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Abstract

The theory of function spaces with variable exponents has rapidly made progress in the past
20 years, so in this memory our goal is to study some basic properties of anisotropic variable
exponent Sobolev spaces.

keywords: Anisotropic, variable exponent, Sobolev space, embedding.

Résumé

La théorie des espaces fonctionnels à exposant variable fait des progrès impressionnants
tout au cours des vingt dernières années, donc dans cette mémoire, notre objectif est étudier
quelques propriétés des espaces de Sobolev anisotrope à exposant variable.

mots-clés: Anisotrope, exposant variable, espace de Sobolev, injections.
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List of Symbols

In what follows, we will use the following notations.

Rn Euclidean, n-dimensional space,

x Vecteur de Rn, x = (x1, x2, ..., xn), xi ∈ R, 1 ≤ i ≤ n

dµ or dx Lebesgue measure N -dimensional

|E| or mes (E) Measure of Lebesgue of a set E

|Ω| Measure of the set Ω

↗ Limit of an increasing sequence,

χE Characteristic function of the set E,

Ω Open set in RN

Ω The closure set of in RN

a.e. almost everywhere

∂Ω The border of Ω

B Open ball,

B(x, r) Open ball with center x and radius r > 0,

BE the closed unit ball of E ,

BE = {x ∈ E| ‖x‖ = 1}
W k,p(·) Sobolev space,

W
k,p(·)
0 Sobolev space with zero boundary values,

W−k,p(·) dual space of W−k,p(·),

W 1,−→p anisotropic Sobolev space,

P set of variable exponents,

P log variable exponents p such that 1
p

is log-Hölder continuous,

Diu = ∂u
∂xi

The partial derivative of u with respect to xi,

D(Ω) space of indefinitely differentiable functions on Ω,

p′ dual exponent,

p∗ Sobolev conjugate

p+, p− essential supremum and infimum of p,
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C∞ Smooth functions,

C∞0 Smooth functions with compact support,

L Usually the constant from equivalence of Φ-functions,

∆u the gradient of u,

∇u the Laplacian of u,

' is similar or equal to,

X∗ The dual space of X

p− = minx∈Ω(p(x)),

p+ = maxx∈Ω(p(x)),

WE,~p : E =
{
α ∈ Nn; |α| 5 1

}
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Introduction

The Sobolev space (see [4],[12]) is a vector space of functions that have weak derivatives. Mo-

tivation for studying these spaces is that solutions of partial differential equations, when they

exist, belong naturally to Sobolev spaces. The reason Sobolev spaces are so effective for PDEs

is that Sobolev spaces are Banach spaces, and thus the powerful tools of functional analysis can

be brought to bear. In particular, the existence of weak solutions to many elliptic PDE follows

directly from the Lax-Milgram theorem.

In addition variable exponent Lebesgue-Sobolev spaces have been intensively studied during

the last years ( see [3], [5], [6], [8], [10], [11],[16], [17] and [18] for more details ). These spaces

of functions provide a useful tool for the study of both isotropic and anisotropic elliptic and

parabolic equations with variable exponent ( see [1],[2], [7], [15] )

In this memory, we try to study an interesting topic like some basic properties of anisotropic

variable exponent Sobolev spaces, as well as completeness, separability, uniform convexity,

reflexivity, density of smooth functions, duality, convergence, continuous-compact embedding

(injection), Poincaré-type inequality, anisotropic Sobolev inequalities, anisotropic embedding

theorems and Hölder’s inequality, Furthermore, the log-Holder continuous conditions...ect.

The memory consists of three chapters. The first chapter focuses on isotropic case, the sec-

ond on isotropic case with variable exponents and the third on anisotropic case with variable

exponents.

In the preliminaries (Chapter 1) we establish the notation of the memory. We introduce some

important results on some definitions, examples of Sobolev spaces and some results about the

extension theorems, the boundary trace theorems and the embedding theorems. Also, we re-

call the most important results about completeness, separability, uniform convexity, reflexivity,
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density of smooth functions in the case constant exponents.

In Chapter 2 of this memory we introduce the study of some definitions and basic proper-

ties of the variable exponent Lebesgue-Sobolev spaces as generalization of some results as in

Chapter 1.

In the last chapter (Chapter 3) we give the necessary notations and some properties of

anisotropic constant and variable exponent Sobolev spaces and some important results as in In

Chapter 2.
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CHAPTER 1

SOBOLEV SPACES

1.1 Motivation and definition of Sobolev Spaces

let C∞c (Ω) be the set of infinitely differentiable functions with compact support ϕ : Ω → R.

function ϕ ∈ C∞c (Ω) will often be called a test function.For each u ∈ C1(Ω) and taking into

account that every ϕ ∈ C∞c(Ω) has compact support, Greens identity yields

ˆ
Ω

uϕxi = −
ˆ

Ω

uxiϕ ∀ϕ ∈ C∞c (Ω),∀i = 1, ...., n

This motivates the definition of Sobolev spaces as follows:

Definition 1.1.1. [12] For each 1 ≤ p ≤ ∞ the Sobolev space W 1,p(Ω) is defined by

W 1,p(Ω) =
{
u ∈ Lp(ω)

∣∣∣∃g1,...,gN∈LP (Ω) such that´
Ω uϕxi=−

´
Ω giϕ ∀ϕ∈C∞c (Ω)

}
We denote by uxi = gi the weak derivative of u ∈ W 1,p(Ω), which are unique as we will see

now. Also, the gradient of u is defined by∇u = (ux1 , ...., uxN ) if p = 2 we writeH1(Ω) = W 1,2(Ω)

In order to prove that the weak derivative is unique, we shall first state the following well

known lemma, about Lp spaces:

Lemma 1.1.2. [12] Let Ω ∈ RN be an open set and let u ∈ l1loc(Ω) be such that
ˆ

Ω

uϕ = 0 ∀ϕ ∈ C∞c (Ω)

Then,u = 0 a.e. on Ω

Now we can proof the uniqueness of weak derivative, as follows:

9



Proposition 1.1.3. [12][13] let u ∈ Lp(Ω)be a function that has a weak derivative uxi . Then, this weak

derivative is unique except in a set of zero measure, that is, if g, h ∈ Lp(Ω) are two functions such that
´

Ω
uϕxi = −

´
Ω
gϕ = −

´
Ω
hϕ for every ∀ϕ ∈ C∞c (Ω),then g = h a.e .

Proof. Suppose that there exist,g, h ∈ Lp(Ω) such that
´

Ω
uϕxi = −

´
Ω
gϕ = −

´
Ω
hϕ,∀ϕ ∈ C∞c (Ω)

.Let ψ = g − h.We shall see that Ψ = 0 a.e we have that

ˆ
Ω

ψϕ = 0 ∀ϕ ∈ C∞c (Ω)

Since ψ ∈ C∞c (Ω), in particular ψ ∈ Lploc ⊂ L1
loc Therefore, using the previous lemma, ψ = 0 a.e.,

and therefore the weak derivative is well dfined (up to a set of zero measure)

There is an alternative way to dfined the Sobolev Spaces. Given a function f ∈ Lp(RN) and

ei the i-th vector of the canonical basis of RN we say that the i-th partial derivative of f exists

in the Lp sense and equals fxi , if ε−1(τεeif − f)→ −fxi in Lp(RN) ,when ε→ 0. The function τεei

defined by (τεeif)(x) = f(x+ εei) .

With these definitions , we can alternatively define the sobolev space as

W 1,p(RN) = {f ∈ Lp(RN)|fxi exists in the Lp sense for every i = 1, ..., N}

Both definitions of the partial derivative fxi can be proved to be equal. In what follows, the

first definition will be used, instead of the alternative definition.

For each u ∈ W 1,p(Ω), we define the norm of u by

‖u‖W 1,p = ‖u‖p +
N∑
1

‖uxi‖p (1.1)

Moreover, H1(Ω)is a Hilbert space equipped with the following scalar product:

(u, v)H1 = (u, v)L2 +
N∑
i=1

(uxi , vxi)L2 (1.2)

Since H1(Ω) is a Hilbert space, (1.2) induces a norm in H1(Ω),

‖u‖
′

H1 =

(
‖u‖2

2 +
N∑
i=1

‖uxi‖
2
2

)1/2

This norm is equivalent to1.1 for p = 2.
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1.2 First properties of Sobolev Spaces

Proposition 1.2.1. [12][4] Let Ω ⊂ RN be an open set. Then, the following statemente hold :

(i) For each 1 ≤ p ≤ ∞,W 1,p(Ω) is a Banach space.

(ii) For each 1 < p <∞,W 1,p(Ω) is refelexive.

(iii) For each 1 ≤ p <∞,W 1,p(Ω) is a separable.

Proof. 1

(i) Let {un}n∈N be a Cauchy sequence in W 1,p(Ω), with 1 ≤ p ≤ ∞, Then, from 1.1 it follows that

{un}n∈N and
{

(un)xi
}
n∈N , with 1 ≤ i ≤ N , are Cauchy sequences in Lp . Thus, since Lp is a

Banach space , it follows that un → n and (un)xi → gi in Lp with u, gi ∈ Lp Therefore, since

ˆ
unϕxi = −

ˆ
Ω

(un)xi ϕ ∀ϕ ∈ C∞c (Ω)

Letting n→ +∞ ˆ
uϕxi = −

ˆ
Ω

giϕ ∀ϕ ∈ C∞c (Ω)

Therefore, we obtain that u ∈ W 1,p, uxi = gi and thus ‖un − u‖W 1,p = ‖un − u‖p +∑N
i=1 ‖Un − gi‖p → 0, as desired.

(ii) Consider the space E = Lp(Ω)× Lp(Ω)N which is reflexive since it is the product of reflexive

spaces. Set the operator T : W 1,p(Ω) → E defined by Tu = (u,∇u) Then, T is an isometry, and

since W 1,p(Ω) is a Banach space,M = T (W 1,p(Ω)) is a closed subspace of E since E is reflexive,

BE is compact in the weak topology σ (E,E?), and M is closed in the topology σ (E,E?) There-

fore, BM is compact in σ (E,E?) , and Therefore T (W 1,p) is reflexive .As a consequence, W 1,p is

also reflexive .

(iii) Under the notation of (ii), and taking into account that E is separable , it follows that

T (W 1,p(Ω)) is separable and therefore W 1,p(Ω) is also separable .

1As mentioned in the Preface, whenever a black circle precedes some content, this content is original.

11



Under some conditions, one can think of a function u ∈ W 1,p(Ω) as a function in u ∈ C(Ω).

Indeed, if u ∈ W 1,p(Ω) , for a certain 1 ≤ p ≤ ∞ ,and uxi ∈ C(Ω) for each 1 ≤ i ≤ N , where the

partial derivative is a weak partial derivative, then it can be proven that there exists v ∈ C1(Ω)

suth that u = v a.e .

Moreover, we can stablish the following density result, although we will later prove a

stronger result under some more assumptions. But first, we need to introduce the following

lemma.

Lemma 1.2.2. [12][4] Set ρ ∈ L1(RN), v ∈ W 1,p(RN) with 1 ≤ p ≤ ∞. Then, ρ ? v ∈ W 1,p(RN) and

for each i = 1; ......, N , we must have that (ρ ? v)xi = ρ ? (v)xi .

Proposition 1.2.3 (Friedrichs). [12][4] Let u ∈ W 1,p(Ω) with 1 ≤ p ≤ ∞.Then there exists a sequence

{un}n∈N ⊂ C∞c (RN) such that

un|Ω → u ∈ Lp(ω)

and

∇un|ω → ∇u|ω in Lp(ω)N for all ω ⊂⊂ Ω

If Ω = RN , then there exists a sequence {un}n∈N ⊂ C∞c (RN) so that

un → u in Lp(RN)

and

∇un → ∇u in Lp(RN)N

Proof. Set u = uχΩ, and take vn = ρn ? u with ρn a sequence of mollifiers.Then,vn ∈ C∞(RN)

and, moreover,vn → u in Lp(RN) . We must see that for each ω ⊂⊂ Ω,∇vn|ω → ∇u|ω in Lp(ω)N .

Let ω ⊂⊂ Ω,and take a function α ∈ C1
c (Ω) such that 1 ≤ α ≤ ∞ and α|ω = 1.It is easy to check

that such function exists. Then, for n large enough,

supp(ρn?(αu)−ρn?u) = supp(ρn?(1−α)u) ⊂ supp ρn + supp(1− α)u) ⊂ B(0, 1/n) + supp(1− α) ⊂ (ω)c

12



And, therefore,

ρn ? (αu) = ρn ? u on ω (1.3)

Using the previous lemma, we have

(ρn ? αu)xi = ρn ? (αu)xi = ρn ? (αuxi + αxiu)

The last equality follows from the fact that for each ϕ ∈ C∞c (RN) ,

ˆ
RN
αuϕxi =

ˆ
Ω

αuϕxi =

ˆ
Ω

u[(αu)xi − αxiϕ] = −
ˆ

Ω

(uxiαϕ+ uαxiϕ) = −
ˆ
RN

(αuxi + αxiu)ϕ

As a consequence, it follows that

(ρn ? αu)xi → αuxi + αxiu in Lp(RN)

After a restriction to ω, we have that

(ρn ? αu)xi → uxi in Lp(ω)

We shall define a certain sequence of cut-off functions ζn now.Fix a function ζ ∈ C∞c (RN) such

that 0 ≤ ζ ≤ 1, and

ζ(x) =

{
1 if |x| < 1

0 if |x| ≥ 2

We define the sequence of cut-offs ζn(x) = ζ(x/n). Now, using the dominated convergence

theorem the sequence un = ζnvn satisfies that un → u in Lp(Ω), and ∇un → ∇u in (Lp(ω))N .if

Ω = RN ,the sequence defined by un = ζn (ρn ? u) satifies the desired properties .

The following proposition offers a characterization of the elements of W 1,p

Proposition 1.2.4. [12][4] Let u ∈ Lp(Ω), with 1 < p ≤ ∞. The following properties are equivalent:

13



(i) u ∈ W 1,p(Ω)

(ii) There exists a constant C > 0 such that∣∣∣∣ˆ
Ω

uϕxi

∣∣∣∣ ≤ C ‖ϕ‖Lp′ (Ω) ∀ϕ ∈ C∞c (Ω), ∀i = 1, 2....., N

(iii) there exists a constant C > 0 so that for every ω ⊂⊂ Ω and h ∈ RN such that |h| < dist (ω, δΩ) we

have

‖τhu− u‖Lp(ω) ≤ C |h|

Where τh is defined by τhu(x) = u(x+ h).

If Ω = RN , we have

‖τhu− u‖Lp(RN ) ≤ |h| ‖∇u‖Lp(RN )

Proof. (i)⇒ (ii) Since u ∈ W 1,p(Ω), for each ϕ ∈ C∞c (Ω) i = 1; ....;N,

∣∣∣∣ˆ
Ω

uϕxi

∣∣∣∣ =

∣∣∣∣ˆ
Ω

uxiϕ

∣∣∣∣ ≤ ‖uxi‖p ‖ϕ‖p′
(ii)⇒ (i) Given i ∈ {1, ...., N} , Consider the linear functional

ϕ ∈ C∞c (Ω) 7→
ˆ

Ω

uϕxi

This linear functional is defined on a dense subspace of Lp′ ,since p′ <∞ as 1 < p.Moreover,

this functional is continuous for the norm in Lp
′ because of (ii). Thus, we may apply Hahn-

Banach theorem in order to extend this functional to a bounded linear functional F that is

defined in all of Lp′ Applying the Riesz representation theorem, there must exist a function

g ∈ Lp

〈F, ϕ〉 =

ˆ
Ω

fϕ ∀ϕ ∈ Lp′

In particular,

ˆ
Ω

uϕxi =

ˆ
Ω

gϕ ∀ϕ ∈ C∞c

14



And therefore u ∈ W 1,p.

(i) ⇒ (iii).Suppose that u ∈ C∞c (RN) .A density argument will beused to prove the general

case.Set h ∈ RN , and set v(t) = u(x+ th), for each t ∈ R Clearly v′(t) = h∇u(x+ th), and hence

u(x+ h)− u(x) = v(1)− v(0) =

ˆ 1

0

v′(t)dt =

ˆ 1

0

h.∇u(x+ th)dt

Therefore, for each 1 ≤ p <∞

|τhu(x)− u(x)|p ≤ |h|p
ˆ 1

0

|∇u(x+ th)|p dt

Integrating on ω, we reach to

ˆ
ω

|τhu(x)− u(x)|p dx ≤ |h|p
ˆ 1

0

dt

ˆ
ω

|∇u(x+ th)|p = |h|p
ˆ 1

0

dt

ˆ
ω+th

|∇u(y)|p dy

Now, take |h| < dist(ω, ∂Ω).Then, clearly there exists an open set ω′ ⊂⊂ Ω such that ω+ th ⊂

ω′ for all t ∈ [0, 1] ,Therefore,

‖τhu− u‖pLP (ω)
≤ |h|p

ˆ
ω

|∇u|p

Which proves the case where u ∈ C∞c (RN), 1 < p < 1. Using proposition 1.2.3, the general case

follows.

(iii) ⇒ (ii). Take ϕ ∈ C∞c (Ω). We may pick an open set ω that is contained in between

suppϕ,and Ω that is, suppϕ ⊂ ω ⊂⊂ Ω.Now, we proceed as follows: pick h ∈ RN ,with

|h| < dist(ω, ∂Ω).We are now under the hypotheses of (iii), so that∣∣∣∣ˆ
Ω

(τhu− u)ϕ

∣∣∣∣ ≤ |h ‖|ϕ‖Lp′ (Ω)

Now, we have that

ˆ
Ω

(u(x+ h)− u(x))ϕ(x)dx =

ˆ
Ω

u(y) (ϕ (y − h)− ϕ (y)) dy

We conclude that ˆ
Ω

u(y)
(ϕ(y − h)− ϕ(y))

|h|
dy ≤ C ‖ϕ‖Lp′ (Ω)

(ii) follows from letting h = tei and taking t→ 0.
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Weak derivatives enjoy some properties that are analogous to the case of C1 functions, such

as the differentiation of a product and composition, and the change of variables formula. The

following results, whose proofs are omitted, state these properties (See H. Brezis [4] , Chapter

9, for the corresponding proofs)

Weak derivatives enjoy some properties that are analogous to the case of C1 functions, such

as the differentiation of a product and composition, and the change of variables formula. The

following results, whose proofs are omitted, state these properties (See H. Brezis [4], Chapter 9,

for the corresponding proofs)

Proposition 1.2.5. [12][4] Let 1 ≤ p ≤ ∞. Then,W 1,P (Ω) ∩ L∞(Ω) is closed under multiplication,

that is, for every u, v ∈ W 1,P (Ω) ∩ L∞(Ω), its product uv ∈ W 1,P (Ω) ∩ L∞(Ω),. Moreover,

(uv)xi = uxiv + uvxi , i = 1, 2...., N

Proposition 1.2.6. Let G ∈ C1(R) be a differentiable continuous function such that G(0) = 0 and

‖G′‖∞ ≤M , with M ≥ 0.Then, for each u ∈ W 1,P (Ω) (1 < p ≤ ∞)the composition of G and u belongs

to W 1,P .That is, G ◦ u ∈ W 1,P (Ω),and moreover

(G ◦ u)xi = (G′ ◦ u)uxi , i = 1, 2...., N

Proposition 1.2.7. [12][4] Let Ω′,Ω ⊂ RN be two open sets, and H : Ω′ → Ω a bijective map of class

C1, such that H−1 ∈ C1(Ω),jacH ∈ L∞(Ω′) and jacH−1 ∈ L∞(Ω) where Jac denotes the Jacobian

matrix. Then, u ◦H ∈ W 1,P (Ω′)

(u(H(y)))yj =
∑
i

uxi(H(y))(Hi(y))yj , j = 1, 2...., N

1.3 Wm,p(Ω)spaces

After defining theW 1,p(Ω),spaces, we can define the generalWm,p spaces recursively. Letm ≥ 2

be an integer, and 1 ≤ p ≤ ∞ .Then, we define

Wm,p(Ω) = {u ∈ Wm−1,p(Ω)
∣∣uxi ∈ Wm−1,p(Ω) , ∀i = 1, 2...., N}
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An equivalent way of defining these Sobolev spaces is defning Wm,p as

Wm,p(Ω) =
{
u ∈ Lp(ω)

∣∣∣∀α with |α|≤m,∃gα∈Lp(Ω)such that´
Ω uD

αϕ=(−1)|α|
´
Ω gαϕ ∀ϕ∈C∞c (Ω)

}
The multi-index notation have been used. That is,α = (α1, ...., αN) ∈ NN and |α| =

∑
i αi.

Moreover,

Dαϕ =
δ|α|ϕ

δxα1
1 ....δx

αN
N

We denote Dαu = gα.Then, it can be proved (although its proof will be omitted) that

Wm,p(Ω) is a Banach space with the norm

‖u‖Wm,p =
∑

0≤|α|≤m

‖Dαu‖p (1.4)

Just like in the W 1,2 case, Wm,2(Ω),is a Hilbert space that is denoted by Hm(Ω), and its scalar

product is

(u, v)Hm =
∑

0≤|α|≤m

(Dαu,Dαv)L2

Again, the norm arising from this scalar product is equivalent to 1.4.

1.4 Extension Operators and Sobolev Inequalities

One may wonder if given a function u ∈ W 1,p(Ω) with Ω $ RN , there exists an extension

ũ ∈ W 1,p(RN).That is, a function ũ ∈ W 1,p(RN) such that ũ|Ω = u a.e. This is not true in general,

unless we require more hypotheses to Ω . If the domain is smooth enough, a concept that will

be defined now, the result is actually true.

Notation. Let x ∈ RN .We write x as x = (x′, xN),with x′ ∈ RN−1 Moreover, we denote |x′| =

‖(x1, ...., xN−1)‖2, where ‖.‖ is the euclidean norm of RN−1. Finally, we define the following sets:

(i) RN
+ = {(x′, xN) ∈ RN |xN > 0}

(ii) Q = {(x′, xN) ∈ RN ||x′| < 1and |xN | < 1}

(iii) Q = Q ∩ RN
+
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(iv) Q = {(x′, 0) ∈ RN ||x′| < 1}

Definition 1.4.1. An open set Ω ⊂ RN is said to be of class C1 if for every x ∈ ∂Ω = Γ there

exists a neighborhood U of x in RN and a bijective map H : Q→ U such that

H ∈ C1(Q), H−1 ∈ C1(U), H (Q+) = U ∩Q, and H (Q0) = U ∩ Γ,

Under these conditions, H is said to be a local chart.

The following theorem assures the existence of an extension operator that extends any func-

tion u ∈ W 1,p(Ω) to a function ũ ∈ W 1,p(RN), as long as Ω is of class C1:

Theorem 1.4.2. [12][4] Let Ω ∈ RNbe a domain of class C1 with Γ = ∂Ω bounded or Ω = RN
+ .Then,

there exists a linear operator

P : W 1,p(Ω)→ W 1,p(RN)

with 1 ≤ p ≤ ∞,that fulfills the following properties for each u ∈ W 1,p(Ω)

(i) (Pu)|Ω = u,

(ii) ‖Pu‖Lp(RN ) ≤ C ‖u‖Lp(Ω),

(iii) ‖Pu‖W 1,p(RN ) ≤ C ‖u‖W 1,p(Ω),

with C ≥ 0 a constant that depends only on Ω. P is the extension operator we mentioned before.

Using this result, we may prove a density result regarding W 1,p spaces.

Corollary 1.4.3. [12][4] Suppose Ω is of class C1. Then, the restrictions to Ω of functions in C∞c (RN)

form a dense subspace of W 1,p(Ω).

Proof. Let u ∈ W 1,p(Ω) First, we will assume that Γ is bounded. Using the previous theorem,

there exists an extension operator P . Let

un = ζn (ρn ? Pu)

With ζn the cut-off functions previously mentioned, and ρn a sequence of molliffers.

