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Résumé.

L’idée de cette these nous a été inspirée de l'article de J.-D. Farmer et W.-B. John-
son intitulé, "les opérateurs Lipschitz p-sommants”. Ils ont posé dans le probléme six
la question suivante: peut-on généraliser certaines proprietés des opérateurs linéaires p-
sommants aux opérateurs Lipschitz p-sommants? Certains auteurs ont répondu a cette
question par la généralisation de quelques notions dans le cas linéaire au cas lipschitzien,
par exemple les notions de p-nucléaires, p-intégrals, opérateurs fortement lipschitziens p-
sommants, les opérateurs (p, o)-absolument lipschitziens, les opérateurs compacts et faible-
ment compacts parmi tant d’autres. Dans cette thése, nous allons généraliser ce concept aux
opérateurs 7(p)-sommants qui sont les opérateurs Lipschitz 7(p)-sommants et leur version
"multiple T(p)-sommant " suivi de quelques applications sur les espaces L,. En utilisant
'idée de Defant et Floret (i.e., T' est un opérateur linéaire p-sommant si et seulement si
T ly ®: E — (P ®a, F est continu), nous avons généralisé aussi cette idée au cas des
opérateurs multilinéaires. Deux extensions naturelles des opérateurs p-sommants ont été
étudiées dans le cas multilinéaire qui sont les opérateurs multiples p-sommants et les opéra-
teurs multilinéaires (7, o, p)-sommants. Ces deux classes ont été intensivement étudiées et
sont bien connues.

Mots-clés: opérateurs Lipschitz Cohen p-nucléaires, opérateurs Lipschitz p-sommants,
opérateurs Lipschitz 7(p)-sommants, opérateurs Lipschitz fortement p-sommants, espace de
Arens-Eels, opérateurs multiples p-sommants, opérateurs multilinéaires (7, v, p)-sommants,

norme tensorielle.

Abstract.

The idea of this thesis was inspired by the article of J.-D. Farmer and W.-B.Johnson
entitled, "the Lipschitz p-summing operators". They posed in problem six the following
question: what results about p-summing operators have analogues for Lipschitz p- summing
operators? Some authors have answered this question by generalizing some concepts in
the linear case to the Lipschitz case, for example p-nuclears, p-integrals, Lipschitz strongly
p-summing operators, Lipschitz (p, o)-absolutely operators, compact operators and weakly

compact opeartors among many others. In this thesis, we will generalize this concept to
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7 (p)-summing operators which Lipschitz 7 (p)-summing operators and their version" multiple
7 (p)-summing" with some applications on L,-spaces. Using the idea of Defant and Floret
(i.e., T is absolutely p-summing if and only if T ly ®: E — (? ®a, F' is continuous). We
have also generalized this idea to the case of multilinear operators. Two natural extensions
of p-summing operators have been studied in the multilinear case which are the multiple
p-summing operators and (7, o, p)-summing multilinear operators. These two classes have
been intensively studied and are well known

Keywords :Cohen Lipschitz p-nuclear operators, Lipschitz p-summing operators, Lip-
schitz 7 (p)-summing operators, Lipschitz strongly p-summing operators, Arens—Eells space,

multiple summing operators, (7, v, p)-summing multilinear operators, tensor norm.
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Introduction

The notion of p-summing linear operators goes back to Grothendieck in the 1950s, but just
in 1967 and 1968, the classical works of Pietsch [Pie67] and Lindenstrauss-Pelczynski [LP68]
clarified Grothendieck’s precious ideas and contributed clearly to the vigorous development
of this notion. A linear operator u between two Banach spaces F and F is called p-summing

(1 < p < o0) if there exists a positive constant C' such that for all z1,...,x, in E, we have

1 1
n ) n P
(Sluolr) <¢ sw (Eiwar)
i=1 r*EBxx \i=1
The infimum of such constants is denoted by 7,(7") and the space of all p-summing operators

denoted by IL,(E, F') which a Banach space under the norm ,(7").

In fact, the concept of Lipschitz 1-summing operators the first time appeared in a paper
of Bourgain [Bou85| proving that every n point metric space can be embedded into a Hilbert
space with distortion at most C' log n, where C' is an absolute constant. Farmer and Johnson
[EJ09] proved a Pietsch domination theorem for this class of Lipschitz operators, used it to
show that for linear operators in Banach spaces this new notion coincides with the classical
notion of p-summing operators, and finished their work with a couple of interesting problem.
There are very concrete problems like ( decide whether or not there is a Grothendieck
theorem for Lipschitz summing operators, and less concrete ones as: what results about
p-summing operators have analogues for Lipschitz p- summing operators?).

The aim of this thesis is the generalization and extension of some results and properties
about linear p-summing operators to nonlinear operators. Especially (the Lipschitz and the

multilinear cases). Let X be pointed metric space, i.e., a metric space with a distinguished



Table of contents

element ex and let E be a Banach space. According to Framer and Johnson [FJ09], a

Lipschitz map 7' : X — F is called Lipschitz p-summing (1 < p < o0) if there exists a

/

» in X and all non negative reals

positive constant C' such that for all zy,...,z,,2],...,z

A1, ..., A, We have

(Snr ) - T<m;>||p>; <C s (SN ) f<x;>>rp)’1’.

fEBX#

The infimum of such constants is denoted by 7r£ (T') and the space of all p-summing operators
denoted by II}(X, E) endowed with the norm 7/(7') is a Banach space. We denote by By«
the unit ball of the Lipschitz dual X#of X which is a compact Hausdorff space in the

topology of pointwise convergence on X.

In the First part of this thesis, we based on the paper [RST17] introduced by Rueda,
Sanchez-Pérez and Tallab, which is entitled by " Traced tensor norms and multiple summing
multilinear operators". Using a general tensor norm approach, our aim is to show that

n or-

some distinguished classes of summing operators can be characterized by means of an
der reduction" procedure for multiple summing multilinear operators, which becomes the
keystone of our arguments and can be considered our main result (see [RST17]). We work
in a tensor product framework involving traced tensor norms (for this notion see [Def86]
and [DF93]) and the representation theorem for maximal operator ideals. Several applica-
tions are given not only to multi-ideals, but also to linear operator ideals. In particular, we
get applications to multiple p-summing bilinear operators, (p, ¢)-factorable linear operators,
7(p)-summing linear operators which as a special case of the definition introduced [Muj0§]
in the multilinear operators and absolutely p-summing linear operators, providing a charac-
terization of this later class whenever the absolutely p-summing linear operators take values
in an L,-space (see[RST1T]).

In the second part of this thesis based on the second paper [MT17] presented by Mezrag
and Tallab which call "On Lipschitz p-summing operators". The main focus of this article

[MT17] is on Lipschitz version for Pietsch’s notion of 7(p, ¢)-summing operators as well as so-

called Cohen p-nuclear operators. The first class was introduced by Pietsch for p = ¢ = 1.
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In order to understand this (see the book "operator ideals" [Pie80]). This notion was

generalized by X. Mujica to Multilinear case [Muj0§].
The thesis is organized as follows.

In the chapter one, we remind some basic definitions and properties concerning the metric
spaces, Lipschitz maps, non linear Hahn-Banach theorem, Lipschitz spaces, the Lipshitz dual
of metric spaces, the predual of Lipy(X), adjoints of Lipschitz mappings, Arens Eels space

and multilinear mappings.

In the chapter two, we introduced some basic definitions related to the spaces of sequences
of vectors in Banach space E that are weakly p-summable and p-summable, some "tensor
norm" in the sense that is used in the book of Defant and Floret [DF93], transpose of
tensor norm, the left (right) injective and left (right) projective associate tensor norms. In
the second section of this chapter we will introduced the extension of Defant and Floret idea
[DF93] (i.e., T is absolutely p-summing if and only if T: ly ®: E — (P @4, F is continuous)
to the case of multilinear operators. In the third section we presented the bilinear multiple
(7, Ap, p)-summing operators as an application example on the second section. On the
last one in this section we analyzed with our tools the case of the so called 7(p)-summing
operators and their “multiple version" introduced by Rueda, Sanchez-Pérez and Tallab in

[RST17]. They showing some applications relative to summing operators on LP-spaces.

In the chapter three, we give a preliminaries concerning the Lipschitz p-summing opera-
tors, the domination and factorization theorem for this class. We introduce a new category
of Lipschitz operators which we call Lipschitz 7 (p, ¢)-summing operators. The notion and
properties of Lipschitz tensor product of pointed metric space X and a Banach space E,
which is defined by M.-G. Cabrera-Padilla and All in [CCJV15|] will be introduced in order
to study the ideal property of the class of Lipschitz 7(p)-summing operators. We give two
domination theorems this category of operators by using the unified Pietsch domination

theorem [BPR10] and Ky Fan’s lemma. Also, we give some properties concerning this class.

In the chapter four, we extend the class of Cohen p-nuclear operators introduced in

[Coh73] to Lipschitz operators and we presented the ideal property, and the domination
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theorem which is essentially proved in previous articles (see [Challl], [Saal5] ). This class
was studied by [AMS09] in sublinear operators and by [AA10] in multilinear operators. Also,
we recall the class of strongly Lipschitz p-summing operators introduced by [YAR15] and
[Saal5]. Finally, we end this chapter by studying the relations between all these classes.



Chapter 1

Preliminaries

1.1 Lipschitz spaces

Definition 1.1.1 The space X equipped with d is called metric space (X, d).
Let (X, dx,e) be a pointed metric space, i.e., a metric space (X, dy) with a distinguished
or neutral element e (a fized point in X which is taken to be the zero element if X is a

normed space). We denote By M the class of all complete pointed metric spaces.

1.1.1 Lipschitz functions

The natural morphism between metric spaces are Lipschitz functions like linear operators

between Banach spaces.

Definition 1.1.2 A map f : (X,dx) — (Y,dy) between two metric spaces is called Lip-

schitz if there is a positive constant C' such that

Ve,y € X, dy(f(z), f(y)) < Cdx(x,y). (1.1.1)

If C' =1, the map is called nonexpansive (and contraction if C' < 1). For a Lipschitz map

f, we define its Lipschitz constant by



1.1. Lipschitz spaces

= inf {C : C verifying [I.1.1]}.

If (X,ex,dx),(Y,ey,dy) be pointed metric spaces. We say a map [ : (X,ex,dx) —

(Y, ey, dy) preserves distinguished point if f(ex) = ey.

Definition 1.1.3 Let (X,dx) and (Y,dy) be two metric spaces. A map [ : (X,dx) —
(Y, dy) is called bi-Lipschitz or quasi-isometry, if f is bijective and both f, f~1 are Lipschitz.

In this case X and Y are called Lipschitz isomorphic or Lipschitz homeomorphic (Kalton

) and quasi-isometric (Weaver [Wea99]).

A bi-Lipschitz function f is an isometry if

Vo,y € X, dy(f(2), f(y)) = dx(z,y).
Let X,Y be (finite) metric spaces, (|X| = |Y|). The Lipschitz distance between XY is
d(X,Y) =inf{Lip (f)Lip(f~!); f one-to-one from X onto Y}

where | X| denotes the cardinal of X.

In the theory of the nonlinear geometry of Banach spaces, the linear isomorphisms are
replaced by bi-Lipschitz maps, the isometric isomorphism correspond exactly isometric and

the Banach-Mazur distance by the Lipschitz distance or distortion.

1.1.2 Properties

We are interested in this subsection to study some properties concerning the composition

and the extention of Lipschitz operators.

Proposition 1.1.1 Let X,Y and Z be metric spaces and let f : (X,dx) — (Y,dy),
g:(Y,dy) — (Z,dyz) be Lipschitz maps. Then go f: (X,dx) — (Z,dy) is Lipschitz and
Lip (g o f) < Lip (g) Lip (f).



1.1. Lipschitz spaces

Proof. For x,y in X, we have

dz(go f(z),90f(v))

IN

Lip (g) dy (
Lip (g) Lip

~

(z), f(y
f)dx (z,y)

~—
~—

IN

—~

and this shows the proposition. m

Proposition 1.1.2 [Wea99 Let X, and Y, be metric spaces and let X and Y be their
completions. Consider a Lipschitz map fo : Xo — Yy. Then fo has a unique Lipschitz

extension f: X — Y, and furthermore Lip(f) = Lip(fo).

Proposition 1.1.3 Let (X,dx), (Y, dy) be metric spaces and let f and {f,} _n be Lipschitz

neN

functions from X toY. Suppose that f, — f pointwise. Then

Lip (f) < supLip (f,) -

Proof. Let x,y be in X. We have

dy (£ (2). /() = lim dy (f (2). fa ().

Dividing by dx (x,y) and taking the supremum over x and y. =

We will present in the next proposition the non linear Hahn-Banach theorem. There is
two proofs for this theorem, the first presented by Weaver in [Wea99] which used Zorn’s

Lemma and the recent presented by Assaf in [Ass15]. We choose the second one.

Theorem 1.1.1 (Non linear Hahn-Banach theorem) [Wea99 Let E be a subset of a
metric space (X, d) and let f : E — l (I) be a Lipschitz function. Then f can be extended
to a Lipschitz function f : X —> lo (I) with the same Lipschitz constant (we say that loo (I)

is 1-injective).

Proof. Define the function fv: X — R by the formula

f(z) = inf (f(z) + Lip(f)d(z, 2)), z e X.

zeE



1.1. Lipschitz spaces

To see that this function satisfies the results, fix an arbitrary zo € E. Then, for any x € £
f(wo) = f(z) < Lip(f)d(xo, x),
< Lip(f) (d(zo,2) + d(z,2)).

This implies (that f(z) + Lip(f)d(z, z) is bounded below)

f(zo) — Lip(f)d(z0,2) < f(x) + Lip(f)d(z, 2).

So f(z) is well-defined. Also, if z € E, the above shows that f(z) = f(z). Finally (by
definition of the inf), for z,y € X and € > 0, choose x, € E such that

f(z) = f(z.) +Lip(f)d(z,2.) — €
—f(Z) < _f(xz) - Llp(f)d(z,sz) +e

Then

IN

fy) = f(2) fa:) + Lip(f)d(y, x.) — f(x:) — Lip(f)d(z, z.) + €

< Lip(f)d(y.2) +c.

Thus, we see that fis indeed Lip(f)-Lipschitz. m

1.1.3 Lipschitz spaces

Definition 1.1.4 (a) Let (X, dx) be metric space. Then Lip (X) is the space of all bounded

scalar valued Lipschitz functions on X with the norm

1f1l, = max {[| fll  Lip ()} -

(b)Let (X,dx),(Y,dy) be pointed metric spaces. We denote by Lipy(X,Y) the set of all

base-point preserving Lipschitz maps from X to Y with the norm

Lo () = T

If £ is a Banach space, Lip,(X, F) is a Banach space under the Lipschitz norm given by

L) = { LD =S, ;4 1

d(z,y)



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

For E = K, we designate Lipy(X,K) = Lipy(X) = X#. The Banach space X7 is called also
Lipschitz dual of X. It has been used by various mathematicians as a framework to extend

results from linear functional analysis to the nonlinear case.

Notation. Designed by By# the unit ball of X#. Then By# is a compact Hausdorff

space in the topology of pointwise convergence on X (see [Wea99, Page 39)).

Example 1.1.1 Let X be a set. We denote by

lo (X) = {f:X—>Ksuchthat sup | f(z)] <oo}.

zeX

Let X be a pointed metric space of finite diameter, i.e., sup d(z,y) < oco. We have

z,yeX
Lipy(X) C Lo (X). Tndeed, Lip (f) := E,W
|f(z)|] < Lip (f)d(z,0). Consequently, [ € lo (X).

. This implies that by taking y = 0,

1.2 The predual of Lip,(X) and adjoint of Lipschitz
mapping

1.2.1 The predual of Lip,(X)

We shall present first the construction of Arens and Eells [AE56] (see also [Wea99, p. 38])
of the space X for which Lip,(X) is the dual space. Remark that another, less explicit,
realization of Lip,(X) as a dual space was given by de Leeuw [Lee61] (see also [Wea99, p.
33]). It was shown by Arens and Eells [AE56] (see also [Wea99]) that Lip,(X) is even a
dual Banach space (but not reflexive if X is infinite and does not have constant functions in
general), i.e., there exists a Banach space Z such that Lip,(X) is isometrically isomorphic

to Z*.

