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Abstract

In the context of homogeneous spaces of the type
IFA~2AT|fIl, VA>0, reR,

we define the realized spaces associated with the Besov spaces Bf,, 4(R") (Besov-type By (R™)
and Triebel-Lizorkin spaces FI;V?q(R”) (Triebel-Lizorkin-type F,7(IR") ) they will be denoted
by §;7Q(R") (5272(]1%")) and f;’q(R”) (Ij“/f;;,(R”)), respectively; here r:=s—n/p (and r :=
s+nt—n/p). These spaces are subspaces of regular tempered distributions. We study the con-
tinuity of pseudo-differential operators on F 13 q(R"). We establish functional characterizations
by difference operators of the realized spaces associated with homogeneous Besov-type spaces,

Triebel-Lizorkin-type spaces.

Keywords: Littlewood-Paley decomposition, Besov spaces, Triebel-Lizorkin spaces, Pseudo-

differential operators, Realizations.
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Résumé

Dans le cadre des espaces homogenes de type
IFA~2AT|fIl, VA>0, reR,

nous définissons les espaces réalisés associ€s aux espaces de Besov B;CI(R”) (type de Besov
Byo(R™) et Triebel-Lizorkin F%, (R") (type de Triebel-Lizorkin Fg(R")); ils seront notés
g;ﬂ(R”) (EB;(R”)) et If;:sp?q(R”) (If;:f,’fq(R") ) respectivement; ici r:=s—n/p (et r:= s +nt —
n/p). Ces espaces sont des sous-espaces de distributions tempérées régulieres. On étudie la
continuité des opérateurs pseudo-différentiels sur F 7 .q(R™). On établit des caractérisations fonc-
tionnelles par des opérateurs de différences des espaces réalisés associés aux espaces de type de

Besov homogenes et de type de Triebel-Lizorkin homogenes .

Mots clés: Décomposition de Littlewood-Paley, Espaces de Besov, Espaces de Triebel-

Lizorkin, Opérateurs pseudo-différentiels, Réalisaions.

III



Contents

Introduction

Notafion

I—Preliminaries
IL.1  Littlewood-Paley decomposition . . . . . . . . . . . . . ... . ... .....

IL.Z —Some classical inequalities . . . . . . . .. ..o oo oo oo

ILI.5 besov and Lizorkin-1riebelspacey . . . . . . . . . . . . . . ... ... ..

1.5.1 l'he homogeneouscase . . . . . . . . . . . . . .. oo

32 The non-hOmMOZENeous Casg . . « - « « v v v v v v v v e e e e e
[[.3.3 Relation between A}, (R")and A5, (R") . ... .. ... .......

1.4.1  Distributions vanishing at infinity] . . . . . . . . . . . . . . ... ...

4.2  Kealizations (Generalities) . . . . . . . . . . . . .. oo o L.

2 Realizafions and pseudo-differential operators
R.1 Therealizedspacesof A | . . . ... ... ... ... ... .. . ... ...
1.1 Preparation . . . . . . . ..o e e

2.1.2  Definition of realized spacey . . . . . . . . . . . .. ...,

2.2 Pseudo-differential operafory . . . . . . . . v o oo e

£.5  Results already obtained . . . . . . . . .. ..o o e

2372 Idea of proofs of Theorems 2.15and 2.16 . . . . . . . . . . . .. ...

233 An extension related to main results

£.4 KRecent results (the Iriebel-Lizorkincase) . . . . . . . . . . . ... ... ..

B Characterization by Dilferences ol realized type spaces

p.l  besov and lrniebel-Lizorkin type space§ . . . . . . . . . . . .. ... ...

v

10
10
12
13
13
13
14

16
16
16
17
21
23
23
24
25
27
29

47



p.1.1  Definitions and some propertiesy . . . . . . . . . . . . .0 o .. 47

BT.2 Embeddings . . . . . . . . . . @ e e e e 48

p.2 KRealization of homogeneous besov-typespaces . . . . . . . . . . . . .. ... 50
B.3~ Realization of homogeneous Triebel-Lizorkin-type spaceg . . . . .. .. . .. 51
3.4 Characterization by differences of gf, ...................... 53
B.4.T Differenceoperatory . . . . . . . . . . . ... 53

3.4.2  Equivalent quasi-norms in Avf, ..................... 55

b.S Characterization by differences of Xf,ﬂ ...................... 57
B.5T Theprincipal theoreml . . . . . . . . . . . . .. vt 57

B57Z Necessary [emmd . . . . . . . v v v v vt e e e e 57

B33 Praofofthemaintheorem 377 . . .. ... ... ........... 58

g FKunctional characterization of homogeneous Iriebel-Lizorkin-type spaces 60
BT Preparafiond . . . . . . . . . . e e e e e e 60
BATT The BMOSpacd . . . . . . . v v v i i i i s i it s 60

B.1T.2 TnequaliiesmBMOspacd . . . . ... .. ... ... .. ....... 61

4.2 Previously obtained results on Zf, ; and ng ................... 61
421 Resultson A% | . .. ... 62

a.2.2 Formulation of theorems 1n besov-typespacey . . . . . . . . . . . .. 63

#.5 Formulation of theorems 1n lIriebel-Lizorkin-type spacey . . . . . . . . . .. 65
g.4 Application to homogeneous Sobolev spaces . . . . . . . . ... .. ... ... 67
B Annexd 68
BT Tnconnecfion with funcfionalcalennd . . . . . . . . . ... ... .. ..... 68
b.2 Related to the composition operatory . . . . . . . . . . . . ... 70
Bibliography 72



Introduction

Functional analysis is a fundamental branch of mathematics yields some solutions of real prob-
lems. One of its central themes is the investigation of function spaces, which provide a frame-
work for understanding the regularity and decay properties of functions. In general function
spaces play a major role in the study of certain problems as PDEs. The homogeneous function

spaces are defined modulo-polynomials, since they satisfy :
lf(A)]| ~A"||f||, forall A > 0 and for some r € R.

Then solved, for example a PDE in this spaces becomes very difficult. For this reason, we find
that realizations theory makes accessible to work with spaces satisfying the above assertion. In
our cases , Besov and Triebel-Lizorkin spaces, B, ,(R") and F; (R"), respectively, have this
property with 7 := s —n/p, and Besov and Triebel-Lizorkin type spaces, B4 (R"), Fpq(R") ,
respectively, with r := s+n7 —n/p. About this subject, we quote [1]-[4], [14], [20] and [56], we
note that several application in realizations theory, in particular see, e.g. [1], [2T].

The thesis is structured as follows:

In chapter 1 we provide the foundational tools, including the Littlewood-Paley decompo-
sition, definitions of homogeneous and non-homogeneous Besov and Triebel-Lizorkin spaces,
and essential inequalities. We refer to [12], [T4] ,[20], [53], [54]

In chapter 2 we explore realizations and pseudo-differential operators, establishing their

boundedness on realized homogeneous Triebel Lizorkin spaces they are denoted by F7, (R™).
m,N

.5 (E), we prove in this pragraph the following

Thus, by considering the Hirmander class S

results:

Theorem 0.1. Let s >0 and 1 < p < . Assume that

n n
eithers< —, or s=— and p=1;
p p

and

eithers+m<z, or s%—mzz and p=1.
p



hold. Let N be an even natural number sufficiently large. If a symbol b(x,&) belongs to
Srl'fév (LM(R”) NnE, ép (R”)), then the associated pseudo-differential operator b(x,D) takes the
space I:;;zm (R™) into ﬁ;yq(R").

Theorem 0.2. Lets >0, 1 < p <o and m > 0. Assume that

n n

eithers< —, or s=— and p=1;
p p

and

eithers+m<z, or s%—mzz and p=1.
p p

hold. Let N be an even natural number sufficiently large. If a symbol b(x,&) belongs to
STV (Loo(R") ﬂF;’,{]p(R”) ﬂF[Z{]p_m(R”)), then we have :

(i) the associated pseudo-differential operator b(x, D) takes the space F S (R") into F 5 q(R")
ifr<q.

(ii) the associated pseudo-differential operator b(x, D) takes the space F (R ﬁgioj; /P R
into Iy, ,(R") if p>q.

We note that, all above assertions are given with precises inqualities of type
(b(x,D):A — B)
16(x, D) fll8 < cllflla

Concerning the pseudo-differential operators theory we do not go into details, instead we
quote [22], [2R], [33], [56].

In Chapter 3 we present characterizations by differences of realized-type spaces of Besov
and Triebel-Lizorkin, they are denoted by E}Z(R”) and F oa(R") respectively.

We prove some embeddings, we also prove some properties functional related to the inte-
grals, we recal that it has been studied in [A1] and [58], our contribution for the characterizations
by differences is given as the following:

For two functionals .# and ./, defined later, we have

Theorem 0.3. Lets > 0,0 < p < oo, 0 < g < oo, T>0, and m € N such that
s <min(m, m+n(1/p—71)), and m > [s+n7].

Then M, ;" (+), respectively Ny " (+), define an equivalent quasi-norms in g}Z(R”) and F ba(R"),

respectively.



In chapter 4 we extend these characterizations to homogeneous Besov and Triebel-Lizorkin
spaces. Here, the results are an extension of the previous statements given in [25], [71]. We
generalize these properties to the homogeneous Sobolev spaces. Our contribution this chapter is

the following :

Theorem 0.4. Let 0 < p <o, 0<g<o,0<T< 117 and s > (% —n)4. Let d be a real number
such that d > (s+nt — 127)+' If f e F ;Tq then there exists a polynomial uy € &, such that the
inequality

/ [FO) +ur@] <cl[[flell gz s

1+ |x|n—|—d
holds. In particular, if either s +nt < ;—; or s+ntT = % and p < 1; here we have realizations

commute with translations, then the inequality

/()]

R~ de < C2H[f]oo\|p};‘;qf,

holds for all xg € R™.

In the end, an annex contains some open questions about all facts in the work.

Finally, the results presented in Chapter 2 have been published in :

S. Meliani, M. Moussai. Boundedness of pseudodifferential operators
on realized homogeneous Besov spaces. Taiwanese J. Math. 21 no. 2

(2017), pp. 441-465.




Notation

Usual notation

N denotes the natural numbers and Ny = NU{0}.

Z is the set of all integer numbers.

R" is the n-dimensional real Euclidean space.

For a real number x the integer part is denoted by [x].

For ot = (a1,...,0,) € N§, and x = (x1,...,x,) € R", we write |ot| = oy + - + O,
04} y,
X% =x% ... x% and aa:<£> ...(i) .

n X1 Xn

If o, B € Njj, the symbol o¢ < 8 means that o; < B; fori=1,.....,n.

All function spaces in this thesis are defined on R”, then sometimes we omit it in notation,
i.e. we write C*, L, instead of C*(R"), L,(R").

For A C R", |A| denotes the Lebesgue measure of A.
For a € R, we set a; := max(0,a).

If X and Y are two quasi-Banach spaces, X < Y denotes the continuous embedding (i.e.,
there exists ¢ > 0 such that ||x||y < c||x||x for all x € X).

C* is the space of infinitely differentiable functions on R".

For0 < p <o, wedenote by |||, the quasi-norm of L, , and p’ is the conjugate exponent
of p, defined as
. 1% if 1 <p<oo,
e ifo<p<l.

LlloC is the space of locally integrable functions on R".

4



2 is the space of C* functions with compact support (test functions), 2’ is the topological

dual of & (distributions space).

- is the space of rapidly decreasing C* functions on R" (Schwartz space), equipped with

the family of semi-norms

Gu(f) == sup sup (1+|x))" (¥ (x)], m e N.

|ot| <mxeR"

' is the space of tempered distributions (the topological dual of .¥).

If f is a function (or a distribution) on R", we define the translations and dilations operator

by the formulas
tf i =f(—a), hyf:=[f(/A),
for alla € R" and all A > 0.

Let 0 < g < co. If E is a quasi-Banach space, we denote by /,(Z; E) the set of sequences
(aj) jez with values in E such that

1/q
@) jezlleyzey = (X lajlg) " <o
jez

This is a quasi-Banach space with the quasi-norm above. For E =R or E = C, we write
ly(2).

In all this work, we assume s e R, 0 < p < oo, 0 < g < oo, 0 < T < oo, unless ortherwice
stated.

For m € Ny, we denote by &7, the set of polynomials of degree strictly less than m, with
Py ={0}, &1 ={c} and P the set of all polynomials.

We denote by
Fmi={f €7 (% 1) = [ x*f(0)dx = 7 (0) = 0: V]a| < m},

i.e., the orthogonal complement of &2, in .7

Note that .%) := .% and

o ={f€S:(p,f)=0,Vp € Pu}.



) is the space of tempered distributions modulo polynomials of degree strictly less than

m (the topological dual of .#,). It is equipped with the weak-* topology.
For any f € ./, we denote by [f]. the equivalence class of f modulo Z..

L =A[flw: [fle ={f+Pp, Vp € P} is the so-called the space of tempered distribu-

tions modulo polynomials, i.e., the quotient space .’/ 2., ; moreover, we have

S'=ScHc...cH - CIL.

S is isomorphic to ./’ / P..

If f € Ly, its Fourier transform is

~

€)= [ e rwa,

~

and its inverse Fourier transform is
fx)=F 7 f(x) = 2m) " f(—x).

c,cy,- - strictly positive constants, depending only on the fixed parameters, as n, s, p, -

and some fixed functions, their values may vary form line to another.

The symbol < means that if A < B then there exists ¢ > 0 such that A < ¢B.



