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NOTATION

We introduce the necessary notations and definitions that are used

Symbol

N

N*

Signification

Set of natural numbers.

Set of nonzero natural numbers.

Set of real numbers.

Set of positive real numbers.

Euclidean space of dimension .

Open of RY equipped with the measure of Lebesgue.

Defined measurable function of €2 in R.

i Vu= (v du ... Ou
gradient of u, Vu = (6931’ e R (%N),
; 9%u 0%u . 0%u
Laplacian of u, Vu = o T om Tt o

Space of continuous functions on (2.
space of continuous functions on €2 whose partial derivatives of order k£ are continuous on ,

), k positive integer.

The set of differentiable functions and the derivative is continuous.
space C*®(Q) = N2, C*(Q).
LP(Q) = {f : 0 — RY; f is measurable and [, |f (z)|’ dz < oo} (1 < p < oo, constant).

L>®(Q) = {f : 0 — RY; fis measurable and |f (z)| < ¢ a.e.on Q}

Space of indefinitely differentiable functions in €2, with compact support in §2.
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WP(Q) Sobolev space of functions of LP(Q2) whose derivatives partial in the sense of first-order

distributions are also in LP(Q), provided with the norm ||ully., = g: 05| -
W&'P(Q) The closing of D(2) in WP(Q), W&_p(Q) _ WWW. i=1
HY(Q)  we L*(Q) et Vu € L*(Q).
HY Q) is D(Q)H @),

— Weakly converges.

— Strongly converges .
the scalar product.
(-, ) the dual product.
E — F  F is continuously injected into F'.

E —. F F isinjected in a compact way into F'.

p* The sobolev exponent, such that p* = NN—Z).

2 Holder’s conjugate of p, p’ = p%l, ifp>1landp =ocif p=1.
B dual topology .

D(A) domain of definition of an unbounded operator A.

R(A) image of A which is also noted by ImA.
L(E,F) set of continuous linear applications.
a.e Almost everywhere.

i.€. that is to say.

(P.S) Palais-Smale condition.

(P.S).  Palais-Smale condition at the level c.
Sum for 7 various between 1 and N.

[]7,[]” the positive and the negative parts, respectively, i.e. t* = maz {t,0} and ¢t~ = min {—t, 0}.

IRl a norm on a Banach space.

|| a semi-norm on a Banach space, or an Euclidean norm in RY.
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GENERAL INTRODUCTION

H@ ardy inequality has a long history and many variants. Together with the Sobolev in-
equalities, it is one of the most frequently used inequalities in analysis. In this work,
we present some of its extensions and applications. The story started in 1915-as Godfrey
Harold Hardy needed an estimate for the arithmetic means, more precisely, an inequality of
the form

1
A,
n

0
>
n=1

2 00
<Y Janf (1)
n=1

with A, = ) aj and a = {ax} a sequence. Hardy’s original motivation was obviously to
k=1
find an elementary proof of another famous inequality, namely the Hilbert inequality (see [2]or

Appendix A). This inequality (the discrete version) was then extended to
n=1

with the continuous (=integral) counterpart

1
ZA,
n

P [eS)
<O janfP, 1<p<oo (2)
n=1

I (1 s dt)p <G, [Ty f20 (3)

X

This inequality was finally stated and proved by Hardy in his famous 1925 (see [7]).
While the version I used was 1998 published by J.P Garcia Azorero and I. Peral Alonso

(see[12])
/ [ 4e < O LIVl do. (4)
RN |zfp T T TP Jga
(The reader may notice many forms that have the same name as Hardy). we apply (4) inequality
in article [1].

The objective of our work is to study some elliptic problems using Critical Point Theory,
this techniques are to proving the existence of solutions. It is fortunate (for some of us) that
many differential equation problems can be handled by variational techniques, in other words,
by considering an associated real-valued function J : E — RY and by looking for points of

minimum, maximum or mini-max of J, so that our given problem reads J'(u) = 0. through

vii
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the application of variational methods and critical point theory. Semi-linear elliptic equations
arise in a variety of contexts in geometry, physics, mechanics, engineering and, more recently,
in life sciences. None of these fields can be investigated without taking into account nonlinear
phenomena, and variational methods, as a branch or an evolution of the Calculus of Variations,
are almost entirely concerned with non-linearity.

This work is divided into three chapters that we will present.

In the first chapter, we have collected some of the concepts that we need to study the prob-
lems in the next two chapters, and we mentioned the concept of critical points and some spaces
such as Lebesgue space and Sobolev space, and some related properties. Here, we focus on the

following references [, 10, 11, 13, 15, 17].

In the second chapter, we present Lemma of Hardy inequality which proved by J.P
Garcia Azorero and I. Peral Alonso , we refer to [12], then we present some auxiliary
results on Weighted Lebesgue Space) in article [9] published in (2013) and the famous Theorem
which called Mountain Pass Theorem that we need it in study two elliptic problems. we try to

apply Hardy inequality to the following elliptic linear problem

—Au=7%+ f(r) inQ
u=0 on 052

by considering f € L*(2), 0 € , v is a real parameter.
Then consider a quasilinear elliptic problem involving Hardy potential. the difficulty in this
problem is the nonlinear therm f(z,u), we can not apply Lax Milligram Theorem. so we study
the existence at least non-trivial weak solution using Mountain-Pass Theorem,
more precisely, we consider our problem is a particular case of a problems studied in [I] which
published in (2022).

—Au = ’yﬁ + f(z,u) in

u=>0 on 0f)

where 2 C RY be open and bounded, 0 € Q, v is a real parameter.

we introduce conditions for solve problem. the more important articles and books that used

[7 » ? ? ]

For the third chapter, By variational method deals multiplicity of solutions for the
following Kirchhoff type problem with Hardy type potentials that were presented in the article
[14], published in (2014)

—M(fy |Vul® dz)Au=p a(a:)% + Af(z,u)  inQ

|z

u=20 on 0f

where Q0 C RN (N > 3) is bounded domain with smooth boundary 9Q, 0 € Q, M : Ry — R is
continuous and increasing function with Rj := [0, 4+00), the function a : 2 — R may change

2
sign, A is positive parameter, 0 < p < ﬁ, where Cy o = (ﬁ) is optimal constant in the

viil
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Hardy Inequality. we prove Theorem 3.1 by using The proofs based a recent result on the
existence of at least three critical points which proved by G. Bonanno we refer to [5]. see the

text in Proposition 3.1. In this section, we focus mainly on [1, 5, 14].

ix



CHAPTER 1

‘ SOME PRELIMINARIES

U n this chapter we give a series of notions that will be useful for the rest of this thesis. We
recall some definitions and properties used in the remainder of the these thesis, this to allow
a more rapid assimilation of our work. These consist essentially of functional analysis results.
We thus find some properties for convergence, continuity and differentiability of operators in
Banach space, Sobolev Embeddings and Inequalities, critical points theory and Some Theorems
used.

1.1 Operators on Banach Spaces.

Let E and F' be two Banach space.

Definition 1.1 [/7/(Linear Bounded Operator) Let A be a linear operator such that D(A) =
E et R(A) C F. We say that A is bounded if it is bounded on the unit ball B(0,1), i.e. If the

set
{[[Az]|: =€ E,|[z]lp <1}

is bounded.
According to this definition, if A is bounded, there exists a constant ¢ > 0 such that for all x

where ||z]|; < 1 we have the inequality

|Az], <

1.1.1 Some Notion of Convergence

Definition 1.2 (Convergence of a sequence) We say that a sequence {uj}j of E converges
(in norm), such that v € E if

jginoo |lu; —ull, =0, and we write u; = uas j — 400.
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Definition 1.3 (Weak Convergence ) We say that a sequence {uj}j of E weakly convergence
such that uw € E if
\V/QO S E*u <()07uj> — <907u>

and we write u; — u.

Noted E* dual space and E** the bi-dual of F.

Definition 1.4 [/7/(Dual Space) The set of continuous linear functionals, defined on a
normed vector space, constitutes a vector space. It is called dual of the space E and we de-
note E*.

with the norm
g= sup |{f,x)|, VfeE"

zeE,[|lz]| p<1

The bi-dual E** is the dual of E* with norm

/]

1€l g = sup  [{&, )] (€ ET).

feE || fll g« <1

1.1.2 Reflexive Spaces

Definition 1.5 [8/(Canonical Injection) There is canonical injection J : E — E**defined
as follows: given x € E, the map f +— (f,x) is a continuous linear functional on E*; thus it is

an element of E**, which we denote by Jx. We have
(J2, f)ges go =, ) e p Ve EE, VfeEL"
It is clear that J is linear and that J is an isometry, that is, ||Jz| g = ||z 5

Definition 1.6 [5/(Reflexive Space) Let E be a Banach space and let J : E — E** be the
canonical injection from E into E**. The space E is said to be reflexive if J is surjective , i.e,

J(E) = E*.
Remark 1.1 When E is reflexive the bi-dual E** is usually identified with E.

Theorem 1.1 [5] Assume that E is reflexive Banach space. Let {u;}; .y be bounded sequence

in E. then, there exists a sub-sequence {u;;} that convergence weakly to some v € E.
Proposition 1.1 [/1] Let {u;} be a sequence of E. We have

1. If uj — u, so u; — u.

2. If uj — u, so (u;) is bounded and ||ul|; < l}rilglof ;|

corollary 1.1 Let (E,|-[|p) be a reflexive Banach space. let {u;}, and u be in E such that as

n — 00
1. uj —=wuin E.

