, X) is a cyclic group of order
4 generated by i because i =1, it =i, i* = 1,3 = —i, it =1, =14

Hence, The group can be written as ({1,1,i%, 3},%).

Example 1.1.4 1.The group (G,+) is cyclic group if G = {ng/n € Z} for some g € G.
2.The group (Z,+) is cyclic group with generator 1(or —1).

Theorem 1.1.3 Generators of cyclic groups

Let G == a = be a cyclic group of order n. Then G == a* = if and only if the gcd(k,n) = 1.

Proof. If the ged(k,n) = 1, we may write 1 = ku + nv for some integers u and v. Then,

a = akqum)

Thus, a belong to < a* = and therfore all powers of a belong to < a* =. So, G =< da* >

and a” is a generator of G. m



1.1. Group

1.1.3 Isomorphisms

Definition 1.1.5 Let G and H be two groups. We say that G and H are isomorphic if
there is a bijective map ¢ : G — H, which respects the group structure. That is to say, for

every g and h in G,

o(gh) = ¢(g)d(h).

The map ¢ is called an isomorphism.

Definition 1.1.6 Let G be a group. An isomorphism of G with itself is called an auto-

morphism.

Lemma 1.1.2 Let G be a group and let a € G be an element of G. Define a map ¢,
¢ : G — G by the rule ¢(x) = axa™t. Then ¢ is an automorphism of G .

Proof. We first check that ¢ is a bijection. Define a map ¢ : G — G by the rule
P(r) = a lza.
Then,
P(d(x)) = d(aza™)

=a Yara ")a

= (a7 'a)z(a1a)

=x
Thus the composition of ¢ and v is the identity map. Similary, the composition of 1 and ¢

is the identity map. In particular, ¢ is a bijection.

Now, we check that ¢ is an isomorphism

Thus, ¢ is an isomorphism. =

1.1.4 Cosets and Lagrange’s theorem

Definition 1.1.7 Let H < G and a € G. The set aH = {ah/h € H} is called o left coset
of H in G. Similary, the set Ha = {ha/h € H} is called a right coset of H in G. The set



1.1. Group

of all left cosets of H in G is denoted by G\H and the set of all right cosets of H in G is
denoted by H\G.

Example 1.1.5 Let H = {0,3} be a subgroup of Zg. The left cosets of H in Zg are

1+ H = {1,4}
2+ H ={2,5}
3+ H =1{0,3}
A+ H={1,4}
5+ H ={2,5}

Definition 1.1.8 (Equivalence relation )Let X be a set. The relation ~ on X is an
equivalence relation if it satisfies all of the following conditions:

1.(Reflexivity) For allx € X, © ~ x.

2.(Symmetry) For all x,y € X, if v ~y, then y ~ x.

3.(Transitivity) For all x,y,z € X, ifx ~y andy ~ z, then x ~ z.

Definition 1.1.9 Let ~ be an equivalence relation on a set X. For x € X, the equivalence

class of x induced by ~, denoted by cl(x), is the set

cdz)={ye X \ v ~y}

Example 1.1.6 Let n be a fized natural number. We define the relation ~ on Z by :

a~bsa—D>

18 divisible by n

Then ~ is an equivalence relation and for every x € Z, we have :

cd(x) =z +nZ



1.1. Group

Proposition 1.1.1 Let x and y be two elements of a group G and H < G. Then

vH=yH &y v cH

Proof. e(=) Suppose that H = yH. Since e € H, e = x € xH, and therfore z € yH.
So that there exists h € H such that x = yh. That is, H contains h = y~'a.

o(<) Let z and y be two elements of G such that y~'z € H. There exists h € H

such that y~'z = h, then there exists h € H such that x = yh.

Let z € xH, there exists i’ € H such that:

z=zxh' = (yh)h' = y(hh') = yh".
This implies that z € yH. Likewise, every element in yH isin zH. SozH =yH. =

Theorem 1.1.4 Let H be a subgroup of a group G.
The number of left cosets of H in G is the same as the number of right cosets of H in G.

Proof. Define a map f: G/H — H/G by f(gh) = Hg™!
We need to show that the map is well defined and bijective.
e f is well define:

tH=yH =y 'sH=H

=y lxcH

= Hy 'v=H

= Hy '=Hz!
= f(eH) = f(yH)

ef is injective: suppose that f(xH) = f(yH)

flaH) = f(yH) = Ha™ = Hy™'
= H=Hy 'z

=y lrcH



1.1. Group

=aH =yH

e f is surjective: Clearly that f is surjective, because for every Hy € H/G there is
rH € G/H (x =y ') such that f(zH) = Hy. =

Proposition 1.1.2 Let H be a subgroup of a group G and g € G.

The number of elements in H is the same as the number of elements in gH .

Proof. Let H = {hy, hy,...,ht} and g € G. Then gH = {gh1, ghs, ..., ght }. The elements of
gH must be distinct, because for gh; = gh; imply h; = h;. Hence, | gH |=k. =

Proposition 1.1.3 The left cosets of a subgroup H in a group G constitutes a partition of
the group.

