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Chapter

Introduction

1.1 Introduction

1.1.1 Objectives of Teaching

To acquire the fundamentals of mathematical reasoning, the foundations of set theory, and the

elements of mathematical proof writing.

1.2 Elements of Mathematical Language

Axiom. An axiom is a statement assumed to be true a priori and is not subject to proof.

For example, Euclid formulated five axioms (”"Euclid’s five postulates”), which he did not
attempt to prove and were to form the basis of (Euclidean) geometry. The fifth of these
axioms states: "Through a point not on a line, there is exactly one line parallel to that

line.”

Another example of axioms is provided by the (five) Peano axioms. These define the set
of natural numbers. The fifth axiom asserts: "If P is a subset of N containing 0 and such
that the successor of each element of P is in P (the successor of n is n+ 1), then P = N

This axiom is known as the "axiom of induction” or "recurrence axiom.”

These statements are commonly accepted as "obvious” by everyone.

1
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Propositionl.1 (or assertion or statement). A proposition is a statement that can be ei-
ther true or false. For example, ”every prime number is odd” and "every square of a real
number is a positive real number” are two propositions. It is easy to prove that the first
is false and the second is true. The term proposition is clear: something is proposed, but

it remains to be proven.

Theorem1.1. A theorem is a true proposition (and in any case, proven as such). In common
practice, the term proposition often refers to an intermediate or lesser important theorem,
and there is a tendency to refer to most theorems as propositions, reserving the term
theorem for the more significant ones (e.g., the Pythagorean Theorem). This is the
perspective we will adopt in later chapters (though not in this first chapter, where the

term "proposition” would have two different meanings).

Corollary. A corollary to a theorem is a theorem that follows as a consequence of that theorem.
For example, in the chapter on "continuity,” the intermediate value theorem states that
the image of an interval of R by a continuous real-valued function is an interval in R. A
corollary of this theorem asserts that if a function defined and continuous on an interval
of R takes at least one positive value and at least one negative value, then the function

must have at least one root in that interval.

Lemmal.l. A lemma is a preparatory theorem used to establish a more significant theorem.

Conjecture. A conjecture is a proposition believed to be true without being proven. Con-
jectures drive mathematical progress. A mathematician may suspect that an important
result is true and state it without being able to prove it, leaving the mathematical commu-
nity to either confirm it with a convincing proof or disprove it. The following conjectures

are famous:

o (Fermat’s conjecture) If n is an integer greater than or equal to 3, there are no non-zero
natural numbers z,y, and z such that 2™ + y" = z". (This conjecture dates back to

the 17th century and was recently proven true.)

1.2. Elements of Mathematical Language
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Definition1.1. A definition is a statement that describes the characteristics of an object. It
should be noted that the term "axiom” is sometimes synonymous with ”definition.” For
example, when you read "definition of a vector space,” you might just as well read "axioms

of vector space structure,” and vice versa.

1.3 Writing Mathematical Proofs

1.3.1 Deductive Reasoning

The schema of deductive reasoning is as follows:

When P is a true proposition, and P = () is a true proposition, one can assert that @) is a

true proposition.

A result known to be true (i.e., a theorem) can only lead to another true result. This rule
is known as "modus ponens.” It is the basic reasoning that you will reproduce many times.
In fact, you will employ this reasoning so often (or find yourself so frequently in the situation
where the hypothesis P is true) that you might eventually confuse the simple phrase "P = @
is true” with the more complete phrase ”P is true, and P = (@ is true.” Only the latter allows
you to assert that () is true.

Given that implication is transitive, a proof often takes the following form: P is true, and

P=@Q=R=...= 5= T is true, and thus we have shown that 7" is true.

1.3.2 Proof by Contradiction

To show that a proposition P is true, we assume its negation P is true and demonstrate that
this leads to a false proposition. We then conclude that P must be true (since @ is false, the
implication P = @ can only be true if P is false, or equivalently, if P is true). The structure

of proof by contradiction is as follows:

When P = (@ is a true proposition, and Q is a false proposition, we can assert that P is a

true proposition.

1.3. Writing Mathematical Proofs
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Example. Let’s prove that V2 is irrational. Assume, by contradiction, that V2 € Q. Then,
there exist two non-zero natural numbers ¢ and b such that /2 = %, or equivalently
a’ = 2b*. Now, in the prime factorization of the integer a* (which is evidently greater
than 2), the prime number 2 appears with an even exponent (if a = 2*x. . ., then a® = 2%%),
while it appears with an odd exponent in 2b? (if b = 27 x ..., then 20? = 22°+1 x ).
If we accept the uniqueness of prime factorization for natural numbers greater than 2
(a uniqueness that will be demonstrated later in this course), the equality a® = 20 is
impossible. Therefore, the initial assumption (v/2 € Q) is absurd, and we have thus

proven (by contradiction) that v/2 ¢ Q.

1.3.3 Proof by Contrapositive

The structure is as follows:

To show that P = ( is a true proposition, it (is necessary and) suffices to show that Q = P

is a true proposition.

Example. Let k and &’ be two non-zero natural numbers. Let’s prove that (k&' =1 =k =k =1).
Assume that £ # 1 or K # 1. Then, we have k > 2 and k¥’ > 1 or k> 1 and k¥’ > 2. In

both cases, kk’ > 2, and in particular, kk" # 1. Therefore, (k # 1 or k' # 1) = (kk' # 1).

e By contrapositive, we have shown that (kk' =1) = (k=1 and k' = 1).

1.4 Mathematical Theories

At the foundation of a mathematical theory are axioms and definitions:
Definition1.2 (Axiom) An axiom is a mathematical statement accepted without proof.
Example.

e Euclid’s parallel postulate.

e Pasch’s axiom on the intersection of a triangle and a line.

1.4. Mathematical Theories
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Hilbert’s axioms for Euclidean geometry.

Archimedes’ axiom for real numbers.

Peano’s axioms for natural numbers.

Zermelo-Fraenkel axioms for set theory.

Zorn’s lemma (also known as the axiom of choice).
Definition1.3 A definition is arbitrarily assigned to designate a mathematical object.
Example.

e Definitions of a number.
e Definitions of a function.

e Definitions of a derivative.

In a mathematical theory, one finds propositions (assertions), predicates, theorems, lemmas,

and conjectures:

Definition1.4 (Assertion) An assertion is a mathematical statement to which a truth value

can be assigned: true (1) or false (0), but never both simultaneously.
Example.

e The statement ”Algiers is the capital of Algeria” is true.
e The statement 724 is a multiple of 2” is true.

e The statement 719 is a multiple of 2”7 is false.
Definition1.5 (Predicate) A predicate is an assertion that contains variables.
Example.

e The following statement: P(n): "n is a multiple of 2” is a predicate because it becomes

an assertion when a value is assigned to n.

e P(10): 710 is a multiple of 2” is a true assertion.

1.4. Mathematical Theories
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e P(11): ”11 is a multiple of 2”7 is a false assertion.

e Q(z,A): "z € A” is a predicate with two variables; Q(1,N) is true, Q(v/2, Q) is false.
Definition1.6 (Lemma) A lemma is a result of minor importance.
Definition1.7 (Theorem) A theorem is a result of major importance.

Definition1.8 (Conjecture) A conjecture is a proposition that has been verified in several

cases, but has not yet been proven.
Example.

e Fermat’s conjecture on the following Diophantine equation with unknowns x,y, and z:
n € N a" +y" = 2". It asserts that there is no non-trivial solution if the parameter
n > 2. But it was not until 1996, with the work of the English mathematician
Andrew Wiles, that a definitive answer was found.

© 1

e The Riemann conjecture on the non-trivial zeros of the zeta function: ((s) = > >, —

(an unresolved conjecture).

e Bertrand’s conjecture on prime numbers within the intervals [n, 2n|.

1.5 Logical Connectors
Let P and @ be two propositions:
Statement. not P

Notation. =P

The assertion —P is true means that P is false.
Statement. P and @)

Notation. P A Q)

The assertion P A @ is true if both P and @) are true; P A @ is false otherwise.

1.5. Logical Connectors
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Statement. P or ()

Notation. PV @)

The assertion PV (@ is true if at least one of the assertions P or () is true; PV @ is false

if both P and () are false.

( )

if P, then Q

P implies )
Statement.
P is a sufficient condition for @)

| @ is a necessary condition for P

Notation. P—= Q,P — @

The assertion P = () is true means that it is excluded that P is true without @) being

true.

P is equivalent to @)
Statement.

P if and only if @
Notation. P < Q,P +— Q,P=Q

The assertion P <= () is true means that:
(P = Q) and (Q = P) are true.

This is summarized in the truth tables below:

-P | P

0 1

1 0
Pl Q| PANQ | PVQ | P=Q|P=10Q
1] 1 1 1 1 1
110 0 1 0 0
0| 1 0 1 1 0
0] 0 0 0 1 1

1.5. Logical Connectors
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Propertiesl.1

e PA(QVQ)=(PAQ)V (P AQ); double distributivity of "and” and "or.”
e PV(QAQ)=(PVQ)N(PVQ).

e (P= Q) = (—Q = —P); contrapositive.

e 2(PAQ)=(-PV-Q); De Morgan’s law.

e 2(PVQ)=(-PA-Q).

e P— (@Q=-PVQ.

° —|(P_—_>Q)EP/\_|Q

1.6 Logical Quantifiers

Statement. For all or for every.

Notation. V (VzP(x))

Statement. There exists at least one or there exists.
Notation. 3 (JzP(x))

Example.

The proposition Vz € [-3,1],2? + 2z — 3 < 0 is true.

The proposition Vn € N, (n? even ) = (n even ) is true.

The proposition dx € R, 2? = 4 is true.

The proposition dlz € R, Inz = 1 is true.

Remark.

1.6. Logical Quantifiers
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The proposition Jz € F, P(x) means that

dz((z € E) A P(x))

and is read as follows: "There exists an element x belonging to E such that P(z) is true.”

The proposition Vx € E, P(x) means that

Va(r € E = P(x))

and is read as follows: "If for all (or every) x belonging to F, P(x) is true.”

If there exists exactly one x in E such that P(z) is true, one can write 3lx € F, P(x).

If Vo € E, P(z) is true, then 3z € E, P(x) is true.

Remark. (Caution) 3! does not denote a quantifier. Indeed:
(3lz € E,P(z)) = (R1 A Ry)

with R, = existence and Ry = uniqueness.

e Two identical quantifiers can be swapped.

e Do not swap two different quantifiers.

1.6.1 Negation Rules

Let P(x) be a predicate on E. Clearly, we have:

e ~(Vzx e E,P(x)) =3z € E,~P(x).

e +(Jdrx € E,P(x)) =Vx € E,~P(x).

Example.

e The negation of Vn e NNVx e Ry, 1+nex < (1+2z)"isIne N, Jz e R, 1 +nz > (14 2)"

e The negation of 3x e R, Iy e R,x+y=5is Ve e R,Vy e R,z +y # 5.

1.6. Logical Quantifiers
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Remark. (Caution) We also verify that:
—\(5”33 ek, P(x)) = (—\Rl V —\Rg)
with Ry = existence and Ry = uniqueness.

e Identical quantifiers can be swapped.

e Do not swap different quantifiers.

1.7 Proof Methods

To perform a proof (or reasoning), one follows a process that allows the transition from propo-

sitions assumed to be true (as hypotheses) to a proposition called the conclusion, using logical

rules.

1.7. Proof Methods
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Propositional Calculus

2.1 Alphabet and Word

Let A be any set (finite or infinite). The elements of A are called letters, and A itself is called

an alphabet.

Definition 2.1. A word over the alphabet A is a finite sequence of elements from A:
U=U,U0,...U,

where n is the length of the word U.
The set of words over A is denoted by A*.
On A*, the concatenation operation is defined as follows:
A" X A — A*
U V) —U-V=U -Uy...U,- V- Vo...V,

where U =U; ..U, and V =V, ... V,,.
The length of a word defines a function:

[:A* — N

U+— l[(U) =n = length of U

Concatenation is an associative operation and has the empty word ¢ as its neutral element:
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In other words, A* is a monoid.

Definition 2.2. We say that a € A has an occurrence in the word wu if a is a letter of u, i.e.,

if u=wjus...u,, then 3k € {1,2,...,n} such that a = u.
Remark. There may be multiple occurrences of a in u.

Example.

A=A{a,b...z,y,z}
u = abaab

l(u)=5

The letter a has three occurrences in u, and b has two.
Properties 2.1.

o [(uv) =1(u)+1(v)
e W =uUw=0v=w
& UV = VW = U=W

Definition 2.3. The word u is a prefix of the word v if there exists a word w such that v = uw.

The word wu is a suflix of v if there exists a word w such that v = wu.

2.2 Syntax of Propositional Formulas

Definition 2.4. The propositional connectors are the symbols:
— : for negation (not)
A : for conjunction (and)
V : for disjunction (or)
— : for implication
+— : for equivalence

Let P be a non-empty set of elementary or atomic propositions. The elements of P are

denoted by p,q,r,s.

