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Abstract

Heim and Neuhauser investigated some polynomials related to the Dedekind function.
They proved the log-concavity of these polynomials and conjectured that they have
only real zeros. We prove this conjecture, and deduce some identities for Fibonacci
numbers and determine the modes of another sequence related to Fibonacci polyno-
mials.
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1 Introduction

Let 7(¢) be the Dedekind function, and ¢ = e*™!', where t € H, the upper half plane.
For z € C, consider

(a7 #n0) " =TJa-a" =Y Pu2)g" (M
n=I

n=0
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Writing the polynomials P, as

n—1
Pu(@) = = Y N b2, @
" k=0

the coefficients N (n, k) are positive integers. The values

3n(n — 1)
Nn,0)=m—Dlo(n), Nn,n—2) = — Nn,n—1)=1,neN

where o (n) is as usual, the sum of the divisors of n, were calculated by Newman [28].
These polynomials may be also defined by

Pu@) = = Y 0 (k) Puk(2). 3)
k=1

For n < 10, these P,(z) may be calculated recursively and have only real zeros
(forn <9), see [28,33] . In addition, they were used by Serre [33] to prove a density
theorem for the powers of the function 1 of Dedekind. However, because of the chaotic
behaviour of the function o (n), little is known about P, (z) for general n. Note that
P, (z) are related to many famous sequences, for example (P, (1))52, = (pp)52; is
the sequence of partition numbers and (P,— (—24))2‘;1 = (r(n));’f):1 is the sequence
of Ramanujan numbers.

After calculating the first values of t(n), 1 <n < 30, Ramanujan conjectured that
T is a multiplicative function, a fact proved later by Mordell [27], using advanced tools
of modular forms. According to [38], there is no known elementary proof of this result.
For the importance of the n function in general, let us cite Atiyah [2]: The Dedekind
function is one of the most famous and well-studied function in mathematics, partic-
ularly in relation to elliptic curves and modular forms. The Dedekind eta function
is surprisingly almost everywhere! A good reference showing this quite unexpected
presence is [12].

For its incursions in physics, see [5,32,37].

Lehmer [26] showed that t(n) # O for all n < 3316799, and that the least integer
m where t(m) = 0 (if it exists) must be a prime number. He then conjectured that
t(n) # 0 for all n. Due to the importance of the eta function (and what is around; its
powers, the coefficients of certain of these powers such as (7(n)),>1) the research to
settle this conjecture is very active, especially in these last two decades. These studies
are mainly in two directions: First, the extensions of the results of Newman and Serre
(the vanishing properties of the rth power of the Dedekind eta function) see [20].
Second, a general approach towards the resolution of the conjecture, by considering
sequences of polynomials generalizing the P, (z). For this type of results, see [14] and
the references therein.

In a series of papers, Heim and his collaborators (mainly Neuhauser) developed
an ingenious strategy to understand and eventually settle Lehmer conjecture. For this,
let g and & be two arithmetic functions. In [17,21], the authors defined the following
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sequence of polynomials:
= )Zg< KPS, PP =1 @)

Setting h(n) = n and g(n) = o(n) in (4) yields (3). Varying & and g gives very
interesting results; and may have important repercussions for equation (3).

For example Heim and Neuhauser [16], with #(n) = n, and the two functions
g(n) = ¢1(n) = nand g(n) = ¢>(n) = n?, obtained the two sequences of polynomi-
als (P,‘,P "(x)), 1 <i < 2 (for simplicity, we omitted g from the notation)

PP == iR ()
k=1
X n—1
==Y ARk, Py (x) = 1.
n: =0

Since for every integer n > 1,n < o(n) < n?, the two polynomials interpolate well
P? (x), and thus furnishes many information about it.

In addition, they determined the coefficients (A} (d),-))z;(l) and proved their log-
concavity. Based on numerical evidence, they conjectured that the polynomials
P,? “(x), i = 1, 2 have only real zeros. The aim of this paper is to prove this con-
jecture and prove some results linked to the polynomials P,‘f’ "(x), i =1, 2.In the
next section, we prove the conjecture. In the third section, we consider a polynomial
related to Fibonacci polynomial and use it to prove some identities and find (new?)
ones. The last section is devoted to the unimodality of the sequence considered in the
third section.

