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Introduction

The notion of p-summing linear operators introduced by Grothendieck in 1956 and Pietsch
in 1968. after that a lot of authors have interested to generalize this notion to multilinear
and polynomial, sublinear case.

In 1987 Roshdi Khalil and Wassim Deeb have given in [7] the notion of ¢-summing
operators. A linear operator 7' € L(F, F') is called ¢-summing if there exists a constant

C > 0 such that for all (z;)" in F

1

ZcbllT(xi)ll <C sup Yo", (1)

z*€Bpx* i=1

where ¢ is a modulus function. The smallest constant C' > 0 such that the inequality (1)
hold is called the metric of 7', and denoted by 7, (7"). This class of mappings is denoted by
II,(E, F).

In 2017, M. Belaala [8] considered the Lipschitz case to give a new version in this category.
He has proven Pietsch domination theorem.

In the first chapter, we will give a general overview on metric spaces, Lipschitz spaces
and Lipschitz operator and their properties.

In the second chapter, we based on the paper [7] of R. Khalil and W. Deeb . We will
introduce ¢-summing operators for modulus functions ¢ and study this class of operators
and their properties.

In the third Pietsch, we based on the paper [8] of Maatougui Belaala which is titled
by “Lipschitz ¢-umming Operators”. We will introduce the notion of Lipchitz ¢-summing
operator between metric space, we prove non linear Pietsch domination theorem for such

operators and it is shown that class is Lipchitz ideal.
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Introduction

In the fourth chapter, we based on the article of Verénica Dimant which is titled by
“Strongly p-summing multilinear operators”. We will give a new notion of multilinear ¢-

summing operators.
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Introduction

Notations

e K The field of real or complex numbers;

e L(X,Y) The set of all linear operators;

e L£(X,Y) The set of all bounded linear operators 7" from X into Y’;

o L(Xy,..,X,,;Y) The space of all m-linear applications;

e Lip(X,E) The space of all bounded Lipschitz maps f from X into F;

e Lipo(X,E) The space of all Lipschitz maps f from X into E for which f(e) = 0;
e M(X) The linear space of all molecules on X;

e 7 (X) The Lipschitz-free space;

o E(X) Arens-FEells space;

° Hzf (X,Y) The set of all Lipschitz P-summing operators from X to Y

e L?(E,F) The space of all metrically bounded operator from (¢ (E) into (?(F);
e II°(E,F) The set of all ¢-summing operators from F to F;

e S(M) The unit sphere of M;

e F* The topological dual of F;

e Bp« The closed unit ball of F*;

e Bys The closed unit ball of E7;

° Hé (X,Y) The set of all Lipschitz ¢-summing operators from F to F’;

o 112 (X1, Xs,..., X,;n;Y) The set of all multilinear ¢-summing operators;

e Ls5("X;Y) The set of all symmetric multilinear mappings from ™ X into Y;

e P(™X;Y) The set of all m-homogeneous polynomials from X into Y.

11



Chapter 1

Prelimnaries

This chapter is dedicated to recalling some previews concepts that accompany us during the

completion of this work to exploit and use them as a means of clarifying the new notions.

1.1 Distance

Definition 1.1.1 Let X be a non empty set. We say that d is a distance on X if d is an

application from X?%into RY such that for all x,y,z in X, we have
1. d(z,y) =0 < x =y (separation),

2. d(z,y) = d(y, z) (symmetry),

3. d(z,z) < d(z,y) + d(y,z) (triangular inequality).

The space X equipped with d is called metric space and denoted by (X, d).

1.2 Normed space

Definition 1.2.1 Let X be a vector space on filed K. The mapping N : X x X — R* is

called norm on X if:

(1) N(z) >0 forallx € X,



1.3. Bounded linear operator

(2) N(z)=0<=2=0 foralz € X,
(3) N(Az) = |\ N(x) for all z € X and ) € K,
(4) N(z+y) < N(z)+ N(y) forallz,y € X.
The space X equipped with NV is called normed space and denoted by (X, N).

Remark 1.2.1 If N only satisfies (1) , (2) and (4), N is called a semi-norm on X.

1.3 Bounded linear operator

Definition 1.3.1 Let X and Y be two vector spaces on the same filed K (K = RV C).

Amap T : X — Y is a linear operator (usually called a linear transformation in linear

algebra) if:
1. For all x1,29 € X, T(x1 + x2) = T(x1) + T(x2) (T is additive),

2. Forallx € X, A € K, T(Ax) = AXT'(x) (T is homogeneous).

In other werd, for all xi,25 € X,a, 5 € K

T(axy + fxg) = aT(x1) + BT (x2).

We denoted by L(X,Y') the space of linear operators 7" from X into Y.

Definition 1.3.2 Let (X, ||.||), (Y ,|.|lly) be two normed vector spaces (both over R or
over C). A linear operator T : X — Y is bounded if there is a constant C' > 0 such that

| T(z)|ly <Cllz||y forallx e X.

We denoted by £ (X,Y") the space of bounded linear operators 7' from X into Y.



1.4. Lipschitz operator

Proposition 1.3.1 Let X,Y be normed vector spaces and let T' : X — Y be a linear

operator. The following statements are equivalent.

(1) T is a bounded linear operator,
(2) T is continuous everwhere in X |

(3) T is continuous at 0 in X .

Proof. (1)==(2) Let C' as in the definition of bounded linear operator and for all z, 2’ € X.

By linearity of T" we have
1T (z) = T(@)ly = [T(x =)y < Cllz =2l -

which implies (2).
(2)==(3) is trivial.
(3)==(1) If T is continuous at 0 there exists § > 0 such that for all 2’ € X with ||2'|| < ¢

we have ||[T'(2)]] < 1. Now let z € X and z # 0 (2’ = gHi—|) Then

e, " (fans)
2l 2l

But by the linearity of 7" and the homogeneity of the norm we get
T(x)

I (o)), = oot

and therefore||T(z)||,, < Cllz]|y withC=2. m

<1
Y

)
= — and thus
2

X

)
= T(x

1.4 Lipschitz operator

Definition 1.4.1 A map f: (X,dx) — (Y, dy) between two metric spaces is Lipschitz of
constant C' > 0 (C-Lipschitz) such that

Va,y € X, dy (f(z), f(y)) < Cdx(x,y) (1.4.1)

if C =1, the map is called nonexpansive (and contraction if C' < 1).



1.4. Lipschitz operator

For a Lipschitz map f, we define its Lipschitz constant by

1l = Lip(f) = sup 2t/ 2/ )

= inf{C : C verifying (1.4.1)}.