2.2. Syntax of Propositional Formulas
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Remark.
1- In elementary logic, a proposition is a statement that communicates facts, e.g., p =
"It is raining,” ¢ = "The weather is nice.”
2- P does not contain the connectors —, A, V, —, «—; we consider the following alpha-
bet: A=PU{—,A,V,—,«—}U{(}.
Let A* be the set of words over A:
p—q e
(p € AY)
peA*
()e A"
(pgA) € A*

Definition 2.5. The set F of propositional formulas is the smallest subset of A* that satisfies:

1- P C F (every elementary proposition is a formula).
2- If F € F, then -F € F.

3- If F,G € F, then (F xG) € F with x € {A\,V, —, +—}.
Remark.

1- Formulas are sequences of symbols without any inherent meaning. Assigning a mean-

ing, i.e., a truth value ("true” or "false”) to a formula constitutes its semantics.

2- The term ”smallest” is to be understood in terms of set inclusion. F is therefore the
intersection of all subsets of A* that satisfy properties 1, 2, and 3. This intersection
is non-empty because A* itself satisfies these properties, so F = ﬂyg 4 Y, where YV

satisfies properties 1, 2, and 3.

Examples.

e (—p — q) is a formula.

2.2. Syntax of Propositional Formulas
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e (p AgAr)isnot aformula.
e (—p — q) is a formula.
e p is a formula.

e (p —> ¢V r) is not a formula.
Definition 2.6. The length of a formula F'is the number of letters in F: [(F') = # letters in F.
Example. F'= (p A q), then [(F) = 5. If ' = p, then [(F) = 1.
Remark There is no formula of length 0.

e [t is possible to give a more explicit description of the set F: we will define, by recursion,

a sequence (Fy,), oy of subsets of A*. We set F, = P and for each n:
For1 =F, U{-F | Fe F}JU{(FxG)| F,G e F,x€{N,V,—, +—}}
Note that the sequence (]:n)neN is increasing, i.e., F,, C F,, 11 forn < m,so F,, C F,,.
Proposition 2.1. F = J,.y Fn

Proof. Let Z =,y Fn:

Z is a subset of A* that satisfies properties 1, 2, and 3, so F C Z (because F is the

smallest subset of A* that satisfies properties 1, 2, and 3).
Is Z CF?
We show by induction that for every integer n, we have F,, C F.

If n =0, then P = Fy C F by definition. We assume (induction hypothesis) that F,, C F,

then F, 1 C F according to the definition of F,,; and the stability properties of F.

Definition 2.7. The height of a formula F' € F is the smallest integer n such that F' € F. It

is denoted h[F]: h(F') = min{n | F € F,}.
Example.

e F'=p, then h(F) = 0.

2.2. Syntax of Propositional Formulas



Chapter 2. Propositional Calculus 15

o ['=(pAgq), then h(F) = 1.
e ['= —p, then h(F) = 1.

o F'=(—pAgq), then h(F) = 2.

2.3 Principle of Indication on the Set of Formulas

Suppose we want to demonstrate that a certain proposition Q(F') holds for all F' € F. We can
do this by reasoning by induction (in the usual sense) on the height of F: we will then need
to show, first, that Q(F') is true for every formula F' belonging to Fy, and then that if Q(F) is

true for all F' € F,, then Q(F) is also true for every F' € F,; for all n € N.
Principle. If ) verifies:

1) Q(p) is true Vp € P ie., (Q(F) is true for F € F,,).
2) Q(F) is true = Q(]F) is true.
3) Q(F) is true and Q(Q) is true = Q(F * Q) is true for * € {,, A, V, =, <}, then Q(F)

is true VF € F.

Example. Q(F): "F has an equal number of opening and closing parentheses” i.e., Q(F) =
"O(F) = f(F)”. We show that Q(F) is true, VF' € F. For this, let us define: O(F) = ¢

opening parentheses, f(F') = f closing parentheses.

1) Let F=pe P, O(F) = f(F) =0, therefore Q(p) is true.

2) We assume that Q(F) is true = Q(]F) is true.

3) Let us assume that:
O(F) = f(F) and O(G) = f(G)
O(F @) =0(F)+0(G)+1 ¢ = O(Fx@G)) = f((F*G)) hence Q((F'*G)) is true.
J((F*G)) = f(F)+ f(G)+1

2.3. Principle of Indication on the Set of Formulas
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Its Formulas.

We define the set sf(F') of the subformulas of F' by:
o If F=p, sf(F)={F}
o If F=|G, sf(F)={sf(G)} U{F}.

o If F = (G« H), sf(F) = {sf(G)} U {s/(H)} U{F}.

Example.
F=l(p=g A7) = )
P H

=1(G_<\:>[€_H) =K
sf(F) = sf(1K) = sf(K) U{F}
K = (G < H)
sf(K) = sf(G) U sf(H) U {K}

H = s, therefore: sf(H) = {s}

G=(p=9n_)=(CiAG)
G1 Gz

sf(G) = sf(Gi1 A G2) = sf(G1) U sf(Ga) U {G}
sf(Ga) = {r}
Gy = (p = q) therefore, sf(G1) = sf(p = q) = {p, ¢} U{p = ¢}

sf(F)={p.q.r,s,(p=q),(p=q ANr,((p = q) A7) < s, F}

2.4 The Interpretation of a Logical Formula

2.4.1 Decomposition Tree of a Formula

The tree Ap of the formula F' is defined by recursion on F.

e oIf ' =p, then Ap = p.

2.4. The Interpretation of a Logical Formula
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« oIf FF=]G, then Ap = q,_.

e oIf = (G« H), then Ap = />x<\
Ac An

Where: % can be any of the logical operators: =, A, V, =, <

Example. F =] ((p A q) V q)

Example. M = (((A A (]B=]4)) A(|BV]C)) = (C =]4))
Let us define: My = ((AA(]B=1]4)) A (]BV]C)) and M, = (C =]A)
We first observe that M can be written as (Mo = M)
Next, define: My = (AN (]B =1A4)), Moy = (|BV]|C), My = C, M;; =]A
We write My = (Mo A Mo1) and My = (Myy = Mi;) and proceed by successively

defining;:

° MOOO =A

. M001 = <-|B :>-|A)

« Mo =]B
o Mo, =|C
e Myjp=A4

s Moyoio =|B
s Moo =]A
o Moy =B
o Moo =0C

2.4. The Interpretation of a Logical Formula
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o Moyoipo = B
o Moo =4
So that:

Moo = (Moo N Moor), Moy = (Moo V Mor1), My =] Miro, Moor = (Moo = Moo11),

Moo I] Mo100, Mo11 :W Mo110, Mooio :W Mooi00 and Moo IW Moo110

h(M) =5 ie, M € F..

.
l=
/

L -

MUUII} Mﬂl]ll MUIUU Ml]ll{!
] 1

L'1EH3III]I] MUUIII}

Definition 2.8. The height of a tree is the maximum number of leaf nodes from the root to

one end of the tree; in Example 1, h(F) = 3.

Example. FF =](((p = ¢) N r) < \s’/)

Fz}(G(z)H)GZWK ’
Ap = 15K = (G < H)
|

Ak

2.4. The Interpretation of a Logical Formula
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Each node n determines a subtree A, corresponding to a subformula F. Conversely,
the tree of each subformula is a subtree of the tree of the formula. Thus:

Subformulas of F' = Subtrees of Ap

2.4.2 Substitution in a Formula

Let F' be a formula, and let py, p, . . ., p, be elementary propositions. The notation F[py, pa, - . ., Pn)

means that the propositional variables in F' are among the p;, where i = 1,2,..., n.

Example. If F'= (p <= (p A q)), we write F[p, q|.

Definition 2.9. We denote Fa, ¢, ¢, as the formula obtained by substituting G; in place

p1 ' p2 7Y Pn

of Di-

Alternative Notation. Fao, ¢, = F[G1,...,G,)]

P17 P
Example. If F = (p <= (pAq)) and G = (¢ = p), then Fe¢ = F(G,q) = ((¢ = p) <

(p=q) Nq)

Proposition. The expression Fa, ¢, is also a formula.
P17 pn

Proof. We proceed by induction on the formula F"

e If F=p:

— If F =pg, then Fo, ¢, =Gk

P17 pn

7IfF:p#plap%"'apn?thenFﬂ G, = F
p1

goerg

Pn

¢n = Gae ¢, is also a

o« If F =G, assume Ge; g, is a formula. Then Feg,
Pn P17 pn

p1 """ pn P1

[RAS]

formula.

2.4. The Interpretation of a Logical Formula
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o If = (G=x* H), where * is A, V,=, <>, the reasoning is similar.

Theorem 2.1 (Substitution and Evaluations). Let v be a valuation, F,G1, G, ...,G, be

formulas, and py, ps, ..., p, be elementary propositions. Define v’ as follows:

v(p) i pF#Dp1,p2, ..., Pns

0(G;) ifp=p;forl<i<n.

Then o(Fa, ¢,)=V'(F).

.....

Proof. =« If FF =p:

..........

— If p # p;, then Fa, ¢, = F and v(Fe,

— If p = p;, then Fo, ¢, = G; and 9(Fg
p1

""" Pn p1 77" pn
J(F).
e If F = -G and 9(Go, ) = V(G), then 9(Fo, ¢,) = 0(-Ge, 6,) = 1+
py 7 Pn P17 Pn p1 "7 pn
W(Ga, ) =1+0(G) = 0(=G) = v/(F)

o If F = (Gx* H) with * being A, V, =, <, similar reasoning applies.

Corollary. If I is a tautology, then Fa, ¢, is also a tautology.
P1

7 pn

Proof. For any valuation v, we have v(Fs;, ¢,) =0 (Fo1 cn)-
G, Gn) T UG

Theorem 2.2. Let F' be a formula, G a sub-formula of F', and H a formula equivalent to G.

Then F' = F H is logically equivalent to F'.
Proof. By induction on formulas:

e If F=pand G=F, then I’ = H, and hence F’' ~ F.

o If = —F), then G = F, and hence H = F', and F' ~ F’. If G is a sub-formula of

Fi, then F| = Fyn ~ Fy, 50 F'=-F ~F.
o If "= F) x Fy, where x = A, V, =, <, there are three possibilities:

— IfG=Fand F' = H, then F/ ~ F.

2.4. The Interpretation of a Logical Formula
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— If G is a sub-formula of F}, then by induction hypothesis, the formula F}, result-
ing from substituting H for G in F7y, is logically equivalent to Fj. The formula
F’ is then (F] x Fy), which is logically equivalent to F', because for any valuation
v, 0(F") = 0(F)) - 0(Fy) = 0(Fy) - 0(Fy) = 9(F). Similar reasoning applies to

other cases: * =V, =, &

2.5 Semantics

Definition 2.10. A truth value distribution or valuation v is a function: v : P — {0,1}
where P is the set of elementary propositions. We say that v defines a model M of
propositional calculus. The values 0 and 1 represent "true” and "false” and can also be
denoted by v and F', where 1 = v and 0 = F. If P has a cardinality n, the number

of different truth values is exactly 2" = 2¢F,

Example. Let P = {p, ¢}, then 2% = 4
11
10
01
00

v : P — {0, 1} vy : P — {0, 1}
p — 1 p — 1
qg — 1 qg — 0

vy : P — {0, 1} vy P — {0, 1}
p — 0 p — 0
qg — 1 qg — 0

The goal of semantics is to assign truth values to the formulas of propositional calculus

for the different valuations defined on the elementary propositions.

2.5. Semantics
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sémantigues
F 1
0
4
/T ?Q
3] T > syntaxe ] T
M, M,
F 3
F 9
0 1 0 1
P q p q
M; M,

Theorem 2.3. For any valuation v : P — {0, 1}, there exists a unique extension v :

F — {0,1} (i.e. © = v on P) such that:

) o(

2)0((FANG)) =1« o) =9G) =1
NV((FVGEGE)=0<«=0F)=0G =0
DO(F = @) = 0 < o(F) = 1landv(G) = 0
5)o((F < G)) = 1 « o(F) = o(G)

Proof. Let v; and ¥y be two extensions of v, and let Q(F) be the proposition
“01(F) = 02(F)*. We need to show that Q(F) is true for all F' € F

o[fF =p:u(F) = 0(F) = v(F) then Q(F) is true.

2.5. Semantics
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o[fF = —~Gand Q(G) is true, then:

'U_1<F) =1« ’U_1<G) =0 B B
- Ul(F) :UQ(F>
’U_l(F) =0 < ?}_1<G) =1

Hence, Q(F) is also true.

e The same holds for F' = (G x H), * = N\, V, =, & .

Remark. If we define + and x in Z = {0, 1} by

0+0=0 0x0=0
0+1=1 0x1=0
1+0=1 1x0=0
1+1=0 1x1=1

the conditions 1) and 5) become:

1)5(~ F) =

+

o(F).

( ) = v(F)v(G).

(FV Q) = 5(F) + 9(G) + 9(F)5(Q).
( )

( )

1

2)o((F N G)

]

=1

4 F =

1

) =1+ o(F) + o(F)o(G).

)
)
3)
)
5)0((F < G)) =1+ 9(F) + 0(G).

(
(
(
(
o(

These conditions are often written in truth table form for the connectives —, A, V, =, & .

