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Introduction

The study of fuzzy relations was started by Zadeh [39] in 1971. In that celebrated paper the
author introduced the concept of fuzzy relation, defined the notion of equivalence, and gave
the concept of fuzzy orderings. The concept of fuzzy order was introduced by generalizing
the notion of reflexivity, antisymmetry and transitivity, there by facilitating the derivation
of known results in various areas and stimulating the discovery of new ones. Fuzzy orderings
have broad utility. They can be applied, for example, when expressing our preferences with
a set of alternatives. Since then many notions and results from the theory of ordered sets
have been extended to the fuzzy ordered sets. In [36], Venugopalan introduced a definition
of fuzzy ordered set (foset) (P, ) and presented an example on the set of positive integers.
He extended this concept to obtain a fuzzy lattice in which he defined a (fuzzy) relation as a
generalization of equivalence. Another approach was proposed by Chon [12]. Hence, a fuzzy
lattice is defined to be just a set equipped with a fuzzy ordering relation, albeit the simple
definition, many interesting properties of these lattices were deduced [12].

In June 1983 Atanassov introduced the concept of intuitionistic fuzzy set as a general-
ization of notion of fuzzy set. They differ from fuzzy both by their motivations and their
underlying mathematical structure. Mathematical objects introduced by Atanassov [6, 7]
and studied under the name “intuitionistic fuzzy sets” (IFS) have become a popular topic of
investigation in the fuzzy set community. The first widely accessible reference was published
in 1986 [7]. An intuitionistic fuzzy set in the sense of Atanassov is defined by a pair of
membership functions (denoted by pu, v where pu is the degree of membership and ¢ is the
degree of non-membership with u (2) + 9 (x) < 1). The representation theorems appeared
in the thirties of the last century; M. Stone [35] proved that every Boolean algebra is iso-
morphic to a set of {I,/a € A} (where I, denotes the set of prime ideals of A not containing

a). The representation theorem for distributive lattices proved by Birkhoff [8]; asserts that



any finite distributive lattice L is isomorphic to the lattice of the ideals of the partial order
of the join-irreducible elements of L. H. Priestley developed another kind of duality for
bounded distributive lattices see [29, 30]. Such representation theorems enable a deep and
a concrete comprehension of the lattices as well their structures. The duality is central in
making the link between syntactical and semantic approaches to logic, also in theoretical
computer science this link is central as the two sides correspond to specification languages
and the space of computational states. This ability to translate faithfully between algebraic
specification and spatial dynamics has often proved itself to be a powerful theoretical tool
as well as a handle for making practical problems decidable. Topological duality for Boolean
algebras [34] and distributive lattices [35] is a useful tool for studying relational semantics
for propositional logics. Canonical extensions [16, 17, 18, 19], provide a way of looking at
these semantics algebraically. Priestley’s duality for bounded distributive lattices has en-
joyed growing attention and has been variously applied in the international literature since
its inception in 1970 [29, 30].

In the first Chapter, we give some basic notions and definitions of topology, ordered
sets, and fuzzy ordered sets needed in the sequel and we present the duality for bounded

distributive lattices in the crisp case using the Priestley approach [29, 30].

The second Chapter, we focus on some results concerning the Priestley duality for finite
fuzzy distributive lattices.

In the third Chapter, we extend some results in [2, 29, 30], where a representation theorem
of fuzzy distributive lattices in the infinite case is presented. In this case, we show that the
category of infinite fuzzy Priestley spaces is equivalent to the dual of the category of infinite
fuzzy distributive lattices (see[4]).

In Chapter 4, we focus on the basic notions and definitions concerning intuitionistic fuzzy
perfect lattices and we introduce the notion of intuitionistic fuzzy Priestley spaces on one
hand. On the other hand, we extend some results of [2, 29, 30], more precisely, we give a
representation theory of perfect intuitionistic fuzzy distributive lattices in the finite case.
The finding result obtained in this chapter, is that the category of finite intuitionistic fuzzy
perfect Priestley spaces is equivalent to the dual of the category of finite intuitionistic fuzzy

perfect distributive lattices (see[5]).



Chapter 1

Preliminaries

In this chapter, we recall some useful notions on topological spaces, lattices, lattices isomor-
phisms, Priestley duality in the crisp case, fuzzy lattices, filters and ideals of fuzzy lattices,

fuzzy Priestley spaces and fuzzy Priestley spaces isomorphisms.

1.1 Topological spaces

Let X be a set and 7 be a family of subsets of X. If 7

satisfies the following conditions
(01) peTand X €.
(02) Any intersection of finitely many elements of 7 is an element of 7.
(03) Any union of elements of 7 is an element of 7.

Then 7 is called a topology on X and the pair (X, 7) is called a topological space. Every
element of (X, 7) is called a point. Every member of 7 is called an open set of X or open
in X. If {z} € 7, then the point x is called an isolated point of X. The complement of an
open set is called a closed set of X or closed in X.

If a set is open and closed in a topological space, then it is called open-and-closed or
closed-and-open (or clopen for short).

Let C be the family of closed sets of the topological space (X, 7). Then C satisfies the

following conditions

(C1l) peCand X €C.



(C2) Any union of finitely many elements of C is an element of C.

(C3) Any intersection of elements of C is an element of C.

1.1.1 Basis for a topological space

Definition 1.1. If X is a set, a basis for a topology on X is a collection B of subsets of X
(called basis element) such that:

1. For each x € X, there is at least one basis element B containing x.

2. If x belongs to the intersection of two basis elements By and Bs,then there is a basis

element Bs containing x such that By C By N Bs.

If B satisfies these two conditions, then we define the topology 7 generated by B as follows:
A subset U of X is said to be open in X (that is, to be an element of 7) if for each element
x € U, there is a basis element B € B such that x € B and B C U. Note that each basis

element is itself an element of 7.

1.1.2 Subspace topology

Definition 1.2. Let X be a topological space with topology 7. If Y 1is a subset of X, the

collection

v ={YNU/U €1}

1s a topology on Y. It is called the induced topology, the subspace topology, or the rela-
tive topology. With this topology, Y is called a subspace of X, its open sets consist of all

intersections of opens sets of X with'Y .

Lemma 1.3. If B is a basis for the topology X, then the collection
By ={BNY /B e B}

s a basis for the subspace topology on Y .



1.1.3 Compact spaces

Definition 1.4. Let A be a subset of the topological space X. An open cover for A is a
collection Oof open sets whose union contains A. A subcover derived from the open cover O

is a subcollection O'of O whose union contains A.

Definition 1.5. A topological space X is compact provided that every open cover of X has

a finite subcover.

This says that however we write X as a union of open sets, there is always a finite sub

collection {(’)i}i:;I of these sets whose union is X. A subspace A of X is compact if A is a

1=
compact space in its subspace topology. Since relatively open sets in the subspace topology

are the intersections of open sets in X with the subspace A, the definition of compactness

for subspaces can be restated as follows.

Definition 1.6. A subspace A of X is compact if and only if every open cover of A by open

sets in X has a finite subcover.

Theorem 1.7. Fach closed subset of a compact space is compact.

Finite products of topological spaces
Let X and Y be two topological spaces, and consider the Cartesian product X x Y.

Definition 1.8. The product topology on X XY 1is the topology having as basis the collection
B of all sets of the form U x V', where U is an open set of X and V is an open set of Y.

Theorem 1.9. If B is a basis for the topology X and C is a basis for the topology Y, then

the collection

D={BxC/BeBandC €C}

1s a basis for the topology of X x Y.

1.2 Lattices

1.2.1 Partial ordered sets

A partial order (order for short) is a binary relation < over a set X which is reflexive (a < a

for any a € X), antisymmetric (¢ < b and b < a implies a = b for any a,b € X) and



transitive (¢ < b and b < ¢ implies a < ¢ for any a,b,c € X). A set with an order relation

is called an ordered set (also called a poset).

Zorn’s lemma

Lemma 1.10. (Zorn’s lemma). Let S be a partially ordered set. If every totally ordered

subset of S has an upper bound, then S contains a maximal element

1.2.2 Lattices

We shall be particularly interested in ordered sets (X, <) in which sup{z,y}, inf{x,y} exist
for all z,y € X.

Notation 1.11. We shall adopt the following neater notation: we write Ny (read as x join
y) in place of sup{x,y} when it exists and v Ny (read as x meet y) in place of inf{z,y}
when it exists. Similarly we write V.S (the join of S) and NS (the meet of S) instead of

sup S and inf S when these exist.
Definition 1.12. (/14])Let (X, <) be an ordered set.

(1) IfxVy, x Ay exist for all x,y € X, then (X, <) is called a lattice.

(ii) If VS, AS ezist for all S C X, then (X, <) is called a complete lattice.

1.2.3 Distributive lattices

Lemma 1.13. ([1}])Let L be a lattice. Then the following are equivalent
(D1) (Ya,b,ce L)y aN(bVe)=(aANb)V(aNc);
(D2) (Va,b,ce L)aV (bAc)=(aVb)A(aVc).

Definition 1.14. ([/14]) Let L be a lattice. L is said to be distributive if it satisfies the
distributive law, (Ya,b,c € LYaAN(bVe¢)=(aAb)V(aAc).



1.2.4 Filters and ideals

Definition 1.15. (/14]) A nonempty subset F' of a lattice L is called a filter of L if for all
r,y € L

1. ifye Fwithy <z, thenx € F,
2. ifx,y € F impliesx Ny € F.

Definition 1.16. (/10]) A filter F of L is a prime filter if t\Vy € F impliesx € F ory € F

for any xz,y € X.

Definition 1.17. (/14]) A nonempty subset I of a lattice L is called a ideal of L if for all
x,y €L

1. ifyel withx <y, thenx €I,
2. ifx,y € I impliesxVyel.

Definition 1.18. ([10]) An ideal I of L is a prime ideal if xt Ny € I implies x € I ory € I
for any x,y € X.

1.2.5 Lattices isomorphisms

Definition 1.19. ([14]) Let L and L'be two lattices. A mapping f : L — L' is said to be an
homomorphism if f(x Ny) = f(x) A f(y) and f(xVy) = f(x)V f(y) for all z,y € L. If f

s a bijection, then f is said to be lattices isomorphism.

Proposition 1.20. ([10, Proposition 1.3.9 ]) Let L be a lattice and F be a subset of L. The

following conditions are equivalents,
1. F is a prime filter;
2. L — F is a prime ideal.

3. There is a surjective lattice homomorphism f : X — {0,1} such that F = f~' ({1}).

Corollary 1.21. (/10, Corollary 1.5.13 ]) Let L be a distributive lattice. If a,b € X are
such that a £ b there is a prime filter F' such that a € F and b ¢ F



1.3 Priestley duality for bounded distributive lattices

Most of the definitions and results presented here are classical and can be found in [10],[14].

Definition 1.22. Let (X, <) be a poset. A subset E C X is said to be increasing (decreasing)
ifVeye X:x e Eandz <y (y<zx) implyy € E.

Definition 1.23. An ordered topological space is a triple (X,7,<) such that (X,T) is a
topological space and (X, <) is a poset. A T—-clopen set in a topological space is a set which
1s both open and closed. The ordered topological space is said to be totally disconnected for
the order (<) if for every x,y € X such that x & y there exist an increasing T— clopen U

and a decreasing T—clopen V' such that UNV =0 with x € U andy € V.

Definition 1.24. A Priestley space is a compact totally disconnected ordered topological

space.

If A is a distributive lattice then its dual space is defined to be T'(A) = (X, 7, <) , where
X is the set of homomorphisms from A onto {0, 1}, preserving 0 and 1, 7 be the topology
induced by the product topology of {0,1}#, and < is the partial order: f < g in X if and
only if f(a) < g(a) for all a € A.

T (A) = (X, 7, <) is compact totally order disconnected, i.e., a Priestley space.

1.3.1 Priestley spaces isomorphisms
Definition 1.25. Let (X, 7,<), and (X', 7', <) be two Priestley spaces.
1. A function f: X — X' is called increasing if for all z,y € X, x <y = f(z) <X f(y).

2. Let f : X — X' be a function between Priestley spaces. Then [ is called a Priestley

spaces homomorphism if is increasing and continuous.

If f is a bijection, then f is said to be Priestley spaces isomorphism.

Lemma 1.26. If 0 = (X, 7,<) is a Priestley space. Then (L (8),N,U, ¢, X) is a bounded
distributive lattice. Where L (§) ={Y C X|Y is increasing and T—clopen}.



Lemma 1.27. Let A be a bounded distributive lattice. The map Fa: A L(T(A)) defined
by
Fy(a) ={f € X/f(a) =1}

1s a lattice isomorphism.