2 The sequences A} (¢1) and A} (¢2)

Asnoted in the previous section, in the case where the arithmetic functions are ¢ (n) =
n and ¢ (n) = n2, with fixed 2(n) = n in (4), Heim and Neuhauser [16] obtained the
following polynomials:

n—1 n—1
By =) Apmxt, BP(x) =) APk,
k=0 k=0
where

A () = n! n—1 A% () = n! n+k O<k<n—l
KOU=0 Tk ) Y T i yi\ak 1) T
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Note that in [16], the polynomials PP (x) = %5,?1 (x) and P (x) = %ﬁ,ﬁm (x) are
given explicitly for 1 < n < 7. In this section, we prove the conjecture stated by
the authors of [16]. The proof we give is based on the following classical theorem of
Laguerre.

Theorem 1 (Laguerre) Let A(x) =Y ;_, ayx* be a real polynomial having only real
zeros. Then the polynomial )"} _, %xk has only real zeros .

A proof of this result may be found in the book of Pélya and Szeg6 [29, Vol. II, Part
V, problem 65]. For a very short and simple proof of Laguerre’s Theorem, see [7].
There, the proof is based essentially on two facts: if a polynomial has real zeros then
so does its reciprocal polynomial. And, if the polynomial 7 (x) has only real zeros,
the polynomial 7’(x) — aT (x) also has this property for every real number .

The following corollary is crucial for the proof of the main theorem, even it is a
straightforward consequence from Laguerre Thorem.

Corollary 2 Let A(x) = Y}, ayx* be a real polynomial having only real zeros. Then
for every | > 0, the polynomial Y ﬁxk has only real zeros .

Before starting the proof of the theorem, let us recall the definition of Jacobsthal-
Fibonacci polynomials, J F;, (x), (see ([22] p. 489), those are defined as follows

JF,(x) =JF1(x) +xJF2(x), n > 2,

with the boundary conditions: J Fp(x) = 0, JF;(x) = 1. The explicit formula of
JF,(x)is

125

JF,(x) = Z (n —I]z B 1>xk

k=0
o L+ vax 1\ (1-vaxr1)
RN 2 - 2 ‘

Note that J F,,(1) = F,,, the Fibonacci number.
Now, we can prove our main result:

Theorem 3 The polynomials P:‘,p '(x) and 13,?2 (x) have only real zeros.

Proof First, recall the definition of the unsigned Lah numbers Lh(n, k) (this is
sequence A048854 in [34]); which count the total number of ways one can partition
an n—element set into k nonempty totally ordered subsets. We have

n!'(n—1
Lh(n, k) = F(k 3 1).

Note that

n
PP = =3 Lhn bk,
T k=1
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is nothing but Lah polynomial LA, (x) (up to a multiplicative factor), which is known
to be real rooted. As it is stated in [19], the polynomial ﬁ,?‘ x)=mn- 1)!Lrll_1 (—x)
is a generalized Laguerre polynomial (these polynomials are orthogonal), so its zeros
are real, and it is irreducible over Z. For the sake of completeness, let us prove directly

that ﬁ,? '(x) has only real zeros: the polynomial (1 + )"~ has only real zeros and
n—1

then by Theorem 2, the polynomial ﬁ,f’ '(x) = Z n—' (n B 1>xk has the same
= (k+ DI\ &

property too (I = 1).
n+k

For P¢2 (x), it suffices to prove that Z ( )xk has only real zeros. But this

2k + 1
is true. In fact, the last polynomial is Just the reciprocal of J F,(x), call it J F;, (x):

n—1

2n — k —
JFy (x) = x" VT Fy (1/x) = x"7 ! (n ) 3
X
=0

= (Zn —k - 1) i
= X
k=0 k

2n
xn—1 1+,/2+1 ~Ji41

4 2 2
t+1
2n

- 4 2 2

T+l

2

B 1 X+ A+ x " f VAd+x
Va1 4) 2 2

Now, the coefficient of x¥ in J Py, (x) is

Zn—(n—1-k -1\ n+k _ (n+k)! _(n+k
( n—1-—k >_<n—1—k>_(n—k—l)!(2k+1)!_<2k+1>'

It follows then that

n—1
n+k
ACEDYD (2k + 1)xk

k=0
3 1 JEHVETT) VE = VA4 irx\ )
S VGt d) 2 2
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Finally, by Corollary 2 applied to the polynomial J F5, (x) with [ = 1, we deduce that
P (x) has only real zeros. ]

Remark 4 The polynomials 13,? % (x) are irreducible, this was proved in [11].

