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ABSTRACT. In this paper, a numerical approximation solution of a space-time
fractional diffusion equation (FDE), involving Caputo-Katugampola fractional
derivative is considered. Stability and convergence of the proposed scheme
are discussed using mathematical induction. Finally, the proposed method is
validated through numerical simulation results of different examples.

1. Introduction. In recent years, fractional calculus and fractional analysis have
received increasing attention from research communities and have been studied ex-
tensively. It is found that fractional differential equations and partial fractional
equations have a broad spectrum of applications in the areas of physics and en-
gineering (physics [6],[22], chaos theory [15], viscoelasticity [12], control system
engineering [14], fractional signal processing techniques [20] and many others areas
(see e.g. [17])). Analytical methods have been proposed to provide better solutions
to some of fractional differential equations or partial fractional equations, but these
solutions are expressed in terms of special functions which are even inaccessible
for some of fractional nonlinear equations and they are usually difficult for nu-
merical evaluation. Recently, considerable research has been devoted to the study
of numerical methods lead to a rapid increase development of numerical methods
for fractional differential and partial equations. Many methods have been present-
ed ([1], [3], [5], [19], [21], [23]) to overcome above mentioned problems. Among
them yields only an approximate solution which can be derived using perturbation
method, adomian decomposition method, generalized differential transform method
or finite difference method .
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A fundamental transport process in the mechanics of environmental fluids is
diffusion. Diffusion is a microscopic phenomenon which designates the natural ten-
dency of a system to make the concentrations homogeneous chemical species within
it, and it is characterized by the equation:

owu (x,t) = 0%u (z,t) + f(z,1).

Fractional diffusion equation in time-space is obtained from the classical diffusion
equation by replacing the first order derivative in time with Caputo-Katugampola
derivative of order a, 0 < a < 1 and the second-order space derivative with a
Riesz-Caputo-Katugampola derivative of order 5, 1 < g < 2, which is given by the
following equation:

oBr t
CotPu (x,t) = (’;L(F;) + f(z,t), (z,t) € |wo, L[ x Jto, T, (1)
T
Ny
where €977 o] 5 denotes the Caputo-Katugampola fractional derivative and
x

Riesz-Caputo-Katugampola fractional derivative of order a and [ respectively, with
p>1,tg,z9 > 0 and f(z,t) is the source term. The fractional derivative ©9;"* in
(1) is in the Caputo-Katugampola fractional derivative type of order o € ]0,1]
defined by

o t
C Acp _ P o _p—a ou(x, 1)
0 wt) = pf—gg [ =7 )

P L4
o] 5 in (1) is the Riesz-Caputo-Katugampola fractional
x

derivative of order 8 € [1,2] defined by
%Py (,t) 1 (

The fractional derivative

C 98, CgBip
0.k + 70 ) u(z,t),
8|x|ﬁ 2 z,L ’

ZTo,T
where “95-/, and C@f:f stand for the left and right Caputo-Katugampola fractional
derivative respectively.

In this work we appreciated the finite difference method, and hence uncondi-
tionally stable and convergent, for giving the numerical solution of the fractional
diffusion problem defined by

CotPu (z,t) = W—i—f(x,t), (z,t) € |mo, L] X Jto, T,
u(z,to) = up(x), = € [xo, L], (3)
ou

e (o, t) = ¥(t), u(xo,t) = &(t), u(L,t) =), tE€ to,T].

Where ug(x), ¥, ¢, ¢ are continuous functions. The rest of the paper is organized
as follows: Section 2 presents some properties of the Katugampola fractional inte-
grals and fractional derivatives of various types. Section 3 finite difference methods
(FDM) for the space-time fractional diffusion problem is presented. Sections 4 and
5, discuss the stability and the convergence analysis of the finite difference scheme.
Typical examples are presented in Sections 6 (Example 1 and 2) to demonstrate the
validity of the method, numerical simulation results are also included. Conclusion
close the paper in Sections 6.
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2. Preliminaries. In this section, we recall some concepts on fractional calculus
and present additional properties that will be used later.