Then,un ∈ C∞c (RN) un|Ω → u in W 1,p(Ω).
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If, on the other hand, Γ is not bounded, we consider the sequence ζnu. Then, ζnu → u in

W 1,p(Ω) so we may pick n0 ≥ 1 so that ‖ζn0u− u‖W 1,p < ε. Using the case where Γ is bounded,

we can construct an extension v ∈ W 1,p(RN) of ζn0 .Finally, using 1.2.3 we pick w ∈ C∞C (RN)

such that ‖w − v‖W 1,p(RN ) ≤ ε.Then,

∥∥w|Ω − u∥∥W 1,p(Ω)
≤

∥∥w|Ω − ζn0u
∥∥
W 1,p(Ω

+ ‖ζn0u− u‖W 1,p(Ω

≤ ‖w − v‖W 1,p(RN ) + ε < 2ε

The following corollary generalizes a classical result of C1 functions: if u is of class C1 and

its partial derivatives vanish in an open connected set U , then u is constant on U .

Corollary 1.4.4. [12][4] Let Ω ⊂ RN be a domain such that Ω = RN ,or Ω is of class C1 with Γ

bounded.If u ∈ W 1,p(Ω) satisfies that

uxi = 0 on U ⊂ Ω, ∀1 ≤ i ≤ N

with U ⊂ Ω an open connected set, then u|U is constant.

Proof. Assume that Ω = RN .First. Let {ρn} be a sequence of mollifiers such that ρn ? u → u in

W 1,p(RN). Using Lemma 1.2.2,

(ρn ? u)xi = ρn ? (uxi) = 0 on U, ∀1 ≤ i ≤ N, n ≥ 1

Since (ρn ? u) ∈ C∞(RN),ρn ?uhas to be constant on U , and taking into account that (ρn ? u)|U →

u|U ,u is constant on U .

if Ω ⊂ RN is a domain of class C1 with Γ bounded,using the Extension Operator Theo-

rem 1.4.2, we extend u to a function in W 1,p(RN) using the extension operator P : W 1,p(Ω) →

W 1,p(RN).Then,(Pu)xi|U = uxi|U = 0 .

Thus, using the case where Ω = RN we just proved, necessarily Pu|U has to be constant, and as

a consequence u|U is constant.
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In numerous occasions, it is useful to embed Sobolev spaces into other spaces. Namely,

it is important to know if we can embed a Sobolev space in some Lq space, or even in the

space of continuous functions. Moreover, it is useful to determine when these embeddings are

continuous or compact.

The dimension of the space will play a key role here, and the space where the Sobolev space is

embedded will in general depend on the dimension of the space. Whether Ω is a proper subset

of RN or not will also be important.

1.4.1 When Ω = RN

Lemma 1.4.5. [12][4] Let N ≥ 2,and set f1, ..., fN ∈ LN−1(RN−1).Given x ∈ RN ,we denote x̃i as

x̃i = (x1, x2, ..., xi−1, xi+1, ..., xN) ∈ RN−1

Then,

f(x) = f1(x̃1)...fN(x̃N) ∈ L1(RN)

And we have the estimate

‖f‖L1(RN ) ≤
N∏
i=1

∥∥fi
∥∥
LN−1(RN−1)

Now, the following theorem gives us a first result about when a Sobolev space is included in a Lp space.

Theorem 1.4.6 (Sobolev, Gagliardo, Nirenberg). [12][4] For each 1 ≤ p ≤ N ,let p? be the unique

number that is defined by 1
p?

= 1
p
− 1

N
. Then, we have the inclusion

W 1,p(RN) ⊂ Lp
?

(RN)andp∗ =
PN

N − P

Moreover, there exists a constant C that only depends on p and N , such that

‖u‖p? ≤ C ‖∇u‖p

Proof. Assume that p = 1 and u ∈ C1
c (RN) First. Then,

|u(x1, x2, ..., xN)| =
∣∣∣∣ˆ x1

−∞
ux1(t, x2, ..., xN)dt

∣∣∣∣ ≤ ˆ ∞
−∞
|ux1(t, x2, ..., xN)| dt (1.5)
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Let fi(x̃i)=
´∞
−∞ |uxi (x1, ..., xi−1, t, xi+1; ..., xN)| dt. Then, proceeding as in 1.5, we have that

|u(x1, x2, ..., xN)| ≤ fi(x̃i), i = 1, ..., N

It follows, using the previous lemma, that

ˆ
RN
|u(x)|N/(N−1) dx ≤

N∏
i=1

∥∥fi
∥∥1/N−1

L1(RN−1)
=

N∏
i=1

‖uxi‖
1/N−1

L1(RN )

That is,

‖u‖LN/(N−1) (RN) ≤
N∏
i=1

‖uxi‖
1/N

L1(RN )
(1.6)

Which is precisely what we wanted to prove, since if p = 1 ,p? = N/(N − 1).For the general

case 1 < p < N (although with u ∈ C1
c (RN)),we proceed as follows. Let m ≥ 1.Applying 1.6 to

|u|m−1 u, we have that

‖u‖mmN/(N−1) ≤ m
N∏
i=1

∥∥|u|m−1 uxi
∥∥1/N

1
≤ m ‖u‖m−1

P ′(m−1)

N∏
i=1

‖u‖1/N
p (1.7)

Since m is arbitrary, we may pick m so that mN/(N − 1) = P ′(m − 1) ,obtaining m =

(N − 1)p?/N. Notice that m ≥ 1 since 1 < p < N . Then,

‖u‖p? ≤ m
N∏
i=1

‖uxi‖
1/N
p

And thus ‖u‖p? ≤ C ‖∇u‖p The conclusion is immediate: Using Fatou’s lemma, u ∈ Lp? and

‖u‖p? ≤ C ‖∇un‖p

Remark 1.4.7. In the theorem, we can take C = C(p,N) = (N − 1)p = (N − P ). However, this

is not the optimal constant. It is possible to calculate the optimal one, although the procedure

is not simple at all.

Corollary 1.4.8. [12][4] If 1 ≤ p < N , then

W 1,p(RN) ⊂ Lq(RN) ∀q ∈ [p, p?]

with a continuous injection.
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Proof. Let q ∈ [p, p?]. Write

1

q
=
α

p
+

1− α
p?

, for some α ∈ [0, 1]

It can be checked that ‖u‖q ≤ ‖u‖
α
p ‖u‖

1−α
p? ≤ ‖u‖p ‖u‖p? . Young’s inequality has been used

in here. Therefore, using the theorem that was just proved,

‖u‖q ≤ C ‖u‖W 1,p ∀u ∈ W 1,p(RN)

A good question that arises from the Sobolev, Gagliardo and Nirenberg is what happens

when p = N . The following corollary answer this question:

Corollary 1.4.9. [12][4] The following embedding holds:

W 1,N(RN) ⊂ Lq(RN) ∀q ∈ [N,+∞)

Proof. As usual, we assume that u ∈ C1
c (RN) first. We can apply 1.7 with p = N , obtaining

‖u‖mmN/(N−1) ≤ m ‖u‖m−1
(m−1)N/(N−1) ‖∇u‖N ∀m ≥ 1

Using Young’s inequality,

‖u‖mN/(N−1) ≤ C
(
‖u‖(m−1)N/(N−1) + ‖∇u‖N

)
∀m ≥ 1

In the previous equation we can pick m = N . Then,

‖u‖N2/(N−1) ≤ ‖u‖W 1,N

Using Gagliardo-Nirenberg interpolaiton inequality,we conclude that

‖u‖q ≤ C ‖u‖W 1,p

For every q such that N ≤ q ≤ N2/(N − 1).We repeat the argument with m = N + 1, N +

2, ...and we finally get

‖u‖q ≤ ‖u‖W 1,N ∀u ∈ C1
c (RN)

For every q ≥ N . Repeating the usual density argument, the corollary is proved.
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Lastly, we have the following embedding result by Morrey, for the case where p > N .

Proposition 1.4.10 (Morrey). [12][4] If p > N , then

W 1,p(RN) ⊂ L∞(RN)

The injection is continuous, and moreover for every u ∈ W 1,p(RN), and if we define α as α = 1−N/p,

we have

|u(x)− u(y)| ≤ C |x− y|α ‖∇u‖p a.e. x, y ∈ RN (1.8)

where C is constant and depends only on p and N .

For a proof of this theorem, see H. Brezis [4].

Let us emphasize an implication of the previous theorem. Let Λ ⊂ RNbe a set of zero

measure such that the inequality 1.8 is satisfied in RN \ Λ Then, we can extend the function

u|RN \A to a continuous function in RN ,and given the fact that RN\Λ is dense in RN this extension

is unique. That is, we can replace u by a continuous representative. Using repeatedly the

theorems and corollaries that were stated previously :

Corollary 1.4.11. [12][4] Let m ∈ N and 1 ≤ p < ∞. Then, we have the following continuous

injections:

Wm,p(RN) ⊂ Lq(RN), with
1

q
=

1

p
− m

N
, if

1

p
− m

N
> 0

Wm,p(RN) ⊂ Lq(RN), ∀ p ≤ q <∞ if
1

p
− m

N
= 0 (1.9)

Wm,p(RN) ⊂ L∞(RN), if
1

p
− m

N
< 0

Moreover, we have that Wm,p(RN) ⊂ Ck(RN) with k = [m− (N/p)]

1.4.2 When Ω ⊂ RN

In what follows, Ω will be considered to be a domain of class C1, with Γ = ∂Ω bounded, or

Ω = RN
+ . In this section the Theorem 1.4.2 will play a crucial role. The general idea that will

appear in the proofs of this section is to extend the functions ofW 1,p(Ω) to a function ofW 1,p(RN)

using Theorem 1.4.2, in order to use the results from the previous section.
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Proposition 1.4.12. [12][4] For each 1 ≤ p ≤ ∞,we have the following continuous injections:

W 1,p(Ω) ⊂ Lp
?

(Ω), where
1

p?
=

1

p
− 1

N
, if p < N

W 1,p(Ω) ⊂ Lq(Ω), ∀ p ≤ q <∞ if p = N (1.10)

W 1,p(Ω) ⊂ L∞(Ω), if p > N

Proof. Using Theorem 1.4.2, we take the extension operator

P : W 1,p(Ω) → W 1,p(RN).Then, we apply the different results from the previous section where

we studied the case of RN , in order to conclude the desired results after a restriction to Ω .

Corollary 1.4.13. [12][4] If p > N , for every u ∈ W 1,p(Ω) we have

|u(x)− u(y)| ≤ C ‖u‖W 1,p |x− y|α a.e. x, y ∈ Ω (1.11)

with α = 1− N
p

and C is a constant depending on Ω, p and N . Thus, W 1,p ⊂ C(Ω).

Proof. . In a similar way as in the proof of the previous theorem, take the extension operator P

and apply Morrey’s Theorem 1.4.10

Corollary 1.4.14. [12][4] The conclusions of Corollary 1.4.11 are still true if RN is replaced by Ω. The

following result shows different cases in which the injection is compact, instead of just continuous. It

will be very useful in the second part of the Dissertation, where PDEs will be studied.

Theorem 1.4.15 (Rellich-Kondrachov). Let Ω ⊂ RNbe a bounded domain of class C1. Then, the

following injections are compact:

W 1,p(Ω) ⊂ Lq(Ω) ∀q ∈ [1, p?), where
1

p?
=

1

p
− 1

N
, if p < N

W 1,p(Ω) ⊂ Lq(Ω) ∀q ∈ [p,+∞), if p = N (1.12)

W 1,p(Ω) ⊂ C(Ω), if p > N
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Proof. Let p > N. Let H be the unit ball in W 1,p(Ω).Using Proposition 1.4.12 the injection

W 1,p(Ω) ⊂ L∞(Ω) is continuous. Thus, there exists a constant M > 0 such that ‖u‖∞ ≤

M ‖u‖W 1,p . Therefore, the set H is bounded. Now, we will prove that H is equicontinuous.

Given ε > 0, set δ = (ε/C)1/α,where C is the constant mentioned by 1.11. Then, for each x, y ∈ Ω

such that |x− y| < δ,

|u(x)− u(y)| ≤ C ‖u‖W 1,p |x− y|α a.e. ∀u ∈ H

So, indeed, H is an equicontinuous family. Using Ascoli-Arzelàs theorem, H has compact

closure and therefore the the injection is compact.

The case p = N reduces to the case p < N , so we will study the ase where p < N now.

Again, we denote by H the unit ball in W 1,p(Ω).Using the Theorem 1.4.2, we consider the

extension operator P . Set F = P (H), so that H = F|Ω We will use Kolmogorov Riesz com-

pactness theorem to prove that H has compact closure in Lp(Ω), for q ∈ [1, p?).We can assume

that q ≥ p, since Ω is bounded. Clearly,F is bounded in W 1,p(RN),for (the prove is similar to

the case p > N ), and therefore it is also bounded in Lq(RN) by Corollary 1.4.8. In order to use

Kolmogorov Riesz’s theorem, we have to check that

lim
|h|→0

‖τhf − f‖Lq(RN ) = 0 uniformly in f ∈ F (1.13)

Using Proposition (1.2.4),

‖τhf − f‖Lp(RN ) ≤ |h| ‖∇f‖Lp(RN ) f ∈ F

We write
1

q
=
α

p
+

1− α
p?

for some α ∈ (0, 1]

Since p ≤ q < p?. Using Gagliardo-Nirenberg interpolation inequality we conclude that

‖τhf − f‖Lq(RN ) ≤ ‖τhf − f‖αLp(RN ) ‖τhf − f‖
1−α
Lp? (RN ) (1.14)

≤ |h|α ‖∇f‖αLp(RN ) (2 ‖f‖Lp? (RN ))
1−α ≤ C |h|α
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Where C is a constant that does not depend on F , because as we have proved F is bounded

in W 1,p. Then, 1.13 holds, and thus using Kolmogorov-Riesz’s compactness theorem the injec-

tion is compact.

Corollary 1.4.16. Let {un} be a bounded sequence in W 1,p(Ω) , 1 ≤ p < ∞,such that un → u weakly

on W 1,p(Ω) ,with Ω bounded andof class C1,Then, there exists a subsequence that converges strongly to

u in Lp(Ω)and in particular there exists a subsequence that converges a.e. to u.

Proof. .Using Theorem (1.13)[4], the injection W 1,p(Ω) ⊂ Lp(Ω) is compact. That is, the injection

operator i : W 1,p(Ω) → Lp(Ω) is compact. Thus and taking into account that {un} is bounded,

i(un) = un has a convergent subsequence in Lp(Ω). Therefore, due to the uniqueness of the

limit, we must have that un → u strongly in Lp(Ω). Moreover, since un → in Lp(Ω),we can

extract again a subsequence that converges a.e. to u.

1.5 Wm,p
0 (Ω) space and its dual

Definition 1.5.1. [12] We denote by W 1,p
0 (Ω) with 1 ≤ p <∞ the closure of C1

c (Ω) in W 1,p(Ω).We

write H1
0 (Ω) := W 1,2

0 (Ω).We can equip the space W 1,p
0 with the norm of W 1,p . Then, the space is

a separable Banach space,and it is reflexive for 1 < p < ∞. if p = 2 , the space H1
0 is a Hilbert

space, equipped with the scalar product of H1. An immediate observation is that given the fact

that C1
0(RN) is dense in W 1,p(RN) , we obtain W 1,p

0 (RN) = W 1,p(RN)

Similarly, we define de space Wm,p
0 (Ω) as the closure of Cm

c (Ω) in Wm,p
0 (Ω)

Intuitively, a function ofW 1,p
0 (Ω) vanishes on Γ = ∂Ω. This is noT accurate at all, since a function

u ∈ W 1,p(Ω) is well defined up to a set of zero measure (itisdefineda.e.), so it does not make

sense to say that u vanishes on Γ. However, the next result will formalize this idea. Similarly

we can think of a function u ∈ Wm,p
0 (Ω) as a function u ∈ Wm,p such tat Dαu = 0 ,on Γ, for every

multi-index α with |α| ≤ m− 1 .

Theorem 1.5.2. [12][4] Let Ω be a domain of class C1,and let 1 ≤ p < 1. Set u ∈ W 1,p(Ω) ∩ C(Ω).

Then, u = 0 on Γ if and only if u ∈ W 1,p
0 (Ω).

26



The proof will be omitted2. This kind of results belong to the Theory of traces. Roughly

speaking, the trace of u on Γ , denoted by u|Γ is a linear operator,

defined in an appropiate way fromW 1,p(Ω) into Lp(Γ). A corollary of this result is Poincare’s

inequality, that estimates the norm of a function u ∈ W 1,p
0 (Ω).in terms of its gradient:

Corollary 1.5.3 (Poincare’s inequality). Let 1 ≤ p < 1, and a bounded domain. Then, there exists a

constant C such that 2

‖u‖p ≤ C ‖∇u‖p ∀u ∈ W 1,p
0 (Ω)

The constant C depends only on Ω and p. Therefore, ‖∇u‖Lp(Ω) is a norm on W 1,p
0 (Ω).equivalent

to 1.1. For the Hilbert space H1
0 (Ω), the scalar product

∑
i

´
Ω
uxivxi induces the norm ‖∇u‖2 and it is

equivalent to ‖u‖H1 .

The dual of W 1,p
0 (Ω) will be denoted by W−1,p′

0 (Ω) . If p = 2, we write H−1(Ω) := W−1,2(Ω).if

Ω is bounded, we have the following continuous and dense injections:

W 1,p
0 (Ω) ⊂ L2(Ω) ⊂ W−1,p′

0 (Ω) if 2N/(N + 2) ≤ p <∞

If Ω is not bounded the injections are still continuous and dense, but only if 2N/(N + 2) ≤

p <∞. Therefore, in particular

H1
0 (Ω) ⊂ L2(Ω) ⊂ H−1(Ω)

With continuous and dense injections, for every domain Ω ⊂ RN . the following proposition

gives a better insight of the elements of W−1,p′ .

Proposition 1.5.4. [12][4] Given f ∈ W−1,p′

0 (Ω) there exist f0, f1, ..., fN ∈ Lp
′
(Ω) such that

〈f, v〉 =

ˆ
Ω

f0v +
N∑
i=1

ˆ
Ω

fivxi ∀v ∈ W 1,p
0 (Ω)

and ‖f‖ = max0≤i≤N ‖fi‖p′ . Moreover, we may pick f0 = 0 if Ω is bounded.

2See H. Brezis [1] for a proof of the theorem.
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Proof. Set E = Lp(Ω)N+1 . E is a Banach space equipped with the norm

‖h‖ =
N∑
i=1

‖hi‖p , h = (h0, h1, ...hN)

We define the following map:

T : W 1,p
0 (Ω) → E (1.15)

u 7→ (u, ux1 , ux2 , ...., uxN )

Taking into account (1.1), T is a isometry. Set G = T (W 1,p
0 (Ω)),and set S = T−1 : G →

W 1,p(Ω).The map h ∈ G 7→ 〈f, Sh〉 is a bounded linear functional on G. We may use Hahn-

Banach theorem now, and extend it to a bounded linear functional φ that is defined on all of E,

and ‖Φ‖E? = ‖F‖.

Using Riesz representation theorem, there exist functions f0, f1, ...., fN ∈ LP
′ such that

〈Φ, h〉 =
N∑
i=0

ˆ
Ω

fihi ∀h ∈ E

Moreover, ‖Φ‖E? = max0≤i≤N ‖fi‖p′ .Therefore, if u ∈ W 1,p
0 (Ω),

〈Φ, Tu〉 = 〈f, u〉 =

ˆ
Ω

f0u+
N∑
i=0

ˆ
Ω

fiuxi (1.16)

If Ω is bounded we may equip the space W 1,p
0 (Ω) with the following norm:

‖u‖W 1,p =
N∑
i=1

‖uxi‖p

and repeating the same argument with E = LP (Ω)N ,we conclude that we can take f0 in

(1.16)
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CHAPTER 2

SOBOLEV SPACES WITH VARIABLE
EXPONENTS

2.1 Basic properties

Definition 2.1.1. [5][6][10] Assume that u ∈ L1
loc(Ω).Let α := (α1, ..., αn) ∈ Nn

0 be a multi-index.

If there exists g ∈ L1
loc(Ω) such that

ˆ
Ω

u
∂α1+...+αnψ

∂α1x1...∂αnxn
dx = (−1)α1,...,αn

ˆ
Ω

ψgdx

for all ψ ∈ C∞0 (Ω) , then g is called a weak partial derivative of u with respect to α . The

function g is denoted by ∂αu or by ∂α1+...+αnu
∂α1x1...∂αnxn

. Moreover, we write ∇u to denote the weak

gradient
(
∂u
∂x1
, ..., ∂u

∂xn

)
of u and we write short ∂ju for ∂u

∂xj
with j = 1, ..., n. More generally we

write∇ku to denote the tensor with entries ∂αu, |α| = k

If a function u has classical derivatives then they are also weak derivatives of u. Also by

definition∇u = 0 almost everywhere in an open set where u = 0.

Definition 2.1.2. [6][10][11] The function u ∈ Lp(·)(Ω) belongs to the space W k,p(·)(Ω),where

k ∈ N0 and p ∈ P(Ω),if its weak partial derivatives ∂αu with |α| ≤ k exist and belong to Lp(·)(Ω)

We define a semimodular on W k,p(·) by

%Wk,p(·)(Ω)(u) :=
∑

0≤|α|≤K

%Lp(·)(Ω)(∂αu)

which induces a norm by

‖u‖Wk,p(·)(Ω) := inf{λ > 0 : %Wk,p(·)(Ω)

(u
λ

)
≤ 1}.
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For k ∈ N the space W k,p(·)(Ω) is called Sobolev space and its elements are called Sobolev func-

tions. Clearly W 0,p(·)(Ω) = Lp(·)(Ω)

Remark 2.1.3. [11] It is also possible to define the semimodular %Wk,p(·)(Ω) on the larger set

W k,1
loc (Ω) or even L1

loc(Ω). Then W k,p(·)(Ω) is just the corresponding semimodular space.

We define local Sobolev spaces as usual:

Definition 2.1.4. [6][10][11] A function u belongs to W k,p(·)
loc (Ω) if u ∈ W k,p(·)(U) for every open

U ⊂⊂ Ω. We equipW k,p(·)
loc (Ω) with the initial topology induced by the embeddingsW k,p(·)

loc (Ω) ↪→

W k,p(·)(Ω) for all open U ⊂⊂ Ω

Sobolev functions, as Lebesgue functions, are defined only up to measure zero and thus we

identify functions that are equal almost everywhere. If the set Ω is clear from the content, we

abbreviate ‖u‖Wk,p(·)(Ω) to ‖u‖k,p(·) and %Wk,p(·)(Ω) to %k,p(·).

Remark 2.1.5. (i) Note that in W k,p(·)(Ω)

k∑
m=0

%Lp(·)(Ω) (|∇mu|) and
k∑

m=0

‖|∇mu|‖Lp(·)(Ω)

define a semimodular and a norm equivalent to the Sobolev semimodular and the Sobolev

norm, respectively. We abbreviate ‖|∇mu|‖Lp(·)(Ω) as ‖∇mu‖Lp(·)(Ω) , m ∈ N

(ii) One easily proves, using Lemma 3.2.4 (see [6]), that for each 1-finite partition (Ωi)i∈N of Ω

we have

‖u‖Wk,p(·)(Ω) ≤
∞∑
i=1

‖u‖Wk,p(·)(Ωi)

for all u ∈ W k,p(·)(Ω).

Theorem 2.1.6. [6][10][11] let p ∈ P(Ω).The space W k,p(·)(Ω) is a Banach space, which is separable if

p is bounded, and reflexive and uniformly convex if 1 < p− ≤ p+ <∞.

Proof. we proof only the case k = 1, the proof for the general case is similar. We first show that

the Sobolev spaces is a Banach space, for that let (ui) be a Cauchy sequence in W 1,p(·)(Ω). We

have to show that there exists u ∈ W 1,p(.)(Ω) such that ui → u in W 1,p(·)(Ω). as i → ∞. Since
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the Lebesgue space Lp(·)(Ω) is a Banach space (Theorem3.2.7) (see [6]), there exist u, g1, ..., gn ∈

Lp(·)(Ω) such that ui → u and ∂jui → gj in Lp(·)(Ω) for every j = 1, ..., n. Let ψ ∈ C∞0 (Ω). Since ui

is in W 1,p(·)(Ω). we have ˆ
Ω

ui∂jψdx = −
ˆ

Ω

ψ∂juidx

Strong convergence in Lp(·)(Ω) implies weak convergences and hence we have
ˆ

Ω

ui∂jψdx→
ˆ

Ω

u∂jψdx and

ˆ
Ω

ψ∂juidx→
ˆ

Ω

ψgjdx

as i → ∞. Thus the right-hand sides on the previous line yield that (g1, ..., gn)is the weak

gradient ofu. It follows that u ∈ W 1,p(·) and uj → u in W 1,p(·).