2. |ujll g = |lullg- Then uj = win E as j — oo
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1.1.3 Separable Spaces

Definition 1.7 [5] We say that a metric space E is separable if there exists a subset D C E

that is countable and dense.

1.1.4 Uniformly Convex Spaces
Definition 1.8 /8] A Banach space is said to be uniformly convez if
Ve >0 30 >0 such that
ey € Bllal < LIyl <1 and fla -yl > d = || "2 <1-0].

The uniform convezity is a geometric property of the unit ball: if we slide a rule of length e > 0
in the unit ball, then it is midpoint must stay within a ball of radius (1 —0) for some § > 0. In

particular, the unit sphere must be round and cannot include any line segment.

Theorem 1.2 [8] Every uniformly convex Banach space is reflexive.

1.1.5 Continuity of Operators

We will consider operators T" from E into F' and we will give a definition concerning the
properties of the continuity of 7'

The easy notion is the following

Definition 1.9 The operator T' : E — F' is said to be continuous at u, if for any sequence
{u;} C E which converges to u, {T'(u;)}; Converges to T'(u).

T is called continuous on Q2 C E if T is continuous at any point u € ).

Definition 1.10 An operator T : E — F is said to be compact if it is continuous and has the

property, for any {u;} bounded in E, the sequence {T'(u;)} admits a convergent sub-sequence.

1.2 Functional Spaces

1.2.1 L? Spaces
Definition 1.11 [§/ Let p € R with 1 < p < oo, we set
LP(Q) = {f : Q — RY; fis measurable and / |f ()P dx < oo}.
0

with

1
p

1£le = 171, = | [ 1f @) do
Definition 1.12 [5] We set
L™ (Q) = {f : Q — RY; fis measurable and |f (z)| < c a.e.on Q},

with
[fllzoe = I flloo = inf{c: |f (x)] < c a.eon O},

with ¢ s a constant.
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Theorem 1.3 [8] LP(2) is a Banach space, for any 1 < p < 0o, and reflexive for 1 < p < oo,
and separable for 1 < p < oo.

Notation 1.4 .Let 1 < p < oo, we denote by p' the conjugate exponent

1 1
p p

Theorem 1.5 [5/(Hélder’s inequality) Assume that f € LP and g € LP with 1 < p < oo, then
fg € L' and

J1s9l < 1711, lgl

1.2.2  W!?(Q) Spaces

Let Q € RY be an open set, and let p € R with 1 < p < o0.

We notice ||ul[;, = [|ull, -

Definition 1.13 [5] We denote by D(QY) the set of function of class C*(§2) with support com-
pact include in Q. The Sobolev space W1P(Q) is defined by

i
8ZEZ‘

W?(Q) = {u € LP(Q),3g; € LP(Q)such that:/ u——dzx = —/ gipdx,Np € D(),Vi = 1,2, ...,N} :
Q 0

We set
Hl(Q) = Wl'Q(Q).

For uw € W'P(Q) we set % = g;, and we write

ou Ou ou
Vu = gradu = , s )
g (8331 0xo 890N)
The space WP is equipped with the norm ||ully.r = |Jullp + [[Vullp, or sometimes with the

equivalent norm [ully1.p = ([lul|} + HVUHQ% if (1 <p< o).
The space HY(Q) is equipped with the scalar product

/uvdx—l—/ VuVudz.
Q Q

The associated norm ||ul ;o = (||ull + HVqu)%

Proposition 1.2 [5] WP(Q) is a Banach space for 1 < p < oo, reflexive for 1 < p < oo, and
separable for 1 < p < oo.

In particular HY(QY) is reflexive, separable and Hilbert space.

1.2.3 Sobolev Embeddings and Inequalities

Let (B, ), (£, |1 ) Banach spaces

Notation 1.6
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1. FE is injected continuously into F', means that the canonical embedding j : £ — F is
continuous i.e. 3 ¢ > 0,Vx € E : ||z|| < c||z| 5, and we denote by £ — F.

2. Fisinjected in compact into ' means that the canonical embedding j : £ — F'is compact
i.e. for all sequence bounded u; in E we can extract sub-sequence {u;} convergent in F,

and we denote by F <. F.

or L =1
p

Np_ _ 1
D N

If 1 < p < o0, the sobolev exponent of p defined by p* = Np

Theorem 1.7 [5] Let 1 < p < oo, we suppose that Q is on open set of class C' a bounded

frontier, and we take Q = RY

1. WhP(Q) — LI(Q) Vqe[l,p*] if p<N.
2. WHP(Q) — LY(Q) Vqé€ [p,oo| if p=N.
8. W(Q) — L>~(Q) if p> N.
Theorem 1.8 [5/(Rellich-Kondrachon) Let Q C RY be a bounded domain of class C!

1. WP(Q) <. LY(Q) Vqe[lp] if p<N.
2. WhP(Q) —. LY(Q) Vq € [p.oo] if p=N.

5. W) cc(Q) if p>N.

1.2.4  W,7(Q) Space

Definition 1.14 Let 1 < p < oo, Wy ? means the closing of D(Q) in WP, we notice

W) = p@"
= {uEWl‘P(Q) :u:Oon(?Q},

and

Hy () = Wy ().
The space Wol'p(Q) provided with norm induced by WP, H} is a Hilbert space for the scalar
product of H*.

Remark 1.2 when Q = RY, we know that D(RY) is dense in W P(RY), and there for
Wo” (RY) = WP (RY).

Proposition 1.3 [5/(Poincaré’s inequality)Let 2 C RN on open set, Then there exists a
constant C such that
1.
ullyrngy < cllVull, Yue WyP(Q).

In other words, on W, ™, the quantity IVull, is a norm equivalent to the W'? norm.

Theorem 1.9 (Young’s inequality) For a,b > 0 and p,q > 1 such that % + % =1 we have

1 1
ab < —aP + -b1.
p q
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1.3 Differentiability of Functionals and Critical Points

In what follows, we introduce some notion of derivatives for functions defined on Banach

spaces, we start with the directional derivative.

1.3.1 Derivative in the sense of Gateau

Definition 1.15 Let E be a Banach space, € C E an open set, and let I : @ — R a
functional, we say that I is ad differentiable in the sense of Gateau (G-differentiable) at u € €,
if there exists A € E' (A linear and continuous), denoted by If.(u) such that, for all v € E,

where I(u + tv) exists for t > 0 small enough, the directional derivative DI(u) exists i.e:

I(u+tv) — I(u)

lim

t—0

= (Av)
if I is differentiable in the sense of Gateau in u, there exists only one verified linear functional.

Example 1.1 Let I : LP(Q) — R, I(u) = [o|ulPdz. I is G-differentiable and we have
(I (u),v) = p [ |ulP~?uvdz, indeed, let x € Q, t sufficient small fized and we define g,.,(s) =
lu+tv|”. s €l0,t] let gy, : [0,t] = R, we have g, is continuous on the closed interval [0,t]
and differentiable on the interval open ]0,t[, then according to the mean value theorem, there

exists a real ¢; €]0,t[ and when t — 0, we have ¢; — 0

y |u + tv]P — |ulP
11m

t—0 t

= lim plu+ co]P 2 (u + cv)v
ct—0
= plulf*uw.
According to Lebesgue’s Convergence Theorem, we have
(I'(u),v) :p/ lu|P~2uvda.
Q

and we define A : LP — R
v— A(v) = p/ lulP~*uvdw
Q

we prove that A € (LP(Q)) = LP(Q), i.e A is linear and continuous
A is linear, in effect, let vy, vy € LP(Y) and let a.5 € R

Alawy + fvy) = p/Q [ulP?u(aw; + Bug)da
= p[/ \u]p’2uav1dx+/ |ulP~?uBvydr]
0 Q

= ap [ [ulPuvde + Bp [ JuPuvsds
Q Q
= aA(vy) + BA(ve).

A is linear. A is continuous, in effect, let u,v € LP(2)
|p/Q lu|P~2uvds| < ]D/Q lu|P~t|v|dx
;oL 1
p( [l ) (| )
_ _p_ p—1 1
([ 1l VG )5 ([ ol

s ol

IN

IN

6
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Then A is a continuous, so the function is G-differentiable.

1.3.2 Derivative in the sense of Frechet

Definition 1.16 Let E be a Banach space 2 C E an open set and let I : Q@ — R a functional,
we say that I is ad differentiable in the sense of Frechet, at u € 2, if there exists A € E' such

“ I(u+ o) — I(v) — Av

1m
lofj—0 o]l

=0

I(u+tv) — I(u) = Av + o(||v]]).

if I is differentiable, then A is unique and we denote I'(u) = A, the set of differentiable function,
we will be denote C*(L.R).

Proposition 1.4 Suppose that 2 C E is on open set, such that I G-differentiable in € and
that I, is continuous at ) € E, then I is also differentiable at u, and of cours If, = I'(u).

Remark 1.3 The importance of Proposition 1.4 reside in the fact that it is often technically
easier to calculate the derivative in the sense of Gateau an then to prove that it is continuous,

rather than to directly prove the differentiability in the sense of Frechet.

