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Abstract

This master memory examines some mathematical relational structures related to
ordered sets, lattices, and trellises (or weakly associative lattices) as a generalization
of lattices. In particular, we focuses on pseudo-ordered sets and trellises, presenting
their main properties, binary operations defined on them, and some related subsets.
Finally, we study some associative operators on bounded lattices and trellises,
examining the most common properties of these operators, we pay particular
attention to the notions of t-norm and t-conorm operations, and their construction
methods. It also highlights their importance in fuzzy logic, decision-making and

modern mathematical applications.

Keywords: Ordered sets, Pseudo order sets, Bounded lattices, Bounded trellises,

Aggregation operators, t-norms, t-conorms.



;‘&jj)Sii

RN BVENA PO A

° g,
=z w #° ~ w ~ dﬁ’
(ale (o) Q) d8 o)
48 8 Jla Unh 1388 1daa (aliddl g el o ddlaga sdaad ccladliall A5 dlardy o31) 4 daad)
c @y by g LS

S cal ) el ) ) LY 5 S galliy adil (Jrandly Uia W) jic) g 15485 9 B g
oA A o) Ja (Jaadl 1 Zladl A st Y L S Al Banad) Allgan 6 g dal) 08 gg
Al () e o Gl Jaa g Alas g dale e g sl )

M) (a4 pSal) AL At alal B S3al) 030 GBS () (o 5) i) g o AR (0 9 (e 4] g
AdBlia agl gd o (lia¥) g Sl (alliy agal) da i () ppead Agial B gSAl) 5 i) (g glnu
Sl i e ) an jad o8 jaaial) agilgan 5 Al agalali by agalg 965 S3al) 028

ARG A Bl gl G 5

¥ /

i\ »
V] B

t—

bogan (IS (e Al crladl) sad Ladla iads Al ad) ) g clad) dade A1) gl Culil) )
A 3y Gl cild Apna g A8 S AT dhaaf (Il ghad JSIE ) ool g s Aads g (38
Mz agt Mall sl 13 ) Asag b

Ga o) casal) 138 ) gy o W sy ¢ igh i lgiling calad Ju ajled GlS (e )
L) o eyl AN B sk gig A B gaiu S (e ) Sllia ¢ g3 Ciaida g & g
ORI WEL B NP - JEEN PR PRIPRYP - JER C SV JPE LT IPEL

alad (omala) S A M. e B s sdag.. giinag glala.. Ay e,z 9 o)
REQUPRKHRE

C,At.;gu‘Zu;Js\mgé‘_;sé\”gmu&.dsxgﬁmjgsmgudags;,c'ibmg;u.ug‘z
iball agas g agithe o auaall o 5an & 40



Introduction

Order theory and lattice structures play a fundamental role in many areas of mathematics and
its applications, particularly in algebra, logic, and theoretical computer science. Classical lattice
theory is based on partially ordered sets in which every pair of elements admits a least upper
bound and a greatest lower bound. These structures provide a natural framework for studying
order, hierarchy, and algebraic operations [4, 24].

In recent decades, several generalizations of partially ordered sets have been introduced and
extend the scope of lattice theory. Among these generalizations, pseudo-ordered sets (psosets)
and trellises [8, 26] have attracted considerable attention. Unlike classical posets, pseudo-ordered
structures relax some of the standard axioms, particularly transitivity, which allows a richer and
more flexible framework for modeling non-classical ordering phenomena.

Trellises, introduced by Fried [8] and Skala [26], extend the notion of lattices by considering
structures where every pair of elements admits both a least upper bound and a greatest lower
bound, but where the underlying order may fail to be transitive. This relaxation leads to new
algebraic and combinatorial properties that are not present in classical lattice theory, making
trellises a useful tool in the study of generalized order structures.

On the other hand, aggregation functions constitute an important class of operations defined on
ordered structures [12, 20, ?]. They are widely used in decision theory, fuzzy logic, and information
fusion. Recently, aggregation operators have been studied not only on classical lattices but also on
more general structures such as bounded posets and trellises, in order to better model uncertainty
and non-linear aggregation phenomena.

The main objective of this work is to study algebraic structures related to ordered sets, particu-
larly pseudo-ordered sets and trellises, and to investigate aggregation operators defined on bounded
lattices and bounded trellises. We aim to present fundamental definitions, illustrate key properties,
and explore the relationship between order-theoretic concepts and aggregation operations.

This manuscript is organized as follows:
e The first chapter recalls basic notions of binary relations, ordered sets, and lattice theory.

e The second chapter introduces pseudo-ordered sets and trellises, together with their main

properties and examples.



e The third chapter focuses on aggregation operators on bounded lattices and their extension

to trellises.

Finally, we conclude with perspectives and possible directions for further research in this area.



Chapter 1

Generalities on ordered sets and

lattices

In this chapter, we recall the necessary basic concepts of binary relations, ordered sets, and lattices,
We present the main definitions and properties of relations and order structures, together with
important examples and representations. These concepts provide the theoretical foundation for

the study of bounded lattices .[4, 18, 24, 25]

1.1 Binary relations

In this section, we recall the notion of binary relations and their properties.

1.1.1 Definitions and examples

Definition 1.1 (Sets). A set S is any well-defined collection of objects called elements or members
of the set . we write x € S to denote that x is an element of S.the notion x ¢ S denotes that x is

not an element of S .

Remark 1.1. o One way describing a set that has a finite number of elements is by listing the
elements of the set between braces. For example:
1. The set V of all vowels in the English alphabet can be written as V = {a,e,i,0,u}.
2. The set of all positive integers that are less than 4 can be written as {1,2,3}.

e The order in with the elements of a set are listed is not important for example: (2) can be
written {1,3,2} or {3,2,1} or {3,1,2} or {2,1,3} and {2,3,1}. But the preferred writing is
{1,2,3}.

Definition 1.2 (Cartesion Product). If A and B are two nonempty sets, we define the product

between two sets which called the Cartesian product A x B as the set of all ordered pair (a,b) with



a€ A andb€ B, i.e,
Ax B={(a,b)|a€ A and be B}

Example 1.1. let A ={1,2,3} and B = {z,y}, then

AxB= {(1735)7 (Ly)’ (2a x)v (2vy)7 (3,.%‘), (3ay)}
and

BxA={(z,1),(x,2),(z,3),(y,1), (¥, 2), (y,3)}

Remark 1.2. As a remark, the cartesian product does mot necessary commutative. As can seen

from Ezample 1.1 that Ax B# B x A .

Theorem 1.1. For any two finite nonempty sets A and B, |A x B| = |A| X |B|, such that |A] is
the number of the elements of A, called cardinal of A.

Definition 1.3 (Binary relations). Let A and B be a nonempty sets, a binary relation R from
A to B is a subset of the Cartesian product Ax B. If R C A x B and (a,b) € R, we say that a is
related to b by R and we can write aRb. If a is not related to b by R, we write a Rb. Frequently,
if A and B are equal, in this case we often say that R C A X A is a binary relation on A, instead

of a binary relation from A to A.

