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Chapter 1

Introduction

In modern natural science, which includes cosmology, atomic physics, molecular
science, materials science, and other fields, quantum mechanics is an essen-
tial research tool. The Schrodinger equation that introduced in 1926 by the
Austrian physicist Erwin Schrodinger is the foundation of the non-relativistic
quantum mechanics at low energies [1]. While Klein-Gordon and Dirac equa-
tions are the foundation of the relativistic quantum mechanics at high energies
for particles with spin-zero and fermionic particles for spin-1/2. One definition
of the Schrodinger equation is a second-order linear differential equation. It
has the same general form as the Dirac equation. As both of them relate to
first-order time differentials, unlike the Klein-Gordon equation, which includes
second-order time differentials. Exact solutions to the Schrodinger equation
can be found in limited physical problems, such as the cases of the harmonic
oscillator and the hydrogen atom. In relativistic and non-relativistic quantum
mechanics, a number of techniques have recently been introduced and used to
solve wave equations with a specific provided solvable potential such as factor-
ization method, functional analysis approach, Nikiforov-Uvarov method, exact
quantization rule, and asymptotic iteration method are just a few of the nu-
merous methods that are available [2, 3, 4, 5, 6, 7, 8, 9, 10]. It is known to
researchers and specialists in physics that quantum mechanics, known in the
literature, is based on the following postulates [11, 12]:

{ [z, pj] = 1hdj,
[zi, 2] = [pi, pj] = 0.

Quantum mechanics on non-commutative space was first proposed by Heisen-
berg in 1930 [13] and then developed by Snyder in late 1947 [14]. The proposal
of extended quantum mechanics came as a possible solution to many physical
problems that non-relativistic and relativistic quantum mechanics were unable
to find solutions to the divergence problem in the standard model, string theory
and quantum gravity [15, 16, 17, 18].

We will reserve this study to obtain a master’s degree in theoretical physics
from Mohammed Boudiaf University in M’sila to study the generalized inverse
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quadratic Yukawa potential in the context of nonrelativistic non-commutative
quantum mechanics symmetries for the promotion 2023-2024 because non-commutative
quantum mechanics includes larger physical symmetries than the quantum me-
chanics known in the literature.

This master memory is organized as follows. In chapter one, the non-
commutative quantum mechanics is represented. In chapter two, the Schrodinger
equation is revised under the generalized inverse quadratic Yukawa potential.

In chapter three, we study the effect of phase-space non-commutativity defor-
mation on the generalized inverse quadratic Yukawa potential.
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1.1 Introduction

This chapter will cover the postulates and hypotheses that define the quantum
and physical structures of the non-commutative phase-space and its physical
structures. The fundamental ideas that will be covered are as follows:

-A standard quantum structure representation,

-The postulates of the non-commutative phase-space,

-The Star product and its characteristics,

-The generalized inverse quadratic Yukawa potential and its applications
using Bopp’s Shift method.

1.2 Review of structure of ordinary quantum

mechanics

The beginning of the nineteenth century witnessed a radical in the traditional
view of light. The prevailing belief was that light had only wave behavior. The
wave nature of light was well established among scientists of that period and
those before it, and they demonstrated this through well-known interference
and diffraction experiments. The fundamental change in knowledge of other
behavior of light began convincingly through experiments on the photoelectric
effect. In 1900, Planck quantifies the energy of light £, = hv, which consider the
beginning of quantum physics, here h ~ 6,6262.10734 js. Currently, ordinary
quantum mechanics is formulated on the commutative space of the coordinates
of variable and the canonical moment of hermetic operators (x;, p;), as follows
[19, 20]:

[$i7pj] = zhéij
[.’Ei,.’lﬁj] =0 (11)
[pi,pj] =0
Here, i and d;; are the reduced Plank constant -, and the usual Kronecker

symbol, respectively. The above algebra can be generalized to the Dirac and
interaction pictures as follows:

(1.2)

where the usual canonical coordinates (x;, p;) and the corresponding time-dependent
x; (t) and p;(t) are determined from the projection relations:

2 (t) = exp g;b (t— to)g ziexp (—+H (t — to))

pd(t) =exp (+H (t —to)) piexp (—+ H (t — to)) (1.3)
z! (t) = exp (£ Ho (t — to)) zjexp (— 7 Hy (t — to)) '
pl (t) = exp (#Ho (t — to)) piexp (—+ Ho (t — to))
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Here, {z; (t)} , {p: (t)} and H/H, are (total/free) Hermitian operators on a
Hilbert space of physical states, which, each, satisfy the Heisenberg equation of
motions. We get the following:

i} (H,i(t)
{ L2800 4

Both related concepts relating to energy E and impulsion p; are satisfied by the
quantization procedure:

VY (15)

It is well known that the classical energy E of a particle of mass mg subjected
to the external forces produced by a potential V (7, t), in a classical mechanic is
given by:

72

E=—4V(rt 1.6

o+ V() (16)
The quantization process in Equation (1.5) made it possible to derive the Shrodinger
equation, which is well-known in the literature’s framework for quantum me-
chanics:

(—;nA—FV(F,t)) V(7,1 zmw )

Here A is the well known Laplacian operator in spherical coordinates 7 (7,6, ¢)
as follows:

10 0 1 0 0 1 o2
A= (r?= — (sinf— —_— 1.
r2or (r 8r> + rsing 00 (Sm989> * r2sin 6 0p? (18)

which can be expressed in Cartesian coordinates 7 (z,y, z) as follows:

A= — +—+— (1.9)

while ¢ (77,t) denoting the complex wave function. The probability of finding
the particle at time ¢t in an elementary volumes (d3r, d3p), rounding the point
r as follows:

— 2 53 . .
p— { | (7, ¢)]” d?r : In the configuration space (1.10)

v (P, t)|2 d3p : In the momentum space

where (d3r, d3p) equals (r2 sin dfdpdr, p? sin 9d9d<pdp), respectively.
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1.3 Noncommutative phase-space

One of the most essential aspects of quantum physics is dealing with non-
commuting operators, specifically the commutation relations between positions
x; and corresponding momenta p;. Noncommutative quantum mechanics (NCQM)
symmetries imply that operators do not commute; for example, consider a situ-
ation in which the coordinates and moment operators are non-commutative. In
1930, a hot topic was solving the infinity problem in the newly found quantum
field theory (QFT). Heisenberg was the first to propose that non-commutativity
be extended to coordinate systems. Then, the concept of NCQM was ex-
tended to generalize the usual conception of space-time, in which the non-
commutativity of some normally commutative variables is assumed, leading
to the formation of different Lie algebras. Connes in 1980 revived the ideas
of non-commutative geometry while Woronowicz and Drinfel’d, were gener-
alized the notion of a differential structure to the non-commutative setting
[21, 22, 23, 24]. The non-commutativity phase-space concept was character-
ized as the simplest commutation relation that satisfied the following algebra
[25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]:

{ ['%% (At) T‘%j Et)] = [fiff%jl: Zheffeij (1.11)
[pi () 195 ()] = [Pi%D;] = 18y

where (Gij,ézj) = — (Oﬂ,éﬂ) = €5 (9 ) are constants anti-symmetric ten-

sors of dimensions [$]2 and | 2 ((6,0) are the NC parameters and €;; is

just an antisymmetric number (fza = —¢;; = 1 with ¢ # j and ¢;; = 0) and

hefr = h (1 + 4h ) is the effective constant of Planck. The non-commutative

coordinates (&;,p;) take the form:

Ti = jji = f (‘Thpz)
{ pi — P = f (25, i) (1.12)

In this work, we are interred by the phase-phase has three dimensions N = 3,
therefore the indices take the values (7,5 = 1,3). In this particular case, the
rules of canonical commutations become:

(21 (t) , P2 (t)] = [#1,P2] = 0
Pl Etg , D3 Etg} = {i‘l,ﬁg} =0
to (t),p3 ()] = |22, P3| =
[il (t) 7‘%2 3)] - [Al,i’ﬁ?‘: 2912 (113>

and
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(21 (), D2 (V)] = [21, D] = iheys
(21 (), 03 (V)] = [21, D3] = iheys
(T2 (t))7ﬁ3 ()] = [22,P3] = ihesy (1.14)

(D1 (t) , 2 (t)] = [P1, Do) = ib12
p3 (t)] = [p1,ps] = ib13
;03 ()] = [P2, D3] = 1023

1.4 Weyl’s quantization:

The fundamentals of quantum physics inspired many of the broad principles
behind non-commutative geometry. Weyl proposed an elegant formulation for
mapping quantum operators to classical functions of phase-space variables within
the framework of canonical quantification. This method establishes a system-
atic approach to modeling non-commutative spaces in general and examining
ancient ideas based on them [38]. Weyl quantization is a technique for describ-
ing quantum physics using classical mechanics’ phase space. It is a rule that
allows a quantum operator to be associated with a classical function that is
dependent on phase space variables. The Weyl quantification also applies to
commutative relations in a general form. Counsider a f (z,p) and g (z,p) a gen-
eral two functions, their product in the notion of non-commutative phase-space
can be expressed as a new product called the star product or the Weyl-Moyal
star product defined on phase space,

f(z, )*g(m p) =
4o Zem" 0 x,p)aga(; .) +0(02 92) (1.15)

The formalism of the star product initiated by Weyl and Wigner to allow a
description of quantum mechanics in terms of phase space, is articulated not
around non-commuting operators, as in the operational approach, but around
the deformation of the product between the phase space variables. We will see
how this formalism can be used in the context of non-commutative phase-space
symmetries.

1.5 Properties of the star product

Weyl and Wigner developed the star product formalism, which makes it possible
to describe quantum mechanics in terms of phase space. The star product’s
characteristics are as follows: [39, 40, 41, 42, 43, 44]:
-When (6,6) = (0,0)
Lim  (f(z) * g(x)) = f(z)g(x) (1.16)

(6,6)—(0,0)
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-The star product between exponential :
e s 117 = btz =5 (kha)  with kA g = k’quij (1.17)

-Not commutative property:

[z, p)*g(x,p) #g(z,p)* f(,p) (1.18)
-Associative property:
(f (z,p) * g (x,p)) * h(z,p) = f (z,p) * (9(z,p) * h(z,p)) (1.19)
-The relation of the complex conjugate property:
(f (z,p) * g (z,p))" = g (2,p)" * f (2,p) (1.20)

-The integral relation property:

{[@ari= [@a@en@n = [@afepoen a2

-Cyclic permutation property:

/dDac(f*g*h):/dD(g*f*h):/dDa:(g*f*h) (1.22)

