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Abstract

The theory of function spaces with variable exponents has rapidly made progress in the past
20 years, so in this memory our goal is to study some basic properties of anisotropic variable
exponent Sobolev spaces.

keywords: Anisotropic, variable exponent, Sobolev space, embedding.

Résumé
La théorie des espaces fonctionnels a exposant variable fait des progres impressionnants
tout au cours des vingt dernieres années, donc dans cette mémoire, notre objectif est étudier
quelques propriétés des espaces de Sobolev anisotrope a exposant variable.
mots-clés: Anisotrope, exposant variable, espace de Sobolev, injections.
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List of Symbols

In what follows, we will use the following notations.

Re
xr

dp
|E|
€]

D(Q)

pt,p

Euclidean, n-dimensional space,

Vecteur de R, © = (21, %2, ...,2,), v, ER, 1 <i<n
or dr Lebesgue measure N-dimensional
or mes (£) Measure of Lebesgue of a set £
Measure of the set ()

Limit of an increasing sequence,
Characteristic function of the set F,

Open set in RY

The closure set of in RY

almost everywhere

The border of (2

Open ball,

Open ball with center z and radius r > 0,
the closed unit ball of E,

={z e Elllzl =1}

Sobolev space,

Sobolev space with zero boundary values,
dual space of W—F»(),

anisotropic Sobolev space,

set of variable exponents,

variable exponents p such that é is log-Holder continuous,

- The partial derivative of u with respect to x;,

space of indefinitely differentiable functions on 2,
dual exponent,
Sobolev conjugate

essential supremum and infimum of p,



Smooth functions,

Smooth functions with compact support,

Usually the constant from equivalence of ®-functions,
the gradient of u,

the Laplacian of u,

is similar or equal to,

The dual space of X

— min, q(p(x)),

= maxmeﬁ(p(x))/

7 F :{aEN”;]a\§1}



Introduction

The Sobolev space (see [4],[12]) is a vector space of functions that have weak derivatives. Mo-
tivation for studying these spaces is that solutions of partial differential equations, when they
exist, belong naturally to Sobolev spaces. The reason Sobolev spaces are so effective for PDEs
is that Sobolev spaces are Banach spaces, and thus the powerful tools of functional analysis can
be brought to bear. In particular, the existence of weak solutions to many elliptic PDE follows
directly from the Lax-Milgram theorem.

In addition variable exponent Lebesgue-Sobolev spaces have been intensively studied during
the last years ( see [3], [5], [6], [8], [10], [11],[16], [17] and [18] for more details ). These spaces
of functions provide a useful tool for the study of both isotropic and anisotropic elliptic and
parabolic equations with variable exponent ( see [1],[2], [7], [15] )

In this memory, we try to study an interesting topic like some basic properties of anisotropic
variable exponent Sobolev spaces, as well as completeness, separability, uniform convexity,
reflexivity, density of smooth functions, duality, convergence, continuous-compact embedding
(injection), Poincaré-type inequality, anisotropic Sobolev inequalities, anisotropic embedding
theorems and Holder’s inequality, Furthermore, the log-Holder continuous conditions...ect.

The memory consists of three chapters. The first chapter focuses on isotropic case, the sec-
ond on isotropic case with variable exponents and the third on anisotropic case with variable
exponents.

In the preliminaries (Chapter 1) we establish the notation of the memory. We introduce some
important results on some definitions, examples of Sobolev spaces and some results about the
extension theorems, the boundary trace theorems and the embedding theorems. Also, we re-

call the most important results about completeness, separability, uniform convexity, reflexivity,



density of smooth functions in the case constant exponents.

In Chapter 2 of this memory we introduce the study of some definitions and basic proper-
ties of the variable exponent Lebesgue-Sobolev spaces as generalization of some results as in
Chapter 1.

In the last chapter (Chapter 3) we give the necessary notations and some properties of
anisotropic constant and variable exponent Sobolev spaces and some important results as in In

Chapter 2.



CHAPTER 1

SOBOLEV SPACES

1.1 Motivation and definition of Sobolev Spaces

let C2°(€2) be the set of infinitely differentiable functions with compact support ¢ : @ — R.
function ¢ € C(Q2) will often be called a test function.For each u € C'(2) and taking into

account that every ¢ € C°¢(Q2) has compact support, Greens identity yields

/wpxi = —/uxiw Vo e CX(N),Vi=1,..,n
Q Q

This motivates the definition of Sobolev spaces as follows:

Definition 1.1.1. [12] For each 1 < p < o the Sobolev space W'*(Q) is defined by

Whe(Q) = {u € IP(w)

Jgt,...,gnELT(Q) such that
Jo upe;=— [q9ip VpeECX(Q)

We denote by u,, = g; the weak derivative of v € W'?(Q), which are unique as we will see

now. Also, the gradient of u is defined by Vu = (uy,, ...., us, ) if p = 2 we write H*(Q) = WH?(Q)

In order to prove that the weak derivative is unique, we shall first state the following well

known lemma, about L? spaces:

Lemma 1.1.2. [12] Let Q € RY be an open set and let u € 1}, () be such that

/ugO:O Vo € C°(2)
0

Then,u = 0 a.e. on (2

Now we can proof the uniqueness of weak derivative, as follows:

9



Proposition 1.1.3. [12][13] let w € LP(2)be a function that has a weak derivative u,,. Then, this weak

derivative is unique except in a set of zero measure, that is, if g, h € LP(§2) are two functions such that

Jo ups, = — [q 99 = — |, h for every Yo € C°(Q),then g = ha.e.

Proof. Suppose that there exist,g, h € L?(Q) such that [, up,, = — [, 99 = — [, he, Ve € CZ(Q)

.Let ¢ = g — h.We shall see that ¥ = 0 a.e we have that

/QWZO Vo € C(Q)

Since ¢ € C>(Q), in particular ¢ € L7 = C L;,. Therefore, using the previous lemma, ¢ = 0 a.e.,

loc

and therefore the weak derivative is well dfined (up to a set of zero measure) O

There is an alternative way to dfined the Sobolev Spaces. Given a function f € LP(RY) and
e; the i-th vector of the canonical basis of RY we say that the i-th partial derivative of f exists
in the L? sense and equals f,, , if € *(7ee, f — ) = — fx, in LP(RY) ,when ¢ — 0. The function 7.,
defined by (e, f)(x) = f(x + €e;) .
With these definitions , we can alternatively define the sobolev space as
WLP(RYN) = {f € LP(R")|f,, exists in the L? sense for every i = 1,..., N'}

Both definitions of the partial derivative f,, can be proved to be equal. In what follows, the
first definition will be used, instead of the alternative definition.

For each u € W'?(Q2), we define the norm of u by

N
iy = llull, + > llusl, (1.1)
1
Moreover, H'(2)is a Hilbert space equipped with the following scalar product:
N
(uvU)Hl = <U>U)L2 + Z (uxﬂvzi)LQ (12)
i=1

Since H'(?) is a Hilbert space, (1.2) induces a norm in H'((2),

1/2
2
2)

N
’ 2
[l g = <|IU||2 + > M,
i=1

This norm is equivalent tgI.1]for p = 2.

10



1.2  First properties of Sobolev Spaces

Proposition 1.2.1. [12l][4] Let Q C R" be an open set. Then, the following statemente hold :
(i) Foreach1 < p < oo, WHP(Q) is a Banach space.

(ii) Foreach1 < p < oo, WHP(Q) is refelexive.

(iii) Foreach1 < p < oo, W'P(Q) is a separable.

Proof. [[
(i) Let {uy},.y be a Cauchy sequence in Whr(Q), with 1 < p < oo, Then, fromit follows that
{un},en and {(un)x}nE y o with1 <4 < N, are Cauchy sequences in L” . Thus, since L is a

Banach space, it follows that u,, — n and (“n)xl — ¢g; in L? with u, g; € LP Therefore, since

Letting n — +o00
/us% = —/Qgiso Vi € C(Q)

Therefore, we obtain that v € W', u,; = g and thus [ju, —ully, = [, —ull, +

SN U, - gill, — 0, as desired.

(ii) Consider the space F = L?(Q) x LP(Q)" which is reflexive since it is the product of reflexive
spaces. Set the operator 7' : W'?(Q) — E defined by Tu = (u, Vu) Then, T is an isometry, and
since W'?(Q) is a Banach space, M = T (W'?(Q)) is a closed subspace of E since F is reflexive,
Bp, is compact in the weak topology o (£, E*), and M is closed in the topology o (E, E*) There-
fore, By, is compact in o (E, E*) , and Therefore T' (W*?) is reflexive .As a consequence, W'? is

also reflexive .

(iii) Under the notation of (i), and taking into account that £ is separable , it follows that

T (WP(Q)) is separable and therefore W'*(Q) is also separable . O

1 As mentioned in the Preface, whenever a black circle precedes some content, this content is original.
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Under some conditions, one can think of a function u € W'?(Q) as a function in u € C(Q).
Indeed, if u € W'P(Q), for a certain 1 < p < oo ,and u,, € C(Q)) foreach 1 <i < N, where the
partial derivative is a weak partial derivative, then it can be proven that there exists v € C*(12)

suth that u = v a.e.

Moreover, we can stablish the following density result, although we will later prove a
stronger result under some more assumptions. But first, we need to introduce the following

lemma.

Lemma 1.2.2. [12[][4] Set p € L}(RY),v € WHP(RN) with 1 < p < oo. Then, pxv € WHP(RY) and

foreach i =1;......, N, we must have that (pxv)_, = p* (v)

x; °

Proposition 1.2.3 (Friedrichs). [12][4] Let u € W'?(Q) with 1 < p < oo.Then there exists a sequence
{un}, ey C C(RYN) such that

Uplg — u € LP(w)

and

V|, = V|, in LP(w)N  forall wcCQ

If Q@ =RY, then there exists a sequence {u,}, . C C°(RY) so that
u, —u in LP(RY)

and

Vu, = Vu in  LP(RM)N

Proof. Set u = uyq, and take v, = p, x u with p, a sequence of mollifiers.Then,v,, € C*(R")
and, moreover,v,, — uin LP?(RY) . We must see that for each w CC Q,Vuv,|, — Vul, in LP(w)V .
Letw CC Q,and take a function o € C}(Q) such that 1 < o < co and «a|w = 1.1t is easy to check

that such function exists. Then, for n large enough,

SUPD(pnx () — pyx1) = supp(pn*(1—a@)u) C supp p, + supp(l — @)u) C B(0,1/n) + supp(l — @) C (w)°

12



And, therefore,

pn * (@) = p, xwoON W (1.3)
Using the previous lemma, we have
(P * Q)z; = prx (QU)z, = pr* (AU, + Q)

The last equality follows from the fact that for each ¢ € C°(R”),

/ T, = / aup,, = / ul(u)s, — apyp] = — / (s, + ) = — / (@ T aa)y
RN Q Q Q RN

As a consequence, it follows that

(P * )y, — QUy, + apu in LP(RY)

After a restriction to w, we have that

(pn * 1), — u,, in LP(w)

We shall define a certain sequence of cut-off functions ¢, now.Fix a function ¢ € C>°(RY) such

that0 < ( <1, and

1 if x|l <1
<(‘”>_{() if el >2

We define the sequence of cut-offs (,(z) = ((z/n). Now, using the dominated convergence
theorem the sequence u,, = (,v, satisfies that u,, — u in L?(Q), and Vu, — Vu in (LP(w))" .if

Q) = RY the sequence defined by u,, = ¢, (p, * u) satifies the desired properties .

The following proposition offers a characterization of the elements of W'»

Proposition 1.2.4. [12][4] Let u € L?(2), with 1 < p < oo. The following properties are equivalent:

13



(i) uwe Whe(Q)

(ii) There exists a constant C > 0 such that

‘/ UPy,
Q

(iii) there exists a constant C' > 0 so that for every w CC Qand h € RY such that |h| < dist (w, 682) we

< Cllell g g Y € CZ(), Vi=1,2..,N

have

I = ull oy < C'1A|

Where Ty, is defined by T,u(x) = u(x + h).
If Q = RY, we have

||7'hu - uHLP(RN) < |h‘ ||VUHLP(RN)

Proof. (i) = (ii) Since u € W'?(Q), foreach p € C°(Q) i = 1;....; N,

/U(P:vi = ‘/ uwigp‘ < Huwz
Q Q

(17) = (i) Giveni € {1,...., N}, Consider the linear functional

p ||¢|’p’

o€ CF(Q) / "
Q

This linear functional is defined on a dense subspace of L” ,since p’ < oo as 1 < p. Moreover,
this functional is continuous for the norm in L” because of (ii). Thus, we may apply Hahn-
Banach theorem in order to extend this functional to a bounded linear functional F' that is
defined in all of L Applying the Riesz representation theorem, there must exist a function
gel?

<F,<,0>—/Qf<p Vi € L¥

In particular,

/usozf/gso Vo e CF
Q Q

14



And therefore u € W7,
(1) = (iii).Suppose that u € C>(RY) .A density argument will beused to prove the general

case.Set h € RY , and set v(t) = u(x + th), for each t € R Clearly v'(¢t) = hVu(z + th), and hence

1 1

w(x +h) —u(z) =v(l) —v(0) = / V'(t)dt = / h.NVu(x + th)dt
0 0
Therefore, foreach 1 < p <
1
|Thu(x) —u(z)|” < |h|p/ \Vu(x +th)|"dt
0

Integrating on w, we reach to

1 1
/ |Thu(x) — u(z)|’ do < |h|p/ dt/ |Vu(z +th)|P = |h|p/ dt/ |Vu(y)|? dy
w 0 w 0 w+th

Now, take || < dist(w, 02).Then, clearly there exists an open set w’ CC Q such that w+th C

W' forallt € [0, 1] , Therefore,
v =l < A7 [ 1Vl

Which proves the case where u € C°(RY),1 < p < 1. Using proposition[1.2.3] the general case
follows.

(i17) = (ii). Take ¢ € C*(Q2). We may pick an open set w that is contained in between
supp p,and (2 that is, suppy C w CC Q.Now, we proceed as follows: pick h € RY,with

|h| < dist(w, 02).We are now under the hypotheses of (iii), so that

/Q <Thu—u>w\ <l el

Now, we have that

/Q (ule + ) — u(z))p(z)dz = / u(y) (o (y — h) — o (1)) dy

Q

We conclude that

_h) —
/Qu(y) (Ply V)l‘ g0<y))d?/ < Cllell o o)

(i) follows from letting h = te; and taking ¢ — 0.

15



Weak derivatives enjoy some properties that are analogous to the case of C' functions, such
as the differentiation of a product and composition, and the change of variables formula. The
following results, whose proofs are omitted, state these properties (See H. Brezis [4] , Chapter

9, for the corresponding proofs) O

Weak derivatives enjoy some properties that are analogous to the case of C! functions, such
as the differentiation of a product and composition, and the change of variables formula. The
following results, whose proofs are omitted, state these properties (See H. Brezis [4], Chapter 9,

for the corresponding proofs)

Proposition 1.2.5. [12][4] Let 1 < p < oo. Then, W' (Q) N L>(Q) is closed under multiplication,

that is, for every u,v € WHP(Q) N L>(RQ), its product uv € WHT(Q) N L>(2),. Moreover,
(U0) g, = U,V +uvy,, i=1,2.... N

Proposition 1.2.6. Let G € C'(R) be a differentiable continuous function such that G(0) = 0 and
1G' ||, < M, with M > 0.Then, for each uw € WHF(Q) (1 < p < oo)the composition of G and u belongs

to WHP That is, G o u € WHF(Q),and moreover
(Gou),, = (G ou)uy,, i=1,2.,N

Proposition 1.2.7. [12][4] Let /', Q2 C RY be two open sets, and H : Q' — Q a bijective map of class
C1, such that H=' € C*(Q),jacH € L*>() and jacH™' € L>(Q) where Jac denotes the Jacobian

matrix. Then, uo H € W4 (Q)

(u(H(y)))y, = ZuxxH(y))(Hi(y))yﬁ j=12.,N

1.3 W™P(Q2)spaces
After defining the W'*(Q),spaces, we can define the general W™? spaces recursively. Let m > 2

be an integer, and 1 < p < oo .Then, we define

W™P(Q) = {u € W HP(Q) Ju,, € W"P(Q),  Vi=1,2.,N}

16



An equivalent way of defining these Sobolev spaces is defning W™ as

Wme(Q) = {u € [P(w)

Vo with |a|<m,3ga € LP (2)such that }
JouD*p=(=1)l*l [ gap YpeC(Q)

The multi-index notation have been used. That is,a = (aq,....,ay) € N¥ and |a] = Y, ;.

Moreover,
sl

D% = —f(———~—
4 dzft.. 0z
We denote D°u = g,.Then, it can be proved (although its proof will be omitted) that

W™P(Q) is a Banach space with the norm

lulymo = > 1D%ull, (1.4)

0<|a|<m

Just like in the W2 case, W™?((2),is a Hilbert space that is denoted by H™((2), and its scalar

product is

(u,v)gm = Z (D%u, D*v),»

0<|ar|<m

Again, the norm arising from this scalar product is equivalent to

1.4 Extension Operators and Sobolev Inequalities

One may wonder if given a function u € W'P(Q) with Q@ & RY, there exists an extension
u € WP(RY).That is, a function & € W**(R") such that 4, = v a.e. This is not true in general,
unless we require more hypotheses to () . If the domain is smooth enough, a concept that will

be defined now, the result is actually true.

Notation. Let z € RY . We write z as 7 = (2/, zy),with 2/ € RY~! Moreover, we denote |2/| =

(@1, ..., z5—1)]||,, where | .|| is the euclidean norm of RV~!. Finally, we define the following sets:
@) RY ={(a/,zn) e RN |zy > 0}

() Q = {(2',zy) € RN ||2'| < land |zy| < 1}

(i) @ =QNRY

17



(v) @ ={(,0) e RV [l/] < 1}

Definition 1.4.1. An open set  C R” is said to be of class C" if for every z € 9Q = T there

exists a neighborhood U of z in RY and a bijective map H : Q — U such that
HecCYQ), H'ec U), HQy)=UNQ, and H(Qy) =UNT,

Under these conditions, H is said to be a local chart.
The following theorem assures the existence of an extension operator that extends any func-

tion u € WP(Q) to a function u € WP(RY), as long as (2 is of class C':

Theorem 1.4.2. [12]][4] Let Q@ € RNbe a domain of class C* with T = 9K bounded or Q@ = RY .Then,

there exists a linear operator

P:W(Q) - WH(RY)
with 1 < p < oo, that fulfills the following properties for each v € W'r(Q)
(i) (Pu)IQ =,
@) [ Pul gy < C il o
(i) || Pullyro@ny < Cllullproq.

with C' > 0 a constant that depends only on Q). P is the extension operator we mentioned before.