Example 1.2. Let A ={1,2,3} and B = {z,y} be two finite sets, so R = {(1,z),(2,y), (3,x)} is
a binary relation from A to B. The fact that (1,x) € R, we can write 1Rz and we say that 1 is
related to x by the binary relation R.

Definition 1.4 (Inverse Relations). Let R be a relation from a set A to a set B. The inverse
of R, denoted by R™' , is the relation from B to A which consists of those ordered pairs which,

when reversed, belong to R; that is,
R = {(b,a)|(a,b) € R}

Example 1.3. Let A= (1,2,3) and B = {z,y,2}, and let R = {(1,y), (1,2),(3,y)}.Then ,

R~ ={(y,1),(y,3),(2,1)} is a inverse of R.

Clearly, if R is any relation, then (R~1)~1 = R. Also, the domain and range of R~ are equal,
respectively, to the range and domain of R. Moreover, if R is a relation on A , then R™! is also

a relation on A.

Definition 1.5 (Composition of Relations). Let A, B and C' be sets, and let R be a relation
from A to B and let S be a relation from B to C. That is, R is a subset of A X B and S is a
subset of B x C. Then R and S give rise to a relation from A to C denoted by R oS and defined

by :

a(R o S)c if for some b € B we have aRb and bSc



That is ,
RoS={(a,c) e AxC|3Ibe B:(a,b) € R and (b,c) € S}.

A% BS ¢

RoS
a——C

The relation R o S is called the composition of R and S, it is sometimes denoted simply by RS.
Suppose R is a relation on a set A, that is R is a relation from a set A to itself. Then R o R,
the composition of R with itself, is always defined. Also, R o R is sometimes denoted by R? .
Similarly, R? =R2oR =RoRoR, and so on. Thus

R*"=RoRoRo---0oR

n times

1s defined for all positive n.

Example 1.4. According to the previous definition 1.5, we have the following example, let A =

{1,2}, B ={a,b}, and C = {x,y} then
R = {(1’ Cl), (2’ b)}

S ={(a,2),(b,y)}
RS
1—=a—=2
2%p S Y
1Ra and aSx = 1(R o S)x

2Rb and bSy = 2(Ro S)y
In the following Theorem, the composition of associative.

Theorem 1.2. Let A, B, C and D be sets. Suppose R is a relation from A to B, S is a relation
from B to C, and T is a relation from C to D. Then

(RoS)oT =Ro(SoT).



1.1.2 Properties of binary relatoins
Definition 1.6. Let E be a set and R be a binary relation on E. The relation R is said to be:
o reflexive if (a,a) € R, for alla € E.
o irreflexive if (a,a) ¢ R, for alla € E.
o symmetric, (a,b) € R if and only if (b,a) € R, for all a,b € E.
o antisymmetric if (a,b) € R and (b,a) € R, then a = b, for all a,b € E.
o transitive if (a,b) € R and (b,c) € R, then (a,c) € R, for all a,b,c € E.

Example 1.5. Let A ={1,2,3,4} be a finite set. We define on E the following binary relations

as follows:
R1={(1,1),(1,2),(2,2),(2,3),(3,3), (4,4)},
R ={(1,1),(1,2),(2,1),(2,2),(3,1), (4,4)},
Rs ={(1,2),(2, 1)},
Ry ={(1,1),(1,2),(2,1),(2,2)},
Rs ={(1,1),(1,2),(1,3),(1,4)} and
Re ={(2,1),(3,1),(3,2), (4,4)}

Then it holds that :

1) Ry is reflexive because it contains all pairs of the form (a,a) for every element a € E, i.e.,

it contains (1,1),(2,2),(3,3) and (4,4). Then it is not irreflexive.
2) Ro is not reflexive because the pair (3,3) ¢ Ra, also it is not irreflexive because (1,1) € Ra.
3) Rg is irreflexive because (a,a) ¢ R4, for any a € E. Then it is not reflexive.

4) Ry is symmetric because for every (a,b) € R4, we have (b,a) € Ry like (1,2) and (2,1) the
both are in R4.

5) Rs is antisymmetric, then it not symmetric because we have (1,2) € Rs, but (2,1) ¢ Rs.

6) Re is transitive because (3,2),(2,1) and (3,1) are there in Re. But Rs is not transitive,
indeed (1,2) € Rs, (2,1) € R3 and (1,1) ¢ Rs.

1.1.3 Representations of binary relations

In this subsection, we present some types of representations of a binary relations.
Representation of a binary relation by a matrix:

Let E = {a1,a2,...,an} and F = {b1,bs,...,b,} are finite sets containing m and n elements

respectively. Let R be a binary relation from E to F. Then R can be represented by the matrix

Mg = [m;;] of m x n elements which is defined by :



1 ,if (.Z‘i,l‘j) €ER,
mij =

0 5 if (:vl-,:vj) ¢ R.

Example 1.6. Let E = {1,2,3} be a finite set and R = {(a,b) € A? | a devides b} be a binary

relation on E. Then :
R ={(1,1),(1,2),(1,3),(2,2),(3,3)}.

In this case, R can be represented by the following matrix :

11 1
Mr=10 1 0
0 0 1

Representation of a binary relation by a directed graph:

Definition 1.7. There is another way of picturing a binary relation on a finite set using a direct
graph. If a binary relation R is defined on a finite set E then the elements of E are represented
by wvertices, and the ordered pairs of R are represented by directed edges. As an example, we take

the binary relation given in FExample 1.6. Its directed graph is shown in the following figure.

1

Representation of a binary relation by Arrow a Diagram:

Definition 1.8. A binary relation between two finite sets E and F can be represented using an
arrow diagram. As an example, let E = {1,2,3,4} and F = {a, b, c,d} be two finite sets, We define

a binary relation R between E and F' as :

R ={(1,b),(2,a),(3,d),(4,c)}.

The above diagram is its arrow diagram defined as follow :

10



1.2 Ordered sets

In this section, we give the notion of ordered sets and its particular elements.

1.2.1 Order relations

Definition 1.9. A binary relation R on a set X is An order if it satisfies the following three

properties:
1. Reflexivity: Vo € X, xRx.
2. Antisymmetry: Vx,y € X, xRy and yRx — x = y.
3. Transitivity: Vr,y,z € X,2Ry and yRz — xRz.

Example 1.7. The inclusion relation C is a partial order on the power set of a set S. Indeed,
A C A whenever A is a subset of S, then C is reflexive. It is antisymmetric because if A C B and
B C A imply that A = B.

Finally, C is transitive, because if A C B and B C C imply that A C C. Hence, C is a partial
order on P(S). Consequently, (P(S),C) is a poset.

Example 1.8. The divisibility relation (aRb if and only if alb) is a partial order on N*.

Definition 1.10. A set P equipped with an order relation < is called a partially ordered set (poset,
for short) and denoted by (P, <).

Example 1.9. The two structures (N, <) and (N*,|) are partially ordered sets (posets).

