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Introduction

Wave motion is a fundamental phenomenon in science and engineering, occurring in contexts
such as acoustics, electromagnetism, elasticity, and fluid dynamics. Mathematically, waves
are often described using partial differential equations (PDEs) that capture how disturbances
propagate through a medium over time.

This dissertation investigates a particular class of wave equations: those describing vi-
brating strings and membranes that are mowving through space with constant velocity. These
are known as travelling strings and travelling membranes. In contrast to classical problems
defined on fixed spatial domains, the moving boundary introduces significant mathematical
challenges, especially when damping effects are present.

We begin by revisiting the classical wave equation in one spatial dimension, deriving it
via Hamilton’s principle (a variational approach rooted in mechanics) and solving it using
the method of separation of variables. We then generalize the model to account for uniform
translation of the string, analyzing both the undamped and damped scenarios.

In the subsequent chapter, we extend the discussion to two-dimensional domains, fo-
cusing on membranes (thin elastic surfaces) undergoing translational motion. As in the
one-dimensional case, we consider both undamped and damped vibrations. To simplify
analysis, coordinate transformations are introduced that convert the moving domain into a
fixed reference frame.

Several works have explored similar themes. For instance, W. L. Miranker [3] examined

travelling strings and proposed the model:

Ugt — 20Uzt + (V2 — )ty = 0, x € (0,0), t>0
u(0,t) = u(l,t) =0, t>0
u(@,0) = wx), w(r,0) = u(x), v e (0,0)

Similarly, V. P. Boldin and M. V. Trubin [1] studied travelling membranes using the model:

U — Ugg — Uyy = 0, x € (0,0), ye (0,b), t>0
u(vt,y,t) = u(vt + 4,y,t) =0, y€(0,b), t>0

u(z,0,t) = u(x,b,t) =0, x € (0,0), t >0,

wz,y,0) =u’(z,y), w(r,y,0)=ul(z,y), 2€(0,0),ye (00D



This dissertation is organized as follows:

e Chapter 1 introduces mathematical tools used throughout the work, including func-
tional spaces (such as LP and Sobolev spaces), Fourier series, and elements of the
calculus of variations, including Gateaux derivatives and critical points. We also re-

view the classical wave equation.

e Chapter 2 addresses the problem of travelling strings. We derive the governing equa-
tions using Hamilton’s principle, establish well-posedness, and solve them via variable
transformation and separation of variables, considering both damped and undamped

settings.

e Chapter 3 generalizes the study to travelling membranes. We formulate the wave
equation in two spatial dimensions with moving boundaries and incorporate damp-
ing. Analytical techniques similar to those used for strings are employed, with added

complexity due to the higher dimensionality.

e Some references, used in this work, are given at the end of the manuscript.



Chapter 1

Preliminaries

1.1 Functional Spaces

In this section, we recall some functional spaces and theorems that will be used throughout
this work. These spaces provide the mathematical framework for analyzing the behavior of

solutions to partial differential equations.

1.1.1 LP Spaces
Let 2 be an open subset of R" equipped with the Lebesgue measure dzx.
Definition 1.1 Let p € R with 1 < p < oco. The LP space is defined by:

LP(Q) ={f: Q= R| [ is measurable and |f|” € L'(Q)},

I = [ rGaipas) v

Definition 1.2 We define the space

with the norm

L>=(Q)={f:Q—=R| f is measurable and 3C > 0 such that |f(x)| < C a.e. on Q},
with the essential supremum norm
|fllze =inf {C >0 |f(x)] < C a.e. inQ}.

Theorem 1.3 (Dominated Convergence Theorem) Let (f,) be a sequence in LP(S2)

satisfying:
o f.(x) = f(x) a.e. onQ,
e dg € LP(Q) such that |f,(x)| < g(z) a.e. for all n.

Then f € LP(Q) and || fr — fllir) — 0 as n — oo.



1.1.2 H' Spaces

Definition 1.4 A functionv € L*(Q) belongs to HY(Q) if there exist functions g1, ga, . . . , gn €

L2(2) such that:
v&p dr = —/gigodx.
81:1- Q

Then, g; is called the distributional derivative 86—;’2_.

Vo € D(Q)

Definition 1.5 The Sobolev space H*(Y) is defined as:

HY(Q) = {u € L*(Q) ‘ gxz € L*(Q), i= 1n}

where g;, denotes the distributional derivative.

The space HY(Q) is equipped with the scalar product:

ou 81)
(u,v) = /uvda:vLZ/ax c%

with the associated norm:

n 01} 2
vl o) = v dr + /( >dm

1.2 Fourier Series

1.2.1 Fourier Expansion

Definition 1.6 Let f be a piecewise continuous and 2T -periodic function. The Fourier

series of f is given by:

50 + ; a, cos(nwz) + b, sin(nwz)), where w = il

Alternatively, it can be written in complex form as:

(e 9]

n=—oo

1.2.2 Fourier Coefficients

Definition 1.7 Let w be a 2T -periodic function such that it admits a Fourier series expan-

S10N.:

u(z) = % + Z ay cos(kwx) + by sin(kwzx)), w= (1.1)

k=1

~ =



To compute the coefficients a, and by, we use the orthogonality relations:

T T
/ cos(kwz) cos(mwz) dx = / sin(kwz) sin(mwz) dez =0, if k # m,

-T -T

T
/ cos(kwzx) sin(mwzx)dx =0, for all k,m > 0,

-T

T T
/ cos? (kwr) dr = / sin®(kwz) dr = T.