As be introduced in [10], let us denote X? [a, b], (¢ € R, 1 < p < 00) which means
the space of Lebesgue measurable functions ¢ on [a, b] for which [j¢[|x» < oo, is

defined by
1
b P
. ds
ol xr = (/ 5% ()" = > < o0,

for 1 <p< oo, c€R, and
lpllxee = ess sup [l (B[], (c € R).
. a<t<b
Definition 2.1 (Katugampola fractional integral). (see [9]). The left-sided

Katugampola fractional integral Z”u (t) of order a € C(Re(a) > 0) of u(t) €
X? [a, b] is defined by

-« t p—1
p T u(T)
T t) = dr, for t > a, 4
(PZg5u) (t) F(a)/a G i fort>a (4)
Similarly we can define the right-siderd Katugampola fractional integral #Z;* u by
-« b p—1
p T u(T)
PTX u)(t) = / dr, for t < b. 5
0 0= o [ s 5)

Definition 2.2 (Katugampola fractional derivative). (see [9]). Let a € C, Re(«) >
0, m = [Re(«)]+1 and p > 0. The Katugampola fractional derivative corresponding
to the Katugampola fractional integral (4) and (5) are defined respectively as

PDY () = (tlpjt) " (P27 ) (t)

_ po—m+l tlfpi m/75 T(Pfl)u(T) dr
I'(m-—a) dt o (tp —p)* M

and

_ po _t1_pi m/b TP Ny(7) dr
I'(m—a) dt ¢ (TP —te)> L

A recent generalization introduced in [2]. The authors define the generalization
of the Katugampola fractional derivatives and present properties of such deriva-
tives. This new generalization is now know as the Caputo-Katugampola fractional
derivatives and is given by the following definition:

if the integrals exist.

Definition 2.3 (Caputo-Katugampola fractional derivative). ([2]). Let m be the
smallest integer greater than a. Then, the left and right Caputo-Katugampola
fractional derivatives of order o > 0 of a function u are defined respectively as

a—m+1 t (p—1)(1—m)
Co,p - p T (m)
DYy () = dr, 6

a+u( ) F( _Q)L (tp_Tp)a7m+1u (T) T ( )
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and

_1\ym ,a—m b (p—1)(1—m)
Cyap _ (=pmpemt / T (m)
D t) = dr. 7
b— u( ) 1_‘ (m _ a) ' (Tp o tp)a7m+1u (T) T ( )

From the Riesz-Caputo fractional derivative for a function u(x), (¢ < x <b) of
order 3 > 0, ([16]),

1 b u(m)(s)
RCD/R — /
o Dyulo) L'(m—p)J, |x—s|ﬁ7m+1d8
lers o ymeps
=5 (§D2+ ()" D) ) u (@),

where D and ng is the left and right Caputo derivative respectively. We define
the Riesz-Caputo-Katugampola as follows:

Definition 2.4. The Riesz-Caputo-Katugampola fractional derivative for a func-
tion u(z), (@ <z <b), of order 5 > 0 is

B—m—+1 b (p—1)(1—m)
RC1yB:p _P / S m
Dy u(x) = u (s)ds
» ) L'(m—25)J, |xr — 3P|5_mJrl (s)

1
=5 (9D + ()" D ) ),

with D¢ and CDf:g are the left and right Caputo-Katugampola fractional deriv-
ative defined in (6)-(7).

3. The finite difference scheme. In this section, for the finite difference approx-
imation, from [23] we sub-divide the intervals [xo, L] and [tg, T] with

wi = (26 +ik)? , i=0,1,.., M,

t; = (tf+jh)? . j=0,1,..,N,

7Lp—x8 and h = -t

where k = are the spatial and temporal step sizes,

respectively. We denote u?“ the numerical approximation to w(w;,t,+1) and
Fi = fista).
1. The initial boundary conditions of (3), are discretized as
u(zq, to) = ul,
Uy (T0, tny1) = P,
w(zo, tnr) = ¢"1,

U(La tn-‘rl) = §0n+1'

2. The space fractional derivative term ———————= can be approximated by

the following

8"’% (l‘i,tn_;,_l) -
oz’

