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INTRODUCTION

The last century witnessed the birth of two new revolutions in the field of science,
which led to a great development that we observe today. Where the first axis
of the contemporary scientific revolution was focused on the macroscopic scale.
This resulted in the birth of both special relativity and general relativity. It was
Einstein who reaped the fruit of the two theories by relying on the research of
many scientists in his time and centuries before his era, where classical mechanics
was the dominant force for centuries by relying on Galilean relativity. Classical
mechanics was used to predicting the dynamics of material bodies, and Maxwell’s
electromagnetism provided the proper framework to study radiation; matter and
radiation were described in terms of particles and waves, respectively [1].

The second part of the scientific revolution was concerned with the microscopic
field, where distances are of the order of Planck’s constant. This is at the atomic
and subatomic levels. At this level of infinitesimal dimensions, the energies range
from ev to Mev, where strong and weak nuclear interactions prevail.

By considering the solutions of the basic equations known in the literature,it
is possible to study various physical information about the systems, such as their

energy, the wave function, and others. The Schrédinger equation describes the



state of atomic particles with energies in the ev range, which corresponds to low
energy. The Schrodinger equation must be replaced by the Klein- Gordon equation
or the Dirac equation at an energy of the order of Mewv, which corresponds to high
energy. The Schrodinger equation is a fundamental equation in nonrelativistic
quantum mechanics that describes the time evolution of a quantum object’s state
by studying wave function and energy spectrum of various conceivable states.
Among the most important principles in quantum mechanics is the Heisenberg
uncertainty principle. It states that the position and speed of a particle cannot
be measured at the same time with very high precision because the uncertainty
Ax in the measurement of its position and the uncertainty Ap on its momentum
must satisfy the relation:

Az.Ap=h

This is how position £ and momentum p become operators £ and p act on the

state space, which is a Hilbert space; their commutator is given by [1, 2|:
[zi,p;) = 1hiy
[z, 25] = [pi,p;] =0
Quantum mechanics on noncommutative space was first proposed by Heisen-
berg in 1930 [3] and then developed by Snyder in late 1947 [4]. The proposal
of extended quantum mechanics came as a possible solution to many physical

problems that non-relativistic and relativistic quantum mechanics were unable to

find solutions to the divergence problem in the standard model, string theory and



quantum gravity [5, 6, 7, 8].

We will reserve this study to obtain a master’s degree in theoretical physics
from Mohammed Boudiaf University in M’sila to study the Yukawa potential in
the context of nonrelativistic noncommutative quantum mechanics symmetries for
the promotion 2021-2022 because noncommutative quantum mechanics includes
larger physical symmetries than the quantum mechanics known in the literature.

This master memory is organized as follows. In chapter one, the noncommuta-
tive quantum mechanics is represented. In chapter two, the Schrédinger equation
is revised under the Yukawa potential. In chapter three, we study the effect of

noncommutativity properties on the Yukawa potential.



Part 1

The noncommutative phase-space

formalism



1.1 Introduction

The postulates and hypotheses that identify the quantum and physical struc-
tures of the noncommutative phase-space and its physical structures will be dis-
cussed in this chapter. The following are the foundational principles that we shall

discuss:
-An example of a common quantum structure
-The noncommutative space-new phase’s postulates
-The Moyal-Weyl recipe, the Five-Star product and its properties

-The method of Bopp’s Shift and its applications to Yukawa’s potential

1.2 Review of structure of ordinary quantum mechanics

In 1900, Planck quantifies the energy of light E. = hv, which consider the
beginning of quantum physics, here h ~ 6,6262.103* js. Currently, ordinary
quantum mechanics is formulated on the commutative space of the coordinates of

variable and the canonical moment of hermetic operators (z;; p;), as follows |9,

10]:
p
[.Z’i,pj] = Zh(sij
[pi;pj] =0

Here, h = % is the reduced Plank constant, and d;; is the Kronecker ordinary
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symbol. The above algebra can be generalized to the Dirac picture as follows:

;

(i (t) , pj (t)] = 1hd;;
[zi(t), x;(t)] = 0 (1.2)

[pi (t) p; ()] = 0

where the usual canonical coordinates and new momentum z; (f) and p;(t) are

determined from the projection relations:

z; (t) = exp(H (t —ty)) x;exp (—1H (t — 1)) (1.3)

pi (t) = exp (o (t —to)) piexp (—1H (t — 1))

Here, {z; (t)} , {p; (t)} and H are Hermitian operators on a Hilbert space of
physical states, which, each, satisfy the Heisenberg equation of motions. We get

the following:

dz; — 1 ZT;
5 — o [H, ()] »
i — o [H, pi(t)]

Both related concepts relating to energy E and impulsion p; are satisfied by

the quantization procedure:
E — ihl
o
' (1.5)
pi — ih
It is well known that the classical energy E of a particle of massmg subjected
to the external forces produced by a potential V(7,t), in a classical mechanic is

given by:

E=—+V(rt) (1.6)
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The quantization procedure in Fq.(1.5) permitted to obtain the Shrodinger

equation known in the framework of quantum mechanics known in the literature:

(_—h2A v (T)) " (7’, t) - mw (1.7)

2m ot

Here A is the Laplacian operator in spherical coordinates 7 (r, 0, ¢):

10 0 1 0 0 1 0?
A== |(r= — [ sinf— _— 1.
VT 2o (T 87’) * rsin @ 00 (sm 80) - 72 sin 6 0P? (18)
which can be expressed in Cartesian coordinates 7 (x,, z) as follows:
A==+ + (1.9)

while ¢ (77, t) denoting the complex wave function. The probability of finding
the particle at time ¢ in an elementary volumes (d®r, d*p), rounding the point r

as follows:
[ (7, ) dir
In the configuration space
dp = (1.10)
v (7, 6" d®p

In the momentum space
\

Where (d3r, d®p) equals (12 sin 0dfdpdr, p? sin d0dpdr), respectively.