=T =T

Assuming uniform convergence of (1.1), multiplication by cos(nwz) and integration over
=T, T yields:

1 (T
ap = —/ u(z) cos(nwx)dr, n=0,1,2,... (1.2)
T/,
Similarly,
1 T
b, = —/ u(z) sin(nwx) dz. (1.3)
TJ)-r

Fourier Coefficients of the Derivative. If u € C'(R) and is 27-periodic, then for k > 1:

1 /T
a, = —/ u'(z) cos(kwx) dx = kwby,,
T/,
/ 1 r / .
b, = T u'(x) sin(kwz) doe = —kway,.
-
Thus,
a, = kwbg, b, = —kway. (1.4)

Complex Form. Using Euler’s formula

et — cos(kwa) £ 4 sin(kwz),

the series (1.1) can be written as:

o0

u(z) = Z cpeter

k=—o0

with complex coefficients:
1 /7
2T ) o

The relations with the real coefficients are:

Ck u(z)e ™ T d.

1



Convergence in L?. Let Sy(z) be the N-th partial sum:

N
+ Z a, cos(kwx) + by, sin(kwx)) .

k=1

&@zg

Theorem 1.8 Ifu € L*(=T,T), then Sy — u in the L? norm:

T

lim |Sy(x) — u(z)|* dz = 0.
T

N—oo [_

Moreover, Parseval’s identity holds:

T CL2 >
/|(PM—§+Z%&§
k=1

-T

As a consequence, the Fourier coefficients decay to zero:

lim a, = hm b, = 0.
k—o0

1.3 Differentiability of Functionals and Critical Points

In this section, we introduce the notion of differentiability for functionals defined on Banach

spaces and define the concept of critical points.

1.3.1 Gateaux Differentiability

Definition 1.9 Let E be a Banach space and 2 C E an open set. Let I : @ — R be a
functional. We say that I is Gateaux differentiable (or G-differentiable) at a point u € § if

there exists a continuous linear functional A € E' such that, for allv € E,

I(u+tv) — I(u)

lim
t—0

= (A, v). (1.5)

This functional A, when it ezists, is unique and is called the Gateaux differential of I at u,

denoted by 1/,(u).

Definition 1.10 If I is Gateaux differentiable at every point u in an open set U C E, we
say that I is Gateaux differentiable on U. The map

I,:U— E,

u— I (u),

15 called the Gateaux derivative of I.



1.3.2 Critical Points

Definition 1.11 Let 2 be an open subset of a Banach space E, and suppose that I €
CHQ,R). A point u € Q is called a critical point of I if

I'(u) = 0.

A point u € Q such that I'(u) # 0 is called a regular point of I.

Given ¢ € R, we say that ¢ is a critical value of I if there exists u € Q) such that
I(u)=c and I'(u)=0.

Otherwise, c is called a regular value of I.

1.4 The One-Dimensional Wave Equation

In this section, we study the transverse vibrations of a stretched string of length ¢ and
uniform linear mass density p. The string is fixed at both ends and allowed to move freely
in the transverse direction. The tension in the string is denoted by T. We derive the wave

equation governing the motion of the string using a principle known in mechanics.

1.4.1 Derivation of the Equation of Motion

Let u(z,t) denote the transverse displacement of the string at position z € [0, ] and time t.
The velocity of a point on the string is given by the partial derivative with respect to time:

d
%u(x,t) = u(z, ).

The kinetic energy K of the string between x = 0 and x = ¢ at time t is given by:

1

14
k() =5 [ w0

where p is the linear mass density.

The potential energy V' due to the stretching of the string under tension T is:

1

¢
V(t) = 5/0 Tu?(x,t) dr,

where u, = Ju/0z is the spatial derivative.

The Lagrangian is then defined as the difference between the kinetic and potential energies:

Llw) = K(t) — V(t) = %/0 pu? — T2 da.



