Applied Mathematics E-Notes, 22(2022), 476-495 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

Existence And Uniqueness Of Solution For A Mixed-Type
Fractional Differential Equation And Ulam-Hyers Stability*

Nora Ouagueni’, Yacine Ariouat

Received 2 July 2021

Abstract

In this paper, we have discussed a special type of nonlinear boundary value problems (BVPs) which
involves both the right-sided Caputo-Katugampola (CK) and the left-sided Katugampola fractional deriv-
atives (FDs). Based on some new techniques and some properties of the Mittag-Leffler functions, we
have introduced a formula of the solution for the aforementioned problem. To study the existence and
uniqueness results of the solution for this problem, we have applied some known fixed point theorems (i.e.,
Banach’s contraction principle, Schauder’s fixed point theorem, nonlinear alternative of Leray-Schauder
type and Schaefer’s fixed point theorem). We have also studied the Ulam-Hyers stability of this problem.
To illustrate the theoretical results in this work, we have given two examples.

1 Introduction

In mathematical analysis, fractional calculus (FC) is a subject that studies different approaches of defining
non-integer order derivatives (i.e., fractional differential calculus (FDC)) and integrals (i.e., fractional integral
calculus (FIC)). For more details in the subject, the reader may refer to (Samko et al. 1993 [1], Podlubny
1999 [2], Kilbas et al. 2006 [3], Diethelm 2010 [4]).

Considering FC, classical integer order differential equations (IODEs) commonly known as ordinary DEs
have been generalized to get fractional order differential equations (FODESs) or FDEs simply. FDEs find
their applications in may different academic and research fields of engineering and science including biology,
mathematical physics, control theory, bio- and bio-inspired engineering, fluid mechanics, and signals and
systems.

In [5, 6, 7] Katugampola introduced a new fractional integro-differential operator which generalized both
the Reimann-Liouville (RL) and Hadamard operators.

Almeida et al. in [8] proposed a Caputo-type modification of Katugampola fractional derivative (FD) of
order a € (0,1) which represents in turn a generalization of the Caputo and Caputo-Hadamard FDs. This
new FD was named as the Caputo-Katugampola (CK) FD. In the same paper, some fundamental results
have been presented and proved. The authors have also developed an existence and uniqueness theorem for
a BVP with dependence on the CKFD. Later, in [9] Ricardo Almeida has defined a CKFD of arbitrary real
order o > 0, and has studied its properties.

Different fixed-point theorems have been used by researchers to develop solutions and their existence for
BVPs of FDEs (see [10, 11, 12])

The stability problem introduced by Ulam in [13] has attracted the attention and efforts of many famous
researchers (see [14, 15] ). Not long ago, Ulam-Hyers stability problem for FDEs has gained much research
attention (see [16, 17, 18, 19]).

Recently, some BVPs involving nonlinear mixed FDEs have been studied (see [20, 21, 22, 23]).

In this paper, we investigate the existence and uniqueness of solution for the following BVP involving a
nonlinear FDE with two different fractional derivatives

CKDfip (KDSLJ’rp + /\) u(t) = f(tau(t))v ted= [07 ]-]a (1)
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with the boundary conditions
(K Io7 " u)(0) = uo, (2)

(KD + A) u(l) =, (3)

where o, 8, a+ 8 € (0,1), \,p > 0, ug,u; € R, CKDfL‘) is the right CKFD of order 8. XDy’ is the left
Katugampola FD of order o and Kléla’p is the Katugampola FI.

The rest of this paper is structured as follows. In section 2, we re-call some useful definitions, theorems
and lemmas of FC. We also present some properties of classical and generalized Mittag-Leffler functions. In
section 3, we give the formula of solution to the studied problem. This result plays a crucial role in the
coming analysis throughout this paper. In section 4, we study the existence and uniqueness of solution to the
problem (1)—(3) by using the Banach’s contraction principle, Schauder’s Fixed Point Theorem, Schaefer’s
Fixed Point Theorem and the nonlinear alternative of Leray-Schauder type. In section 5, we present the
Ulam-Hyers stability result for the nonlinear mixed FDE (1)—(3). We also give two examples to demonstrate
our theoretical results. Finally, this paper is ended with a conclusion.

2 Background Materials and Preliminaries
In this section, we present the necessary definitions and notations from FC theory which will be used through

the whole of this work. Let J = [0,1] be a finite interval of R. We denote by C ([0,1],R) the Banach space
of all continuous functions y : [0,1] — R with the norm

[9lloe = sup |y ()],
te0,1]

where y € C([0,1],R). We denote also by C™ ([0, 1],R) with n € Ny the set of mappings having n times

continuously differentiable on J.
Asin [3], for 1 < p < oo and ¢ € R, consider the space X? [0,1] as follows

X2 0,1 = {y 00— R: ol = ([ 1 <s>|pdj); < oo} ,

for 1 < p < oo, ¢ € R. For the case p = oo,

[yllxe = ess sup [t°[y (H)]], c € R.
e 0<t<1
Now, we give some basic definitions and properties of the FC theory that we will need later in this work.

Definition 1 (Katugampola fractional integrals [5, 6, 9]) Let a,b > 0 be two reals, and y : [a,b] — R
be an integrable function. The left-sided and right-sided Katugampola fractional integrals of order o > 0, and
parameter p > 0 are defined respectively by

Ker o ts’)_l P — ") Ly (s)ds a
(“19) (0 = s [ #7107 =) (s, >
and \
a,p _ plia p— p _ gpya—l
(CI29) (0= s [ 7 @ = Ty (s s <, (1)

where I' (.) is the Gamma function.
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Definition 2 (Katugampola fractional derivatives [6, 9]) The left-sided and right-sided Katugampola
fractional derivatives for a differential operator of order o > 0 with dependence on a parameter p > 0 are
defined respectively as

« — d " n—ao
(“Dyy) (1) = (tl pdt> KLy (t)

1—ndtao n t
B i d / p—1(1p _ pyn—a—1l
I'(n—a) (t dt) u (=) y(s) ds,

and

« — d " n—o
(KDb—’py) t) = (tl pdt) KIb— Py (t)

1-n+a n eb
14 1— d —1 n—a—1
P (gl p p_4p d
I'(n—a) < dt) /t ’ (s ) (s)ds,

where n —1 < o <m, n=[a]+ 1 and [o] denotes the integer part of .

Definition 3 (Caputo-Katugampola fractional derivatives [8]) Let 0 < a < b < 00, y : [a,b] — R
be an integrable function, and v € (0,1) and p > 0 are two fized reals. The left-sided and right-sided
Caputo-Katugampola fractional derivatives of order v are defined respectively by

CEDYPy(t) = KDXP[y(t) — y(a)]

-t () [ e - e -l

and

CEDYPy(t) = KDPP[y(t) — y(b)]

- T (tjt) / T =9 (1)~ y O dr,

Lemma 1 (See [8]) Let J = [a,b], 7, p >0 and y € C(J,R) N CY(J,R). Then, the Caputo-Katugampola
fractional deferential equation
CK Dy (1) =0,

b — tP b — P\ ? b — P\t
y(t):co+01< )+02< ) —|—...—|—cn1< > ,
p p p

where ¢; € R, 1=0,1,2,...n—1 and n = [a] + 1.

has solutions

Theorem 1 (See [9]) Given a function y € C" [a,b], we have
op —I(=1)J .
KL erppey @) =y () - 3 T ey g ).
If0 < v <1, then
BI, CRDy () =y (1) —y ().
Theorem 2 (See [24]) The Cauchy problem

(KDEP = XN u(t) = f(t), t>0, 0<pu<1, NeR,
() (0) =k, keR,
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has the solution
o) (0 ()
uw(t) = k(| — E A —
) <p> o p
t p_ P p—1 p_ P\ H
+/ (t T > E,, <)\ <t T ) )Tplf(T)dT.
0 p P

Definition 4 Let E be a Banach space. We say that a part P in C(E) is equicontinuous if

Ve >0, 36 > 0,Vu,v € ELZNAE P, ||lu—v| <d=|A)—AW)| <e.

Definition 5 We say A: E — E is Completely continuous if for any bounded subset P of E, the set A (P)
is relatively compact.

Theorem 3 (Arzela-Ascoli’s Theorem [26]) Let B C C(E,R"), (E = [a,b] C R). B is relatively com-
pact (i.e., B is compact) if and only if

1. B is uniformly bounded.

2. B s equicontinuous.

Recall that a function f is uniformly bounded in B if there exists a constant M > 0 such that

| f]l = sup |f(x)| < M,Vf € B.
xeFE

Theorem 4 (Banach’s Fixed Point Theorem [27]) Let X be a Banach space and Q : X — X is a
contraction mapping. Then Q has a fixed point i.e.

JdreX: Qr=r=.

Theorem 5 (Schauder’s Fixed Point Theorem [28]) Let X be a Banach space, and let P be a closed,
convex and non-empty subset of X. Let T : P — P be a continuous mapping such that T'(P) is a relatively
compact subset of X. Then T has at least one fixed point in P.