By Theorem 3.4.4 (see [6]) , Lp(·)(Ω) is separable if p+ < ∞ and by Theorem 3.4.7 (see [6]),

Lp(·)(Ω) is reflexive if 1 < p− ≤ p+ < ∞. By the mapping u 7→ (u,∇u), the space W 1,p(·)(Ω) is a

closed subspace of Lp(·)(Ω) × (Lp(·)(Ω))n.thus W 1,p(·)(Ω) is separable if p+ < ∞, and reflexive if

1 < p− ≤ p+ <∞ by Proposition 1.4.4.

For the uniform convexity we note that W 1,p(·)(Ω) satisfies the ∆2- condiction provided

that p+ < ∞.The Lp(·)-modular is uniformly convex for p− > 1 by Theorem 2.4.11 and the

proof of Theorem 3.4.9. Thus %Wk,p(·) is uniform convex as a sum of uniform convex modulars

(Lemma2.4.16) (see [6]).ThusW 1,p(·)(Ω) is uniform convex with its own norm by Theorem 2.4.14

(see [6]).

A normed space X has the Banach-Saks property if 1
m

∑m
i=1 ui → u when ever ui ⇀ u.

Corollary 2.1.7. [6][10][5] Let p ∈ P(Ω) with 1 < p− ≤ p+ < ∞.Then the Sobolev space W k,p(·)(Ω)

has the Banach-Saks property.

Lemma 2.1.8. [5][6][10] Let p ∈ P(Ω) with W k,p(·)(Ω) ↪→ W k,p−

loc (Ω). if |Ω| < ∞,then W k,p(·)(Ω) ↪→

W k,p−(Ω).

Proof. This follows immediately from the embedding Lp(·)(Ω) ↪→ Lp
−

(Ω) see Corollary 3.3.4.

A (real valued) function space is a lattice if the point-wise minimum and maximum of any

two of its elements belong to the space. Next we show that the variable exponent Sobolev space

of first order has this property.
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Proposition 2.1.9. [5][6][11] Let p ∈ P(Ω). If u, v ∈ W 1,p(·)(Ω) then max{u, v} and min {u, v} are in

W 1,p(·)(Ω) with

∇max(u, v)(x) =

{
∇u(x), for almost every x ∈ {u ≥ v} ;
∇v(x), for almost every x ∈ {v ≥ u} ;

∇min(u, v)(x) =

{
∇u(x), for almost every x ∈ {u ≤ v} ;
∇v(x), for almost every x ∈ {v ≤ u} ;

In particular,|u| belongs to W 1,p(·)(Ω) and |∇ |u|| = |∇u| almost every where in Ω

Proof. It suffices to prove the assertions for max {u, v} since min {u, v} = −max {−u,−v}. By

Lemma 2.1.8 we know that W 1,p(·)(Ω) ↪→ W 1,1
loc (Ω) and so the formulas for ∇max(u, v) and

∇min(u, v). We next note that ‖max {u ≤ v}‖p(·) ≤ ‖u‖p(·) + ‖v‖p(·) and ‖∇max {u ≤ v}‖p(·) ≤

‖∇u‖p(·) +‖∇v‖p(·).Thus it follows that max {u, v} ∈ W 1,p(·)(Ω).Analogously, we get min {u, v} ∈

W 1,p(·)(Ω).The claims for |u| follow by noting that |u| = max {u, 0} −min {u, 0} .

Note that the previous proposition yields that ∇u = 0almost everywhere in a set where u is

constant.

We close this section by defining Sobolev spaces with zero boundary values and proving

basic properties for them.

Definition 2.1.10. [6][10][11] let p ∈ P(Ω) and k ∈ N. The Sobolev space W k,p(·)
0 (Ω) with zero

boundary values is the closure of the set of W k,p(·)(Ω)-functions with compact support, i.e.

{
u ∈ W k,p(·)(Ω) : u = uχk for a compact k ⊂ Ω

}
in W k,p(·)(Ω).

Remark 2.1.11. The closure of C∞0 (Ω) in the space W k,p(·)(Ω) is denoted by Hk,p(·)
0 (Ω).

Clearly C∞0 (Ω) ⊂ W k,p(·)(Ω).Later in Section 11.2 we will study in more detail Sobolev func-

tions with zero boundary values. We will show in Proposition (see [6]) that if p is bounded and

smooth functions are dense in the Sobolev space then W
k,p(·)
0 (Ω) = H

k,p(·)
0 (Ω).In particular we

will obtain that if p ∈ P log(Ω) is bounded, then W k,p(·)
0 (Ω) = H

k,p(·)
0 (Ω) (Corollary 11.2.4).
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Remark 2.1.12. [11] In contrast toH1,p(·)
0 (Ω) , the spaceW 1,p(·)

0 (Ω) has the following fundamental

property: if u ∈ W 1,p(·)(Ω) and v is a Lipschitz continuous function with compact support in Ω ,

then uv ∈ W 1,p(·)(Ω).Next we will see that for certain exponents p the product uv need not to be

in H1,p(·)
0 (Ω) ,and thus it may hold that H1,p(·)

0 (Ω) & W
1,p(·)
0 (Ω).

Theorem 2.1.13. [6][10][11]

Let p ∈ P(Rn). The space W k,p(·)
0 (Ω) is a Banach space, which is separable if p is bounded, and

reflexive and uniformly convex if 1 < p− ≤ p+ <∞.

Proof. Since W 1,p(·)
0 (Ω)is a closed subspace of W 1,p(·)(Ω), the properties, follow by Proposition

1.4.4(see [6]) and Theorem 2.1.6.

Lemma 2.1.14. [5][6][10] Let p ∈ P(Rn).and u ∈ W
k,p(·)
0 (Ω). Then u extended by zero to Rn \ Ω

belongs to W k,p(·)(Rn)

Proof. Let u ∈ W k,p(·)(Ω) with compact support, i.e. there exists a compact set K ⊂ Ω such that

u = χKu almost everywhere. We define εu to be the extension of u (as a measurable function)

by zero outside of Ω . that εu ∈ W k,p(·)(Rn) and ∂αε(u) = ε(∂αu) almost everywhere for |α| ≤ k.

Choose η ∈ C∞0 (Ω) such that χK ≤ η ≤ χΩ .Then for all ψ ∈ C∞0 (Rn) and |α| ≤ k we have

ˆ
Rn
εu∂αψdx =

ˆ
Ω

u∂α(ψη)dx = (−1)|α|
ˆ

Ω

(∂αu)ψηdx = (−1)|α|
ˆ
Rn

(ε(∂αu))ψdx,

where we used that u = 0 and ∂αu = 0 outside of K and η = 1 on K.

This proves ∂αε(u) = ε(∂αu) .Since ε(∂αu) ∈ Lp(·)(Rn), it follows that εu ∈ W k,p(·)(Rn).Moreover,

‖u‖Wk,p(·)(Ω) = ‖εu‖Wk,p(·)(Rn) ,so ε is a isometry on the set of compactly supported W k,p(·)(Rn)

functions. Since those functions are by definition dense inW k,p(·)
0 (Ω) toW k,p(·)(Rn).In particular,

u ∈ W k,p(·)
0 (Ω) implies εu ∈ W k,p(·)(Rn).

2.2 Poincaré inequalities

We start this section by showing that for log-Hölder continuous exponents we get the Poincaré

inequality with a constant proportional to diam (Ω). After that we give a relatively mild condi-
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tion on the exponent for the Poincaré inequality to hold. We also show that this condition is, in

a certain sense, the best possible.

Concerning the regularity of the domain we consider in particular bounded John domains

(cf. Definition 7.4.1) (see[6]) . The constant exponent Poincaré inequality is known to hold for

more irregular domains but the inequality is mostly used in John domains.

We recall the following well-known lemma that estimates u in terms of the Riesz potential,

due to.For completeness we provide a proof. Recall that I1 denotes the Riesz potential operator

(cf. Definition 6.1.1)(see[6]); note also the convention that I1f denotes I1(χΩf) if the function f

is defined only in Ω.

Lemma 2.2.1. [5][6][11]

(a) For every u ∈ W 1,1
0 (Ω), the inequality

|u| ≤ cI1 |∇u|

holds a.e. in Ω with the constant c depending only on the dimension n.

(b) if Ω ⊂ Rn is a bounded α-John domain, then there exists a ball B ⊂ Ω and a constant c such that

|u(x)− 〈u〉B| ≤ cI1 |∇u| (x)

holds a.e. in Ω for every W 1,1(Ω). The ball B satisfies |B| ≤ |Ω| ≤ c′ |B| and the constants c and c′

depend only on the dimension n and α.

Proof. We prove only (b). The proof of (a) is similar.

We consider first claim (b) when Ω is a ball. Assume that u ∈ C∞(Ω) ∩W 1,1(Ω). We have

u(x)− u(y) = −
ˆ |x−y|

0

∇u
(
x+ r

y − x
|y − x|

)
.
y − x
|y − x|

dr

Integrating with respect to y over Ω and dividing the result by |Ω| , we obtain

u(x)− 〈x〉Ω = − 1

Ω

ˆ
Ω

ˆ |x−y|
0

∇u
(
x+ r

y − x
|y − x|

)
.
y − x
|y − x|

drdy

Using the notation

D(z) =

{
∇u(z), if z ∈ Ω;
0, if z /∈ Ω;
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we obtain

|u(x)− 〈u〉Ω| ≤
1

|Ω|

ˆ
{x−y≤diam(Ω)}

ˆ ∞
0

∣∣∣∣D(x+ r
y − x
|y − x|

)∣∣∣∣ drdy
=

1

|Ω|

ˆ ∞
0

ˆ
∂B(0,1)

ˆ diam(Ω)

|D(x+ rw)| %n−1d%dwdr

≤
ˆ ∞

0

ˆ
∂B(0,1)

|D(x+ rw)| dwdr

=

ˆ
Ω

|D(y)|
|x− y|n−1dy = I1 |∇u| (x)

This concludes the proof in the ball when u is smooth. For u ∈ W 1,1(Ω) , we take smooth

approximations ψi such that ψi → u in W 1,1(Ω) and almost everywhere. Then 〈ψi〉Ω → 〈u〉Ω

and I1 |∇ψi| (x)→ I1 |∇u| (x),where we also used the continuity of the Riesz potential in L1(Ω).

This yields the claim for u.

Suppose now that Ω is a bounded α-John domain. Then Ω satisfies the emanating chain

condition with constants depending only on α.let Q0 be the central emanating ball. If x ∈ Q0,

then the claim follows by what was just proved. Otherwise, let (Qj)
m
j=0 be the emanating chain

connecting x and Q0. Let Bj be the balls in the intersection Qj ∩ Qj+1 as in the Definition 7.4.1

(see[6]) Then∣∣∣u(x)− 〈u〉Q0

∣∣∣ ≤ ∣∣∣u(x)− 〈u〉Qm
∣∣∣+

m−1∑
j=0

∣∣∣〈u〉Qj+1
− 〈u〉Bj

∣∣∣+
∣∣∣〈u〉Bj − 〈u〉Qj ∣∣∣

≤ I |∇u| (x) + 2
m−1∑
j=0

∣∣∣〈u〉Bj − 〈u〉Qj ∣∣∣
Let us estimate the second term:∣∣∣〈u〉Bj − 〈u〉Qj ∣∣∣ ≤  

Bj

∣∣∣u− 〈u〉Qj ∣∣∣ dy
≤ σn2

 
Qj

∣∣∣u− 〈u〉Qj ∣∣∣ dy
≤ c σn2 diam(Qj)

 
Bj

|∇u| dy.

Since|x− y| ≤ σ2 diam(Qj) and (Qj) has overlap less than or equal to σ1 ,we obtain
m−1∑
j=0

diam(Qj)

 
Qj

|∇u| dy ≤ cσn−1
2

m−1∑
j=0

ˆ
Qj

|∇u|
|x− y|n−1dy ≤ cσ1σ

n−1
2 I |∇u| (x)

. The assertion follows when we combine the previous three estimates.
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Remark 2.2.2. [11] One easily checks that the assertions in Lemma 2.2.1 also holds for u ∈

L1
loc(Ω) with |∇u| ∈ Lp(·)(Ω).

Lemma 2.2.3. [5][6][16] Let Ω be a bounded α-John domain and let p ∈ P log(Ω).If A ⊂ Ω has positive

finite measure, then

c
|A|
|Ω|
‖u− 〈u〉A‖Lp(·)(Ω) ≤ ‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ c ‖u− 〈u〉A‖Lp(·)(Ω)

For u ∈ Lp(·)(Ω), where c depends on the dimension n, cloc(p) and α.

Proof. By the triangle inequality, ‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ ‖u− 〈u〉A‖Lp(·)(Ω) + ‖〈u〉A − 〈u〉Ω‖Lp(·)(Ω) We

estimate the second term by Holder’s inequality:

‖〈u〉A − 〈u〉Ω‖Lp(·)(Ω) = |〈u〉A − 〈u〉Ω| ‖1‖Lp(·)(Ω)

= |Ω|−1 ‖u− 〈u〉A‖L1(Ω) ‖1‖Lp(·)(Ω)

≤ c
‖1‖Lp′(·)(Ω) ‖1‖Lp(·)(Ω)

|Ω|
‖u− 〈u〉A‖L1(Ω) .

Since p ∈ P log(Ω),the fraction in the last estimate is bounded by a constant according to Lemma

7.4.5 (see[6]). The lower bound is proved similarly.

Theorem 2.2.4 (Poincaré inequality). [6][13][10] let p ∈ P log(Ω),or p ∈ A

(a) for every u ∈ W 1,p(·)
0 (Ω), the inequality

‖u‖Lp(·)(Ω) ≤ c diam(Ω) ‖∇u‖Lp(·)(Ω)

holds with a constant c depending only on the dimension n and clog(p).

(b) If Ω is a bounded α-John domain, then

‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ cdiam(Ω) ‖∇u‖Lp(·)(Ω)

for u ∈ W 1,p(·)(Ω), The constant c depends only on the dimension n, α and clog(p).
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Proof. We prove only the latter case. The proof for the first case is similar;

the only difference is to use in Lemma 2.2.1 case (a) instead of case (b). We note that p ∈ P log(Ω)

can be extended to Rn so that p ∈ A (Proposition 4.1.7 and Theorem 4.4.8)(see[6]).

By Lemma 2.2.1 (b) and Lemma 6.1.4 we obtain

|u(x)− 〈u〉B| ≤ I1 |∇u| (x) ≤ c diam(Ω)
∞∑
k=1

2−kTk+k0 |∇u| (x)

for every u ∈ W 1,p(·)(Ω) and almost every x ∈ Ω where k0 ∈ Z is chosen such that 2−k0−1 ≤

diam(Ω) ≤ 2−k0 . Since p ∈ A, the averaging operator Tk+k0 is bounded on Lp(·)(Ω) (cf. Remark

6.1.3)(see[6]). Using also the triangle inequality, we obtain

‖u− 〈u〉B‖Lp(.)(Ω) ≤ c diam(Ω)
∞∑
k=1

2−k ‖Tk+k0 |∇u|‖Lp(.)(Ω)

≤ c diam(Ω) ‖∇u‖Lp(.)(Ω) .

The estimate for ‖u− 〈u〉Ω‖Lp(·)(Ω)
follows from this and Lemma 2.2.3.

In the case that p ∈ P log(Rn) with p+ < ∞ we give an alternative proof for Theorem 2.2.4

(b) based on the decomposition Theorem 7.4.9. The proof is not self-contained since it uses the

variable exponent Poincaré inequality in cubes.

Proof. of Theorem 8.2.4(b) for p ∈ P log(Ω) with p+ < ∞ let p ∈ P log(Ω) with p+ < ∞.Let Q be

the chain covering of Ω. Let u ∈ W 1,p(·)(Ω) with
´

Ω
udx = 0. Then Proposition 7.4.11(see[6]), the

Poincaré inequality in cubes, diam(Q) ≤ diam(Ω) for Q ∈ Q,and Theorem 7.3.22(see[6]) yield

‖u‖
L
p(.)
0 (Ω)

≤ c

∥∥∥∥∥∥∥
∑
Q∈Q

χQ

∥∥∥u− 〈u〉Q∥∥∥
Lp(·)(Ω)

‖χQ‖p(·)

∥∥∥∥∥∥∥
Lp(.)(Ω)

≤ c

∥∥∥∥∥∑
Q∈Q

χQ
diam(Q) ‖∇u‖Lp(·)(Ω)

‖χQ‖p(·)

∥∥∥∥∥
Lp(.)(Ω)

≤ c diam(Ω)

∥∥∥∥∥∑
Q∈Q

χQ
‖∇u‖Lp(·)(Ω)

‖χQ‖p(·)

∥∥∥∥∥
Lp(.)(Ω)

≤ c diam(Ω) ‖∇u‖Lp(·)(Ω)

37



Theorem 2.2.4(a) immediately yields

Corollary 2.2.5. [5][6][11] Let Ω be bounded and p ∈ P log(Ω) or p ∈ A.For every u ∈ W 1,p(·)
0 (Ω) the

inequality

‖∇u‖Lp(·)(Ω) ≤ ‖u‖W 1,p(·)(Ω) ≤ (1 + c diam(Ω)) ‖∇u‖Lp(·)(Ω)

holds with constant c depending only on the dimension n, and clog(p).

Corollary 2.2.6. [5][6][11] Let be a bounded α-John domain and let p ∈ P log(Ω) or p ∈ A. Furthermore,

let A ⊂ Ω be such that |A| ≈ |Ω|. Then

‖u− 〈u〉A‖Lp(·) ≤ c diam(Ω) ‖∇u‖Lp(·)(Ω)

for u ∈ L1
loc(Ω) with |∇u| ∈ Lp(·)(Ω). The constant c depends only on the dimension n, α and clog(p).

Let us next consider modular versions of the Poincaré inequality. In the constant expo-

nent case there is an obvious connection between modular and norm versions of the inequality,

which does not hold in the variable expo- nent context. Indeed, the following one-dimensional

example shows that the Poincaré inequality can not, in general, hold in a modular form.

Example 2.2.7. Let p : (−2, 2) → [2, 3] be a Lipschitz continuous exponent that equals

3 in (−2,−1) ∪ (1, 2), 2 in (−1
2
, 1

2
) and is linear elsewhere. Let uλ be a Lipschitz function such

that uλ(±2) = 0, uλ = λ in (−1, 1) and |u′λ| = λ in (−2,−1) ∪ (1, 2). Then

%p(·)(uλ)

%p(·)(u
′
λ)

=

´ 2

−2
|uλ|p(x) dx´ 2

−2
|u′λ|

p(x) dx
≤

´ 1/2

−1/2
λ2dx´ −1

−2
λ3dx

=
1

2λ
→∞

as λ→ 0+.

Proposition 2.2.8. [6][13][16] Let p ∈ P log(Ω) be a bounded exponent.

(a) Let be bounded. For m > 0 there exist a constant c depending on the dimension n, clog(p), m, and

p+ such that
ˆ

Ω

( |u|
diam(Ω)

)p(x)

dx ≤ c

ˆ
Ω

|∇u|p(x) dx+ c

ˆ
B(z,diam(Ω)

(e+ |x|)−mdx

for all u ∈ W 1,p(·)
0 (Ω) with ‖∇u‖Lp(·)(Ω) ≤ 1 and all z ∈ Ω
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(b) Let be a bounded α-John domain. For m > 0 there exist a constant c depending on the dimension n,

clog(p),m, p
+, α, |Ω| and diam(Ω) such that

ˆ
Ω

( |v − 〈v〉B|
diam(Ω)

)p(x)

dx ≤ c

ˆ
Ω

|∇u|p(x) dx+ c

ˆ
B(z,diam(Ω))

(e+ |x|)−mdx

for all u ∈ W 1,p(·)(Ω) with ‖∇v‖Lp(·)(Ω) ≤ 1 and all z ∈ Ω The ball B is from Lemma 2.2.1.

Proof. Assume that u ∈ W 1,p(·)
0 (Ω) is extended by zero outside (Lemma 8.1.14)(see[6]). By Lem-

mas 2.2.1 (a) and 6.1.4 (see[6]) we obtain

|u(x)| ≤ c

ˆ
Ω

|∇u(y)|
|x− y|n−1dy ≤ c diam(Ω)

∞∑
k=0

2−kTk+k0 |∇u| (x),

where k0 ∈ Z is chosen such that2−k0−1 ≤ diam(Ω) ≤ 2−k0 . Exactly the same estimate holds

with u replaced by v − 〈v〉B using Lemma 2.2.1 (b), so it suffices to derive the estimate of the

first claim involving u.

We divide by diam(Ω) and raise both sides of this inequality to the power p(x), integrate

over, and use p+ <∞ to obtain

ˆ
Ω

( |u|
diam(Ω)

)p(x)

dx ≤ c

ˆ
Ω

( ∞∑
k=0

2−kTk+k0 |∇u|
)p(x)

dx

≤ c
∞∑
k=0

2−k
ˆ

Ω

(
Tk+k0 |∇u|

)p(x)

dx,

where we used convexity in the second step. Since %Lp(·)(Ω)(∇u) ≤ 1 by the unit ball property,

we may use Corollary (4.2.5) (see[6]) for |∇u|χΩ
on the ball B(z, diam(Ω)) and get

ˆ
Ω

(
Tk+k0 |∇u|

)p(x)

dx ≤
ˆ

Ω

(
|∇u|

)p(x)

dx+ c ≤
ˆ
B(z,diam(Ω))

(e+ |x|)−mdx

, where we also used that the dyadic cubes 2Q are locally N−finite. Combining the last two

inequality proves the claim.

Remark 2.2.9. If p ∈ P log(Ω) with no restriction on p+, then the first estimate in Proposition

2.2.8 reads

ˆ
Ω

ϕp(x)

(
β
|u|

diam(Ω)

)
dx ≤

ˆ
Ω

ϕp(x)(|∇u|)dx+

ˆ
B(z,diam(Ω))

(e+ |x|)−mdx
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for some β ∈ (0, 1) and all u ∈ W 1,p(·)(Ω) with ‖∇u‖Lp(·)(Ω) ≤ 1. The con- stant β depends only

on clog(p), m and n. The second estimate in Proposi- tion 2.2.8 has to be changed accordingly.

The proof is the same.

Remark 2.2.10. It is possible to replace 〈u〉B in Lemma 2.2.1 (b) and Proposition 2.2.8 by 〈u〉Ω or

even 〈u〉A, where A ⊂ Ω is a set with |A| ≈ |Ω|. Indeed, it follows from Jensen’s inequality and

Corollary 2.2.6 for p = 1 that

|〈u〉A − 〈u〉B| ≤
 
A

|u− 〈u〉B| dy ≤ c

 
A

|u− 〈u〉B| dy ≤ c diam(Ω)

 
Ω

|∇u| dy

for all u ∈ W 1,1(Ω). In particular, this implies

|〈u〉A − 〈u〉B| ≤ c

ˆ
Ω

|∇u(y)|
(diam(Ω))n−1

dy ≤ cI1(∇u)(x).

for any x ∈ Ω. This proves the modified version of Lemma 2.2.1 (b). With this new estimate we

get the modified version of Proposition 2.2.8 with no change in the proof.

The following improvement of Proposition 2.2.8 is useful in the study of p(·)-minimizers

and is the starting point for reverse Hölder estimates. The result is from we will study next.

