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Introduction

Equivalence relations and orderings are fundamental concepts of mathematics.
Various generalizations of these notions to fuzzy set theory have already been
proposed and successfully used. Despite its simplicity, the notion of a fuzzy rela-
tion is one of the most important concepts in fuzzy set theory, and was introduced
by Zadeh in the early years [85]. From the very beginning [44], it was clear that the
lattice-theoretic setting adopted also in the present paper is the most appropriate
one for developing the theory of fuzzy sets in general and the calculus of fuzzy
relations in particular. On the engineering side, fuzzy relations can be used as
condensed representations of Mamdani-type fuzzy rule-based models, which has
considerably advanced their understanding [26], [65]. On the mathematical side,
fuzzy relations appear as generalizations of various key types of mathematical con-
structs such as equivalence relations, order relations, and so on. In the symmetric
setting, this has contributed to the understanding of existing similarity relations,
whether transitive or not 28], and has led to the key concept of a fuzzy equiva-
lence relation, also called indistinguishability relation in earlier years [67, [68]. In
the non-symmetric setting, various approaches to the fuzzification of the concept
of an order relation have been proposed [, 14]. All of these notions, symmetric
as well as non-symmetric, blend nicely in the fields of preference modelling and
decision making, to which fuzzy set theory has largely contributed [39)].

Fuzzy equalities, and the more general fuzzy equivalence relations, play a funda-
mental role, as they allow to shape the universe of discourse or set of alternatives,
by stating in a gradual and transitive way how alike elements or alternatives are.
Probably the first ones to realize the primal role of this notion and its far-reaching
impact are Hohle and Blanchard [47]. They introduced the property of extension-
ality of a mapping between two universes endowed with fuzzy equalites. Loosely
speaking, extensionality expresses here that elements that are similar to related el-
ements are related as well. In the context of (additive) fuzzy preference structures,
a similar primal role is played by the indifference relations [27, [37) [79]. Although
first neglected for some years, the extensionality property, or compatibility prop-
erty as it also often called, has become quite established since. It appears, among
others, in the study of fuzzy functions by Perfilieva and colleagues [30, 63} [64] [66],
in the study of fuzzy order relations by Bodenhofer and colleagues [12] [16, [T5] and
has been profoundly used in the lattice-theoretic approach to concept lattices by
Bélohldvek [7].

Given the importance of the compatibility property, it is remarkable that no indi-
vidual paper seems to have been dedicated to it. The aim of the present thesis is
to strip the compatibility property of its originating context of fuzzy equivalence
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relations. After recalling the necessary basic definitions in Chapterl, we will gen-
eralize the property of compatibility to arbitrary fuzzy relations. In particular,
left compatibility, right compatibility and compatibility will be introduced. In or-
der to facilitate several interesting characterizations of these compatibility notions,
we will first provide some additional properties of traces of fuzzy relations [40] in
terms of the sub- and super-composition of fuzzy relations introduced by Bandler
and Kohout [I 2]. The main findings of the second chapiter of this thesis are
that the left and right compatibility can be expressed in terms of inclusions, which
facilitates their understanding.

One such relatively new notion is that of compatibility of a fuzzy relation R with
a fuzzy equivalence relation F, stating that

R(z1,y1) * E(x1,22) * E(y1,y2) < R(22,92) ,

for any x1, 2,91, y2 in the universe of discourse X, introduced by Bélohldvek [5].
It expresses that elements that are similar to related elements are related as well.
Actually, this notion is equivalent to the older notion of extensionality introduced
by Hohle and Blanchard [47]. This compatibility notion is witnessing increased
attention. It appears, among others, in the study of fuzzy lattices [5] [34] 58] [31] [88],
in the study of fuzzy functions [31, [33] [30, [66], in the definition of strict fuzzy
orderings by Bodenhofer and Demirci [I6], and so on. Furthermore, it is key to
the fuzzy approach to concept lattices of Bélohlavek [7].

In several of the mentioned works, one encounters the implicit standing assumption
freely stated as: “Consider a fuzzy order relation R that is compatible with a given
fuzzy equivalence relation E”. Having in mind the ever lurking danger of voidness
results [7, 8, [30], in this thesis we would like to challenge the even more basic
assumption “Consider an order relation < that is compatible with a given fuzzy
equivalence relation E”. We will show that this is indeed a void assumption, but
can be circumvented by considering the strict part of the order relation only. This
enquiry turns out to stumble upon some previously unexplored notions in the
theory of partially ordered sets.

In this thesis, we recall the compatibility notion of Bélohlavek and show the nega-
tive result that the only reflexive fuzzy relation an order relation can be compatible
with is the crisp equality. The notion of clone relation is introduced in full detail.
We characterize the weak compatibility of a strict order with a fuzzy tolerance
(resp. fuzzy equivalence) relation in terms of the clone tolerance relation. Whereas
the clone relation is a tolerance relation in general, we show that it is intransitive
for comparable clones, while it is transitive for incomparable clones. In order to
provide deeper insights, we also study the clone relation of the union and linear
sum of posets. Here, we characterize the fuzzy tolerance (resp. equivalence) re-
lations a strict order relation is weakly compatible with, in terms of two fuzzy
tolerance (resp. equivalence) relations, one restricted to comparable clones, the
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other to incomparable clones.

Another notion of compatibility has been introduced by Bodenhofer and colleagues [12]
111, 14, 15]. Indeed, Bodenhofer has defined the compatibility of a fuzzy equiva-
lence relation with a crisp order as follows: the two outer elements of an ascending
three element chain are at most as similar as any two elements of this chain. Here,
we show that these two concepts of compatibility are not equivalent in general.
To avoid ambiguity and overlap of these two notions of compatibility, we say only
compatibility to mean the compatibility as coined Bélohlavek [7].

In this work, we mainly focus on the (weak) compatibility of fuzzy relations. This
dissertation is organized as follows.

1. In Chapter 1, we provide generalities on ordered sets, residuated lattices and
L-relations that we need throughout this thesis.

2. In Chapter 2, we focus on the notion of the compatibility of fuzzy relations.
Indeed, after recalling the necessary basic definitions, we will generalize the
property of compatibility to arbitrary fuzzy relations, in particular, left com-
patibility, right compatibility and compatibility will be introduced. In or-
der to facilitate several interesting characterizations of these compatibility
notions, we will first provide some additional properties of traces of fuzzy
relations [40] in terms of the sub- and super-composition of fuzzy relations
introduced by Bandler and Kohout [T [2]. The main are that the left and
right compatibility can be expressed in terms of inclusions, which facilitates
their understanding.

In Chapter 3, we focus on the compatibility of crisp orders (resp. crisp strict
orders) with fuzzy tolerance and fuzzy equivalence relations. On one hand,
we will show that the crisp equality is the only fuzzy tolerance and fuzzy
equivalence relation where a crisp order is compatible with it. On the other
hand, we provide characterizations of the weak compatibility of a crisp strict
order with fuzzy tolerance and fuzzy equivalence relations, for this reason,
we have introduced a new crisp tolerance relation called ” clone relation”. In
this case, the name clone relation is carefully chosen. If z =~ y, we say that
they are clones of one another, meaning that they hold the same relation
(<,> or ||) with any other element. The findings results obtained in this
chapter, is that an L-tolerance(resp. equivalence) relation on a universe X,
can be characterized in terms of the weak compatibility of the strict order
with it, as union of two L-tolerance(resp. equivalence) relations defined on
two specific parts of the universe X whose elements are clones of one another..

In Chapter 4, we focus on the right and left (weak) compatibility of crisp
orders (resp. crisp strict orders) with fuzzy tolerance and fuzzy equivalence
relations. We will characterize these tolerance and equivalences relations in
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which a strict order is weakly right compatible with, weakly left compatible
with and both these characterizations leads to the same result obtained in
Chapter 3.

We finish with a generale conclusion and some open future works. Note that
Chapters 2, have been described in [52].
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1 Generalities on ordered sets,
residuated lattices and [L-relations

In this first chapter, we recall some useful notions on Posets, lattices, residuated
lattices, t-norms and fuzzy relations.

1.1. Ordered sets and Lattices

1.1.1. Ordered sets

A partial order (order, for short) is a binary relation < over a set X which is
reflexive (a < a for any a € X), antisymmetric (e < b and b < a implies a = b for
any a,b € X) and transitive (a < b and b < ¢ implies a < ¢ for any a,b,c € X). A
set with an order relation is called an ordered set (also called a poset). A strict
order is a binary relation < on a set X that is irreflexive (@ < a does not hold
for any a € X), asymmetric (if a < b, thus b < a does not hold for any a,b € X)
and transitive. A given binary relation ~ on a set X is said to be an equivalence
relation if it is reflexive, symmetric (a ~ b implies b ~ a for any a,b € X) and
transitive. If < is an order, then the corresponding strict order < is the irreflexive
kernel given by:
a<b if a<b and a #b.

Conversely, if < is a strict order, then the corresponding order < is the reflexive
closure given by
a<bif a<b or a=0b.

Two elements = and y of X are called comparable if z < y or y < z; otherwise
they are called incomparable, and we write x || y. Using the strict order <, the
relation (z is covered by y) denoted as < y, if # < y and there exists no z € X
such that * < z < y. A poset can be conveniently represented by a Hasse diagram,
displaying the covering relation <. Note that x < y if there is a sequence of
connected lines upwards from z to y. For more details about order, strict order
and equivalence relations we refer to [21] [74].

e A binary relation < [I5] on a given non-empty domain X is called a weak order
if it has the following two properties for all z,y, z € X:

e if z <y andy <z then z < z (transitivity),

e = Syory S o (completeness).
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Note that completeness trivially implies reflexivity, i.e. < x holds for all x € X.
Obviously the only difference between weak orders and linear orders is that weak
orders need not be antisymmetric, i.e. a weak order < is a linear order if and only
if the additional property if z < y and y < x then x = y (antisymmetry) holds for
all z,y € X.

It is easy to see that the ranking of linearly ordered properties of objects constitutes
a weak order, e.g. ranking cars by their maximum speed, ranking persons by
their height or weight, ranking products by their price, and so forth. This basic
fact is not only a fundamental construction principle, but also a fundamental
representation of weak orders.

1.1.2. Sum of ordered sets

Definition 1.1. (See [21]]) Let P and Q be (disjoint) ordered sets. The linear
sum P @ Q is defined by taking the following order relation on PU Q: = < y if
and only if:

(x,yePandz <yin P), (z,y€ Q andx <y in Q) or (x € P and y € Q).

A diagram for P®Q (when P and Q are finite) is obtained by placing a diagram of
P directly below a diagram of Q and then adding a line segment from each mazimal
element of P to each minimal element of QQ. The horizontal sum of two bounded
ordered sets P and @ , is obtained from their disjoint union P U Q by identifying
the bottoms of the two ordered sets and also identifying the tops. The vertical sum
of P and @ is obtained from the linear sum P ® @ by identifying the top of P with
the bottom of Q.

Definition 1.2. A poset (P, <) is called a subposet of a poset (Q, <) if

(i) Pce,
(ii) For any x,y € P: x <y if and only if x < y.

Remark 1.1. In general, the second condition in Definition[I.2 is just implication.
The clone relation introduced in this work, leads to introduce a new definition of
subposet of a poset, using the equivalence instead of implication.

1.1.3. Lattices

We shall be particularly interested in ordered sets (X, <) in which sup{z,y},
inf{z,y} exist for all z,y € X.

Notation 1.1. Looking ahead, we shall adopt the following neater notation: we
write x Vy in place of sup{x,y} when it exists and x Ay in place of inf{x,y} when
it exists. Similarly we write \/ S (the join of S) and N\ S (the meet of S) instead
of sup S and inf S when these exist.
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Definition 1.3. ([21]) Let (X, <) be an ordered set.
(i) IfxVy, x ANy exist for all x,y € X, then (X, <) is called a lattice.

(i) If VS, AS exist for all S C X, then (X, <) is called a complete lattice.

1.2. Residuated lattices

1.2.1. Basic Concept

Residuated lattices play an important role because they provide an algebraic frame-
works to fuzzy logic and fuzzy reasoning. we recall in this chapter some important
properties of residuated lattices which are related to compatibility of fuzzy rela-
tions and fuzzy algebraic lattice that are the aim of this work.

Definition 1.4. [6] A residuated lattice is an algebra (L, \,V,*,—,0, 1), or simply,
(L, *,—) where:

(2) (L,A,V,0,1) is a lattice (the corresponding order will be denoted by <) with
the least element 0 and the greatest element 1;

(ii) (x,—) forms an adjoint couple on L, i.e. for any a,b,c € L:
(R1) Ifa<band c < d thenaxc<bxd,
(R2) Ifb<cthena—b<a—c,
(R3) Ifa<bthenb—c<a—c,
(R4) axb<cea<b— c (adjointness condition).
(iii) (L,*,1) forms a commutative monoid, i.e. for any a,b,c € L,
(R5) (axb)xc=ax(bxc);
(R6) axb=bx*a;
(R7) 1xa=a.
Moreover, if L is a chain, then L is called a residuated chain.
Example 1.1. Consider L = (0,a,b,¢,d,m,1) with 0 < a < b < m < 1 and
0<ec<d<m<]1, but elements {a,c} and {b,d} are pairwise incomparable (Fig

1). Then ([50], page 23) (L, A\, V,*,—,0,1) becomes a residuated lattice relative to
the following operations:
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1
°

m

N\
N

d

Figure 1.1
= 10| al|b]| c|d|m]|I x | 0|lal|lb|lc|d|m| 1
o (1|11 11| 1]1 oglojo0|0|0]0]| 0] 0
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m | 0] b |b| d|d| 1|1 m|O|lalalc|lc|m|m
110 a|b|c|ld|m]|]l 110la|b|c|ld|m]| 1

1.2.2. Main properties

For the sake of convenience, we use £ to denote the class of all residuated lattices
and we always suppose thatL is a bounded lattice with the smallest element 0 and
greatest element 1, x and — are two binary operation on L. In addition, we often
use the following derived operations:

=1, a"=a""'%a, neN,a,beL
The following Proposition lists the fundamental properties of residuated lattices.
Proposition 1.1. [62, [69] If (L,*,—) € £ then
(R8) a<b—axb;
(R9) (a—b)xa<b;

(R10) fo:L — L,x +— x*a preserves all joins existing in L, i.e.

(\/ai)*a: \/(ai*a)

icl iel
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(R11) go: L — L,x — a — x preserves all meets existing in L, i.e.

a—)(/\aﬂz/\(a—)ai)

el iel

(R12) ho: L — L,x +— ax*x preserves all joins existing in L, i.e.

a*(\/ai): \/(a*ai)

el iel

(R18) ky: L — L,z — x — a changes all joins existing in L to meets, i.e.

(\ ai) = b= /\(a; =)

i€l i€l

) b <(a—=b)—(a—c)andb—a<(a—c)— (b—c)
) a=1—a;

Ja<bsea—b=1;

Ja<b—ceb<a—c

Ja—=b<axc—bxcand (a—=b)x(b—c)<(a—c)
)axb—c=a— (b—c¢);

Ja— (b—=c¢)=b— (a—c);

Yaxb<aAb;

R22) a™ < a™,n,m € N,m <n;

Proposition 1.2. [55] Let (L, *,—) a residuated lattice. The following two prop-
erties hold:

1. zx(yNz) <(x*xy)A(zx*z),
2.0 (YAz)=(x =y A(x— 2).

The following Proposition shows that under suitable conditions, the operations
and — are not independent.
Proposition 1.3. [62, [69] Suppose that L is a complete lattice.

(1) If * is a binary operation on L satisfying conditions (R1) and (R10), then

there exists a binary operation — satisfying conditions (R2), (R3) and (R4).
Such operation is unique which is determined by the following formula:

a—>b:\/{x€L|x*a§b}, a,be L



CHAPTER 1. GENERALITIES ON ORDERED SETS, RESIDUATED LATTICES AND L-RELATIONS

(i) If — is a binary operation on L satisfying conditions (R2),(R3) and (R11),
then there exists a binary operation * satisfying conditions (R1) and (R4),
and such operation is unique which is determined by the following formula:

a*bz/\{xEL|a§b—>az}, a,be L

Clearly, the conditions in Definition 1. are not independent. We now characterize
the residuated lattices with the following propositions.

Proposition 1.4. [62] (L,*,—) € £ if and only if the following conditions hold,
for all a,b,c € L:

(i) (R4) axb<cea<b—c
(il) (R7) 1xa = a;
(i) (R20) a = (b—¢)=b— (a — ¢).

Proposition 1.5. [62] (L,*,—) € £ if and only if the following conditions hold,
for all a,b,c € L:

R20) a — (b—¢)=b— (a —¢);
R23) (aVb)yxc=(axc)V (bxc);

(vi) (R24) a »bAc=(a—b)A(a—c).
Proposition 1.6. (L,*,—) € £ if and only if the following conditions hold, for
all a,b,c € L:

(i) (R4) axb<cea<b—c

i) (R7)1—>a=a;

(iii) (R20) a— (b—¢)=b— (a = ¢).

Proof. Tt is easy to see that (i),(ii) and (iii) hold in any residuated lattice. Con-
versely, it suffices to show that (i),(ii) and (iii) imply that (L, , 1) is a commutative
monoid. We have x x 1 < ¢t iff © < (1 — ¢) iff (by (R'7)) < ¢, which implies
xx1 = 2. Furthermore, zxy <tiff 2 < (y = ¢) if 1 - 2 <y — tiff (by
R2)z = (1 = z) <z — (y = t)iff (by (R20)) (1 = (z = ) <y — (z — 1) iff
1<y—=(z—t)iff (by (R4)) 1xy<z—otify<l—o(z—t)iff y<z—tiff
yxx <t ie xxy=yxz Finally, (xxy)xz<tiff ..iff l vz <y— (z—>1t)iff
1<z—=(y—=(z—t)iff by (R20))1<z— (y— (x—t)) iff..if xx(yxz) <t,
ie. (x*y)*z=uxx(y=*z). Therefore (L,*,1) is a commutative monoid. O

6
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Remark 1.2.

([62] Definition 3.1) If (L, *,—) € £, and satisfies the following condition: (R25) a —
bVe=(a—b)V(a—c), for any a,b,c € L, then (L,*,—) is called a normal
residuated lattice. Moreover, if L is a chain, then L is called a normal residuated
chain.

e A residuated lattice satisfies the prelinearity axiom [6] if and only if (z —
y)V (y — x) = 1 holds. A residuated lattice is divisible [0] if and only if z Ay =
x * (x — y). It can be shown [6] that divisibility is equivalent to the following
condition: for each x < y thereis z such that z = y*z. A residuated lattice satisfies
the law of double negation(and is called integral, commutative Girard-monoid [6])
if and only if x = (x — 0) — 0 holds. A Heyting algebras is a residuated lattice
where x xy = z Ay. A BL-algebras [0] is a residuated lattice which is divisible
and satisfies the prelinearity axiom. An MV-algebras [6l, [19] is a residuated lattice
in which x Vy = (z — y) — y holds. Equivalently [49], an MV-algebras is a
residuated lattice which is divisible and satisfies the law of double negation. Thus,
each BL-algebras satisfying the law of double negation is an MV-algebras(which
is the way MV-algebras are defined in [46]). A II-algebras(product algebras)[40]
is a BL-algebras satisfying (z =+ 0) = 0 < ((z*2) = (y*2)) = (x — y) and
x A (x — 0) =0. A G-algebras (Godel algebras) is a BL-algebras which satisfies
x*xx = z (i.e. a Heyting algebras satisfying the prelinearity axiom). A Boolean
algebras is a residuated lattice which is both a Heyting algebras and an MV-
algebras(relation to the usual axiomatization is  — y = 2’ V y).

More information about residuated and complete residuated lattices can be found
in [5, 6, [0, I8, 21, 46, 74, 43, 69].

1.3. T-norms

The history of triangular-norms(¢-norms) started with Menger [57]. His main idea
was to construct metric spaces where probability distributions are used to describe
the distance between two elements. Schweizer and Sklar [72] provided the axioms
of t-norms, as they are used today.

Definition 1.5. A function T : [0,1]2 — [0,1] is called a t-norm if for all x,y,z €
[0,1] the following four axioms are satisfied:

(T1) T(z,y) =T(y,z) Commutativity;

(T2) T(x,T(y,2)) =T(T(x,y),z)) Associativity;

(T3) T(z,y) <T(x,2)) if y <z Monotonicity;

(T4) T(x,1) =T(1,2) =2,T(2,0) =T(0,2) =0 Boundary condition.
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We say that a t-norm 7T has zero divisors if there exist x,y > 0 such that T'(z,y) =
0. A t-norm T is Archimedean if T'(x,x) < z. for every z € [0,1].