Theorem 6 (Nonlinear alternative of Leray-Schauder type [28]) Let X be a Banach space with P
C X be a closed and convex. U be an open subset of P with 0 € U. Assume that A: U — P is a continuous,

compact (that is, A(U) is a relatively compact subset of P) map. Then either
(i) A has a fized point in U; or

(i) there is a point u € OU and o € (0,1) with u = cA(u).

Properties of Mittag-Leffler functions
Here, we present some properties of the Mittag-Leffler functions.

Definition 6 (See [2, 3]) Foro,v >0, z € R, the classical Mittag-Leffler function E,(z) and the general-
ized Mittag-Leffler function E, ,(z) are defined by

EU(Z) = kZ:O m (5)
and - i
Eyq(2) = kZ:O T(ok+7) (6)

It is clear from these two equations that E,1(z) = Ey(z).
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Lemma 2 (see [20]) Let o € (0,1), 6 > « be arbitrary. The functions E,, Ey . and Eq g are nonnegative
and have the following properties:

(i) For anyt € J, Ea(=Xt*) <1, Ea,a(=M) < 5 and Eap(=Xt%) < 55

(i) For any ty, ty € J,
|Eo(=MtS) — Eo (=M = O(|ta — t1]7), as ta — t1,
|Ea.0(—AtS) — Eqo(—X3)| = O(Jts — t1]%), as ta — t1,

|Ba,at1(=At3) = Baa+1(=A)] = O([t — t1|*), as t2 — t1.

3 Solutions for BVP

In this section, we give the formula of the solution to the problem (1)—(3). We start by solving the following
linear problem

CEDIP (KD + A) u(t) = h(t), t € J =10,1], (7)

with
(Kfé;a’pu) (0) = uo, (8)
(KDY + A) u(1) = uy. (9)

Lemma 3 Let o, 5, p,\ € R be such that 0 < «,5 < 1 and A\,p > 0. For a given h € C([0,1],R), the
solution u to the linear BVP (7)-(9) is given by

=8 () o0 () B (22 ) f s 00

where

a—1 B8—1 -
T [ tP—s” TP —sP tP_gP 1
Jo ( P ) ( ) ) Ea,a(*A(T> >5p ds, 0<7<t<l1,
. (11)

t p_gP a-1 TP _gP -1 p_gP @ _
Jo (tp ) ( P ) Ea,a(—)\(tT) )8” lds, O0<t<7<l.

Proof. First, by applying the right-sided Katugampola fractional integral I pr defined by (4) to both sides
of equation (7), using Theorem 1 and (9), we get

1

(8)

K(t,7)=

—

(KD + \) u(t) = us + (KIfLPh) (). (12)

Following the same idea of Theorem 2, with (8), equation (12) can be written as

0 = w(G) e (A(5))
) e (A Y e

p a—1 o\ @
o = w(G) rea(2(5))
p p
torgp _gp\ @1 P — P\
+u1/ < ) Eq ()\ ( > > P Lds
0 p p

SO




N. Ouagueni and Y. Arioua

i ) (55) Ee ((55) ) | (57

Applying Fubini’s Theorem, (13) can be re-written as

= ) () o () e (4())

wém/{fﬂhw [ <“;SP>: Fua (- (’”;“{) (
rr ] e [(5T) Ee (2 (557) ) (

which can be simplified to

0 = (8 e (52 e ) o (o

The proof is finished. m
Let us define .7
_J Ki(t,7), O0<7<t<,
K<t’7)_{ Ko (t,7), 0<t<7<I1.

where

=L (T o e\ s oo\ AT P _ gP
Faltm) = 1) A ( p ) < p > Fove <_A < p

=1ty o gp\N®L sop oo\ B P _ gP
Kaltyr) = r'(3) /0 ( p ) < p > P <A < p

B—1
> s"~Ydsdr

B—1
) sP~Ydsdr,

) )s”lds,
) )s”lds.

481

)B_l Tp_lh(s)dT] ds.

(13)

In the next lemma, we present some properties of the function K (¢,7), that form the basis of our main

work.

Lemma 4 For o, € (0,1), p, A > 0, the function K (t,7) mentioned in Lemma 3 satisfies the following

estimates.

1) The function K (t,T) is nonnegative.

2)
Tpfl (t”;r”)a71
|K1 (t,7)] < RSO 0<7T<t<l1.
3)
7p—1 (T";t”)ﬁil
|Ky (t,7)] < Fa T DEG) 0<t<rt<l.
4)

1 « B8
P tp
K (t dr <
/0 )T S e T T DT+ D)

= Ao.

(15)

(16)
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Proof. 1) It is obvious that K (¢,7) > 0.
2) For 0 < 7 <t <1, by Lemma 2, we obtain

|K1 (¢, 7)|
p=1 T fap oo\ sop _ p\PL P _ P\
) (7)) (557) ma((557) )ee
L'(B) Jo p p p
— T a—1 B-1
=1 / (t”;sp) (TP;S”) " 1ds
0

I'(B)T ()

IN

Since

IN

IN

IN

Y /N 7N

RS

< ||

ﬁ

)
~ N~

Q

|

—

we see that

T’ s —1 (tP—1" a-l
Pl (7) (t" - T”)al T (T)

K1 t,T S S .
e N I

3) For 0 < t < 7 < 1, similarly with 2), by Lemma 2, we get

| Ko (¢, 7))
_ ¢ a—1 —1 @
(e (Y g (G () e
L'(B) Jo p p p
— a—1 —1
=1 /t (t”—sp> (Tp—8p>ﬂ 1 s
0 p p

I(B)I ()

IA

We have

IN

IN
/N 7 N N
3
SR
Sl
A
N~ S~
™
L
|
=
Qb
YN
Q
o
RS
N~—
Q
—_
o o

Then
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4) By (14) and (15), we observe that

1
dr = )d )d
/OK(t,T)T /Kltr 7'—|—/K2t7'r
Y .
rrra (s ) T

1 Lire e\t
o () T

oo L -y
pPT(B+1)I(a+1)  pPT(a+1I(B+1)
1 1
TR+ 1T (a+l)  pPT(a+ DB+ 1)
p* +p°
T3+ Do+ 1)

IN

IN

IN

IN

= Ao.
]

Lemma 5 The following inequalities hold

[ e (5 (52)) - (557) e (5 (55)

P — s\ P!
X ( ) sP7rds| < O((th —t))™), for 0 <7<t <ty <1, (17)

p
Ll ) e e
- s s
0 p P p
P _ P p-1
<T 5 2> O((th —t)>), for 0<ty <ty <T7<1, (18)

[ e 52 (55 e (5 (52 )
0 p o p p o p
— 0 j
8 (T”—Sp)ﬁ Lot < (70)5_ (Tp—tay
p “\p p

Proof. For 0 < 7 < t; <ty <1, it follows from Lemma 2 and the Mean Value Theorem that

P p\ @1 P P\ p_ op\ @1 P P\
(7)) ) (57) e (57))
p P P p

O((th —t9)), for0 <t <1<ty <1.(19)

5T e )
e (2 (157) ) - (2 (557)) | (557)
< O((t5 1)),
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which yields

T a—1 «@ a—1 «
[55) w2 (555) )-(557) e (0 (557))
0 P p P p
p_ gp\ P!
X <T 5 > sP~lds
P

T P _ P ﬁ_l
/ <T S) 0= 1ds.O((t — 1))
0 P

<
1 /\"
B(p) Ot — )% < O((t5 — 1)°).

For 0 < t; <ty <71 <1, we obtain

a—1 a—1 —1
L)) )5
0 p p p

t a—1 a—1
T G e P
0 P p
We have
(552 (552
p P
= Pt )T (- ) = [ ) (15— )]
ap® ds
Then

g1
(#5%)
p

t1 a—1 a—1
L) -(55) o
0 P p

1|/ d PP\t
< — / — [t — 7)™ = (t§ — s”)*] ds (T 1)
ap® |Jo ds p
1 o — P!
< tpa 7tpa + tp 7tp a ( 1>
e ol
7P — P!
(F=2) o -

In a similar way as for (17) and (18), for 0 < ¢; < 7 < t3 < 1, we obtain

a—1 [
[57) ma (2 (557)) -
0 P p
L_sp a-1 P _ p\ @ p_ oo\ P!
(t s) Ew(k(% 2) ) () e
p p p

) s ds - O((th — 1))

P tp)
P P

IN

IN
|—|\
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Lemma 6 We have the following properties

|K1(t2,T>—K1(ﬁ1, )|_7_p ! O((tp )) fO’I" O0<7T<t; <ty <1,

p—1 T’ — 15 o p_ 4P\
|K3 (t2,7) — Ko (t1,7)| =7 — O((ty —t1)7),

for0<t; <ty <7<1, and

o\ B p_ P\ P
|Ky (t2,7) — K (t,7)| = 77 KTP) _(T P 1>

forO<t; <7T<ty <1.