To derive the equation of motion, we apply Hamilton’s principle: the actual motion of the

string corresponds to a critical point of the functional

to to l
I(u) = / L(u)dt = / / put — Tu? dw dt.
tl tl 0

Let w be a smooth (admissible) function satisfying:
w(x,t) =w(x,ty) =0, forall xz € (0,4),
w(0,t) =w(l,t) =0, forallte (t,ts).
Then,
1im/ / (po*w? + 2pouw; — To*w? — 2Tou,w, )dxdt.

o—0

By using the Lebesgue dominate convergence theorem, one has:

/ / hm (po*w? + 2pouw; — To*w? — 2Tou,w, )dxdt.
0

c—0 o

¢
= / / hH(l) pawt2 + 2puwy — Tawi — 2T uwdzdt.
. 0 7

to V4
= / / 2pupwy — 2Tu,w,dxdt.
t1 0
Integrating by parts, we infer that

_[ o _[ Y4 t=t2 to V4
lip L ow) =T _ 2{/ put(x,ﬂw(x,t)dx] —2/ /puu(oc,t)w(:v,t)dxdt
0 t=t1 t1 0

o—0 o

to x=L to V4
—2 [/ Tu, (z,t) w(z,1t) Ot] + 2/ / Ty, (x,t) w (z,t) dedt,
=0 t1 0

t1

hence

] ¢
lim (w) = —2/ / (puyy — Tuy,)wdzdt = 0.
t1 0

Since this integral vanishes for all admissible w, we must have:
puyy — Tuz, =0 in (0,0) X (t1,12).

Defining ¢? = T/p, we obtain the classical wave equation:

Uy — gy =0, € (0,0), t>0. (1.6)

In fact, ¢ = /T /p is the propagation speed of the wave in the string.

To complete the model, we impose the boundary and initial conditions:

u(0,t) =0, wu(l,t)=0, t >0,
u(z,0) = u’(z), x € (0,0),
uy(z,0) = u'(x), x € (0,0).



This defines the initial-boundary value problem:
Ugp — gy = 0, x € (0,0), t >0,
u(0,t) = u(l,t) =0, t >0, (1.7)
u(@,0) = u’(x), w(w,0)=u'(z), =e(0,0).

1.4.2 Separation of Variables Method

It is well known that the wave equation (2.1) admits a unique solution u, which can be
obtained by several classical methods, such as the method of separation of variables or the

d’Alembert formula. For simplicity, we consider the case where ¢ = 1.

e The method of separation of variables assumes that the solution can be written in the

form:

u(z,t) = X(x)T(t).
Substituting into the wave equation yields:
u = X(2)T"(t), g = X"(2)T(¢).
Plugging into the PDE:
X(x)T"(t) = X"(2)T(t). (1.8)
Dividing both sides by X (x)T(t) (assuming neither is zero), we get:

T//(t) _ X”(CC)
()~ X(2)

= _)\?

where —\? is the separation constant. The minus sign ensures that we get non-trivial oscil-
latory solutions.

e Applying the boundary conditions u(0,t) = u(f,t) = 0 implies that X (0) = X (¢) = 0.
Thus, X must satisfy the Sturm-Liouville problem:

X"+ XX(z)=0, X(0)=X()=0.
The general solution of this ODE is:
X(z) = Asin(Az) + B cos(Az).

Applying X (0) = 0 yields B = 0. Then X (¢) = 0 gives:

nm

sin(M) =0= A=\, = 7 n=123,...

Thus, the eigenfunctions are:
nmwr

X, (z) =sin (T> :



e The temporal equation becomes:
T"(t)+ N2T(t) = 0,
whose general solution is:
T (t) = an cos(Ant) + by sin(A,t).
Hence, the corresponding solution wu,, is:
Up (2, 1) = [a, cos(Aut) + by, sin(A,t)] sin(A,x).

Using the principle of superposition, the general solution is:

Z ay, coS(Ant) + by sin(A,t)] sin(\,x).

n=1

To determine the coefficients a,, and b,,, we use the initial conditions:

u(z,0) = Zansm)\m u(z,0) = Z)\b sin(A\,x).

n=1
Thus,
2 4
W

9 [t
ay, = Z/ u’(z) sin(\, ) du, b, =
0

u'(z) sin(\, 1) dx.

Theorem 1.12 The solution of the initial-boundary value problem (2.1) with ¢ =1 is given

u(z, t) = i [an cos (n%t> + b, sin (%t)] sin <?> ,
1

n—=

by:

where the coefficients a,, and b, depend on the initial displacement and velocity.

10



Chapter 2

The Wave Equation for Travelling
Strings

This chapter addresses the transverse vibration of a string, of length /¢, that is also traveling

at a constant speed v between two pulleys, see Figure 2.1.

v (

Figure 2.1: A vibrating string that travels at constant speed v.

2.1 Undamped Travelling Strings

2.1.1 Derivation of the Equation of Motion

In this part, we use the same principle used in the first chapter, but this time the string is

also moving horizontally at a constant speed v. Thus, the total derivative of u is given by

—u(x,t) = U + Ty = Up — VUy.
dt( ) t t t

The kinetic energy of the string is

where p is the linear mass density of the string.

11



The potential energy is
1 [
V== / Tu? dz,
2 Jo

where T is the tension.

Let us consider the functional
to 4
I(u) = / / (p [V* + (up — vuy)®] — Tul) de dt,
t1 0
and let w be an admissible function satisfying

w(z,ty) = w(z,ty) =0, for0<az </,

w(-,t) € H0,0), fort; <t<t,.