1.3 Noncommutative phase-space

One of the most essential aspects of quantum physics is dealing with non-

commuting operators, specifically the commutation relations between positions
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x; and corresponding momenta p;. Noncommutative quantum mechanics NCQM
symmetries is a concept that implies that operators do not commute; for example,
consider a situation in which the coordinates and moment operators are noncom-
mutative. During 1930, a hot topic was how to solve the infinity problem in
the newly found quantum field theory QFT. Heisenberg was the first to propose
that noncommutativity be extended to coordinate systems. Then, the concept of
NCQM was extended to generalize the usual conception of space-time, in which
the noncommutativity of some normally commutative variables is assumed, lead-
ing to the formation of different Lie algebras. Connes in 1980 revived the ideas
of noncommutative geometry while Woronowicz and Drinfel’d, were generalized
the notion of a differential structure to the noncommutative setting [11, 12, 13,
14]. The simplest commutation relation that described the noncommutativity idea

satisfying the following algebra [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]:

(i, T3] = thep0i;
(1.11)

[Di; p;| = 10;;

Where <9ij, @ij> = — (91-]-, 6" ) = € (9, 9) are constants anti-symmetric ten-
sors of dimensions [z]” and [p]*, (6,6) are the NC parameters and ¢;; is just an
antisymmetric number (¢;; = —¢;; = 1 with ¢ # j and ¢;;) and h.pr = h (1 + 28 )

4n2

is the effective constant of Planck. The noncommutative coordinates (;, p;) take



13

the form:

z; — & = f (@, pi) (1.12)

pi — Di = [ (%, i)

In this work, we interred by the phase-phase has three dimensions N = 3, therefore
the indices take the values (i,j = 1;3). In this particular case, the rules of

canonical commutations become:

¢

[ﬁfbﬁz] =0
[i.lvﬁi%] =0
[»%2,133] =0
(1.13)
[Z1, &a] = 1019
(21, 23] = 613
\ [Za, T3] = if23
and
)
[fijbﬁZ] = Z-ﬁeff
(21, P3| = theyy
(T2, D3] = iheyy
(1.14)

[P1, P2] = 012

[p1, P3) = 013

(D2, ps] = i3
1.4  Weyl’s quantization

The fundamentals of quantum physics inspired many of the broad principles

behind noncommutative geometry. Weyl proposed an elegant formulation for
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mapping quantum operators to classical functions of phase-space variables within
the framework of canonical quantification. This method establishes a systematic
approach to modeling noncommutative spaces in general and examining ancient
ideas based on them [25]. Weyl quantization is a technique for describing quantum
physics using classical mechanics’ phase space. It is a rule that allows a quantum
operator to be associated with a classical function that is dependent on phase
space variables. The Weyl quantification also applies to commutative relations
in a general form. Consider a f(z,p) and g(x,p) a general two functions, their
product in the notion of noncommutative phase-space can be expressed as a new
product called the star product or the Weyl-Moyal star product defined on phase

space,

0 0

(F9)@0) = F@p)g )+ 5 3 0™ L f (,p) o+ O () (1.15)

—l—% ZQ %f(xap)a_png (z,p) +O <02’02)

The formalism of the star product initiated by Weyl and Wigner to allow
a description of quantum mechanics in terms of phase space, is articulated not
around non-commuting operators, as in the operational approach, but around the
deformation of the product between the phase space variables. We will see how
this formalism can be used in the context of noncommutative quantum mechanics

(NCQM) symmetries.



1.5 Properties of the star product

15

The formalism of the star product was initiated by Weyl and Wigner to allow

a description of quantum mechanics in terms of phase space, the properties of the

star product are presented as follows [27, 28, 29, 30, 31, 32]:

-When (6,6) = (0,0)

f)*g (@)= f(z)g(z)

Thus we find the commutative case.

-The star product between exponential:
e g 1" = !kt () with kA ¢ = k'¢?0y
-Not commutative:
f(x,p) g (x,p) # g (x,p) = f (z,p)
-Associative:
(f (z,p) * g (,p)) *x h(z,p) = [ (z,p) * (g (2,p) * h(x,p))
-The relation of the complex conjugate:
(f (@, p) x g (x,p))" =g (x,p)" * f (z,p)

The integral relation:

/ (fg) = [z (g* f) (.p)
= [dPxf (x.p) g (z,p)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)
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-Cyclic permutation:

/de(f*g*h):/dD(g*f*h):/dD:c(g*f*h) (1.22)

-Satisfies the Leibniz’s rule:

0, (fxg)=0,f*g+ f*0,g (1.23)

1.6 Boop’s shift method

In his study, physicist Fritz Bopp was the first to examine pseudo-differential

operators derived from a symbol using quantization methods:

r— T+ %zh(?p
(1.24)

p—p— %mam
Instead of the usual correspondence (x —x, p— —%zh@w) ,the operators z —
x4+ %zh(?p and p — p — %Zh@x are known as Bopp’s shifts, and this quantization

procedure is known as the Bopp quantization procedure. This quantization leads

us to obtain the following:
I (1.25)

To write the Schrodinger equation in the noncommutative phase-space, we
follow these steps:
1- The Ordinary three dimensional Hamiltonian operators H (p;, z;) are

replace with new Hamiltonian operators H (p;, ;) .
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2- The ordinary complex wave function (?) become a new complex wave
function t (7).

3- The ordinary two energies E are replace with new values Ec_igym.-

4- We replace the ordinary product with the star product.

Hence, we get the following Schrodinger equation in the noncommutative

Space:

H (2%, p) 0 (F,t) = Epeth (7,1)

The Bopp’s shifts method allows to reduce the above deformed Shrodinger

(1.26)

equation to the new translated form:
H (&', p') % (F,1) = Bpet) (7, 1) = Enet) (7) (1.27)

So the Hamiltonian operator takes the three varieties forms as follows [33, 34,

35, 36, 37, 38, 39, 40]:
(

A A N 7tJ R ij
H(mez’) =H (pz‘ =Di— 97%'7 Ti = T; — %Pi)
For Non commutative phase-space

H (p;,2;) = H (ﬁz’ =pi, Ti=T;— %Pj)
(1.28)

For Non commutative space-space
FA . 5id .
H (p;, %) = H <Pz’ =pi— 67%', T = 96'1)

For Non commutative phase-phase

\
The first variety corresponds to noncommutative phase-space NCSP symme-

—ij

tries which correspond to the new Hamiltonian operator H (ﬁz =p; — %xj, T =w; —

0%

2

)
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in Eq. (1.28):

R 5ii
Di = Pi =Di — 5%
2 (1.29)

n 5"
Ti = Ti = Ti — 5 Dj

The second variety corresponds to noncommutative space-space symmetries
which correspond to the new Hamiltonian operator H (ﬁi =p;, T;=x;— %jpj)

in Eq. (1.28):

Di — Di = D
(1.30)

~ o4
Ti = Ty =T — 5Py
The third variety corresponds to noncommutative phase-phase NCPP symme-
tries which correspond to the new Hamiltonian operator H (ﬁi =p; + %jxj, T; = xz)
in Eq. (1.28):
- g%
Di = Pi =Di— 5%
(1.31)
xr j — JAZZ =T
In our current master memoir, we are interested in applying the following
general procedure to NCSP symmetries which correspond to the first variety of
Eq. (1.28). The three-generalized coordinates (& = &1, § = %2, 2 = Z3) in the

noncommutative phase-space were depended on corresponding three-usual gener-

alized positions (x,y, z) and three momentum coordinates (p, py, p:):

p

n=1 1 :i'pl = Pz
ig =2 Zi’g = Zi’p2 = Dy (132)
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It is important to notice that the new operators z; and p; in (NC-3D) was

depended on ordinary operator x; and p; from the projection relations [28]:

(

~ 012 013
T1 =21 — 5 P2~ 5DP3
N 921 923
T2 = T2 — 5 P1— 5 P3 (1.33)
A 031 032
T3 =7T3— 5 P1— 5 P2
\
and )
L §12 913
P1=PpP1— 5 T2 — 573
712 723
- 6
P2 =P2— 5 T1— 5 T3 (1.34)
N é31 932
P3 =P3 — 5 T1— 5 T2
\

The non-vanish 9-commutators in (NC-3D) can be determined as follows [29]:

[fﬁuﬁr] = [@ﬁy] - [é’ﬁz] =1
[337?3] 1012,
[z, 2] = 613,
[0, 2] = 623, (1.35)
[ﬁy»ﬁy] - iél%
{ﬁzwﬁz} - i‘§237
\ [Das 2] = i015.
The square 0f(7>, 7) are given by :
2 L2 L2 2
PP T
(1.36)

52 L2 L2 L2

13 = ﬁ:p "—ﬁy _'_ﬁz
To get the solution to the noncommutative Schrodinger equation, we added

the star product introduced by Bopp’s shift method. That is a consequence of the
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star product between the potential operator f/(i) and the complex wave function

U : >
D0 )| # 0 () = B (71)
e v )] v - B0 ) (1.37)

The two operators & and p, when on a noncommutative three-dimensional

space-phase, can be written as follows :

-
72 =72~ LO
2 B (1.38)
bl _ I8
2mg 2mo 2mo

—
Where the two couplings f@ andL 6 are given by the following relations

respectively:

——
Lo = Lx923 + Ly(913 + Lz912
(1.39)

= L,093 + L,013 + L.015
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1.7 Introduction

We revised the Yukawa potential within the framework of ordinary quan-
tum mechanics in this chapter. Within the context of the three-dimensional
Schrodinger equation, we also attempt to revise the associated wave function and

energy eigenvalue.

1.8 Schrodinger equation with the Yukawa potential

Yukawa’s potential (also known as static screened Coulomb, Debye-Hiickel
potential, or Thomas-Fermi potential) is an exponential potential proposed by

Yukawa in 1935[41] which has the form:
(2.1)

where Vy = aZ, a = (137.037) ! is the fine-structure constant, Z is the atomic
number, and is the screening parameter [42]. This potential as a low-energy expla-
nation for nucleon-nucleon interactions induced by the exchange of massive parti-
cles known as pions is relatively new to researchers in the field [43]. The Yukawa
potential can be found in a variety of physics fields, including plasma physics at
low densities and high temperatures, nuclear physics, astro-physics and solid-state
physics [44, 45, 46, 47, 48, 49, 50, 51, 52, 53]. Due to the fact that this potential
has wide applications, it has received great interest from researchers in the rela-
tivistic levels within the framework of the Dirac and Klein Gordon equations, in

addition to the non-nonrelativistic framework where the Schrodinger equation is
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applied using many methods and various approximations [52, 53, 54, 55, 56, 57,
58, 59, 60]. As for the relativistic and non-relativistic level, within the framework
of the principles of extended quantum mechanics or NCQM symmetries, it has
received recent studies, including those published in the references as it is single

or in combination with other components [61, 62, 63, 64, 65, 66, 67, 68].

1.9 Reviewing the eigenfunctions and the energy eigenval-

ues for Yukawa’s potential

Schrodinger equation is a fundamental equation of quantum mechanics which
describes the evolution of the wave function of a physical system over time. It is a
first-order partial differential equation concerning time and a second-order partial
differential equation concerning the coordinates of ordinary space. It takes the
following form:

Hy (?, t) — By (?,t) (2.2)
here v (77) is the complex wave function that satisfies the stationary Schrodinger
equation and E is a nonrelativistic eigenvalue of the Hamiltonian H, which is writ-

ten in the form :

P
o Loy eelen) (2.3)
2m r
— — —
where P represents the impulse P = —ihV, and V represents the operator
of partial derivatives (nabla). In Cartesian coordinates, it is defined by:

= -0 =0 70
V=i—+j—+k— 2.4
! ox tJ dy * 0z (24)
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Hence, Schrodinger’s equation becomes:

O (77 h? -
in20 ) <a: L (—%A + %—eXpim)) (T, 1) (2.5)

Since the Yukawa potential does not depend on time, solutions can be written
separately as a part that is only position-dependent and an only time-dependent

part:
v (7’, t) = exp(—iE/h)T (7’) (2.6)

And by substituting into the Shrodinger equation, we find:

<—h—2A+%w> v (7.0 =B (7) (2.7)

2m

Using the spherical coordinate system 7 (7,6, ¢),the complex wave function

¥ (77) can be written as:

U (1,0, 0) = Rt (r) Yim (0, ) (2.8)

whereR,,;(r) is the radial part of the wave function that depends only on
radiusr, Y, (0, ¢)represented the angular part depends on the angles (6, ¢) and
n is the principal quantum number, [ the orbital quantum number and m the
magnetic quantum number(—! < m =< +[). The Schrodinger equation in the

spherical coordinate can be expressed as:
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H
In quantum mechanics, the classical momentum obtains the forms L is the

orbital angular momentum. The total moment T s given by:

N
+ S

~|

7 =
(2.10)

AD

=l

I —
H . . H 1
here S is the spin. The components L,, L, and L, of L which are expressed

in Cartesian coordinates (z,y, z) as:

(2.11)

e components L,, L, and Lof

L are expressed as:

L, = % (— sin cp% — cos ¢ cot 9%)
L,=" <COS gp% — sin ¢ cot 9%) (2.12)
_ 13
LZ — ;%

\

Note that the operators H, L? and L, commute with each other and they have
formed a common set of eigenfunctions v (r, @, ) ; however, the three components

of the angular momentum (L,, L,, L,) do not commute with each other:

[H, L% =[H,L.] =0
(2.13)

[Li, Lj] = thz‘jkLk

here L? is the square of the angular momentum :

1 02 1 0 0 0?
2 _ 2 9 npl 2
Lr==h (sin208g02 * sin 6 00 (Smeae)) h 0p? (2.14)
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the eigenvalues of L? and L, are determined from:

ﬁ2¢ (r,0,0) =h21(1+ 1) (r,0,p)

(2.15)
Lo (r,0,0) = mhy (r,0, ¢)
We introducing the wave function: we have:
R(r) = “) (2.16)

Thus, the new radial part w, (r), will be satisfying the following equation:

d2un,l<7") n 2_m (Enl B VOGXP (—ar) B I(l+ 1)) Ung(r) =0 (2.17)

dr? h? r r?