Using this result, we may prove a density result regarding WP spaces.

Corollary 1.4.3. [12][4] Suppose ) is of class C*. Then, the restrictions to 2 of functions in C>°(RY)
form a dense subspace of WP().

Proof. Let u € W'(Q) First, we will assume that I' is bounded. Using the previous theorem,

there exists an extension operator P. Let

Un = G (pn * Pu)

With ¢, the cut-off functions previously mentioned, and p, a sequence of molliffers.

Thenu, € CZ(RY) up,, — uin WP(Q).

18



If, on the other hand, I is not bounded, we consider the sequence (,u. Then, (,u — u in
W2(Q) so we may pick ny > 1 so that ||, u — ul|y1,, < €. Using the case where I' is bounded,
we can construct an extension v € W?(R") of (,,.Finally, using we pick w € CZ(RY)

such that ||w — v||yy1@y) < €. Then,

IN

”w\n - UHWLP(Q) len - Cn()u”Wl,p(Q + [[¢rou — UHWLP(Q

IN

|w = vl[yrpgyy +€ < 2€
0

The following corollary generalizes a classical result of C'' functions: if  is of class C' and

its partial derivatives vanish in an open connected set U, then u is constant on U.

Corollary 1.4.4. [12][4] Let Q@ C RY be a domain such that Q@ = R ,or Q is of class C* with T

bounded.If u € WP (Q) satisfies that

Uy, =0 onmUC, VI<i<N

with U C €2 an open connected set, then u,, is constant.

Proof. Assume that Q = R™ First. Let {p,} be a sequence of mollifiers such that p, xu — u in

W1P(RY). Using Lemmal(l.2.2)
<Pn*u)mi =pp*(Uy) =0 on U, VI<i<Nmn>1

Since (p, *x u) € C*(RY),p, xuhas to be constant on U, and taking into account that (p,, * u) v =
ujy ,u is constant on U.

if O c RY is a domain of class C' with T bounded,using the Extension Operator Theo-
rem we extend u to a function in W?(RY) using the extension operator P : W?(Q) —
WP (RY).Then, (Pu), ;= tsu = 0.

Thus, using the case where (2 = R" we just proved, necessarily Puj;; has to be constant, and as

a consequence vy is constant. O]
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In numerous occasions, it is useful to embed Sobolev spaces into other spaces. Namely,
it is important to know if we can embed a Sobolev space in some L? space, or even in the
space of continuous functions. Moreover, it is useful to determine when these embeddings are
continuous or compact.

The dimension of the space will play a key role here, and the space where the Sobolev space is
embedded will in general depend on the dimension of the space. Whether (2 is a proper subset

of RY or not will also be important.

1.4.1 When Q = RY

Lemma 1.4.5. [12][4] Let N > 2,and set fi, ..., fy € LN "1(RN"1).Given x € RY ,we denote z; as
T = (1, T2, oy Tio1, Tig1, ..., Ty) € RV

Then,
flz) = fi(x1)...fn(ZN) € Ll(RN)
And we have the estimate

N
”f”Ll(RN) < H ”fiHLN—l(RNﬂ)
=1

Now, the following theorem gives us a first result about when a Sobolev space is included in a LP space.

Theorem 1.4.6 (Sobolev, Gagliardo, Nirenberg). [12][4] For each 1 < p < N,let p* be the unique

number that is defined by .- = | — 5. Then, we have the inclusion
x PN
WP(RY) ¢ LF" (RN )andp* = P

Moreover, there exists a constant C that only depends on p and N, such that
[l < Cl[Vull,

Proof. Assume that p = 1 and u € C}(R") First. Then,

oo

|u(zy, o, ..., xN)| = ‘/ uml(t,:cQ,...,xN)dt‘ §/ [tz (t, o, ..., xN)| dt (1.5)

—00
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Let f,(T;)=["", [te, (21, ..., Ti-1,t, Tiy1; .., )| dt. Then, proceeding as in 1.5, we have that
\u(zy, 0, ..o an)| < fi(z), i=1,..,N

It follows, using the previous lemma, that

N/N 1) 1/N-1 1/N-1
[ @M s <H>VHL1RN , HH un I
That is,
N
N
[[ll vy (RY) < H o lL/l(RN) (1.6)

Which is precisely what we wanted to prove, since if p = 1 ,p* = N/(N — 1).For the general

case 1 < p < N (although with u € C}(R")),we proceed as follows. Let m > 1.Applying[L.6|to

m—1

|u|™"" u, we have that

N

1
||uHmN/ N-1) < mH HMm Uy,
=1

N
1/N 1/N
< mull By HHUH/ (1.7)

Since m is arbitrary, we may pick m so that mN/(N — 1) = P'(m — 1) ,obtaining m =

(N — 1)p*/N. Notice that m > 1since 1 < p < N. Then,

1/N

N
e < m ] Il
i=1

And thus ||ull,. < C'|[Vul[, The conclusion is immediate: Using Fatou’s lemma, u € LP" and

[ull,e < ClIVun, [

Remark 1.4.7. In the theorem, we can take C' = C'(p, N) = (N — 1)p = (N — P). However, this
is not the optimal constant. It is possible to calculate the optimal one, although the procedure

is not simple at all.

Corollary 1.4.8. [12][4] If1 < p < N, then
WHP(RY) c LYRY) Vg € [p,p*]

with a continuous injection.
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Proof. Let g € [p, p*]. Write

1 -
_:g+—*a, for some a € [0, 1]
q p p

It can be checked that [[u|, < [lull} Hul\;ja < [lull, [[ull,- - Young’s inequality has been used

in here. Therefore, using the theorem that was just proved,
lull, < Cllullyr, Y€ WHRY)
O

A good question that arises from the Sobolev, Gagliardo and Nirenberg is what happens

when p = N. The following corollary answer this question:
Corollary 1.4.9. [12][4] The following embedding holds:
WY RY) ¢ LYRY) Vg€ [N, +o00)

Proof. Asusual, we assume that u € C}(R") first. We can apply [1.7lwith p = N, obtaining

HuHmN/(N p=m ||“|| (m— 1 )N/(N—1) [Vuly  Vm =1
Using Young's inequality,
el vs—1y < € (Nllgnosyngoryy + I Vully ) ¥m =1

In the previous equation we can pick m = N. Then,

letll ez -1y < Meallypa.
Using Gagliardo-Nirenberg interpolaiton inequality,we conclude that
lully < € llullwrs

For every ¢ such that N < ¢ < N?/(N — 1).We repeat the argument with m = N + 1, N +
2, ...and we finally get
lully < lellyan - Vu € CHRY)
For every ¢ > N. Repeating the usual density argument, the corollary is proved. O
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Lastly, we have the following embedding result by Morrey, for the case where p > N.
Proposition 1.4.10 (Morrey). [12][4] If p > N, then
WP (RY) C L=(RY)

The injection is continuous, and moreover for every u € WHP(RY), and if we define a as o = 1 — N/p,

we have

lu(z) —uy)| < Cle —y|*|[Vul, ae zyeR” (1.8)
where C'is constant and depends only on p and N.

For a proof of this theorem, see H. Brezis [4].

Let us emphasize an implication of the previous theorem. Let A C RVbe a set of zero
measure such that the inequality [1.8|is satisfied in R \ A Then, we can extend the function
u|r~\ 4 to a continuous function in RY,and given the fact that RV \ A is dense in R” this extension
is unique. That is, we can replace u by a continuous representative. Using repeatedly the

theorems and corollaries that were stated previously :

Corollary 1.4.11. [12][4] Let m € N and 1 < p < oo. Then, we have the following continuous

injections:
1 1 m 1 m
WmP(RMY ¢ LYRY), with —=—-——, if =—— >0
(RY) ¢ LA(RY) =
1
Wwme(RN) ¢ LYRY), ¥ p§q<ooif];—%:o (1.9)
1 m
Wm,pRN LOORN : - "
®Y) CL*®Y), i -5 <0

Moreover, we have that W™?(RN) c C*(RY) with k = [m — (N/p)]

1.4.2 When Q Cc RY

In what follows, 2 will be considered to be a domain of class C', with I' = 92 bounded, or
Q = RY. In this section the Theorem will play a crucial role. The general idea that will
appear in the proofs of this section is to extend the functions of W'*(Q) to a function of W #(RY)

using Theorem in order to use the results from the previous section.
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Proposition 1.4.12. [12][4] For each 1 < p < oco,we have the following continuous injections:

. 1 1 1
WhP(Q) c LP (), where —=-——, if p< N
(@) c 7@ e
WP (Q)C LYQ), V p<qg<ooif p=N (1.10)
WQ) € LHQ),  if p> N

Proof. Using Theorem we take the extension operator
P Whr(Q) — WHP(RY).Then, we apply the different results from the previous section where

we studied the case of RY, in order to conclude the desired results after a restrictionto Q. [

Corollary 1.4.13. [12][4] If p > N, for every u € W'*(Q) we have
u(z) —u(y)] < Cllullyrn [z —y[* ae zyeQ (1.11)
witha =1 — % and C'is a constant depending on ), p and N. Thus, W'» C C(Q).

Proof. . In a similar way as in the proof of the previous theorem, take the extension operator P

and apply Morrey’s Theorem [1.4.10 O]

Corollary 1.4.14. [12[[[4] The conclusions of Corollary(1.4.11|are still true if RY is replaced by ). The
following result shows different cases in which the injection is compact, instead of just continuous. It

will be very useful in the second part of the Dissertation, where PDEs will be studied.

Theorem 1.4.15 (Rellich-Kondrachov). Let Q C R¥be a bounded domain of class C*. Then, the

following injections are compact:

1 1 1
WhP(Q) c LYQ) Vqe€[l,p*), where—=-——, if p< N
(@) CL9(Q) Ve [Lp) =
WP(Q) € LA(Q) Vg€ [p,+00), if p= N (1.12)

w(Q) c o), ifp>N
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Proof. Let p > N. Let H be the unit ball in W'*(Q).Using Proposition the injection
Wte(Q) c L*(Q) is continuous. Thus, there exists a constant A/ > 0 such that |jul| <
M ||u|lyy1.o - Therefore, the set # is bounded. Now, we will prove that H is equicontinuous.
Given e > 0, set § = (¢/C)"/*,where C is the constant mentioned by Then, for each z,y € )

such that [z — y| <6,
u(z) —u(y)] < Cllullyrn |z —y* aeVueH

So, indeed, H is an equicontinuous family. Using Ascoli-Arzelas theorem, H has compact
closure and therefore the the injection is compact.

The case p = N reduces to the case p < N, so we will study the ase where p < N now.

Again, we denote by H the unit ball in W'?(Q).Using the Theorem we consider the
extension operator P. Set F = P(H), so that H = F|, We will use Kolmogorov Riesz com-
pactness theorem to prove that # has compact closure in L?(f2), for ¢ € [1,p*).We can assume
that ¢ > p, since 2 is bounded. Clearly,F' is bounded in W!?(R") for (the prove is similar to
the case p > N), and therefore it is also bounded in L(R") by Corollary In order to use

Kolmogorov Riesz’s theorem, we have to check that

lim |7, f = fl|ogvy = 0 uniformly in f € F (1.13)
|h|—0

Using Proposition (1.2.4),
170 f = flloo@yy < VBV fllo@ay f€F

We write
1 a 11—«

q p p

for some a € (0, 1]

Since p < ¢ < p*. Using Gagliardo-Nirenberg interpolation inequality we conclude that

||Thf - f”Lq(RN) < ||Thf - f”%p(RN) ||Thf - f||1L;*a(RN) (1.14)

< R IV Ao @y @I o @)™ < C' TR
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Where C'is a constant that does not depend on F, because as we have proved F is bounded
in W', Then, holds, and thus using Kolmogorov-Riesz’s compactness theorem the injec-

tion is compact. O

Corollary 1.4.16. Let {u,} be a bounded sequence in W'r(Q) , 1 < p < oo,such that u,, — u weakly
on WP (Q) ,with Q bounded andof class C*,Then, there exists a subsequence that converges strongly to

win LP(Q)and in particular there exists a subsequence that converges a.e. to w.

Proof. .Using Theorem (1.13)[4], the injection W'?(Q) C LF(Q) is compact. That is, the injection
operator i : W'P(Q) — LP(Q) is compact. Thus and taking into account that {u,} is bounded,
i(u,) = u, has a convergent subsequence in L?(2). Therefore, due to the uniqueness of the
limit, we must have that u,, — u strongly in L?({2). Moreover, since u,, — in L?({2),we can

extract again a subsequence that converges a.e. to u. [

1.5 W,""(Q) space and its dual

Definition 1.5.1. [12] We denote by W, ?(Q) with 1 < p < oo the closure of C'(2) in W'?(Q2).We
write H} () := W,*(Q).We can equip the space IV, ” with the norm of W' . Then, the space is
a separable Banach space,and it is reflexive for 1 < p < oo. if p = 2, the space H; is a Hilbert
space, equipped with the scalar product of H'. An immediate observation is that given the fact
that C} (RY) is dense in W'?(RY) , we obtain W, ?(RY) = W'»(R")
Similarly, we define de space W;""(Q2) as the closure of C*(2) in W;""(Q2)

Intuitively, a function of W, ”(Q) vanishes on I" = 9. This is noT accurate at all, since a function
u € WHP(Q) is well defined up to a set of zero measure (itisde fineda.e.), so it does not make
sense to say that u vanishes on I'. However, the next result will formalize this idea. Similarly
we can think of a function v € W;"*(Q) as a function u € W™? such tat D*u = 0 ,on T, for every

multi-index o with |a| <m — 1.

Theorem 1.5.2. [12][4] Let Q be a domain of class C',and let 1 < p < 1. Set u € W'P(Q2) N C(9).
Then, u = 0 on T if and only if u € Wy (Q).
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The proof will be omitted®. This kind of results belong to the Theory of traces. Roughly
speaking, the trace of w onI', denoted by ur is a linear operator,
defined in an appropiate way from W'?(Q) into L?(T'). A corollary of this result is Poincare’s

inequality, that estimates the norm of a function u € W, *(Q2).in terms of its gradient:

Corollary 1.5.3 (Poincare’s inequality). Let 1 < p < 1, and a bounded domain. Then, there exists a
constant C such that

lull, < ClIVull, — YueWy"(Q)

The constant C depends only on Q and p. Therefore, [|Vul 1, g is a norm on W, P(Q).equivalent
to For the Hilbert space H{(SY), the scalar product Y, [, uq, vy, induces the norm ||Vul|, and it is

equivalent to ||u|| ;..

The dual of W, () will be denoted by W, '#'(Q) . If p = 2, we write H(Q) := W~12(Q).if

() is bounded, we have the following continuous and dense injections:
WaP(Q) € L2(Q) c Wy 'P'(Q)  if 2N/(N+2) <p< oo

If Q2 is not bounded the injections are still continuous and dense, but only if 2N/(N + 2) <

p < oco. Therefore, in particular
Hy () C L*(Q) € H Q)

With continuous and dense injections, for every domain Q2 C R”. the following proposition

gives a better insight of the elements of W~17'.

Proposition 1.5.4. [121[4] Given f € Wy ¥ (Q) there exist fy, fi, ..., fx € LP () such that

N
(f,v)y = /Qfgv + Z /Q fiva, Yv € Wol’p(Q)

and || f|| = mazo<i<n || fill ;- Moreover, we may pick fo = 0 if €2 is bounded.

2See H. Brezis [1] for a proof of the theorem.
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Proof. Set E = LP(Q)NT1 . E is a Banach space equipped with the norm

N
Il = " llhill,, b= (ho,,..hy)
=1
We define the following map:

T:-W,*(Q) — E (1.15)

U = (U Upy s Uy ooy Uy,

Taking into account , T is a isometry. Set G = T(W,?(Q)),and set S = 77! : G —
WhP(Q)).The map h € G — (f, Sh) is a bounded linear functional on G. We may use Hahn-
Banach theorem now, and extend it to a bounded linear functional ¢ that is defined on all of F,
and [|%]|,.. = |||

Using Riesz representation theorem, there exist functions fo, f1, ..., fx € L” " such that

N
<<I>,h>=;/ﬂfihi Vhe E

Moreover, ||®|| 5. = mazo<i<n || fill, - Therefore, if u € Wy (Q),

N
(@, Tu) = (f,u) z/QfoquZ/inum (1.16)
1=0

If ) is bounded we may equip the space W, *(£2) with the following norm:

N
lallyrn =D e,
i=1

and repeating the same argument with £ = L¥(Q)" ,we conclude that we can take f; in

(1.16) O
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CHAPTER 2

SOBOLEV SPACES WITH VARIABLE
EXPONENTS

2.1 Basic properties

Definition 2.1.1. [5][6][10] Assume that u € L}, (Q).Let a := (ay, ..., ;) € NI be a multi-index.

If there exists g € L}, .(2) such that

a1+...+an
/u—a 4 dr = (=1)%2 [ 4hgdx

0%12,...0% g, Q

for all v € C§°(€2) , then g is called a weak partial derivative of u with respect to o . The

aa1+m+anu
0% xq...0%n g, °

function g is denoted by d,u or by Moreover, we write Vu to denote the weak

gradient ( B s e 8‘%“) of u and we write short d;u for 2* w1th j = 1,...,n. More generally we
write V¥u to denote the tensor with entries d,u, |a| = k
If a function v has classical derivatives then they are also weak derivatives of u. Also by

definition Vu = 0 almost everywhere in an open set where v = 0.