-Satisfies the Leibniz’s rule property:
0(fxg) _ (0F 99
oz \ Oz *g S oz« (1.23)
1.6 Boop’s shift method

It is well known that the physicist Fritz Bopp was the first to examine pseudo-
differential operators derived from a symbol using quantization methods:

1 o

pﬁp—%zha%

Instead of the usual correspondence (:c —x, p— f%zh%), the operators z —
T+ %zha% and p — p— %Zh%are known as Bopp’s shifts, and this quantization
procedure is known as the Bopp quantization procedure. This quantization
leads us to obtain the following:

(1.25)

=i =S (%
, »

(

P;)
Tj

)

’x\i
pr=p+

-
.
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To express the Schrodinger equation in the non-commutative phase-space, we
will apply the following steps:

1- The ordinary three-dimensional Hamiltonian operators H (pi,x;) will be
replace with new Hamiltonian operator H (Pi, T4) -

2- The ordinary complex wave function (7) become a new complex wave
function 4 (7).

3- The ordinary energie E,; will be replacing with new values E9%Y.

4- We replace the ordinary product with the star product.

Hence, we get the following Schrodinger equation in the non-commutative
phase-space deformation:

’t) . ncwf f) (1.25)
Enctp (7',1)

The Bopp’s shifts method allows to reduce the above deformed Schrodinger
equation to the new translated form:

H (3,5") %1 (7,8) = Enct) (7, t) = Epetp(7) (1.26)
So the Hamiltonian operator takes the three varieties forms as follows [44, 45,
JOA . 3. /5.
H(pi, ;) =H | pi =pi + > ( L
j=1

46, 47, 48, 49, 50, ?]:
pﬂ‘))
For non-commutative phase-space

3
A ~ ~ ~ 91 1 N
H (pi, ;) = H (pi =Di, Ti=T —jgl (5?’)) (1.27)
For non-commutative space-space

3 —
A ~ A eij ¥ A~
H(Pivl"i)—H<pi—pi+ > ( 5 :EJ), xi—x,)
Jj=1

For non-commutative phase-phase

3)7 mi:-Ti—Z(;

Jj=1

The first variety corresponds to non-commutative phase-space (NCPS) symme-
tries which correspond to the new Hamiltonian operator H (p, pi + 2 5 x], T; =x; — %pi)
in Eq. (1.27):

3
T, — &= — Z

J
3

pi— P =pit+ ) (TJCCJ)

j=1

(1.28)

The second variety corresponds to non-commutative space-space symmetries
which correspond to the new Hamiltonian operator H (ﬁi =D, T;i = x; — %pj)
in Eq. (1.27):
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{ Di — Pi = Ih B (129)

T; — Xy =X — 2p]

The third variety corresponds to non-commutative phase-phase NCPP Symme—
tries which correspond to the new Hamiltonian operator H (pl pi + & xj , T = x2>
in Eq. (1.27):

{ Di — Di = pi — %pj (1.30)

Ty — Ty = Ty

In our current master memoir, we are interested in applying the following gen-
eral procedure to NCPS symmetries which correspond to the first variety of Eq.
(1.27). The three-generalized coordinates (& = &1,§ = 2,2 = &3) in the non-
commutative phase-space were depended on corresponding three-usual general-
ized positions (z,y, z) and three momentum coordinates (pz, py,p-):

iv=1 2, =2 and p1 = pq,
19 =2 i“ =y and Py = py, (1.31)
i3 =3 &3=72 and p3 =p..

It is important to notice that the new operators &; and p; in three-dimensional
phase-space non-commutativity was depended on ordinary operator z; and p;
from the projection relations:

R 912 913

X1 =T1 — ?Pz - g}?&

*%2 = X2 — 0%1 p1— 9%2}?35 (132)
0

T3 = w3 — 71?1 5 P2,

and

13
D1 —p1+*1’2+ T3,
a2 %
P2 =p2+ 7‘%1 + 2 %2 (1.33)
P3s =p3 + *$1 + 5~

The non-vanish 9-commutators in three-dimensional phase-space non-commutativity
can be determined as follows:

[ (t) D ()] = [9(t) By ()] = [2(2) . 5: ()] =
= ['%aﬁx] = [Qvﬁy} = [évﬁz] =1
) 201~ 5. = i
t(t),z(t)] =|[z,z] =ib13,
[5(0).2(1)] = [9.2] = 0, (1.34)
[ﬁy (t) 7ﬁy (t)] = [ﬁy’ﬁy] = Z@127
[Dy (t) . b= (t)] = [Py, D] = 623,
[Aw (t) y Dz (t)] = [Amyﬁz] =113
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The square of (7, p) are given by :

-2 -2 —2
Po=F, T
BCRENEE SR T, (1.35)

To get the solution to the non-commutative Schrodinger equation, we added
the star product introduced by Bopp’s shift method. That is a consequence of
the star product between the potential operator V () and the complex wave

function U7 :

2
=
Lne 4y (f)} V(7)) =EV(7) (1.36)

The two operators Z and p, when on a non-commutative three-dimensional

space-phase, can be written as follows :

- -
P2 =7r2—-LO
—2 —o == (137)
Pre . P + [
2mo 2mg 2mo

Where the two couplings LO and LO are given by the following relations re-

spectively: .
LO =1L,012+ Ly0a3+ L,013
{ S v = (1.38)
L0 = L012+ Lylaz + L.013
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1.7 Introduction

In this part, we want to revise the generalized inverse quadratic Yukawa poten-
tial within the framework of ordinary quantum mechanics. Within the context
of the three-dimensional Schrédinger equation, we also attempt to revise the
associated wave function and energy eigenvalue.