There exist uncountable many t-norms. The following are four ¢-norms which are
basic in some sense:

(T5) Minimum: T (x,y) = min{z, y}

(T6) Product: Tp(x,y) =z.y

(T7) Lukasiewicz: Tr(z,y) = max{z+y — 1,0}
(T8)

T8) Drastic product:
z if y=1
Tp(z,y) =y if z=1 (1.1)
0 if z,y<1

All t-norms coincide on the boundary of the unit square [0, 1)%, see (T4). If for two
t-norms Ty and T» the inequality Ti(z,y) < Ta(x,y) holds for all (z,y) € [0,1]?,
then T} is called weaker than T, or, equivalently, T5 is called stronger than 77,
and we write 77 < Ts. Tp is the weakest, Ty is the strongest ¢t-norm, i.e. for
any t-norm it holds: (T9) Tp < T < Ty. Since T1, < Tp we have obviously:
(T10) Tp < Tp < Tp < T

Definition 1.6. [T]|] (The concept of dominance between t-norms)
A t-norm T is said to dominate another t-norm Ty if and only if, for any quadruple
(z,y,u,v)in]0,1]*, the following holds:

T (TZ(xa y)7 TQ(ua ’U)) > Tz(Tl(iL’, ’U,), T (ya ’U))

Lemma 1.1. (De Baets and Mesiar [25], Klement et al. [53)])
1. Any t-norm T dominates itself.
2. The minimum t-norm Ty; dominates any other t-norm.
8. If a t-norm Ty dominates another t-norm 15, then Ty is stronger than Ts.

Lemma [[.T] particularly implies that dominance is a reflexive and antisymmetric
relation on the set of t-norms. Note that it still remains an open problem whether
it is transitive.

Triangular conorms (¢-conorms) are dual operations of ¢t-norms, we recall the fol-
lowing definition of conorms.

Definition 1.7. [60] A t-conorm is a function S : [0,1)*> — [0,1] that for all
z,y, z € [0, 1] satisfies (T1)-(T3) and the following boundary condition (S4) S(x,0) =

8
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S(0,x) =x,S(x,1) =S(1,x) =0
Remark 1.3. Given a t-norm T, we find the associated dual t-conorm S by
The dual[60] t-conorms w.r.t. Ths,Tp,Tr, and Tp are given by:

S1) Maximum: Sys(x,y) = max{z,y}

(S1)
(S2) Probabilistic sum: Sp(z,y) =x+y — s.y
(T7) Lukasiewicz: Sp(z,y) = min{x +y, 1}

)

(T8) Drastic sum:

1 if (z,y) €[0,1)2

max{z,y} otherwise

SD(xvy) = { (12)

Now, (T9) and (T10) change into (S9) Sm < S < Sp and (S10) Spy < Sp < Sp, <
Sp. There are many parametric classes of t-norms and associated dual ¢-conorms.
Let us mention one example:

Yager-familly:A € [0, oo] (See[60]).

Tp if A=0
Ty (z,y) = { T ifA=oco  (L3)
max{1 — ((1 —z)* + (1 — y)*)/*,0} otherwise
The Yager-familly includes the strongest and weakest t-norms and ¢-conorms. The

family is increasing/decreasing in the sense that: A\ < Ay = TAY1 < TAyz, S}; <
Sy
1

1.4. L-subsets and L-relations

It is well known that fuzzy relations are of fundamental importance in almost
all sub-fields of fuzzy logic and fuzzy set theory, play an important role in fuzzy
modeling and fuzzy control, fuzzy inference, they also have important applications
in relational databases, approximate reasoning, medical diagnosis. In many cases,
fuzzy relations can handle real life problems better than the crisp ones. some ex-
amples needed in this thesis are fuzzy equivalence, fuzzy equality, fuzzy ordering
used to investigate in the first part the compatibility of fuzzy relations, and in the
second part for construction of fuzzy algebraic lattice.

In the further text, L will be a (complete) residuated lattice.
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1.4.1. L-subsets

A fuzzy subset of a set X over L, or an L-subset of X simply, is any mapping

from X into L. Ordinary crisp subset of X are considered as fuzzy subset of X

(or an L-subset) of X, taking membership values in the set {0,1} C L. For later,

LX denotes the set of all L-subsets of X, i.e. the set of all mappings from X to L.

Let f and g be two L-subsets of X.

The equality of f and g is defined as the usual equality of mappings, i.e. f =g if

and only if f(z) = g(x), for every zinX

The inclusion f < g is also defined pointwise: f < g if and only if f(z) < g(z), for

every xinA.

Endowed with this partial order the set £(X) of all L-subsets of X forms a

complete residuated lattice, in which the meet (intersection) /\ fi and the join
iel

(union)\/ fi of an arbitrary family {f;};c; of L-subsets of X, are mappings from

X into lIE/Ideﬁned by

A £)@) = \ £i@), (\ )@ =\ fil)

i€l iel iel iel

The product f®g is an L-subset defined by f®g(z) = f(z)®g(z), for every xinX.
The crisp part of an L-subset f of X is a crisp subset f={zeX | f(z) =1}
of X. We will also consider f as a mapping f X — L defined by f( ) =1, if
f(z) =1, and f(z) = 0, if f(z) < 1. For more properties of fuzzy subsets and
L-subsets, see .....

1.4.2. L-relations

Basic definitions

A binary L-fuzzy relation (an L-relation, for short) on X is a mapping R € LX*X,
that is to say, any L-subsets of XtimesX. For every z,y € X, the value R(x,y) is
called the degree of membership of (z,y) in R, and the equality, inclusion, joins,
meets and ordering of fuzzy relations are defined as for fuzzy sets. The transpose
R! of R is the L-relation on X defined by R!(y,z) = R(z,y). For crisp relations,
we use the usual infix notation, e.g. we write a < b instead of <(a, b).

For a t-norm T and L-relations R, S on X, the T-composition of R and S denoted
by Ro S, is a fuzzy relation on X defined by

(Ro S)(xvy) = \/ T(R(x,z),S(z,y))

zeX

10
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for all x,y € X. For a fuzzy subset f of X and a fuzzy relation R on X, the
T-compositions f o R and Ro f are fuzzy subsets of X defined by

(foR)(@) = \/ T(f(2). R(z2)), (Ro f)(z) =\ T(R(z,2), f(x))

zeX zeX

for any xinX. Finally, for fuzzy subsets f and g of X we write

fog= "\ T(f(x) g(x))

reX

The value f o g can be interpreted as the bdegree of overlapping” of f and g. We
know that the T-composition of fuzzy relations is associative, and we can also
easily verify that

(foR)oS=fo(RoS), (foR)og=fo(Rog) (1)

for arbitrary fuzzy subsets f and g of X, and fuzzy relations R and S on X, and
hence, the parentheses in (1) can be omitted. Note also that if X is a finite set
with n elements, then R and S can be treated as n x n fuzzy matrices over L and
Ro S is the matrix product, whereas f o R can be treated as the product of a 1 xn
matrix f and an n x n matrix R, and Ro f as the product of an n x n matrix R
and an n x 1 matrix f! (the transpose of f ).

Consequently, an L-relation R is x-transitive if and only if Ro R C R.

Moreover, for any L-relation R on a universe X, we will use the notation R =
RU=D o R=RoR=YD, i>2where R? = Ro R. For a finite family (Ri)i<i<n
of L-relations on X, we will write o] {R; = RioRyo0...0 R,

Proposition 1.7. [23] For any reflerive and x-transitive L-relation R on a uni-
verse X, it holds that R® = R and R") = R, i > 2.

Main properties
Let R € LX*X be a binary L-relation on X. We are interested in the following
properties (see, for example [7, [14] [15] 17, 22 (34 [35] [48] [R5]):

e Reflexivity: R(z,z) =1 for any z € X,

o Drreflexivity: R(z,x) =0 for any a x € X,

Symmetry: R(z,y) = R(y,z) for any z,y € X,

T-Asymmetric: T(R(z,y), R(y,z)) =0 for any z,y € X,

T-Antisymmetric: = # y implies T(R(x,y), R(y,x)) = 0,

11
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o xTransitivity: R(z,y) * R(y, z) < R(x,z) for any z,y,z € X,
e Separability: R(z,y) = 1 implies that = y for any x,y € X.

Note that R is called Strongly complete, if max(R(z,y), R(y,z)) = 1 for any
T,y €.

A binary L-relations that are reflexive and symmetric are called L-fuzzy tolerances,
short L-tolerances. x-transitive L-tolerances are called L-equivalences. A separa-
ble L-equivalences are called L-equalities. Note that 2-equality on X is precisely
the usual equality (identity) idx, i.e. idx(z,y) = 1 for x = y and idx(z,y) = 0
for x # y. The notion of L-equality is a natural generalization of the classical
(bivalent) notion. First, it is near at hand to define fuzzy concept of ordering
just by taking appropriate fuzzifications of the classical three ordering axiomes
[42] [85]

Definition 1.8. A mapping R : X? — [0,1] is called a fuzzy ordering on the
non-empty crisp domain X with respect to a t-norm x, for brevity x-ordering, if
and only if the following three axioms are satisfied:

1.VxeX: Rx,x)=1 (reflexivity)
2.Ve,ye X: x#y= R(z,y) * R(y,z) =0 (x — antisymmetry)
3. Vr,y,z € X: R(z,y) *R(y,2) < R(z,z) (x — transitivity)

One would naturally expect fuzzy orderings to be able to fuzzify crisp linear or-
derings. Now consider an arbitrary linearly ordered set X. A natural requirement
on a sound fuzzification of the original linear ordering would be the following
monotonicity:

Ve e X :y=<z= R(z,y) < R(z,z) (2).

Using reflexivity and the above monotonicity, we obtain that, for an arbitrary
reX,
Yy <x: R(y,z) = 1.

Linearity of < and #-antisymmetry, on the other hand, entail

Vy Az : R(y,z) =0,

and we have proved that the crisp ordering < itself is the only fuzzy ordering such
that the property (2) is fulfilled.

Moreover, thinking of fuzzy orderings as mathematical models of concepts like ”ap-
proximately smaller or equal” or approximately greater or equal” one immediately
observes that there is an inherent component of indistinguishability.

This may entail the demand for bringing fuzzy orderings and indistinguishability
together. In the following, a generalization which also takes indistinguishability
into account. For proof details we refer to [11].

12
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1.4.3. Linking orderings and indistinguishability relations

Definition 1.9. [12] A mapping E : X2 — [0,1] is called a fuzzy equivalence
relation (indistinguishability or similarity relation) on X with respect to a t-norm
x, short x-equivalence, if and only if has the following properties :

eVxeX: Ex,x)=1 (reflexivity)
o Vr,yc X: E(x,y)=E(y,x) (symmetry)
o Vr,y,z€ X: E(x,y)*xE(y,z) < E(x,z) (x— transitivity)

Definition 1.10. [72] A function R : X2 — [0,1] is called a fuzzy ordering on X
with respect to a t-norm *, and a x-equivalence E, for brevity x-E-ordering if and
only if it fulfills the following three azioms :

eVx,yc X: E(z,y) <R(z,y) (E—reflexivity)
e Vr,ye X: R(z,y)*R(y,z) < E(z,y) (x— E — antisymmetry)
o Vr,y,z€ X: R(x,y)* R(y,2) < R(x,z) (x — transitivity)

R is called strongly linear if, for every pair (z,y), either R(x,y) =1 or R(y,z) =1
holds.

Proposition 1.8. Some basic properties [12]
1. Every x-equivalence is a *-E-ordering.

2. Every crisp ordering is a fuzzy ordering with respect to any t-norm and the
crisp equality.

3. If R is a x-E-ordering, then its so-called inverse relation G(z,y) = R(y, )
is a x-E-ordering as well.

4. A x1-E-ordering is a xo-E-ordering if %1 is weaker than .
5. Every x-ordering is a fuzzy ordering in the sense of Definition7 with respect
to x and the crisp equality.

Remark 1.4. Take E is a crisp equality in Definition7, we obtain Definitions.

The concept of L-equivalence relation above mentioned has been introduced, named
and studied in several different ways, it will be useful to give some other concepts
related to compatibility that is the aim of this work.

Let (L, *,—) be a (complete) residuated lattice and E, F' be L-equivalence rela-
tions on X and Y respectively. A fuzzy relation R on LX*Y is called a perfect
fuzzy function from X to Y w.r.t. E and F' if and only if R satisfies the following
four conditions:

13
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(i) R(z,y)*E(z,2") < R(a,y), for any 2,2’ € X and any y € Y (Extensionality
w.r.t. E),

(i) R(z,y)*E(y,y’) < R(x,y’), for any € X and any y,y’ € Y (Extensionality
w.r.t. F),

(iii) For each x € X,y € Y such that R(z,y) = 1,
(iv) R(z,y)* R(z,y') < F(y,y'), for any € X and any y,y' € Y.

A fuzzy relation R on L(X*X)*X gatisfying the condition (iii) is said to be L-binary
operation on X ([34]).

Theorem 1.1. [12] Consider a reflexive and *-transitive binary fuzzy relation
R : X? — [0,1](often called fuzzy preordering). The relation R is a *-E-ordering
for some x-equivalence E if and only if, for all z,y € X,

R(z,y) * R(y,z) < E(x,y) < min(R(z,y), R(y, )

Moreover, the two bounds are x-equivalences themselves.
The next theorem shows how to define Cartesian products of fuzzy orderings.

Theorem 1.2. [T29] Let X1, ...., X, be crisp sets and let x be an arbitrary t-norm.
If (Ry,...., Rp) and (B, ...., Ey,) are families of fuzzy relations such that, for alli =
1

sy T,
1. R; and E; are binary fuzzy relations on X,
2. FE; is a x-equivalence on X,

3. R; 1s a x-E;-ordering on X;.

Then the fuzzy relation

R: (X1 % ... x Xp)? = [0,1]

(@1, s Zn)s (Y15 0oy Yn)) = ¥iz1 n Ri(24, i)

is a fuzzy ordering with respect to x and the fuzzy equivalence relation

E((xla ceeey fEn), (y17 ceney yn)) = *i:LnEi(xiayi)'

Definition 1.11. (Compatibility in sense Bodenhofer [12])Let < be a crisp order-
ing on X and let E be a fuzzy equivalence relation on X. E is called compatible
with <, if and only if the following implication holds for all x,y,z € X :

2y 2 z= E(r,2) <min(E(z,y), E(y, 2))
Compatibility of a crisp order and a fuzzy equivalence relation can be understood

14
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as follows: the two outer elements of an ascending three-element chain are at most
as similar as any two elements of this chain.

In analogy to the crisp case [I5], given a non-empty domain X, a binary fuzzy
relation R : X2 :— [0, 1] is a fuzzy weak order (or a weak *-order for short)if it has
the following two properties for all z,y, 2z € X, where * denotes a left-continuous
t-norm:

1. R(z,y) * R(y, 2) < R(x, 2) (x -transitivity),
2. R(z,y) =1 or R(y,x) =1 (strong completeness).

Note that (as a crisp case) a fuzzy weak orders are necessarily reflexive, i.e.
R(z,z) =1 holds for all z € X.

One can state, the following theorem shows that a crisp weak order can always be
decomposed into a crisp linear order and a crisp equivalence relation.

Theorem 1.3. (Decompositions into crisp linear orders and *-equivalences [15])
Consider a binary fuzzy relation R : X? — [0,1]. Then the following two state-
ments are equivalent:

(i) R is a weak *-order.

(ii) There exists a crisp linear order < and a *-equivalence E that is compatible
with = such that R can be represented as follows:

1 if x =3y,

(1.4)
E(x,y) otherwise.

R(Ji, y) = {

1.4.4. Strict Fuzzy Orderings

In the crisp case, strict orderings are defined as irreflexive and transitive relations.
It is more than obvious how to translate this definition to fuzzy setting [39] [61].
In order to take the underlying fuzzy equivalence relation into account, we add
extensionality.

Definition 1.12. ([16]) A binary fuzzy relation R on a universe X is called strict
fuzzy ordering with respect to a t-norm T and a T-equivalence E, for brevity strict
T-E-ordering, if it fulfills the following axioms for all x,x',y,y’,z € X :

(i) Irreflexivity: R(x,x) =0,
(ii) T-transitivity: T(R(z,y), R(y, z)) < R(z, z),

(iii) E-extensionality: T(E(x,z"), E(y,y"), R(x,y)) < R(z',y’).

15
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Note that, under the assumption of T-transitivity, irreflexivity implies T-asymmetry,
i.e. that T(R(z,y), R(y,z)) = 0 for all x,y € X, where the converse holds only
if T' does not have zero divisors. In other words, irreflexivity can be replaced
equivalently by T-asymmetry if T" does not have zero divisors. Furthermore, we
can conclude that T'(E(z,y), R(z,y)) = 0 holds for all z,y € X and any strict
T-E-ordering R.

Example 1.2. [t is a well-known fact that E(z,y) = max(1l — |x — y|,0) is a Tf-
equivalence on R ([24,[76]]), with T, (x,y) = max(x+y—1,0) being the Lukasiewicz
t-norm. It is easy to show that L(z,y) = max(min(l —x + y,1),0) is a strongly
complete Tp,-E-ordering ([13, [I{]]) and that R(z,y) = max(min(y — z,1),0) is a
strict Tr,-E-ordering.

FE-extensionality as defined above is nothing else but a straightforward translation
of the trivial crisp assertion (x = 2’ and y = ¢’ and x < y) implies that 2’ < y/.
In case that F is the classical crisp equality, F-extensionality is trivially fulfilled
and we end up in the more traditional concept of a strict fuzzy ordering ([39,
61]).

1.4.5. fuzzy implications

Fuzzy implications have been widely studied in the fuzzy literature and they play
important roles in different domains as approximate reasoning, fuzzy control, de-
cision theory, control theory, expert systems, fuzzy mathematical morphology, im-
age processing, etc. In Zadeh composition rule of fuzzy inference (fuzzy modus
ponens, fuzzy modus tollens, etc.), a fuzzy implication represents the fuzzy rela-
tion between two variables [5I]. In data mining, a fuzzy implication is used to
express the relationship between two items in an association rule [78]. Also the set
of axioms of fuzzy implications has been well studied [3, [73]. Originally, a fuzzy
implication is a fuzzy operator which is used to represent IF-THEN rules in fuzzy
logic. The truth value of the proposition ”if p, then q” could be obtained through
I(v(p),v(q)), in which I refers to a fuzzy implication and v(p) and v(q) refer to
the truth value of p and ¢, respectively.

Fuzzy implications on the unit interval [0, 1] are defined as follows.

Definition 1.13. (See [4, 39] A function I : [0,1]> — [0,1] is called a fuzzy
implication if it satisfies, for any x,x1,%2,y,y1,y2 € [0, 1], the following conditions:

(i) If v1 < o, then I(x1,y) > I(x2,y), i.e. I(.,y) is decreasing,
(i) If y1 < yo, then I(z,y1) > I(z,y2), i.e. I(x,.) is increasing,
(i) 1(0,0) =1, I(1,1) =1, I(1,0) = 0.

From Definition [[LT3] it is clear that a fuzzy implication, when restricted to {0,1},
coincides with the classical implication.
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As examples, the following some individual definitions of fuzzy implications.

Name Formula
Lukasiewicz [56] Itk (z,y) =min(l,1 —z +y)
B 1, fze<y
4 =
Godel [45] Iep(z,y) {y, ity
Reichenbach [70] Ige(msy)=1—az+xy
Kleene-Dienes [36] Ixp(z,y) = max(1l — z,y)
1 ifx<y
4 — ) —
Goguen [43] In(z,y) {y/x, ity
1, ifa<y
sch 1 I =< -
Rescher [71] wste) = {15!
1, fz=0andy=0
Y: ‘ I = '
ager (83 ve(@y) {yr if 2>00ry>0
Weber [77] Iwp(z,y) = L o<l
WBWY) = y, ifx=1
ifx<y
Fod 41 I -
odor [1] #o(@:y) {maxl—xy ifzx>y
1, ifx=0o0ry=1
Least FI |4 ’
s H {O, ifr>0andy<1
1, ifa<lory>0
st FI |4 ’
Greatest il {O, fz=1landy=0
Most Strict [54] Ip(z,y) = {;: ﬁ i ; 8
Early Zadeh [6] I, (z,y) = max(1 — z, min(z, y))

Note that, from the definition, it follows that I(0,z) = 1 and I(z,1) = 1 for
any = € [0, 1], whereas the symmetrical values I(x,0) and I(1,z) are not derived
from the definition. Special interesting properties for fuzzy implication functions
are:

(P1) The exchange principle,

(P2) The law of importation with a t-norm 7,

(P3) The weak law of importation with a conjunctive, commutative and non-
decreasing function F : [0,1]% — [0, 1], (see [59])
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(Py) The left neutrality principle,
I(1,y) =y, for any y?[0,1].
(Ps) The ordering property,
z<y< I(z,y) =1, for any z,y € [0,1].
(Ps) The identity principle,
I(z,z) =1, for any x7[0,1].