Then, I(u+ ocw) — I(u) equals:

to l
/ / pow? + 2pouw; + pviotw? + 2poviuw,
t1 0
— 200VU W, — 2p0VW Uy — 2P0 VW W, — Ta2wi — 2T ou,w, dz dt.

By Hamilton’s principle, we have

e i) | O

o—0 o

which gives:
to l
/ / 2pugwy — 2pv2uxwx — 2pvuw, — 2pvw, — 2Tu,w, doe dt = 0.
t1 0

Integrating by parts and using the vanishing of w on the boundary and at ¢y, t5, we arrive
at:

/t2 /E (qutt — 2pv2um —dpvuy, — QTUM) wdzrdt = 0.
tr Jo
Since w can be arbiltrary chosen, we obtain the PDE:
20Ust + 2pV gy — 4pVity, — 2Ty, = 0,
or, simplified:
Uy — 2V + (V2 — =gy = 0.
Finally, we get the wave equation for the traveling string:
Ugt — 2V, — (2 — vHug, = 0, x € (vt,vt+ 1), t >0,

u(0,t) = u(l,t) =0, t>0, (2.1)
u(z,0) =u’(z), w(z,0)=u'(z), xe€(0,0),

1

where ¢ = /T /p is the wave propagation speed, and u", u' are the initial displacement and

velocity of the string.

12



2.1.2 Energy Conservation and Uniqueness of the Solution

To show the uniqueness of the solution to Problem (2.1), we define the energy functional:
1

E(t) = 5/0 up(w,t) + (& — vHul(x,t) dx.

Computing its time derivative yields:

d 1d [, 2 2y,2 ‘ 2 2
EE@) =5 | ut (¢ =vIHuzde = [ ugup + (¢ — v )ugu, de.
0 0

Integrating the second term by parts in x:

l l
x={
/ Ut Uy dT = [utum]xzo - / Uty .
0 0

Using the boundary conditions u(0,t) = u(¢,t) = 0, we obtain:
d

¢
—E(t) = / Uty — (% — V) Uty da.
dt .

Now, we consider the additional term:

¢ ¢
0 =0
2v [Cude = v [ ) de = v ()25 =

again by the boundary conditions.

Thus, we define a modified energy derivative:

d L
%E(t) = / (utt — (C2 - VQ)UE:E - 2VUtm) Ut dr = 0,
0
using the fact that u satisfies the wave equation (2.1). Hence, F(t) is constant:
1 [
E(t) = E(0) = 5/ u?(x,0) + (¢ — v)ul(x,0)dz, Vt>0. (2.2)
0

As a consequence, we have
Theorem 2.1 The solution to Problem (2.1) is unique if ¢ > v.

Proof. Assume that there exist two solutions u; and us. Let w = u; — uq, which satisfies:
Wi — 2VWiy — (2 — V) we =0, z € (VE, vt + L), t >0,
w(z,0) = w(z,0) =0, x € (vt, vt + (),
w(0,t) =w(l,t) =0, t>0.
Applying the energy identity (2.2) to w, and using the initial conditions w(zx,0) = w;(x,0) =
0, we obtain:
E(t)=0, Vt>0.
That is,

1/t
5/ w?(z,t) + (¢ — v)w?(z,t) dz = 0.
0

Since ¢ > v, this implies that both w(z,t) = 0 and w,(z,t) = 0, hence w(z,t) = 0.

Therefore, u; = u9, and the solution is unique. m

13



2.1.3 Change of Coordinates
We consider the transformation of variables:
r+vt=¢, t=rT.
Then, using the chain rule, we compute the partial derivatives:
Uy = Ug, Uy = VUe + Ur.
It follows that:
Uge = Uge,

Ugt = (Uz)r = (ui)t = Vlge + Uer,

Uy = (Vg +ur); = v(vug + ur)e + (Vg + uy ), = Vg + 2Vug, + Uy

Substituting these expressions into the wave equation (2.1), we obtain:
Uy — 2V — (2 — V) Ugy = (V2u§§ + 2V, + Urr) — 2V(VUuge + Ugr) — (c* — V2)u§§
= Uy — g

Therefore, the equation (2.1) becomes:

Uy — Cuge = 0, e (vr,l+vr), 7>0,
w(vr,7) =u(l +vr1,7) =0, T >0, (2.3)
u(§,0) =u’(€), ur(&0)=u'(§), £€ (v l+v).

Note that the new spatial variable £ varies over the moving interval (v7,¢ 4+ v7) for each

time 7 > 0.

2.1.4 The Exact Solution

In this section, we show how to write the exact solution using a series representation. We
work in the transformed coordinates (£, 7), where the wave equation simplifies to the standard
D’Alembert form.

D’Alembert’s general solution for the transformed problem (2.3) is:

u(§ 7) = f(§+cer) +g(§ —cT). (2.4)
We apply the first boundary condition at & = vr:

w(vr,7) = f(v+c)7)+g((v—c)r) =0.