This canonical space is known as the Arens-Eells space in [Wea99, p. 33| noted by A(X),
and the Lipschitz-free space on X in [Kal04] noted by F (X, dx).



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Construction of this space

Let (X, e,d) be a metric space. A molecule on X is a real valued function m on X with

finite support (i.e., the set where m has non-zero values) and satisfies Z m(x) = 0.

zE€supp(m)
Denote by M(X) the real linear space of molecules on X. We can write

m = Z m () 1{zy

xEsupp(m)

= Zm(xz) 1{331.}.
i=1

where supp(m) = {#1,...,2,} and 1y, denotes the characteristic function of the set {x}.
For x,y € X we define the basic molecule m,, = 1,3 — 1;,;. It is easy to see that every
molecule m can be written as a (non unique) finite linear combination of basic molecule.

We have

l
mo= 2 (Lo ~1gy)
j=1
l
= D Aata,
j=1

n

The condition Z m (z;) = 0 insures that such representations of m exist. Put

i=1

[[m] pgx) = inf {Z Al dx (xj,x;)} )

j=1

over all representation of m = z; Aj <l{xj} — 1{33;,}) .
=
It follows that [.[[,;x) is a norm on the vector space M(X). Arens Eels space is the

completion of the normed space (M(X), ||.[[14x)) and denote by & (X, dy). This space
was first introduced by Arens and Eells [AES6] in 1956. Originally, the basic idea goes back
to Kantorovich [Kan42]. The terminology Arens-Eells space A(X,dx) is due to Weaver
[Wea99]. A different notation was used in [KGO3|] by Godefroy and Kalton. It is the

10



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Lipschitz-free space denoted by F (X, dx) (see [Kal04]) and is defined to be the canonical

predual of Lipy(X), i.e., the closed linear span of the points evaluations

Ox (x) (f) = (0x (x), f) = f(z), reX

Lipo (X)

in Lipo(X)* (span {0x (2)},cx = F (X, dx)).
The application 0x : X — F (X, dx) is an isometric embedding. We can see F (X, dx) as

the completion of the set of all measures p of finite support under the norm
[l = sup { [ fdp : Lip (f) < 1}.

Properties

The Banach space Z(X, dx) has some remarkable properties, as follows.

Theorem 1.2.1 ([Wea99]) Let (X, e,d) be a pointed metric space. Then A*(X,dx) =
Lipy (X).

Proof. The application ix : X — A(X, dx) defined by

ix(2) = (1) — 1))

is an isometric embedding of X into A(X,dy). Indeed, we have

lix(z) —ix(W)|z = ||1{x} - 1{y}H}E =d(z,y).

Define

St B (X, dx) — Lipy(X)

(Se)(x) = ¢ ((Ly — 14e1)) -

< d(z,2’) for all z,2" € X, we have

Since Hl{z} — 1 E(X,dx)

11



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

(Se)(x) = (S) (@) = ¢ (1 — L)) — ¢ ((Ly — 1gey))|

= [0 (L) — 1ay))|
< el d(z, z").

Also (S¢)(e) = ¢(0), so indeed Sy € Lipy(X).It follows that S is a nonexpansive linear
mapping from A* (X, dx) to Lipy(X).
Define now R : Lipy(X) —&* (X, dx) by

sz(x)f(fﬂ)

For f € Lipy(X) and m a molecule. If m = Z)\ (l{xj} 1{ }> we have

,]_

f) (Zm(x)f(ﬂf))'

Nl () = ()]

(R f)(m

Ms

1
<L Z|)\|d z,x')

, which unlquely extends to a continuous linear func-

<.
Il

Hence |(R)(m)] < Lip(f) [mll,,,
tional on the completion &(X, dx) of M(X), denoted by the same symbol Rf. Thus Rf €
E*(X,dx) and ||Rf|| < Lip(f). Straightforward calculations show that R and S are in-
verses, so that Lipy(X) is isometrically isomorphic to &* (X, dx). =

Corollary 1.2.1 ([Wea99]) Let (X,e,d) be a pointed metric space.

(a) For any molecule m we have ||m|| , = sup [(m, f)| and there existes f € Bx# with

EBX#
[(m, )] = llml] -
(b) |I|l z %8 @ norm on the space of molecules and ||myyl , = d(z,y) for all v,y € X.
(¢)
d(x,y) for all z,y € X.

|| g s the largest seminorm on the space of molecules which satisfies ||[myy|| » <

12



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Lemma 1.2.1 Let (X1,e1,dy,), (X2, e2,dx,) be two pointed metric spaces. Let T : X1 —

Xy be a Lipschitz map such that T'(e;) = ey. Then, there is a unique map

T: &(X1,dy,) — (X, dy,)
such that Ti x, =1x,71, i.e., the following diagram commutes

T

X1 e X2

J, in l ng

T

/E(thxl) — /E(X27dX2)

and HfH = Lip(T).

Theorem 1.2.2 ([Wea99, Theorem2.2.4]) Let (X, e,d) be a pointed metric space.

(a) The map ix : X — AB(X,dx) defined by ix(x) = mye = (1(zy — 1ie}) is an isometric
embedding of X into A(X,dy).

(b) Let T : X — FE be a Lipschitz map which preserves base point (i.e., T(e) = 0).
Then there is a unique bounded linear operator Ty, : £(X,dx) — E such that T = Tpoix
and ||Ty|| = Lip(T). The linear operator T, is called the linearization of T

A(X)
ix | N 17
X T, E

Proof. (a) By Corollary [1.2.1] we have for all z,y € X

Imayll e = Imae = myell g = llix (@) = ixW)l g = Ly — L |l = Al 9)-

So iy is an isometry.

(b) Every molecule m is uniquely expressible in the form

n !
Z)‘jmmje = Z Aj (1{%‘} - 1{0}) :
j=1 j=1

13



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Where the points z; are all distinct and none equals e. We then define 77, by

Ty (m) = ZAjT(xj).

Since T, is essentially an extension of T that is, T' = T}, o ix we automatically have ||Tp| >
Lip(T). For the rest it will suffice to show that ||T|| > Lip(7) (in particular, this implies

that 7" is bounded, hence it extends to all of A(X)). Define now a seminorm ||.||, on the

T
space of molecules by setting ||m||, = Ile(Lﬁ) Then
17 (x) = T (y)ll
Imaylly = Ly = L llo = 57y < d@w)

for all z,y € X, so Corollary implies that ||.||, < ||.|| 5 - Thus

1Tz (m)|| < Lip(T). [|m/| 5 ,

which shows that |77, (m)|| < Lip(T). ||m|| 5, as desired. =

Remark 1.2.1 On bounded subsets of Lipy(X) its weak*topology (i.e., (Lipy(X), o(Lipy(X),
A(X,dx))) agrees with the topology of pointwise convergence. Indeed, If T; — T for the
weak * topology in Lipy(X), then

T (z) = (RT;)(Lzy — 1gep) — (RT)(Lyey — L) =T (2)

for all x in X. Hence weak* convergence implies pointwise convergence.

1.2.2 Adjoint of Lipschitz mapping

Let X,Y be pointed metric spaces. Sawashima in [Saw75|] defined the Lipschitz adjoint (or
dual) T# : Lipg(Y) — Lipy(X) of a Lipschitz map T € Lipy(X,Y’) by the formula

T#(g)=gof, g€ Lipy(Y).

He showed that 7% is a continuous linear operator and that

14



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Y*

|7#]] = Lip(T) = |7

(if Y is a Banach space).

We shall show that T# corresponds in a canonical way to the usual adjoint of the linear

operator attached to T' by the theorem of linearization i.e., T# |y-= T7.

Lip(E) -5 Lipy(X)

pl 17/
E*

Proposition 1.2.1 Consider X,Y in Mg and let T : X — Y be a Lipschitz map which

preserves base point. Then T is a bounded linear map and ||T#H = Lip(T) =

The map T is compatible with products and preserves order.
Proof. We have

Lip (T (g)) = Lip (g o T) < Lip (g) Lip (T

SO HT#H < Lip (T'). For the converse inequality, fix p,q € Y. Let g = dy (.,q) — dy (ey, q),
then Lip (¢g) = 1 and

|T#|] = Lip (T* (g))
L TP 9) (@) =T (9) )]
- dx (z,9)
|9T(l’)— 9T (y)|

dx (z,y)
9T () — g1 ()| dy (T (2) . T (1))
T Ay (T(2),T(y)  dx(zy)

Taking the supremum over = and y, we find HT#” > T . =

Remark 1.2.2 We have (IyT5)" = Tf T\ #.

We will use the following classical results.

15



1.2. The predual of Lipy(X) and adjoint of Lipschitz mapping

Proposition 1.2.2 Consider X,Y in My and let T : X — Y be a Lipschitz map which
preserves base point. Then

(a) T# is surjective if, and only if, T : X — T (X) is a quasi-isometry.

(b) T* is injective if, and only if, T (X) is dense in X .

(c) T# is an isomorphism if, and only if, T is a quasi-isometry.

Proof. (a) Suppose that T# is surjective. By the open mapping theorem, for some
r > 0 the set T7 (BLipo(X) (0,7“)) contains Brip vy (0,1). Thus, for any z € X there exists
g € Lip, (Y) with Lip (g) < 7 such that T# (g) = g = dy (.,y) — dy (ey,y), and

d(x,y)=lg(x) —gW)|=1T(g(x)) =T (g W) <rd(g(z),gv))

for all y € X.
(b) and (c) easy. m

If Y = E is a Banach space, the restriction of T# to E* is called the Lipschitz transpose

map of T" and is denoted here by T". The correspondence
T«——T'

establishes an isomorphism between the vector spaces Lip, (X, E) and L((E*, w*), (X7, w*)),
where w* denote the weak* topology (see [JSV14, Theorem 3.1]).

Let T € Lipy(X,Y) and let iy, iy be the isometric embeddings of X, Y into Lip,(X),
Lip,y(Y), respectively ). Let ¥(T) :£(X,dy) — Y be the bounded linear operator attached
to T by Theorem [1.2.2] and let ¢ = iy o W. Let S, R be the linear isometrics between the
spaces Lipy(X) and &E(X,dx), and Lipy(Y') and ZE(Y,dy).

Theorem 1.2.3 [Cob03 We have T# = S10¢(T)*o Ry or equivalently ¢(T)* = RyoT#0S,,

1.€., the following diagrams are commutative

EY,dy) "% B(X,dy)*
Ry 1 Syl
T#

Lipy(Y) —  Lipy(X)

16



1.3. Continuous multilinear mappings

or equivalently

EY,dy) "L B(X,dy)"
Sy | R
T#

LipO(Y) - Lipo(X)
Proof. We have

¢(Mae) = iy (V(T)) (mao) = iy (T(x)) = M@)o (1.2.1)

Put
F= Sl o gb(T)* o Rg.

Therefore

(Sip)(x) = ¢ (M), reX,pe BX)
o(T) (¢) = woo(T), Y e B(Y)
(Rag)(m) = > m(y)g(y). g€ Lip(Y).meM(Y).

Taking into account these formula, the definitions of the operators R and S, and egality

1.2.1], we obtain successively

(Fg)(x) = (Sieg(T) o Ry)(g)(x) = Si(o(T)" (Ra(g))) (z)
¢(T) (¥) = Si(Ra(g)oo(T)) (x)
(Rzg) (m) = 51 (Ra(g) © ¢(T)) (Mao)
= Ray(g)(may)
= goT(x) =T%(g)(x).
And Theorem is proved. =

1.3 Continuous multilinear mappings

Let m € N* and Ey, ..., E,,, F' be Banach spaces over K. We will denote by L (E1, ..., By F)
the space of all continuous m-linear operators from E; X ... X E,, into F' i.e., there is a

constant C' > 0 such that

17



1.3. Continuous multilinear mappings

||T(x1, L) <Ol 2™ (1.3.1)

If FF =K, we write L (Ey, ..., Ey,). In the case Fy = ... = E,, = X, we will use Nach-
bin’s notation £ (™ FE; F') (for the general theory of multilinear operators we refer to Dineen
[Din99]). As usual, F®;...8,E,, stands for the (complete) projective tensor product of the
Banach spaces Fy, ..., E,,. f T € L(E,..., E,; F), we denote by T the linearization of T,
which is the linear map T: F®..® E, — F given by

T ol @ @a) =" T(a}, ...«

for all x{ € E; (neN,1<i<n,1<j<m). The correspondence T' «— T is an isometric
isomorphism between the Banach spaces £ (X1, ..., X,,; V) and B(E\®y...8,Epm; F) (|| T =
’TVH), see for example [Ray01), Theorem 2.9]. We let

|T|| = inf {C > 0, verifying the inequality (1.3.1))} .

This defines a norm on L (E4, ..., E,; F) which is complete norm when ||| is complete.

18



Chapter 2

Traced tensor norms and multiple

summing multilinear operators

2.1 Introduction and basic definitions

A considerable effort has been made in recent years to set a unified theory for multi-
linear operator ideals that are defined by summability properties. Generalizing the lin-
ear case, a broad family of multi-ideals that are defined by a vector norm inequality
involving any kind of summability have been introduced in the mathematical literature
(see |Gei84l, Ma93| [Pie83| for early attempts). Some of them are for instance the p-
summing multilinear operators, on the Cohen strongly p-summing multilinear operators,
absolutely continuous multilinear operators, (pi,...,p,;p)-dominated multilinear opera-

tors, multiple p-summing operators and factorable p-summing operators, among others

([ADRS12, BBIP0Y, BP09, BPR10, DASI2, Dim03, [PRS, PS11a, [PSI1b, PSS124, PV03)).

The tensor product point of view is a powerful approach for the study of operator ideals.
In particular, the comparison of different topologies on tensor products allows to prove
results on their structure and provides characterizations of the most common ideals. This
methodological approach was presented in the classical work by Defant and Floret [DF93].
As far as we know, some beautiful ideas appearing in Ch.19 of this book have not been used

yet in the multilinear context. In particular, the advised reader may find there that a great
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2.1. Introduction and basic definitions

part of the linear operator ideals can be described in terms of continuity of the canonically

defined tensor product operator
WdQT P Qg E— P @, F (2.1.1)

for adequate p and tensor norms ( and « (see [DF93, Theorem 29.4]). For instance, the
linear operator 1" : ' — F'is absolutely p-summing if and only if, :d®@T : (P @. E — (P @, F
is continuous, where A, satisfies A,(3"1_; er @ z) = (Y, [|7&||?)V/? and € is the injective
tensor norm; or 1" : F — F' is p-dominated if and only if id ® T : ? ®. E — P ®, F is

continuous, where 7 is the projective tensor norm.

Also, the so called calculus of traced tensor norms ([Def86]) will be a fundamental tool
in this chapter (see [RST17]). It is a very useful tool when dealing with topological tensor
products —and so with operator ideals— that surprisingly enough has not been used very
often, although it provides a clear point of view for the study of composition and quotients of
operator ideals. The reader can find in [DP08] one of the rare applications of this technique
in a similar context. We use the presentation of this theory that is given in [DF93, Chapter
29].

We show also that some multi-ideals can be understood using a unified tensor product
point of view for the description of the ideals of multilinear operators in the same way that
it is shown in the linear case. The main idea is to consider general classes of summing
n-linear operators with respect to different tensor norms and characterize their summability
properties in terms of an associated (n — 1)-linear operator. This leads to an order reduc-
tion procedure that is faced in the first part of the chapter. The order reduction theorem
(Theorem is our main result. Afterwards, we show how our general results look like
when we restrict the attention to the bilinear case. Some applications are given to several
ideals of summing operators, as multiple p-summing bilinear operators or p-factorable linear
operators. These applications provide some tools that will be used in the last part where
7(p)-summing linear operators are considered. As an example, we will use in this last part
our ideas in the bilinear setting to get information for absolutely p-summing linear operators,
showing that sometimes the multilinear point of view allows a better understanding of the

linear problems: we will provide a —as far as we know— new characterization of absolutely
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2.1. Introduction and basic definitions

p-summing linear operators having values in a subspace or a quotient of an LP-space. In
order to do that, we use our tools to describe the so called 7(p)-summing linear operators

and the corresponding “multiple version".