Proof. Let G be a group and H be a subgroup of G .We define a relation ~ in G by:

v~y lye H

We need to show that ~ is an equivalence ralation whose equivalence classes are the left
cosets of H in G

o ~ is reflexive: For every 2 € G, vl = e € H, then 2 ~ x.

e ~ is symmetric: Let x,y € G such that x ~ y. So z7'y € H, then (z'y)"! € H, so
y~tr € H, then y ~ z.

e ~ is transitive: Let 2,9,z € G such that x ~y and y ~ 2. Sox~ 'y € H and y 'z € H,
then zlyy~'z € H, then x7'2 € H, then x ~ 2.

Now, we show that for every x € G we have cl(z) = zH.

e Let y € cl(z) then,

yedcz)=alyec H
= z(zly) € vH
=yexH

=cl(x) CxH
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o Let y € zH then
y€xH = y=uaxh for same h € H
=2 ly=heH
=T~y
=y € cl(v)
= aH C cl(x).

Definition 1.1.10 Let G be a group, the index of H in G, denoted by [G : H], is equal to
the number of left coset of H in G.

Example 1.1.7 Let G = Zg and H = {0,3}. Then |G : H] = 3.
Theorem 1.1.5 The order of any subgroup of a finite group divides the order of the group.

Proof. Let G be a group of order n and H < G of order k, have r distinct left cosets. From

proposition 1.1.1 and proposition 1.1.3 we have :
n = [G]

= |UgiH|
=1
= Z | g:H |
=1
i=1

=rk
so, | G | is divisible by | H |. =

Corollary 1.1.1 Let g be an element of a finite group G. Then the order of g divides the
order of G.

Remark 1.1.1 The converse of Lagrange’s Theorem is not always true. That is, if a
natural number m divides the order of the group G, we are not guaranted that G has a

subgroup of order m.



1.2. Symmetry groups

1.2 Symmetry groups

Definition 1.2.1 (permutation) A permutation of a nonempty set X is a bijective

function on X. The set of all permutations of X s denoted by Sx.

Lemma 1.2.1 Let X be a set and o1 and oo be two permutations of X. The composition

of o1 and o5 is a permutation of X and the inverse of o1 is a permutation of X.

Theorem 1.2.1 The set Sx form a group under the composition of permutations called the
permutation group of X. If X is the set of the first n natural numbers, the permutation

group of X is called symmetric group and denoted by S,,.

Proof. It follows from Lemma 1.2.1 that the composition of two permutations is a permu-
tation and the inverse of a permutation is a permutation, so S is closed under composition
and closed under inverses. The composition of functions is always associative, and the iden-
tity of Sx is the identity bijection of X. Therefore, (Sx,o0) satisfies all the axioms for a

group. ®

Theorem 1.2.2 (Cayley’s theorem) Fuvery finite group is isomorphic to a group of per-

mutations.

Corollary 1.2.1 If G is a finite group of order n, then G is isomorphic to a subgroup of

Shp.
12 3 1 2 3
Example 1.2.1 If7 = and p = are two elements of Ss calcu-
3 1 2 3 21
late mo p and po .
1 2 3 1 2 3
TOop= o
3 1 2 3 21
1 2 3
21 3



1.2. Symmetry groups

In similar way we can show that ,

1 2 3 1 2 3
pom = o

3 21 3 1 2

1 2 3

1 3 2

Not that wo p # pom and so Sz is not commutative.
How to represent a permutation ¢ There are two ways to represent o € S,,.

The first is by a matrix of type 2 X n, that is

1 2 ... n
o(l) o(2) ... o(n)
The second way is called the cycle notation, if ay,as, ..., ax are distinct elements of the set

{1,2,...,n}, the permutation o, defind by

o(ay) = ag,0(az) = as,...,o(ax_1) = ax, o(ar) = a;

and o(a) = a for all a ¢ {ay,as,...,a;}, is called a cycle of length r or an r-cycle, we
denoted it by (ayas...a).

A 2-cycle is called transposition .

Definition 1.2.2 (Conjugation) Let g and h be two elements of a group G.
The element ghg™! is called the conjugate of h by g.

Definition 1.2.3 (Disjoint cycles) Two cycles 0 = (ajas...ar) and p = (bibe...by,) are
disjoint if a; # b; for all i,j.

Theorem 1.2.3 FEvery permutation o in S, is a product of disjoint cycles. This product is

unique and called the cycle decomposition of o.

123456789 ,
Example 1.2.2 Let 0 = into a product of disjoint cycles.

6 4125 389 7
o(l) =6, so o is begin by (1 6;0(6) = 3, o continues (1 6 3; since o(3) = 1, the parentheses
(1) =6, gin by (1 6; , ; , the p

10



1.3. Symmetries of geometric figures

close, and o is begin by the cycle (1 6 3). The smallest integer not having appeard is 2; write
(16 3)(2, 0(2) =4, then (1 6 3)(2 4; continuing is this way, we obtained

o = (163)(24)(5)(789)

Corollary 1.2.2 FEvery permutation o in S, s a product of transposition.