Let (X, ex,dx), (Y, ey,dy) be pointed metric spaces. We say a map f : (X, ex,dy) —

(Y, ey, dy) preserves distinguished point if f(ex) = ey.
Remark 1.4.1 if Cy < C5 and T 1s Cy-Lipschitz then T is Csy-Lipschitz .

Proposition 1.4.1 Let f, g be Lipschitz maps from X into R and A € R, Then

(1) Lip (f +g) < Lip(f) + Lip(g).
(2) Lip(Af) = |A|Lip (f)-
Proof.

(1)Let f,g be Lipschitz maps from X into R. For all x,y € X we have

(f+9)(x) = (f+9) W] < [f(x)=f@l+]g(x)—g)
< (Lip(f) + Lip (9)) dx(z,y).

So f + g is Lipschitz and

Lip(f+¢) < Lip(f)+Lip(g).

(2)Let A € R and f is Lipschitz map, For all z,y € X we have

: _ A (z)=Af(Y)]
Llp ()\f) = i{;};TN

M| f(x)—
— supllie)si)
TFy

= [A[Lip(f)-
So Af is Lipschitz and
Lip (Af) = [A| Lip (f) .

Proposition 1.4.2 Let XY and Z be metric spaces and let [ : (X,dx) — (Y,dy),
g: (Y,dy) — (Z,dy) be Lipschitz maps. Then go f: (X,dx) — (Z,dy) is Lipschitz and

Lip (go f) < Lip(g) Lip (f)-



1.5. Lipschitz spaces

Proof. For z,y in X, we have

dz(go f(z),90f(v))

IN

Lip (g) dy (
Lip (g) Lip

(y

(), f(y
f)dx (z,y)

~—
~—

IN

~—~

and this shows the proposition. m

1.5 Lipschitz spaces

Definition 1.5.1 Let X be a metric space and E Banach space . We denote by Lip(X, E)
the space of all bounded Lipschitz maps f from X into E with norm

If[l = max(Lip(f), | fll0)-

In other werd
Lip(X,E)={f: X — E s bounded Lipschitz}.
Remark 1.5.1 The space Lip(X, E) is a vector space.
If E =R then
Lip(X,R) = Lip(X).

X*is called Lipschitz dual and X* C X7.

Definition 1.5.2 Let (X, e,d) be a pointed metric space and E Banach space . We denote
by Lipo(X, E) the space of all Lipschitz maps [ from X into E for which f(e) = 0, with

norm

(@) )
L) == ey

In other werd
Lipo(X,E) ={f : X — E is Lipschitz and : f(e) = 0}.

Remark 1.5.2 The space Lipo(X, E) is a Banach space.
If E =R then
Lipo(X,R) = Lipo(X)
- X*



1.6. Lipschitz-free space

1.6 Lipschitz-free space

1.6.1 Adjoint of Lipschitz mapping

Definition 1.6.1 Let X,Y be pointed metric spaces and T : X — Y a Lipschitz map
which preserves base point. Defined the Lipschitz adjoint (or dual) of T is defined by

T# : Lipy(Y) — Lipg(X)
g — T#(g)=goT.

Proposition 1.6.1 Let X,Y be pointed metric spaces and T : X — Y a Lipschitz map

which preserves base point. Then T is a bounded linear map (continuous) and

|7#]| = Lip(T).

1.6.2 Arens Eells space

Definition 1.6.2 Let X be a metric space. A molecule on X is a scalar valued function m

on X with finite support that satisfies
> mix) =
zeX

We denote by M(X) the linear space of all molecules on X.

For x, 2’ € X the molecule m,, is defined by m,, = x (s} — X{a'}> Where X, is the charac-

teristic function of the set A. For m € M(X) we can write

n
m = E )\jm%.x;_
j=1

for some suitable scalars \;, and we write

HmHM(X) = lnf {Z |>\ ‘d xj’ _] Z)\ mIJI } ;

j=1
where the infimum is taken over all representations of the molecule m. Denote by Z& (X)
the completion of the normed space (M(X), ||.|| v(x))- This space was first introduced by
Arens and Eells [3] in 1956. The terminology of Arens-Fells space H(X) is due to Weaver



1.6. Lipschitz-free space

[14]. A different notations were used in [6] by Godefroy and Kalton . It is the Lipschitz-free
space denoted by F (X).

Proposition 1.6.2 Let (X, e,d) be a pointed metric space.the space (£(X))* is isometri-

cally isomorphic to Lipy(X).

Proof. Define

(S9)(x) = d(mae).

Since Hx{x} X g = d(xz,z') for all x,2" € X, we have

[(59)(x) = (SO) ()] = |p(mae) — d(mare)]
= | A (Mo )|
< glld(z,a").
Then
Lip(S¢) < S¢.

Also (S¢)(e) = ¢(e) so indeed S¢ € Lipg(X) . It follows that S is a nonexpansive linear
mapping from A(X) to Lipy(X) .

Define now



1.6. Lipschitz-free space

For f € Lipy(X) and m a molecule .If m =} A\jm, ., we have
j=1 ’

[R(f)(m)] = g{ m(x)f(x)

< SWIf@) - £

J

< Lip(f) ; Nl d(ay, ).

Hence |R(f)(m)| < Lip(f) [[m|| py(x -Which uniquely extends to a continuous linear func-
tional on the completion A(X) of M(X), denoted by the same symbol Rf. Thus Rf €
(E(X))*and ||Rf|| < Lip(f). Straightforward calculations show that R and S are inverses.
Indeed.for all x € X

(SoR)(f)(x) = S(R(f))()

and for all m € M(X)

(RoS)(¢)(m) = R(5(0))(m)
= >, m(x)S(¢)(x)

w€X
= L ASO)E) - S6)a)
= é Ayt
= ¢(m).
The operators R, S are nonexpansive and RoS = SoR = Id, so S is isometric (||z| =
|(RoS)(z)|| < [|R||||S(x)]] < ||S(x)]|) and hence Lipy(X) is isometrically isomorphic to
(E(X))". =

Proposition 1.6.3 The application

ix: X —  HX)

€T — Zx<ZE) = My

is an isometric embedding of X into A(X).

Proposition 1.6.4 Let (X, e,d) be a pointed metric space.



1.6. Lipschitz-free space

1. For any molecule m we have

> mlz)f(x)

zeX

] g x) =sup{|<m7 Hl= :fe BX#}.

2. |l mxy is the largest seminorm on M(X) which satifies for all z,y in X,
Xty = Xl ey = AU 0)-

Theorem 1.6.1 Let (X, e,d) be a pointed metric space. Let E be a Banach space and let
T : X — E be a Lipschitz map which preserves base point (i.e.,T(e) = 0). Then there is
a unique bounded linear operator u :A(X) — E such that T = woix and |U|| = Lip(T)
(ix : X —AX)).