In [14, 20], the sequence of polynomials defined by (4) is investigated. Many inter-
esting results are obtained, especially for particular arithmetic functions /4 and g. For
example for 2(n) = 1 and g(n) = n, Q% (x) in [13] has only real zeros.

The polynomials satisfying a three term recursion or more (see [13]) are generally
real rooted. Thus, we can apply Laguerre theorem to these polynomials to obtain new
real rooted polynomials (the kth coefficient is divided by k!).

In Example 2. 7. 1 of [13], the polynomial Qﬁ(x) = xJF;,(x) = xU(x/2 +
1), where U (x) is the Chebyshev polynomial of the second kind. In fact since the
discriminant D = D(x) = x(x + 4), then the roots of the characteristic equation are
given by

x+2:|:\/5

A =
1,2 )

It follows then that

Qﬁ(X)=a<M+@) +ﬁ(#> ,n> 1.

with Qf (x) = 1, 0 (x) = x, Q3 (x) = x(x +2), we deduce & and B, s0

¢ X x+2++D " x+2—-+D "
Qn(x)—ﬁ ) — 5 .

x+2iﬁ=<ﬁim>2

But

2 2

So,

On(x) =

x ﬁ+m VX —x+4
Jx(x +4) 2 2

= xJF;,(x).

The polynomials considered in this paper (Jacobsthal-Fibonacci, Lah) are closely
linked to Laguerre and Chebyshev (orthogonal) polynomials, and may be this high-
lights the appearance of Fibonacci and Lucas numbers in the context of modular forms.
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For the sake of completeness, we give without proof, the generating function of the
sequence Pn‘/’2 (x).

Theorem 5 The generating function of the sequence Ay (n?) is given by

¢ n_ re
ZPHZ(X)Z —GXp((l Z)2>

n>0

Remark 6 Dilcher [10] deduced the formula

n—+k
B (5

using the hypergeometric functions, and said that he was unable to find it in the
literature. In fact this is known and proved in Swamy [32]. Note that (6) is easily
deduced by setting x = 5 in (5), and remembering that

(£2)-(52)

In the paper [3], we used the explicit formulas of the Fibonacci and Lucas polynomials
to find some new identities (and rediscover some old ones) involving Fibonacci and
Lucas numbers. In the next section, we use the same elementary technique i.e.; explicit
formulas of Fibonacci and Lucas polynomials, their derivatives and antiderivatives to
prove some identities, missed in [3].

3 Some identities involving Fibonacci and Lucas numbers

Let us start with
n—1 n+k
r _ 2 : k
TFat®) = =~ <2k + 1>x

1 (ﬁwm) (f W) s

VTeEw) 2 2

Integrating J F;, (x), we obtain
n—1

X . B n4+k xk+l
/0 JFZ”(t)dt_k§)<2k+l>k+l
! <ﬁ+¢4+—x>2”+<f—m>2”

n 2 2

2
-2,
n
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Using this, we prove

Proposition 7 For every n € N, we have

2§1 2n+k +1 xk
2k 2n+k +1

k=0
4n+2 4n+2
_ 1 Vx4 A+ x ! N Jx =4+ x ! ©)
C202n+1) 2 2
Proof We will prove the result using only (7) and (8). We have
(2n+k+l) (2n+k)
2k 2k—1 k0, (10)

m+k+1 2%

and then

2’% nrk+1y X1 +2”2+:1 mA+k+1) ok
~ 2k n+k+1 2n+1 — 2k 2n+k+1

by (10)

zil (Zn +k+ 1) xk _ 2§1 <2n + k) xk
Pt 2k 2n+k+1 P 2k — 1) 2k
This last sum may be written as

zil n+k+1 o R onp )
P 2k n+k+1 2k — 1) 2k

13N 20 4+ k + 1\ xkt!
2 2%k+1 Jk+1

Finally, using (7) we obtain

Z”i‘ mAk+1y X +12” 20+ k + 1 24!
2k n+k+1 " 2n+1 2\ 2%k+1 Jk+1

k=0
I ((ﬁ+m>4n+2+<ﬁ_m>4n+2)

202n + 1) 2 2
The proof is finished. O
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Before giving the next result, recall the sequence of Lucas numbers, (L;),>0:
Lo=2, Li=1, Ly=Ly1+ Ly, n>2.
Corollary 8 For every n € N, we have the identities