Chapter 1
Preliminaries

This first chapter introduces several essential tools that will be used throughout the thesis, in par-
ticular the Littlewood-Paley decomposition, definitions of homogeneous and non-homogeneous

Besov and Lizorkin-Triebel spaces, as well as some classical inequalities.

1.1 Littlewood-Paley decomposition

Throughout the thesis, we fix a cut-off function: p is a positive C* function on R", radial (that
to say, p(&) = p(|&]), with p € 2), and 0 < p < 1 such that

pE)=1 it E[<1, and p(§)=0 if [¢>>.

We consider the function y € 2, given by y(&) := p(&) — p(2&), whose support lies in the
annulus {& € R" : 1/2 < || < 3/2}. This allows us to obtain the following two partitions of

unity: the homogeneous partition of unity

Y y(27&)=1, (V& eR"\{0}),

JEZ

the non-homogeneous partition of unity

p(2 )+ Y y27E) =1, (VKkeZVEER").
J>k+1

For the kind of partition of unity, see for example, the books of Bergh and Lofstrom [8], Pee-
tre [48], and Triebel [53], [54]. Aloso, for this partition of unity, we associate a sequence of



CHAPTER 1. PRELIMINARIES

convolution operators (Q;) jez, (S;) jez, defined by
0;f =v(2/(Df and §;f:=pQ7()f. Vi€l

We also define the operators (é i)j>0 by éo = Sy and é j = Q; for j > 1. The operators Q;
and S; take values in the space of exponentially type analytic functions; see the Paley-Wiener
theorem [52, Theorem. 29.2, p. 311] or [53, Remak. 2.3.1/2, p. 45].

Clearly, the operator S; is defined on .#”’, and the operator Q; is defined on .7, since
Q;f(x)=0, (VjeZ),if and only if f is a polynomial. We adopt the following conventions:

o If f €., wenote that [fe. € 7.

o If f € .7, wedefine Q;f := Q;fi forany f; € .’ such that [fi]. = f.

Indeed, if f € 7., for each fi, f» such that [f}]e = [f2]e = f, then f] — f> € P, and we
have Q;fi = Qjf2 == Q,f.

Lemma 1.1. Let 0 < p < oo and N € Ny. Then there exist constants c1,cy > 0 and an integer
m € Ny such that for any ¢ € 2(R"\ {0}) and any ¥ € D, (setting ¢; := @(27/(-)) and y; :=
w(277("))), we have:

@) 9% fllp < 127N (), for all f € and all j € No.
Gi) [|@j* fllp+ v x fllp < 22N Eu(f), forall f € S andall j € Z\N.
Proof. See [38, Proposition. 2.5]. O

Corollary 1.2. Let 0 < p < oo and N € Ny. Then there exist constants c1,cp > 0 and an integer
m € Ng such that:

@ 10fllp < 12N Eu(f), forall f € F and all j € No.
Gi) |Qifllp+ISifllp < 2 22NGu(f), forall f € S and all j € Z\N.
Proof. A consequence of Lemma [l by setting ¢ =y and y = p. 0

The weak convergence of the Littlewood-Paley decomposition of a function is given by the

following proposition:

Proposition 1.3. (i) Forany f € ./ (resp. ..), we have

=Y 0if,

JEZ

converging in .S (resp. L)
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(ii) Forany f € . (resp. /'), and any k € 7, we have

f=Sf+) 0if,

>k
converging in . (resp. .’).
Proof. The proof is a consequence of Lemma 1. U

Remark 1.4. By Young’s inequality, we easily show that the operators (Q;f) ez and (S;f) ez
belong to £ (L,), forall 1 < p < oo,

1.2 Some classical inequalities
We recall some well-known inequalities:

Lemma 1.5. For any 0 < d < 1, and any real sequence of positive terms (a;); € {4(Z), we have

1/d
Zaj < <Za?> .
J J
Lemma 1.6. Let 0 < p < g < oo. One has

Ifllqg < cRYP=/4|| £, (1.1)

forallR>0andall f € L,N.7" with supp f C {& e R":|&E| < R}. The constant c is independent
of f, Rand g, exactly c = pg/p_n/q, with po = [p/2] + 1.

Proof. See [&7, Theorem. 4]. O

Remark 1.7. The inequality (1) is known as the Bernstein inequality. Let o € N[, we can

generalize Lemma [L8 under the same condition:
1£@ly < cRMP T £,

see [B3, Remark. 1, p. 18].

Lemma 1.8. Let 0 < p < 1. One has

£ %gllp < cRYP7 £llplgll»
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for all R >0 and all f,g € L,N.", with supp f and suppg supported in the ball {£ € R" :
|E| < R}. The constant c is independent of f, R and g. If p =1, then ¢ = 1, which is Young’s
inequality.

Proof. See [53, Remark. 2, p. 28]. O

Lemma 1.9 (Minkowski inequality). Let 0 < p,q < oo. Let E; (wWhere i = p or q) and E € {{,L}.
Let Fj (where j=porq)and F € {{,L}. If j > i, then

HAlENE, < T 5 -

1.3 Besov and Lizorkin-Triebel spaces

We will use the notation A}, , for either Besov space B, , or Triebel-Lzorkin space F,, , , and

in the same way, we will use the notation A;’q for either homogeneous Besov space or ho-
mogeneous Triebel-Lizorkin space. The basic definitions of Af,’q and Ay, , are given via the
Littlewood-Paley decomposition; see [8, p. 139], [20], [29], or [53, p.45, p. 238].

1.3.1 The homogeneous case

Definition 1.10. Let s € R, 0 < p, g < oo (with p < o in the F case).

(i) The homogeneous Besov space B’ _ is the set of f € ... such that
pg
. 1/q
11y, = (X 2l0,f15) <
JEZ

(ii) The homogeneous Triebel-Lizorkin space F}, . is the set of f € 7, such that

< oo,
p

) 1/
1l = H (¥ 210,1) "
' JEZ

Remark 1.11. The spaces A;, 4 are quasi-Banach spaces for the quasi-norms above. The spaces
A}, , are independent of the choice of the function Y used to define the Littlewood-Paley decom-
position (i.e., replacing y with another function with the same properties yields the same space).
For any p € ¥, we have ||fHA;w = Hf+P||A;W- See, for example, [12, Theorem. 2.1, p. 25]
for the B case, or [53, Remark. 5.1.3/2].

Proposition 1.12. Forall se R, 0< p, g < oo (with p < oo in the F -case), we have

T A}, = T

10
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Proof. The proofs in the non-homogeneous case extend easily to the homogeneous case; see
[48, Theorems. 2, 3, pp. 61-62] or [53, Theorem. 2.3.3, p. 48]. O

The homogeneous Besov spaces have properties analogous to the homogeneous Lizorkin-

Triebel spaces. Here are some of theorem:

Proposition 1.13. (i) B, ,=F} ,.

(1) If q1 < qo, then Afmql <—>A;,7q2.

iii) B® . Fs BS )
(1if) 19Jn1r1(p7q)c_> pa " p.max(p,q)

(iv) Let sy > 53,0 < py < py<oo,and 0 < q,r <oo.If sy —n/py =s2—n/pa, then

581 582 5$2-1/p2 S1 552 aly| kb
By g Bpg Bag s Byl g = By and Fpl > Fl L

Proof. See [29, Theorem. 2.1]. O

Proposition 1.14. If 0 < p,q < oo, then .%. is a dense subspace of AS, .
Proof. See, for example, [14, Proposition. 3.11] or [29, (1.6)]. O

Proposition 1.15. (i) There exist two positive constants ¢y and cy such that

allflls,, <2 AO) gy, < eallfla,
forall f € A;yq and all real A > 0.

(i1) Let m € N. A function f in .7, belongs to A;uq if and only if its partial derivatives (% €

A;_m for all |&| = m. Moreover, the expression

q
(@) .
Y 1 s

|ox[=m
is a quasi-seminorm in A;jq.
The following assertion is of Nikols’kii type, which is useful in the sequel:

Proposition 1.16. Let 0 < p < o0 and 0 < g < oo (p < 4o in case of the F spaces). Let s be a
real number such that,
(s<n/p) ous=n/pand 0 < q <1 in (the case of the B spaces) (0 < p < 1 in the case of the
F spaces).

Let a and b two real numbers such that 0 < a < b. Let (u;) jez, a sequence of /' such that

11
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e i is supported by the ball |&| < b2/,
o A:= (Zjez(Zstuij)q)]/q < oo (in the case of the Bspaces)..

o A= H (ZJGZ(zsj‘uqu)l/qu < oo (in the case of the Fspaces).

(i) Then, the series Y jcz u; converges in S and satisfies

<cA
A

) uj :

JEL

where ¢ depends on n,s, p,q,a and b.

(ii) If moreover s > (% —n) 4 (respectively, s > (n/min(p,q) —n)y in the case of the F), the

same conclusion for a = 0.

1.3.2 The non-homogeneous case

To define the non-homogeneous Besov and Lizorkin-Triebel spaces, it suffices to replace the
homogeneous Littlewood-Paley decomposition with its non-homogeneous version (see Section
).

Definition 1.17. Let s c R, 0 < p, g < oo ( p < oo in the F -case).

(i) The non-homogeneous Besov space By, , is the set of f € ./ " such that

L 1/
1, = (X 2200,115) " < e

=0
(ii) The non-homogeneous Triebel-Lizorkin space F, , is the set of f € ./ " such that

< oo,
p

(szsq@jf\")]/q

j=0

flles, = \

Remark 1.18. The spaces A, , are quasi-Banach spaces for the quasi-norms, which are inde-
pendent of the function p; see, for example, [?4, Remark. 2.6, p. 51] or [53, Proposition. 1, p.
46].

Now, we recall some inclusions between the non-homogeneous Besov and Lizorkin-Triebel

spaces. For more details on the characterization of AS _, see, for example, [, Section. 6.2, p.

p.q°
139], [49, Chapter. 2], [53, Section. 2.3.2, p. 46], [54, Chapter. 2].

12
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Proposition 1.19. (i) If 0<q) < g <and e >0, then

S+E€ Ky s /
y%AP,m %AMI %AMZ — 7.

11 S S S
(i) Bp,min(mq) —Fpy BnmaX(p,q)'

(iii) Let 0<py<p<pry<ooand 0<qi,qy<oo. For 0<q <p<gr<ooand s;—n/p; =

s—n/p=sy—n/py, then

1 N 52
BPI#]I = Fl7>q = BP27Q2'

1.3.3 Relation between A3, (R") and A3,  (R")

To pass from the homogeneous to the non-homogeneous case, we have the following relation:

Proposition 1.20. If s > (n/p—n)+, then f € A}, if and only if f € Ly and [flw € Aiv,q' More-

over,
11+ 1l

is an equivalent quasi-norm in A;7q.

Proof. See [8, Theorem. 6.3.2, p. 148] for p,q > 1, or [54, Theorem. 2.3.3, p. 98]. O

Proposition 1.21. If s > 0, then for any f € Ay, ,, we have [f] € Afﬂg'

Proof. This is a consequence of the preceding proposition. ([

1.4 Realizations

By definition, the spaces A';,’q is embdded into .¥.; however, there exists a smallest integer

U € Ny such that all element of A;q can be given in 5”& We will now make this explicitly.

1.4.1 Distributions vanishing at infinity

We introduce the following notion:

Definition 1.22. A tempered distribution f € . is said to vanish at infinity if h)_f tends to 0 in
" as A tends to 0, i.e.,

lim (f(271(-)),9) =0, Vpe.

The set of such distributions is denoted by 50.

13



CHAPTER 1. PRELIMINARIES

Lemma 1.23. [f f € Cy is a polynomial, then f = 0. That is, CoN P = {0}.
Proof. See [9, p. 46]. O
Here are some examples of distributions in Co:
Example 1.24. (i) Let 1 < p < oo If f € L, then f € C,,.
(ii) If f € Lw or f € Co, then d;f € Co (j = 1,...,n).
Remark 1.25. See [4], [43] for other examples.

1.4.2 Realizations (Generalities)

Definition 1.26. Ler k € NogU {oo}. Let E be a vector subspace of ..., equipped with a quasi-
Banach space structure such that E — 77,. A realization of E in . is a continuous linear map
0 :E — S suchthat [6(f)]e = f (Vf € E)in .7.,. The image set 6(E) is called the realized
space of E.

Remark 1.27. The map o is a bijection from E to ¢ (E).

We recall some necessary properties concerning invariance under translations and dilations
(.e., |Taflle = || fllg or |hp fllE=A7"|fllg, Vf € E,r € R,a € R", and A > 0):

Proposition 1.28. Let 0y : E — .’ be a realization. For any finite family ($a>|a|§N of linear

functionals on E, the following formula defines a realization of E in /' :

(@) = 0o(£)x)+ ¥, Lalf)x®

loe| <N
Conversely, any realization of E is given in this way.

Proof. See [T2, Theorem. 1.4, p. 20], or [38, Proposition. 3.2]. ]

Proposition 1.29. Let E be isometrically invariant under translations. Let oy : E — ] be a
realization commuting with translations. Let (o%a)|a|:k be a finite family of linear functionals
on E such that

LooTi=%Ly.

Then the formula

o(f)(x):=00(f)(x)+ Y, La(f)x* (modulo Py)

o=k

defines a realization of E modulo &, commuting with translations. Conversely, any realization

of E modulo &7, commuting with translations, is given in this way.

14
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Proof. See [T2, Theorem. 1.5, p. 21] or [T3, Proposition. 2]. O

Proposition 1.30. (i) If r ¢ Ny, then E admits at most one realization commuting with dila-

tions.