1.3 Symmetries of geometric figures

1.3.1 Symmetries in two dimentions

Definition 1.3.1 (cyclic group)
Let n be a naturel number. The cyclic group of order n, denoted by C,,, is the set of all

ratations of a reqular n-gon.

Definition 1.3.2 (Dihedral group)
Let n be a natural number. The n-th dihedral group, denoted by D, is the set of all

ratations and reflexive symmetries of a reqular n-gon, its order is 2n.

11



Chapter 2

Group actions on a set and Polya’s

Enumeration Theorem

2.1 Group actions

We begin by recalling the group of symmetries of a square:

a . b

] — ¢

Group of symmetfries of a square

Lo=tdentity pennutation

fgo=Totation 90° clockwise around p
tygo=rotation 180° clockwise around p
tozo=rotation 270° clockwise around p
pg=reflection through H
py=reflection through V

pr=reflection through D,
po=reflection through D.

12



2.1. Group actions

Definition 2.1.1 (The action)

An action of a group G on a nonempty set X is a function f : G x X — X, denoted by
(9,x) — g.x, for all g € G, x € X such that:

1) For any x € X, 1l.x = x, where 1 is the identity element of G.

2) For any ¢1,90 € G, and each v € X, g1.(92.x) = (g192).%.

Definition 2.1.2 (Representation map)
Let G be a group and X a nonempty set. The group G is said to be acts on the set X if there
is a morphism \ from G to Sx. The morphism A : G — Sx is called the representation

map of G on X.

Proposition 2.1.1 The action of a group G on a set X is equivalent to a group homomor-

phism from G to Sx the group of all permutations on X.

Proof. Let G be a group acts on a set X. Define a map A, : X — X by \,(z) = g.z, and
we show that ), is a permutation for all g € G.

e Clearly that for element y € X, there is an element z € X (z = g~ 1.y)

such that \,(z) = v.

Ag(®) = Ag(97 ")

=g.(97"y)
= (997 ")y
=1y

=y

Then ), is surjective.
e Let x,y € X such that \,(z) = A\, (y).

Ag(@) = Ag(y) = g7 Ag(2) = g7 Ag(y)
=g " (9.2) =g ".(9:9)
= (97'9)x=(97"9)y
= lx=1y
=r=y

Then ), is injective.

13



2.1. Group actions

Now we show that the map A : G — Sx defined by A(g) = A, is a group homomorphism.
For all g,h € G and = € X, we have

(Ag 0 An) (@) = Ag(An())

So, A is a group homomorphism.

Let A be a group homomorphism from G to Sx, we can define an action of G on X by
g.x = Xg)(x) for all g € G and z € X.

og.(h.x) = g.(A(h)(x)) = Mg)(A(h)(x)) = (A(g) © A(h))(x) = A(gh)(x) = (gh)(x)
ol.x=A1)(z) =Ildx(x) ==

Then g.z = A(g)(x) define an action of G on X. =

Example 2.1.1 Let G = Dy, the symmetry group of a square and X = {1,2,3,4} the set
of vertices of the square. Dy consist of the following permutations:

{(1), (13), (24), (1432), (12)(34), (14)(23), (13)(24)}

The elements of Dy act on X as functions. For example, the permutation (13)(24) acts on
vertex 1 by sending it to vertex 3, on vertex 2 by sending it to vertex 4, and so on. It is easy
to see that the axioms of a group action are satisfied.

In general, if X be a nonempty set and G a subgroup of Sx. Then X is a G-set under the

group action (o0,z) — o(z) foro € G and x € X.

Lemma 2.1.1 Let G be a group that acts on a set X.
Then for each g € G, and all z,y € X, go =y < g Ly = x.

Proof. Suppose that g.x = y. Then, gty = g7'.(9.2) = (97 '¢g).z (by condition 2))

e.x = z (by conditionl))

The converse implication :

g’l.y:a::>g.a::y

14



2.2. Orbits and Stabilizers

Suppose that g~y =
Then,
gx=g.(¢7 y) = (997 ").x ( by condition 2))

e.y =y (byconditionl))

2.2 Orbits and Stabilizers

Definition 2.2.1 (Stabilizers) Let X and let G act on X, If x € X then the stabilizer of

T 1S :

Stab(x) = {g € G/g.x = x}

Example 2.2.1 Let X = {1,2,3,4,5,6} and suppose that G is the permutation group given
by the permutations

e = (1)(2)(3)(4)(5)(6)

o1 = (12)(3456)

o2 = (1)(2)(35)(46)

o3 = (12)(3654)
Find the stabilizer of each element in X under the action of G on X.

Solution: The stabilizer are given in the following table:

The elements | The stabilizers
1 {e, 02}
2 {e, 02}
3 {e}

4 {e}
5

6

{e}
{e}

15



2.2. Orbits and Stabilizers

Lemma 2.2.1 For any G ~ X, and any © € X, Stab(x) is a subgroup of G.

Definition 2.2.2 Let G ~ X, if for some v € X, Stab(x) = {e}, then x is said to be moved
freely by the action of G, the action G ~ X s free if for every x € X, Stab(x) = {e}.