T«t;,ﬂﬂm w;n,wM) U(.Z‘i,tn+1) 5
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where
B8—1 T p—1 82 ¢
Py} _ __P s 2(1=p) O (S, tnt1)
07P (g, ty, = s ———""2ds
T0,Tm ( +1) F(Q—,B) (l‘%—sp)ﬁ_l Os2
xo
m—1 Titl
— pP1 Zl sP1
re-5 = (= 57)"7"
xr

n+1

1 1
2(1—p) Uinn — 2up T U
X x; 5 ds
($i+1 - xz‘)
- —2m—1 +1 +1 +1
_ |2=B pB—2 mz: 20-0) ui = 2w T
r@-p &= (it1 — i)?

x |(m =) = (m—i-1)""],

ox?

b

with m € {1,2,...,M — 1} .
3. Set E,q1 = |Ca§(;px (i, tnyr) — €050, u?+1| and M; = max
T T velre L]

with ¢ = 1,...4, hence, we obtain

Ti41
1

pﬂ71 m—1 P~
! Lez-8 = e O
z;
1 1 1
2(1-p) wl = 2up T

5 ds.

2(1-p) Pu
Os? g (ig1 — @)

X |8

It follows from Taylor’s theorem, one has for each i € {0,1,....,m —1} and s €
[, ¢;+1] and because p > 1, we have

52(1—0)@ _ p2-p) upt = 2uf
Os ¢ (i1 — )2
0%u _o [(0*u oWy (11 — 2:)?
_ 20— 2(1—p) il i
= s ( P)@ —x; <6m2(1'7;,tn+1)+8$4(7717tn+1)12)’
_ 0%u OBy Wy s—x;)?
< |27 (W(zi,tnﬂ) + 683’(xi,tn+1)(5 — i) + D4 (772’t"+1)(2)>
2 2
2(1—-p) 0%u 2(1—-p) (ﬂ%+1 - Cﬂz)
- @(Iivtn+l) + Myw; 19
_ _ _ M,
< m?(l My + w?(l p)($i+1 — ;) M3 + x?(l @i — xi)274
2(1-p) 2 My

+ z; (Tig1 — x4) T

finally, we conclude

2 n+1 n+1 n+1
82(1—p)8 U 20-ptin 2ui" tus
Os ¢ ($i+1 - xi)Q

2(1-p) B—1 7
Lo P X <M2 + z,, M3 + mxan4> R
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where 1y € [x;,8] and 1 € [z, ®i41]. Furthermore, for any g € [1,2], ¢ €
{0,1,...,m—1}, p>1and s € [x;,zi4+1] we have

0< (af, — ") 7 < (af

1-p
i+1 )

— P ,

Therefore, one yields

According to (8) and (9), we imply

2(1-p) g1 m—1 o 2-p
x p z+1 T )
Ep1 <% — "% | M+, M. el T )
=TT 2 a) ( e 3+ )Z - B)
$2(1—p)p572

7
0 2—-p
< TOo o (3 — a) (M2 + z, M3 + 12zmM4) k E l+1 i

1=0

3(1 p) 7 90
S m (MQ +$mM3+EI' M4) (l'p —1:0)](1 B

This means that

Cpbr w (i tpt1) == Cahp yntl 4 Cm.B, pkz_B.

T0,Tm L0, Tm Uy
Similarly, we find

kQ_ﬂpﬁ_Q M~-1 B un _ 2un+1 + un-l—l
c _ Z 2(1—p) Pit1

Li+1 — IZ)Q

x [(i +1-m)> P — (i —m)* 7],
and

Cafnf,xM (miatn—i-l) = Caﬁp n+1 +CM/3pk ﬁ

Tm T M 1
The following result is obtained.