-O((th — 1)),

Proof. For 0 < 7 < t; <t9 <1, by (17), we get

| Ky (t2,7) — K1 (t1,7)]
=1

) e (2 (57))
5 F(ﬁ)/o l( p Faa \ 275
() e (57 55 e
p p p

< Ot - 1)),

For 0 < t; <t <7 <1, by (18) and Lemma 2, we find

| Ko (t2, 7) — K3 (t1,7)] 1
o1 p a—

F(ﬁ)Va <t p ) < p
[0 (557w

- sp) ) splds]
p

TP ) s TP — 8P 3 th— 5P\ P
<t (50) (5) me (A () ) e
TP 1 — 5P e g\ P! th— s\ 1
4 E - sP7 ds
r(3) /t < p ) ( p ) “’“( ( p ))
TP T s aml e g\ PE 7 — s\ =
_ E -\ sP7 ds
il (7)) (7)) (2 (7))
< (5 e (- <”‘S”>> (557)
0
P
p p
TPl P aml fre _gp\ P 3 th — s b1
+F(6)/t1( p ) ( p ) Ea’“( A( p ))S @
<

o1
LB) | T(w)

B—1 P P\
o) e O (555) )
P

t1 P a—1 p a—1 8—1
th — gP th — gP P _ gP
/ < 1 : ) ( : : > (T : ) Sp_lds
0 P P p

485
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_ a—1 B—1
N r—1 /tz (té’ _ SP) (TP _ 8P> -1
Le)ra) /i, p p

TPl P — 2\
( 2) LO((t5 — ")

I'(a)l(B) p
oo\ B—1
7-/)—1 (T ;tz) to tp P a—1
2 p—1
r—rare— J, (57) 7
g1
< w*(”;@> L0((t5 ~ 1)),

In the same way, for 0 < t; < 7 < t3 <1, by (19) and Lemma 2, we have

| K1 (t2, 7) — K2 (t1,7)]
p_ «
A (t 5 > ) sP7tds

ol (57) (5) e
A B e B Gl e D
S
o

71 e rh — P ol fop _ gr\ P71 th— P\ o1
) [/0 ( P > ( p > Fa /\( ))S ds
[ (52 e (55

0
TP=b (T — 5P o=l fop _ gp\ P71 B t2—s">a) .
) /t< p > ( p ) Ea’“( /\< p s
Pl ol —gp\ ! th —sP\“ 2 — gp\ !
< : Eoa | =22 -
_F(ﬁ)l/o [<p> a’“( <p>><p>
(A (B52))] (252)
p p
=1 Tth—sP o=l srp g \PTL o1
+H@H®l;<r’) ( : > v
1 B-1
[ (55) o
B B
< [(;”) (T";ﬂ 1~0((t§t€)“).

4 Existence and Stability Results

Now, to prove our results, we give the following conditions
(Hy) f:[0,1] x R — R is a continuous function.
(Hz) There exists a constant L > 0 such that
If(t,u) — ft,v)| < Llu—v|, Yu,v €R, t €[0,1].
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(H3) There exists a constant M > 0 with |f(¢,u)| < M for each t € [0,1].
In light of Lemma 3, we define the operator F': C([0,1],R) — C([0,1],R) as follows

= (&) (A (5) ) () e (4 (2))

1

+ ; K (t,7) f(r,u(r))dr, (23)

where K (t,7) is defined by (11).
Lemma 7 F is a completely continuous operator
Proof. Firstly, according to (H;), we note that the operator F is well defined. Next, choosing

[uo |y |
p*1T(a)  poT(a+1)

n= + MA,.
We define
Qy ={ueC(0,1,R): |lull, <m, n>0}. (24)

Clearly, €, is a nonempty, bounded, closed and convex subset of C([0,1],R). We show that F () is
uniformly bounded. Let u € §,, in fact for any ¢t € [0,1], by condition (H3), from Lemma 2(i) and equation
(16), we obtain

P a—1 P a
o < o 2) e (A(2))
p p
AN P\
oo (5) e ()
p p
1
+ [ K (o)) dr
0
‘UO‘tp(ail) \ul\tpo‘ /1
< M K(t,7)d
= (@) ety M KD
L |ua| 27 M(p™ +p°)
-~ p () poT(a+1)  ptAT(a+ 1)I(B+1)
|uol |ua
< + MA
= () " peT(a+1) ’
< .
Consequently,
| Full, < [uol [ + MAy < oo, for all u €

o IT(a) | (et 1)
and hence F'(Q,) is uniformly bounded.

Now, we show that F' is equicontinuous. Let t1,¢2 € [0,1], with ¢; < 2, Vu € Q,, by the Mean Value
Theorem, we obtain

5 ()0 e )
HORECRONSNECH)

+
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+ / K (t2,7) — K (t2,7)] |f(r,u(r))] dr
< Juol O (85 = ¢)%) + [ur] O ((¢5 —t9)7)

1
+M/\K@J%JﬂmﬂMT
0

1
< O((tg—t’f)“)JrM/o |K (t2,7) — K (t1,7)|dr.

It remains to show that the right-hand side of the above inequality tends to zero as t3 — ¢;. In what follows,
we divide the proof into three cases
Casel: For 7 < t1 < t2, by (20), we have

1
|Fu(t2)—Fu(t1)| § O((tg—t’f)a) +M/; |]€1 (tz,T)—kl (t1,7)|d’7'

< O((ts—t)") + M/1 O((t — t0))r*~\dr
0
= O((t5 - 11)").

Case 2: For t; <ty <7, by (21), we get

|Fu(ts) — Fu(ty)]
S O((tg—tf)a)‘l'M/O' |]i}2 (t277')—k2 (thT)‘dT

P __ 4P
oty

-1
~B) ot -y ar

<<N@—m%+MATw%
= ot - 10)7).

Case 3: In the same way, for t; < 7 < ta, by (22), we obtain

<

<

|Fu(te) — Fu(ty)|

O ((t5—t))") + M/o k1 (t2,7) — ko (t1,7)|dT

05 -0 + s [ [(p)ﬁ - (;tﬂ Ot ~ 1)) dr
o5 - 1))

Consequently, by this three cases, we have |Fu(ty) — Fu(t1)] — 0 as to — ¢1. Finally, by the Ascoli-Arzela
Theorem 3, we have F : C([0,1],R) — C([0, 1], R) is completely continuous. =
Next, we study the existence and uniqueness of solution for the PVP (1)—(3).

4.1 Existence of At Least One Solution via Schauder’s Fixed Point Theorem

Now, we demonstrate the first existence result, by using the fixed point theorem of Schauder

Theorem 7 Assume that (Hy) and (H3) are satisfied. Then the problem (1)-(3) has at least one solution

on [0,1].

Proof. Let the operator F' defined in (23), then we shall show that F' satisfies the assumptions of Schauder’s
Fixed Point Theorem. It means, we will prove that the operator F' is continuous and completely continuous.
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Let’s first show that F' is continuous. Let {u,} be a sequence such that u, — w in C([0,1],R), for each
t €[0,1], by (16), we get

1 1
Fun(t) — Fu(t)] = / K (6,7) £ (r,wn (7)) dr — / K (t,7) £ (v, u(r))dr

1
< / K (t,7) [£(7, un(r)) — F(r,u(r))|dr
< / K (t,7)sup | (7, un(r)) — f(r,u(r))|dr
< ||f<.,un>—f<.,u>||m/0 K (t,7) dr
(0 + 02 1 Crum) — Fou)ll
- PPl (a+ 1B+ 1)

Then ||Fu, — Ful| < Ao || f (-, un) — f(.,u)]| - Since f is continuous, we see that || f (., un) — f(.,u)||,, — 0
as n — oo. Consequently, F' is continuous. From Lemma 7, we know that F' is a completely continuous
operator. As a consequence of Schauder’s Fixed Point Theorem 5, we deduce that F' has a fixed point which
is a solution of the problem (1)—(3) on [0,1]. =

Next, we demonstrate the second existence result, by using the fixed point theorem of Schaefer.

4.2 Existence of At Least One Solution via Schaefer’s Fixed Point Theorem

Theorem 8 Assume that (Hy) and (Hs) hold. Then the problem (1)—(3) has at least one solution.

Proof. Counsider F as in (23). Clearly, F' is a continuous and completely continuous operator.
Now, it remains to show that the set

E={ueC(0,1],R):u=Au, A€ (0,1)}

is bounded. Let uw € £. Then, u = AFu for some A € (0,1). For each ¢ € [0,1], by (H3), Lemma 2 and

equation (16), we obtain
P\ @1 P\ & tP\ tP\
w(5) e (5(5) )+ (5) B (2(5))
P p p P

() e (A ) ) (5) e ((5))
+/01K(t,r) |F(ru(r))| dr

|uol |us|
= pil(a)  poT(a+1)

[u@®) = A

IN

+ MAy < .

This shows that the set £ is bounded. Hence the fixed point theorem of Schaefer guarantees that F' has
a fixed point, which is a solution of (1)—(3). m
Our third existence result for (1)—(3) is based on the non-linear alternative of Leray-Schauder type.
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4.3 Existence of At Least One Solution via the Non-Linear Alternative of Leray-
Schauder Type

Theorem 9 Assume that hypotheses (Hy) and (Hs) hold, and that there exists 6 > 0, such that

1 |uo| |us|
— MA 1. 2
0 (mlr(a) T T P < 25)

Then the problem (1)-(3) has at least one solution on [0, 1].

Proof. Consider the operator F' defined in (23), then we shall show that all assumption of Leray-Schauder
Fixed Point Theorem 6 are satisfied by the operator F. The proof will be given in several claims.