Example 2.2.2 The dihedral group D, acts on a regular n-gon, if x is a vertex of this
n-gon or the exact middle of any edge, then Stab(x) ~ Z,.

Notice, however, that if v and x' are two vertices that are not directly opposite each other,
then Stab(x) # Stab(z'). If x is the center of the n-gon then Stab(z) ~ D,. If x is any
point that is not a vertex, the center of an edge, or an a line connecting the center of the

polygon to a vertex or the center of an edge, then Stab(x) = {e}.

Definition 2.2.3 (Orbits) Let G ~ X and let x € X, then the orbit of x is
Orb(z) = {g.x/g € G}.

Example 2.2.3 Let G be the permutation group defined by

G = {(1), (123), (132), (45), (123)(45), (132)(45)}

and X ={1,2,3,4,5}. Then X is a G-set and the orbits are Oy = Oy = O3 = {1,2,3} and
O, = O5 = {4,5}.

Theorem 2.2.1 Given an action G ~ X and any x € X, there is a bijective correspondence

between the set Orb(x) and left cosets of Stab(x), given by g.x < g.Stab(x).

16



2.2. Orbits and Stabilizers

Definition 2.2.4 (Kernel of an action) Let G be a group and X be a set. The kernel

of the action of G on X is the kernel of the homomorphisme A\ : G — Sy, denoted by
Ker(M).

Theorem 2.2.2 (Orbit-Stabilizer Theorem) Let G be a finite group acting on X, then
forany x € X,
| G |=| Stab(x) | . | Orb(z) |

Proof. The order of G is the product of the order of Stab(z) and the index of Stab(z) in
G, But the index of Stab(x) is the number of left cosets of Stab(z), which by theorem 2.2.1

is the size of the orbit of z . =

Corollary 2.2.1 Let G ~ X. For any x € X, where Stab(z) = e, there is a one-to-one

correspondence between the elements of G and the elements of Orb(z).

Theorem 2.2.3 (Class Formula ) Let X be a finite G-set. Then

|G|
Xx|=N" 17
X IEZX|Stab(:c)|

Proof. The orbits form a partition of X , So X = U Oy, then | X |= Z | O, |.
zeX zeX

R _ |G|
| Oc 1= ey then | X 1= 2 -

zeX

Definition 2.2.5 (Invariant) Let G be a group act on a set X and g € G. The invariant
of g, denoted by Fix(g), is the set of all elements of X fized by g, that is

Fiz(g) ={x € X/g.x =z}

Example 2.2.4 Let X = {1,2,3,4,5,6} and suppose that G is the permutation group given
by the permutations

e = (1)(2)(3)(4)(5)(6)

o1 = (12)(3456)

oz = (1)(2)(35)(46)
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2.2. Orbits and Stabilizers

o5 = (12)(3654)

The invariants are given in the following table:

The permutations | The invariants
e X

o1 0

o) {1,2}

o3 0

Remark 2.2.1 It is important to remember that Fiz(g) C X and Stab(x) C G.

Theorem 2.2.4 (Burnside’s Formula) If a group G acts on a set X, then the number

of orbits is

ﬁzw(g)

ge@
Example 2.2.5 Consider the group {(1),(12),(34),(12)(34)} acting on {1,2,3,4}. Then,
for example, the permutation (12) leaves only 3 and 4 invariant, so that ¥((12)) = 2. Here
are all values ¥(g):
P((1)) =4 P((12)) =2
P((34)) =2 $((12)(34)) = 0
The formula in Burnside’s Theorem gives (4 + 2+ 2+ 0) = 2. The two orbits are {1,2}
and {3,4}.

Example 2.2.6 How many distinguishable ways can the four edges of a square be painted
with four diffrent colors if there is no restriction on the number of times each color can be
used, and two ways are considered indistinguishable if one can be obtained from the other

by an isometry in the group of symmetries of the square?

a : ]
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2.3. Types of actions

Solution: The appropriate set X in this case is the set of 4* = 256 ways of painting
the edgeswithout regard to equivalence. If p is a group element then (p) = 4%, where k is
the number of independant choices to be made in painting the edges so as to have invariance

under p

P(pg) = 4* (always (i) =| X | if, is the identity— four choices).

U(pgy) =4 (for invariance under gy, all edges must be of the same color— one choices).
V(o) = 4% (pairs of opposite edges must be of the same color— two choices).

Y(piorg) = 4 (like pgy— one choice)

Y(py) =43 (ab and dc must be of the same color, ab and be are independant— three choices).
P(py) = 43 (like py — three choices).

Y(p,) = 42 (ab and ad must be of the same color, cb and cd must be of the same color— two
choices).
Y(py) = 4% (like p,— two choices).

Therfore, by Burnside’s Theorem, the number of distinguishable ways is:

1
§(44+4+42+4+43+43+42+42>:55'

2.3 Types of actions

Definition 2.3.1 (Transitive action) An action of a group G on a set X is said to be

transitive if it has only one orbit.
Example 2.3.1 The action of the cyclic group C,, on the set X = {1,2,..,n} is transitive.