Lemma 3.1. Let 0<a<1,1<8<2, and p > 1 we have

(a) The approzimation of the Riesz-Caputo-Katugampola fractional derivative

B t
81((3;’) in (1) is given by the following scheme
x
m—1
aﬁ,ﬁ (u?jll 2uf+1 + ufj'l)
OPPu (24, tps1) _ k2=PpP=2 | 150 (10)
oz 2r (3 -5) M-l ’
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forme {1,2,..., M — 1}, where

221=p) ) )
afr = i)~ (m—i1) *5],i=0,...,m—1,
(xH—l xz) (11)
5 220=0) s s
zi;flzzi[i—i—l—m B _ (i —m)* },i:m7...,M—17
7 (i1 — )2 ( ) ( )
and
o (Ii’ﬁtnﬂ) = 3&;}6 ZL‘H + cg, ka*ﬂ.
9 |x| 9|zl
(b) The approzimation of the Caputo-Katugampola fractional derivative €0, in
(1) is given by the following scheme [23]:
C o hl—o a 1" o i1 )
O%Pu (i, tpyn) = 2_a 30 ’P( J uﬂ) (12)
j=0
where
+(1=0) ) .
, g . —« Nl—« .
tit1 — 1
and

, , 1 1-
CorPu (x4, tny1) = O u R

Now, By using the space-time fractional approximation (10) and (12) we obtain
the following numerical approximation to equation (1),

=m

k> 'BPﬂ 2 (& B, +1 +1 +1 = B +1 +1 +1
n n n s n n n
2T (3 - A) Za P (u =20 ) Y e (i 20t )

hlaal

n
e 2t (47 )+ i

Then, for each n =10,1,.... N — 1, and m = 1,..., M — 1, setting

I'(2—a)k*Ppot

A\ =
T (3—B)p> A+’
we obtain the following difference approximation for [ € {1,2,..., M — 1}
M-1 n ]
Wi U T 4 byt = b U + Z Gjul + V", (14)
i=1 j=1
with
he=1T (2
VEnJrl =\ ((a,f,p )(bn-i-l + ZM, m(pn-&-l _ kaoﬁmwn—i—l) pa( - ) l'rLJrl7
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Gy = (b3 = b2%) and

(ol 2000 — ) if1Si<m -2,
(=2t + 2000 = @) s i =m =1,
Wi m = )\(_ m+1m+22'8p — glplm),ifi:m,

/\( ,+1m+2zﬁp s ),ifm—i—lgigM_g

1,m

(2288 s = i)+ = M =1,

So, forn=0and ! € {1,2,...,M — 1} we have
Z Wi mut 4 b3 ul = 6P ud + Vi1, (15)

then, with n > 0 and I € {1,2,..., M — 1} we obtain

M—-1 n
Wi T4 DT = b E Gjul + V" (16)
1

= j=1

Thus, we have the difference scheme in the matrix form
U’ = u?, fori =1,....M — 1,
AU = pUY 4+ VI,
AU = p UY + G U + GoU% + ... + G, U™ + VL

with
U’ = [u?,ug, . ,u?w_l]T ,
U" = [u’lﬂug, e u"Mfl]T,
vl — [V”H ‘/2"+1a---7V]\Zt1JT7

and A" is square matrix of dimension (M — 1) x (M — 1) of coefficients:

N R
(@.9) Wim + bg’pa if ©= j7

Lemma 3.2. The coefficients aﬁ Po057, and zl Pin (11),(13) satisfy :

1. af;ﬁ>0,z§;ﬁ>0, and b3" >0, fori=0,...,m—1,i=m,...,M —1 and
7 =0,.

2. B”>a5’1 andba’p>b] Pofori=1,...om—1landj=1,....,n

3. ziﬁ+p17m<zﬂp fori=m,...,M —1.

1,m?

4. Stability analysis of finite difference scheme for FDE. In this section, we
suppose that @] is the approximate solution of (15) and (16), the error e} = ul'—u},
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for [ € {1,2,... M —1} and n € {1,2,..., M — 1} satisfies

E w;, mEd 4 b5 Pel = b5 ey,

M-—1 n ] (17)
3 wimel T b0 = bl + 3 Gl + VL
i=1 j=1
So, n=1,2,...,N — 1, the above formula can be written in the matrix form as:
A’E' = bi"E°,
A”E"+1 by EY + GiE' + GoE* + ... + G,E",
= 0’
where E" = (571’,55‘7 .. ,E%_l)T. Hence, the stability analysis of the difference
approximation is studied via mathematical induction method.
Let ||E1H = leﬂ = max ’&‘H and
00 1<i<M-1

TM,m *)‘(Qam 1,m a‘g7pn af,’£1+2 (Z’gvjﬁni’ZiIPQm)) ‘

Then, for n = 0, note that a?”