Definition 1.11. Partial ordered sets provide a common frame for many combinatorial configu-
rations. Formally, a partially ordered set (or poset,for short) is a set P together with a binary
relation < between its elements which is transitive and antysymmetric :if r < y and y < z then
<z, but z <y andy < x connot both hold. We write x <y if ¢ <y or x =y.Elements x and y
are comprable if either x <y ory < x (or both) hold. A chain in a posetP is a subset C C P such
that any two of its points are comparable. Dually, an antichain is a subset A C P such that no two
of its points are comparable. Observe that |CNA| < 1,i.e,every chain C' and every antichain A can
have at most element in common (for two points in their intersection would be both comparable
and incomprable ). Here aare some frequently encountered examples for posets:a family of sets is
partially ordered by set inclusion;aset of positive integers is partially ordered by division; a set of
vectors in Rn is partially ordered by(ay, ...,an) < (b1,...,by) if a; < b; for all i, and a; < b; for at
leat one i. Small posets may be visualized by drawings, known as hasse diagrams:x is lower in the

plane than y whenever x < y and there is ni other poit z € P for which both x < z and z < y.

Example 1.10. The ordered set (N, <) is a chain .

11



Definition 1.12. Let C be a chain of an ordered set X. C 1is said to be maximal if it is not

containd (strictly) in any chain of X.
Proposition 1.1. The product of two chain is not necessarily a chain .

Example 1.11. Let the chain of 5 elements Cs = {0,1,2,3,4}
C(5 X 05:{('7:73/) T € C5ay S 05}
(a,b) < (¢,d) <> a<candb<d.

(0,4) < (4,1) are not comparable.

Definition 1.13. The Hasse diagram of a finite poset (P,<) is a picture of the digraph whose
vertexes are the elements of P and which has line segments between of their vertezes. If an element
y € P covers an element x € P, we get the vertex y is higher up than the vertex x and they are

connected with a line segment .

Example 1.12. (a) Let A ={1,2,3,4,6,8,9,12,18,24} be ordered by the relation “x dividesy”.
The diagram of A is given in Figure 1.1.

(b) Let B ={a,b,c,d,e} The diagram in Figure 1.2 defines a partial order on B in the natural

way. That is, d < b,d < a,e < ¢ and so on.

(c) The diagram of a finite linearly ordered set, i.e., a finite chain, consists simply of one path.

For example, Figurel.3 shows the diagram of a chain with five elements.

12



24

18 a
8 12
4 6 9 ¢ b
2 3 d
1 Figure 1.2: figl.2 .
Figure 1.1: figl.1 .
x
Y
z
m
v

Figure 1.3: figl.3 .

1.2.2 Particular elements of an ordered set
Next, we present some particular elements of an ordered set.
Definition 1.14. Let (E, <) be a poset and A be a subset of E (A C E). We say that:

e an element x € E is a lower bound of A if x < a, for alla € A. The set of lower bounds of

A, denoted by AL;

e an element x € E is an upper bound of A if a < x, for alla € A. The set of upper bounds of
A, denoted by AY;

e an element m € A is the minimum of A, if m < a, for alla € A;

e an element M € A is the maximum of A, if a < M, for all a € A;

e an element ay € E is the least upper bound of A if ai is the minimum of AY;

e an element ag € E is the greatest lower bound of A if ag is the mazimum of AY;

e an element x € E is said to be minimal, if there is not an other element y € E such that

y <z

13



e an element x € E is said to be mazimal, if there is not an other element y € E such that

z <y.

Example 1.13. Let (E = {a,b,c,d},<) be a finite poset represented by its following Hasse dia-

gram.

In this poset, we have the following :

e the maximal element of F is d;

e the minimal elements of F are a and b;
e the greatest element of F is d;

e F has not a least element.

1.2.3 Morphisms of ordered sets

Definition 1.15. Let (P, <1), (P2, <3) be posets and [ : P, — Py be a mapping between P; and
P,. The mapping f is called an order-preserving (order-morphism) form (P1,<1) to (P2, <2) if,
for any x,y € Pp:

<1y — flo) <o f(y)

If P = Py, then the mapping f is called an endomorphism.

Definition 1.16. Let (P1,<1), (P2, <2) be posets and [ : P, — P5 be a mapping between P; and
P,. The mapping | is called an order-isomorphism form (Py,<1) to (Py,<2) if, it is surjective,
for any x,y € Py:

r <1y fz) <2 fy)
If P, = P,, then the order-isomorphism f is called an automorphism.
Example 1.14. Let (P, = {1,2,3,6},<1) and (P, = {9, {a}, {b},{a,b}}, <2}) be two posets such
that <y is the diwvisibility order ”|” and <5 is the inclusion order ” C 7. Their Hasse diagrams

are showen in the Figure 1.1and in the Figure 1.2. Let f : P, — Py be a mapping defined by the
following table:

14



x | 1] 2 | 3 6
flx) | @ | {a} | {0} | {a,b}

Thus, it is not difficult to see that f is an order-isomorphism.

6

Figure 1.4: Hasse diagram of the psoset P; .

{a.b}

{a} {b}

Figure 1.5: Hasse diagram of the psoset P, .

1.3 Bounded lattices

Definition 1.17. A lattice L is said to have a lower bound O if for any element x in L we have
0 < z. Analogously, L is said to have an upper bound I if for any x in L we have x < I. We say
L is bounded if L has both a lower bound 0 and an upper bound I. In such a lattice we have the

identities

aVIi=I,aNl=a,aV0=a,a AN0=0.
for any element a in L.
Theorem 1.3. Every finite lattice L is bounded

Example 1.15. 1. The lattice (P(S),C,N,U) is bounded (S is its greatest element and & its

least element).

2. The lattice (Z, <,min, maz) is not bounded (Z has neither a greatest nor a least element).

15



Chapter 2

Pseudo-ordered sets and trellises

This chapter introduces pseudo ordered sets and trellises as generalizations of partially ordered
sets and lattices obtained by dropping the transitivity property. It presents the main definitions,
examples, and fundamental properties related to these structures. Special attention is given to

trellises, their algebraic operations, and transitive elements.

2.1 Pseudo-ordered sets

This section contains the fundamental definitions and properties of pseudo-ordered sets, along with

illustrative examples and several concepts that will be used later. [2, 1, 21, 23]

2.1.1 Definitions and basic concepts

Definition 2.1. Let X be a non-empty set, a pseudo order on X is a binary relation < on X such

that, for all x,y € X, the conditions hold :
1. <z (reflexivity) ;
2. x4y and y < implies © =y (antisymmetry).

A pair (X, Q) satisfying these properties is called a pseudo-ordered set, or more briefly, a psoset.
This notion generalizes partially ordered sets by relaxing the requirement of transitivity.

Similarly to the setting of ordered sets, a finite pseudo-ordered sets can be represented by Hasse-type
diagram with the convention that: x is below y and is joined to y by a line if x <y. Otherwise,

i.e., if x and y are not related, then r and y will be joined by a dashed curve.

Example 2.1. 1. Let X = R be the set of real numbers. The relation on X defined, for any
r,y € X:

x <y if and only if 0 <y — 2 < a where a € R

16



s a pseudo order relation on X.

2. Let X ={a,b,c,d,e} and the binary relation defined on X as follows:
9= {(a,), (b b), (c; ), (d, ), (e, ), (a,b), (a,0), (a,d), (a,€), (b ), (b,€), (e, ), (e, e), (dse) },
the couple (X, <) is a pseudo ordered set. We note that < is not transitive because (b, c) and
(c,d) € <, while (b,d) ¢ <.
In the sequel we will represent finite pseudo ordered sets by Hasse diagram with the convention
that if x is below y and is joined to y by a line if x Jy. If x is below y, and x and y are not

related, then x and y will be joined by a dashed curve.