2n+1 k
2(2n+ 1) Z <2n+k+ 1)(1\/'—2)

F
(a) 2n+1 = 2n+k+1
2n+l
2n+k+1 Fsy.
bF _ 2 1 _1 k+1 _
(b)Fant1 = 2n + );)( ) 2% n+k+1
2n+1
k 2n+k+1
F. =2 PO— g
=25 5 (M)
2n+1 4+ k41 5k g2k
DL 20+ 1 _1)l@ntk+D) L >,
(d)Lan+2) 2n + )];( ) 2k 2n+k+1  —

()z’f k41 (= 1
2k n+k+1 2n41

i mAk+1\ (=2
> B e e
= n+k—+1

Proof Relation (a) is relation (7.1) in Dilcher [10]. There, is it deduced via the hyper-
geometric representations of the Fibonacci numbers. Now, set x = ++/5 — 2, in the
last relation in the proof of Proposition 7, and divide both sides by +/5 to get (a).
Relation (b) also appears in the paper [10], it is obtained by adding the two identities
in (a). The identities (¢) and (d) seem to be new. To obtain (c), differentiate (9), then
set x = 1. For (d), remember the identity

SFE(=D! +4 =1L

then put x = SF?(—1)! = 5F7i* in (9). The remaining are obvious. a

( 2n+k+1 )

4 On the modes of the sequencesA (¢2) and W

The following facts will be needed in the sequel.

Definition 9 A sequence of positive real numbers (ax)j_,, is said to be unimodal, if
there exist integers ko, k1 (ko < k1) such that

ap = ap = - S Agy = Akg+1 = -0 =04y = Afg+1 = - = dp.
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It is log-concave if a,% > ay_1ar4+1, for 1 < k < n — 1. The integers ko, ko +
1, ..., kp are the modes of the sequence.

A real sequence (ay)j_ is said to be with no internal zeros (NIZ), if i < j, a; #
0, aj # 0 then a; # O for every [,i <1 < j. A (NIZ) log-concave sequence is
obviously unimodal, but the converse is not true. The sequence 1, 1, 4, 2 is unimodal
but not log-concave. Note the importance of (NIZ): the sequence 1, 0, 0, 1 is log-
concave but not unimodal. A real polynomial is unimodal (log-concave, symmetric,
respectively) provided that the sequence of its coefficients is unimodal (log-concave,
symmetric, respectively).
If inequalities in the log-concavity definition are strict, then the sequence is called
strictly log-concave (SLC for short), and in this case, it has at most two consecutive
modes. The following result may be helpful in proving unimodality, this goes back to
Newton:

Theorem 10 Ifthe polynomial ZZ—O axx® associated with the sequence (ar)y_o has
only real zeros then

k+1n—k+1

o 2 kK n—k

ag—1ai41 for 1 <k <n-—1. (11D

By the previous theorem, if the positive sequence (ax)}_,. is such that its generating
polynomial has only real zeros, then it is SLC, and it has at most two peaks. A result
of Darroch [9] states that if the polynomial ) ;_, aix*, a; > 0, has only negative real
zeros, then every mode ko of the sequence (ax)j_,, satisfies the inequality

n n
S| [T
k=1 k=1
<ko=|—,

n
D D a
k=0

k=0

12)

The explicit form of the coefficients of the polynomial P,? '(x) allows us to find the
exact value of the modes; we can even see where a double maximum occurs. For the
polynomial P,(f ?(x), the coefficients are also explicit, but it is not easy to find the exact
value of the mode(s). Heim and Neuhauser [16] gave the following estimate of the
mode:

2 2
ko ~273n3"

For the sake of simplicity, let AZ (¢2) = Ak A double maximum occurs if and only
if

An,k = An,k—H s
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which is equivalent to
n? = 4k> + 19k% + 28k + 13,

According to a classical theorem of Selberg, this equation has only a finite number of
solutions. Next, we prove that the sequence A, x has a unique mode for n > 8.

Theorem 11 The equation
n? = 4k> + 19k + 28k + 13

has a unique solution in positive integers : (n,k) = (8, 1), thus; the sequence a,,
has a plateau for the single value n = 8, where ag ;1 = ag>.

Proof The equation
n® = 4k> + 19k* + 28k + 13,
is an elliptic curve. Using Magma, we have all the solutions of this equation, namely;
(n,k) =(8,1), (n,k)=(-8,1), (n,k) =(0,—1).