Claim 1: Clearly F' is continuous.

Claim 2: F maps bounded sets into bounded sets in C ([0, 1],R).

Actually, it is enough to show that for any 6 > 0, there exists [ > 0 such that for each u € Dy =
{ueC ([0,1],R) : |lu||, <0}, we have |[Ful_ <I.

Let u € Dy, for each t € [0, 1], we have

P a—1 P [eY
= n(5) 5 (1(5))
P P
P\ P\
o (5) Ees (2(5))
p p
1
+ [ K1) |f(r,u(r))|dr
0
S ) A (7Y L M(p* +p°%)
- p () poT(a+1)  ptAT(a+ 1)I(B+1)
|uol |ua |
< + MAy.
— po () pT(a+1) ’
Thus
|Fu|. < [uol [ + MAg =1 < . (26)

© = pa10(a) | prT(a+ 1)

Claim 3: It is Clear that F' maps bounded sets into equicontinuous sets of C(]0,1],R). From Claim 1
—Claim 3, we conclude that F': C([0,1],R) — C([0,1],R) is continuous and complectly continuous.

Claim 4: A priori bounds.

Let u € 9Dy, such that u = pFu, for some 0 < g < 1. From (26), we obtain

lulle = wllFullo <[[Ful,

|uo |y |

- (@) poT(e+ 1)

+ MA,,

and thus
g < _ ol |us|

+ MAy,
=@ ety TN

hence,
L Juo |ua |
- MAy| >1
0 Lo @) " Ty T 2
which contradicts (25). Consequently, by the nonlinear alternative of Leray-Schauder Fixed Point Theorem
6, the problem (1)—(3) has at least one solution on [0,1]. m
Finally, we will prove the existence and uniqueness result of the solution for the problem (1)—(3), which
is based on Banach’s Fixed Point Theorem.




N. Ouagueni and Y. Arioua 491

4.4 Uniqueness of Solution

In this subsection, we show the last existence result which is based on the Banach’s contraction principle.

Theorem 10 Assume that (Hy)-(Haz) hold for o, € (0,1), p, A > 0. Then the problem (1)-(3) has a
unique solution on [0, 1], provided that

0< LAy < 1. (27)

Proof. Consider the operator F : C([0,1],R) — C([0,1],R) given by (23), we shall show that F is a
contraction mapping. Let u,v € C([0,1],R), for any ¢ € [0,1], according to (Hz) and by equation (16), we
obtain

\Fut) — Fo(t)] = /0 K (1) f(ru(r))dr — /0 K (1) f(r,0(r)dr

IN

/0 K (t,7) | f(ru(r) — f(r,o(r)|dr

IN

1
L/o K (t,7)|u(t) — v(r)|dr.

Then
[Fu— Fvllo < LAo [lu—v| -

By the condition (27), F is a contraction mapping, using the principle of Banach Fixed Point Theorem 4,
we deduce that there exists a unique solution of the problem (1)—(3) on [0,1]. =

5 Ulam-Hyers Stability

In this section, we discuss the Ulam-Hyers stability of problem (1)—(3).
Let £ >0 and f:[0,1] x R — R be a continuous function.
For the mixed fractional BVP (1)-(3), we emphasize on the following inequality

’CKva_f’ (KD + N w(t) — f(t,w(t)| <5 te0,1]. (28)
In a similar way as in [17, 18, 19], we introduce the following definition and remark.
Definition 7 The mized fractional boundary value problem (1)-(3) is Ulam-Hyers stable if there ezists a
constant g > 0 such that for each € > 0 and for each solution w € C([0,1],R) of inequality (28) there exists
a solution u € C([0,1],R) of (1)—(3) with
lw(t) — u(t)] < dog, te€]0,1].

Remark 1 A function w € C([0,1],R) is a solution of inequality (28) if and only if there exists a function
¢ € C([0,1],R) such that

(1) lp(t)] <& telo,1],
(ii) CEDIP (KDXP + N w(t) = f(t,w(t) + (t), te0,1].

Theorem 11 Suppose that (Hy) and (Hs) hold, then the mized fractional BVP (1)-(3) is Ulam-Hyers stable
if LAy < 1.



492 Existence and Uniqueness of Solutions for Fractional Diffrential Equation

Proof. Let 0 < o, 8 < 1 and let w € C([0, 1], R) be a solution of inequality (28) with (Kléj“”’w) (0) = wo,
(X D§3” + X) w(1) = uy. Then by Remark 1, we have

CEDEP (KD&? + M) w(t) = f(t,w(t)) + ¢(t), t € [0,1].

By adopting the same arguments as in the proof of Lemma 3, we can write

w0 = () e () e (5) e (2(5))
/KtT 7, dTJr/KtT (r)dr.

From this equation and by (16), it follows that

w05 2 )
—w (t:)aEa,aH <—/\ <tp> ) / K (4, 7) f(r w(r))dr

T)dT

IN

1
| K@newlar
0
< Aot (29)
Now, let v € C(]0,1],R) be a unique solution of (1)—(3). Then for each ¢ € [0, 1], we have
a—1

(8 ((2))
() B (A(2)) - [ K e st

lw(t) — u(t)]

< e (5) e (5())
(5 B ({2 [ w0 s
/KtT (, w( dT—/KtT Flr,u(r)) dr
- (5) e (5(2))

(5 B (A (2)) - [ 50 sioton

1
+ / K (t.7) |f(rw(r) — f(r,u(r)| dr.
0
From (Hs), (29) and (16), we obtain
llw—ul| < Ao+ LAg |Jw — v,

which implies
lw — ul| < dog,

where §p = 1:\T0A0 > 0. Then the mixed fractional boundary value problem (1)—(3) is Ulam-Hyers stable. m



N. Ouagueni and Y. Arioua 493

6 Examples
In this section, we present two examples to explain the applicability of our main result.

Example 1 Consider the following boundary value problem with two different fractional derivatives

KDt (KD + 3 ) u(t) = 29, tes=[01)

(F13:'w) ) =3, (Dt +3) u() = 1. (30)

Here, f(t,u(t)) = Cl(fit2)7 a=3 8= a+B==2<1,A=2 p=1,u =1 and uy = 1. The function f
is continuous for any t € [0,1] and we have |f(t,u)] < M =1,V (t,u) € [0,1] x R. Hence the condition (Hs)

holds. It follows from Theorem 7 and Theorem 8, that the problem (30) has at least one solution.

Example 2 Consider the following mized fractional boundary value problem

l’]_ l)]_ w
CKpi (KD;+ +2) u(t) =t + s, teJ =10,1],

(Kl(i’lu) (0) = up, (KDo%il + 2) u(1) = uy. (31)

Here, o = 1, B =1 a+ 8 = g <L, A=2p=1and f(t,ut)) = t—i—%. The function f is

continuous for any t € [0,1], then we have |f(t,u) — f(t,v)| < tlu—v|, L=1, Ag = m ~~ 2.49
4 2
and LAy ~ 0.50 < 1. By Theorem 10, the problem (31) has a unique solution u on [0, 1].
Now, let w € C(]0,1],R) be a solution of the inequality

w(t)
5et (1 4+ w(t))

oKppt (KDO%il + 2) w(t) — <t+ )’ <& E>o0, teJ=[0,1].

Then, from Theorem 11, the mized fractional BVP (31) is Ulam-Hyers stable with

A 2.4
o _249_ 980

%0 =17 “ LA, 05

7 Conclusion

In this paper, we have discussed the existence and uniqueness of solution for the nonlinear mixed-type
FDEs with boundary conditions by applying some fixed point theorems (Banach’s contraction principle,
Schauder’s Fixed Point Theorem, the nonlinear alternative of Leray-Schauder type and Schaefer’s Fixed
Point Theorem). We have also studied the Ulam-Hyers stability of our problem. The differential operators
we have considered are the Katugampola and Caputo-Katugampola, so the Reimann-Lioville, Hadamard,
Caputo and Caputo-Hadamard operators can be considered as special cases from our generalized problem.
This study serves as a new way for the researchers to discuss interesting problems in fractional differential
and integral calculus.

Acknowledgment. The authors are deeply grateful to the anonymous referees for their kind comments.
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Abstract. In this paper, we have discussed the problem of existence and
uniqueness of solutions under the self-similar form to the space-fractional
diffusion equation. The space-fractional derivative which will be used is the
generalized Riesz-Caputo fractional derivative. Based on the similarity vari-
able 1, we have introduced the equation satisfied by the self-similar solutions
for the aforementioned problem. To study the existence and uniqueness of
self-similar solutions for this problem, we have applied some known fixed
point theorems (i.e. Banach’s contraction principle, Schauder’s fixed point
theorem and the nonlinear alternative of Leray-Schauder type).

1. Introduction

Fractional calculus (FC) is a mathematical analysis subject which deals with
different possible approaches of defining fractional order derivatives (FODs) and
integrals (FOIs). The theory of classical (integer order) differential equations
(IODEs) has been then generalized to the broader theory of fractional order dif-
ferential equations (FDEs). For more details on the subject, the reader may refer
to |7, 26, 31].