Remark 2.1. It is easily seen that any ordered set (poset) on a set A is a pseudo-ordered set

(psoset) on A.
According to Skala, we have the following definitions :

Definition 2.2. Let (X, <) be a pseudo-ordered set and Y C X. An element x € X is called an
upper bound of Y if y <a for any y € Y. If x is an upper bound of Y and satisfies x < d for
every upper bound d of Y, then x is called the least upper bound (l.u.b.) or join of Y, denoted by
x = UY. The notions of lower bound and greatest lower bound (g.l.b.) or meet, denoted by NB,
are defined dually.

The next definition plays an important role in pseudo-ordered set theory since it is analogous to

the definition of a totally-ordered set.

Definition 2.3. Let (X, Q) be a psoset and B be a subset of X. We define a relation <p on B as
follows : for any v,y € B there is a finite sequence (b1, ...,b,) € B such that b<by Q... <b, V.
(B,<p) -

is called pseudo chain or (P-chain, for short) if for each pair of elements b, b’ of B either of the
relations b A b or b/ Ap b holds, (dp can be defined dually). A subset B is called a cycle if, for
each pair of elements b and b of B both the relations b g b’ and b’ <p b hold.

Example 2.2. Let X = {0,b,¢,d,1} be a set and a pseudo-order relation on X, where 0<4b<c <
d<1(i.e; 0<Qx <41, for any x € X ). Then (X, Q) is p-chain and the Hasse-type diagram of X

is a depicted by the following figure (The hasse-type diagrams are the same):
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Figure 2.1: Hasse-type diagram of the trellis (X, <).

Remark 2.2. Unlike total orders, in a pseudo-ordered set, not every pair of elements is necessarily

comparable. This allows for independent elements that do not have any ordering between them.

Definition 2.4. Let (X, <) be a psoset. A subset B C A is called a cycle if every pair of elements
b,b’ € B satisfies both b Cg b’ and b’ Cp b. A nontrivial cycle is one that contains more than one

element. A psoset is said to be acyclic if it does not contain any nontrivial cycle.
Remark 2.3. (i) Empty set is a cycle;
(ii) Any single element set in a psoset is also a cycle;

(iii) A nontrivial cycle is a cycle having more than one element and it contains at least three

elements.

Definition 2.5. A preorder relation (preorder, for short) is a binary relation < over a set X
which is reflexive (a < a for all a € X ), and transitive (a < b and b < ¢ implies a < ¢, for any

a, b, c € X ) but not necessarily antisymmetric. A set with a preorder relation is called a preorder set.

In the following Proposition, we will study properties pseudo ordered sets

Proposition 2.1. Let (X, <) be a pseudo-ordered set and A be a subset on X. The binary relation
< defined on A as: x Sy if and only if there exists a finite sequence (ay,...,an) of elements from

X such that x <ay < ... <a, Qy is a preorder relation on A.
Proof. Let (X, <) be a pseudo ordered set and A be a non-empty set on X.
1. For any x € A, we have x <z this implies < . Hence, < is reflexive;
2. Let z,y,2z € A. Suppose that < y and y < z and we show that z < z.

From the supposition, it follows that there exist two sequences (ay, ..., a,) and (b1, ...,b,) € X such
that r <ay <...<a, <y and y <by Q... <b,, <z, it is easy to see that, there exists another sequence
(a1y...,by) € X such that © <ay <... <b, <z. That is, x < z. Hence, < is transitive. Therefore,

< is a preorder relation on A.
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Remark 2.4. If for each pair of elements x,y of A at least one of the relations v Sy ory S x
holds then A will be called a pseudo-chain or (p-chain, for short).

A pseudo order on a set X is said to be linear if X itself is a pseudo-chain.

It can easily shown that any pseudo order can be extended to a linear which leads the following

theorem.

Definition 2.6. Let (X, <) be a psoset. We can define the dual psoset of X, (X%, <) by: z <y
to holds in X% if and only if x <y holds in X. For X finite, we obtain a diagram for X¢ simply
by “tuning upside down” a diagram of X. Given a statement @ about pseudo ordered sets which is
true in all pseudo ordered sets, the dual statement @%is also true in all pseudo ordered sets. The

notion of consistent family and contraction set of a pseudo ordered set (X, <) was introduced by

Skala[27] .

2.1.2 Fundamental properties of pseudo-ordered sets

Definition 2.7 (Contraction sets over a psoset). [27]

Let (X, <) be a pseudo-ordered set and A be a family of subsets of X (i.e., {X1,Xa, X3,...} C
P(X)). The family A is said to be consistent if it satisfies the following condition: For any two
distinct sets R, S € X, there do not exist elements r1,70 € R and s1,s9 € S such that r1 < s1 and

so dry. On such a family A, we define the following pseudo-order 4 as follows:
R4S+ 3dreR,seS such that r<ds

is a pseudo-order on X . Also, The pseudo-ordered set (A, ) is called the contraction set of (X, ).

Example 2.3. On the set of all positive integers set m|n if and only if m is a divisor of n. Consider
the family of subsets: A = {{2k — 1,2k}lk = 1,2,3,..},( i.e., {1,2},{3,4},{5,6},...). Then the
family A is consistent, because for any two different sets in the family, you cannot find elements
that satisfy both directions of the relation. For R = {10,11}, S = {100,101} and T = {201,202},
it holds that:

e R 4 S because 10 divides 100,
o S 4T because 101 divides 202,
e But R AT because 10 and 11 do not divide 201 or 202 .

Hence, the induced pseudo-order is not transitive. Even though | is a partial order, the pseudo

order induced is not .

Theorem 2.1. [27]

Any pseudo ordered set is isomorphic with a contraction set of partially ordered set.

19



Theorem 2.2. Any pseudo-order < on a set A can be extended to a linear pseudo-order <’ on A

such that any cycle with respect to <’ is also a cycle with respect to <.

The following theorem is immediately obtained by using Theorem 2.2

Theorem 2.3. [27]

Any pseudo order is the intersection of all its linear extensions.

Proof. Let X be a pseudo-ordered set and L the set of all its linear extensions. By Theorem 2.2,
L is nonempty. The intersection of L is clearly an extension of the pseudo-order < on X. In order
to prove it equals < we show that if a 9 b there exists a linear extension <’ of < such that a €4 b.
Since a 44b, we can define the pseudo-order <* by b<* a and for (a,b) # (z,y), x <*y if and only
if £ dy. Theorem 2.2 guarantees that there exists a linear extension <’ of <*. Hence also b <’ a

and therefore a <" b.

Definition 2.8. [27]
A psoset is called to have the fixed point property if every order-preserving mapping f : X — X
has a fized point(i.e. there exists an element x of X such that f(x) = x).