Remark 1.5. (See [J|]) If I is a fuzzy implication. Then the function Ny defined
by Ni(xz) = I(x,0), for any x € [0,1] is called the natural negation of I.

18



2 Characterization of compatibility in
terms of traces

The notion of extensionality, introduced by Hohle and Blanchard, and the notion
of compatibility, as coined by Bélohlavek, of a fuzzy relation w.r.t. a fuzzy equality
are trivially equivalent. Here, this compatibility property is dissected into left and
right compatibility, mimicking the original two-fold definition of extensionality, and
studied in detail in the context of arbitrary fuzzy relations. Relying on the notions
of left and right traces of a fuzzy relation, it is shown that compatibility can be
characterized in terms of inclusions, shedding another light on the matter.

pose R! of R is the L-relation on X defined by R'(y,z) = R(z,y). For crisp
relations, we use

Let L be a residuated lattice, an L-relation F on a universe X is called an L-
equivalence if it is reflexive, symmetric and *-transitive; a separable L-equivalence
is called an L-equality. Note that the only {0, 1}-equality on X is precisely the
usual equality (identity) Idx, i.e. Idx(z,y) = 1 if z = y and Idx(z,y) = 0 if

Next, we recall the definition of a fuzzy order with respect to a t-norm * and an
L-equivalence Q.

Definition 2.1. [I4] An L-relation R on X is called an L-order with respect to a
t-norm x and an L-equivalence Q (a x-Q-order, for short) if it satisfies:

(i) Q-reflexivity: Q(x,y) < R(x,y), for any x,y € X,

(ii) *-Q-antisymmetry: R(z,y)* R(y,z) < Q(x,y), for any x,y € X,
(111) *-transitivity.
Example 2.1.

(i) Every L-equivalence E is a *-E-order.

(ii) Fuvery crisp order is an L-order with respect to any t-norm and the crisp
equality.

We recall the definition of the sup-#-composition of L-relations, [23].

Definition 2.2. Let R and S be two L-relations on a universe X. The sup-*-
composition of R and S is the L-relation Ro S on X defined by

RoS(z,z) = sup R(x,y) * S(y, 2) .
yeX
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Consequently, an L-relation R on X is *-transitive if and only if Ro R C R.
Moreover, due to the adjointness property, * is supremum-preserving and the sup-
x-composition is associative [23]. We will further use the notation

R(l) = R(i_l) oR=Ro R(i_l) 5

for any i € N, i > 2, where R(Y) = R. For a finite family (R;)?_, of L-relations on
X, we will write
o \Ri=Ri0Rs0...0R,.

Proposition 2.1. [23] For any reflexive and *-transitive L-relation R on a uni-
verse X, it holds that R") = R for any i € Ny.

Notation 2.1. Let Qx be the set of all L-relations on a universe X . The following
notations are used in this paper:

(i) QL the set of reflevive elements of Qx,
(ii) Q%2 the set of x-transitive elements of Qx,

(iii) VS the set of reflexive and symmetric elements of Qx, i.e. the set of
L-tolerance relations on X,

() Q™™ : the set of symmetric and x-transitive elements of Qx,
(v) Qf)?f’tra: the set of reflexive and *-transitive elements of Qx,

(vi) Q;f’sym’tra: the set of reflexive, symmetric and *-transitive elements of Qx,
i.e. the set of L-equivalences on X .

2.1. Definition of compatibility of L-relations

The notion of extensionality of L-relations was first introduced by Hohle and Blan-
chard.

Definition 2.3. [47] Let X be a universe equipped with an L-equality E and Y a
universe equipped with an L-equality F. A mapping M : X XY — L is said to
satisfy the extensionality property if

(i) M(z1,y) *x E(x1,22) < M(z2,y), for any x1,22 € X andy €Y;
(1)) M(z,y1) * Fy1,y2) < M(x,y2), for any x € X and y1,y2 €Y.

This notion applies in particular to L-relations on a universe X (i.e., X =Y)
equipped with an L-equality E (i.e., E = F).

Bélohldvek introduced a similar definition of compatibility of an L-relation with
respect to an L-equality F.
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Definition 2.4. [7] Let X be a universe equipped with an L-equality E. An L-
relation R on a universe X is compatible with respect to E if

R(z1,y1) * E(x1,22) * E(y1,92) < R(w2,92),

fO’I" any xi,x2,Y1,Y2 € X.
As we will show further on, both definitions are equivalent.

The notion of extensionality/compatibility appears in various contexts. For in-
stance, it is used in the definition of strict fuzzy orderings by Bodenhofer and
Demirci [16]. Also, several authors use it in their study of fuzzy functions [30} [66].
Furthermore, it is key to the fuzzy approach to concept lattices of Bélohlavek [7].

Inspired by the above definitions, we introduce the core definitions of this paper.
They are based on conditions (i) and (ii) in Definition 23] but the main idea is to
give up the focus on L-equalities.

Definition 2.5. Let R1 and Ra be two L-relations on a universe X.

(i) Ry is called left compatible with Ro, denoted R1V Ra, if it holds that
Ri(z,y) * Ra(z,2) < Ri(2,y) , (2.1)

for any x,y,z € X;

(ii) Ry is called right compatible with Ra, denoted R1V,Rq, if it holds that
Rl(ZE,y) *RQ(yat) < Rl(ZE,t) ) (22)

for any x,y,t € X;

(iii) Ry is called compatible with R, denoted R1V Ra, if it holds that
Rl(xvy)*RQ(xaz)*RQ(yvt) < Rl(Z,t) ) (23)

for any x,y,z,t € X.

Note that this definition bears no relationship at all with the definitions of left
and right extensionality as discussed by Dankova [20].

The following lemma is immediate.

Lemma 2.1. For any two L-relations R1 and Rz on a universe X, the following
equivalences hold:

(i) R1V Ry if and only if RYV . Ra;
(ii) R1V.Ry if and only if RYV,Rs;
(iii) R1V Rs if and only if RYV Rs.
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In the following proposition, we show that if Ry is both left and right compat-
ible with Ro, then R; is compatible with Ry. The converse also holds if R is
reflexive.

Proposition 2.2. Let Ry and Ry be two L-relations on a universe X. Then it
holds that

(l) If R1V Ry and R1V Ry, then RiVRy;
(i1) If R1V Ry and Ry is reflexive, then R1V Ry and R1V.Ra.

Proof.

(i) Suppose that R1V;Ry and R1V,Ra. It then holds that
Ri(z,y) * Ra(z,2) < Ri(2,9),

for any x,y,z € X. Taking into account that * is increasing and the fact
that R1V,Ra, it follows that

Rl(xay) * Rg(l’,Z) * RZ(yat) < R1(27y) * RZ(yat) < Rl(Z,t) )

for any z,y,z,t € X, i.e. RiVRs. Hence, assertion (i) follows.

(ii) Suppose that R;VRy and Rs is reflexive. Setting y = ¢ in inequality (23]
and taking into account that Rs(y,y) = 1, we obtain

Ri(z,y) * Ra(z,2) < Ri(z,y),

for any z,y,z € X, i.e. R1V;Rs. Similarly, setting z = z in inequality (23]
and taking into account that Ra(z,z) = 1, we obtain

Ryi(z,y) * Ra(y,t) < Ri(x,t),

for any x,y,t € X, i.e. R4V, Rs. Hence, assertion (ii) follows.

O

This proposition expresses that the notions of extensionality and compatibility in
Definitions and 2] coincide.

Corollary 2.1. For any reflexive L-relation R on a universe X, it holds that
RVR if and only if RV;R and RV, R.

Remark 2.1. Note that Proposition [Z3(ii) states a sufficient condition under
which compatibility implies both left and right compatibility. However, this impli-
cation does not hold in general. Indeed, let X = {a,b}, L =[0,1] and * = A (the
minimum operation). Consider the L-relations Ry and Ry on X defined as:
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Rl a b R2 a b
a 010 a 010
b | a| 0 b | 8|0

with o £ 0 and B # 0. It clearly holds that R1V Ry and R1V, Ry, but not R1V;Rs.
Indeed, suppose that RiV;Ry. Then it holds that R1(b,a) * Ra(b,a) < Ri(a,a),
which implies that ax 8 <0, i.e. «a =0 or 8 =0, a contradiction.

2.2. Compatibility in terms of traces of L-relations

In this section, we will provide an interesting characterization of compatibility of L-
relations in terms of the notions of left and right traces introduced by Fodor [40].

2.2.1. Left and right trace of L-relations

In this subsection, we recall some basic definitions and results on traces of L-
relations introduced by Fodor [40]. Further information on these traces can be
found in [80].

Definition 2.6. [40] Let R be an L-relation on a universe X .

(i) The left trace R' of R is the L-relation on X defined by

l s
R'(a,b) = clgiR(c, a) — R(c,b).

(ii) The right trace R" of R is the L-relation on X defined by

R"(a,b) = Jél;ng(b’ ¢) = R(a,c).

For a symmetric L-relation R on X, it obviously holds that R' = (R")! and
R" = (RY!. In the following lemma and theorems, we recall some interesting links
between the properties of an L-relation and those of its traces.

Lemma 2.2. [40] Let R be an L-relation on a universe X. Then it holds that
(i) R' and R" are reflezive;

(ii) R' and R" are %-transitive;

(iii) (R = (R")! and (R")" = (RY)!.

Theorem 2.1. [40] Let R be an L-relation on a universe X. Then the following
statements are equivalent

(i) R is reflexive;
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(ii) R' C R;
(iii) R" C R.

Theorem 2.2. [40] Let R be an L-relation on a universe X. Then the following
statements are equivalent

(i) R is x-transitive;
(ii) R C R';
(iii) R C R".

Next, we recall the definitions of the sub- and super-composition of L-relations as
introduced by Bandler and Kohout [ 2].

Definition 2.7. [1L 2] Let R and S be two L-relations on a universe X .

(i) The sub-composition R<S of R and S is the L-relation on X defined by

(RaS)(z,2) = Ulgﬁ{R(a:,y) — S(y,2).

(ii) The super-composition R1>S of R and S is the L-relation on X defined by

(R S)(z,2) = ylg)f(S(y,z) = R(z,y).

A trivial, yet important observation is that left and right traces can be expressed
in terms of sub- and super-compositions.

Proposition 2.3. For any L-relation R on a universe X , it holds that R' = R*<R
and R" = R R

These compositions were studied in detail by De Baets and Kerre [29]. Their results
will be used to provide some new properties of traces of L-relations that will turn
out to be useful technical tools to study various properties of the compatibility of L-
relations, such as monotonicity w.r.t. inclusion and its relation with intersection,
union and composition. To that end, the following properties of the sub- and
super-composition of L-relations are needed.

Proposition 2.4. [29]
(i) Monotonicity: If Ry C Ra, then Ro<S C R1<S and S< Ry C S <Ry;
(ii) Transposition: (R1 < Rg)t = Rt > RY and (R1 > Ra)t = RE< RY;

(iii) Intersection: ﬂ (R; < S) UR )< S and m (S<R;) =S« (mRi);

icl el el el

(i) Union: UR aS) ﬂR )< S andUS’qR ) C S« UR

el iel iel iel
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Proposition 2.5. Let R, S be L-relations on a universe X and @ be an L-
equivalence relation on X. If R is Q-reflexive and x-transitive, then it holds that

(i) R is right compatible w.r.t. S if and only if S C Q< R,

(ii) R is left compatible w.r.t. S if and only if S C (R>Q)*.

Proof.
(i) Suppose that R is right compatible w.r.t. S, i.e.
R(z,y)* S(y,2) < R(x, 2), for any z,y,z € X .
From the adjointness property, it follows that
S(y,z) < R(z,y) = R(x,2), for any z,y,2 € X .
Since R is Q-reflexive, i.e. Q(x,y) < R(x,y) for any x,y € X, it follows that
R(z,y) = R(z,2) < Q(z,y) — R(z,2), for any z,y,z € X,

whence
S(y,z) < Q(w,y) = R(z,2) for any x,y,2 € X,

this implies that
S(9,2) < ink Qo) = R(w,2).

Since @ is symmetric, it follows that
S(y.2) < ik Qly. ) = Rl 2) = (Q 4 R)(y:2)

for any y,z € X. Hence, S C Q< R.
Conversely, suppose that S C @ < R, then

Sy, z) < wlng(y,x) — R(z,z2) for any y,z € X .
It follows that
S(y, z) < Q(y,x) — R(x,z) for any x,y,z € X .
Setting « = y and taking into account that Q(y,y) = 1, it follows that
S(y,2) < Qy,y) = R(y,2) =1 = R(y,2) = R(y, 2), forany y,z € X,
whence S(y,z) < R(y,z), for any y,z € X . Since x* is increasing and R is
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(i)

26

s-transitive it follows that
R(x,y) * S(y,2) < R(z,y) * R(y,z) < R(x, z), for any z,y,2 € X .

Hence, R is right compatible w.r.t. S.

Suppose that R is left compatible w.r.t. S, i.e.
R(z,y) * S(x,2) < R(z,y), for any z,y,2z € X .
From the adjointness property, it follows that
S(xz,2z) < R(z,y) — R(z,y), for any z,y,z € X .
Since R is Q-reflexive, i.e. Q(z,y) < R(z,y) for any x,y € X it follows that
R(z,y) — R(z,y) < Q(z,y) = R(z,y), for any z,y,z € X .
Since ) is symmetric, it follows that

S(z,2) < Q(z,y) — R(z,y)

<
< inf
< yngQ(iB,y)%R(Z,y)

= yig)f(Q(% r) = R(z,y)

= (R>Q)(z,7)
= (B> Q)'(z,2),

for any y,2 € X. Hence, S C (R Q).
Conversely, Suppose that S C (R Q)Y i.e.

S(z,2) < (R>Q)(x,2) = (R>Q)(2,z), for any ,2 € X .
It follows that

S(z,z) < yig(Q(y, z) = R(z,y) < Q(y,z) = R(z,y),

for any z,y,2 € X. Setting z = y and taking into account that
Q(y,y) = 1, it holds that

S(x,2) < Q(xz,x) = R(z,y) =1 — R(z,2) = R(z,x) for any x,z € X .
Since R is x-transitive, * is commutative and increasing, it follows that
R(z,y) = S(x,2) < R(z,y) * R(z,z) < R(z,y), for any z,y,z € X .

Hence, R is left compatible w.r.t.S.
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O

The final proposition in this subsection shows that the intersection of the left (resp.
right) traces of a family of L-relations is included both in the left (resp. right) trace
of the intersection as well as of the union of these L-relations.

Proposition 2.6. For any family of L-relations (R;)ic; on a universe X, it holds
that

(i) (\R: C (R

el el

(i) (R < (JR)"s

el el

(iii) (\R; € (R

el iel

(i) (B < (R

i€l i€l

Proof.

(i) According to Proposition [Z3] it holds that

(R =R <R,).

el el

From Proposition Z4)(i) and (iii), it follows that

R < (R <R

i€l iel jeI
= (NBH<(R)
Jjel i€l
= (R (R
jel el
= (R
iel

(ii) According to Proposition 23] it holds that

(R = ((Ri<R:).

el el
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From Proposition [Z4)(i) and (iii), it follows that

Nr: < N@E<UR))

icl il jer
= (Urh<(Jry)
i€l jel
= (Uro" <« (Ury)
iel jer
= (Ur)'.
icl

(iii) Follows from (i) and Lemma 22(iii).

(iv) Follows from (ii) and Lemma 22(iii).

2.2.2. Compatibility in terms of left and right traces

In this subsection, we provide some characterizations of the compatibility of L-
relations in terms of the notions of left and right traces. Subsequently, some inter-
esting corollaries on the compatibility of L-relations are stated in contexts where
the relations involved hold additional properties such as reflexivity, symmetry and
transitivity.

The first important theorem expresses that left and right compatibility can be
expressed as inclusions involving traces. Note that from here on, we usually start
with right compatibility, as it characterizations are a bit more elegant than those
of left compatibility.

Theorem 2.3. For any two L-relations R and S on a universe X, the following
equivalences hold

(i) R is right compatible with S if and only if S C R';
(ii) R is left compatible with S if and only if S C (R")t.

Proof.
(i) Suppose that R is right compatible with S, i.e.
R(z,y) * Sy, 2) < R(z, 2),
for any z,y,z € X. It follows that

S(y,2) < R(w,y) = R(z,2) < inf R(z,y) = R(z,2) = R'(y,2),
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for any y, 2 € X. Hence, S C R'.

Conversely, if S C R, then
Sy, z) < wlgiR(x, y) = R(z,z) < R(x,y) = R(z, z),
for any z,y,z € X. From the adjointness property, it follows that
R(x,y) * Sy, 2) < R(z, 2),

for any z,y,z € X, i.e. R is right compatible with S.
(ii) Follows from Lemma[ZT] (i) and Lemma 22(iii).

Corollary 2.2. For any L-relation R on a universe X, it holds that
(i) R is right compatible with R': RV, R';
(ii) R is left compatible with (R")': RV;(R")'.

Remarkably, the inclusions in Theorem 2.3l become extremely basic and no longer
involve the traces in case the first relation is reflexive and *-transitive.

Corollary 2.3. Let R and S be two L-relations on a universe X. If R is reflexive
and x-transitive, then it holds that

(i) R is right compatible with S if and only if S C R;

(ii) R is left compatible with S if and only if S C Rt;
(iii) If S is symmetric, then R is right compatible with S if and only if R is left

compatible with S.

Proof. Suppose that R is reflexive and *-transitive, then it follows from Theo-
rems 2] and 22 that R = R” = R'. Tt holds also that R* = (R")* = (R')*.

(i) Follows from Theorem [Z3]i).

(ii) Follows from Theorem 2:3(ii).

(iii) If S is symmetric, then S C R if and only if S C R'. The equivalence in (iii)
follows immediately from (i) and (ii).

O

In addition to Corollary [Z3)(iii), the following corollary identifies a second case in
which left and right compatibility are equivalent.

Corollary 2.4. Let R and S be two L-relations on a universe X. If R is symmet-
ric, then R is right compatible with S if and only if R is left compatible with S.
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Proof. If R symmetric, then R' = (R!)!. From Lemma 22(iii), it follows that
R! = (R")! = (R")*. The equivalence then follows from Theorem O

Corollary 2.5. For any two L-relations R and S on a universe X, the following
equivalences hold

(i) Rv,.S if and only if R'V,.S;
(i) RV.S if and only if R"V,S.

Proof.

(i) From Theorem 23] it holds that RV,.S if and only if S C R'. Since R! is
reflexive and -transitive, it follows from Corollary 2.3(i) that R'v,.S if and
only if S C R. Hence, RV,.S if and only if R!v,.S.

(ii) Follows from Lemma [ZTl and (i).
O

The following proposition identifies several cases in which self-compatibility of an
L-relation implies its #-transitivity.

Proposition 2.7. For any L-relation R on a universe X, it holds that
(i) If RV R, then R is *-transitive;
(i) If RViR and R is symmetric, then R is x-transitive;

(i1i) If RVR and R is reflexive, then R is x-transitive.

Proof.

(i) If RV,.R, then it follows from Theorem2.3(i) that R C R!. The *-transitivity
of R then follows from Theorem 2.2(ii).

(ii) Follows from Lemma [ZTl and (i).
(iii) Follows from Corollary 2l and (i).
O

Proposition 2.8. Let E be an L-equivalence on a universe X and R be a x-E-
order on X. Then R is compatible with E.

Proof. Since R is E-reflexive, i.e. F C R, and F is symmetric, it follows from
Corollary 23(i)&(iii) that R is both left and right compatible with E. Proposition
then implies that R is compatible with E. O

Corollary 2.6. Let R be a reflexive and *x-transitive L-relation on a universe X .
Then R is compatible with E = R x R,
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Proof. One easily verifies that F is an L-equivalence and that R is a x-FE-order.
Proposition 2.8 then implies that R is compatible with E = R * R’ O

2.2.3. Some properties of the compatibility relations
In this subsection, we provide some properties of the compatibility relations Vv,
Vv, and V.
Proposition 2.9. Consider a universe X. Then it holds that
(i) V. is reflexive on Q%*;

sym,tra
QX

7

(ii) Vv, is reflexive on

(iii) V is reflexive on QY™

Proof.