. . B.p - .
im is increasing and z; 7 is decreasing (Lemma 3.2),
we have

("YM,m + bg’p) |El | < (fym M+ AZM 1,m + bgm) ’(c:H

< v |<0).

E 1 (P
Wi mé€j + bo pf‘:l

a,p
by

hence, ‘EH < m
m

|5?’ . Its follows

B < [[E,
Let HE"“H = ’51 H’ = max ‘E"H , we assum that HEJH < HEOH
1<i<M-—1 % o
(j=1,2,...,n), using Lemma 3.2, we also have

(Ym,ar + 057 ef T < szmS"H + b2 et < |bg e O+ZG51

@Wﬂ+zck¢wﬂﬂ+zwp b5 | |ef

j=1

<bg”? e | + (b2r — by *) |7

finally, we find
) < g 12
! - ('YM,m + b%’p) o
imply,
B =< B

The following theorem holds.
Theorem 4.1. The finite difference schemes (15) and (16) for the FDE (1) are
unconditionally stable.
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5. Convergence analysis of the approximate scheme for FDE. In this sec-
tion, we discuss the convergence of the approximate scheme (15) and (16). Let
u (z;,t,) be the exact solution of the fractional diffusion equation (1) at mesh points
(24, tn) where ¢ =0,1,2,...,M and n=0,1,2,..., N.

Define €' = u (x;,t,) —ul and " = (e?, ey, ..., e"M_l)T. Using e = 0, substi-
tuting u? = u (z;,t,) — €l into (15) and (16) leads to:

1. Forn=0,and [ € {1,2,..., M — 1}, we have

M—1

1 (e} 1

E wime; + by e
i=1

M—1
= Z wiym (T4, t1) + by u (2, t1) — by (u (2, to) — e?) -t
i=1

_ Rl
2. Forn>0,and [ € {1,2,..., M — 1}, the approximate scheme becomes
M—1
> wime T b
i=1
M—1
- Z Wi,mU (xia tn-‘rl) + bgmu (.73[, tn-‘rl)
i=1
n .
_ bg# (u (xl,to) — e?) — ZGj (U (l‘htj) — e{) _ Vln+1

=1
n
_ J n+1
= § :Gjel + R,
=1
where

Rl”'H = Z b;"p (u (:Z?l, tj+1) —Uu (l'la tj))
=0

m—1
aﬁ;ﬁ (U (Tip1,tng1) = 2u (Tistngr) +u (Tio1, tny))
=0
-
M-1
+ Z Z?,Z (U (@it1, tnr1) — 2u (@, tpg1) + u (Tim1, tns1))
RO (2 — @) Lpiq
o pa—l l :
From (1), we have
R}H'l _ he=IT (2 — )
pafl
a 0% Pu (zy, 1, n Ca _
x | COMP (zy, 1) — # — [T ca bt T — e k2P| (18)
9 ||
heIT (2 — )

- T (Co‘ﬂphl_a - cﬁ’pk/j_ﬁ) .



NUMERICAL SOLUTION OF FRACTIONAL DIFFUSION EQUATION 11

Hence, there exist c,,g,, > 0, such that
|RIY < capp (L+r* 7)) i=1,2,...,M—1, n=0,1,...,N— 1
Consequently, using mathematical induction, we prove
[e" ]|, < (02*) " Caspp (1+ATTE2F)
Let [le"*!]| _ = |ep™| = max [e"!], then
o0 1<i<M—1
1. Forn=0,and i € {1,2,...,M — 1} we get