2.2 Trellises

The notion of trellis was introduced by Fried [9] and Skala [26][27] as one of the most important
algebraic structures in order theory. Which is considered as an extension of the notion of lattice
by dropping the property of transitivity. A trellis is defined as a psoset (X, <) in which pair of
elements has a least upper bound and a greatest lower bound. If A is a subset of X and has a
greatest lower bound or a least upper bound, then they are unique and will be denoted by A A

and \/ A, respectively. If A is a pair {a, b}, we also write AA=aAband \/ A=aVb.

2.2.1 Definitions and properties

Definition 2.9. Let (X, <) be a non-empty pseudo ordered set.
1. The structure (X, <) is called a N-semi-trellis if x Ny exists for any x,y € X.
2. The structure (X, Q) is called a V semi-trellis if x V y exists for any x,y € X.

3. The structure (X, Q) is called a trellis if it is both a A semi-trellis and a V semi-trellis.

(i.e., both x Ny and x \V y exist for every pair x,y € X ).

In other words, a trellis is an algebraic structure (X, <, A, V) where the binary operations A\ and V

satisfy the following properties, for any x,y,z € X.

(i) Idempotency: t ANz =xVr=2x ;
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(ii) Commutativity : x Ay=yAN zandxVy=yVzx ;
(iii) Absorption laws : x A (xVy)=xz=xV (x Ay) ;
(iv) Weak associativity : x A((zVy)A(zVz)=z=zV((xAy)A(zAz2)).

For a given trellis (X, <, A,V) and z,y € X, the following statements are equivalent

1. xdy ;
2. xNVy=y;
3. xANy=uz.

The notions of sub-trellis, complete trellis, distributive and modular trellis are de- fined analogously

to the corresponding notions in partially ordered sets.

Example 2.4. Let X = {a,b,c,d,e, f} be a set and let be a pseudo-order relation on X. Then
the structure (X, <), is a trellis. The meet and join operations are defined analogously to those in

lattices, as shown in the following table:

v alblc|dlel|f
N

a a|blcldlel|f
b a ald|e|f
c alalcldlel|f
d a|blcldlel|f
e a|blcldlel|f
f a|blcldlel|f

Figure 2.2: Hasse type diagram of the trellis (X, <).

Theorem 2.4. [26, 27] A set X with two commutative, absorptive, and weak associative binary
operations A\ and V is a trellis if a <b is defined as a Nb=a and / or aVb=0b. These operations

are also idempotent.
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Remark 2.5. The main distinction between a lattice and a trellis as algebraic structures lies in
the associativity of the binary operations. In a trellis, these operations are generally not associative
as opposed to a lattice. This lack of associativity is one of the key characteristics that differentiates

trellises from lattices.

Remark 2.6. [t is will be known that every finite lattice is complete, but this property is not true

in the finite trellis. Indeed, let us consider the trellis (T, <, A, V) given in the following table and

figure.

V
al|b|lc|d]|d
A

a blc|d|a
b a elele
c a | a b | e
d alala e
e el b|lec|d

Figure 2.3: Finite trellis not complete.

We can see that T is not complete, since for example V, b, d does not exist.

Theorem 2.5. [27]
Let T = (X,<4,A,V) be a trellis, then the following statements are equivalent:

(i) < is transitive ;

(ii) the operations V and A are associative;
(iii) One of the operations N\ or V is associative.
(iv) If a <b, then a <bV x for each x € X.

(v) If a<b, then x Aa b for each x € X.
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Definition 2.10. Let (X, <, A, V) be a trellis and B a proper non-empty subset of X (i.e., BC A
and a # &). The set B is called:

(i) a A-sub-trellis (resp. a V-sub-trellis) of X if t Ny € B (resp. NV y € B), for any x,y € B,

where A and V are taken in X;
(ii) a sub-trellis of X if it is both a A- and a V-sub-trellis of X.

A bounded trellis is a trellis (X, <, A, V) that additionally has a least element denoted by 0 and a
greatest element denoted by 1 satisfying 0<x <1, for any x € X. For a bounded trellis the notation
(X, <,A,V,0,1) is used. Also, a trellis (X, <, A, V) is complete if every subset of A has a meet and

a join.

Remark 2.7. Bounded sub-trellises play an important role in the study of completeness and com-

pactness conditions in trellises.

Remark 2.8. It is well-known that every finite lattice is complete. Howewver, this property does
not necessarily hold for finite trellises. Indeed, consider the cyclic structure A = ({a,b,c},), where
the relation is defined by a Ib<c<a. This structure forms a trellis, since every pair of elements
admits a least upper bound and a greatest lower bound. Nevertheless, it is not a complete trellis,
because the join V{a,b,c} and the meet N{a,b,c} do not exist in A. Hence, this example shows

that a finite trellis need not be complete.

Theorem 2.6. [11] A trellis of finite length is complete if and only if every cycle has the meet

and the join.

Theorem 2.7. [27] If every non-empty subset of a pseudo ordered set (X, <) with the smallest

element 0 has a least upper bound, then T is a complete trellis.
Proposition 2.2. [9] Any distributive trellis (X, <, A, V) is a lattice .

Definition 2.11. [27] A trellis (X, <, A, V) is called a modular, if x <z implies that xV (y A z) =

(xVy) Az, foranyy € X.

Remark 2.9. In a modular trellis, if t <y, xVz=yVz and x Az =y A z for some element z,
then x = y.
Though x <y does not necessarily imply x Iy V z or x A z <y for every element z, the following

special cases do hold.

Proposition 2.3. [27] Let (X, <,A,V) be a modular trellis and z,y,z € X. If x <y <z, then
zNzdydzVz.

Proof. Let x,y,z € X. Sincey<z andyV (xAz) = (yVa)Az=yAz =y, it holds that z AN z ]y.
By duality, it follows that y <z V z.
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Proposition 2.4. [27] Let (X, <,A,V,0,1) be a bounded modular trellis. The following implica-
tions hold for any x,y,z € X:

(i) If e <y and y ANz =0, then x JyV z;
(i) Ify<x andyVz=1, theny Az <.

Definition 2.12. [27]
A mapping f from a trellis L = (X, E) into a trellis (M = X', <) (i.e.,f : L — M) is called:

(1) a N-homomorphism if f(x Az y) = f(x) Am f(y), for any x,y € X;
(2) a V-homomorphism if f(x Ve y) = f(x) Vam f(y), for any x,y € X;
(8) a homomorphism if Q is both A- and V-homomorphism;
(2) an isomorphism if Q is a one to one homomorphism ;
(3) Isomorphism if f is both one to one and onto homomorphism.

A homomorphism f of a trellis X into itself is called an endomorphism.

Next, we introduce some important special elements of a trellis.

2.2.2 Binary operations on trellises

In this subsection, we present some basic definitions and properties of binary operations on a psoset
or trellis. Many of these notions are adapted from their counterparts in the theory of posets and
lattices (see, e.g., [24]).

Let P = (X, <) be a psoset. A binary operation F: X x X — X on P is called:

(i) associative, if F(x, F(y, z)) = F(F(z,y), z), for any z,y,z € X;
(ii) conjunctive (resp. disjunctive), if F'(z,y)x A y(resp.x V yF(z,y)), for any x,y € X;
(iii) right-increasing, if x <y implies F(z,x) < F(z,y), for any x,y, z € X;
(iv) left-increasing, if x <y implies F(z, z) < F(y, z), for any x,y, z € X;
(v) increasing, if <y and z <t implies F(x, z) < F(y,t), for any z,y,2,t € X.
An element e € X is called a neutral element of F, if F(e,z) = F(z,e) = x, for any = € X.