A(X)
ix T \u
x S E

1.6.3 Banach free space

Definition 1.6.3 The Lipschitz free space on X is

Lip, (Xx)*

F(X) = {spand, : v € X}

We say that v € F(X) is finitely supported if v € {spand, : x € X'}.Then, the support
of such a 7 (denoted supp~y) is the smallest subset F' of X which contains e and such that
v € {spand, : x € F}.

Proposition 1.6.5 For any metric spaceX , F(X)* is isometrically isomorphic to Lipy(X)

Theorem 1.6.2 Let(X,e,d) be a pointed metric space and let E be a Banach space. Let
T : X — FE be a Lipschitz map such that T'(e) = 0. Then, there is a unique linear map u
(noted Ty, ):F(X) — E with | Tr|| = Lip(T') and such that the following diagram commutes

T

X — F

ozl /T
F(X)
Moreover, the linear isometry ¢ : Lipo(X) — B(F(X)) such that ¢(T) = T}, is onto .



1.7. Lipschitz operator ideals

1.7 Lipschitz operator ideals

Definition 1.7.1 [1] A Lipschitz operator ideal Iy, is a subclass of Lipy such that for every

pointed metric space X and every Banach space E the components
ILip(Xa E) = LZpo(X, E) N ILip

satisfy:
(1) Irip(X, E) is a linear subspace of Lipo(X, E),
(it) vog € I1iyy(X,E) forve E and g € X¥,
(ii1) The ideal property: if S € Lipo(Y,X), T € Zp;)(X,E) and W € L(E,F), then the
composition W oT oS is in Ly, (Y, F).
A Lipschitz operator ideal Zy;, is a normed (Banach) Lipschitz operator ideal if there is
I-llz,,, : Zeip — [0, +-00] that satisfies:
(i’) For every pointed metric space X and every Banach space E, the pair (Zr:,(X, E), H||ILP)
is a normed (Banach) space and Lip(T) < ||T||z,,, for all T € Tpy,(X, E),
(1) || Idk : K — K, Idg()\) = /\||IMP =1,
(ii1’) If S € Lipo(Y,X), T € Zp,;,(X,E) and W € L(E, F), then

IWoToS|y,, < Lip(S)|Ty,,

(Wl

10



Chapter 2

Linear ¢g-summing operators

In 1987 R. Khalil and W. Deeb introduced the notion of linear ¢-summing operators. They
used in their definition the modulus function In this chapter, we will study this class of

operators and their properties.

2.1 Modulus function
Definition 2.1.1 A function ¢: [0,00] — [0, 00[ is called a modulus function if

1. ¢ is a continuous function on [0, 00[,

2. ¢(0) =0,

3. dx+y) < d(x)+ d(y), Ve, y € 0, 00] (subadditive),
4. ¢ 1is strictly increasing.

Example 2.1.1 these functions ¢(x) = 2P, and ¢(x) =In(1+x) for x > 0 when 0 <p <1

are modulus functions.

Definition 2.1.2 [7/Let E and F be two Banach spaces and ¢ be a modulus function on

[0,00). Consider the following two spaces:

(i) 1?(F) = {(xn) L SUD| e <1 Yo (T, %) < o0, x, € E},

11



2.2. Linear p-summing operators

(i) 1°(F) = {(wn) : 3, @ ll2nll < 00, @, € F}.

For x = (z,) € I? (E), we define

el = sup 36 l{waa®)]

llz= (<1

and for y = (y,) € I?(F), we define
Wyl = o llyall-

Theorem 2.1.1 [7, Theorem 1.1]The spaces (1° (E), ||.|I. ) and (I°(F), ||.||,) are complete

metric linear spaces.

Remark 2.1.1 The spaces I (E) and I°(F) are generalizations of the spaces I[P (E) and
P(F) for0<p<1.

Definition 2.1.3 A linear operator T : 19 (E) — 19(F) will be called metrically bounded
if for all x = (x,) € 1 (E) there is a A > 0 such that

7). < Allzll. .

We let L*(E, F) denote the space of all metrically bounded operator from 1¢ (E) into 1(F)
with norm

1Ty = inf {A: |T()ll. < Azl .= €1 (E)}.

Remark 2.1.2 for all z = (z,) € I?(FE). Clearly every metrically bounded operator is

continuous.

2.2 Linear p-summing operators

Definition 2.2.1 Let E and F be two Banach spaces, a bounded linear operator T : E —
F' is called p-summing, 0 < p < oo, if for all sequences{z;}1<i<, € E there exists A > 0
such that

S IT@)I <A sup 3 (G a)l”
1=1

reBxx iy

We denote by IIP(E, F') the space of all p-summing operators from E to F.

12



2.3. Linear ¢p-summing operators

2.3 Linear ¢-summing operators

Definition 2.3.1 For Banach spaces E and F', a bounded linear operator T: E — F is

called ¢-summing if for all finite set (z;)?_, in E there exists a constant C' > 0 such that

Z¢(||T(xi)“) <C suwp Y ¢ (|(wia)]). (2.3.1)

T*EBx* i=1
In other werd

Y o (IT(@)) < Cg sup o ([¢(i)])
i1 €Br(x) =1

The definition is a generalization of the definition of p-summing operators for 0 < p < 1.

Let I?(E, F) be the set of all ¢-summing operators from E to F. FEvery T € 1I°(E, F)
defines an element T € [¢(E, F) via:

T:19(E) — 1°(F)

(zn)  — T((xn)) = (T(xn)).
For T € TI?(E, F) we define the ¢-summing metric of T as 1T, = HTVH(ﬁ Hence
T, = inf{C": C verifying( 2.5.1 )} .
Theorem 2.3.1 [7]<H¢(E, F), ||||¢> is a complete metric linear space.

Theorem 2.3.2 [7]Let T € I?(E,F) , f € L(G,E), and g € L(F,H) Then
Tofecl®G,E)and goT € I°(E,H). Further

170 flly < A+ D) I,

and

lg o Tll, < (gl + DT, -

Proof. The proof follows from the fact that for all @ > 0 and ¢(at) < (1 + a)¢(t) which is

a consequence of the monotonocity and subaddivity of ¢. m

Proposition 2.3.1 (ideal property)
Let S € L(Y,X), T € ll4(X,E), andw € L(E, F), thenwoT oS is linear ¢p-summing and
g (woT oS) < (14 ||w|)me(T)(1+ Lip(S)).