To define fractional integrals and derivatives, many approaches have been
proposed in the literature, including Riemann-Liouville’s (RL), Hadamard’s, Ca-
puto’s, Riesz’s, Erdelyi-Kober’s approaches, etc. The development of each one of
approches should go through a series of stages ranging from exponential functions
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to special functions. Later, in [23] [24], a new fractional operator which generalized
both the RL and Hadamard operators was introduced by Katugampola. Not long
ago, in [3], a Caputo-type modification of this operator was proposed. This later
is the Caputo type of generalized fractional derivative (CGFD). It represents a
generalization of the Caputo and Caputo-Hadamard FDs. Aleem et al. in [I], pre-
sented a generalisation of the Riesz fractional operator, where this operator covers
as particular cases the classical Riesz fractional derivative. In the same paper, the
authors have also proposed a Caputo-type modification of this operator. This new
fractional derivative (FD) was named as the generalized Riesz-Caputo fractional
derivative (or the Riesz-Caputo generalized fractional derivative (R-CGFD)). In
the same paper, some fundamental results have been introduced and proved.

Different fixed-point theorems have been used by researchers to develop solu-
tions and their existence for non-linear initial value problems (IVPs) and boundary
value problems (BVPs) of fractional differential equations (see [4 5l [34] [6], 8 9])

Fractional partial DEs or simply FPDEs can be used for the modelling and
study of many important phenomena in many different fields of science and engi-
neering, such as diffusion processes, damping law, etc. One can find a variety of
applications in [10], 22, 25, 29] [33].

The existence and uniqueness of solutions of non-linear FPDEs have been
studied in many papers including [1T], [12] 13}, 2T, [30].

Generally, for PDEs, we can search for special type solutions known as group-
invariant solutions. As in [I4], by solving a reduced system of equations (which
has fewer independent variables compared to the original problem), the group-
invariant solutions can be found. These solutions are also known as self-similar or
scale-invariant solutions which are used to model many processes in mathematics
and engineering’s mechanics. The FPDEs which have self-similar solutions can
easily be reduced to ordinary differential equations (ODEs). This latter process
helps to simplify one’s work on FPDEs.

The idea behind solutions’ self-similarity along with Lie group analysis have
also been applied in FDEs. For example, Luchko and Gorenflo in [27] and Buckwar
in [I4] have been discussed the application of Lie group analysis for the equation

o _ o
ot oxB’

They have found a scale-invariant solutions for the fractional ordinary differential

z>0,t>0,d>0, a,8>0.

equation (FODE) with a new independent variable n = 2t . The left and right
sided Erdélyi-Kober derivatives which depend on «,f of this equation and on
the parameter 7y of its scaled group are considered. They have derived a general
solution in terms of the generalized Wright function.

Across the literature, one may easily be aware of the existence of plenty of
research works on fractional (space, time and space-time) diffusion equations by
using the similarity method. For more details, the reader may check [10] 17 28].

In this paper, we discuss the existence, uniqueness and main properties of the
solution of the following space-fractional diffusion equation, which is

Ou(x,t)  0%Pu(x,t)
oo Olxle

(x,t) € [0, X] x [to, 0], 1 < <2, (1)
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under the following self-similar form

u(x,t) = tﬁf(txl> with (z,t) € [0, X] x [to, o0], (2)
ap

where u(z,t) is a scalar function of space and time variables (z,t) € [0, X] X [to, o0]

with X, t9 > 0, g‘;—,’l’; is the R-CGFD of order a with p > 0 and which is the main

motivation of the present research, the "basic profile" f in is not known in

advance and is to be identified and 8 € R is a constant chosen so that the solutions

exist.

The rest of this paper is structured as follows. In the next section, we recall
preliminaries related to some definitions of fractional integrals and derivatives,
theorems and lemmas of FC. The main results are given in section 3. Finally, this
paper is ended with a conclusion.

2. Preliminaries and definitions

In this section, we give the necessary definitions, notations, lemmas and the-
orems from FC theory which will be used through the whole of this work. Let
J = [0, u] be a finite interval of R with x> 0. We denote by C(J,R) the Banach
space of all continuous functions g: [0, u] — R with the norm

19lloc = sup |g(n)|.
n€(0,u]
We denote also C™(J,R) with n € Ny the set of mappings having n times contin-
uously differentiable on J.
As in [26], for 1 < p < 0o and ¢ € R, consider the space X?[a, b] as follows

b 1
. ds\
X2la,t) = {g: [0l = B+ lallxe = [P )" < oo},
for 1 < p < oo, ¢ € R. For the case p = oo,

9]l xee = esssup[n®|g(n)]], ceR.
a<n<b

DEFINITION 2.1 (Generalized fractional integrals. (see [2] 23]))

The left-sided and right-sided of the generalized fractional integrals of order o > 0

and parameter p > 0 of an integrable function g: [0, u| — R with x> 0 are defined

respectively by

«,p _plia ! p=L(pp pya—
It = o5 [ 7 =) g(eas, n >0 0
and a
Uto)n = by [+ = m<n @

where I'(.) is Euler’s gamma function defined as

+oo
I'(a) = / e d, a € C, Re(a) >0.
0
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DEFINITION 2.2 (CGFDs. (see [2]))

Let u > 0, p be a positive real number, a € RT and n € N be such that o €
(n—1,n), and g: [0, u] — R a function of class C". The left-sided and right-sided
of CGFDs of order a and parameter p are defined respectively by

Dot = o [N -y (5 s )
0+977*F(n_a) 0 n dS g
and
a—n+1 1 d\n
Cno,p _ P p—1/.p pyn—a—1 1—p %
Diten) = foy [y (<) e ©

The next two results justify the definition [2.2] since the Caputo-type of the
generalized fractional derivative is an inverse operation of the generalized fractional
integral.

THEOREM 2.3 (see [2])
Let a« > 0 be such that « € (n —1,n), n € N and p > 0. Given a function
g € C™[0, u], we have

a,p o, p _ = ") O P\
(I:* Dy 9)(n) = g(n) _;;)g k,( )(Z) :
and
ap Cyap _ SR (—1)Fg® () (= PN\
(L2 D)) = o(n) = 3 ) (")

The following theorem yields the compositions of the fractional integral op-
erators I} and I;“Lp with the fractional differential operators “Dg” and CDZ‘L” ,
respectively.

THEOREM 2.4 (see [32])

Let a, 8, p € R be such that « > 8 and 8> 0. If g € XP[0, ], then for p > 0,
(“Dei 153 9)(n) = (157" g) (),
(DILI g)(n) = (1227 g)(n).

DEFINITION 2.5 (Riesz-generalized fractional integral. (see [I]))

Let g(n) € XP(0, ) and a, p > 0. Then, for 0 < 5 < u, the generalized Riesz type
integral is defined as

11—« 17
RGra P -1 a—1
Tep _ p P _ P d
"G = S [ =) gl
= (I5z°9) () + (1" 9)(n),
where I7;” and I72” are left and right sided generalized fractional integrals, defined

in and , respectively.

(7)
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Now, we define the R-CGFD.

DEFINITION 2.6 (Riesz-CGFD (see [1]))
Let a, p € C with Re(a),Re(p) > 0 and g(n) € XP(0, ) for 0 < n < p. Then the
R-CGFD is defined as

a—n+1

RCnHa,p P a p—1i(..p py|n—a—1( _1—p dy"
Dpan) = s [ =Pt (s 1) (s)as
1 n
= 5 (DG + (=) D)g(n),

where D" and CD;"_p are left and right sided of CGFDs which defined in H
and @, respectively.

LEMMA 2.7 (see [1)
Let g € AC}[0, ] with 0 <n < p. Then the following relation is true

« « ]' Q, «, nra, a,
RGLr K5DPg(n) = S (I3 “Dg + (~1)" I D) g (). (8)

REMARK 2.8
If 1 <a<2andp >0, then for g(n) € C|0, u], the relation illustrated in (]
becomes

"G "D g(n) = o) = 5lal0) + 9] = 310+ ()] + g )

REMARK 2.9
If 1 < a <2, then, for all g € C0, u], and by Remark Theorem we have

RGya—1,p RCya,
OIS be oDﬁpg(U)

d
_ =~ RGyap Rngf’pg(n)

dn a
L )
= d%[g(n) - %[9(0) +g(u)] + g—pg’(u) - 7277)[9'(0) +9' ()]

Furthermore, if ¢'(0) + ¢’(11) = 0, then
REL 1 RGP g(n) = g'(n). (10)
In addition, for each n € [0, ], using the fact that I'(a 4+ 1) = al'(«), we obtain

' ()] = |G~ "D g ()|

p2—o¢ a p—1 p p\|a—2 RCya,p
= ‘F(a—l)/o ¢ = 7)) oDy’ g(Q)d¢

2—a

< P a p—1 P py|a—2 RCDoz,p d
_m/oc (" — )|~ [FSDPg(O)ldC
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<o [t - e o lac

T — / R L SIS

Ssupo<n<uR€D3’pg(n)l[F(§j)/ ¢ = ¢ ¢
+ F(,:j—_al)/# (% —n”)“‘QdC] (11)
= 176D gl [ [ o - e
e ), ‘”>]
= 196D gl { B [~ 0P~ + (¢ — )]
- (np(a—ﬂpj(l/i:’(;)np)a_l) 1FEDe ]l
< D gl

DEFINITION 2.10 (Equicontinuity)
Let E be a Banach space. We call a part P in C'(F) is equicontinuous if

Ve>036>0Vu,0 e EVAEP |ju—v]| <= ||A(u) — AW)| < e.