(i) Let R € Q%*. Since R is *-transitive, it follows from Theorem 22(ii) that
R C R!'. From Theorem 2.3(i), it follows that RV,.R, i.e. V, is reflexive on
QL2

(ii) Follows from Lemma 2T and (i).
(iii) Follows from Corollary 211 (i) and (ii).

Proposition 2.10. Consider a universe X. Then it holds that
(i) V, is antisymmetric on Q%;
(i1) Vi is antisymmetric on Q;?ﬂsym’.

(iii) V is antisymmetric on QL.

Proof.

(i) Let Ry, R € Qg?f. Suppose that R1V,Rs and RoV,- Ry, then it follows from
Theorem Z3)(i) that Ry € R! and Ry C R). Since Ry and Rs are reflexive,
it follows from Theorem 1l that Ry C R} C Ry and Ry C R, C Ry. Hence,
Ry = Rs.

(ii) Follows from Lemma 2T and (i).
(iii) Follows from Proposition [Z2](ii) and (i).
O

Remark 2.2. In general, the relations V.., V; and V are not antisymmetric. In-
deed, let < be the usual order and < be the usual strict order on R, then we have
that <V, < and < V, <, but < # <.
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Remark 2.3. The following is another proof of Proposition [2.10

(i) Let Ry, Ry € . Suppose that RV, Ry and R2V,. Ry, then
Rl(xa y) * RQ(ya Z) < Rl(xa Z) and R?(xay) * Rl(ya Z) < RQ(I', Z) )

for any x,y,z € X. Setting x = y and taking into account that Ry(xz,z) =1
and Ro(x,x) =1, it follows that

RQ(:E?Z) S Rl(J?,Z) and Rl(ZI?,Z) S RQ(QT,Z),

for any x,z € X, hence Ri(x,2) = Ra(x, 2), for any x,z € X, i.e. Ry = Rs.

(i) Let R1,Ra € Qret,sym. Suppose that R1Vi Ry and RaViR1, then
Ri(z,y) * Ra(z, z) < Ri(z,y) and Ra(x,y) * R1(z,2) < Ra(z,y),
for any x,y,z € X. Setting x =y, it follows that
Ri(z,x) * Ro(x,2) < Ri(z,2) and Ra(x,x) * Ri(z,2) < Ra(z,2),
for any x,z € X. Since R1(xz,x) =1 and Ro(x,x) = 1, it follows that
Ro(z,2) < Ri(z,z) and Ri(x,z) < Ra(z,x),

for any x,z € X. Since Ry and Ry are symmetric, it follows that Ry (z,z) =
Ro(z, 2), for any x,z € X, i.e. Ry = Rs.

(iii) The proof is similar to that of (i).

Proposition 2.11. Consider a universe X. Then it holds that
(i) V, is transitive on Q*;
(ii) v, is transitive on V7™

(ii) V is transitive on Q5.

Proof.

(i) Let Ry, R2, Rz € Q. Suppose that RV, Ry and RaV, R, then it follows
from Theorem 23(i) that Ry C R and Rz C RL. Since Ry is reflexive,
it follows from Theorem [2.1] that Ré C Rs. Since Ry C Rll, it holds that
R3 C ng C Ry, C Rll. Hence, RV, R3.

(ii) Follows from Lemma 2T and (i).

(iii) Follows from Proposition [Z2[(ii) and (i).
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Remark 2.4. In general, the relations V.., Vi and V are not transitive. Indeed, let
X ={a,b} and L = [0,1]. Consider the L-relations R1, Ry and Rz on X defined
as

Ri|alb Ry|a|b| |R3|alb

with 8 < o < 7.

It holds that R1V Ry and RaV,-Rs, but not R1V,R3 . Indeed, suppose that R1V, Rs.
Then it holds that Ry (b,b) * R3(b,a) < Ri1(b,a), which implies that 1 xv < «, a
contradiction. It also holds that R1V Ry and RaV R3, but not R1VRs3.

Remark 2.5. The following is another proof of Proposition [2.11]

(i) Let Ry, Ra, Rs € QL. Suppose that R1V, Ry and RaV,R3. We have to show
that R1V.,.R3, i.e.

Rl('xlvyl) * R3(y17y2) < R1($1,y2),

for any x1,y1,y2 € X. Indeed, let x1,y1,y2 € X. Since Ro(y1,y1) = 1, it
holds that

Ri(w1,y1) * R3(y1,y2) = Ru(w1, y1) * Ra(y1,y1) * Ra(y1, y2) -
Since RaV - Rs, it holds that Ro(y1,y1) * Rs(y1,y2) < Ra(y1,y2) and thus
Ri(w1,y1) * R3(y1,y2) < Ra(z1,91) * Ra(y1,2) -
Since R1V, Ry, it holds that
Ri(z1,91) * R3(y1,y2) < Ra(z1,91) * R2(y1,y2) < Ra(21,92) -

Hence, R1V,R3.

(ii) Let Ry, Ra,R3 € Q?f’sym, Suppose that R1V Ry and RyV,R3. We have to
show that RV R3, i.e.

Ri(z1,y1) * R3(x1,22) < Ri(z2,y1),

for any x1,x2,y2 € X. Indeed, let x1,x9,y1 € X. Since Ro(x1,x1) = 1, it
holds that

Ri(z1,y1) * R3(x1,22) = Ri(x1,y1) * Ra(x1, 1) * R3(x1, x2) .
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(iii)

34

Since RoVR3, it holds that Ra(x1,21) * R3(21,22) < Ra(x2,x1) and thus
Ri(z1,y1) * Ra(x1,22) < Ry(z1,y1) * Ro(x2,21) .
Since Ro is symmetric and R1VR2, it holds that
Ryi(w1,y1) * Ra(z2,71) < Ri(w2,y1) -
Combining the above inequalities leads to
Ryi(w1,y1) * R3(z1,72) < Rai(w2,y1) -

Hence, R1V;R3.

Let R1, Ra, Rs € Qf)?f. Suppose that R1VRy and RoVRs. We have to show
that R1VR3, i.e.

Ri(z1,y1) * R3(x1,22) * R3(y1,y2) < Ri(x2,92),
for any x1,x2,y1,y2 € X. Indeed, let x1,x2,y1,y2 € X. Since
Ry(x1,21) = Ro(y1,y1) = Rs(x1,21) = R3(y1,y1) =1,
we obtain

Ri(z1,91) * R3(w1,22) * R3(y1,92) = Rai(xi,y)*
[Ro(z1,71) * R3(x1,71) * R3(21, 72)] *

[Ra(y1,y1) * R3(y1,v1) * Ra(y1,92)] .

Since RoV R3, it holds that
Ro(x1,21) * R3(x1,21) * R3(x1,22) < Ra(z1,22)

and
Ra(y1,91) * R3(y1,y1) * R3(y1,92) < Ra(y1,92)

whence
Ri(x1,y1) * R3(x1,22) * R3(y1,y2) < Ri(x1,y1) * Ra(x1, x2) * Ra(y1,y2) .
Since R1V Ry, it holds that

Ry(x1,y1) * Ra(x1, 22) * Ra(y1,y2) < Ri(x2,y2).
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Combining the above inequalities leads to
Ri(z1,y1) * R3(21,22) * R3(y1,92) < Ri(z2,92) .

Hence, R1VR3.
From Propositions 2:9] and [ZT1] we derive the following corollary.
Corollary 2.7. Consider a universe X. Then it holds that

. : . £ tre
(i) V. is an order relation on % *;

f,sym,tra
QYG > ’ .
X

7

(ii) Vv, is an order relation on

: : £ sym,t
(i) V is an order relation on Q% W

Together with Corollary and Proposition 2.2, the above corollary implies that
the compatibility relation coincides with the usual inclusion relation on the uni-
verse of reflexive, symmetric and #-transitive L-relations.

2.2.4. Properties of the compatibility relations on the basic
operations

In this subsection, we discuss the interaction of the left and right compatibility
relations with inclusion, intersection, union and composition.

Proposition 2.12. For any L-relations R, S, S1, S2, R1 and Ry on a universe
X, it holds that

(i) If S1 C Ss, then RV,Ss implies RV,.S1 and RV;Ss implies RV 5.
(i) If Ry is reflexive, Ry is x-transitive and R1 C Ra, then R1V,.S implies
RoV,.S and R1VS implies RaV;S.
Proof.

(i) Suppose that S; C Sy and RV,Ss. It follows from Theorem 23(i) that
81 C Sy C R, ie. RV,.S;. Similarly, it follows that if RV;S5, then RV;S; .

(ii) Suppose that R1V,.S and Ry C Ry such that R; is reflexive and Ry is *-
transitive. It follows from Theorem 23(i) that S C R}. Since R; is reflexive,
it follows from Theorem ZZI|(ii) that R} C R;. Since Ry is *-transitive, it
follows from Theorem [Z2(ii) that Ry C R.. Hence, S C RY C Ry C Ry C R},
i.e. RoV,.S. Similarly, it follows that if Ry VS, then RsV;S.

O

The following propositions express that left and right compatibility are preserved
by intersection and union.
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Proposition 2.13. For any two L-relations R and S on a universe X and any
families (R;)ier and (Si)ier of L-relations on X, it holds that

(i) If R;V..S, for any i € I, then (ﬂRi)VTS.
iel

(it) If R;ViS, for any i € I, then (ﬂRi)VlS.
i€l

(iii) If RV ,.S;, for any i € I, then RVT(mSi).

icl

() If RVS;, for any i € I, then va(ﬂSi).
i€l

Proof.

(i) Suppose that R;V,.S, for any i € I, then it follows that S C R., for any
i € I. This implies that S C ﬂRi From Proposition 2.6(i), it follows that
iel
S C (mRi)l. Hence, (ﬂRi)VTS.
iel i€l
(ii) Follows from Lemma [ZT] and (i).

(iii) Suppose that RV,.S;, for any i € I, then it follows that S; C R!, for any
i € I. This implies that (1)S; € R', i.e. RV,((")S)).
il iel

(iv) Follows from Lemma 2] and (iii).

O
Proposition 2.14. For any two L-relations R and S on a universe X and any
two families of L-relations (R;)icr and (S;)ier on X, it holds that

(i) If R;v.S, for any i € I, then (URZ-)VTS,
iel

(ii) If R;v,S, for any i € I, then (URZ-)VIS.
il

(iii) RV ,.S;, for any i € I, if and only if RVT(USZ-),
i€l

(iv) RV;S;, for any i € I, if and only if RVZ(USZ-).
i€l

Proof.
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(i) Suppose that R;V,.S, for any i € I, then it follows that S C R., for any
i € I. This implies that S C (ﬂRi) From Proposition 2.6(ii), it follows
iel
that S C (URi)l. Hence, (URZ-)VTS.
icl il
(ii) Follows from Lemma 2Tl and (i).

(iii) Suppose that RvV,.S;, for any i € I, then it follows that S; C R! for any i € I.
This implies that (| JSi) € R', i.e. RV.(|_JSi).
i€l iel
Conversely, suppose that RVT(USZ-), then it follows that (US’l) C R! for
iel iel
any i € I. This implies that S; C R!, for any i € I, i.e. RV,.S;.

(iv) Follows from Lemma 2] and (iii).

O

The final proposition in this subsection states that left and right compatibility are
preserved by the sup-* composition.

Proposition 2.15. For any L-relation R on a universe X and any finite family
(Si)icr of L-relations on X, it holds that

(i) If Rv,.S;, for any i € I, then RV, (o;e1S;),

(i) If Rv,S;, for any i € I, then RV(0;e1S;) -

Proof.
(i) Suppose that RV,.S;, for any i € I, then it follows that S; C R!, for any
i € I. This implies that o;c;S; € R o R'o.... Since R! is reflexive and
x-transitive, it follows from Proposition 1] that R' o Rl o ... = R'. Hence,

OieISi C Rl , i.e. er(oielsi)~
(ii) Follows from Lemma 2Tl and (i).
O

Proposition 2.16. For any L-relations R and S on a universe X, it holds that

(i) If R is right compatible w.r.t. S, then Ro R is right compatible w.r.t. Rt <
(SoR),

(i1) If R is left compatible w.r.t. S, then Ro R is left compatible w.r.t.
R<(SoR!).

Proof.
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(i) Suppose that RV,.S, it follows that S C R' = R* < R, this implies that
SoRC(R'<R)oR=R'<(RoR).
Hence,

R'<(SoR) C R'aR'<(RoR)

(R'oR")<(RoR)
(RoR)' < (RoR)
(RoR)',

i.e. Ro R is right compatible w.r.t. R* <(So R).

(ii) We now from Lemma [2ZT] that for any L-relations Ry and R on a universe
X, it holds that

RV|Ry & RierQ and R1V,.Ry & RinRg .

Suppose that R is left compatible w.r.t. S, this is equivalent to R’ is right
compatible w.r.t. S. From (i) it follows that R' o R? is right compatible
w.r.t. (RY)* < (S o RY), which implies that (R o R)! is right compatible w.r.t.
R<(SoR'),ie RoRis left compatible w.r.t. R<(S o RY).

O

Remark 2.6. For any L-relation R on a universe X, the following subclasses of
L-relations defined by:

(i) C.(R) ={S|Rv,S} =] R' = [0, R'] and
(ii) Ci(R) = {S| Rv:S} =] (R")" = [0, (R")]

are ideals of the lattice of L-relations closed under the composition of L-relations
o.

2.2.5. Compatibility of %-E orders with L-equivalence rela-
tions

In this subsection, we investigate in particular case, the compatibility of an *-E
orders with an L-equivalence relation. Combining Proposition and Corollary
23 we obtain the following result.

Theorem 2.4. Let E be an L-equivalence on a universe X and R be a %-E-order
on X. The following statements are equivalent:

(i) R is right compatible w.r.t. E,
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(i) R is left compatible w.r.t. E,
(iii) R is compatible w.r.t. E,
(iv) ECR,

(v) EC RN R

Proof.
(1) & (it) The equivalence follows from Corollary 2.3 (iii).

(#9) < (#i1) Suppose that R is left compatible w.r.t. E. Since (i) < (i7), it follows that
R is also right compatible w.r.t. E. From Proposition 22 (i), it holds that
that R is compatible w.r.t. E. Conversely, suppose that R is compatible
w.r.t. E. Since F is reflexive, it follows from Proposition 22 (ii) that R is
left compatible w.r.t. F.

(1) & (iv) Follows from Corollary 23] (i)

(iv) & (v) Since E is symmetric, it follows immediately that £ C R if and only if
E C RN R

O

Remark 2.7. If £ = Rx R! (i.e. E(x,y) = R(z,y) * R(y,x) for any x,y € X),
it follows that E(x,y) < R(y,x) A R(z,y) < R(z,y) for any x,y € X, i.e. E C
RN R' which implies that R is right compatible, left compatible and compatible
w.r.t. E=Rx R

Since every crisp order is an x-=-order, then it is an *- E-order for all L-equivalence
E. The following corollary is an immediate result of Theorem 2.4

Corollary 2.8. Let < be a crisp order on a universe X and E be an L-equivalence
relation on X. Then, < is compatible w.r.t. E if and only if E is a crisp equality
on X.

Indeed, Let R =< be a crisp order on a universe X and F be an L-equivalence
relation on X. Suppose that R is compatible w.r.t. E, then it follows from The-
orem 24 that £ C RN R'. Since R is antisymmetric, it follows that R(x,y) =
0 or R(y,z) = 0 for any z,y € X witha # y. Hence, if 2 # y, then E(z,y) = 0.
Also, from the reflexivity of E it follows that E(z,z) =1 for all x € X . Thus E
is a crisp equality on X. Conversely, if E is the crisp equality, then it is obvious
that < is compatible w.r.t. F.

Example 2.2. Let X = {a,b,c}. R and E be the L-relations on X defined as
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R| a b c E| a b c

a 0.4 | 0.4 a 0.2 | 0.3
b 02| 1 |01 b | 0.2 1 0.09
c | 08|05 1 c | 0.8 0.09 1

R is a x-=-order for the Lukasiewicz t-norm and E is an L-equivalence relation
on X. Since E C R, it follows from Theorem [2] that R is right compatible, left
compatible and compatible w.r.t. E.

Example 2.3. Let X = {a,b,c}, R and E be the L-relations on X defined as

R a b c E a b c
a 1105|038 a 0.4 | 0.3
b |04 1 |03 b 04| 1 |03
c | 0406 1 c | 03|03 1

R is a A-=-order and E is an L-equivalence relation on X. Since E C R, it follows
from Theorem [2.4] that R is right compatible, left compatible and compatible w.r.t.
E. Note that E(z,y) = R(y,z) * R(z,y).

Remark 2.8. 1. Note that the notion of x-E-order introduced by Bodenhofer
[14] used in this chapter, is equivalent to the notion of L-order introduced
by Beélohldvek [3, Definition 4.42], as an L-relation R on X equipped with
an L-equality E and R satisfies the compatibility w.r.t. E, reflexivity, A-
E-antisymmetry and x-transitivity, such that the antisymmetry condition s
formulated using * in place of A. Particular case, the definition of *-E-
order is more general than the definition of L-order if we consider that the
L-relation E in the definition of L-order is an L-equality. Indeed, since R is
reflezive, *-transitive and E is symmetric, it follows from Corollary[Z.3 that

R is right compatible w.r.t. E if and only if R is left compatible w.r.t. E if
and only if E C R.

Since E is reflexive it follows from proposition [2.2 that:

R is compatible w.r.t. E if and only if R is right compatible w.r.t. E and R
is left compatible w.r.t. E.

Hence,
R is compatible w.r.t. E if and only if E C R.

Thus, the fact that R is compatible w.r.t E in the definition of L-order is equiv-
alent to the condition of E-reflexivity in the definition of T-E-order. Therefore,
the notion of x-E-order introduced by Bodenhofer [14)] is equivalent to the notion
of L-order introduced by Bélohlavek ([5] such that the antisymmetry condition is
formulated using * in place of N. Particular case, the definition of x-E-order is
more general than the definition of L-order if we consider that the L-relation E
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in the definition of L-order is an L-equality. In this case also we can see that the
results obtained by using the definition of *-E-order remain valid for L-order, the
converse is true for the results not needs that E is an L-equality (needs only E is
an L-equivalence).
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F
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3 The clone relation of a poset and its
role in the compatibility relations

In this chapter, we recall the compatibility notion of Bélohldvek and show the
negative result that the only reflexive fuzzy relation an order relation can be com-
patible with, is the crisp equality. The notion of clone relation is introduced in full
detail. We will characterize the weak compatibility of a strict order with a fuzzy
tolerance (resp. fuzzy equivalence) relation in terms of the clone tolerance relation.
Whereas the clone relation is a tolerance relation in general, we show that it is
intransitive for comparable clones, while it is transitive for incomparable clones.
In order to provide deeper insights, we also study the clone relation of the union
and linear sum of posets. Here, we will characterize the fuzzy tolerance (resp.
equivalence) relations a strict order relation is weakly compatible with in terms
of two fuzzy tolerance (resp. equivalence) relations, one restricted to comparable
clones, the other to incomparable clones.

On the other hand, we show that although there exists no non-trivial (fuzzy) toler-
ance relation a partial order relation is compatible with (in the sense of Bélohldvek),
the situation is quite different when considering its strict part. More specifically,
we provide a characterization of all fuzzy tolerance (and, in particular, fuzzy equiv-
alence) relations a strict order relation is weakly compatible with.

3.1. Compatibility of a crisp order with an L-equivalenc
relation

First, we recall some basic notions of a strict order relations that will be needed
throughout this chapter.

Let (X, <) be a poset.

Two elements z and y of X are called comparable, if z < y or y < = and we write
x || y, otherwise they are called incomparable and we write = | y.

Consider a poset (X,<). For any two elements z,y € X, < denote the crisp
relation x is covered by y defined on X as: & < y if and only if x < y and there
exists no z € X such that x < z < y, i.e. x and y are neighbors. If z < y and
there exists z € X such that x < z < y, then we write z & y.

A poset can be conveniently represented by a Hasse diagram, displaying the cover-
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ing relation <. Note that x < y, if there is a sequence of connected lines upwards
from x to y. For more details about order, strict order and equivalence relations
see [21, [T4].

Throughout this chapter, unless otherwise stated, L always denotes a complete
residuated lattice.