Definition 2.1.2. [6][10][11] The function v € LP")(Q2) belongs to the space W*?1)(Q)),where
k € Ny and p € P(Q),if its weak partial derivatives 9,u with |a| < k exist and belong to L) ((2)

We define a semimodular on W#?0) by

Owk.p() Q) Z Orr( >(Q (Gau)

0<|a|<K

which induces a norm by
ullynr gy = EA > 0 ¢ oynscs (X) <1},
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For k € N the space W*?()(Q) is called Sobolev space and its elements are called Sobolev func-

tions. Clearly W%?0)(Q) = Lr0)(Q)

Remark 2.1.3. [11] It is also possible to define the semimodular Owk.p() () ON the larger set

W (Q) or even L}

loc loc

(©). Then WHP()(Q) is just the corresponding semimodular space.

We define local Sobolev spaces as usual:

Definition 2.1.4. [6][10][L1] A function u belongs to W;-"")(Q) if u € W*rO(U7) for every open

U cC €. We equip ;""" (Q) with the initial topology induced by the embeddings W;"")(Q) —
Wkr()(QQ) for all open U CC 2

Sobolev functions, as Lebesgue functions, are defined only up to measure zero and thus we
identify functions that are equal almost everywhere. If the set (2 is clear from the content, we

abbreviate [|u||yy k) o) O [ull, .y and oprne) () tO Ok p()-
@) ()

Remark 2.1.5. (i) Note that in W*»() ()

k k
Z 01,0 () ([V™ul) and Z | |vmu|”LP(-)(Q)
m=0 m=0

define a semimodular and a norm equivalent to the Sobolev semimodular and the Sobolev

norm, respectively. We abbreviate [|[V™ul[|.0) o) as [[V™ull oy ), m € N

(ii) One easily proves, using Lemma 3.2.4 (see [6]), that for each 1-finite partition (£2;);en of

we have

oo
[ull e @) < Z lullyrne )
=1

for all u € W*»0)(Q).

Theorem 2.1.6. [BI[T0I[1T] let p € P(2).The space W*P")(Q2) is a Banach space, which is separable if

p is bounded, and reflexive and uniformly convex if 1 < p~ < p™ < occ.

Proof. we proof only the case k = 1, the proof for the general case is similar. We first show that
the Sobolev spaces is a Banach space, for that let (u;) be a Cauchy sequence in W) (Q). We

have to show that there exists u € W'?0)(Q) such that u; — uin WP (Q). asi — oo. Since
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the Lebesgue space LP")((2) is a Banach space (Theorem3.2.7) (see [6]), there exist u, g1, ..., g, €
LPY)(Q) such that u; — uand d;u; — g, in LPO)(Q) for every j = 1,...,n. Let ¢ € C5°(Q). Since u;
is in W10 (Q). we have

Q Q

Strong convergence in L") () implies weak convergences and hence we have

/uiajwd:c%/uaﬂbdx and /@D@juidx%/ibgjdm
Q Q Q Q

as i — oo. Thus the right-hand sides on the previous line yield that (g, ..., g,)is the weak
gradient ofu. It follows that u € W'?0) and u; — uwin W1P0),

By Theorem 3.4.4 (see [6]) , LP")(Q) is separable if p* < oo and by Theorem 3.4.7 (see [6]),
LPU)(Q) is reflexive if 1 < p~ < p* < oo. By the mapping u + (u, Vu), the space WP () is a
closed subspace of LP1)(Q) x (LP0)(2))".thus WP)(Q) is separable if p™ < oo, and reflexive if
1 < p~ <p" < oo by Proposition 1.4.4.

For the uniform convexity we note that W'?()(Q)) satisfies the A,- condiction provided
that p* < o0o.The L*")-modular is uniformly convex for p~ > 1 by Theorem 2.4.11 and the
proof of Theorem 3.4.9. Thus gy is uniform convex as a sum of uniform convex modulars
(Lemma2.4.16) (see [6]).Thus W'() () is uniform convex with its own norm by Theorem 2.4.14

(see [6]). O
A normed space X has the Banach-Saks property if L >~ u; — u when ever u; — u.

Corollary 2.1.7. [6I[T0I[5] Let p € P(2) with 1 < p~ < p* < 00.Then the Sobolev space W*P() ()

has the Banach-Saks property.

Lemma 2.1.8. [BI[GI[10] Let p € P(Q) with W*PO)(Q) — WEP™ (). if |Q] < oo,then WFPO(Q) «
WhP™(Q).
Proof. This follows immediately from the embedding LP")(Q) — L*™ (2) see Corollary 3.3.4. [

A (real valued) function space is a lattice if the point-wise minimum and maximum of any
two of its elements belong to the space. Next we show that the variable exponent Sobolev space

of first order has this property.

31



Proposition 2.1.9. [BI[6][T1] Let p € P(Q). If u,v € WHPO(Q) then max{u, v} and min {u, v} are in

WrO)(Q) with

Vu(x), foralmost every x € {u > v};
Vu(x), foralmost every x € {v > u};

vmwwmmw:{

Vu(z), foralmostevery x € {u < v};
Vu(x), foralmost every x € {v < u};

VmMm@@:{

In particular,|u| belongs to W'P0)(Q) and |V |u|| = |Vu| almost every where in

Proof. 1t suffices to prove the assertions for max {u, v} since min {u,v} = —max{—u, —v}. By
Lemma we know that W'*0)(Q) — W-1(Q) and so the formulas for V max(u,v) and
Vmin(u, v). We next note that [|max {u < v}, < [Jull,y + [|v]l,, and [[Vmax{u < v}, <
IVull,) + [IVvll,.,-Thus it follows that max {u, v} € W) (Q).Analogously, we get min {u, v} €

W10 (Q).The claims for |u| follow by noting that |u| = max {u,0} — min {u, 0} . O

Note that the previous proposition yields that Vu = 0almost everywhere in a set where u is
constant.
We close this section by defining Sobolev spaces with zero boundary values and proving

basic properties for them.

Definition 2.1.10. [6][10][11] let p € P(2) and k£ € N. The Sobolev space W(f P (')(Q) with zero

boundary values is the closure of the set of W"?()(Q)-functions with compact support, i.e.
{ue WrPO(Q) : u = uy; for a compact k C Q}
in Wkr0) ().

Remark 2.1.11. The closure of C§°((2) in the space W#?()(Q) is denoted by Hg’p(') ().
Clearly Cg°(Q) c WFr()(Q)).Later in Section 11.2 we will study in more detail Sobolev func-
tions with zero boundary values. We will show in Proposition (see [6]) that if p is bounded and

smooth functions are dense in the Sobolev space then W;* (')(Q) = HYP “(Q).In particular we

will obtain that if p € P*9(€2) is bounded, then Wf’p(')(Q) = H(’)W(')(Q) (Corollary 11.2.4).
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Remark 2.1.12. [11] In contrast to H,” © (), the space W, ” ¢ (2) has the following fundamental
property: if u € W0)(Q) and v is a Lipschitz continuous function with compact support in 2,

then uv € WP (Q).Next we will see that for certain exponents p the product uv need not to be

in H,""(Q) ,and thus it may hold that H,"" () G W r(Q).

Theorem 2.1.13. [6][T0][11]]
Let p € P(R™). The space W(f P (')(Q) is a Banach space, which is separable if p is bounded, and

reflexive and uniformly convex if 1 < p~ < p* < .

Proof. Since W,” O(Q)is a closed subspace of W'P0)(Q)), the properties, follow by Proposition
1.4.4(see [6]) and Theorem [2.1.6 O

Lemma 2.1.14. [5][6][10] Let p € P(R").and u € Wé“’p(')(Q). Then w extended by zero to R™ \ (2

belongs to W*»()(R")

Proof. Let u € W*P()(Q) with compact support, i.e. there exists a compact set K C (2 such that
u = xxu almost everywhere. We define cu to be the extension of u (as a measurable function)
by zero outside of Q . that su € W*P0)(R™) and d,¢(u) = £(d,u) almost everywhere for |a| < k.

Choose n € C§°(£2) such that xx <1 < xq .Then for all ) € C§°(R") and |a| < k we have

/ cuddr = / wdu(m)da = (~1) / (Oauyimdz = (1) / (c(Bat) bl

n

where we used that v = 0 and d,u = 0 outside of K and n = 1 on K.

This proves d,e(u) = £(d,u) .Since £(d,u) € LPO)(R™), it follows that eu € WP (R™). Moreover,

lullwroer @)y = llewllproe @ny 80 € is a isometry on the set of compactly supported WhPC(R™)
kvp(')

functions. Since those functions are by definition dense in W;""’(Q) to W*»()(R").In particular,

u € WPPY(Q) implies su € WHPO(R™), O
2.2 Poincaré inequalities

We start this section by showing that for log-Holder continuous exponents we get the Poincaré

inequality with a constant proportional to diam (2). After that we give a relatively mild condi-
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tion on the exponent for the Poincaré inequality to hold. We also show that this condition is, in
a certain sense, the best possible.

Concerning the regularity of the domain we consider in particular bounded John domains
(cf. Definition 7.4.1) (see[6]) . The constant exponent Poincaré inequality is known to hold for
more irregular domains but the inequality is mostly used in John domains.

We recall the following well-known lemma that estimates v in terms of the Riesz potential,
due to.For completeness we provide a proof. Recall that I1 denotes the Riesz potential operator
(cf. Definition 6.1.1)(see[6]]); note also the convention that I; f denotes I;(xqf) if the function f

is defined only in (2.
Lemma 2.2.1. [5l[6l[T1]]
(a) For every u € Wy (Q), the inequality
lul < ely [Vul
holds a.e. in Q) with the constant c depending only on the dimension n.

(b) if Q@ C R™ is a bounded a-John domain, then there exists a ball B C Q and a constant c such that
lu(z) — (u) gl < chi [Vu| (2)

holds a.e. in Q for every WH1(Q). The ball B satisfies |B| < || < ¢ |B| and the constants ¢ and ¢

depend only on the dimension n and c.

Proof. We prove only (b). The proof of (a) is similar.
We consider first claim (b) when 2 is a ball. Assume that u € C*°(2) N W11(Q2). We have

u(x)—U(y)Z—/le_yVu(x—kry_x).y_a:dr

ly—x|) |y —

Integrating with respect to y over {2 and dividing the result by |2| , we obtain

|z—y| —r
u(z) — = —— / / Vu (93 +r ) drdy
w—w\!y—ﬂ

Using the notation

| Vu(z), ifz e
D(Z)_{ 0, if 2 ¢ Q;
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we obtain

IN

drdy

1 /OO Y
ulz) — {(u Dlx+r
uz) — (ol L — ( 1)

diam(§2
= / / / D(x + rw)| 0" 'dodwdr
[ 9B(0,1)

< / / |D(x + rw)| dwdr
2B(0,1)

= [ PO v @)

oz =yl

This concludes the proof in the ball when u is smooth. For v € W (Q) , we take smooth
approximations ¢; such that ¢; — w in W(Q) and almost everywhere. Then (¢;), — (u),
and I; |Vy| (z) — I |Vu| (z),where we also used the continuity of the Riesz potential in L'(£2).
This yields the claim for w.

Suppose now that (2 is a bounded a-John domain. Then (2 satisfies the emanating chain
condition with constants depending only on a.let Qy be the central emanating ball. If € Qo,
then the claim follows by what was just proved. Otherwise, let (Q;)}2, be the emanating chain
connecting x and ()y. Let B; be the balls in the intersection Q); N Q;1; as in the Definition 7.4.1

(see[6]) Then

IN

ulw) = (wg,| < [ul@) — (W,

< I|Vu|(x +2§:‘

Let us estimate the second term:

(u)p, — <U>Qj

J

g.éju—w>
< o Jumtg

< coydiam(Q;) ][ |Vu|dy.

Since|r — y| < oy diam(Q);) and (Q;) has overlap less than or equal to o; ,we obtain

m—1
dem(@)][ V| dy < co? Z/ IVl < covon T [Vl (2)
=0 Qj i

lz —y["

. The assertion follows when we combine the previous three estimates. [
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Remark 2.2.2. [11] One easily checks that the assertions in Lemma also holds for u €
Ll

loc

(Q) with |Vu| € LPO(Q).
Lemma 2.2.3. [B[6]][16] Let 2 be a bounded a-John domain and let p € P9(Q).If A C Q has positive

finite measure, then

Al
C@ lu — <u>AHLP(~)(Q) <u— <u>Q||LP(~)(Q) <cfu— <U>A||Lp(-)(g)

For u € LPY)(Q), where ¢ depends on the dimension n, c;o.(p) and a.
Proof. By the triangle inequality, [|u — (u)q|l 1) ) < lu = (W) all pocr ) + {00 4 = (Wl ooy ) We
estimate the second term by Holder’s inequality:
[{u) 4 — <u>Q||LP(')(Q) = [(u)4 — (u)q] ||1||Lp<<)(Q)
= 101 = @il 1o

C||1||LP'(')(Q) ”1||Lp
- 2]

() ()
[ — <U>AHL1(Q)‘

Since p € P9(Q),the fraction in the last estimate is bounded by a constant according to Lemma

7.4.5 (see[6]). The lower bound is proved similarly. O]
Theorem 2.2.4 (Poincaré inequality). [6][I3[[10] let p € P'9(2),0orp € A
@) for every u € WP (Q), the inequality
el < € diam(©) [Vl o
holds with a constant c depending only on the dimension n and c¢;o4(p).
(b) If Q2 is a bounded a-John domain, then
ot = () gll sy < ediam(©) [Vl ey

for u € WHPO(Q), The constant ¢ depends only on the dimension n, o and cj,,(p).
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Proof. We prove only the latter case. The proof for the first case is similar;
the only difference is to use in Lemma case (a) instead of case (b). We note that p € P9(Q2)
can be extended to R" so that p € A (Proposition 4.1.7 and Theorem 4.4.8)(see[6]).
By Lemma (b) and Lemma 6.1.4 we obtain
[u(z) = (w)p| < 1|Vl (2) < e diam(Q) Y 2 Tisn, [Vl (2)
k=1

for every u € W'P0)(Q) and almost every z € 2 where ky € Z is chosen such that 27%0~! <
diam(2) < 27" Since p € A, the averaging operator T}y, is bounded on LPU)(Q) (cf. Remark
6.1.3)(see[6]). Using also the triangle inequality, we obtain

lu = (@) gl oy < cdiam(Q) Y 27 [ Tirny [Vull oo o)

k=1
< cdiam(Q) | Vull oo o

The estimate for [u — (u)q | s ) follows from this and Lemma O

In the case that p € P!*(R") with p* < oo we give an alternative proof for Theorem
(b) based on the decomposition Theorem 7.4.9. The proof is not self-contained since it uses the

variable exponent Poincaré inequality in cubes.

Proof. of Theorem 8.2.4(b) for p € P*9(Q) with p* < oo let p € P9(Q) with p* < co.Let Q be
the chain covering of €. Let u € W'*0)(Q) with [,, udz = 0. Then Proposition 7.4.11(see[6]), the
< dia

Poincaré inequality in cubes, diam/(Q)) m(Q) for @ € Q,and Theorem 7.3.22(see[6]) yield

I < ey Hu_<u>@ LrO©)
Ul p0) =~ C XQ
@) P Ixell,
Lr()(Q)
diam(Q) || Vul| u ) (Q
< c
25 Txall,
Lr()(Q)
Vu
< cdim@| 3 QH HXHLHp @)
QeQ Lr()(Q)
< cdiam(9) ||VUHLp(-)(Q)
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Theorem a) immediately yields

Corollary 2.2.5. [B][6][11] Let 2 be bounded and p € P'9(Q2) or p € A.For every u € Wol’p(')(Q) the

inequality

HVUHLPM(Q) < HUHWLM»)(Q) < (1+ cdiam(92)) HVUHLM»)(Q)
holds with constant ¢ depending only on the dimension n, and c;,4(p).

Corollary 2.2.6. [5][6][1T] Let be a bounded o-John domain and let p € P'9(Q2) or p € A. Furthermore,
let A C Q be such that |A| =~ |Q|. Then

lu = (W 4ll oy < € diam(Q) [Vull o) (o
foru € L (Q) with |Vu| € LPO(Q). The constant c depends only on the dimension n, o and c;o4(p).

Let us next consider modular versions of the Poincaré inequality. In the constant expo-
nent case there is an obvious connection between modular and norm versions of the inequality,
which does not hold in the variable expo- nent context. Indeed, the following one-dimensional

example shows that the Poincaré inequality can not, in general, hold in a modular form.
Example 2.2.7. Let p : (—2,2) — [2,3] be a Lipschitz continuous exponent that equals
3in (=2,-1)U(1,2),2 in (5, 3) and is linear elsewhere. Let u, be a Lipschitz function such
that uy(£2) = 0,uy = Ain (—1,1) and |u}| =X in (—2,—1) U (1,2). Then

_ 2 T 1/2
Qp(-)(u)\) _ f72 ‘u’\’p( dz < f71/2 Nda = kS — 00

G (W) PP dr T [ Nde 2

as A — 07,
Proposition 2.2.8. [6][13][16] Let p € P'°9(2) be a bounded exponent.

(a) Let be bounded. For m > 0 there exist a constant ¢ depending on the dimension n, ¢,4(p), m, and

pt such that
/ <.|L|>p(x)dx < c/ IVuP'™) da + c/ (e + |z|)"™dx
o \diam(Q) Q B(z,diam(S)
for all w € Wy (Q) with ||Vul| ) q) < Land all = € Q

38



(b) Let be a bounded o-John domain. For m > 0 there exist a constant c depending on the dimension n,

Clog(p), m, p™, a, || and diam(Y) such that

/ (M)p dr < c/ IVul'™ dz + c/ (e +|z|)"™dx
o \ diam(S2) Q B(z,diam())

for all w € WO(Q) with || V| ) gy < 1and all 2 € Q The ball B is from Lemmam

Proof. Assume that u € WO1 P (')(Q) is extended by zero outside (Lemma 8.1.14)(see[6]). By Lem-
mas (a) and 6.1.4 (see[6]) we obtain

[Vu(y)]

lu(z)| < ¢ ——dy < ¢ diam(Q) Z 2 hiro V| (2),
Q |{L‘ - y| k=0

where ky € Z is chosen such that2 % —1 < diam(Q) < 2~ ko, Exactly the same estimate holds
with u replaced by v — (v) 5 using Lemma (b), so it suffices to derive the estimate of the
tirst claim involving u.