14



We define:

and deduce:

Substituting this into (2.4), we get:

a
wé, )= f(E+er)— f (g(f - CT)) : (2.5)
Applying the second boundary condition u(¢ + v7,7) = 0 and substituting into (2.5) yields:
a
flar+0) = f (F0r+0)).
which implies that f is periodic with period af, where:
2c
a= :
c—vV

We expand f(§) in its Fourier series over the interval (0, af):

0= 3 fues (27, 26

n=—oo

Using (2.5), we find:

<= 2nmi
uw(, ) = Z fn {exp( ",

n=—oo

&+ CT)> — exp (QZZ“ (€ — CT))} .

Summarizing, we have the following

Theorem 2.2 The solution to Problem (2.7) is given by the series:

wer = 3 g oo (27 e v en)) —ew (2% o))

and the coefficients f,, depend on the initial conditions.

2c
c—v

where o =

To express the solution using trigonometric functions, we decompose the complex coeffi-

cients f, as follows:
fn :O-n—i_iTn’ Sp = O0p + 0 _p, by =Tn — T_p.
We split the series into positive and negative indices and use Euler’s formula

" = cos(0) + isin(0).

15



After some algebra, we find:

u(€, ) = f [sn (cos (?—;(g + c7>> — cos (Q;Z;a (€ — CT)))

n=1

Using the trigonometric identities:

cos(A+ B) =cosAcos BFsin Asin B, sin(A+ B) = sin Acos B &+ cos Asin B,

we further decompose u(&, 7) as:

o= 2nm 2nm 2nma 2nma
u(&, ) = ; Sn [cos (Wf) cos (WCT) — COS ( ol 5) cos ( ol C’T)
. 2nm . 2nm . 2nma . 2nma
— sin (Wf) sin (WCT> + sin ( ™ §> sin ( ™ CT>:|
+t, [sin (Qn_wg) Cos <2n—7TCT) — sin (2n7ra€> COoS (ZWTGCT)
ol ol bt bol
2nm . 2nm 2nma . 2nma
+ cos (Wg) sin (WCT) + cos ( ol {) sin < borl CT>:| .

We return to the original variables x = £ — vt, 7 = t. Using a = v + ¢, this gives:

u(zx,t) =

f Sn | COS Qn—ﬂx — cos 2mmx +t, | sin Qn—ﬂx — sin 2mmx COS 2n—7rat
" al bal " al bal al

n=1
n i 2nm i 2nma 2t (cos 2nm 4 cos 2nma i 2nm ;
—58, | sin [ —x | —sin T os | —=x c T in | —-at ).
" al bal " al bal al
Thus, the function u(z,t) is periodic in ¢ with period:

al B 2¢l

a 2 —v2

T —

2.2 Damped Travelling Strings

In this section, we present a derivation of the solution to a damped wave equation defined

on a moving interval. For simplicity, we take ¢ = 1 and consider the wave equation with
linear damping:

Ugy — Ugg + 20u; = 0, x € (vt,l+vt), t >0,

u(vt,t) = u(l + vt t) =0, t >0, (2.7)
u(z,0) = u’(z), w(z,0)=ul(z), z€/(0,0).
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To simplify the PDE, we use a change of variables and an integrating factor

o€, 7) = ulz,t)e”,  u(zr,t) =e"H(E, 1),
where his time £ and 7 denotes
E=x —Vvt, T=1—vr.

We first compute the transformed derivatives. Since

1
1 —v2

(E+vr) and t=

T = (1 + v&),

1—v?
we compute partial derivatives:

First derivatives:

Uy = ((€_§t¢(§: T))t = _56_5t¢ + 6_&(%57& +¢,71),

where ¢, = —v and 7, = 1. Hence,

w = e (=00 — v + ¢,).

Second time derivative:

. Define:

(2.8)

u = (e7(=00 — o + ¢,)), = €7 (670 + 20V — 260, + Vb — 2oy, + ¢,,)

First space derivative:

Uy = (6_&@25(57 T))a: - e—&t(¢E£x + ¢7Tx)7

where ¢, =1 and 7, = —v. Thus,

Uy = e_(st(gbé —vo.).

Second space derivative:

Uy = 37&(% — Vo )s = 676t(¢5§ — 2V, + Vi)

Substitute into the PDE:

Ut — Ugg + 20Uy = €% [0°0 + 26V, — 200, + Ve — 2V, + O,

~(bee — 2V, + V20,,) +20(—06 — Vo + b,)] =0.

Collect like terms:

Ut — Ugy + 20U = e [ﬁbw(l - V2) - ngg(l - V2) - 52¢} =0.