The energy eigenvalues F,; and corresponding eigenfunctions in closed forms
were obtained using the parametric Nikiforov-Uvarov approach by the authors of
Ref. [42]. They further show that these results are consistent with those obtained
previously in other studies using different approaches. They also discovered that
when the Yukawa potential’s screening parameter is set to zero, the energy levels

of the familiar pure Coulomb potential energy levels are:

a2 [Ma (41 +1)Y]°

Ey=—— 2.18

: 2m (n+1+1) (2.18)
and the wave function of the Yukawa potential [42]:
G 2. /55 204+1— 5

Ry (s) = si? (1 —s) P< - 2) (1—2s) (2.19)

by substituting

s = exp (—2ar) (2.20)



we have:

R, (3) = NeXp(—\/g) (1 — exp <—2047”))l+1

(2:5 2+1-25

P, 4u2> (1 — 2exp (—2ar))

Where N is a normalization constant.

27

(2.21)
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1.11 Introduction

The purpose of this chapter is to study the modified Schrodinger equation of
Yukawa potential in noncommutative three-dimensional phase space. Accordingly,
we use Bopp’s shift method instead of solving the modified Schrodinger equation
directly; thus, using the star product and the perturbation theorem to find the

corresponding energy correction.

1.12 The Schrodinger equation on a Noncommutative space-
time
We simply replace the wave function products (or fields) with the star product
or the Moyal product. The Schrodinger equation for a non-commutative space-
time has the form:
N AN TR -
H(py, &) (7 ) = Buet (7))
7 P (7 f 0., (7
[%—l-‘/(r)] *w<7‘,t) =hg; (r,t)
According to the method of Bopp’s Shift, which we have seen in the first

(3.1)

chapter, the above equation can be simplified into the following form:

) (3.2)

A el] ) 01.7 —
Hpeyp | Pi = pi — 7%; Ty = Jii?Pi P(7) = Ene—ypt)(

Where

6" 0%
H(ﬁi,i’i) = H|pi=pi— Ly, T; = x;—D;
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and
V(f) _ v(-)exp(;ar)
i - (3.4)
P _ p? e}
2mg — 3mg T 2me

By using Eq.(1.27), we can obtain %2 as the sum of corresponding values %2 in
the symmetries of nonrelativistic quantum mechanics plus the induced term ‘/057?
with the effect of deformed proprieties of space-space, as follows:

—

Vo Vo . L6
= +V02T3 (3.5)

while, the expression of exp (—ar) can be written in the symmetries of ex-

tended quantum mechanics symmetries as follows [61]:

2r
o
“ exp (1 + 2 ) (3.6)

Allow us to get the Yukawa potential in the noncommutative phase-space as

exp(—ar) = exp(—ar)exp (aL—9>

follows:

Vi _ _
V() = ~2exp (—ar) + Vi (esz(rgar) + O‘eXPQi ar)) 6 (37

—ij

The global Hamiltonian operator H._,, (ﬁi =p; — %xj, T; = xl%ng) in
noncommutative three-dimensional phase-space can be written in the following

—
form:L 6

R éij X eij
anfyp (pi =Di — 775]', T; = l’z?}%) =
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—
L0
2m0

(3.8)

g exp (—ar)  aexp(—ar) 764
273 2r

1-The first two terms in the Hamiltonian operator H,,._,,, which corresponds
2

to the Yukawa potential in Eq. (2.1) and the Kinetic term or dynamic 2E_m in
ordinary commutative space which formed the usual Hamiltonian operator:

(3.9)

. ) AL
H(p; =pi, & =x;) = o T exp (—ar)

2-The second and third terms are formed the a new Hamiltonian operator

or the additive created term H,._,, which is represent the contributions of the

noncommutative space-phase:

=
exp(—ar) aexp(—ar)\ <z L6
Hyeyp = L — d
w=Vo < 273 2r O+ 2myp (3.10)

—— =
where L © and L 6 are determined from Eq. (1.39) in the first chapter. A-

—
cording to the mathematical forms of the 2-couplings L6 and L0 observed in

—— = —— _——
Eq.(3.8), it is physically possible to replace L © and L 6 by p© S L and uf S L:

=~

— u@?
(3.11)

S @]

~ =
=~

_—
— ub S
With ? denote to the spin of the particle which interacted with Yukawa po-

tential and 4 is a new constant of proportionality. This enables rewriting Eq.(3.11)

as follows:
0 el=em) qel=om) ——
Hyper—yp = 1 {% -V ( 573 + o ) @] LS (3.12)
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The parameters © and 6 are given by:

NI

0= (@%2 + 9%3 + @%3)
(3.13)

1
2

=2 =2
In ordinary quantum mechanics, we have the sets of operators A, B, C......
which form a complete set of complete observables are commute (ECOC). We

—_ = —
apply this rule to the sets of operators (JQ, S2, L? and JZ>, ie.

(

.
2.1 =0

72,53 =0 (3.14)
L

2.7] =0
\ L _

And the corresponding eigenvalues are j (j + 1) and (I + 1), s(s + 1) and

m (=l <m < +[) in the system (c =h =1), so:

ﬁ
JZ\IIHJ,ml (Tu ‘97 90) = ](] + 1)\1]n,l,mz (7”, 87 90)

H
LZ\I’n,l,ml (’f‘, 9, ()0) = l(l + 1>\I}n7l,ml (7”, 97 90)
. (3.15)

ﬁ
S2W,, 1 m (1,0, 0) = s(s+ 1)W1, (1,0, 0)

Jz\lln,l,ml (7”, 67 90) - mq/n,l,ml (7”, 07 90)

\
— — —
With J being the geometric sum of the moments L and S , this allows us
. ——
to find the spin-orbit coupling L S as follows:

LS =-|r-s -1 (3.16)

N | —

An immediate result is:

TS =-[G+1)+10+1)+s(s+1)]¢ (3.17)
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With

l—s] <j<|l+s]

So:

j=\l=s|,[l—s/+1,.... |+ s (3.18)
For the two extreme values of the total angular momentum, we can write for

%{(l+s)(l+s+l)—l(l+1)—3/4}¢

SRR =k if j=[l+1/2]

LS¥ = (3.19)
H{l+s)(Il—s+1)=1(1+1)—3/4} ¢

=kt if  j=|l+1/2

\

We considered the following approximation type suggested by Greene-Aldrich

[42, 69]:

1 exp (—2ar) 1 exp (—ar)

= &~ 4a® = -2 3.20

72 “ (1 —exp (—2ar))? T a(l —exp (—2ar)) (3:20)

Which allows us to have the following;:

1 40 1 2as'/?
Lo S a2 (3.21)
2 (1—s)? ro (1—ys)

This is valid for ar < 1. Therefore, the perturbative effective Yukawa poten-

tial in Eq. (3.12) can be written as:

7 3/2
VP (r) = [i — 0%, ((40‘3 +— S) @] s (3.22)

2m
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The Yukawa potential is extended by including new additive potential V2¥ (r)

expressed to the radial terms:

3/2
i 5 and i
(1—1s) 1-—s

to become the modified Yukawa potential in noncommutative three-dimensional

phase-space symmetries. The generated new potential VY (1) is also proportional
to the infinitesimal parameters © and #. This allows us to consider the new ad-
ditive part of the potential V?Y (r) as perturbation potential compared with the
main potentials V(r). That is all physical justifications for applying the time-
independent perturbation theory become satisfied to calculate the expectation
values of previous radial terms. This allows us to give a complete prescription
for determining the energy level of the generalized (n, [, m)" excited states. The
exact spectrum produced by the spin-orbit effect for the Yukawa potential in the
three dimensional noncommutative space-phase F,._,, is the sum of the energy

corresponding to ordinary space £,; and the corrections E,,_pe, :
Erzilcjfol (@’ é) =F + AEyzc—y;o (323)

The perturbation theorem allows to obtain the first-order corrections as fol-

lows:

ABne—yp (0,0) = (W7 (7) [Hper—yp (r, 0, 0)| ¥7 (7)) (3.24)

We can write the equation (3.24) in the form:

BBy (0.0) = [ (F) Hyro (r0.0) 7 (Prir (329
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where dr represent the volume element in spherical coordinates r, which is

given by:

dr = r’drd)

With the solid angle

d§2 = sin 0dfdp

(3.26)

and the non perturbative complex wave function , the wave function is defined

w(p) (?) = Rn,l (7“) Yzm (97 ¢)

So, we can write the equation (3.27) in the form:

Enep (0,0) = (L)

07 © () VI () Ry (r) v / / Y7 (0, 6) V)™ (6, 0) A9

The normalized wave function ) (7) allows us to write:

T 27
/ / Y0, ¢) Y™ (0,0)d2 =1
0 0

This reduces the corrections found by Eq. (3.27) to the form:

AE,cy, (0,0) / R (r) VPY(s) Ry, (r)rdr
0

We substituted the spin-orbit coupling term V¥ (s), and we find:

AB 4 (0,0) = (T'5)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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S
“Vaa® [ By () 1 Bt () 7r)

0

We have s = exp(—2ar), this allows us to obtain dr = —i% After introducing

dz
1—2

a new variable z = 1 — 2s, we have s = 1;,27 dr = i and 1 — s = % From
the asymptotic behavior of s = exp(—2ar) and z = 1 — 2y, when r — 0(z — —1)

and 7 — 400 (z — 1) , this allows reformulating Eq. (3.31) as follows:

— —— 0 %
AFe 4 (6,0) = (TS) (2%0 ——

(3.32)

—MVO/RZJ (r)s'2 R, (1) T (3.33)
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WV dz
“O/R r) (1= 8) Ros (1) 7—)

If we replace the radial part R, ;(r) which is expressed as:

f

2

Roi(s) = Ry (s) = Nsiaz (1 — 5)+! Pn< ) (1—2s) (3.34)

The corrections in Eq. (3.32) will be simplified to the form :

_ 0
AEpe_y, (0,0) = <f§’> N2(2’“‘—mo

+1

o Vo N2/ 5512
S | 1=
-1

-

_NE 2
o) (z)} dz (3.35)

_'“—VO (1— 2)2 ozl (1— 8)2l+3

a(2\/4a72+21+6)
&
Py

For the ground staten = 0, we have

NG

‘4&2><z>rdz>

NG

pPVERANTIE) ()

thus the above expectation values in Egs. (3.35) are reduced to the following

simple form:

_ pVo
2my 22, [ oz +2U+5/2

/ (1— 2)2V a2 (1 4 )22 g (3.36)
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1Vo !
22\/_+2l+6/ (1-2) 2 ! (1- 5)2 - dz)

Comparing Eq. (3.35) with the integral of the form [70]:

T 'n+a+1)I'(n+5+1)

/ (1—2)° (1+$)5P7§0475)P7§;1ﬂ) (z) dz = 22 totil

-1

Cn+a+p+)T(n+a+p0+1)
(3.37)

for n=0,1,...

A direct calculation gives the expression of integrals values in Eq.(3.36) as

follows:
+1
/(1 VR VR (1 )R g
-1
22\/4QTZ+21+5/2 r (2\/ i+ 1/2) (20 +3) (3.38)
(2¢/2==2 +20+5/2)T (2\/35 — 1/2+ 21+ 3) '
and

+1

/(1 — ) WVar V(1 = g8 g, =

-1

92/ 7o7 12143 ['(2y/72) 0 (20 +4)

(2¢/3= +20+3) T (2(/15 + 21+ 3)

Thus, the energy correction for the ground state n = 0 reduced to the following

(3.39)

simple form:
ABpe 4y (6,0) = (TS ) N*(L= 16

I'(2y/5= +1/2)T (2l + 3)
TG S 2+ 5/2) T (2 — 124 214 9)
Vo F(2y72)T(2I+4)

a (2¢/22 +20+3) 0 (2y/2== +20+3)

(3.40)
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The global energy Ej; for the ground state n = 0 is the energy spectrums:

Eyp

nc_ 0l

= Eglp + AEpc—yp (@7 é)

(3.41)

Where E}} is determined from Eq. (2.18) which we have seen in the second

chapter:
g mVq 2
Egly: . ﬁ [ﬁ_a‘i‘l)?}
2m (I+1)2

——
here <L S > is determined from:

(

s{l+s)(I+s+1)—1(1+1)—3/4}
=k, if j=|l+1/2|

{49 U =5+ 1) =10+ = 3/4)

=k if j=|l+1/2|

\

It is clear that the following physical limit procedure:
Li EY gy

(@79)24)%70) nc_ 0l nc_ 0l

Lim AE,. ., (0,0)=0
(679)2_%,0) yp ( )

(3.42)

(3.43)

(3.44)

Gives us all the results of physical treatments which we have seen in the

standard reference [42].



CONCLUSION

Through this master’s memory in physics, theoretical specialty:

Promotion 2021-2022

The nonrelativistic study of the energy spectrum producing from a central
potential in the extended quantum mechanics symmetries: the case of Yukawa
potential as a model

This memory aims to study physical systems within the framework of
the modified Schrodinger equation with the modified Yukawa potential, in three-
dimensional non-commutative quantum mechanics.

In the first chapter, we have represented the mathematical and physical for-
malisms of the noncommutative three-dimensional space-phase. and apply these
principles to the atoms of modified Yukawa potential.

In the second chapter, we reviewed the Shrodinger equation under the
Yukawa potential based on many works.

In the third chapter, we studied the effect of the noncommutativity of the
three-dimensional phase-space, by applying the generalized Bopp shift method
and standard perturbation theory at the first order of parameters (0, ) the mod-
ifications on the energy corresponding to the ground state are obtained. We can

40
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conclude that the application of the noncommutativity in this work on the modi-
fied Yukawa potential, includes the spin-orbit coupling effect automatically.

This is in contrast to what we observe in the framework of quantum mechan-
ics known in the literature, where the spin-orbit interaction appears by external

addition and not through spontaneous birth as a result of space deformation.