Lemma 1.28. If f : Ay — Ay is a lattice homomorphism, then the map T(f) : T(A1) —
T(Ay) defined by T(f)(g) = go f is an homomorphism of Priestley space, i.e., a continuous

and increasing map.

Lemma 1.29. If 6 = (X, 7,7) is a Priestley space, then the map Gg : § — T(L(0)) defined

by
1 ifxey,

0 ife¢y.

Gi(x)(Y) =

for all' Y € L(6) is an isomorphism of Priestley space, i.e., a bijection, continuous and

INCTeasing map.

Lemma 1.30. If h : §; — 0y is an homomorphism of Priestley space, then the map L(h) :
L(83) + L(61) defined by L(h)(y) = h™*(y) for every y € L(d2) is a lattices homomorphism.

Theorem 1.31. If f : A; — Ay is a lattice homomorphism, then

L(T(f))o Fa, =Fa,of.

S

Aj—— ——— = A

| |

Fa, | | Fa,

\ 3

L(T(A) —=—= = L(T(A4))
L(T(f))

Theorem 1.32. If h : 01 — 0o is an homomorphism of Priestley space, then

T
(L (h)) o Gs, = G, 0 h.



0 ——— = )
| |
Gs, | | G,
\ 1
T(L(O) ———= — T(L(d)
T (L(h))

Theorem 1.33. The dual of the category of distributive lattices is equivalent to the category

of Priestley spaces.

1.4 Fuzzy lattices

In this section, we recall some definitions and concepts needed in the sequel.

1.4.1 Fuzzy set

Let X be a non-empty set. A mapping u: X — [0, 1] is called a fuzzy set on X.

The following expressions are defined in X for all fuzzy sets A, B in X
1. AC Bif and only if s < ug,

2. A=Bifand only if AC Band B C A,

3. A°=1— g,

4. ANB = pa A ug,

5. AUB = s V up.

1.4.2 Fuzzy ordered sets

Let X be a non-empty set. A mapping R : X x X — [0, 1] is called a fuzzy binary relation
on X.
A fuzzy binary relation R on X is called

1. Reflexive, if R(x,z) =1, for all x € X.

10



2. Antisymmetric, if R(x,y) A R(y,z) = 0 whenever = # y, for all x,y € X.

3. Transitive, if R(z,y) A R(y,z) < R(z, 2), for all z,y,z € X.

A reflexive, antisymmetric and transitive fuzzy relation is called a fuzzy partial ordering
relation. A set equipped with a fuzzy order relation is called a fuzzy ordered set (foset). The

height of R, denoted by h(R), is defined by h(R) = V{(zyex2azn R (T, y) .

1.4.3 Fuzzy lattices

The terminology used in this section is the same as in [12, 36], where all the necessary

definitions and results may be found.

Definition 1.34. Let (X, R) be a fuzzy poset and let A be a subset of X. An element u € X
is said to be an upper bound of A if and only if R(a,u) > 0 for all a € A. An upper bound
ug of A is the least upper bound of A if and only if R(ug,u) > 0 for every upper bound u
of A. An element | € X 1is said to be a lower bound of A if and only if R(l,a) > 0 for all
a € A. A lower bound ly of A is the greatest lower bound of A if and only if R(l,ly) > 0 for

every lower bound l of A.

The least upper bound and the greatest lower bound of the set {x,y} are denoted by zVy

and x A y respectively.
Proposition 1.35. [12/Let (X, R) be a fuzzy lattice. For any x,y,z € X, it follows that,
1. R(z,xVy)>0, Rly,xVy) >0, RlxAy,z) >0 and R(x ANy,y) >0,
2. R(x,z) >0 and R(y,z) > 0 implies R(x V y,z) > 0,
3. R(z,x) >0 and R(z,y) > 0 implies R(z,x Ay) > 0,
4. R(z,y) >0 if and only if x Vy =y,
5. R(z,y) >0 if and only if xt Ny = x,
6. If R(y,z) >0, then R(x ANy, Az) >0 and R(zVy,zVz)>0.

Proposition 1.36. [12/Let (X, R) be a fuzzy lattice. For any x,y,z € X, it follows that,

11



a) N =x,x N =1,

b) tVy=yVz,xANy=yAcx,

c) (xVy)Vz=xzV(yVz), @Ay Az=xzAyAz),

d) (xkVy)Nex =z, (xANy)Vz=uz.

The following definition give a characterizations of fuzzy distributive lattices.

Definition 1.37. [12]Let (X, R) be a fuzzy lattice. (X, R) is distributive if and only if
zA(yVz)=(@Ay)V(eAz)and (zVy) A(xzVz)=xV(yA:z).

1.4.4 Filters and ideals of a fuzzy lattice

Definition 1.38. /20, 27]Let (X, R) be a fuzzy lattice and F be a nonempty crisp subset of
X. F is said to be a filter of (X, R) if for all x,y € X, it holds that

(i) Ifye F and R(y,z) >0, thenx € F,
(i) Ifx,y € F, thenx ANy € F.

Definition 1.39. Let (X, R) be a fuzzy lattice and F be a filter of (X, R). Then F is called
a prime filter if F' is proper (F # X) and for allx,y € X, xtVry € F implyx € F ory € F.

Definition 1.40. /26, 27]Let (X, R) be a fuzzy lattice, and I be a nonempty crisp subset of
X. [ is said to be an ideal of (X, R) if for all z,y € X, it holds that

(1) Ifyel and R(z,y) >0, then x € I,
(i) Ifx,yel, thenaxVye€l.

Definition 1.41. Let (X, R) be a fuzzy lattice and I be an ideal of (X, R). Then I is called
a prime ideal if I is proper (I # X) and for allx,y € X, x Agy € I implyx € I ory € I.

For every subset § of X, the smallest filter of X (with respect to the inclusion) which
contains ¢ is said to be the filter generated by ¢ and will be denoted by (0).

Proposition 1.42. If 6 is a non-empty subset of a fuzzy lattice (X, R), then

(0) ={x € X/R (a1 A ... Nay,x) >0, for some ay,..,a, €0}.

12



Proof. Let (0) = {z/R (A a;,x) >0, a1, a9, ..,a, €0} .

First, we prove that (4) is non-empty. Let a € 4, since R (a,a) > 0, then a € (J), hence
(0) # 0. To proof that (9) is a filter. Let x € (§),y € X such that R (z,y) > 0, there exist
ai, as, .., a, such that R (A a;,x) > 0. Then, R (A a;,y) > 0, then y € F.

On the other hand, let z,y € (§) , there exist ay, as, .., ay, by, ba, .., by, such that R (A, a;, z) >
0 and R (ATL,b;,y) > 0.

Then, R ((Af_ya;) A (AT1b;), x Ay) > 0. Therefore 2 Ay € (0).

Next, let a € 9, since R (a,a) > 0, we have a € (). Then § C (¢) .

Finally, suppose that F' is a filter with 6 C F. Then for any z € (J), then there exist
ai,as, .., a, such that

R (A!ja;,x) > 0, then z € F. Therefore (§) C F. O

If  is an element of the fuzzy lattice X, then T = {y € X : R(z,y) > 0} is the principal
filter generated by z and | z = {y € X : R(y,z) > 0} is the principal ideal generated by
x. We denote the set of all principal filters (principal ideal) generated by elements of X by
PF(X) (PI(X)).

Proposition 1.43. (PF (X),C, A, V) is a lattice with (T 2)A(Ty) = (T 2)N(Ty) =1 (z Vy)
and (T x) vV (Ty) =t (x Ay), for any Tz, Ty € PF(X).

Proof. Let a € X,

a €t (zVy) R(xVy,a)>0
R(xz,a) > 0and R(y,a) >0
ac(tz)n(ty)

ac(Tz)A(Ty)

t ¢ ¢

and
R(xAy,z) >0 toCt(zAy
=

)
R(zAy,y)>0 Ty Ct(zAy)
= (To)Uu(ty) St (zAy)

= ((tx)u(ty) ST (zAy).
Let a €1 (x Ay), hence R(z Ay,a) > 0, it follows that R (x,a) > 0 and R (y,a) > 0,

therefore a €T x and a €7 y, it follows that a € (T ) U (T y), then a € ((T ) U (T y)). Then,
Tz Ay) S (T2)U(Ty) a

Theorem 1.44. Let X be a fuzzy distributive lattice, F' a filter and I an ideal of X. If
FNI=q¢, then there is a prime filter P such that FF C P and PN 1 = ¢.
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Proof. Let G be the family of those filters F” which satisfy F' C F' and F' NI = ¢. It follows
from the Zorn’s lemma that GG has a maximal element P. Since P € (F, it remains to prove
that the filter P is prime. P is proper because P NI = ¢. Suppose P is not prime. Then
there exist a,b € X such that avb e P,a¢ Pand b¢ P. Let § = PU{a}. Then (o) NI
# ¢, otherwise

P C (§) € G contradicting the maximality of P. Take 2 € (§) N 1. Then Proposition 1.42,
implies easily the existence of p € P such that R(p Aa,z) > 0 and since x € I it follows
that p A a € I. Similarly there is ¢ € P such that g Ab € I. Then (pAa)V (¢Ab) € I and
on the other hand (pAa)V (gAb) = (Vg A(Vb)A(aVq)A(aVb)e P, therefore I NP
= ¢, a contradiction. m

Corollary 1.45. Let X be a fuzzy distributive lattice. If I is an ideal and a € X — I there
1s a prime filter P such that a € P and PN 1 = ¢.

Proof. Let I be an ideal and a € X — I. Take F' = (a) it follows FF'N I = ¢. By Theorem
there is a prime filter P such that F' C P and PN I = ¢. Since F' is maximal then P = F’,

i.e., F'is a prime filter. ]

1.4.5 Fuzzy lattices isomorphisms

We recall the following definition, see [36]
Definition 1.46. Let (L,7, A, V), and (M, R,\,V) be two fuzzy lattices.
1. A function f: L — M is called increasing if for all z,y € L, r(z,y) < R(f(z), f(y)).

2. Let f: L — M be increasing function between fuzzy lattices. Then f is called a lattice

homomorphism if for any x,y € L, f(x Ny) = f(x) A f(y), and f(zVy) = f(x)V f(y).

If f is a bijection, then f is said to be fuzzy lattices isomorphism.

This Proposition is a fuzzy version of [10, Proposition 1.3.9].

Proposition 1.47. Let (X, R, A, V) be a fuzzy lattice and F be a subset of (X, R,A\,V). The

following conditions are equivalents,

1. F is a prime filter;
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2. F is a proper filter and for every v,y € X, xVye F & x € F ory e F;
3. L — F is a prime ideal;
4. There is a surjective lattice homomorphism f : X — {0,1} such that F = f~' ({1}).

Proof. (1) = (2) Trivial.
1 for x € F
(2) = (4): Set f defined by f(x) = . Then f is surjective. Since
0forxe X —F.

p#F #X. Sincex ANy € F< xe Fandy e F it follows that f(z Ay) =1< f(x) =1
and f(y) =1 <= f(z) A f(y) = 1, therefore f(x Ay) = f(z) A f(y). Similarly we can show
that f(zVy) = f(z) V f(y).

(4) = (2): ¢ # F # X because f is surjective. Then x Ay € F & f(z) A f(y) =
flxAy)=1< € F and y € F, therefore F is a proper filter by

rVyeF & xeF ory € F,we have

rVyeFs favy =1 fe)Vflyy=1reForyel.

(2) = (1): Trivial.

Thus (1) < (2) < (4) and it follows by duality that (3) is equivalent to the existence
of a surjective homomorphism f : X — {0,1} such that X — F' = f~!({0}), but the latter

property is equivalent to (4). ]
This Corollary is a fuzzy version of [10, Corollary1.3.13 |

Corollary 1.48. Let (X, R,A,V) be a fuzzy distributive lattice. If a,b € X are such that
R (a,b) = 0, then there is a prime filter F' such that a € F and b ¢ F.

Proof. Take I =| b in Corollary 1.45. O

1.5 Fuzzy Priestley spaces

Definition 1.49. [2/Let (X, R) be a foset. A subset E of X is called increasing, if for all x
belongs to E and R(x,y) > 0 (y is an upper bound of x), then y belongs to E. A decreasing
set is defined in a dually.

Definition 1.50. [2]A fuzzy ordered space is a triplet (X, T, R), where X is a nonempty set,
T 1s a topology on X and R is a fuzzy order on X. A fuzzy ordered space (X, 1, R) is called
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totally order disconnected if for x,y € X and R(x,y) = 0, there exist an increasing T— clopen

U and a decreasing T—clopen V', such that UNV = ¢, withx € U and y € V.
Recall that a 7—clopen set in a topological space is a set which is both open and closed.
Definition 1.51. [2/A fuzzy ordered space (X, T, R) is called a fuzzy Priestley space, if it is

compact and totally order disconnected.