Example 2.5. Let (X, <,A,V) be a trellis. Then the meet (A) (resp. the join (V)) is con junctive

(resp. disjunctive) binary operation.

Remark 2.10. One easily verifies that any increasing binary operation on a trellis is right and

left-increasing. The converse is true, in the presence of the transitivity of <, Indeed, let (A =
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{0,a,b,¢,d, 1}, <, A\, V) be a trellis given by the Hasse-type diagram in Figure 2.4 and F a binary
operation on A defined by the following table:

F(z,y) |0 |a|b|c|d]|1l
0 Olal|blclc|1
a Ola|b|lc|c|1
b Olalc|d|d]|1l
c alc|d|d]|1l
d blc|lc|d|1l]1
1 cleclc| 1|11

One easily verifies that F' is right- and left-increasing, but it is not increasing by the the fact

that a 1b,b<c and F(a,b) =b 4 d = F(b,c). In the following example, we show that on a given

Figure 2.4: Hasse-type diagram of the trellis (A4, <).

trellis (X, <, A, V), the binary operations A and V' do not necessarily be right- and left-increasing.
Example 2.6. Let (A =0,a,b,¢,d,1,<, A, V) be a trellis given by the above Hasse-type diagram

in Figure 2.4. Since c<dd andbAc=cAb=b<da=bAd=dAb, it holds that the meet () is
not right- and not left-increasing. Similarly for the join binary operation (V).

Proposition 2.5. Let (X, <, A,V) be a trellis. Then it holds that the binary operation A (or V)
1s increasing if and only if is transitive.

Proof. We only give the proof for (A) as for (V) is similarly. Suppose that A is increasing and is
not transitive (i.e., t <y <z and x 4 z, for some x,y,z € x). Since A\ is increasing and y < z,
it follows that x = x Ny Jx A z. Hence, x = x A z. Thus, x 4 z, a contradiction. Therefore, is

transitive. The proof of the converse implication is immediate. Il

Combining Theorem 2.5 and Proposition 2.5 leads to the following corollary.

Corollary 2.1. Let (X,<,A,V) be a trellis. The following statements are equivalent:
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(i) A (resp. V) is increasing;
(il) < is transitive;

(iii) A (resp. V) is associative.

2.2.3 Specific subsets in trellises

In this subsection, we present some specific elements on a trellis that will be needed to study

t-norms and t-conorms on a bounded trellis.

Definition 2.13. [27]
Let T = (X,<9,A,V) be a trellis. An element o € X is called:

(i) right-transitive, if « <x <y implies o <y, for any x,y € X ;
(ii) left-transitive, if v <y J« implies x J«, for any z,y € X ;
(iii) middle-transitive, if x < a <y implies x <y, for any z,y € X ;
(iv) transitive, if « is right-, left and middle- transitive.

Example 2.7. In the trellis T given in Figure 2.1, note that b<c<d and b £ d then b isn’t right
transitive. Otherwise, since if v <y < e implies x < e, for any x,y € T, then it holds that e is a

left-transitive element.

Definition 2.14. [27]

Let T = (X,<9,A,V) be a trellis and (x,y, z) a sequence of elements, then :
(i) (z,y,2) € X is called N-associative, if (x ANy) ANz =x A (yA2);
(i) (z,y,2) € X is V-associative, if (xVy)Vz=1zV(yV z);

(ili) An element o € X s called N-associative (resp. V-associative), if any sequence of three

elements of X including « is A-associative (resp. V-associative);

(iv) « is called associative, if it is both A- and V-associative.
Notice that for the notion of associative element o € X, the commutativity of the meet and

the join operations is sufficient to consider only the sequence (o, x,y) € X.

Proposition 2.6. [27] Let (X,<,A,V) be a trellis. Then it holds that any N-associative (resp.

V-associative) element is transitive.

Remark 2.11. The converse of the Theorem 2.4 does not hold in general. Indeed, let (X, <, A, V)
the trellis given by the Hasse-type diagram in Figure 2.2. Note that c is transitive but not V
associative since (cVb)Ve=e butcV (bVe)=f.

The following results show two cases that the notion of associative elements and transitive elements

are equivalent.
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Proposition 2.7. [27] Let (X, <, A,V) be a pseudo-chain. Then it holds that an element is asso-

ciative if and only if it is transitive.

Proposition 2.8. [27] Let (X,<,A,V) be a modular trellis. Then it holds that an element is

associative if and only if it is transitive.

Theorem 2.8. [27] Let (X, <, A,V) be a trellis. It holds that

(i) if x1,...,z are right-transitive, then the join of {x1,...,xx} exists and equals x;, V ...V
x;,, for any permutation iy,...,i; of 1,....k. Moreover,V {x1,...,z1} is right-transitive.
Similarly for the left-transitive elements x1, ..., x and the meet of {x1,...,xx}.

(i) if z1,...,x, are A-associative, then the meet of {x1, ...,z } exists and equals x;, A...\x;, for
any permutation iy,...,i; of 1,... k. Moreover,\ {x1,...,x} is A-associative. Similarly
for the V-associative elements x1, ...,z and the join of {x1,...,xk}.

In the following proposition, a study left, right-transitive.

Proposition 2.9. [27]
Let T = (X,<4,A,V) be a trellis and x,a € X. It hold that:

(1) If a is right-transitive , then

(a) a <z Q... g, implies a <xy, ;

(b) a <z, implies that a Ny <z Ay, for anyy € X.
(ii) If a is left-transitive ,then

(a) 1 Q... <Lz Da, implies z1 Ja ;

(b) x <a, implies that tVy <aVy, for anyy € X.
(iii) if a is A-associative, then x <y implies that a ANx a Ay, for any z,y € X.
(iv) if a is V-associative, then x <y implies that aV x a V' y, for any z,y € X.

Remark 2.12. The converse of Proposition 2.6 does not hold in general. Indeed, let T =
(X, <A, V) the trellis given by the Hasse diagram in Figure 2.5. Note that d is transitive but

not V-associative since (dVa)Vec=c butdV (aVc)=u.
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Figure 2.5: Representaition of a trellis. .
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Chapter 3

Aggregation operators on bounded

trellises

In this chapter, we study specific algebraic operations on bounded lattices and trellises .

3.1 Aggregation operators on bounded lattices

This section contains the basic definitions and properties of Aggregation operators and some illus-

trative examples on bounded lattices .

3.1.1 Preliminary concepts

Definition 3.1. Let L = (X,<,A,V,0,1) be a bounded lattice, and n € X be fized. A mapping
A: X" — X is called an ( n-ary) aggregation function on X whenever it is increasing, A(z) < A(y)

whenever x 1y (i.e., 1 <Y1, ..., Tn < Yn) and it satisfies boundary conditions:

Example 3.1. Let L = (X,<,A,V,0,1) be a bounded lattice and let Q : X — X be an unary

operator defined for any b € X as follows:

1 <b, 1;
() = T T #

0 otherwise.