13



2.4. Pietsch domination theorem

2.4 Pietsch domination theorem
Theorem 2.4.1 Let T € L(E, F). The followings are equivalent:
(i) T e II°(E, F).

(ii) There exists A > 0 and v € S(M) (the unit sphere of M) such that

SIT (@) < A / o), 2%)| du(z”).

Proof. (ii)==-(i) This is evident.
(i)==(il) Let T € M?(E,F) and A = ||T]|,. For every finite sequence (z;)j; in E ,
define the map:
Q:SM) — C
. - . 2.4.1
o Q) =2l =Y [l B
i=1 i=1g, .

Clearly, the function @) is convex. Further, there is a point p, € S(M) such that . Indeed
choose i the dirac measure at xf;, where

Z¢|<xw$8>|: sSup Z¢|<IZ,ZL‘*>|
=1

T*EBx* i=1

Further, if {@, ..., @, } is a collection of such functions defined by (2.4.1), then for any
(a1,...;ar),y iy ap = 1, there is Q) defined in a similar way, such that Y | a;Qx (u) for
all u € S(M). Hence the collection of functions in S(M) defined by (2.4.1) satisfies Fan’s
lemma. Consequently there is a measure v in S(M) such that Q(v) < 0 for all @ defined by
(2.4.1). In particular if @ is defined by (2.4.1) with associated sequence {z},x € E, we get

P IT ()] < )\/¢](:U,a:*>|dz/.
B«

14



Chapter 3

Lipschitz ¢-summing operators

In this chapter we contribute to the theory of absolutely p-summing Lipschitz mappings
by studying the class of Lipschitz ¢-summing mappings. we have shown that our class of
operators is a Lipschitz ideal in the sense of [1] M18. After giving the domination Theorem
of this class, we have studied the relationships between a Lipschitz operator T and its lin-

earization T'.

Our purpose in this chapter is to extend this concept to a more general setting intro-
ducing the notion of Lipschitz ¢-summing operator between pointed metric spaces. Our
notion generalizes that of Lipschitz p-summing operator given by M. A. S. Saleh in [2] for
0 < p < 1. The study of Lipschitz p-summing operators with p > 1 between metric spaces
was initiated by J. D. Farmer and W. B. Johnson in [5]. They stated a nonlinear version
for such operators of the celebrated Pietsch factorization-domination theorem of p-summing
linear operators [10]. In [4], G. Botelho, D. Pellegrino and P. Rueda proved an abstract
version of the Pietsch domination theorem (improved in [11] by D. Pellegrino and J. San-
tos) which gives a unified proof for the Pietsch domination theorem, for the result of J. D.
Farmer and W. B. Johnson and for other known Pietsch domination theorems in classes of
mappings that generalize the ideal of p-summing linear operators. We study in this chapter
the basic properties of Lipschitz ¢-summing operators and establish a nonlinear version of
Pietsch domination theorem for such operators which is not covered by the general Pietsch

domination theorem stated in [11].
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3.1. Lipschitz p-summing operators

3.1 Lipschitz p-summing operators

Definition 3.1.1 A Lipschitz map T : X — Y is called Lipschitz p-summing (1 < p <
00), if there is a positive constant C such that for all {z;}1<i<n,{Yi}1<i<n in X and all

{a;}1<i<n C RT, we have

Zal T(y;))P < C’pfsup ZCLZV x;) — fy)|P. (3.1.1)

BX#zl

We denoted the Lipschitz p-summing (1 < p < co) norm by

7r£ = {inf C : C verifying (3.1.1)}.

We denote by H£(X, Y') the set of all Lipschitz p-summing operators from X to'Y.

Proposition 3.1.1 (Ideal property). Let X,Y, E F be metric spaces. Letv : F — X,

w:Y — F be Lipschitz functions and T : X — Y be a Lipschitz p-summing operator.

Then w o T owv s Lipschitz p-summing operator and
7TL (woT ow) < Lip(w)m, L(T) Lip(v).

Theorem 3.1.1 [5] (Pietsch domination theorem). Let 1 < p < oo. The following proper-

ties are equivalent for a mapping T € Lipo(X,Y") and a positive constant C'.
1. m2(T) < C.

2. There is a probability ;v on Bx# such that

hSAl

d(T (), T(y)) < C ( /B @) — F)P du (f))

Theorem 3.1.2 If 1 < p < ¢q < oo, then II}(X,Y) C I(X,Y). Moreover, wk (T) <
7L (T).

p
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3.2. Lipschitz ¢-summing operators between metric spaces

3.2 Lipschitz ¢-summing operators between metric spaces

Definition 3.2.1 [8/Let ¢ be a modulus function and let X,Y be pointed metric spaces. A
Lipschitz map T € Lip(X,Y) is called Lipschitz ¢-summing if there exists a constant C > 0

such that regardless of the choice of points (x;)1,, (x})", in X and the choice of numbers

a;)"_, in R", we have the inequality
=1

Zai(b(d(T(xi)vT(x;))) <C sup Y aid(|f(x) = f@)]) (3.2.1)

feBys 1

The infimum of such constants C' is denoted by Wé (T'), in other werd

Wé‘(T) = {inf C : C verifying (3.2.1)}.
And the set of such maps T by II(X,Y).

Remark 3.2.1 Definition 3.2.1 is the same if we restrict to a; =1 (see [5]).

Taking the modulus function ¢(t) =t? (0 < p < 1) for all t > 0, Definition 3.2.1 covers the
notions of Lipschitz p-summing operators with p € (0,1) introduced by M. A. S. Saleh [2],
and of Lipschitz 1-summing operators given by J. D. Farmer and W. B. Johnson [5].

If (X,d) is a pointed metric space, we can consider a new metric on X by putting
dy = ¢ od. We then define Lip,(X,Y’) = Lip((X, ¢ o d), (Y, ¢ o d)) and

¢(d(T(z),T(y)))
¢(d(z,y))

for all T' € Lipy(X,Y). The following assertions can be checked easily.

Lip¢(T):sup{ cx,y € X, x#y}

Proposition 3.2.1 [8] Let ¢ be a modulus function and X,Y are pointed metric spaces.

(1) Lip(X,Y) C Lipy(X,Y) and Lipy(T) <1+ Lip(T') for all T € Lip(X,Y).

(2) T5(X,Y) C Lipy(X,Y) and Lip,(T) < 75(T) for all T € (X, Y).