Proposition 2.2.11. [6][11] Let p ∈ P log(Rn) satisfy 1 < p− ≤ p+ < ∞ and let s ≤ p− satisfy

s ∈ [1, n
n−1

). Then for every m > 0 there exist a constant c depending on n, clog(p), m, and s such that

 
BR

( |u|
R

)p(x)

dx ≤ c
(  

BR

|∇u|
p(·)
s dx

)s
+ c

 
BR

(e+ |x|)−msdx
 
BR

( |v − 〈v〉|BR
R

)p(x)

dx ≤ c
(  

BR

|∇v|
p(·)
s dx

)s
+ c

 
BR

(e+ |x|)−msdx

for every ball BR with radius R, and every u ∈ W
1, p(·)

s
0 (BR), v ∈ W 1, p(·)

s (BR) with

‖∇u‖Lp(·)/s+L∞ , ‖∇v‖Lq(·)/s+L∞ ≤ 1

Proof. By Jensen’s inequality the case s > 1 implies the case s = 1 and thus we may assume that

s > 1. By Lemma 2.2.1 we have, for x ∈ BR,

|u(x)| ≤ c

ˆ
BR

|∇u(y)|
|x− y|n−1

dy, |v(x)− 〈v〉BR | ≤ c

ˆ
BR

|∇v(y)|
|x− y|n−1

dy
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Starting from here the proofs for u and v are the same, so we just present the estimate for u.

With the previous estimate, the help of Lemma 6.1.12 applied to p(·)/s and p+ <∞we get

(I) :=

 
BR

( |u(x)|
R

)p(x)

dx ≤ c(p+)

 
BR

(ˆ
BR

|∇u(y)|
R|x− y|n−1

dy
)p(x)

dx

≤ c

 
BR

(ˆ
BR

|∇u(y)|
p(y)
s

R |x− y|n−1dy
)s
dx+ c

 
BR

(M((e+ |·|−m))(x))sdx

=: (II) + (III).

In order to estimate (II) we set J :=
´
BR
|∇u|p(·)/s dx. We can assume J > 0 in the following,

since otherwise ∇u = 0 and there is nothing to estimate. We apply Jensen’s inequality for the

probability measure µ := |∇u|p(·)/s /J and the convex function t 7→ ts, then we use Fubini?s

theorem to change the integration order and
´
BR

dx

|x−y|s(n−1) ≈ R−s(n−1)+n for a.e. y ∈ BR using

s < n
n−1

:

(II) ≤ c

 
BR

Js−1

ˆ
BR

|∇u(y)|
p(y)
s

Rs |x− y|s(n−1)
dydx

≤ cJs−1Rn−sn
 
BR

|∇u(y)|
p(y)
s dy ≤ c

( 
BR

|∇u(y)|
p(y)
s dy

)s
.

Since s > 1, we can use the boundedness of M on Ls(BR) to conclude

(III) ≤ c

 
BR

(e+ |x|)−msdx

Combining the estimates for (I)?(III) we obtain the result.

Lemma 2.2.12. [6][11] Let Ω ⊂ Rn be a bounded α-John domain. If 1 ≤ r < n and r ≤ q ≤ r∗ or if

r ≥ n and q <∞ , then

‖u− 〈u〉Ω‖Lq(Ω) ≤ c |Ω|
1
n

+ 1
q
− 1
r ‖∇u‖Lr(Ω) .

for all u ∈ W 1,r(Ω). In the first case the constant c depends only on n, r and α, while in the second case

it depends also on q.

Using the previous constant exponent Sobolev-Poincaré inequality we are able to prove the Poincaré

inequality in bounded John domains for variable exponents.
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Lemma 2.2.13. [6][11] Let Ω ⊂ Rn be a bounded α-John domain. If p ∈ P(Ω) is bounded with

p+ ≤ (p−)∗ or p− ≥ n, then there exists a constant c depending on the dimension n, p−, p+, and α such

that for every u ∈ W 1,p(·)(Ω) we have

‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ c(1 + |Ω|)2 |Ω|
1
n

+ 1
p+
− 1
p− ‖∇u‖Lp(·)(Ω) .

Proof. Assume first that p+ ≤ (p−)∗. Since p(x) ≤ p+ ≤ (p−)∗ we deduce from Corollary 3.3.4

(see[6]) and Lemma 2.2.12 that

‖u− 〈u〉Ω‖p(·) ≤ 2(1 + |Ω|) ‖u− 〈u〉Ω‖p+

≤ c(n, p−, α)(1 + |Ω|) |Ω|
1
n

+ 1
p+
− 1
p− ‖∇u‖p−

≤ c(n, p−, α)(1 + |Ω|)2 |Ω|
1
n

+ 1
p+
− 1
p− ‖∇u‖p(·)

Let p− ≥ n. We choose a constant q ∈ [1, n) such that p+ = q∗. We obtain the result by using

similar arguments than in the previous case. The only difference is that the constant in the

second inequality in the above chain of inequalities is c(n, p+, α).

Lemma 2.2.14. [6][11] For a constant q ∈ (1, n), arbitrary x ∈ Rn and R > r > 0 we have

inf

ˆ
B(x,R)

|∇u|q dx = c

∣∣∣∣q − nq − 1

∣∣∣∣q−1 ∣∣∣R q−n
q−1 − r

q−n
q−1

∣∣∣q−1

,

where the infimum is taken over all u ∈ C∞0 (B(x,R)) with u |B(x,r) = 1. Here the constant c depends

only on the dimension n.

The following proposition shows that for general non-constant exponents the Poincaré in-

equality does not hold.

Proposition 2.2.15. [6] [11] Let B be a unit ball in the plane. For every q1 ∈ [1, 2) and q2 ∈ (2,∞)

there exists p ∈ P(B) with p− = q1 and p+ = q2 such that the norm-version of the PoincarÃfÂ c©

inequality,

‖u− 〈u〉Ω‖Lp(·)(B) ≤ c ‖∇u‖Lp(·)(B) ,

does not hold.
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Proof. Our aim is to construct a sequence of functions in B ⊂ R2 for which the constant in

the Poincaré inequality goes to infinity.Let e1 = (1, 0), Bi := B(2−ie1,
1
4
2−i) ⊂ B and B

′
i :=

B(2−ie1,
1
8
2−i

2
) ⊂ B for every i ∈ N.Let ui ∈ C∞0 (Bi) with ui |B′ = 1. Define p := q2 in ever B′i

and p := q1 otherwise in B with positive first coordinate. Since∇ui = 0 in B′i we obtain

‖∇ui‖Lp(·)(Bi) = ‖∇ui‖Lq1 (Bi)

Let B̃i := B(−2−ie1,
1
4
2−i). We extend ui to B as an odd function of the first coordinate in B̃i

and by zero elsewhere. We extend p to B as an even function of the first coordinate. We denote

these extensions by ũi and p∗

n′
.

By Lemma 2.2.14 we may choose the functions ui such that

‖∇ũi‖
L
p∗(·)
n′ (B)

≤ c(q1)

∣∣∣∣(1

4
2−i
) q1−2
q1−1 −

(1

8
2−i

2
) q1−2
q1−1

∣∣∣∣
1−q1
q1

.

For large i, the right-hand side is approximately equal to c(q1)2
−i2 2−q1

q1 . Since 〈ũi〉B = 0, we

obtain

‖ũi − 〈ũi〉B‖
L
p∗(·)
n′ (B)

= ‖ũi‖
L
p∗(·)
n′ (B)

≥ |B′i|
1
q2 ≥ c2

−i2 2
q2

Combining the previous two inequalities, we find that

‖ũi − 〈ũi〉B‖
L
p∗(·)
n′ (B)

‖∇ũi‖
L
p∗(·)
n′ (B)

≥ c(q1)2
i2( 2

q1
−1− 2

q2
) →∞

as i→∞ if 2
q1
− 1− 2

q2
> 0, that is, if q2 >

2q1
2−q1 > 2.

The following theorem shows that the condition p+ ≤ (p−)∗ in Lemma 2.2.13 can be replaced

by a set of local conditions.

Theorem 2.2.16. [6][10] Let Ω ⊂ Rn be a bounded John domain and p ∈ P(Ω) be bounded. Assume

that there exist John domains Di, i = 1, ..., j, such that Ω = ∪ji=1Di and either p+
Di
≤ (p−Di)

∗ or p−Di ≥ n

for every i. Then there exists a constant c such that

‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ ‖∇u〉Ω‖Lp(·)(Ω)
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for every u ∈ W 1,p(·)(Ω).The constant c depends on n, diam(Ω), |Di| , p and the John constants of Ω and

Di, i = 1, ..., j.

Proof. Using the triangle inequality we obtain

‖u− 〈u〉Ω‖Lp(·)(Ω) ≤
j∑
i=1

‖u− 〈u〉Ω‖Lp(·)(Di)

≤
j∑
i=1

‖u− 〈u〉Di‖Lp(·)(Di) +

j∑
i=1

‖〈u〉Ω − 〈u〉Di‖Lp(·)(Di) .

We estimate the first part of the sum using Lemma 2.2.13. This yields for every i = 1, ..., j

‖u− 〈u〉Di‖Lp(·)(Di) ≤ c ‖∇u‖Lp(·)(Di) ≤ c ‖∇u‖Lp(·)(Ω)

with constants depending on n, p+
Di
, p−Di , |Di| , αi, where αi is the John constant of Di. Therefore

it remains only to estimate the sum of the terms ‖〈u〉Ω − 〈u〉Di‖Lp(·)(Di). We use the constant

exponent Poincaré inequality (in the third inequality):

‖〈u〉Ω − 〈u〉Di‖Lp(·)(Di) ≤ ‖1‖Lp(·)(Di)
 
Di

|u(x)− 〈u〉Ω| dx

≤ ‖1‖Lp(·)(Di) |Di|−1

ˆ
Di

|u(x)− 〈u〉Ω| dx

≤ c(n, diam(Ω), α) |Di|−1 ‖1‖Lp(·)(Di) ‖∇u‖L1(Ω)

≤ c(n, diam(Ω), α) |Di|−1 ‖1‖Lp(·)(Di) ‖∇u‖Lp(·)(Ω)

for every i = 1, ..., j. Here α is the John constant of Ω.By Corollary 3.3.4 (see[6]) ‖1‖Lp(·)(Di)

depends only on p and |Di|, which completes the proof.

Next we prove the Poincaré inequality for Sobolev functions with zero boundary values

using Lemma 2.2.13.

Theorem 2.2.17. [6][10][11] Let Ω be bounded. Assume that p ∈ P(Ω) and there exists δ > 0 such

that for every x ∈ Ω either

p+
B(x,δ)∩Ω ≤

np−B(x,δ)∩Ω

n− p−B(x,δ)∩Ω

or p−B(x,δ)∩Ω ≥ n (2.1)
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Alternatively, assume that p is uniformly continuous in Ω. Then the inequality

‖u‖Lp(·)(Ω) ≤ ‖∇u‖Lp(·)(Ω) .

holds for every u ∈ W 1,p(·)
0 (Ω). Here the constant c depends on p,Ω, δ and the dimension n. .

Proof. Note that if p is continuous in Ω or uniformly continuous in Ω, then p satisfies the first set

of conditions of the theorem for some δ > 0. By the assumptions there exist x1, ..., xj and δ > 0

such that

Ω ⊂
j⋃
i=1

B(xi, δ)

and each ball B(xi, δ) satisfies either of the two inequalities in (2.1). We write Bi := B(xi, δ) and

denote by χi the characteristic function ofBi∩Ω.In eachBi we define pi(x) := p(x)χi+p
−
Bi∩Ω(1−

χi). Then in each Bi either p+
i ≤ (p−i )∗ or p−i > n. Let ũ be the zero extension of u ∈ W 1,p(·)

0 (Ω) to

Rn \ Ω (Lemma 2.2.13). By the triangle inequality we obtain

‖u‖Lp(·)(Ω) ≤

∥∥∥∥∥ũ
j∑
i=1

χi

∥∥∥∥∥
Lp(·)(Ω)

≤
j∑
i=1

‖ũ‖Lpi(·)(Bi)

≤
j∑
i=1

‖ũ− 〈ũ〉Bi‖Lpi(·)(Bi) +

j∑
i=1

|〈ũ〉Bi | ‖1‖Lpi(·)(Bi) .

We estimate the first sum on the right-hand side of the previous inequality. By Lemma 2.2.13

we obtain

‖ũ− 〈ũ〉Bi‖Lpi(·)(Bi) ≤ c(1 + |Bi|)2 |Bi|
1
n

+ 1

p+i

− 1

p−i ‖∇ũ−‖Lpi(·)(Bi)

≤ c(1 + |Bi|)2 |Bi|
1
n

+ 1

p+i

− 1

p−i ‖∇u‖Lp(·)(Ω) .

for every i = 1, ...j. To estimate the second sum,
∑j

i=1 |〈ũ〉Bi | ‖1‖Lpi(·)(Bi), in the above inequality

we use Lemma 3.2.12 (see[6]) to estimate ‖1‖Lpi (Bi) by a constant depending only on p and δ.

Further, the constant exponent Poincaré inequality implies that

|〈ũ〉Bi | ≤
c(n)

δn

ˆ
Ω

|u| dx ≤ c

δn
diam(Ω)

ˆ
Ω

|∇u| dx

≤ c(n)

δn
diam(Ω)(1 + |Ω|) ‖∇u‖Lp(·)(Ω) ,

again for every i = 1, ...j. Combining the last three estimates yields the assertion.
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Remark 2.2.18. [6][11] Assume that Ω is convex and p ∈ P(Ω) is uniform continuous (or p ∈

C(Ω)). As in the proof of Theorem 2.1.8 we may cover by Ω finitely many balls B(xi, δ) so that

(2.1) holds. Since is convex so isB(xi, δ)∩Ω and thus it is a John domain. Hence Theorem 2.2.16

yields that the Poincaré inequality

‖u− 〈u〉Ω‖Lp(·)(Ω) ≤ c ‖∇u‖Lp(·)(Ω)

holds for every u ∈ W 1,p(·)(Ω).

2.3 Poincaré inequalities and embeddings

In this section we assume that the exponent p is log-Hölder continuous with 1 ≤ p− ≤ p+ < n.

We prove that the Sobolev-Poincaré inequality holds for general Sobolev functions in bounded

John domains and for Sobolev functions with zero boundary values in open sets. Bounded

John domains are almost the right class of irregular domains for the constant exponent Sobolev-

Poincaré inequality. We give an example which shows that Sobolev embed- dings do not hold

for every continuous p. We close this section by studying the Sobolev embedding in the case

p− > n. Sobolev embeddings in the case p+ = n need a target space that is not a variable

exponent Lebesgue space, and are studied in Section 8.6 together with the other limit case

p− = n. We define the Sobolev conjugate exponent point-wise, i.e.

p∗ :=
np(x)

n− p(x)

when p(x) < n and p∗(x) =∞ otherwise.

Theorem 2.3.1. [6][10][11] Let p ∈ P log(Ω) satisfy 1 ≤ p− ≤ p+ < n.

(a) For every u ∈ W 1,p(·)
0 (Ω), the inequality

‖u‖Lp∗(·)(Ω) ≤ c ‖∇u‖Lp(·)(Ω)

holds with a constant c depending only on the dimension n, clog(p), and p+.
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(b) If is a bounded α−John domain, then

‖u− 〈u〉Ω‖Lp∗(·)(Ω) ≤ c ‖∇u‖Lp(·)(Ω)

for u ∈ W 1,p(·)(Ω). The constant c depends only on the dimension n, α, clog(p)andp+.

If we add the extraneous assumption p− > 1, then we immediately obtain a proof using results on

operators that we proved earlier: the inequalities follow from Lemma 2.2.1, Lemma 2.2.3 and Theorem

6.1.9 (see[6]); the constant in this case also depends on p−.

We obtain the Sobolev embedding as a corollary.

Corollary 2.3.2. [6] [11] Let Ω be a bounded α−John domain and let p ∈ P log(Ω). Let q ∈ P(Ω) be

bounded and assume that q ≤ p∗. Then

W 1,p(·)(Ω)→ Lq(·)(Ω),

where the embedding constant depends only on α, |Ω| , n, clog(p)andq+.

Proof. Let r ∈ (1, n) be such that r∗ ≥ q+. Corollary 3.3.4 and Lemma 3.2.12 (see[6]) yield

‖u‖q(·) ≤ ‖u− 〈u〉Ω‖q(·) + ‖〈u〉Ω‖q(·)

≤ 2(1 + |Ω|) ‖u− 〈u〉Ω‖min{p∗(·),r∗} + max{|Ω|
1
q+
−1 , 1} ‖u‖1

≤ 2(1 + |Ω|) max{|Ω|
1
q+
−1 , 1}(‖u− 〈u〉Ω‖min{p∗(·),r∗} + ‖u‖p(·)).

Since min{p∗(·), r∗} ∈ P log(Ω), Theorem 2.3.1 (b) and Corollary 3.3.4 (see[6]) yield

‖u− 〈u〉Ω‖min{p∗(·),r∗} ≤ c ‖∇u‖min{p(·),r} ≤ c(1 + |Ω|) ‖∇u‖p(·)

The claim follows by combining these two inequalities.

Now we move on to the complete proof, covering also the case p− = 1. In this case the Riesz

potential is not strong type p(·), i.e. Theorem 6.1.9 (see[6]) is not available. Our proof is based

on the weak type estimate for the Riesz potential. We first give a proof of Theorem 2.3.1 (b) in

which the constant additionally depends on diam(Ω).
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Lemma 2.3.3. [6][11] Let Ω be a bounded Ω α−John domain and let p ∈ P log(Ω) satisfy 1 ≤ p− ≤

p+ < n. Then

‖u− 〈u〉Ω‖Lp∗(·)(Ω) ≤ c ‖∇u‖Lp(·)(Ω)

for every u ∈ W 1,p(·)(Ω).The constant c depends only on the dimension n, p+, clog(p), αanddiam(Ω).

Proof. By a scaling argument we may assume without loss of generality that (1+ |Ω|) ‖∇u‖p(·) ≤

1.We need to show that %Lp∗(·)(Ω)(|u− 〈u〉Ω|) is uniformly bounded. For every j ∈ Z we set

Ωj := {x ∈ Ω : 2j < |u(x)− 〈u〉Ω| ≤ 2j+1} and vj := max{0,min{|u− 〈u〉Ω| − 2j, 2j}}. From

Proposition 2.1.9 follows vj ∈ W 1,p(·)(Ω). By Lemma 2.2.1 (b) we have

|vj(x)− 〈vj〉B| ≤ cI1 |∇vj| (x)

for almost every x ∈ Ω.Here the radius of B ⊂ Ω depends on α. We obtain by the pointwise

inequality vj ≤ |u− 〈u〉Ω| and by the constant exponent Poincaré inequality Lemma 2.2.12 that

vj ≤ |vj(x)− 〈vj〉B|+ 〈vj〉B ≤ cI1 |∇vj| (x) +

 
B

|u− 〈u〉Ω| dx

≤ cI1 |∇vj| (x) + c

ˆ
Ω

|u− 〈u〉Ω| dx ≤ cI1 |∇vj| (x) + c

ˆ
Ω

|∇u| dx (2.2)

≤ cI1 |∇vj| (x) + c(1 + |Ω|) ‖∇u‖p(·) ≤ c1(I1 |∇vj| (x) + 1).

For the rest of this proof we fix the constant c1 to denote the constant on the last line.It depends

only on n, α and diam(Ω).

Using the definition of Ωj we get

ˆ
Ω

|u(x)− 〈u〉Ω|p
∗(x) dx =

∞∑
j=−∞

ˆ
Ωj

|u(x)− 〈u〉Ω|p
∗(x) dx

≤
∞∑

j=−∞

ˆ
Ωj

2(j+1)p∗(x)dx.

For every x ∈ Ωj+1 we have vj(x) = 2j and thus obtain by (2.2) the pointwise inequality

c1I1 |∇vj| (x) + c1 > 2j for almost every x ∈ Ωj+1. Note that if a + b > c, then a > 1
2
c or

48



b > 1
2
c. Thus

∞∑
j=−∞

ˆ
Ωj

2(j+1)p∗(x)dx ≤
∞∑

j=−∞

ˆ
{x∈Ωj :c1I1|∇vj |(x)+c1>2j−1}

2(j+1)p∗(x)dx

≤
∞∑

j=−∞

ˆ
{x∈Ω:c1I1|∇vj |(x)>2j−2}

2(j+1)p∗(x)dx+
∞∑

j=−∞

ˆ
{x∈Ωj :c1>2j−2}

2(j+1)p∗(x)dx.

Since (1 + |Ω|) ‖∇u‖p(·) ≤ 1, we obtain by Theorem 6.1.11 (see[6]) for the first term on the right-

hand side that

∞∑
j=−∞

ˆ
{x∈Ω:c1I1|∇vj(y)|(x)+>2j−2}

2(j+1)p∗(x)dx ≤ c
∞∑

j=−∞

(ˆ
Ωj

|∇vj(y)|p(y) dy + |0 < |∇vj| ≤ 1|
)

≤ c
∞∑

j=−∞

(ˆ
Ωj

|∇u|p(y) dy + |Ωj|
)

≤
ˆ

Ω

|∇u|p(y) dy + c |Ω|

Let j0 be the largest integer satisfying c1 > 2j0−2. Hence

∞∑
j=−∞

ˆ
{x∈Ωj :c1>2j−2}

2(j+1)p∗(x)dx ≤
ˆ

Ω

j0∑
j=−∞

2(j+1)p∗(x)dx ≤ c |Ω| ,

which concludes the proof.

Next we use the local-to-global trick to generalize the previous lemma, removing the depen-

dence of the constant on diam(Ω).

Proof. of Theorem 2.3.1 We prove only part (a) of the theorem the second part follows by essen-

tially identical arguments.

Let u ∈ W
1,p(·)
0 (Ω) and extend it by 0 to Rn \ Ω (Lemma 2.1.14).By a scaling argument we

may assume that ‖u‖W 1,p(·)(Rn) = 1. Let (Qj) be a partition of Rn into unit cubes. As was noted

in Example 7.4.2, every Qj is a John domain with the same constant. Thus Lemma 2.3.3 implies

that

‖u‖Lp∗(·)(Qj) ≤
∥∥u− 〈u〉Qj∥∥Lp∗(·)(Qj) +

∣∣〈u〉Qj ∣∣ ‖1‖Lp(·)(Qj)
≤ c ‖∇u‖Lp(·)(Qj) +

∣∣〈u〉Qj ∣∣ .
49



Next we apply Corollary 7.3.23, the previous inequality, and the triangle inequality in `p∗∞ :

‖u‖Lp∗(·)(Rn) ≤ c
(∑

j

‖u‖p
∗
∞
Lp
∗(·)(Qj)

)1/p∗∞

≤ c
(∑

j

(‖∇u‖Lp(·)(Qj) +
∣∣〈u〉Qj ∣∣)p∗∞)1/p∗∞

≤ c
(∑

j

(‖∇u‖p
∗
∞
Lp(·)(Qj)

)1/p∗∞
+ c
(∑

j

∣∣〈u〉Qj ∣∣p∗∞ )1/p∗∞

Note that we end up with the wrong power after the inequality for using Corollary 7.3.23

(see[6]) a second time : we would want the norm to be raised to the power of p∞ instead

of p∗∞. However, since ‖∇u‖Lp(·)(Qj) ≤ ‖u‖W 1,p(·)(Rn) = 1 and p∞ ≤ p∗∞, we conclude that

‖∇u‖p
∗
∞
Lp(·)(Qj)

≤ ‖∇u‖p∞
Lp(·)(Qj)

. Then we can use Corollary 7.3.23 (see[6]) again:∑
j

‖∇u‖p
∗
∞
Lp(·)(Qj)

≤
∑
j

‖∇u‖p∞
Lp(·)(Qj)

≈ ‖∇u‖p∞
Lp(·)(Rn)

= 1.

It remains to control
∑

j

∣∣〈u〉Qj ∣∣p∗∞ . For this we define an auxiliary function v := |u| ∗ χ(0,1/2).

Then
∣∣〈u〉Qj ∣∣ ≤ c

∣∣〈v〉Qj ∣∣, so it suffices to consider the sum over
∣∣〈v〉Qj ∣∣. Using also Hölder’s

inequality, we conclude that∑
j

∣∣〈u〉Qj ∣∣p∗∞ ≤ c
∑
j

∣∣〈v〉Qj ∣∣p∗∞ ≤ c
∑
j

ˆ
Qj

|v(x)|p
∗
∞ dx ≤

ˆ
Rn
|v(x)|p

∗
∞ dx

Then it follows from the constant exponent Sobolev inequality that(∑
j

∣∣〈u〉Qj ∣∣p∗∞ )1/p∗∞
≤ c ‖v‖Lp∗∞ (Rn) ≤ c ‖∇v‖Lp∞ (Rn) .