Example 1.2 We prove that the function J : L*(]0,1]) — R (p > 2) and by using Holder
inequality we get
1
u— J(u) = / |ulPdx.
0

is a Frechet differentiable on L*(]0,1]).
we already prove that J is G-differentiable, with

To s I(Q) = (I(Q)) = L)
u— Ji(u): LP(Q) = R
1
v— (J'(u),v) :p/ lu|P uvdz
0
it remains to prove that Jf, : LP(Q2) — (LP(R2)) = L9(Q2)
u— Ji(u)

18 continuous.
Let (uj) C LP(2) such as u; — w in LP(2) we prove that Ji(u;) — JG(u) in (LP(Q))

16 (u) — J/G(U)H(LP(Q))/ = sup [(Jg(wy) — Jg(u), v)]
veLP(Q)

let v e LP(QY), such as ||v|;, = 1, we have

| (Jo(uy) = Jo(u),v) | = [{Jg(uz),v) = (Jg(u),v) |
= p|/0 \uj|p_2ujvdx—/0 lu|P~2uvda|

1 B 3 . 1 1
< Bl Il — a2l da] ([ folda)?,

7
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We pose u; = |u; P> uj,u = [ul""*u, we know that u; — u in LP(0,1), there is a sub-sequence
w;r, = u;, such that w;(z) — u(zx) in 0, 1].

moreover there exists g € LY such that
|uj(@)| < g(z) p.p in]0,1].
50
(@)™ < Jg(a)"™" € LT

according to u; — w in Py we recall that ||Jg(u;) — J'(v)]| < Jq lu;[P~2u; — |ulP~2udz — 0 and
then lim; o [|.J6(u;) — J/(u)H(LP(Q))’ =0

as J is G-differentiable and J, is continuous, so J is Frechet differentiable and J, = J .

1.3.3 Critical Points

Definition 1.17 [/5] Let Q an open set of Banach space E, suppose that I € C*(QL.R), we say
that u € Q) is critical point of I, if
I'(u)=0

if u is not critical point, then we say that u is reqular point of I.

if c € R, then we say that ¢ is a critical value of I, if there exists u € ) such as
I(u) =c¢ and I'(u) = 0.

if ¢ is not a critical value, then c is said to be a reqular value of I.

1.4 Some Theorems used

Definition 1.18 (weakly lower semi-continuous) Let J : E — R be a functional, we say
that J is weakly lower semi-continuous if Vu; C E :u; — vy in FE, we have
< lim inf ).
J(up) < jlim in J(uy)
Definition 1.19 [S/(coercive) Let J : E — R a functional on E . We say that J is coercive
if and only if
J(u)

lull g—>+oo [|ull 5

Theorem 1.10 [8] Any functional continuous conver on E, then J is weakly lower semi-

continuous.

Theorem 1.11 [S/(Lebesgue’s Dominated Convergence Theorem) Let {f;} be a se-
quence of functions of L'. We suppose that

1. fi(x) — f(z) a.e.on Q,

2. there exists a function g € L' such that for every j, |f;(z)| < g(z) a.e.in Q.
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We have f € L*(Q) and ||f; — f|l, — 0.

Theorem 1.12 [5/(Lebesgue’s Dominated Convergence Inverse Theorem) Let {f;}
be a sequence in LP and let f € LP be such that || f; — f||, — 0.

Then, there ezist a sub-sequence {f;,} and a function h € LP such that
1. fj(x) — f(x) a.e.on Q,
2. fi (@) < h(x) VEk, a.e.in Q.
Theorem 1.13 (Fubini’s Theorem) [5] Assume that F € L*(2yx$y). Then fora.e. v € 2y,
F(z,y) € L,(2) and /Q2 F(x,y) dy € LL().
Similarly, for a.e. y € €,

F(x,y) € L () and F(z,y) dx € L, ().

1951

Moreover, one has

/ dx/ F(z,y) dy:/ dy F(m,y)dx:// F(z,y) dx dy.
951 Qo Qo 0 Q1 xQ9




CHAPTER 2

‘ HARDY INEQUALITY AND APPLICATIONS

U n this chapter, we study Hardy inequality and we present some applications of this inequality,
by variational method, we deal with the elliptic linear problem to prove that it admits a
unique weak solution by using Lax Milligram theorem, Then we consider quasilinear elliptic
problem involving Hardy potential where we study the existence at least non-trivial weak

solution using Mountain-Pass Theorem.

2.1 Hardy Inequality

In this section is to discuss the following classical result, essentially due to Hardy inequality
in the space WHP(RY) (See [16]), The first version it was proved of Hardy’s inequality in 1915
as G.H.Hardy. and the following version it was proved in 1998.

Lemma 2.1 [/2] Assume 1 < p < N, then if u € WHP(RY)

1. & e LP(RY).

||
2. (Hardy Inequality)
p
/ de < CNJ,/ |Vul|’ dz.
R RN

N |x|p
. P
with Cnp = (NL_p) .
3. The constant Cy, is optimal.

Proof.
Step 1 . A density argument allows us to consider only smooth functions u € C§°(RY). Un-
der this hypothesis we have the following identity

10
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P _ _ P - _ p— 2
lu(z)P = /1 e dx p/ u(A) P u(Az) S dA
ou
- _ p—2
= p/ u(Az) [P u(Ax)z - 5% (Azx) dA
= —p/ u(Az)x - Vu(Az) dA

= —p/ uP (A\z)z - Vu(Az) dA,
1

where

du ou 0X 0X

B =geor Gr=T

N
Let © = (z1,...,2n), ¥y = (y1,...,yn), the scalar product in RN is z -y = >z
i=1

N 3
By taking the radial function which is r = |z| = (Z mf) Ay — Gu aar such that 2& = Zi by

direct calculating we get

T N 2 du
m-Vu(x)— > i
_lougs (2.1)
T2 OTZ
o
- or’

Divided by |z|” and we integrate according to RY, then we put y = Az, so that dy = \Vdxz,
and by using (2.1), we obtain

P D 1
/ u@”, / / %7 Vu(he) de dX
N RN |x|P |x|

[)”

“pl dy d\
= [ /RM pl‘y, Vuly) 3y

- 1 w0 duly)
= 77 1 JrRN \N-p+l1 ‘y|1’_1 or v

Next, we apply Fubini’s theorem, we get

Lo = o
_ p

u(y)P~" du(y)
/RN o o @

V-
/ pl@u)d

!

Now, by using Holder inequality where (

|u(z)]” p
dr < P
/RN P = N _p

11
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Then, we conclude that

Jox l](;[) 4z < ( Np_p)p | Vu@ da

Step 2. Optimality of the constant. Following the idea of Hardy for the one dimensional case,

we show that the best constant is Cy, = (NL_p)p.

Given € > 0, take the radial function

AN,pe ifre [O, 1],

p—N

u(r) = o
Anper 7 if r>1,

where Ay, = %p whose derivative is

0, if r € [0, 1],
) > 1,

By direct integrated, using the definition of radial function and we set x = rw, such that

dz = rN"Ydrdw, then |z|" = r? we get

/R u(@) - _ /U( L u(@)?

Nl |z’ RY-5 |z["

= A?VpewN (/ N-1-= pd’f‘+/ 1+p6)d7")
w 0

= AN,p&wN/O NPy 4 AR e /RN |Vu(z)P de,

where

p
/u(x})j dr = // rN Y drdw
B |z| SN-1 rp

= A]ngpe/ TN_p_ldr/ dw
7)o SN-1

and, we have

p o0 p
/ u(x?) dr = / / L<T> rN " drdw
RN-B |z 1 Jsn-1 P

» 0 rp —€ N—1
= ANp / 77’ dr/ dw
»P,€ SN—l

o0

= AZ;VPEMN/I plmpe=N+1I+N—1 1.

°° plopeNil)
= N/ r rN=tdr
7p7 1

_ NPGN/I ( ) N1y

_ A7 / Vu(z) | d.
N,p,ewN ]RN| U,(I)’ x

12
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Where wy is the measure of the (IV — 1)-dimensional unit sphere [¢n-1 dw = wy.

The last equality holds because we have

ou
Vu(r)| = 9"
and,
Nduzé ZNdu2N8uxi218u2N2 ou\?
V()] = (Z<dx>) wutol =3 (1) =3 (52) - 5 () L= (5

We conclude by letting ¢ — 0. This completes the proof. m

2.2 Weighted Lebesgue Spaces

In this section, we present some auxiliary results on the Weighted Lebesgue spaces.(See [0])

Definition 2.1 (LP(Q,ﬁ) Spaces)

Let 15 is a Weighted on RY, that is a measurable function such that ﬁ >0 a.e. in RV,

|=[?
We defined LP(€Q, ﬁ) space by:
1 p
LP(9, W) = {u : 0 = R; measurable and/ |u|(x|])3| dr < oo}
x o |z

With the norm: )
- [ul”  \*
il gy = ( [

We notice |11|uqq, 1) = I, 1.

z|P

Proposition 2.1 Let 1 < p < oo, then Banach space LP(RY, ﬁ, ||, 1 ) is uniformly convex.

PP
Proposition 2.2 Assume that ﬁ € LL.(RY),1 < p < oo, and let {uj};u € LP(RY, ﬁ) be

such that, u; — u in LP(RY, ﬁ) and u; = v a.e. in RN as j — oo then, u = v a.e. in RY.

Proposition 2.3 Assume @ € Lip.(RY), Let 1 < p < oo and let {u;};, u € LP(RY, ﬁ)

1. If {u;}, bounded in LP(RY, ﬁ) and u; — u a.e. in RN then u; — u in LP(RY, ﬁ) and
[P g = fuP " win LP(RY, ).

2. If ||“j||pﬁ — ||u||p# and u; — u in LP(RY, 7).then w; — w in LP(RY, ) and
;[P ;= |u)P P in LY (RN, ).

I ‘LB‘p

Proof. We choose a sub-sequence {u;};, of sequence {u;}; still denoted by {u;},. Let {u;},,
u be in LP(RY, 15).