17



3.2. Lipschitz ¢-summing operators between metric spaces

Proof.
(1) If T € Lip(X,Y), then

d(T'(x), T(y)) < Lip(T)d(z,y),

for all x,y € X, and thus

¢(d(T(x), T(y)))

IA

¢(Lip(T)d(z,y))
< (1+ Lip(T))¢(d(z,y)),

so for all z,y € X, and this proves (1).
(2) f T € II}(X,Y), we have

Z ¢ (d(T(w:), T(x7))) < m(T) Sup Yo f ) = fa)l)

EBX# i=1

for all (z;),, (x})~, C X. In particular(n = 1),

¢ (d(T(x),T(y) < m(T)supsep , & (1f(z) = f(y)])
= 75 (T)¢ (d(z,y)),

for all z,y € X, and thus we obtain (2). For the last equality above, notice that

¢ (d(z,y)) = ¢ ([hy(x) = hy(W)]) < sup ¢ ([f(x) = fF(Y)]) < ¢ (d(z,y)),

fGBX#

where hy is the function in By# defined by
hy(2) = d(z,y) — d(0,y),
for all z € X and we have
hy(x) = hy(y) = d(z,y).
We now study the relation between a Lipschitz ¢-summing operator and its linear version.

Proposition 3.2.2 [8/Let ¢ be a modulus function, X,Y are Banach spaces andT: X —Y
be a ¢-summing bounded linear operator. Then T s Lipschitz ¢-summing and wé (T) <

7T¢(T).

18



3.2. Lipschitz ¢-summing operators between metric spaces

Proof. Let (z;)i-,, (2})"; C X. We have

n

Z¢(|IT(xi)—T(x2)ll)=Z¢ |17 (i = 23)1])

< my(T) sup Z (I2" (i — 7))

n

= 75(T) sup Y ¢ (|2"(x;) — 2*(2))])

:E*EBX* i=1
< my(T) sup Z¢ |f(s) = fDI).
fGBX# =1
and the proposition follows. m

We next show that IT}(X,Y’) has the ideal property.

Proposition 3.2.3 Let ¢ be a modulus function, let X,Y, Z W be pointed metric spaces,
let B € Lip(X,Y), T € IZ(Y,Z) and A € Lipy(Z,W). Then AoT o B € IZ(X, W) and

m5(AoT o B) < Lip,(A)mk(T) (1 + Lip(B)) .

Proof. For all (z;)",, (z})7, in X, we have

n

Z ¢(d(AoT o B(x;),AoT o B(z;))) < Lipy(A) Z &(d(T o B(x;), T o B(x})))

i=1 i=1

< Lipy(A)m5(T) sup ZQHQ — 9(B(z})]),

geBY# =1

we use the inequality ¢(at) < (1 + a) ¢(t), we find

goB goB
goB (x)_ QOB(:C'-)
Lip(B)""  Lip(B)""

o(19(B(x)) — g(B())]) = 6(Lip(B) ‘

< (1+ Lip(B)) ¢<\ )

Then, the above inequality can be estimated as

> " ¢(d(AoToB(x;), AocToB(x}))) < Lip,(A)m}(T) (1 + Lip(B)) sup Z¢> |F(z:) — F())]).

i—1 fGBx# i—1
n

It is clear that Hé(X ,Y') also enjoys the injectivity property. More specifically, we have.

19



3.2. Lipschitz ¢-summing operators between metric spaces

Proposition 3.2.4 Let ¢ be a modulus function and let X,Y, Z be pointed metric spaces.
If 12 Y — Z is an isometry, then T € TI5(X,Y) if and only if Lo T € 5(X,Z). In this
case,

Wé(b oT) = Wé’(T).
Proof. It suffices to observe that

Z ¢ (d(vo T(x:), T (7)) = Z ¢ (d(T (2:), T (7))
for all (z;)7,, () C X. =

Proposition 3.2.5 Let X be a pointed metric space and E be a Banach space . The space
Hé(X , E) is a Lipschitz operator ideal.

Proof. (i) Let T € TI5(X,E), a € K. Let ¢ be a modulus function . Then given

()i, (25, € X we obtain
S 6T TGl = 36 (ol IT() ~ TGI)

< (+fal) Y o (IT(x) = T())])

=1

< (1+]a]) C’ sup Z¢|f ;) — f(a))]

X#zl

So, oT is Lipschitz ¢—summing and 7} (aT) < (1 + |a|)7}(T).
Let Ty, T, € II%(X, E), and ¢ be a modulus function . Then given z1, ..., 2, € X; 4, ..., 2},

X we obtain

20
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3.2. Lipschitz ¢-summing operators between metric spaces

Z¢(||(T1 + To)(2:) — (Ty + To) () ])
= Z ¢ (T (zi) — Ta(xy)) + (Ta(zi) — Ta(x;)])

Z¢(|‘Tl($i) — Ti(z)) + Z¢(HT2(371') — Ty(z)D)

IA

IN

5T s S 617w — F)] + (D) s S 61 (w) — £l

X# i=1 X# =1
< (7T¢(T1)+7T¢ T2 Sup Z¢‘f xz ( z)|
feB x# i=1
So, Ty + T is Lipschitz ¢—summing and 75 (Ty + T3) < 75 (Th) + 75(T3).
(ii) Now let 0 # g € X#, and v € E. For all (z;)" ,(2})"  in X we have

(2

Zaﬁ(llvg(ari) —vg(z)ll) = Z¢(Hvll l9(x:) — g(z3)])

< (14 |oll) Lip(g) fSUp Zcb (1f (i) = f(2)])-

X# 1=1
Then vg is Lipschitz ¢—summing and 7} (vg) < (1+ [|[v])) Lip(g).
(ili) Now we prove IT} having the ideal property. Let S € Lipo(Y, X), T € II}(X, E),
and W € L(E, F). For all (z;)” ,(z})", in X we have

7

Z(b(HWOTOS(xi) —WoToS)l) < (1+ \IWII)Z¢(\|W0T05(%) —WoToS()l)

< A+ [Wlrg(T (Sup Zfb If o S(x:) = f o S()l)
= (14 |W)mg(T)(1 + Lip(S) Sup Zcﬁ (lg(zs) = g(z))])-

y#zl

Which means that W o T o S is Lipschitz ¢-summing and

T (WoToS) < (1+||W|)ak(T)(1+ Lip(S)).

We next state a version of Pietsch domination theorem for Lipschitz ¢-summing opera-

tors, which is inspired by [5, Theorem 1].
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3.3. Pietsch domination theorem

3.3 Pietsch domination theorem

Theorem 3.3.1 Let ¢ be a modulus function, let X,Y be pointed metric spaces and let
T € Lip(X,Y). Then T is Lipschitz ¢-summing if and only if there exist a constant C' and

a reqular Borel probability measure . on Bx# such that
¢ (d(T(x),T(2")) < C/B ¢ (|f(x) = f(@)]) du (f) (3.3.1)
X#

for all x,2" € X. In such a case, Wé’(T) 1s the minimum of all the constants C' for which

such a measure exists. in other werd
Wé(T) = {inf C': C verifying (3.3.1)}.