Proposition 2.3.1 An action of a group G on a set X is transitive if and only if for any

x and y in X, there is some g € G such that y = g.x.

Proof. Let X be a G-set

e =) Suppose that the action is transitive, so there is one orbit. For any = € X its orbits
is X, so every element y € X has the from g - x for some g € G.

e <) Conversely suppose that for any x,y € X we can write y = ¢ - « for some g € G. Fix
r € X. Because every y € X has the form ¢ - x for some g € GG, every y is in the orbit of z.

Thus X has only one orbit. m
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2.3. Types of actions

Definition 2.3.2 (Faithful action) The action of G on X is called faithful if its kernel

1s trivial.
Example 2.3.2 The action of a symmetric group S, on the set {1,2,...,n} is faithful.

Proposition 2.3.2 An action of G on X 1is faithful if and only if the homomorphism

A1 G — Sx is injective.

Proof. Let G be a group acts on a set X.
e =) : Suppose that the action is faithful, so Ker(\) = e. Let 2,y € G such that
A(x) = A(y). We have

M)A 2) =e= AyAa ) =e

= AMyz ™ H) =e

= yr ' € Ker()\)

Then the homomorphism A is injective.
e <) : Suppose that A is injective. Let g € Ker(\). So A(g) = e = A(e), then g = eq. So,

the kernel of A is trivial, then the action is faithful. m

Definition 2.3.3 (Free action) Let X be a G-set. The action of G on X is said to be
free if for every x € X, Stab(x) = {e}, where e is the identity of G.

Example 2.3.3 The action of a group G on itself by left multiplication is free.
Example 2.3.4 The action of a group G on itself by left conjugation is not free.

Definition 2.3.4 (Regular action) Let X be a G-set. The action of G on X is regular

if it is transitive and free. In this case, we also say that G is regular on X.

Example 2.3.5 The action of a group G on itself by left multiplication is reqular.
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2.4. Polya’s Enumeration Theorems

2.4 Poélya’s Enumeration Theorems

2.4.1 Cycles indexes

Definition 2.4.1 (Cycle index monomsial) Let G be a subgroup of S, and m € G. If &
18 a permutation with ji. cycle of length k, then the cycle index monomzial associated with

the permutation m is

n

Cim(rn) = fo

i=1

How to determinte the monomaiale associated to a permutations? To determine
the monomial associated to a permutation, we need to write the permutation in cycle notation
and then determine the monomial based on the number of cycles of each length. Specifically,
if T is a permutation of [n| with ji cycles of length k for 1 < k < n, then the monomial

associated to 7 is 23 xl?...xir. Note that j, + 2jy + ... + njn = n.

Example 2.4.1 The permutation 7, = (1234) is associated with the monomial x} since it

consists of a single cycle of length 4.

Example 2.4.2 The permutation 7y = (14)(2)(3) we have two 1-cycles and one 2-cycle,

yielding the monomial x3x3.

Example 2.4.3 Determine the cycle index monomial for each element of Cs.

Solution: The following table gives the cycle index monomial of each o € Cs.

permutation | cycle decomposition | cycle index monomial
e OERE@WE) |
o (12345) x5
09 (13524) x5
o3 (14253) x5
04 (15432) x5

Definition 2.4.2 (cycle index polynomial)
Let G be a subgroup of S,,. The cycle index poly.nomial of G is a polynomial of n variables
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2.4. Polya’s Enumeration Theorems

1,Ta,...,Xn , denoted by Pg, that is

1
PG<x17I2) an) - m Z Clm(ﬂ-)

TeG

Example 2.4.4 Find the cycle index polynomial associated with C'.
L 5
PC5(:E17 Lo, XT3, Ty, LU5) - g(xl + 4375)

Example 2.4.5 Find the cycle index polynomial associated with Dg.
Solution: Dg is the dihderal group of a square. Now we find the cycle index polynomial

associated with Dg, see the following table:

permutations Monomial | Fixed coloring
i— (1))E)A) | of 16

ry = (1234) Ty 2

ro = (13)(24) T3 4

ry = (1432) Ty 2
v=(12)(34) T3 4
h=(14)(23) | a2 4
p=(14)(2)(3) | afxy 8
n=(1)(24)(3) | 23z} 8

we find:

1
Ppy (11, 9, 13, 14) = g(x‘f + 277y + 325 + 22)

Definition 2.4.3 (The weight of a function)
Let f be a function from X toY. We can assign a weight w, to eachy € Y. The weight of
f denoted w(f), is the product of the weights of the elements of Y wused in f, that is

w(f) = [Jws(a)

Example 2.4.6 Let [ be a coloring of a square (function from the set of the wvertices
{1,2,3,4} to the set of colors {black,white}) defined by
f(1) = black f(2) = white f(3) = white f(4) = black

22



2.4. Polya’s Enumeration Theorems

Suppose that the colors have the following weights:
Wylack = b Wyhite = W
So, the weight of the coloring f is

4
W(f) = wa(i) = b2w2
=1
2.4.2 Pélya’s Enumeration Theorems
Definition 2.4.4 (Patterns)

Let G be a group acts on a set X and Y be a nonempty set. The orbits under the extended

action of G on the set YX are called patterns.