F|G|(FANG)
1)1 1
1]0 0
01 0
010 0

2.5. Semantics
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F |G| (FVGQG)
1|1 1
L]0 1
0|1 1
010 0

F|G|(F=QG)
11 1
110 0
01 1
010 1

F|G|(F &G
111 1
110 0
011 0
010 1

Example. F =|((p < q) V(p=q9 A(r<s) = (p=9q)

Assume that P = {p, q, r, s}

v: P — {0,1}
p — 1
g — 1
r — 0

s — 0

Compute o(F), hence: v(F) = 0

2.5. Semantics
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] .
1 «=
S | . &=
v 1 p q
r s 1 1
= 1 = 0 0

2.6 Tautologies and Logical Equivalences

Let v be a truth value defining a model M of propositional logic, and let v be its extension

to formulas.
Definition 2.11.

1) The formula F' is said to be satisfied in the model M if ©(F) = 1, and we denote
this as M = F. Otherwise, it is said to be unsatisfied v(F) = 0, and we denote

this as M F F.
2) F is a tautology if for every model M, we have M = F, denoted as F F.

Example. F = (p V =p), P = {p}. The truth value 05(F) = 1. F is an anti-tautology if

for every model M, we have M ¥ F, denoted as ¥ F.

Example. ' = (p A =q), P = {p},v1 : p — 1, 01(F) = 0
,Ugfp—>0,’l_)2(F):O.

- A tautology is therefore a formula that is always true (V valuation).

2.6. Tautologies and Logical Equivalences
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- An anti-tautology is a formula that is always false.
3) F is logically equivalent to G if ( F' < G) is a tautology, denoted as F' ~ G. In other

words, 9(F) = 9(G) for every valuation v.
Example. F' = p, F ~ G, because (p < ——p) is a tautology G = ——p.
Remark.

1) In terms of truth tables, a tautology is a formula that has 1 everywhere in its last

column.
- An anti-tautology has 0 everywhere in its last column.

- Two logically equivalent formulas have the same truth tables.

2) ~ defines an equivalence relation on F, with the quotient set
F

F. When comparing two formulas "for logical equivalence,” it means comparing the

= {[F],F € F}, [F] ={G € F/F ~ G} being the equivalence classes of

corresponding classes in —.

~Y

Fis a tautology <= Vv, 09(F) =1
= F~G
G is a tautology <= Vv, 9(G) = 1

Thus, all tautologies are logically equivalent and form the class 1.

Similarly, all anti-tautologies are logically equivalent and form the class 0.
3) F=G=F ~QG.

F~G=»#F =G

F ~ G = [F] = [G].

Example. Here are some tautologies in the form of equivalences:

1) Idempotency of conjunction and disjunction
((p A p) = p)
((pVp) < p)
2) Commutativity of conjunction, disjunction, and equivalence:

(pAge (@AD), (Ve (@Vp) (peae (¢eDp)

2.6. Tautologies and Logical Equivalences
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3) Associativity of conjunction, disjunction, equivalence:
(pvgvr)e@vigvr)), (pAgAr) e (pAgAr)),
(e g er)esp@el@ern))

4) Distributivity of disjunction/conjunction and vice versa:
pVigAr) e(evagnlpvr), bAlgvr) e (prgVpAr)

5) Absorption:

(pA Ve <p), (VA < D)

6) De Morgan’s Laws:

(e Va) e (oA g, (=pAq) < (-pV —q)

7) Contrapositive:

((p = q) & (7g = —p))

8) (= p), (p=4q < (-pVa)
Here are non-equivalent formulas:
(p A p)and (g A ) (takingv(p) =1 and v(g))
(p = p)andp (takingwv(p) = 0)
(p & g)and(p = ¢) (takingv(p) =0, v(q) = 1)
(

p = (p = p)and((p = p) = p) (takingv(p) = 0))

Remark. Thanks to the associativity of A and V the following notations can be used: The
formula ((FF A G) A H) will be denoted as (F'' A G A H).
The formula ((F' VvV G) vV H) will be denoted as (F' V G V H). More generally, for any

natural number k if Fy, Fy, ..., F} are formulas, we will represent them as:

(v Ny N o NFy) = Fy AN (Fy A (o A Frll))

~ def
N F;
\(Fl V Fy V...V sz = Fy Vv (Fy V (... V F.))
\/I:Fi
i=1

In the list below, formulas on the same line are pairwise logically equivalent:

1) (A= B), (~AV B), (AA B) & A), (AV B) = B).

2.6. Tautologies and Logical Equivalences
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2) -(A = B), (AN -B).
3) (A< B),(AANB)V (mANAN-B)),((mAV B) A (=B V A)).
4) (A< B),(A= B)A(B= A)),(nA< —-B), (B & A).
5) (A< B),((AV B) = (AN B)).
6) (A< B),(A& —B),(mA < B).
) AA(ANT), (AVT),(AaT), (T = A).
8) A (A= -A), (A= B)A (A= —-B)).
9) A (A=1), (A<l
10) L, (AN 1), (A & —A).
11) T, (AVT),(A=T), (L= A).
12) (A= (BACQC)),((A= B)A (A= 10)).
13) A= (BV(0), (A= B)V (4=20).
14) (AANB)= (), (A= C)V (B=0).
15) (AVvB)=C0C),((A=C)AN(B=20).
Note. From lines 12) to 15) it can be observed that there is no distributivity of implication
with respect to conjunction or disjunction. However, distributivity is present on the left
side in 12) and 13), i.e., when the “A“ or “V* is on the right side of the =. In cases

14) and 15), there is a sort of false distributivity where “A“ (or V) is transformed into

“V¢ (or A).

Theorem 2.4 (Substitutions and Evaluation) Let v be an evaluation, F, Gy, Gs, ..., G,
be formulas, and pq, ps, ..., p, be elementary propositions.

Let v" be the evaluation defined by:
/ U(p) lfp ?é P1, D25 -+ Pn-
0(G)ifp=p (1 <i<mn)

Then: ¥(Fo, 6,) = v'(F).

p1 " pn

2.6. Tautologies and Logical Equivalences
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Proof. We proceed by induction on formulas:

x If FF'=p,
-If p # p; then F%%n = F and @(F%...p
v'(F). 1 1
-If p = p; then F%%n = @G; and @(F% Ga
V' (F). 1 1
« If F = -G,
oGy o) = ¥(C)
E(F% i:‘") = 17(—0%1 ?”) =1+ @(G% %) =1+ v(G) = v(=G) = v(F)

E(G% .%) /(@) and E(H%m%) = v'(H)
WFer ) = 0((Ger_ea) A (He_a)) = 0(G) - o(H) = ¥(G) -
H) = o/(F)

* Similar reasoning applies to other cases.

r1 " pn

Corollary. If F' is a tautology, then the formula Fe, ¢, is also a tautology.

Proof: For any evaluation v we have: #(Fe, ¢,) = v/(F) = 1.
P1 i pn

2.6.1 Normal Forms

2.7 Complete Systems of Connectors

Definition 2.12.

1) For any n-tuple (eq, €2, ..., ,) € {0, 1}", we denote by Vi, ., ..

defined by VP55 forall i € {1,2,...,n}

the valuation

2) For each propositional variable p and each element ¢ € {0, 1}, we denote by ¢, the

formula:
pife =1
Ep =
—pife =0

2.7. Complete Systems of Connectors
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3) For any formula F we denote by A(F) = {v € {0, 1}?|9(F) = 1} the set of
valuations such that the formula F' defines a function:
or :{0,1}" — {0, 1}
(€1, €2y ey En) > Vey en. . en(F)
Jr is compatible with the logical equivalence relation. In other words, F' ~ G &<
Or = Dg. Thus, O defines, by quotienting, a function:
o: L g0, po
JF] — @F

where [F] is the equivalence class of the formula F' with respect to the relation ~ .
Theorem 2.5 < is a bijection.
Proof.

1) © Injectivity: Let [F], [G] be two classes of formulas

([F])) = 9([G]) = @r = @c & F ~ G < [F] = [G].

Thus: @ is injective.

2) @ Surjectivity: Let @ : {0, 1} — {0, 1}. We need to find if there exists an

' € F such that @ = @p?

x If @ takes only the value 0, then any anti-tautology F' satisfies @ = Op, for
example, F' = (p1 A —p1)

* Otherwise, theset z = @7 1({1}) = {(e1, €2, ...,en) € {0,1}"|D(e1, €2, ..., 8n) =

1} is non-empty.

Let Fo = Vi o cex (Ar<icn €i1i), then A(F,) = Ve oo emexs (E1,62,80) €
X} ®ie., Ueey.c,(Fy) = 1 & D(ey,62,...,6,) = 1, thus: @ = O,

for, @ for all (1,22, ,20), A (A €28) = Vieseprcmen A (Vierearomes (s €i0)) =
{Vere9rens (€1,€2,y8n) € xh, 0(Nperpe) =1 © 0(A\pcepr) =1 & vipy) =

UE]_,EQ ,,,,, En (pk) .

Corollary. If p = n then there are exactly 22" classes of formulas, each corresponding to a

function @ : {0, 1} — {0, 1}

2.7. Complete Systems of Connectors
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Definition 2.12. A function @ : {0, 1} — {0, 1} is called a propositional connector with

n places.

Example. We have already seen the connector

1) According to the previous definition, it corresponds to the 2-place connectors.

Or equivalently, to the class of the formula p; A ps.

2) An example of a 1-place connector is:
:{0,1} — {0, 1}
0r—1
1+—0

It corresponds to the class of —p; and is thus the usual connector —.

3) The following 2-place connector is called the "NAND” connector:

which corresponds to the formula —(p; A ps).

2.7.1 Normal Forms

Definition 2.13. A formula F is said to be in canonical disjunctive normal form (CDNF) if

there exists a non-empty subset X C {0, 1}" such that F' = v (A e
(e1,62,en)E X 1<i<n

2.7. Complete Systems of Connectors
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It is said to be in disjunctive normal form (DNF) if there exist:

* An integer m > 1

x Integers ky,....k, > 1

« For 1 < i < m, variables p;,, pi,, ..., pir, and k; elements &;,, ..., from {0, 1} such

that:

F = (€ Diy N €iyDig N oo N Eir,Dik;)

1<i<m
Similarly, conjunctive normal forms (CNF) and canonical conjunctive normal forms (CCNF)
are defined (by swapping the symbols for disjunction and conjunction).
Remark. A CDNF is a DNF. Similarly, a CCNF is a CNF
(n = ki, Vi,pij = pj)
Theorem 2.6 Every formula F' is logically equivalent to a CNF and a DNF. The NAND

connector: “or” | (p1 V p2) = (p1 V p2) V : NAND connector “or”.

p1|p2 | F
1110
11010
0|10
001

() 2l {O, 1}2 — {0, 1}

{0, 13> = {(0,0), (0,1), (1,0), (1,1)}
(0,0) — 1, (0,1) — 0

F =1(p1 A p2) it (p1 p2)

A : NAND connector “and”

g =0or:{0,1}* — {0, 1}
(0,0) — 1

(0,1) — 1

2.7. Complete Systems of Connectors
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An n-place connector is a function @ {0, 1} — {0, 1}.

p1|p2| (P A p2)
111 0
110 1
011 1
010 1

Example. F' = ((p1 A p2) = p3)
{0, 1}® — {0, 1}
(0,0,0) — 1
(0,0,1) —> 1
(1,1,0) — 0

@ is a 3-place connector.

Theorem 2.7 (Normal Form) Every formula F is logically equivalent to at least one formula
in disjunctive normal form (DNF) and at least one formula in conjunctive normal form

(CNF).

Proof. « If F is a tautology, it is logically equivalent to p; A ] p; which is both a DNF and a
CNF. x If F is neither a tautology nor an anti-tautology, then by the previous theorem,
there exists © # @,/ = O, x € {0, 1}"ie.: F ~ F, which is a CDNF and hence
also a DNF. For | F, there also exists 2//| F ~ F, so: F =] F ~](V(A) = A(V) ~

CCNF (according to De Morgan’s law).

Example. G = (A = ((BA1A)V(]CAA)) & (AV(A =]B))) Let H = (BATA), I =
(JCAA),J=(A=]B),K=(HVI),L=(AVJ) and M = (K < L). Then

we have G = (A = M). The truth table for G is:

2.7. Complete Systems of Connectors
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ojo(r, 1|10 1{0j0y1[0]1]0]1

oj,o0joy 1|1 (1 4{0(1}1}1}1}]1]|1

According to the truth table, G is satisfied by the valuations

(0,0,0), (0,0,1), (0,1,1), (1,0,0), (1,1,0), while | G is satisfied by (1,0,1) and (1,1,1).
We derive the CDNF of G:

(JAAN]BAIC)V (JAN]BANC)V (|JAANBANC)V (AN]BA]JC)V (ANBA]C).
Next, the CDNF of |G: (AAN]BAC)V (AN BACQ).

Finally, the CCNF of G: (|A A BAJTC) A (JAAN]BA]C).

Example. F' =|((]p = q) =] (¢ < p)) We use the equivalences:
(p=aq < (pVa

(pe e ((pVvaA(aVp)

F~1(1(lp = o) V1(g & p)
~100Tp v vI(gVvp) AllpVa))
~1((p v @) VI(Ta Vv p) A(lpV )
We then use De Morgan’s laws:
IpVva < (IpATa)

[pVaqg < (IpVlg

Therefore:
E~1leVvanll((le Ve A(lpVa)

~@VvagAN(aVvp) A(lpVa)

~@Vag A(agVvp A(pVa)

2.7. Complete Systems of Connectors
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2.8 Complete Systems of Connectives
Definition 2.14.
1) Let ai, g, ..., ap be a set of connectives of arbitrary arity. The set aq, g, ..., a; is

a complete system if and only if: for any formula F € F, there exists a formula G

based on the alphabet P U {ay, ..., ax} U {(,)} such that F' ~ G.