The only positive integer where the sequence has a plateau is n = 8, and in this case
ko = 1. We can check that Ag | = Ag>. O
2n+k+l)
Now, let us consider the sequence a, y = ﬁ According to Proposition 7,
this sequence is SLC and it has at most two consecutive modes. In fact we have the

following result
Theorem 12 The sequence (a,,,k)i':gl is SLC and it has at most two consecutive max-

ima. Namely, if k;, is the integer where the maximum occurs, then

{—3 +/5Cn+1)2 = 1—‘
5 .

kn =

Proof Proposition 7 shows that the generating polynomial associated with the

sequence (ay, k)%’;gl has only real zeros. It follows then that the sequence (ay, k)z’;g]

is SLC. Let k,, be the integer satisfying

an.k, = An,k,—1, and An.k, = An k,+1-

We follow the steps of Tanny and Zuker [36]. The previous inequalities may be written
as

5k2 — 4k, — 4n> —4n < 0, (13)
Sk 4 6k, +2 — 2n + 1)* > 0. (14)

@ Springer



Y. Zouareg, M. Benoumhani

Letk, = 2n+ )a, 0 < a < 1, then we have

S(@@n+1)* —4a@n+1) —4n* —4n < 0

and
5(@@n+1))*+6a@n+1)+2— 2n+1)> > 0.
Put
P(x)=52n+ 1)>x> —4@2n + Dx —4n> — 4n
and

0(x) =52n+ D*x>+6Q2n+ Dx 42— 2n + )%

This yields P(«) < 0 and Q(«) > 0. So we deduce that « is between the roots of P,
namely

24+/5n+ 12— 1

52n+1)

k]

and outside the roots of Q:

—34+52n+ 12— 1

52n+1)
We deduce
—34+/5Cn+1)2 -1 24+./5Qn+ 12 -1
<ua< ,
52n+1) - 52n+1)
furthermore
—34+./52n+ 12 -1 24+./5CQn+ 12 -1
S kn < kl
5 5
The difference between the bounds is exactly one, hence the wanted result. O

Corollary 13 The integer k, satisfies

\:/5(2"+1)J FEQHDW
S R e
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Proof Note that

24/5Cn+1)2—1  24/5@Qn+1) 2 5Qn+1)
< =4 —F
5 - 5 5 5
and
—4 N V30Qn+1)  —4+/50n+1) 3+ V52n 412 -1
5 5 a 5 - 52n+1) '
So, we get
—4  J502n+1) 2 J32n+1)
— T <k < o4 =
5 5 5 5
.4 2
Since 3 < land 3 < 1, we get the result. O

In some cases, the sequence a,, x has a double maximum. For example, for n = 0, we
have

aor = ,
T k1

and ap,0 = ap,1 = 1. Next, we determine all the integers where a double maximum

occurs for a, x, n > 1. We have the following

Theorem 14 The sequence (an,k),%”;(;l has a double maximum if and only if

Frajyo —2
nj =—4 s

and in this case, the smallest mode k; is given by

= L =6
Proof We use relation (9)
()
ank = T k>1

The equation
Ap k = An,k+1
is equivalent to

5k2 +6k+2— (2n+ 12 =0.
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The reduced discriminant of this last equation is
d =52n+1)% -1,
and must be a square. So, let y = 2n + 1, our equation becomes x2=5 y2 — 1, or
x% - 5y2 = -1,

which is the so called negative Pell equation. The solutions of this equation are given
by

X, = % I:(z + \/§)2I‘l+1 + (2 _ \/§)2n+1i|

= 21% [(2 5y o \/§)2n+1:|'

More details are to be found in [1, Sect 3.6. p. 46] . Note that

3
A <1i2ﬁ> |

SO we obtain

Xy = §L6n+3, Yn = §F6n+3-
The numbers
-3+ %L6j+3 Fejp3 —2
kj = f’ nj= Tv

are not always integers. It is easy to see that numbers k; and n; are integers if and
only if j = 2/ 4 1. So, the wanted solutions are given by

—3+4 3L12jy9 Fiajy9 —2
kj = —5 , nj = —4 .