Clearly, Qp is an unary aggregation operator, for any b € X. Moreover, it represents a char

acteristic function of the principal Ideal G(b) = {x € X : x < b} generated by b, provided b # 1.

Using the same motion of an m-ary aggregation operator for the case n = 2, we obtain the

following definition.
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Definition 3.2. [20] Let L = (X,<,A,V,0,1) be a bounded lattice. A binary operation A :
X x X — X is called an aggregation operator on X if it is increasing and satisfies the boundary

conditions A(0,0) =0 and A(1,1) = 1.
Properties 3.1. [12]
e An aggregation operator A is called idempotent if A(x,...,x) =z for all z € X.

e An aggregation operator A is called 0-positive (resp. 1-positive) if A(xq,...,x,) = 0 (resp.
A(z1,...,zn) = 1) if and only if x; = O(resp.x; = 1) for alli € {1,2,...,n}.

e The greatest aggregation operator on X is A which takes value 0 if x = [0]™ and 1 otherwise,
while the smallest aggregation operator on X is A) which takes value 1 if x = [1]" and 0

otherwise.

e The greatest idempotent aggregation operator on X is Ay, defined by Ay(X) = VI x; for all
x € X", and the smallest idempotent aggregation operator on X is Ax defined by Ax(z) =

Niqx; for all x € X7,

o A, is 1-positive and Ay, is 0-positive. We call Ax is the A-aggregation operator on X and

Ay, is the V-aggregation operator on X.

Let A(X) denote the set of all aggregation operators on X, and equip A(X) with the following
order: for all A, B € A(X),

A < B whenever A(x,y) < B(z,y), for any z,y € X.

Proposition 3.1. LetL = (X, <,A,V,0,1) be a bounded lattice. Then the smallest and the greatest

aggregation operators in A(X) are, respectively, defined by:

1 ifz=y=1; 0 z=y=0,;
AL(X) = and Av(X) =

0 otherwise. 1 otherwise.

Thus, we have Ay < A < A+, for any aggregation operator A € A(X).

3.1.2 Famous aggregations operators on bounded lattices

Definition 3.3 (t-norm). Let L = (X, <, A,V, 1) be a lattice with a greatest element denoted by
1. A binary operation T : X x X — X is called a triangular norm (t-norm, for short) if, for all

x,y,z € X, the following conditions hold:
(i) T(z,y) = T(y,x); (Commutativity)
(ii) T(z, T(y,z)) = T(T(x,y),z); (Associativity)

(i) T(x,y) < T(x,2), whenevery < z ; (Monotonicity)
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(iv) T'(z,1) = x. (Neutral element)

Definition 3.4 (t-conorm). Let T = (X, <,A,V,0) be a trellis with least element 0. A binary
operation S : X x X — X : is called a triangular conorm (t-conorm, for short) if, for allz,y,z € X,

it is commutative, associative, monotone, and has 0 as a neutral element, i.e., S(x,0) =z, for all

rzeX.

Definition 3.5 (Uninorms). Let T = (X, <,A,V,0,1) be a bounded trellis and e € X. A binary
operation U : X x X — X is called a uninorm if it is commutative, associative, monotone and has

e as a neutral element, i.e., U(z,e) =z, for allz € X.
If e=1, then U is a t-norm. If e = 0, then U is a t-conorm.
Example 3.2. Let (L,<,0,1) be a bounded lattice. Then:
(ii) The meet operation A (resp, the join V) is a t-norm (resp, a t-conorm) on X.

(ii) The operations Tp and Sp on X, defined by:

zAy if x=1 or y=1;

TD(‘T7 y) =
0 otherwise.
and
xVy if x=0 or y=0;
SD('T7 y) =

1 otherwise.
are a t-norm and a t-conorm, respectively.

Theorem 3.1. For any t-norm T on a bounded lattice X, we have

Tp <T <A,
where Tp is the drastic t-norm, and A is the greatest t-norm on X.
Theorem 3.2. For any t-conorm S on a bounded lattice X, we have

vV <S<Sp,
where Sp is the drastic t-conorm, and V is the smallest t-conorm on X.

Theorem 3.3. Let L = (X, <,A,V,0,1) be a bounded lattice and T a t-norm on X. Then T = A
if and only if T(x,x) = x, for any v € X.

3.1.3 Construction of t-norms and t-conorms on bounded lattices

Consider a bounded lattice (X, <,0,1) , an element a € X \ {0,1}, a t-norm V : X x X — X and
a t-conorm W : X x X — X. An ordinal sum extension 7" of V to X and S of W to X is given by:
Viz,y) , if (z,y) € X,

T(z,y) =
x Ay , otherwise.
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and

Wi(z,y) , if (2,y) € X,
S(z,y) =
xVy , otherwise.

However, the above-defined mapping T need not be a t-norm, in general. Similarly, S need not be

a t-conorm, in general.

Example 3.3. Given the lattice L = {0,t, s,a, k, 1} with order given in Figure 1 and consider the
t-norm,V : [a,1]* — [a,1]:
zAy ,1e{zyl,
Vi(z,y) =
a , otherwise.

for all z,y € [a,1]. Then the operation T is constructed as Table 1 by using the formula (1), but

T is not a t-norm on L.

T|0|t|s|a|k]|1
0/{0|0]0|0]0]O0
t |0t |0t |t ]|t
s|0]0|s|0]s]|s
a|l0|t|0]|a|ala
E|O|t]|s|a|alk
110]t]|s|alk]|1

If we take elements s,k € L, then s < k. But we have that T(s,k) = s|la = T(k,k).
Hence, the operation T' does not satisfy monotonicity. Moreover, T(T'(k,k),s) = T(a,s) = 0
and T(k,T(k,s)) = T(k,s) = s for elements s,k € L. Hence, the operation T' does not satisfy

associativity. So, we obtain that T is not a t-norm on L.
Example 3.4. Given the lattice L = {0,t, s,a, k, 1} with order given in Figure 2 and consider the

t-cnorm,W : [0, a)* — [0, q]:

zVy , 0€e{z,y},
W(z,y) =

a , otherwise.

for all x,y € [0,a]. Then the operation S is constructed as Table 2 by using the formula (2), but S

is not a t-cnorm on L.
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If we take elements k,s € L, then k& < s. But we have that S(k,k) = al|s = S(s,k).
Hence, the operation S does not satisfy monotonicity. Moreover, S(S(k,k),s) = S(a,s) = 1
and S(k,S(k,s)) = S(k,s) = s for elements K,s € L. Hence, the operation S does not satisfy

associativity. So, we obtain that .S is not a t-conorm on L.

Theorem 3.4. Let (X,<,0,1) be a bounded lattice and a € X \0,1. IfV is a t-norm on [a, 1] and
W is a t-conorm on [0, a], then the functions T : X x X — X and S : X x X — X are, respectively,

a t-norm and a t-conorm on X, where:

Viz,y) Lif (z.y) € [a, 1%,
T(x,y) =1 zAy , if 1le{x,y},

0 , otherwise.