Example 2.4.7 How many patterns (ways) are there to color the squares of 2x2 chessboard

using only the black and white colors?

2 coloring C;,C; are the same if one can be obtained how the other by rotation or reflec-
tion, for example: C
Cy~C3~ Cy~ Cj
Cg~Cs~Cyn~Cy
Cro ~ Cnn
Cig ~ Ci3~ Ciy~Cis
Cie
Hence, we have siz differents colorings patterns {C1},{Cs, Cs, Cy, C5},{Cs, C7,Cs, Cog},{C10,C11},
{Cra, C13,Ch4, C15},{C16}-
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2.4. Polya’s Enumeration Theorems

Theorem 2.4.1 (Pdlya’s First Enumeration Theorem)
Let X be a set with | X |= n and C the set of colorings of X wusings the colors cy, ..., Cp.

Let a permutations group G act on X to induce an equivalent ralation on C. Then,

Pg(z Ci, Z e, Z )
i=1 =1 i=1
18 the generating function for the number of nonequivalent colorings of X in C.

Example 2.4.8 If G = {e} then any 2 colorings are distinguishable, so that the number of

patterns is the number of colorings. Because
Po(xy, 29, .oy ) = Po(x1, 29, ..y xp)

Example 2.4.9 How many different colorings of the sides of a reqular pentagon using three
colors under rotations and reflexions.

Solution:In this case X = {1,2,3,4,5}, Y = {c1,c,c3} and G = Dj

The cycle index polynomial of Dy is

1
1—O(x? + 5x175 + 4xs)

The number of different colorings of the sides of a regqular pentagon using three colors under
rotations and reflexions is Pp,(3,3,3,3,3) = 15(3° +5 x 3 x 3> +4 x 3) = 39
We can also using the Burnside’s Lemma to count the number of patterns because the pat-

terns are orbits under an appropriate group action.

Definition 2.4.5 (weight of pattern)
Let P be a pattern. The Weight of P, denoted by W (P), is the common weight of all

functions in P.

Theorem 2.4.2 (Pdlya’s Second Enumeration Theorem)
Let C' be the set of all functions from an n-set X to an m-set Y and G be a subgroup of S,

with cycle index polynomial Pg(x1, T3, ...,x,). The pattern inventory under G is

m m m

2 n

P]C,v(g Wy, , E Wy, s ey g wy,)
i=1 i=1 i=1
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2.4. Polya’s Enumeration Theorems

Example 2.4.10 Continuing with the 2-coloring of a square with the weight b’ and w’.

the pattern inventory is given by
P[G(Z Wy, Zwi, Z wy Z wy ) = Po,(b+w,b* + w?, b° + w’, b* + w?)
i=1 i=1 i=1 i=1

N i((b +w)t + (0" + w?) + 2(b" + w'))

1
4

=b* + bPw + 20%w? + bw® + w*.

(4b* + 4b*w + 8b*w?* + 4bw® + 4w
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Chapter 3

The problem of isomorphism of two

graphs

3.1 The graphs

Definition 3.1.1 A graph G is an ordered pair (V, E), consisting of a vertex set V' and an
edge set E C [V]2. Vertices are also called points or nodes. Edges are also called lines or
arcs. In our definition of graph there are no loops or multiple edges. In a drawing of a graph,
two vertices x and y are joined by a line if and only if {x,y} € E. Two vertices joined by

a line are said to be adjacent; If they are not joined by a line, they are nonadjacent.

Example 3.1.1 we could define a graph G = (V, E) with vertex set V = {a,b,c,d}
and edge set E = {{a,b},{a,d},{c,d}}.

Notice that no edge is incident to e, which is perfectly permissible based on our definition.

It is quite common to identify a graph with a visualization in which we draw a point for each
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3.2. Graphs isomorphism

vertex and a line connecting two vertices if they are adjacent. It’s important to remember
that while a drawing of a graph is a helpful too, it is not the same as the graph. We could
draw G in any of several different ways without changing what it is as a graph.
1. Let V ={1,2,3,4} and E = {{1,2},{1,3},{3,2},{4,4}} then G(V, E) is a graph
2. Let V =1{1,2,3,4} and E = {{1,5},{2,3}} then G(V, E) is not a graph as 5 is not
in V.

3.
v, e, UEIQB:
) C
B8y a‘ &:I VJ
m ‘
Vs €s v,

A graph with 5-vertices and 8-edges is called a (5,8) graph.

3.2 Graphs isomorphism

Definition 3.2.1 Let G; = {Vi, E1} and Gy = {V,, Es} be two graphs. A function f :
Vi — V] is called a graphs isomorphism if:

i) [ is one-to-one and into.

it) for all x,y € Vi, {x,y} € Ey if and only if { f(x), f(y)} € Es when such a function exists,
then G1 and G5 are called isomorphic graphs and is written as G1 = Gs.