BIBLIOGRAPHY

[1] Nouredine Zettili, Quantum Mechanic Concepts and Applications, Second
Edition. Jacksonville State University, Jacksonville, USA. A John Wiley and
Sons, Ltd., Publication.

[2] Rudan, M. (2017). From Classical Mechanics to Quantum Mechanics.Physics
of Semiconductor Devices, 143.170. doi:10.1007/978-3-319-631547,

[3] W. Heisenberg, .Letter to R. Peierls (1930), in "Wolfgang Pauli, Scientic Corre-
spondence’, Vol. 111, p.15, Ed. K. von Meyenn., (Springer Verlagl1985)

[4] H. S. Snyder, Quantized Space-Time, Phys. Rev. 71 (1947) 38-
41.https://doi.org/10.1103/PhysRev.71.38; 1947; The Electromagnetic Field
in Quantized Space-Time. 72, 68. https://doi.org/10.1103/PhysRev.72.68

[5] A. Kempf, G. Mangano and R. B. Mann, Hilbert space representation of the
minimal length uncertainty relation, Phys. Rev. D 52(2), 1108-1118 (1995).
https://doi.org/10.1103 /physrevd.52.1108.

[6] R.J. Adler and D. I. Santigo, On gravity and the uncertainty principal, Mod. Phys.
Lett. A 14 (20), 1371-138 (1999). https://doi.org/10.1142/s0217732399001462.

[7] T. Kanazawa, G. Lambiase, G. Vilasi and A. Yoshioka, Noncommutative Schwarz-
schild geometry and generalized uncertainty principle, Eur. Phys. J. C. 79(2)
(2019). https://doi.org/10.1140 /epjc/s10052-019-6610-1

42



8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

BIBLIOGRAPHY 43

F. Scardigli, Generalized uncertainty principle in quantum gravity from micro-
black hole Gedanken experiment, Phys. Lett. B 452(1-2), 39-44 (1999).
https://doi.org/10.1016 /s0370-2693(99)00167-7

J. L. Basidevant, Mécanique Quantique, ellipses, ISBN 2-7298-8614-1 (1986),
Paris, France.

E. Elbaz, Quantum, The quantum theory of particles, Fields, and Cosmology,
Springere, ISBN 3-540-62093-1 (1995), New York, USA.

Szabo, R. J. (2003). Quantum field theory on noncommutative spaces.Physics
Reports 378, 207-299. doi: https://doi.org/10.1016/S03701573(03)00059-0

A. Connes, Noncommutative diMerential geometry, Inst. Hautes Etudes Sci. Publ.
Math. 62 (1985) 257

S.L. Woronowicz, Twisted SU(2) group: an example of a noncommutative diMer-
ential calculus, Publ. Res. Inst. Math. Sci. 23 (1987) 117

S.L. Woronowicz, Compact matrix pseu dogroups, Commun. Math. Phys.111
(1987) 613

Gouba, L. (2016, July). A comparative review of four formulations of non-
commutative quantum. International Journal of Modern Physics A, 31(19),1-15.
doi:10.1142/S0217751X16300258

A. Maireche, (2020). Nonrelativistic treatment of hydrogen-like and neu-
tral atoms subjected to the generalized perturbed Yukawa potential with
centrifugal barrier in thesymmetries of noncommutative quantum mechan-
ics.International Journal of Geometric Methods in Modern Physics, 17(05), 25.
doi:10.1142/S021988782050067X

O. Bertolami, J. G. Rosa, C. M. L. Dearagao, P. Castorina and D. Zappala,
Scaling of variables and the relation between noncommutative parameters in non-



BIBLIOGRAPHY 44

commutative quantum mechanics, Mod. Phys. Lett. A 21(10), 795-802 (2006).
https://doi.org/10.1142/50217732306019840

[18] P. M. Ho and H. C. Kao, Noncommutative quantum mechanics from
noncommutative quantum .eld Theory, Phys. Rev. Letters 88(15) (2002).
https://doi.org/10.1103 /physrevlett.88.151602

[19] J. Gamboa, M. Loewe and J. C. Rojas, Noncommutative quantum mechanics,
Phys. Rev. D. 64, 067901 (2001). https://doi.org/10.1103/PhysRevD.64.067901.

[20] A. Maireche, A recent study of excited energy levels of diatomics for-
modified more general exponential screened Coulomb potential: Ex-
tended quantum mechanics, J. Nano- Electron. Phys. 9(3), 03021
(2017).https://doi.org/10.21272/jnep.9(3).03021

[21] E.F. Djemai and H. Smail, On quantum mechanics on noncommu-
tative quantum phase space, Commun. Theor. Phys. 41(6), 837-844
(2004).https: / /doi.org/10.1088 /0253-6102/41/6/837

[22] Y. Yi, L. Kang, W. Jian-Hua and C. Chi-Yi, Spin-1/2 relativistic particle in
a magnetic field in NC phase space, Chinese Physics C. 34(5), 543-547 (2010).
https:/ /doi.org/10.1088/1674-1137/34/5 /005

[23] O. Bertolami and P.  Leal, Aspects  of  phase-space  non-
commutative  quantum  mechanics, Phys.  Lett. B. 750, 6-11
(2015).https://doi.org/10.1016/j.physletb.2015.08.024

[24] C. Bastos, O. Bertolami, N. C. Dias and J. N. Prata, Weyl-Wigner formulation
of noncommutative quantum mechanics, Journal of Mathematical Physics 49(7),
072101 (2008). https://doi.org/10.1063/1.2944996

[25] J. Zhang, Fractional angular momentum in noncommutative spaces, Phys. Lett.
B. 584(1-2), 204-209 (2004).https://doi.org/10.1016/j.physletb.2004.01.049



BIBLIOGRAPHY 45

[26] M. Chaichian, Sheikh-Jabbari and A. Tureanu, Hydrogen atom spectrum and
the Lamb Shift in noncommutative QED, Phys. Rev. Letters 86 (13),2716-2719
(2001). https://doi.org/10.1103/physrevlett.86.2716.