(ii) Assume r € Ny and let oy : E — .’ be a realization commuting with dilations. Let
(Za)|a|=r be a family of linear functionals on E such that

Loohy =\ Ly, YA >0,

Then the formula

o(f)(x) = oo(f)(x)+ Y, Lal(f)x”

|oe|=r
defines a realization of E commuting with dilations. Conversely, any realization of E

commuting with dilations is given in this way.

Proof. See [12, Theorem. 1.6, p. 21], [I3, Proposition. 4], or [38, Proposition. 3.1]. ]

15



Chapter 2

Realizations and pseudo-differential

operators

This chapter studies Besov and Triebel-Lizorkin spaces and their connections with pseudo-
differential operators. We prove key theorems (Theorems ZT3-D-T8) about how these operators

act on function spaces.

2.1 The realized spaces of AS, |

Handling distributions modulo polynomials is challenging and requires both realizations and
weak convergence in .#'(R"). We will outline these two approaches and refer to G. Bour-
daud [12, T3, 14] for the relevant definitions.

2.1.1 Preparation

As we mentioned at the beginning of this section, we will present an integer 1t € Ny such that

Af,,q — yﬁ The integer u = (s, p,q,n) (with p fixed throughout this thesis) is defined by

([s—n/p]+1)4 if s—n/p &Ny org>1 inthe B-case (p > 1 in the F-case),
o=
s—n/p if s—n/peNy and ¢ <1inthe B-case (p < 1 in the F-case).

(2.1)

Proposition 2.1. Let f € A;q. Then the Littlewood-Paley series Y. ic7,Q;f converges in 5”/1 to
an element denoted o(f). The function f has in ., a unique representative o (f), satisfying:
[6(f)]e = f and 0% (f) € Co for |ot| = w, where &(f) commutes with translation and dilation

operators in some cases of the parametrs.

16



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

Proof. See T4, Proposition. 4.6] or [B8, Theorem. 1.2]. O

We can also establish convergence in .’. For this, we need to add a polynomial to the

Littlewood-Paley series.

Proposition 2.2. For any f € Af,’ o the series o(f) converges in ",

(0(f)]ee=f in S and 3%c(f) € Co if |0t = p.

The series o (f) is defined as follows:

(H-1) Incases <n/p,or s=n/p and 0 < g <1 in B-case (0 < p < 1in F-case),

o(f)=Y 0O;f. (2.2)

JEZ
(H-2) Incases—n/p e R"\Ny, ors—n/p e Nand0 < g < 1inB-case (0 < p <1 in F-case),

o)=Y (0if— ¥ QN9 0)x*/al). 2.3)

JEZ la|<p

(H-3) Incases—n/p € Ny and q > 1 in B-case (p > 1 in F-case),

o(f)=Y Qif+Y (Qif = Y, (N (0)x*/at). (2.4)
>0 J<0 la|<u
Proof. For more details and the proof, see [14, Section. 4] or [38, Theorems. 4.1, 4.5]. O

2.1.2 Definition of realized spaces

We now give with the definition of the realized spaces gf, g see [9], [I4], or [38]. According to

definition 28, we set Z{; ;= O(A3 ) and have the following definition:
Definition 2.3. The realized space ;{;7 q is defined as follows:

(i) In the case s <n/p, ors=n/p and 0 < g < 1 in the B-case (0 < p < 1 in the F-case)
(here u =0),
AL = {fe L [ floo GA;# and f € Co}.

17



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

(i) Inthe case s—n/p € RT\Ny, ors—n/p € Nand 0 < g < 1 inthe B-case (0< p<1lin
the F-case) (here L = [s —n/p|+ 1 or u = s —n/p, respectively, with u > 1),

fes" fleeh,, fect,
Apg = B0y =0for Bl <p-1,

and f\% e Cy for |ot| =

(iii) In the case s—n/p € Ny and q > 1 in the B-case (p > 1 in the F-case) (here L = [s —

n/pl|+1>1),
fe S Ay, fECHT,
A= FB0) = Y. (0,)®)(0) for 1Bl < u 1,
’ j>0

and f'% € C, for |ot| =

Equipped with the same quasi-seminorm as A; g that is,

190, = 1ol
Proposition 2.4. In cases (1)—(ii), we have
Aspg = G(Ajw). (2.5)

Proof. By definition, we have G(A';_‘q) C g;,q' For the reverse inclusion, let f € wa, then

[fleo € A3, and f — 0([f]e) € P . By Lemma (i.e., CoN P = {0}) and since
I%(f — 6([f]w)) € Co for all || = u, we have f — 6 ([fle) = p € Py,

—incase (H-1),u =0and f=0([f]e);

—in cases (ii) and (iii) , we set

then by identification we have

Blag = (/P =3P o([f]=))(0) =0,

18



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

which implies f = &([f]«). Then we obtain f = &([f]) in .}, , and the inclusion (A3, ) D
A3, , holds. O

Remark 2.5. In the sequel of this chapter we limit ourseleves to Banach space, i.e, we assume

that 1 < g<oo, 1 < p<oo inB—caseand1 < p <o inF —case.

Proposition 2.6. Let s € R. Let

either: s<

Y

or: s= and ¢g=1.

TISTIS

Ifu € BS, ,, then the convergence is obtained in .7 of the series

pq’
Z qu.

jez
We set
f=Y Qu.
jez

Then it holds f € 50, and u has a unique tempered distribution given as
U= f in SL.

Proof. See [T4, Proposition 4.6], [B8, Theorems 1.2, 4.1, Section 4.2]. O
The homogeneous Besov space that has been realized can now be defined.

Definition 2.7. Let s € R. Let

either: s<

or: s= and ¢g=1.

TISTIS

We define E}‘,’q, the so-called realized homogeneous Besov space, the set of all functions g € ./’

satiafying [gl. € By, , and the property g € Cy.

Let us consider the following mapping

o(u):=Y Qu forall ueB),;
JEZL
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CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

thus, from Proposition 26, this application ¢ is a realization on B;’q. We have o satisfies the
two following properties :

1- commuting with translation opertors
o(u)(x—a) = o(u—a)x)
for all x,a € R",

2- commuting with dilation opertors

o (u)(x/A) = o (u(./2))(x)

for all x € R" and all positive real A.

We also have
G(B;q) = ij. (2.6)

Proof. To prove (). The first embeding “ C ” is obtained by the definition. For the converse,

we take a function g € §;7q, thus [g]. belongs to B, , and satisfies g — 6([g]) € P ; on the

other hand Lemma yields that g = 6([g]), the up of the proof. O

We finish this section by the following statement in canonique case.

Proposition 2.8. Let s >0 and 1 < p < oo,
Let

either: s<

and ¢g=1.

Let b>0. Assume that (u;)jcz, a sequence defined in ./ " such that the following two conditions

are satisfied:
e suppii; is subset of the ball |&| < b2/,

; 1
o D= (T;en(2|luj])9) "/ < oo,

Then, we obtain the convergence in .’ of the series ¥ jezuj; denoted its limit by u, thus

|| [u]oo]| B, < c¢D; the constant ¢ depends only on the parameters n,s,p,q and b.
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Proof. The proof is given in [BX, Proposition 2.15]. See also [37, Proposition 3.4], or the
book [49, Proposition 2.3.2/1, p. 59], or the paper of M. Yamazaki [56] in which the case of

inhomogeneous Besov spaces is treated. U

2.2 Pseudo-differential operators

For the pseudo-differential operators theory, we do not into details, however instead we propose
some papers [22], [28], [BT], [33], [34], [B5], [45], [56].

Definition 2.9. A pseudo-differential operator (P.D.O.) is a linear mapping, denoted by b(x,D),
defined as

b(x,D)f := (27:)"/ﬂeix-éb(x,g)ﬂg)dg, Vf € #(R"),Vx € R,

where b(x,&) is a function defined from R" x R" to C, called the symbol of b(x, D).

Definition 2.10. A modulus of continuity is any function @ : RT™ — R™ that is continuous, in-

creasing, and concave, and satisfies ®(0) = 0.

Definition 2.11. Let @ be a modulus of continuity and a function ¥ : RT™ — R satisfying

Ve>1,3A. >0, (t/c<u<ct)=y(u) <A y(t).

Let § >0, p>0, u>0, NeN, and (a,B) € Nij x Nj such that |B| < N. The class
27,6“0’ v, p,N) of symbols of degree | and type (1,0) is the set of functions b € C*(R" x R")

for which there exist two positive constants cy,cy depending only on & and 3, such that
1929E b(x,&)] < e1(1+ &)~ lot+olp @.7)
and
19298 b+ E) — 9ZALb(x,E)] < (1 + [ED Bl (|l EP)w(lEl).  28)

The set of pseudo-differential operators associated with the class Zﬁl 5(@,¥,p,N) will be
denoted by OP‘IL(S(O), v,p,N).

Definition 2.12. We define S'lnév(E ), the so-called the homogeneous class of symbols, the set of
all C=(R" x R"\ {0}) functions b(x, &), satisfying, for any a € N" with |ot| < N, there exists a
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constant ¢ := c(a) > 0, such that

19¢b(x,&)l|e < clg" ¥, V(&) e R"\ {0}.

Definition 2.13. We define the inhomogeneous class S’ln’év(E ) is the set of all C*(R" x R") func-
tions (symbols) b(x, &) such that

where |ot| < N and the potive constsnt ¢ := c(a) > 0.

IEb(-8)| < c1+IEN™ T, veeRrr,

Remark 2.14. It is worth mentioning that both sets S'I"év (E) and S'ln’év (E) are a Fréchet space

that has seminorms.

Qn(b)i= sup sup [&]"1 [ 9gte(, &) |
|| <N E€R\{0} E
and
Qu(b) == sup sup (1+ )1 [ 9¢b(-, &) .
|ot| <N EcR" E
respectively.

For the homogeneous class of Besov type case, we consider the space
E = L.(R")NBYE (R,

equipped with the norm

171 5= 1o+ 10l g

For the inhomogeneous class, we the consider space
E = Lo(R") NBYD (R N BT " (RY),

equipped with the corresponding norm. We give the following observation, to explain the differ-
ence between these two classes, : If m ## 0, there are no inclusion properties between the two
spaces BZ/ J(R™) and BZ/ J (R,

In case of the homogeneous class of Triebel-Lizorkin-type, we deal with

E = Lo(R")NEMP(RY).
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2.3 Results already obtained

The results of this section can be found in our paper [33]. Here p, g > 1.

2.3.1 Main results

In this section, the parameters s, p , g are given in the following manner :

either:s<ﬁ, or s= and ¢g=1; (2.9)
p

and
either:s+m<ﬁ, or s—i—m:E and g¢g=1. (2.10)
4 p

Theorem 2.15. Lets >0 and 1 < p < oo . Assume that (Z9) and (ZZ10) hold.
Let N be an even natural number satisfying N > 37" +2. If a symbol b(x, &) belongs to

ST (Lo(R) N By (R)),

then the pseudo-differential operator b(x,D) takes the space gf,zm(R”) into Ef, 4(R?).

Moreover, there exists a constant ¢ > 0 such that the inequality:

[[b(x, D) f]|

s, <) |1f]-

2.11)

3S+m -
BP~(1

holds, for all f € B3/ "(R").

Theorem 2.16. Let s >0, 1 < p <o and m >0 . Assume that (Z9) and (Z1Q) hold. Let N
be an even natural number satisfying N > 37” +2. If a symbol b(x, &) belongs to

ST (L (R") NBYL (R N By " (R)),

then the pseudodifferential operator b(x,D) takes the space B;,qum (R™) into EE, 4(R™).

Moreover, there exists a constant ¢ > 0 such that the inequality

|1b0x D) e | gy < cQu(B)][[f] (2.12)

Byy"

holds for all f € By"(R").
We prove TheoremsZT3 and DZT@ by developing three essential assertions:
e in the homogeneous case, simplify to elementary symbols,
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e type of G. Gibbons [?8], can be estimated almost orthogonally using the Nikol’skij repre-
sentation method, (see Lemma ZT8 below),

e the property of pointwise multiplying for a realized homogeneous Besov space can be see
in (Lemma ZT9 below) .

We outline then in the next section.

2.3.2 Idea of proofs of Theorems and .16

The proofs are obtained by the following statements.

Proposition 2.17. Let s > 0 and 1 < p < co. Assume that (I9) and (Z10) hold. Let b(x,&) be a
C*(R" x R") function.

(i) b(x,&) can be decomposed into a sum k(x,&) +n(x,&) where:

o K(x,§)=0 if [§]>3
o N(x,8) :=Yker O (x,8) with n(x,§)=0 if [§]<1

e The functions Ok (x,&) are elementary symbols-type.

(ii) Consider an even natural number N such that: N > 3n/2+2.
If b(x,&) belongs to S']":év(.L00 OBZ{ J), then the pseudo-differential operator 1 (x, D) takes

the space E;Zm (R™) into E; 4(R"). Moreover; there exists a constant ¢ > 0 such that

[[n(x, D) fles

<con(®)|1f

o DS+m
B}, “lBpy

holds for all f € BS"(R").