Wi(z,y) ,if (z,y)€0,a]?
Sxy)=qzVvy , if 0€e{x,y},

, otherwise.

3.2 Aggregations operators on bounded trellises

3.2.1 Specific subsets of a trellis
In this subection, we introduce our notations for some interesting subsets of a trellis.
Notation 3.1. [29] Let T = (X, <, A, V) be a trellis. We denote by:
(i) X"": the set of right-transitive elements of X ;
(ii) XU": the set of left-transitive elements of X ;
(iii) X': the set of transitive elements of X ;
(iv) XN~%55: the set of A-associative elements of X ;

(v) XV™955: the set of V-associative elements of X ;
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(vi) X*35: the set of associative elements of X ;
(vii) X95: the set of distributive elements of X .

It is easy to see that if T = (X, <, A,V,0,1) is a bounded trellis, then (X%, <,0,1) is a bounded

psoset, for any a € {dis,ass, N — ass,V — ass, tr,ltr,rtr}.

Proposition 3.2. [29] Let T = (X, <, A, V) be a trellis. The following chains of inclusions hold:
(i) Xdis C Xass C XA—ass C X C X7
(11> Xd’is g Xass g XV—aSS g Xt?" g Xlt?".

Recall that X™" and X' do not include any non-trivial cycle.

The following corollary is an immediate consequence of Notation 3.1 and proposition 2.8.

Corollary 3.1. [29] Let T = (X, <, A, V) be a trellis. If T is modular or a pseudo-chain, then the
following chain of equalities holds:
Xass — YA—ass _ xV—ass _ xtr
The following proposition recalls some results about the lattice structure of some of the above

subsets.
Proposition 3.3. [29] Let T = (X, <4, A,V) be a trellis. It holds that:
(i) The subset X9 is a distributive sub-lattice;
(i) If T is modular or a pseudo-chain, then the subsets X" = X are sub-lattices.

The following proposition provides some results about the trellis structure of some of the above

subsets. The proof is an immediate application of Proposition 2.9.
Proposition 3.4. [29] Let T = (X, <, A, V) be a trellis. It holds that:
(1) (X" < A) is a A-sub-trellis of T;
(i) (X"™"<,V) is a V-sub-trellis of T;
(iii) (X755 < A) is a A-sub-trellis of T;
(iv) (XY~ <, V) is a V-sub-trellis of T.

Proposition 3.5. [29] Let T = (X, <, A, V) be a trellis and A a subset of X. If T is a pseudo-chain
and A C X or A C X" then A is a sub-trellis of T.

proof Let z,y € A. There exists a finite sequence (al,...,an) of elements in X such that
r<aj..a, <y ory<Ldai...a, Jx. The fact that A C X" or A C X" implies that x <y or
y<Lx. Thus, tAy=x € Aorx ANy =y € A. In a similar way, we obtain that z Vy =y € A or
xVy=ux€ A. Thus, A is a sub-trellis of T.
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Proposition 3.6. [29] Let T = (X, <, A,V) be a trellis and A a subset of X. The following
equalities hold:

(i) IfAC X" thenxzV (yVz)=(xVy)Vz, for any z,y,z € A;
(i) If AC X" thena A(yAz)=(xAy)Az, for any x,y,z € A.

Proof. We only give the proof of (i), the proof of (ii) being dual. Suppose that A C X" and
let z,y,2 € A. We have z<zVy(zVy)Vz, y<dzVy(zVy)Vzand 2<(xVy)Vz. Since A C X"
it follows that z(x Vy)V 2z, y <(xVy)V z and z < (z Vy) V z. Moreover, yV z(z V y) V z. Hence,
zV(yVz)(xVy)Vz. In asimilar way, we obtain that (xVy)Vz<zV(yVz). Thus, 2V (yVz) = (zVy)Vz.

In view of Proposition 3.6, one can deduce the following corollary.
Corollary 3.2. [29] Let T = (X, <, A, V) be a trellis and A a subset of X" or X',
(i) If A is a A-sub-trellis of T, then it is a A-sub-lattice of T;
(ii) If A is a V-sub-trellis of T, then it is a \V-sub-lattice of T;
(iii) If A is a sub-trellis of T, then it is a sub-lattice of T.

Corollary 3.3. [29] Let T = (X, <, A,V) be a trellis and o € {ass, \ — ass,V — ass, tr, ltr,rtr}.
If X is a sub-trellis of T, then it is a sub-lattice of T.

Combining Proposition 3.6 leads to the following result.
Proposition 3.7. [29] Let T = (X, <4, A,V) be a trellis. The following statements are equivalent:
(i) T=(X,<,A,V) is a lattice;
(i) X7 = X;
(ifi) X" = X;
(iv) XA~ = X

(v) XV=ass = X,

3.2.2 Triangular norm and conorm on bounded trellises

Definition 3.6 (t-norm ). Let T = (X, <, A, V, 1) be a trellis with a greatest element denoted by
1. A binary operation T : X x X — X is called a triangular norm (t-norm) if, for all x,y,z € X,

the following conditions hold:
(i) T(z,y) = T(y,x ); (Commutativity)

(ii) T(z, T(y,z)) = T(T(z,y),z); (Associativity)
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(i) T(x,y) <T(x,2) ; whenever y <z (Monotonicity)
(iv) T'(z,1) = x. (Neutral element)

Remark 3.1. e The meet operation A on a proper bounded trellis T = (X, <, A,V,0,1) is not

a t-norm on T as it is not necessarily increasing or associative.
o Any t-norm on a bounded trellis is conjunctive.

Proposition 3.8. Let T = (X,<,A,V,0,1) be a bounded trellis. If there exists an idempotent
t-norm T on T,then T = N and T is a bounded lattice.

Definition 3.7 (t-conorm). Let T = (X, <,A,V,0) be a trellis with least element 0. A binary
operation S : X x X — X is called a t-conorm if, for all x,y,z € X, it is commutative, associative,

monotone (i.e.,y Lz — S(x,y) IS(x,2)), and has 0 as a neutral element, i.e., S(x,0) = x.

Remark 3.2. e The join operation V on a proper bounded trellis T = (X, <,A,V,0,1) is not

a t-conorm on T as it is not necessarily increasing or associative.
e Any t-conorm on a bounded trellis is disjunctive.
Example 3.5. Let (X,<,A,V,0,1) be a bounded trellis.
(1) The binary operation Tp on X, called drastic t-norm, defined by:
L ify=1,

Ip(zy) =<y ,ifz=1,

0 , otherwise.

(2) The binary operation Sp on X, called drastic t-conorm, defined by:

T ,ny:O,
SD(xvy): y o, Zf$:07

1 , otherwise.
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Conclusion

In this work, we have studied several algebraic structures related to order theory, especially partially
ordered sets, pseudo-ordered sets, and trellises.

We have investigated some aggregation operators on bounded lattices and bounded trellises,
together with some important classes such as t-norms and t-conorms. The study showed that
trellises provide a flexible framework for extending aggregation theory beyond classical lattices,
even when transitivity does not hold.

Finally, this work opens the door to further research on aggregation operators and the alge-
braic properties of generalized ordered structures, particularly in fuzzy logic, decision-making, and

aggregation function theory.
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