2) i, ag, ..., ap is a minimal complete system if no subset A C {aq, ..., ax} is a com-

plete system.

Example: {], vV, A} is a complete system of connectives.

Proposition:
1) The system {], V, A} is not minimal.

2) The system {]|, V} is minimally complete.
3) The system {], A} is minimally complete.

Proof.

1) (p Aq) ~](]pV]q), hence (p A q) can be expressed in terms of | and V.

2) Suppose V can be expressed in terms of |. Then, every formula is ~|]....] p and

therefore either p or |p, which is not the case for (p A q).

2.8.1 Theories

Definition 2.15. A theory Z of propositional calculus is a set of formulas 7" C F.

Let M be a model defined by the valuation v. We say that:

1) T issatisfied in m if M E F forall F € T. We write M F T.
2) T is consistent or non-contradictory or satisfiable if there exists a model M E T.

3) T is finitely satisfiable if and only if every finite sub-theory 7" C T is satisfiable (this

definition is of interest only for infinite 7T7).

4) T is contradictory if and only if it is not satisfiable, i.e., it has no model.
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5) The formula F' is a consequence of 7" if and only if every model of 7" is a model of F,

ie, MET = M E F. We denote thisas T F F or (TtF)

6) T and 7" are two equivalent theories if and only if they have exactly the same models
(or every formula in 7" is a consequence of 7" and every formula in 7" is a consequence

of T).

Examples. Consider distinct propositional variables p, ¢, p1, p2, ..., Pm -..: theset {p, q, (| pV
q)} is satisfiable; {p, ] ¢} is contradictory; the empty set is satisfied by any valuation.
{p.a} F(pAa),{p, (b = @)} F q theset {p, ¢} and {(p A ¢)} are equivalent, as well

as {pb b2, 7pma} and {pl A b2 A -+-Pm A }

Lemma. For any theories T and T", integers p > 1, formulas G, H, Iy, F», ...F,,, and
G1, Gy, ...G), the following properties are verified:
«T F G if and only if T"U {] G} is contradictory.
x If T is satisfiable and 7" C T, then T" is satisfiable.
x If T is satisfiable, then T' is finitely satisfiable.
x If T is contradictory and T C T", then T” is contradictory.
x f TFE G and T C T, then T" F G.
*T U {G} F H ifandonly if T F (G = H).
xT F (GANH)ifandonlyif T EF Gand T F H.
«{Fy, Fy, ..., F,} E G ifand only if F ((Fy A Fy A ... A F) = G).
x (G is a tautology if and only if GG is a consequence of the empty set.
*x (G is a tautology if and only if G is a consequence of any set of formulas.
« G is contradictory if and only if T F (G A ]G).

x (G is contradictory if and only if every anti-tautology is a consequence.

2.8. Complete Systems of Connectives
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Predicate Calculus

Definition 3.1 A ”predicate” is a statement concerning objects within a mathematical theory

that can be either true or false depending on the objects involved.
Example.
1) "Being an even number” is true for 2 but false for other numbers.

2) "Being smaller than” is true for (2,3) but false for (3,2).
Predicate calculus allows the construction of complex statements from predicates by using
special symbols to represent variables, functions on these variables, and the relationships
between them. Certain variables never change; these are constants.

In this sense, predicate calculus is richer than propositional calculus.

3.1 Syntax of Predicate Calculus

3.1.1 First-Order Alphabet

Let v = {xg, x1, T2,...} be a set whose elements are called variables.

xC = {co, c1, ¢a,..} is a set whose elements are constants.

x F = |J F. represents functions of arity n.
n>0

xR = |J R, represents a union of sets R,, whose elements are relations of arity n.
n>0

(It is assumed that R, contains a particular element of equality)

* The symbols V and 3 (for all, there exists).
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Definition 3.2 A first-order alphabet is an alphabet A of the form:
A=uUu{(), LA V,=> < V,IFUCUFUR.
- The part UU{(,), ], A, V, =, &, V, 3} is the logical part of the alphabet or language.
- The part > = C U R U F. is called the signature of the language.

- The logical part is common to all languages, so what characterizes a language is its

non-logical part or signature.

Example. Signature of elementary arithmetic
Yo =1{+ ..<01}
C = {0,1}
F={+1=r
R ={<,=} =R,

3.1.2 Terms

Let A* be the set of words formed from the alphabet A.

Definition 3.3 The set of terms T constructed from A is the smallest set of A*/ such that
Huuc CT.

2ty to, ooty €T = fty, .nt, e T,Vf € F,Vn > 1.
Example. In the theory of real numbers, the constants are R, the variables are x.y,..., the
functions = are real functions: cos,sin, +, ., ..
* sinx is a term.
x.xx is a term usually represented by z?.
*x -+ xy is a term usually represented by = + y.

* The expression sin(z + sin (y* + 1)) is represented by the term: sin + z sin + z.yy

Note. As a word, each term has a unique representation.

The Height of a Term

T =T, withTy =vUC and T,y = T, U {fty,....ts, f € Frand ty,....,tx € T,,}

n>0

h(t) = min{n/t € T,}
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* We can also refer to the decomposition tree of a term. The height of a term is the height of
its decomposition tree:
Example. The term: sin 4+ zsin + z.yy

h =15

sin

-
-

3.1.3 Formula

An atomic formula is a word in A* that is Rt;...t, where R is a relation of arity n (R € R)

and t;....1, are terms (we write = tity for t; = to).

Definition3.4 The set of first-order formulas is the smallest subset F of A*/

*1) Any atomic formula € F.
x2)F,G,e F=]F,(FANG),(FVG),F =G),F &G ecF.
x3)F, € F = Vv, F and Jv, F € F,Vn.

Note.

1) We have F = |J F,, Fo =atomic formula,
n>0
Fol = FU{FRF e FYU{F*Q),F,G € Fu v =} UV F, F € Fo k €
N}YU {3uF, F € Fand (F) = min{n/F € F,}.

2) As a word, every formula has a unique writing.

3) A formula also has a decomposition tree, with the leaves being the atomic formulas.

Example. Let the signature > = {p, Q, R, f, g, T}

xVr(Rry = Qxfy).

3.1. Syntax of Predicate Calculus
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x| Jax(Rry V Qrgyz).

«Vx(pr A Jy(Tyx = sxy)) are formulas.

The subformulas of F are defined as follows: * If F is atomic, then sf(F) = {F}.
xF =G, sf(F) = {F} U sf{G}.

« If ' = (Gy * Ga), sf(F) U sf{G1} U sf{Ga}.

x If F''=Va,G, sf(F) = {F} U sf(G).

F =dx.G.

3.2 Free and Bound Variables

A variable v, can appear multiple times in a formula F. We say it has multiple occurrences.

These occurrences are of two types: free and bound.

Definition3.5 We define by indication the free occurrences of v, :
* If F' is atomic, all occurrences of v, in F' are free.
*x If ' =] @, the free occurrences of v, in F are those of v, in G.
*x If F = (GaH), the free occurrences of v, are those of v, in G and those of v, in
H.
* If F =Vu,G or F = Ju,G with k # n, the free occurrences of v, in F are those
of v, in G.
* If we say that x, is quantified in F' as F = Vuv,G or ' = dv,G no occurrence of

v, in F is free.

Example. > = {R, ¢, f}
R: Relation, c¢: constant, f: function
F =Vay(3z1Vao(Rrizg = |19 =~ x3) A Vaa(Fza(Rrize V frg =~ ¢) A 1o =~ x9)
All occurrences of xy and x5 are bound. The first two occurrences of x; are bound, but

the third is free. x5 is free.

Definition3.6 A variable in F' is free if it has at least one free occurrence. A closed formula

is a formula with no free variables. In the previous example, F' is not closed ((z; and z3)

3.2. Free and Bound Variables
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are free). A closure of a variable in F' is a formula of the form Vv, , vj,,...,v;,, F' where

Uiy, .-, Vi, are the free variables of F. An inverse closure is closed.

3.2.1 Scope of a Quantifier

Let © = 4 or V. In any formula F' containing Oz, the term Oz is followed by a unique

subformula G in which the variable x is free under Oz .

Definition 3.7 G is the scope of the quantifier O. The occurrences of x that fall within the

domain of O are the free occurrences of z in G.

Example: F = Ja((pz V Qy A gy = 2) = (FzVW2y Rry A frz =)y where y
8 12 2 25
is free at positions 8and 12, and bound at positions 22 and 25, quantified at 22 and 25

within the domain of 21.

3.2.2 Substitution in Terms

Notation

t = tlxy, ©iy, ..., z;,] indicates that the variables with at least one occurrence in the term ¢

are among T, ..., ;. If m = mazx; we can also write t = t[zg, 1, ..., Tp).
J

Definition 3.8 Let yq,...,y, be variables and t, uy,...,u; be terms. The term tw; w is ob-

x " ag

tained by substituting the terms wq, us, ..., up for the variables y1, ..., 9y, in all occurrences

of y; in t. More precisely:

*t = constant or variable # y; then tw v = t.
Y1y
y1 7" g
*xt = ftltg...tn tﬂ I — ftlﬂ %....tnﬂ up
Y17 g Y17 g y1 7 Yk

Proposition 3.1 t« « is a term.
y1 7 Yk

Proof. By induction on the term ¢.
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3.2.3 Substitution in Formulas
Notation

F = Flz;,,...,x;,] means that the free variables in F' are among x;, . We will substitute terms

for free variables in a formula.

Definition 3.9 Let F' be a formula, and ¥y, ..., yx be terms. The expression Fu; w obtained
Y1y

by substituting the terms wuq, ..., u, for the variables yi, ..., yx is defined as follows:

*If F = Rty...t, is atomic, then Fui w = Rtjur we.... .l w w.
Y1

y1 g

*[fF :—‘G then Fﬂ Uf :—IGu Ug .

y1 Y Y1k

T y1 Yk Y1 Yk

*If F = O0xG(x # yi), Fu w = OxGu w, O = ForV.

177 Yk y1 Yk

*[fF = OylG(Z = 1,2,...,]{}), Fﬂuik = OylGu Ui—1 Uil Up
y1 g

ML L
Example. F = Vao(3zVaoo(Rrizg = |29 = x3) A Vag(Iza(Rriza V frg = ¢) A vy =
v2))
t = ffc
Fﬁ = Vao(Ixy Vao(Rrizg = |20 = x3) AVro(3ae(Fra(Rf fexg V frg = ¢) Nxy = x0))

3.3 Semantics of Predicate Calculus

We aim to assign truth values to formulas of predicate calculus. To do so, it is necessary to

specify a domain in which variables take values, and where the symbols of relation and function

have meaning.

Example 1. Consider the formula JyVxz Ryxr. To assign a truth value to this formula, we
must assign values to the variables x, y and specify the definition of the "relation” R.
Thus, it depends on the set in which the variables x, y take their values and on the
definition of R in that set.

* If R =< over N, then the formula is true.

* If R =< over N, the formula is false.
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* If R =< or < over Z, the formula is false.

Therefore, we need to specify a set in which the variables take values and in which the
symbols of relations and functions become true relations and functions. This set will
be a structure (or a realization of the language or alphabet A of the predicate calculus

considered).

Example 2. Rcx
* True for Nye =0,z =1, R =<.

* False for Ny ¢ =0,z = -1, R =<.

3.3.1 Definition of a Structure

Let A be an alphabet of first-order.

Definition 3.10 An A-structure is given by a set .S such that:
* Every constant symbol ¢ in A is associated with an element ¢ in S.
x Each function symbol f of arity n is associated with a function f: S™ — S.
x Each relation symbol R of arity n is associated with a relation R of arity n on S (R C S")

(the equality relation corresponds to equality in .S).

Example. Let the signature language be ¥ = {R, f,co,c1}. A possible structure is S =
N,R =<,f =+,é =0, = 1. Another possible structure is S =R, R =<, f = x,¢ =

e,Cc = T.

Remark. When considering multiple structures associated with the same language, and for

any arbitrary structure, we write ¢, fs, and R;.

Definition 3.11 Let S and S’ be two structures of the same language (alphabet). We say that
S is a substructure of S if:
* S Cy9.
* ¢, = Cy for every constant c.
* fy = fy for every function symbol f of arity n.