(iii) Assume in addition m > 0. Consider an even natural number N such that: N > n. If

b(x,&) belongs to S’ln’év (L OBZ{ 5™, then the pseudodifferential operator k(x,D) takes

the space BH’" (R™) into BS 4(R"). Moreover; there exists a constant ¢ > 0 such that

[[x(x, D) f]-o

5, < QuB)(1-

3S+m 9
B P9

holds for all f € Bs+m

Proof. This proposition is proved using the following two lemmas. See [33, Proposition 3.3].
O
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Lemma 2.18. Let s > 0 and 1 < p < co. Assume that (Z9) holds. Let b > 0. Let (u;) jez and

(Xj) jez be sequences in S satisfying the following three conditions:
(i) suppdi; is subset of the ball |&| < b2/,
(ii) D= (Ljen(2¥]ul,)9)"* <
(ii) G = supje; (1251l + 120l gy ) < o=

Then the series Y jc7, X juj converges in ./ " to a limit u which satisfies

[[u]eolps < DG, (2.13)
where ¢ depends only on n,s, p,q and b.
Proof . See [33, Lemma 3.2]. O

Lemma2.19. Lets >0, 1 < p <o and 1< g <. Assume that (Z9) and (Z10) hold. Assume

in addition m > 0. Then there exists a constant ¢ > 0 such that the inequality

|| [hg]e

i, < (el gypn -+ 1) [ 81

HS+m 4
BPJ/

holds, for all g € C*NBSM(R") and all h € L. NByY " (R").
Proof. See [33, Lemma 3.3]. O

Proof of Theorem 2Z.I5. The proof is essentially based on Proposition ZT7 and some changes
in order to pass from the inhomogeneous case to the homogeneous one.
O

Proof of Theorem 2.16. The result follows immediately from Proposition 17 . U

2.3.3 An extension related to main results

We first extend our framework by generalizing the symbol classes: For (u,n) € R?, (M,N) € N?
and a Banach space E, we Consider the symbol classes SZ],;] M(E) and SL":I,;’7M(E ) of functions
b(x,&) in C*(R" x R"\ {0}) and in C*(R" x R"), respectively. These classes are defined (as

Fréchet spaces) by the seminorms

Quan(b) = sup sup [g[ B 9gaf (. 8) |

al< n E
=N EeRr\(0)
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Quan(b) = sup sup (1+ (&) ule=18l | 529Bh (. )|

|o|<N EecR7
|Bl<M

E

Theorems T3 and 2T can be generalized in the following sense:

Theorem 2.20. Let s, p, g, m, N be real numbers given as in Theorem 213 (resp. Theorem Z_18).
Let M eN, n €R, and u > 1. If a symbol b(x, &) belongs to

SR L0 BE) e SER (LB ),

then the pseudo-differential operator b(x,D) takes the space gf,fqm into B}, , , with an estimate

similar to (1), where Qp/(b) is replaced by Qy y(b) (resp. Qn .y (D))-
Proof. See [33]. O

Now, we see an extension on the realized spaces: The condition 29 can be extended in the

following sense. For
n " n
s——€€R"\N, or s——e&N\{0} and ¢=1, (2.14)
p p
we denote by u the integer > 1 defined by s—n/p<pu <s—n/p+1,ie.

[s—n/p|+1 if s—n/peRT\N,
= (2.15)
s—n/p if s—n/peN\{0} and g¢=1.

Definition 2.21. Assume that (TI4) holds. The space E; qisthe setof all f € " satisfying the

following four conditions:
(i) [flo € B},
(ii) f is of class C*~ 1,
(iii) f*(©0)=0 for [af<p,
(iv) f @ eCy for la| = p.
We have the following result:

Theorem 2.22. Let s > 0 and 1 < p < oo, Assume that (Z14) holds. Let N be an even natural
number satisfying N > 3n/2+2. Let m be a real number satisfying.

S—Hn—EEIW'\N7 or s+m—E€N\{O} and q=1. (2.16)
p p
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If a symbol b(x,E) belongs to S'Tév (Loo HBZ/ J) , then the pseudo-differential operator b(x,D)

takes the space Eﬁq’” into Ej, g Moreover, an estimate similar to (X)) holds for all f € Ef,fqm.

Proof. The proof is similar to that of Theorem IZT3. We give a sketchy proof. According
to Propositions, [, and Lemma ZTR, we have the following assertions, in which the two
propositions below are proved in [B8, Proposition 2.17] and [38, Theorems 1.2, 4.5, Section 4.2],
respectively. 0

Proposition 2.23. Let s > 0 and 1 < p < co. Assume that (Z14) holds. Let b > 0. Let (u;)jcz

be a sequence in .’ satisfying the following two conditions:

e 1 is supported by the ball |&| < b2/,

o A= (Tje2”uyll))" <
We put
wi(x) :==uj(x) — Z uﬁa)(O)xa/a!,

loa|<p—1

forall j € Z and all x € R", (W is defined in (_I3)). Then the series ). jcz,w; converges in S’
to a limit w which satisfies
Iwllgy < cA,

p-q

and where ¢ depends only on n,s, p,q and b.

Proposition 2.24. Assume that (Z14) holds. If u € Bf,’ g We put

vi() = Qux)— Y (Qu)®(0)x%/a!

loa|<p—1

forall j€Z, and all x € R". Then the series Y jczv; converges in ' We put
f = Z Vj.

JEL

Then f(% (|a| = w) belongs to Co, and f is the unique tempered distribution satisfying [u]e = f
in. 7.,

2.4 Recent results (the Triebel-Lizorkin case)

In this section, we assume the parameters s € R and 1 < p,gq < oo satisfy the following condi-
tions:
. n n
eithers<—, or s=—- and p=1; 2.17)
p p
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and
eithers+m<ﬁ, or s+m:E and p=1. (2.18)
4 4

Theorem 2.25. Let s >0 and 1 < p < . Assume that (I-I71) and (ZIR) hold. Let N be an
even natural number sufficiently large. If a symbol b(x, &) belongs to S’I"év (Loo (RMNEy /qp (]R”)),
then the pseudo-differential operator b(x, D) takes the space F St (R™) into F g (R?).

Moreover, there exists a constant C > 0 such that the inequality

|[6(x,D) f]w| (2.19)

gy < COO)|If]-

Fyg"
holds for all f € F5m(RM).

Theorem 2.26. Lets >0, 1 < p < ocoand m > 0. Assume that (11) and (I8) hold. Let N be

an even natural number sufficiently large. If a symbol b(x, &) belongs to
S™N (Lo (R™) NP (R™) A ERLP ™ (R”
10 (La(RY) N Fp g (RY) N Ep g™ T(RY)),
then we have :

(i) the pseudo-differential operator b(x,D) takes the space F S (R™) into F bR ifp<gq.

Moreover, there exists a constant ¢ > 0 such that the inequality
160 D))l < Qb)) g 220

holds, for all f € F&7m(R™),

(ii) the pseudo-differential operator b(x,D) takes the space F (R ﬂgi;;l /P TR into

F ;}Q(R”) if p> q . Moreover, there exists a constant ¢ > 0 such that the inequality
1BGe, D) fleoll < QN (B) ([ 1eoll g + H[f]oo||3§;;/p+m), (2.21)

holds, for all f € F;Zm ﬁgio_,;/ﬁm_
The proofs of Theorems 225 and rely on three key components:

1. Reduction to elementary symbols in the homogeneous case. This technique simplifies
the analysis by decomposing general symbols into more manageable elementary compo-

nents.

28



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

2. An almost orthogonality estimate of G. Gibbons type [?8], obtained through Nikol’skii’s
representation method (detailed in Lemma below). This provides crucial bounds for the
interaction between different frequency components.

3. A pointwise multipliers property

for realized homogeneous spaces (established in Lemma below). This result enables the

control of products involving Triebel-Lzorkin space elements.

2.4.1 Proof of Theorems and

Theorems can be easily derived from the following statement.

Proposition 2.27. Let s € R. Assume that (Z11)
holds. If u € F}, , then the series
Y Qju

@
jez
converges in .. We put

f:= Z qu.

JEZ.

Then f belongs to 50 and is the unique tempered distribution satisfying
U = f in SL.

Proposition 2.28. Let s > 0 and 1 < p < . Assume that 174 and 218 hold. Let b(x,&) be
a C(R" x R") function. We can be decomposed b(x,&) into a sum x(x,&)+n(x,&) where

K(x,§) =0 if |§] > 3/2 and 1(x,§) := Lgezn Ok (x,8) with n(x,§) =0if |§] < 1, and the
functions Ok (x,&) are elementary symbols-type.

Proposition 2.29. Let N be an even natural number sufficiently large. If b(x,§) belongs to
SN (LN E Z/ ), then we have:

(i) The pseudo-differential operator 1M (x,D) takes the space F ;,J’rqm into F »q FP<q.

Moreover, there exists a constant ¢ > 0 such that the inequality

[0Ge.D)flellsy, < OBl s @.22)

holds, for all f € F;J;]m.
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(ii) The pseudo-differential operator 1 (x, D) takes the spaces F pide E:o_qn /P into F ba
if p> q. Moreover, there exists a constant ¢ > 0 such that the inequality

I x.D) fleelliy, < QN (B (el + 1 Leel g (2.23)

holds, for all f € F5im B /"™

Proposition 2.30. Assume in addition m > 0. Let N be an even natural number satisfying N > n.
Ifb(x 5) belongs to S} ; 0 N (Lo NEy {]p ™), then the pseudo-differential operator k(x,D) takes the

space F s+m into F FS ¢ Moreover, there exists a constant ¢ > 0 such that the inequality
16GeD) sy, < Q) [l o

holds for all f € F”m

Corollary 2.31. If p < g, then the pseudo-differential operator k(x,D) takes the space Fli q
into F; .

Lemma 2.32. Let s > 0 and 1 < p < oo. Assume that (Z11) holds. Let b > 0. Let (u;) jcz, and

(X)) jez be sequences in S’ satisfying the following conditions:

(i) suppil; is subset of the ball |&| < b2/,

(ii;) D:= H (Zjez(2j5|uj!)q)l/qu+ (ZjeZ <2J'(S—n/17)||u]-\|oo>q>l/q <o, incasep>q.
(i) D i=||(£jez @) | +(Ejez (2177 sl ))!" <o incase p < g.

(iti) G 2= supy (|| zello+ 126l ) <

Then the series Y jcz, Xju;j converges in . " to a limit u which satisfies
lluleoll g, < DG, (2.24)

where ¢ depends only on n,s, p,q and b.

Proof. Step 1: Convergence in .. The proof is the same as in [38, Proposition 2.15/Substep
1.2] . We omit the details.
Step 2 : Proof of L24. In ). jc7 x,u; we split the area of summation with respect to j. That
is, by Proposition ['T@we write
X =Sixj+ Y Ouxjs

k> j
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recall that y; € S, which implies that YjezXjuj =Y +Z, where

Y = Z u;Six; and Z:= Z Zuijxj,
JEL kEZ j<k
with F(u;S;x;) and F (¥ ;,u;Orx;) are supported by the balls |£] < (3/2+b)2/ and || <
(3/2+b/2)2*, respectively. This allows to apply Proposition Z-27 to the series ¥ and Z.

Substep 2.1: The estimate of H[Y]OOHF-;q follows immediately from the uniform bound
1Sixjlle S Gforall j€Ziie.
[¥]ellg5, S DG-

pq
Substep 2.2 : Estimate of ||[Z]«|| #y, in the case 0 <s <n /p. We will use the following
inequality

[Z0ell iy, < I Y 2%CY Ly Qi)

keZ Jj<k

e If p < g By Lemma I3 with d := p/gq we obtain :

g\ 1/q
11Zelly, < (; (Z|u,~||Qkxj\) )

j<k
p

p\ U/p
(z (zsk y |uqukxjr> )
% i<k ]

p 1/p
al [ n;(z&kzw,w@kxﬂ) dx)

AN

J<k
1/p
— ¢ Zzskp/(Z\ujllele )
k <k

= | Y21 Y Jujl| Qe

k j<k

p
N (ZZ“‘"” (Z ||uj||ooHQka'||p> )
k i<k

p
dx
1/p
1/p
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Let:
27| Qxllp = |[sup2°7 [ Qe
¢ p
= sup ||sup2'7 | Q1]
m ¢ p
:SuPHXmHF;{f-
Then y
p\ 1/p
V(D) (s )i
HFV (Z (22(3 p)( J)2(S p)JHujHoo) ) Sup”%}ﬂ”pn{f
k \j<k m ps
' » 1/p
SSUP“XmHFn/p (Z (2(‘9_17’)]"uj|’00) ) .
m P\ jez
We conclude that

[[W)l . S DG.
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e If p > g We use the same proof

g\ 1/4q
11Zells, < <Z (Zw,»ugkx,w) )

k \Jj<k p
g\ 1/¢
_kn k2
< (L2 L g2 p\\Qkxj\rpZ"))
k J<k
g\ 1/q
Kk 20
< Zzskq Z”“f”“’z ?|[sup2 7 |Qex;lllp
T ik !

a\ 1/4
_gn
S zk:ZSkq ZH”J’HwZ ”H%J”@@))

J<k

a\ /4
gsipHmHFﬁa, (Z (Z 2(S—p)(—1+k)21(s—,,)||uj||oo> >

Kk \j<k

1/q
Ssup |26l e | X 2707912
¢ P \ii<k

<DG.

~

Substep 2.3 : Estimate of ||[Z]]| i, in the case s = n/p and p = 1. We will use the same

proof,we obtain.

. < . .
[1Z)ecll g < supml|2mll gy <Z ||u1||o0> :

JEZ
We deduce that
|1Z]ull gy < DG.

O

Lemma 2.33. Let s > 0and 1 < p < . Assume that (Z11) and (ZIR) hold. Assume in addition

m > 0. Then there exists a positive constant ¢ such that the inequality
gl < € (el g+ Il ) gl g

holds, for all g € C* (5" and all h € L NFWD ™.