Let us give now some background informations. Let E, F' be (real or complex) Banach
spaces and write F™* for the dual of F'. Let K be the real or complex scalar field. As usual,
L(E, F) denotes the space of continuous linear operators from E to F' endowed with the
sup norm. For 1 < p < oo, let p* be the conjugate of p, that is, 1/p + 1/p* = 1. We write
(7 (E) and (P(E) for the spaces of sequences of vectors in E that are weakly p-summable and
p-summable, respectively. If (a;)$°, is such a sequence, we write ||(a;)5%||wp and |[(a;)524 ]|,
for the corresponding p-weak and p-strong sums. We denote by #0(E) := {(x;)2, € (2 (FE) :
()22 |lwp — 0 as N — oo}, and let £ denote the subspace of ¢7 of all sequences with only

a finite number of nonzero “coordinates". The canonical unit vector basis of ¢P is denoted

by (ei)(i)il'

Our notation regarding tensor products and operator ideals is standard. We will use
the term “tensor norm" in the sense that is used in [DF93], but including the norm A, for
the case of tensor products involving LP(u) spaces. As usual, £ ®, F' denotes the tensor
product E ® F endowed with the tensor norm o and E®,F is its completion. The norm A,
on L ® F' is the one that comes from the Bochner space LP(F') such that A; =7 on L' @ F
and A, = ¢ on L>® ® F. We will consider several tensor norms on a tensor product £ ® F'.
The most common ones are the projective norm 7 or the injective norm e. It is well known
that the space (£°(F) is isometrically isomorphic to ?®.F whereas ¢7(F) is isometrically
isomorphic to P®a,F (see [DF93, 12.9]), Such that Cohen in [Coh73], also they showed
that ('QF is isometrically to ¢1(F).

If o is a tensor norm, we will write as usual of for its transpose, such that o' is defined
by o' (z; E, F) = o (2'; F, E) .It is obvious that o' is a tensor norm and o' = . The tensor
norms ¢ and 7 are symmetric, i.e., e = € and 7t = 7, o/ for its dual and a* for its conjugate
tensor norms ([DEF93, Ch.12]). Moreover, we will write \a and /o for the left injective and
left projective associate tensor norms, respectively, and «\ and a/ for the right projective

and the right injective associate (see [DF93, Ch.20]). A tensor norm « on normed spaces
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2.1. Introduction and basic definitions

(or on finite dimensional Banach spaces, or other classes) is called right-injective on normed
spaces (or on finite dimensional Banach spaces, or ...) if for all metric injections I : F' — G
the operator idg ® [ : F ®, F — FE ®, G is metric injection for E, F, G are normed spaces
(or on finite dimensional Banach spaces, or...) and « is right-projective on normed spaces
(or on finite dimensional Banach spaces) if for all metric surjections @) : F' < G the operator
dp®Q: E®, F — FE ®, G is metric surjection for E, F, G are normed spaces (or on
finite dimensional Banach spaces). If o' is right-injective (resp.right-projective), then the
tensor norm « is called left-injective (resp. left-projective) on normed spaces (or on finite
dimensional Banach spaces); if « is right- and left-injective (resp. right- and left-projective),
it is called injective (resp. projective) on normed spaces (or on finite dimensional Banach
spaces). Clearly, ¢ is injective and 7 is projective. The related operator ideal notions are the
injective hull &/ and the surjective hull &/**" of a given operator ideal ¢ ([DF93, Ch.9]).
Ifl<p<ooand z € F® F, recall that

9p(2) = (| (@)illpll (W)illwg = 2= ) @i ® i}

=1

dp(2) = Wt {]| ()il | @)illp = 2 = D @ i}

i=1

Our main reference for the theory of tensor norms is [DF93|, and for operator ideals
that book and also [DJT95]. A lot of rather technical notions regarding tensor norms will
be used in this chapter; we have tried to explain all of them, but sometimes it is not easy
in the context of a chapter. By this reason, we will refer to the corresponding chapter of

[DF93] when some new definition is introduced.

Let T": E — F be a continuous linear operator. We say that the bilinear operator
Br : E x F* — R given by Br(a,b*) := (T(a),b*), (a,b*) € E x F*, is the bilinear map
associated to T. Given T, the operator 7' : ? (E) — ¢ (F) given by f((az);ﬁl) = (T(a;))24,
(a;)2, € 7 (E) is well defined and continuous, and we refer to it as the associated sequential

operator of T.

Let II,(E, F) denote the space of all absolutely p-summing operators from E to F,
endowed with its usual norm 7,,. It is well known that 7" is p-summing if and only if T takes

its values in (?(F) and T : ¢7,(E) — ¢?(F) is continuous.
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2.1. Introduction and basic definitions

We will also make use of the ideal of 7(p)-summing linear operators. Since this operator
ideal is not known for many researchers, let us explain its definition and its multiple version

here. A linear operator T': E — F is 7(p)-summing if there is a constant C' > 0 such that

n 1/p n 1/p
(Z|<T<ai>,b:>|p> <C s (Z|<ai,a*><b:,b**>|p>

lla* |<1,]|b*=[|<1

forall ay,...,a, € E, b7,...,b € F*, n € N. The infimum of all constants C' > 0 is denoted
by WT(p)(T).

Since the definition involves a vector norm inequality for the associate bilinear map
Br : E x F* — K that cannot be reduced to a norm inequality for the linear map 7', it
seems natural to expect that the “multiple linear version" of this ideal provides a new class
of operators. We say that a linear operator T : E — F' is multiple 7(p)-summing if for

ay,...,a,m € Eand b},...,0; € F™,

m n 1/p m n 1/p
(ZZKT(ai),b;w) <c (Zzy%, o m) @1y

j=1 i=1 =1 i=1

Clearly, the above inequality is equivalent to

m n 1/1’
(ZZ (T (@), b§>lp> < O|(a;)™y]

j=1 i=1

(07 )iz [l p-

w?p

The infimum of all constants C' > 0 is denoted by 7y, - (7).

The class of 7(p)-summing operators is a subclass of all p-summing operators and so a
nicer behavior of the associated sequential operator is expected. Indeed, taking a; = a for
all i =1,...,n in the definition we get for any 7(p)-summing operator 7' : £ — F' that

Z| B < 7o) (T sup (Zw b)] )nanp.

[[o*]I<1

7j=1
If we apply such an inequality for aq,...,a,, € F and do the sum, it follows
> S W@ )P < wog leazl” sup Zlb* o)
=1 =1 [[b**||<1

This shows that T'((a;)™,) : F* — ¢ is in fact a p-summing operator and that
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To(T((a:)1)) < Ty (D)1 (@) -

Consequently, T : ¢7(E) — IL,(F™, ¢P) is continuous and 1T < ) (T).

A similar calculation easily shows that 7" is multiple 7(p)-summing if, and only if, T not
only takes (?(E) to IL,(F™, ¢?) but also the bigger space (£ (F) is mapped into IL,(F™*, () in
a continuous way, and that ||T|| = Tm,e(p)(T'). Although (multiple) 7(p)-summing operators
are defined in a linear context, their definition is essentially of a bilinear nature because the
inequality depends on the operator T' via the bilinear map Br(a,b*) = (T'(a),b*),
(a,b*) € E x F*, which clearly is absolutely p-summing. Let us pay attention to this bilinear
map Br. Note that T is nothing but the operator (Br)a(a)(b*) := Br(a,b*). Therefore, the
summability of the bilinear map B can be characterized by means of the summability of the
associated sequential operator T = (/BT\)2 Our main aim in this chapter is to show that this
is a particular case of a more general situation: several classes of distinguished summing
bilinear (indeed, multilinear) operators can be characterize in terms of its associated se-
quential operator. Having in mind that (7(E) = (?®a,(F) and that (£°(E) = (;&.E, these
distinguished classes are determined by considering an arbitrary reasonable tensor norm ~:
the (multiple) (v, A,, p)-summing multilinear operators. This is done in Section 2, where
our main result (Theorem is proved: it characterizes multiple (v, A,, p)-summing mul-
tilinear operators by means of the associated sequential operators. As a consequence of the
Chevet-Persson-Saphar inequalities and some well known equivalences for different tensor
norms, in Section 3 we provide the first examples where Theorem applies: multiple
p-summing bilinear operators and p-factorable linear operators. In Section 4 of this chapter
we get back on (multiple) 7(p)-summing operators, that were our initial motivation. We
analyze them and we end this section with an application to tensor products involving L”-
spaces that will give the coincidence of p-summing operators and multiple 7(p)-summing

operators whenever they take values on a LP-space.
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2.2 Multilinear summing and multiple summing oper-
ators

In this section we are interested in analyzing classes of ideals of multilinear operators that can
be characterized by means of abstract summability properties associated to the continuity of
the tensor product operators defined between spaces of vector valued sequence spaces. Our
main reference is the class of (linear) p-summing operators between Banach spaces E and F,
that can be described as the class of operators 7' : E — F' such that the associated tensor
product map id @ T': (P ®. E — (P @, F' is continuous. If we identify the elements of the
algebraic tensor product ¢4 ® F with finite sequences of elements of F via the identification
Yo € ®x; < ()P then, the restriction of the associated sequential operator T of T to
finite sequences can also be identified with the restriction id®7T : [ ®. E — (P ® A, F. Under
these identifications, T' is absolutely p-summing if and only if T : ly ®: B — P @u, F is
continuous. We will introduced the extension of this idea to the case of multilinear operators.
Two natural extensions of absolutely p-summing linear operators to the multilinear context
are required for our purposes: p-summing and multiple p-summing multilinear operators.
Both classes have been intensively studied and are well-known, classical references to these

notions are [Mat03], [PV03], [AMS&9]. And we use some basic definitions as follows.

Definition 2.2.1 Let 1 < p <oo,n € N and E1,...,FE,, F be Banach spaces. Recall that
an n-linear operator T : Fy x --- X B, — F is said to be p-summing if there is a constant

C > 0 such that for every choice of vectors z,... 2! € E;,i=1,...,n, we have

m 1/p
(Z 1T (x;, .. w?)lV”) < ON@)illwp - 17 )il (2.2.1)
i=1

It is said to be multiple p-summing if there is a constant C > 0 such that for 2%, ... ,x';@k €
Ey, k=1,...,n, we have
m m 1/p
<Z Y T 7x?n)\|p) < Cll@i)intallws - 1(E )i -
=1 ip=1

In that case, we define the multiple p-summing norm of T by

7 (p) = {inf C : C satisfies [2.2.1]} .
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The class 11, (Ey X --- X E,, F') of multiple p-summing n-linear operators is a Banach space

with the norm m, (.) .

In terms of sequence spaces, these definitions can be rewritten as follows.

An n-linear operator T : Fy X - -+ x E, — F is p-summing if the n-linear map T defined as

T:((5®.E) % x (5®. E,) — " @5, F
1S continuous.

On the other hand, 7" is multiple p-summing if the n-linear map
T: (05 @ By)x - % (U ®: By) — (7 @, - @a, I7) @, F

given by

mi M
((xlll)iﬂ..' 7(xznn)ln) ~ Z"'Zeil Q- e, ®T(I}17"' ,I‘Zl)

=1 ip=1
is continuous.
Note that both 7 and T coincide with the restriction to finite sequences of the associated
sequential operator T whenever n = 1. These associated sequential multilinear operators
are the key for the study, from an unified point of view, of those multilinear operators
that improve the summability of sequences by means of all tensor tools described in the

introduction of this chapter. They are the inspiration for the following definitions.

2.2.1 (v, a,p)-summing multilinear operators

Definition 2.2.2 Let o and 7 be two reasonable tensor norms for the tensor product ? @ F
—including the case o = A,—, that is, ¢ < o,y < 7m. LetT : By X --- X E, — F be a

continuous n-linear operator. Consider the n-linear map

T: (@ E) X (ly@Ey) -+ x (lg@E,) - RQF

defined as

T((Zei ®x},...,Zei ®a})) == Zei @T(x),...,z").
i=1 i=1 i=1
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2.2. Multilinear summing and multiple summing operators

We say that T : By X --- X E, — F is (v, a, p)-summing if
T: (5@, E) x ((5®, Ey) X -+ % (lh®, E,) = ®, F

18 continuous.

2.2.2 Multiple (v, o, p)-summing multilinear operators
The “multiple" case can be defined in an analogous way.

Definition 2.2.3 An n-linear operator T : Ey X --- X E,, — F is multiple (v, «, p)-summing

if the associated operator

TZ(%)@'YEI)X(€8®7E2)X"'X(%)@'yEn)_>€p®Ap"'®Ap€p®aF

given by
mi Mmn mi mn
T 1 n o 1 n
T E iy @ Ty, - s E €, @y | = § § ey @ ®ey, T (xy,,...,27)
i1=1 in=1 i1=1  ip=1

18 continuous.

Obviously, the notions of (v, @, p)-summing and multiple (7, o, p)-summing coincide for
n = 1. Several well known multi-ideals are particular cases of these definitions. In the next
sections we will analyze some of them, mainly the ones associated to important notions of
summability. To start with, the class of (multiple) p-summing multilinear operators clearly

coincides with the class of (resp. multiple) (e, A,, p)-summing operators.

Let us write now two linear examples. The first one is given by the so called (g, p)-mixing

linear operators.

Definition 2.2.4 Recall that a linear operator T : E — F is (q,p)-mizing (1 < p,q < 00),
if for each Banach space valued q-summing operator S, the composition SoT is p-summing.

It is well-known that they can be characterized by means of the following summing inequality,

1/p

m n p/q
>, (Z \(T(wj>,y2>\q> < Cll(x;)iLy

pw H(yZ)Z:le
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2.2. Multilinear summing and multiple summing operators

for a certain constant C' > 0 and for all xy,...,z, € E andyi,...,y: € F* (see for example
[DF93, Proposition 32.4)). In |[DF93, Proposition32.3], it can be found that this ideal can

be characterized as in the follows proposition.

Proposition 2.2.1 An operator T : E — F is (q, p)-mizing if, and only if,
idRT : (7 ®y, E— (" @, F
is continuous. In this case, id@T =T = T and so, T: E — F is (q,p)-mizing if, and only

if, it is (multiple) (gp, Ay, ¢*)-summing.

The second example is given by the so called p-dominated (linear) operators or Cohen

p-nuclear operators (see [Coh73]).

Definition 2.2.5 Let T : E — F be a linear operator. We call that T is p-dominated if,

and only if, the inequality is hold

*
p 7w

D UT (@), 40| < Cll @)l - 155
i=1
for a certain constant C' > 0 and for all x1,...,z, € E and yy,...,y: € F*.
The following proposition characterized p-dominated (linear) operators [DF93|, Proposi-
tion 29.5] or Cohen p-nuclear operators [Coh73, Theorem 2.1.3].
Proposition 2.2.2 An operator T is p-dominated if, and only if, the map
dRT PR, E— PR, F
18 continuous.
That is if, and only if, it is (¢, 7, p)-summing, or multiple (¢, 7, p)-summing.

The next theorem is the main result in this chapter. It gives some sort of order reduction
procedure for factorizations of multilinear maps. We define the tensor norm « appearing in
it using the so called “calculus of traced tensor norms", that can be found in [DF93, Ch.
29]. Let us explain first this construction in the particular case that we are dealing with

sort.
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2.2. Multilinear summing and multiple summing operators

Definition 2.2.6 Let 3 and ~y be tensor norms on E@ P and P @ F respectively and write
C:(EQMF)0(P®F)— EQF for the tensor contraction given by

Cllae®@u)®(v®b) = (u,v)a®Db.

The traced tensor norm v Qe [ 1s defined as the quotient norm defined by the projective

tensor product, that is, for z € E® F,
v @ B(z) = inf (7(w) : w € (E @5 ") @, (" @, F) such that C(w) = z).