1.8 Schrodinger equation with the generalized
inverse quadratic Yukawa potential

The generalized inverse quadratic Yukawa’s potential is an exponential poten-
tial. It consists of the sum of two potentials, as the first is Yukawa potential

(f%/ exp (—ar)) that proposed by Yukawa itself in 1935 [51, 52] while the sec-
ond is inverse quadratic Yukawa’s potential (— f—g exp (—2ar)) in addition to the
fixed term Vy. Thus, the generalized inverse quadratic Yukawa’s potential is as
follows [53, 54]:

’ ’
’

Vir)= _% exp (—2ar) — B% exp (—ar) —C (2.1)

where A" = C' = Vo, B = 2V, and « is the screening parameter. which can be
rewritten as follows:

Vi) = —Vp (1 + %exp (—ar))2 (2.2)

Considering that the potential under study (the generalized inverse quadratic
Yukawa’s potential) is an extension and generalization of Yukawa potential, it
is therefore useful to recall the importance of Yukawa potential by recalling
some previous studies that dealt with it. The Yukawa potential as a low-
energy explanation for nucleon-nucleon interactions induced by the exchange
of massive particles known as pions is relatively new to researchers in the field
[65]. The Yukawa potential can be found in a variety of physics fields, includ-
ing plasma physics at low densities and high temperatures, nuclear physics,
astrophysics and solid-state physics [56, 57, 58, 59, 60, 61]. Due to the fact
that this potential has wide applications, it has received great interest from re-
searchers in the relativistic levels within the framework of the Dirac and Klein
Gordon equations, in addition to the non-nonrelativistic framework where the
Schrodinger equation is applied using many methods and various approxima-
tions [62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. As for the relativistic and non-
relativistic level, within the framework of the principles of extended quantum
mechanics or non-commutative quantum mechanics symmetries, it has received
recent studies, including those published in the references as it is single or in
combination with other components [72, 73, 74, 75, 76, 77, 78, 79].
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1.9 Reviewing the eigenfunctions and the en-
ergy eigenvalues for Yukawa’s potential

Schrédinger equation is a fundamental equation of quantum mechanics which
describes the evolution of the wave function of a physical system over time. It
is a first-order partial differential equation concerning time and a second-order
partial differential equation concerning the coordinates of ordinary space. It
takes the following form:

Hip (?,t) — By (?,t) (2.3)

here 1) (?) is the complex wave function that satisfies the stationary Schrodinger

equation and F is a nonrelativistic eigenvalue of the Hamiltonian H, which is
written in the form :

’ ’

P2 A B .
H= e 2 exp (—2ar) — ~ exp (—ar)-C (2.4)
— — —
where P represents the impulse P = —ihV, and V represents the operator of

partial derivatives (Nabla). In Cartesian coordinates, it is defined by:

= -0 =0 =0

Hence, Schrodinger’s equation becomes:

o (7, 1) 2 A B’ / _
th—————=|—-——=—A—-—=exp(—2ar)— —exp(—ar)—C .t
o 3 = o5 exp (<2ar) = - exp (—ar) = €' )4 (7.1
(2.6)
Since the generalized inverse quadratic generalized inverse quadratic Yukawa
potential does not depend on time, solutions can be written separately as a part

that is only position-dependent and an only time-dependent part:
v (T,t) = exp(—iE/t)U (?) (2.7)

And by substituting into Schrodinger equation, we find:
—h? exp(ar) — —

Using the spherical coordinate system 7 (r,0, ), the complex wave function
v (7) can be written as:

v (Tv 9, QD) = Rnl (7‘) }/lm (07 90) (29)

where R,;(r) is the radial part of the wave function that depends only on
radius 7, ¥7.,,(0, ¢) represented the angular part depends on the angles (6, ¢)
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and n is the principal quantum number, [ the orbital quantum number and m
the magnetic quantum number (—! < m < +1). The Schroédinger equation in
the spherical coordinate can be expressed as:

/ ’

—h (10 (5,0 2 A B ) B
<2mo (ﬂ@r <r 81") 3 T 2 &XP (—2ar) — ~ exp (—ar)—-C Rui(r) = ERy (r)
(2.10)

In quantum mechanics, the classical momentum obtains the forms L is the

orbital angular momentum. The total moment J is given by:

i £+§ (2.11)
L=7rAp

here S is the spin. The components L, , L, and L, of L which are expressed
in Cartesian coordinates (z,y, z) as:

L, = % (y% — Za%)
L, = % (za% — x% (2.12)
L, = % (ma% — ya%

In the spherical coordinate system e (r,0,¢), he components L, , L, and L,

-
of L are expressed as:

L, = % (f sin cp% — cos p cot 0%)

L, = % (cos @% — sin ¢ cot 9%) (2.13)
L=tZ

Note that the operators H, L? and L, commute with each other and they have
formed a common set of eigenfunctions v (r, 0, ¢); however, the three compo-
nents of the angular momentum (L, L,, L,) do not commute with each other:

H7L2 = [HaLz] =0
{ [[Li,L]j} = 1h;jLi (2.14)

here L? is the square of the angular momentum :

2 g L O 1 9/ 0 ) 9%
et <sin296w2+sin969 sinfog ) )+ - (2.15)

the eigenvalues of L2and L, are determined from:

{ IAlzl/{(Ta 03 QD) = h21 (l + 1) 1/) (T) 07 SD) (2 16)
L.y (T7 0, 90) = mhip (Tv 0, <P) '
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We introducing the wave function: we have:

Up,i (T)
T

Rn l(’l") =

s

(2.17)

Thus, the new radial part u,; (r), will be satisfying the following equation:

d2un7l (’I“)
dr?