Next we notice that

|∇v(x)| ≤
ˆ
B(x,1)

|∇ |u(y)|| dy ≤ 2 ‖∇u‖p(·) ‖1‖Lp′(·)(B(x,1)) ≤ c <∞,

so |∇v| ∈ L∞(Rn). Since Lp∞ ∩ L∞ ∼= Lp(·) ∩ L∞ (Lemma 3.3.12)(see[6]), it follows that

‖∇v‖Lp∞ (Rn) ≤ c ‖∇v‖Lp(·)(Rn) + c ≤ c ‖∇u‖Lp(·)(Rn) + c ≤ c, where we used the boundedness

of convolution (Lemma 4.6.1)(see[6]) in the second step.

Remark 2.3.4. [6][11] Using Hölder inequality we see that the Sobolev-Poincaré inequality im-

plies the Poincaré inequality also in the variable exponent context. By a suitable choice of inter-

mediate exponent, we can relax the condition 1 ≤ p− ≤ p+ < n to arbitrary bounded exponents

in this case.
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The following proposition is due to Kovàcik and Ràkosník [14]. The exponent p∗ is the best

possible for constant p,next will study; using this we show that it is also the best possible for a

variable continuous exponent p.

Proposition 2.3.5. [6] Let p, q ∈ P(Ω) ∩ C(Ω) satisfy p+ < n. If W 1,p(·)(Ω) ↪→ Lq(·)(Ω), then q ≤ p∗.

Proof. Suppose that q(x) > p∗(x) for some x ∈ Ω. By the continuity of p and q, there exist

s ∈ (1, n), t ∈ (1,∞) and r > 0 such that

p∗(y) < s∗ < t < q(y)

for every y ∈ B(x, r). By Corollary 3.3.4 (see [6]), W 1,s(B(x, r) ↪→ W 1,p(·)(B(x, r)) and

Lq(·)(B(x, r)) ↪→ Lt(B(x, r)). Since s∗ < t we have W 1,s(B(x, r)) 9 Lt(B(x, r)). Thus

W 1,s(B(x, r) 9 Lq(·)(B(x, r)), which is a contradiction, and so q(x) ≤ p∗(x).

Next we construct a continuous exponent for which the Sobolev embedding W 1,p(·)(Ω) ↪→

Lp
∗(·)(Ω) does not hold.

Proposition 2.3.6. [6][11] Let Ω ⊂ R2 be the intersection of the upper half-plane and the unit disk.

There exists a continuous exponent p ∈ P(Ω) with 1 < p− ≤ p+ < 2 such that

W 1,p(·)(Ω) 9 Lp
∗(·)(Ω)

Proof. Fix t and s such that 1 < t < s < 2 and define f(τ) := 2( τ
t
− 1) for τ ∈ [t, 2]. Denoting by

(r, ψ) spherical coordinates in Ω (with ψ ∈ (0, π)) we define the variable exponent p as follows:

p(r, ψ) =


t, if ψ ≥ rf(t) = 1;
τ, if τ ∈ (t, s) satisfying ψ = rf(τ);
s, if ψ ≤ rf(s).

We consider the function u(x) = |x|µ, where µ := s−2
t

. Note that u does not belong to Lp∗(·)(Ω),

because

%p∗(·)(u) =

ˆ
Ω

|x|µp
∗(x) dx ≥

ˆ 1

0

ˆ rf(s)

0

r
2sµ
2−s rdψdr

=

ˆ 1

0

r
2sµ
2−s+f(s)+1dr =∞.
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The last equality follows since 2sµ
2−s + f(s) + 1 = −1. However, u belongs to W 1,p(·)(Ω). We easily

calculate that |∇u(x)| = |µ| |x|µ−1. Since |µ| < 1, we find that
ˆ

Ω

|∇u(x)|p(x) dx <

ˆ 1

0

ˆ π

0

r(µ−1)p(r,ψ)dψrdr.

We first estimate the parts of the domain where p(x) = t or p(x) = s:
ˆ 1

0

ˆ π

0

r(µ−1)tdψrdr = (π − 1)

ˆ 1

0

r(µ−1)t+1dr <∞,

since (µ− 1)t+ 1 > −1, and
ˆ 1

0

ˆ rf(s)

0

r(µ−1)sdψrdr =

ˆ 1

0

r(µ−1)s+f(s)+1dr <∞

since (µ− 1)t+ 1 > −1. Let us denote the integral over these parts by K <∞.

In the remaining part we have p(r, ψ) = τ and ψ = rf(τ). Solving this equation for τ we find

that p(r, ψ) = (1
2

logψ
log r

+ 1)t. Thus we have
ˆ 1

0

ˆ π

0

r(µ−1)p(r,ψ)dψrdr ≤ K +

ˆ 1

0

ˆ 1

0

e(µ−1)( 1
2

logψ+log r)tdψrdr

= K +

ˆ 1

0

ˆ 1

0

ψ(µ−1)t/2dψr(µ−1)t+1dr

= K +
2

s− t
1

s− t
<∞.

So we have shown that |∇u| ∈ Lp(·)(Ω).For our function u we find that |u(x)| = 1
|µ| |∇u(x)| |x| ≤

1
|µ| |∇u(x)| and so it also follows that u ∈ Lp(·)(Ω), and we are done.

Theorem 2.3.7. [6][10][11] We write δ(x) := min{1, dist{x, ∂Ω}}. Let p ∈ P log(Ω) satisfy p− > n.

Then there exists a constant c such that

sup
y∈B(x,δ(x))

|u(x)− u(y)|
|x− y|1−

n
p(x)

≤ c ‖∇u‖Lp(·)(Ω)

for every u ∈ W 1,p(·)(Ω) and for every x ∈ Ω. The constant depends only on the dimension n, p− and

clog(p).

Proof. Let x ∈ Ω. If |x− y| < δ(x), then there exists r < δ(x) such that 1
2
r < |x− y| < r. Denote

B := B(x, r). Since

W 1,p(·)(B) ↪→ W 1,p−B(B),
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we obtain by the constant exponent result , that

|u(x)− u(y)| ≤ cr
1− n

p−B ‖∇u‖
Lp
−
B (B)

≤ c(1 + |B(0, 1)|)r
1− n

p−B ‖∇u‖Lp(·)(Ω) .

Since r < 1 the log-Hölder continuity of p implies that r
1− n

p−B ≤ cr1− n
p(x) . Using r < 2 |x− y| we

obtain the claim.

2.4 Compact embeddings

We start this section by examining compact embeddings of W 1,p(·)(Ω) into Lp(·)(Ω). We first

prove a quantitative version of Theo rem 4.6.4 (b) (see [6]) for Sobolev functions.

Lemma 2.4.1. [6][11] Let p ∈ A be bounded, and let ψ be a standard mollifier. There exists A > 0,

depending only on the A-constant of p, such that

‖u ∗ ψε − u‖p(·) ≤ εA ‖∇u‖p(·)

for all u ∈ W 1,p(·)(Rn) and all ε > 0.

Proof. Let u ∈ C∞0 (Rn). Using the properties of the mollifier, Fubini’s theorem and a change of

variables we deduce

u ∗ ψε(x)− u(x) =

ˆ
Rn

ˆ 1

0

ψε(y)∇u(x− ty) · ydtdy

=

ˆ 1

0

ˆ
Rn
ψεt(y)∇u(x− y) · y

t
dydt.

This yields the pointwise estimate

|u ∗ ψε(x)− u(x)| ≤ ε

ˆ 1

0

ˆ
Rn
|ψεt(y)| |∇u(x− y)| dydt

= ε

ˆ 1

0

|∇u| ∗ |ψεt| (x)dt

for all u ∈ C∞0 (Rn). Since spt ψεt ⊂ B(0, ε) for all t ∈ [0, 1], the estimate is of a local character.

Due to the density of C∞0 (Rn) in W 1,1
loc (Rn) the same estimate holds almost everywhere for all
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u ∈ W 1,1
loc (Rn). Hence, it holds in particular for all u ∈ W 1,p(·(Rn). The pointwise estimate thus

yields a norm inequality, which due to the properties of the Bochner integral implies

‖u ∗ ψε − u‖p(·) ≤ ε

∥∥∥∥ˆ 1

0

|∇u| ∗ |ψεt| dt
∥∥∥∥
p(·)
≤ ε

ˆ 1

0

‖|∇u| ∗ |ψεt|‖p(·) dt.

By Lemma 4.6.3 we obtain ‖|∇u| ∗ |ψεt|‖p(·) ≤ K ‖ψ‖1 ‖∇u‖p(·).Now, the claim follows due to

‖ψ‖1 = 1.

Theorem 2.4.2. [6][10][11] Let Ω ⊂ Rn be a bounded domain and let p ∈ P log(Ω) or p ∈ A be bounded.

Then

W
1,p(·)
0 (Ω) ↪→↪→ Lp(·)(Ω)

Proof. By Theorem 4.4.8 (see [6]) we always have p ∈ A. Let uk ⇀ u in W
1,p(·)
0 (Ω). We write

vk := uk − u and hence vk ⇀ 0 in W 1,p(·)
0 (Ω). Thus ‖vk‖1,p(·) is uniformly bounded. Furthermore,

we extend the functions vk by zero outside of Ω (Theorem 2.1.14). We have to show that vk → 0

in Lp(·)(Ω). Let ψε be the standard mollifier. Then we have vk(x) = (vk − ψε ∗ vk)(x) + ψε ∗ vk(x)

and Lemma 2.4.1 implies

‖vk‖p(·) ≤ ‖vk − vk ∗ ψε‖p(·) + ‖vk ∗ ψε‖p(·) (2.3)

≤ c ε ‖∇vk‖p(·) ‖vk ∗ ψε‖p(·) .

Since vk ⇀ 0 and ε > 0 is fixed we obtain

vk ∗ ψε(x) =

ˆ
Rn
ψε(x− y)vk(y)dy −→ 0

as k → ∞. Let Ωε := {x ∈ Rn : dist(x,Ω) ≤ ε}. Thus vk ∗ ψε(x) = 0 for all x ∈ Rn \ Ωε. By

Hölder’s inequality we obtain for all x ∈ Ωε that

|vk ∗ ψε(x)| =
∣∣∣∣ˆ

Rn
ψε(x− y)vk(y)dy

∣∣∣∣ ≤ c ‖vk‖p(·) ‖ψε(x− ·)‖p′(·) .

Since ψ ∈ C∞0 (Rn) we have |ψ| ≤ c and thus |ψε| ≤ cε−n. This yields ‖ψε(x− ·)‖p′(·) ≤

c ε−n ‖χΩε‖p′(·) ≤ c(ε, p) independently of x ∈ Rn and k. Using the uniform boundedness of

vk in Lp(·) we all together proved

|vk ∗ ψε(x)| ≤ c(ε, p)χΩε(x)
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for all x ∈ Rn. Since χΩε ∈ Lp(·)(Rn) and vk ∗ ψε(x) → 0nalmost everywhere, we obtain by the

theorem of dominated convergence that vk ∗ψε(x)→ 0 in Lp(·)(Rn) as k −→∞. Hence it follows

from (2.3) that

lim sup
k→∞

‖vk‖p(·) ≤ c ε lim sup
k→∞

‖∇vk‖p(·) .

Since ε > 0 was arbitrary and ‖∇vk‖p(·) was uniformly bounded this yields that vk → 0 in

Lp(·)(Rn) and thus uk → u in Lp(·)(Rn) .

In fact, it is easy to improve the previous result to deal with higher exponents in the

Lebesgue space:

Corollary 2.4.3. [5][6][11] Let Ω be a bounded domain and let p ∈ P log(Ω) satisfy p+ < n. Then

W
1,p(·)
0 (Ω) ↪→↪→ Lp

∗(·)−ε(Ω)

for every ε ∈ (0, n′).

We give two alternative proofs. The first one is based on interpolation. The later one is a

straight forward, but it uses Corollary 3.3.4 (see [6]) for the exponent αp∗(·)(p∗(·)−ε)
ε

that is less

than 1. However, it is easy to check that Corollary 3.3.4 (see [6]) holds also in this case.

Proof. 1 We extend the exponent p to the whole space by Proposition 4.1.7 (see [6]). Due to

Theorem 2.3.1 and Theorem 2.4.2 we have W 1,p(·)
0 (Ω) ↪→↪→ Lp(·)(Ω) and W

1,p(·)
0 (Ω) ↪→ Lp

∗(Ω)(Ω),

respectively. Therefore, by complex interpolation, see Theorem 7.1.2, W 1,p(·)
0 (Ω) ↪→↪→ Lqθ(·)(Ω),

where qθ ∈ P(Ω) is defined for θ ∈ (0, 1) by 1
qθ

= 1−θ
p∗

+ θ
p

= 1
p
− 1−θ

n
. Instead of interpolation,

one can also use Hölder’s inequality in this argument. For θ small enough, we have p∗ − ε ≤

qθ ≤ p∗ and therefore by Corollary 3.3.4 (see [6]) Lqθ(·)(Ω) ↪→ L
p∗(·)−ε
θ (Ω). The claim follows as

the composition of a compact and a bounded embedding is compact.

Proof. 2 Fix ε ∈ (0, n′).As in the previous proof, it suffices to show that uk → 0 in Lp
∗(·)−ε(Ω)

whenever uk ⇀ 0 in W
1,p(·)
0 (Ω). Define α := ε((p+)∗)−2. Then an application of Hölder’s in-
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equality (3.2.22)(see [6]) yields

‖uk‖p∗(·)−ε ≤ 2 ‖|uk|α‖ p∗(·)(p∗(·)−ε)
ε

∥∥|uk|1−α∥∥p∗(·)
By Corollary 3.3.4(see [6]) and 2.3.1

∥∥|uk|1−α∥∥p∗(·) <∞. On the other hand,

‖|uk|α‖ p∗(·)(p∗(·)−ε)
ε

= ‖uk‖ααp∗(·)(p∗(·)−ε)
ε

≤ 2(1 + |Ω|) ‖uk‖1 → 0

sinceW 1,p(·)
0 (Ω) ↪→↪→ L1(Ω).

When p is (almost) continuous, it is possible to prove Theorem 2.4.2 by a different argu-

ment.We present the method here for general Sobolev functions.

Theorem 2.4.4. [5][6][10] Let Ω ⊂ Rn be a bounded convex open set. Let p ∈ P(Ω) and assume that

there exists δ > 0 such that

p+
B(x,δ)∩Ω < (p−B(x,δ)∩Ω)∗ or p−B(x,δ)∩Ω ≥ n

for every x ∈ Ω. Then

W 1,p(·)(Ω) ↪→↪→ Lp(·)(Ω)

Proof. We may cover Ω by finitely many balls Bi, with radius δ, such that either p+
Bi∩Ω <

(p−Bi∩Ω)∗ or p−Bi∩Ω ≥ n. Let ε > 0 be so small that p ≤ (p−Bi∩Ω)∗ − ε in each Bi ∩ Ω. We ob-

tain

W 1,p(·)(Bi ∩ Ω) ↪→ W 1,p−Bi∩Ω(Bi ∩ Ω)

↪→↪→ L(p−Bi∩Ω)∗−ε(Bi ∩ Ω) ↪→ Lp(·)(Bi ∩ Ω),

where the convexity of Bi ∩ Ω is used in the second embedding. Since there was only finitely

many balls, we obtain the claim.

Theorem 2.4.5. [5][6][10] Let p ∈ P log(Rn) be bounded, let q ∈ P(Rn) be bounded and suppose that

q(x) ≤ p∗(x)− ω(|x|)
log(e+ 1/ |x|)
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where ω : [0,∞) → [0,∞) is increasing and continuous with ω(0) = 0. Then W 1,p(·)(Rn) ↪→↪→

Lq(·)(Rn).

Let us point out that the exponent q in the previous theorem cannot be locally log-Hölder continuous,

i.e. q /∈ P log(Rn).

2.5 Extension operator

In this section we study extension operators for variable exponent Sobolev functions. We show

that for certain domains Ω there exists a bounded extension operator ε from Wm,p(·)(Ω) to

Wm,p(·)(Rn) for every m ∈ N0 and all p ∈ A.

Definition 2.5.1. [6][10][11] A domain Ω ⊂ Rn is called an (ε,∞)-domain, 0 < ε ≤ 1, if every

pair of points x, y ∈ Ω can be joined by a rectifiable path γ parametrize by arc-length such that

`(γ) ≤ 1

ε
|x− y|

,

B
(
γ(t),

ε |x− γ(t)| |y − γ(t)|
|x− y|

)
⊂ Ω for all t ∈ [0, `(γ)] ,

where `(γ) is the length of γ.

Theorem 2.5.2. [6][10] Let Ω be an (ε,∞)-domain and suppose that p ∈ A with 1 < p− ≤ p+ <∞. If

u ∈ W k,p(·)(Ω), then it can be extended to a function in W k,p(·)(Rn), with

‖u‖Wk,p(·)(Rn) ≤ c ‖u‖Wk,p(·)(Ω)

where the constant c depends on n, ε, p+, p− and the A-constant of p.

Proof. Let Λ : W k,1(Ω) ↪→ W k,1(Rn) be the extension operator of Jones. Chua generalized Jones?

extension result to the weighted case:
ˆ
Rn
|∂α(Λu)|wdx ≤ c

ˆ
Ω

|g|wdx
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for all w ∈ A1, where |α| ≤ k, g :=
∑
|β|≤k |∂βu| and the constant depends on w only through

‖w‖A1
. Note also that M is bounded by Theorem 5.7.2 (see [6]) since p ∈ A. Hence the extrapo-

lation theorem, Theorem 7.2.1 (see [6]), implies that

‖∂α(Λu)‖Lp(·)(Rn) ≤ c ‖g‖Lp(·)(Ω .

This applies to every |α| ≤ k, so by the triangle inequality we obtain

∑
|α|≤k

‖∂α(Λu)‖Lp(·)(Rn) ≤ c ‖g‖Lp(·)(Ω) ≤
∑
|β|≤k

‖∂βu‖Lp(·)(Ω)

which implies the claim.

Proposition 2.5.3 (Dyadic Whitney decomposition). [5][6] Let Ω ( Rn be an open non-empty set.

Then there exists a countable family F of dyadic cubes such that

(a)
⋃
Q∈F Q = Ω and the cubes from F are pairwise disjoint.

(b)
√
n`(Q) < dist(Q,Ω{) ≤ 4

√
n`(Q) for all Q ∈ F .

(c) if Q,Q′ ∈ F intersect, then
1

4
≤ `(Q)

`(Q′)
≤ 4.

(d) For given Q ∈ F , there exists at most 12n cubes Q′ ∈ F touching Q.

Lemma 2.5.4. [5][6][11] Let Ω ( Rn be a non-empty (ε,∞)-uniform domain, and let W1 and W2

denote the dyadic Whitney decomposition of and Rn \ Ω. Further, let

W3 :=
{
Q ∈ W2 : `(Q) ≤ ε diam(Ω)

16n

}
.

Then for every Q ∈ W3 there exists a reflected cube Q∗ ∈ W1 such that

1 ≤ frac`(Q∗)`(Q) ≤ 4,

dist(Q,Q∗) ≤ c`(Q),
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where c = c(n, ε). Moreover, if Q,Q2 ∈ W3 touch, then there exists a chain FQ,Q2 = {Q∗ =

S1, S2, ..., SjQ = Q∗2} of touching cubes inW2 with jQ ≤ jmax(ε, n) connecting Q∗ and Q∗2 with

1

4
≤ `(Sj)

`(Sj+1)
≤ 4 for j = 1, ....., jQ − 1.

Observe that all cubes in a chain FQ,Q2 are of comparable size.

Observe that all cubes in a chain FQ,Q2 are of comparable size. We need some preparation before we

can define our extension operator. Let ω ∈ C∞0 ([0, 1]n) with ω ≥ 0 and
´
Rn ω(x)dx = 1. For Q ∈ W1

let ωQ ∈ C∞0 (Q) be defined by ωQ := `(Q)−nω ◦ L−1
Q , where LQ is the affine linear mapping from [0, 1]n

onto Q. In particular, ωQ ≥ 0 and
´
Rn ω(x)dx = 1. For m ∈ N0 and v ∈ Wm,1(Q) let Πm

Qv denote the

Q-averaged Taylor polynomial of degree m, i.e.

(Πm
Qv)(x) =

∑
|α|≤m

ˆ
Q

(y)∇αv(y)
(x− y)α

α!
dy (2.4)

In the definition of Πm
Q it suffices to assume v ∈ L1

loc(Q), if all derivatives are moved by partial integration

to ω(y) and (x − y)α using also that ω ∈ C∞0 (Q). If α ∈ Nn
0 with 0 ≤ |α| ≤ m, then ∂αΠm

Qv =

Π
m−|α|
Q (∂αv). The averaged Taylor polynomial has the following nice properties [75, Theorem 4.7]. If

Q ∈ W1, 1 ≤ q ≤ ∞ and 0 ≤ |β| ≤ k ≤ m, then

∥∥Πm
Qv
∥∥
Lq(Q)

≤ c ‖v‖Lq(Q) for all v ∈ Lq(Q), (2.5)∥∥∂β(v − Πm
Qv)
∥∥
Lq(Q)

≤ c`(Q)k−|β|
∥∥∇kv

∥∥
Lq(Q)

for all v ∈ W 1,q(Q).

We only need the case q = 1.

We need a partition of unity for W3, see Theorem 1.4.7. For each Q ∈ W3 choose ϕQ ∈ C∞0 (17
16
Q)

with 0 ≤ ϕQ ≤ 1 such that

∑
Q∈W3

ϕQ = 1 for all x ∈
⋃

Q∈W3

Q,

0 ≤
∑
Q∈W3

ϕQ ≤ 1,∣∣∇kϕQ
∣∣ ≤ c`(Q)−k for all 0 ≤ k ≤ m.

Then ϕQϕQ′ 6= 0 if and only if Q ∩Q′ 6= ∅.

59



We can now define our extension operator εm : L1(Ω)→ L1
loc(Rn) by

εm =

{
v, on Ω,∑

Q∈W3
ϕQΠm

Qv, on Rn \ Ω.
(2.6)

That the operator εm defines a bounded extension operator from Wm,q(Ω) to Wm,q(Rn) for every

1 ≤ q < ∞. It is important for our considerations that the extension operator εm is of local type in the

sense that for every ball B1 ⊂ Rn, there exists a ball B2 ⊂ Rn such that εumu = εmv on B1 if u = v

on B2 ∩ Ω. Since Wm,p(·)(Ω ∩ B2) ↪→ Wm,1(Ω ∩ B2) for every ball B2, we can apply Chua?s result

for q = 1 to conclude that εmv ∈ Wm,1
loc (Rn) for every v ∈ Wm,p(·)(Ω). So we already know that εmv

has weak derivatives up to order m in L1
loc and it remains to prove the estimates of these derivatives in

Lp(·)(Rn). This saves us the trouble of approximation by smooth functions.

We begin with some local estimates.

Lemma 2.5.5. [6] If Q ∈ W3, then

∥∥∇kεmv
∥∥
L∞(Q)

≤ c |Q|−1
∥∥∇kv

∥∥
L1(F (Q))

for all 0 ≤ k ≤ m with c = c(ε, n,m), where

F (Q)) :=
⋃

Q2∈W3
Q and Q2 touch

⋃
S∈FQ,Q2

S.