(In this notation, notice the change of the order of B and ~ with respect to the original order
in the cartesian product). In the particular case of the usual tensor norms (as A, and €), it

is easy to prove that for example d, = A, ®w € (see [DF93, Propositionl]).

Theorem 2.2.1 Letn > 2, 1 < p < oo and let v be a tensor norm. Let o =y ®p Al.. If
T:FE x---xFE, — F is an n-linear operator then, the following assertions are equivalent.
(1) T is multiple (y, Ay, p)-summing.
(13) The (n — 1)-linear map

Toi (@, B x (8, Bu) = (& ®a, " @a, B @, F*) @0 By) (2:22)

given by

Mp mi Mp—1

<Tn <(a}1);?1:1, BRI (a?n__ﬁ)zr_n;l) ) Z (Z T Z €iy Q@ Cin_1 ® b;kl,m,in> ® a?n>

in=1 i1=1 in—1=1

mi Mn L
Z e Z <T(a117 T ’a;ib)7 b;klw--yin>

i1=1 in=1

s well-defined and continuous.

Proof. First let us show that the map T, n is well-defined. Note that each element of the
tensor product (58* XA " QA 675* Qa,. I *) can be uniquely represented as
Mnp—1

Zl e Z €4, KRR €1 ® b;,.“,infl‘

i1=1 in—1=1
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2.2. Multilinear summing and multiple summing operators

Indeed, clearly each element of the tensor product can be written in this way. Take now

two representations

E3
E e E 621 ® e ® ein—l ® bi17--'7in—1
11=1 in—1=1
and
!

mll my_1
*\/

E e E e, e, ®(b )il,...,z‘n,l

i1=1 in—1=1

of the same tensor. Completing with zeros when necessary, we can assume that m; = mj,

forall k=1,...,n—1. For each ji,...,j,_1 with 1 < jp, <my,k=1,...,.n—1,and b e F

consider S;, . b =€, @ - Qe; Qb€ X e (5 @ F as an element in the dual
* n—1 * *

(fg ®n,. " @ & D, F) . Then,

mi mnp—1
*
Stincay | 220 20 € ®@ @6, QU

11=1 tp—1=1
mi Mnp—1
- *
- Z U Z Sjl:--~7.jn—1;b (eil K- Cin_1 ® bil,...,in_l)
11=1 in—1=1
B *
- <b’ bjl?"'?j’n—1>'

Then

mi mMnp—1
Sjl ~~~~~ jn71§b (Z o Z eil ® T ® 6'L'nfl ® (brl,...,in,1 - (b*)él,...,in1)>

=1 ip_1=1
= (b, b;l,...,jn_l - (b*)él,...,jn_ﬁ
= 0.
Since this can be done for every b € E, this gives that b5, . = (b)) .,  for every set
of indexes j1,..., Jn_1-
Identifying ¢ ® E; with a linear subspace of ¢*(E;), fix (afj)Zil nPRE;,j=1,...,n—1,
and write a := <(a}1);’31:1, e (a?n__ll)?Z’jlzl) for short. Let us see that

Tola) = T ()i, oo (@)

defines an element of the dual space ((%’* RA v ®A,. Eg* N *) R En> . Observe
that given an element of the product <€f)’* A, ! ®a,. gg* ®a, F*) x E, of the form
<Zm1 ey lien @ ®e, , @b, a"), the formula

i1=1" in_1=1
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2.2. Multilinear summing and multiple summing operators

mi Mn—1
~ DEEY . DY . * n
BTn(a)< 2 > e ® Qe , Qb a )
11=1 in—1=1
mi Mn—1

= Z T Z <T(az11> T 7GZ;117 an)a b;,...7in_1>

11=1 in—1=1
defines a bilinear form whose linearization takes the same values as does the form T,,(a).

Since the linearization of Bz

n

(a) 18 defined on the tensor product space
* n—1 *
(@ @a,. " @a,. O @a,. F*) 0 B,

the form Tn(a) can be considered an element of its algebraic dual space. Assuming (7),
let us prove that it actually belongs to the topological dual when we consider the norm

a = Qe A;*, that iS, fn(a) & ((fg* ®Ap* n—l ®Ap* gg* ®Ap* F*) Ra En) _Take

mn mi Mn—1

* n
S (XY v, 0, ©d)
in=1 41=1 ipn—1=1

in (5 ©a,. " ©a,. & @a,. F*) @ E, and define

mi mMn
§:=> Y e @ ®¢ ,0T0,. . a)elo QFQF

Jji=1 Jn=1

as an element in (Eg* ® A nt ® A,- gg* ®Ap* F*) . Then,

~ L mi Mnp—1
(To@), 35 (X 3 ewo oo, ok, o))
in=1 “11=1 in—1=1
mi Mn—-1 Mn
= [ X (Tl an) b))
o (2.23)
_ < S Y Y@@, ®b;.*17”_’in,5>‘
i1=1 in—1=1lip=1
mi Mnp—1 mnp
< ISIA (X Y Y en @ @en O,
1= In—1=11n=

As we are assuming that 7" is multiple (v, A,, p)-summing, we have that

Isil < (@G an)),, |

mi Mn—-1 Mmp
— Ap(Z"' 3 Zeil@...@@in®T(a}1,...,a?n)) (2.2.4)

i1=1 in—1=11p,=1
~ me i
< |7 oA (X e ).
1<k<n ip=1
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2.2. Multilinear summing and multiple summing operators

Combining (2.2.3)) with (2.2.4]) we get

T.(a) € ((ég* ®a,. " @ & Dn, F) Ra En>

and
mg
\wu <[] I (3o
1<k<n—1  \ig=1
<[
We now assume (i7) and let us prove that 7" is multiple (v, A,, p)-summing.
Fix sequences (a; )L, ..., (a!' )"~ in the corresponding spaces and take an element
M ,eeeyMipy
i1yeenyin=1

in the unit ball of Eg* ®Ap* n—l ®Ap* gg* ®Ap* F* Satisfying

M1,...,Mn
Ap( Yo e, ®--®e, T (a Z1,...,a”)>

in
il’ 77;71,—1
mi,...,Mm /p
= (X Imte, a))
i1, in=1

mM1,...,Mnp mi,...,Mn
- ‘< > e ® - ®e, ®T(a),....af), X ey ® - ®e,, O] >‘

. - . - 11 yeeeyin
1,e0yin=1 11,e0sin=1

mi,...,Mn 1
1 n— n *
<T<ai17 Gy, ain)v bil,...,in>’

il,...,in:1

Using the continuity of fn in the second inequality, we get

in
B1yeeytn=1
—~ 1 1 Mp mi,...,Mn—1
P . n— . . DY * n
= T ((@)ir @) X X e @, 08, 0
in=1 ilzl, ain—lzl
~ mg & Mmn mi,...,Mnp—1
* n
< 7| O ov(Zensd)a( X T wso o, 0 0
1<k<n—1 ir=1 in=1 \i1=1,....in_1=1
~ My mi,...,Mn
k *
< |7 I A (Eeasd)a | ¥ ae - ea e )
1<k<n ir=1 i1y yin=1

This proves that 7" is multiple (v, A,, p)-summing. m
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2.3. Bilinear multiple (v, A,, p)-summing operators

2.3 Bilinear multiple (v, A,, p)-summing operators

In this section several applications of Theorem are provided for multiple (v, A,, p)-
summing bilinear operators, with respect to classical tensor norms ~ that are relevant for
the general theory of operator ideals. The aim is to characterize the classes formed by these
bilinear operators by means of the associated sequential operator.

In this section we show the characterization in terms of summability of sequences of the
main cases of bilinear maps that are multiple (v, A,, p)-summing in some particular sense,
according to the election of classical tensor norms that are relevant for the general theory of
operator ideals. All of them are direct applications of our “reduction procedure". We start

with the most known case.

Definition 2.3.1 Let 1 < p < oo. A bilinear operator T : Ey X Ey — F is multiple

p-summing if there is a constant C' > 0 such that for xq,...,x, € Ey and y1,...,y, € Es,

1/p
(S i 17 Gl
< Ol lwp 1@ llwp
= O ey ey (S Sl ) ))
We will write m,, ,(T') for the infimum of all constants satisfying the inequality above. As we
said before, multiple p-summing operators coincide with mutiple (¢, A,, p)-summing opera-
tors. We write now the characterization of this class of bilinear maps in terms of sequential

properties.

Given a continuous bilinear operator 1" : F; x Es — F', the associated sequential operator
associated to the linear operator T : Fy — L(Es, F), Ty(x1)(x2) := T(x1, 23), is the operator
Ty : (7(By) — L(E;, (7(F)) given by To((2:):)(y) = (T(xi,y))s € °(F), y € By, (w:); €
(P(Ey). It is easy to see that it is continuous, but this continuity does not characterize to

be multiple p-summing. Next our result does it.

Corollary 2.3.1 Let T : F; X E5 — F be a continuous bilinear operator. The following

statements are equivalent.
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2.3. Bilinear multiple (v, A,, p)-summing operators

(2) T is multiple p-summing, that is, T' is multiple (e, A,, p)-summing.
(i1) Ty maps (2O(Ey) into I1,(Ey, (P(F')) continuously.

Moreover, my,,(T) = HT\QH

Proof. Recall that the bilinear map 7" : Ey x Ey — F' is multiple (¢, A,, p)-summing if

T:(fy®. Br) x (5 ®. Ey) — (" @a, () @a, F
is continuous. Consider
a =y Qp A;* =& R AZ* = Gp*
(see [DF93, S.29.3] for the last equality). Taking v = € in Theorem [2.2.1] we get that the
continuity of T is equivalent to the continuity of
@ by ®e By — ((ég* Q- F*) g, E2) :

Since

( gp XA ®g . EQ)
<€p (F™) ) g E2>

= (B & (F))

= 1L (B, (6 (F7))")
(see [DF93), S.17.12] for the last equality) and taking into account that by its definition the
evaluations of Ty = T} takes values in (5(F), we get the result. m

Inspired by the Chevet-Persson-Saphar inequalities
d;;* <d, <A, < g;* < g (2.3.1)

on @ E (see 25.10 in [DF93|), let us write the results for the natural tensor norms
associated to A, that provide weaker topologies, that are d; and d,. We start giving
the specific definitions of multiple (v, A, p)-summing operators for v = d, d,+ in terms of

inequalities.

Definition 2.3.2 Let the continuous bilinear map T : Fy X Ey — F' .
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2.3. Bilinear multiple (v, A,, p)-summing operators

1) T is multiple (d;, Ay, p)-summing if there is a constant k > 0 such that for all finite
sequences ()7L, and (y;)i=, in By and Ey, respectively, we have

m n

(S wll) ™ < () (i)

j=1 i=1

The norm of T' as a multiple (d;, A,, p)-summing operator is the infimum of all such con-
stants k > 0.

2) T is multiple (dy, Ay, p)-summing if there is a constant k > 0 such that for all finite

sequences (r;)7L; and (y;)i=, in By and Es, respectively, we have

(ST wlP) " < ke (a)0) d ().

j=1 i=1
The norm of T as a multiple (dg, Ay, p)-summing operator is the infimum of all such con-

stants k > 0.

As a consequence of (2.3.1) we have that multiple p-summing bilinear operators are

multiple (d}, A,, p)-summing, and these ones are (dg-, Ay, p)-summing.

Corollary 2.3.2 Let T : E4 X Ey — F' be a continuous bilinear operator and 1 < q < oo.
The following statements are equivalent.

(i) T is multiple (d;, Ay, p)-summing.

(ii) Ty, maps (7 Ray By into L (Ey, (P(F)) continuously.

Moreover, the norm as multiple (dj;, A, p)-summing operator coincides with H@H
Proof. The proof is again an application of Theorem but in this case v = d, and
To: 05 ®a: By — (05 ®a,. F*) ®a Es)”

for

a=dy @p A} = \a

p,q’

where the last equality follows from [DF93, Proposition 29.9]. There, it is also shown
that a,,\ ~ E;’}g, that is, a,,,\ is the associated tensor norm to the operator ideal of the

injective hull of the (p,q)-factorable operators. Since \aj , = (a,4\)" = ((ozpvq\)’)t, by

35



2.3. Bilinear multiple (v, A,, p)-summing operators

the representation theorem for the injective hull of the p, g-factorable operators (see [DF93,
Theorem 17.5]) we get

(@ (F) D0y o) = (Bo @apar & (F7)) = £33 (Es, (65 (F))),

which, again by the defintion of Ty = TVQ, gives the result. =

Let us show now the case v = dg-. In this case a = dg» ®p Al =\ /, where the last
equality follows from [DF93, Proposition 29.9]. The surjective hull of the injective hull of
the ideal of p, g-factorable operators is the associated operator ideal to (\ca; /)*, that is,
Lirrser ~ fo,  \ = (\aj /)" (see [DF93, S.29.9]). Since \a / is the projective associate to
Qp g, it is finitely generated ([DF93, Corollary 20.6.2]) and so \oj ./ = (\c;,,/)" by [DF93,
S. 15.3]. Then, by the representation theorem [DF93, Theorem 17.5] we get

Ly (Ea, (6 (F7)) = <E2 Dz, L6 (F *)) = <€15*(F ") g,/ E2> ‘

This gives the following corollary of Theorem [2.2.1]

Corollary 2.3.3 Let T : E4 X Ey — F be a continuous bilinear operator and 1 < q < oo.
The following statements are equivalent.

(1) T is multiple (dy, Ay, p)-summing.

(ii) Ty, maps (% Ra,. By into L5 (Ey, (5(F)) continuously.

Moreover, the norm as multiple (dg, A,, p)-summing operator coincides with Hf 2”

For the simplest case ¢ = p* the operator ideals involved are injective and surjective hulls
of the ideal of the p-factorable operators ([DF93|, Ch.18]). In particular, an operator belongs
to E;”j if, and only if, it factors through a subspace of some L”(u), and the factorization
norm given by the infimum of the products of the norms of the operators involved in each
factorization for each suitable subspace coincides with the ideal norm (see the comments
after Proposition 25.9 in [DF93]). In the same way, the ideal £}/**" is characterized by
factorizations through a subspace of a quotient of some LP-space. This provides the following

results.
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

1) T is multiple (dy., A, p)-summing if and only if there is a constant & > 0 such that
for each sequence (z;) in 5 ® F4, the factorization norm inf ||A - || B|| of To((z;)) = Ao B

through a subspace of an LP-space satisfies

inf Al IB] < kdy ((2:)).

To((@:))=Ao
2) T is multiple (d,, A,, p)-summing if and only if there exists a constant k£ > 0 such that
for each sequence (z;) in (% ® E, the factorization norm inf ||A|| - | B|| of T3((z;)) = Ao B
through a subspace of a quotient of an LP-space (equivalently, a quotient of a subspace of
some [P-space) satisfies

inf JA]-[B] < Edp((2:)).

To((w5))=AoB

2.4 Applications. The linear case again: multiple 7(p)
and p-summing linear operators

In this section we will analyze with our tools the case of the so called 7(p)-summing operators
and their “multiple version". As we explained in subsection [2.2.2] the multiple-type ideals of
the usual classes of summing operators make sense in the multilinear case rather than in the
linear one, since linear p-summing operators and linear multiple p-summing operators are
the same thing. However, we will see in this section that 7(p)-summing (linear) operators
are naturally defined in the multilinear context rather than in the linear one, as happens for
instance in the case of linear (p, ¢)-dominated operators (see for example [DF93, Ch.19]).
This is so because the inequality in the definition involves the evaluation of the associated
bilinear form Br(a,b') = (T'(a),b') instead of || T'(a)||. In fact, multiple 7(p)-summing linear
operators are the ones that satisfy that this bilinear form is p-summing. This makes natural
to analyze both the original and the multiple cases. We will finish this section by showing

some applications to summing operators on LP-spaces.