Proof. Assume that T € II5(X,Y). For any (z;)i_,, (zj)i~, in X and (););~; in RT, define
the function ¢y, ;. 1+ Bx# — R by

SO()\ VT, Z)\l¢ _7T¢ Z)\ZQS ’f :UZ ( z)’)

Let A be the set consisting of all such functions.
A is a convex subset of the vector space C( By« ) indeed let Plaiyinai) cse and P 05,) €
1Y, )1<i<n 53Y5s

1<j<m
Asuch that a; > 0, z;,2; € X (1<i<n)B; >0,y;,y; € X (1 <j<m) We have

o), Zaw (@) Zam T () = T(@))).

Pl y),.. . ()= Zlﬁjw(\f(yj) — )] - ZlﬁjwllT(yj) ~ T

So,
¢<$i7m;’ai)1§i§n<f) + w(yj’y9’6j>1gjgm(f) -

n+m n+m

> 1Co| f (2r) Z Wb (21) = T(Z)) € A v > 0,22 € X,

k=1
which

T(zg), 1<k<n
T(Zk) = )

T(Ye—n), 1+n<k<n+m
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3.3. Pietsch domination theorem

() T(x)), 1<k<mn
Z) = )
’ T ), 1+n<k<n+m

ag, 1 <k<n
T = .
Bk,n, 1+n<E<n+m

n

Let A > 0, Ag( () = 3 2aiC(| (@) — Fa]) = 3= N (T (w:) = T(a))]) € A

!
IBJBO&)
190 (e 1<i<n

Consider now the set
B={pecC(Bx#): o(f) >0, Vf € Bx#}.

Clearly, B is a convex open subset of the Banach space C'(Bx#). Moreover, A and B are
disjoint. Indeed, for otherwise, we could find (z;)",, (z})", in X and (\;)"; in RT such

that @y, 4, 20n  (f) >0 for all f € By, that is,

4 (T) Z Aid(|f (i) = f())]) < Z Aig(d(T (;), T (7))

for all f € Bx#. But since By is weak™ compact and f +— > 1" o(|f(x:) — f(2})]) is a

7

continuous function from (By#,w*) to R, we would have
Ty(T) sup > N(|f(2:) = f(2)]) < D Md(d(T(x:), T(x7)),
FeBx# =1 i—1
and this is impossible because T is in IT}(X,Y).
Then, by the Hahn—Banach separation theorem and the Riesz representation theorem,

there exist a regular Borel probability measure © on By# and a scalar ¢ € R such that

/ QD(Ai,xi,x;)?:ld:u <c< / gpd,u
B By

for all @5, 4,2yn € A and all ¢ € B. Observe that ¢ = 0. Indeed, 0 < ¢ since the zero

function ¢ is in A; and ¢ < 0 since all positive constant functions are in B. It

AT
)\zyxzvxi)izl

follows that

By
for all z, 2’ € X, and since p is a probability measure, we conclude that

¢ (d(T(x), T(x")) < 7Té(T)/B ¢ (If (@) = f()]) dp (f) -
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3.3. Pietsch domination theorem

for all z, 2" € X.
Conversely, assume that the second statement of the theorem holds and let (z;)";, («})f, C

X. We have
6 (d(T (), T(x]))) < C /B 6 (1) — F(a))) du (F)

for i =1,...,n. It follows that

ST TN C [ 3 6(1f@) ~ fhdu ()

so/B sup 36 (1f(z:) — f(a)]) du ()

X# fEBX# i=1

=C sup Z¢(|f($z) — fla))l) -

FeBx# =1

Hence T' € T15(X,Y) and n}(T) < C.

Finally, it is clear from the proof that Wé (T') is the minimum value of C'. =

Remark 3.3.1 Theorem 3.3.1 extends a nonlinear version of Pietsch domination theorem

given in [2, Corollary 6.14] for Lipschitz p-summing operators with 0 < p < 1.

The Lipschitz-free Banach space F(X) over a pointed metric space X is the closed linear
span in (X7#)* of the evaluation functionals 6,: X# — R with € X, where §,(f) = f(z)
for all f € X#. Tt is known that the Dirac map dx: X — F(X), given by dx(z) = d,, is a
(nonlinear) isometry, and F(X)* is isometrically isomorphic to X# via the evaluation map
Qx: X# — F(X)* given by Qx(f)(y) = ~(f) for all f € X# and v € F(X).

Let us recall (see [?, Lemma 3.1]) that if X and Y are pointed metric spaces and T €
Lip(X,Y), then there exists a unique operator 7' € L(F(X), F(Y)) such that T5x = dyT.
Furthermore, ||f|| = Lip(T).

We can now study the relationship of a Lipschitz ¢-summing operator 7" in Lip(X,Y)
and its linearization T in L(F(X),F(Y)).

Proposition 3.3.1 Let ¢ be a modulus function, let X,Y be pointed metric spaces and let
T € Lip(X,Y). Iff s ¢p-summing, then T is Lipschitz ¢-summing and ﬂé(T) < W¢(f).
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3.3. Pietsch domination theorem

Proof. Notice first that
d(T(x), T(y)) = [|67) — Ozl = 1T(02) = TSI = ||T(8, — 6,)]]

for all z,y € X. If T is ¢-summing, we have

n

Z¢(I|f(%)l|)§%(f) sup Y ¢ (IF(3:)))

for any set (v;);_, C F(X). Then

-~

Z¢(d(T($i),T(y¢)))SW¢(T) sup & (|F (0, — y,)

FEB]:(X)* i=1

)

:7r¢(f) sup Z¢(|QX(JC)(5% _5%))

fEBX# i=1

— 7r¢(f) sup Z & (| f(x:) — flw)l) -

f€By# =1

Consequently, T is Lipschitz ¢-summing and 7(T) < 74(T). =
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Chapter 4

Multilinear ¢g-summing operators

This woork is based on an article of Verénica Dimant[12] titled Strongly p-summing multi-

linear operators. 21 September 2001.

4.1 Bounded multilinear operator

Definition 4.1.1 Let m € N and X;(1 < j < m) be a Banach spaces over K(K =R or C).

An operator T : Xy, ..., X,,, — Y is called multilinear (or m-linear) if the mappings

are linear for each ¥ € Xy, k # j, in other words for all o, 3 € K and 2%,y € X;(1 < j <
m)

T(x',...,02? + By, ....a™) = aT (2", ...,27,...,™) + BT (2, ...,97, ..., x™).
We denoted by L(X1,...,X.n;Y) the space of all m-linear applications T from Xy, ..., X,,

mto Y.