1.5.1 Fuzzy Priestley spaces isomorphisms
Definition 1.52. Let (X, 7,7), and (X', 7',1") be two fuzzy Priestley spaces.
1. A function f : X — X' is called increasing if for allx,y € X, r (z,y) <" (f (z), f (v)).

2. Let f : X — X' be a function between fuzzy Priestley spaces. Then f is called a
Priestley spaces homomorphism if is increasing and continuous. If f is a bijection,

then f is said to be fuzzy Priestley spaces isomorphism.
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Chapter 2

Priestley duality for finite fuzzy

distributive lattices

The terminology used in this chapter is the same as in [2]. And using the terminology
in [10] we redemonstrate the results in [2]. Throughout this chapter, all fuzzy lattices are
finite distributive lattices, and homomorphisms preserve the smallest element (denoted 0)
and the greatest element (denoted 1). If (A, A, V, R) is a fuzzy distributive lattice, then its
dual is a fuzzy priestley space defined by T'(A) = (X, 7, Ry), where X is the set of 0 — 1-
homomorphisms from A onto {0,1} 7 be the topology induced by the product topology of
{0, 1}A and R; is a fuzzy order adequately chosen on X.

If § = (X,7,7) is a fuzzy Priestley space, then its dual is a fuzzy distributive lattice a
defined by (L(6),V,A,r1), where L(§) = {Y C X/ Y is increasing and 7 — clopen} and r; is

a fuzzy order adequately chosen.

2.1 Dual and bidual of a finite fuzzy distributive lattice

Lemma 2.1. [2]If (A,V, A, R) is a fuzzy finite distributive lattice, then there exist two fuzzy
orders Ry, Ry such that

1. T(A) = (X, 7, Ry) is a fuzzy Priestley space,
2. (L(T(A)),V,A, Ry) is a fuzzy distributive lattice.

Proof. (1) Let Ry be the relation defined by
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R(ng= (1), Af7H() S (1) S g7t (1)

0 otherwise.

Rl (f:g) =

where the symbol A stands for an infimum with respect to the fuzzy relation R. We show
that Ry is a fuzzy order. We have Ry (f, f) = R(Af~' (1) ,Af71(1)) = R(a,a) =1 for all
f € X, then R; is reflexive.

On the other hand for all f, g € X such that f # g, if Ry(f,g) > 0, then f~1(1) C g~! (1),
which imply ¢~ (1) € f~'(1), it follows that Ri(g, f) = 0. Hence, R; is antisymmetric
relation.

In order to verify the transitivity of Ry, let f,g,h € X, we show that Ri(f, g) AR1(g,h)
Ry(f,h). We use the following truth table, where the proposition (P) is Ry (f,g9) AR1(g,h)

Rl (fv h)

IN

IA

Oy cat ) [ gty cht ) | ) ht (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

The only case for investigating is f~1(1) C g~ (1) and g7*(1) C A~'(1). By the transitivity
of R, for every a,b,c in A, we have R(a,b) A R(b,c) < R(a,c). This yields

R(Ag' ) AT W) AR(ART (1), /g7 (1) S R(ARTH(L),Af7H(D)

Then for all f,g,h € X, Ri(f,g9) N Ri(g,h) < Ri(f,h) is hold, i.e. Ry is transitive. Hence,
Ry is a fuzzy order and by [29, 30] T'(A) = (X, 7, R;) is a fuzzy Priestley space.
(2) Let My = N{R(z,y) /z,y € X, x #y and R (z,y) # 0}. We define Ry by
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p

1 if H=D,
R(ANgen f7H (1), ANyep g~ (1)) if HC D and H # ¢,
M, if H= ¢,

Ry (H,D) =

0 otherwise.

\

for all H,D € L(T(A)), where the symbol A stands for an infimum with respect to the
fuzzy relation R. To show the reflexivity we have Ry (H, H) = 1. To proof the antisymmet-
rical of Ry let H, D € L(T(A)) such that H # D, if Ry (H,D) > 0, then D ¢ H, it follows
that Ry (H, D) = 0, hence R, is antisymmetric. In order to verify the transitivity, we use

the following truth table, where the proposition (P) is (Re(H, D) A Re(D, E) < Ry(H, E)).

HCD|DCE|HCE (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

First, if one of the three elements H, D, E is empty, then the transitivity is a trivial fact.

If H# ¢ and D # ¢ and E # ¢, the only case that need investigation is when H C D
and D C E. This yields to

ROANen S (1) ANyen g7 (1) A R (A Nyen g7 (1) A Phes b1 (1)) <
R(ANger [ (1) A Niep h7H(L).

Hence, R, is transitive.

Finally, the least upper and greatest lower bounds of H and D (with respect of the fuzzy
ordering relation Ry) are denoted by H Vg, D and H Ag, D, respectively, to show that
HVgr, D=HUD and H Ag, D = H N D. We have that H U D is upper bound of {H, D}
because pgr, (H,HUD) > 0 and ug, (D,HUD) > 0, if C is the least upper bound of
{H, D} we have fore cases:

1)if H = ¢ and D = ¢, it follows that Ry (C, H U D) = Ry (C,¢), which imply that
Ry (C, H U D) deferent to 0 if and only if C' = ¢, hence C' = H U D.
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2)if H=¢and D # ¢ and D C C (because Ry (D, C') > 0), it follows that Ry (C, H U D) =
Ry (C, D), which imply that Ry (C,H U D), deferent to 0 if and only if C' C D, hence
C=D=HUD.

3)ift H# ¢pand D = ¢pand H C C (because ug (H,C) > 0), it follows that Ry (C, H U D) =
Ry (C, H), which imply that Ry (C, H U D) deferent to 0 if and only if C' C H, hence
C=H=HUD.

4)if H# ¢and D # ¢ and H C C and D C C, which imply H U D C C, it follows that
Ry (C, HU D) deferent to 0 if and only if C C H U D, hence C = HU D.

Similarly, we proof that H Az, D = HN D, its known that HUD and HND are increasing
and 7—clopens. This shows that (L(T'(A)), V, A, Rs) is a fuzzy distributive lattice. O

2.2 Dual and bidual of a finite fuzzy Priestley space

Lemma 2.2. [2/]If 6 = (X, 7,7) is a fuzzy finite Priestley space, then there exist two fuzzy

orders vy and ro such that
1. (L(6),V,A,11) is a fuzzy distributive lattice,
2. (T(L(6)),T,re) is a fuzzy Priestley space.

Proof. (1) (i) If A(r) =0, then X is an antichain and we can write r, as follows

1 if A= B,
r(AB)=q 1- <92 if AC B,
0 otherwise.

r1 is a fuzzy relation. It is easy to show that r; is a fuzzy order, and AV,, B= AU B,
AN, B= AN B exist for every A and B from L(6), and AU B, AN B are increasing
and 7-clopens sets of L(d), where (L(9), V,A,11) is a fuzzy distributive lattice.

If h(r) # 0, then X is not an antichain, setting M; = A{r(x,y) /z,y € X,z # y and
r(z,y) # 0}. Then, M; # 0 and we can write r; as follows

;

1 if A= B,

Mazx (M, V, r(a,b)) if AC Band A ,
- (A’ B) _ ( 1 GA,bGBa¢b ( )) 7é ¢

M, if A= o,

0 othewise.

\
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Similar to the previous lemma, 7 is a fuzzy order and we can assume that AV, B = AUB
and AN, B = ANB, for every A and B from L(¢), where (L(6), V, A, 1) is a fuzzy distributive
lattice.

(2) To proof the second assertion, we define 5 by

1 if f=y,
ro (f,9) =9 (AN 4c 1A AN Npeg1y B) if f7H(1) € g7 (1),
0 otherwise.

where the first infimum A is in the sense of the fuzzy ordering relation r and the second
infimum A is in the sense of the fuzzy relation r;. Note that ro is well defined: A; =
Aacr-11)A, where the symbol A stands for an infimum with respect to the fuzzy ordering
relation rq, it exists because L(J) is a lattice and a = AA;, where the symbol A stands for an
infimum with respect to the fuzzy relation r. Then, a exists because A; is a finite increasing
7-clopen, if A; has two minimal elements x,y, then r (z,y) = 0, there exist an increasing
7—clopen U and a decreasing 7—clopen V such that UNV = () with = € U and y € V.
It is easy to see that Ay C U, then U NV ## () contradiction. By definition ry is a fuzzy
relation. It is easy to show that ry is a fuzzy ordering relation. Furthermore, By [29, 30]

(T'(L(9)), T,79) is a fuzzy Priestley space. O

The following theorem, shows that the category of finite fuzzy Priestley spaces is equiva-
lent to the dual of the category of finite fuzzy distributive lattices.

In [29, 30], Priestley remarked the basis can be characterized by the fact that they are
increasing according to inclusion of prime filters from A by taking the sets {F,/a € A}
as basis, where F is the set of all lattice homomorphisms from A onto the chain {0, 1},

non-identical nulls (taking 1 in a).

2.3 Bidual of a finite fuzzy distributive lattice and iso-
morphisms

Lemma 2.3. [2/Let A be a fuzzy distributive lattice. The map Fy : A L(T(A)) defined by

Fala) ={f € X/f(a) =1}

18 a fuzzy lattice isomorphism.
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Proof. For all a,b € A, it is not difficult to see that Fa(a Ab) = F4(a) Ar, Fa(b) and
Fa(aVb) = F4(a) Vg, Fa(b). Let us show that the map Fa(a) = {f € X/f(a) =1} is a
fuzzy lattice isomorphism.

Suppose that a # b , it follows R (a,b) =0 or R (b,a) = 0.

If R(a,b) = 0 then, there exist a prime filter ' such that a € F and b ¢ F' (by Corollary
1.48), by proposition 1.47 it follows that there exist a surjection f : A — {0,1} such that
a€ f~1({1}) and b ¢ f~! ({1}), hence f (a) =1 and f (b) =0 i.e., Ry (Fa(a),Fa (b)) =0.

Similarly if R (b,a) = 0 we have Ry (Fa (b), F4(a)) = 0. Hence, a # b imply Fj (a) #
F4 () i.e., Fy is injective.

To prove that F) is surjective let U € L(T (A)), for all f € U and g € L(T(A)) - U
we have g < f, it follows that Ja;, € A such that f(ar,) = 1 and g (as;) = 0. Then,
f € Fa(ayy) and g € L(T (A)) — Fa(ayg). For each fixed f € U we have g € L (T (A)) —
U C iLZ'l (L(T (A)) — Fal(asy)) = L(T(A)) — FA(Z\lafgi). Setting Z\lafgi = ay, it follows
Fy(ay) = FA(;Z\lafgi) C U, on the other hand f(ay) = 1, then f € Fj4(ays). Setting
U = UseuFa(ay), it follows U = jLZJlFA (ap;) = FA(j\Z/lafj) € L(T (A)), hence Ja = j\Z/1afj
such that U = F4 (a) i.e., F4 is surjective.

Let us show that the map Fa(a) = {f € X/f(a) = 1} is increasing i.e., R(z,y) <
Ry(Fa(x), Fa(y)) for all x,y € A, where

1 lf FA(QZ‘) :FA(y),
Ry(Fa(x), Fa(y)) = ¢ R(ANger@ [ (1), ANgem g7t (1) if Fa(z) C Faly),
0 otherwise.

and the symbol A stands for an infimum with respect to the fuzzy relation R.
Note that Fa(z) # ¢ for all z € A.

If x =y, it follows that R(z,y) = Rao(Fa(z), Fa(y)).

If x # y, we consider two cases

1. If R(x,y) = 0, then we have R(z,y) < Ro(Fa(z), Fa(y)).

2. If R(z,y) > 0, it follows that Fa(x) C Fa(y), which implies that R(x,y) = Ra(Fa(x), Fa(y))

(Since, A Nfe pya) f7H (1) =2 and ANy Fa) 91 (1) =y, because if A Ngep, () ) #ux,
it follows that Nye FA(z)ffl (1) has minimal elements z # x, then r (x, z) = 0, there exist an

increasing 7—clopen U and a decreasing 7—clopen V such that UNV = () with x € U and
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z € V. It is easy to see that Nye FA(x)f_l (1) C U, then UNV # (), contradiction). It follows

that the map Fy is a fuzzy lattice isomorphism. O

Lemma 2.4. 2]If f : Ay — Ay is a fuzzy lattice homomorphism, then the map T(f) :
T(Ay) — T(As) defined by T(f)(g) = go f is an homomorphism of fuzzy Priestley space,

1.€., a continuous and increasing map .

Proof. For all g1,92 € T (A1) 1 < g2 = g1 0 f < g0 f, hence T (f) is increasing.
The continuity of 7' (f) follows from the fact that for every a € Ay,
T(f)" (Fa (a)) = {g€T(A)/T(f)(9) € Fa, (a)}
= {9eT(A)/go f(a) =1}
= {9eT(A)/g(f(a)) =1}
= Fa,(f(a)).