We divide by diam(2) and raise both sides of this inequality to the power p(z), integrate

over, and use p™ < oo to obtain

|ul >p(w) / =, p(@)
/Q<diam(Q) = c o ; ktko | Vul T
S —k p(x)
2 (Tk+ko Vul ) da,

k=0 Q

where we used convexity in the second step. Since ¢;»¢))(Vu) < 1 by the unit ball property,

IN

we may use Corollary (4.2.5) (see[6]) for [Vul, , on the ball B(z, diam((2)) and get

p(z) p(x)
/(Tk+k0|Vu|> dx§/<|Vu|> d:c+c§/ (e + [2])"dx
Q (9] B(z,diam/(£2))

, where we also used that the dyadic cubes 2@ are locally N —finite. Combining the last two

inequality proves the claim. O

Remark 2.2.9. If p € P"9(Q) with no restriction on p*, then the first estimate in Proposition

reads

u [ [ )
ol f—————)dr < »([Vu|)dx + e+ |x|) "dx
| (a2 < [ (Ve [ el

39



for some 3 € (0,1) and all u € W'*0(Q) with [[Vul| 50y < 1. The con- stant 3 depends only
on ceg(p), m and n. The second estimate in Proposi- tion has to be changed accordingly.

The proof is the same.

Remark 2.2.10. It is possible to replace (u) 5 in Lemma (b) and Proposition by (u)q or

even (u)4, where A C (2 is a set with |A| ~ |Q|. Indeed, it follows from Jensen’s inequality and

Corollary for p = 1 that

()4 — () S]ﬁ'“‘ (u)ldy < c f

lu— (u)p|dy < c diam(Q)][ |Vu|dy
A 0

for all u € W(Q). In particular, this implies

[(u)a — (u)p| < c/Q %c@ < cl1(Vu)(x).

for any x € €). This proves the modified version of Lemma (b). With this new estimate we
get the modified version of Proposition with no change in the proof.
The following improvement of Proposition is useful in the study of p(-)-minimizers

and is the starting point for reverse Holder estimates. The result is from we will study next.

Proposition 2.2.11. [6][1T] Let p € P9(R"™) satisfy 1 < p~ < p™ < oo and let s < p~ satisfy

s € [1,-"5). Then for every m > 0 there exist a constant c depending on n, cio4(p), m, and s such that

]{33 <|_;L%|>p(x)dx C(]iR Vu pi')dx>8+C]iR(e+ )™ da

v — (v (x) (- s
][ (my dx c<][ Vv : dm) + c][ (e + |z|)"™dx
Br R Bgr Br

p()
for every ball Br with radius R, and every u € Wol’ ’

IN

IN

1.20)

(BR),’U e Whs (BR) with

IVUll Lo oy oo 5 IVl a0 pppoe <1

Proof. By Jensen’s inequality the case s > 1 implies the case s = 1 and thus we may assume that

s > 1. By Lemma we have, for z € Bg,

) <c [ Mdy ola) — {obmid <c [ Vel g,

$—3/|n71 ’ Bgr ‘Qj—y‘nfl
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Starting from here the proofs for v and v are the same, so we just present the estimate for w.

With the previous estimate, the help of Lemma 6.1.12 applied to p(-)/s and p* < co we get

p(y)

< chR (/BR —){T;L(_y)y‘;_ldy)sdx + c]iR(M((e + |7™)(2))dx
= (1) + (II1).

In order to estimate (II) we set J := [ 5, |Vul” O/ dz. We can assume .J > 0 in the following,
since otherwise Vu = 0 and there is nothing to estimate. We apply Jensen’s inequality for the
probability measure p := |Vul’ ()¢ /J and the convex function t ~ ¢, then we use Fubini?s

theorem to change the integration order and [}, Mﬁ% ~ R~*("=D*" for a.e. y € By using

W)
|Vu(y)|
11 < ][ / dydzx
(L1) . . S(n 5y

< wripen f |Vu<y>sdySc(f Vuly) " dy)".
Br Br

Since s > 1, we can use the boundedness of M on L*(Bg) to conclude

(111) < c][ (e + |x|) ™ dx
Br
Combining the estimates for (I)?(IlI) we obtain the result. [

Lemma 2.2.12. [6][11]] Let 2 C R™ be a bounded co-John domain. If 1 < r < nandr < g < r* orif
r>nand g < oo, then

= (ol oy < ¢l 77 [Vulyq)
for all w € WY (Q). In the first case the constant ¢ depends only on n,r and «, while in the second case

it depends also on q.

Using the previous constant exponent Sobolev-Poincaré inequality we are able to prove the Poincaré

inequality in bounded John domains for variable exponents.
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Lemma 2.2.13. [6][11] Let Q@ C R" be a bounded o-John domain. If p € P(QY) is bounded with
pt < (p~)* or p— > n, then there exists a constant c depending on the dimension n,p~, p*, and o such

that for every u € W) (Q) we have
210+t
[u = (wall ooy @) < L+ QD7 Q 7T [Vl oo q) -
Proof. Assume first that p™ < (p7)*. Since p(z) < p* < (p~)* we deduce from Corollary 3.3.4

(seel6]) and Lemma [2.2.12 that

lu = (wall,y < 201+ Q) [Ju— (wall,+

1

< eln,pm @) (L Q) QT (V|-

— 2 l—l—%—%
< clnpm )L+ [QD7Q T [V,

Let p~ > n. We choose a constant ¢ € [1,n) such that p™ = ¢*. We obtain the result by using
similar arguments than in the previous case. The only difference is that the constant in the

second inequality in the above chain of inequalities is ¢(n, p*, ). O

Lemma 2.2.14. [6][11] For a constant q € (1,n), arbitrary x € R" and R > r > 0 we have

inf/ |Vu|?dx = ¢
B(z,R)

where the infimum is taken over all u € C¢°(B(z, R)) with u|p, ., = 1. Here the constant c depends

q—n|"!

q—1

only on the dimension n.

The following proposition shows that for general non-constant exponents the Poincaré in-

equality does not hold.

Proposition 2.2.15. [6] [11] Let B be a unit ball in the plane. For every ¢, € [1,2) and g, € (2,00)
there exists p € P(B) with p~ = q, and p™ = ¢ such that the norm-version of the PoincarAfA@
inequality,

lu = (wall s ) < €1V ull pocr sy »

does not hold.
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Proof. Our aim is to construct a sequence of functions in B C R? for which the constant in

the Poincaré inequality goes to infinity.Let e; = (1,0), B; := B(27%;,127") C B and B; =
B(27%e;,$27") C B for every i € N.Let u; € C5°(Bi) with u; |5 = 1. Define p = g, in ever B,

and p := ¢, otherwise in B with positive first coordinate. Since Vu; = 0 in B; we obtain

||Vui||LP<')(Bi) = ||vui||Lq1(Bi)

Let B; := B(—27"¢y, i2‘i). We extend u; to B as an odd function of the first coordinate in B;

and by zero elsewhere. We extend p to B as an even function of the first coordinate. We denote

these extensions by 4; and ;.

By Lemma [2.2.14|we may choose the functions ui such that

1—qp

n-2 a a1

1 a2 I =
L) (L)’
(3 :

2—q1

For large i, the right-hand side is approximately equal to c(ql)27i2 a . Since (u;)p = 0, we

’VL/

V|| »c <
|| U ||Lp ()(B) > C(Ql)

obtain

Combining the previous two inequalities, we find that

I = (@ sll e
IV oo -
L n" (B)

asi — ocoif 2 —1— 2 >0, thatis, if g > 24 > 2.
Q1 q2 2—q1

]

The following theorem shows that the condition p™ < (p~)* in Lemma|2.2.13|can be replaced

by a set of local conditions.

Theorem 2.2.16. [6[10] Let 2 C R™ be a bounded John domain and p € P(2) be bounded. Assume
that there exist John domains D;,i = 1, ..., j, such that Q = UJ_, D; and either pgi <(pp,) orpp, =n

for every i. Then there exists a constant c such that

lu — <U>Q||Lp(-)(9) < ||VU>Q||LP<»>(Q)
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for every u € W) (Q).The constant c depends on n, diam(Q), | D;| , p and the John constants of Q) and

Dii=1,..,7].

Proof. Using the triangle inequality we obtain
lu = (Wellpro@ < ZHU well o (py)

Z”U_ (Wil Lo D)+ZH D“Lp( D;) "

We estimate the first part of the sum using Lemma 2.2.13| This yields for everyi =1, ..., j

IN

[ = (u)p,

o < ClVull oy py) < eIVl o o

with constants depending on 7, pj{,i N

;, Wwhere «; is the John constant of D;. Therefore

it remains only to estimate the sum of the terms [[(u)o — (u)p, || o) (p,)- We use the constant

exponent Poincaré inequality (in the third inequality):

lwo — Wl < lmowm, f () — ()l dz

< / lu(x Yol dx

< e(n,diam (), «) | D;

Il o) (0,

< e(n,diam(Q), )

for every i = 1,...,j. Here « is the John constant of 2.By Corollary 3.3.4 (see[6]) HlHLp(.)(D

depends only on p and |D;|, which completes the proof. O

Next we prove the Poincaré inequality for Sobolev functions with zero boundary values

using Lemma @

Theorem 2.2.17. [6][10][11] Let € be bounded. Assume that p € P(S2) and there exists § > 0 such

that for every x € Q) either

NPp(y
pE( Hne = P o Ppasne = 1 (2.1)
o N = PB(z,5)nQ ’
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Alternatively, assume that p is uniformly continuous in 2. Then the inequality

HUHLP(')(Q) < HVUHLP(')(Q)'
holds for every u € W, (')(Q). Here the constant c depends on p, (2, 6 and the dimension n. .

Proof. Note that if p is continuous in Q2 or uniformly continuous in ©, then p satisfies the first set
of conditions of the theorem for some § > 0. By the assumptions there exist z;,...,z; and 6 > 0

such that '
QC O B(z;,9)
i=1
and each ball B(z;, 9) satisfies either of the two inequalities in (2.1). We write B; := B(z;,6) and
denote by ; the characteristic function of B;N.In each B; we define p;(z) := p(x)xi +pp, ol —
xi)- Then in each B; either p;” < (p; )* or p; > n. Let @ be the zero extension of u € VVO1 P (')(Q) to
R"™ \ Q (Lemma[2.2.13). By the triangle inequality we obtain

J J
fLZXi < Z ]| o) (5,
i=1

Lr()(Q) =1

i j
< 3 i = (@) 5| o5y + Y1) 5,
=1 =1

We estimate the first sum on the right-hand side of the previous inequality. By Lemma [2.2.13

||UHLp<->(Q) <

[ oscr s,y -

we obtain

1 1

1
N - =t -
@ — (@ p, || s, < cQ+IBD*IBl" 7w Vil oo s,

1

1,1 1
< o(1+|B;|)?|Bi|" » v

|vu||LP(')(Q) :

for every i = 1,...j. To estimate the second sum, >7_, |(@)p,

|1l 11i2 ), in the above inequality
we use Lemma 3.2.12 (see[6]) to estimate /1|, 5, by a constant depending only on p and o.

Further, the constant exponent Poincaré inequality implies that

(@)s,| < @/ lu| dz < idmm(m/wumx
o Jg o o

C\n .
< D giam(©@)(1 + 19) IV ul oo

o
again for every i = 1, ...j. Combining the last three estimates yields the assertion.
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Remark 2.2.18. [6][11] Assume that € is convex and p € P({2) is uniform continuous (or p €
C(9Q)). As in the proof of Theorem we may cover by  finitely many balls B(z;,d) so that
(2.1) holds. Since is convex so is B(x;,d) N2 and thus it is a John domain. Hence Theorem [2.2.16

yields that the Poincaré inequality

[ = (Wall o) < VUl o @

holds for every u € WO ().

2.3 Poincaré inequalities and embeddings

In this section we assume that the exponent p is log-Holder continuous with 1 < p~ < p* < n.
We prove that the Sobolev-Poincaré inequality holds for general Sobolev functions in bounded
John domains and for Sobolev functions with zero boundary values in open sets. Bounded
John domains are almost the right class of irregular domains for the constant exponent Sobolev-
Poincaré inequality. We give an example which shows that Sobolev embed- dings do not hold
for every continuous p. We close this section by studying the Sobolev embedding in the case
p~ > n. Sobolev embeddings in the case p™ = n need a target space that is not a variable
exponent Lebesgue space, and are studied in Section 8.6 together with the other limit case

p~ = n. We define the Sobolev conjugate exponent point-wise, i.e.

. np(x)
R

when p(z) < n and p*(z) = oo otherwise.
Theorem 2.3.1. [6][TOI[TT] Let p € P9(Q) satisfy 1 <p~ < p™ < n.
(a) Foreveryu € Wor(Q), the inequality

HUHLP*(-)(Q) <c HVUHLM(Q)

holds with a constant ¢ depending only on the dimension n, c¢;,4(p), and p*.
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(b) Ifis a bounded a—John domain, then

lu — <u>QHLP*(')(Q) <c HVUHLP(')(Q)
for u € WHPO(Q). The constant c depends only on the dimension n, v, ¢io,(p)andp*.

If we add the extraneous assumption p~ > 1, then we immediately obtain a proof using results on
operators that we proved earlier: the inequalities follow from Lemma Lemma and Theorem

6.1.9 (seel6l]); the constant in this case also depends on p~.
We obtain the Sobolev embedding as a corollary.

Corollary 2.3.2. [6] [1T] Let Q2 be a bounded a—John domain and let p € P9(Q0). Let q¢ € P(Q) be

bounded and assume that ¢ < p*. Then
Wlm(-)(g) s Lq(')(Q),
where the embedding constant depends only on «, ||, n, ¢oq(p)andg™.

Proof. Letr € (1,n) be such that * > ¢*. Corollary 3.3.4 and Lemma 3.2.12 (see[6]) yield

lullyy < llu = Wallgy + [Kw)ally,

1
< 201+ [9)) lu = (wel oy max{]QF 1} ul),

min{p* (-
< 201+ |9 max{] Q)+ 1l = (o lliugpr ey + 12l0)-
Since min{p*(-),r*} € P"9(Q2), Theorem (b) and Corollary 3.3.4 (see[6]) yield
e = (W llmingpr () a=y < NV Ullpingpey gy < X+ 1QD [Vl
The claim follows by combining these two inequalities. O

Now we move on to the complete proof, covering also the case p~ = 1. In this case the Riesz
potential is not strong type p(-), i.e. Theorem 6.1.9 (see[6]) is not available. Our proof is based
on the weak type estimate for the Riesz potential. We first give a proof of Theorem (b) in

which the constant additionally depends on diam(2).
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Lemma 2.3.3. [6[T1] Let Q be a bounded Q a—John domain and let p € P'9(Q) satisfy 1 < p~ <

pt < n. Then
lu = (wallr o @) < cllVull o g

for every u € WU (Q).The constant ¢ depends only on the dimension n, p*, c1y(p), aanddiam(Q).

Proof. By a scaling argument we may assume without loss of generality that (1+ Q) [Vul[,, <
1.We need to show that g, q)(|u — (u)al|) is uniformly bounded. For every j € Z we set
Q ={r e Q:2 < |ulz) — (ue| < 277} and v; := max{0, min{|u — (u)q| — 27,27}}. From

Proposition follows v; € WP0)(Q). By Lemma (b) we have
[vj(2) = (v3)B] < ¢l [V (2)

for almost every x € (2.Here the radius of B C () depends on a. We obtain by the pointwise

inequality v; < |u — (u)q| and by the constant exponent Poincaré inequality Lemma [2.2.12| that

v; < Jui(z) = (vj)p| + (vj)p < cly V| (x ][ lu — (u)q| dz
< chh |Vu| (x / lu — (u)q|dr < cly |V, (z / |Vul|dx (2.2)

< el V| (2) + (1 + Q) [Vull,) < er(l [Voy| (2) +

For the rest of this proof we fix the constant c¢; to denote the constant on the last line.It depends
only on n, a and diam(§2).

Using the definition of €2; we get

/|u Vol @ de = / lu(z Vol?" ™ da

]_—OO
< Z/ QUHP" () gy
]_700

For every z € ;,; we have v;(z) = 27 and thus obtain by (2.2) the pointwise inequality

caly [Vo,| (2) + ¢ > 27 for almost every r € ();4;. Note thatif a +b > ¢, then a > %c or
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b > ic. Thus

3 / QU+ DP* (@) g
Q;

j==o0

[e.9]

UHDP* (@) g

IN

/{IEQj:qh [Vj|(z)+c1>2-1}

j=—00
< 2D @y 4 3 / o+ @) gy

{xeQj:c1>21-2}

/{:peﬂ:clh |V;|(z)>27-2}

j=—00 j=—00

Since (1 + [ [[Vul|,., < 1, we obtain by Theorem 6.1.11 (see[6]) for the first term on the right-
hand side that

Z/ 2@y < e 3 (/ Vo) dy+ [0 < [Vo;] < 1])

j=—oo Y {z€e1 1|V (y)|(z)+>27—2}

j=—o0 7t
< c ) (/Q |Vu|p(y)dy+|Qj|>
j=—o0 i

IN

/Q Vu dy + |9

Let jo be the largest integer satisfying ¢; > 27°~2. Hence
) Jo
3 / 2UHDP" (@) g < / D 20 gy < Q)
j=—oo Y {2€Q:c1>2172} @ j=—o0

which concludes the proof. O

Next we use the local-to-global trick to generalize the previous lemma, removing the depen-

dence of the constant on diam(2).

Proof. of Theorem[2.3.1We prove only part (a) of the theorem the second part follows by essen-
tially identical arguments.