Y II‘P

Case(i). Thanks to Proposition 2.1, and Theorem 1.2 There exists sub-sequence {u;;}, and

13
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v € LP(RY, ﬁ) such that u;z — v in LP(RY, 1), being {u;x}, bounded in LP(RY, 7) and

[zP £
uj — u a.e. in RY implied Ujr, — U a.e. in RY. Then u = v a.e. RV by proposition 2.2. we
1

deduce that sequence u; — u in LP(RY, W) Applying the same argument to the sequence

j = |u;|P "% uj,we obtain that |uj|” > u; — |u[’"*u in L (RY, ﬁ)
1

Case(ii). By Corollary 1.1 and Proposition 2.1 imply that u; — u in LP(RY, W)
Now fix a sub-sequence {v;c}, of {v;};v; = u;[P"%u;. Hence u; — u in LP(RY, ﬁ), and so
there exists sub-sequence {uy;} such that u,; = u a.e. in RY. By Lebesgue’s Dominated

Convergence Inverse Theorem of course, v; — v a.e. in RY | and we have:

’“nj|p_2 Upj — |u\p_2u a.e.in RV,

[utng [P~ 0| < [() P~ € LV (RY, L)

||

By Lebesgue’s Dominated Convergence Theorem, [t; [P~ un; — |ul’ > u in L7 (RY, ﬁ).This
completes the proof. m

The following result is known as Lieb-Brezis Lemma which introduced in [9].

Theorem 2.1 Suppose u; — u a.e. and ||uj||p < C < o for all j and for some 0 < p <
0o. Then the limit in

Jim {Jles ;= Il —wlly} = [lul; (2.2)

exists and this equality holds.

2.3 Classical Mountain Pass Theorem

Definition 2.2 [13] (Palais-Smale Sequence )

Let E be a Banach space and let J : E — R be a differentiable functional, A sequence
{u;}; C E, such that {J(u;)}; is bounded in R and J'(u;) — 0 in E* , as j — 400 is called a
Palais-Smaile sequence for J.

Let c € R, if {J(uy)}; is bounded in R and J (uj) = cin E* | as j — 400 Then {u;} is called

a Palais-Smale sequence for J at level c is called a Palais-Smale level for J.

Definition 2.3 [13] ( Palais-Smale Condition )
Let E be Banach spaces and let J : E — R be a differentiable functional ,we say that J satisfies
the Palais-Smale Condition if every Palais-Smale Sequence for J
1.€.
{J(u;)}; is bounded in R and J(u;) =0 in (E(Q)", asj— +oo.
we say that J satisfies the Palais-Smale Condition at level ¢ € R if every Palais-Smale
Sequence at level ¢
i.e.
{J(u;)}; is bounded in R and J(uj) —c in (E(Q)", asj— +oo.
Has a converging sub-sequence in E.
Theorem 2.2 [15](Classical Mountain Pass Theorem)

Let E be a Banach space, J € C*(E,R) satisfying the Palais-Smale condition. We assume that
J(0) =0 and that :

14
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(a) there are p > 0 and o > 0 such that ||ul|g = p, then J(u) > «
(b) there exists ug € E, such that |[ugl|z > p and J(ug) < o .

Then J has a critical value ¢ such that ¢ > «. More precisely, if we put

B = {90([07 1]>; S O([07 1]’E)a 90(0) = O’Qo(l) = UO} )
And

¢ := inf max J(v),
Ae#B veA

Then it is a critical value of J, and ¢ > «.

2.4 Study elliptic problems involving Hardy Potentials

U n this section, we apply Hardy’s inequality to two types of elliptic problems with Hardy
potentials. For the linear problem, we use Lax-Milligram Theorem to show there exist a
unique weak solution. However, for the nonlinear problem where Lax-Milligram does not apply
because the difficulty in last problem is the nonlinear therm f(z,u), so we use Mountain-Pass
Theorem to prove the existence at least non-trivial weak solution. In addition, in last problem

we need some auxiliary results on Weighted Lebesgue Space.

2.4.1 An elliptic linear problem involving Hardy potential

In this section, we consider the following problem

—Au =%+ f(z) in €,
u=>0 on 0,

where f € L*(Q), 0 € Q and 7 is a real parameter

Definition 2.4 We say that u € H}(Q) is a weak solution of Problem (2.3), if and only if
/Vqupd:v—v/ %apdaz :/ f(x)pdx
Q QT Q
for any ¢ € HY(Q).

we prove that Problem (2.3) admits a unique weak solution in H}(2) using Lax Milligram
theorem. we choose a(-,-): H}(Q) x H}(Q) = R

u
a(u,p) = /QVUV<p dx — 7/{2 peia dzx.

and L;(-): H}(Q2) - R
Lg() :/Qf(x)@ da.

15



Bouchellig. A ‘Existence results for a problems involving Hardy Potentials

Obviously, a(-,-) is well defined and bi-linear application. also, L(-) is a linear and continuous
application. Now, we show that a(-,-) is continuous and coercive. Indeed, Let u, ¢ € H (),

by Cauchy Schwartz inequality and Hardy inequality and poincaré inequality, we have

u
() < [ Vul[Vel drt ol [ gl de

Juf®

1
< IVull 19l + bl ( f, bl ) 1l

1
< Jullgg 1ol + 171 Ciro lallg Con el
1
— (14 1 CaCa) lull g Il
— M Jullgy el

where M =1+ |y| C% ,Cq, then af-,-) is continuous in Hg(€2).
Now, let p € H}(f2), we have

a(p,p) = /Q|Vs0|2dw—7/9i§dx
Iz + vy llell
(14 O

C el

1V

where C' =1+ Cy27y. Then a(-, ) is coercive in H} ().

2.4.2 A quasilinear elliptic problem involving Hardy potential

Throughout this section, we assume that Q@ C RY (N > 2) is an open bounded set, 0 € €,

v is a real parameter, also we denote with

t ift>0
tt =maz {t,0} = -
0 ift<0
and
0 ift>0
t~ =maz {—t,0} = -
—t ift <0

respectively positive and negative parts of ¢ € R. Let us consider the following quasilinear

problem:

—Au:yﬁ%—f(x,u) in
u=20 on 0}
Where f: ) x R — R is a caratheodory function, that is

t — f(x,t) is continuous for a.e. z € Q,
x — f(z,t) is Lebesgue measurable for all t € RY.

16
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We assume that f satisfies the following hypotheses (f1) there exists r € (2,2*), with the critical

sobolev exponent 2* = ]3—]_\[2, such that for any € > 0 there exists d. = d(¢) > 0 and

|f(z,t)| < 2e|t| +rd. [t]

holds for a.e x € 2 and any t € R.
(f2) There exist 0 € (2,2%), ¢ > 0, tp > 0 such that

c <OF(z,t) <tf(x,t).

for a.e. x € and any |t| > ty, where

Fla ) = /Ot f(a,7)dr

This hypothesis is known as Ambrosetti-Rabinowitz condition.
(f3) there exists d; > 0 and dy > 0 such that

Flz,t)>di|t|” —dy for ae z€Q
We are now ready to introduce the variational setting for problem (2.4).

Definition 2.5 We say that a function v € H}(Q) is a weak solution of problem (2.4), if and
only if
/Vqupdx:’y/ izgpdx+/ flx,u)pdx
Q Q |x| Q
for any ¢ € HY(Q).

Clearly, the weak solutions of problem (2.4) are exactly the critical points of the functional
J, : Hi(Q) — R, given by

1 ¥ u?
Jy(u) = 2/Q|Vu|2dx—Q/Qde—/QF(x,u)dx.

which is well defined and of class C' on H}(Q). and:

<J;(u),g0> = / VuVedr :’y/ %g@d:ﬁ—i—/ f(z,u)pdz
In the following, we present the main result of this section

Theorem 2.3 Let Q@ C RY be an open and bounded set, 0 € Q, ~ is a real parameter and
2
N > 2. Let f(1) — f(2) hold true. Then, for any v < =—, Where Cno = (%) problem

Cn2
(2.4) admits a non-trivial weak solution.

The proof of Theorem 2.3 is based on the application of Classical Mountain-Pass Theorem.

Remark 2.1 The verification of the (P.S) condition for J., is fairly delicate, considering the
contribution of the Hardy potentials. Indeed. even if the embedding of H} () into L*(Q, ﬁ) by
Hardy inequality, (See Lemma 2.1), these embeddings are not compact. For this, we exploit a
suitable tricky step analysis combined with the celebrated Brézis and Lieb lemma, (See Theorem
2.1), which can be applied in H(Q) if we first prove the convergence Vu;(x) — Vu(z) a.e. in
Q, as j — o0.

17
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Proposition 2.4 Let (f1) - (f2) hold true. Then, for any v < ﬁ The functional J, verifies
the (P.S) condition

Proof. Let us fix v < ﬁ and let {u;}, C H;(2) be a sequence satisfying (P.S) condition;
that is

{J,(u;j)}; is bounded in R and J;(uj) — 0in (H&(Q)y ,asj — +00. (2.5)

we first show that {uj}j is bounded in H}(f), arguing by contradiction. Then, going to a

sub-sequence, still denoted by {u; }j, we have

i ]y = oc. (2.6

Thus, according to (f2) and Hardy inequality Lemma 2.1, we get

1, Y[y 1
hw) =g (L)) = 5 [ [ Jd ~ [ Flude = 2 [V, de
+J1 ﬁd +1/f(:cu)u dx
0 Jo |z|? g Jo"

11 ) 11y o
= (z-- Pdr—~(z-2) [ Y“a
(2 0>/Q|W”| ! 7(2 0) ol

We introduce some lemmas which we need in this proof.