+ 250 B+ S5 exp (=20r) + —exp (—ar) + €' = S N (1) =0

2mo ( A B 1(I+1)

(2.18)
The energy eigenvalues FE,; and corresponding eigenfunctions in closed forms
were obtained using the parametric Nikiforov-Uvarov approach by the authors
of Refs. [54, 55]. They further show that these results are consistent with
those obtained previously in other studies using different approaches. They
also discovered that when the generalized inverse quadratic generalized inverse
quadratic Yukawa potential’s screening parameter is set to zero, the energy
levels of the familiar pure Coulomb potential energy levels are:

2
2 2 B + 2 2pVo -1
Bpy= Vo — —— (22 +7) ; Gt (2.19)
Where B is determined from:
B=a {1 +1/ (21 +1)° — 8,uV0] (2.20)

The corresponding radial part U, (s) of the complex wave function of the gen-
eralized inverse quadratic Yukawa potential [54, 55]:

Uni (8) = NyysVeni (1 — )3 HViatnun Pn(2v areviz) (1-2s) (221)

(2y/Z2+1-72%) . . . :
where P, “ "7 (1 —2s) is the Jacobi polynomial (hypergeometric

polynomials), €., 7, , n and s are given by.

Enl = ﬁ (En,l + %)
n=2uVo
s =exp (—2ar)

(2.22)

Here N is a normalization constant. Thus, the complex wave function ¥ <7)

can be written as:
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Vet 1 T 2./l 2 /Ty, —
U (r,0,0,t) = Ny (1 — s) 3TV it 7 p(BV ik 2ViE) (1 — 25) Yim (0, @) exp(—iEpit)
r
(2.23)
In mathematics, Jacobi polynomials (occasionally called hypergeometric poly-

(2\/ b2,/ i+vl—n)

nomials). Py are a class of classical orthogonal polynomials.

They are orthogonal with respect to the weight (1 — x)2 Vi (14 )V AR
on the interval [—1,1]. The global analytical expression of Jacobi polynomials

[ Enl 1
P(Z Taz 2V 1+t —n)
n

(1 — 2s) obtains from the expression:

Pn@@,z\/m) (1-25) = T (225 +n+1) 3 (9%2%)
F(2@+21/i+%—n+n+l>m—0
r(2\/%+2,/§+fyl—n+n+m+1) i

I (2225 +m+1) i

Here
I'(n+1)
m 0 form <0
For n=0

PV TF)
0

(1-2s) = (2.26)

1
Allow us to obtained, the complex wave function ¥ (7) can be written for

fundamental state as:

(1= 8)" Vi (6, ) exp(—iEpt) (2.27)

sS4
‘I’(Tve’%t) = Ny
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1.10 Introduction

The purpose of this chapter is to study the modified Schrédinger equation
of generalized inverse quadratic Yukawa potential in non-commutative three-
dimensional phase space. Accordingly, we use Bopp’s shift method instead of
solving the modified Schrodinger equation directly; thus, using the star product
and the perturbation theorem to find the corresponding energy correction.

1.11 The Schroédinger equation on a Noncom-
mutative space-time

We simply replace the wave function products (or fields) with the star product
or the Moyal product. The Schrédinger equation for a non-commutative space-
time has the form:

A= —
H(pi, ) ¥(7) = Enc¥ (7)
_ = (3.1)
v 0 (7.0) =g (7.0)
According to the method of Bopp’s Shift, which we have seen in the first chapter,
the above equation can be simplified into the following form:

91']‘ -

0;: . . ) _ _
anfgyp <ﬁz =Dpi— 7]33]73572 =x; + 2p7) \II(?) = Enc\:[l( r ) (32)

where
9” 91]
Hpi,2:)) = H{pi=pi— 5% Ti=wt i
2
P
= — +V (¢ .
o +V (#) (3.3)
and / )
V(r)= —4 exp (—2ar) — B exp (—ar) — '
e . = (3.4)
P _ P Lo
2mg ~ 2mgo 2mo

By using Eq.(1.27), we can obtain —BTand —‘;‘—2 as the sum of corresponding

values —BTand —f—z in the symmetries of nonrelativistic quantum mechanics
plus the induced term VO% with the effect of deformed proprieties of space-

space, as follows:

B __B _pgLé
T ~ — B33 (3.5)
’ ’ - o .
_A __A 4 Le
72— 2 i
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while, the expressions of exp (—af#) and exp (—2a7) can be written in the sym-
metries of extended quantum mechanics symmetries as follows:

exp (—af) = exp (—ar) exp aé’—? « exp (—ar) + exp (—ar) QQLTé
exp (—2ar) = exp (—2ar) exp aL—C:) = exp (—2ar) + exp (—2ar) afé
(3.6)
Allow us to get (—BT exp (—ozf)) and (—?—2 exp (—Qaf)) r as follows:
B’ o B’ aB’ ex (—ar) B exp(—ar) \ 7 &
oty (S