Let u € W (Q) and extend it by 0 to R* \ © (Lemma .By a scaling argument we
may assume that [|ul]y1,)gn) = 1. Let (Q;) be a partition of Rn into unit cubes. As was noted
in Example 7.4.2, every Qj is a John domain with the same constant. Thus Lemma 2.3.3|implies

that

||u||LP*(')(Qj) < HU - <u>Q]'HLP*(‘)(Qj) + |<U>Q]{ ||1||LP(')(QJ-)

< c HVUHLP(')(Qj) + }<U>Q3| :
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Next we apply Corollary 7.3.23, the previous inequality, and the triangle inequality in (#>:

1/p%
I P— (anm o)

<\ /P
< oYUVl o, + [fube, 1)

J

(Z(“VUHLM) )Up; + c( Z (), |75 )”Pio

J

IN

Note that we end up with the wrong power after the inequality for using Corollary 7.3.23

(see[6]) a second time : we would want the norm to be raised to the power of p., instead

of pi.. However, since ||Vullr,)q,) < lullyrseymny = 1 and po < pi, we conclude that
|Vl Lp< @) S IVull75) o) Then we can use Corollary 7.3.23 (see[6]) again:

Z IVl Lp( < Z [Vl rO(Qy) ™ V|75 LPO)(RR) L.
It remains to control }_; !(u>Qj ]p . For this we define an auxiliary function v := |u] * x(0,1/2)-

Then [(u)q,| < c|(v)q,

)q,|- Using also Holder’s

inequality, we conclude that

Yl ™ <eX|wel™ <c 3 [ wwrirs [ jotw)

Then it follows from the constant exponent Sobolev inequality that

(ZI o) < el < IO oy

.
Poo

Next we notice that

[Vo(z)] < /B( : IV lu@)ll dy < 2[IVull,oy 1M o) (aay < €< o0,

so |[Vuv| € L*(R"). Since LP~ N L>* = [P0) N L[> (Lemma 3.3.12)(see[6]), it follows that
IV e gy < €IV oy gny + ¢ < e[|Vl oy gny + ¢ < ¢, where we used the boundedness

of convolution (Lemma 4.6.1)(see[6]) in the second step. O

Remark 2.3.4. [6][11] Using Holder inequality we see that the Sobolev-Poincaré inequality im-
plies the Poincaré inequality also in the variable exponent context. By a suitable choice of inter-
mediate exponent, we can relax the condition 1 < p~ < p* < n to arbitrary bounded exponents

in this case.

50



The following proposition is due to Kovacik and Rakosnik [14]. The exponent p* is the best
possible for constant p,next will study; using this we show that it is also the best possible for a

variable continuous exponent p.
Proposition 2.3.5. [6] Let p,q € P(Q) N C(Q) satisfy p™ < n. IFWPO(Q) — LIO(Q), then q < p*.

Proof. Suppose that ¢(z) > p*(z) for some z € 2. By the continuity of p and ¢, there exist

s € (1,n),t € (1,00) and r > 0 such that

py) <s" <t<qly)

for every y € B(z,r). By Corollary 3.3.4 (see [6]), W *(B(z,r) — WO (B(z,r)) and
Li(B(x,r)) — LYB(x,r)). Since s* < t we have W'“*(B(z,r)) - L'(B(z,r)). Thus

WYs(B(z,r) - L1O(B(z,r)), which is a contradiction, and so ¢(x) < p*(x). O

Next we construct a continuous exponent for which the Sobolev embedding W1#()(Q)

LP"0)(Q) does not hold.

Proposition 2.3.6. [6][11] Let 2 C R? be the intersection of the upper half-plane and the unit disk.

There exists a continuous exponent p € P(Q2) with 1 < p~ < p* < 2 such that
Wl,p(~)(Q) N Lp*(~)(Q)

Proof. Fixt and s such that 1 <t < s < 2 and define f(7) := 2(} — 1) for 7 € [t, 2]. Denoting by
(r, 1) spherical coordinates in 2 (with ¢ € (0, 7)) we define the variable exponent p as follows:

t, if v >/ =1;
p(r,) =< 7, if 7€ (t,s) satisfying ¢ = r/(7);
s, if ¢ <rf),

We consider the function u(z) = |z|", where y := 2. Note that u does not belong to L") (),

because
1 prf(®

o mp* () 25
Qp*(-)(u) = /’Qj| dZBE/ / TQ_SwadT

Q o Jo

1

- /Tgsi+f(s)+ld7“:oo'
0
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The last equality follows since 22£ + f(s) + 1 = —1. However, u belongs to W'*()((2). We easily

calculate that |Vu(z)| = || |z[*~". Since || < 1, we find that

1 0
/|Vu(x)|p(z) dx</ / VP ooy,
0 o Jo

We first estimate the parts of the domain where p(z) =t or p(x) = s:

1 T 1
/ / r(“_l)tdwrdr = (m— 1)/ P g 00,
o Jo 0

since (u— 1)t +1 > —1, and

1 rf(s) 1
/ / r(“*l)sdwrdr — / P=DsHF($)H g~ o
o Jo 0

since (u — 1)t + 1 > —1. Let us denote the integral over these parts by K < oo.

In the remaining part we have p(r,¢)) = 7 and ¢ = r/ (), Solving this equation for 7 we find

that p(r, ) = (%llf)ggf + 1)t. Thus we have

1 T 1 1
/ / T(”*l)p(“d’)dwrdr < K+ / / 6(pol)(% log ¢ +log T)tdwrdr
0 0 0 0

1,1
— K+/ / ¢(“_1)t/2dwr(“_l)t+1dr
o Jo

2 1

= K+
s—ts—t

< Q.

So we have shown that [Vu| € L**)(Q2).For our function u we find that [u(z)| = [ [Vu(2)|[z| <

m1 [Vu(2)] and so it also follows that u € LP)(12), and we are done. O

Theorem 2.3.7. [G][T0I[1T] We write §(x) := min{1, dist{z,0Q}}. Let p € P&(Q) satisfy p~ > n.

Then there exists a constant c such that

wp @)~ ()

< c||Vull gy
yeB(z,8(x)) |T — y|1_W P

for every u € WPU)(Q) and for every x € (). The constant depends only on the dimension n, p~ and
Clog (p)

Proof. Letz € Q. If |x — y| < 6(x), then there exists 7 < §(x) such that 3r < |z — y| < r. Denote
B := B(x,r). Since

Wi*O(B) < W'¥5(B),
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we obtain by the constant exponent result , that

1-
u(@) —u(y)| < er 75 | Vu ull 3 5

n_

1—
< e+ [BODDr 5 [Vall oy -

1—% _on .
Since 7 < 1 the log-Holder continuity of p implies that r *» < ¢r' »®. Using r < 2|z — y| we

obtain the claim. ]

24 Compact embeddings

We start this section by examining compact embeddings of W'?1)(Q) into LP0)(Q). We first

prove a quantitative version of Theo rem 4.6.4 (b) (see [6]) for Sobolev functions.

Lemma 2.4.1. [6][11] Let p € A be bounded, and let v be a standard mollifier. There exists A > 0,

depending only on the A-constant of p, such that
[ e —ull,) < eA[[Vull,,
for all w € WYPO)(R™) and all £ > 0.

Proof. Let u € C§°(R™). Using the properties of the mollifier, Fubini’s theorem and a change of

variables we deduce

wk (o) — u() = / n / bely)Vuz — ty) - ydtdy
= /0 - %t(y)Vu(:U—y)-%dydt.

This yields the pointwise estimate

k() — ufz)| < / o) [Vl — )] dydt

- / V] * o] ()l

for all u € C§°(R™). Since spt s C B(0,¢) for all ¢ € [0, 1], the estimate is of a local character.

Due to the density of C5°(R") in W) (R") the same estimate holds almost everywhere for all
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u € WH!(R™). Hence, it holds in particular for all u € W'»((R"). The pointwise estimate thus

loc

yields a norm inequality, which due to the properties of the Bochner integral implies

[l e —ull,) < e

1
/ |Vu| * || dt
0

1
< [Vl ol .

(") 0

By Lemma 4.6.3 we obtain [[[Vul * |[{x[[|,, < K[[¢], [[Vul,.,-Now, the claim follows due to

]l = 1. =

Theorem 2.4.2. [6][T0][17] Let 2 C R™ be a bounded domain and let p € P°%(Q2) or p € A be bounded.
Then

W P(Q) s LPO(Q)

Proof. By Theorem 4.4.8 (see [6]) we always have p € A. Let uy — u in W,” Q). We write
vy, == u, — u and hence v, — 0 in W,” “(Q). Thus [vglly () is uniformly bounded. Furthermore,
we extend the functions v, by zero outside of 2 (Theorem [2.1.14). We have to show that v, — 0

in L70)(Q). Let 1. be the standard mollifier. Then we have vy (x) = (vy — . * v)(x) + Y. * vi(z)

and Lemma implies

lokllpy < Mok = vk kel + [low * Vel (2.3)

< ce vak”p(.) vk * w5|’p(~) :
Since v, — 0 and € > 0 is fixed we obtain
Vg * %(35) - ws(x - y)vk(y)dy —0
Rn

as k — oo. Let Q. := {z € R" : dist(z,Q) < e¢}. Thus vj, * ¢.(x) = 0 for all z € R" \ Q.. By

Holder’s inequality we obtain for all z € (2. that

|or % P ()] =

. Ue(z — y)vk(y)dy‘ < cllvillye 1Y@ =)l -

Since ¢ € C§°(R") we have [¢)| < cand thus [¢.| < ce™". This yields [[¢.(z — )|/, <
ce™"|[xa.ll, ) < c(e,p) independently of z € R" and k. Using the uniform boundedness of

vy in LP0) we all together proved

v * Y= (z)| < cle, p)xa. (T)
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for all # € R™. Since yqo, € LPV(R") and vy, * ¢.(z) — Onalmost everywhere, we obtain by the

theorem of dominated convergence that vy, . (z) — 0in LP*)(R") as k — oo. Hence it follows

from that

lim sup HUka(.) < celimsup vakup(-) :
k—o00 k=00

Since ¢ > 0 was arbitrary and ||[Vu| ., was uniformly bounded this yields that v, — 0 in

LP0)(R™) and thus uy, — uin LPO(R™) . O

In fact, it is easy to improve the previous result to deal with higher exponents in the

Lebesgue space:

Corollary 2.4.3. [5][6][T1] Let 2 be a bounded domain and let p € P'°8(Q) satisfy p™ < n. Then
Wy (Q) s L7O=5()

forevery e € (0,n').

We give two alternative proofs. The first one is based on interpolation. The later one is a
straight forward, but it uses Corollary 3.3.4 (see [6]) for the exponent w that is less

than 1. However, it is easy to check that Corollary 3.3.4 (see [6]) holds also in this case.

Proof. 1 We extend the exponent p to the whole space by Proposition 4.1.7 (see [6]). Due to
Theorem and Theorem we have W, "(Q) << LPO(Q) and W7V (Q) — LF'@(Q),

respectively. Therefore, by complex interpolation, see Theorem 7.1.2, W, * D(Q) s LoO(Q),

where ¢y € P(12) is defined for § € (0,1) by é =Ly g =

. — =0 TInstead of interpolation,
p n

1
p
one can also use Holder’s inequality in this argument. For 6 small enough, we have p* — ¢ <
@ < p* and therefore by Corollary 3.3.4 (see [6]) L%0)(Q) — L¥ Y7°(Q). The claim follows as

the composition of a compact and a bounded embedding is compact.

]

Proof. 2 Fix ¢ € (0,n').As in the previous proof, it suffices to show that u;, — 0in LP"0)=5(Q)

whenever u, — 0 in W, (')(Q). Define o := £((p™)*)~2 Then an application of Holder’s in-
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equality (3.2.22)(see [6]) yields

g

p*(-)—¢ < 2 H|uk|a

“uk|1—a

p*()(P*()—e)
€

p*(-)

By Corollary 3.3.4(see [6]) and [2.3.1{| g™ Hp*(.) < 00. On the other hand,
k1o e 0-0 = lurllar oo o= < 2(1+ Q) [Jugll, — 0
sinceW,?"(Q) << L1(Q). O

When p is (almost) continuous, it is possible to prove Theorem by a different argu-

ment.We present the method here for general Sobolev functions.

Theorem 2.4.4. [5][6][10] Let 2 C R™ be a bounded convex open set. Let p € P(2) and assume that

there exists 0 > 0 such that

p;(z,é)ﬂﬁ < (PBsna)” O Ppsna =N

for every x € Q. Then

WrO(Q) e LPO(Q)

Proof. We may cover () by finitely many balls B;, with radius ¢, such that either pgm <

(PB,na)* or P = n. Lete > 0 be so small that p < (pp )" — € in each B; N . We ob-

tain

WhO(B,NQ) —  W"Ene(B,NQ)

ey [P 5B, N Q) — LPO(B,NQ),

where the convexity of B; N (2 is used in the second embedding. Since there was only finitely

many balls, we obtain the claim. O

Theorem 2.4.5. [B[6][10] Let p € P'°&(R™) be bounded, let ¢ € P(R™) be bounded and suppose that

. w(|z])
q(z) <p*(x) - log(e +1/]z])
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where w : [0,00) — [0,00) is increasing and continuous with w(0) = 0. Then W'PO)(R?) <
L1O(R™),
Let us point out that the exponent q in the previous theorem cannot be locally log-Holder continuous,

ie. q & Pg(R™).

2.5 Extension operator

In this section we study extension operators for variable exponent Sobolev functions. We show
that for certain domains (2 there exists a bounded extension operator ¢ from W™?1)(Q) to

Wmr()(R™) for every m € Ny and all p € A.

Definition 2.5.1. [6][10][11] A domain 2 C R" is called an (¢, c0)-domain, 0 < ¢ < 1, if every

pair of points z, y € (2 can be joined by a rectifiable path v parametrize by arc-length such that

1
) < = |z —
(7)_€|$ Y|

B(+(1), 5 2 = 7|§j)_||z|‘ W”) cQ forall te0,0(v)],

where /() is the length of ~.
Theorem 2.5.2. [6][10] Let €2 be an (=, 0o)-domain and suppose that p € Awith1 < p~ < p* < o0. If
u € WEPL)(Q)), then it can be extended to a function in W*PC)(R™), with
HUHWk,p(»(Rn) <c Hunkm(-)(Q)
where the constant ¢ depends on n, e, p™, p~ and the A-constant of p.

Proof. Let A : WE1(Q) — WH"!(R") be the extension operator of Jones. Chua generalized Jones?

extension result to the weighted case:

|0n (Au)| wdz < c/ lg| wdx
Q

Rn
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for all w € Ay, where |a| < k,g := 5 [0su| and the constant depends on w only through
[|w] 4, - Note also that M is bounded by Theorem 5.7.2 (see [6]) since p € A. Hence the extrapo-

lation theorem, Theorem 7.2.1 (see [6]), implies that

100 (Aw)]| Lo ny < €l oo -

This applies to every |a| < k, so by the triangle inequality we obtain

Z Haa(Au)HLP(~)(R") < CH9HL1>(~)(Q) < Z HaﬁuHLp(-)(Q)

ol <k 1B1<k

which implies the claim. O]

Proposition 2.5.3 (Dyadic Whitney decomposition). [5l][l6] Let 2 C R™ be an open non-empty set.

Then there exists a countable family F of dyadic cubes such that
(@ Uge +Q = Qand the cubes from F are pairwise disjoint.
(b) Vnl(Q) < dist(Q, Q%) < 4vnl(Q) forall Q € F.

(c) if Q, Q' € F intersect, then

(Q)
(@)~

(d) For given QQ € F, there exists at most 12" cubes () € F touching Q).

< 4.

| =

Lemma 2.5.4. [5][6][11] Let Q2 C R™ be a non-empty (e, 0o)-uniform domain, and let Wy and W,

denote the dyadic Whitney decomposition of and R™ \ Q2. Further, let

e diam(§2) }

Wy = {Q EWs: U(Q) < =

Then for every (Q € W there exists a reflected cube QQ* € W, such that
1< fracl(Q)UQ) < 4,

dist(Q, Q") < cl(Q),
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where ¢ = c(n,e). Moreover, if Q,Q2 € Ws touch, then there exists a chain Fpg, = {Q* =

S1,S2, ..., Sjo = Q3 } of touching cubes in Wh with jg < jmax(€,n) connecting Q* and Q; with

((S;)

< 21
~ U(Sj1)

1
1 <4 for j=1,....,50— 1L

Observe that all cubes in a chain Fy, o, are of comparable size.

Observe that all cubes in a chain Fy, g, are of comparable size. We need some preparation before we
can define our extension operator. Let w € C5°([0,1]") with w > 0 and [g, w(z)dz = 1. For Q € W,
let wg € C§°(Q) be defined by wq = ((Q) "w o Lg,', where Lq is the affine linear mapping from [0, 1]
onto Q. In particular, wg > 0 and [, w(x)dz = 1. For m € Ng and v € W™N(Q) let ITj3v denote the

Q)-averaged Taylor polynomial of degree m, i.e.

g = Y [ v &=y, 2.4)

|
(075
laj<m /@

In the definition of 17} it suffices to assume v € L,,,.(Q), if all derivatives are moved by partial integration

loc
to w(y) and (v — y)* using also that w € CF(Q). If a € Ny with 0 < |a] < m, then 0,1Iv =
Hg*‘(’"(aav). The averaged Taylor polynomial has the following nice properties [75, Theorem 4.7]. If

QeW,1<qg<ocoand0 < |B| <k <m,then

HHZ}UHM(Q) < clollpeg  forall ve LYQ), (2.5)

|0s(v — TTGw cl(Q)F 1P| W ) forall  ve WH(Q).

sy < o/l ogg

We only need the case ¢ = 1.
We need a partition of unity for W, see Theorem 1.4.7. For each Q € W choose pq € C§°(1Q)

with 0 < pg < 1 such that

Z g = 1 forall x e U Q,
QEWs QEWs
0< > wo < 1,

(Viq| < Q)™ forall 0 <k <m.

Then pqpg # 0 if and only if Q N Q' # 0.
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We can now define our extension operator ™ : L'(Q) — L} (R"™) by
v on

Ty m "\ Q. 26

{ > gew; Pllgv, on R™\ Q. (2.6)

That the operator €™ defines a bounded extension operator from W™4(Q) to W™(R") for every
1 < ¢ < oo. It is important for our considerations that the extension operator €™ is of local type in the
sense that for every ball By C R", there exists a ball By C R" such that cu™u = €™v on By if u = v
on By N Q. Since W™PO(Q N By) — W™ (Q N By) for every ball By, we can apply Chua?s result

or ¢ = 1 to conclude that e™v € W™ (R™) for every v € W™P)(Q). So we already know that e™v
loc y y

1
loc

has weak derivatives up to order m in L, . and it remains to prove the estimates of these derivatives in
LPC)(IR™). This saves us the trouble of approximation by smooth functions.

We begin with some local estimates.