Lemma 2.2 We have
11y g |u? 1 >
R +<_> / d.
7(2 9>/Q|x|2 v<77 5 7 g) Oa J [Vl de
Proof.

Since (% — f) > 0, because § > 2 and v < & N

We can show the inequality according to the tvvo cases of v using Hardy inequality ; Indeed

If v > 0, then v = v, and we have

1 1 1 1 )
1(5-3) Il o, <7(5 - 5) Oxa IVl

If v <0, then v+ = 0, and we get

L 1 <0.
15— 5)

Hence, the inequality is true for all cases of v, This completes the proof. =

the second auxiliary result is:

Lemma 2.3 We have
Jr

/Q [F(x,uj) - ;f(x,uj)uj de < |Q| sup |F(x,t) — ;f(x,t)t

T€Q,[t|<to

18
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Proof. According to (f2) we conclude that

J

dx

F(:C,Uj) - ;f(&u]')u]'

1
v = | {F ) 4 )
€ s 1<to) (z UJ) + 6,f<x UJ)“J

1
_|_/ [F JU) — = LU . d
(I >to} () 9f<x Uy | de
1
< Flz,u;) — - Yu;| d
- /{leﬁto} (. u;) Hf(x’u])u] v
1 +
< |9 sup |F(x,t) — =f(x,t)t
2eQ,|t|<to 0

This completes the proof. m
Now, we complete the Proof of Proposition 2.4

According Lemma 2.2 and Lemma 2.3 |, we get

1 1 1 ) 1 1 )
Tu) = 5 (S 2 (5 = 5) [ Vil de =" Cwa (5= 5) [ IVuslda = D

1 1
= < - ) (1 - 7+CN,2) IVuyll; — D

2 0
1 1
= <2 - 9) (1 - 7+CN,2) HUJ‘HE(} - D.
where
1 +
D =|Q| sup [F(m,t) — —flz,t)t| < oo,
z€Q,|t|<to 0

On the other hand we have, by (2.5) there exist ¢;,c2,c3 > 0 such that

Ty(ug) = 5 (T ug) 05 < o) = 5 () (), )
< )]~ 5 [ (1), )
< crt g 1) e s
<c + ;CQ HuJHH& + o(1).

Consequently, from (2.7) and (2.8), we get

1

1
1+ callusllgy +o(1) = (5 = 5 ) (1= 7 Cwa) sl = D

where ¢35 = 502
this implies that

1 1
ci+o(l)+D > (2 - 0) (1="Cwa) sl = s llusl s -

from (2.6), we get

. 1 1
lim {(2 — 9> (1 — ’}/+ON,2) ||u]||i13 — 3 ||uj||Hé} = +00.

(2.8)

(2.9)

(2.10)

(2.11)

which is contradiction with (2.10). Hence, we deduce that the sequence {u;}; is bounded in

H(9).
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Hence, {u;}; is bounded in H(2), Which is reflexive space there exist a sub-sequence de-
noted by {u;},, such that
uj —u in Hy(), (2.12)

which means that
N
Vu; = Vu in [L*(Q)] (2.13)

Then, thanks to the compactly embedding of Hj(f2) into L*(Q2), we have
uj —u in  L*(Q), (2.14)

by using Lebesgue’s dominated convergence inverse (Theorem 1.12), There exist a sub-sequence
denoted by {u;}, and function h € L?, such that

uj(x) = u(x)a.e. in Q, asj — oo, (2.15)

and,
lu;(z)| < h(z)a.e. in €Q, (2.16)

Using Hardy inequality Lemma 2.1, we can deduce that the sequence {u;}; is bounded in

L*(2, 25). By proposition 2.3 we deduce that there exist a sub-sub sequence denoted by {u; }j,

such ;g
uj —u in L*(Q, ‘;’2). (2.17)
Now, we claim this Lemma
Lemma 2.4 We have
Vui(z) = Vu(z) aein Q, asj— oo. (2.18)

Proof. Let ¢ € C*(R") be a cut-off function with 0 < ¢ < 1, such that

Then, we define Ug(z) = 1 — ¢(%) for any R > 0, so that ¥ € C(RY) with 0 < Up < 1,
such that

o) — {1 it e RY\B(0,R)

0 if zeB(0,%).
And the sequence {V gu; }j is bounded in H}(Q2). By simple calculation, for any j € N we have

(T (uy), Wr(u; — ) = /QVUN(‘I/R(uj —u)) dx — V/Q\PR;T?

- /Q Vrf(z,u;)(u; —u) do

= / vujV\IlR<uj - U) dx +/ VUleJRV(Uj — U) dx
Q Q

—fy/Q\IfR’Z%(uj —u) dw—/Q\I’Rf(a:,uj)(uj —u) dz.

(uj —u) dx

(2.19)
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Of course, all integrals are zero whenever Q C B(0, &), since ¥z = 0 in B(0, £). Thus, let us

consider R > 0 sufficiently small such that
N R re)
[R \B(0, 2)} NQ#0 (2.20)

We introduce the following steps which is necessary later.

Step 1 . we show that
/ Vu;VV¥g(u; —u)de — 0, asj — oo. (2.21)
Q

By Cauchy Schwartz inequality, and {u;}; is bounded in H}(Q), we get

/VujV\I/R(uj —u)dr <
Q

/QVU]'V\I/R<Uj —u)dz

IN

/Q|vuj| VU R(u; — )| do

(/Q IV, dx)é (/Q VU Ry — )| d:c)é

< C HVUJ”Q HUJ - UHQ
CC ||u; —ull,.

IA

IA

then, by the compactly embedding of H}(Q) into L*(€2), we have

/QVUJV‘I’R(UJ' —uw)dr < Clu; —ull, = 0.

where C' = CC', as j — o0.
Step 2 . we show that

/ Vif(z,u;)(u; —u) dv — 0, asj — oo. (2.22)
Q
By considering also (f;) with e = 1, |Ug| < 1 we obtain

/Q‘IfRf(x,uj)(uj—u)dx < ‘/Q\IJRf(x,uj)(uj—u)dx

< [ 1%nl1f G, ug) (- )l do
< /Q (2 |u;| + 1o |uj|r_1> |u; — u| dx
< /szuj|yuj—u|dx+/ﬂ(r51 i 1Y Juy — u da.

Next, applying Cauchy Schwartz and Hoélder inequality where % + L =1, we get

'
1

/Q\I/Rf(a:,uj)(uj —u) de < 2|, |u; —ull, + </Q (7’51 |uj|7“—1)ﬁ dx) v </Q " d:z:) v

— -1
< 2luylly llug = ully + ()™ gl llug — ull

e

By using (2.14) and {u;}; is bounded in H} (), we have
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/Slquf(x7uj)(uj —u)dr < 20 [ugll gy [lug — ull, + (roy)" 1 (Co)" ! HUJHP11 |uj — ull
< 20 [lugl gy Nluj = wlly + (rén)"™ HCo) M lugl i ||Ua ul|

S Cg HU] — UH2 + 04 ||UJ — UHT — 0.

T

A

T

as j — oo, for a constants Cy, Cy, C3 and Cy = (rd;)"1(Cy)"? HUJHTH_&l
Step 3 . we show that
/ @DR| | —u)dr — 0, asj— oo. (2.23)
x

From relations (2.17) we deduce that

/wR‘ |2u d:z:—>/1/JR . asj — 00. (2.24)

Now, we try to show that

/z/zR dx—)/wR dr. asj — oo. (2.25)

using the dominated convergence theorem, From (2.15) we have

u(x)?

— Yr(x) e a.e. in Q asj — 0. (2.26)

From (2.16) we have

R R
Q\B(O,E) = {x €Q: |z > 2} for any R >0.
Then,

2
|uy| 2

Vr(z) e < (;)2 Ju;|* < (R)2h2(x) a.e. in Q\B(O,]j), (2.27)

Since Yg(z) =0 in B(0, &), and from (2.26), (2.27), the dominated convergence theorem gives

. Juy| |uy
lim | tn iy dot [ I d
Fcy s By 1) B8 " |z|?
y [, [? d / " [uf d (2.28)
— R €r = R—5 €T .
O\B(0,2) |9(:|2 Q\B(0,%) \$|2
Juf?
Z/Q@/)R|2 d

such that

- dx = 0.
/B<07§‘> R
Thus, By (2.5), we have

<J§(uj), Ur(u; — u)> — 0, asj — oo. (2.29)
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So from (2.21), (2.22),(2.23), (2.29) and using (2.19), we can deduce that:
/Q YRV (Vay — V) dz — 0. (2.30)
Step 4 . we show that
/QwRVu(Vuj —Vu) der — 0, asj — oc. (2.31)
Using (2.13), and the fact that ¥z Vu € L*(2). Then, we have

/wRVujvu d:c%/wRyqu dz.
Q Q

which means that,
/Ql/}RVU(VUj — Vu) dz — 0. (2.32)

as j — 00.
We introduce this Step to prove that Vu; — Vu strongly in [L?(Qg)]Y as j — oo.
Step 5 . we show that

/ \Vu,; — Vul® dz =0, asj — co. (2.33)
Qr
denoting Q\B(0, R) by Qg, Where Qp = {z € Q : |z| > R} for any R > 0, we get
. YrVu(Vu; — Vu) dr < /QVU(Vuj — Vu) dz — 0. (2.34)
R

since Yr(x) =1 in Qp.