DEFINITION 2.11 (Complete continuity (see [16]))
We say A: E — E is completely continuous if for any bounded subset P of E, the
set A(P) is relatively compact.
THEOREM 2.12 (Arzela-Ascoli’s Theorem (see [18]))
Let B ¢ C(E,R"), where E = [a,b] C R. B is relatively compact (i.e. B is
compact) if and only if

1. B is uniformly bounded,

2. B is equicontinuous.

Recall that a function f is uniformly bounded in B if there exists a constant
M > 0 such that

| f[l = sup |f(z)] < M for all f € B.
zel

LEMMA 2.13 (The generalized Gronwall inequality (see [1]))

Let o >0, 0 < n < p and assume that g(n),u1(n) and uz(n) are locally integrable,
nonnegative and non-decreasing functions. Also, assume that vi(n) and va(n) are
a non-decreasing continuous functions such that 0 < vy1(n),v2(n) < L, where L is
a constant.
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Furthermore, if g(n) satisfies the inequality

9(n) < ur(n) + p'vn(n) / e — ) (e

+ug(n) + p' 2 (n) /nﬂ ¢PmHCP = ") Hg(Q)de,
then the following inequality holds true
g(n) < (ui(n) +u2(n))Eai(p” *va(n)T () (0” — "))
X Ea1(p” “v1(n)L(a)n™),

where Eqy 1(.) is a Mittag-Leffler function.

THEOREM 2.14 (Banach’s Fixed Point Theorem (see [15]))
Let E be a Banach space and Q: E — E is a contraction mapping. Then @ has a
fized point, i.e.

JdrxeFE: Qr==x.
THEOREM 2.15 (Schauder’s Fixed Point Theorem (see [20]))
Let E be a Banach space, and let P be a closed, convexr and non-empty subset of
E. Let T: PtoP be a continuous mapping such that T(P) is a relatively compact
subset of E. Then T has at least one fixed point in P.

THEOREM 2.16 (Nonlinear alternative of Leray-Schauder type (see [20]))

Let E be a Banach space with P C E be a closed and convex. U be an open subset
of P with 0 € U. Assume that A: U — P is a continuous, compact (that is, A(U)
is a relatively compact subset of P) map. Then either;

(i) A has a fized point in U; or
(ii) there is a point u € OU and o € (0,1) with u = o A(u).

3. The main results

3.1. Statement of the problem

In this subsection, we consider the following problem of the space-fractional
diffusion equation

ou(x,t)  0%Pu(x,t)
= t) € [0, X] x [t
ot dla|e ) (JU,)E[, ]X[O,OO[,
w(0,t) +u(X,t) =tPM, t € [tg, 0],
ou(0,1t) n ou(X,t)
ox ox
where % the R-CGFD of order a (1 < o < 2), and 8, M € R. Under the
self-similar solution form
u(et) =11 (), BeR (12)
tor
We should first deduce the equation satisfied by the function f in .

=0, te [to, OO[,
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THEOREM 3.1
Let a, B,p € R provided that 1 < a < 2, p > 0 and (x,t) € [0, X] X [tg, 0] for
some X,tg > 0. Then the transformation

u(w,t) =t7f(n)  withn =4,

top

reduces the partial fractional differential equation to the ordinary differential
equation of fractional order of the form

REDer f(n) = Bf(n) — onf' (), n €[04,

-1

where p = Xt .

Proof. Let n = 4. From , we obtain

top

Ou(x,t)
ot

_ 1 24
= B )+ [ = o e )]

(13)
=1 [Bf0) — s )]

Furtheremore, for 1 < a < 2, p > 0, by the definition [2:6]of the R-CGFD, equation
and by putting ( = —5—, we get
top

O%Pu(x,t)
|
A Lp1(a—p A\ (S
_r p_ gpyn—a—lgp—1( 1—p L S
I‘(nfoz)/o |(zP — 5°)| 5 (s ds) f(t(%p)ds
_ P opan , opa x
= S (D + DX,)f<t(%p)

_ ;ﬁ@;‘jg 1) /0 C(@f = spyrmaigmt (Sl-p;s)"f(t * s

N L‘*BPO‘_RH/X(SF) — gP)nelgrl (sl_p%)nf( 81 )ds

2I'(n — «) tar
tﬂ+%ppa*n+1
B 2I'(n — «)
n 1 e O% B O%p _ d n
< = @ty (@ )
tﬂ+%ppa7n+1
* 2T'(n — ) (14)
H 1 e (% _ (%p _ d n
[y ety (e ) O
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tﬁ “”pa n+1

- 2N(n—a)

n
3n—a=1] [ n( n—a—
R e e G (LS

d¢

N /3+O%,pa7n+1
2I'(n — «)
. Lln—a— L [p—14n(l—p)—n n—o— - _p A\
></ tal 1+55[p—1+4n(1-p) ](Cp_np) 1ep 1(41 pi) F(O)d¢
n dg

— 48— 1P

g M ] (

I

c) F(Q)dc

By substituting and in , we get the following equation

RED@s f(n) = Bf (1) - aipnf'm), n e (0,4,
where p = Xtoﬁ.

3.2. Existence and uniqueness results of the basic profile

In this subsection, to study the following problem, we will need the results in
subsection [3:1] along with Theorem [3.1]

o 1
REDY? f(n) = Bf(n) — ;pnf’(n), l<a<2 nelo,ul, (15)
with the conditions

FO) + f(p) =M, f(0)+ f'(u) =0 (16)

where 8 € R and p, u > 0.
In what follows, to derive the principal theorems, we will need the following
lemmas.

LEMMA 3.2
Let 1 > 0, we define

E={feCl0,u: f/(0)+f(n) =0} (17)
Then (E,|.||) s a Banach space.

Proof. Let p be a positive parameter. It is obvious that the space E with the norm
I|l.llec is a subspace of the Banach space C[0, u]. So, to show that E is a Banach
space, it is enough to demonstrate that this later is closed in C10, y.
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Let (fn)nen € F be a real sequence such that lim, o fr, = f in C[0, u]. Then
we demonstrate that f € E. Let n,v € [0, p] x [0, u]. We have

d%[fm i) = d%fn(n) - d%fon,

d d d
() = F@)] = - fal) = - F )

Since f,, is continuous, we get

d

d
lim —=fn(n) = —f(n),
e d;y dg for all n,v € [0, u] x [0, p].
lim — f,(v) = — f(v)
n—oo dv dv
Then
. d d . d d
sg’pgggo‘dfnfn(n) - %f(n) —nlgr;osgp %fn(n) - %f(n)‘ 0,
and
o d d . d d . |
sup lim ’%fn(v) — g f )| = lim, sup g fn(v) = %f(v)‘ =0.
This implies that
. d d
Jim |2 faln) = g )] =0,

s | -] -0

Jim || pu) = 510+ 7 1a(0) = S0

< lm Hd%fn(n) - d%f(n)Hoo tim [ 5 )~ L p)
<0.
Therefore
Jim |5 = 1) + Sl = S =

Then, for n =0 and v = p, we have also

Jim (%fn)@ £ im () @) = 7O+ 1) =0

then f € E. Consequently, the subspace F is closed in C[0, u]. Hence (E,||.||c0)
is a Banach space.
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In the next lemma, we will give the solution of problem (15)—(L6).

LEMMA 3.3

Let o, 8,p, 0 € R provided that 1 < o < 2 and p,u > 0. For a given f, [,
RgDz‘”’f € C[0,u]. Then the problem 7 is equivalent to the following
integral equation

pt= [ a—1,p—1 L .
) =+ fes [ =0 (B0 = (0
pl_a g P pya—1rp—1 i /
iy | @ (10 - er@)ac
for allm € [0, p], where
M p,
w=5- 2 (1) (18)

Proof. First, by applying the Rlesz generalized fractional integral § RGI 2P defined
in @ to both sides of equation , we obtain

(03 (a7 (0% 1
Tt G = "G (55 — nr'(n)- (19)
From Lemma [2.7] and Remark we get

"G RGO () = £(0) = 5L + ) = L) + 0]+ 5 ).

Then the fractional integral equation (19)), can be re-written as follows

n) = "G (B 0) = ——nf' () + 51F0) + £
o o (20)
N / B e
+ 27)[]0 0) + f'(w)] — prf (1)
Applying (|16]) to . yields
a—1,p—1 1 / M :u‘p /
T(a) ¢ (5f(§)*OTPCf (C))+§*%f(ﬂ)-

Then, according to , the problem (L5)-(16) is equivalent to

Flo) =+ 2 / = ¢ (310 - 0s(0) e

1 (B0 = e (©)de
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LEMMmA 3.4
Let T be an integral operator defined by

Tr) = v+ Fes | "o - o (0 - 00 dc
(21)

pl " a—1,p—1 L
iy | €t (3100~ er @) ic
provided that the supremum norm is

ITflloc = sup |Tf(n)l.
0<n<p

Then, T maps E into itself (T: E — E).