*x R, = Ry N S™ for every relation R of arity n.
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Example. ¥ ={R, f,g,co, 1}
x S'=7,Ry =<, fy = +.gy = +,cp, =0,c1, =1
xS =N,R, =<, fi=+,0,=+,6, = 0,06,
Let S and S” be two structures of the same alphabet. A structure morphism between S
and S’ is a function @ : S — 5’.
*x I(éy) = ¢y for all constants ¢
5 B(furrn) = fo(@(@r), ... B(ar))
for every function symbol f of arity n, for all a; € S, * (ay), ...,a,) € R* = (2(ay), ..., D(a,) €
R3)
for all aq,...,a, € S, and for all relation symbols R of arity n.
Example. ¥ = {f,c}

S=<Ri,1x> 5 =<R,0,+>

g:Ry — R
x — logx
Definition 3.12 A structure morphism @ : S — S’ is a monomorphism if, for every relation

R of arity n, if ai,...,a, € S, then (a1, ay,...,a,) € R, < (¥(ay),...,D(a,) € Ry.
Example. Every substructure defines a monomorphism (every injection S & S’); the converse
is also true.
Proposition 3.2 Every monomorphism is injective.
Proof. Among the relation symbols, we have the equality relation =, which defines equality
on S and S": “=8" = “=g", “==". Therefore, if a;,ay € S and F(a;) = F(az), since & is
a monomorphism, we have: @(a;) = @(az) < a1 = ag, thus @ is injective.
Definition 3.13 An isomorphism of structures @ : S — S’ is a surjective monomorphism; in
particular, @ must be a bijection. An automorphism is an isomorphism @ : S — S.
Example. S =<R%,1,x >and S’ =<R,0,+ >.
@ : R} — R,z —— logx is an automorphism.

The next step is the interpretation of terms.
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Definition 3.14 Let t = t[xg,...,2,-1] be a term and S a structure of first-order logic. Let
ag, . . ., a,_1 be elements of S.
The interpretation ¢, of ¢ in S when z; = a;, 0 < i < n, is defined as follows:
*x If t = x;, then t, = a;.
*x If t = ¢, then t, = ¢,.

* If t = fty---tg, then t, = fu(ts,, ... tr.).

Example. ¥ = {f,g,co,c1}.
S=Nf=+7=x,6=0a=1

t=gyfrce, = tz,y]

Let ag = 2,a1 = 3.

f=3(3,f(2,1)) =3x (24+1)=3x3=09

Proposition 3.3 Let t = t[zg,...,z,-1] and t' = t'[y,zo,...,2,—1] be two terms, and let
ag, . ..,an—1 be elements of the structure S. Then we have 1, = ty, with u = tz and
Y
y~~t,=0b¢€s.

Proof. By induction on the term ¢/

*t' =y, u=1
ds:t_s:t

*t,:ftl"'tka then v = fuluk with U; :til
Yy

By the hypothesis u;, = t;

s

Thus: a5 = f(ui,,...,u,) = f(t1,,.. ., tr,) =1,
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3.3.2 Satisfaction of a Formula in a Structure

Let A be a first-order alphabet and S an A-structure. Let F' = F|[x,...,x,_1] be a formula
(this notation means that the free variables of I’ are among the x;).

The satisfaction of a formula F' in S is defined when the variables x; are interpreted by the
elements ag, ay,...,a,_1 of S.

This is written as:

S ): F[ao,al,...,an,l]

Definition 3.15 * If F is the atomic formula Rtits...t; with t; = t;[zo, ..., z,_1], then

S):F[a())"'van—l]ﬁ(tzsa"'vt;s)eRs
* It F=-G
S):F[ao,...,an,l]@S#G[ao,...,an,l]

* If F = (G A H), then
SEF&sSEGand SEH

*xIf F = (G = H), then
SEFeSEGor SEH

*xIf F=(GV H), then
SEF&SSEGor SEH

*x If F = (G < H), then
SEFs (SEGand SEH)or (SEGand S = H)
*x If F'=VaG (where x # x;), then
S E Flag,...,a, 1] < S | Gla,ag,. .., a,1] for all a where x is interpreted by a
* If F'=3xG (where x # x;), then

S E Flag,...,a,—1] < if there exists a € S such that S = Gla, ag, . .., a,-1] with z — a
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* If F' =Vuz,;G, then
S ):F[(lo,...,an_l] &S IZG[CL(),...,CLi_l,JZZ"-)CL,CLH_l,...,CLn_l] forall a € S
* If F' = dz;G, then

S Flag,...,a,_1] < there exists a € S such that S = Glag,...,a;-1,a,0;41,...,0,_1]

Remark If F is closed (without free variables), we write S |= F'; F' is satisfied in S.

Example Let > = {l?, JT‘, c} be the structure, and S = R, R, =<, f, = cos, ¢, = T.
* F'= Rex (= RtftQ)l
S | Fla] & tis, tas € Ry
&t <o
S rt<ka
Thus: S = Fla] < a € [7,4+00]

* F'="“frqg=c"=cfz
Sk Fla] © ¢ = frg, & m = cosa

Thus: Va € R, S ¥ Fla
dxy fr1 = xg, free variable x.
~
G
S E Flap] & S = Glag, a;] for some a;
& Jay/ cosa; = ag
& ap € [—1,1]
* Va1 Rxofrq, free variable x
———
G
S ): F[ao] & S ): G[ao,al]/Val
< Vay/ag < cosay

= Qo E] —OO,—l]
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*x Vr13ra(Rr1x9 A fre = 1p), free variable xg

G

S E Flag] & Va,3ay/S | Glag, ay, as)
< Vay/Jaz/ar < ag and ag = cos as

& ap € [-1,1]

* rodry fr1 = xy closed formula
——

G

Vao, Elal/cos a; = Qg S ): F
* dx Voo Rfroxq closed formula
G

Jday /Vag,cosas < a; S EF

Proposition 3.4 Let t = t[zg,...,z,_1] be a term and F' = Flz, 20, ..., Zn_1,Y0,- - - » Ym—1]
a formula such that no occurrence of z is within the scope of Vz; or dx;. Then, for any

structure S and Vaq,...,a,_1,bo,...,b,,_1 € S, we have:

S}ZFL[CL(),‘..,an_l,bo,...,bm_l]<’;>S):F[t;,ao,...,an_l,bo,...,bm_l]

Proof By induction on the formula F

*x = Rtltg .. tk tl = ti[Z,iL'o, ey Tp—1,Y0,y - - - ,ymfl]

FL:Rtli---tki :er...Tk

SEF: < (ri,...,1,) € Ry

Let ¢; = ;. [t, a0,y Gn_1,b0, .., bym_1]
Then 75, = ¢;, s0 S F Fi & (4. [ts, ag, ..., Gn_1, bo, ... bm_1]) € Ry,i=1,..,k & S F

F[{s, ag, ...y Ap—1, b(), ceny bm—l]

Consequence and Universal Equivalence

Let A be a first-order alphabet:

* A closed formula F' is universally valid if S |= F' for every A-structure S. We denote this by
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= F.

* A closed formula F' is contradictory if and only if = F" is universally valid.

* A formula F’ with free variables is universally valid if its universal closure is.

x F'is universally equivalent to G (denoted F' ~ G) if and only if (F' < G) is universally valid.
* A theory T over A is a set of closed formulas.

* The structure S is a model of the theory T if and only if S = F for all F € T (we also say
that S and T satisfy S = 1T).

* A theory T is consistent if it has at least one model; otherwise, it is contradictory.

* A theory is finitely consistent if every finite subset is consistent.

* A closed formula F'is a consequence of T' if every model of T satisfies F'. We denote this by
TEF.

(If F' is not closed, consider its universal closure.)

* T is equivalent to T5 if and only if every model of 77 is a model of T5 and vice versa.

Proposition 3.5
1) If F ~ F' and G ~ G, then =F ~ =F', (FaG) ~ (F'aG’), where a is A\, V, =, <
Vo F ~ Yz F’
Jdx F ~ dz F’

2) Let F be a formula, G a subformula of F, and G’ ~ G. Then F' = For ~ F.

G

Proof.
1) Consider the closed formula V. We need to show that the closure of (Va F' < Va F') is
satisfied in any structure S. Write
F = Flxg,...,xn 1, 7]
F' = F'lzg, ..., tp_1, 7]

Let x = a
S E Vz Flag, ...,an-1] < Va S = Flag, ..., a,_1, a
< VaS E Fllag, ..., an-1, a
& S Ve Fllag, ..., an—1]
& SE Ve F < Ve F)
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2) By induction on the formula F.
Example.
Vo F ~ dx—F
Ve(FAG) ~ (Yo F AVz Q)
dx(FVGE) ~ (I FV3IxG)
Equivalent formulas

J(F=G)~ (Ve F = J2G)
VeVy F' ~ VyVo F

Jrdy F'~ Jydx F

W(FAG)= 3z FANJzQ)
(Vo FVVxG) = Vo(F v G) ¢ Universally valid formulas
JxVy F' = Vy3z F

If x is not free in F', we have: Vo F' ~ dx F' ~ F.
Corollary. Every first-order formula is equivalent to a formula using only —, A, V.

Proof. {—,V} is complete for logical connectives, and 3 can be expressed in terms of — and V.

3.3. Semantics of Predicate Calculus



Chapter

Axiomatic of Z F and AC

4.1 Paradoxes, Naive Set Theory

The basic idea of naive set theory is a very powerful concept, that of a set. A set is a collection
of objects, which can themselves be sets. These objects are called elements of the set. (We can
distinguish one element from another by their properties, which are assertions that will be true
for some elements and false for others.) Two "naive” sets are very intuitive: the empty set and
the set 2 of all sets. Unfortunately, the naive concept of a set turns out to be too broad; it
can lead to paradoxes. The most important of these paradoxes is based on a theorem proven
by Georg Cantor in 1891, which states that the set P(E) of all subsets of a set E is always
larger than F itself; this means that the elements of P(E) cannot be put into a one-to-one
correspondence with those of the set F.

For example, if ' = {1,2,3}, a set containing three elements,

P(E) = {{}, {1}, {2}, {3}, {1, 2}, {1, 3}, {2,3}, {1,2,3}}

contains eight elements, and we have 8 > 3. Similarly, for a finite set E, P(FE) is larger than
E because a one-to-one correspondence cannot be established between the elements of E and
those of P(E). We say that £ and P(E) do not have the same cardinality. The paradox arises
when we consider the set  of all sets: Cantor’s theorem tells us that P(2) is a "larger” set
than ©, which is supposed to contain all sets! Here are now some other classic paradoxes (or

antinomies):
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4.1.1 Russell’s Paradox

Russell’s paradox is a very simple paradox in set theory (Russell himself played a significant role
in its formalization, in an equivalent sense), which Bertrand Russell discovered and published
in 1903. It was actually known to Zermelo, independently, at the same time, but the latter did

not publish it.

Statement of the Paradox

The paradox can be formulated as follows: does the set of all sets that do not contain themselves
contain itself? If we answer yes, then, by definition, the members of this set do not contain
themselves, so it does not contain itself: contradiction. But if we answer no, then it has the
required property to belong to itself: contradiction again. Thus, there is a contradiction in
both cases, making the existence of such a set paradoxical.

More formally, if we set y = {z | © ¢ =}, we immediately have y € y < y ¢ y, so each of

the two possibilities, y € y and y ¢ vy, leads to a contradiction.

Solutions to the Paradox

The main solutions proposed to evade this paradox were:

1. Restriction of the comprehension axiom, due to Zermelo (1908):

A predicate does not define a set but what is called a class, and its intersection with a set
gives a subset of that set. It is possible to write the predicate ” x ¢ z”, but it no longer
defines a set. It can define a subset of a given set, but this does not necessarily lead to
a paradox. It became necessary for the development of mathematics to introduce several
other instances of the comprehension principle as particular axioms (pairing, union, set
of subsets, etc.). Later, Abraham Fraenkel and Thoralf Skolem independently introduced
the schema of replacement axioms, which is still a restriction of the general comprehension
principle but extends the schema of comprehension axioms introduced by Zermelo. They
also clarified the notion of a predicate, and particularly Skolem, the logical context (first-

order predicate calculus).
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2. Russell’s Theory of Types:

Outlined in an appendix of the aforementioned 1903 work, Russell developed it in a 1908
paper (see references). He continued, with Whitehead, with the Principia Mathematica
published in 1910. According to this theory, sets are hierarchically ordered by type. A
set can only contain objects that are of strictly lower types than the type of the initial
set, so the paradoxical statement (the self-membership predicate ” x € 2”) can no longer
be written. Russell did not immediately develop the theory of types after 1903. He
first considered alternative solutions, such as the "no-class” theory, which he attempts to
outline in his 1906 paper. In this same paper, Russell does not even mention the theory

of types among the solutions he explored.

4.1.2 The Barber Paradox

The barber paradox is a didactic illustration of Russell’s paradox, attributed to Bertrand Russell
himself. Therefore, one should not give excessive importance to this "paradox,” which the

logician E. W. Beth qualifies as a "supposed antinomy” or a "pseudo-antinomy.”

Statement of the Paradox

The paradox can be stated as follows:

The town council of a village issues an ordinance requiring its barber (male) to shave all
the male inhabitants of the village who do not shave themselves, and to refrain from shaving
those who do.

The barber, who is indeed a resident of the village, cannot adhere to this rule because:

e If he shaves himself, he violates the rule, as the barber can only shave men who do not shave

themselves.

e If he does not shave himself—whether he allows himself to be shaved or keeps his beard—he

is also in the wrong, as he is responsible for shaving men who do not shave themselves.