(Vatm +55) [el] < (Vatam + A1+ 067 |l

< |R;|,

M-—1
1 a,p 1
g wi,me; + by pel
i=1

|€ll| < (’YM,m + bgﬁp)—l |RH
< (bg’p)_l CaBip (1 + ha_1k2—ﬁ) .
2. Forn >0andie€ {1,2,...,M — 1}, suppose that
‘e{‘ S (b]o_tpl)—l Ca,,@,p (1 + ha_lkz_ﬁ) ’

for j = 1,...,n, we have (b?’fl)_l < (bg’p)_1 (Lemma 3.2), we get

n

€171 < ratm + 00) 30 (057 = 67) | [ed |+ (rann + b300) 7 [RIF
j=1
< (2P THCh 5, (L+ ROTIEER)
We can prove that
) 1
lim =0,

n—>oob21p (% " n)a—l
therefor, there exist a constant { > 0 suth that
tp a—1
+1 0 / —172—
el <6 (5 4n) Gl (1 a),
then
h

< C g ST (R 4 k)
< C(;,,B,pCTp(a_l) (hl—a + k2—ﬁ) ,

tP (a—1)
< Clp (B rm) ne i)

is finite, we have
le" | o < Capp (W7 + K77).

Then, the convergence of the finite difference scheme is given by the following the-
orem:
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Theorem 5.1. Let ul' be the approzimate value of u(xz;,t,), then there is a positive
constant Cy 3., such that

-1, n=12,...,N.

Juf = (@i tn)| < Cap, (W +K77) i=1,2,.., M

6. Illustrative examples. In this section, we present some examples to illustrate
the usefulness of our main results.

Example 1. Let (z,t) € [1,2] x [1,2], p=2 and

fla,t) = ($2;; 3) . (;i G-
(20 —1)p°2 ((xp _ 1)2*5 + (27 — x/’)zfﬂ) .

—tP
2T (3 B)
Consider the following space-time fractional diffusion equation

Bopy (2
Op e, = T ¢ s,
u(x,1) = (J:Q/;p— 3) ) (19)

O (1,8) = tP u (1,) = t° (j) s u(2,t) =t ( %

The exact solution for this problem is

2p _
u(x,t) =t° (:z: 3).
2p

3.5

al Analytical solution § |
¢ Numerical solution for beta=1 {'
Numerical solution for beta=1.5

25}
= Numerical solution for beta=2

u(x, t21)

2

FIGURE 1. Graphical comparison of the numerical and the exact
solution with h = 0.001, £ = 0.1, p = 2, a = 0.7, n = 20 and

m = 25.
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Numerical and exact solution of fractional diffusion problem

4 ‘ ‘ ‘ ‘
.3 Analytical solution
b Numerical solution for h=0.005
+ 2 1
8 1 1
~—
S J

L i i i i

1 1.2 1.4 1.6 1.8 2
x

4 T T : : ‘
—~ 3 Analytical solution ///,
~ : )
5, Numerical solution for h=0.0005 g ]
+~ e
81 et e |
- P
S IRIIIEI J

L ‘ ‘ ‘ ‘

1 1.2 1.4 16 1.8 2
x

FIGURE 2. Graphical comparison of the numerical and the exact
solution with £ = 0.1, p =2, a = 0.6, 8 = 1.8, n = 30 and m = 25.

Numerical and exact solution of fractional transport diffusion problem Numerical and exact solution of fractional heat diffusion problem

4 ‘ ‘ ‘ 6 ‘ ‘ ‘ ‘
31/ — Analytical solution ot ~ 4|| — Analytical solution
b ol Numerical solution for h=0.005 ..-' b = Numerical solution for h=0.005
‘Hh s o -pr ol
8 1 . 8
g R et
S ver! 1 S0 i 1
.0.0". (a) 2.--"' (b)
4 i i i i _ i i i i
1 12 14 16 18 2 1 12 14 16 18 2
T T
4 ‘ ‘ 4 ‘ ‘
3t — Analytical solution 31 — Analytical solution
3 *  Numerical solution for h=0.0005 o o " Numerical solution for h=0.0005
= = [
o) 8t
N— ~—
S 1 S ol 1
(@) (b)
4 i i i i
2 1 12 14 16 18 2

FIGURE 3. Graphical comparison of the numerical and the exact
solution with k = 0.1, p =2, « = 0.9, (a) 8 =1, (b) f =2 and
m = 25.