In other words,

Frojy9 —2

-3+ %L12j+9
2 _—

anj,kj Zanj,kj+l — n] = 5

and k; =
This proves the theorem. O
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Corollary 15 For every integer j > 0, we have

)

F12j+9FFipj0 | Li2jyo — 6
2LF|2_/+9 | 10

\‘F4J'+1 FF4,,'+1*1

_ 2
Lr =
4j+1

5FF, -1 51 5

LF4j+3LF4j+3l 2 _ L4j+3 —4

Proof If the positive sequence (ax);_, has a generating polynomial with only real
zeros then, by Darroch Theorem [9], every mode ko of (ar)}_, satisfies (12). By
Proposition 7, the generating polynomial B, (x) of the sequence

(2n+k+1)
2k
Ank = 57— 1
2n+k+1
has only real zeros. So we have
n n
Z kan,k Z ka, i
=1 —
J <ko < k=1
n - n
D an D an
k=0 k=0

LZLokan,kJ

o=|<r — |-

Again, by Proposition 7 and Theorem 13,
. Silokan, _ B, (1) _ | @rj 4 DFan0 |
' +Lo an, & By; (1) Lanj42

Replace n; and k; by their values yields the wanted result. For the second relation,
we use the results of the paper [4], in which the properties of the sequence

n n—=k
Chk = ——
k=TT k
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are studied. The generating polynomial of the sequence ¢,  is given by

_LfJ v (14 vEaFT\ (1-VaFT)
Cp(x) = ch,kx = f + # .
k=0

All the zeros of C,(x) are real. The integers where a double maximum occurs are
n; = Fyj4+1, and in this case, the first mode is k; = F22/.. Also,

CoD) _ nFys
Co) Ly

ki = C’/Ij(l) = 1 Fn .
T G (D) Ly,
Replacing n; and k; by their values yields the second relation. The last relation is
obtained exactly as the previous one, using the results of [36].

Finally

5 Concluding remarks

e In [14,17,19,21], the polynomials defined by (4) are investigated. In the case
h(n) = 1, the polynomial is denoted Qj (x):

Qi) =xY gk)Q%_(x), Qf(x)=1. 5)

k=1

For a variety of functions g (g (n)=constant, n, n2,etc), Qf (x) satisfies a recursion
relation of k—terms (k > 2). In general, a polynomial satisfying such recursion is
real rooted or at least log—concave. For g(n) = n, the obtained polynomial Q% (x)
is what we denoted x J F>, (x). For g(n) = 1, Q5 (x) = x(1 + x)" 1.

The polynomials 17,?' (x) and 13,? ?(x) are obtained respectively, by dividing the
coefficients of (1 +x)"~! and of U (x/2 4+ 1) = J F2,(x) by (k + 1)!. This is the
conversion principle (Theorem 1 of [17]).

It seems that the case #(n) = 1 is not only important in its own, but crucial
for the study of the general sequence (4). Indeed, a polynomial P (x) is obtained
by dividing the coefficients of Qj (x) by (k + 1)!, and, by Laguerre Theorem and
other transformations (see [7]), the properties of real zeros (or log-concavity) of
0% (x) are transferred to P (x).

We may ask: given Q3 (x), find the corresponding arithmetic functions g;(n)
and A (n) such that P? 1l (x) is the polynomial whose coefficients are those of
0% (x) divided by (k +1)!, [ > 0.
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o A very interesting result of Kurtz [24] asserts that if the positive sequence (ax)y_
satisfies

a,% > dapirax—1, 1 <k <n-—1,

n
then Z axx* has only real negative zeros. It would be nice to find special arith-

k=0
metic functions g, A, (if they exist) such that

g.h\2 8.h
(A" > 44,

AN l<k<n—1.

e For the log-concavity, the results in [23,31] may be used (and may be improved
and generalized) to prove log-concavity of the sequence (Aﬁ:,}:).

e Finally, let us mention an important arithmetic function not considered in the series
of papers of Heim and al., namely g(n) = ﬁ n > 1. According to formula
(2) of [17], we have

00 ) 00 o
DB =exp (x ) g
n
n=0 n=1
00 o
=exXp|x Z ;
n=1 """

= exp (x(e* — 1))

g.id n k . L.
So, Py" " (x) = Zk_l S>(n, k)x*, where Sy (n, k) is the Stirling number of the
second kind. Letting g(n) = % in formula (3) of [17], we obtain

> 1
P ()" =
; ' T—x 30 8"
B 1
1—xY 2 5
B 1
T l—x(ef—1)

n
In this case, P (x) = Z k!S> (n, k)x*. Both polynomials 25" (x) and PS8 (x)

k=1
have only real zeros.
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