2.4.1 The 7(p)-summing operators

The following definition was studied by X. Mujica in [Muj0§| for multilinear operators, which

generalizes absolutely T-summing linear operators introduced by A. Pietsch in [Pie80].
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

Definition 2.4.1 Let T € L(E,F) and 1 < q < p < oco. We say that T is absolutely
7 (p, q)-summing if there is a positive constant C' such that, for alln € N, (a;),<;c,, C E

and (b}),<;<, C F*, we have

(Z\<T<ai>,b:>|p)pso sup (Zr<ai,a*><b:,b>|q>q. (2.4.1)

lla*|| = <1 i=1
bl p<1

We denote by IL.(, ) (E, F') the vector space of all 7 (p, ¢)-summing linear operators 7" from
E into F', which is a Banach space if we consider the norm 7, o (7'), the infimum of all C'
verifying the above inequality. When p = ¢, we write IL.(,) and 7, (T') instead of Il )
and 7.(,,p) (T') respectively. In this case, we say that 7" is 7 (p)-summing. If p = ¢ =1, we

simply write I, and 7, and we say that T is 7-summing.

The following theorem, due to Pietsch for p = 1 and Mujica for multilinear operators

when 1 < p < o0.

Theorem 2.4.1 Consider 1 < p < oco. A mapping T € L(E, F) is T (p)-summing if, and
only if, there is a positive constant C' and a Radon-Borel probability measure j1 on Bgs X Bps«,

such that

A

[(T'(a),b7)[ < C / [{a, a™) (0%, 07)[" dpu (a”, 0™) (2.4.2)

E* XBF**

forall a € E, b* € F*. In this case, n,4) (T) = inf C.

Let us consider now the 7(p)-summing operators. Mujica extended in [Muj08] the 7-
summing linear operators introduced by Pietsch in [Pie80] to the context of the multilinear
operators, generalizing also the class to the corresponding case 1 < p < oco. We shall

consider only the linear case.

There is second domination theorem for 7(p)-summing operators, that is a particular
case of the characterization of Mujica for multilinear operators given in [Muj08, Theorem

2.1] when 1 < p < 0.
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

Theorem 2.4.2 (|[Muj08, Theorem?2.1]) Let T € L(E, F). Then there is a positive constant
C such that the following assertions are equivalent.

(i) The operator T is T (p)-summing and . (T) < C.

(13) There exist Borel probability measures . on Bg« and v on Bp«, such that for all a

m E and b* in F*, we have

1

<o [ [ laa) @ npde @)’ 243)
BE* BF**
Moreover, 7., (T) = inf C, where the infimum is taken over all constants C > 0 fulfilling

2.4.3).

If T: E — F is a continuous linear operator, its transpose is denoted by 7™ : F* — E*.

The proof of the following lemma is straightforward.

Lemma 2.4.1 Let T : E — F be a continuous linear operator. If T is T(p)-summing then

T and T* are p-summing.

Proof. Let be T is 7(p)-summing. Firstly we show that T is p-summing. For all a € E,

b* € F* we have by [2.4.3
IT(a)l = sup (T(a),%)|

b*eF*
1

< we(T) sup ([, 1,0 )P dula) [, 107,60} du(e))”

b*eF*

1
me(T) (f,. 1,0} P da(a) )
This implies that, 7" is p-summing and m,(7") < 7. (T).

IN

Secondly, we put 7" is 7(p)-summing and we prove that 7% is p-summing. Let be T™ :
F* — E* and b* € F*, 0™ € E**, we have
[T = sup [(T"(b"),a™)]|
a**EBE**

< sup [(T"(07), a)]|

aEBE

IN

sup |(b", T (a))]

a€EBE

1
7o (1) sup ([, I, @) dpu(a®) [y, 16767 dv(b™))”
a€EBE

7o) ([,

IN

IN

39



2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

Then, T* is p-summing and 7,(T%) < 7., (7). =

Consider the weak star topology on Bx+ and a probability Radon measure p on Bx-.
Given the canonical evaluation mapping ex : X — C(Bx~) and the formal identity mapping
Jp : C(Bx+) — LP(u), define the linear subspace S% := j,(ex (X)) C LP(u). For short we

just denote i, : E — S% the composition j, o ex : X — S%.

Theorem 2.4.3 LetT : E — F be a continuous linear operator. Let By : E X F* — K be
its associated bilinear map. The following statements are equivalent.

(1) T is 7(p)-summing.

(it) The (non-linear, non-bilinear) map Ty : (PO(E x F*) — 7 given by Ty ((a;, bF);) :=
((T'(a;), b)), (a;,bF) € E x F* for all i, is bounded with bound C'.

(1ii) There are Borel probability measures n and v on Bgs and Bp« respectively and

a continuous bilinear form S : S% x St. — R such that the associated bilinear map By :

E x F* — K factors as

Br
ExF* ——>K
i L /S
Sk x S, C LP(n) x LP(v)

Moreover, Ty (T) coincides with the infimum of the bounds C' > 0.

Proof. The equivalence between (i) and (i7) is clear: it follows from the inequality

Izl = (E17 .0
< ¢ sw (Sl oror)

la*|| g« <1 \i=1
lIbll <1

= Cll((as, 7))z llpws
where (a;)"_; is a sequence in E and (b})?, is a sequence in F™*.

3=

(¢) = (i4). Using Lemma [2.4.1] by the classical Pietsch factorization theorem there are
Borel probabilities measures p and v on Bg« and B« respectively and continuous linear
operators u : S% — F and v : S%. — E*such that T = uoify and T* = v o i%.. The bilinear
mapping R : u(S%) x v(S%.) — K given by R(T(a),T*(b*)) = (T(a),b*) is well defined

and the composition S := Ro (u x v) : S x S¥%. — K is a bilinear form. The continuity
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

of S follows from Theorem [2.4.2l A simple calculation shows that S o (if x i%.) = Br.
Conversely, the continuity of S gives the inequality (2) in the domination Theorem [2.4.2]
which finishes the proof. m

2.4.2 Multiple 7(p)-summing operators

As it happens with the examples in this chapter, multiple 7(p)-summing operators are closely
related to 7(p)-summing operators, but the inequality is required for matrices (a;)7; X
(b7)r_, and not just for the diagonals ((a;,b)); € E x F*. This class can be defined just
by considering the linear operators that satisfy that the associated bilinear form is multiple

p-summing. This our new definition as follows.

Definition 2.4.2 Let1 < p < oo. We will say that a linear operatorT' : E — F' is multiple
7(p)-summing if there is a constant C > 0 such that for ay,...,a, € E and b}, ..., b € F*,

YD T PP <or sup YN ag, @) )P

j:]- i=1 a*GBE*,b**GBF** ]:1 i=1

We will write m,, ) (T) for the infimum of all constants satisfying the inequality above. As
the reader can notice, multiple T(p)-summing operators are just operators that satisfy that

its associated bilinear form (a,b*) — (T'(a),b*) is multiple p-summing.

Note also that in this case, given a continuous linear operator 7' : £ — F'| the associated
sequential operator T' can be defined from 2 (E) to ¢,(F). In this case, Corollary [2.3.1
reads as follows, which is an alternative straightforward way of getting the characterization

obtained at the end of introduction of third chapter.

Corollary 2.4.1 Let T : E — F be a continuous linear operator. Let T : (2(E) — (7 (F)
be the associated sequential operator induced by T'. The following statements are equivalent.
(2) T is multiple T(p)-summing.
(ii) T maps »°(E) into IL,(F™*, ¢P) continuously.
Moreover, Ty, (1) = 7).
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

Proof. Recall, if ¢ = (a;),;.,, € ¢5(E) then [|{]|x 5 = sup (Z |<aj,a*>|P) :
<j< =

*EB g
(i) = (ii) Let & = (a;),;c,, € ep( ). Then T : F* — (¥ is given by Ty (b*) =
(T (ay),b*), ... (T (ay),b*),0,...) = Z (T (a;),b*)| e; and we must prove that fg is p-

n

= S (T (ay) b)) for b* € F*. Let (5)__ € F*.

summing. Now note that HTE (b*)

P j=1 <i<
Then, by (1)
> Ts(b*) = 2.2 (T (a;), 7))
i=1 i=1j=1
< Me(T) sup (Zl(%, >|> sup <Z|<b§‘,b**>|p)-
a EBE* = b**EBpxx =

By the défnition of p-summing operators and their norm we deduce that T, ¢ F* — (P is

p-summing and

Wp(ff)gﬂmﬁ()( ) sup (i“aw i )p _WmTp)( )Hf”eﬂ

a EBE*

This means that 7' maps ,(E) into II »(F™, ¢7) continuously, T : e (E) — IL,(F*, 7] <
7Tm77-(p) (T), which (ZZ)

(i1) = (i). Let (a;),,,, € E and (bf)lgign
Since T maps ,(E) into IL,(F™*, P) we have

1 1

n R P P P

T: (bF < mp( Su (b7, ") )
(;H ( (0)) ) < my(Te) s (D )

But, 7' maps ,(E) into IT,(F™, ¢P) continuously, that is

€ F*. Write £ = (ay, ..., am,0,...) € (2 (E).

7p(Te) < |T « 8(B) — TL(F*, )| €]l

We deduce

Sk

p ~
p) < T = 5, (E) — T (7 )€l o )

(Z |7 )

or

(zhzu (@) b >|p>p
< T 8(5) — ()] sup (zr< >\> o (i|<b:,b**>|p>

a*EBEp* b**eBpxx \ j=1

42



2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

that is (i). m
This result allows the comparison of our new space of operators with some classical ones.

Let us show some direct consequences, all of them based in the continuous inclusions
(P(F) = FOA W — F&y ¥ — FR" = (50(F),

that we explain in what follows.
First of all, note that T takes finite sequences to elements in the space F' ® ¢P. In the
following formulas, the space ¢*" should be replaced by ¢y whenever p* = co. Since the

tensor norm d,. is totally accesible (see Theorem 21.5 in [DF93]), the natural map
F@d;*gp SN (F* ®dp* gp*)*

is in fact a metric injection by the duality theorem for tensor norms (see also 15.7 in [DF93],

or [Sap70]). Therefore, we have that
T)(F*, ) i= FRg 47— (F* ®a, £7)" = T,(F7, 7). (2.4.4)

Since € < d},. —it is a reasonable tensor norm— and F .7 = (PO(F) we have that the
identification map ¢ is continuous. This closes the factorization. The converse use the same

identifications and is also easy to see. This proves the following.

Corollary 2.4.2 Let 1 < p < oo. The operator T is multiple T(p)-summing if and only if
there is a factorization for the associated sequential operator T as
w T w
(E) ————> )(F)
T\ i
0 *
LI (£, £7)

where the space I1)(F*, (P) := F@)d;* P is (isometrically isomorphic to) a subspace of IL,(F™*, (7).

We can also see that if an operator T : E — F is p-summing, then it is multiple T(p)-
summing as a consequence of the factorization; it can also be proved by a direct calculation.

Indeed, if T is p-summing 7 is defined from (#°(E) to ¢?(F). By the Chevet-Persson-Saphar
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

inequalities (see 15.10 in [DF93]), we have that dy. < A, on (? @ F, and so the continuity

of the identification map
(P(F) = PRaF — (PR F = FRg = I[)(F* (7).

Corollary gives that 7" is multiple 7(p)-summing.

2.4.3 The p-summing and multiple 7(p)-summing operators on L?-

spaces

In this section we will present some applications to the representation of ideals of summing
operators into LP-spaces. One of the former papers that contributed to the success of the
operator ideal theory and showed the central role of the p-summing operators in the modern
functional analysis was the paper [LP68] by Lindenstrauss and Pelczynski. Closely related
to the applications of Grothendieck’s inequality, the results on the coincidence of p-summing
operators with other operator ideals for particular —but relevant— spaces opened the door
to some fruitful applications that are nowadays well-known (see for example Ch.1 in [D.JT95]
and the references therein). In the same direction and from the tensorial point of view, the
Chevet-Persson-Saphar inequalities (see 15.10 in [DF93]) provide different descriptions of
the ideal of p-summing operators when the spaces involved are LP-spaces (see [Sap70]). In
what follows we show one of them, that holds as a consequence of the results of the previous

section when F' is an LP-space.

Corollary 2.4.3 Let 1 < p < co. Let pu be a measure and let T : E — LP(u) be a continuous

linear operator. Then T is multiple T(p)-summing if, and only if, T is p-summing.

Proof. This is a consequence of Theorem when F' = LP(u). The right-to-left
implication is a direct consequence of the comments at the end of the last subsection, and
is true for any range space F'. Assume now that 7' is multiple 7(p)-summing. Note that
PR, LP (1) = P(LP(p)) and A, = di. on 7 ® LP(p) (see Corollary 2 in 15.10 of [DF93],
see also [DF93| 20.5] and [DF93, 25.10]). Thus,

LY(LY (1), ) = L (1)@ 07 = B, L7 () = B, L (11) = (L (1),
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2.4. Applications. The linear case again: multiple T(p) and p-summing linear operators

Corollary yields then the following diagram

(LY (), ) P(LP(p))

Therefore, T is p-summing. m

Another direct application can be obtained for the multilinear versions of 7(p)-summing
operators and multiple 7(p)-summing operators by using the arguments if Ch.25 of [DF93].
In [DF93, Ch.25.10] coincidence results of the form (*®,F = (*(F) are provided for some
tensor norms « whenever F' is a subspace of a quotient of some LP-space. Thus, we can
extend the previous arguments for subspaces and quotients of LP-spaces and for (v, «, p)-
summing operators and their multiple version to our broader class of multilinear operators.
Let us write the (v, a, p)-summing case; the result for the multiple case is similar. Recall
that an n-linear operator 7' : Ey X --- X E, — F is (v, a,p)-summing if the associated

n-linear operator
T: (6@, E) x ((h®, Ey) x - x (5@, E,) — R, F
defined in Subsection [2.2.1] is continuous.

As an application of [DF93|, Proposition 25.10] we obtain the following result.

Corollary 2.4.4 Let Ey,..., E, and F' be Banach spaces, let 1 < p < 0o, and consider an
n-linear operator T' : £y X --- x E,, — F. If

(i) F is isomorphic to a subspace of some LP(u), and o = dy. or a = gi., or

(i7) F** (or F if 1 < p < 00) is isomorphic to a quotient of some LP(p) and o = d,, or
a =gy,

then T' is (7, a, p)-summing if, and only if, it is (7, A, p)-summing.
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Chapter 3

On the Lipschitz 7 (p)-summing

operators

3.1 Introduction

The notion of p-summing linear operators goes back to Grothendieck in the 1950s, but just
in 1967 and 1968, the classical works of Pietsch [Pie67] and Lindenstrauss-Petczynski [LP68]
clarified Grothendieck’s precious ideas and contributed clearly to the vigorous development
of this notion. Recently, Lipschitz versions of different types of linear operators were in-
vestigated by several authors such as |[Chall], [CZ11], [CZ12], [FJ09], [Saal5jand [YARI1S]
among others. The first paper is due to Farmer and Johnson [F.J09]. They introduced the
notion of Lipschitz p-summing operators and showed that is really a good generalization
of the concept of linear p-summing operators [FJ09, Theorem 2]. This notion marked the
beginning of the theory of nonlinear summability. Motivated by the importance of this
theory, several authors have developed and studied many concepts relating to summability.
Chen and Zheng introduced in [CZ12] (strongly) Lipschitz p-integral and p-nuclear opera-
tors. In |Chall] Chavez-Dominguez introduced the notion of Lipschitz (r,p, ¢)-summing
operators and Lipschitz (¢, p)-mixing in [Chal2]. The latest papers in this domain are due
to Yahi, Achour and Rueda [YAR15] and Saadi [Saal5|]. Independently, they introduced and
studied the class of Lipschitz strongly p-summing operators. The first authors introduced

also summing Lipschitz conjugates and (p, o)- summability with an appropriate factoriza-
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3.2. Some basic definitions

tion. They characterized also those Lipschitz operators whose Lipschitz conjugates are
absolutely p-summing.

In his book [Pie80] "Operator Ideals", Pietsch introduced the notion of 7-summing linear
operators. Mujica, in [Muj0§|] extends this notion to multilinear operators. In this chapter,
we introduce the generalization of this class of linear operators to Lipschitz operators. We

give some characterizations and properties of this classe.