By subtracting this relationship (2.30), from (2.32), we get
/QwR \Vu; — Vul® de — 0, asj — oco. (2.35)
Thus, combining (2.34), (2.35) we get

/QwR Vu; — Vu|* de < /Q |Vu; — Vul* do — 0, asj — oco. (2.36)
R

we prove that Vu; — Vu strongly in [L?(Qg)]Y as j — oo, whenever R > 0 satisfies (2.20).
However, when Q C B(0, g) we have Qp = (). Thus, for any R > 0 the sequence Vu; — Vu
in [L2(Qg)]Y as j — oo, and by diagonalization we prove claim Lemma 2.4. This complete the
proof of Lemma 2.4. m
Now, we introduce this Step to prove that Vu; — Vu strongly in [L*(Q)]" as j — oo, and we
need the Brézis and Lieb lemma in (Theorem 2.1) to prove it.
Step 6 . Assume that

|lu; — qu% — ¥, (>0. (2.37)

|

Since the sequence {u;}; is bounded in [L2(Q)]Y, By Lemma 2.4 we get

lim /QVUJ-VU dx = /Q lim Vu,;Vu dr = ||Vul|; . (2.38)

Jj—00 j—o0
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Also, arguing as in (2.22), we can prove

lim /Qf(x, u;)(uj —u) dr =0,

Jj—o0

| (2.39)
lim [ L de = [ul} .
J=0 ) || Tol?
Furthermore, using (2.4) and the Brézis and Lieb Lemma in (Theorem 2.1), we obtain
IVusll5 = 1Vu; = Vully = [[Vull; +o(1),
(2.40)

2 2 o 2
”uj”z,ﬁ — |l — UH;ﬁ = ||U||2,ﬁ +o(1).

as j — 0o.
Thus, by (2.5), (2.38) and (2.39), we get

o(1) = <J;(uj),uj — u> = /QVuj(Vuj —Vu) dx — 7/9 |§TQ(U‘7 —u) dx —/Qf(x7uj)(uj —u) dx

) ) ) ) (2.41)
= IVuslly = 1Vully = (sl 1, = llully 1) + o(1).
as j — oQ.
Hence, by (2.40) it follows that
Iy = Vully = (luj —ull; 1) +o(1)
(2.42)

as j — 00,
Now assume for contradiction that ¢ > 0. then, from Hardy inequality Lemma 2.1, (2.42) and

v < ﬁ, we have

. 2 : 2
Jim [[Vu; = Vully = y(lim flu; —ully 1)

|z

r .. 2
< %(}g& Juj — UHg,ﬁ)

< jlg{)lo |Vu; — Vulf; .

which is impossible. Therefore £ = 0, so that by (2.42) we have Vu; — Vu strongly in [L*(Q)]V
as j — 0o, implying that u; — u strongly in Hg ().

This complete the proof of Proposition 2.4. =

Now, We prove the geometric conditions of Mountain Pass Theorem, We start by the first

geometric condition.

c
0<p<1anda=alp) >0 such that J,(u) > « for any u € H}(Q), with ||“||H5 = p.

Lemma 2.5 Let (fy) holds true. Then, for any v < % there exist p = p(7y) such that

Proof. Let us fix v < ﬁ By (f1), for any € > 0 we have ¢, > 0 such that

|F(z,t)] < et +6|t|]", for aexeQ and any teR. (2.43)
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First, we have

1 9 ol u?
Jy(u) = 5/9\Vu| dac—2/Q|x|2dx—/QF(ac,u)dx
1 2 7 2
= S IVull =Sl o, — [ Py
By using Hardy inequality, we have

1
L) = 5 IVul} = SCva IVul} - [ Fle,wds. (2.44)

Next, by 2.43, Since the following continuous embeddings of Hj(f2) into L*(Q2) and L"(Q),
r €]2,27, So |ull; < Cr [Jullp-

T(w) 2 5 (L =7Cna) [Vully — ellully = o full;

— DN =

2 2 r
z 5 (1 =7Cn2) llullyy — €C lully = 0Cr lullfyy -

We choose € > 0 enough small, Then for p > 0 enough small, we have

1
5 (1 — ’}/CNQ) p2 — 602p2 — (56C7~,0T > 0.

for any u € H}(Q) with lull gz = p
Next, we put o, = 5 (1 = 7Cn2) — €Cy > 0, and p € (Qmm {1, (ZiCT)EH

J(u) > a.p*—08.Cp"
Z (Ue - (SECTpriz) p2 =a> 0

This completes the proof of Lemma 2.5. =

Next, We Prove second geometric condition of Mountain Pass Theorem.

Lemma 2.6 Let (f1) — (f2) hold true. Then, for any v € RN there exists e € H}(Q) such that
J,(e) <0 and H€||H3 > 1.

Proof. Let us fix v € RY. By (f1) and (fs), there exist d; > 0 and dy > 0 such that
F(z,t)>d|t|” —dy for ae. z€Q and any t€R. (2.45)

Thus, if ¢ € H}(Q) with Il = 1, so that by 2.45, for any ¢ > 1 we have
) = el = 2l o, - [ Flato) do
Then, by applying (2.45) we have
L) < 58Nl = 22 el s, — it gl — 19,
Next, by using Hardy inequality, we have

1 Y
Lte) < 5llelliy — 5Cnat? IVells = dit’ [olly — da 192
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Since # > 2 and v < ﬁ by (f2), passing to the limit as ¢ — oo with ||‘P||H§ =1 we get

. [l g
lim J,(tp) = lim [QR — LOxatt - dit’ — dy |Q|}

t—o0

1
— lim [2 (1= ACa) £ — dot® — dy |Q|]

t—o0

= —o0.
So, we choose t,, > 0 enough large such that

(1 —~Cna)t2 —dit’, —dy|Q] <0

N | —

1
ol 1

0
From this we conclude that J,(e) < 0 and |le|| my > 1. hold true. This completes the proof of

And, ||toi]| uy > 1 this is equivalent foo > so we take e = t,¢, with ¢, sufficiently large.

Lemma 2.6. m

proof of Theorem 2.3.

Since J,(0) = 0 and J, verifies the (P.S) condition (See Proposition 2.4), and verifies the
geometric conditions, (See Lemma 2.5 and Lemma 2.6), Which means the functional J., satisfies
all conditions of Mountain Pass Theorem, then J, admits at least non-trivial critical point, So

the existence of a non-trivial weak solution of problem (2.4). m
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CHAPTER 3

LA KIRCHHOFF PROBLEM INVOLVING HARDY POTENTIAL

@ his chapter, By variational method we study the multiplicity of solutions for a class of
Kirchhoff type problem with Hardy type potentials.

3.1 Presentation of Problem
We consider the following Kirchhoff type problem

—M(fo |Vul* do)Au=p a(@)ite +Af(u)  in €,
u=>0 on 0f),

(3.1)

where  C RY (N > 3) is bounded domain with smooth boundary 9Q, 0 € 2, M : Rf — R is
continuous and increasing function with R§ := [0, +00), the function a : 2 — R may change
sign, A is positive parameter, 0 < p < ﬁg, where Cn o = (ﬁ)Q is optimal constant in the
Hardy Inequality.

In order to state the main result of this section, let us introduce the following assumptions for
problem (3.1) :

(A) The function a : Q — R is continuous, there exists Ay > 0 such that

—Ag <alx) <Ay for aex €
(My) There exist mg > 0 such that
M(t) >mgy for all te€R:.

(F1) f:R — R is continuous and sub-linear at infinity, i.e.

f(t)

[t|=+o0 T

=0
(Fy) f is super-linear at zero, i.e.

t—0 ¢

lim 1) =0
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(F3) It holds that
sup F'(t) > 0,

teR
where

F(t)= [ " f(r)dr (3.2)

Definition 3.1 We say that u € H} is a weak solution of problem (5.1) if

M(/Q|Vu]2 d:c)/QVuV@ dx—u/ng:iTQ)ugo d:c—A/Qf(u)@ drx =0

for all p € H}(Q).

Let us define the functional J, , : Hj(£2) — R by the following formula

_ Ly 2 _ K a(x) | o B
Jon(u) = 2M</Q|Vu| dx) 2/9 L )\/QF(U) dr,

— A(u) = AF(u).
where
A(u) = ;M (/Q|Vu|2 dx) _ g/QTi? uf? da.
Flu) = [ Flu) do, 31(z,1) = /OtM(T) dr, F(t) = /Ot £(r) dr. (3.3)

3.2 Main result

Now, we present the main result of this section

Theorem 3.1 [1/] Assume that the condition (A), (My) and (Fy) — (F3) are satisfied. Then
there exists i > 0 such that for any p € [0,11), there exist an open interval A, C (0,+00) and a
real number 6, > 0 such that for every A € A, problem (3.1) has at least two distinct, nontrivial

weak solutions in HJ(QY) whose Hy(Q)-norms are less than 4.

Now, we will prove Theorem 3.1 by using a recent result on the existence of at least three

critical points which was proved by G. Bonanno (see [5]). As we explain it in the following

Proposition 3.1 [7/] Let (E, ||-||) be a separable and reflexive real Banach space, A, F : E —
R be two continuously Gateauz differentiable functionals. Assume that there exists v € E such
that A(xg) = F(x9) =0, A(xz) > 0 for all x € E and there exist 1 € E,p > 0 such that

(1) p < Alr1),
(i) sup F(z) < p}_(xl)

(A@)<p} Alzr)
Further, put

0= & = with &> 1,
pT — sup X
AT w)<p)

and assume that the functional A — AF is sequentially weakly lower semi-continuous,

satisfies the Palais-Smaile condition and
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(iii) ‘ lim [A(z) — AF(x)] = +oo for every A € [0,al.

|zl g—>o0

Then, there exist an open interval A C [0,a] and a positive real number § such that each X € A,

the equation

DA(u) — ADF(u) =0

has at least three solution in E whose ||-||-norms are less than §.