In other words, two graphs Gi and Gy are said to be isomorphic to each other if there is
a one-to-one correspondence between their vertices and between edges such that incidence
relationship is preserved written as G1 = Gs.

The necessery conditions for two graphs to be isomorphic are :

1-Both must have the same number of vertices.

2-Both must have the same number of edges.
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3.2. Graphs isomorphism

3-Both must have equal number of vertices with the same degree.
4-They must have the same degree sequence and same cycle vector (ci, ..., ¢,), where ¢; is

the number of cycles of length i.

1<.

(1) (27)

(i), (ii),(111) Isomorphic pair of graphs

Two graphs that are not isomorphic.

Example 3.2.1 Show that two graphs are isomorphic

Solution:
Here V(Gh) ={1,2,3,4} , V(Gs3) = {a,b,c,d}
E(Gh) = {{1,2},{2,3},{3,4}} and E(G2) = {{a,b},{b,d},{d, c}}
Define a function f:V(Gy) — V(Gs) as f(1) =a, f(2) =0, f(3)=d, f(4) =c,

f s clearly one-to-one and onto, Hence an isomorphism.

Further, {1,2} € E(G1) and {f(1), f(2)} = {a,b} € E(G3)
{2,3} € E(G1) and {f(2), f(3)} = {b,d} € E(G2)
{3,4} € E(G1) and {f(3), f(4)} = {d,c} € E(G>)
{1,3} ¢ E(G1) and {f(1), f3)} = {a,d} ¢ E(G2)
{1,4} ¢ E(G1) and {f(1), f(4)} = {a,c} ¢ E(Gy)

{2,4} € E(G1) and {f(2), f(4)} = {b,c} ¢ E(G2)
Hence, [ preserves adjacency as well as no adjacency of the vertices.

Therfore, G1 and Gs are isomorphic.
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3.3. Counting nonisomorphic graphs

3.3 Counting nonisomorphic graphs

Counting the graphs with vertex set [n| is not difficult. There are C(n,2) possible edges, each

2¢(2) labled graphs on n vertices. It’s

of which can be included or excluded. Thus, there are
only a bit of extra thought to determine that if you only want to count the labled graphs on
n vertices with k edges, you simply must choose a k-element subset of the set of all C(n,?2)

n

possible edges. Thus, there are ((z)) graphs with vertex set [n] and exactly k edges see [22]

for more information about the subject.

3 3 3 3
1 2 1 2 1 2 1 2

We show four different labeled graphs on four vertices. The first three graphs shown
there, however, are isomorphic to each other. Thus, only two nonisomorphic graphs on four
vertices are illustrated in the figure.

To account for isomorphisms, we need to bring Pdlya’s enumeration theorem into play:

we need to determine the cycle index of the appropriate group action. A graph G = (V| E)
may be identified with a function f:[V]?> — {0,1}, where f({x,y}) =1 or 0 according to
whether or not {x,y} is a member of E. We say that two graphs Gi and Gy are isomor-
phic if there is a bijection between their vertex sets Vi to Vo that preserves adjacency. We
normally ragard two isomorphic graphs as the same graphs. Two graphs are isomorphic if
the corresponding functions are aqual uo to a permutation of V. As any permutation of V'
is allowed, the group acting on V' is S,, where n =| V |. Our goal is to calculate the cycle
ndex Psff)'

How to find the cycle index :

Since, any vertex can be mapped to any other vertex, the symmetrie group Sy acts on the
vertices. When we were working with colorings of the vertices of the square, we realized that
all the vertices appearing in the same cycle of a permutation m had to be colored by the same

color. Since we’re concerned with edges here and not vertex colorings, what we really need
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3.3. Counting nonisomorphic graphs

for a permutation to fix a graph is that every edge be sent to an edge and every non-edge be
sent to a non-edge. To be specific, if {1,2} is an edge of some G and 7 € Sy fixres G, then
{m(1),7(2)} must also be an edge of G. Similary, if vertices 3 and 4 are not adjacent in
G, then 7(3) and w(4) must also be nonadjacent in G.

Case 1:To account for edges, we move from the symmetric group Sy to its pair group
Sf). The objects that Sf) permutes are the 2-element subsets of {1,2,3,4}. For ease
of notation, we will denote the 2-element subset {i,j} by e;; . To find the permutations
m Sf), we consider the vertex permutations in Sy and see how they permute the e;; .
The identity permutation I = (1)(2)(3)(4) of Sy corresponds to the identity permutation
I = (e12)(exs) (e1s) (eas) (e21) (caa) of S

Case 2: Now let’s consider the permutation(12)(3)(4). It fizes e1a since it sends 1 to 2
and 2 to 1. It also fizeds esq by fixing 3 and 4. However, it interchanges ei3 with ess (3 is
fixred and 1 is swapped with 2) and eyq with esyq (1 is sent to 2 and 4 is fized). Thus, the
corresponding permutation of pairs is (e12)(e13€23)(e€14€24)(€34)-

For another example, consider the permutation (123)(4). It corresponds to the permutation
(612623613)(614624634) in Sf)-