3.2 Some basic definitions

3.2.1 Lipschitz p-summing operators

The nonlinear version of p-summing operators was introduced by J.-D. Farmer and W.-B.
Johnson in [FJ09]. They called it Lipschitz p-summing operator. Let (X,dx), (Y, dy) be
metric spaces. In the sequel, we consider (X, dx) a pointed metric space, i.e., a metric space
(X, dx) with a distinguished element noted 0. We denote by X# = Lipy(X,R) the space of
all Lipschitz mappings T': X — R vanishing at 0. The space (X, Lip(-)) equipped with
the norm Lip,(+) is a Banach space and By (hereBx# is the unit ball of X#) is a compact

Hausdorff space in the topology of pointwise convergence on X.

Definition 3.2.1 A Lipschitz map T : X — Y is called Lipschitz p-summing (1 < p < 00)

/

. in X and all non

if there exists a positive constant C' such that for all zy,...,x,; 2, ...,z
negative reals \i, ..., A, we have

@?Z‘dy (r <xi>7T<x;>>P)’l’ < C sup (A (f () —f(rvi))lp);-

feByy

The infimum of such constants is denoted by Wﬁ(T). This is a true generalization of the
concept of linear p-summing operators, since it is shown in [FJ09] that the Lipschitz p-
summing norm of a linear operator is the same as its p-summing norm. In the sequel, it will
be useful to note that the above definition is the same if we restrict to A; = 1 (see [F.J09]
for an implicit proof).

The set of all Lipschitz p-summing maps from X to Y is denoted by HIE (X,Y).
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3.2. Some basic definitions

Proposition 3.2.1 (Ideal property) Let Xi,Y:, Xy, Y be metric spaces. Let v : Xo —>
X, W YT — Y5 be Lipschitz functions and T : X1 — Y] be a Lipschitz p-summing
operator. Then wT'v is Lipschitz p-summing operator and 7% (wT'w) < Lip(w)m), (T) Lip(v).

Proof This composition make sens by Proposmon 1.1.0]

de (wTv(z;),wTv(y;))? < Lip(w Zdy (Tw(x:), Tv(y:))"

=1 =1
n

< Lip(w)Pry (T)" sup > |f(v(x:) = f(u(y)l?

FeBx# =1

< Lip(w)rmy; (T)" Lip(v)”fsgp Z |f(v(xi)) — floly) »

This proves the proposition. m
If Y is a Banach space, the space Hﬁ(X ,Y') of Lipschitz p-summing functions from any

metric space into Y is a Banach space under the norm 77 (.).

We next state the domination and factorization theorem for Lipschitz p-summing oper-

ators [F.J09].

Theorem 3.2.1 (Domination and factorization theorem) [FJ09]. Let 1 < p < cc.
The following properties are equivalent for a mapping T : X — Y between metric spaces
and a positive constant C.

(a) The mapping T is Lipschitz p-summing and wl (T) < C.

(b) There is a probability i on Bx# such that

S =

IT(z) = T(y)l < C (/B | (x) = f(W)I" dp (f))

(¢) For any isometric embedding j of Y into a l-injective space Z, the following diagram

commutte
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i

Loo (Bx#,pt) —— Ly (Bx#, )
il | T
X Ly Jd, 0z

with Lip(T') < C.

The domination theorem of Lipschitz p-summing operators yields the following theorem.

Theorem 3.2.2 If 1 < p < ¢ < oo, then II}(X,Y) C H(X,Y). Moreover, n (T) <
7l (T).

q

For a linear operator T € L(E, F) it is clear that 7} (T) < m, (T). J.-D. Farmer and
W.-B. Johnson proved that the reverse inequality is true. This justifies that the notion of
Lipschitz p-summing operator is really a generalization of the concept of linear p-summing

operator.

Theorem 3.2.3 [FJ09, Theorem?2| Let T' be a bounded linear operator from E into F and
1 <p<oo. Then n} (T) =m,(T).

3.2.2 Lipschitz tensor product X XY

In this subsection we based on the article of [CCJV15]. Let X be a pointed metric space
and let F be a Banach space. The Lipschitz tensor product X X F is defined as the vector
subspace of Lipy(X, E*)" (the algebraic dual of Lip,(X, E*)) spanned by the set

{0y Me: (z,y) € X? e € B}
where

(S Be) (f) = (f(z) — f(y).e), Vf € Lipy(X, E*).

We say that, d(,,) X e is an elememntaty Lipschitz tensor. We have v € X X £ if, and

only if, u = Z Ai0(z;,y;,) M €; and this representation is not unique. Note that each element
i=1

u € X X E can be represented as u = Z 0 (2s,y0) K€ since Aoz ) M e = 0, y) X Ae. We have
i=1
also
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n

w(f) =3 (Fw:) = f(y), ei) for all f in Lipg(X, B).

Denote by F ((X #,Tp) ;E) the space of all finite rank continuous linear operators from

(X # Tp) to E, where 7, denotes the topologie of pointwise convergence of X7 .

Theorem 3.2.4 [CCJV15| The map J: XK E — F ((X#,Tp) ;E), given by

J)(f) =Y (f@:) = f(y) e

=1

foru(e XK E) = Z N0z, K€, and f € X#, is a linear isomorphism.

i=1
Lipschitz injective norm

For a Banach space E and a metric space X, we give in then following the Lipschitz injective

norm on X X F.

Definition 3.2.2 [CCJV1| For each u = Z O(wiy) Me; € XK E, define

e(u) = sup {

Notice that the supremum on the right side in the previous definition exists since

n

> (Fla) = fw) (p )

i=1

fGBX#7(,0€BE*}

n

> (F@i) = fw) (e, e)

=1

< Z |(f(w:) — f(yi) {p, €)]

< ZLlp d(as, i) Il e

< Z (i, y:) €|
=1

for all f € Bx# and ¢ € Bg-. Note that

1) = Sw)) (el = (B ) (Zaw xez)

and, consequently, (u) does not depend on the representation of u by [CCJV15, Lemma2.2],
so ¢ defines a map from X X E to R.
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¢ is a dualizable Lipschitz cross-norm on X X F.
Cross-norm, i.e., € ((5(:%) X e) =d(z,y) |le]| ,Vz,y € X,Ve € E.
Dualizable, i.e.,

n

> (@) = ) (wres)

i=1

< Lip(f) ||l¢ll e <Z (@) X ei) NVf e X* Yo e E*,

=1

¢ is the least dualizable Lipschitz cross-norm on X X F.

The completion X @\EE of X K. FE is called the injective Lipschitz tensor product of X
and E. Next we justify this terminology in the case K = R. We can identify X @E with
the space of approximable bounded linear operators of (X#,7,) (= (X#,0 (X#,X))).

Proposition 3.2.2 [CCJV1)| The map J : X X. E — F((X#,71,); E), defined by

n

JW)(f) =Y (f(z:) = fly)) e

=1

n

foru = Z O, ) Xe; and f € X7 is an isometric isomorphism. As a consequence, XX.E
i=1

is isometrically isomorphic to the closure in the operator norm topology of F((X#,1,); E).

Proof. By Theorem|3.2.4), J is a linear bijection. If u = Z O (asy:) X €i, we have

=1

[J(w)[| = sup{[|J(u) (f)Il : f € Bx#}
= sup{|y (Z (f(xi) = f(?ﬁ))%) ‘ . f € Bx#,p € Bp+}

n

= sup{ Z (f(zs) = fy:)) (0, €:)

=1

:f S BX#7QO c BE'*}

= e(u).

The consequence is immediate. ®

Let F(X) be the Lipschitz-free Banach space over a pointed metric space X. Let us
recall that F(X) is the closedlinear subspace of (X#)* spanned by the set {5, : € X},
where for each x € X, §, is the evaluation functional at the point = defined on X#. It was

prove that if X is a pointed metric space, then X @EK is isometrically isomorphic to F(X);
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in fact, much more is true. We show below that the space X @;E can be identified with the

injective Banach-space tensor product F (X )@E )

Proposition 3.2.3 [CCJV15|The map I : X K. E — F(X) ®. E, defined by

n

[(U) = Z (5% - 6%) ® €;
i=1
for u = Zé(wyi) X e; is a linear isometry. As a consequence, X@;E 18 1sometrically
i=1

isomorphic to F(X)®.E.

Proof. Let u = Z 8 (25,51 Xe;. Since F(X) = X# note that the norm of Z (02, — 0y,)®
— i=1

e; in F(X)®. Eis given by

n

Sup{ Z <f7 5% - 5yz> <S07 €i> : f € BX#a(')O € BE*}

i=1
Since (f, 6., — 0y,) is precisely f(z;) — f(vy:), [CCIV15, Proposition1.7] shows that I is well
defined (and thus linear) and moreover a quick glance at Definition [3.2.2) shows that [ is an

isometry. m

Recall that the linear span of {J,}.cx is dense in F(X), hence the tensors of the form

n

Z (02, — 0,,) ® e;, with z;,y; € X and ¢; € E are dense in F(X)®.E. This shows that the
i=1
map [ has dense range, and thus XX_F is isometrically isomorphic to F (X )@;E .

Lipschitz projective norm

We introduce the Lipschitz projective norm on X X FE.

Definition 3.2.3 [CCJVI1 For each u € X K E, define

m(u) = mf{Y " dzs, i) el u =) 0y Ke)
i=1 i=1

the infimum being taken over all representations of u.
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Theorem 3.2.5 [CCJV15| The Lipschitz projective norm w is a dualizable Lipschitz cross-
norm on X X E such that L < .

The completion X @;E of X X, F is called the projective Lipschitz tensor product of X
and F.

Theorem 3.2.6 [CCJV15| The Lipschitz projective norm m is the greatest Lipschitz cross-
norm on X X E.

Proof. We have seen in the precedent Theorem that 7 is a Lipschitz cross-norm on

n

XX E. Now, let a be a Lipschitz cross-norm on X X E and let v € XX E. If Z O () X €
i=1

is a representation of u, we have

3

n

alu) =« (Z O (s X el-) <Y (O Re) = Zd(a:i, vi) el -

=1 i=1 i=1

Now the very definition of 7 gives a(u) < w(u). =

3.3 Lipschitz 7 (p)-summing operators

Definition 3.3.1 Let T' be in Lipy(X, E) and consider 1 < q < p < co. We say that
T is Lipschitz T (p,q)-summing if there is a positive constant C such that, for all n €

N; (z:), (z}) C X;(af) C E* and (N) <<, C Ry, we have

B =

(Z A (T (i) = T () ,aZ‘W’)

< Csw (Z A [(f () —f(fré))<a2‘,a>|q) q

1

(3.3.1)

where f € X# and a € E. We will denote this class of mappings by Hf(p 7 (X, E) and
we equip it with the norm 7T£(p7 9 (T') = inf C, for the constants that appear in the above

expression, for which it becomes a Banach space. When p = ¢, we write Hf(p) and 7T7I_’(p)
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3.3. Lipschitz T (p)-summing operators

instead of ITZ

(o) and 7T7l_’(p ») respectively and we say that 7' is Lipschitz 7 (p)-summing. If

p = q =1, we simply write IIZ and 7% and we say that T is Lipschitz 7-summing. Like in
the linear case, if 1 < s < r < ¢ < p, then Hf(qﬁ) C Hf(p,s) and Wf(pjs) (T) < 7T£(q7r) (T) for
all T in ITX

()" Moreover, it follows that

ML, C Ik, and 7k, ) (T) <%, (T) for all T in 12

7(p,r 7(g,r)

and

L L L L L
7, C Iy, and mr, o (T) <y, (T) for all T in II7 .
Remark 3.3.1 (1) The definition is the same if we restrict to \; = 1 (by the same argument
cited implicitly in [FJ09)).

(2) By Goldstine’s theorem, we can replace a by a** € E** in the inequality|3.3.1]

(3) If T is linear then T is T (p, q)-summing implies that T is Lipschitz T (p, q)-summing and

Wf(m) (T) < Tripg (T). We do not know if the converse is true. Because we do not have

now a factorization theorem and Bx# is also difficult to handle. Is it a good generalization?

Lemma 3.3.1 Let 1 <p <oo. Forn €N, (2;);c;ic,,, (@)1, T X, (a)1<i<,, C E* and
- - - 1
(Ai)1cicn € Ry letv: &y — XK. E* be a linear operator such that v (e;) = 6(% ) XIN af;

where (e;) denotes the unit vector basis of £» and X denotes the Lipschitz tensor product

as introduced in [CCJIV1H. We have

B =

[0l = i (Z i | (f (i) = f(27) af, CLW’)
Haﬁij&::1 =

Proof. We have
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3.3. Lipschitz T (p)-summing operators

[l = sup v ()]l xm, g
ol =1
n n
= sup Z a;v (e;) (a = Z a;e;)
HO‘IIZIT’L* =1 i=1 XK. E* =1
" 1
= sup Z ai(S(mi’I() XA\ a;
Ha”,_;ﬁ*:l i=1 ! XX, E*

= sup sup <Z %')\i% |(f () — f(x7)) (af, a>|>

lellp =LAl =1 \ =1

llall p=1
- s (Z A () = Fla) far a>|p>
||aﬁ(E#::1 =

This proves the Lemma. m

Proposition 3.3.1 Let T be in Lipy(X, FE). The operator T is Lipschitz T (p)-summing if,
and only if, for alln € N, (i), » (71)1<icp € X, (07) i C B, (Ni)1<ic, C Ry and all

)

linear operators v : £, — X X_ E* such that v (e;) = 6( ) X A\’ af, we have

)
Ty Ty

(Z AT () = T () ,a:>\p>p <Ol (3.3.2)

We now give the left ideal property in "Pietsch’s sense".

Proposition 3.3.2 Consider T in Lipy(Y, E) and R in Lipy(X,Y). If T is Lipschitz T (p)-
summing operator, then ToR is Lipschitz T (p)-summing and Wf(p) (ToR) < Wf(p) (T)Lip (R).

Proof. Let n € N, (%;);c;cp,» (%) 1<icn € X, (07)1<ic,, € EFand (Ni);ic,, C Ry It

7
1

suffices by |3.3.2| to show that(z ANil{ToR(x;)—ToR(x}) ,a:-‘)]p> ’ <zl (T)Lip(R) ||w]]
i=1

(p)
where w : ¢, — X K. E* such that w (e;) = 6(%12) X )\i%a;“.
Consider the following commutative diagram
L. - Y X, E*
w | RXidg /
XK. E*
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3.3. Lipschitz T (p)-summing operators

where
1
v (€i) = Oz, m(ay)) WA 0
and
1 1
RKX idE* (5(%@;) X )\f&f) 5( (z:), R( )) X )\fa;‘
The Lipschitz injective norm ¢ is uniform by [CCIV15, Theorem 7.1] and by [CCIVI1E,

Proposition 4.2], we have

(izn:l)\i|<TOR($i) _T°R<$§),aj>|P)’”

IA

T () vl
< 7l (D) lwll | R B idp |

< 7 (T)Lip(R) [Jw].
This implies by that T'oR is Lipschitz 7 (p)-summing and 7TT(p) (ToR) < Wf(p) (T)Lip (R)

and this ends the proof. m

The dual E* of E is naturally isometric to a subspace of Lip,(F). By [BLOQ, p. 37|,
there is a norm one projection, p : Lipy(E) — E*.
We notice that Tt = T#
operator attached to T' by Theorem [1.2.2] i.e., T* = T7}.

g+ corresponds in a canonical way to the usual adjoint of the linear

T#

Lip, (E> - Lip, (X)
pl e
E*

Now, we can show the right ideal property for Banach spaces.