In the rest of this section, we denote by S, the best constant of the embedding HJ () < L(Q),

1
. 2\ 2
that is, Sq [[ull, < lJull gy 1l = (foVul®)*.

3.3 Proof of Theorem 3.1

We introduce the following Lemma to prove this condition

1f(O)] < CL(1+t]), for all teR.

which we will need in the rest of the Proofs of Lemma 3.3, Lemma 3.4 and Lemma 3.5 later.

Lemma 3.1 Assume that (Fy) is holds. Then there exists a constant Cy > 0, such that

If()] < Ci(1+|t]), for all teR.

Proof. By considering (F}), we have f is continuous which means
t
Ve>030 >0 VteR,\t1>5E:>’fi)|§e.
Taking ¢ = 1, we obtain
f(t)
Ve>036, >0 VteR |t >0 = — <1

Let t € RY;
if |t| < 6; which means t € [—d1, 1],

since f is continuous on a compact [—dy, d;], then f is bounded, that is
>C>0[f()<C

if |t| > 41, by (3.4) we have
|f@)] < (1+ [¢])
from (3.5) and (3.6), we deduce that
If()] < Ci(1+|t]), for all t€R.

Where C) = maz {1,C}.
This complete the proof. =

(3.4)

(3.5)

(3.6)

We introduce the following Lemma to prove this inclusion B} C B> which we will need in proof

of Lemma 3.5 later.
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Lemma 3.2 Assume that (A) and (My) is holds.
We have B} C B3.

Proof. For each p > 0, we define the sets

By ={ue H}(Q): AWw) <p},
B2={ue H)(Q): (my—pACny) |lullf < 20}.

we have u € B; which means

- 1 ~ 2 B a(z) |
A(u) = 2M(/Q|Vu| dx) 2/Q e lu|® dz < p,

then,
x)

o 2 B a(z) o
A(u) =M (/Q |Vul dm) M/Q e lul” dx < 2p,

by using (A), (My) and Hardy inequality, we get

Aw) = M (/Q|Vu|2 dx) —,u/Q G(TQ) lu> da

|z

> my (/Q\Vu|2 dx) —MAOC’NQ/Q]Vu\z dx
= mo [lullfn — pAcCna lullf

= (mo — ,UAOCN,Q) Hu’ﬁ{(} :

we obtain,

(mo — pAChy2) Hqu& < 2p.

consequently, u € B.
we conclude this proof. m
We introduce the following Lemma which represent condition of Proposition 3.1 to verify that

functional J,  is sequentially weakly lower semi-continuous on Hg(£2).

Lemma 3.3 There ezists i > 0 such that for any p € [0,71), the functional J, » is sequentially

weakly lower semi-continuous on Hy ().

Proof. Let {u;} be a sequence that converges weakly to u in Hj(Q2). By the conditions (A)
and (Mo), taking 1 = 72—

Proof of [[1],Theorem 3.2], we can obtain

C 1~ 2 H
hjrglogf{ZM (/Q\Vu]] da:) —5/9

, then for each 0 < p < Tz, using the same arguments as in the

a(x)

(3.7)
2Jafaf
On the other hand, we shows that
lim [ Fuy) d :/F dz. 3.8
lim | F(u;) de= | F(u)de (3:8)
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From finite increase theorem, we have

/QF(UJ) d.r—/F(u) dx

Q

< [1F@w) = F()| do
< [ 05 =)ty — ] d

then, by using Lemma 3.1 we get

/QF(u]) dx—/F(u) dx

Q

< O (1 fut b0 — ) [y —u] de

from Lemma 3.1 and Hoélder inequality, we get

N|=

< O (|Q|é —I—/Q|u—|—€j(uj —u)|? dx>2 (]u] —ul dx)
= C1 [(1912) + lu+ 0;(u; — wly) llu; — ull,,

/QF(UJ) dx—/F(u) dx

Q

where 6; € (0,1). From relations (3.7) and (3.8), we conclude that

liminf J, y(u;) > J,a(w)

J—00

and thus, the functional J,  is sequentially weakly lower semi-continuous in Hg(€2).
This complete the proof. m
We introduce the following Lemma which represent two conditions of Proposition 3.1 to verify

that functional J, ) is coercive and satisfies the Palais-Smale condition.

Lemma 3.4 For every 1 € [0,71) and A € R, the functional J, » is coercive and satisfies the

Palais-Smale condition.

Proof.
Firstly, we prove the functional J, ) is coercive.
Let us fix A € R, arbitrary. By (F}), there exists 6 = §(\) > 0, such that

If()] < 83 (mo — nAgCOnz) (14 |A])7HE], for all [¢] > 4.

then,
F(B)] < 55 (mo — uAeCa) L+ ) il + max [f(7)] for all ¢ € R™.

Integrating the above inequality, by (3.2) we have
If t > 0, we obtain

t t t
< S2 (mo — ! : :
|| 7 dr < 83 (ma — pdoCna) (1 )T [7dr ot [0 max 7). (39)
and,

t t t
[ 7 dr = =83 (mo = pAcCu) 0+ W) 7 dr = [ max |5 ar (3.0)

Thus, combining (3.9) and (3.10) we have

SQ
F(t) < ?2 (mo — pAoChr2) (14 [A)) 12 + Tn&)g |f(7)]t. (3.11)
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and, )
F(1) 2 =2 (my — A ) (1+ )7 — max £ (7)1 (3.12)

I7<6
so, combining relationship (3.11) and (3.12) we obtain

52
[F()] < 55 (mo = pAoCrvz) (L )™ [ + max [ ()] 1] for any &> 0.

If t <0, we obtain

0 0
[ 7y < S mo— pAuCa) (1 W) [Crdr [ (70 (313)
and,
0 0 0
/ f(r)dr > —S2 <m0—qucN,2)(1+yA\>*1/ rdr— [ max |f(r)| dr. (3.14)
t t t T€[—6,]

then, combining (3.13) and (3.14) we obtain

2

S,
= F(t) < 5 (mo — pAgCva) (L4 A1 + max |f(7)| . (3.15)

and,
2

S
= F(t) 2 =57 (mo — pAoCrg) (L+ M) 7't — max | f(7)] . (3.16)
So, combining relationship (3.15) and (3.16) we obtain

S2
F@)] < 5 (mo = pnAeCrz) (14 DT + max |F (DI ] for any ¢ <0,

so we conclude that,

2

S,
[E()] < 72(mo—qusz,z)(1+I)\|)_1 |7f|2+1‘fn|3>§|f(7)||t| for all teR. (3.17)

Hence, by (A) and (M), we obtain

Jua(u) = M(/ |Vu|? da:) ,u/ H ? dr — )\/ x,u)

A
> —O/Wuyﬂ “ o [l —|A|/|qu]dx
2 Ja ||

Then, by using Hardy inequality Lemma 2.1 and (3.17) we have

1A
Jua(u) > Q|v uf? dz —70“/ IV dx—|/\|/ |F (e, )| de

2
ALS3

1
> — — -z
z 5 (Mo MAOC’NQ)/ Wu| dx STEE)

(mo —MAOCNyg)/Q\uIQ dx

~ Wmax |£(0)] [ Jul do.

t|<6

From the continuous embeddings and the Holder inequality

1
(1m0 — pAoCia) ullZs — max|f<>|’ ‘|Q|2||u||H1-

>
Terl) 2 5 %
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Consequently, we have

. 1 |)\|
||u|;i1n—>oo{2(1+|/\|)( - nAaCxa) e O3] 10 Dl = o

Since fi = 45— > 0, we deduce that for each p € [0,71) and A € R, the functional J,,  is

coercive.

Next, we prove the functional J,  satisfies the Palais-Smale condition.
let {u;} be sequence in H;(2), such that

Jur(uj) = c<oo and J,x(u) =0 in (H&(Q))* j — oo, (3.18)

Since J,, » is coercive, the sequence {u;} is bounded in HJ(f2) which is reflexive space, so we
deduce that there exists a sub-sequence of {u,}, still denoted by {u;}, that converges weakly to
some u € Hj(2) and thanks to the compactly embedding of Hj () into L*(Q2), we have {u;}
converges strongly to u in L*(1).

We will prove that for any u, ¢ € Hy (), we have

o(u, ) > mo [lu— |3, (3.19)
where my is given by (M) and
J— 2 J—
du, ) = M (/Q |Vu| da:) /QVu(Vu V)
2
M(/Q|Vg0| dx)/QVgp(Vu V).