Proof . Step 1: Let g and % be functions given as in this lemma. By assumption, the functions
g and h belong to .. Clearly also that S;g, Oxg and Qh are C* functions for all j,k € Z. Then
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in ./, we can write the following expressions

g=Sjg+ Zng, Sjg = Zng,h: Z Qjh

k> j k<j =/

and

Sih=Y Okh.

k<j

Thus, for all ¢ € .7, we get

<Z<Sjg)(th)v(P> = Z <th> (Sjg)q)> = Z <th7 <g_ Z ng> (P>

JEZ JEZ JEZ k>j

kEZ j<k—1

= (hg, @) — < Y (Sk—1h>(ng)7§0> -

keZ

Hence, we arrive at the decomposition of hg in mathc into a sum hg = A| + A, where

A=Y (Sje)(Qjh),

JEZ

and

Ar:= ) (Sk-1h)(Qg) -

keZ
Step 2 : Estimate of ||[A,~]°<,HF[§"[], i=1,2.
We begin by noting that the functions .# {(S;g)(Q;h)} and .7 {(Sx_1h)(Qkg)} are supported by
the balls |£| < 3-2/ and |E| < (9/4)2F, respectively.
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. a\ /4
Nl = (Z 10/h[2 (Z |ng|> )
JEL k<j »
[ n q . a\ 1/4
_ (Z (leh|2J(pm)) _2J<S ) (Z‘Q g‘2k3+m (s+m)> >
JEZ k<j
p
e a\ 1/4
< Sup2J |th| (Z 2]q<S—;+m) (Z 2k(—s—m)_2k(s+m)|ng|> )
p |l \JEZ k<j -
a\ /4
’°° JEZ k<j

n
If E—S—m>0,

a\ q
H=(Y (zﬂ”'"‘ﬁ) Z2<S+m‘5>k-2<ﬁ‘S‘m>k\|ngum) )

JEZ k<j

(g(ge s eand))

5(2( ime ||ng||)>q

k

S 8l ey
g

s+m +m % :
Furthermore, Fp q = B, if p<g.

There remains a case 14) —s—m=0 with g<1(org=1):

M= (Z |Qjh| 127 (Z ng>q>;

JEL k<j
p
1
.n q n . 1 a
=) (5 o=y (2200
JjE€Z k<j P
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JEZ k<j

M= (Z (2o ) (Z i-0(stm=3) .zk(s+m—z)|ng,>q> 5

p

We have

(Z H(7=H) (s+m-2) ,2"(”’”*%» ‘ng\> <Y 2£(s+mf%> sup (2k(s+mg> HngHoo)
k

k<j €20

< CHgHB:Z_% :

Furthermore:

Pq

The proof of Lemma is complete, for Fy , with h € Lo N Epy "

Proof of Proposition Z.28. The proof is organized into the following steps for clarity: We adapt

Coifman and Meyer’s method for reducing to elementary symbols [27], to the homogeneous

setting through the following construction:

We

define a function that is both radial and positive 7 € Z2(R"\ {0}) supported by the compact

annulus 1/4 <|&| < 7/4, and satisfies ¥y = v (see the beginning of Section 1 for the definition

of p and y). We write

b(x,6) = K(x,5) +1(x,6)

where
T(x,§) = b(x,5)p(5)
and
N(x8) :=bx¢)(1-p(S)),
with

o k(x,§)=0 if |g[>3/2,
e Nx¢)=0 if [§<1.
We begin by decomposing the function 1(x,&). We define
n;(x8) =27y Ve, 277 1E),  jez, vx g R, (225)

36



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

This is well-defined, and from the definition of 7 we obtain:

nxE) =nxE) Y y(277€) =Y 2min;(x, 277 HE). (2.26)

JEZ jez

We define the function w(x, &) as follows:

wi(x, &)=Y n;(x,2(& —27K)), (2.27)

Kezn

since 1;(x, &) is 27-periodic in &, satisfying

wilx E)NE) = 1,(x,27¢),

Consequently, a Fourier expansion of w; gives

n;(x,2VE) =7(E) Y Ck j(x)e® 5, (2.28)
Kezn

Ck,j(x) == (2m)~ / / ,€)dE.

By inserting the expression from (Z28) into equation (Z-2f), we obtain

where

nx€) =Y Y 2Mck ()72 77E)e K. (2.29)

Ke7r jel

On the one hand, consider £ € R” and K € Z" satisfying:
° %g‘f—ZTCK]S%
o —n<¢<mforlf=1,...,n.

Under these conditions, we necessarily have |K| = 0. Consequently, w;(x, ) coincides exactly
with 17;(x,211€), since the mapping & — n;(x,2l//(€ — 27K)) is supported in the annulus
3 <|&—2nK| < 3. Thus

Cxi(x) = (21) " /R e K, (x,2) dé. (2.30)

On the other hand, for a fixed N € N, (to be determined later), we set.

xk.,j (%) = (2m)" (1 + |K|})N/2Ck (), 2.31)
Yk (€) == (2m) (1 + K [*) ™V 2p(&)e (2.32)
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and

Ox(x,&) =Y 2™ xk j(x)k(27/E), KeZ' vx,& R (2.33)
JEZ

By substituting these formulas, (Z31)-(2Z33), into (Z29) This construction yields the desired
decomposition:

nx&) =Y %x&), vx&eR" (2.34)

Kezn

O

Proof of Proposition Z.29. Step 1: Estimate of

12 jlleo 4 1| i iJoo s -
Pq

We select N to be an even positive integer, writing N :=2M where M is a natural number.
With this choice, we substitute the expression from (Z30) into equation (Z3T) to get

ti () = [ e FE =8 (m;(x,278)) dE.

The expression (7 — A i (nj (x, 2‘j|§)> is the following sum (cf., see (ZZ29))

MY B! gl
7( /y<n n(x,2/€
|#|Z§"Ma+nz‘12ﬂ (M —|u)tu! a!n'( ’
which yields
My @)Yy (al-m);
xkjx) =Y Y (—1)H2 /
wemoson (M= [upp o (2.35)
< [ e mE(E) o (x.2E)dE.
As
o!
IEN (x,&) = J Y —— @ P(&)afb(x,&).
En(8) = (1=p(&)9fb(x8)~ T gy P §)Fb(x
By applying the symbol assumptions on b(x, &), we obtain the estimate:
o (o] —m ‘aa leg)’<QN( (gow +Zh/3] >, (2.36)
B<a
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where
ga,j(§) :=2mmi(1 271 g o |1 — p(278)| (2.37)

and
g (&) 1= 20=mi(1 2]l ple-P 2ig)| B < (238)

On supp gq,j we have 1 < 2/|€|, we obtain the following:

e for the case m — |¢t| > O:
180,/ (E)] < (1+lpll=)21 7 (2 27 1o < gl
e for the case m—|ot| <0
180, (&) < (14 [lpl)20 = (271 1ot S g mled
Thus in all cases we obtain

ga i (E) S €I, Vjez. (2.39)
Similar to the function /g ;, on the support of hg ;, the inequality 1 < 2/|&| < 3/2 holds. This
implies that the variable || ~ 27/ satisfies:

2l < max(1,(3/2)/ ) 1,

(1+271& )" 1Pl < max(27~ P!, (5/2)"1P1),

and
lhg (E) S |E™1Y, vjez (2.40)

We now prove the following fundamental estimate: || XK, j||°<,. Indeed, by (Z39) and (2-40) we
obtain
12K jlle S Qn(b), VK€EZ", Vjel. (2.41)

We now establish the fundamental estimate || [k, jo|| /- From (E33), we write (for all K € Z"
pPq
and all k,j € Z)

o= Y Y ( M (2u)!

‘“‘<Mo¢+n 2'u _|nu|)'nu" O"n'

< [ M) QU 0F N (1278 e

(—1)lulplal-m)]

Consequently, following the same approach as in equation (Z36), the assumption that the sym-
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bol b(x, &) belongs to the class S’%V (Lo NF, ép ) yields

e ognc 2|,

n/pNQN( <g06j +Zhﬁ] )

B<a

see equations (Z37) and (Z3R) for the definitions of g4 ; and hq j, respectively. Combining the
estimates in (Z39) with 1/2 <|&| < 3/2, we obtain

1Dkl ll jorp S Q(B), VK €Z", Vj€EL. (2.42)

Now, the last inequality together with (ZZ41)) yield that the sequence (Xx,;)jcz satisfies the
assumption (ii1) of Lemma 232 uniformly with respect to K.

Step 2 : Estimate of ||[n(x,D) f]e HFA for f € F”’"OB p , (here p > ¢q ). Since Xk (see
(I32) ) is defined on R" \ {0}, then by cons1der1ng the intersection of the supports, i.e.,

R IEY2 T EY =0 ife< -3 orl>2,

it holds that
(278 =1k(277E) Y y(2 7)), VEER”

—2<¢4<1

The assumption (ZIR), Proposition 227 and formula (Z3) (i.e., f = ¥ ez Q,f) yield

(2 /D)f= Y (@"F "k (2/)*Qjef.
—2<¢<1

We continue, since the function & +— Yi(27/E)y(27/‘£) has a support in the compact an-
nulus (1/8)2/ < |&| <3-2/ (here we note that the assumption (i) of Lemma is satisfied),
then Lemma can be applied to the elementary symbol defined by the formula (ZZ33), and
it follows

| [19K(X7D)f]°°||F;:;m

i(s4+m) (9 (j=On g7 ¢ 1 Ve (2.43)
sae)| ¥ L (20e T e ) <o)

p

Since p > ¢, then the first observation is to use the Minkowski inequality, and Young in-
equality we have

QU= F () * Qiflp SIF T Ykl Qif Ny Vi€Z, VKEZ'.  (2.44)
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The second observation, for any even natural number Ny, the inverse Fourier transform of

Tk (x) admits the representation:

F @) = (1) " (1 )0 [ 81— AP )E,

n

an application of the Cauchy-Schwarz inequality combined with Parseval’s identity yields the

estimate:

1/2 1/2
17 il ([ oy a) (- ag ()Pt
R 1/4<|8|<7/4
< sup T[ga)H , VKeZ".
let|<No “
Assuming the condition Ny > n/2, we define
No:=2N, with Nj— [ﬂ 41, (2.45)

From (IZ32), we obtain the estimate:

L@ sa+kR L kP E)],
B4+n=a
which holds for all K € Z" and all & € R".
But, if || < Ny we have |K|IBl(14|K|?)~N/2 < (14 |K|?)®o~N)/2 for all K € Z", which
implies that
S (14 |KP)MNo=M/2 K e 77, (2.46)

[o]

sup
o] <Ny

%

Where the constant ¢ is independent of K and b(x, &) . We now turn to 1(x, D) f, we have

I CD) flellpgyr S X Bk CrD) flali,

Kez?
S0 (1ol + 11 pon ) T (14 RN
g Kezn
and we deduce that
linGeD) 1ol 2 (8) (11l + 1ol on ) .47)
' ,q

Step 3 : Proof of n(x,D)f € &' for f € F}7" mgj;qﬁm_ Let ¢ €.%. We put Q; := #(27/D),

41



CHAPTER 2. REALIZATIONS AND PSEUDO-DIFFERENTIAL OPERATORS

where the function ¥ is defined in the beginning of Step 1, and write

P=5S0p+ ) 0;0;0.

j=>1
It holds
|(n(x,D)f,@)| = |(So(n(x @)+ ) (Qi(n 1),0;0)
j>1
< ISo(n(x, D) f)[l=ll @l + Y [1Q;(n(x, D) )]l Q@I (2.48)
Jj>1

S ISo(n D)) =llelh + Y 27711Q;(n(x,. D)), 09l

=1

First, we have

I1So(1 (&, D))l S Y 27772710 (n (x, D)) ). (2.49)

Jj<0

Secondly, by corollary T2, ||Q;¢|l; <2 /L8y () for any L € N and some M € N, then if

0<s< % we choose an integer L satisfying L > % — s, and obtain

[(n(x.D)f,9)| < (Sup2’”lle( Hw> Y 2in/p=s) 4 Y piln/p=s=L)
j<0 j>1
< I D) el
<10 D) el
If s=n/p and p =1, then we use
100l Sl

for all j > 1, and from (Z48) it also holds
[(n(xD)f, o) S lellilln e D) flellpy S 1M D) ol gy -

. ~ Sotm 7 p T
Step 4: Proof of n(x, D) f € Cp for f € F},/ "N Be g Letgp € . and A > 0.
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e The case s < n/p. As in the previous step and using the same notations, it holds that

[(N(xD)f(-/A),0) < Y 10;(n(x.D)f(-/ )00l
JEZ
<Y 29)|Q;(n(x,D) £ (-/A))|,27 P~ 00|l
JEZ
SIMeeD)f(/A)llgy . Y 2771100l
]€Z
S CeD)FC/A) ey, <€M<<p> Y 2//r=s=L) |1 Y 2f'<"/f’-s>> :
' j>1 Jj<0

for some integer L > n/p — s and some M € N. We have

(D) (/2 @) S AP [fleel i (Saa (@) + [ @11)-
Then the result follows by taking A — 0.
e The case s = n/p and g = 1. The embedding F;/lp — FY | implies that [1)(x,D) f] be-

longs to F2 |. Then we have

Y 0i(n(x,D

JEZ

< oo,

Now, let € > 0 be fixed arbitrarily. We write, foraJ € N,

[(n(x,D)f(-/A).0) < Y 10;(n(x.D)f)]l+ Y, KQi(m(x,D))(-/2),0)].

i[>/ ljl<J

Choosing J such that the first term (i.e., with }| ;s - - ) 1s less than €. For the second term
(i.e., with ) ;<;--+), we apply the following lemma which is proved in [14] :
Lemma 2.34. If a function h € L., satisfies that supph is a compact set in R"\ {0}, then h € Co.