— 4 exp (—2af) = — 2 exp (—2ar) — <ar3 exp (—2ar) + ‘W) L6

(3.7)
Allow us to get the generalized inverse quadratic Yukawa potential in the non-
commutative phase-space as follows:

’ ’

A B
V(7) = —— exp (—2ar) — —exp (—ar) = C
r r

3 <o¢A, exp (—2ar) n A exp (—2ar) N aB exp (—ar) n B’ exp (—ozr)) 18

’

73 rd 212 273

which can be written as

’ ’

V() = —%exp(—zar) - B%exp( P —C 4V (0 (3.9)

per

with

V7, O)per = r3 rd 2r2 2r3

(3.10)
The global Hamiltonian operator HYY? (ﬁl =p; — %ij, T; =x; + %pi) in non-
commutative three-dimensional phase-space can be written in the following
form:

gup (aA/ exp (—2ar) n A exp (—2ar) n aB exp (—ar) n B exp (—

-2 / ’
0” . %] p A B
Hggp< pi—2xj,1:i_zi+2pi> *%—F—Texp( 2047")—76Xp(—047")—0
aA exp (—2ar A’ exp (—2ar aB exp (—ar B exp (—ar = LH
B pS( ) p(4 ), p2( ), pg )\ 76+
r r 2r 2r 2myp

(3.11)

ar)) T

’

E
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1-The first two terms in the Hamiltonian operator Hg¥?, which corresponds

to the generalized inverse quadratic Yukawa potential in Eq. (2.1) and the
—2

Kinetic term or dynamic -
m

usual Hamiltonian operator:

in ordinary commutative space which formed the

-2 ’ ’
R . A B ;
H(p;=pi,Ti =x;) = QZJ—m 3 exp (—2ar) — o exp (—ar) —C (3.12)

2-The second and third terms are formed the a new Hamiltonian operator

or the additive created term HJYP which is represent the contributions of the

non-commutative space-phase:

per r3 r 272 273

(3.13)
where L& and L are determined from Eq. (1.39) in the first chapter. Ac-
—
cording to the mathematical forms of the 2-couplings L6 and L 0 observed
—— —= ——
in Eq.(3.13), it is physically possible to replace L ©® and L 6 by u® S L and
—

—

pf S L, respectively:

L6 —»ueSL
—

LO —pudSL
With ? denote to the spin of the particle which interacted with generalized
inverse quadratic Yukawa potential and p is a new constant of proportionality.
This enables rewriting Eq.(3.13) as follows:

0 aA exp(—2ar)  A'exp(—2ar) aB exp(—ar) B exp(—ar)
9P — _
per = 1 lQmo ( r3 + rd * 2r2 + 273
_ (3.15)
The parameters © and 0 are given by:
1
("') - (@%2 + @%3 + 6%3) 2
= (72 s 72 \2 (3.16)
0= (912 + 033 + 913)
In ordinary quantum mechanics, we have the sets of operators A, B, C....

which form a complete set of complete observable are commute (ECOC). We
apply this rule to the sets of operators (72, §)2, L? and Jz>, ie.

2l =0 (3.17)

o — (aA/ exp{(—2a7“) N A exp (—2ar) n aB' exp (—ar) n B exp (—ar)) 164 QIE:

=)

emf
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And the corresponding eigenvalues are j(j + 1) and (I + 1), s(s + 1) and
m (=1l <m < +I) in the system (c=h=1), so

—

J_>2\I/n,l,ml (T 9a<p) - .7(.7 + 1) n,l,my (T 07(10)

£2\pn,l,ml (r.0,0) =1(+1)¥ n,l,my (r,6, ) (3.18)

S 2\Ijn,l,ml (Tv 97 4,0) = 5(8 + 1) n,l,my (7" 97@)
Jz\ljn,l,ml (T7 9, 90) = m\yn,l,ml (T, 9

With J being the geometric sum of the moments T and ?, this allows us to
——
find the spin-orbit coupling L S as follows:

79-1 [TQ -8z fﬂ (3.19)
2
An immediate result is:
1
LS = 5 0+ 1)+ 1) + (s +1)] ¥ (3.20)

With j € [|l — s|, |l + s|], this permuted us to obtain j to be equal the values
(L =s|,|l—s|4+1,....., [l + s|). For the two extreme values of the total angular
1

momentum, we can write for s = 3:

TS50 — %{(l—l—s)(—&—s—i—l) (14+1)=3/4319 =k, T if j5=|l4+1/2

o (l=s)l=s+)—1(14+1)—-3/4} T =k_" if j=1]1-1/2]

(3.21)

We considered the following approximation type suggested by Greene-Aldrich
[54, 55, 80]:

1 exp (—2ar) 1 exp (—ar)
— ~ 4o’ -~ ~2 3.22
r2 “ (1 —exp (—2ar))? r “ (1 —exp (—2ar)) (3:22)
which allows us to have the following:
1 4 1 2as'/?
_ 4ats _ 2as (3.23)