Lemma 2.5.5. [l6l If QQ € W, then

(V5™ ol i) < QI V¥ 0l sy

forall 0 < k < m with ¢ = c¢(e,n,m), where

FQ)= J U s

Q2EWs3 SeFg,q
Q and Q2 touch 2

Proof. Let Q@ € Wi and k € Nj with 0 < |k| <m. Using > ¢ = 1on Q, the product rule and

Q26Ws
the estimates for dzp(, , we get
HvkgmUHLoo(Q) = ||V Z P 115,v

Q26Ws L>(Q)

< V'Y wellgu-lgy)|  + [V,
Q26W3:Q2NQF#D L>=(Q)

k
< CZE(Q)]_k Z [V (11,0 — Hgv)HLw(Q) + ”VngUHLw(Q)
j=0 Q2EW3:Q2NQ#0D

The terms in the norms are polynomials of order at most m. For any polynomial z of order m,

12/l ooy < € Q™ 2] 11 (g, if @ and Qs are cubes of similar size and with a maximal distance
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of Q and Q2 comparable to the size of (). This is a consequence of the fact that all norms on a
tinite dimensional space are equivalent. The independence of c of ) and @), follows by a scaling

argument. We use this fact and 0,1T3v = Hg_‘od(&av) for 0 < |a| < m, to

IV (1155, 0 = TTg50)

v HLoo(Q) <clQ|™ HHg;j(vjv) - Hgij(vjv)H

LHQ)

estimate considering also that ) and @), are of comparable size. Let Iy o, = {51, ..., S}, } denote
the chain connecting )* and 5. Then

Jjo—1

Z | i w0y - g (9w

Si+1

TG, 7 (V70) = TG (V)|

IA

L@ L'Q)

VAN

2 Z 1157 (V7o) — P’iHLl(Q)

for any function P,. We then set P; := 115 % o (V7).

Again we use the fact that we are working with polynomials. Namely let P be a polynomial
of degree m and let £ and F be measurable subsets of a cube ) with |E|,|F| > v|Q|, for some
v > 0, then ||P||;. (E) < c(y,m) || P||;: (F). For the proof of this fact see [223, Lemma 2.1]. Using

this in the first step, and (2.5) in the last step, we get

105 (V90) = Bl g, < e[ I8 (V70) — TG, (970)

LY(Sy)

IA

c HV]U — I j(VJv)’

+1

|| - g ()|

L1(S¢) LI(SZ’USZ'Jrl)

< cE(Q)k_ijk”HLl(uiSi)

where we have also used that all cubes in the chain F{, p, are of comparable size. On the other

hand it follows from the L> — L' estimate for polynomials and that
HvkngvHLw(Q) < cl@)| Hng_kvkaLl(Q) < c|@)| HVkU”Ll(Q)
Combining the above estimates we get

”ngmU”Loo(Q) < C|Q|_1 Z HkaHLl(uFQ,Qg) t C|Q|_1 HvkUHLl(Q)
Q2EWs3:Q2NQAD

which yields the claim by the definition of F'(Q). O
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In order to use that p € A, we have to reformulate the previous lemma in terms of averaging

operators.

Corollary 2.5.6. [6] There exists ¢ = c(e,n, m) > 0 such that

> xelVEeme] < ¢ 37 xaMar (Tizw, © - 0 Tizyy, oTiw, (Vo))
QEWs QEWs ~ ~~
(jmax+ )*times

where jumax is the maximal chain length in Lemma[2.5.4

Proof. We show that it follows from the definition of F'(()) that

1
@_l /F(Q) |Vkv} de s¢ (T%Wl ©...0 T%Wl OTW1 (vkﬂ)> (Z)

-~

(jmax"r ) —times

for all z € Q*. First, the application of Tyy, ensures that the L'-averages over all cubes partici-
pating in a chain starting from @ are calculated.Then these averages are accumulated at Q* by
passing them along the chains by the (jmax + 1)-fold application of Ti1yy,, where we use that the
neighboring cubes in 12V, have sufficiently big overlap. Finally, this value is transported by

the operator ) ). XxoMq- from Q" to Q. Together with Lemma the claim follows. O
We turn to the case Q € W, \ Wk.

Lemma 2.5.7. [6][11] Let QQ € Wy \ W, then

k
[V ™ 0| gy S cl@QIT D@ Y [Vl g

Jj=1 Q2EW3:Q2NQ#AD

forall 0 < k < mwith ¢ = c¢(e,n,m).

Proof. Let Q € W5 \ W5 and k € N with 0 < k£ < m. Using the product rule and the estimates

for Ospq,, we get

940 = Hv S ot

Q26Ws L(Q)

I
o
g
=
)

1

Z ||ij82vHLw(Q2)
Jj=1 Q2EWs3:Q2NQ#D
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using also that () and (), are of comparable size. Now, the claim follows as in the proof of

Lemma 0
As before we reformulate this in terms of averaging operators.

Corollary 2.5.8. [6] Let Q € W, \ W, then

k
> e V] < e X UQY M Ty, 0 T, (D0 xoMo- (V7))

QEW2\W3 Jj=0 QeEWs

forall 0 < k < mwith ¢ = c¢(e,n,m).

Proof. The proof is similar to the one of Corollary[2.5.6, The application of ) xoM- ensures
QeEWs

that the L'-averages over all cubes in W, are calculated and transported from Q* to Q. Then the

values of the neighboring cubes (), are transported by two applications of T1z,y, to Q). Together

with Lemma the claim follows. O

We are now prepared to prove our extension result.

Theorem 2.5.9. [6][10][11] Let Q2 be an (e, 00)-domain and m € Ny.Then for every p € P°8(R™)
the operator €™ defined in is a bounded extension operator from WP (Q) to WP (R™). In

particular,
€™ v]lwmror@ny < €llvllymee ) (2.7)
for all v € W™mPL)(Q), where c only depends on ¢, diam(Q),n, m, and cioz(p). Moreover, if ) is
unbounded, then
IV ™0 ey oy < €|V

(2.8)

Rn UHLP<~>(Q)

forallv € WmPO)(Q) and 0 < k < m, where c only depends on e,n, m, and ciog(p).

Proof. Let v € W™r0(Q). Then v € W,*")(R") by the discussions before Lemma m
It follows from Proposition that the families W, }—ng and %WQ are locally (12" + 1)-
finite. By Theorem 4.4.8 (see [6]) the corresponding averaging operators TW;, TTeWy, T4 W,
are bounded on LP)(R"). Moreover,it follows from p € P°(R") and Theorem 4.4.15 (see [6])

that the operator f — ZQGQ xXoMg- f is bounded on LP)(R").Now, the estimates for V¥e™v
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on R™\ Q follow from Corollary [2.5.6/and [2.5.8 using also that £(Q) > t&-diam(€) for all Q €

W, \ Wjs.The estimates on follow from v = v on €L.If 2 is unbounded, then UQ ew, @ =R" \ Q2
up to measure zero. So in this case it suffices to rely on Corollary which results in the

sharper estimates and the independence of the constants of diam(£2). O

Remark 2.5.10. The dependence of the constant in (2.7) on diam((2) is similar as in Chua’s paper

[75]: the constant blows up as diam(€2) — 0.

Remark 2.5.11. [6] The previous theorem can be directly generalized to the case of (¢, 0)-
domains These sets are similar to (¢, c0)-domains, except that (¢, §)-domains do not have to
be connected and the conditions on 7 in Definition have to be checked only for z,y € Q
with |z — y| < 4. Theorem [2.5.9 remains valid for such (e, §)-domains whose components have

a diameter bounded away from zero.

2.6 Examples

Definition 2.6.1. [1] We say that a function & :  — R is log-Holder continuous on ( if and only

if there exists ¢ > 0 such that

— 1

It is worth mentioning that, in general, W, (')(Q) C WO(Q) and C°(Q) is not necessarily

dense in 1W'70)(Q2). Nevertheless, we have the following result.

Proposition 2.6.2. [1] If p € C' () satisfies (2.9), then C3°(Q) is dense in W'#0)(Q2) in particular, the
spaces Wy O(Q) and W0 (Q) coincide.
We recall the famous Poincaré inequality.

Proposition 2.6.3. [1 Let p € C (X)), then there exists a finite constant C' > 0 such that for every
ue WrO(Q)

||U||Lp<»>(g) <C ||Vu||LP(‘>(Q) y (2.10)
where C' depends only on Q2 and p(-).
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In view of Poincaré’s inequality (2.10), it is possible to define the equivalent norm of the space

Wr0)(Q) by the relation (see [15])

HUHWLP<~>(Q) = ”quLP(~)(Q)'

We point out that the above norm is equivalent to the following norm

N
Z HDiuHLP(-)(Q)
i=1

Remark 2.6.4. Note that the following inequality

/ P9 de < / VP da,
Q Q

in general does not hold . But by Proposition 1.18 (see [1]) and (2.10) we have

T + N
/Q 1P de < Cmax{| V20, 1V -

Let us denote by

o— | 750 if p(r) < N,
any number from [1,00) ifp(z) > N.

the Sobolev conjugate exponent.

Theorem 2.6.5. [ Let p, q € C,(Q) such that q(z) < p*(z) in ), then for every u € Wy ()

||u||L4(-)(Q) <C ||vu||LP(')(Q)

2.11)

with a constant C depending on N, p and Q. The embedding W'#")(Q) — Li0(Q) is continuous

and compact. Moreover, if p satisfies the log-Holder continuity assumption and p*t < N, then the

Sobolev embedding holds also for the critical case q(-) = p*(-) i.e. the embedding W0 (Q) — LF"O)(Q)

is continuous.

Remark 2.6.6. [1] In the constant exponent case it is well-known that the conclusion of Propo-

sition is true for W, “(Q) with an arbitrary bounded open set (2. Similarly, the conclusion

of Theorem is true for W, “(Q) with an arbitrary bounded open set .
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CHAPTER 3

ANISOTROPIC CONSTANT AND VARIABLE
EXPONENTS SOBOLEV SPACES

3.1 Anisotropic constant exponents Sobolev spaces

3.1.1 Anisotropic Sobolev spaces

Proposition 3.1.1. Let Y be a real vector space and p : Y — [0, +00]. p is called a convex modular in

Y if p satisfies the following conditions:

(D) p(u) =0ifand only if u = 0;

(2 p(—u) =p(u),Yu e Y ;

3) plau+ pv) < ap(u) + Bp(v),Yu,v € Y,Va, 3 > 0 with a + 8 = 1.

Let po, p1, ..., pv be N + 1 real numbers withp; > 1,7 =0, 1, ..., N. We denote

ou

p={pi=0,1,2..,N},p=min{p;,i = 0,1,2..., N}, D’ = u and D'u = 3
p 5

fori =1,..., N. With a slight abuse of the notation, we introduce the anisotropic Sobolev space
W(Q) = {u e I"(@), Diu e [7(9),i = 1,2.., N}

under the norm
N
“qu,ﬁ - Z HDiuHLm(Q) ) 3.1
i=0

We define also W, ?(Q) the closure of C°(£2) in W'#(Q) with respect to the norm (3.1)(see [2]).
The dual of W,?(Q) is denoted by W‘l”;'(Q) ,where p/ = {p;,z' =0,1, ...,N} , Py = -k and

p; > 1.
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Remark 3.1.2. [2] Arguing as (R.Adams Sobolev space), it can be easily seen that W1#(()) is as
., N.

separable Banach space and reflexive if 1 < p; < oo foralli =0, 1,2,
Lemma 3.1.3. [2|][18]] Let €2 be a bounded open set in R™ Then the following embeddings are compact
o if p < N then Wy P(Q) — Li(9), Vg € [p,p*[, wheres = 5 — 4,

o ifp= N then Wy7(Q) — LU(Q),Vq € [p,+oo],

s =

)

o ifp> N then WEP(Q) — L=(Q) N C*(Q), where k= E (1 -

Herein,
E(z)=n for x € [n,n+1),n € N,

(a1, ..., an). Suppose that u € W, (),

Theorem 3.1.4. [1] Let o; < 1,4 = 1,..., N, we pose &

and set
LR R S~ ifa < N
a NZ&o anynumber from[l,00) ifa > 0).
Then, there exists a positive constant C' depending on N, py, ..., pn if @ < N and also on r and meas( Q)
ifae > N, such that
N
1
HUHLT(Q) < CH(HUHL%‘(Q) + HDi““L%(Q))N (3.2)
=1
]

Proof. see([1])
Proposition 3.1.5. [7][17][9]
(1) Let Q C RY bea rectangular domain and p = (py, pa, ..., pn) € [1,00)".
@ Ifp < N, then W-7 (Q) — LNL—Z(Q), and W7 (Q) < L9(Q) provided q € [1, L)

(2) Ifp= N, then WL7 (Q) <>y Li(Q) forany q € [1, 00).

() Ifp > N, then W-7 (Q) — C%3(Q) with

’UI'| =



17 (Q)

(2) The same statements as in part 1 are true for any bounded domain Q C RN if W, is used

instead of W7 ().

Lemma 3.1.6 (Anisotropic Sobolev inequality[18]). Let @ be a cube of RY with faces parallel to the
coordinate planes. Suppose p; > 1,i =1,..., N and u € ﬂf\il WPi(Q). Then

1
L@ < KH [l £oi ) + 1Dl s ) ™ (3.3)

=1

i

Mz

where s = p* = NN—f, if p < N with p given by 1 The constant K depends on N and p;,

151
N £~ p;*

Furthermore, if p > N, the inequality (3.3) is true for all

1

“ﬂ

1, and K depends on s and |Q)|.

3.1.2 Animbedding from WE?(Q) into L, (Q)

let N denote the set of non-negative integers and n any positive integer .For multi-indices
a,f € N, o = (oq,...,00),8 = (B1,.... Bn), the length of ais |a] = ag + ... + @, D* =
Dt ...Dg» (Di = g) is a corresponding diffrerential opirator and @ < § means «; < (; For
all i = 1,...,n .througtout this paper {2 € R" is a bounded domain . we shall consider the Ba-

nach spaces L,(Q),(1 < p < o) of integrable functions and C**(Q) (k € N,0 < < 1) Holder-

iy = ([ @)

continuouse with the norms

and
lullor@y = lulero@ = Y sup|Du(@)| (if n=0)
ol <K z€)
or
D% Du(y)| .
[ulleru @y = lluller@) + Z sup [D%u(e) - = ( )‘(1fM:O),
e kzxifyﬂ |z — 1y
respectively.

In accordance with the definitions (see [17]) we shall say that 2 C R" is of class
RFr (ke N,0 < <1) ,if there existe numbers o, 3 > 0, M Cartesiam coordinate systems
y

(Z41y oes Trn) = (2., ..., Ty ) Obtained from the original system (1, ..., z,,).
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Theorem 3.1.7. [17] Let Q be of class C(H) for some H > 0O.let E = {a € N |a| £ 1},1_9 =
{pi}i_p:1 < pi < po < oo fori=1,...,n then there existe such a constant ¢ > 0

that
||u||Lp(Q) Sc ||u||WE»7(Q) (3.4)

For every u € WE7 (Q)

n

1 1 1

—=—) —-1 (3.5)
q n\=Ppi

or 1 £ q < oo arbitrary , if the term in|3.5|is positive or non-positive ,respactively .

Proof. see [17]. ]

Theorem 3.1.8. [[17] Let the assumpations of be fulfilled .Let 1 < r < q .where q satisfies the
conditions of the statement of 3.1.7\ Then the imbedding WEP(Q) — L,(Q2) is compact .

Proof. Firstly we using the Reisz thoerm on characterization of compact sets in L, (€2) (we will
next study) one proves the compactness of imbedding W#?(Q) — L;(Q2) .Secondly ,one uses
the fact that there exist a continuous imbedding W#7(Q) — L,(2). Now , Holder’s inequality

yields the compact imbedding WE#(Q) — L,.(Q) for 1 <r <gq

Imbedding into space of continuous functions

Lemma 3.1.9. [T7] Let Q be of class R™', E = {a € N la| < 1},1_9 = {p:;} " withn < py < oo for

i =1, ...,n then there exist a continuous imbedding

WEP(Q) — C(Q)

Proof. Setting p = 121413 p; and using Holder’s inequality we obtain

||uHW1’P(Q) <c HUHWE,ﬁ(Q) )

where the constant ¢ > 0 depends only on 2 and p For p > n itt suffices to use the will-known

imbedding theorem on W'?(Q) — C(Q) O
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Definition 3.1.10. [17] Let 2 C R” be a bounded domain. g = {pl-}ffo with 0 < p < 1 for
i = 1,...,n we define the anisotropic space C%#(Q) Holder-continuous functions as the class of

u € C(Q) with a finite norm

u(z) = uly)|™
[ullgomy = ¢ llullo@y + sup ———— (3.6)

e ; |z —y|*

Remark 3.1.11. The space C%#(Q) with the norm (3.6)is a Banach space

Definition 3.1.12. [17] Let H > 0,0 > 0.we say that a domain 2 C R" is of class C(H, J) whose
edges are parallel to the coordinte axes and one vertex is at the origin, such that y + ¢ C 2 for

ally € Q, |y — z|| < o.
Lemma 3.1.13. [17] Let Q@ C R" be of class C(H, &) for some H > 0,6 > 0 then Q is of class 1!

Proof. Let K = min (2, 4).Given z, € 6{),we denote by B the ball of rdius K with the center at
zo let z € BN Q and let C be the cube discribed in|3.1.12)we have ||z — y| =< 2k < dfory € BN
and so y+ C € ).Hence the set BN possesses the same properties as the set BN in the proof

of lemma thus, repeating that proof exacly we obtain that 2 is of class 1. O

3.1.3 Traces of function in W¥?(()) on the boundray of

A domain Q C R™ will be called an i-domain for some i = 1,..,n if there exist numbers

a;,bj, —00 < a; < b; < oofori=1,..,nand fonctions ¢ continuouns and bounded on
A; = {.Z‘/ = (1, ooy Tio1, Tin 1, ...,xn};aj < xjbj, forj# Z}
such that ¢(z') < a;,b; < (x) for z' € A; and
0= {(x',xj);x' €N, o) <x < w(x’)}

the set

I = {(I/,ij);.CE/ € Ai)'xi = ¢($,)}
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orI'; = {(m’, z;);x € N = gp(m’)} will be called an i boundary of €2 we shall say that a
function « is defined a.e on I'; if u(2’,¢(2")) is defined for a.e.z’ € A;By L,(I';)(1 £ P < oo we

denote the class of function u defined a.e on I'; with a finit norm

1/p
ey = ([ T’ @) ) 6
A
the class with the norm is Banach space.