Hence, T'(f) is continuous. O
2.4 Bidual of a finite fuzzy Priestley space and isomor-

phisms

Lemma 2.5. [2]If 6 = (X, 7,7) is a fuzzy Priestley space, then the map Gg : 6 — T(L(0))
defined by

1 ifz ey,

0 ifzé¢Y.

Gs(x)(Y) =

for allY € L(9) is an isomorphism of fuzzy Priestley space, i.e., a bijection, continuous and

INCTeasing map.
Proof. Let Gs : § — T(L(J)) defined by

1 ifzxey,
0 ifxregY.

Gs(2)(Y) =

To prove the surjections take f € T(L(0)) and set U = {Y € L(0): f(Y)=1}, V =
{Ze€L(©):f(Z)=0}, A=nNyeyY and B = Ugzey Z. To show that A — B # ¢, suppose
that A — B = ¢, it follows that (NycpY) N (Uzey Z2)¢ = ¢, then (NyerY) N (Nzey Z29) = 6,
since X is compact we have (ﬁlYi) N (j@anjC ) = ¢, it follows that iiYi - ;L:Janj’ then

f(jglzj) =1,
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contraduction since f (jngj) = ;\Zi f(Z;) = 0, hence A — B # ¢. Then, there exists
reA—-B

such that Gs (z) = f. Therefore,

Gs(z)(YV)=1lezrzeYeYecUs f(Y)=1

hence Gj is surjective.

Let 1,29 € §, 11 # x9 = 1 (1,29) = 0 or 7 (29, 21) = 0.

If r(z1,22) = 0, then there exists Yy € L(J) such that x; € Yy and x5 ¢ Y, hence
Gi(21)(Yo) # Gi(2)(Yo).

If r(z2,21) = 0, then, there exists Y} € L (4) such that 5 € Y} and x; ¢ Y7, hence
Gs(x2)(Y1) # Gs(x1)(Y1). It follows that z1 # x9 = Gs(21)(Y) # Gs(x2)(Y), hence Gy is
injective.

To prove that G is continuous let Z a 7—clopen of T'(L (4)) . Then, there exists y € L (9)
such that Y = Fp) (y) .

Gi'(Y) = G7'(Fue) (v)
= {r € X/Gs(x) € Fue (y)}
= {reX:Gs)(y) =1}
= {zeX:xey}
= XNy

= 1y (7 — clopen)
Hence, Gy is continuous.

To prove that Gy is increasing it suffices to show that r(z,y) < ro(Gs(x), Gs(y)). then
it suffices to show that r(x,y) < ro(Gs(z), Gs(y)) for all z,y € § .

1 if G5t (x) = G5 (y),
(] (G(g(l’), Gg(y» — T (/\ A\ Aegé(lﬂ)—l(l)A, AN /\BE Gs(y)~1(1) B) if Ggl(l'ﬂl) - G(;l(y)(l),
0 otherwise.

If x =y, then m(Gs(x), Gs(y)) =7 (x,y) = 1.

If z # y, then there are two cases to investigate

Case 1: if r(x,y) = 0, then we have r(z,y) < ro(Gs(x), Gs(y)).

Case 2: if r(x,y) > 0, then y belongs to each 7-clopen which contains z, so,

Gy (z) (1) € G5'(y) (1). It follows that A A aec @A = v and A Age gy B=v.
Then, ro (Gs(x),Gs(y)) =7 (/\ N aec; @A N Npeas ) B) =r(z,y),
hence m5(Gs(x),Gs(y)) = r(z,y). O
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Lemma 2.6. [2]If h : §; +— 02 is an homomorphism of fuzzy Priestley space, then the map
L(h) : L(d2) — L(81) defined by L(h)(y) = h™'(y) for every y € L(d2) is a fuzzy lattices

homomorphism.

Proof. For all y € L(d,) we have L(h)(y) € L(d).
For all y, z € L(dy) since h™!' commutes with set-theoretical operations we have,
Lh)(yUz) = h'(yuz)
= h7(y)UhT(2)
= L(h)(y) U L(h)(2).

and
L(h)(ynz) = h7(ynz)
h=Hy) Nh™(z)

= L(h)(y) N L(h)(2).
and for all y, z € L (95)

yCz = h7l(y) Sh7(2)

= L(h)(y) € L(h)(2).
Hence, L(h) is a fuzzy lattice homomorphism. O

Theorem 2.7. [2]If f : Ay — Ay is a fuzzy lattice homomorphism, then

L(T(f))OFA1:FAQOf'

f
Al—— ——— = A
| |
Fa, | | Fa
\J \J
LT(A) —=——= — L(T(A)
L(T(f))

Proof. For all a € Ay,
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(L(T(f))oFa)(a) = ( (f)) (Fa, ()
= T7'(f) (Fa, (a))
= {9€T(A):T(f)(9) € Fa, (a)}
= {9€T(A):gofeckFala)} .
= {9€T(A2):9(f(a)) =1}
= Fu,(f(a))
= Fa,of(a).

Theorem 2.8. [2]If h : §; — g is an homomorphism of fuzzy Priestley space, then

T (L(h)) oGs, =G5, 0h.

h
01 ——— = )
| |
Gs, | | Gs, -
3 1
T(L(&) ———— —= T(L(%))
T(L(h))

Proof. For all f € 6y,
(T'(L(h) o Gs)(f) = T(L(h)(Gs (f))

= Gy, (f) o L(h) (since T (f) (9) = g o f)
hence for all y € L (0s),

(T (L(h) o Gs,) (/) (y) = (Gs (f)oL(h))(y)
= Gs () (A" ()
B Lif feh™(y)
{ 0if f & h™" (y) -
Lif h(f) €
{ 0if A (f) ¢ Y
= Gs (h(f)) (y)
= (Gs,0h) (f) ().
Theorem 2.9. [2/The dual of the category of fuzzy finite distributive lattices is equivalent
to the category of fuzzy finite Priestley spaces.

Proof. Lemmas 2.3, 2.5, Theorems 2.7, 2.8 establish the functorial isomorphisms. O
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Example 2.10. Let (A, V, A, R) be a fuzzy distributive lattice, where A = {a,b,c,d,e} and
R is a fuzzy relation defined by

b |01 0 04106
c [0]0 1 04104
d | 01]0 0 1 0.3
e [0]0 0 0 1

Then its dual s

T (A) = The set of 0 — 1 homomorphisms from A onto {0,1} = {f1, f2, f3}

Alhl ) fs
a |0 |0 |0
b [0 |0 |1
c [0 ]11]0
d |0 |1 |1
e |1 |1 |1

and its bidual is L(T(A)) = {¢,{fo}, {f3}, {f: f3}, X}, where Ry is given by

pry, | @ | {2} | {fs} [ {farf3} | X
[0) 1| 0.1 0.1 0.1 0.1

{foy 10| 1 | 0 04 |04

{fs} 0] 0 1 04 |04
{fo, fs} | 0| 0O 0 1 1
X ol o | o0 0 1

Finally, Fy : A L(T(A)) is given by
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Al Fa(a)/i=11t05
a | ¢

b | {f2}

c | {fs}

d | {fa f3}
e | X

Example 2.11. Let (X, 7,7) be a Priestley space, where X = {x,y,z} and r is given by

o | O

Then L(X) = {¢,{x},{y},{z},{z, v}, {x, 2}, {y, 2}, X} and ri can be given by

1 if A= B,
r(A,B)=q 1—rdd if AcC B,
0 otherwise.

and r1 given by

r ¢ | {z} | {w} | {z} [ {zy) [ {z. 2} [ {y2} | X
¢ 1|1 |1 |1 1 1 1
{z} |01 |0 |0 |3 : 0 3
{y} |00 |1 |0 |3 0 2 3
{z} |00 Jo |1 |0 3 3 3
{z,y}y|0]0 |0 |0 |1 0 0 2
{z,z}y |00 |0 |0 |0 1 0 2
{y,2} |00 |0 |0 O 0 1 2
X 0/0 |0 |0 |0 0 0 1
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and the set of 0 — 1 homomorphisms from L(X) onto {0,1}, i.e., T(L(X)) is equal to
{f17 f27 f3}

L(X) | /(X)) | f2(X5) | f5(X5)
& 0 0 0
{z} 1 0 0
w0 1 o
{z} 0 0 1
{z,y} | 1 1 0
{z,2} | 1 0 1
{y,2} | 0 1 1
X 1 1 1

And ry will be given by

re | fu| fo| f3
A1 0 o
£10 1|0
rlolo |1

and the isomorphism G is defined by Gx : X — T (L (X)), where

X |Gx(X;) /X, e X
| h
y | f
z | fs

Example 2.12. Let (X, 7,7) be a Priestley space, where X = {x,y, z,t} where r is given by
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yl0|1]04]05
10|01 |04
tlojolo |1

and L(X) = {¢, {t},{z,t},{x, 2, t},{y, 2, t}, X} , where ry can be given by

no el e e[ e | X
) 1102102 0.2 0.2 0.2
{t} 0|1 o 0.2 0.2 0.2
(st} |o0lo |1 0.2 0.2 0.2
{z.2,t} |00 |0 1 0.2 0.2
{y,z,t} |00 |0 0 1 0.4
X 010 0 0 0 1

and T(L(X)) = {f1, f2, f3, [} such that

L(X) | (X)) | (X)) | fs(X) | fa(X5)
) 0 0 0 0
0 0 0 0 1
(.t} |0 0 1 1
{z,2z,t} | 0 1 1 1
{y,z,t} | 1 0 1 1
X 1 1 1 1

The isomorphism Gx is defined as follows Gx : X — T(L(X))
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Gx (Xz) X, eX

S

2

s

Ja
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Chapter 3

Priestley duality for infinite fuzzy

bounded distributive lattices

The results obtained in this chapter have been published in the ” Journal of Intelligent and
Fuzzy Systems” [4].

In this chapter we extend the result obtained by A. Amroune and B. Davvaz in [2] to the
case of infinite fuzzy bounded distributive lattices.

Throughout this chapter , all fuzzy lattices are distributive and bounded (fuzzy closed
distributive lattices), and homomorphisms preserve the smallest element (denoted 0) and
the greatest element (denoted 1). If (A, A, V, R) is a fuzzy bounded distributive lattice, then
its dual is a fuzzy priestley space defined by T'(A) = (X, 7, Ry), where X is the set of 0 — 1
homomorphisms from A onto {0,1} 7 be the topology induced by the product topology of
{0, 1}A and R, is a fuzzy order on X adequately chosen.

If § = (X,7,7) is a fuzzy Priestley space, then its dual is a fuzzy distributive lattice a
defined by (L(6), V,A,71), where L(§) = {Y C X/ Y is increasing and 7 — clopen} and r; is

a fuzzy order adequately chosen.

3.1 Dual and bidual of infinite fuzzy bounded distribu-
tive lattice

Lemma 3.1. If (A, V, A, R) is a fuzzy bounded distributive lattice, then there ezist two fuzzy
orders Ry, Ry such that
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(1) T(A) = (X, 7, Ry) is a fuzzy Priestley space,
(2) (L(T(A)), VRy, ARy, Ro) is a fuzzy distributive lattice.

Proof. Let Ry be the relation defined by

1 /=g
Ry (f.9) = Vaeg%(l)ibeffl(l)R (a,0) f7H(1) gt (1);
0 otherwise.

We show that R; is a fuzzy order. Since Ri(f,f) = 1 for all f € X, it follows that
Ry is reflexive. For all f,g € X such that f # g, we have Ri(f,g) A Ri(g,f) = 0
(it suffices to apply the definition of R;). Hence, R; is antisymmetric. Now, for all
f,9,h € X we show that Ri(f,g) A Ri(g9,h) < Ry(f,h). Indeed, there are eight possi-
ble relations between f~1(1), g~ (1), A~ (1) in term of inclusion. Let (P) be the proposition
t (Ra(f.9) A Ri(g. h) < Ri(f,h)), and put A = (f7(1) Cg7'(1)), B = (¢7'(1) S h'(1))
and C' = (f~1(1) Ch71(1)).