Indeed, using the following inequality

Loy 1o
ab < 5 (a® +0?)
and,
Ly o
a(a—0b) < §(a —b)
we have,
ViV < |Vul |V < o (IVuf +[96f)
or 1
Vu (Vu — V) > 3 (|Vu|2 - |V‘P|2) : (3.20)
We have

o(u,p) = M(/Q]Vulz dx)/Vu(Vu—Vgo) d:L’—M(/ IV|? dm)/Vgp(Vu—Vgp) dx

/\wy dx)/Vu Vi — V) dx+M(/ V]2 dx)/Vu Vu— V) dr

(
( IVul|? dx) d:v—M(/Q|Vg0] dx)}/QVu Vu — V) dz
(wer i) |

|Vu — V90|2
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Hence, by using (3.20) and because M (t) is increasing, it implies that

S(u, o) > ;{M (/Q\Vu\2 d:c) —M(/Q|Vg0\2 dw)} [/Q\Vu\2 dx—/Q\wF

+M (/ IVl dx)/ \Vu — Vo|* dx
Q Q
> mo lu— @l -
Now, from (3.18), (3.19) and Hardy inequality Lemma 2.1, we find that

o(1) = (J'(u;) — J'(u),u; — u)
_ ;M </vauj|2 dm) /Qvuj(vuj—vu) du

1
M (/Q|vu\2 dg;> / Vu(Vu, — Vu) dr
3.21
L a(a;) wj —ul® do — )\/ (uy ) u))(u; —u) de (3.21)
Q |z]
m 1A
zgnuj—unzé— BECEN g — ullyy - A/ () = f(W)(w; — u) da
1
= 5 (mo — pAoCyz) llu; — ullf — A/Q(f(uj) — f(u))(uj —u) du.
On the other hand, by Holder inequality,
[ () = F () (a5 = w) da| < Co [ (24 fus| + [ul) Juy — u] da
@ 2 ) (3.22)
< [ 2190 + gl + lully) el
which approaches 0 as 7 — oc.
From (3.21), (3.22) and the fact that 0 < p < = , we deduce that u; converges strongly

to w in Hy(f2). This complete the Proof. m

In order to verify that conditions (i) and (ii) of Proposition 3.1 are satisfied, we try to prove

this condition in the following Lemma.

Lemma 3.5 For each p € [0,71) we have
iy SWPAF (W) : Alu) < p}
p—0% P

where the functionals A and F are given by (3.3).

=0,

Proof. By (F3), for an arbitrary small € > 0, there exists 0 > 0, such that

52
|f ()]<7(m0 pAoCn2) || for all |t| <.

Combining the above inequality with Lemma 3.1, we get

82
|F ()|<T(m0_/~LAOON2)’t| +Cs|t|? for tE€R,

where g € (2, %

By Lemma 3.2. Moreover, using (3.23), it follows that for any u € B2,

), and Cj is constant that does not depend on t.

F(u) < - (mo — nACnea) l[ullp + CsSy lull gy -

A~ o

(3.23)

(3.24)
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Since 0 € B} and .J,A(0) = 0, we have 0 < Sllé)l Jux(u). On the other hand, if u € B2, then
ues,

[l < (mo — pACns)  (20)2.
Now, using (3.24), we deduce that
sup F(u)  sup F(u)
ueB} < ueB?2
- T (3.25)
€ q q_
< 5+ 058, (mo — pAoCiva) T (2p)7

Since ¢ > 2, letting p — 07, because € > 0 is arbitrary, we get the conclusion. =

Proof of Theorem 3.1. In order to prove Theorem 3.1, we shall apply Proposition (3.1) as
well as A and F as in (3.3). Now, we shall check all assumptions of Proposition 3.1. Indeed,
we have A(0) = F(0) = 0 and since —Ay < a(z) < A for all z € Q, we deduce from Hardy
inequality Lemma 2.1 that for any 0 < pu < @, A > 0 for any u € H}(Q).

From (F3), let to € R be such that F(ty) > 0. Also choose Ry > 0 such a way that

Ry < dist(0,090). For o€ (0,1),
we define the function u, by

0, for € RN\ B, (0),
u, () = < 1o, for x € B,g,(0),
Ro(tf_a) (Ro — |z]), for x € Bg,(0)\B,g,(0),

where B,.(0) denotes the N-dimensional open ball with center 0 and radius r > 0. It is clear
that u, € H}(Q).

whose derivative is,
0, for x € RN\ By, (0),
u,(z) = {0, for x € B,g,(0),
Ro(tlofa) (ﬁ) , forze BR0(0>\BURO<0)7

From the definition of u, and we set x = rw, such that dz = rV~'drdw, we get

2 2
luollzy = [ 1Vua]
2 2
t() T
— 0 ) (=) 4
Rol—o’)) (m) ’
S

to 2 Ro

— G N-1
<R0(1—0)> / -1 dw/aRor dr
t2

0

/BRO (0\Bo £, (0) (
N

= = (Ro (UR(])N)
N

R2(1— o) N

= 2R;*(1-0)" W(RO ~o"RY).
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then,

ol = t5(1 = 0)72(1 — oM Ry 2

and

Flu,) = / Fluy) d + Fluy) de
BaRo(O) BRO(O)\BoRo(O)

> lF(tO)O'N — max |F(¢)| (1 — o—)Nl RYwy,

[t|<Ro

where wy is the volume of the unit ball By(0). If we choose o € (0,1) close enough to 1, says
09, then the right-hand side of the last inequality becomes strictly positive. By Lemma 3.5, we
can choose py € (0,1) such that

po < (mo — nAsCn2) [luta |71 < Altio)
and

N N BN
SUP_4(y)) < py F(u) F(to)o™ — max IF(t)] (1 - o) | RYwy

Po 2“4(“00)

Now, in Proposition 3.1, we choose z9 = 0, 1 = uy,, £ = 1 4+ py and For any p € [0,7),
taking into account the above Lemmas, all assumptions of Proposition 3.1 are verified. Then
there exist an open interval Az C [0,a] and a number 0z, such that for each A € the equation
DA(u) — ADA(u) = 0 has at least three solutions in H}(Q) whose HJ(2)-norms are less than
0z . By (F3), f(0) =0, one of them may be the trivial one, so Problem (3.1) has at least two
non-trivial weak solutions with the required properties.

[ ]
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CONCLURSION

U n this work, we have studied some techniques to solve elliptic problem involving Hardy
type potentials, posed on a bounded open set @ C RYM. we presented some auxiliary
results on the L, Weighted Lebesgue Spaces. To show some applications of Hardy’s inequality
we proved the existence of a unique weak solution of elliptic linear problem by using Lax
Milligram Theorem, then we proved that the existence at least non-trivial weak solution using
Mountain-Pass Theorem. Also we studied the existence at least three critical points in a class
of Kirchhoff. There are some cases that we have not studied, so we look forward to be studied

by our colleagues in the coming years, such as, the similar result for the p-Laplacian operator.
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Abstract

The objective of our work is to study the Hardy inequality, Then we try to apply it to

the following elliptic linear problem

—Au=vy5+f(z) nQ

u=20 on 0Q)

where f € L?(Q)), 0 € Q, v is a real parameter.
To prove that it admits a unique weak solution by using Lax Milligram theorem.

Then we have the following some elliptic problems involving Hardy potential

—Au:vﬁ—kf(x,u) in Q

u=>0 on 0Q)

where () C RN(N > 2) be open and bounded, 0 € Q7 is a real parameter.
Where we study the existence at least non-trivial weak solution using Mountain-Pass
theorem, that is the associated functional J, admits at least a non trivial critical point.
Keywords: Hardy potentials, Variational methods, Critical point, Weak solution, moun-
tain pass theorem.
We present the following a class of Kirchhoff type problem involving Hardy type poten-
tials

—M(fQ|Vu|2 dr)Au= La(x)u+Af(z,u) in Q

u=>0 on 0Q

where Q C RV (N > 3) is bounded domain with smooth boundary 9Q, 0 € Q,
M Rar — R is continuous and increasing function with ]Rar :=[0,4+00), the function
a : Q) — R may change sign, \ is positive parameter,0 < p < ﬁ,z’ where C o = (NL—2)2
is optimal constant in the Hardy Inequality.

Keywords: Kirchhoff type problem, Hardy type potential, Sub-linear non-linearity, Mul-

tiple solutions, Three critical points theorem.




Résumé

L’ objective de notre travail est d’étudier L’inégalité de Hardy, puis nous essayons de I’

appliquer au probléme linéaire elliptique suivant

—Au=vy5+f(z) nQ

u=20 on 0Q)

ot f € L*(Q), 0€Q, v est un paramétre réel.
prouver qu’il admet une solution faible unique en utilisant le théoreme de Lax Milligram.

Nous avouns alors les problémes elliptiques suivants impliquant le potentiel de Hardy

—Au:vﬁ—kf(x,u) in Q

u=>0 on 0Q)

ot QO C RY(N > 2) est ouvert et borneé 0 € Q,y est un paramétre réel .

Nous étudions I'existence d’au moins une solution faible non triviale en utilisant le théo-
reme du col de la montagne, c’est-a-dire la fonctionnelle J associée admet au moins un
point critique non trivial.

Mots clés : Potentiels de type Hardy, Méthodes variationnelles, Point critique, Solution
faible, théoreme du col de la montagne.

Nous présentons ci-dessous une classe de problemes de type kirchhoff impliquant des

potentiels de type Hardy.

—M(fq |Vul?* dz)Au= La(v)u+Af(r,u) dans Q

u=20 sur 0Q)

ot QO C RY (N > 3) est un domaine borné de frontiere 9Q, 0 € Q, M : R{ — R est une

fonction continue et croissante avec ]RS' :=1[0,4+00), la fonction a : QO — R peut changer
2

de signe, A est un parametre positif, 0 < pu < ﬁﬂ, ou Cno = (ﬁ) est une constante

optimale dans I'inégalité de Hardy.

Mots clés : Problemes de type kirchhoff, Potentiels de type Hardy, Non-linéarité sub-

liéaire, Solution multiples, Théoreme des trois point critiques.
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