Thanan311&llﬂlﬂtQC:R"hﬂwbmﬂnﬁwaﬂi::1,WnLdZ?::{1€<N"ﬂa|§1}47:

{pi}n with 1 < p; £ py < oo for i = 1,..,n denote by I'; the i-boundary of Q and set
=0

7=

=1+ (1 - pl> (3.8)

then there exist a uniquely determined continuouns linear mapping
R; = WHP(Q) — Ly(Ty)
such that R;(u) = u |, for all u € c¢*(Q).
Proof. see [17]. H

Remark 3.1.15. [17] It fallows from [3.1.14] (see[17]) that

Rou(r;)) = lim (2/,2;) forae 2’ €A,
@ ()
set p = minp;. An application of Holder’s inequality gives the imbedding from W#7(Q2) into
Whr(Q)).Henec by the theory of isotropic Sobolev space (see [17])then there exist a uniquely

determined continuouns operator & : WF?(Q) — L,(6T),q = ((T;__lp))p , such that ®u = u |5 for

all c>*(2). if Q is not a parallelepided ,then there exist a relativly open subset I' of 6§2 which is a
subset of any i-boundray I'; for all i = 1, .., n thus on I" there exists both the i-trace Ru € L, (T")
fori = 1,..,n and the "global"trace Ru € L, (I")of u € WFP(Q). on can easily prov that ¢ <

min, <;<, ¢; the fallwing lemma shows what is the coherence betwin

R,u and Ru
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Lemma 3.1.16. [17] Let the assumptions of treorem (see[17]) be satisfied. Suppose I C A, from some

r=1,..M and set

M; = {af € A Ruule! v(a) # Ruly), A7 @' (@) }
fori=1,..,n .then maes,_1(M)=0.
Proof. (See[17]) O

Definition 3.1.17. [17] Let Q2 C R" be a domain ,F/ C N™ a finits set of multiindices,D € FE and
p= {pa} with 1 < p < oo for a € E.By Wg ;5(§2) we denote the calsure of the set C°(2) in
acl

topology of WEP((Q).

Remark 3.1.18. [17] the set W7(Q) with the norm of W#7(Q).forma a separable Banach,wich

is reflixive if p, > 1 forall « € F.

Proof. let 2 C R™ be an i-domain , for all £ C N be a finits convex set of multiindices,(i.e
E = ch,(E) N R" ,where ch,(A) denote the convex hull the R" of the set A such that g € E,
provided a € E,f € N"and f < a.Lletp = {pa}aeEl Spe Spp<ooifo,fe Ea<pit
follows from the proof of theorem (see[17]) that for each i = 1,..,n and a € E such that al) =
(a1, ..., a1, + 1,041, ..., 0p) € E there exist a uniquely determined continuouns operator

Ria : WEP(Q) — Ly(I;) such that R;, = D%(u) |r, for all u € c*(Q) Denote by W*7(Q) the

class of all functions u € WE#(Q) with R;,, = 0 for all admissible i and «. N

Example 3.1.19. [17] let n = 3 p, = p, = 1 and py = 3.then give ¢ = { and k = 2, recpectvely

—4/9

andsoT =2, = v, = 1. wetake t =2, A = —3. we set u(z) = (2% + 23)~*/? and intoduce the

polar cordinates (p, ¥).then Dsu = Oand fori = 1,2 we have
8
/ | Diu(x)|| dz < §int(‘)/§g_8/9dg < 00,
Q
while

/ |lu(z)| dor = intjo *do = oo,
Q
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3.2 Anisotropic variable exponents Sobolev spaces

Proposition 3.2.1. (see Let p be a convex modular in'Y . Define

X:Yp:{ueY: lim p()\u):O}

A—0t

and

lull, = inf{x >0 p(%) <) for ueX

Then X is a linear subspace of Y and ||-|| , is a norm on X.(X, ||| )) is called a Nakano’s modular space
generated by the modular p, and ||-| ) is called the Luxemburg norm.
Let Q C RY be an open domain. A function p : Q C R — R is called a Musielak-Orlicz function if

o satisfies the following conditions:

(1) ¢ is a Caratheodory function, that is, p(z,-) : R — R is continuous for a.e. v € Qand ¢(-,t) : Q —

R is measurable for every t € R.
(2) ¢(z,t) > 0forae x e Qandallt € R;p(x,t) = 0ifand only if t = 0.
B3 ¢(z,—t) = ¢(x,t) forae. x € Qandall t € R.
(4) The function p(z,-) : R — R is convex fora.e. x € ).

In the case that ¢(z,t) = ¢(t) without z, a Musielak-Orlicz function ¢ is called an Orlicz
function (or a Young function).

Define S(2) = {u|u: Q@ — R is measurable} and
O = {plp: QxR —R Musielak Orlicz function}

Let ¢ € ®. Define
po(w) [ olau())ds vu € S(@).
Q
Then p,, is a convex modular in S(€2). We denote by L#(2) the modular space (S((2)),, gener-

ated by the modular p,, namely

L?(Q) = {u € S(Q): )\hj& Pp(Au) = 0}
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. The Luxemburg norm on L?(£2) is denoted by ||-||,, .(L#(€2),]-[|,,) is called a Musielak ,Orlicz

space, which is a special case of Nakano’s modular spaces.

Proposition 3.2.2. [7] [3] For any ¢ € ® the normed linear space (L?(S2), |||, ) is complete, that
is,(L?(2), [|-]l,,) is a Banach space.
Let ¢ € ®. We say that ¢ satisfies condition (Ay) if there exist a positive constant K and a nonneg-

ative function h € L*(Q) such that
o(x,2t) < Kp(z,t) + h(zx) forae x € Q and t € R.

Proposition 3.2.3. [7][17] Let p € ®.. If y satisfies condition (As), then the following statements hold,

where p,, is written simply by p.

Q1 p(2v) < Kp(v) + C,Yv € S(2), where C' is a positive constant.
Qy LP(Q) ={v e S(Q) :p(3) < oo forall X# 0} ={veS(Q):pv) < +oo}.

Qs Letv € L¥(Q2) \ {0}. Then p(aw), as a function of a € [0, 1), is continuous and strictly increasing

in a € [0,1). Moreover p(av) = 1 if and only if |o| = 1H .

lIll,

Q1 p(v) < 1(resp. = 1;> 1) & |[jvf|, < L(resp. = 1;> 1), where v € L?(12).

Qs p(vn) — O(resp. 4+ 00), [[v,]|, = O(resp. + co)asn — oo, where v, € L?(N).

Qs plvn) = 1 [loall, 1

Q7 The modular functional p is continuous on the space (L?(S2),[-[| ), that is, p(v,) — p(v) if v, —
v in (L2(Q), [|-],)-

We denote by 7., the set of nonnegative integers.For a multi-index o = (o, ...,an) € Z},la| =

a1+ ... + ay € Z} is the length of o, and D* = D{*...DN is respective differential operator, where
_ 0

D; =72

Let E C Z}; be a finite set of multi-indices with 0 € E, and let p(E) = {¢, : « € E} C ®.Define

the anisotropic Musielak-Orlicz-Sobolev space WE#()(Q) by
WESEN Q) = {u e LL,(Q) : D*u € L¥(Q) for a € E}
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with the norm ||ullyye.oe) ) = 0;5 [ D%ul],, -

In the case where ., = ¢ for all « € E,WE2E)(Q) = WE#(Q) is an isotropic Musielak-Orlicz-
Sobolev space.In the case where each ¢, (o € E) is an Orlicz function, that is, p,, is independent of
z € Q, WELE)(Q)) is an anisotropic Orlicz-Sobolev space.

In this article we restrict ourselves to the case that Q C RY is a bounded domain, E = {a € Z} :

la] < a} +— {0,(1,2,..., N)}, o(E) = {vo, (@1, .., pn) } and @;(x,t) = |t

where

2 (1) fori = 0,1, ..., N,

pi € LY(Q) :={pe L>(Q) : p(x) > 1 forae z€Q}.

V(@) = (p1(), .. px (2))-

WirO)-FOY(Q) is called an anisotropic variable exponent Sobolev space. In the case where p;(z) = p(z)

fori = 0,1,...,N,WhinOFONQ) = W»O(Q) is the usual (isotropic) variable exponent Sobolev
space.In the case where each p; () is a constant p; € [1,00), WHPOTONQ) = W) (Q) is the
anisotropic (constant exponent) Sobolev space.

For any p € LY (2),setting o(x,t) |t [Pt forxz € Qandt € R, then ¢ is a Musielak-Orlicz function
satisfying condition (As).Thus, Propositio is valid for such ¢. The Luxemburg norm on LP)(Q)
is denoted simply by ||| (-

For the Banach spaces X and Y, we denote by X — Y that X is continuously embedded into Y, and
by X —<— Y that X is compactly embedded into Y. For {u,} C X and uy € X, u,, — ug denotes that
{un,} converges strongly to uy in X, and w,, — o denotes that {u,,} converges weakly to uy in X.

It is obvious that WO 7O} (Q) < WLY(Q) because p;(z) < 1. From Proposition 3.2.2land the

completeness of W11 (Q), we immediately have the following theorem.
Theorem 3.2.4. [7] WP POY(Q) is a Banach space.

Letp; € L°(Q2) fori = 0,1, ..., N. Define

N
ﬁ(u):/ ju [P d:v+2/ | Diu
Q i—1 YO
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Then j is a convex modular in Y = L. (Q) and WhmO. PO} Q) = Y is the modular space
generated by the modular .The Luxemburg norm ||-||; on WO T0O}(Q), defined by Jull; =
inf{\ >0 : 15(% < 1)} is equivalent to the norm [|ullyy 10070 ) = Ilullyyy + 1%1 [ Dsull,,,)- 1t
is easy to see that the corresponding properties (Q;) — (Q7) stated in Propositiori are also
true if we use WHPO-7OY(Q), pand |- |; instead of L#(2), p and ||-|| ,, respectively.

For g € L(Q) and G C (2, define

q¢—(G) = essinf g(z) and ¢ (G) = esssup q(z).
zeG z€G

For simplicity we write ¢_ and ¢, instead of ¢_(2) and ¢ (2), respectively.

Theorem 3.2.5. [7] Let p; € LL(2) fori = 0,1,...,N. If p; — > 1fori =0,1,..., N, then the Banach

space (WO TONQ) | 5) is uniformly convex, and consequently, it is reflexive.

Proof. Define p : (S(Q))¥*! — [0, +o00] by

N
p(vo, v, ..., UN) = Z/ |v;
=178

Then p is a convex modular in Y = (S(Q))V*!, and the modular space Y, generated by p is

pi(z) dx, V(Uo,vl, "’JUN) = (S(Q))N+1

the Cartesian product 1Y, Li)(Q)). For each i = 0,1,..., N, since p;, > 1,(L»O(Q), |-

pi(-)>

is uniformly convex, it follows that the Banach space (IT), L7)(€), ||| ) is uniformly convex.

Define I(u) = (u, Dyu, ..., Dyu)) for u € (WO ZO}N Q). Tt is obvious that
1 (WHmOTOKQ), 5) = (X, 270(9), |1,)

is an isometric embedding. Because every linear subspace of a uniformly convex linear normed

space is also uniformly convex, (Wl’{pO(')’?(')}(Q), 1l > is uniformly convex. O

We say that W10 70}(Q) is a C1(Q)-module if whenever u € WO 70}(Q) and ¢ €
CY(9Q), it follows that ¢u € WiPO.FON Q). The C'(Q)-module is a ‘good’ property. Let us
analyse that under what condition W07 0}(Q) is surely a C'*(Q)-module.

Leti € {1,2,...., N} be fixed, and let py, p; € L°(Q2). Define

Wli:{PO(')vpi(')}(Q) = {uce LPO(')<Q) : Dju € Lpi(')<Q)}_
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Lemma 3.2.6. [ZI[17Z][9] W'i{roO)piC}(Q) is a CL(Q)-module if
po(x) > pi(x) forae x €. 3.9

Proof. Let condition hold.Then L7 (Q) — LPi)(Q). Let u € W'iir()r:O}(Q) and v €
CY(Q). Put v = u. Then, obviously v € LP0)(Q).Note thatD;v = ¥ D;u + uD;1.SinceDyu €
LPi0(Q) and ¥ € C°(Q) we have Y Dyu € LPi0)(Q). Since u € LP°O)(Q) — LPi)(Q) and Dy €
C°(Q2) we have uD;tp € LP«0)(Q). Thus D;v € LP*O)(Q) and v € Wi} (). This shows that

Widro ()20} (Q)) is a C(Q2)-module. O
From Lemma we immediately have the following theorem.

Theorem 3.2.7. [ZI[14] WO FOY(Q) is a CL(Q)-module if

po(x) > pi(x) forae. x€Q and i=1,.. N. (3.10)
For T(-) = (p1(-), pa(-), - o () € (LE(Q))N define
p’(x) = max{pi(z),...,pn(x)} and p"(r) = min{p(z),....,pn(2)}, Vo€ Q
From Theorem|[3.2.7|we see that, for W07} (Q) to be a C(Q)-module, an "exact’ case is to take
po(z) = p¥(x). In what follows, the space W’ O TOY(Q) is written simply by W7 O(12), namely
WL7O@Q) = {uel’’OQ): Due LPOQ) for i=1,.. N}
= {ue L, (Q):ue Q) Due LP(Q) for i=1,.. N}.

loc

Below we focus our discussion on the space WL7O ().

We denote by Wol’ﬁ(’) (2) the closure of C5°(2) in WE-PO(Q), and write WEPO(Q) = WEL7O(Q)N
W (). Let Q have a Lipschitz boundary 0S). For u € WEPO(Q) € WEH(Q), ulsq denotes the trace
on 9 of win WHH(Q). Then

Wl,?(v)(g) = {ue Wl»?(‘)(ﬂ) : uloq = 0}.

Obviously, W, ’?(‘)(Q) c WEPO(Q). It is well-known that in the constant exponent case, that

is, when 7 (-) = 7 € [1,00)", WOI’?(Q) = WP (Q). However in the variable exponent case, in
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geneml,Wol’?(')(Q) £ WEPO(Q), and C>(Q) need not be dense in W-PO(Q). For the density of

smooth functions in WLP0/(Q) we have the following result.

Theorem 3.2.8. [7][14] Let @ C RN be a bounded domain with Lipschitz boundary and 7 (-) €
(L2 ()N, Suppose that for each i = 1,2,...,N,p; : Q — R is log-Holder continuous, that is, there

exists a positive constant Lsuch that

pi(a) — pily)] < ——

_ 1
<———— for z,yeQ with |z —y| < -.
—Infz —y|

2

Then
(@) C2(Q) is dense in WHPO)(Q), and thus Wol’m')(Q) = WL7O(Q).

(b) C5°(Q) is dense in Wl’?(')(Q) if 2 is a rectangular domain with edges parallel to the coordinate

axes.

Proof. Statement (1) immediately follows from the known result on C§°(2)-density for the vari-
able exponent Lebesgue?Sobolev spaces [9]. To prove statement (2), let Q2 be a rectangular
domain with edges parallel to the coordinate axes. Denote by 3() the rectangular domain
with same centre as () and three times the side, and let  be a C'™ cut-off function between
Q and 3Q. We extend the function p; by reflections to a function on 3(, denoted still by p;. For
u € Wl’m')(Q),we may extend it by reflections to a function @ € le(')(?)ﬂ) Set v = nu. Then
v e W, (3Q) AWLPO (3€2). By statement (1), v can be approximated by the functions in C§°(3€2),

and thus v can be approximated by the functions in C*°(£2). Statement (2) is proved. O

We now turn to consider the embeddings of the anisotropic variable exponent Sobolev space

WLPO(Q). For T(-) = (p1(), p2(-), -, o (4) € (LT ()N and = € ©, we define
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In what follows, for brevity, a rectangular domain (or a cube) with edges parallel to the
coordinate axes is simply said to be a rectangular domain (or a cube). For z € R and ¢ > 0, we

denote by K (z,¢) the N-dimensional open cube with centre x and edge length <. Define
CUQ) ={ueC’(Q):u(x)>1 forall =€ Q}.

For 7(-) = (0:(), p2(-), -, pv(+)) € (L2(Q))N and G € , denote

p- ; Pl - p2,—(G)a ---,PN,—(G)-

Note that, by our notation, p_(G) denotes the harmonic average for m .

We say that (2 is a rectangular-like domain if (2 is a union of finitely many rectangular do-
mains. It is obvious that in statement (2) of Theorem and in part 1 of Proposition the
condition that €2 is a rectangular domain can be replaced by that 2 is a rectangular-like domain.