Proof. Let 1 < o <2 and f € F satisfy
o 1
RED? f(n) = B.f(n) — ijnf'(ﬂ),
where F is the Banach space defined by . Then, from , we have

d d ap 1,
an T = g w3 = ()|

) %[jog’p(ﬂf(n) - aipnf/(n))} =" (5f(77) - aipnf’(n))

= RGIa=br RGD f(n).

It follows from @D and in Remark that

ST F) =TT "D o) = o)
Therefore J J
%Tf(ﬂ) + %Tf(u) = f'(0) + f'(n) = 0.

Hence, T(F) C E.

Next, we will deal with the existence and uniqueness of solution for f.
Firstly, using Banach’s Fixed Point Theorem, we will derive the conditions of
the solutions’ existence.

THEOREM 3.5 . .
Let a, B, p, it € R, provided that 1 < a <2, p>0 and u € (0, (%)MWUH).
If
200°8)
peTl(a + 1) — 2ppla—D)+1

Then, the problem f has a unique solution on [0, u].

<1. (22)
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Proof. First, we will transform the problem 7 into a fixed point problem.
By Lemma [3.3] we define the operator T: E — E as follows

P pya—1 p— 1 /
Th) =+ s [ = e (5110 - o 0)dd

1 [e] H
@ (a0 - er©)ac

(a

(23)

Since the problem .f. can be written in the form of the fractional integral
equation , the fixed point of T is to be considered as a solution for 7.
Let f,G € F, provided that
1
REDYP f(n) = Bf(n) — ;pnf’(n),

REDaPG(n) = BG(n) - aipnew.

) 1,11(—0; [ e (30 - 60) - S0 - )
v e (b0 - 60 - S0 - @)
Therefore
T (n) -~ TG
< §1<_a | or S — O DR Q) ~ DGOl (24)
s Gk - e

Moreover, for each n € [0, u], we have

176D Fn) S5 G)| = [B(F0) — Gw) = (')~ ()

i
< IBIFOn) = GOl + 21 () = Gl
Using in Remark we find

(a—1)+1

2u”

RCnHa RC
Derf _ROparqy < G+
176D 1 = "D Gl < 1811F = Gl + iy

I76D57 f = 5D G o,

which yields
2 up(a -1+1

Tt 1) 10D f =GP Glloe < 181f = Gl
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As p°T'(a+ 1) — 2uP @D+ > 0, we get

BlpT(a+1)

RCpra,pf  RCpHo,p
176D =Tl Clloe < Jap 4 1) — gt

If = Glleo-

Thus, can be re-written as
ITf - TGl

|Blp°T(a + 1)
pa]_"(a + 1) 2/1”) oa— 1 +1

p " _ rpya—1,p—1 plme " _ ppye—lpp—1
<y [ or et s e - e

If = Glloo

I'(a)

2pP” 8|p°T (o + 1)
= (par(a + 1)) (po‘f‘(a +1)— 2Hp(a_1)+1>”f — Gl

2uPe ||
poT (a0 + 1) — 2ppla—1)+1

If = Glleo-

By , T is a contraction mapping. Using the principle of Banach’s Fixed Point
Theorem we deduce that T admits a unique fixed point which is a unique

solution of the problem (I5)—(16) on [0, z].

Secondly, using the fixed point theorem of Schauder, we will derive the condi-
tions of the solutions’ existence.

THEOREM 3.6
Let pu >0, 6 eR and 1 < a < 2. If

preD g el

1
p°T(a+1) 2’ (25)

then, the problem (15| . ) has at least one solution on [0, p].

Proof. Let the operator T be defined in . We have already transformed the
problem f into a fixed point problem

p pya—1p—1 _i /
Th) =t s [T = e (5110 - o 0)dd

11—« % 1
o a 1,p—1 = gt
e ¢ (B1(6) = 2=01(0)) de
We shall show that T satisfies the assumption of Schauder’s Fixed Point Theorem
[2.15] The proof will be given in three claims.
CLAIM 1: T is a continuous operator.

Let (fn)nen be a sequence provided that lim, o fr, = f in E. Then, for each
n € [0, ], we have

E
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T fn(n) =Tf ()

<o [or-er 1<p—1\5<fn<<> Q) = 5 (a0) = F(ONac (26)
b | @ = a0 - 1) - aip(f;(c) - PO
where
FEDR? fu) = Bfaln) = - fin) and BEDP () = B () = (o),
We have
[HGD" () = FGD f ()] = ’5(fn(77) —f() - aip(fé(n) - f'(n)

< 1Bl fuln) — FOp)| + aﬁpm(n) —')l.

Using in Remark we find

pla—1)+1

2
RCnHa, RCnHa, RCnHa, RCnHa,
176D fr—"0Dy pf||oo§|ﬁ\||fn*f||oo+m” oD’ fo="0D0" flloos
which yields

2up(a—1)+1

l = = RCDa)p n_RCDa’p oo < n — 0o
e 1605 = D2 e < 18115~ 11

As p°T(a+ 1) — 2uP@= D+ > 24, B > 0, we get

|Blp°T(a + 1)
pa]_"(a + 1) 2’up oa— 1 +1

1F6D* f = FED flloo <

1fn = flloo-

Because f, — f as n — oo, then we get #GD? f,, — BEDOP f as n — oo for
every n € [0, .
Now let Sy > 0, such that for every n € [0, u], we have

FED ful < Sy and |FGDI f| < S,

Then, we have

T fn(n) =T f(n)
< 20 [T = 0 B - £0) - S0 - 6]
~ T'(«a) ap "
L [ =y o U0 = £0) = (000 - 6]
F " ap "

11—«
S / (n° = ¢*)* 1P HED £ (C) = PGP F(O)ldS
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pl—a ® _R
I (Oé) /f; (Cp np)a_lcp_1|RgDﬁ7pfn(C) ng’pf(C”dC
L /n( P — ()T IREDE £+ 1RGDR P £(ON1dC
0 n 0~ Jn 0=

pia a P pya—1p—11|RCHya,p RCPHa,p
0 [ @ = e D ) + 17D NG
n

2Spp' /n “1p-1 2Spp' [ “1p-1
<2 [T - oeiorag s S [ - weior
@ Jo @ J, )
Since the functions
2510p1—a 250p1—a

(" = ¢P)*71¢P™Y] and (= [(¢7 —n") ¢

I(a) I(a)

are integrable on [0, 7] and [n, u] respectively for each n € [0, p], then the Lebesgue
dominated convergence theorem and implies that|T'f,,(n) — Tf(n)] — 0 as
n — co. Thus

lim ||Tf, — Tf]lco = 0.
n—oo

Consequently, T is continuous.
CLAIM 2: According to , let

2P ||
R> (1 ) :
= U (e ) — 2G4 o)

and define a subset
Er={f€FE: |flloc <R, R>0}.
Thus, ER is a closed, bounded and convex subset of E.

Let f € Er and T be the integral operator defined in . Then, we prove
that T(ERr) C Eg. In fact, by in Remark [2.9] we have

F§D5e f)| = [ — 2L F )| < Bl el + 21

This implies that

18T (a + 1)
pal"(a + 1) _ Qup(afl)Jrl :

15057 flloo < (27)



Existence results of self-similar solutions of FDE

Therefore

l—a n
1] < ol + s [ =10 o) - 5 r(0)|ac

plme [ a1 rpe ¢ .
i @ mmrtetaro - ol

n
<ful+ fray [ (0F = GDE (Ol

“w
. / (¢0 — )1 FED (¢ dC
n

|Blp“T (e + 1) R{ 2P }
Il e+ 1) — a7 R peT(a 1)
2uP|B|R
>~ paF(Oé + 1) _ 2Mp(0471)+1
2uPe ||
w|( 1+ )
(4 ST = e ]
(s L
poT (a + 1) — 2(pele=DF 4 pee|])
2uP|B|R
poT(a+ 1) — 2urla—D+1
R(p°T(a+1) = 2(uP =D+ 4+ pre|g))
poT(a + 1) — 2ppla—1)+1
20°°18IR
poT(a+ 1) — 2uela—b+1
< R.

<

Thus T(ER) C Eg, hence T(ERg) is bounded.
CLAM 3: T(ER) is relatively compact.
Let f € ER7 N,72 € [Oa/u’] with m < 1n2, by a we get

|Tf(m) —Tf(n)l

-|os | "t - et (510 - S0
v /n" (€7 =) (B0 — 1)) de
s [ - (r0 - S @) i
2 oo -G

[65]
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pl—oz m 1 ol o - e
< ( )/0 l[¢P (771—Cp) —¢P (n2_§ﬂ) N ODu7pf(<)|dC

L / I ¢ — ) = ¢ =) 1SS £l
I'(a) J, ' 2 o

11—« 2
g R A A RO
m
11—« 2
el R G AR R A GITS
m
P Blp°T(a +1)
~ I'(a) poT(a+ 1) — 2urla—1+1
1
x ( " e - ¢ = 7 g - ¢l
”w
L S G e A s
n2
M2 "2
p=1/,P _ rpya—1 p=1(rp _ Pya—1
+/m ¢ — ¢7) d<+/m ¢ — ) d<>.
‘We have
Nl — ()Rt = (g — P = faipd%[(nf ()% — (1 - ¢7)°]
and
1 d
PN =) T =T =) = afpd?[(ép —nf)* = (¢" —nb)°],
then m
/0 6ot — )™t — ¢ — P
1
< ij[(né” —n0)* + (5™ — "))
and
w
[ lerter )t ¢t - ) e
2
1
< ij[(ﬂ” =) = (s — 1) — (" —n5)°],
we have also
72 _ . 1 P 1 o
5 b = ¢P) e = *afp[(?ﬁ =) = ij(ng - 1),
and o ) )
PP =) ¢ = ;p[(C” — ) = ij(%” —nf)e.

m

(28)



Existence results of self-similar solutions of FDE [67]

By substituting (29)), (30), and in (28), we obtain

IBIR
peT(a+ 1) — 2prla—h+1

X [(1 =)™ +2(mf —n))™ + (15" — i) — (1’ —n5)“.