Proof. Let Q ∈ W3 and k ∈ Nn
0 with 0 ≤ |k| ≤ m. Using

∑
Q2∈W3

ϕQ = 1 on Q, the product rule and

the estimates for ∂βϕQ2 , we get

∥∥∇kεmv
∥∥
L∞(Q)

=

∥∥∥∥∥∇k
∑

Q2∈W3

ϕQ2Πm
Q2
v

∥∥∥∥∥
L∞(Q)

≤

∥∥∥∥∥∥∇k
∑

Q2∈W3:Q2∩Q 6=∅

ϕQ(Πm
Q2
v − Πm

Qv)

∥∥∥∥∥∥
L∞(Q)

+
∥∥∇kΠm

Qv
∥∥
L∞(Q)

≤ c
k∑
j=0

`(Q)j−k
∑

Q2∈W3:Q2∩Q 6=∅

∥∥∇j(Πm
Q2
v − Πm

Qv)
∥∥
L∞(Q)

+
∥∥∇kΠm

Qv
∥∥
L∞(Q)

The terms in the norms are polynomials of order at most m. For any polynomial z of order m,

‖z‖L∞(Q) ≤ c |Q|−1 ‖z‖L1(Q2) if Q and Q2 are cubes of similar size and with a maximal distance
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of Q and Q2 comparable to the size of Q. This is a consequence of the fact that all norms on a

finite dimensional space are equivalent. The independence of c ofQ andQ2 follows by a scaling

argument. We use this fact and ∂αΠm
Qv = Π

m−|α|
Q (∂αv) for 0 ≤ |α| ≤ m, to

∥∥∇j(Πm
Q2
v − Πm

Qv)
∥∥
L∞(Q)

≤ c |Q|−1
∥∥Πm−j

Q2
(∇jv)− Πm−j

Q (∇jv)
∥∥
L1(Q)

estimate considering also that Q and Q2 are of comparable size. Let FQ,Q2 = {S1, ..., SjQ} denote

the chain connecting Q∗ and Q∗2. Then

∥∥Πm−j
Q2

(∇jv)− Πm−j
Q (∇jv)

∥∥
L1(Q)

≤
jQ−1∑
i=1

∥∥∥Πm−j
Si+1

(∇jv)− Πm−j
Si

(∇jv)
∥∥∥
L1(Q)

≤ 2

jQ∑
i=1

∥∥Πm−j
Si

(∇jv)− Pi
∥∥
L1(Q)

for any function Pi. We then set Pi := Πm−j
Si∪Si+1

(∇jv).

Again we use the fact that we are working with polynomials. Namely let P be a polynomial

of degree m and let E and F be measurable subsets of a cube Q with |E| , |F | > γ |Q|, for some

γ > 0, then ‖P‖L1 (E) ≤ c(γ,m) ‖P‖L1 (F ). For the proof of this fact see [223, Lemma 2.1]. Using

this in the first step, and (2.5) in the last step, we get

∥∥Πm−j
Si

(∇jv)− Pi
∥∥
L1(Q)

≤ c
∥∥∥Πm−j

Si+1
(∇jv)− Πm−j

Si∪Si+1
(∇jv)

∥∥∥
L1(Si)

≤ c
∥∥∥∇jv − Πm−j

Si+1
(∇jv)

∥∥∥
L1(Si)

+
∥∥∥∇jv − Πm−j

Si∪Si+1
(∇jv)

∥∥∥
L1(Si∪Si+1)

≤ c`(Q)k−j
∥∥∇kv

∥∥
L1(∪iSi)

where we have also used that all cubes in the chain FQ,Q2 are of comparable size. On the other

hand it follows from the L∞ − L1 estimate for polynomials and (2.5) that

∥∥∇kΠm
Qv
∥∥
L∞(Q)

≤ c |Q|
∥∥Πm−k

Q ∇kv
∥∥
L1(Q)

≤ c |Q|
∥∥∇kv

∥∥
L1(Q)

.

Combining the above estimates we get

∥∥∇kεmv
∥∥
L∞(Q)

≤ c |Q|−1
∑

Q2∈W3:Q2∩Q 6=∅

∥∥∇kv
∥∥
L1(∪FQ,Q2

)
+ c |Q|−1

∥∥∇kv
∥∥
L1(Q)

,

which yields the claim by the definition of F (Q).
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In order to use that p ∈ A, we have to reformulate the previous lemma in terms of averaging

operators.

Corollary 2.5.6. [6] There exists c = c(ε, n,m) > 0 such that

∑
Q∈W3

χQ
∣∣∇kεmv

∣∣ ≤ c
∑
Q∈W3

χQMQ∗

(
T 17

16
W1
◦ ... ◦ T 17

16
W1︸ ︷︷ ︸

(jmax+1)−times

◦TW1(∇kv)
)

where jmax is the maximal chain length in Lemma 2.5.4.

Proof. We show that it follows from the definition of F (Q) that

1

|Q|

ˆ
F (Q)

∣∣∇kv
∣∣ dx ≤ c

(
T 17

16
W1
◦ ... ◦ T 17

16
W1︸ ︷︷ ︸

(jmax+1)−times

◦TW1(∇kv)
)

(z)

for all z ∈ Q∗. First, the application of TW1 ensures that the L1-averages over all cubes partici-

pating in a chain starting from Q are calculated.Then these averages are accumulated at Q∗ by

passing them along the chains by the (jmax + 1)-fold application of T 17
16
W1

, where we use that the

neighboring cubes in 17
16
W1 have sufficiently big overlap. Finally, this value is transported by

the operator
∑

Q∈W3
χQMQ∗ from Q∗ to Q. Together with Lemma 2.5.5 the claim follows.

We turn to the case Q ∈ W2 \W3.

Lemma 2.5.7. [6][11] Let Q ∈ W2 \W3, then

∥∥∇kεmv
∥∥
L∞(Q)

≤ c |Q|−1
k∑
j=1

`(Q)j−k
∑

Q2∈W3:Q2∩Q 6=∅

∥∥∇jv
∥∥
L∞(Q)

for all 0 ≤ k ≤ m with c = c(ε, n,m).

Proof. Let Q ∈ W2 \ W3 and k ∈ Nn
0 with 0 ≤ k ≤ m. Using the product rule and the estimates

for ∂βϕQ2 , we get

∥∥∇kεmv
∥∥
L∞(Q)

=

∥∥∥∥∥∇k
∑

Q2∈W3

ϕQ2Πm
Q2
v

∥∥∥∥∥
L∞(Q)

≤ c

k∑
j=1

`(Q)j−k
∑

Q2∈W3:Q2∩Q 6=∅

∥∥∇jΠm
Q2
v
∥∥
L∞(Q2)
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using also that Q and Q2 are of comparable size. Now, the claim follows as in the proof of

Lemma 2.5.5.

As before we reformulate this in terms of averaging operators.

Corollary 2.5.8. [6] Let Q ∈ W2 \W3, then

∑
Q∈W2\W3

χQ
∣∣∇kεmv

∣∣ ≤ c

k∑
j=0

`(Q)j−kT 17
16
W1
◦ T 17

16
W1

( ∑
Q∈W3

χQMQ∗(∇jv)
)

for all 0 ≤ k ≤ m with c = c(ε, n,m).

Proof. The proof is similar to the one of Corollary 2.5.6. The application of
∑

Q∈W3

χQMQ∗ ensures

that the L1-averages over all cubes inW1 are calculated and transported from Q∗ to Q. Then the

values of the neighboring cubes Q2 are transported by two applications of T 17
16
W1

to Q. Together

with Lemma 2.5.7 the claim follows.

We are now prepared to prove our extension result.

Theorem 2.5.9. [6][10][11] Let Ω be an (ε,∞)-domain and m ∈ N0.Then for every p ∈ P log(Rn)

the operator εm defined in (2.6) is a bounded extension operator from Wm,p(·)(Ω) to Wm,p(·)(Rn). In

particular,

‖εmv‖Wm,p(·)(Rn) ≤ c ‖v‖Wm,p(·)(Ω) (2.7)

for all v ∈ Wm,p(·)(Ω), where c only depends on ε, diam(Ω), n,m, and clog(p). Moreover, if Ω is

unbounded, then ∥∥∇kεmv
∥∥
Lp(·)(Rn)

≤ c
∥∥∇kv

∥∥
Lp(·)(Ω)

(2.8)

for all v ∈ Wm,p(·)(Ω) and 0 ≤ k ≤ m, where c only depends on ε, n,m, and clog(p).

Proof. Let v ∈ Wm,p(·)(Ω). Then εmv ∈ W
m,p(·)
loc (Rn) by the discussions before Lemma 2.5.5.

It follows from Proposition 2.5.3 that the families W1,
17
16
W1 and 17

16
W2 are locally (12n + 1)-

finite. By Theorem 4.4.8 (see [6]) the corresponding averaging operators TW1, T
17
16
W1, T

17
16
W2

are bounded on Lp(·)(Rn). Moreover,it follows from p ∈ P log(Rn) and Theorem 4.4.15 (see [6])

that the operator f 7→
∑

Q∈Q χQMQ∗f is bounded on Lp(·)(Rn).Now, the estimates for ∇kεmv
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on Rn \ Ω follow from Corollary 2.5.6 and 2.5.8 using also that `(Q) > ε
16n
diam(Ω) for all Q ∈

W2 \W3.The estimates on follow from εmv = v on Ω.If Ω is unbounded, then
⋃
Q∈W3

Q = Rn \Ω

up to measure zero. So in this case it suffices to rely on Corollary 2.5.6, which results in the

sharper estimates and the independence of the constants of diam(Ω).

Remark 2.5.10. The dependence of the constant in (2.7) on diam(Ω) is similar as in Chua’s paper

[75]: the constant blows up as diam(Ω)→ 0.

Remark 2.5.11. [6] The previous theorem can be directly generalized to the case of (ε, δ)-

domains These sets are similar to (ε,∞)-domains, except that (ε, δ)-domains do not have to

be connected and the conditions on γ in Definition 2.5.1 have to be checked only for x, y ∈ Ω

with |x− y| ≤ δ. Theorem 2.5.9 remains valid for such (ε, δ)-domains whose components have

a diameter bounded away from zero.

2.6 Examples

Definition 2.6.1. [1] We say that a function h : Ω→ R is log-Hölder continuous on Ω if and only

if there exists c > 0 such that

|h(x)− h(y)| ≤ c

− ln |x− y|
, for all x, y ∈ Ω, 0 < |x− y| ≤ 1

2
. (2.9)

It is worth mentioning that, in general,W 1,p(·)
0 (Ω) ( W̊ 1,p(·)(Ω) and C∞0 (Ω) is not necessarily

dense in W̊ 1,p(·)(Ω). Nevertheless, we have the following result.

Proposition 2.6.2. [1] If p ∈ C+(Ω) satisfies (2.9), then C∞0 (Ω) is dense in W̊ 1,p(·)(Ω) in particular, the

spaces W 1,p(·)
0 (Ω) and W̊ 1,p(·)(Ω) coincide.

We recall the famous Poincaré inequality.

Proposition 2.6.3. [1] Let p ∈ C+(Ω), then there exists a finite constant C > 0 such that for every

u ∈ W̊ 1,p(·)(Ω)

‖u‖Lp(·)(Ω) ≤ C ‖∇u‖Lp(·)(Ω) , (2.10)

where C depends only on Ω and p(·).
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In view of Poincaré’s inequality (2.10), it is possible to define the equivalent norm of the space

W̊ 1,p(·)(Ω) by the relation (see [15])

‖u‖W̊ 1,p(·)(Ω) = ‖∇u‖Lp(·)(Ω) .

We point out that the above norm is equivalent to the following norm

N∑
i=1

‖Diu‖Lp(·)(Ω)

Remark 2.6.4. Note that the following inequality

ˆ
Ω

|f |p(x) dx ≤
ˆ

Ω

|∇f |p(x) dx,

in general does not hold . But by Proposition 1.18 (see [1]) and (2.10) we have

ˆ
Ω

|f |p(x) dx ≤ C max{‖f∇‖p
+

Lp(·)(Ω)
, ‖f∇‖p

−

Lp(·)(Ω)
}. (2.11)

Let us denote by

p∗ =

{
Np(x)
N−p(x)

if p(x) < N,

any number from [1,∞) if p(x) ≥ N.

the Sobolev conjugate exponent.

Theorem 2.6.5. [1] Let p, q ∈ C+(Ω) such that q(x) < p∗(x) in Ω, then for every u ∈ W 1,p(·)
0 (Ω)

‖u‖Lq(·)(Ω) ≤ C ‖∇u‖Lp(·)(Ω)

with a constant C depending on N , p and Ω. The embedding W̊ 1,p(·)(Ω) ↪→ Lq(·)(Ω) is continuous

and compact. Moreover, if p satisfies the log-Hölder continuity assumption (2.9) and p+ < N, then the

Sobolev embedding holds also for the critical case q(·) = p∗(·) i.e. the embedding W̊ 1,p(·)(Ω) ↪→ Lp
∗(·)(Ω)

is continuous.

Remark 2.6.6. [1] In the constant exponent case it is well-known that the conclusion of Propo-

sition 2.6.3 is true for W 1,p(·)
0 (Ω) with an arbitrary bounded open set Ω. Similarly, the conclusion

of Theorem 2.6.5 is true for W 1,p(·)
0 (Ω) with an arbitrary bounded open set .
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CHAPTER 3

ANISOTROPIC CONSTANT AND VARIABLE
EXPONENTS SOBOLEV SPACES

3.1 Anisotropic constant exponents Sobolev spaces

3.1.1 Anisotropic Sobolev spaces

Proposition 3.1.1. Let Y be a real vector space and ρ : Y → [0,+∞]. ρ is called a convex modular in

Y if ρ satisfies the following conditions:

(1) ρ(u) = 0 if and only if u = 0;

(2) ρ(−u) = ρ(u),∀u ∈ Y ;

(3) ρ(αu+ βv) ≤ αρ(u) + βρ(v),∀u, v ∈ Y, ∀α, β ≥ 0 with α + β = 1.

Let p0, p1, ..., pN be N + 1 real numbers with pi ≥ 1, i = 0, 1, ..., N. We denote

~p = {pi, i = 0, 1, 2..., N}, p = min{pi, i = 0, 1, 2..., N}, D0u = u and Diu =
∂u

∂xi

for i = 1, ..., N. With a slight abuse of the notation, we introduce the anisotropic Sobolev space

W 1,~p(Ω) =
{
u ∈ Lp0(Ω), Diu ∈ Lpi(Ω), i = 1, 2..., N

}
under the norm

‖u‖1,~p =
N∑
i=0

∥∥Diu
∥∥
Lpi (Ω)

. (3.1)

We define also W 1,~p
0 (Ω) the closure of C∞c (Ω) in W 1,~p(Ω) with respect to the norm (3.1)(see [2]).

The dual of W 1,~p
0 (Ω) is denoted by W−1,~p′(Ω) ,where ~p′ =

{
p
′
i, i = 0, 1, ..., N

}
, p′i = pi

pi−1
and

pi > 1.
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Remark 3.1.2. [2] Arguing as (R.Adams Sobolev space), it can be easily seen that W 1,~p(Ω) is as

separable Banach space and reflexive if 1 < pi <∞ for all i = 0, 1, 2, ..., N.

Lemma 3.1.3. [2][18] Let Ω be a bounded open set in Rn Then the following embeddings are compact

• if p < N then W 1,~p
0 (Ω)→ Lq(Ω), ∀q ∈

[
p, p∗

[
, where 1

p∗
= 1

p
− 1

N
,

• if p = N then W 1,~p
0 (Ω)→ Lq(Ω), ∀q ∈

[
p,+∞

[
,

• if p > N then W 1,~p
0 (Ω)→ L∞(Ω) ∩ Ck(Ω), where k = E

(
1− N

p

)
.

Herein,

E(x) = n for x ∈ [n, n+ 1) , n ∈ N,

Theorem 3.1.4. [1] Let αi ≤ 1, i = 1, ..., N , we pose −→α = (α1, ..., αN). Suppose that u ∈ W 1,α
0 (Ω),

and set
1

α
=

1

N

N∑
i=1

1

αi
, r =

{
α∗ = Nα

N−α if α < N ;

anynumberfrom[1,∞) if α ≥ 0).

Then, there exists a positive constant C depending on N, p1, ..., pN if α < N and also on r and meas( Ω)

if α ≥ N , such that

‖u‖Lr(Q) ≤ C
N∏
i=1

(‖u‖Lαi (Q) + ‖Diu‖Lαi (Q))
1
N (3.2)

Proof. see([1])

Proposition 3.1.5. [7][17][9]

(1) Let Ω ⊂ RN b e a rectangular domain and p = (p1, p2, ...., pN) ∈ [1,∞)N .

(1) If p < N , then W 1,−→p (Ω) ↪→ L
Np
N−p (Ω), and W 1,−→p (Ω) ↪→↪→ Lq(Ω) provided q ∈ [1, Np

N−p).

(2) If p = N , then W 1,−→p (Ω) ↪→↪→ Lq(Ω) for any q ∈ [1,∞).

(3) If p > N , then W 1,−→p (Ω) ↪→ C0,β(Ω) with

0 < β =
α

N/p∧ + α
< 1, α = 1− N

p
.
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(2) The same statements as in part 1 are true for any bounded domain Ω ⊂ RN if W 1,−→p
0 (Ω) is used

instead of W 1,−→p (Ω).

Lemma 3.1.6 (Anisotropic Sobolev inequality[18]). Let Q be a cube of RN with faces parallel to the

coordinate planes. Suppose pi ≥ 1, i = 1, ..., N and u ∈
⋂N
i=1W

1,pi(Q). Then

‖u‖Ls(Q) ≤ K

N∏
i=1

(‖u‖Lpi (Q) + ‖Diu‖Lpi (Q))
1
N , (3.3)

where s = p∗ = Np
N−p if p < N with p given by 1

p
= 1

N

N∑
i=1

1
pi

. The constant K depends on N and pi,

Furthermore, if p ≥ N , the inequality (3.3) is true for all s ≥ 1, and K depends on s and |Q|.

3.1.2 An imbedding from WE,p(Ω) into Lq(Ω)

let N denote the set of non-negative integers and n any positive integer .For multi-indices

α, β ∈ Nn , α = (α1, ..., αn),β = (β1, ..., βn), the length of α is |α| = α1 + ... + αn,Dα =

Dα1
1 ...Dαn

n

(
Di = ∂

xi

)
is a corresponding diffrerential opirator and α 5 β means αi 5 βi For

all i = 1, ..., n .througtout this paper Ω ∈ Rn is a bounded domain . we shall consider the Ba-

nach spaces Lp(Ω),(1 ≤ p < ∞) of integrable functions and Ck,µ(Ω) (k ∈ N, 0 5 µ 5 1) Hölder-

continuouse with the norms

‖u‖Lp(Ω) =

(ˆ
Ω

|u(x)|p dx
)1/P

and

‖u‖Ck(Ω) = ‖u‖Ck,0(Ω) =
∑
|α|≤K

sup
x∈Ω
|Dαu(x)| (if µ = 0)

or

‖u‖Ck,µ(Ω) = ‖u‖Ck(Ω) +
∑
|α|=k

sup
x,y∈Ω
x 6=y

|Dαu(x)−Dαu(y)|
|x− y|α

(ifµ = 0),

respectively.

In accordance with the definitions (see [17]) we shall say that Ω ⊂ Rn is of class

<k,µ (k ∈ N, 0 5 µ 5 1) ,if there existe numbers α, β > 0,M Cartesiam coordinate systems

(xr1, ..., xrn) =
(
x
′
r, ..., xrn

)
obtained from the original system (x1, ..., xn).
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Theorem 3.1.7. [17] Let Ω be of class C(H) for some H > 0.let E =
{
α ∈ Nn; |α| 5 1

}
, p =

{pi}ni=0, 1 5 pi 5 p0 <∞ for i = 1, ..., n then there existe such a constant c > 0

that

‖u‖Lp(Ω) 5 c ‖u‖WE,−→p (Ω) (3.4)

For every u ∈ WE,−→p (Ω)

1

q
=

1

n

(
n∑
i=1

1

pi
− 1

)
(3.5)

or 1 5 q <∞ arbitrary , if the term in 3.5 is positive or non-positive ,respactively .

Proof. see [17].

Theorem 3.1.8. [17] Let the assumpations of 3.1.7 be fulfilled .Let 1 5 r < q .where q satisfies the

conditions of the statement of 3.1.7.Then the imbedding WE,~p(Ω)→ Lr(Ω) is compact .

Proof. Firstly we using the Reisz thoerm on characterization of compact sets in Lp(Ω) (we will

next study) one proves the compactness of imbedding WE,~p(Ω) → L1(Ω) .Secondly ,one uses

the fact that there exist a continuous imbedding WE,~p(Ω) → Lq(Ω). Now , Holder’s inequality

yields the compact imbedding WE,~p(Ω)→ Lr(Ω) for 1 5 r < q

Imbedding into space of continuous functions

Lemma 3.1.9. [17] Let Ω be of class <0,1, E =
{
α ∈ Nn; |α| ≤ 1

}
, p = {pi}i=0

n with n 5 p0 < ∞ for

i = 1, ..., n then there exist a continuous imbedding

WE,~p(Ω)→ C(Ω)

.

Proof. Setting p = min
1≤i≤n

pi and using Hölder’s inequality we obtain

‖u‖W 1,p(Ω) 5 c ‖u‖WE,p(Ω) ,

where the constant c > 0 depends only on Ω and p For p > n itt suffices to use the will-known

imbedding theorem on W 1,p(Ω)→ C(Ω)
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Definition 3.1.10. [17] Let Ω ⊂ Rn be a bounded domain. µ = {pi}i=0
n with 0 ≤ µ < 1 for

i = 1, ..., n we define the anisotropic space C0,µ(Ω) Hölder-continuous functions as the class of

u ∈ C(Ω) with a finite norm

‖u‖C0,µ(Ω) = c ‖u‖C(Ω) + sup
x,y∈Ω
x 6=y

|u(x)− u(y)|
n∑
i=1

|x− y|α

µi

(3.6)

Remark 3.1.11. The space C0,µ(Ω) with the norm (3.6)is a Banach space

Definition 3.1.12. [17] Let H > 0, δ > 0.we say that a domain Ω ⊂ Rn is of class C(H, δ) whose

edges are parallel to the coordinte axes and one vertex is at the origin, such that y + c ⊂ Ω for

all y ∈ Ω, |y − x‖ < δ.

Lemma 3.1.13. [17] Let Ω ⊂ Rn be of class C(H, δ) for some H > 0, δ > 0 then Ω is of class <0,1

Proof. Let K = min
(
δ
2
, H

4

)
.Given x0 ∈ δΩ,we denote by B the ball of rdius K with the center at

x0 let x ∈ B ∩Ω and let C be the cube discribed in 3.1.12 we have ‖x− y| 5 2k 5 δ for y ∈ B ∩Ω

and so y+C ∈ Ω.Hence the set B∩Ω possesses the same properties as the set B∩Ω in the proof

of lemma 3.1.9.thus, repeating that proof exacly we obtain that Ω is of class <0,1.

3.1.3 Traces of function in WE,p(Ω) on the boundray of Ω

A domain Ω ⊂ Rn will be called an i-domain for some i = 1, .., n if there exist numbers

aj, bj,−∞ < aj < bj <∞ for i = 1, .., n and fonctions ϕψ continuouns and bounded on

∆i =
{
x
′
= (x1, ..., xi−1, xi+1, ..., xn

}
; aj < xjbj, forj 6= i

}
such that ϕ(x

′
) < aj, bj < ψ(x

′
) for x′ ∈ ∆i and

Ω =
{

(x′, xj);x
′ ∈ ∆i, ϕ(x′) < xi < ψ(x′)

}
the set

Γi =
{

(x′, xj);x
′ ∈ ∆i, xi = ψ(x′)

}
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or Γi =
{

(x′, xj);x
′ ∈ ∆i, xi = ϕ(x′)

}
will be called an i boundary of Ω we shall say that a

function u is defined a.e on Γi if u(x′, ψ(x′)) is defined for a.e.x′ ∈ ∆iBy Lp(Γi)(1 5 P < ∞ we

denote the class of function u defined a.e on Γi with a finit norm

‖u‖Lp(Γi)
=
(ˆ

∆i

‖u(x′, ψ(x′))|p dx′
)1/p

(3.7)

the class with the norm is 3.7a Banach space.

Theorem 3.1.14. [17] Let Ω ⊂ Rn be i-domain for all i = 1, .., n.Let E =
{
α ∈ Nn; |α| 5 1

}
, ~p ={

pi

}n
i=0

with 1 5 pi 5 p0 <∞ for i = 1, .., n denote by Γi the i-boundary of Ω and set

qi = 1 +

(
1− 1

pi

)
(3.8)

then there exist a uniquely determined continuouns linear mapping

<i = WE,~p(Ω)→ Li(Γi)

such that <i(u) = u |ri for all u ∈ c∞(Ω).