The only case that requires an investigation is f~!(1) € ¢~ '(1) and ¢~ '(1) C A~!(1).
Since Vaeg-11)per-1(1)R(a,0) < Veen-101)pes-11yR(c, b), where g~ (1) € h™'(1),

aFb c#b
Al B|C (P)
11171 1

1] 1| 0 | Impossible case

11071 1
11010 1
0111 1
01110 1
0(0]1 1
01010 1

then it follows that vaeg_1(1)7bef_1(1)R(a, b)/\vceh—l(l)7aeg—1(1)R(a, C) < \/Ceh—l(l)7b€f—l(1)R(C, b)
a#b c#a c#b
Hence for all f,g,h € X, the inequality Ri(f,g) A Ri(g,h) < Ry(f,h) holds, and Ry is tran-
sitive. It follows that R; is a fuzzy order and according to [29], T(A) = (X, 7, Ry) is a fuzzy

Priestley space. This completes the proof of (1) For the second case (2), let
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My = Npea Nyea {R(z,y)/x # y and R(z,y) > 0} and let Ry be the relation defined by

4

1 if H=D;

Max (My,6) it HC D and H ;
Ro(H. D) = (Mo, ) # ¢

M, if H= ¢;

0 otherwise.

where § = Vacu; ey f-1(1),0€U,e pg—1 (1) (@, b).

Note that both UfeH;ib1>(1) and V(qzp)R(a,b) exist. First, we show that R, is a fuzzy
order. For the reflexivity, we have Ry(H, H) = 1. To prove the antisymmetric property of
Ry, let H, D € L(T(A)). Clearly, Ro(H,D) N Ry(D, H)) = 0 whenever H = D, i.e., Ry is
antisymmetric. To verify the transitivity, we will use the following truth table, where P is
the proposition (Ry(H, D) A Ry(D, E)) < Ry(H, E)). First, if one of the three elements H,
D, FE is empty, then the transitivity holds trivially.

If H# ¢ and D # ¢ and E # ¢, the only case that needs investigation is when H C D

and D C E. This yields to Max(My, o) A Max(My, B) = Max(My,a A B) < Max(My,9).

HCD|DCFE|HCE (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

Where’ o = vaEUfer71(1),bEUg€Dgfl(1)R<a’7 b)? /8 = vbGUgGDgfl(l), CEUhGEh71(1)7‘R(b’ C) a‘nd

(a#b) (b#c)
0 = VaeUenf-1(1),ceunesh-1(1)F2(a, ¢). This inequality comes from
(aze)
\/aEUfer—l(l),beugeDg—l(1)R(aa b) < vaEUfer_l(l),CEUheEh_l(I)R(a’ C)a
(azb) (azc)

where Uyepg™*(1) C Upeph™(1). Hence Ry is transitive.
Finally, the least upper and greatest lower bounds of H and D (with respect to the relation
Rs) are denoted by H Vg, D and H Ag, D, respectively. We prove that H Vg, D = H U D
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and H Ag, D = HN D. It is not difficult to see that H U D is an upper bound of {H, D}
since Ry(H, H U D) > 0 and Ry(D,H U D) > 0. If C is the least upper bound of {H, D},

then we have four cases

1. if H = ¢ and D = ¢, then Ry(C, H U D) = Ry(C, ¢), which is different from 0 if and
only if C' = ¢. Hence C' = HU D.

2.ift H=¢, D # ¢ and D C C. Since Ry(D,C) > 0, we have Ry(C, HU D) = Ry(C, D),
which is different from 0 if and only if C' C D, hence C' =D = HU D.

3.ift H# ¢, D =¢ and H C C. Since R(H,C) > 0, it follows that Ry(C, H U D) =
R(C, H), which is equivalent to C' C H. Hence C = H = HU D.

4. if H # ¢ and D # ¢, then we have H C C' and D C ()} this implies that H U D C C|
it follows that Ry(C, H U D) is different from 0 if and only if C' € H U D. Hence
C=HUD.

Similarly, we proof that H Ap, D = H N D. It is known that H N D and H U D are
increasing and 7—clopens. This shows that (L(T'(A)),Vgr,, Ar,, Re) is a fuzzy distributive
lattice. ]

3.2 Dual and bidual of infinite fuzzy Priestley space

Lemma 3.2. If 6 = (X, 7,7) is a fuzzy Priestley space, then there ezist two fuzzy orders ry

and ro such that
(1) (L(0), Vs Aryy71) i3S a fuzzy distributive lattice.
(2) (T(L(0)),T,12) is a fuzzy Priestley space.

Proof. 1f h(r) =0, then X is an antichain and we can write  as follows

1 if A=DB,
(A, B) =< ala€]0,1]) if AC B,
0 otherwise.
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It is not difficult to see that r; is a fuzzy order, AV,, B=AUB and A\, B=ANB
exist for every A and B in L(J). Therefore, AU B and AN B are increasing, and 7-clopen
sets of L(0), where (L(9), Vy,, Ay, 71) s a fuzzy distributive lattice.

If h(r) # 0, then X is not an antichain and we can choose

mo = Nzex Nyex {r(z,y)/ x # y and r(z,y) > 0}, clearly mg # 0, we can set

;

1 if A= B,
Maz(mg, Vacapepr (a,b)) if A C B and A # ¢,
r1(A, B) = (ab)
mo if A 7é ¢7
\ 0 otherwise.

Similarly to previous Lemma, r; is a fuzzy order and we can assume that AV, B = AUB
and AN, B = ANB for every A and B in L(0),where (L(5), V,,, Ay, 71) is a fuzzy distributive
lattice. This completes the proof of (1).

To prove the second assertion, let o = V r(a,b) for all f and ¢ in
a€Nyep—1yA bENe -1y B
a#b

T(L(3))-

(1 iff=y
a if f71(1) c g7t (1) and Npeg-1(1)B # ¢,

mo if mBegfl(l)B = ¢,

Tg(f, g) =

\ 0 otherwise.

We will show that the choice of V4en gr (a,b) is possible.

Aes—1A bE€Npe -1
a#b
Firstly, it is not difficult to see that r, is well defined since the closed set M4 p-1(1)A exists
in 7.

Secondly,
L. Naep—11)A # ¢, since f71(1) C g7'(1) which implies that Npey-1(1)B C Nacp-1(1)A4
with mBegfl(l)B 7é qb, i.e. ﬂAeffl(l)A 7é qb

2. We show that Nyep-11)A # Npeg-1(1yB. Suppose that Nacr1yA = Npeg-1)B. If
) ={Yi:ieltand g'(1) = {V1:i €1} U{Zi:j€ J}, where Z; #Y; for all
v €l and j € J, then Nic1Y; = NicrYi N NjesZ;, which implies that N,eY; C Z; for
all j € J. Let jo be a fixed element of J. Then N;c;Y; N Z;, = NierY;. On the other
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hand we have N;c;Y; C Z;, where Zj, is increasing and 7-clopen, which implies that
Z5 C UgerY. Since Z§ is T7—clopen, it is compact (see [28, Page 76]). Therefore
Z5 C iL:JlYZ-C, this implies that iQIYZ- C Zj,, hence f(Z;,) > f(ilei) = zi\1f (Y;) =1,
which yields Z;, € f~'(1). This is impossible. Hence, Nes-1(1yA # Npeg—1(1)B-

To show that 7 is a fuzzy order, we have ro(f, f) = 1 for all f € X, then r is reflexive. For
all f,g € T(L(9)), clearly ro(f,g) Ara(g, f) = 0, whenever f = g, then ry is antisymmetric.
To verify the transitivity, we use the following truth table, where the proposition P is

(ro(f,g9) Ara(g,h) < mro(f, h)), for all f,g,h € T(L(0)); also * means can not occur and
pr! Cyrtis et (1) coTH(D).

fitcat gt cht | it | (p)
1 1 1 1
1 1 0 *
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

As shown above, the only case who merits to be checked is f~!(1) C g7'(1) and g~ '(1) C
r(1).

L If Naep11)A = ¢ or Npeg1(yB = ¢ or Neep-1(1)C = ¢, the transitivity is trivial.
2. If ﬂAef_l(l)A # (b and mBEg—l(l)B 7é QZ5 and mCeh—l(l)C 7é 925,

Let o = vaeﬁAEf,1<1)A, bEﬂBegfl(l)BT ((l, b) s 6 = Vbem ,1(1)B, CemCehfl(l)CT (bu C) and

B
(azb) - (o)
Y = Vaen -1 0)A €11 CT (a,c), we have a A 3 < 7y, since 8 <y, where Npeg-1(1)B C
(aste)
Naes-1(1yA. Hence, 7y is transitive. Furthermore, (7°(L(d)), 7,72) is a fuzzy Priestley space.

]
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In the following we extend the main result of [2] in the infinite case i.e., we show that the
category of fuzzy Priestley spaces is equivalent to the dual of the category of fuzzy bounded

distributive lattices.

3.3 Bidual of infinite fuzzy bounded distributive lattice
and isomorphisms

Lemma 3.3. Let A be a fuzzy distributive lattice. The map Fy : A L(T(A)) defined by

Fya(a) ={f € X/f(a) =1}
s a fuzzy lattice isomorphism.

Proof. Let us show that the map Fa(a) = {f € X/f(a) = 1} is a fuzzy lattice isomorphism.

Forall a,b € A, it is not difficult to see that Fy (a Ab) = Fa (a)Ag,Fa (b) and Fa (aV b) =
Fy(a) Vg, Fa(b).

Suppose that a # b , it follows R (a,b) = 0 or R (b,a) = 0.

If R(a,b) = 0 then, there exist a prime filter F' such that a € F and b ¢ F' (Corollary
1.48), by proposition 1.47 it follows that there exists a surjection f : A — {0,1} such that
a€ f7L({1}) and b ¢ f~1({1}), hence f (a) =1 and f (b) = 0i.e., Ry (Fa(a),Fs (b)) = 0.

Similarly if R (b,a) = 0 we have Ry (Fa (b), F4(a)) = 0. Hence, a # b imply F4 (a) #
F4 (b) i.e., Fy is injective.

To prove that Fy is surjective let U € L(T (A)), for all f € U and g € L(T (A)) - U
we have g < f , it follows that Jay, € A such that f(as,) = 1 and g (ay,) = 0. Then,
f € Fy(asy) and g € L(T (A)) — Fa(aysy). For fixed f € U we have g € L(T'(A)) —U C
O (L (T (4)) = Fa (7)) = L(T (A))~Fa( A aggy). Setting A agy; = ay, it follows Fy (a5) =
Fa(\agg) C U, on the other hand f (as) = 1 then f € Fs (ay) . Setting U = UserrFa (ay)
it follows U = jLZJlFA (agj) = FA(jC:/iafj) € L(T (A)), hence da = j\ziafj such that U = F4 (a)
i.e., Fy is surjective.

Let us show that the map Fiu(a) = {f € X/f(a) = 1} is increasing.

We show that R(x,y) < Ro(Fa(x), Fa(y)) for all z,y € A, setting

a = max (M, V R(a, b)), we have

aEUfeFA(x)f_l(l),bEUgepA(y)g_l(l)
(a7b)
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Lif Fa(z) = Fa(y),
Ro(Fa(x), Fa(y)) = ¢ a if Fa(z) C Fa(y),
0 otherwise.
Note that Fa(z) # ¢ for all z € A.
If x =y, then R(x,y) = Ro(Fa(x), Fa(y)).

If x # y,we consider two cases

1. If R(x,y) = 0, then we have R(x,y) < Ro(Fa(x), Fa(y)).

2. If R(z,y) > 0, then Fa(x) C Fa(y), which implies that R(x,y) < Ro(Fa(x), Fa(y)).

It follows that the map F4 is a fuzzy lattice isomorphism.

]

Lemma 3.4. If f : Ay — As is a fuzzy lattice homomorphism, then the map T'(f) : T(A;) —
T(Ay) defined by T(f)(g) = g o f is an homomorphism of fuzzy Priestley space, i.e., a

continuous and increasing map.

Proof. For all g1,g, € T (A1) g1 < go = g10 f < go0 f, hence T (f) is increasing,.
The continuity of 7' (f) follows from the fact that for every a € Ay,
T(f)" (Fa,(a)) = {g €T (A)/T(f)(9) € Fa, (a)}
= {9€T(A)/go f(a) =1}
= {9€T(A)/g(f(a)) =1}
= Fa,(f(a)).

Hence, T (f) is continuous. O
3.4 Bidual of infinite fuzzy Priestley space and isomor-

phisms

Lemma 3.5. If 0 = (X, 7,7) is a fuzzy Priestley space, then the map Gs : 6 — T(L(0))
defined by

1 ifx ey,

0 ifzé¢Y.

Gs(x)(Y) =

39



for allY € L(9) is an isomorphism of fuzzy Priestley space, i.e., a bijection, continuous and

NCreasing map.
Proof. Let Gs : 0 — T(L(6)) defined by

1 ifxey,
0 ifxegV.