—_— T — ﬁ - —

r2 (1 —s)2 r (1—2s)
This is valid for ar < 1. Therefore, the perturbative effective generalized inverse
quadratic Yukawa Hamiltonian HJ%P (s O, 9) in Eq.(3.15) can be written as:

per

per

- 1o 3 20A4's? 4o’ B'$5/2 B's?
9P — _4
(6.6) [ o <<1—s>3+<1—s>4+2<1—s>4 =) ©

The generalized inverse quadratic Yukawa Hamiltonian H(p; = p;, &y = x;
is extended by including new additive perturbative Hamiltonian HJY (s ( ,0,0
expressed to the radial terms:

55/2 53 55/2 52
d
{<1—s>3’ (I—s)" 21—t (1—5)3}

VV\_/
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to become the modified generalized inverse quadratic Yukawa Hamiltonian HI%P

nc
in non-commutative three-dimensional phase-space symmetries. The generated
new Hamiltonian HJ¥P (s, 0, @) is also proportional to the infinitesimal parame-
ters © and . This allows us to consider the new additive part of the potential
Hgr (5, 0, @) as perturbation potential compared with the main Hamiltonian
H(p; = pi,&; = x;). That is all physical justifications for applying the time-
independent perturbation theory become satisfied to calculate the expectation
values of previous radial terms. This allows us to give a complete prescription
for determining the energy level of the generalized (n,l,m)th excited states.
The exact spectrum produced by the spin-orbit effect for the generalized in-
verse quadratic Yukawa potential in the three dimensional non-commutative
phase-space AEIYP is the sum of the energy corresponding to ordinary space

Ey; and the corrections ESYP

B9 | = E, + AEP (0,0) (3.25)

The perturbation theorem allows to obtain the first-order corrections as follows:
AEJP (©,0) = (O (7)) HEP (r,0,0) 97 (7)) (3.26)

We can write the equation (3.26) in the form:
AE9Y (0,0) = / v@ (F) HI (r,0,0) (r,0,0) ¥P) (7) dr (3.27)

where d7 represent the volume element in spherical coordinates (r, 0, ¢), which
is given by:

dr = r?drdQ (3.28)
With the solid angle

d€) = sin 0dOdy

and the nonperturbative complex wave function , the wave function is defined
by :
VW (7) = Roa (1) Y™ (0, 9) (3.29)

So, we can write the equation (3.27) in the form:

o] T 27

aggr (0,0) = (LF) [Ry () 22 (5.0.0) Rua () r%dr [ [¥7 0.0) v

0 00
(3.30)

The normalized wave function ¥ (7) allows us to write :

T 27w

[ [y @y 0.0)a -1 (3:31)
00

=i

(ﬁz‘ =p— Lxj, 8=z +

(0, ) d2

%Pi)
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This reduces the corrections found by (3.30) to the form:

per

AEP (©,0) / R:, (r) HIY (5,0,0) Ry (r) r2dr (3.32)

We substituted the spin-orbit coupling term V¥ (s) , and we find:

AE9 (©,0) = (e / R (r)r2dr
—8atA’ @/ 0/23Rn 1 (1) r2dr — 16024’ @/R ( fas)4 Ry (r)rdr

$5/2

—203B’ G)/Rnl i R (7) 2dr—4a3B/®/R;;J (1) (g5 By (r) 72dr)

(3.33)
We have s = exp (—2ar), this allows us to obtain dr = 72— 25 After introducing
a new variable z = 1 —2s, we have s = and 1—s = 1+Z . From

%1 z
the asymptotic behavior of s = exp (— 2a7") and z=1-2y, whenr — 0(2 — —1)

and r — +oo(z — 1), this allows reformulating Eq. (3.31) as follows:

_ 5 5
AE9YP (@,9) = < — >(7 atA G)/ (1 /:3 1 (1) %
+1 +1
’ « SS . . ’ * 5/2 -
~16a*A @/Uw (r) w557 Uni (1) 1% — 20°B @/Un’l( ) e Unit (1) 125
-1 —1
+1
—40°B @/U* Upy (1) ££)
—1

(3.34)
If we replace the radial part U, ; (r) which is expressed as:

€nl 1 _
Ui () = Nysvei (1 — )iV pEVREVIRT) )
1 1
1— VeEnt 1 stV ztvi—n 2./ Enl 21/ 2+~ —1
Uni(r) = Ny <Z) ( +Z) PTE Vs 2V it 1)(33)5)

2 2

We obtain the corrections in Eq. (3.31) as follows :
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Nﬁla71<f§>>

9gyp g) =
ABR (@’ 9) g2 +2yEr+2y/ T+ —n
+1 2
, T — 2 ELZ72 1~ —
(27730 _8atA @/ (1 _Z)Q\/E7Lz+3/2 (1+Z)2\/411+fyl n—2 Pn( V 2a2 2V 2tV 77) (Z)] dx
—1
+1

2
—320{4/1'@/ (1- 2)2M+2 (1+ Z)z\/m—:s Pn(z‘ it %+7rn) (z)] dz

2
_9-1/2,3F @/ 2)PVEHI () 4 ) E R Pﬂ(%/ﬁ,wiﬂl—ﬂ) (z)] i
2
—8a3B @/ 2\/5-&-1 (1+ z)Q\/%+71—n—2 PH(QV 52V i"'w_") (z)] dz)
(3.36)

i )4, (ig5/52;4 and = )3 with corresponding new values

(=22 (1427 2 (1-2)° (14 2) 7", Z (1-2)" (14 2) " and
2%1 (1- 2)2 (1+ 2)73, respectively. For the ground state n = 0, we have