Proof. see [17].

Remark 3.1.15. [17] It fallows from 3.1.14 (see[17]) that

<iu(xi) = lim
xi→ψ(x′)

(x′, xi) for a.e x′ ∈ ∆i.

set p = min pi. An application of Hölder’s inequality gives the imbedding from WE,~p(Ω) into

W 1,p(Ω).Henec by the theory of isotropic Sobolev space (see [17])then there exist a uniquely

determined continuouns operator < : WE,~p(Ω) → Lq(δΓ), q = (n−1)p
(n−p) , such that <u = u |δΩ for

all c∞(Ω). if Ω is not a parallelepided ,then there exist a relativly open subset Γ of δΩ which is a

subset of any i-boundray Γi for all i = 1, .., n thus on Γ there exists both the i-trace <u ∈ Lqi(Γ)

for i = 1, .., n and the "global"trace <u ∈ Lqi(Γ)of u ∈ WE,~p(Ω). on can easily prov that q 5

min15i5n qi the fallwing lemma shows what is the coherence betwin

<iu and <u

.
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Lemma 3.1.16. [17] Let the assumptions of treorem (see[17]) be satisfied. Suppose Γ ⊂ Λr from some

r = 1, ...M and set

Mi =
{
x′ ∈ ∆i;<iu(x′, ψ(x′)) 6= <u(y),Λ−1

r (x′, ψ(x′))
}

for i = 1, .., n .then maesn−1(M) = 0 .

Proof. (See[17])

Definition 3.1.17. [17] Let Ω ⊂ Rn be a domain ,E ⊂ Nn a finits set of multiindices,D ∈ E and

~p =
{
pα

}
α∈E

with 1 5 p 5 ∞ for α ∈ E.By WE,~p(Ω) we denote the calsure of the set C∞0 (Ω) in

topology of WE,~p(Ω).

Remark 3.1.18. [17] the set WE,~p
0 (Ω) with the norm of WE,~p(Ω).forma a separable Banach,wich

is reflixive if pα > 1 for all α ∈ E.

Proof. let Ω ⊂ Rn be an i-domain , for all E ⊂ Nn be a finits convex set of multiindices,(i.e

E = chn(E) ∩ Rn ,where chn(A) denote the convex hull the Rn of the set A such that β ∈ E,

provided α ∈ E,β ∈ Nn and β 5 α.Let ~p =
{
pα
}
α∈E1 5 pα 5 pβ < ∞ if α, β ∈ E,α < β. it

follows from the proof of theorem (see[17]) that for each i = 1, .., n and α ∈ E such that α(i) =

(α1, ..., αα−1, αi + 1, αi+1, ..., αn) ∈ E there exist a uniquely determined continuouns operator

<i,α : WE,~p(Ω) → L1(Γi) such that <i,α = Dα(u) |Γi for all u ∈ c∞(Ω) Denote by WE,~p(Ω) the

class of all functions u ∈ WE,~p(Ω) with <i,α = 0 for all admissible i and α.

Example 3.1.19. [17] let n = 3 p1 = p2 = 1 and p0 = 3.then give q = c
4

and k = 2, recpectvely

and so τ = 2 ,v1 = v2 = 1. we take t = 2, λ = −8
9
. we set u(x) = (x2

1 + x2
2)−4/9 and intoduce the

polar cordinates (%, ϑ).then D3u = 0and fori = 1, 2 we have

ˆ
Ω

‖Diu(x)‖ dx 5
8

9
int
√

2
0 %−8/9d% <∞,

while ˆ
Ω

‖u(x)‖ dx = int10%
−1d% =∞,
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3.2 Anisotropic variable exponents Sobolev spaces

Proposition 3.2.1. (see 3.1.1) Let ρ be a convex modular in Y . Define

X = Yρ =
{
u ∈ Y : lim

λ→0+
ρ(λu) = 0

}
and

‖u‖ρ = inf{λ > 0 : ρ
(u
λ

)
≤} for u ∈ X

Then X is a linear subspace of Y and ‖·‖ρ is a norm on X .(X, ‖·‖ρ) is called a Nakano’s modular space

generated by the modular ρ, and ‖·‖ρ is called the Luxemburg norm.

Let Ω ⊂ RN be an open domain. A function ϕ : Ω ⊂ R→ R is called a Musielak-Orlicz function if

ϕ satisfies the following conditions:

(1) ϕ is a Caratheodory function, that is, ϕ(x, ·) : R→ R is continuous for a.e. x ∈ Ω and ϕ(·, t) : Ω→

R is measurable for every t ∈ R.

(2) ϕ(x, t) ≥ 0 for a.e. x ∈ Ω and all t ∈ R;ϕ(x, t) = 0 if and only if t = 0.

(3) ϕ(x,−t) = ϕ(x, t) for a.e. x ∈ Ω and all t ∈ R.

(4) The function ϕ(x, ·) : R→ R is convex for a.e. x ∈ Ω .

In the case that ϕ(x, t) = ϕ(t) without x, a Musielak-Orlicz function ϕ is called an Orlicz

function (or a Young function).

Define S(Ω) = {u|u : Ω→ R is measurable} and

Φ = {ϕ|ϕ : Ω× R→ R Musielak Orlicz function}

Let ϕ ∈ Φ. Define

ρϕ(u)

ˆ
Ω

ϕ(x, u(x))dx ∀u ∈ S(Ω).

Then ρϕ is a convex modular in S(Ω). We denote by Lϕ(Ω) the modular space (S(Ω))ρϕ gener-

ated by the modular ρϕ, namely

Lϕ(Ω) =
{
u ∈ S(Ω) : lim

λ→0+
ρϕ(λu) = 0

}
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. The Luxemburg norm on Lϕ(Ω) is denoted by ‖·‖ρϕ .(L
ϕ(Ω), ‖·‖ρϕ) is called a Musielak ,Orlicz

space, which is a special case of Nakano’s modular spaces.

Proposition 3.2.2. [7] [3] For any ϕ ∈ Φ the normed linear space (Lϕ(Ω), ‖·‖ρϕ) is complete, that

is,(Lϕ(Ω), ‖·‖ρϕ) is a Banach space.

Let ϕ ∈ Φ. We say that ϕ satisfies condition (∆2) if there exist a positive constant K and a nonneg-

ative function h ∈ L1(Ω) such that

ϕ(x, 2t) ≤ Kϕ(x, t) + h(x) for a:e x ∈ Ω and t ∈ R.

Proposition 3.2.3. [7][17] Let ϕ ∈ Φ.. If ϕ satisfies condition (∆2), then the following statements hold,

where ρϕ is written simply by ρ.

Q1 ρ(2v) ≤ Kρ(v) + C, ∀v ∈ S(Ω), where C is a positive constant.

Q2 Lϕ(Ω) = {v ∈ S(Ω) : ρ( v
λ
) <∞ forall λ 6= 0} = {v ∈ S(Ω) : ρ(v) < +∞}.

Q3 Let v ∈ Lϕ(Ω) \ {0}. Then ρ(αv), as a function of α ∈ [0, 1), is continuous and strictly increasing

in α ∈ [0, 1). Moreover ρ(αv) = 1 if and only if |α| = 1
‖v‖ρ

.

Q4 ρ(v) < 1(resp. = 1;> 1)⇔ ‖v‖ρ < 1(resp. = 1;> 1), where v ∈ Lϕ(Ω).

Q5 ρ(vn)→ 0(resp.+∞), ‖vn‖ρ → 0(resp.+∞)asn→∞, where vn ∈ Lϕ(Ω).

Q6 ρ(vn)→ 1⇔ ‖vn‖ρ → 1

Q7 The modular functional ρ is continuous on the space (Lϕ(Ω), ‖·‖ρ), that is, ρ(vn) → ρ(v) if vn →

v in (Lϕ(Ω), ‖·‖ρ).

We denote by Z+ the set of nonnegative integers.For a multi-index α = (α1, ..., αN) ∈ Z+
N , |α| =

α1 + ... + αN ∈ Z+
N is the length of α, and Dα = Dα1

1 ...DαN
N is respective differential operator, where

Di = ∂
∂χi

.

Let E ⊂ Z+
N be a finite set of multi-indices with 0 ∈ E, and let ϕ(E) = {ϕα : α ∈ E} ⊂ Φ.Define

the anisotropic Musielak-Orlicz-Sobolev space WE,ϕ(E)(Ω) by

WE,ϕ(E)(Ω) = {u ∈ L1
loc(Ω) : Dαu ∈ Lϕα(Ω) for α ∈ E}
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with the norm ‖u‖WE,ϕ(E)(Ω) =
∑
α∈E
‖Dαu‖ρϕα .

In the case where ϕα = ϕ for all α ∈ E,WE,ϕ(E)(Ω) = WE,ϕ(Ω) is an isotropic Musielak-Orlicz-

Sobolev space.In the case where each ϕα(α ∈ E) is an Orlicz function, that is, ϕα is independent of

x ∈ Ω, WE,ϕ(E)(Ω)) is an anisotropic Orlicz-Sobolev space.

In this article we restrict ourselves to the case that Ω ⊂ RN is a bounded domain, E = {α ∈ Z+
N :

|α| ≤ α} ←→ {0, (1, 2, ..., N)}, ϕ(E) = {ϕ0, (ϕ1, .., ϕN)} and ϕi(x, t) = |t|pi(x) (x) for i = 0, 1, ..., N,

where

pi ∈ L∞+ (Ω) := {p ∈ L∞(Ω) : p(x) ≥ 1 for a.e. x ∈ Ω}.

In this case WE,ϕ(E) is written by W 1,p0(·),(p1(·),...,pN (·))(Ω) or W 1,{p0(·),−→p (·)}(Ω), where

−→p (x) = (p1(x), ..., pN(x)).

W 1,{p0(·),−→p (·)}(Ω) is called an anisotropic variable exponent Sobolev space. In the case where pi(x) = p(x)

for i = 0, 1, ..., N,W 1,{p0(·),−→p (·)}(Ω) = W 1,p(·)(Ω) is the usual (isotropic) variable exponent Sobolev

space.In the case where each pi(Ω) is a constant pi ∈ [1,∞),W 1,{p0(·),−→p (·)}(Ω) = W 1,{p0,
−→p }(Ω) is the

anisotropic (constant exponent) Sobolev space.

For any p ∈ L∞+ (Ω),setting ϕ(x, t) |t|p(x) for x ∈ Ω and t ∈ R, then ϕ is a Musielak-Orlicz function

satisfying condition (∆2).Thus, Proposition3.2.3 is valid for such ϕ. The Luxemburg norm on Lp(·)(Ω)

is denoted simply by ‖·‖p(·).

For the Banach spaces X and Y , we denote by X ↪→ Y that X is continuously embedded into Y , and

by X ↪→↪→ Y that X is compactly embedded into Y . For {un} ⊂ X and u0 ∈ X, un → u0 denotes that

{un} converges strongly to u0 in X , and un ⇀ u0 denotes that {un} converges weakly to u0 in X .

It is obvious that W 1,{p0(·),−→p (·)}(Ω) ↪→ W 1,1(Ω) because pi(x) ≤ 1. From Proposition 3.2.2 and the

completeness of W 1,1(Ω), we immediately have the following theorem.

Theorem 3.2.4. [7] W 1,{p0(·),−→p (·)}(Ω) is a Banach space.

Let pi ∈ L∞+ (Ω) for i = 0, 1, ..., N. Define

p̃(u) =

ˆ
Ω

|u|p0(x) dx+
N∑
i=1

ˆ
Ω

|Diu|pi(x) dx, ∀u ∈ L1
loc(Ω).
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Then p̃ is a convex modular in Y = L1
loc(Ω) and W 1,{p0(·),−→p (·)}(Ω) = Yp̃ is the modular space

generated by the modular p̃.The Luxemburg norm ‖·‖p̃ onW 1,{p0(·),−→p (·)}(Ω), defined by ‖u‖p̃ =

inf{λ > 0 : p̃
(
u
λ
≤ 1

)
} is equivalent to the norm ‖u‖W 1,{p0(·),−→p (·)}(Ω) = ‖u‖p0(·) +

N∑
i=1

‖Diu‖pi(·). It

is easy to see that the corresponding properties (Q1) − (Q7) stated in Proposition 3.2.3 are also

true if we use W 1,{p0(·),−→p (·)}(Ω), p̃ and ‖·‖p̃ instead ofLϕ(Ω), ρ and ‖·‖ρ, respectively.

For q ∈ L∞+ (Ω) and G ⊂ Ω, define

q−(G) = ess inf
x∈G

q(x) and q+(G) = ess sup
x∈G

q(x).

For simplicity we write q− and q+ instead of q−(Ω) and q+(Ω), respectively.

Theorem 3.2.5. [7] Let pi ∈ L∞+ (Ω) for i = 0, 1, ..., N. If pi,− > 1 for i = 0, 1, ..., N, then the Banach

space (W 1,{p0(·),−→p (·)}(Ω), ‖·‖p̃) is uniformly convex, and consequently, it is reflexive.

Proof. Define ρ : (S(Ω))N+1 → [0,+∞] by

ρ(v0, v1, ..., vN) =
N∑
i=1

ˆ
Ω

|vi|pi(x) dx, ∀(v0, v1, ..., vN) ∈ (S(Ω))N+1.

Then ρ is a convex modular in Y = (S(Ω))N+1, and the modular space Yρ generated by ρ is

the Cartesian product ΠN
i=1L

pi(·)(Ω). For each i = 0, 1, ..., N , since pi,− > 1, (Lpi(·)(Ω), ‖·‖pi(·))

is uniformly convex, it follows that the Banach space (ΠN
i=1L

pi(·)(Ω), ‖·‖ρ) is uniformly convex.

Define I(u) = (u,D1u, ..., DNu)) for u ∈ (W 1,{p0(·),−→p (·)}(Ω). It is obvious that

I :
(
W 1,{p0(·),−→p (·)}(Ω), p̃

)
→ (ΠN

i=1L
pi(·)(Ω), ‖·‖ρ)

is an isometric embedding. Because every linear subspace of a uniformly convex linear normed

space is also uniformly convex,
(
W 1,{p0(·),−→p (·)}(Ω), ‖·‖p̃

)
is uniformly convex.

We say that W 1,{p0(·),−→p (·)}(Ω) is a C1(Ω)-module if whenever u ∈ W 1,{p0(·),−→p (·)}(Ω) and ψ ∈

C1(Ω), it follows that ψu ∈ W 1,{p0(·),−→p (·)}(Ω). The C1(Ω)-module is a ’good’ property. Let us

analyse that under what condition W 1,{p0(·),−→p (·)}(Ω) is surely a C1(Ω)-module.

Let i ∈ {1, 2, ...., N} be fixed, and let p0, pi ∈ L∞+ (Ω). Define

W 1i,{p0(·),pi(·)}(Ω) = {u ∈ Lp0(·)(Ω) : Diu ∈ Lpi(·)(Ω)}.
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Lemma 3.2.6. [7][17][9] W 1i,{p0(·),pi(·)}(Ω) is a C1(Ω)-module if

p0(x) ≥ pi(x) for a.e. x ∈ Ω. (3.9)

Proof. Let condition (3.10) hold.Then Lp0(·)(Ω) ↪→ Lpi(·)(Ω). Let u ∈ W 1i,{p0(·),pi(·)}(Ω) and ψ ∈

C1(Ω). Put v = ψu. Then, obviously v ∈ Lp0(·)(Ω).Note thatDiv = ψDiu + uDiψ.SinceDiu ∈

Lpi(·)(Ω) and ψ ∈ C0(Ω) we have ψDiu ∈ Lpi(·)(Ω). Since u ∈ Lp0(·)(Ω) ↪→ Lpi(·)(Ω) and Diψ ∈

C0(Ω) we have uDiψ ∈ Lpi(·)(Ω). Thus Div ∈ Lpi(·)(Ω) and v ∈ W 1i,{p0(·),pi(·)}(Ω). This shows that

W 1i,{p0(·),pi(·)}(Ω) is a C1(Ω)-module.

From Lemma 3.2.6 we immediately have the following theorem.

Theorem 3.2.7. [7][14] W 1,{p0(·),−→p (·)}(Ω) is a C1(Ω)-module if

p0(x) ≥ pi(x) for a.e. x ∈ Ω and i = 1, ..., N. (3.10)

For −→p (·) = (p1(·), p2(·), ..., pN(·)) ∈ (L∞+ (Ω))N ,define

p∨(x) = max{p1(x), ..., pN(x)} and p∧(x) = min{p1(x), ..., pN(x)}, ∀x ∈ Ω

From Theorem 3.2.7 we see that, for W 1,{p0(·),−→p (·)}(Ω) to be a C1(Ω)-module, an ’exact’ case is to take

p0(x) = p∨(x). In what follows, the space W 1,{p∨(·),−→p (·)}(Ω) is written simply by W 1,−→p (·)(Ω), namely

W 1,−→p (·)(Ω) = {u ∈ Lp∨(·)(Ω) : Diu ∈ Lpi(·)(Ω) for i = 1, ..., N}

= {u ∈ L1
loc(Ω) : u ∈ Lpi(·)(Ω), Diu ∈ Lpi(·)(Ω) for i = 1, ..., N}.

Below we focus our discussion on the space W 1,−→p (·)(Ω).

We denote byW 1,−→p (·)
0 (Ω) the closure ofC∞0 (Ω) inW 1,−→p (·)(Ω), and write W̊ 1,−→p (·)(Ω) = W 1,−→p (·)(Ω)∩

W 1,1
0 (Ω). Let Ω have a Lipschitz boundary ∂Ω. For u ∈ W 1,−→p (·)(Ω) ⊂ W 1,1(Ω), u|∂Ω denotes the trace

on ∂Ω of u in W 1,1(Ω). Then

W̊ 1,−→p (·)(Ω) = {u ∈ W 1,−→p (·)(Ω) : u|∂Ω = 0}.

Obviously, W 1,−→p (·)
0 (Ω) ⊂ W̊ 1,−→p (·)(Ω). It is well-known that in the constant exponent case, that

is, when −→p (·) = −→p ∈ [1,∞)N ,W 1,−→p
0 (Ω) = W̊ 1,−→p (Ω). However in the variable exponent case, in
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general,W 1,−→p (·)
0 (Ω) 6= W̊ 1,−→p (·)(Ω), and C∞(Ω) need not be dense in W 1,−→p (·)(Ω). For the density of

smooth functions in W 1,−→p (·)(Ω) we have the following result.

Theorem 3.2.8. [7][14] Let Ω ⊂ RN be a bounded domain with Lipschitz boundary and −→p (·) ∈

(L∞+ (Ω))N . Suppose that for each i = 1, 2, ..., N, pi : Ω → R is log-Holder continuous, that is, there

exists a positive constant Lsuch that

|pi(x)− pi(y)| ≤ L

− ln |x− y|
for x, y ∈ Ω with |x− y| ≤ 1

2
.

Then

(a) C∞0 (Ω) is dense in W̊ 1,−→p (·)(Ω), and thus W 1,−→p (·)
0 (Ω) = W̊ 1,−→p (·)(Ω).

(b) C∞0 (Ω) is dense in W 1,−→p (·)(Ω) if Ω is a rectangular domain with edges parallel to the coordinate

axes.

Proof. Statement (1) immediately follows from the known result on C∞0 (Ω)-density for the vari-

able exponent Lebesgue?Sobolev spaces [9]. To prove statement (2), let Ω be a rectangular

domain with edges parallel to the coordinate axes. Denote by 3Ω the rectangular domain

with same centre as Ω and three times the side, and let η be a C∞ cut-off function between

Ω and 3Ω. We extend the function pi by reflections to a function on 3Ω, denoted still by pi. For

ũ ∈ W 1,−→p (·)(Ω),we may extend it by reflections to a function ũ ∈ W 1,−→p (·)(3Ω) .Set v = ηũ. Then

v ∈ W 1,1
0 (3Ω)∩W 1,−→p (·)(3Ω). By statement (1), v can be approximated by the functions inC∞0 (3Ω),

and thus u can be approximated by the functions in C∞(Ω). Statement (2) is proved.

We now turn to consider the embeddings of the anisotropic variable exponent Sobolev space

W 1,−→p (·)(Ω). For −→p (·) = (p1(·), p2(·), ..., pN(·)) ∈ (L∞+ (Ω))N and x ∈ Ω, we define

p(x) =
N

N∑
i=1

1
pi(x)

,

p∗(x) =

{
Np(x)
N−p(x)

if p(x) < N ;

+∞ if p(x) ≥ N.
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In what follows, for brevity, a rectangular domain (or a cube) with edges parallel to the

coordinate axes is simply said to be a rectangular domain (or a cube). For x ∈ RN and ε > 0, we

denote by K(x, ε) the N-dimensional open cube with centre x and edge length ε. Define

C0
+(Ω) = {u ∈ C0(Ω) : u(x) ≥ 1 forall x ∈ Ω}.

For −→p (·) = (p1(·), p2(·), ..., pN(·)) ∈ (L∞+ (Ω))N and G ⊂ Ω, denote

−−−→
p−(G) = (p1,−(G), p2,−(G), ..., pN,−(G).

Note that, by our notation, p−(G) denotes the harmonic average for
−−−→
p−(G).

We say that Ω is a rectangular-like domain if Ω is a union of finitely many rectangular do-

mains. It is obvious that in statement (2) of Theorem 3.2.8 and in part 1 of Proposition 3.1.5 the

condition that Ω is a rectangular domain can be replaced by that Ω is a rectangular-like domain.

For W 1,−→p (Ω) we give the following compact embedding theorem.

Theorem 3.2.9. [7]

(1) Let Ω ⊂ RN be a rectangular-like domain and −→p (·) = (p1(·), p2(·), ...., pN(·)) ∈ (C0
+(Ω))N .

(1) If q ∈ C0
+(Ω) and

q(x) < max{p∗(x), p∨(x)} forall x ∈ Ω (3.11)

then W 1,−→p (·)(Ω) ↪→↪→ Lq(·)(Ω)

(2) If p(x) > N for all x ∈ Ω, then there exists β ∈ (0, 1) such that W 1,−→p (·)(Ω) ↪→ C0,β(Ω),and

consequently, W 1,−→p (Ω) ↪→↪→ C0(Ω).

(2) The same statements as in part 1 are true for any bounded domain Ω ⊂ RN if use W̊ 1,−→p (·)(Ω) or

W
1,−→p (·)
0 (Ω) instead of W 1,−→p (·)(Ω).

In order to prove statement (1) in part 1 of Theorem 3.2.9, we first give the following two lemmas.

Lemma 3.2.10. [7] Let Ω ⊂ RN be a bounded domains and−→p (·) ∈ (L∞+ (Ω))N Suppose that r ∈ L∞+ (Ω)

andW 1,−→p (·)(Ω) ↪→↪→ Lr(·)(Ω). ThenW 1,−→p (·)(Ω) ↪→↪→ Lq(·)(Ω) for any q ∈ L∞+ (Ω) satisfying condition

ess inf
x∈Ω

(r(x)− q(x)) > 0
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Proof. Let q ∈ L∞+ (Ω)and ess infx∈Ω(r(x) − q(x)) = ε > 0. Note that this implies that r− ≥ 1 + ε.

Without loss of generality, we may assume q− > 1, otherwise we use max{q(x), 1 + ε/2} instead

of q(x). It is obvious that W 1,−→p (·)(Ω) ↪→ Lq(·)(Ω. Let {un} ⊂ W 1,−→p (·)(Ω) is a bounded sequence.

Then, because W 1,−→p (·)(Ω) ↪→ Lr(·)(Ω) and W 1,−→p (·)(Ω) ↪→ W 1,1(Ω) ↪→↪→ L1(Ω) we can choose a

subsequence of {un}, denoted still by {un}, such that un ⇀ u0 (weakly) in Lr(·)(Ω) and un ⇀

u0 (strongly) in L1(Ω). Setvn = un − u0. By the Holder inequality for the variable exponent

Lebesgue spaces ([14] [9]) we have

ˆ
Ω

|vn|q(x) dx =

ˆ
Ω

|vn|
r(x)−q(x)
r(x)−1 |vn|

r(x)(q(x)−1)
r(x)−1 dx ≤ 2

∥∥∥|vn| r(x)−q(x)
r(x)−1

∥∥∥
L

r(x)−1
r(x)−q(x) (Ω)

·
∥∥∥|vn| r(x)(q(x)−1)

r(x)−1

∥∥∥
L
r(x)−1
q(x)−1 (Ω)

.