17



This eventually simplifies to the equation:

52
We solve it using separation of variables:
P&, 1) = f(E)g(T).
Plaguing this in the equation (2.9), we get
g”(T) B f”(f) _
TG
Then: 106 ")
=A% and Lo (22
7(©) gy T e
On one hand
f” + )\Zf =0

Taking into account the boundary conditions at £ =0 and £ = ¢, we get

F(&) = Csin(x),  Ani= .
On the other hand, g is given by

g(1) = Acos(w,T) + Bsin(w,7), w? =\ +4.
So the solution is:

¢, (€,7) = sin(Ap€) (ay cos(wnT) + by sin(w,7)), w? = A2 + 3.

Thus, the full solution is:
ot Z sin(Ap(x — vt)) (@, cos(wp(t — v)) + by, sin(w, (t — vz))) .

To summarize, we have

Theorem 2.3 The solution of Problem (2.7) is given by the series:
ot Z B, sin ( (x — Vt)) (ay, cos (wy(t — vz)) + by sin (w,(t — v))),

where:

— Rt Ai—152

and a,, b, depend on the initial data.

18



Chapter 3

The wave equation for travelling

membranes

3.1 Undamped travelling membranes

In this chapter, we study the vibrations of a membrane travelling horizontally at a constant

speed v between two cylindrical pulleys, as shown in Figure 3.1.

Figure 3.1: A travelling membrane

3.1.1 Derivation of the Equation of Motion

Let ¢ be the distance between the pulleys and b the width of the membrane. The reference

domain is defined as
Q:=(0,0) x (0,b).
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To derive the equation of motion, we apply Hamilton’s principle. The kinetic and potential

energies of the membrane are, respectively:

1

K= 5 / p [V?+ (w — vu,)?] dz dy,
Q

1
V= —/T(u§+u§)dxdy,
2 Jo

where p is the density and T the tension.

The action functional is given by

I(u) = /tlt2 /Q [p (V2 + (u — vug)?) — T(ul +ul)] da dy dt.
Expanding the integrand, we get:
I(u) = /t2 /Q [ov? + pui + pviul — 2pvuyu, — Tul — Tul)] da dy dt.

t
Let w be a test function such that

w(z,y,t1) =w(x,y,ts) =0, and w(-,-,t) € V(Q),
where V() is defined by

V(Q) ={p € H'(Q) : ¢(0,y) = (,y) = 0 for a.e. y € (0,)}.

Note that H} () C V() € HY(Q).

We compute the variation of the action functional:
to
Iu+ow)—I(u) = / / [p (e + owy — v(ug + ow,))? — (ur — vug)?)
t1 Q
— T (g + ows)® + (uy + owy)? — ul — ul) ]dx dy dt.
Expanding each square and simplifying;:
to
Iu+ow) —I(u) = / / [2oputwt — 20 pVUW, — 20 PVUL Wy 4 20 pVEULW,
t1 Q
— 20Tu,w, — 20Tu,w, | dr dy dt + O(c?).

Taking the limit, as ¢ — 0, in

0I(u;w) = lim I{utow) = I(u)

o—0 o

12}
= / / 2puwy — 2pViuy — 2pVugwy + 2pviugw, — 2Tuyw, — 2Tu,w, dxdydt.
t1 Q
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Integrating by parts and using the boundary and initial conditions (so that all boundary

terms vanish), we obtain:
to
0 (uyw) = / / < — 2puy + 4pviyy — 2pVi Uy + 2T Uy, + 2Tuyy)w dx dy dt.
t1 Q
Since this must vanish for all admissible functions w, the integrand must be zero:
Pl — 2pvutw + pVQU;m - Tuzm - Tuyy = 0.

Dividing through by p and setting ¢* = T/p, we arrive at the final equation of motion:

Uy — 2V + (V2 — ) Ugy — c2uyy = 0. (3.1)
This is subject to the boundary and initial conditions:
u(0,y,t) =u(l,y,t) =0, for y € (0,b),t > 0,
u(x,0,t) = u(x,b,t) =0, for z € (0,4),t > 0, (3.2)

u(z,y,0) = u’(z,y), w(z,y,0)=u'(z,y), for (z,y)e€ N

Thus, we have derived the equation governing transverse vibrations of a horizontally travel-

ling, undamped membrane.

3.1.2 Energy Conservation and Uniqueness of Solution

The uniqueness of the solution to the initial-boundary value problem defined by equa-
tions (3.1)—(3.2) can be established using energy methods.

Define the energy of a solution u(z,y,t) at time ¢ as:

1
E(t) = 5/9 [uf + (& = v*)uZ + Ful] da dy.

To prove that E(t) is conserved in time, we compute its derivative:

d
%E(t) = / Ugtiy + (2 — V) Uty + c2uyuyt dx dy.
Q

We integrate the second and third terms by parts (in = and y respectively), using the
boundary conditions:

=0
/uxumdx = [upuy),_g — / Ul T,
Q

Q

/uyuytdy = [utuy]Zig — / U Uy Y.
Q Q

The boundary terms vanish due to the boundary conditions, so we obtain:
d

—E(t) = / Uty — (2 — V) UylUyy — 02utuyy dz dy.
di o
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We now recall from the wave equation (3.1) that:
Uy = 2V — (V2 — ) Ugy + CQUyy.