Proposition 3.3.3 Consider T in Lipy(Y, E) and S in Lipy(F, F)). If T is Lipschitz T (p)-
summing operator, then SoT is Lipschitz T (p)-summing and m~ (ST < Lip (S)rk 7 (D)-

Proof. Let (yz)1<z<n ; (yz)1<z<n - Y (b*

(iAiMSoT(yl) SoT (y), 3

C Frand (\;),<;<, C Ry, we have

i<n
1
P

_ (iilxi\<T<yi>,s#<b:>>—<T<y; 5% (b2) >\)
_ (z AT (4) S (61)) — (T (), S° <b:>>|”) ‘

(S* is the transposed of the linear operator attached to S )
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3.3. Lipschitz T (p)-summing operators

1

_ (z AT () — T (), 5" <bz<>>|p)p

=1

< T, (3 100 - 560 (5* @) 0
L su ), ) — ! s(%) a "\’
< whpMisid s (Sx]0 - 100 (J5o)] )
llall g=1 L
< w1 sw ( N [P — 1) (B, 354 ) ) !
lallg=1 )
< L)) s (0106 - ) o)

<1
17115, <
ol p=1

Therefore, S o T' is Lipschitz 7 (p)-summing operator and Wf(p)(S oT) < 7T£(p) (T)Lip(S). m

By the left ideal property, we have the following proposition. For the converse, we can

see [Saalb, Remark 3.3].

Proposition 3.3.4 Consider 1 < p < oo. Let T : X — FE be a Lipschitz map. If T}, is

7 (p)-summing, then T is Lipschitz T (p)-summing. The converse is false.

We will give "an alternative reciprocal" after the domination theorem.

Now, we characterize this type of operators by giving the Pietsch Domination Theorem.
Recently, a general version of the Pietsch Domination Theorem was proved in [PSS12b],
which is an improved version of a similar result in [BPR10] (see also [PSS12a]). Let X, Y
and V be (arbitrary) non-void sets, H (X;Y’) be a non-void family of mappings from X to
Y, G be a Banach space and K be a compact Hausdorft topological space. Let

R: K xV xG—[0,00)and S: H(X;Y)xV x G — [0,00)

be arbitrary mappings and 1 < ¢ < oco. According to [PSS12b], [BPR10] a mapping
f € H(X;Y)is RS-abstract g-summing if there is a constant C' > 0 such that

(Z S(f, i, bi)q> q < C'sup (Z R (g, z;, bz-)q) (3.3.3)

PR\ im1
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3.3. Lipschitz T (p)-summing operators

foralln e N, zq,...,x2, € V and by,...,b, € G. We define
Hrsqo(X;Y)={f e H(X;Y): fis RS-abstract ¢-summing} .
Suppose that R is such that the mapping
R,p: K — [0,00) defined by R, ,(¢) = R(p,z,b) (3.3.4)
is continuous for every z € V and b € G. The Pietsch Domination Theorem from [PSS12b]

reads as follows.

Theorem 3.3.1 . Suppose that S is arbitrary, R satisfies and let 1 < g < 0. A
map f € H(X;Y) is RS-abstract q-summing if, and only if, there is a constant C > 0 and

a Borel probability measure i on K such that

S(f,x,b) <C (/KR(gp,x,b)q du(gp)>1/q (3.3.5)

forallx €V andb e G.

We give the domination theorem of the Lipschitz 7(p)-summing operators by using the

technique above.

Theorem 3.3.2 An operator T' in Lipy(X, E) is Lipschitz 7(p)-summing if, and only if,

there exists a positive constant C' and a probability p on K = Bx# X B« such that

(@) -1 < ([ (0@ - )@l gan) 630
for all z,2’ € X and a* € E*. In this case, Wf(p) (T) =inf C.

Proof. Note that T is Lipschitz 7(p)-summing if, and only if, it is RS-abstract p-

summing with

V=XxX,

*

G=F
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3.3. Lipschitz T (p)-summing operators

and K = By# X Bp*, which is a compact Hausdorff space in the topology of pointwise

convergence on K, H = Lip,(X, F) and R, S are defined as follows

R: (Bx# x Bp+) x (X x X) x E* — [0, 00)

such that R((f,a*), (z,2),a*) = A |(f(z) — f(2')) (@™, a")| and

S:Hx (X xX)xE —1[0,00)

such that

S(T, (w,a',a*)) = A (T (z) — T (') ,a)|.

So we have, as a consequence of Theorem [3.3.1

(T (@) = T (@) ,a")
< (g, wppe. (0@ = F@)) (0@} dpr(.0))

and the proof is complete. m

3=

As an immediate corollary of our theorem.
Corollary 3.3.1 Hf(p) C Hf(q), when 1 < p < q< oo and Hf(p) CII}, for all 1 < p < oo.

We will present another characterization (Pietsch’s domination theorem) concerning this
class of Lipschitz operators. For the proof, we use the same idea as used for example in
[AMS09] and [Muj08, Theorem 3.6]. Before this, we first state Ky Fan’s lemma. The proof
can be consulted in [DJT95, p. 190].

Lemma 3.3.2 Let K be a Hausdorff topological vector space and let C' be a compact conver
subset of K. Let M be a set of functions on C with values in (—oo, 00| having the following

properties:

(a) each f € M is convex and lower semicontinuous;

(b) if g € conv(M), there is an f € M with g(z) < f(x),Yx € C;
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3.3. Lipschitz T (p)-summing operators

(c) there is an r € R such that each f € M has a value < 7.

Then there is an xo € C such that f(zo) <r for all f € M.

Theorem 3.3.3 Consider T € Lipy(X, E) and C' a positive constant.
(1) The operator T is Lipschitz T (p)-summing and 7T7I_’(p) (T) <C.
(2) There exist Radon probability measures p; on Bx# and py on Bgs, such that for all
z, 2" in X and a* in E*, we have
[(T(x) = T("),a")]
< CUs,, Js,..

Moreover, in this case

7T7[_’(p) (T) =inf {C > 0: for all C verifying the inequality[3.3.7}.

1 (3.3.7)
(f(x) = f(&) (a, @) dpy (f)dps(a™))P).

Proof. We only need to show the implication (1) = (2) because using[3.3.7], one easily
shows that 7" is Lipschitz 7 (p)-summing and ﬂf(p)(T) <C.

Consider the sets P (Bx#) and P (Bg«) of probability measures in C (Bx# )" and C (Bgs+)"
respectively endowed with their weak® topologies . These sets are compact and con-
vex. We are going now to apply Ky Fan’s lemma with K = C (Byx#)" x C(Bg~)" and
C= P (Bx#) x P (Bg+) which is convex and compact.

Let M be the set of all functions ¢ from C with values in R of the form

P (a0 (o)) (12 42)
= 2 Nl(T(w) = T(), e =C s, Jo,e Nil(f () = f@0)) (af, a™) " dpun (f)dpa(a™)

where (7:);cicp, s (1) 1<i<n € X 5(07)1<ic, € £ and (i) ;,, C Ry. These functions are
continuous and convex. The set M is a convex cone. We now apply Ky Fan’s lemma (the
conditions (a) and (b) are satisfied). For the condition (c), since By is a compact Hausdorff
space in the topology of pointwise convergence on X and Bpg:«« are weak * compact and
norming sets, using the fact that X is isometrically embedded into By« and by the classical
Goldstine’s theorem there exist for ¢ € M two elements, fy in By# and aj* in Bg« such
that

p

sup
lla** || grx =1

11 %=1

(¥ (@~ 1) 079

= 3 Alhe:) - folal) (a5}

Iy

60



3.3. Lipschitz T (p)-summing operators

If 64, and 044+ denote the Dirac measures supported by fo and ag* respectively, we have
P (a0 ) (07). ) O Oa)
= L Al{T(w:) —T(w),a DIr=cr Z il fo(wi) = fo(a) (a7, ag™) "
< 0
Hypothesis (1) yields
sup {@((xi)7($;)7(a;)’(>\i))(:ulvIUQ) t(pys pe) € K} <0.
By the conclusion of Ky Fan’s lemma, there is u = (4, pt5) € C such that u(¢) < 0 for all
@ in M. If ¢ is generated by the simple elements z,2’ € X, a* € E* and A\ = 1, we find
Pla,2,a*,1) (Mh M2)
= [T(z) =T(@),a’)]" = C”

Js .y Jppe. 1(F (@) = £(2) (@, @) dpay (f) dppy(a™) < 0.
It follows that
(T(z) —T(2'),a")] 1

< (foy oy @) = F&) e @™ NP iy (1) dio(a™))

and this completes the proof. m

As a corollary, we get.

Proposition 3.3.5 Consider T in Lipy(X, E). If the operator T is Lipschitz T (p)-summing
then, its linearization T, is in Dy (£ (X), E) in the sense of [Coh75] and consequently T}

18 P-Summing.

I
Proof. Suppose that T € Hf(p) (X,FE). Let m = Z Ajmg;q be in M(X) and a* € E™.

J=1

By Theorem [3.3.3], we have
[(Tr(m), a")]

S zl: |/\]| {<T(l’]) — T(x’~),a*>‘
77 (T) z Ml (fiy S (FC) = F@) a0 [
T(p( >Z A |d($m ) <fB . a” >|pdﬂ2(a**>>

< (@) Il (S, 1000 dpafa)

=

IN

(f) dpaa™))

S =

IN
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3.3. Lipschitz T (p)-summing operators

By density, this implies that 7}, € Dy« (£ (X), E) and d,- (T1,) < 7T£(p) (T), hence m,(T}) <
Wf(p)(T) by [Coh73, Theorem 2.2.2]. m
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Chapter 4

On the Cohen Lipschitz p-nuclear

operators

4.1 Preliminaries and definitions

Analogously for sequence (\;); of real numbers and (z;); ; (x}); of points in metric space X,
we denote their weak Lipschitz p-norm by

wﬁ (Niy ()i, (27)i) = sup || i | f(2i) — f(x])] Hp .

fEBX#

J. A. Chavez-Doménguez defined in [Chall] the Lipschitz (7, p, ¢)-summing operators as

follows.

Definition 4.1.1 [Chall] An operator T : X — E is called Lipschitz (r,p,q)-summing

(1<pr<oo,1<qg<ooand % < Il)+ %) if there is a positive constant C' such that for all

n e N, (xi>1§i§n; (l’;)lgign C X, (a;)lgign C E* and \; > O, k; > O, we have

1O\ (i) = T(a5), i), < Coy (Nikey ™, (20)ss (25):) wq (Riat})s) - (4.1.1)

7

The smallest constant C' such that holds is noted by 7% (T) and IIL (X, E) will

P4 P4

denote the set of all such operators which is a Banach space equipped with the norm 7T£:p7 ()

When FE is a dual we can consider the a} in the predual. Also, the case (r,r, 00) corresponds
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4.1. Preliminaries and definitions

to Lipschitz r-summing operators from X into E as in [FJ09], whereas the case (r,p, o)
corresponds to the Lipschitz (r, p)-summing operators from X into £ as in [JS09]. Moreover,
by the same argument as in [FJ09], we may take \; = 1 in (1.1), for all i.

We will introduced the corresponding definition for spaces of molecules, which studied

by J. A. Chavez-Doménguez in [Challl.

Definition 4.1.2 For all \j,k; > 0 and m € M(X, E) such that m = ) vjmg, ., let
=1 ’

!

[y p,g(112)
_ inf{ H(Aj);;l (k5N [f ) = F&)])7_ Hp [CFgvi)i=ill,,,
11

1 1
Iy pq(m) is B—norm on M(X, E) for 3 +—-4+—->1and 0 < B <1 see [Chall,
H p T g
Theorem 5.2]. The 3-normed space (M(X, E) (.)) denoted by M, ,,o(X, E). Such that

sup
r fGBX#

) Mr7p7q

for 0 < 8 <1, a non-negative positively homogeneous functional i defined on a vector space
U is called a B—seminorm if p(uy +uz)® < p(uy)? + p(ug)? for all uy,ug € U. If in addition

i vanishes only at 0, it is called a S—norm.

Theorem 4.1.1 [Chall, Theoremb.2] The spaces 1L | (X, E*) and M, ,, (X, E) are iso-

r*,p,q

metrically isomorphic via the canonical pairing. Moreover, on the unit ball of Hf*7p’q(X , EY)

the weak* topology coincides with the topology of pointwise o(E*, E)-convergence.

The following theorem which states the Domination/Factorization theorem related to the
space of (r,p, ¢)-summing operators and identifies the dual of M, , (X, E) in this special

case.

Theorem 4.1.2 (Domination/Factorization) ([Challl Theorem5.2]) Suppose % +14
% =1 and let T € Lipy(X, E*), C > 0. The following are equivalent:

(a) |{T,m)| < Cu,,,(m) for all m € M(X, E).

(b) There exist reqular Borel probability measures . and v on the weak*-compact unit

balls Bx#, Bg« such that for all z,2' € X and v € F,
([ 1w@rae).
BE‘*

3=

(T(x) =T ('), v)] < C (/B (1f(z) = f(x’)!)’”du(f)>

X#
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4.2. Cohen Lipschitz p-nuclear operators

(c) There exist a Banach space Z, a Lipschitz p-summing operator R : X — Z*and a

linear q-summing operator S : E — Z such that 7} (5*) .my (S) < C and
(T'(x),v) = (R(x),S(v)) for allz € X,v € E;

that is the following diagram commute

X — FE*

R\, S
7

The statement (a) of the above theorem means that the space Hf*7p’q(X , E*) has as a
predual the space M,., (X, E).

Now we give the definition of Cohen Lipschitz p-nuclear operators.

4.2 Cohen Lipschitz p-nuclear operators

The results obtained in this chapter are in|[MT17]. We introduce the following generalization
to Lipschitz operators of the class of Cohen p-nuclear operators studied in [Coh73]. It is a
particular case from that defined by J. A. Chédvez-Dominguez in [Chall] which called the
Lipschitz (7, p, q)-summing operators if we take (r,p,q) = (1,p,p*) and k; = 1 for all i.
The notion of p-nuclear operators was introduced in [PP69] by A. Persson and A. Pietsch.
Initially the definition of nuclear operators for Banach spaces, was given by Grothendieck in
[Gro55]. J. S. Cohen has initiated another concept of p-nuclear operators in |[Coh73] which
is not the same as the preceding notion and have generalized to (p,q)-nuclear operators
(1 < ¢ < o0) by H. Apiola in [Api76]. In [CZ12], D. Chen and B. Zheng have generalized
this notion to Lipschitz operators. For distinguish these two notions, we say Cohen p-
nuclear operators for that investigated by J. S. Cohen and we try to generalize this notion

to Lipschitz operators.

Definition 4.2.1 A Lipschitz operator T : X — E is Cohen Lipschitz p-nuclear (1 < p <

00), if there is a positive constant C' such that for any n in N; (z:),cic, , (T))1<ic,, i X
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4.2. Cohen Lipschitz p-nuclear operators

(a;)lﬁiﬁn m B and (Ai)gign in Ry, we have

L (4.2.1)

< O sup (Zklfxl ) ); sup <Z| )

lall z<1 \ ;=1

The smallest constant C' which is noted by nﬁ(T), such that the above inequality holds, is
called the Cohen Lipschitz p-nuclear norm on the space /\/;)L(X ,E) of all Cohen Lipschitz

p-nuclear operators from X into E which is a Banach space. For p = 1 and p =
we have as in the linear case N{(X, E) = II{ (X, E) and NL(X,E) = DL (X, E) (see

below). The definition remains the same if we restrict to \; = 1, as in [F.J09]. We use

this definition with the \; only in the proof of Pietsch’s domination theorem. Immediately

NHX,E) = 10}, (X, E) for k; = 1, this implies that NV (X, E) and My, (X, E) are

1,p,p*

isometrically isomorphic via the canonical pairing as a special case in Theorem[{.1.]]

We know (see [DJT95]) that ¢° (E) = ¢. (E) (the symbol = indicates that two Banach
spaces are isometrically isomorphic) for some 1 < p < oo if and only if dim (F) is finite.
If p = oo, we have (* (E) = (. (E). We have also if 1 < p < o0, £ (E) = L (", E)
isometrically. In other words, let v : ¢~ — E be a linear operator such that v (e;) = a; (
namely, v = i e; ® a;, e; denotes the unit vector basis of ¢”) then,

i=1

ol = 1)l s (42.9)

Let T be a Lipschitz operator between X, F and v : £, — E* be a bounded linear
operator. By the Lipschitz operator T' is Cohen Lipschitz p-nuclear if, and only if,

(4.2.3)

3=

< Cawp (ZMf(%)—f(%)\”) ol
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4.2. Cohen Lipschitz p-nuclear operators

Proposition 4.2.1 Consider T in Lipy(X, E), R in Lipy(F, F') and S in Lip,(Y, X ). If T
1s Cohen Lipschitz p-nuclear operator, then RoT oS is Cohen Lipschitz p-nuclear operator

and nk(RoT o S) < Lip(R)n}(T)Lip(S).