For crisp relations, we use the usual infix notation, e.g. we write a < b instead of
<(a,b). An L-relation R; is included in an L-relation Ra, denoted Ry C Ra, if
Ri(z,y) < Ra(x,y), for any z,y € X. The union of two L-relations Ry and Ry on
X is the L-relation Ry U Re on X defined by Ry U Ra(z,y) = Ri(x,y) V Ra(z,y),
for any x,y € X. An L-relation F on X is called an L-tolerance if it is reflexive
and symmetric; an *-transitive L-tolerance is called an L-equivalence relation. A
separable L-equivalence is called an L-equality. Note that the only {0, 1}-equality
on X is precisely the usual equality (identity) Idx, i.e. Idx(z,y) = 1 if x =y and
Idx(z,y) =0if x # y.

3.1.1. Compatibility of a crisp order with an L-relation re-
flexive

The notion of compatibility of an L-relation w.r.t. a fuzzy equality has been intro-
duced by Bélohlavek in [7]. We generalize this notion to arbitrary L-relations.

Definition 3.1. [7] Let R and S be L-relations on a universe X. Then R is called
compatible with respect to (with, for short) S if

R(w1,y1) * S(z1,72) * S(y1,y2) < R(w2,92),

fO’I" any xi,x2,Y1,Y2 € X.

Definition 3.2. Let R and S be L-relations on a universe X. Then R is called
weakly compatible with respect to (with, for short) S if

R(z1,y1) * S(x1,22) * S(y1,92) < R(w2,92),

for any deferent elements x1,x2,y1,y2 € X.

Let < be a crisp order on a universe X and E be an L-tolerance relation on X.
In this subsection, we will study the compatibility of a (crisp) order relation with
an L-tolerance or L-equivalence relation. More specifically, the compatibility of a
crisp order < with an L-relation R states that

T(x <y)* R(z,2) * R(y,t) <7(2 < 1), (3.1)
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for any z,y, z,t € X. We will show that < is compatible with F if and only if F
is the crisp equality on X.

Note that throughout this chapter, we use the notation 7 to refer to the charac-
teristic mapping of a crisp relation. In particular, 7(z < y) = 1 if x < y, while
7(z < y) =0if 2 £ y. Let us emphasize a proper reading of Eq. (31]): < refers to
the partial order relation on X, while < refers to the partial order relation of the
lattice L.

Theorem 3.1. Let (X, <) be a poset and E be a reflexive L-relation on X. Then
it holds that < is compatible with E if and only if E is the crisp equality on X.

Proof. Suppose that < is compatible with E. Since E is reflexive, it follows that

T(x < 2)*x B(x,z) *E(x,y) < 7(z < y),
-1 =1

for any x,y € X, i.e. E(z,y) < 7(x < y). In the same way, it follows that

T(x <) *E(2,y) * E(r,x) <7(y <),
=1 =1

for any z,y € X, i.e. E(x,y) < 7(y < x). Therefore,

E(@,y) <t@<y)AT(y <w).

The antisymmetry of < implies that 7(z < y) = 0 or 7(y < z) = 0, for any
x,y € X with  # y. Hence, if x # y, then it holds that E(x,y) = 0. Since E is
reflexive, it then follows that F is the crisp equality on X.

Conversely, if F is the crisp equality on X, then it is obvious that < is compatible
with F. O

Corollary 3.1. Let (X, <) be a poset and E be an L-equivalence relation on X.
Then it holds that < is compatible with E if and only if E is the crisp equality on

3.1.2. Link with the Bodenhofer’s notion of compatibility

In this section, we will establish a link between the compatibility of a crisp order
with an L-equivalence relation and the related notion of compatibility of an L-
equivalence relation with a crisp order as introduced by Bodenhofer [12, 1T, [14],
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(see also Demirci [34]). We will show that the compatibility of a crisp order with
an L-equivalence relation implies the compatibility of this L-equivalence relation
with this crisp order, but the converse does not hold in general.

Definition 3.3. [12] Let (X, <) be a poset and E be an L-equivalence relation on
X. Then E is called compatible with < if and only if the following implication
holds

r<y<z= Ez,2) < E(x,y) A E(y,2),

for any x,y,z € X.

Theorem 3.2. Let (X, <) be a poset and E be an L-equivalence relation on X.
If < is compatible with E, then E is compatible (in the sense of Bodenhofer) with
<. The converse does not hold in general.

Proof.

Suppose that < is compatible with E. According to Corollary B}, it holds that
FE is the equality relation. Obviously, if z < y < z, then z = z implies that x =y
and y = z, and hence E is compatible with <.

Remark 3.1. The following is another proof of Theorem[32 with a direct method.
Suppose that < is compatible with E . We will show that

r<y<z= E(z,z) <min(E(z,y), E(y, 2)), for any x, y, z € X.
Let x,y,z € X withx <y < 2.

(i) If E(z,z) =0, then E(x,z) < min(E(z,y), E(y, 2)).

(i) If E(x,z) > 0, then the compatibility of < with E implies that
T(z <y)* Bz, 2) x E(y,t) < 7(z <1),

for any x,y,z,t € X. Setting y =t and taking into account that E(y,y) =1,
it follows that
Tz <y)xEx,z) <7(2 <y),

for any x,y,z € X. Since x < y (i.e. 7(x < y) =1) and E(x,z) > 0, it
follows that 7(z < y) = 1 (i.e. z < y). Since y < z, then it follows that
y = z. This implies that E(y,z) =1, i.e. E(x,z) < E(y,z).
On the other hand, the compatibility of < with E implies that

T(y < 2)x E(z,2) « E(y,t) < 7(t < ),
for any x,y,z,t € X. Setting y =t and taking into account that E(y,y) =1,
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it follows that
T(y < 2)x E(z,2) <7(y <),

for any x,y,z € X. Sincey < z (i.e. T(y < z) =1) and E(z,z) = E(z,2) >
0, then it follows that T(y < z) =1, i.e. y < z. Since v < y, then it holds
that x = y. This implies that E(xz,y) =1, i.e. E(z,2) < E(z,y).

Hence, E(x,z) < min(E(z,y),E(y,2)). Thus, E is compatible (in sense
Bodenhofer) with <

The following example shows that the converse does not hold in general. Indeed,
let X = {x,y, 2}, < be the crisp order on X and F be the L-equivalence relation
on X defined as

8 < n (/A
[ = ]
— = o
— O O8
SNSRI R es|
S o =&
O = Q|w
— O D |

with o # 0.

It is easily verified that E is compatible with < (in the sense of Bodenhofer).

Clearly, it holds that 7(y < 2) * E(y,y) * E(z,2) = «, while 7(y < z) = 0. Hence,
=1 =1 =«
< is not compatible with E (in the sense of Bodenhofer). O

3.2. Clone relations of a poset

In this section, we introduce the notion of clone relation associated with a poset.
Some basic properties of this relation and useful technical tools that will be used
in the following sections are given.

3.2.1. Definitions and some examples

Definition 3.4. The clone relation =~ of a poset (X,<) is the binary relation on
X defined by

Vze X\{z,yh)z<zez<y)
x~y if and only if and (3.2)
Vze X\{z,yH)(z <z y<z2).
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Proposition 3.1. Let (X, <) be a poset with clone relation ~ and x,y € X. If
x &y, then it holds that

(Vze X \{z,y})@ [z ey 2).

The following proposition is immediate.

Proposition 3.2. The clone relation =~ of a poset (X,<) is a tolerance relation.
In general, ~ is not an equivalence relation, as can be seen from Example[3.6]

The name clone relation is appropriately chosen. If x ~ y, we say that = and y
are clones of one another, meaning that they hold the same relation (<, > or ||)
with any other element.

Example 3.1. For any 2-element poset ({z,y}, <) it holds that x ~ y.

Example 3.2. For any chain (X, <), the clone relation =~ coincides with the
covering relation <. For instance, for the set of integers Z equipped with the
usual order <, the clone relation = s given by

~={(a;b) € Z* |b=a+1},

while the clone relation of the set of real numbers R equipped with the usual order
< is the empty relation.

Example 3.3. In Figurel[31 the Hasse diagrams of all possible 3-element posets
({z,y,2}, <) with x =~ y are depicted.

z Y z x

I I O A Y
xT z xT ez Y z Yy ez =z xT y%%’%
(@ @ (o (@ (e (f) (9 (h) (1)

Figure 3.1: Hasse diagrams of all 3-element posets ({z,y, z}, <) with z = y.

Given the clone relation & of a poset (X, <), we introduce the following binary
relations <, > and ¢ on X:

==K
D==N>
o=r~n].

For instance, x <y if and only if  and y are clones and z is covered by y. If z = y,
x<y or x>y, we say that x and y are comparable clones; similarly, if z oy, we say
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that = and y are incomparable clones.
Corollary 3.2. Let (X,<) be a poset. Then it holds that <" = and o' = o.

Example 3.4. In Figure [3.2, the Hasse diagram of a poset (X, <) with X =
{0,a,b,¢,1} and a<c is depicted. The blue segment is used to indicate comparable
clones.

0

Figure 3.2: Hasse diagram of a poset (X, <) with X = {0, a,b, ¢, 1} and a<c (and hence
cba).

Example 3.5. In Figure [3.3, the Hasse diagram of a poset (X, <) with X =
{0,a,b,¢,1}, 0<a and bo ¢ is depicted. The blue dashed line is used to indicate
incomparable clones.

0
Figure 3.3: Hasse diagram of a poset (X, <) with X ={0,a,b,¢,1}, 0<a and boc.

Example 3.6. In Figure the Hasse diagram of a poset (X, <) with X =
{0,a,b,¢c,d, e, 1} is depicted. The blue segments are used to indicate comparable
clones, while blue dashed lines are used to indicate incomparable clones. It holds
that 0<a, a<b, cod, doe and coe. Note that 0 =~ a, a = b, but 0 % b, illustrating
that ~ is not transitive in general.

The tolerance classes [z]~ = {y € X | y = x} for the different elements x of X
are given by: [0~ = {0,a}, [a]~ = {0,a,b}, [b]~ = {a,b}, [~ = [d]~ = [e]~ =
{¢,d,e} and [1]~ = {1}.
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0

Figure 3.4: Hasse diagram of a poset (X, <) with X = {0,a,b,¢,d,e,1}, 0<a, a<b,
cod,doeand coe.

3.2.2. Properties of the clone relation

Several useful properties of the clone relation are gathered in the following propo-
sitions.

Proposition 3.3. Let (X, <) be a poset with clone relation =~ and x,y € X with
x#£y. If v =y, then it holds that x K y, y < x orz || y.

Proof. Let z,y € X with x = y and x # y. If x < y, then x ~ y implies that
x < y. Indeed, suppose that there exists z such that © < z < y, then x % y, a
contradiction. If y < x, then x =~ y implies that y < x. Hence, z < y, y < x or
[ y. O

Corollary 3.3. Let (X, <) be a poset with clone relation ~. For any z,y € X,
exactly one of the following statements holds:

(i) x =y,
(i1) x <y,
(iii) =y,
(iv) x oy,
(v) z#y.

In particular, this means that the clone relation can be partitioned as follows: ~=
<UpbuUoU=.

The following corollary lists all cases in which x % y. The Hasse diagrams of the
3-element posets in which these cases occur are shown in Figure

Corollary 3.4. Let (X, <) be a poset with clone relation ~. For any x,y € X, it
holds that x % y if and only if there exists z € X \ {z,y} such that exactly one of
the following statements holds:
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(i) x<z<yory<z<uwx,

(1)) (z<y, z<yandz|z) or(z<y, x<zandy| z),

(
(1)) (y<z, z<zandy|z2) or(ly<e,y<zandz| 2),
() (x ||y, z<yand x| 2) or (z ||y, y<zandz | z),

(

(W) (x ||y, z<zandy || z) or (z |y, x<zandy| z).

Ye T

LAV AV AL L

xre Y x zZx Y zY Te zZxre Yy oz oYx oy
(4) (i1) (i11) (iv) (v)

Figure 3.5: Hasse diagrams of all 3-element posets ({z,y, z}, <) with z % y.

The following proposition discusses the (ir-)reflexivity and (anti-)symmetry of the
relations <, > and <.

Proposition 3.4. Let (X, <) be a poset with clone relation =~. Then it holds that

(i) The relations < and > are irreflezive and anti-symmetric, i.e., they are asym-
metric.

(ii) The relation ¢ is irreflexive and symmetric.

Along the same line, the following proposition discusses the (anti-)transitivity of
these relations. Recall that a binary relation R on a set X is called antitransitive
if (x,y) € R and (y, z) € R implies (z, z) € R, for any z,y,z € X.

Proposition 3.5. Let (X, <) be a poset with clone relation =. Then it holds that
(i) The relation < is antitransitive.
(ii) The relation > is antitransitive.

(iii) The relation ¢ is transitive.

Proof. Let z,y,z € X.

(i) Suppose that x<y and y<z,ie. (r~yand x € y) and (y = z and y < 2).
It follows that x < y < z, i.e. x % z and « K z, whence x 4 z. Hence, < is
antitransitive.

(ii) Follows immediately from (i) and the fact that > = <.
(iii) Suppose that z oy and yo 2z, ie. (z =y and z || y) and (y ~ z and y || 2).

We will show that 2 ~ z and z || z. Assume that © % z or z Jf 2.
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(a) f x }f z, then < z or 2 < x. Since y ~ z, it follows that z < y or
y < x, whence z }f y, a contradiction. Therefore, z || z.

(b) If % z, then from Corollary B4l and the fact that « || z, it follows that
there exists w € X \ {z, 2z} such that (w < z and z || w), (# < w and
z || w), (w<xand z | w) or (x < w and z || w). Since z ~ y and y = z,
it then follows that (w < y and = || w), (y < w and z || w), (w < y
and z | w) or (y < w and z || w), respectively. From Corollary B.4] it
follows that x % y or y % z, a contradiction. Hence, ¢ is transitive.

O

Corollary 3.5. The clone relation =~ of a poset (X, <) is an equivalence relation
on the set of incomparable elements.

The antitransitivity of < and > expresses that for a given poset (X, <), the following
cases are impossible: (z<y, y<z and x<z), as well as (z>y, y>2z and x> 2). The
following proposition identifies a number of other impossible cases, which will be
helpful in the proofs in Section 6. This proposition implies in particular that an
element cannot have a comparable clone as well as an incomparable one.

Proposition 3.6. Let (X, <) be a poset with clone relation ==. There cannot exist
three elements x,y,z € X such that one of the following statements holds:

(i) x<y and yo z,
(i) <y and yo z,
(i11) y<z and y<z,

(iv) y<x and y o z.

Proof.

(i) Suppose that (z<y and y>2), i.e. (z ~yand z < y) and (y ~ 2z and z < y).
Since r < y and y = z, it follows that x < z. On the other hand, since z < y
and z /2 y, it follows that z < x, a contradiction. Hence, (z <y and y > z) is
an impossible case.

(ii) Suppose that (z<y and yoz), ie. (z~yand z < y) and (y = z and y || 2).
Since ¢ < y and y = z, it follows that x < z. On the other hand, since
x < z and x = y, it follows that y < z, a contradiction. Hence, (z <4y and
y © z) is an impossible case as well.

(iii) The proof is similar to that of (i).

(iv) The proof is similar to that of (ii).
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To conclude this subsection, we provide some insight into the structure of the
tolerance classes of the clone relation by characterizing the intersection of two
tolerance classes. In the following proposition, [z]~ denotes the tolerance class of
an element z € X.

Proposition 3.7. Let (X,<) be a poset with clone relation ~. For any two
elements x,y € X, it holds that

(i) If x =y, then

[z]~ Nyl = < {z,y} Jifzayorady .
{z,y}U{ze X |zoxand zoy} ,ifzoy

(ZZ) If x 7é y and [x]z N [y]z 7é @, then
[z]~ Ny~ = {2},

where z is the unique element such that x < z < y or y € z < x. Note
that in this case [z]~ = {x,y,2}.

Proof. Let x,y € X. If x &~ y, then it follows from Corollary [3.3] that z =y, z <y,
TD>YOr ToY.

(a) Suppose that z = y, then it trivially holds that [z]~ N [y]~ = [2]x = [Y]~ -

(b) Suppose that z <y or >y, ie. z = y and (x < y or y < z), and let
z € [x]x N [y]~. Since z # z # y lead to a contradiction, it must hold that
z=ux or z =y. Hence,

[z]~ Nyl = {2y}

(¢) Suppose that x oy, i.e. v ~ y and z || y and let 2z € [z]~ N [y]~. From
Propositions and B.0] it follows that the only possibility is z || y and
z || z, i.e. zox and z oy. Hence,

]~ N[yl ={z,y} U{z€ X |z0oz and zoy}.

Next, suppose that % y and [x]~ N [y]~ # 0 and let z € [z]x N [y]~. Since
x # z # y, it follows from Proposition B3 that (z < z, + < z or z || z) and
(z < y,y <K zor z | y), ie. there are nine cases to consider. From Proposition B.6]
it follows that the six cases (r < z and y < 2), (z < z and z || ), (2 || = and
Yy < z), (z<rand z € y), (z < xand z || y) and (z || z and z < y) are
impossible. Next, we will study the three remaining cases.

(a) Suppose that (z |  and z || y). Since z ~ z and z = y, it follows from
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Proposition B5iii) that (z ~ y and z || y), a contradiction. Hence, (z || =
and z || y) is also an impossible case.

(b) For the two cases (z < = and y < z) and (z < z and z < y), we will show
that the intersection of [z]~ and [y]~ is the singleton containing the unique

~

element z such that y < z < x (first case) or x < 2z < y (second case).

() Suppose that (z < z and y < z). We will show next that [z]~ N [y]~ =
{z}. Indeed, suppose that there exists another element ¢ such that t ~ x
and t &~ y. Since t ~ x and z < z, it follows that z < t. On the other
hand, since t ~ y and y < z, it follows that ¢ < z, a contradiction.
Hence, z is unique.

Next, we will show that [z]~ = {z,y,2}. Let u € [z]~ such that
u # z. If © # u and y # u, then it follows from u ~ z and y € z < =
that y < w < x. This implies that z || u. Hence, (z & = and z < )
and (z ~ u and z || u), and according to Proposition [3.6(iv) this is an
impossible case. Therefore (2]~ = {z,y, 2}

(8) Suppose that (r < z and z < y), then it follows that © < z < y. In the
same way as in (a), it follows that [z]~N[y]~ = {2}, and [z]x = {2, y, 2}.

O

Example 3.7. Let (X, <) be the poset in Example [T 8. It holds that

0]~ Nlal~ = {0,a}

[ N [bl~ = {a,b}

0l N b~ = {a}

el Nldls = [dxNels = s Ne]s = {c.d e}

3.3. Clone relation of the union and linear sum of
posets

In this section, we will characterize the clone relation of the union and linear sum
of posets. First, we recall the definition of a subposet of a poset and of the linear
sum of posets.

Definition 3.5. A poset p = (P,<p) is called a subposet of a poset ¢ = (Q,<q)
if

(i) PCQ,
(i) For any x,y € P, it holds that x <p y if and only if x <q y.
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Definition 3.6. [2I] Let p = (P,<p) and ¢ = (Q,<q) be two disjoint posets.
(i) The union pUq of p and q is the poset pUq = (PUQ, <) with

<:

N

pU<Lg .

In other words, x < y if and only if (x,y € P and v <p y) or (z,y € Q and
T <QY)-

(ii) The linear sum p @ q of p and q is the poset p® q = (P UQ, <) with
<=<pU<xq U(PX Q)

In other words, x < y if and only if one of the following cases holds: (z,y € P
and x <py), (1,y€Q andx <gy) or (x € P and y € Q).

In case P and Q are finite, a Hasse diagram of p® ¢ is obtained by placing a Hasse
diagram of p below a Hasse diagram of ¢ and adding a line segment from every
maximal element of p to every minimal element of q.

Proposition 3.8. Let p = (P,<p) be a subposet of a poset ¢ = (Q,<q) with
clone relations ~p and ~q. For any z,y € P, it holds that x ~q y implies that

T=py.

Proof. Let z,y € P. Suppose that z =g y, then (z <g z & z <@ y) and
(x <g 2y <g 2), for any z € Q \ {z,y}. Since p is a subposet of ¢, it follows
that (z <@ x & z <p x, for any z € P\ {z,y}) and (2 <g y © z <p y, for any
z € P\{x,y}), whence z <p z < z <p y, for any z € P\ {z,y}. In the same way,
it follows that © <p z & y <p z, for any z € P\ {z,y}. Hence, x ~p y. O

Remark 3.2. Note that the converse of the statement in Proposition[3.8 does not
hold: if x ~p y, for some x,y € P, then it does not necessarily hold that x ~¢q y.
Indeed, let p = (P,<p) be the poset with P = {0,a,b,1} and ¢ = (Q,<g) be
the poset with Q = {0,a,b,c, 1} represented by the Hasse diagrams in Figure [T6l
Clearly, (P,<p) is a subposet of (Q,<q), a =p b, while a #g b.