ITf(m) —Tf(n)l <

So, the right-hand side of the above inequality tends to zero as 12 — ;. Hence,
we obtain that T'(Eg) is equicontinuous. Therefore, combining claims 1 to 3 and
by the means of the Ascoli-Arzela Theorem [2.12] we get that T: Er — Epg is
continuous and relatively compact. As a consequence, Schauder’s Fixed Point
Theorem assures the existence of at least one fixed point of operator which is

the solution of the problem ([15)-(16).

Finally, using the fixed point theorem of Leray-Schauder, we will derive the
conditions of the solutions’ existence.

THEOREM 3.7 N 1
Let o, B, p, it € R, provided that 1 < a <2, p>0 and pu € ((), (%) pla—DF1),
Then, the problem f admits at least one solution on [0, u.

Proof. Consider the operator T defined in (23). Then we shall show that all as-
sumption of Leray-Schauder Fixed Point Theorem [2.16]are satisfied by the operator
T. The proof will be divided to four claims.

CrAamM 1: Tt is clear that T is continuous.

CLAIM 2: T maps bounded sets into bounded sets in FE.
Actually, it is enough to show that for any 6 > 0, there exists N > 0 such that for
each f € Dg={f € E: ||f|looc <0}, we have | Tf|lcc < N. Let f € Dy for each
n € [0, p], we have

plfoz
750 <l + s

s [ —mrmteoso - Lol

[or - ermeano - S o
0 p (33)

As a similar way as in , we have

g ‘< 1B]p°T (a4 1)
Therefore, implies that
2uP| 6|

0 =N.

Tfloo <
|| f” = "IU| + paF(Oé i 1) _ 2’u/p(afl)+1

CLAIM 3: It is clear that 7" maps bounded sets into equicontinuous sets of F.
From Claim1-Claim3, we conclude that T: E — E is continuous and completely
continuous.
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CrAM 4: A priori bounds.
Now, we shaw that there exists an open set H C E with f # AT(f) for some
A€ (0,1) and f € OH.

Let f € E and f = AT(f) for 0 < A < 1. Then, we have for each n € [0, u],

[f(m)| = IAXT f(n)]

_ )\pl_a M a—1,p— C
= s 2 [ - e (10 - £ @) a

plia K a— — C /!
<ful+ Foas [ o=t o) - o)

plia " oa— - C ! (34)
i | €t o - rofac

<ful+ 20 [ - ) G Ol
=@ Sy o

11—« )7

- (CP =) 1P RGDY P £(Q)dC.

D
S

(a
‘We have
¢

175D £ = [BF(Q) ~ 2 71O < 181 17l + 251/t

Qﬂp(a—l)ﬂ

< 18] | f(n)| + sup [FGDS? f(n)],

poT(a+1) o<n<p
which implies that

RCnHha |ﬁ |paI (Oé 1)
su DP < su .
0<778u ‘ 0Hp f(n)| = aF( 1) 9 p(a—1)+1 0<778u ‘f(n)'

Thus, gives

Blp*T(er+ 1)
(@)[p°T (e + 1) — 2pr(e=1+1]

sup |f(n)| < Jul +
0<n<p

n

0<n<p

nw
n pl—a/ CP—l(CP — np)a_l sup |f(<)d§]
; 0<n<u

By using the generalized Gronwall Lemma can be re-written as
sup |f(n)|
<

0<n<p

Blp°T(a +1) ))

T(a)(p°T (a + 1) — 2ppla—D+1)
1Blp°T(a +1) ))

L(a)(poT (o + 1) — 2uela=D+1) /)7

< |w|Eq,1 (p“’F(a)(u” - 77")“(

X Eo1 (p_aI‘(a)n”O‘ (
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which can be simplified to

o < 0l B (

=N,

(1o — )BT (e +1) )E ( nP*|B|0(a + 1) )
poT(a+1) — 2upla=D+1 )75 pal(a + 1) — 2uela-D+1

Let
H={feE: ||flloo <Nt +1}.

By choosing of H, there is no f € 0H, such that f = AT'(f) for some \ €
(0,1). Consequently, by the nonlinear alternative of Leray-Schauder’s Fixed Point
Theorem the operator T has a fixed point f in H, which is a solution to the

problem ([15)~(16) on [0, 4].

Now, we prove the principal theorems.

3.3. Existence results to the original problem

In this subsection, we demonstrate the existence and uniqueness of solutions
of the following space-fractional diffusion equation

Ou(z,t)  0%Pu(w,t)
ot Olal>
u(0,t) + u(X,t) = tPM, t€ [to,00], (36)

(gjvt> € [OvX] X [to,oo[,

ou(0,1t) n ou(X,t)
Oox Ox

=0, te [to,OO[.
where 1 < a < 2 and 8, M € R. Under the self-similar solution form, which is

u(z,t) =7 f(n) with n = il (37)

ter

THEOREM 3.8
Let o, B8, p, X, tg € R, provided that 1 < a < 2, p,tg > 0 and

pla—D)+1

1
t po paF(OZ+ 1) p(a—1)+1
X 0 :

2X P

If

1 < L. (38)
top?T (o + 1) — 2XPla—D)+1g oo

Then, for f € E, has a unique solution in the self-similar form .

Proof. The transformation reduces the space-fractional diffusion equation
to the ordinary fractional differential equation of the following form

REDaso f(n) = B (1) aipnf%n), (39)
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where
pla—D)+1 1
-1 t. re ar 1 (a-D+1
uw= Xty and X€<0,<0 p2 (ot ))p ),
with the conditions
fO) + f(uw) =M, f(0)+ f'(n) =0. (40)

Let f € E be a continuous function. By using , the condition is equivalent
to , which is
2073
peT (o + 1) — 2uela—1)+1

<1. (41)

We already proved in Theorem the existence and uniqueness of a solution

of the problem 7 such that (41) is satisfied. As a consequence, there exists
a unique solution of the problem ([36)) under the self-similar form provided

that holds.

REMARK 3.9
When p — 1, reduces to

2X°|8|
tol (o + 1) — 2X°

<1, (42)

which represents the standard Riesz-Caputo derivative case. When we let o = 2

in , we get

2X2|8|
R | 4
toI(3) — 2X2 <h (43)

which gives the integer-order derivative case of the space-fractional diffusion equa-

tion in .

THEOREM 3.10
Let o, B, p, X, tg € R, provided that 1 < o <2 and p,tg, X > 0. If

p—1
S
topoT' (o + 1) 2

(44)

Then, for f € ER, has at least one solution in the self-similar form .

Proof. By considering Theorem [3.6] and using the same steps followed in the proof
of Theorem we can prove that has at least one solution in the self-similar
form , if (44]) is satisfied.

REMARK 3.11
When p — 1, reduces to

X (1+18)) _

1
tol(a+1) 2 (45)
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which represents the standard Riesz-Caputo derivative case. When we let o = 2
in , we get
X(+18) _1
toI'(3) 2’
which gives the integer-order derivative case of the space-fractional diffusion equa-

tion in .

THEOREM 3.12
Let a, 8, p, X, tg € R, provided that 1 < o < 2, p,tg > 0 and let

1
ty * pT(a+1)\ =D
X 0 .
e (o.( g

Then, for f € E, has at least one solution in the self-similar form .

Proof. Based on Theorem [3.7] and using the same steps followed in the proof of
Theorem [3.8] we can prove the existence of at least one solution of the problem

in the self-similar form .

4. Conclusion

In this paper, we have carried out a theoretical study concerning the space-
fractional diffusion equation with anti-periodic boundary conditions. Using special
transformation (the self-similar form , we first reduced the considered FPDE to
the FODE (see Theorem and then we have applied some fixed point theorems
(Banach’s contraction principle, Schauder’s fixed point theorem and the nonlin-
ear alternative of Leray-Schauder type) to this ODE to prove the existence and
uniqueness results and thus, the existence and uniqueness results to the original
problem. The differential operator we have considered is the Riesz-Caputo gen-
eralized fractional derivative, so the Riesz-Caputo and Riesz-Caputo Hadamard
fractional derivatives can be considered as particular cases from our generalized
problem. This study serves as a new way for the researchers to discuss interesting
problems in fractional differential and integral calculus.
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