Proof. Let n € N; (¥i),<icp» (U1)1<i<, C Y and (a7),;,, C E*. By (3.3), we prove in
the first part that

n

> (TS (yi) =TS (y;),a;)

i=1

< yE(T)Lip(S) sup (z ) - £ :->|p)p o

fEBY# 4

where v : E — [, defined by v (a) = Z af (a) e;. We have
i=1

> (TS () = TS () )

< nH(T) sup (zw (v >>—f<s<y;>>r”)”uvu,

fEBX# =1
N
) ol

1
< LS s (17060 - 160 ol
fEBY#
This implies that
né(T 095) < nﬁ(T)Lip(S).
Let n € N; (24)1cicp, » (%) 1<i<pn € X5 (6])1<4<, € F*. In the second part, By we prove

that

FSw) (%)
Llp(S Lip(S)

< ny(T)Lip(S) sup (Zni

fEBX# =1

< nH(T)Lip(R) sup (z o <i>|p)"||w||

FE€By# \i=1

z (RT (x;) — RT () ,b7)

where w : F' — /, is defined by w (b) = >_ b} (b) ;. We have

i=1

NE

(RT (2:) — RT (7) , bj)

1

-
Il

Il

@
Il
R

(T ()~ T(), R <b:>>\ |

S =

< nH(T) sup (2 !f(xi)—f(xé)!p) .

JE€Bg# \i=1

< n,(T)Lip(R) sup (Z\f(ez) (i)|p>pr||'

fEBE# =1

Where u ( Z (R* (b7),y)e; = > (b7, R(y)) e

2:1
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4.3. The Lipschitz strongly p-summing operators

This implies that T" is Cohen Lipschitz p-nuclear and n}(RoT) < ||R||n}(T). m

Let us present the Pietsch’s domination theorem concerning this class of Lipschitz op-
erators. The proof is like that used in [AMS09]. In [Chall], J. A. Chdvez-Dominguez gives
a domination theorem for Lipschitz (r, p, ¢)-summing operators from X into £* such that

r+1/p+1/g=1.

Theorem 4.2.1 Consider T' € Lipy(X, E) and C a positive constant. Then the following
assertions are equivalent.

(1) The operator T' is Cohen Lipschitz p-nuclear and né(T) <C.

(2) For any n in N; (i)1cicp > (T)1cicp 1 X5 (07) iy 0 B and (Ni) <y, in Ry, we

have

(4.2.4)

< Cfsup (Z&V(%)—f@éﬂp)p sup <Z|<aaaf{>|p*)p :

llall p<1
(3) There exist Radon probability measures p; on Bx# and pi, on Bgs, such that for all
x, 2" in X and a* in E*, we have

(T (x) = ('), a%)

1 (4.2.5)
< C(fgx# |f(z) = f(@)P dpy (f

** |p (a**))ﬁ

"Sli—‘

)?(J5,,.. la

Moreover, in this case

ny(T) =inf {C > 0: for all C verifying the inequality [{.2.5}.

4.3 The Lipschitz strongly p-summing operators

The following definition was introduced independently by [Saal5] and [YARI15]. For our

convenience, we will adopt the notation of [YARISH].

Definition 4.3.1 A Lipschitz map T : X — FE is Lipschitz strongly p-summing (1 < p < 00)

if there is a constant C' > 0, such that for all n € N, (i),c;cp,s (T})1<ic,, 1 X, (6]7) i<y
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4.3. The Lipschitz strongly p-summing operators

in B and (i) <<, in Ry, we have

D NN (2) =T (1) ,a7)| < C (Z/\idx (%xé)p> wpe ((a77);) - (4.3.1)
=1 =1

We denote by Dé,p (X, E) the class of all Lipschitz strongly p-summing operators from X

mto E and dSLW (T') the smallest C' such that inequality holds. This generalizes the

definition introduced by [Coh73] in the linear case. If T is linear, then in the absence of

Bx# we have DL (X, F) =D, (X, FE).

st,p

Let T € Lipy (X;FE) and v : ¢, — E* be a bounded linear operator. The Lipschitz

operator T is strongly Lipschitz p-summing if, and only if,

Z/\z‘ (T (2;) = T (27) ,v(es))] < C (Z%’dx ($i7$§)p> [ v]| - (4.3.2)

Now, we give the domination theorem for the strongly Lipschitz p-summing operators

(see [Saald] and [YARISH]).

Theorem 4.3.1 A Lipschitz operator T from X into E is Lipschitz strongly p-summing
(1 < p < o0) if, and only if, there exist a positive constant C' and Randon probability measure
[ on Bgs« such that for oll x,2" € X, we have

1
p*

(T(@) — T(a"),a")| < Cd (2,2') /|a*<a**>|p*du<a**> . (33)

Moreover, in this case

df,, (T) =inf{C > 0: for all C verifying the inequality[4.3.3]} .

From the above result, we deduce (see also [Saall, Theorem 3.8] and [Chall]) the fol-

lowing corollary.

Corollary 4.3.1 Let C' be a positive constant. A Lipschitz map T : X — FE is Cohen
Lipschitz p-nuclear and 775 (T) < Cif, and only if, there exist a Banach space Z, a Lipschitz
p-summing operator R : X — Z* and a linear p*-summing operator S : E* — Z (i.e., S*

is strongly p-summing) such that T = S* o R and ) (R)m,(S) < C.
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4.4 Relationships between II(X, E),D/;
and V(X E)

(X, B),IE

) K E)

st,p

In this section, we investigate as in the linear case, the relationships between the various

classes of Lipschitz operators.

Theorem 4.4.1 We have for a Lipschitz operator T : X — E.

1) NH(X,E) C DL (X, E) and df, ,(T) < nl(T) for 1 <p < oc.
2) NM(X,E) CIIN(X, E) and n5(T) < n(T) for 1 < p < co.
)
)

p
HE( (X, B) C Dg (X, E) and dg ,.(T) < 7Tf(p)(T) Jor 1 <p <oc.

st,p* st,p*

Proof. (1) Let T € N}(X, E). Consider z,2" in X and a* € E*. We have b
(T (z) =T ('), a")]

1 1

< (T)(fg |f(z) — f(z ’)|pdﬂl(f))_(f3w| a*(a*)|”" dpy(a)) P
< fB & (z, ') dpy ()P ([, |a*(a* )W dpy(a*)) 7"
< k(T ) (f5,.. la*(@™) \” dyiy (a* ))_*-

Hence by |4.3.3 . T is Llpschltz strongly p-summing and dst o) <nl(T).
(2) Let T be an operator in N/ (X, E). We have by

T (x) =T ()]
= s [{T@) =T (@), )
< asequ*T/p ), 1 (@) = F@I" dp (f fBE** ) d (a**))#
< 0y (D) (Js, 1f(@) = f(= )|pd,u1(f))1

By Pletsch domination theorem [E.J09], T" is Lipschitz p-summing and 7}(T) < n(T).
(3) Let T be in Hf(p) (X, E). Consider z,2’ € F and a* € E*. We have by
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(T (z) =T ('), a")] 1
— f@@) (a*, )" duy ()dpy(a™))P)

< (p (T fB S # fBE**
F@=1G) (e goey | N2
< whpy(Dd(z, 2') ([ #fBE** W(a a**) | dpy (f)dpg(a™))?)
(z)—=f(z") ** P *ok 1
< (T) x,x fB fBE** T< )| dpy(f)dpy(a™))?)
1
< (D, 2)([p,., l(a”, a**>|pdu2( )P).
This implies by H that 7" is Lipschitz strongly p*-summing and df; .(T') < 7T7_(p) (T).

(4) Let T € IIX (X, E). For n in N, (2;),,-,, , (%}),<;<, in X and (a}),,., in E*, we have
> (T () = T(x7), 7))
i=1
< w7 (T) sup <Z |(f (i) = f (7)) <a**,a2‘>|>

I7I<t \ =1
lla**||<1

< wE(T)wh (1, (), (2])) wpe ((a ) ) by Holder inequality.

This proves that T € N*(X,E) and o} (T) < 72 (T). =

From the results obtained above we get.

Theorem 4.4.2 Consider 1 < p < co. Let T' € Lipy(X, E) and L € Lipy(F, F). If L is
Lipschitz strongly p-summing operator, and T' is Lipschitz p-summing operator, then Lo T

(L) (T).

is Cohen Lipschitz p-nuclear operator and n[f(L oT) < dk »

st,p

Proof. Let z,2’ € F and b* € F*. By we have
[(LoT (x) = LoT (x),b%)|
= [(L(T(x)) = L(T (2')),b")]
1

< db (DT (@) = T @) [, 170" duy(67))7",
and by Pietsch domination theorem in [FJ09)

(LoT (x)—LoT (x),b")|

< (LD, 1F@) = F@F i ()7 .

. 1
b (b™)[" dpg (b)) " .

This gives that Lo T € N} (X, F) and n} (Lo T) < df, (L)x}(T). m
Corollary 4.4.1 Ifp > 2. Then n} (Lo T) < dj (L)m;(T).
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1 1
Theorem 4.4.3 Let 1 < r,p,q < o0 and — = —
r p
Lipy(E, F). If L is Lipschitz T (r)-summing and T is Lipschitz p-summing, then Lo T is

1
+ —. Let T € Lipy(X,E) and L €
q

Lipschitz (r, p, q)-summing operator and 7T(L o(LoT) < T(T)(L)WIE(T).

Proof. Let z,2’ € X and b* € F*. We have by [3.3.7
|<LoT(x)—LoT(x’),b*>]

1
< 7wy (D) (s, Jope [(F(T (@) = F(T (2)) (07, 07) " dpiy () dpao (7)) 7).
Using general Holder’s mequahty and the fact that T is Lipschitz p-summing, we get

|(LoT(:U)—LoT(:C'),b*>|

< wly (D, 1T (@) = ST @) dps(f >)%<IBF** (b, 5 dpay ()

< m( >HT() T (.. b**>|qczu2<b**>>

< 7l (DITET) fy, 1F@) = @ dul(f)P ([ 1070 ().
This implies that LoT € Hépq)(X F) and 7T(r7p7q)(LOT) < 1y (L)my(T). m

Corollary 4.4.2 Let 1 < p < 0o. Let T € Lipy(X, E) and L € Lipy(F, F). If L is Lipschitz
T-summing and T is Lipschitz p-summing , then Lol is Cohen Lipschitz p-nuclear operator

and k(Lo T) < nk(L)nk(T).

p
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Perspectives

We end this thesis by asking some problems, we hope to have a solution in the future.

Probleme 4.4.1 If we define the Lipschitz multiple T(p)-summing as follows. Let 1 < p <
0. let X be a pointed metric space and let E be a Banch space. We will say that a lipschitz
mapping T : X — F is lipschitz multiple T(p)-summing if there is a constant C' > 0 such
that for xv,...,xpm; 2, ... 2, € E and af, ..., a" € E*,

DD NT(ay) = T(h)ap)P <07 sup Yy N [ f () = f (a]) P{af, )P

j=1 i=1 feByg 0™ €Bp 71 1

We will write an’T(p) (T') for the infimum of all constants satisfying the inequality above. The

following corollary is true as in the linear case?

Corollary 4.4.3 Let 1 < p < co. Let pu be a measure and let T : X — LP(u) be a lipschitz
mapping. Then T is lipschitz multiple T(p)-summing if and only if T is lipschitz p-summing.

Probleme 4.4.2 Let X be a metric pointed space and let E, F' be Banach spaces. Then
every Lipschitz map T : XI%I\EE — F induces a Lipschitz map T# : X — Lipy(E; F)
define by

T#(@)(€) = T(0(we) K e).

Probleme 4.4.3 Are the following true?

Proposition 4.4.1 Let X be a metric pointed space and E, F' be a Banach spaces, and let
T: X@E — F be a Lipschitz map. Denote by i : F — F** the isometric embedding of F

wto F**. Then the following two properties are equivalent:
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4.4. Relationships between 11} (X, E),Dy; (X, E),IIZ (X, E) and N} (X, E)

(i) T € ME(XELE, F)
(ii) 10T € TIL(X, TIL(E, F**)), where i : [IE(E, F) — TE(E, F**) is defined by i (U) =
ioU for each U € IX(E, F).

Proposition 4.4.2 Let X be a metric pointed space and E, F be a Banach spaces, and let
T: X@EE — F be a Lipschitz map. If T is lipschitz T-summing, then T# : X — IE(E, F)

18 lipschitz 1-summing.
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Résumé.

L'idée de cette thése nous a été inspirée de I'article de J.-D. Farmer et W.-B. Johnson intitulé, *'les opérateurs Lipschitz p -sommants'".
Ils ont posé dans le probléme six la question suivante: peut-on généraliser certaines propriétés des opérateurs linéaires p -sommants aux
opérateurs Lipschitz p -sommants? Certains auteurs ont répondu a cette question par la généralisation de quelques notions dans le cas
linéaire au cas lipschitzien, par exemple les notions de p -nucléaires, p -intégrals, opérateurs fortement lipschitziens p -sommants,

les opérateurs (p, G)-absolument lipschitziens, les opérateurs compacts et faiblement compacts parmi tant d'autres. Dans cette thése,
nous allons généraliser ce concept aux opérateurs T(p) -sommants qui sont les opérateurs Lipschitz T(p) -sommants et leur version

“"multiple T(p) -sommant ** suivi de quelques applications sur les espaces Lp . En utilisant I'idée de Defant et Floret (i.e., T est un

AN
opérateur linéaire p-sommant si et seulement si T . I(g) ®g E —)I P ®Ap E est continu), nous avons généralisé aussi cette
idée au cas des opérateurs multilinéaires. Deux extensions naturelles des opérateurs p -sommants ont été étudiées dans le cas

multilinéaire qui sont les opérateurs multiples p -sommants et les opérateurs multilinéaires (]/, a, p) -sommants. Ces deux classes
ont été intensivement étudiées et sont bien connues.

Mots-clés: opérateurs Lipschitz Cohen p -nucléaires, opérateurs Lipschitz p -sommants, opérateurs Lipschitz T(p) -sommants,
opérateurs Lipschitz fortement p -sommants, espace de Arens-Eels, opérateurs multiples p -sommants, opérateurs multilinéaires

(]/, a, p) -sommants, norme tensorielle.

Abstract.
The idea of this thesis was inspired by the article of J.-D. Farmer and W.-B.Johnson entitled, “'the Lipschitz p -summing operators"".

They posed in problem six the following question: what results about p -summing operators have analogues for Lipschitz p -summing
operators? Some authors have answered this question by generalizing some concepts in the linear case to the Lipschitz case, for example
p -nuclears, p -integrals, Lipschitz strongly p -summing operators, Lipschitz (p, O) -absolutely operators, compact operators

and weakly compact opeartors among many others. In this thesis, we will generalize this concept to T(p) -summing operators which

Lipschitz T(p)-summing operators and their version "multiple f(p) -summing"* with some applications on Lp -spaces. Using the

AN
idea of Defant and Floret (i.e., T is absolutely p-summing if and only if T . Iop ®.9 E —)I P ®Ap E is continuous). We have

also generalized this idea to the case of multilinear operators. Two natural extensions of p -summing operators have been studied in
the multilinear case which are the multiple p -summing operators and (]/, ad, p) -summing multilinear operators. These two classes
have been intensively studied and are well known

Keywords: Cohen Lipschitz p—nuclear operators, Lipschitz p -summing operators, Lipschitz f(p) -summing operators,

Lipschitz strongly p -summing operators, Arens--Eells space, multiple summing operators, (y, a, p) -summing multilinear
operators, tensor norm.
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