Thus, the rule is inapplicable. Does this constitute a paradox? There is no reason to believe that

a village council or any other authority cannot issue an absurd ordinance. In fact, rather than
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being a logical antinomy, this "paradox” simply demonstrates that a barber complying with this
rule cannot exist. It illustrates that if R is any binary relation (in this case, ” ...shaves...”), the
following statement, written in formal language: —3yVx(yRx < —xRx), is a universally valid
formula in first-order predicate calculus. Refer to the article on Russell’s paradox to see why
this can lead, in the case of membership relation in a naive set theory, to a genuine antinomy;,

i.e., a demonstrated contradiction within the theory.

4.1.3 The Liar Paradox

The Liar Paradox is derived from the Cretan Paradox (or Epimenides Paradox). This paradox
is attributed to Euclid, an opponent of Aristotle. In its most concise form, it is stated as follows:
”A man says: [ am lying. If it is true, then it is false. If it is false, then it is true.” This can be

interpreted in two ways:
e As a statement, this phrase says: "This statement is false.”;

e As a proposition, it should be understood as: "I am lying now.”

Statement of the Paradox

The Liar Paradox is attributed to Epimenides the Cretan (7th century BCE), although it
appears that this early formulation of the Liar Paradox was considered paradoxical only much
later; when in the 4th century BCE, Euclid of Miletus stated: "A man said that he was lying.
Is what the man said true or false?”

This paradox can be extended with the statement: "The next sentence is false. The previous
sentence is true.”

Assigning to Epimenides the proposition: ”"All Cretans are liars,” this was considered by
ancient philosophers as a paradox because it defied the principle of non-contradiction. Indeed,
if Epimenides is telling the truth, then he is lying (since he is a Cretan), thus his statement is
false (since all Cretans lie). Conversely, if Epimenides is lying when he says this, then there
exists at least one Cretan who tells the truth, and hence his statement is false. In all cases, his

statement is false, which is not contradictory; this is the resolution of the paradox.
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Solution to the Paradox

Aristotle seems to allude to this paradox in ”Sophistical Refutations” and provides this solution:
one can lie in general while telling the truth about a specific point. The contradiction disappears
once the proposition is understood as: "I am telling the truth when I say that I am lying”: the
truth in question is no longer absolute, but relative to a specific content. An ambiguity thus
arises from the confusion between language and metalanguage (the language talking about the

language in which it is spoken).

Modern interpreters have resolved this paradox by extending it in time. Indeed, all that
can be deduced from Epimenides’ statement is that it is false; in particular, not all Cretans are
liars, but Epimenides is. Thus, the paradox is resolved by extending it in space. However, the
statement in the present tense would require an analysis in the same temporal context, with

all the immediacy necessary for the resolution of Epimenides’ assertion.

In fact, the negation of ”"All Cretans are liars” is not "All Cretans tell the truth,” but:
"There exists at least one Cretan who tells the truth” (and one should even say, in the sense
that liar has been used so far, "There exists at least one Cretan who sometimes tells the truth”).

Thus, there may be one or more Cretan liars, but it is true that Epimenides could be one.

Similarly, the paradox "I always lie” ceases to be a paradox when extended over time: at
the moment I say "I always lie,” I am necessarily lying (otherwise, we have the same problem
as with Epimenides), which implies that I do not always lie. There is no logical contradiction:

I sometimes lie, but not always!

The Liar Paradox becomes more interesting when considering the following version: "I am

lying right now.” If this becomes true!
This indicates that when a statement can refer to itself, it can lead to an unstable situation.

This statement performs an action by virtue of its utterance; it is a performative contra-

diction. Another example: "I am dead” (if I am speaking, it means I am still alive).
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4.1.4 Cantor’s Paradox

Cantor’s Paradox, or the paradox of the largest cardinal, is a paradox in set theory whose
argument was discovered by Georg Cantor in the 1890s (it is found in a letter to David Hilbert
dated 1897). It was named by Bertrand Russell in his "Principles of Mathematics” published
in 1903. The paradox states that the existence of a largest cardinal leads to a contradiction. In
a naive set theory that assumes any property defines a set, this paradox is indeed an antinomy,
a contradiction derived from the theory, since the cardinality of the class of all sets would then
be the largest cardinal. However, it is not a paradox for Cantor, who never referred to it as
such. For him, it shows that the largest cardinal, if it can be defined in some way, is not a set:
reformulated in modern terms and in an axiomatic set theory that Cantor was unaware of, the

class of cardinals is not a set.

Statement of the Paradox

The paradox can be derived in two ways. Both use the fact that every set has a cardinality,

and thus implicitly the Axiom of Choice.

e [t is shown that the class of cardinals is equipotent to the class of ordinals, thereby reducing
Cantor’s paradox to the Burali-Forti paradox. This requires a form of the Replacement

Schema.

e Cantor’s theorem on the cardinality of the power set is used: if the largest cardinal is a set,

then it has a power set, which has a cardinality strictly greater than that largest cardinal.

Cantor’s Paradox and Russell’s Paradox

Cantor can eliminate any appeal to the notion of cardinality, and thus to the Axiom of Choice,
in the second reasoning. Consider the class of all sets (whose cardinality would naturally be
the largest cardinal).

For Cantor, every set could be well-ordered and had a cardinality. However, any appeal to
the notion of cardinality, and thus to the Axiom of Choice, can be eliminated in the second

reasoning. Let V' be the class of all sets (whose cardinality would naturally be the largest
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cardinal). If V' is a set, then its power set P(V') is also a set. Thus, P(V) C V, and the identity
defines an injection from P(V') into V', contradicting Cantor’s theorem. It has thus been shown
that the class of all sets is not a set.

Cantor himself stated that Russell’s paradox, and in this case the proof of Cantor’s theorem,
were related. By adapting the proof of Cantor’s theorem to this specific case, one constructs a
left inverse to the identity from P (V') into V', and considers the set {x € V | z ¢ f(z)}, whose
intersection with P(V) is {x € P(V) | z ¢ z}.

Russell’s paradox has the advantage of being simpler and not involving the power set of a set;
the only set-theoretic property used is unrestricted comprehension, which is used only once and
is exactly the reason for the paradox. Cantor’s paradox also uses unrestricted comprehension,
in an analogous way to Russell’s paradox, which is not valid in standard set theories such as
ZFC, but is permissible when it asserts that the power set of a set is a set, which is indeed

allowed (this is the Axiom of the Power Set).

4.1.5 Richard’s Paradox

Richard’s Paradox appears in a set theory that is not sufficiently formalized. It played an
important role in research on the foundations of mathematics, particularly in the early 20th
century, and has since its publication in 1905 generated numerous comments. Its author, the
French mathematician Jules Richard, a professor at the Lycée de Dijon, described it in a letter
to the editor of the Revue générale des Sciences Pures et Appliquées. The editor decided to

publish it, in the form of a short article, in the June 30, 1905 issue of that journal.

Statement of the Paradox

If we enumerate all real numbers definable in a finite number of words, then we can construct,
using Cantor’s diagonal argument, a real number not on this list. Yet, this number has been
defined in a finite number of words.

Here are some details about the construction:

1. Real numbers definable with a finite number of words form, by this very fact, a countable
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set, denoted FE.

2. A real number N not in F can be constructed using the following diagonalization procedure:
enumerate the elements of E, then choose each digit of N so that the n-th digit of N
differs from the n-th digit of the n-th element, and ensure it is not 9 (to avoid double
representation of decimals). Thus, for each n, the n-th element differs from N in at least
one digit, so n does indeed differ from N (all reals, aside from decimals, have a unique

decimal representation).

3. However, in describing this construction process, N has been defined in a finite number of

words: this is a contradiction.

This paradox, which is formulated very simply, like Russell’s paradox, raises a different kind of
problem, which is that of the permissible language for mathematical statements, as Giuseppe
Peano noted as early as 1906. Like Russell’s paradox, it played an important role in the crisis
of the foundations of mathematics at the beginning of the 20th century, a crisis that the Hilbert
program aimed to resolve definitively. It is mentioned by Kurt Godel in the introduction to
his 1931 paper on incompleteness theorems: when summarizing the argument for constructing
an undecidable proposition, he states that "The analogy between this reasoning and Richard’s
antinomy is striking.” The statement Godel constructs is inspired by the liar paradox, in a
form—a proposition that states itself as not being provable (or false, to truly reflect the liar
paradox)—which poses the same kind of questions as Richard’s paradox.

Richard’s paradox also had many reformulations, including Berry’s paradox about the small-
est number not definable in fewer than a specified number of words (100 or any number greater
than the non-i’ elements used to define this number), sometimes also referred to as Richard’s

paradox.

Solution to the Paradox

Most often, this paradox is resolved by distinguishing between two levels of language: the lan-
guage of the theory being described, sometimes called the object language, and the language,

often not formalized, used to describe this theory, the metalanguage. When defining the count-
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able set of reals definable in a finite number of words, it can only be done in a specific language.
The description of the real number N is made in a finite number of words in the metalanguage.
Its construction simply shows that it cannot be described in a finite number of words in the
original language. To reflect the paradox in the object language, one would need to encode
the metalanguage in the object language, as Godel does for the liar paradox. Then there is no
paradox.

This solution (distinguishing two levels of language) was not exactly the one proposed by
Richard in his paper. For him, the paradox arises from the very definition of N invoking the
set E, while E is not yet completely defined. According to Richard, when constructing the
enumeration, at the moment when the statement defining N (and hence the letter E appears)
is enumerated, it has no meaning yet. This was systematized by Henri Poincaré, who was
greatly interested in Richard’s paradox, under the name of "non-predicative definitions.” He
saw the rejection of these definitions as the "true solution” to the paradoxes. Non-predicative
theories have since been shown to be consistent (non-paradoxical), but predicativity remains
a good principle for constructing consistent theories. Predicativity is also a principle sought
by some, such as Quine, who sees it as a way to avoid an ”ontological commitment” that only

makes sense if one supports the philosophical position of mathematical Platonism.

4.1.6 Grelling’s Paradox

The Grelling-Nelson paradox is a semantic paradox formulated in 1908 by Kurt Grelling and
Leonard Nelson, and is sometimes mistakenly attributed to the German philosopher and math-
ematician Hermann Weyl. It is then referred to as Weyl’s paradox, but is also known as

Grelling’s paradox.

Statement of the Paradox

The Grelling paradox can be stated as follows: some adjectives describe properties that apply
to themselves, such as "polysyllabic,” ”"French.” Such adjectives can be termed autological.

Other adjectives, conversely, describe properties that do not apply to themselves. For example,
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” "

"long,” "monosyllabic.” Such words can be termed heterological. This leads to a classification

of words into two categories:
(a) autological;
(b) heterological.

However, such a distinction leads to a paradox. Given the previous definitions, the paradox
arises when considering the status of the heterological predicate itself. Thus, is "heterological”
autological or heterological? For if "heterological” is heterological, then by definition, "hetero-
logical” is autological. Conversely, if "heterological” is autological, then it results in it being
heterological. The conclusion is paradoxical, as it implies that "heterological” is heterological
if and only if it is autological.

The paradox arises because if the word heterological does not apply to itself, then it is
heterological while not being so, and if it applies to itself, it is not heterological while being so.
The reasoning leading to the Grelling paradox can be presented in more detail as follows: It
is noted that the proposition P(X) = "the word X is heterological” is a proposition for which
the truth value is undefined if X is the word heterological. However, it is also evident that the
word heterological is not autological either. Therefore, the proposition P(X) has three ranges

of values, one of which is undefined, as X ranges over the set of words in the language.

Solution to the Paradox

Among the solutions proposed to resolve the Grelling paradox, one observes that the structure
of the paradox is very similar to that of Russell’s paradox. Thus, both paradoxes would have
a common structure and lead to similar conclusions.

One approach is to reject the definitions of all predicates that present self-referential struc-
tures. However, such a solution proves to be unsatisfactory. Indeed, it appears to be too
restrictive, as it is quite possible to validly determine the status of many self-referential predi-
cates, such as "polysyllabic.” Proscribing all predicates with self-referential structures would be

paying too high a price for merely eliminating the paradox.
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4.2 Zermelo-Fraenkel Axioms (ZF)

We will discuss the axiom of choice, specifically in mathematical logic, within the usual axioma-
tization of sets called ZF (for Zermelo-Fraenkel theory). We will first present this axiomatization
and provide all the necessary reminders for a precise statement of the axiom of choice.

The Zermelo-Fraenkel axiomatic theory is a theory based on first-order logic with identity
and a single non-logical symbol. It is a first-order axiomatic theory constructed over the
language {€,=}. The objects discussed in this theory, i.e., the elements of a model of ZF,
are sets: every variable represents a set, and there are no other types of objects.

Here are the axioms of the ZF theory:

4.2.1 Axiom of Extensionality

Two sets are identical if they have the same elements.
VAVB|(Vz(z € A) < (v € B)) = A = B

It stipulates that if A and B are two sets with exactly the same elements, then they are equal;

thus, to define a set A, it is sufficient to define its elements.

4.2.2 Axioms of Construction

Axiom of Pairing

VaVydAVz((z € A) & (z =z V 2z =1y))

It means that given two sets x and y, there exists a set A that has as elements only x and y;
this set is unique by the axiom of extensionality and will be denoted {z,y}. By the axiom of
extensionality, this set is unique, and one can define the pair {a, b} by the unique ¢ such that
Vz((z € ¢) & (2 = aV z =b)). One can also define the singleton {a} as the set {a,a}. Since

{a,b} = {b, a}, the ordered pair (a,b) is also defined by (a,b) = {{a}, {a,b}}.
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Axiom of Union
VEJA(Vz(z € A) & (Jy € E,z € 1)).