Thus

lim Y (Q;(n(x,D)f)(-/A), )| =0.

7L—>0‘ <7

Summar1z1ng, from step 2 through step 4, we have proved that the operator 1 (x, D) is bounded
from f € FVJ’mﬁB pH into F‘
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Step 5 : Estimate of ||[n (x,D)f]ooHF;q for f € F)", (here p < g). In (ZZ43) we use Lemma

S with d := g , we obtain the right-hund side is bounded by

1/p
aov®)| Y {Z(zf“*m)(z(”)”fHK<2”->>*Q,-f)”}

—2<4<1 \ jeZ
p

—2<U<1 \ jeZ

1/p
SQw(b) Y, {ZH2j(s+m)(Z(j_é)”ﬁ_lTK(Zj_Z-))*ijHﬁ} :

From now, we continue as in above steps, i.e.Steps 3-4, we arrive at ((_47).We obtain the desired

estimate using the embedding

n n
- .s—ﬁ—ﬁ—m .S—ﬁ—i-m
F,o = Bpp —Bpy

Thus, the proof is finished. U

Proof of Proposition Z30. We prove that Arguing so as in Step 1 (i.e., (21)-(Z34)) to de-
compose k(x,&) as an elementary symbol. We introduce a radial and positive function p € 2,
supported by the ball |&| < 7/4 and satisfying pp = p. We also introduce a 27-periodic function
denoted by

v(x, &)=Y K(x,&—27K).

Kezn

Since k(x,& —2nK)p (&) = 0 if K # 0, then from the Fourier expansion of v, we have
v(x,E)P(E) = k(x.&) =p(§) Y Crlx)e™e. (2.50)

If £ € R" and K € Z" satisfy both | —2nK| < 3/2 and —n <& < m ¢ =1,...,n, then
K =0and v(x,&) = x(x,&). This yields

C(x) = (21) ™" / 7; » / Ze_iK":v(x,é)dé — (1) / e (x,E)dE.

We continue, for an even natural number N € N (N := 2M), which will be chosen later on,

we set
Xk (x) == (27) " (14 [K )N/ Cie(x),

Hc(x) = [ e 8P, E)dE.

Combining the operator decomposition in (Z34) and from (Z30), we obtain the following
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representation:

k(D) f(x) = Y, (1+[KP) ™ xx(x) 7~ (BF) (x+K), (251

Kez"

where in Lemma 2733 can be applied with & := yx and

g:=F '(pf)(-+K),

e heLoN f;{é’*m, i.e., estimate of
¢l leo + 11tk oo | np-m -
pq
This can be done as the estimate of (¥x. ;) jcz

el sov®) XX [ eI+ )" g S ),

|M‘SM(X+TI:2/~L |§|§3/2

for all K € Z", and

1K ool grrp-m < Qi (D),

P‘I

for all K € Z", respectively.

o gc(C” ﬂF”m We first see the estimate of ||[(#~!1p) * f(- +K>]OOHFI§ZM. By the Young
inequality it holds

1Q;((F =B+ )llp < 17 Bl I/l

Consequently by using the fact that || - || fypm 18 translation invariant, we obtain
1
(F 1) % (K)ol pgim = I(F B # fleollpyom S W11 1eoll g

Secondly, we prove that g € 50. Indeed, we apply the following assertion :
If f€Cy, ¢ €.% and a € R" then

(FAC) —a).@) = (f(A7'(),0(-+Aa)) =0 asA —0,

since @(-+ Aa) still belongs to .. Thus by a simple calculation, for all ¢ € ., we have

(A7) @) = (A7), F hxo(A71()))  with @3 == @(A()),
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and (g(A~'(:)),@) = 0as A — Osince F 'pxp(A~!(.)) € 7.

Finally it is clear that g is a C* function.

Applying now Lemma to the expression (Z3T]), and choosing N an even integer greater

than n, we obtain

106, D) fleell g, S N[l X (14 1K) N2 S Quy(B)I| [l g
Kezn

We note that the proof of, both, k(x,D)f € . and x(x,D)f € Cy for all f € F S is similar
to the case of the operator 1(x,D) . 0

Remark 2.35. Proposition , can be written in homogeneous version. Namely, the estimates
C22) and (Z23) become

1[G D)fleliy, < QB[ 2:52)

|5 D) el gy < S B (IFle g, + £l o) 2.53)

respectively. To obtain these inequalities we only write (I23) as following :

nj(x, &) =27y Ve )b(x,277VE),  jez, vx, & eR™

Now, we do not use assertions similar to Propositions and 230. For more details about

this we refer to our paper [B3, page.459].

Proof of Theorem 2Z25. The proof can be obtained by using of Propositions in homoge-

neous version given from Rmark 739 as in [33, Theorem 1.1]. O

Proof of Theorem 2Z26. The proof is similar to that of Theorem 273, see [B3, Theorem 1.2].
O
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Chapter 3

Characterization by Differences of realized

type spaces

In this chapter, we provides a systematic study of Besov-type and Triebel-Lizorkin-type function
spaces through three main aspects: definitions, embeddings, and realizations. It establishes

discrete difference-based characterizations with equivalent quasi-norms.

3.1 Besov and Triebel-Lizorkin type spaces

We do not go into details of the Besov and Triebel-Lizorkin type spaces, homogeneous or inho-
mogeneous, we limit ourselves to the needed facts of these spaces. For this reason we first quote
[44], [58] and [59].

3.1.1 Definitions and some properties

Definition 3.1. We define the dyadic cubes. Let n € 7" and k € 7Z, where 1 := (N1,MN2,...,Nn)-
The dyadic cube of side length 27% and sides parallel to the coordinate axes is the subset of R"
defined by

Py = {x eR": 2_knj <x;< Z_k(nj+ 1), j= 1,2,...,n}.

That means,
Pen i=275([0,1)" +n).

Definition 3.2. Let T > 0 and p €]0,00]. The Lebesgue-type space L, is the set of functions
f €L such that

loc

1/p
Iy = sup sup 2°( [ 7017 ax) " <on
kSOT]EZ” Pk,n
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Remark 3.3. o Ifwetake T=0, then L, = L.
o If1 <0, then L, = {0}.
. LIT) — S ifp>1.
o If 1 <, then Lf,‘ — LIT,Z.

Definition 3.4. (i) Let 5,7 € R and p,q €]0,[. The homogeneous Besov-type spaces Bf,’fq is
the set of all f € .., such that

1
17155 = sup sup 27 (X 2P NQ, I, ) < o=
Znezr >k

(ii) Let s, € R, q €]0,[ and p €]0,o0[. The homogeneous Triebel-Lizorkin-type space F,y
is the set of all f € .., such that

< oo,
Ly(Pey)

22’5”\Q £

1f 1|5 := sup sup 247 (
keZnezr

Definition 3.5. (i) Let s,7 € R and p, q €]0,[. The inhomogeneous Besov-type space Bf,’fq
is the set of all f € .’ such that

1/q
1155, = sup sup 2k (Y 22 ) < oo, here Qo= So.
keZnez” J>ky

s, T

(ii) Lets,T € R, q €]0,%0[ and p €]0,0[. The inhomogeneous Triebel-Lizorkin-type space F,,
is the set of all f € " such that

HfHF” = sup sup 2’”” Z 2jsq\Q_,~f\q)]/q
keZnezn >k Lp(Pen

) < oo, here Qp :=Sp.

3.1.2 Embeddings

Proposition 3.6. Letsc€ R, 1> 0and 0 < p, g < oo (p < oointhe F-space), then one has:
(i) oo ApG— S and S — Ay — S,
(i) if0 < q1 < g2 <o, then Ayl —AyG,

(iii) B**

p.min(p,q) = By By

p:max(p,q)’
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Proof. For (i) we refer to [57, Proposition 3.1 and 3.4] and [59, Proposition 2.3]. For (ii) we
apply the fact that £,, — £,,. The assertion (iii) follows from the following inequality:

(X lill) ™ < (X les) )], < (X eille),

P>k >k >k

where u = min(p, ¢) and v = max(p,q). O
Proposition 3.7 (1.21). Let 5,571,520 € R, 0 < T < oo and 0 < g < oo,

(i) Let sy > s and 0 < p; < py < oo (p) < oo, py < o in the F-space). Then
AN s AT if si—n/pr=s2—n/p).

+nt—
(ll) A;Z%BS n n/p
(iii) If (> 1/p and 0 < g <) or (t=1/p and q =) then A;Z—BHM n/p
Proof. For (i) See [57, Proposition 3.3]. For (ii) and (iii) See [58, Theorem 1]. O

Proposition 3.8. Let p,q €]0,], >0 and s> (n/p—n)y. Then Ajy:= L, NAYg, where
this intersection means that f € LIT7 and [fle € A;’Z. In addition, the expression

1Al + 1Tl

and HfHA;,Z are equivalent quasi-norms in Ay .
Proof. See [[Z, Theorem 3.1]. O

Proposition 3.9. There exist two constants cy,cy > 0 such that
el fllage < AP g f e < ol Fllase

holds, for all f € A}% and all 2 > 0. Moreover; the expression ASTT=n/P ]y £ st defines an

equivalent seminorm in Ay
Proof. See [6, Proposition 2] for the proof in B-case ; the F-case is similar. We omit details. [

Proposition 3.10. Let m € N. A function f of 7., belongs to A ¢ if and only if its derivatives

%) belongs to A, " for all || = m. Moreover, the expression

Y 1A g,

|lot|=m
. . . . ST
is an equivalent quasi-norm in Ay 4
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Proof. See [A9, Theorem 1.5]. [

Proposition 3.11. Let 5,7 € R and p,q €]0,+o|. Let a, b be real numbers such that 0 < a < b

and (u;) jcz, be a sequence in /" such that

e i is supported by the annulus a2/ < |&| < b2/,

A= 2n‘ck 2jsq 14 1/q oo i B-
o sup sup <j§k [|ujl Ly Pk‘n)) < in the B-space,

keZnezr

e A :=sup sup 2"
keZnezr

< oo inthe F-space.
Lp(P k,n)

2isa|y .|4) /4
(Ek Juj|)

(i) Then the series ¥ jczu; converges in .7, to a limit u satisfying HuHAZf] < cA, where the

constant ¢ depends only on n,s,T,p,q,a and b.

(ii) If in addition s > (n/p —n), the same result holds for a = 0.

3.2 Realization of homogeneous Besov-type spaces

In this section, we present one of our main contributions concerning the realization of homoge-

neous Besov-type spaces:

(s+nt—n/p]+1)+ if s+nt—n/p¢ Ny or g>1,
= (3.1

s+nt—n/p if s+nt—n/peNpand 0<g<1.

In case

u=0 weset Uy:=LU. (3.2)

Theorem 3.12. Let T,s € R and 0 < p,q < +4oo. For f € B}V,’fq(R”) , the series Y jc7, Q,f con-
verges in ./}, . Denote by oy (f) its sum which belongs to .7}, .

Then the mapping oy, : Bf,’fq — 5”!1 defines a realization invariant under translations and dila-
tions of BSP’L in 45”’1 Moreover, 6,(f) is the unique representative of f satisfying d*oy f € 50
forall |o| = 1.

Proof. See [f, Theorem 1] . O
Proposition 3.13. Let s € R, p,q €]0,+o0| and ©>0. The realization operator o, satisfies:
1. Linearity: oy (Af+g) = Aoy (f)+ou(g) forall f,g € Byg(R"), 2 € C.
2. Contmins: (1), < €1 -
3. Translation commuting: oy (tyf) = T4y (f) forallh € R".
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4. Dilation invariance: 6y (hy f) = hy oy (f) forall A > 0.

Sketch proof of Theorem B.I2. The proof consists of three main steps:

1. Convergence in 5”‘1: Using the Littlewood-Paley decomposition and the definition of u, we
show that the partial sums Sy =} <y Q;f form a Cauchy sequence in 5/[1

2. Invariance properties:

e For translation invariance: 7,0 (f) = oy (7,.f) follows from the commutativity of Q; with
Th -

e For dilation invariance: /) 6, (f) = oy (hy f) uses the homogeneity properties of Q.
3. Uniqueness: The condition d%o,, f € Cy for || = p ensures uniqueness . O

Remark 3.14. The realization o, provides a canonical representative for each equivalence

class in B‘;;;(R”) that preserves all the fundamental operations :
e Differentiation: d%0y(f) = 0| (d°f).
e Multiplication by test functions.

o Fourier multipliers.

3.3 Realization of homogeneous Triebel-Lizorkin-type spaces

For the Triebel-Lizorkin-type case:

(s+nt—n/p]+1)+ if s+nt—n/p¢gNyor p>1, (3.3)
H= .
s+nt—n/p if s+nt—n/peNyand 0<p<1.

In case

u=0 weset Uy:=LU. (3.4)

Theorem 3.15. Let T,s €R, 0 < p < +o0 and 0 < g < +oo. For f € Fy (R"), the series
Yjez Qjf converges in .7} . Denote by oy (f) its sum which belongs to 7, .

Then the mapping oy, : F,fj; — 5”/1 defines a realization invariant under translations and
dilations ofFIfjg in fﬁ, and o, (f) is the unique representative of f satisfying d%o, f € Co for
all o] = u.