Remark 4.1.1 In particular, we say that T is bilinear if m = 2, and X, = X5 = X, trilinear
if m=3 and X; = Xy = X3 = X and multilinear form if X1 = Xo = ... = X,, = X and
Y =K.
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4.2. Bounded multilinear ¢-summing operators

Example 4.1.1 An operator

T:RxR — R

(z,y)  +— T(z,y) =2y

is bilinear because for all x,2',y,y',a, . 3,5 € R
1. T(ax + pz',y) = (ax + B2')y = axy + B2’y = oT'(z,y) + BT (2", y).
2. T(z, o'y + pY) = x(dy+ By) = d'zy + flay = o'T(x,y) + BT (x,y).

Definition 4.1.2 The multilinear application T : X4, ..., X,, — Y 1is continuous if it is
continuous as a function between two mormed spaces. As a consequence of this definition,

and the following equality
T(xt,...,a™) =Ty, ..., y™) = T(x*—y', ..., 2™ +T (2", 2 —y?, ..., 2™+ AT (2t . 2™ —y™),
we have a result that gives a characterization of continuous m-linear mapping.

Proposition 4.1.1 Let X,..., X, ,Y be normed spaces. For allT € L(X1,...,Xn;Y), the

following statements are equivalent

(1) T is continuous,

(2) T is continuous in (0, ...,0),

(3) There exists a constant C > 0 such that

HT(:cl, ,xm)” <C Hx1|| ™| for all z; € X, (V1 < j <m).

4.2 Bounded multilinear ¢-summing operators

Definition 4.2.1 Let ¢ be a modulus function and let X1, Xs, ..., X,,, Y are Banach spaces.
The bounded multilinear operator T : X1 X Xo X ... x X,;, — Y is ¢p-summing if there exists

a constant C' > 0 such that

Zgb (||T(le,x12, ,x:”)H) <C sup qu (|§(m;,x?, ,352”)‘) ) (4.2.1)

€€BL(Xy,Xg0 0, Xm) j—1
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4.3. Consequence

The set of all multilinear ¢-summing operators is denoted by 11 (X1, Xo, ..., X,;n; V).

For T e 1%, (X1, Xo, ..., X,;n;Y). We define
IT|? = inf {C : C verifying (4.2.1) }.

Remark 4.2.1 1. Form =1, we find

(4.2.1) = Zcﬁ [ T(x:)]]) < € sup Zcb & (zi)])

§€BL(x) l 1

— Z¢ IT@l) <€ sup Zd) (xi, 2%)]) .

erEBx*—

2. If ¢(z)=2aP,0<p <1 (modulus function) we have

(4.2.1) = Z HT(x%,x?,...,xT)Hp <C sup Z }5 L )|p.

i=1 §€BL(Xy, X0, Xm) =1

4.3 Consequence

Proposition 4.3.1 The space I1¢, (X1, X, ..., X,,; Y) is sublinear space from the space L(X1, X, ...,

Proof.
1) Let A€ Rand T € I1% (X1, Xy, ..., X,n; Y) and let ¢ a modulus function, we have

| AT (2} )| =M T (), 27, 2|

7,7 z?' 17 7,7 ) 1

Then

(AT (zj, af, s a) ) = (AT (2], 27, 2]
< L+ DS UT (i, 27, a)])) -

So

Z (AT (2, 27, 2] < (1+IAI)Zqﬁ(IIT(fU%,x?,---;x?"”)ll)

IN

(1+[A)C  sup Zcb (€@t 22, . 2)])

§€BL(Xy,Xs,..., Xm)ll

feBﬁ(XLXQ 77777 Xm) =1

28
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4.3. Consequence

With C' > 0 and K = ((1+|A))C) >0
Then

AT S H%(Xl,Xg, ,Xm,Y)
TS, < (L4 D ITI, -

2) Let 11, Ty € 1% (X1, Xs, ..., X,,,; V), then

(T + To)(zj, af, 2l < W(Talei, 2f, a4 1(Te(d, 27, o )|

»

Then
(||(T1+T2)( Ly z?vm;n)H) < (H(Tl( Ly za"" )||)+¢(||(T2< Ly “,__,;pm)“)
17317, sup Z¢ (7, 27, .., 2)])

§€BL(Xy,Xgy Xm) j— 1

+ 1|25, sup Zcb ISCE A )

£€BL(Xy,Xg,0 Xm) j—1

= (Il + I T2lly,)  sup Zcb(lf(l“%,l"?a e @)]) -

EEBL(X,Xg,  Xm) j—1

IN

Then
(Tl + T2> S ]‘_‘[?;1<X17X27 7Xm7Y)

(*%)
(1T + Toll2, < TS + 1T,

From (*) and (**) we de duce the II? (X1, Xy, ..., X,,;Y) is subnormd space of
L(Xl,XQ,...7Xm;Y).

Proposition 4.3.2 (ideal property). If T € 11¢(Xy, Xo, ... X,;n;Y) and u; : E; — X,
(1<j<m),uj € L(E;,X;) andw:Y — Z, we LY, Z).
Then

wo T o (uy, g, ..., Uy) €% (Ey, B, ..., Ep; Z)

and
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4.3. Consequence

Proof.
1) we prove wo T € I1% (X1, Xo, ..., X;n; Z)

|w o T(a} )| < wll || T (=), 27, .., 2]

27 17' Z? 7,7 g}

Then

IA

¢ (woT(z}, a7, ..., z7")|) ¢ (wll 1T (=}, 96 )

L+ flwll) & (T (g, 2, o 27D -

IN

So
Y ¢ (lwoT(xl,a?,...amM)|) < L+ [lwl) Y o (IT (=}, a2, ... a)])
i=1 i=1

< @+ w TS, sup Zcb € (ai, af, )]

EEBL(X,Xg,  Xm) j—1

Then
woT €119 (X1, Xo, ., X Z) "
lwo T5, < (L + [k} I,
2) For T € I%(X1, Xo, ..., Xin; V), u; € L(E;,X;),(1 < j < m) and ¢/ € E;, we prove

T o (up,.oyy) € U2 (Ey, Foy .oy By Y.

T o (U, Uz, ..., Up,) (e},e?, €l ) T o (uy (el) Us (e?) ey U (€50)).