[27] M. Lefrancois. Theories des champs topologiques et mecanique quantique en
espace non-commutatif. Physique Nucléaire Théorique [nucl-th]. Univer- sité
Claude Bernard - Lyon I, 2005. Frangais. tel-00012196

[28] Tadafumi Ohsaku, Moyal-Weyl Star-products as Quasiconformal Map-
pings, arXiv:math-ph/0610032 (or arXiv:math-ph/0610032v1 for this version)
https://doi.org/10.48550/arXiv.math-ph /0610032

[29] Man.ko, O. V., Manko, V. I, Marmo, G. (2000). Star-Product
of Generalized Wigner.Weyl Symbols on SU(2) Group, Deformations,
and Tomographic Probability Distribution. ~Physica  Scripta,  62(6),
446.452.d0i:10.1238 /physica.regular.062a00446

[30] Hawkins, E., Rejzner, K. (2020). The star product in interacting quantum field
theory. Letters in Mathematical Physics. doi:10.1007/s11005-020-01262-4

[31] Tosiek, J.; Przanowski, M. The Phase Space Model of Nonrelativistic Quantum
Mechanics. Entropy 2021, 23, 581. https://doi.org/10.3390/e23050581

[32] L. ROMAN JU AREZ and Marcos ROSENBAUM, On deformed quantum me-
chanical schemes and star-value equations based on the space-space noncommu-
tative Heisenberg-Weyl group. Journal of Physical Mathematics Vol. 2 (2010),
Article ID P100803, 22 pages doi:10.4303/jpm/P100803

[33] A. Maireche, (2021). A Theoretical Model of Deformed Klein-Gordon Equa-
tion with Generalized Modi.ed Screened Coulomb Plus Inversely Quadratic
Yukawa Potential in RNCQM Symmetries. Few-Body Systems, 62(1),
17.doi:10.1007 /s00601-021-01596-2

[34] A. Maireche, (2021). The Investigation of Approximate Solutions of Deformed



[35]

[36]

[37]

[38]

[39]

[40]

[41]

BIBLIOGRAPHY 46

Klein-Gordon and Schrodinger Equations Under Modi.ed More General Exponen-
tial Screened Coulomb Potential Plus Yukawa Potential in NCQM Symmetries.
Few-Body Systems, 62(3), 20. doi:10.1007/s00601-021-01639-8

A. Maireche, (2016, October). New Exact Energy Eigen-values for (MIQYH)
and (MIQHM) Central Potentials. African Review of Physics,11(1), 175-184.
doi:10.4172/2572-0813.1000115

Maireche, A., 2015. A New Approach to the Non Relativistic Schrodinger equa-
tion for an Energy-Depended Potential V (r, En, 1)= VO (14 aEn, 1) r2 in Both
Noncommutative three Dimensional spaces and phases. International Letters of
Chemistry, Physics and Astronomy, 60, pp.11-19.

A. Maireche, New Nonrelativistic Quarkonium Masses in the Two-Dimensional
Space-Phase using Bopp.s shift Method and Standard Perturbation Theory.
Journal of Nano-and Electronic Physics, Vol. 9 No 6,06006(8pp) (2017). DOI:
10.21272/jnep.9(6).06006

A. Maireche, Investigations on the Relativistic Interactions in One
Electron Atoms with Modified Yukawa Potential for Spin 1/2 Parti-
cles, International Frontier Science Letters, Vol. 11, pp. 29-44, 2017.
DOIhttps://doi.org/10.18052 /www.scipress.com/IFSL.11.29

A. Maireche, (2017). The exact nonrelativistic energy eigenvalues for modi-
fied inversely quadratic Yukawa potential plus Mie-type potential. Vol. 9 No 2,
02017(7pp) (2017). DOI: 10.21272/jnep.9(2).02017

A. Maireche. (2016, November 28). A New Nonrelativistic Investigation for
Interactions in One-Electron Atoms With Modi.ed Inverse-Square Poten-
tial: Noncommutative Two and Three Dimensional Space Phase Solutions
at Planck.s and Nano-Scales. Journal of Nanomedicine Research, 4(3), 1-

16.d0i:10.15406 /jnmr.2016.04.0009029

H. Yukawa, Proc. Phys. Math. Soc. Jap. 17, 48 (1935).



BIBLIOGRAPHY 47

[42] M. Hamzavil, M. M.-E. (2012, March 6). Approximate Analytical Solu-
tion of the Yukawa Potential with Arbitrary Angular Momenta. Chinese
Phys.Lett. 29 080302, 29(8), 1-4. doi:10.1088/0256-307X/29/8 /080302 2021(7),29.
https://doi.org/10.1093/ptep/ptab070

[43] M. Napsuciale and S. Rodriguez (2021, June 04). Bound states of theYukawa
potential from hidden supersymmetry. Progress of Theoretical and Experimental
Physics,

[44] Debye, P. and Hiickel, E. De la theorie des electrolytes. I. Abaissement du point
de congelation et phenomenes associes. Phys. Zeit., 24, 185-206(1923)

[45] MARGENAU, H., LEWIS, M. (1959). Structure of Spectral Lines from Plasmas.
Reviews of Modern Physics, 31(3), 569.615.doi:10.1103 /revmodphys.31.569

[46] G. M. Harris, Phys. Rev. 125, 1131 (1962)

[47] Smith, C. R. (1964). Bound States in a Debye-Hiickel Potential. Physical Review,
134(5A), A1235.A1237. doi:10.1103 /physrev.134.a1235

[48] Lam, C. S, Varshni, Y. P. (1983). Ionization energy of
the helium atom in a plasma. Physical Review A, 27(1), 418.
DOIhttps://doi.org/10.1103/PhysRevA.27.418

[49] Schey, H. M., Schwartz, J. L. (1965). Counting the bound states
inshort-range  central potentials. Physical Review, 139(5B), B1428.
DOIhttps://doi.org/10.1103/PhysRev.139.B1428

[50] Roussel, K., O.connell, R. F. (1974). Variational solution of Schrodinger’s equa-
tion for the static screened Coulomb potential. Physical Review A,9(1), 52. DOI:
https://doi.org/10.1103/PhysRevA.9.52

[51] Krieger, J. B. (1969). Electron shielding in heavily doped semiconductors. Physical
Review, 178(3), 1337. DOL:https://doi.org/10.1103 /PhysRev.178.1337



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

BIBLIOGRAPHY 48

Zee, B. (1979). Models and method of calculation of doping and injection de-
pendent impurity density of states in GaAS. Physical Review B, 19(6),3167.
DOI:https://doi.org/10.1103/PhysRevB.19.3167

Ferraz, A., March, N. H., Flores, F. (1984). Metal-insulator transition in hydrogen
and in expanded alkali metals. Journal of Physics and Chemistry of Solids, 45(6),
627-635. https://doi.org/10.1016,/0022-3697(84)90055-6

FANIANDARI, S., SUPARMI, A., CARI, C. (2020, May 14). ANALYTICAL
SOLUTION OF SCHRODINGER EQUATION FOR YUKAWA POTENTIAL
WITH VARIABLE MASS IN TOROIDAL COORDINATE USING SUPERSYM-
METRIC QUANTUM MECHANICS. 17(35), 100-108.