Proof. See [0, Theorem 4.3.1]. [
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Corollary 3.16. Let 0, be the mapping defined in Theorems BI2 and . Then the realized
space 6(A}Y) coincides with the set of f € Sy such that [f], € ASG and f(®) ¢ Co for all
|ot| = .. This set will be denoted by A%, .

The space gf,fq is equipped with the quasi-norm:
171 = MUl

Remark 3.17. The constructions of realizations of the space B;‘,' qinS "were given by G. Bour-
daudin [13],[I4]. These constructions remain valid in the spaces A;,’fq. Indeed, for any f € Af,’z

we have:

1. Fors+nt<n/pors+nt=n/pandq<1(p <1 inthe F-case):

G/,L,l(f) = Z Orf-

keZ

2. Fors+nt—n/peR"\Noors+nt—n/peNandq<1(p<1inthe F-case):

ounr(f) =Y (Qkf— Y <Qkf)<“><0>ﬁ> .

|
keZ lot|<p o

3. Fors+nt—n/peNgand g>1(p > 1inthe F-case):

ous(f) =Y, Ouf+ Y, <Qkf_ Y (Qkf)(a)(O)x—a> .

k>0 k<0 la|<p o!
Proposition 3.18. Let s, T € R and p,q €]0,+)|. If &t > 1 then I::Z’,Tq is the set of distributions f
satisfying [flu € Fpq and:
(i) (% et forall |a|=p,
(i) (f*),y) =0forall |a|=p—1,
(iii) f € 5”‘171.

Proposition 3.19. Let 5,7 € R, p €]0,+oo[ and q €]0,+o0| satisfying either
s+nt—n/p e R \Nyor(s+nt—n/peNand 0 < p <1). Then every element f ofﬁ;’fq
satisfies f € ., [flu € Fpq and the following properties:

(i) fisaCH! function,
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(i) @ (0)=0forall|o| <pu—1,
(i) f\% € Cy for all |a| = .
3.4 Characterization by differences of X}; q

The characterization by differences of Z;)’q has been studied in e.g.[41], we recall its formula-

tion.

3.4.1 Difference operators

For any function f : R" — C, we define the difference operator:

Apf(x) = flx+h) = f(x), xheR",

with the convention:

A} = Ay

AL = Ao AT m=1,2,...

‘We then obtain:

ARf(x) = fx+2h) =2f (x+h) + £ (x)

= (Vs 2my—2( ) pam + () f)
(0) (1) (2>

A3 f(x) = f(x+3h) = 3f(x+2h) +3f(x+h) — f(x)

_ ((3)>f<x+3h) - G’)f(x+2h) + <;)f(x+h) - G)f()o-

Therefore, the general form is:

) = Y (-0 () s (o).

53



CHAPTER 3. CHARACTERIZATION BY DIFFERENCES OF REALIZED TYPE
SPACES

Proposition 3.20. If A} f =0 forall h € R", then f is a polynomial of degree less than m.

Proof. It suffices to consider the case n =1 and f € C".
For m = 1, if A,f(0) = 0 for all &, then we have

f(h)=f(0), VheR" hence f is constant.
For m = 2, by differentiation with respect to & we get
f'(x+2h) — f'(x+h)=0;

setting x = —h gives f’(h) = f'(0), thus f is a polynomial of degree 1.
For m = 3, we differentiate A} f(x) = 0 with respect to h:

fle+3n) = 2f (x+2h)+ f/(x+h)=0. - (1)
In (1), set x = —h and differentiate with respect to A:
f'(2h) = f"(h)=0. - (2)
Differentiate (1) again with respect to A:
3 (x+3h) —4f" (x+2h) + f"(x+h) =0 ---(3)
Setting x = —h in (3) gives:
3f"(2h) —4f"(h) + f"(0) =0,
and from (2) we obtain
—F" @R+ £1(0) =0 ie. f"(h) = f"(0).

Thus f” is constant and f is a polynomial of degree 2. This process can be continued to establish

the general result by induction. 0

Example 3.21. An interesing example to apply Proposition 320.
Let uy,(t) :=t™ m=0,1,2,....., then we have

Aguy(t) =m! 0™, forallt € R, and all® € R. (3.5)
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Indeed, clearly we have,

(t4+0)" =" =mor™ ! +g(r)
=mOuy,_1(t)+g(t),

where g(t) is polynomial of degree m — 2 . By Proposition
A~ 'g(r) =0,

then we obtain
Af up(t) = mOA’g_l Um—1(1).

Now, by induction on m we obtain (B3) .

3.4.2 Equivalent quasi-norms in Z}Vm

For s > 0 the spaces B;j ,(R") and F; 4(R") are defined by Littlewood-Paley decomposition; then
we added the following comment:

(/]R{n(|h|SHAﬁpr)q%)uq7

o= ([ o tagrone) ™

A

The two definitions are not equivalent in B}, ,(R") and F}, ,(R"), since
A=A =

for any polynomial f of degree m (recall that A]'x% is a nonzero constant for |&| = m). Conse-
quently .#y4 (f), for example, depends only on the equivalent class of f modulo polynomials
on R" of degree less than m.

Definition 3.22. For 1 <u <o, s> 0and m e N, and for any measurable functions f on R",
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we pu
A= (s i)™
A= (f e seispror)
agrinye= ([T [ anrepany )™
ginye= ([T [ aerera)™ 5
Remark 3.23.

The real number U will play an important role in our investigations (as small as possible), it is

defined, for any system of real numbers {s,n,p,q}, by

o w:=([s—n/p]+1)y if s—n/p¢&Noorq>1inthe case of the B}, ,(R")-spaces (p > 1
in the case of the F,, ,(R")-spaces),

e u:=s—n/p if s—n/peNy and q <1 in the case of the Bf,’q(R”)—spaces (p<lin
the case of the F; ,(R")-spaces).

. E; q(R") denotes the realized Besov space, and it is the translation and dilation invariant

realization of B}Vw (R™) in 5”/1 (R™), (in the same way the realized Triebel-Lizorkin space
ﬁ;q(R”)is denoted) .

Theorem 3.24. Let 0 < p,g < ooands > 0. Let m € N.

(i) If n(% —1) <s<m, then either My or //?5321 defines an equivalent quasi-norm in
B, ,(R").
(ii) Let 1 <u<oo If
I 1
L\
P u
then My q" defines an equivalent quasi-norm in E;ﬂ(R").
Proof. See [4T]. O
Theorem 3.25. Let 0 < p < oo, 0 <g<ooands > 0. Let m € N.
(i) If m < s < m, then either N, ;" or ,/fV;S, 4" defines an equivalent quasi-norm in

FS, ,(R").
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(ii) Let 1 <u < oo If

S, U . . .
then N}, ;" defines an equivalent quasi-norm in F ;jq(R”).

Proof. See [4T]. O

3.5 Characterization by differences of Kj,z

3.5.1 The principal theorem

We begin by the following definition

Definition 3.26. For f € Ll (R") and 0 < p < e, define

al) =" [ A,
t/2<|h|<t

21—k
AMYT(f) = sup 2¥° {/ 14 </
keZ ez 0 by

ke

21k dr\ P/ l/p
aimyi= s 208 ([ e )
’ keZ,nezr 0 Py t

i

/ 1/q
at)rax)’ p?} ,

and

We now give our contribution for the differences characterization.

Theorem 3.27. Let s >0,0< p < oo, 0 < g <o, T>0, and m € N such that
s <min(m, m+n(1/p—71)), and m > [s+n7], (3.6)

then M5 (-), respectively Ny (+), defines an equivalent quasi-norm in By (R"), respec-
tively Fy5(R").

Remark 3.28. The condition (B-8) is due to the method in the proof of [59, Lemma 8.3].

3.5.2 Necessary lemma

The following assertion is the key of the argument of our result.
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Lemma 3.29. Let s >0,0<p<oo,0<g<o, 7>0 and m N such that (B8) is satisfied.

(i) There exists a constant ¢ > 0 such that for every regular tempered distribution f, such that
Mpq" (f) < +oo, (resp.Npg " (f) < +eo) it holds, and [fl. € Byg(R") , (resp [f] €
Fpq(R"))

1 llgse < c 3™,

respectively

[ pss < A ()

(ii) There exists a constants ¢ > 0 such that for every f € Byg(R"), (resp f € F;(R")), there

exists regular tempered distribution g satisfying

[8le =f and A55"(8) <cllfllgy,

respectively

[8le=f and A" (g) <cl|fllps-

Proof. See [6X, Theorem 6.5]. O

3.5.3 Proof of the main theorem 3.27

Proof. We prove the existence of two positive constants c¢; and c¢; , such that, it holds

1 My g™ (f) < Wl < calyg™ (), (Y € ByG(R™)).

We will only prove the first inequality, since the second one can be obtained similarly to the
proof of [58, Lemma 6.5/(1)] .
Let f € Ef,z there exists a regular tempered distribution g satisfying:

d g_fe '@00’
e 5@ ey forall o = g,
° ;;g,m(g) SCH[f]ooHB};:]
Using [58, Lemma 6.5/(ii)] we obtain
Mya" (8) < cll[flell gy -
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Now since A}'(g) = A}'(f), the above estimate becomes
) < e[l
The case of Triebel-Lizorkin can be obtained similarly. U
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Chapter 4

Functional characterization of

homogeneous Triebel-Lizorkin-type spaces

Under certain conditions on s, p and ¢, several function characteristics of BMO are valid on
realized homogeneous Besov g;’q and Triebel-Lizorkin spaces F .q [27], and Besov-type space
g”;;; see [25] . We propose to extend the results of [27] to the realized homogeneous Triebel-
Lizorkin type spaces F 0 -

We recall that u is defined in (2Z10), (BT), (B3) .

4.1 Preparations

4.1.1 The BMO space

For the BMO space, we do not go into details, however we quote [11], [25], [BT], [50], [51].

Definition 4.1. The space of functions of bounded mean oscillation (abbreviated as BMO),
introduced by F. John and L. Nirenberg, see [BU] consists of all locally integrable functions
f €L} _(R") for which the following quantity is finite:
1
Ifllsmio = sup [ 1£(x) ~mo fldx <
o 10/

where the supremum is taken over all cubes Q C R" with finite measure. Here, mg f denotes the

average of f over Q, defined by:

1
mof 1= @/Qf(x)dx.
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Remark 4.2. e The space (BMO, || - ||smo) is a vector space equipped with a seminorm,

which vanishes on constant functions.

e The BMO space is invariant under translations and dilations. That is,

I7afllBMo = [|fllBMo  and ||hy fllBmo = [|.f[[BMoO;

where t,f(x) = f(x—a) and h) f(x) = f(Ax) fora € R" and A > 0.

4.1.2 Inequalities in BMO space
To clarify, we briefly remember some estimates that are already known in BMO

Proposition 4.3. If f € BMO(RR"), then the following integral is finite:

/()]

andx<°°.

Proof. See [23], [BT]. O

Proposition 4.4. A function [ € LllOC belongs to BMO if, and only if

|/ ()]
D | 10 dx < oo
(1) o T [ <

(I) sup|Bi|™! / Z 10, f(x)|*dx < oo, where the supremum is taken over all finite balls By in
By By j>k

R" of radius 2% (k € 7).
Proof. See [T, p 47]. O

Proposition 4.5. A function f € BMO if, and only if
|/ (x)]

1 —————dx < oo,
(1) o T[] <

h

(II)  sup h_”/ / 1|VP, f(x)[>dtdx < oo, where P,f is the Poisson integral of f.
yeR" h>0 lx—y|<h JO

Proof. See [3]. O

Remark 4.6. In [25] we find other functional estimates in the link with BMO spaces.

4.2 Previously obtained results on A},  and B},
The results of this section can be found in [25], [26] and [277].
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4.2.1 Results on X;,q

Spaces of Besov and Triebel-Lizorkin are defined modulo polynomials, as discussed in Chapter

2. In particular, a function f satisfies

£llay, = 1l =0

if and only if f is a polynomial on R".
Given a function f € g;q for which there exists a polynomial uy € &2y, we define the

associated representative function by
f=Ff+uy.

For the definition of L, see (B32), (B4).

Theorem 4.7 ([27]). Let 0 < p,q < o and s > (% —n)4+. Let d be a real number such that

d>(s— %)Jr. If fe A;jq , then there exists a polynomial uy € 2y, such that the inequality

()]
L Y S dx <c ooll is
R 1+|X|n+d = 1”[f] “Ap’q7
holds; the constant c is independent of f. In particular, if either s < % (p < oo in F-spaces) or
s = % and g < 1 in B-spaces (p < 1 in F-spaces) ; here, realizations commute with translations,

then the inequality

S

o T g S eallflellg,

holds for all xy € R"; the constant c, is independent of f and x.
Proof. See[?], Theorem. 2.1]. O

Remark 4.8. The parameter constraints are: p < o if s < % or s = % and g <1 in B-spaces

(p < 1in F-spaces) and s > 0.
Theorem 4.9 ([7]). Let s, p,q and d be identical to those in Theorem B4

(i) If f € A'an’q, then there exists a polynomial uy € &, such that the inequality

/ |f(x) _mQ(o,Uf‘

1—|—|X|n+d decH[f]‘”HAfyyqu

holds; the constant c is independent of f.
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(ii) Assume that p < oo in F-spaces and that:

o cithers < ]ﬂ) ors= % and g < 1 in B-spaces (p < 1 in F-spaces),

o cither s — ;—; € RT\ Ny, ors— % € Nand g < 1 in B-spaces (p < 1 in F-spaces),

where realizations commute with dilations. If f € A}

g then there exists a polynomial

uy € Py, such that the inequality

|f<x) _mQ<01,1)f|

Re AnHd 4 |x|ntd

dr < A Al

holds for all A > 0; the constant c is independent of f and A.