Then
1T (st o) (b s ) | = [T 0 Gt (1) 3 (¢2) i ()]

So

n
Z¢ ||T © (ubu?a 7um) (eilaezzv 7€;n>||
=1
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4.4. Pietsch domination theorem

_ qullTo (w1 (&) s uz (€F) 5 oy tim (e]"))]]

< 1715, sup Zcﬁ (16w (€f)  ua (€7) .. um (€))])

§€BL(Xq, X0, Xm) 4—1
n

§€BL(xq, X0, Xm) j—1
<xz7 H(U‘T’uz ,,,,, u;*n)” <§>>‘>
n

— Tl sup Zw(u;uz,...,u;)n(
< T s S g ) (L 2 e )

=TI, oswp Y o((ehef e (ud s, ) (€)))
§€BL(Xq,Xg,  Xm) j—1
YEBL(X1,Xg0 s Xm) =1

n

= |75, (1 + 1 (ui a3, o)) sup Y (el et e M)

YEBL(X,Xg0e s Xm) §—1

1T 015, (U + 1w, w3, ey i) ) sup D oy ((edsed, e

YEBL(X1,Xg,0 Xm) §—1
Fainly we find

T o (ur, Uz, ..., Up,) € ¢ (Ey, By, ..., Epp; Y)
1T o (ur, ua, ooy ) || < T N5 (14 (1, 3, o)1) -

From (#) and (#+#) we de duce the ideal property of this class.

X, xX, x.. xX,, 4 v 7

ur T oug T Uy T S woT o (ug, ug, ... tn)

E, xFE, x.. xE,

Remark 4.3.1 Some symbols have been shortened because typing does not appear.

4.4 Pietsch domination theorem

Theorem 4.4.1 The followings are equivalent for a multilinear operator T € L( X1, Xa, ..., X;n; Y)

and a positive constant C.

(i) The operator T : X1 X X5 X ... X X,;, — Y is ¢-summing.
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4.5. Polynomials ¢-summing

(ii) There is a probability v on Br(x, x,,..x,,) Sush that

o(Iratat ) < © [ 6 (6t a?)]) e (€).
Br(xq,X9,.... Xm)
Then
S o (1T o, e a)) < GZIBLM ,,,,, B (leat a2 ) ) dp (6)
i=1 1=1

,,,,,

< C sup Z¢ |€ 17 z" ) z)|)

EEBL(X1,Xg, X m) j—1

SoT:X; x Xg x...xX,, — Y is ¢-summing. m

4.5 Polynomials ¢-summing

4.5.1 symetric multilinear operators

For all m € N* we denoted by S,, the set of all permutations of {1,...,m} , in other word

the set of all bijections
o:{1,...m} —{1,...,m}.

Definition 4.5.1 Let m € N* and X,Y a wvector spaces over a field K. A multilinear
operator T : X, X,.... X — Y, is symmetric if

T(x', 22, ..2™) = T(Zo(1), To(2), - To(n)),

for every x1,xs...,x,, € X and every o € S,,.
Ls("X;Y) will denote the subspace of L(MX;Y') consisting of all the symmetric multilinear
mappings from ™ X into Y.
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4.5. Polynomials ¢-summing

Proposition 4.5.1 For all T € L(™X;Y). Let Ts be the associate symmetric operator of
T. Then, the following are checkd

(1) Ts € Ls("X;Y),
(2) Ts =T if, and only if T € Ls("X;Y),
(3) (Ts)s =1Ts,

4) Ifr e X | then T (z,x,....z) =Ts (x,z,...,x) .

4.5.2 homogeneous polynomial

Definition 4.5.2 Let m € N*. A map P : X — Y s called m-homogeneous polynomial,
if there exists a symmetric m-linear mapping Tp(Tp € Ls("X;Y)), such that P(x) =
Tp(x, ™, x) for allx € X.

We denote by P("X;Y), the Banach space of all continuous m-homogeneous polynomials

from X into Y endowed with the norm

[Pl = sup {[[P (2)] - [l«]| <1} = inf{C- | P (z)[| < C™ |||} .

IfY =K, then P("X;Y) =P ("X).

Definition 4.5.3 Let T a symmetric m-linear operator (T € Ls("X;Y)) and P: X — Y
is m-homogeneous polynomials P is said ¢-summing if there exists a constant C' > 0 such

that

Y o(IT @i zi s a)|) <C sup > b (€, @i, 25)])
=1

£€B£S(mx) i=1

In other word .

D oP @I <C s Y 6(1Q(x)])-

i—1 QEBpmx) 121
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5Sl ol Algd b 5 Caieal) Ny Ailaid) Gal Al a5 @ jisa) sdgr Aealdl (Pietsch)d diaed) &kl

.(Pietsch) diagl) &y el Apladl) samia dapa slhac) aa ran- o Jie fige o geda pain

Résumeé: Le contenu de cette thése s'inscrit dans le cadre de I'analyse fonctionnelle et
plus précisément dans la géométrie non linéaire. Les notions de ce travail nous ont été
inspirées de l'article de J.D. Farmer et W.B. Johnson intitulé "les opérateurs Lipschitz p-
sommants"” et de 'article de Roshdi Khalil et W. Deeb intiulé "les opérateurs ¢-sommants
dans les espaces de Banach", ainsi du papier de M. Belaala intitulé "Les opérateurs Lipschitz
$-sommants ". Dans ce mémoire, on va étudier les opérateurs Lipschitz ¢-sommants. on
introduit la notion d'opérateur linéaire ¢-sommant and Lipschitz ¢-sommant entre espaces
métriques en donnant une version non linéaire du théoreme de domination de Pietsch pour
ces opérateurs et quelques propriétés concernant cette classe. Et a la fin de ce travail, nous
avons présenté la notion d'opérateur multilinéaire ¢-sommant et en donnant une version
multilinéaire du thé oreme de domination de Pietsch.

Mots-clés: opérateur lipschitzien p-sommant, opérateur linéaire p-sommant, opérateur
linéaire p-sommant, opérateur lipschitzien ¢p-sommant, théoreme de domination de Pietsch.

ADbstract: The context of this memory falls within the framework of functional analysis
and more precisely in nonlinear geometry. The notions of this work were inspired from the
article of J.D. Farmer and W.B. Jonhnson entitled "Lipschitz p-summing operators" and from
the paper of R. Khalil and W. Deeb entitled " ¢-summing operators in Banach spaces", also
that of M. Belaala entitled "Lipschitz ¢-summing operators". In this memory, we will study
the Lipschitz ¢-summing operators. we have introduced the notion of linear ¢-summing
operator and Lipschitz ¢-summing operator between metric spaces by giving a nonlinear
version of Pietsch domination theorem for these operators and some properties concerning
this class, and the end of this work, we presented the notion of multilinear ¢-summing
operators and giving a multilinear version of Pietsch domination theorem.

Key-words : linear p-summing operator, Lipschitz p-summing operator, linear ¢-summing
operator, Lipschitz ¢-summing operator, Pietsch Domination theorem.