1 1 .
a b a b
0 0
a,%pb a7"éQb

Figure 3.6: The poset (P, <p) is a subposet of (Q,<qg), a ~p b and a %q b.
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Let p = (P,<p) and ¢ = (Q, <) be two posets. Consider the subset P of P and
Q) of Q defined as

Py ={zeP|(Vze P\{z})(z | 2)}
Q={yeQ[(VzeQ\{yH)ll )}

Proposition 3.9. Let p = (P,<p) and ¢ = (Q,<q) be two disjoint posets with
clone relations =~p and ~=q. The clone relation =~ of the union pUq = (PUQ, <)
is given by

~
~

%

pU=RQ U(P” X QH)U (QH X P”)

Proof. Since P and @ are disjoint, it follows immediately that
~pU=qg U(P” X Q”)U (Q” X PH) Cr .

We will now show the converse inclusion. Let x,y € PUQ such that  ~ y. There
are four cases to consider: (zx € Pand y € P), (x € Q and y € Q), (z € P and
ye€QR)or (ze@andye P).

(i) Suppose that z,y € P. Since (P, <p) is a subposet of (P U Q, <), it follows
from Proposition 3.8 that x =~ y implies = ~p y.

(i) If 2,y € @, then again from Proposition B8 it follows that = = y implies
rT=QYy.

(iii) If z € P and y € @, then one of the following cases holds: (z € P\ P and
yeQ),(rcPandyecQ\Q)) or (x € Ppand y € Q).

(a) Suppose that x € P\ P and y € Q, then there exists z € P such that
z<paxorxz<pz and hence z < z or x < z. Since y € Q, it follows
that z || y. Hence, x % y, a contradiction.

(b) Suppose that x € P and y € Q\Q||, then as in (a), it follows that x % y,
a contradiction.

(c¢) Since the previous cases lead to a contradiction, it must hold that
($,y) S P” X Q”

(iv) If x € @Q and y € P, then it follows from (iii) and the symmetry of ~ that
(x,y) € Q” X P”.

O

Proposition 3.10. Let p = (P,<p) and ¢ = (Q, <) be two disjoint posets with
clone relations =p and ~=¢g. The clone relation ~ of the linear sum p ® q is given

by
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(i) If p = (P,<p) has greatest element 1p and ¢ = (Q, <g) has smallest element
0g, then
=r~pUrq U{(lp,0q),(0g,1p)}.

(i) If p = (P,<p) has no greatest element or ¢ = (Q,<g) has no smallest
element, then
r=rpU=qg .

Proof. We prove the equality in statement (i), the proof of (ii) being a simple
adaptation to the absence of a greatest element of p or a smallest element of g.
Suppose that p = (P, <p) has greatest element 1p and ¢ = (@, <g) has smallest
element Og. Since P and @ are disjoint, it follows immediately that ~p U ~q
U{(1p,00),(0g,1p)} C~. We will now show the converse inclusion. Let z,y €
P UQ such that z =~ y. Since 1p < 0g, there are six cases to consider: (z € P
andy € P), (zeQandye€ ), (xe€Pandyec Q\{0g}), (x € P\{lp} and
y€Q), (r=1pand y=0g) or (x =0¢g and y = 1p).

(a) Suppose that xz,y € P. Since p is a subposet of p @ ¢, it follows from
Proposition [3.8] that z ~ y implies = ~p y.

(b) Similarly, if z,y € @, then it follows that = ~¢ y.

(c) Suppose that x € P and y € Q \ {0g}. Since z = y and 0¢g < y, it follows
that O < 2. Hence, 0g < 1p, a contradiction. Hence, this is an impossible
case.

(d) Similarly, z € P\ {1p} and y € @ is an impossible case.

(e) Suppose that x = 1p and y =0¢g. Let z € PUQ\ {1p,0g}. If z < 1p, then
it holds that z < 0g. Also, if z < Og, then it follows that z € P, and hence
z < 1p. If 1p < %, then it follows that z € @, and hence 0g < z. Also, if
0 < %z, then it holds that 1p < z. We conclude that z < 1p if and only if
2z < 0p, and 1p < z if and only if 0g < 2. Thus, 1p = Og.

(f) Suppose that = 0g and y = 1p, then it follows from the symmetry of ~
and (e) that Og ~ 1p.

O

3.4. Weak compatibility of a strict order with L-
tolerance relations

In this section, we will study the weak compatibility of a strict order relation
with an L-tolerance or L-equivalence relation. Let (X, <) be a poset and R be an
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L-relation on X, then the weak compatibility of < with R states that
T(r < y)* R(x,2) * R(y,t) < 71(2 < t), (3.3)

for any deferent elements x,y, z,t € X.

3.4.1. 'Weak compatibility of a strict order with an L-tolerance
relation

In this subsection, we will study the weak compatibility of a strict order relation
with an L-tolerance relation. First we need to show the following key results.

Proposition 3.11. The strict order relation < of a poset (X, <) is weakly com-
patible with the clone relation ~.

Proof. Let x,y,z,t € X a deferent elements, then we need to prove that
Tx<y)sxT(z~z)x1(y~t) <7(2<t).

Since (z < y and = =~ z) implies z < y, it follows that 7(x < y)x7(z = 2) < 7(2 <
y). Due to the monotonicity of #, it holds that

Tz <y)xr(zmz)x7(y~t) <7z <y)*7(y =1).

Also, since (2 < y and y ~ t) implies z < ¢, it follows that 7(z < y) * 7(y = ) <
7(z < t). Hence,

T <y)sT@mz)x7T(y~t) <T(z<y)*x71(y~1t) <7(2 <t).

Thus, < is weakly compatible with ~. O

In the following theorem we show that the weak compatibility of the strict order
relation of a poset with an L-tolerance relation is equivalent with the inclusion of
the L-tolerance relation in the clone relation of that poset.

Theorem 3.3. Let (X, <) be a poset with clone relation ~ and E be an L-tolerance
relation on X. Then it holds that < is weakly compatible with E if and only if
F C=~.

Proof. Suppose that < is weakly compatible with E, ie. 7(z < y) * E(x, z) *
E(y,t) < 7(z < t), for any deferent elements x,y,z,t € X. Let a,b € X. If
E(a,b) = 0, then it trivially holds that E(a,b) < 7(a = b). If E(a,b) > 0, then we
need to show that 7(a ~ b) > 0, i.e. a = b. Let ¢ € X \ {a,b}, then we need to
consider four subcases.
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(i) If @ < ¢, then since E is reflexive and < is weakly compatible with E, it
follows that

0 < E(a,b) =71(a < c)*E(a,b)x E(c,c) < 7(b<c).
=1 >0 =1

This implies 7(b < ¢) > 0. Hence, 7(b<c¢) =1,1ie. b<c.

(il) If b < ¢, then since F is reflexive, symmetric and < is weakly compatible
with F, it follows that

0 < E(a,b)=7(b<c)x E(b,a) *E(c,c) <t(a<c).
—_— ——  N—\—
=1 =E(ab)>0 =1

This implies 7(a < ¢) > 0. Hence, 7(a <¢) =1, ie. a <c.

(iii) If ¢ < a, then since E is reflexive and < is weakly compatible with E, it
follows that

0< E(a,b) =71(c < a)xE(c,c)x E(a,b) < 1(c<b).
=1 =1 >0

This implies 7(¢ < b) > 0. Hence, 7(c < b) =1, i.e. ¢ < b.
(iv) If ¢ < b, then since E is reflexive, symmetric and < is weakly compatible

with E, it follows that

0 < E(a,b) =1(c <b)xE(c,c)*x E(bya) <t(c<a).
—_—— ——  ——
=1 =1 —E(a,b)>0

This implies 7(c < a) > 0. Hence, 7(c < a) =1, i.e. ¢ < a.
Hence, if E(a,b) > 0, then a ~ b. We conclude that F C ~.

Conversely, if E C =, then due to the monotonicity of %, it holds that
T(x <y)*«E(x,z)* E(y,t) <7m(z <y)x1(z=z)*x7(y ~ ),
for any z,y, z,t € X . From Proposition 311, it follows that
T(z <y)* E(x,2) x E(y,t) < 7(z <1),
for any z,y, z,t € X . Hence, < is weakly compatible with F. O
The above theorem implies that the clone relation ~ (resp. the crisp equality)
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is the greatest (resp. smallest) L-tolerance relation on X such that < is weakly
compatible with it.

The following lemma will be instrumental in the proof of our representation theo-
rems.

Lemma 3.1. Let (X,<) be a poset with clone relation ~. Let « and S be two
L-tolerance relations on X such that « C <U>U = and 8 C oU =, then the union
E = a U is the L-tolerance relation on X given by

1 , if x =y,
a(z, , if x<y or x>y,
Bla,y) . ifzoy,
0 , if x % y.

Theorem 3.4. Let (X, <) be a poset with clone relation ~ and E be an L-tolerance
relation on X . Then it holds that < is weakly compatible with E if and only if
there exists an L-tolerance relation o on X with o C <Up>U = and an L-tolerance
relation  on X with § C oU = such that E = a U f.

Proof. Suppose that < is weakly compatible with E. Consider the L-relations «
and 8 on X defined by

(1) E(z,y) , if (z,y) e<qUpU=,
a(r,y) =
Y 0 , otherwise,

E(z,y) , if (z,y) eoU=,
Blz,y) = :
0 , otherwise.

Note that if (z,y) € <U>U =, then it also holds that (y, z) € <U>U =. Similarly, if
(x,y) € U =, then also (y,z) € oU =. Hence, a and 8 are L-tolerance relations
on X. Since < is weakly compatible with E, it follows from Theorem that
E C=, whence E(z,y) =0 if x # y. Using Lemma [B1] it follows that £ = « U .

Conversely, let « C «Up>U = and 8 C ¢U = be two L-tolerance relations on X.
Lemma [3.J] implies that £ = aU 3 is an L-tolerance relation on X. Since E C =,
Theorem guarantees that < is weakly compatible with FE. O

As corollary, we obtain the following representation of the crisp tolerance relations
a strict order relation is weakly compatible with.

Corollary 3.6. Let (X,<) be a poset with clone relation ~ and E be a crisp
tolerance relation on X. Then it holds that < is weakly compatible with E if and
only if there exists a crisp tolerance relation o on X with o C <U>U = and a
crisp tolerance relation S on X with B C U = such that E = aU (.
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Remark 3.3. In the setting of Corollary[3.0, we have:
(i) If « and B are the crisp equality on X, then so is E.

(i) Ifa =<UpU= and f =oU =, then £ ==.

3.4.2. 'Weak compatibility of a strict order with an L-equivalence

relation

In this subsection, we will study the weak compatibility of a strict order with an
L-equivalence relation. First, we mention the following proposition.

Proposition 3.12. Let (X, <) be a poset with clone relation ~. Let a and 3 be
two L-equivalence relations on X such that o C <U>U = and  C oU =, then the
union E = a U B is an L-equivalence relation on X.

Proof. Due to Lemma B3], E is an L-tolerance relation. It remains to show that
FE is transitive. Let x,y,z € X, then we need to show that

E(z,y)  E(y,2) < E(z,2).

We consider the following cases.
(i) If z =y or y = z, then the inequality trivially holds.

(ii) Due to Proposition B8] the cases (z <y and y> z), (x<y and yo 2), (z>y
and y<z) or (z>y and y ¢ z) are impossible.

(iii) If z <y and y < z, then E(z,y) = a(x,y) and E(y,z) = a(y, z). The anti-
transitivity of < implies that (z,z) ¢ <U>U =. Since also (x,z2) ¢ oU =,
it follows that a(z,z) = B(x,z) = 0 and thus E(x,z) = 0. Since « is *-
transitive, it holds that a(z,y) * a(y,2) < a(x,2), i.e. E(z,y) * E(y,z) <
E(z,z).

(iv) If x>y and y > z, then the proof is similar to that of (iii).

(v) If zoy and yoz, then E(z,y) = B(z,y) and E(y, z) = S(y, z). The transitivity
of o implies that E(z,z) = f(z,2). Since [ is s-transitive, it holds that
B(z,y) * B(y, 2) < B(x, z), i.e. E(x,y) * E(y,z) < E(x, 2).

(vi) If z 56 y or y % z, then E(z,y) =0 or E(y, z) =0 and it trivially holds that
E(x,y) « E(y,2) < E(z,2).

We conclude that E = aU 8 is an L-equivalence relation on X. |

Combining Theorem B4 and Proposition B.12 easily leads to the following theo-
rem.
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Theorem 3.5. Let (X,<) be a poset with clone relation ~ and E be an L-
equivalence relation on X. Then it holds that < is weakly compatible with E if and
only if there exist two L-equivalence relations « and  on X with « C aUBU =
and B C oU = such that E = a U g.

Proof. Theorem 3.4 states that < is weakly compatible with E if and only if there
exist two L-tolerance relations o and 8 on X with o« C <UpU = and f C oU =
such that £ = «a U §, where

(2.7) E(z,y) , if (z,y) €eaUbU =,
a(z,y) =
’ 0 , otherwise,

E(l’,y) 71f (x,y)EOU:,
0 , otherwise.

Blz,y) = {

Let z,y,z € X, then we need to show that
a(z,y) * a(y, z) < a(z, z)

and

Bla,y) = By, z) < Blx, 2).
We consider the following cases.
(i) If z = y or y = 2, then these inequalities trivially hold.

(ii) Due to Proposition B8] the cases (x <y and y > 2), (x<y and y o 2), (x> y
and y<z) or (x> y and y ¢ z) are impossible.

(iii) If z <y and y < z, then a(z,y) = E(x,y) and a(y, z) = E(y,z). The anti-
transitivity of < implies that (x, z) ¢ <U>U =, and hence a(z,z) = 0. Since
also (x,2) ¢ oU =, it follows that 3(z,z) = 0 and thus E(z, z) = 0. Since £
is *-transitive, it holds that E(z,y)*E(y, z) < E(z, 2), i.e. E(x,y)*E(y,z) =
0. Thus a(z,y) * a(y,z) = 0 < a(x,z). Also, in this case it holds that
B(z,y) =0 and B(y, z) = 0, which means that B(x,y) * 8(y, z) < 8(z, 2).

(iv) If x >y and y > z, then the proof is similar to that of (iii).

(v) If xoy and yoz, then B(z,y) = E(x,y) and S(y, z) = E(y, z). The transitivity
of ¢ implies that 8(z,z) = E(x,2). Since E is #-transitive, it holds that
E(z,y) * E(y,2z) < E(x,z), i.e. B(x,y) * B(y,z) < B(x,z). Also, in this
case it holds that a(x,y) = 0 and «a(y, z) = 0. Thus, it trivially holds that
alz,y) *x a(y, z) < alz, 2).

(vi) f x % y or y % z, then (a(z,y) = 0 and B(z,y) = 0) or (a(y,z) = 0
and SB(y,z) = 0) and it trivially holds that a(z,y) * a(y, z) < a(zx,z) and
Bz,y) = Bly, 2) < B(x, 2).
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We conclude that o and 3 are L-equivalence relations on X.

For the converse, Proposition B. 12 guarantees that £ = o U 3 is an L-equivalence
relation on X. O

As corollary, we obtain the following representation of the L-equality relations or
crisp equivalence relations a strict order relation is weakly compatible with.

Corollary 3.7. Let (X, <) be a poset with clone relation ~ and E be an L-equality
relation on X. Then it holds that < is weakly compatible with E if and only if there
exist two L-equality relations o and B on X with o C <UBPU = and f C oU =
such that E = a U .

Corollary 3.8. Let (X,<) be a poset with clone relation ~ and E be a crisp
equivalence relation on X. Then it holds that < is weakly compatible with E if and
only if there exists two crisp equivalence relations o and B on X with a C <U>U =
and B C oU = such that E = o U f.

3.4.3. Some examples

Example 3.8. In Figure[37 the Hasse diagram of a chain ({0,a,1},<) is de-
picted. The only clonal relations are 0 <a and a < 1. Hence, any L-tolerance
relation E the strict order relation < is weakly compatible with, is determined by
two arbitrary values ag and oy in L such that E is given by

E(,)| 0] a
0 1 |ap | O
a (e7y) 1 aq
0 | o 1

If additionally it holds that ag * oy = 0, then we obtain the general representation
of an L-equivalence relation the strict order relation < is weakly compatible with.

1

0

Figure 3.7: Hasse diagram of the poset in Example [3.8

Example 3.9. In Figure [3.8, the Hasse diagram of a poset (X, <) with X =
{0,a,b,¢,1} is depicted. The only clonal relations are aob, boc and aoc. Hence,
any L-tolerance relation E the strict order relation < is weakly compatible with, is
determined by three arbitrary values By, B1 and B2 in L such that E is given by
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B0 b 1
0 110 0 0
a 0 Bo | B1|0
b 0| Bog| 1 | B0
c 0] pB1| P 0
1 0| 0 0 0 1

Also, E is an L-equivalence relation on X if and only if

BoxB1 < B
Bo* P2 < B
B1*Ba < Bo.

0

Figure 3.8: Hasse diagram of the poset in Example [3.91

Example 3.10. Let X = {0,a,b,c,d, 1}, E be an L-equivalence relation on X
and < be a strict order on X given by the following Hasse diagram:

0
Figure 3.9: Hasse diagram of the poset in Example [3.101

Suppose that < is weakly compatible with E. Since (a <c¢), (b<d), then from
Theorem[3-4), it follows that E(a,c) = E(c,a) = a(a,c), E(b,d) = E(d,b) = a(b, d),
E(z,xz) =1, for any v € X and E(z,y) =0, otherwise.
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E(,) |0 a b c d 1
0 1 0 0 0 0 0
a 0 1 0 a(a, c) 0 0
b o] o 1 0 | albd |0
c 0| a(a,c) 0 1 0 0
d o] o0 |abad| o 1 |o
1 0 0 0 0 0 1

Example 3.11. Let X = {0,a,b,¢,d, 1} and < be the strict crisp order on X
given by the following Hasse diagram (Fig. 5).

1

0

Figure 3.10: Hasse diagram of the poset in Example 3111

Note that (X, <) is a poset.

In this example, (a©b). Hence E(a,b) = B(a,b).

(cod), hence E(c,d) = B(c,d).

E is symmetric then also we have E(b,a) = f(a,b) and E(d,c) = B(c,d).

E(x,z) =1, Vx € {0,a,b,¢,d, 1} and E(x,y) = 0, otherwise.

We obtain following table of E in which the strict order is weakly compatible with
E:

E |0 a b c d 1
0|1 0 0 0 0 0
a| 0 1 B(a,b) 0 0 0
b | 0] Bla,b) 1 0 0 | o
c |0 0 0 1 Blc,d) | 0
dlol o 0 | Bldec) 1 0
110 0 0 0 0 1

Example 3.12. Let X = {0,a,b,¢,d,1} and < the strict order on X given by the
following Hasse diagram (Fig. 6).
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0
Figure 3.11: Hasse diagram of the poset in Example [3.12]

In this example, there exists no x,y € X in which x <y or x o y. Therefore
E(z,z) =1Vz € X and E(z,y) =0 otherwise.

Thus the L—equivalence E in this example is the crisp equality.

We obtain following table of E in which the strict order is weakly compatible with
E:

>l o™

o

SIS DS || R|S
LIS D=2
SIS DR[| S|
SIS DS
SR (DS S| &~
NI DD D=
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4 Right and left compatibility
of a strict order with L-relations

In chapter 2, we have investigated the notion of the left compatibility, right com-
patibility and compatibility of arbitrary fuzzy relations and we characterized them
in terms of left and right traces introduced by Fodor. In this chapter, we will again
investigate these notions, but this time we pay the attention to the weak left and
weak right compatibility of a strict order relations with fuzzy tolerance and fuzzy
equivalence relations.

In this chapter, we provide characterizations of the right and left weak compatibil-
ity of a crisp strict order with fuzzy tolerance or fuzzy equivalence relations. The
characterization of both the left and the right weak compatibility of a strict or-
der relations with fuzzy tolerance or fuzzy equivalence relations leads to the same
characterization of the weak compatibility obtained in Chapter 3.

4.1. Right and left compatibility of an order rela-
tion with L-equivalences

In this section, we first characterize crisp equivalence and L-equivalence relations in
which crisp order is compatible with respect to them. Second, we characterize the
same relations in which crisp strict order is compatible with respect to them.

4.1.1. Right and left compatibility of an order with equiva-
lence relations

Theorem 4.1. Let <, E be respectively a crisp order and a crisp equivalence
relations on a nonempty domain X. Then
(i) < is right compatible w.r.t. E if and only if E is a crisp equality on X.