Substitute into the energy derivative:

d
EE(t) = / Uy [2vum — (v? = gy + CQUyy] — (¢ = V) utyy — gy, dody
Q

= 2v/ Uptyy dx dy — (V2 — ) / Uy d dy + ¢ / Uty dx dy
Q Q Q
— (& —v?) / Uplgy du dy — ¢* / gy, dx dy.
Q Q

The terms involving u,, and u,, cancel, and we are left with:

d

%E(t) = ZV/Qututxd:U dy.

Integrating this term by parts in z:

1 1/t
/ uggdr dy = = / Oy (uf ) dy = / [ui (£, y,t) — u7 (0,y,)] dy = 0,
Q 2 Q 2 0

again due to the fixed boundary conditions at * = 0 and © = ¢. Hence, the energy is
conserved and

E(t) = E(0), fort> 0.

As a consequence, we have
Theorem 3.1 The solution of Problem (3.1)—(3.2) is unique if ¢ > v.

Proof. Let u; and us be two solutions with the same initial and boundary data. Then

w = u; — uy satisfies the homogeneous problem:

Wy — 2VWyy + (VZ — ) Wyy — Fwy, =0, in Q¢ > 0,

w =0, on 0,
w(z,y,0) = w(x,y,0) =0, in Q.

The energy associated to w is zero at t = 0, and remains zero for all ¢ by conservation. Since

the energy is a sum of positive terms and ¢ > v, it follows that w = 0, i.e., u; = uy. m

3.1.3 Change of Coordinates

Let us perform a change of variables:

E=x+vt, 7=t y=uy.
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Under this transformation:

Uy = Ug, Uy = VUe + Ug,
Ugpy = Uge, Ugr = VUge + Ugr,

Uy = VQU& + 2vuer + Urr.

Substituting into the equation of motion (3.1):

2 2 2
U — 2V (VE — € )Ugy — C Uy

= V2 Uge + 2VUer + Upr — 2V(VUge + Uer) + (V2 — P )uge — Py,

2
= Urr — " (Uge + Uyy).
Therefore, in the new coordinates, the PDE becomes:
Ury — CZ(U& + uy,) = 0.

The new domain is time-dependent since & € (v7, ¢+ v7). Thus, the transformed initial-
boundary value problem reads:

(

e (vr,l+vr),y € (0,b), 7 >0,
w(vr,y,7) =u(l+vr,y,7) =0, y € (0,b), 7 >0,

uy(€,0,7) = uy(&,0,7) =0, e (vr l+vr), T>0,
(u(&,9,0) =u’(§), ur(&,y,0) =u'(§), £€(0,0),y€(0,0).

This represents the wave equation in a moving domain with homogeneous mixed boundary

Urr — CQ(“&& + uyy) = 0,

conditions.

3.1.4 Exact Solution

For simplicity, we fix ¢* = 1 and consider the transverse vibrations u(z, y,t) of a homogeneous
membrane in a moving rectangle with boundaries 0 < y < b and x € (vt,vt + £). The

governing equation is:

Upp — Ugg — Uy = 0, xz € (vt,vt+0), ye (0,b), t >0,
u(vt,y,t) = u(vt+£,y,t) =0, t>0, (3.3)
uy(z,0,t) = uy(z,b,t) =0, x € (vt,vt+ /), t > 0.

with initial condition «° and u!.

We seek a solution by separation of variables in the form:

u(w,y,t) = @z, )Y (y).
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Substituting into the PDE yields:
CuY — .Y —pY" = 0.

Dividing both sides by ¢Y (assuming ¢ # 0 and Y # 0):

e e Y

This separation yields two ordinary differential equations:

P Ye Y s

e The y-dependent part:
Y+ kY =0, Y'(0)=Y'(b) =0.

The general solution is
Y (y) = Rcos(ky) + Z sin(ky).

The boundary condition Y’(0) = 0 implies Z = 0, so:
Y (y) = Rcos(ky).
The second condition Y’(b) = 0 implies sin(kb) = 0, so:
k=kyn:=—, meN".

Therefore:

e The equation for ¢(z,t) becomes:
Vit — Pax Tk =0, (vt t) = p(vt+L,1) =0.
To handle the moving domain, we switch to the moving frame:
E=x—vt, T=1
Let s(§,7) = @(z,t), so that derivatives transform as:

Yy = —VS¢ + S, Py = V23€£ — 2VSgr + 8o,
P = S¢ Prz = Se¢-

Substituting into the PDE:

Pt = Paa + kg = (Vsge — 2Vser + 577) — s¢e + hpy s
= (1= vHsrr — (1 — v)see + ks
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This simplifies to:
2

s =0, €€(0,0), 7>0, 5.4

s(0,7)=s((,7) =0

77— Sge T

We solve this by separation of variables

leading to:

7 2 "
g_:_<>\2+ uit ), and h—:—)\Q.
g v
So we solve:
B+ Nh =0,
Due to the Boundary conditions h(0) = h(¢) = 0, the solution is

nm

h(§) = sin(\,€), where A, := VA

The function g satisfies

k’2

m
1—v2

g +w? g=0, where w? =M\ +

Solutions are:

9(T) = G OS(WimnT) + by, SIN( Wi, 7).