Example 2. Let (z,t) € [1,2] x [1,2], p =3 and

- —z2r 4 p
N 2p r'2-oa)

2p—-1)p" 2 , o 2— o
TG +1)((x — 1) 4 (2

[z, t) (=1

+ —mp)Q_ﬂ) .
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Consider the following space-time fractional diffusion equation

oo ) = D ¢ o),

u(z,1) =2 (T) )

Dy (1,1) = (_25:1> (7 +1),u(1,t) = 0,u(2,t) = (t* + 1) (_22”;)1+1> .
(20)

The exact solution of the given problem is given by

w(zt) = (t° + 1) (ﬁ”) .

5
NELLITITTT .
—2888ag,,
#5854,
-5F
—
—
N
-~
~ -10
8
=
3
15}
Analytical solution
20 ¢ Numerical solution for beta=1
Numerical solution for beta=1.7
= Numerical solution for beta=2
_o5 i i i i
1 1.2 1.4 1.6 1.8 2

x
FIGURE 4. Graphical comparison of the numerical and the exact
solution with h = 0.005, £ = 0.1, p = 3, @ = 0.7, n = 20 and
m = 15.

Numerical and exact solution of fractional diffusion problem
10 T T T T

= 0
<t
o~
~ -10
8 " -
\5 20 Analytical solution
Numerical solution for h=0.02
-30 L
1.2 14 1.6 1.8 2
x
10
D O =
- TR
~ | T
A0 T
8 - N
\5 20 Analytical solution
Numerical solution for h=0.002 ‘
_30 i i i i
1.2 14 1.6 1.8 2
x

FIGURE 5. Graphical comparison of the numerical and the exact
solution with £ = 0.1, p =3, a =0.8, § = 1.8, n = 40 and m = 15.
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Numerical and exact solution of fractional transport diffusion problem Numerical and exact solution of fractional heat diffusion problem
. . 10
(b)

ouo.ndnnuun‘uuu“‘ @ lllll-.‘.llll.““‘ ! T

~ ~
— —
£ -10p & -0
] -20f, - - 8] -20f, - :
E’ — Analytical solution \5 — Analytical solution

-30r| o Numerical solution for h=0.02 -30r| = Numerical solution for h=0.02

10 ‘ ‘ ‘ i 40 i i i i

12 14 16 18 2 1 12 14 16 18 2
X HA
10 10
@ (b)

|| — Analytical solution
*  Numerical solution for h=0.002

-30 i i i i -30 i i i i
1 12 14 16 18 2 1 12 14 16 18 2

T T

|| — Analytical solution
= Numerical solution for h=0.002

FIGURE 6. Graphical comparison of the numerical and the exact
solution with k = 0.1, p =3, «a =0.9, (a) 8 =1, (b) B =2 and
m = 15.

7. Conclusion. This work has, in addition to an academic interest, a practical
interest: to apprehend and solve fractional problems related to biology, ecology,
physics and economics, these problems generally admit rather complicated solu-
tions, this is the reason we introduced the numerical solution of the space-time
fractional diffusion. Fractional diffusion equation (1) with p > 1, 0 < @ < 1 and
1 < B8 < 2, is a generalization of classical diffusion equation. We have develope-
d a new numerical method for solving fractional partial differential equations, this
method is based on finite difference approximation, it is found that the approximate
solutions produced by our method are in complete agreement with the correspond-
ing exact solutions. Moreover, various results were obtained for different values
of the parameters 8, a and p. So, in the case of 3 = 1, we obtain the numeri-
cal solution of the fractional transport equation, (Figure 3 (a), Figure 6 (a)). In
addition, if 8 = 2, we obtain numerically solution of fractional diffusion equation
(Figure 3 (b), Figure 6 (b)). Eventually, different values for h and k have been
tested on example 1 and 2 to evaluate the validity of the approach, the results
obtained show a good global approximation and an improved convergence with an
error Cy g,,(h* = + k*=P) reaching to zero.
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