(i1) < is left compatible w.r.t. E if and only if E is a crisp equality on X.

Proof. (i) If E is the crisp equality =, then it is obvious that < is right compat-
ible w.r.t. E.
For the other direction, assume that < is right compatible w.r.t. £ and we
shall show that F is a crisp equality.
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We know that a crisp equivalence relation £ on X such that
Ve,ye X:Elx,y)=1l<=z=y

is a crisp equality.

Suppose that E is not a crisp equality, i.e.; there exists z,y € X such that:
E(z,y)=1and z # y.

Since < is right compatible w.r.t. E then for all z,y,z € X :

T(x <y)*E(y,z) < 7(z < 2).

If z # y then we have three case to consider z < y, y < z or y and z are
incomparable.

(1) Assume that z <y
The right compatibility of < w.r.t. F implies that

T(y <y) x E(z,y) < 7(y < 2).
We have 7(y < z) = 0 (since z < y and < is antisymmetric). Hence
1% 1 <0, and this is a contradiction. Thus z £ y.
(2) Assume that y < z
The right compatibility of < w.r.t. E implies that
T(z < 2)x E(z,y) < 71(2 < y).
7(2 < y) = 0 (since y < z and < is antisymmetric). Hence 1x1 <0,
and this is a contradiction. Thus y £ z.
(3) Assume that y || z
The right compatibility of < w.r.t. E implies that
T(z < 2)x E(z,y) < 71(2 < y).

T(z <y) =0 (since y || z). Hence 1x1 <0, and this is also a contra-
diction. Thus y J z.

If 2 £y, y £ z and y }f z then the only possibility is y = z.
Thus, F is the crisp equality.

(ii) If E is the crisp equality =, then it is obvious that < is left compatible w.r.t.
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84.1. Right and left compatibility of an order relation with L-equivalences

For the other direction, suppose that < is left compatible w.r.t. E and we
shall show that F is a crisp equality.

Suppose that E is not a crisp equality, i.e.; there exists z,y € X such that:
E(z,y) =1and z # y.

Since < is left compatible w.r.t. E then for any z,y,z € X :

T(x <y)*x E(z,2) <7(2 < y).

If z # y then we have three case to consider z < y, y < z or y and z are
incomparable.

(1) Assume that z <y
The left compatibility of < w.r.t. E implies that

T(z < 2)x E(z,y) < 71(y < 2).

We have 7(y < z) = 0 (since z < y and < is antisymmetric). Hence
1% 1 <0, and this is a contradiction. Thus z £ y.

(2) Assume that y < z
The left compatibility of < w.r.t. E implies that

Ty <y)x By, 2) <7(2 <y).

7(z < y) = 0 (since y < z and < is antisymmetric). Hence 1x1 <0,
and this is a contradiction. Thus y £ z.

(3) Assume that y || 2
The left compatibility of < w.r.t. E implies that

T(z < 2)x E(z,y) <7(y < 2).

7(y < z) =0 (since y || z). Hence 1x1 <0, and this is also a contra-
diction. Thus y J z.

If 2z £y, y £ z and y }f z then the only possibility is y = z.
Thus, F is the crisp equality.
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4.1.2. Right and left compatibility of an order with L-equivalence
relations

Theorem 4.2. Let < be a crisp order on X and E be an L- equivalence relation
on X, then
(i) < on X is left compatible w.r.t. E if and only if E is a crisp equality.
(i) < is right compatible w.r.t. E if and only if E is a crisp equality.
Proof. (i) Suppose that < is left compatible w.r.t. E. Then for all z,y,z € X:
T(x < 2)* E(x,y) <71(y < 2) (4.1)
We shall show that if  # y then E(x,y) = 0. Indeed, suppose that z # y

then we have three cases to consider x < y or y < z or z || y.

(a) If x < y, take z = z the inequality ([@2]) implies that 7(x < 2)xE(z,y) <
T(y < x). Hence 1 x E(z,y) < 0, this implies that E(z, y) =0.

(b) If y < , set &’ = y,y’ = z,2’ = y. From the inequality ([£2]), it holds
that 7(2’ < 2" )*«E(2',y') <7(y < 2'),ie.7(y < y)*xE(y,z) < 7(x < y).
Hence 1 * E(y, x) = 0 and this implies that E(x,y) = 0.

(¢) If z || y, take x = z and from the inequality (2] we obtain that
T(x < x) * E(z,y) < 7(y < z). Hence 1 % E(x,y) < 0, and thus
E(z,y) = 0. Finally, we have if x # y then E(z,y) = 0. Also since F
is reflexive x = y = E(x,y) = 1. Hence E is a crisp equality on X.

For the converse, it is obvious that if F is a crisp equality =, then the crisp
order < is left compatible w.r.t. =

(ii) Suppose that < is right compatible w.r.t. E. Then for any z,y, 2z € X:
T(z < z)*x E(z,y) <71(2 < y) (4.2)
We shall show that if x # y then E(z,y) = 0. Indeed, suppose that x # y
then we have three cases to consider z < y or y < x or z || y.

(a) Ify < z, take z = z the inequality ([@2]) implies that 7(x < z)xE(z,y) <
7(x < y). Hence 1 x E(z,y) < 0, this implies that E(z, y) =0.

(b) If z < y, set ' = y,y’ = x,2’ = y. From the inequality ([£2), it holds
that 7(2 < ')« E(2,y) < 7(2' <¢'),ie. 7(y < y)xE(y,z) < 7(y < z).
Hence 1 E(y, x) = 0 and this implies that E(x,y) = 0.

(¢) If = || y, take z = z and from the inequality [@2) we obtain that
T(x < z) * E(z,y) < 7(z < y). Hence 1 x E(z,y) < 0, and thus
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E(z,y) = 0. Finally, we have if x # y then FE(z,y) = 0. Also since F
is reflexive « = y = E(x,y) = 1. Hence E is a crisp equality on X.

For the converse, it is obvious that if E is a crisp equality =, then the crisp
order < is right compatible w.r.t. =.

O

4.2. Right and left compatibility of a total strict
order with an equivalence relation

In this subsection, we characterize the crisp equivalence relations in which a total
crisp strict order is compatible with respect to it.

Theorem 4.3. Let < a total crisp strict order on X, and E a crisp equivalence
relation on X. Then

(i) < is right compatible w.r.t. E if and only if E is a crisp equality on X.
(il) < is left compatible w.r.t. E if and only if E is a crisp equality on X .
Proof. (i) If Eis a crisp equality =, then it is obvious that < is right compatible
w.r.t. E.
For the converse, suppose that < is right compatible.w.r.t. E and we show
that F is a crisp equality =. It is known that a crisp equivalence relation FE

such that
Ve,ye X Ex,y)=1l<—=z=y

is a crisp equality. Suppose that E is not a crisp equality, that is means that
there 3z,y € X such that z # y and E(z,y) = 1.
Since < is right compatible w.r.t. E, i.e.

Ve,y,z€ X i 1(x <y)x E(y,z) < 7(x < 2)

If z # y, then we have two cases to consider: z < y, y < z (since < is total).

(1) Suppose that z < y. The right compatibility of < w.r.t. E' implies that
T(z <y)* E(y,z) <71(z < 2).

We have 7(2 < z) = 0 (since < is a crisp strict order, i.e. < is not
reflexive). Hence 1+ 1 < 0 and this is a contradiction. Thus z £ y.

(2) Suppose that y < z. The right compatibility of < w.r.t. E implies that

Ty <z2)*E(y,2) <7(y <y).
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This is a contradiction for the same reason as (1). Thus y £ z.
Therefore, if z £ y, y £ z and < is total, then the only possibility is
y = z. Thus E a crisp equality =.

(ii) If F is a crisp equality =, then it is obvious that < is left compatible w.r.t.
E.
For the converse, suppose that < is left compatible.w.r.t. E and we show
that E is a crisp equality =. Suppose that F is not a crisp equality, that is
means that there 3z,y € X such that z # y and E(z,y) = 1.
Since < is left compatible w.r.t. E, i.e.

Ve,y,z€ X :7(y < a)x E(y,2) < 7(z < x)
If z # y, then we have two cases to consider: z < y, y < z (since < is total).
(1) Suppose that z < y. The left compatibility of < w.r.t. E implies that
T(z <y)xE(z,y) <7(y <y).

We have 7(y < y) = 0 (since < is a crisp strict order, i.e. < is not
reflexive). Hence 1+ 1 < 0 and this is a contradiction. Thus z £ y.

(2) Suppose that y < z. The right compatibility of < w.r.t. E implies that
T(y < 2)* E(y,2z) <71(z < 2).

This is a contradiction for the same reason as (1). Thus y £ z.
Therefore, if z £ y, y £ z and < is total, then the only possibility is
y = z. Thus E a crisp equality =.

O

Remark 4.1. If the crisp strict order < is not total, then we show latter that E
is not necessarily the crisp equality.

4.3. Right and left clone relations

First, we introduce some crisp relations (right clone and left clone), which shall
be used to characterize the compatibility of strict orders with L-tolerance and
L-equivalence relations.

Definition 4.1. Let (X, <) be a poset.
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(i) The right clone relation =’ associated with < is the binary relation on X
defined by

z~_ yifandonly if z <z y <z, for any z € X\ {z,y},

(i) The left clone relation ~. associated with < is the binary relation on X
defined by

z~L yif and only if 2 <z & 2 <y, for any z € X \ {z,y};

(iii) The clone relation ~ associated with < is the binary relation on X defined
by

x ~c y if and only if x%l< yand z =7 y.
Remark 4.2. Note that xizzit and xzzxit .
Useful properties of the relations ~_, ﬁdl< and &~ are given in the following propo-
sitions.

Proposition 4.1. Let (X, <) be a poset and x,y € X such that x #y. Then, it
holds that

(a) Ife =Ly, thenx <y, y<zorz|y,
(b) Ifz~L y, thenx <y, y<xorz|y.
Proof.
Let z,y € X such that = # y.

(a) Suppose that x =~ y. Since z # y, it follows that < y or y < z or z || v.
Using the fact that = =7 y, it follows that + < y or y < x or z || y. Thus,
one of the statements (i) or (ii) or (iii) is satisfied. Conversely, It is clear
that if one of the statements (i) or (ii) or (iii) is satisfied, then x ~7 y.

(b) The proof is similar that of (a).

OThroughout this chapter, the following crisp relations <., >, ¢, <, >; and <¢;
on X, are used.
<,y if and only if z =7 y and 2 < y,

x>y if and only if x =7 y and y < x,

z o,y if and only if z =7 y and z || y.

x < y if and only ifxﬁdiyandx<<y,
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x>y if and only ifx’fwl< yand y < x,
z oy if and only if z ~L y and = || y.
Proposition 4.2. Let (X, <) be a poset and z,y € X. Then, it holds that

(a) Ezactly one of the following statements holds:

(i) ==y,

(a) For any z,y € X,z =y or x # y.
Suppose that = # y, it follows that x ~L y or z Z y.
If x =7 y, then from Proposition 41} it follows that (z ~L y and = < y) or
(x~Lyandy < x)or (zr = yand z | y).

(b) The proof is similar to that of(a).
(]

Proposition 4.3. Let (X,<) be a poset. Then it holds that ~- and ~L are
tolerance relations.

Proof.
It is obvious that ~7 and ~L are reflexive and symmetric. O
Proposition 4.4. Let (X, <) be a poset. Then, it holds that
(i) The crisp relation o, is transitive,
(ii) The crisp relation o is transitive.
Proof.

Let x,y,z € X three distinct elements.
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(i) Assume that z o, y and y o, z, ie. (z &7 y and z || y) and (y =7 z and
y || z). We will show that  ~7 z and z || 2.

(a) Suppose that x |} z, it follows that * < z or z < z. If z < z, then by
the fact that x =7 y, it follows that y < z, i.e. y [f z, a contradiction.
If z < z, then by the fact that y ~7 z, it follows that y < z, i.e. z [y,
a contradiction. Hence, z || z.

(b) Suppose that = #L z, since z || z, it follows that there exists w €
X \ {z, 2} such that (z < w and z || w) or (x < w and z || w). Since
z~L yand y & z, it follows that (y < w and z || w) or (y < w and
z || w), i.e. x %L y or y #£L z, a contradiction. Hence, o, is transitive.

(ii) The proof is similar to that of(i).
(]

Remark 4.3. In general, the relations ~". and ~% are not transitive. Indeed,
suppose that x =7 y and y = z such that * < y and y < z, it then follows that
z<y<z, e & z Inthe same way, we obtain that ﬁdl< are not transitive.

From Propositions and [3.5], we derive the following corollary.
Corollary 4.1. Let (X, <) be a poset. Then, it holds that

(i) ~T and :zl< are tolerance relations on X,

(ii) ~7 and ~L are equivalence relations on the set of incomparable elements of
(X,<).

4.4. Left and right weak compatibility of a strict
orders with L-equivalences

In this section, we shall characterize the L-tolerance and L-equivalence such that
a crisp strict order is weakly compatible with them.
First, we need the following notation.

Notation 4.1. The symbol T stands for truth value.

Let (X,<) be a poset and F be an L-relation on X, consider the right weak
compatibility, the left weak compatibility and the weak compatibility of the crisp
strict order < with the L-relation FE as follows:

(i) < is called weakly right compatible with E, if it holds that

Tz <y)xE(y,z) <7(x<z2), (4.3)
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for any deferent elements x,y,z € X;

(ii) < is called weakly left compatible with E, if it holds that
Tz <y)xEx,z) <7(z <y), (4.4)
for any deferent elements x,y,z € X;

(iii) < is called weakly compatible with E, if it holds that
T(x <y)*xE(z,z)* E(y,t) <71(2 <), (4.5)
for any deferent elements x,y,z € X.

The following lemma is immediate.

Lemma 4.1. Let (X, <) be a poset. Then it holds that
(i) < is weakly right compatible with ﬁdl<;
(i) < is weakly left compatible with =7 .

In the following theorem, we will show that the weak right (resp. left) compatibility

can be expressed in terms of ~L and ~7 introduced in the above section.

Theorem 4.4. Let (X,<) be a poset and E be an L-tolerance relation on X .
Then the following equivalences hold

(i) < is weakly right compatible with E if and only if E gzl<;
(i) < is weakly left compatible with E if and only if E C~T.
Proof.

(i) Suppose that < is weakly right compatible with E, i.e.
T(x <y)*x E(y,z) < 7(x < z), for any deferent elements z,y,z € X .

Let a,b € X, two cases to consider:
(1) If E(a,b) =0, then E(a,b) < 7(a ~L b). Hence, E C~L.
(2) If E(a,b) > 0, then for any ¢ € X \ {a, b}, it follows that:

e If ¢ < a, then the weak right compatibility of < with F implies
that
T(c <a)*x E(a,b) <1(c<b),

——— ——
=1 >0

it then follows that 7(c < b) > 0, i.e. 7(c < b) = 1. Hence, ¢ < b.
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e If ¢ < b, then the weak right compatibility of < with E and the
symmetry of F implies that

T(c<b)*x E,a) <7(c<a),
—_——  N—
=1 =E(a,b)>0

it then follows that 7(c < a) = 1. Hence, ¢ < a.
Thus, if E(a,b) > 0, then a ~L b. Therefore, E C~L.

Conversely, if E CaL, then for any z,y,2 € X :

T(@ <y)xE(y,z) <7(x <y)*7(y =L 2).

It follows from Lemma [£.1] that
T(r <y)x E(y,2) <7(z < 2),

for any z,y,z € X . Hence, < is weakly right compatible with E.

(ii) Follows from Lemma[4T] (i) and Remark

Remark 4.4. Let (X, <) be a poset.

(i) =L is the greatest L-tolerance relation on X such that < is weakly right
compatible with it,

(i) ~L is the greatest L-tolerance relation on X such that < is weakly left com-
patible with it.

Theorem 4.5. Let (X,<) be a poset and E be an L-tolerance relation on X .
Then, it holds that

(i) < is weakly right compatible with E if and only if there exist two L-tolerance
relations a,. and B, on X such that for any x,y € X:

1 ifx=y

ar(z,y) if (z~L y and 2 < y)

E(z,y) = or (z~L yand y < x) (4.6)
Br(z,y) ifx~L yandaz|y

0 if z#L y

(i) < is weakly left compatible with E if and only if there exist two L-tolerance

7
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relations oy and B; on X such that for any x,y € X:

1 ifx=y
a(z,y) if (=7 yand z < y)
E(z,y) = or (x &7 y and y < x) (4.7)
Bilz,y) ifz~Lyandz|y
0 if xR0y

Proof.

(i) Let us define the L-tolerance relations «, and 3, on X as

E(z,y) ,if (z~L yand z < y)
ar(z,y) = or (z~L yand y < x)

0 , otherwise

E(z,y) ifz~T yandz |y
0 if x %Ly
Suppose that < is weakly right compatible with E. Based on the behavior

of any two elements x,y € X given in Proposition [£2] we will characterize
the L-tolerance F.

Bf’(xvy) = {

(a) If z =y, then since F is is reflexive, it follows that E(z,z) = 1, for any
reX.

(b) If x ’ful< y and z < y, then it follows that z < y and for any z €
X \{z,y}, (z <z if and only if z < y). This implies that (z < z < y),
(t<y<z2),@<y,z<zandyl| 2), (rt <y, z<yand z || 2) or
(x<y,z|zandy]| z), for any z € X \ {z,y}.

e Suppose that z < z < y. Since < is weakly right compatible with
E, then it follows that

Hence, 1 E(z,y) < 1. This implies that F(z,y) = a,(z,y) € L.

e Suppose that z < y < z. Since < is weakly right compatible with
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E, then it follows that

T(z <z)xE(x,y) <7(z <y) .
=0 =0

Hence, 0 * E(z,y) < 0. This implies that F(z,y) = a,(z,y) € L.

e Suppose that © < y, © < z and y || 2. Since < is weakly right
compatible with F, then it follows that

T(z < xz)*xE(z,y) <1(2 <vy) .
=0 =0

Hence, 0% E(z,y) < 0. This implies that E(x,y) = a,(z,y) € L.

e Suppose that © < y, z < y and « || z. Since < is weakly right
compatible with F, then it follows that

T(z < z)xE(x,y) <7(z <y) .
=0 =1

Hence, 0 * E(z,y) < 0. This implies that F(z,y) = a,(z,y) € L.

e Suppose that x < y, z || z and y || 2. Since < is weakly right
compatible with F, then it follows that

T(z < z)*E(z,y) <7(2 <vy) .
=0 =0

Hence, 0 * E(z,y) < 0. This implies that F(z,y) = a,(z,y) € L.

(¢) If z &L y and y < z, by similar proof, we obtain E(y,z) = v,(z,y) €
L. Since F is symmetric, it follows that E(z,y) = v-(z,y) = ar(z,y) .

(d) Ifz ~L yand z || y, then it follows that « || y and for any 2 € X \{xz,y},
(z <z if and only if z < y). This implies that (x || y, z < z and z < y),
(@[ly,z<zandy<z), (z|y z<zandyl2), (z]y «|zand
y<z)or(z|y | zandyl 2)

e Suppose that z || y, 2 < z and z < y. Since < is weakly right
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compatible with F, then it follows that

T(z < z)xE(x,y) <7(2 <y) .
=1 =1

Hence, 1 E(z,y) < 1. This implies that FE(x,y) = B-(z,y) € L.

Suppose that = || y, ¢ < z and y < 2. Since < is weakly right
compatible with F, then it follows that

T(z < z)*xE(z,y) <7(z <y) .
T ~

Hence, 0% E(z,y) < 0. This implies that E(x,y) = pr(z,y) € L.

Suppose that = || y, © < z and y || 2. Since < is weakly right
compatible with F, then it follows that

T(z < z)*xE(z,y) <7(2 <vy) .
=0 =0

Hence, 0 % E(z,y) < 0. This implies that E(z,y) = B,(z,y) € L.

Suppose that x || y, || 2 and y < z. Since < is weakly right
compatible with F, then it follows that

T(z < z)*xE(z,y) <7(z <y) .
=0 =0

Hence, 0% E(z,y) < 0. This implies that E(x,y) = p,(z,y) € L.

Suppose that = || y, || # and y || z. Since < is weakly right
compatible with F, then it follows that

T(z < z)*xE(z,y) <7(z <y) .
=0 =0

Hence, 0 % E(z,y) < 0. This implies that E(z,y) = B-(z,y) € L.

(e) Suppose that = #L y. Since < is weakly right compatible with E, it
follows from Theorem FE4l that E C~L. Thus, E(z,y) = 0.