Returning to original variables z = ¢ 4 vt, t = 7, we find:
U (2, Y, 1) = sin( A, (@ — VE)) [@mn €OS(Wimnt) + bimn sin(Winpt)] cos(kny).

By superposition:

u(z,y,t) = Z Z Amn COS(Winnt) + D, SIN(Winpt)] sin(Ap (x — vit)) cos(kmy),

m=1n=1

with

Summarizing, we have

Theorem 3.2 The solution of the wave equation (3.3) in the moving domain is given by:

u(z,y,t) Z Z A COS(Winnt) + D SIN(Winpt)] sin (A (2 — vit)) cos(kmy),

m=1n=1

where Ay, byn are constants determined by the initial conditions.
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3.1.5 Damped Travelling Membranes

We now consider the damped version of the wave equation in a moving domain. Let u(z,y, t)
denote the displacement in a rectangle of length ¢ and height b moving with speed v. We

assume the presence of interior damping with coefficient 26 > 0:

Upp — Uy — Uyy + 20Uy = 0, z € (vt,vt+10), y€(0,0), t >0,
u(vt,y,t) =u(vt+4,y,t) =0, t>0, (3.5)
uy(z,0,t) = uy(z,b,t) =0, x € (vt,vt+0), t > 0.

We separate variables in the form
u(z,y,t) = @(x, )Y (y)
and substitute into the PDE:
0nY — .Y — Y + 250, Y = 0.

Dividing by ¢Y (assuming nonzero functions), we get:

"

© ® o Y

This yields two equations:
e The y-equation:
Y™Y =0, Y'(0)=Y'(b)=0.
Its solution is:

Y(y) = Rcos(ky), with k= ?, m € N*.

e The z,t equation:

We switch to the moving frame:
E=x—vt, T=t.

Let s(&,7) = p(x,t)e, so that o(z,t) = e%s(¢, 7). Then:

¢, = —0e s+ e s, — ve s,

Oy = e 0t (STT — 2Vser + st& — 205, 4+ 20vse + 523) ,

—ot —ot
Pr =€ S¢, Poz = € See-
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Substitute into (3.6):
ot — Pz + 200, + k20 = 7% (Srr — 2VSer + V2sge — Sge + 205, — 20vse + ks — 523) .
Group and simplify:
Spr — 2VSer + (V2 — 1)sge + 205, — 26vse + (K2, — 6%)s = 0.
This can be reduced to a standard wave equation using the form
$(6,7) = h(€)g(r),

but we first note that the cross term s¢. complicates separation. However, assuming v is
small, we can neglect these terms. Otherwise, we proceed by assuming that s still satisfies

a wave-like equation with effective potential:

k2 — 6
Srr — S¢ge +ys =0, where v := lm— -
Now, we solve by separation of variables:
s(&, ) = h(&)g(7).
Substitute into the equation, we get
/! hl/
I 42 o
g h
Thus, h satisfies
B+ Nh = 0.
Due to the boundary conditions h(0) = h(¢) = 0, we get
h(€) = sin ("7”5) . where A=\, = "7”

For the function g, we have
"= (v +X)g=0

hence
9(T) = G COS(WimnT) + by, SIN( Wi, T),
where S
2 2 n-m m
-\ _

Therefore, the solution is:

u(z,y,t) = e 0 Z Z [ COS(Winnt) + b SIN(Winpt)] sin (A, (2 — vit)) cos(kny).

m=1n=1

Finally, we can state these result in the following
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Theorem 3.3 The solution of the damped wave equation (3.5) is given by:

u(@,y,t) = €3 > [tn c08(Wnnt) + byn S0 (Winnt)] sin (A (z — V) cos(kmy),

m=1 n=1

where

nm mm nn? k2 — 62
A =—, kp=—, wmn:\/g2 +1—v2'
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Abstract

In this study, we examine the one-dimensional and two-dimensional wave equations in
time-dependent domains. We derive the wave equation using Hamilton’s principle. Then,
we employ the method of separation of variables to solve the equation. We also consider the

case with interior linear damping.

Keywords: Wave equation, time-dependent domains, separation of variables method,

damping.

Résumé

Dans cette étude, nous examinons les équations d’onde unidimensionnelles et bidimension-
nelles dans des domaines dépendant du temps. Nous dérivons I’équation d’onde en utilisant
le principe de Hamilton. Ensuite, nous employons la méthode de séparation des variables
pour résoudre ’équation. Nous considérons également le cas avec un amortissement linéaire

intérieur.

Mots clés: Equation d’onde, domaines dépendant du temps, séparation des variables,

amortissement.
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