S

We have replace (fi/;g, =

pEaEani=2E) (3.37)

Thus the above expectation values in Egs. (3.33) are reduced to the following
simple form:

_ Niza71<f§>
A (0.0) - 2 US

(£L —gatA @/ 2)2VEIE/2 (g Va2 g,
32044 @/ (1- z)z‘/m+2 (1+ 2)2\/m732 dz (3.38)
—1/2 339/ Qﬁ+3/2(1+z)m3dz

—8a3B’ @/ 2)2VEIL (1 4 )2V EFn2 g

Comparing Eq.(3.35) with the integral of the form [81]:
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+1
/(1 —o)"" 1+ 2)"Pde =

—1

92n+a+B+1D (n+a+1)1—\(n+6+}
Cn+a+B+ )T (n+a+p+1)

%.39)
for (n=0,1,....)

Thus, for n = 0, the above integral reduce to:

2008 (e + 1) T (B + 1)
(a+B8+1)T(a+8+1)

+1
/ (1—2)*(1+x)de = forn =0 (3.40)

A direct calculation gives the expression of integrals values in Eq.(3.35) as fol-
lows:

+1
(1— 2)2VETs/2 (1 g oPVatmmn=2 g,
1

92VE 2V EFUTIH2T (2, /2 + 5/2) T (2\ Ly, —n— 1)

=A (3.41)
(2m+2\/m+1/2>r(2m+2\/m“/2)
+1
/ (1—2)2Veit2 (1 4 Z)Q\/m—3 Qs —
21
PR (28 +3) T (24 7, — - 2)
=K (3.42)
+1
/ (1 - Z)2M+3/2 (]_ + 2)2\/m73 dz —
S1
92vET+2V/ T n-12T (2 /2 4 5/2) T (2\/m _ 2)
=C (343)

(2@+2«/i+w—n—1/2)1“(2\/%+2w/i+%—77—1/2)

and
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+1

/ (1= 2)2VEtt (1 4 2)2Viatu—=2 g,

-1

VAT (28 +2) T (2L 49— —1)
= (3.44)

(2\/@+2./§+%—n>r(2@+2./ + 7, — )_

Thus, the energy correction for the ground state n = 0 reduced to the
following simple form:

——
Ngla_1<LS> ,ué Y 4, 12 37 3.
2”2@*2%(%0 840 A'0-32Ka*A'0-2"12Ca’ B’ ©-8Da’B'0)
(3.45)

The global energy Ef for the ground state n = 0 is the energy spectrums:

AEP (©,0) =

ER o = Eg” + AETY (6,0) (3.46)

Where Ef/ is determined from Eq.(2.18) which we have seen in the second

chapter:
B2 2uaVj 2
B = Vo - Au B @Y (347

——
here <L S > is determined from:

<f§>{ s{U+s) (I +s+1)—10+1) =3/} ky ifj=[1+1/2|
L) U5+ )~ 11 +1) —3/4y =k if j=|—1/2]

(3.48)
It is clear that the following physical limit procedure:
Lim B, = Eg/
(0,6)—(0,0) (3.49)
Lim  AE9YP (@ 9) ’
(©,8)—(0,0)

Gives us all the results of physical treatments which we have seen in the standard
references [54, 55].
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Chapter 2

Conclusion

Through this master’s memory in physics, theoretical specialty: Promotion
2023-2024

The nonrelativistic study of the energy spectrum producing from a central
potential in the extended quantum mechanics symmetries: the case of general-
ized inverse quadratic Yukawa potential as a model

This memory aims to study physical systems within the framework of the
modified Schrédinger equation with the modified generalized inverse quadratic
Yukawa potential, in three-dimensional non-commutative phase-space symme-
tries.

In the first chapter, we have represented the mathematical and physical
formalisms of the non-commutative three-dimensional phase-space.

In the second chapter, we reviewed the Shrodinger equation under the gen-
eralized inverse quadratic Yukawa potential Known in the literatures.

In the third chapter, we studied the effect of the non-commutativity phase-
space, by applying the generalized Bopp shift method and standard perturbation
theory at the first order of parameters (@, 9), the modifications on the energy
corresponding to the ground state are obtained. We can conclude that the
application of the phase-space non-commutativity in this work on the modified
generalized inverse quadratic Yukawa potential, includes the spin-orbit coupling
effect automatically. This is in contrast to what we observe in the framework
of quantum mechanics known in the literature, where the spin-orbit interaction
appears by external addition and not through spontaneous birth as a result of
space deformation.
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Abstract

In our work on this master memory, in theoretical physics (2023/2024): The non-relativistic study of
the energy spectrum producing from a central potential in the extended quantum mechanics
symmetries: the case of generalized inverse quadratic Yukawa potential as a model. We have studied
the Schrodinger equation with the generalized inverse quadratic Yukawa potential in non-commutative
three-dimensional spaces and phases, by applying Boop's Shift method to the first order of the
parameters (©,8) , in addition to the standard perturbation the theory, to obtain the spectrum of
energy of the system, which is changing radically, and replaced by degenerate new states depending on
the discrete atomic quantum numbers (j,n,l,s) and the potential parameterize (A’,C’,B’), and the
screening parameter a.

Keywords: Schrodinger equation, generalized inverse quadratic Yukawa potential, non-commutative
phase-space, star product, Boop's shift method.
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