Gs(x)(Y) =

For prove the surjections take f € T(L(d)) and setting U = {Y € L(0) : f(Y) =1},
V={ZeL©®): f(Z)=0} A=nNyeyY and B = Uzcy Z. To show that A— B # ¢, suppose
that A — B = ¢, it follows that (NyeyY) N(Uzey Z2)¢ = ¢, then (NycpY) N (Nzey Z¢) = 6,
since X is compact we have (ﬁlYi) N (ﬁlZf ) = ¢, it follows that iélY; - jngj, then
f (j@le) =1,

conduction since f(jngj) = jn\/;f (Z;) =0, hence A— B # ¢. Then, there exists z € A—B

such that Gs () = f. Therefore,

Gs(z)(Y)=1lerzeYoeYeclUs f(Y)=1

Hence, Gy is surjective.

Let 1,29 € §, 1 # 29 = 1 (1,29) = 0 or 7 (29, 21) = 0.

If r(z1,22) = 0, then there exists Yy € L(J) such that x; € Yy and zo ¢ Y, hence
Gs(z1)(Yo) # Gs(2)(Y0).

If r(x9,z1) = 0, then, there exists Y} € L(J) such that zo € Y} and ;1 ¢ Y7, hence
Gs(x2)(Y1) # Gs(z1)(Y1). It follows that x1 # 29 = Gs(21)(Y) # Gs(x2)(Y). Hence, Gj is
injective.

To prove that G is continuous let Y a 7—clopen of T'(L (§)) . Then, there exists y € L (9)
such that Y = Fp) (y) .

Gs'(Y) = G5'(Fre) ()
= {z e X/Gs(x) € Fru) (y)}
= {zeX:Gs(z)(y) =1}
= {zeX:xey}
= XNy
= y (7 —clopen).

Hence, Gy is continuous.
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To prove that Gy is increasing it suffices to show that r(z,y) < ro(Gs(x), Gs(y)). then
it suffices to show that r(x,y) < ro(Gs(z), Gs(y)) for all z,y € § .

Lt Go(x) ™ = Gs(y) ™,
prs (Go(2): Gs(y)) = 4 v if Go(z)7'(1) € Galy) (1),
0 otherwise.
where

Y = Vaen A, ben

a#b
If v = Y, then Tg(G(;(-T),G(;(y)) = r(:v,y) =L

y)(l)Br (a,0)

AeGy Ha)(1) BeGy (

If = # y else we consider two cases

1. If r(x,y) = 0, then we have r(z,y) < ro(Gs(z), Gs(y)).

2. If r(x,y) > 0, then y belongs to each T—clopen which contains x, then G;'(x) C
-1 . . . .
G5 " (y), which implies that r(Gs(x), Gs(y)) = vaemAeGgl(z)(l)A’ PN et BT (a,b) >
a#b
T(':C)y)' Hence7 T(ZL’,y) < TQ(G(S(:L‘)7 G5(y))
O

Lemma 3.6. If h : 6; — 0y is an homomorphism of fuzzy Priestley space, then the map
L(h) : L(d2) — L(8y) defined by L(h)(y) = h™'(y) for every y € L(d2) is a fuzzy lattices

homomorphism.

Proof. For all y € L(d,) we have L(h)(y) € L(d).
For all y, z € L(dy) since h™!' commutes with set-theoretical operations we have,
Lh)(yUz) = h'(yuz)
= hl(y)uh(z)
= L(h)(y) U L(h)(2).

and
L(h)(ynz) = h™(ynz)
Hy)NhTi(2)
= L(h)(y) N L(h)(2).
and for all y,z € L (9,

n-
=

yCz = h'(y) Sh ()

= L(h)(y) € L(h)(2).
Hence, L(h) is fuzzy lattices homomorphism. O
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Theorem 3.7. If [ : Ay — Ay is a fuzzy lattice homomorphism, then

L(T(f))OFA1:FAQOf'

f
Ai—— ——— = A
| |
Fa, | | Fa,
\ 1
L(T(A)) ———-—= — L(T'(A))
L(T(f))

Proof. For all a € Ay,

(L(T(f))oFa)(a) = L(T(f))(Fa (a))
= T7'(f) (Fa, (a))
= {9€T(A:):T(f)(9) € Fa, (a)}
= {g€T(As):gof€Fu(a)}
= {9€T(A):9(f(a)) =1}
= Fa,(f(a))
= Fpof(a).

Theorem 3.8. If h: 6, — 0o is an homomorphism of fuzzy Priestley space, then

T (L (h))oGs, = Gs, o h.

h
01 ——— = 0o
| |
G, | | G,
+ 5
T(L(&) ———= = T(L(%))
T(L(h))
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Proof. For all f € 41,
(T'(L(h)) o Gs,) (f) = T(L(h)(Gs (f))

= G5, (f) o L(h) (since T (f)(9) =go f)
hence for all y € L (d9),

(T'(L(h)oGs,) (f)(y) = (Gs (f)oL(h))(y)
= G5 (f) (" (y)

Lif feh™t(y)
0if f ¢ h™" (y)

L(h
'y

Lif h(f) €
0if h(f) ¢
= G5 (h())) (v)
= (Gs,0h)(f) ()

Theorem 3.9. The dual of the category of fuzzy infinite bounded distributive lattices is

Y

equivalent to the category of fuzzy infinite Priestley spaces.
Proof. Lemmas 3.3, 3.5, Theorems 3.7, 3.8 establish the functorial isomorphisms. O

Example 3.10. Let (A, V, A\, R) be a fuzzy distributive lattice,where A = {a,b,c,d,e, f} and

R be a fuzzy relation defined by

Rlal|b |c |d |e |f

a 10202030408
b |01 |02]03]03|05
c 0[O0 |1 |0 0405
d|0[0 |0 |1 |03]04
e |00 |O |O |1 |03
f10(0 O |0 [0 |1

Then, its dual s
T(A) = The set of 0 — 1 homomorphisms from A onto {0,1}

= {f1, fo. f5, [}
where f1, fa, f3, f4 are given by
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Ji| fa| f3| Ja
a0 0|0 [0
b|lo o |10
clo|1]1 o0
d|1 0|10
el1 11110
fl1 11 |1

and Ry is given by

Ry fi | fo|fs | fa
fAl1 o |os

£10 [1 |05
f00 o |1
£ 105[05]05]1

o | O | O

which have the bidual as follows
L(T(A)) = {o, {f3}, {f1r, 3}, {fas f3} , {f1s for f3}, X} where Ry is given by

Ry o | {fs} | {f, fs} | {far f3} | {f1s for f3} | X

¢ 102 |02 0.2 0.2 0.2
{fs} 01 0.5 0.5 0.5 0.5
{fi,fs} 010 1 0 0.5 0.5 |
{fo,fs} |00 0 1 0.5 0.5
{fi,fo, f3} |0 | 0O 0 0 1 0.5
X 010 0 0 0 1

Finally, Fy : A — L(T(A)) is given by

44



Al Fa(a):i=1t06
a | ¢

b | {fs}

c | {/f1.fs}

d | {fe, f3}

€ {f17f27f3}
flx

Example 3.11. Let (X, 7,7) be a Priestley space, where X = {x,y,z} and r is given by

o | O

Then L(X) =A{¢,{x}, {y},{z},{z, v}, {x, 2} ,{y, 2z}, X} and ry is given by

1 if A= B;
r(A,B) =4 a(ac]0,1]) if AC B;
otherwise.

Then the table of r1 is given by

1 ¢ | {z} | {w} | {z} [ {zy) [ {z. 2} [ {y2} | X
10) « Q@ Q Q@ « « «
{z} 01 0 0 a a 0 a
{y} 00 1 0 |« a a
{=z} 010 0 1 a a o
{z,y} |0 |0 0 0 1 0 0 a
{z,2} |10 |0 0 0 0 1 0 a
{y,2} |0 |0 0 0 0 0 1 a
X 010 0 0 0 0 0 1
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The set T(L(X)) is equal to {fi, fa, f3} -

L(X) | fi(Xi) | f1(Xa) | f1(X5)
o) 0 0 0
{z} 1 0 0
{yp |0 1 0
{z} 0 0 1
{z,y} | 1 1 0
{z,z} | 1 0 1
{y,2} | 0 1 1
X 1 1 1
ro 1S given by
ro | S| fo| fs
fitt [0 |0
fol0 |1 |0
f310 10 |1

The isomorphism Gx : X — T(L(X)) is defined as follows:

X|Gx(X;): X;€eX
r | S
y | f
RE

Example 3.12. Let (X, 1,7) be a Priestley space, where X = {x,y, z,t,s} and r is given by
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y|0[1/04]|05|
21001 |04
tlololo |1

and L(X) = {6, {t} , {z,t} {z, 5,1} {y, %.t,}, X}, where ry is given by

1 ¢ | {ty [ {zt [{z.2t} [ {y,200 | X
) 11041]04 0.4 0.4 0.4
{t} 01 |04 |04 0.4 0.4
{zty |o]o |1 0.4 0.4 0.4 |
{z,z,t} |00 |O 1 0 0.6
{2ty |0lo |o 0 1 0.5
X 010 0 0 0 1

and T(L(X)) = {f1, f2, f3, f1} such that

1 fo| fo| f3 | Ja
& 0olololo
" 00 |o |1
{zty oo |1 |1
{z,2,t} |0 |1 |1 |1
{y,z,t} |1 |0 |1 |1
X 171 1 |1

The isomorphism Gx : X — T(L(X)) is defined as follows
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Gx (X;),X; € X

S

2

fs

Ja
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Chapter 4

Priestley duality for intuitionistic
fuzzy perfect distributive lattices:

finite case

The results obtained in this chapter have been published in the Journal of Fuzzy Set Valued
Analysis [5].
In the following we recall some definitions of the intuitionistic fuzzy sets, intuitionistic

fuzzy relations [7], [11].

Definition 4.1. [13] Let L* = {(ay,a2) € [0,1]* : a; + ag < 1} and <« be the order in L*
defined by ¥(a1,az), (b1,b2) € L* : (a1, a2) <p+ (b1,b2) & (a1 < by and ag > by). (L, <p+) is
a complete lattice. Op« = (0,1) and 1p- = (1,0) are the units of L*.

Let X be a given non-empty set. An intuitionistic fuzzy set in X is an expression A
given by A = {(z, pa (z),va (z)) /o € X} where pg : X — [0,1], va : X — [0, 1] with
the condition pa(z) + va(z) < 1, for all 2 € X (We will denote by A = (pa,v4)). The
numbers g4 () and v4 (z) denote respectively the degree of membership and the degree of
non-membership of the element x in the set A. We will denote by [FSg (X) the set of all
intuitionistic fuzzy sets on X. In particular, 0 and 1 denote the intuitionistic fuzzy empty
set and the intuitionistic fuzzy whole set in X defined by 0 () = (0,1) and 1 (z) = (1, 0) for
each x € X, respectively.

Obviously, when v4(x) = 1 — pa(x) for every x in X, the set A is fuzzy set.

We will denote the set of all [F'Ss in X by IFS(X).
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Definition 4.2. The following expressions are defined in [7] for all intuitionistic fuzzy sets

A, Bin X;
1. AC B if and only if psa < pug and vy > vp,
2. A= B ifand only if A C B and B C A,
5. A® = (va, pa),
4. ANB = (ua A pp,vaV vp),
Definition 4.3. AU B = (ua V g, va A vp).

In the following we give an Example of applications of intuitionistic fuzzy sets to sociom-

etry.

Example 4.4. [32] Sociometric questionnaire

Every pupil obtains questionnaire. He have to write to every name the sign + (accept) or
— (nonaccept) or nothing. So, for every pupil x two numbers are obtained;

A(x) =number of accepts,

N(x) =number of non-accepts.

An IF-set is a pair of mappings p: X — [0,1], ¥ : X — [0,1] such that

wz) +d(x) <1 foranyxz € X:

In our case X is the set of all pupils in the considered class. If A(x) is the number of
acceptation of the pupil x (hence A(x) € {0,1,..,n} where n is the number of pupils in
the class), then we put u(x) = %. Similarly ¥(x) = % where N(x) is the numbers of
non-acceptation of the pupil x. Since A(x) + N(z) < n, we obtain

p(z) +9(z) = @ + M <1 hence the pair (u,9) is an example of an IF-set.

n

An intuitionistic fuzzy relation (for short, /F'R) R is an intuitionistic fuzzy subset of
X x 'Y given by the expression

R = {{(z,y),pr(z,y) Vg (z,y))/z € X, y€ Y}, (R = (ur, V) for short) where up :
X XY —[0,1] and ¥ : X x Y — [0, 1] satisty the condition ug (z,y) +Ig (z,y) < 1 for
every (x,y) € X x Y.In particular, if R is an intuitionistic fuzzy relation from X to itself,
then R is called a binary intuitionistic fuzzy relation on X, and we will denote the set of all

intuitionistic fuzzy relations on X by I FR(X).
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Definition 4.5. [11] A fuzzy relation R = (ug,9r) on a nonempty set X is called:

1. reflexive if and only if for all v € X, pg(x,z) =1 and Vg (z,y) =0,

2. perfect antisymmetrical, if for every (x,y) € X x X with z # y and

MR(% y) > 07 MR(yv l’) = 07
or then and
pr(r,y) =0 and g (2,y) < 1, g (y,r) =1,

3. transitive if and only if for all x,y,z € X,

pr (T, y) A g (Y, 2) < pg (v, 2),

and

Vg (z,y) VIR (y,2) > g (x,2).