M. Napsuciale and S. Rodriguez (2021, June 04). Bound states of theYukawa
potential from hidden supersymmetry.Progress of Theoretical and Experimental
Physics, 2021(7), 29.https://doi.org/10.1093 /ptep/ptab070

F. Pakdel. A. (2014, March 17). Scattering and Bound State Solutions of the
Yukawa Potential within the Dirac Equation. Hindawi Publishing Corporation,
2014, 7. http://dx.doi.org/10.1155/2014 /867483

J. C. del Valle, D. J. (2018, October 08). Toward the theory of the Yukawa po-
tential. Journal of Mathematical Physics, 59.https://doi.org/10.1063/1.5050621

Chatterjee, A. (1986). 1/N expansion for the Yukawa potential revisited. J.Phys.
A: Math. Gen., 18(8), 3707-3710. doi: 10.1088/0305-4470/18/8/019

Sabet, M. M. (2021). Solution of Radial Schrodinger Equation with Yukawa Po-
tential Using Bethe Ansatz Method. ACTA PHYSICA POLONICA A,142(1),
97-102. doi:10.12693/APhysPolA.140.97

KARAKOC, M., BOZTOSUN, I. (2006). ACCURATE ITERATIVE AND PER-
TURBATIVE SOLUTIONS OF THE YUKAWA POTENTIAL. International
Journal of Modern Physics E, 15(06), 1253.1262. doi:10.1142/s0218301306004806



BIBLIOGRAPHY 49

[61] A. Maireche, Nonrelativistic treatment of Hydrogen-like and neutral atoms sub-
jected to the generalized perturbed Yukawa potential with centrifugal barrier in
the symmetries of noncommutative Quantum mechanics. Int. J. Geo. Met. Mod.
Phys. 17(5), 2050067 (2020).https://doi.org/10.1142/S021988782050067X

[62] A.Maireche, Investigations on the Relativistic Interactions in One-Electron Atoms
with Modi.ed Yukawa Potential for Spin 1/2 Particles. Int. Fro. Sc. Lett. 11, 29-44
(2017).https://doi.org/10.18052/www.scipress.com/IFSL.11.29

[63] A. Maireche, A model of modified Klein-Gordon equation with modified scalar-
vector Yukawa potential. Afr. Rev Phys. 15: 0001, 1-11 (2020).

[64] A. Maireche, A Theoretical Model of Deformed Klein-Gordon Equation with
Generalized Modified Screened Coulomb Plus generalized inversely quadratic
Yukawa potential in RNCQM Symmetries. Few-Body Syst. 62,12 (2021).
https://doi.org/10.1007/s00601-021-01596-2

[65] A. Maireche, A new Theoretical Investigations of the Modi.ed Equal Scalar and
Vector Manning-Rosen plus quadratic Yukawa Potential within the Deformed
Klein-Gordon and Schrodinger Equations using the Improved Approximation of
the Centrifugal term and Bopp’s shift Method in RNCQM and NRNCQM Sym-
metries. SPIN J. (2021).https://doi.org/10.1142/S2010324721500296

[66] A. Maireche, New bound-state solutions of the deformed Klien-Gordon and
Shrodinger equations for arbitrary l-state with modi.ed equal vector and scalar
Manning-Rosen plus a class of Yukawa potentials in RNCQM and NRQM sym-
metries. J. Phys. Stud. 25(4), 4301 (2021).https://doi.org/10.30970/jps.25.4301

[67] A. Maireche, The investigation of approximate solutions of Deformed Klein Fock-
Gordon and Schréodinger Equations under Modi.ed Equal Scalar and Vector
Manning-Rosen and Yukawa Potentials by using the Improved Approximation
of the Centrifugal term and Bopp.s shift Method in NCQM Symmetries. Lat.
Am. J. Phys. Educ. 15, No. 2, 2310-1 (2021).

[68] A. Maireche, Modified unequal mixture scalar vector Hulthén-Yukawa potentials



[69]

[70]

BIBLIOGRAPHY 20

model as a quark-antiquark interaction and neutral atoms via relativistic treat-
ment using the improved approximation of the centrifugal term and Bopp.s shift
method. Few-Body Syst. 61, 30 (2020).https://doi.org/10.1007/s00601-020-01559-

Z.

R. L. Greene and C. Aldrich, Physical Review A 14(6) (1976) 2363.2366

S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products,7th. ed.:
eds. Alan Jeffrey Daniel Zwillinger (Elsevier, 2007).



Résumé

Dans notre travail sur ce mémoire de master, en physique théorique (2021/2022):
Une étude d’un spectre d’énergie non relativiste produit avec un potentiel isotrope
dans le cadre des symétries étendues de la mécanique quantique : le cas du poten-
tiel de Yukawa. Nous avons étudié I’équation de Schrodinger avec le potentiel de
Yukawa dans des espaces et des phases tridimensionnelles non commutatives, en
appliquant la méthode de Boopp’s Shift au premier ordre des parametres (6, 9),
en plus de la théorie standard des perturbations, pour obtenir le spectre d’énergie
du systéme, qui change radicalement, et remplacé par de nouveaux états dégénérés
dépendant des nombres quantiques atomiques discrets (j, n, [, s). Ce résultat a été

produit par I'interaction spin-orbite.

Mots-clés: équation de Schrodinger, potentiel de Yukawa, mécanique quan-

tique noncommutative, produit star, la méthode de Boopp’s Shift
Abstract

In our work on this these, in theoretical physics (2021/2022): A study of a non-
relativistic energy spectrum produced with an isotropic potential in the framework
of extended quantum mechanics symmetries: the case of Yukawa potential. We
have studied the Schriodinger equation with the Yukawa potential in noncommuta-
tive three-dimensional spaces and phases, by applying the Boop’s Shift method to
the first order of the parameters (¢, ©), in addition to the standard perturbation

theory, to obtain the spectrum of energy of the system, which is changing radically,



and replaced by degenerate new states depending on the discrete atomic quantum
numbers (j, n, [, s). This result was produced by the spin-orbit interaction.
Keywords: Schrodinger equation, Yukawa potential, noncommutative quan-

tum mechanics, star product, Boop’s shift method

RS

up.as all> :,_ms_n rS-” clalsa .LbLLJ)LLJE a L;‘-L‘JL] Jilaia [_,lg_ns O 1_.'[_3_” Aslhall Cagdat a.g_l_a..;_l}m :'L..ub._d| E)SJ.L'I ada 4 lalglus

Gt 1) LAY, (8, O) szl 3dlss ol gy Tis udany cll3g, yalally ol SN IoLs¥) slnall (3 (paSH s dualyty Lo 1K,

EPLA] ._\'l_a_r.ia'k_‘;@_lnjj ‘?-'Jljs_a_l_a_?- Alnig el T Boysy CNES Sl sty q;_'d!g Aozl ddlaY oo e Jgunll :LI.;Lg_I.JsL RN | :Lpbj
Ll Sl slte-cuadl Jyaie i e Sbgilztlodn .(J, 1, 1, S) dabazal)

g Adgly ol el Jolaldl @S elslSa c1gla0 (1908« phiag b dlblas + Ao liall cilelSI



LIST OF ABBREVIATIONS

NCQM: NonCommutative Quantum Mechanics
QFT: Quntum Field Theory

NCSP: NonCommutative Space-Phase

NCPP: NonCommutative Phase-Phase

SE: Shrodinger Equation

QM: Quantum Mechanics

ECOC: Complete set of Commuting Observable