This means that the elements of A are exactly the elements of the elements of E. Again, such

Y

a set is unique. We denote it by UE (read as "union of E”). Informally, this corresponds to
an indexed union by the index set F, where the sets being united are precisely the elements of
E. For example, if we know that {{1,2}, {3,4,5}} is a set (with two elements), we deduce the
existence of the set {1,2,3,4,5}.

This axiom thus allows us to define the union of two arbitrary sets by Uy = U{x,y}. This

definition illustrates the "naive” set-theoretic union because it is possible to prove VaVyVz ((z €

rUy) & (2 €xVz € y)) from the axioms established so far.

Axiom of Power Sets
If x is a set, there exists a set y whose elements are the subsets of x.
VadyVi((t € y) & (Yo(v € t) = (v € 2))).

Let a and b be two sets. The statement Vz(x € a) = (x € b) expresses set inclusion. We
abbreviate statements by replacing this formula with @ C b. The axiom of power sets can then

be written more concisely as:
VaIyVi((t € y) & (t C x)).

This axiom states that if x is a set, there exists a set, denoted P(z), the power set of x, whose

elements are exactly the subsets of x.

Axiom Schema of Comprehension

If B(z) is a property and E is a set, then the collection of objects x in E that satisfy the
property B(z) is also a set. Note that this axiom allows for the definition of a set from a
property, but only if the elements already belong to another set: this avoids the definition of
too large sets and avoids both Russell’s and Cantor’s paradoxes. Hence, the naive set of all sets

is not a set in the ZF theory!
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The comprehension schema can be formally stated as:
Vay...Va,YAIBVx [z € B< ((r € A) AP (z,a4,...,a,))]

for any formula P containing no free variables other than z,ay, ..., a, (in particular, B cannot
appear in P). The ay,...,a, are parameters of the formula P.
This schema particularly implies the existence of a set with no elements. Indeed, the set Y
defined by:
Ve(zeY)e (ze X)N(z#x))

exists precisely by the comprehension axiom and is empty. Such a set is unique by extensionality,
and it will be denoted ) subsequently.
This schema also allows for the definition of the intersection of two sets, say A and B. It is

simply the set X defined by:
Vz(z€ X) < ((z€ A) A (2 € B))

(considering it here as a subset of A). Once again, extensionality proves the uniqueness of such

a set, and it will be denoted A N B.

Axiom of Replacement

The previous axioms do not allow for the discussion of all the sets one might want. We need
to add the following;:
We say that F' (z,y,a1,...,a,), a formula with (n+2) free variables, is a functional relation

(or functional class) in x and y if it satisfies the following condition:
VaVyVy'Vai, ..., Va,

(F(z,y,a1,...,a,) NF (2,9 a1,...,a,)) = (y =9)).

This means exactly that given x, ay, . .., a,, there is at most one y that satisfies F' (z,y, a1, ..., a,);
it is the image of x under the functional F'.
The replacement schema states that for any functional F, if A is a set, so is F'(A). Therefore,

we would like to index the axioms by functionals. However, this is not possible because the
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property of being a functional heavily depends on the considered universe, and we would like
the axioms to be independent of this. In practice, the axioms are indexed by all formulas, and

we proceed as follows:
F(z,y,a1,...,a,) functional =
Yay ...Va,YAIBYy

(yeB)& (Fxr e ANF (z,y,a1,...,a,))).
The set B will be denoted F(A).
A variant of the replacement schema as stated above is to assume that in addition to being
functional, the relation defined by F' (with the above notations) is defined everywhere on the

universe, so we add the hypothesis:
Vai ... Va,Yx3IyF (z,y,a,...,a,).

In this case, we can use the notation y = ¢(z) for the functional F (z,y,aq,...,a,). If A

is a set, then the set obtained by replacement, using the functional relation F', is denoted

{o(z) [z € A}.

When f is a function (in the sense of a set of pairs) defined on A, we also denote:
{f(z) |z € A} ={y | I € A such that y = f(x)}

the set whose existence is justified by the comprehension schema.

Axiom of Infinity

There exists an infinite set, that is, by definition, a set that contains a subset different from

itself and as large as itself. There are many ways to formulate this, for example:
AX((Fz e X)A (V€ X,z U {z} € X))

where {z} is the set containing only x, which exists by virtue of the pair axiom.

Axiom of Foundation

There are no infinite descending chains of sets (z,,) such that z,,; belongs to x,, which belongs

to... x1, which belongs to xy. In particular, this axiom avoids the existence of a set x that
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belongs to x. More precisely, the axiom of foundation states that every non-empty set contains
another set whose intersection with the first set is empty. The simplest way to write this as an
axiom is probably:

Va(x #£0) = (Fy € z,(xNy) =0).

4.2.3 Zermelo’s Set Theory

Zermelo’s set theory is a modern presentation of the theory published by him in 1908, explicitly
or implicitly presented within the framework of first-order logic with equality. It includes the

following axioms:
- Axiom of Extensionality;
- Axioms of Construction:

e Axiom of Pairing;

Axiom of Union;

Axiom of Power Sets;

Axiom of Infinity;

Schema of Comprehension Axioms.

Remark. The axiom of the empty set, sometimes introduced separately, is deduced from the

schema of comprehension axioms (in first-order logic).

4.2.4 Zermelo-Fraenkel Set Theory

It includes additionally:

e Schema of Replacement Axioms;

e Axiom of Foundation.

The schema of replacement axioms particularly allows for the development of ordinal set theory.

e The schema of comprehension axioms is deduced from the schema of replacement axioms
(and hence particularly the existence of the empty set, assuming that every set theory

universe has at least one element).
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e The axiom of pairing is deduced from the axiom of power sets and the schema of replacement.

4.3 Axiom of Choice (AC)

We denote by ZFC' the axiomatic system obtained by adding the axiom of choice (AC) to the

Zermelo-Fraenkel system (ZF').

4.3.1 Axiom of Choice

Let E be a non-empty set. There exists a function f from P(FE)\{0} to E that assigns to each

non-empty subset A of E an element of that subset. More formally, this is written as:
VE3f(f is a function from P(E)\{0} to E)

and

VA € P(E)\{0}(A,a) € f = a € A]

A function f satisfying this property is called a choice function on E. The axiom of choice
states exactly that every set admits a choice function.

For example, if F = {{1,2,3},{a,b},{z,y}}, then one can form the set

f=A{({1,2,3}5,1),({a,b},b), {z, 4}, 2)}

4.3.2 Some Equivalent Forms

The axiom of choice is equivalent to many other statements:

1. Cartesian Product of Sets: equivalently and more compactly, it says that a non-empty

product (i.e., indexed by a non-empty set) of non-empty sets is non-empty.
2. Zermelo’s Theorem: Every set has a well-ordering.

3. Zorn’s Lemma: Every partially ordered set in which every non-empty totally ordered subset

has an upper bound has at least one maximal element.
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4. Hausdorft’s Maximality Principle: Every partially ordered set has a maximal totally ordered

subset.

5. Every surjection has a right inverse: Let X and Y be two sets and f : X — Y be a surjective

function, then there exists a function g : ¥ — X such that go f = Idy.

4.3.3 Zorn’s Lemma

Definition 4.1 Let E be a set equipped with a binary relation denoted by <. We say that
this relation is an order if it satisfies the following three properties:
o (reflexivity): Vo € E,z <«
e (transitivity): Ve € EVy € EVz € E((z <yAy <z)= (z < 2))
o (antisymmetry): Vo € EVy € E((x <y Ay <z)= (x =y)).
A relation on E that satisfies only the first two conditions is called a preorder.
Definition 4.2 We say that the order is total, or that E is totally ordered, if the relation <

additionally satisfies:

Vee EVye E(x <yVy<ux)

Remark. We often say that E is a partially ordered set if it is equipped with an order relation.
The term "partially” does not imply that the order relation is not total; it simply indicates

that it is not necessarily total.

Definition 4.3 Let E be a partially ordered set. What is called a greatest element of E is an

element x of E that is greater than all other elements, i.e., satisfying y < z for all y in E.
Remark. e The property of antisymmetry directly shows that if a greatest element exists,
then it is unique.
e [t is important not to confuse this notion with that of a maximal element. A maximal
element of E is an element x of E such that there is no strictly greater (i.e., greater
and different) element than z.

Example. To illustrate the distinction, it is interesting to note that if E is a set equipped with

the relation "equality” (i.e., x < y if and only if # = y) which is an order relation, then
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every element of E is a maximal element, but £ does not have a greatest element if its
cardinality is greater than 2. It is also interesting to note that this example shows that a

maximal element is not necessarily unique.

Remark. However, it is true that if E is totally ordered, then a maximal element is necessarily
unique, and the notions of maximal element and greatest element coincide. It is also true
that if £ is a partially ordered set that admits a greatest element x, then it admits a

unique maximal element which is precisely x.

Definition 4.4 Now consider E as a partially ordered set. Let A be a subset of E. The order
relation < restricted to A (formally, this is the intersection of the relation < with the set

A x A) is denoted by <j4.
e We say that A is bounded in F if there exists an element x in E that is greater than all
elements of A, i.e., such that y < z for all y in A.

e We say that A is a chain if the order induced on A is total.

e We say that E is inductive if every chain in £ is bounded.

e Finally, we say that E is well-ordered if every non-empty subset A has a least element.
Hausdorfl’s Maximality Principle (PM): Every partially ordered set admits a maximal

chain.

Another more common formulation of this statement is the Kuratowski-Zorn lemma, better

known as Zorn’s lemma.

Zorn’s Lemma: Every inductive preorder has a maximal element.

Equivalence of these two statements: Assume initially Hausdorff’s maximality principle
and let E be an inductive partially ordered set. We need to prove that E has a maximal
element. Consider a maximal chain A in E. By hypothesis, it is bounded. Let z be a
bound. If there existed in E an element y strictly greater than z, then the set A U {y}
would be a chain in FE strictly containing A, which is excluded. This proves that z is a

maximal element of F.

Conversely, assume Zorn’s lemma. Let E be a partially ordered set. Consider X as the
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subset of P(F) consisting of chains of F, ordered by inclusion. We claim that this set is
inductive. Indeed, given a subset X" of X, it is immediate to observe that the union of
X* (which is a subset of F) bounds X'. Applying Zorn’s lemma to X provides exactly

what we seek.

4.3.4 Applications of the Axiom of Choice

The Axiom of Choice is a central tool in applied mathematics. One of the earliest explicit
mentions of this axiom is due to Peano in 1890, in his proof of the existence of a solution for a
system of differential equations. Among the classical proofs in mathematics that use the Axiom
of Choice, we can mention:

e In general topology: Tychonoft’s theorem.

Theorem 4.1 The product of compact topological spaces is compact.

e In algebra: The Axiom of Choice is often used in algebra in a different form: Zorn’s

Lemma.
Theorem 4.2 Every vector space has a basis.
Theorem 4.3 Every proper ideal of a ring is contained in a maximal proper ideal.
Theorem 4.4 Every field has a unique algebraic closure.
e In functional analysis: The Hahn-Banach theorem (geometric form).

Theorem 4.5 Let E be a topological vector space, A and B two non-empty convex, disjoint

sets, with one of them open. Then there exists a hyperplane H that separates A and B.

e In game theory: The Axiom of Choice implies that there exists a set A of integer
sequences such that neither player has a winning strategy in the following game: they
alternately choose an integer, and the first player wins if and only if the sequence

formed belongs to A.

e In measure theory: The Axiom of Choice allows us to assert the existence of non-

measurable subsets of R in the sense of Lebesgue.
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The Axiom of Choice is thus very useful in mathematics. This is why it is accepted by
mathematicians despite its paradoxical consequences, such as the famous Banach-Tarski
paradox. This paradox states that it is possible to cut a ball of radius r into pieces that

can be rearranged to form two balls of radius r.

4.3.5 Independence of the Axiom of Choice

Two logical results indicate that the Axiom of Choice is independent of the other axioms of set
theory.
Theorem 4.6 (Godel, 1938) ZFC is consistent if ZF(C is.

Here, consistency means that no contradiction can be found from these axioms. It is
known that if it is consistent, the ZF system does not refute the Axiom of Choice, i.e.,

there is no proof of the negation of AC' from the axioms of the ZF system.

Theorem 4.7 (Cohen, 1963) ZF + —AC is consistent if ZF is.

If it is consistent, the ZF' system does not prove the Axiom of Choice, i.e., there is no

proof of AC from the axioms of the ZF' system.

The proof uses the technique of forcing, which is difficult. Another approach, based on

Boolean algebras, is said to be simpler. For more details,

4.4 Exercises

Exercise 1. Show that if (a,b) = (¢,d), then a = ¢ and b = d.
Exercise 2. Let y = {{a,b,c},{{a,b}},{a},{{d}}}. What are the elements of vy?

Exercise 3. Show that if a, b, and c are sets, we can define a set d whose elements are exactly

a, b, and c. We denote this set by d = {a, b, c}.
Exercise 4. Let a and b be sets. Show that a x b is a set.