Since vn → 0 in L1(Ω), we can obtain that
∥∥∥|vn| r(x)−q(x)

r(x)−1

∥∥∥
L

r(x)−1
r(x)−q(x) (Ω)

→ 0, and since

vn ⇀ 0 in Lr(·)(Ω), we can see that {
∥∥∥|vn| r(x)(q(x)−1)

r(x)−1

∥∥∥
L
r(x)−1
q(x)−1 (Ω)

} is bounded, and consequently,
´

Ω
|vn|q(x) dx → 0, which implies vn → 0 in Lq(·)(Ω), that is,un → u0 in Lq(·)(Ω). Lemma 3.2.10 is

proved.

From Lemma 3.2.10 and the fact thatW 1,−→p (·)(Ω) ↪→ Lp
∨(·)(Ω) we have the following corollary.

Corollary 3.2.11. [7] Let Ω ⊂ RN be a bounded domain and−→p (·) ∈ (L∞+ (Ω))N . ThenW 1,−→p (·)(Ω) ↪→↪→

Lq(·)(Ω) for any q ∈ L∞+ (Ω) satisfying condition

ess inf
x∈Ω

(p∨(x)− q(x)) > 0.

Lemma 3.2.12. [7] Let Ω,−→p (·) and q(·) satisfy the assumptions given in part 1(1) of Theorem 3.2.9.

Then, given any x0 ∈ Ω, there exists an open cube K(x0, εx0) such that

W 1,−→p (·)(K(x0, εx0) ∩ Ω) ↪→↪→ Lq(·)(K(x0, εx0) ∩ Ω). (3.12)

Proof. Let any x0 ∈ Ω be given. Under assumption (2.3), two cases may happen: either q(x0) <

p∨(x0) or q(x0) < p∗(x0). In the case that q(x0) < p∨(x0), by the continuity of −→p and q, there

exists a cube K(x0, εx0) such that q(x) < p∨(x) for all x ∈ K(x0, εx0) ∩ Ω. By Corollary 3.2.11,

(3.12) holds.Now let q(x0) < p∗(x0). We consider the following two cases, respectively.
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case (i) p(x0) < N . By the continuity of −→p (·) and q(·), since q(x0) < p∗(x0), there exists a cube

K(x0, εx0) such that

q+(K(x0, εx0) ∩ Ω) <
(
p−(K(x0, εx0) ∩ Ω)

)∗
.

Note that p−(K(x0, εx0) ∩ Ω) ≤ p(x0) < N . Applying Proposition 3.1.5 to

W 1,
−−−−−−−−−−−−−→
p−(K(x0,εx0 )∩Ω)(K(x0, εx0) ∩ Ω),we have that

W 1,
−−−−−−−−−−−−−→
p−(K(x0,εx0 )∩Ω)(K(x0, εx0) ∩ Ω) ↪→↪→ Lq+(K(x0,εx0 )∩Ω)(K(x0, εx0) ∩ Ω)

As

W 1,−→p (·)(K(x0, εx0) ∩ Ω) ↪→ W 1,
−−−−−−−−−−−−−→
p−(K(x0,εx0 )∩Ω)(K(x0, εx0) ∩ Ω)

And

Lq+(K(x0,εx0 )∩Ω)(K(x0, εx0) ∩ Ω) ↪→ Lq(·)(K(x0, εx0) ∩ Ω)

hence (3.12) holds.

Case (ii) p(x0) ≥ N Since q ∈ C0, we have q+ < ∞. It is easy to see that there exists δ > 0 such

that

q+ < r∗ if r > N − δ.

Note that, by our notation,r∗ = +∞ifr ≥ N . From p(x0) ≥ N and the continuity of −→p (·)

and p(·), we can see that there exists a cube (K(x0, εx0) such that

p−(K(x0, εx0) ∩ Ω) > N − δ

and consequently,

q+ <
(
p−(K(x0, εx0) ∩ Ω)

)∗
From this we can see that (3.12) holds. Lemma 3.2.12 is proved.

Proof of Theorem 3.2.9. Based on Lemma 3.2.12, using the finite covering theorem for the com-

pact set Ω, we can prove statement (1) in part 1 of Theorem 3.2.9. Applying conclusion (3) of

Proposition 3.1.5 to a small rectangular-like neighbourhood of each point x ∈ Ω and using the
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finite covering theorem for the compact set Ω, we can prove statement (2) in part 1 of Theo-

rem 3.2.9. To prove part 2 of Theorem 3.2.9, let us consider the space W̊ 1,−→p (·)(Ω)(or W 1,−→p (·)
0 (Ω)),

where Ω ⊂ RN is a bounded domain. Take a rectangular domain G ⊂ RN such that Ω ⊂ G. For

each i = 1, 2, ...., N , there exists a continuous extension of the function pi(·) to G, denoted still

by pi(·), such that pi,−(G) = pi,−(Ω) and pi,+(G) = pi,+(G). For any u ∈ W̊ 1,−→p (·)(Ω)(orW 1,−→p (·)
0 (Ω))

we additionally define u(x) = 0 for x ∈ G \ Ω. Then u ∈ W 1,−→p (·)(G). Applying the results in

part 1 of Theorem 3.2.9 to W 1,−→p (·)(G), we can complete the proof of part 2 of Theorem 3.2.9.

The following theorem is a consequence of Theorem 3.2.9.

Theorem 3.2.13. [7] Let Ω ⊂ RN be a bounded domain and p(·) = (p1(·), p2(·), ...., pN(·)) ∈

(C0
+(Ω))N . Suppose that

p∨(x) < p∗(x) for all x ∈ Ω. (3.13)

Then the following Poincare-type inequality holds:

‖u‖Lp∨(·)(Ω) ≤ C
N∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lpi(·)(Ω)

for all u ∈ W̊ 1,−→p (·)(Ω)(orW
1,−→p (·)
0 (Ω)) (3.14)

where C is a positive constant independent of u ∈ W̊ 1,−→p (·)(Ω).Thus,
N∑
i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lpi(·)(Ω)

is an equivalent

norm on W̊ 1,−→p (·)(Ω)or W 1,−→p (·)
0 (Ω).

Proof. Theorem 3.2.13 immediately follows from Theorem 3.2.9 and the Jaak Peetre’s lemma

on the equivalence of norms [42]. In addition, here we give a conventional proof of Theorem

3.2.13. Arguing by contradiction, assume that inequality (3.14) does not hold. Then there exists

a sequence {un} ⊂ W̊ 1,−→p (·)(Ω)(orW
1,−→p (·)
0 (Ω))) such that

‖un‖Lp∨(·)(Ω) ≥ n

N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥
Lpi(·)(Ω)

Without loss of generality, we can assume that ‖un‖Lp∨(·)(Ω) = 1. Then

N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥
Lpi(·)(Ω)

≤ 1

n
for n = 1, 2....,

and {un} is bounded in W̊ 1,−→p (·)(Ω)(orW 1,−→p (·)
0 (Ω)).By Theorem 3.2.9,condition (3.13) implies that

W̊ 1,−→p (·)(Ω)(orW 1,−→p (·)
0 (Ω))↪→↪→ Lp

∨(·)(Ω), and consequently there exists a subsequence of {un},
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denoted still by {un}, such that {un} is convergent in Lp∨(·)(Ω). Thus,{un} is a Cauchy sequence

in W̊ 1,−→p (·)(Ω)(orW 1,−→p (·)
0 (Ω)),and hence there exists u0 ∈ W̊ 1,−→p (·)(Ω)(orW 1,−→p (·)

0 (Ω)) such that un →

u0 in W̊ 1,−→p (·)(Ω)(or W 1,−→p (·)
0 (Ω)) as n → ∞. Since

N∑
i=1

∥∥∥∂un∂xi

∥∥∥
Lpi(·)(Ω)

≤ 1
n

and ∂un
∂xi
→ ∂u0

∂xi
in Lpi(·)(Ω)

for i = 1, ...., N, we have

N∑
i=1

∥∥∥∥∂u0

∂xi

∥∥∥∥
Lpi(·)(Ω)

= lim
n→∞

N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥
Lpi(·)(Ω)

= 0,

and consequently ∇u0 = 0. It follows from u0 ∈ W̊ 1,−→p (·)(Ω) ⊂ W 1,1
0 (Ω) that u0 = 0, which

contradicts with that ‖u0‖Lp∨(·)(Ω) = limn→∞ ‖un‖Lp∨(·)(Ω) = 1. The proof is complete.

Now let us consider the case that p0 = 1. In this case, W 1,{p0(·),−→p (·)}(Ω) = W 1,{1,−→p (·)}(Ω). It is

well-known that, in the constant exponent case, when−→p = (p1, p2, ..., pN) and p < N , in general,

the embedding W 1,{1,−→p }(Ω) ↪→ Lp
∗
(Ω) may not be true even if Ω is a cube.

Proposition 3.2.14. [7]

(1) Let Ω ⊂ RN be a rectangular domain and −→p = (p1, p2, ..., pN) ∈ [1,∞)N satisfy condition

pi < p∗ for i = 1, 2, ..., N.

Then W 1,{1,−→p }(Ω) ↪→ Lp
∗
(Ω) if p < N , and W 1,{1,−→p }(Ω) ↪→ Lq(Ω) for any q ∈ [1,∞) if p ≥ N .

(2) If W 1,{1,−→p }
0 (Ω) is used instead of W 1,{1,−→p }(Ω) in statement (1), then the corresponding embedding

results for W 1,{1,−→p }
0 (Ω) are true for the generic bounded open set Ω, not only for a rectangular

domain.

Based on Proposition 3.2.14 we give the following theorem.

Theorem 3.2.15. [7]

(1) Let Ω ⊂ RN be a rectangular-like domain and −→p = (p1(·), p2(·), ..., pN(·)) ∈ (C0
+(Ω))N . Sup-

pose that (3.13) holds. Then W 1,{1,−→p (·)}(Ω) = W 1,−→p (·)(Ω), and consequently, by Theorem

3.2.9,W 1,−→p (·)(Ω) = W 1,{p0(·),−→p (·)}(Ω) for any p0 ∈ C0
+(Ω) satisfying condition p0(x) < p∗ for

x ∈ Ω.
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(2) Let Ω ⊂ RN be a bounded domain and (3.13) holds.Then W̊ 1,{1,−→p (·)}(Ω) = W̊ 1,−→p (·)(Ω) and

W
1,{1,−→p (·)}
0 (Ω) = W

1,−→p (·)
0 (Ω).

The proof of Theorem 3.2.15 is omitted here because it can easily be completed by applying

Proposition 3.2.14 to a small rectangular-like neighbourhood of each point x ∈ Ω and using the

finite covering theorem for the compact set Ω.

Let −→p = (p1(·), p2(·), ..., pN(·)) ∈ (L∞+ (Ω))N .We denote by D1,−→p (·)
0 (Ω) the completion of

C∞0 (Ω) with respect to the norm
N∑
i=1

∥∥∥∂un∂xi

∥∥∥
Lpi(·)(Ω)

. It is obvious that W 1,−→p (·)
0 (Ω) ⊂ D1,−→p (·)

0 (Ω). In

the constant exponent case, that is, when−→p = (p1, p2, ..., pN) ∈ RN with p∧ ≥ 1, it is well-known

that the following Poincare-type inequality holds :

‖u‖Lpi (Ω) ≤ C

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lpi (Ω)

for all u ∈ C∞0 (Ω), (i = 1, ...., N) (3.15)

and consequently,W 1,−→p
0 (Ω) = D1,−→p

0 (Ω) and
N∑
i=1

∥∥∥∂un∂xi

∥∥∥
Lpi (Ω)

is an equivalent norm on

W 1,−→p
0 (Ω)ForD1,−→p (·)

0 (Ω) we have the following theorem.

Theorem 3.2.16. [7] Let Ω ⊂ RN be a bounded domain, −→p = (p1(·), p2(·), ..., pN(·)) ∈ (C0
+(Ω))N and

(3.13) hold. Then D1,−→p (·)
0 (Ω) = W

1,−→p (·)
0 (Ω).

Proof. Since D1,−→p (·)
0 (Ω) ↪→ D1,1

0 (Ω) = W 1,1
0 (Ω) ↪→ L1(Ω) we have that D1,−→p (·)

0 (Ω) =

W
1,{1,−→p (··· )}
0 (Ω). By Theorem 3.2.15, D1,−→p (·)

0 (Ω) = W
1,−→p (·)
0 (Ω).

Remark 3.2.17. It is well-known that W 1,p(Ω) ↪→ Lp
∗
(Ω) if 1 ≤ p < N . It is also known that

W 1,p(·)(Ω) ↪→ Lp
∗(·)(Ω) if p(x) < N for all x ∈ Ω and p(·) is Lipschitz continuous (or log-

Holder continuous) on Ω . Theorem 3.2.9 gives a compact embedding result for W 1,−→p (·)(Ω)

and W
1,−→p (·)
0 (Ω), however, the following question on the critical embedding for W 1,−→p (·)(Ω) and

W
1,−→p (·)
0 (Ω) is open.

Theorem 3.2.18. Let Ω ⊂ RN be a rectangular domain. Does the continuous embeddingW 1,−→p (·)(Ω) ↪→

Lp
∗(·)(Ω)(orW 1,−→p (·)

0 (Ω) ↪→ Lp
∗(·)(Ω)) hold if p(x) < N for all x ∈ Ω and pi(·) is Lipschitz continuous

(or log-Holder continuous) on Ω for i = 1, 2, ...., N?
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Remark 3.2.19. In Theorem 3.2.16 condition (3.13) is assumed; however, in the constant expo-

nent case, inequality (3.15) holds without condition (3.13). We do not know whether the cor-

responding inequality like (3.15) for the Lipschitz variable exponent case holds without (3.13),

namely the following question is open.

Lemma 3.2.20. Does the equality W 1,−→p (·)
0 (Ω) = D1,−→p (·)

0 (Ω) hold for the Lipschitz variable exponent

−→p (·) without assumption (3.13)?

Theorem 3.2.21. [7] Let Ω ⊂ RN be a bounded domain and pi(·) > 1 are continuous functions. Suppose

that

pi(x) < p∗(x). (3.16)

Then the following Poincar-type inequality holds:

‖u‖Lp+(·)(Ω) ≤ C
N∑
i=1

‖Diu‖Lpi(·)(Ω) ,∀u ∈
N⋂
i=1

W
1,pi(·)
0 (Ω).

where C is a positive constant independent of u. Thus,
N∑
i=1

‖Diu‖Lpi(·)(Ω) is an equivalent norm on⋂N
i=1W

1,pi(·)
0 (Ω).

3.2.1 Examples

LetΩ ⊂ RN , N ≤ 2, be a bounded open domain with Lipschitz boundary.

Let −→p (·) : Ω ⊂ RN be a vector-valued function defined by

−→p (·) = (p1(·), p2(·), ...., pN(·)),

with pi ∈ C+(Ω) for all i ∈ {1, ....., N.}

Define

p+(x) = max(p1(x), ..., p1(x)),∀x ∈ Ω.

The anisotropic variable exponent Sobolev space W 1,−→p (·)(Ω) is defined by

W 1,−→p (·)(Ω) = {u ∈ Lp+(·)(Ω) : Diu ∈ Lpi(·)(Ω), for i = 1, ..., N}

= {u ∈ L1loc(Ω) : u ∈ Lpi(·)(Ω), Diu ∈ Lpi(·) for i = 1, ..., N}
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endowed with the norm

‖u‖W 1,−→p (·)(Ω) = ‖u‖Lp+(·)(Ω) +
N∑
i=1

‖Diu‖Lp+(·)(Ω) . (3.17)

We denote by W
1,−→p (·)
0 (Ω) the closure of C∞0 (Ω) in the norm of W 1,−→p (·)(Ω), and we introduce a

natural generalization of the variable exponent Sobolev space W̊ 1,p(·)(Ω) we write W̊ 1,−→p (·)(Ω) =

W 1,−→p (·)(Ω)∩W 1,1
0 (Ω). As in isotropic case, since is supposed to be a bounded open domain with

Lipschitz boundary ∂Ω, then

W̊ 1,−→p (·)(Ω) = {u ∈ W 1,−→p (·)(Ω) : u|∂Ω = 0}

. The spaces W 1,−→p (·)(Ω),W
1,−→p (·)
0 (Ω) and W̊

1,−→p (·)
0 (Ω) are separable and reflexive Banach spaces

when they are supplied with the norm defined in (3.17). By
(
W̊

1,−→p (·)
0 (Ω)

)′
we understand the

dual space of W̊ 1,−→p (·)
0 (Ω).

It is well-known that in the constant exponent case, that is, when −→p (·) = −→p ∈

(1,+∞)N ,W 1,−→p
0 (Ω) = W̊ 1,−→p (Ω). However in the variable exponent case, in generalW 1,−→p (·)

0 (Ω) (

W̊ 1,−→p (·)(Ω) and the smooth functions are in general not dense in W 1,−→p (·)(Ω). Nevertheless, if pi

is log-Holder continuous over Ω for each i ∈ {, ..., N} then C∞0 (Ω) is dense in W̊ 1,−→p (·)(Ω), and

thus W 1,−→p (·)
0 (Ω) = W̊ 1,−→p (·)(Ω).

We put for all x ∈ Ω

p∗(x) =


Np(x)
N−p(x)

if p(x) < N,

∞ if p(x) ≤ N. where p(x) = N
N∑
i=1

1
pi(x)

In what follows we introduce some versions of the anisotropic embedding theorems.

Theorem 3.2.22. [1] Let Ω ⊂ RN an open bounded domain and −→p (·) ∈ (C+(Ω))N . If q ∈ C+(Ω) with

q(x) < max(p+(x), p∗(x)) for all x ∈ Ω. Then the embedding

W̊ 1,−→p (·)(Ω) ↪→ Lq(·)(Ω), (3.18)

is compact. The same statement is true if we use W 1,−→p (·)
0 (Ω) instead of W̊ 1,−→p (·)(Ω).
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Theorem 3.2.23. [1] Let Ω ⊂ RN an open bounded domain and −→p (·) ∈ (C+(Ω))N . Suppose that

∀x ∈ Ω, p+(x) < p∗(x). (3.19)

Then the following Poincaré-type inequality holds

‖u‖Lp+(·)(Ω) ≤ C

N∑
i=1

‖Diu‖Lpi(·)(Ω) ∀u ∈ W̊
1,−→p (·)(Ω) or

(
W

1,−→p (·)
0 (Ω)

)
(3.20)

where C is a positive constant independent of u. Thus
N∑
i=1

‖Diu‖Lpi(·)(Ω) is an equivalent norm on

W̊ 1,−→p (·)(Ω) or
(
W

1,−→p (·)
0 (Ω)

)
.

Let −→p (·) = (p1(·), ..., pN(·)) ∈ (C+(Ω))N . We let D1,−→p 0(·) be the variable exponent anisotropic

Sobolev space defined as the completion of C∞0 (Ω) with respect to the norm

‖u‖D1,−→p (·)
0

=
N∑
i=1

‖Diu‖Lpi(·)(Ω) .

the space D1,−→p 0(·)
0 (Ω) equipped with the above norm is a reflexive Banach space. It is obvious that

W
1,−→p (·)
0 (Ω) ⊆ D1,−→p (·)

0 (Ω). In the constant exponent case, that is, when −→p (·) = −→p = (p1, ..., pN) ≤

(1,∞)N , it is well-known that the following Poincaré-type inequality :

‖u|Lpi (Ω) ≤ C ‖Diu|Lpi (Ω) for all u ∈ C∞0 (Ω), i = 1, ...., N

The sufficient condition for the coincidence of the spaces W 1,−→p (·)
0 (Ω) and D1,−→p 0(·)(Ω) is given by the

following proposition

Proposition 3.2.24. [1] Let −→p (·) ∈ (C+(Ω))N and (1.13) hold. Then D1,−→p (·)
0 (Ω) = W

1,−→p (·)
0 (Ω).

In order to facilitate the manipulation of the space D1,−→p (·)
0 (Ω), we introduce the following notations

−→p − = (p−1 , ..., p
−
N), p−+ = max{p−1 , ..., p−N} and p−− = max{p−1 , ..., p−N}.

By p− we denote the harmonic mean of −→p −, that is,

1

p−
=

1

N

N∑
i=1

1

p−i
.

If 1 < p− < N , we define (p−)∗ ∈ R+ and p−,∞ ∈ R+ by

(p−)∗ =
N

N∑
i=1

1
p−i
− 1

=
Np−

N − p−
, and p−,∞ = max{(p−)∗, p−+}.
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Theorem 3.2.25. [1] Let Ω ⊂ RN (N ≥ 2) be a bounded domain with Lipschitz boundary. Assume that

N∑
i=1

1

p−i
> 1. (3.21)

Then, for any q ∈ C+(Ω) satisfying

q(x) < p−,∞ for all x ∈ Ω,

the embedding

D1,−→p (·)
0 (Ω) ↪→ Lq(·)(Ω), (3.22)

is continuous and compact.

Theorem 3.2.26. [15] Let Ω ⊂ RN be a bounded domain and pi(Ω) > 1 are continuous functions.

Suppose that

pi(x) < p∗(x).

where

p∗(x) =

{
Np(x)
N−p(x)

, if p(x) < N ;

+∞ if p(x) ≥ N.

and 1
p(x)

= 1
N

N∑
i=1

1
pi(x)

. Then the following PoincarÃfÂ c©-type inequality holds:

‖u‖Lp+(·(Ω) ≤ C

N∑
i=1

‖Diu‖Lpi(·(Ω) , ∀u ∈
N⋂
i=1

W
1,pi(·)
0 (Ω).

where C is a positive constant independent of u and p+(Ω) = max{p1(x), ...., pN(x)}x ∈ Ω.

Thus,
N∑
i=1

‖Diu‖Lpi(·(Ω) is an equivalent norm on
⋂N
i=1W

1,pi(·)
0 (Ω).

Lemma 3.2.27. [15] Let Ω ⊂ RN , QT = (0, T )×Ω, and pi(·) :→ (1,∞) be a continuous function. We

have the following continuous embeddings

Lp
+
i (0, T ;Lpi(·)(Ω)) ↪→ Lpi(·)(QT ) ↪→ Lp

−
i (0, T ;Lpi(·)(Ω)) (3.23)

Proof. Let v ∈ Lpi(·)(QT ) and Hölder inequality, we find the estimate
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ˆ T

0

‖v(t, ·)‖p
−
i

Lpi(·(Ω)
dt ≤

ˆ
Ω

|v(t, x)|pi(x) dx,
(ˆ

Ω

|v(t, x)|pi(x) dx
)p−i /p+

i
}
dt

≤
ˆ T

0

ˆ
Ω

|v(t, x)|pi(x) dxdt+ T 1−p−i /p
+
i

(ˆ T

0

ˆ
Ω

|v(t, x)|pi(x) dxdt
)p−i /p+

i

we obtain

ˆ T

0

‖v(t, ·)‖p
−
i

Lpi(·)(Ω)
dt ≤ max

{
‖v‖p

−
i

Lpi(·)(QT )
, ‖v‖p

+
i

Lpi(·)(QT )

}
+T 1−p−i /p+

max
{
‖v‖(p−i )2/p+

Lpi(·)(QT )
, ‖v‖p

−
i

Lpi(·)(QT )

}
.

Therefore, v ∈ Lp
−
i (0, T ;Lpi(·)(Ω)), and the embedding of Lpi(·)(QT ) into Lp

−
i (0, T ;Lpi(·)(Ω)) is

continuous.The first embedding in (3.23) can be proved in a similar way.
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Conclusion

In this memory, we presented a study on some results about an anisotropic variable exponents

Sobolev spaces, and their basic properties. This work raises a number of questions that deserve

to be addressed for example [7], Anisotropic variable exponents Sobolev spaces and p(x) Lapla-

cian equations. Elliptic Equations. For this reason we think that the memory will be useful also

for researchers interested in the anisotropic variable exponents Sobolev spaces case only.
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