Case 3:Since we’re only after the cycle index of Sf), we don’t need to find all 24 permu-
tations in the pair group. However, we do need to know the types of those permutations in
terms of cycle lengths so we can associate the appropriate monomials. For the three exam-
ples we’ve considered, the cycle structure of the permutation in the pair group doesn’t depend
on the original permutation in Sy other than for its cycle structure. Any permutation in Sy
consisting of a 2-cycle and two 1-cycles will correspond to a permutation with two 2-cycles
and two 1-cycles in Sf). A permutation in Sy with one 3-cycle and one 1-cycle will corre-
spond to a permutation with two 3-cycles in the pair group. By considering an example of a
permutation in Sy consisting of a single 4-cycle, we find that the corresponding permutation
in the pair group has a 4-cycle and a 2-cycle. Finally, a permutation of S, consisting of
two 2-cycles corresponds to a permutation in 54(12) having two 2-cycles and two 1-cycles.
Case 4:Now that we know the cycle structure of the permutations in Sf) , the only task
remaining before we can find its cycle index of is to determine how many permutations have

each of the possible cycle structures. For this, we again refer back to permutations of the
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3.3. Counting nonisomorphic graphs

symmetric group Sy. A permutation consisting of a single 4-cycle begins with 1 and then
has 2, 3, and 4 in any of the 3! = 6 possible orders, so there are 6 such permutations. For
permutations consisting of a 1-cycle and a 3-cycle, there are 4 ways to choose the element
for the 1-cycle and then 2 ways to arrange the other three as a 3-cycle. (Remember the
smallest of them must be placed first, so there are then 2 ways to arrange the remaining
two.) Thus, there are 8 such permutations. For a permutation consisting of two 1-cycles
and a 2-cycle, there are C(4;2) = 6 ways to choose the two elements for the 2-cycle. Thus,
there are 6 such permutations. For a permutation to consist of two 2- cycles, there are
C(4;2) = 6 ways to choose two elements for the first 2-cycle. The other two are then put
in the second 2-cycle. However, this counts each permutation twice, once for when the first
2-cycle is the chosen pair and once for when it is the “other two”. Thus, there are 3 per-
mutations consisting of two 2-cycles. Finally, only consists of four 1-cycles.

We apply Polya’s theorem to the cycle index PSf) to enumerate nonisomorphic
graphs of order 4 by number of edges:

1

Psf) (1, .y 6) = ﬂ(xé + 92222 + 873 + 6914).

To use this to enumerate graphs, we can now make the substitution x; = 1+x; for 1 <i <6.
This allows us to account for the two options of an edge not being present or being present.

In doing so, we find

Pyo(14x,..,1+2°% = 1+ 2+ 222 + 32% + 22* 4 2° + 25,
4

1s the gemerating function for the number of 4-vertex graphs with m edges, 0 < m < 6. To
find the total number of nonisomorphic graphs on four vertices, we substitute x = 1 into this
polynomial. This allows us to conclude there are 11 nonisomorphic graphs on four vertices,
a marked reduction from the 64 labeled graphs.

The techniques of this subsection can be used, given enough computing power, to find the

number of nonisomorphic graphs on any number of vertices.
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3.3. Counting nonisomorphic graphs

Example 3.3.1

Order | Number of graphs
1

2

4

1

34

156

1044
12346
274668
12005168

O [0 | N[O | O | =W | N |+

—_
S

Lemma 3.3.1 The number of nonisomorphic graphs of order n is Pyw).

Example 3.3.2 For 30 vertices, there are
33449431630925766924943956992808002895663147993539306432996 783488721 7734534
880582749030521599504384 ~ 3,3 x 10%

nonisomorphic graphs, as compared to 2*35 ~ 8 9x 10130 labeled graphs on 30 vertices.
And the number of nonisomorphic graphs with precisely 200 edges is
313382480997072627625877247573364018544676703365501785583608267705079
9699893512219821910360979601 ~ 3,1x 10%.
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Abstract

In this memory we have given some examples of isomorphic and non isomorphic graphs.
Also, we have shown how to use the Polya enumeration theorem to count the number of
non isomorphic graphs on n vertices. Since, if n=50 vertices in the graphs, then there is
n!=50!=304109320171337804361260 8166064768844377641568960512000000000000 permutations
to check if the graphs are isomorphic or not and this number is very large and we say that
NP-hard problem.

Keywords: Polya’s theorem, permutation, isomorphic graphs, non isomorphic graphs.
/ /
Résumeé

Dans ce mémoire on a donné quelques exemples de graphs isomorphes et non isomorphes. De
plus, nous avons montré comment utiliser le théoreme d’énumération de Polya pour compter le
nombre de graphs non isomorphes sur n sommets. Puisque, si n=50 sommets dans les graphes,
alors il y a n!=501=30410932017133780436126081660647688443776415689605120 00000000000
permutations pour vérifier si les graphes sont isomorphes ou non et ce nombre est tres grand
et on dit que le probleme est NP-hard.

Les mots clés : Théoreme de Polya, permutation, graphes isomorphes, graphes non iso-

morphes
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