Exercise 5. Show that the Axiom of Pairing is a consequence of the Schema of Substitution

and the Axiom of Power Sets.

4.4. Exercises
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Exercise 6. Show that the Separation Schema is a consequence of the Replacement Schema.
Exercise 7. Let A and B be classes. We define the class AA B, the symmetric difference of A
and B, by:
AAB={z|(zx€ ANz ¢ B)V(r€BAx¢ A}

e Show that if a and b are sets, the class aAb is a set.

Exercise 8. The Axiom of Foundation is defined by the following formula:
Vo(z # 0= Jy[(y € x) A(yNa = 0)])

e Show that the Axiom of Foundation implies:
1. that a set z cannot contain itself, i.e., for any set x, x ¢ x;
2. that for any sets x1, ..., z, such that for all i > 1 and « < n—1, we have x; € z;,1,
it follows that x,, ¢ x1;
3. (with the Axiom of Infinity) that there does not exist a sequence 1, ..., z,,. .. of

sets such that for all © > 1, z;41 € x;.

Exercise 9. Show that the Axiom of Pairing is a consequence of the Schema of Substitution

and the Axiom of Power Sets.

Exercise 10. Consider the theory ZFCy,, which is the theory ZFC' (Replacement Schema,
Axiom of Power Sets, Axiom of Union, Axiom of Extensionality) with the Axiom of Choice
and the Axiom of Foundation. The goal of this exercise is to provide a model of ZFCy,
that does not satisfy the Axiom of Infinity. For any integer ¢, define [g] as the unique set
of integers {p1,...,p,} such that ¢ = > " | 2 (consider the binary representation of gq).
Define the binary relation E on N by: pEq <= p € [q]; show that:

1. The structure (N, ) satisfies the Axiom of Extensionality;

2. For any integer ¢, the set [g] of E-elements of ¢ is finite;

w

. For any finite set of integers {pi,...,p,}, there exists a unique integer ¢ such that
[Q} = {p17 s 7pn}a
4. The structure (N, F) is a model of ZFC},, and the Axiom of Infinity is not satisfied

in this structure.

4.4. Exercises
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Well-Ordering and Proof by Induction

5.1 Proof by Induction

5.1.1 Simple Induction Proof

Theorem 5.1 Let P(n) be a predicate dependent on an element n of N.
Assume that P(0) is true. (Base Case)
Also assume that for every integer n, the implication P(n) = P(n+1) is true. (Inductive
Step)

1. Then the proposition P(n) is true for all integers n.

Proof. We use proof by contradiction.
Let E = {n € N|P(n) is false}.
As a non-empty subset of N, the set E has a smallest element ny.

ng is different from 0 because we assumed P(0) is true. Since 0 < ny, we know that

Nng — 1eN.
P(no — 1) is true because ng — 1 ¢ F.

By the induction hypothesis P(n) = P(n + 1), it follows that P(ng) is true, which con-

tradicts the fact that ng € E.

This method of proof uses the principle known as the "well-ordering principle.”

72
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Example. Consider the sequence defined by the recurrence relation:

Ug =

N |

1 2
Unpt1 = J;“",Vn Z 0

We will show by induction that (u,), .y is bounded above by 1.
FornzO,wehaveu():%gl.
Assume now that the proposition is true for n and show it for n + 1.

Note that the terms of the sequence are positive.

1+u?
2

2
0<u, <l=uw<l=uw+1<1+1= 3521

5.1.2 Proof Schema Using the Well-Ordering Principle

1. Define the set E = {n € N | P(n) is false}.
2. Assume that E is non-empty as the basis for a proof by contradiction.
3. Since N is well-ordered, there is a smallest element ng in E.
4. The smallest element cannot be the starting proposition. Use the inductive step to reach a
contradiction.
Example.
Consider the sequence defined by the recurrence relation:
=1
Upg1 = HQU%,Vn >0
We will show by the well-ordering principle that (uy), .y is bounded above by 1. We use
proof by contradiction.
Let E={neN|u, > 1}.
As a non-empty subset of N, the set E has a smallest element ng. Since ng is different
from 0, because ug = % < 1.
Since 0 < ng, we know that ngo —1 € Nand ng — 1 ¢ E.
0 <upyr 1= <1=2 +1<14l= T <21 oy < 1wy, ¢ F.
This contradicts the fact that ng € E.
5.1. Proof by Induction
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Example (Importance of Base Case)

Is 327+4 — 27 a multiple of 77
Assume that 32"** — 27 is a multiple of 7.
We will show that 32(+1)+4 — 2741 i 4 multiple of 7.

We have
32n+6_2n+1 =9 X32n+4_2 X 211: (7+2) X32n+4_2 % 2n

=7 x 3 42 x 32— 2 x 2"
Therefore, we have the sum of two multiples of 7, which is also a multiple of 7.
Here, the base case fails for n = 0 because 3* — 2° = 80, which is not divisible by 7.
We can demonstrate using congruences that 32"t* — 2" is not a multiple of 7.
Indeed, we have:
32=2 (mod 7) = 3" = 2" (mod 7), and 3* =4 (mod 7), thus 3*"** =4.2" (mod 7).
Also, 2" = 2" (mod 7), so 3*"™ — 2" = 3. 2" (mod 7).

Since 7 does not divide 3 or 2, it follows that 7 does not divide 32"+4 — 27,

Remark. To show that a proposition P(n) is true for all integers n > ny, replace the base case

assumption with P(ng) is true.

Example. Simple Induction Proof (with a step greater than 1)

The Fibonacci sequence is given by

Fy,=0.
Fl = 1
Vn (- N . Fn+2 = Fn+1 —+ Fn

1+V5
2

1-V5
2

Let ¢ = and ¢’ = (where ¢ is called the golden ratio). We have ¢ and ¢’ as

solutions of the equation 22 —z — 1 = 0.
Question : Show that for all n > 1, we have F,, < p" L.
Answer : For n =1, we have F} =1 <1 = °

For n = 2, we have [y = [} + [y = 1 < 15 = o1,

We need to prove that :

5.1.

Proof by Induction
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Vn>1:Pn)APn+1)=Pn+2)

By definition

VneN:Fo=F, 1+ F,=VneN:F,, <"+ ¢! (By induction hypotheses)
VneN:F, <" Yo+1)=VneN: F,, <" 1(p?) (since > —p —1=0)

Therefore, Vn € N : F, 1, < o™t

5.1.3 Generalized Proof by Induction

Theorem 5.2 Let P(n) be a proposition depending on an element n of N.
Assume that P(0) is true. (Initialization)
Assume also that for every integer n, the implication (P(0)AP(1)A...AP(n)) = P(n+1)
is true. (Inductive Step)
Then the proposition P(n) is true for all integers n.
Proof. Let P(0) AP(1)A ... AP(n) =Q(n).
We will show that Q(n) is true for all values of N if and only if P(n) is true for all values
of N.
Here, we need to show an equivalence, so we must demonstrate two implications.
Implication n°1
We will show that if Q(n) is true for all values of N, then P(n) is true for all values
of N.
Since P(0) AP(1) A... AP(n) is true, it follows that P(0) is true and P(1) is true ...
and P(n) is true, so P(n) is true.
Implication n°2
We will show that if P(n) is true for all values of N, then (Q(n) is true for all values
of N.
Since P(n) is true for all values of N, it follows that P(0) A P(1) A ... AP(n) is also

true, and thus Q(n) is true for all values of N.

Example. Demonstrate that every integer n > 2 can be uniquely factored into a product of

prime factors.

5.1. Proof by Induction
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Proof.
Let P(n) be the property: every integer k in {2,3,4,...,n — 1,n} can be factored into a
product of prime factors.
i) P(2) is true because 2 = 2.

ii) Assume that P(k) is true for all natural numbers 2 < k < n. We need to prove that

P(n+1) is true.
- If n+ 1 is prime, it can be written as n +1=n+ 1.

- If n+ 1 is not prime, it has a prime divisor p, and we have n + 1 = ¢ - p. We must
have ¢ < n, and by assumption (ii), ¢ can be factored into a product of prime

factors.

Therefore, P(n + 1) is true.

5.1.4 Strong Induction

Theorem 5.3 Let P be a proposition depending on an element n of N.
If for every n we have: Vk < n: P(k) = P(n)

Then the proposition P(n) is true for all integers n.

Proof. We perform a generalized proof by induction on n.
For n = 0:
Vk < 0: P(k) This proposition is true because k belongs to the empty set.
Assume that the proposition P(0) A P(1) A ... AP(n) is true and show that P(n + 1).
Since P(0) AP(1) A ... AP(n) is true, it follows that Vk < n +1: P(k) is true.

Hence, P(n + 1) is true.

5.1. Proof by Induction
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5.1.5 Special Case of Proof by Induction (Cauchy’s Induction)

Proposition 5.1 Let P(n) be a predicate that satisfies:

(7) : P(1) is true.
(17) : ¥n € N: P(n) = P(2n)
(1ii) : Vn € N: P(n+ 1) = P(n)

Then P(n) is true for all values of n.

5.1.6 Proof of the Cauchy-Schwarz Inequality by Induction

Theorem 5.4 Harmonic, geometric, and arithmetic means.

Let ay,ao,...,a, be positive real numbers. Then:

Equality holds if and only if all the a; are equal.

Proof. For n = 2, it must be shown that a,as < (alzﬂ)Q, which is equivalent to (a; —as)? > 0,
and this is true.

We will show P(n) = P(n —1). Let A= Y7_; -% then:

1

- Py (R + A4\ ((a-DA+A
(o) () - () =

k=1

5.2 Well-Founded Order

5.2.1 Order and Strict Order

Definition 5.1 Let R be a binary relation on E.

We say that R is reflexive if: Vo € F, xRx.

We say that R is symmetric if: V(z,y) € E? 2Ry = yRx.

We say that R is antisymmetric if: V(z,y) € E?, 2Ry AyRx = = = v.

We say that R is transitive if: V(z,y, 2z) € E®, 2Ry A yRz = 2Rz.

5.2. Well-Founded Order
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Definition 5.2 A binary relation is an order relation if it is reflexive, antisymmetric, and

transitive.

Example. The set R with the usual order relation (<).

_1 _ —1 n—1
Thus [Ty ar < A" = (37 -%)

We now prove that P(n) = P(2n):

2n n 2n P(n) n a n 2n a n
[l - (1) (11) = (%) (2%)
k=1 k=1 k=n+1 k=1 n k=n+1 n

P2) 2n ag 2n ZQn a 2n
< k=1 n — k=1 %k
- 2 2n

The left inequality follows from the previous one by considering a—ll, e

Example. On the set of subsets of a set, the relation C is an order relation.

Definition 5.3 A binary relation is a strict order relation if it is transitive and anti-reflexive.

R anti-reflexive : Ve € E:x Rx

Example. The set R with the relation <.
Proposition 5.2 A strict order relation is antisymmetric.

Proof. R is by definition transitive and anti-reflexive.

A relation is antisymmetric if it satisfies:
V(z,y) € E?, (aRyAyRz) =1 =1y

We will show that in a strict order relation, the proposition 2Ry A yRx is always false.
We use proof by contradiction.

Assume there exists (z,y) € E? such that the proposition 2Ry A yRz is true. Then by
transitivity, we get xRz, which contradicts the fact that R is anti-reflexive.
Therefore, the proposition xRy A yRx is always false, and thus the logical implication

(zrRy AN yRzx) = = = y is always true.

Definition 5.4 Let (E,R) be an ordered set. Two elements x and y are said to be comparable

if xRy or yRx. Otherwise, z and y are said to be incomparable.

5.2. Well-Founded Order
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Example. Let P({a,b,c}) - the power set of {a,b,c} - with the order relation C.

The elements {a, b} and {b, c} are incomparable.

Definition 5.5 An order R on F is said to be total if any two elements are always comparable:
V(z,y) € E, 2Ry or yRx.

An order that is not total is said to be partial.

Definition 5.6 A strict order is said to be total if any two distinct elements are always com-
parable:

V(z,y) € E,z # y = 2Ry or yRx

Remark. In what follows, we will denote an order relation by < and a strict order relation by

<.

5.2.2 Minorants, Majorants, Minimizers, and Maximizers

Definition 5.7 Let (E, <) be an ordered set and F' a non-empty subset of E.

We say that x € E' is a lower bound of F' if:

Vye Fix 2y

If the lower bound of F'is an element of F', it is called the smallest element or the minimum

of F.

We say that x € E is an upper bound of F' if:
Vye Fly 2z

If the upper bound of F'is an element of F', it is called the largest element or the maximum

of F.
Definition 5.8 Let (E, <) be an ordered set and F' a non-empty subset of E.

- An element x is a minimal element of F when no element of F' is strictly smaller than
x:

Vye Fyrz=z=y

5.2. Well-Founded Order
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- An element z is a maximal element of F' when no element of F' is strictly larger than x:
Vye Fle [y=z=y
Remark. If the relation is a total order, then the notions of minimal element and minimum
coincide (the same remark applies to the notions of maximal element and maximum).

Example. 0 is a minimal element of (N, <) and is also its minimum.

Example. Consider the set P({a,b, c})\{@} with the partial order C. The elements {a}, {b}, {c}

are minimal elements, but there is no minimum.

5.2. Well-Founded Order
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