A reflexive, perfect antisymmetric and transitive intuitionistic fuzzy relation is called an
intuitionistic fuzzy perfect partial ordering relation. An intuitionistic fuzzy perfect partial
order relation R is an intuitionistic fuzzy perfect total order relation if and only if (ug (z,y) >
0or (ugr(xz,y) =0and Vg (z,y) < 1)) or (ug(y,x) >0 or (ug (y,z) =0 and JIg (y,z) < 1))
for all z,y € X. A set equipped with an intuitionistic fuzzy perfect partial order relation is

called an intuitionistic fuzzy perfect poset. The height of R, denoted by h(R), is defined by

h(R) = VSL*{(x,y)EXQ:z;éy}R («T, y) .

4.1 Intuitionistic fuzzy perfect lattices

In this section, we first extend the concept of fuzzy lattices studied in [12], to intuitionistic
fuzzy perfect case. Hence, we extend some results in this direction.
The following definition introduce the intuitionistic fuzzy perfect lattice as a relational

structure.

Definition 4.6. Let (X, R) be an intuitionistic fuzzy perfect poset and let A be a subset of
X. An element u € X is said to be an upper bound for A if and only if ugr(a,u) > 0 or
(ur(a,u) =0 and Ir(a,u) < 1), for all a € A. An upper bound uqy for A is the least upper
bound of A if and only if pr(ug,u) > 0 or (ugr(ug, u) = 0 and Vg(ug, u) < 1), for every upper
bound u of A. An element | € X is said to be a lower bound for A if and only if pr(l,a) >0
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or (ur(l,a) =0 and Ig(l,a) < 1), for alla € A. A lower bound ly of A is the greatest lower
bound of A if and only if pur(l,lo) > 0 or (ur(l,lo) = 0 and Vg(l,ly) < 1), for every lower
bound | of A.

The least upper bound and the greatest lower bound of a set {z,y} are denoted by x Vy

and x A y respectively.

Definition 4.7. Let (X, R) be an intuitionistic fuzzy perfect poset. (X, R) is an intuitionistic
fuzzy perfect lattice if and only if xVy and x ANy exist for all x,y € X.

Remark 4.8. Since R is perfect antisymmetric, then the least upper (greatest lower) bound,

iof it exists, is unique.
Proposition 4.9. Let (X, R) be an intuitionistic fuzzy perfect lattice and x,y,z € X. Then

1. (pur(x,zVy) >0 or (ur(x,zVy) =0 and Ig(z,x Vy) < 1)) and (ur(z ANy,x) >0 or
(ur(x ANy,x) =0 and Ir(x Ny, x) < 1);

2. (ur(x,2) >0 or (ur(x,2) =0 and Vg(x,z) < 1)) and (ur(y,z) > 0 or ugr(y,z) =0
and Ogr(y, z) < 1) implies [ur(zVy,z) >0 or up(z Vy,z) =0 and Ig(z Vy,z) < 1];

3. (ur(z,2) > 0 or (ur(z,z) = 0 and Ir(z,x) < 1) and (ur(z,y) > 0 or (ur(z,y) =0
and Vg(z,y) < 1) implies (ur(z,x Ay) > 0 or (ur(z,zAy) =0 and Or(z,x Ay) < 1));

4. (nr(z,y) >0 or (ur(z,y) = 0 and Vg(x,y) < 1)) if and only if x Vy = y;
5. (pr(z,y) >0 or (ug(x,y) =0 and Ir(z,y) < 1)) if and only if t Ny = x;

6. If ur(y,z) > 0 or (ur(y,z) = 0 and Vr(y,z) < 1), then (ur(z Ay,z Az) > 0 or
(ur(x Ny,x AN z) =0 and Ir(x Ny, x AN z) < 1)) and (pr(zVy,zVz) >0 or (ur(x VvV
y,xVz)>0and Ir(x Vy,zVz) <l)).

Proof. (1), (2), and (3) are straightforward.
(4) Suppose (pr(z,y) > 0 or (ur(z,y) and Vr(z,y) < 1)). Since ug(y,y) > 0, then

(ur(x Vy,y) >0or (ur(zVy,y) =0and Ir(x Vy,y) <1)) by (2). Since (ur(y,zVy) >0
or (ur(y,zVy) =0 and Jg(y,x Vy) < 1)) by (1), by the perfect antisymmetrical of R it

follows z Vy = .
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Conversely, suppose x Vy = y. Then, ugr(z,y) = pr(x,zVy) > 0 or (ur(z,y) =
pr(z,xVy) =0 and Ig(x,y) = Ig(z,x Vy) <1) by (1).

(5)The proof is similar to that of (4).

(6) Suppose pr(y,z) >0 or (ur(y,z)) =0 and Vg(y, z) < 1). Then,

ur(x ANy, z) > pr(z Ay, y) A pr(y, z) > 0 or (ur(z Ay, z) =0 and

Iz Ny, 2) <Ir(xAy,y)VIr(y, z) <1).

Since pr(x Ay,z) > 0 or (ug(z Ay,z) =0 and Vg(x Ay,x) < 1) by (1), z Ay is a lower
bound of {z, z}.

Since x Az is the greatest lower bound of {z, 2z}, pr(zAy,zAz) > 0or (ug(zAy,zAz) =0
and Vg(z Ay,x A z) <1).

pr(y,xV 2) = pr(y, z) A pr(z, @V z) > 0 or (ur(y, x V z) =0 and

Up(y,x V 2) < Or(y,2) VIr(z,2V 2) <1).

Since pg(z,2Vz) > 0or (ug(z,2Vz) =0and Ig(z,zVz) < 1) by (1), ur(zVy,zVvz) >0
or (up(zVy,xVz)=0and dg(zVyxzVz)>0)by (2). O

Proposition 4.10. Let (X, R) be an intuitionistic fuzzy perfect lattice and x,y,z € X. Then
1) zVrx=x,xNx=ux
2) xNVy=yVz,x ANy=yAx;
3) (xVy)Vz=aV(yVz), (@Ay)Az=xA(yAz);
4) (xVy)hNz=zx, (tAy)Vr=uz.

Proof. (1) and (2) are straightforward.

(3) Since pug(z,zV (yV 2)) >0or (ur(x,xzV(yVz)) =0and Ig(z,zV (yVz2)) <1)

pr(y,xV(yV 2)) > pr(y,yVz) Aur(yVz,zV(yVz)) >0or (ug(y,zV(yVz)) =0 and
Ur(y, 2V (yV2)) <Or(y,yVz) VIr(yVzaV(yVz) <1).

pr(zVy,zV(yVz))>0or (ur(xVy,zV(yVz))=0and Ig(zVy,zV(yVz)) <1) by
(2) of Proposition 4.9.

Since pp(z, 2V (y V 2)) > pr(z,yV2)Aur(yVz,xzV(y Vv z)) > 0or (ur(z,zV(y Vz)) =0
and Vg(z,2 V (yV 2)) <Vr(z,yV2)VIr(yV z,zV (y V 2)) < 1).

ur((zVy)Vz,xV(yVvz)) >0or (ur((zVy)Vz,xaV(yVz)=0and Igr((zVy)Vz,zV
(yV z)) < 1) by (2) of Proposition 4.9.
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Similarly we may show pgr(zV(yV z),(xVy)Vz)>0or (ug(zV(yVz),(xVy Vz)=0
and Jr(x V (yV 2),(xVy)Vz) <1). By the perfect antisymmetrical of R,

(xVy)Vz=aV(yVz). In the same way, we show that (t Ay) Az=zA(y A 2).

(4) Let B ={x V y,z}.Since (ur(x,zVy) >0 or (ug(z,zVy) =0 and dg(z,zVy) <1)
and (ugr(z,z) > 0 and Vg(z,x) < 1), x is a lower bound of B. If z is a lower bound of B,
then pgr(z,2) > 0 or (ur(z,z) = 0 and Yg(z,x) < 1). Thus x is the greatest lower bound of
B. Hence (xz V y) A x = z. Similarly we may show (z Ay) Vx = x. O

In the following, we give some characterizations of intuitionistic fuzzy perfect distributive

lattices.

Definition 4.11. Let (X, R) be an intuitionistic fuzzy perfect lattice. (X, R) is distributive
if and only iof
cANyVz)=(@Ay)V(eAz)and (zVy) AN(lxVz)=xV(yAz) foralzxy,zeX.

Theorem 4.12. Let (X, R) be an intuitionistic fuzzy perfect totally ordered set. Then (X, A)

18 an intuitionistic fuzzy perfect distributive lattice.
Proof. Straightforward. O

Definition 4.13. Let (X, R, A,V) be an intuitionistic fuzzy perfect lattice, and F be a
nonempty crisp subset of X. F is a filter of (X, R, \,V) if for all x,y € X, it holds that

(i) Ifye F and pr(y,x) >0 or (ur(y,z) =0 and Ig(y,x) < 1), then x € F.
(i) Ifx,y € F, thenx ANy € F.

Definition 4.14. Let (X, R, A, V) be an intuitionistic fuzzy perfect lattice and F be a filter
of (X,R,\,V). Then F is called prime filter if F' is proper (F' # X) and for all x,y € X,
xVyeF implyx e F orye F.

Definition 4.15. Let (X, R) be an intuitionistic fuzzy lattice, and I be a nonempty crisp
subset of X. I is a ideal of (X, R) if for all x,y € X, it holds that

(i) Ifyel and pur(z,y) >0 or (ur(x,y) = 0and Vg (x,y) < 1), then x € I.

(i) Ifx,yel, thenaxVyel.
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Definition 4.16. Let (X, R) be an intuitionistic fuzzy perfect lattice and I be an ideal of
(X, R). Then I is called prime ideal if I is proper (I # X) and for all x,y € X, x ANy € I

imply x € I ory e 1.

For every crisp subset 0 of X, the smallest filter of X (with respect to the inclusion) which
contains ¢ is said to be the filter generated by ¢ and will be denoted by (0).

Proposition 4.17. If § is a non-empty subset of an intuitionistic fuzzy perfect lattice
(X, R,\,V), then

(5) =

{z € X/ur (AN a;,2) >0 or (ug (Aya;,x) =0 and Vg (A!_ja;,x) < 1), ay,..,a, € 0}
Proof. Let (0) = {x/ur (A_ja;,x) > 0 or Ig (Al a;,z) < 1, for some ay, as, .., a, € d}.

First, we prove that (0) is non-empty. Let a € ¢, since pg(a,a) > 0, then a € (0),
hence (0) # (. To proof that (§) is a filter. Let z € (d), y € X such that ug(x,y) > 0 or
(g (z,y) = 0 and Vg (z,y) < 1), there exists ay,as,..,a, such that ug (A" a;,z) > 0 or
(ur (Aja;,z) = 0 and Vg (Aqa;,x) < 1). Then, ug (Aqa;,y) > 0 or (ug (Aja;,y) =0
and Vg (AP a;,y) < 1), theny € F.

On the other hand, let z,y € (§), there are ay, as, .., ay, by, b, .., by, such that (ug (AP, a;, x)
0or (ur (AZyai,z) = 0 and g (A a;, ) < 1)) and (ug (A721b;,y) > 0 or (ur (AT2ibj,y) =
0 and 95 (A a;,y) < 1)). Then, pug ((Afya;) A (AT1b;), 2 Ay) > 0 or
(1r ((Nyai) A (Nb), x Ay) = 0 and Ik ((AfZya;) A (ATeybs), 2 Ay) < 1). Therefore A
y € (9).

Next, let a € 4§, since ug (a,a) > 0, we have a € (4). Then 6 C (4).

Finally, suppose that F is a filter with 6 C F. Then for any x € (J), then there exists
ay, as, .., a, such that

pur (A_ja;,z) > 0, then x € F. Therefore (0) C F. O

If x is an element of the intuitionistic fuzzy perfect lattice X, then 1 z = {y € X :

pr (z,y) > 0 or (pr(x,y) = 0 and Jg(z,y) < 1)} L 2 ={y € X : pr(y,x) > 0 or
(ur (y,z) = 0 or I (y,x) > 0)}) is the principal filter (ideal) generated by z. We denote
the set of all principal filters generated by elements of X by PF (X).