By combining the above cases, it follows that if < is weakly right compatible
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with F, then

1 ifx=y

ar(z,y) if (z~L yandz <y)
E(x,y) = or (z ~L yand y < z)
Br(z,y) fz~Lyandz|y

0 if aél< Y

Note that it is easy to verify that F is an L-tolerance relation.

Conversely, suppose that E takes the form (£6). Since E le<, then it
follows from Theorem E4] (i) that < is weakly right compatible with F .

(ii) Follows from Lemma[41] (i) and Remark

O

Remark 4.5. (i) If a,(z,y) = Br(x,y) = 0, for any x,y € X, then E is the
crisp equality.

(ii) If ar(z,y) = Br(2,y) =1, for any x,y € X, then E =~ .

In the following proposition, we will show that given additional conditions on

ar(x,y), Br(z,y), ay(z,y) and Bi(x,y), the L-tolerance relations (£G) and (7))
given in the above Theorem are L-equivalence relations.

Proposition 4.5. Let (X, <) be a poset. a,., ay, By and f; be L-tolerance relations
on X such that a,., B, satisfy the following conditions:

(1) ar(z,y) * ar(y, 2) < Br(x, 2), if w21y and y < 2.
And o (z,y) * a.(y,z) =0, otherwise.

(2) ar(z,y) * Br(y,2) < ap(w,2), if v y. And ar(z,y) * Br(y,2) =0, if x> y;
(3) Br(x,y) * Br(y,2) < Br(w,2).
And oy, By satisfy the following conditions:

(1) aulz,y) * auly,z) < Bi(w,2), if v <y and y o, 2.
And oy (z,y) * aq(y, z) = 0, otherwise.

(2) au(z,y) * By, z) < ay(z, 2), if x>ry. And aq(x,y) * Bi(y, 2) =0, if © <, y;
(3) Builz,y) * Bily, 2) < Bi(x, 2).

Then, it holds that
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(i) The L-relation E defined by:

1 ife=y

ar(z,y) if (z~L yand 2 < y)

E(z,y) = or (z~L yand y < ) (4.8)
Br(z,y) ifxxlyandz|y

0 if x4l y

18 an L-equivalence relation on X .

(ii) The L-relation E’ defined by:

1 ifx=y

ai(z,y) if (zx~% y and z < y)

E'(z,y) = or (z ~7 y and y < ) (4.9)
Bi(z,y) ifz~Tyandz|y

0 if x5 y

is an L-equivalence relation on X .
Proof.

From Theorem 5 E is an L-tolerance relations. It remain to show that E is
transitive, i.e. we show that

E(z,y) * E(y,2) < E(z,2), for any z,y,z € X .

Let z,y,z € X. Using the conditions on «,., 8,, a; and §; for any z,y,z € X and
the possible values of E(x,y) and E(y, z), we obtain that

B(a,y) » B(y.2) < B, 2), for any 2,5, € X,
and
E'(z,y)* E'(y,2) < E'(x,2), for any z,y,2z € X .
o

From Theorem and Proposition 4.5 we obtain the following characterization
theorem.

Theorem 4.6. Let (X, <) be a poset and E be an L-equivalence relation on X .
Then, it holds that

(i) < is weakly right compatible with E if and only if there exist two L-equivalence
relations a and B on X such that E takes the form (4.8) given in Proposi-
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tion[{.5

(il) < is weakly left compatible with E if and only if there exist two L-equivalence
relations o and B on X such that E takes the takes the form {[-9) given in
Proposition [{.]
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General conclusions

In this thesis, we have shown that the properties of extensionality and compati-
bility w.r.t. a fuzzy equality are equivalent. By alleviating the restriction to fuzzy
equalities, we have introduced the more general notions of left and right compati-
bility of fuzzy relations. We have shown that Fodors notions of traces of a fuzzy
relation largely aid the understanding of these notions. In particular, in one way
or another, compatibility always boils down to some inclusion. We have also in-
troduced the interesting notion of the clone relation associated with a poset and
we have made a distinction between comparable clones (for which the clone re-
lation is anti-transitive) and incomparable clones (for which the clone relation is
transitive). In view of its prominent role in this work, we have scrutinized the
key aspects of this notion, thereby contributing in some sense also to classical
poset theory. The notion of a clone relation has greatly facilitated a transparent
characterization of the L-tolerance or L-equivalence relations a given strict order
relation is compatible with, positively complementing the negative result that the
only L-tolerance relation a given order relation is compatible with is the crisp
equality relation. Future work is anticipated in multiple directions. First of all,
we think it makes sense to study the notion of a clone relation for other types
of crisp relations. Secondly, we intend to extend this notion to fuzzy relations,
and to characterize the L-tolerance or L-equivalence relations a fuzzy strict order
relation is compatible with. On the other hand, with the notion of the right (resp.
left) compatibility of a crisp strict order with fuzzy tolerance (resp. equivalence)
relations, we arrived to characterize these tolerance and equivalence relations by
four values. As open question, how to characterize these fuzzy relations using
strict fuzzy orders instead of crisp strict orders. In future work, we will again
restrict the attention, but this time to fuzzy orders.

85






Bibliography

[1] W. Bandler, L.J. Kohout. Semantics of implication operators and fuzzy rela-
tional products, Int. J. Man-Machine Studies 12 (1980) 89-116.

[2] W. Bandler, L.J. Kohout. Relations, mathematical. In M.G. Singh, editor,
Systems and Control Encyclopedia, pages 4000-4008, Pergamon Press, Ox-
ford, 1987.

[3] M. Baczynski, Residual implications revisited. Notes on the Smetsagrez The-
orem, Fuzzy Sets and Systems 145 (2004) 267-277.

[4] M. Baczyriski, B. Jayaram, Fuzzy Implications, Stud. Fuzziness Soft Comput,
vol.231, Springer-Verlag, Berlin/Heidelberg, 2008.

[5] R. Bélohldvek, Fuzzy Relational Systems: Foundations and Principles, Kluwer
Academic Publishers/Plenum Publishers, New York, 2002.

[6] R. Bélohlavek, Some properties of residuated lattices, Czech. Math. J.
53(2003)161-171.

[7] R. Belohldvek, Concept lattices and order in fuzzy logic, Ann. Pure and Appl.
Logic 128(2004) 277-298.

[8] R. Beélohldvek and V. Vychodil, An answer to Demircis open question, a
clarication of his result, and a correction of his interpretation of the result,
Fuzzy Sets and Systems 157 (2006) 205-211.

[9] T.S Blyth, M.F. Janowitz, Residuated theory, Pergamon press, London, 1972.

[10] U. Bodenhofer, A New Approach to fuzzy orderings, Tatra Mt. Math. Publ.
16(1999) 1-9.

[11] U. Bodenhofer, A Similarity-Based generalization of fuzzy orderings, Ph.D.
Thesis, Universit Patsverlag R. Trauner,Linz, 1999.

[12] U. Bodenhofer, A new approach to fuzzy orderings, Tatra Mt. Math. Publ.
16 (1999) 1-9.

[13] U. Bodenhofer. A similarity-based generalization of fuzzy orderings preserv-
ing the classical axioms. Internat. J. Uncertain. Fuzziness Knowledge-Based
Systems, 8(5):593-610, 2000.

[14] U. Bodenhofer, Representations and constructions of similarity-based fuzzy
orderings, Fuzzy Sets and Systems 137 (2003) 113-136.

87



GENERAL CONCLUSIONS AND OUTLOOK

[15]

[25]
[26]

[27]

28]

88

U. Bodenhofer, B. De Baets., J. Fodor, A compendium of fuzzy weak orders:
Representations and constructions, Fuzzy Sets and Systems 158(2007) 811-
829.

U. Bodenhofer, M. Demirci, Strict fuzzy orderings in a similarity-based setting.
Proceeding of EUSFLAT-LFA 2005, pages 297-302, 2005.

B. Bouchon-Meunier, La logique floue et ses applications, Addison-Wesley,
Paris, 1995.

M. Ciric, J. Ignjatovic, S. Bogdanovic, Fuzzy equivalence relations and their
equivalence classes, Fuzzy Sets and Systems 158(2007) 1295-1313.

Chang. C.C. Algebraic analysis of many-valued logics. Trans. A.M.S. 83(1958),
467-490

M. Dankové, Generalized extensionality of fuzzy relations, Fuzzy Sets and
Systems 148 (2004) 291-304.

B. A. Davey, H. A. Priestley, Introduction to Lattices and Order, second ed.,
Cambridge University Press, Cambridge, 2002.

M. Das, M.K. Chakraborty, T.K. Ghoshal, Fuzzy tolerance relation, fuzzy
tolerance space and basis, Fuzzy Sets and Systems 97(1998) 361-369.

B. De Baets, H. De Meyer, On the existence and construction of T-transitive
closures, Information Sciences 152 (2003) 167-179.

B. De Baets and R. Mesiar. Pseudometrics and T-equivalences. J. Fuzzy
Math., 5(2):471-481, 1997.

B. De Baets, R. Mesiar, T-partitions, Fuzzy Sets and Systems 97 (1998) 21123.

B. De Baets, A note on Mamdani controllers, in: Intelligent Systems and Soft
Computing for Nuclear Science and Industry (D. Ruan, P. D’hondt, P. Gov-
aerts and E. Kerre, eds.), World Scientific, Singapore, 1996, pp. 22-28.

, B. De Baets, J. Fodor, Additive fuzzy preference structures: the next gen-
eration, in: Principles of Fuzzy Preference Modelling and Decision Making
(B. De Baets and J. Fodor, eds.), Academia Press, 2003, pp. 15-25.

B. De Baets, S. Janssens, H. De Meyer, On the transitivity of a paramet-
ric family of cardinality-based similarity measures, Internat. J. Approximate
Reasoning 50 (2009) 104-116.

B. De Baets, E. Kerre, Fuzzy relational compositions, Fuzzy Sets and Systems
60 (1993) 109-120.

M. Demirci, Foundations of fuzzy functions and vague algebra based on many-
valued equivalence relations, Part I: fuzzy functions and their applications,
Internat. J. General Systems 32 (2) (2003) 123-155.



GENERAL CONCLUSIONS AND OUTLOOK

[31] M. Demirci, Fuzzy Functions and Their Applications, J. Math. Anal. Appl.,
252, (2000), 495-517.

[32] M. Demirci, Fundamentals of M-Vague Algebra and M-Vague Arithmetic Op-
erations, Int. J. Uncertainty, Fuzziness and Knowledge-Based Systems, 10,
1,(2002), 25-75.

[33] M. Demirci, Foundations of Fuzzy Functions and Vague Algebra Based on
Many-Valued Equivalence Relations, Part I1:Vague Algebraic Notions, Int. J.
General Systems, 32, 2, (2003), 157-175.

[34] M. Demirci, A theory of vague lattices based on many-valued equiva-

lence relations-I: general representation results, fuzzy sets and systems 151
(2005)437-472.

[35] D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications,
Academic Press, New York, 1980.

[36] DIENES, Z. On an implication function in many-valued systems of logic. J.
Symb. Logic 14 (1949), 95-97.

[37] S. Diaz, S. Montes and B. De Baets, Transitivity bounds in additive fuzzy
preference structures, IEEE Trans. Fuzzy Systems 15 (2007) 275-286.

[38] L. Fan, A new approach to quantitative domain theory, Electronic Notes in
Theoretic Computer Science 45(2001) 77-87.

[39] J. Fodor and M. Roubens. Fuzzy Preference Modelling and Multicriteria De-
cision Support. Kluwer Academic Publishers, Dordrecht, 1994.

[40] J. Fodor, Traces of fuzzy binary relations, Fuzzy Sets and Systems 50 (1992)
331-341.

[41] J.C. Fodor, T. Keresztfalvi, Nonstandard conjunctions and implications in
fuzzy logic, Int. J. Approx. Reason. 12 (2) (1995) 69-84

[42] S, Gottwald. Fuzzy sets and Fuzzy logic, Vieweg, Braunschweig, 1993.
[43] J.A. Goguen, The logic of inexact concepts. Synthese 19(1968-69),325-373.

[44] J.A. Goguen, L-fuzzy sets, Journal of Mathematical Analysis and Applica-
tions 18 (1967) 145-174.

[45] GODEL, K. Zum intuitionistischen aussagenkalkiil. Auzeiger der Akademie
der Wissenschaften in Wien, Mathematisch, naturwissenschaftliche Klasse 69
(1932), 65-66.

[46] P. Héjek, Metamathematics of Fuzzy Logic, Trends in Logic, Vol. 4, Kluwer
Academic Publishers, Dordrecht, 1998.

[47] U. Hohle, N. Blanchard. Partial ordering in L-underdeterminate sets. Infor-
mation Sciences 35 (1985) 133-144.

89



GENERAL CONCLUSIONS AND OUTLOOK

[48] U. Hohle, Fuzzy equalities and indistinguishability, Proc. EUFIT’93, 1(1993)
358-363.

[49] U. Hohle, Commutative residuated monoids. In:  U.Hohle, E.P.
Klement(eds.):Non-classical logics and their applications to fuzzy sub-
sets. Kluwer, Dordrecht, 1995.

[50] A. Iorgulescu, Algebras of logic as BCK algebras, Academy of Economic Stud-
ies Bucharest, Romania 2008.

[61] E.E. Kerre, C. Huang, D. Ruan, Fuzzy Set Theory and Approximate Reason-
ing, Wu Han University Press, Wu Chang, 2004.

[52] A. Kheniche, B. De Baets, L. Zedam, Compatibility of fuzzy relations. Inter-
national Journal of Intelligent systems, accepted Jun 2015 .

[53] E.P. Klement, R. Mesiar, E. Pap, Triangular Norms, Trends in Logic, Vol. 8,
Kluwer Academic Publishers, Dordrecht, 2000.

[64] KLIR, G., AND YUAN, B. Fuzzy Sets and Fuzzy Logic, Theory and Appli-
cations. Prentice Hall, 1995.

[65] Liu. Lianzhen, Li. Kaitai Boolean filters and positive implicative filters of
residuated lattices, Information Sciences 177(2007) 5725-5738

[56] L UKASIEWICZ, J. Interpretacja liczbowa teorii zdari. Ruch Filozoficzny 7
(1923), 92-93.

[57] Menger K. Statistical metrics. Proc Natl Acad Sci USA 1942;28:535.

[58] P. Martinek, Completely lattice L-ordered sets with and without L-equality,
Fuzzy Sets and Systems 166(2011) 44-55.

[59] S. Massanet and J. Torrens. The law of importation versus the exchange
principle on fuzzy implications. Fuzzy Sets and Systems, 168(1):47-69, 2011.

[60] W. Nither, Copulas and t-norms: Mathematical tools for combinig prob-
abilistic and fuzzy information, with application to error propagation and
interaction, Structural Safety 32(2010) 366-371.

[61] S. V. Ovchinnikov and M. Roubens. On strict preference relations. Fuzzy Sets
and Systems, 43:319-326, 1991.

[62] D. Pei, Fuzzy Logic Algebras on Residuated Lattice, Southeast Asian Bulltin
of Mathematics (2004) 28: 519-531

[63] I. Perfilieva, D. Dubois, H. Prade, F. Esteva, L. Godo, P. Hodékov4, Inter-
polation of fuzzy data: Analytical approach and overview, Fuzzy Sets and
Systems 192 (2012) 134-158.

[64] I. Perfilieva, Fuzzy function: Theoretical and practical point of view. Proceed-
ing of EUSFLAT-LFA 2011, pages 480—486, 2011.

90



GENERAL CONCLUSIONS AND OUTLOOK

[65] M. Stepnicka, B. De Baets, Implication-based models of monotone fuzzy rule
bases, Fuzzy Sets and Systems 232 (2013) 134-155.

[66] I. Perfilieva, Normal forms in BL-algebra and their contribution to universal
approximation of functions, Fuzzy Sets and Systems 143 (2004) 111-127.

[67] L. Valverde, On the structure of F-indistinguishability operators, Fuzzy Sets
and Systems 17 (1985) 313-328.

[68] L. Valverde, S. Ovchinnikov, Representations of T-similarity relations, Fuzzy
Sets and Systems 159 (2008) 2211-2220.

[69] J. Pavelka, On fuzzy logic(LILIII), Z.Math. Logik Grundl. Math. 25, 45-52,
119-134, 447-464(1979).

[70] H. REICHENBACH, Wahrscheinlichkeitslogik. Erkenntnis 5 (1935), 37-43.
[71] N. Rescher, Many-valued Logic, McGraw-Hill, New York, 1969.

[72] [3] Schweizer B, Sklar A. Statistical metric spaces. Pacific J Math 1960;10:
3134.

[73] P. Smets, P. Magrez, Implication in fuzzy logic, International Journal of Ap-
proximate Reasoning 1 (1987) 327-347.

[74] B. S. Schroder, Ordered sets, Birkhauser Boston; First edition, December 6,
2002.

[75] A. Tepavéevié, Goran Trajkovski, L-fuzzy lattices: an introduction, Fuzzy
Sets and Systems 123 (2001) 209-216.

[76] E. Trillas and L. Valverde. An inquiry into indistinguishability operators. In
H. J. Skala, S. Termini, and E. Trillas, editors, Aspects of Vagueness, pages
231-256. Reidel, Dordrecht, 1984.

[77] S. WEBER, A general concept of fuzzy connectives, negations and implica-
tions based on t-norms and t-conorms. Fuzzy Sets and Systems 11 (1983),
115-134.

[78] P. Yan, G. Chen, Discovering a cover set of ARsi with hierarchy from quanti-
tative databases, Information Sciences 173 (2005) 319- 336.

[79] B. Van de Walle, B. De Baets, E. Kerre, Characterizable fuzzy preference
structures, Annals of Operations Research 80 (1998) 105-136.

[80] X. Wang, Y. Xue, Traces and property indicators of fuzzy relations, Fuzzy
Sets and Systems 246 (2014) 78-90.

[81] K. Wang, B. Zhao, Join-completions of L-ordered sets, Fuzzy Sets and Sys-
tems 199(2012) 92-107.

91



GENERAL CONCLUSIONS AND OUTLOOK

[82] W.X. Xie, Q.Y. Zhang, L. Fan, The DedekindMacNeille completions for fuzzy
posets, Fuzzy Sets Systems 160 (2009) 2292-2316.

[83] R. YAGER, On the implication operator in fuzzy logic. Information Sciences
31 (1983), 141-164.

[84] L.A. Zadeh, Fuzzy sets, Inform. and Control 8(1965), 338-353.

[85] L.A. Zadeh, Similarity relations and fuzzy orderings, Info. Sci., 3(1971) 177—
200.

[86] L. Zadeh, Calculus of fuzzy restrictions. Fuzzy Sets and Their Applications
to Cognitive and Decision Processes Academic Press, New York (1975), 1-39.

[87] Q.Y. Zhang, L.Fan, Continuity in quantitative domains, Fuzzy Sets and Sys-
tems 154(2005) 118-131.

[88] Q.Y. Zhang, W. Xie, L. Fan, Fuzzy complete lattices, Fuzzy Sets and Systems,
160(16)(2009) 2275-2291.

92



	Acknowledgements
	Introduction
	Generalities on ordered sets, residuated lattices and L-relations
	Ordered sets and Lattices
	Ordered sets
	Sum of ordered sets
	Lattices

	Residuated lattices
	Basic Concept
	 Main properties

	T-norms
	L-subsets and L-relations
	L-subsets
	L-relations
	Linking orderings and indistinguishability relations
	Strict Fuzzy Orderings
	fuzzy implications


	Characterization of compatibility in terms of traces 
	Definition of compatibility of L-relations
	Compatibility in terms of traces of L-relations
	Left and right trace of L-relations
	Compatibility in terms of left and right traces
	Some properties of the compatibility relations
	Properties of the compatibility relations on the basic operations
	Compatibility of -E orders with L-equivalence relations


	The clone relation of a poset and its role in the compatibility relations
	Compatibility of a crisp order with an L-equivalence relation
	Compatibility of a crisp order with an L-relation reflexive
	Link with the Bodenhofer's notion of compatibility

	Clone relations of a poset
	Definitions and some examples
	Properties of the clone relation

	Clone relation of the union and linear sum of posets
	Weak compatibility of a strict order with L-tolerance relations
	Weak compatibility of a strict order with an L-tolerance relation
	Weak compatibility of a strict order with an L-equivalence relation
	Some examples


	Right and left compatibility of a strict order with L-relations
	Right and left compatibility of an order relation with L-equivalences
	Right and left compatibility of an order with equivalence relations
	Right and left compatibility of an order with L-equivalence relations

	Right and left compatibility of a total strict order with an equivalence relation
	Right and left clone relations
	Left and right weak compatibility of a strict orders with L-equivalences

	General conclusions
	Bibliography