For W17 (Q) we give the following compact embedding theorem.
Theorem 3.2.9. [/]
(1) Let Q C RY be a rectangular-like domain and T (-) = (pi(-), p2(-), ..., py(+)) € (CL(Q))V.
(1) Ifq € CUQ) and
q(z) < max{p*(x),p"(z)} forall z €Q (3.11)
then WEPO(Q) <y LI0(Q)
@) Ifp(x) > N forall = € Q, then there exists 3 € (0,1) such that W-70(Q) — C%(Q),and
consequently, WP (Q) —— CO(Q).
(2) The same statements as in part 1 are true for any bounded domain Q C RY if use WL7O/(Q) or
W&’m')(ﬂ) instead of WHP ().
In order to prove statement (1) in part 1 of Theorem we first give the following two lemmas.
Lemma 3.2.10. [7] Let Q C RY be a bounded domains and 7/ () € (L°(2))™ Suppose that r € L°(Q)

and WP O(Q) s L7O(Q). Then WP O(Q) s LIO(Q) for any q € L2 (Q) satisfying condition

essinf(r(x) —q(x)) >0

z€Q
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Proof. Let ¢ € LY (2)andessinf,cq(r(x) — q(z)) = € > 0. Note that this implies that 7_ > 1 + .
Without loss of generality, we may assume ¢_ > 1, otherwise we use max{q(z),1+¢/2} instead
of ¢(z). It is obvious that W PO (Q) — LIO(Q. Let {u,} € WEFO(Q) is a bounded sequence.
Then, because W70 (Q) — L'O(Q) and WEPO(Q) < WE1(Q) << L}(Q) we can choose a
subsequence of {u,}, denoted still by {u,}, such that u,, — uo (weakly) in L'(Q) and u,, —
ug (strongly) in L'(Q). Setv, = u, — ug. By the Holder inequality for the variable exponent

Lebesgue spaces ([14] [9]) we have

r(2)—q(=) r(2)(q(z)=1) r(z)—q() r(2)(g(@)~1)
’,Un’q(x) dx — ‘rU ‘ r(z)—1 "U ‘ r(z)—1 d.rL' S 2 H’fun| r(z)—1 r(z)— H’fun’ r(z)—1 r(z)—1 .
O Q L@ q(z) La@)—1(Q)
. - . @)q(a) .
Since v, — 0 in L'(Q2), we can obtain that |||uv, | Eom r@)-1 — 0, and since
LT@—a@) ()

r(@)(a(2) 1) )
v, — 01in L"0(Q), we can see that {H\vn| )T ~x)-1 } is bounded, and consequently,

La@)=1(Q)

0,1 dz — 0, which implies v,, — 0 in L10(Q), that is,u,, — uo in LIO(Q). Lemma 3.2.10|is
Q p

proved. O
From Lemma[3.2.10]and the fact that W70 (Q) — L*"0)(Q) we have the following corollary.

Corollary 3.2.11. [7] Let 2 € RN bea bounded domainand ' (-) € (L°(Q))N. Then Wh7O(Q) e

L10(Q) for any q € L(Q) satisfying condition

essinf(p”(z) — q(x)) > 0.

€N

Lemma 3.2.12. [7] Let Q, 7 (-) and q(-) satisfy the assumptions given in part 1(1) of Theorem [3.2.9}

Then, given any x, € ), there exists an open cube K (xy, £, ) such that
WEPO(K (20, £40) N Q) 33 LI (K (20, ) N Q). (3.12)

Proof. Let any z, € Q be given. Under assumption (2.3), two cases may happen: either ¢(z() <

pY () or g(zo) < P*(z0). In the case that g(z) < pY(x), by the continuity of 7 and ¢, there

exists a cube K (zy, ,,) such that ¢(z) < pY(x) for all z € K(zo,¢e,,) N By Corollary 3.2.11

(3.12) holds.Now let ¢(z() < p*(x¢). We consider the following two cases, respectively.
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case (i) P(zo) < N . By the continuity of 7(-) and ¢(-), since ¢(z¢) < 7*(x0), there exists a cube

K (¢, €4,) such that

0 (K(20,220) 1) < (p- (K(20,220) ) )

Note that p_(K(zg,e,,)NR) < Pplxg) < N. Applying Proposition [3.1.5 to

E———
W hp—(K(wo.20)02) (K (4, £z,) N 2),we have that

—_— —_—
W e (K@) D (¢ (20, £50) N Q) ey L+ E@E00D ([ (72, )N Q)

As
P——
WEPO(K (20, £0,) N Q) 3 W= E@0a ([ (20 2. Y Q)
And
L‘H(W)(K(zo, 5960) N Q) — LQ(')(K(ZL‘(), 5900) N Q)
hence (3.12) holds.

Case (ii) p(zg) > N Since g € C°, we have ¢, < oco. It is easy to see that there exists § > 0 such

that

g <r* if r> N —.

Note that, by our notation,* = +ocifr > N. From 7i(z,) > N and the continuity of 7/ (-)

and 7(-), we can see that there exists a cube (K (x, €,) such that

p—(K(20,64,) NQ) >N —0

and consequently,

q+ < (p_(K(.I‘O, 5350) n Q))
From this we can see that (3.12) holds. Lemma 3.2.12is proved. O

Proof of Theorem[3.2.9} Based on Lemma [3.2.12} using the finite covering theorem for the com-
pact set O, we can prove statement (1) in part 1 of Theorem Applying conclusion (3) of

Proposition to a small rectangular-like neighbourhood of each point z € Q and using the
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finite covering theorem for the compact set {2, we can prove statement (2) in part 1 of Theo-
rem To prove part 2 of Theoremm let us consider the space WL70/(Q)(or Wol’?(')(Q)),
where Q) C RY is a bounded domain. Take a rectangular domain G C R" such that Q C G. For
eachi = 1,2, ...., N, there exists a continuous extension of the function p;(-) to G, denoted still
by p;(-), such that p; _(G) = p; () and p; + (G) = p; +(G). Forany u € WL70(Q)(or Wol’?(')(Q))
we additionally define u(z) = 0 for z € G \ Q. Then u € WHP)(G). Applying the results in
part 1 of Theorem to WL70(@), we can complete the proof of part 2 of Theorem O

The following theorem is a consequence of Theorem [3.2.9]

Theorem 3.2.13. [7] Let Q@ C RY be a bounded domain and p(-) = (pi(-),p2(*),....,pn (")) €
(CY(Q))N. Suppose that
pY(r) < p*(x) forall €. (3.13)

Then the following Poincare—type inequality holds:

forall we WHTOQ)(orw PO Q) (3.14)

LPi()(Q)

||U||LpV<> Q) =

8%

where C is a positive constant independent of u € Wh7O(Q). is an equivalent

Lm(-)(Q)

8x1
norm on WH70(Q)or Wol’ﬁ(')(ﬂ).

Proof. Theorem [3.2.13| immediately follows from Theorem and the Jaak Peetre’s lemma
on the equivalence of norms [42]. In addition, here we give a conventional proof of Theorem
3.2.13| Arguing by contradiction, assume that inequality (3.14) does not hold. Then there exists
a sequence {u,} C WLPOQ)(orWE 7V (9))) such that

ou,
8!131‘

||un||LpV()(Q =

LPi()(Q)

Without loss of generality, we can assume that Hun | 1sv¢) (@) = 1. Then

ou,,
8@-

1
< — for n=1,2....,
n

i=1 LPit)(Q)

and {u,} is bounded in VCVL?(')(Q)(orWO1 70 ( )).By Theorem 3 9/condition l-b 3) implies that

le?(')(Q)(orW(}’m')(Q))%% LP'0)(Q), and consequently there exists a subsequence of {u,},
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denoted still by {u,}, such that {u,} is convergent in L*"()(Q). Thus,{u,,} is a Cauchy sequence
in W70 (Q)(orW&’?(') (€2)),and hence there exists uy € W70 (Q)(or Wol’?(') (©)) such that u,, —

. N
ug in Wl,?(.)(Q)(Or Wol,?(J(Q)) as n — oo. Since % . < Lland % — % in Lri0)(Q)
i= 7 Lri()(Q 7 [3

fori=1,...., N, we have

N N

o) Oy,
Sl e
i=1 81‘1 LPi(')(Q) N0 i=1 81‘1 LPi(')(Q)

and consequently Vu, = 0. It follows from v, € WL70(Q) ¢ Wl(Q) that uy = 0, which

contradicts with that [|uo|| v () ) = limpseo [|tUnl| v () () = 1. The proof is complete. N

Now let us consider the case that py = 1. In this case, Wh{rO- 70O} () = WLLFON Q). Ttis
well-known that, in the constant exponent case, when 7= (p1, P2, ...,pn) and p < N, in general,

the embedding W {173(Q) < LP"(Q) may not be true even if 2 is a cube.
Proposition 3.2.14. [7]

(1) Let Q C RY be a rectangular domain and 7= (p1, p2, -, ) € [1,00)N satisfy condition

pi <P for i=1,2,.. N.
Then WY L7)(Q) — LP'(Q) if p < N, and WP} (Q) — L4(Q) for any q € [1,00) if p > N.
Q) IfW, ’{1’7}(9) is used instead of W*(L73(Q) in statement (1), then the corresponding embedding

results for W, ’{1’7}(9) are true for the generic bounded open set ), not only for a rectangular

domain.
Based on Proposition 3.2.14| we give the following theorem.
Theorem 3.2.15. [7]

(1) Let Q@ C RN be a rectangular-like domain and ' = (pi(-), p2(*), ..., pn(-)) € (C2())N. Sup-
pose that holds. Then WHLPOY(Q) = WEPO(Q), and consequently, by Theorem
B2.9gWhTO(Q) = WhinOTONQ) for any py € C(Q) satisfying condition po(z) < p* for
z € Q.
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(2) Let Q@ C RY be a bounded domain and holds.Then WH-.7OY(Q) = WLPO(Q) and
WOL{L?(')}(Q) _ W(}?()(Q)

The proof of Theorem [3.2.15|is omitted here because it can easily be completed by applying
Proposition 3.2.14{to a small rectangular-like neighbourhood of each point = € 2 and using the
finite covering theorem for the compact set Q.

Let 7 = (p1i(-),p2(4), o (t)) € (L2(Q2))N .We denote by Dé’m')(Q) the completion of

Oun

I . It is obvious that Wol’?(')(Q) C Dé’?(')(Q). In

N
C° () with respect to the norm
5°(82) p ; @)

the constant exponent case, that is, when ? = (p1,p2, ...,pn) € RY with p" > 1, it is well-known

that the following Poincare-type inequality holds :

ou

[ull iy < C Hax forall uwe Ce(R),(i=1,...,N) (3.15)
illzri(Q)
L7 L7 o
and consequently, W, " () = Dy?(Q) and Y |5 ) is an equivalent norm on
i=1 ¢ LLP

W, ’?(Q)FOTD(I)’?(') (22) we have the following theorem.

Theorem 3.2.16. [7] Let Q C RY be a bounded domain, 7 = (p1(+), p2(-)s o o () € (COU(2))N and
hold. Then DYPO(Q) = W70 ().

Proof. Since DY7O(Q) < DYY(Q) = WFYQ) < L) we have that D7 ()
We 07k Q). By TheoremB.2.15, DY V() = Wi 7O (q). O

Remark 3.2.17. It is well-known that W?(Q) — LP'(Q) if 1 < p < N. It is also known that
WPO(Q) — LP'O(Q) if p(r) < N for all z € Q and p(-) is Lipschitz continuous (or log-
Holder continuous) on Q . Theorem gives a compact embedding result for W7 ()(()
and W, ’?(')(Q), however, the following question on the critical embedding for WL70(Q) and
Wol’m')(Q) is open.

Theorem 3.2.18. Let Q C RY be a rectangular domain. Does the continuous embedding WEPO(Q) —
Lﬁ*(')(Q)(orWOl’?(')(Q) — LP"O(Q)) hold if p(x) < N forall x € Q and p;(-) is Lipschitz continuous

(or log-Holder continuous) on Q fori = 1,2, ..., N?
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Remark 3.2.19. In Theorem [3.2.16| condition (3.13) is assumed; however, in the constant expo-
nent case, inequality (3.15) holds without condition (3.13). We do not know whether the cor-
responding inequality like (3.15) for the Lipschitz variable exponent case holds without (3.13),

namely the following question is open.

Lemma 3.2.20. Does the equality W, 7?(’)((2) = Dé’?(')(Q) hold for the Lipschitz variable exponent

7 () without assumption ?

Theorem 3.2.21. [7] Let Q C RY be a bounded domain and p;(-) > 1 are continuous functions. Suppose

that

pi(z) <p*(x). (3.16)

Then the following Poincar-type inequality holds:

N N
17 i\’
[l o2y < C D IDiull iy - Yu € (W (9).
1=1

i=1

N
where C'is a positive constant independent of u. Thus,_ | Diul| 1r.c) o) is an equivalent norm on
=1

1=

N e ™).
3.2.1 Examples

LetQ c RN, N <2, be abounded open domain with Lipschitz boundary.

Let 7(-) : © C RY be a vector-valued function defined by

)= 0i(),p2(), e N (),

with p; € C,.(Q) foralli € {1,....., N.}
Define

pi(2) = max(pi(z), ..., p1(z)), Vo € Q.
The anisotropic variable exponent Sobolev space WLP0(Q) is defined by
WEPOQ) = {ue LPO(Q): Du e I#O(Q), for i=1,..,N}
= {ue LY (Q):ue PO(Q), Due PV for i=1,..,N}
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endowed with the norm
N
||UHW1»7(->(Q) = ||uHLi”+<‘)(Q) + Z ||Diu||LT’+(‘)(Q) . (3.17)
i=1

We denote by 1, ’7(')(9) the closure of C§°(£2) in the norm of WL70(Q), and we introduce a
natural generalization of the variable exponent Sobolev space W'#() () we write W17 0)(Q) =
WLPO(Q)N W] (Q). As in isotropic case, since is supposed to be a bounded open domain with

Lipschitz boundary 02, then
WEPO(Q) = {u e WHPO(Q) : ulpg = 0}

. The spaces WLPO(Q), W&’?(')(Q) and W(}’ﬁ(')(ﬁ) are separable and reflexive Banach spaces

when they are supplied with the norm defined in (3.17). By (Wol ’7(')(Q)> we understand the

dual space of Wol’?(')(Q).

It is well-known that in the constant exponent case, that is, when 7/(-) = 7 €
(1, +o0)™, W(}’?(Q) — W7 (Q). However in the variable exponent case, in general Wol’?(') (Q) ¢
WL70(Q) and the smooth functions are in general not dense in WLP0(Q). Nevertheless, if p;
is log-Holder continuous over Q for each i € {,..., N} then C5°(Q) is dense in WP ()(1), and
thus W7 0(Q) = WLPO(Q).

We put for all z € Q

N

N 1
e

00 if p(z) < N. where p(x) =

Np(z i —
{ w ek if pz) < N,

In what follows we introduce some versions of the anisotropic embedding theorems.

Theorem 3.2.22. [ Let Q C RY an open bounded domain and 7 (-) € (CL(Q))N. If ¢ € C(Q) with

q(z) < max(py(x),p*(x)) for all z € Q. Then the embedding
WhPO(Q) < LI0(Q), (3.18)

is compact. The same statement is true if we use Wol’?(') (Q2) instead of WLPO(Q).
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Theorem 3.2.23. [1]] Let Q € RY an open bounded domain and T (-) € (C.(Q))N. Suppose that
Vo € Q,pi(x) <p*(z). (3.19)

Then the following Poincaré-type inequality holds

N
lull oy 00y < C S IDstull gy Y € WHPO(Q) or (W(}W')(Q)) (3.20)
=1
where C' is a positive constant independent of u. Thus Z | Dsul| pp;0 ) is an equivalent norm on
WETO©Q) or (WY (@).
Let () = (p1(-), s pn(2)) € (CL())N. We let D270 be the variable exponent anisotropic

Sobolev space defined as the completion of C§°(€2) with respect to the norm
N
lolly e = Y 1Dl

the space Dé’?O(')(Q) equipped with the above norm is a reflexive Banach space. It is obvious that
WS’?(')(Q) - Dé’m')(ﬁ). In the constant exponent case, that is, when P (-) = 7 = (p1,...,pn) <

(1, 00)N, it is well-known that the following Poincaré-type inequality :
[l i) < ClIDittl o,y forall we Cg®(Q),i=1,...N

The sufficient condition for the coincidence of the spaces W, 7O () and D-Po0)(Q) is given by the

following proposition

Proposition 3.2.24. [1] Let 7 (-) € (C(Q))N and (1.13) hold. Then D 7O ( ) = W&’?(')(Q).

In order to facilitate the manipulation of the space Do’ﬁ(') (Q2), we introduce the following notations

P =1, py) Py =max{py,...py} and p- =max{py,..,py}-

By 7~ we denote the harmonic mean of ' _, that is,

11 i 1
- N%<p
If1 <p~ < N, wedefine (p~)* € RT and p—, 00 € R by
— N Np~ kL
®) =~ = —, and p—,o00 =max{(p")",p}}.
1 N-—p
S Lt—1
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Theorem 3.2.25. [[1] Let Q@ C RN (N > 2) be a bounded domain with Lipschitz boundary. Assume that
1
> —>1 (3.21)
Then, for any q € C,(Q) satisfying
q(z) < p—,00 forall x€Q,

the embedding
DLTO(Q) — L10(0), (3.22)

is continuous and compact.

Theorem 3.2.26. [15] Let QO C RY be a bounded domain and p;(Y) > 1 are continuous functions.

Suppose that
pi(z) < p*(z).
where
Np(x [y
too i ple) = N
N -
and =7 = = > ooy~ Lhen the following PoincarAfAQ-type inequality holds:
i=1""
HUHLP+< ) < CZ“DUHLM(Q)v Vu € mWOlpl (€2).
i=1 i=1
where C is a positive constant independent of u and p,(Q}) = max{pi(x),...,pn(x)}z € Q.

Thus, Z | Dsul| 1o () is an equivalent norm on NY, Wy il (Q).

Lemma 3.2.27. [15] Let Q@ C RY, Q7 = (0,T) x Q, and p;(-) :— (1, 00) be a continuous function. We

have the following continuous embeddings
LP(0,T; LPO(Q)) < LPO(Qr) < L+ (0,T; LPO(Q)) (3.23)

Proof. Letv € LP"")(Qr) and Holder inequality, we find the estimate
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T B _ _ p; /pi
ot )| dt < v(t, ) [P da, o(t, z) [P d dt
Lrit(Q
0 @ Q 0
r _ - T _ o /ot
/ /’v(t,x)|pl(x)d:cdt+T1_”i /pj(/ /|v(t,x)|pl(w) dmdt>p ’
o Ja o Ja

IA

we obtain

[ o

Lpi(')(Q)

dt < max{ l[o]|7 )l }—i—Tl_pz‘_/p+ max{ Hv

LP'L( N(QT) "’ Lm( )(QT) Lm( ) QT Lpz( )(QT) }

Therefore, v € LP: (0,T; LP()(Q)), and the embedding of LP:")(QT) into LPi (0, T; LP:")(Q)) is

continuous.The first embedding in (3.23)) can be proved in a similar way. O
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Conclusion

In this memory, we presented a study on some results about an anisotropic variable exponents
Sobolev spaces, and their basic properties. This work raises a number of questions that deserve
to be addressed for example [7], Anisotropic variable exponents Sobolev spaces and p(z) Lapla-
cian equations. Elliptic Equations. For this reason we think that the memory will be useful also

for researchers interested in the anisotropic variable exponents Sobolev spaces case only.
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