(iii) In particular, if either s < % (p < o in F-spaces), or s = % and g <1 in B-spaces (p <1

in F-spaces), where realizations commute with translations, then the inequality

/ |f(X) _mQ(xO_’,l)f|
R

—d—
T ey prd S ATl

holds for all f € Zﬁ,jq, all A > 0, and all xo € R"; the constant c is independent of f, A,

and xo.

Proof. See [/, Theorem. 2.4]. O

For modulo constants (tp = 1, that is, uy = constant), we can extend claim (iii) of Theorem
A9 to the cases where either s — % eRT \ Ny, or s — % € Nand ¢ <1 in B-spaces (p < 1 in
F-spaces), or s — I% € Np and ¢ > 1 in B-spaces (p > 1 in F-spaces).

4.2.2 Formulation of theorems in Besov-type spaces

The previously obtained results have been applied and extended the realized homogeneous
Besov-type space gffq . And focus more on the case where 0 < 7 < 1/p . However, if 7> 1/p
and 0 < g < oo orif T=1/p and g = oo, the homogeneous Besov-type space coincides with
the homogeneous Besov space

By = Bz
Theorem 4.10 ([29]). Let 0 < p <o, 0 < g < o0, 0 < T < % and s > (% —n)4. Let d be a real
number such thatd > (s +nt— 7).

If fe E;Tq then there exists a polynomial uy € &), such that the inequality

7)1 )
andeCMI[f]ooHB;_;, 4.1)
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holds; the constant cy is independent of f.
In particular, if either s+nt < % ors+nt= % and q < 1; here we have realizations commute

with translations, then the inequality

()]

——————dx < ool 557, 4.2
Re 14 |x —xo|PHd " — e2|lf] HBM 4.2)
holds for all xg € R"; the constant ¢ is independent of f and xy.

Proof. See [25]. O

Theorem 4.11 ([29]). Let 0 < p < o0, 0 < g< o0, 0 <7< 11? and s > (% —n)4. Let d be a real
number such that d > (s +nt — 7).

(i) If f € Ef,’,z, then there exists a polynomial uy € &), such that the inequality

/ |f<x) _mQ(o_l)f|

1_|_’x’n+d de C||[f]°°||3§,f]7 (43)

holds; the constant c is independent of f and uy.

(ii) Assume that either s +nt < % either s+nt = 127 and q < 1 either s +nt — Iﬂ) € RT\Ny or

s+nt— % € N and g < 1; here we have realizations commute with dilations. If f € Ef,fq

then there exists a polynomial uy € &, such that the inequality

|f()€) _mQ(o_A)f|

Re Antd 4 |x|ntd

dr < AP [ flaf e (4.4)

holds for all A > 0; the constant c is independent of f, uy and A.

(iii) Assume that either s +nt < % or s+nt = % and q < 1; here we have realizations com-

mute with translations. If f € ~f,’72, then there exists a polynomial uy € &, such that the

inequality

/ |f(x> - mQ(xo,l)f|
R

w A+ 4 |x — x|+

holds for all A > 0 and all xo € R"; the constant c is independent of f, uy, A and x.

dx < AT £l e (4.5)

Proof. See [25]. O

Remark 4.12. In the left-hand side of the inequalities (B1), (B3), and (B4), it is possible to
replace [ withinf,c p»_ [ and f with f +u, respectively. This substitution is in accordance with

the concept presented in [53] .
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The following two propositions can also be found in [25], [26] or [27]]; we recall them since

we think they are of an interesting independent.

Proposition 4.13. Let g € &, | is defined in (B0) if d > (s +nT — %)Jr then
|¢(x)]
—————dx < co. 4.6
R 1+ ‘ x|n+d (4.6)
Proposition 4.14. Let 0 < p < oo and N € Ny. Then there exists a constant ¢ > 0, such that

1/p

7l <e(R [ 1F0)P(1+Rir—y) P ay) "

holds, for all R > 0, all f € %" such that supp f C {€ :|€| < R} and all x € R".

4.3 Formulation of theorems in Triebel-Lizorkin-type spaces

We are now able to give our contribution in this subject. Here also we set:
f::f+uf, where uy € 2.

Theorem 4.15. Let 0 < p < o0, 0 < g <o, 0< T < 117 and s > (% —n) 4. Let d be a real number

such that d > (s+nt — %)+. If fe F;L, then there exists a polynomial uy € &), such that the
inequality N
|/ (%))

o T papra 2= €tlll =l (“.7)

holds, the constant c is independent of f. In particular, if either s +nt < % or s+nt = ;—; and

p < 1; here we have realizations commute with translations, then the inequality

f )

R 1+|x—xo|”+ddxScZH[f]""HFﬁﬁ’ (4.8)

holds for all xo € R"; the constant c; is independent of f and xy.

Theorem 4.16. Let 0 < p < o0, 0 < g <o, 0 <7< % and s > (% —n)y. Let d be a real number
such thatd > (s+nt— %)+.
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(i) If f € F f,,’fi, then there exists a polynomial uy € 2, such that the inequality

fx —m 1f~
/n| () =moq, ’deCH[f]ooHF,f:;’ @

1+ ’ x’n—i—d
holds; the constant c is independent of f and uy.

(ii) Assume that either s +nt < % either s +nt = % and p < 1 either s+nt — % € RT"\Ny or

s+nt— % € Nand p < 1; here we have realizations commute with dilations. If f € F ;,’_2,

then there exists a polynomial uy € &), such that the inequality

[f(x) = mg,, f]
[ 07 g < A @.10)

n Antd 4 |x|ntd
holds for all A > 0; the constant c is independent of f, uy and A.

(iii) Assume that either s +nt < % or s+nt = % and p < 1; here we have realizations com-

mute with translations. If f € F f,,’:i], then there exists a polynomial uy € &, such that the

inequality
|f('x) - mQ(xO_)L)f|

R Antd + |x_xO|n+d

D e |V (4.11)
holds for all A > 0 and all xo € R"; the constant c is independent of f, uy, A and xy.

Proof. We present the idea of the proof, since it is similar to arguments given in [25]. Then we

use the following :
(i) The estimate given in Proposition B (iii).

(ii) The embedding Fyg(R") < Fp!7 (R") < By}, (R") with a chosen parameters sy, p; and
r.
(iii)) The estimates [E1]—[ES] with s , p; , instead of s, and p=¢g=p; .
Indeed, we have
o 5> (5 —n)y
o Fpg(R") = Fpli(R") with p<p; and s—2=s—.
o F,Y(R") — B)% (R")  with r < pj. Then py is such that

Sl=s— s (), 4.12)
P D1 P1
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Then it suffices to choose p; sush that B2 is satisfied, hence we set p; > max(1, p) and

we have

p n pr~ max(l,p)’
Now it suffices to apply theorems BT0 and BT with the space B}, (R").

I s 1 1
<

4.4 Application to homogeneous Sobolev spaces

We can extend our results to homogeneous Sobolev spaces W[f (R™), defined as the set of all f
such that f(%) € L,(R"), (|a| = k), and

1flhws = X 1A 9Ny < oo

|a|=k

The quotient space Wlf /& is a Banach space in . ; here 1 < p < oo,

Proposition 4.17. Let 1 < p < oo, k€ N be such that 0 <k < % CIffe fﬁz( m)

then [f]kGWIf(R”)/@k,where [flk={f+u, uecA}.
Proof. See [38, Propostion 5.4]. O
Now we have the following assertions, in homogeneous Sobolev spaces:

Theorem 4.18. Let 1 < p < o, and k € N be such that

p<n,1<k<Z (4.13)
P

then
Lf (%)l

rr 14 ‘x‘ner dx < clH[f]k“W’f< ,

holds; the constant c| is independent of f .
Proof. It’s Theorem B2 with tip =0. OJ

Remark 4.19. Theorem can be written in this way, by taking s = k satisfies de condition
(B13), and obtain a result in W;(R") .

We omit details.
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Chapter 5
Annexe

We formulate some open questions realted to our work.

5.1 In connection with functional calculus

(I) If we can prove Theorem P73 in F}, )" " (R") here (ZI7) and (ZI8) became as follow-
ing:
. n n
either s+nt<—, or s+nt=— and p=1; (5.1)
p p

and
cither s+ m+nt <2, or s+mtnt=— and p=1. (5.2)
p p

This obeservation is obtained since [f], [[7].

(II) In Chapter 3 we proved characterzation is a differnces of g}g (R™) using the functionals

. 21—k alp gy l/a
gz s 20 [T ([ farar) 9
k€EZneZr 0 Py t

in B-case and

21k dr\ P4 I/p
agimryi= s 28 [T ([ )
’ keZ,nezn 0 P t

in F case.

M

We propose to extend this property to the following functionals in the future:
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—~ 21—k q/p dt 1/q
Myg"(f) = sup 27 / = ( / [a; (x)]? dx) —
keZ,nezn 0 Py t
. ol—k dt P/q 1/[)
Npgd " (f):== sup knt / / 1% a, (x)]9— dx ,
P, 0 t

keZnezr "

q/p dt l/q
~ AP PO Pdhdx ) 2
[ 1o A ) :

keZnez" n

o 217/(
My"(f) = sup knt (/ 7% x (/
0 P,

I/p

A= swp 2|
Py

keZnez" n

21k dt plq
/ £S5 / AP ) [9an ) dx
0 t/2<|h|<t t

2 21—k ‘]/Pdt 1/a
= s ([T s ([ aprera) o)
0 t/2<|h|<t \YPin t

1/p

o~ 2171{ dt P/q
Api"()= swp 208 [T sup jappoet)
keZ,nezr Fen \/0 t/2<|h|<t 4

With convention .Z for Besov case and .4 for Triebel-Lizorkin case.

(IIT) The results in section 4.3 are given in the same way of [26] and [27], then the idea is to

change the left- hand functional in all estimations,

|/ ()]

R~ de S C1 HI:f]ooHFI;V,‘qE .
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5.2 Related to the composition operators

In the connection with the composition theory we propose to study the nonlinear operator

Ty:g—fog,

in the following spaces Av; 4(R"), A5 (R™). We note that for n dimensional we have not results
at now for this subject.

We recall that the composition operator theory consists in the full characterization of
fiR—R

such that the operator T takes a function space E into itself. This problem has been studied in

several papers, e.g.:
e The Sobolev case W), Hy, in [I0], [T5] and [B2].

e The Besov and Triebel-Lizorkin spaces['Z], [I8], [19], [20], [36], [39], [40], [42], [43],
[44].

e The homogeneous Besov spaces [16].

Finally, in [46] we find some results for Ty on Besov-type spaces intersection with WL (RM).
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Conclusion and perspectives

In this work, we study the pseudo-differential operators, establishing their boundedness on real-
ized homogeneous Triebel spaces.

We present characterizations by differences of realized-type spaces, including embeddings
and properties of homogeneous Besov-type and Triebel-Lizorkin-type spaces. The case A}, , (R™)
has been studied in [41] . We extend some characterizations to homogeneous Besov-type and
Triebel-Lizorkin-type spaces. The results are a continuation of the statements previously ob-
tained in [25], [277].

In the end, an annex contains some questions about all the work.

s+m,T

e We propose that we can prove Theorem 2279, in F g (R").

e We proved characterzation is a differnces of K;Z(R”) using the functionals

21—k ‘]/Pdl 1/q
agzyi= s 2058 [T ([ aepa)
' keZnezr 0 P

SN t
in B-case and

zlfk dl p/q l/p
aggnayi= s 208 [0 ([ st )
7 keZ nez" 0 P t

i

in F case. We propose to extend this property to the other functionals in the future.
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Abstract sl

In the context of homogeneous spaces of the type
[FA) ~ATIfIl, YA >0, reR,

we define the realized spaces associated with the Besov spaces B‘ 4(R") (Besov-type By (R™)
and Triebel-Lizorkin spaces Fff:q(R") (Triebel-Lizorkin-type FP,Q(R”) ) they will be denoted
by BS,(R") (Byg(R") and F  (R") (Fy5(R"). respectively: here r:=s—n/p (and r :=
s+nt—n/p). These spaces are subspaces of regular tempered distributions. We study the con-

tinuity of pseudo-differential operators on F (R™). We establish functional characterizations

X
by difference operators of the realized spaces associated with homogeneous Besov-type spaces,

Triebel-Lizorkin-type spaces.

Kevwords: Littlewood-Paley decomposition. Besov spaces. Triebel-Lizorkin spaces. Pseudo-

Résumé

Dans le cadre des espaces homogenes du type
IFA) ~ATlIfl. YA >0, reR,

nous définissons les espaces réalisés associés aux espaces de Besov B;:Q(R") (type de Besov
qu(R”)) et Triebel-Lizorkin FPQ(R”) (type de Triebel-Lizorkin F55(IR")): ils seront notés

pq(]R” (B 2 (R™)) et F){,‘q(]R”) (F:f,fq(R”) ) respectivement: ici r:=s—n/p (et ri=s+nt —
n/p). Ces espaces sont des sous-espaces de distributions tempérées régulieres. On étudie la
continuité des opérateurs pseudo-différentiels sur /7, /(IR"). On €tablit des caractérisations fonc-
tionnelles par des opérateurs de différences des espages réalisés associés aux espaces de type de
Besov homogenes et de type de Triebel-Lizorkin homogeénes .

Mots clés: Décomposition de Littlewood-Paley, Espaces de Besov, Espaces de Triebel-

Lizorkin, Opérateurs pseudo-différentiels, Réalisaions.
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