Proposition 4.18. (PF (X),C, A, V) is a lattice with (T 2)A(Ty) = (T 2)N(Ty) =1 (z V y)
and (tz)V (Ty) = ((tz)U(ty) for any t x,T y € PF(X). Furthermore, T (z Ny) =
(tz)u(Ty).
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Proof. Let a € X,
aet(zVy) & wpur(xVy,a)>0or (ur(xVy,a)=0and Jg(xVy,a) <1)
pr(x,a) >0or (ug(r,a) =0 and g (z,a) < 1)
& and
(g (y,a) > 0or (ug (y,a) =0 and 9g (y,a) < 1)
& a€(Ta)n(ty)

& ac(Ta)A(Ty)
and

R(x ANy,x) > (0,1) _ Tzt (zAy
Rz ANy,y) >1- (0,1) TyCt(zAy
= (Tz)U(ty) St (zAy)

= ((Tx)U(y) <t (zAy).
Let a €1 (x Ay), hence R(x Ay,a) >« (0,1), it follows that R(xz,a) >p- (0,1) and

)
)

R(y,a) >« (0,1), therefore a €1 x and a €7 y, it follows that a € (1 ) U (1 y), then

a € ((Tx)U(Ty). Then, T (zAy) S (T2)U(Ty)).
[l

Theorem 4.19. Let X be an intuitionistic fuzzy perfect distributive lattice, F' a filter and I
an ideal of X. If F NI = ¢ then there is a prime filter P such that ¥ C P and PN I = ¢.

Proof. Let G be the family of those filters F’ which satisfy F' C F" and F' NI = ¢. It follows
from the Zorn’s lemma that G has a maximal element P. Since P € (G it remains to prove
that the filter P is prime. P is proper because P NI = ¢. Suppose P is not prime. Then
there exist a,b € X such that aVb e P,a ¢ Pand b ¢ P. Let 6 = PU {a}. Then (§) NI
# ¢, otherwise

P C () € G contradicting the maximality of P. Take x € (§) N I. Then Proposition
4.17 implies easily the existence of p € P such that ur (p Aa,z) > 0 or (ur(pAa,z) =0
and Yg (p Aa,x) < 1) and since = € I it follows that p A a € I. Similarly there is ¢ € P
such that ¢ Ab € I. Then (p Aa)V (¢ Ab) € I and on the other hand (p Aa) V (g Ab) =
(Vg AN@PVD A(aVqg) A (aVDb) e P, therefore I N P # ¢, a contradiction. O

Corollary 4.20. Let X be an intuitionistic fuzzy perfect distributive lattice. If I is an ideal
and a € X — I there is a prime filter P such that a € P and PN 1 = ¢.

Proof. Let I an ideal and a € X — I. Take F' =1 a it follows F'N [ = ¢. By Theorem 4.19
there is a prime filter P such that FF C P and PN I = ¢. O]
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4.2 Intuitionistic fuzzy perfect lattices isomorphisms

In the following, we extend the concept of fuzzy lattices isomorphism studied in [36], to

intuitionistic fuzzy perfect case.

Definition 4.21. Let (L,r, A\, V), and (M, R, \, V) be two intuitionistic fuzzy perfect lattices.

1. A function f : L — M is called increasing if for allx,y € L, r (x,y) < R(f (z), [ (v)),
e pe(@,y) < pr(f (@), f(y)) and 0, (2,y) = Ik (f (), [ (y))

2. Let f : L — M be a increasing function between intuitionistic fuzzy perfect lattices.
Then f is called a lattice homomorphism if for any x,y € L, f(x ANy) = f(x) A f(y),
and f(xVy) = f(x)V f(y). If f is a bijection, then f is said to be intuitionistic fuzzy

perfect lattices isomorphism.

Proposition 4.22. Let (X, R,A\,V) be an intuitionistic fuzzy perfect lattice and F be a

subset of (X, R,\,V). The following conditions are equivalents,
1. F s a prime filter;
2. There is a surjective lattice homomorphism f: X — {0,1} such that F = f~* ({1}).

Proof. Similar to Proposition 1.47. O

Corollary 4.23. Let (X, R,A,V) be an intuitionistic fuzzy perfect distributive lattice. If
a,b € X are such that R (a,b) = (0,1) (i-e., ur(a,b) =0 and Ir(a,b) = 1) there is a prime
filter F' such that a € F and b ¢ F.

Proof. Similar to Corollary 1.48. m

4.3 Intuitionistic fuzzy perfect Priestley spaces

In this section we extend some results obtained by A. Amroune and B. Davvaz in [2] in the

intuitionistic fuzzy perfect case.

Definition 4.24. Let (X, R) be an intuitionistic fuzzy perfect ordered set. A subset E of X
is called increasing if © belongs to E and pg(z,y) > 0 or (ur(x,y) =0 and Ig(z,y) < 1) (y

is an upper bound of x), then y belongs to E (a decreasing set is defined in a similar way).
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Definition 4.25. An intuitionistic fuzzy perfect ordered space is a triplet (X, T, R), where
X is a non empty set, T is a topology on X and R is an intuitionistic fuzzy perfect order on

X.

Definition 4.26. An intuitionistic fuzzy perfect ordered space (X, 7, R) is called perfect
totally order disconnected if for x,y € X, pr(x,y) = 0 and 9g(x,y) = 1, there exist an
increasing T—clopen U and a decreasing T—clopen V' such that U NV = 0 with v € U and

yev.

We recall that a 7—clopen set in a topological space is a set which is both open and

closed.

Definition 4.27. An intuitionistic fuzzy perfect ordered space (X, T, R) is called an intu-

ittonistic fuzzy perfect Priestley space if it is compact and perfect totally order disconnected.

4.4 Intuitionistic fuzzy perfect Priestley spaces isomor-
phism

Definition 4.28. Let (X, 7,7), and (X', 7/,r") be two intuitionistic fuzzy perfect Priestley

spaces.

1. A function f : X — X' is called increasing if for allx,y € X, r (z,y) <p- ' (f (z), f (y)),
i.e. Mr(xay) < :ur’(f (x)vf(y)) and 197“ (IL‘,y) > 191” (f (x) 7f(y))

2. Let f: X — X' be a increasing function between intuitionistic fuzzy perfect Priestley
spaces. Then f is called a Priestley spaces homomorphism if it is continuous. If f is a

bijection, then f is said to be intuitionistic fuzzy perfect Priestley spaces isomorphism.

4.5 Priestley duality for intuitionistic fuzzy perfect dis-
tributive lattices

In this section, we extend the concept of Priestley duality for distributive lattices studied in

2, 29, 30], to the intuitionistic fuzzy perfect case. In this way, some results are obtained.
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Throughout this section, all fuzzy intuitionistic lattices are finite perfect distributive lat-
tices and homomorphisms preserve first (0) and last (1) elements. If (A, V, A, R) is a finite
intuitionistic fuzzy perfect distributive lattice, then we show that its dual is a finite intu-
itionistic fuzzy perfect priestley space defined by T'(A) = (X, 7, R;), where X is the set of
0 — 1 homomorphisms from A onto {0,1}, and 7 be the topology induced by the product
topology of {0, 1}A and R; is the intuitionistic fuzzy perfect order adequately chosen on X.
Indeed, R, is constructed from R see Lemma 3.1.

If § = (X, 7,r) is an intuitionistic fuzzy perfect Priestley space, then we show that its
dual is an intuitionistic fuzzy perfect distributive lattice defined by (L (d),V, A,r,), where
L (0) ={Y C X|Y is increasing and 7—clopen} and r; is an intuitionistic fuzzy perfect order

adequately chosen.

4.5.1 Dual and bidual of an intuitionistic fuzzy perfect distributive

lattice

Lemma 4.29. If (A, V, A, R) is an intuitionistic fuzzy finite perfect distributive lattice, then

there exist two intuitionistic fuzzy perfect orders Ry, Ry such that:
1. T(A) = (X, T, Ry) is an intuitionistic fuzzy perfect Priestley space,
2. (L(T(A)),V, A, Rg) is an intuitionistic fuzzy perfect distributive lattice.

Proof. (1) Let Ry = (ug,,Vr,) be the relation defined by

pr(AgH (1), AfTHD) I fTHA) S g7t (D),

0 otherwise.

pr, (f,9) =

Or(Ag" (1), Af7H(Q)) 3T M) S g7t (1),

otherwise.

ﬁRl (fag> =

where the symbol A stands for an infimum with respect to the intuitionistic fuzzy perfect
relation R. We show that R; is an intuitionistic fuzzy perfect order. We have ug, (f, f) =
pr (AfTL) AFTH) = Tand Og, (f, f) = 9r (Af7H (1) ,Af7H (1)) =0 for all f € X, then
R; is reflexive.

On the other hand, for all f,g € X such that f # g, if ug,(f,g9) > 0, then f~1(1) C

g~ (1), which imply ¢~ (1) € f~* (1), it follows that ug, (g, f) = 0 and g, (g, f) = 1, the
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case ug(f,g9) = 0 and Yg (f,g) < 1, is impossible case. Hence, R; is perfect antisymmetric
relation.

In order to verify the transitivity of Ry, let f, g, h € X, we show that ug, (f, 9)Apg, (g, h) <
wr, (f,h) and g, (f,g)VIr, (g,h) > Vg, (f, h). We use the following truth table, where the
proposition (P) is ur, (f, 9) A pr, (9, h) < pr,(f, h) and the proposition (P’) is ¥g, (f,g9) V
Ur, (9,h) > Or, (f, 1)

S (@) gt CSht (1) | fH 1) Sh (1) (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

and

IO Cot ) [ gt ) ) | ) Chrt () (P
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

The only case for investigating is when f~!(1) C ¢g~!(1) and ¢~'(1) € h~'(1). By the

transitivity of R, for every a,b,c in A, we have ug(a,b) A pg(b,c¢) < pgr(a,c) and 9g (a,b) V
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Ir (b,c) > Og (a,c). This yields

pr (Ag~ (L) AFTHL) Apr (AT (L), A9 (L) < pr (ARTH(L),AFTH(D))

and
Or (Ag™H (1), AfTHD) VIR (ARTH(1),Ag™ (1) > O (AT (1), AfTH(D))

Then for all f,g,h € X, pr,(f,9) A pr,(9:h) < pgr,(f,h) and 9g, (f,9) V O, (9,h) >

Ug, (f,h) are hold, i.e. R; is transitive. Hence, R; is an intuitionistic fuzzy perfect order
and by [29, 30] T(A) = (X, 7, Ry) is an intuitionistic fuzzy perfect Priestley space.

(2) Let M = (My, M;) where

M = ney {R(2,y) /1,y € X, © #y and R (z,y) # (0,1)}.

We define Ry = (ug,, Ur,) by

;

1 if H=D,
iR (ANger [7H(1),ANgep g (1)) if HC D and H # ¢,
KR, (HJ D) =
M, if H=¢,
\ 0 otherwise.
and
4
0 if H=D,
Ir (AN “L1),AN (1)) if Hc D and H ,
b (D)= 4 PR 7 ) AR g7 (1) X
M, if H =0,
\ 1 otherwise.

for all H, D € L(T(A)),

where the symbol A stands for an infimum with respect to the perfect fuzzy relation R.

First, we show that R, is an intuitionistic fuzzy perfect order. Since, ug, (H,D) +
Vg, (H,D) < 1forall H, D € L(T(A)), R, is an intuitionistic fuzzy perfect relation. To show
the reflexivity we have pug, (H, H) = 1 and 9, (H, H) = 0, then Ry(H, H) = (1,0). To proof
the perfect antisymmetrical of Ry let H, D € L(T(A)) such that H # D, if ug, (H,D) > 0
then pg, (D,H) = 0 and g, (D,H) = 1, if [ug, (H,D) =0 and Vg, (H, D) < 1], then
Ur, (D,H) =0 and Vg, (D,H) = 1.
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In order to verify the transitivity, we use the following truth table, where the proposi-
tion (P) is pgr,(H,D) A pgr,(D, E) < pg,(H,E) and the proposition (P’) is Vg, (H, D) V
ﬁR2 (D7E) > 19R2 (H7 E)

HCD|DCFE|HCE (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

and

HCD|DCFE|HCE (P)
1 1 1 1
1 1 0 Impossible case
1 0 1 1
1 0 0 1
0 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

First, if one of the three elements H, D, E is empty, then the transitivity is a trivial fact.

If H+# ¢ and D # ¢ and E # ¢, the only case that need investigation is when H C D
and D C E. Setting o« = ANgey [ (1), B=ANgep g ' (1) and v = ANpep h™' (1), since

pr (o, B)Apg (B,7) < pr (a,y) and g (o, B)VOIr (8,7) > Vg (a,7) , we have pg,(H, D)A
piry (D, E) < pg,(H, E) and Ug, (H, D)V Ug, (D, E) =2 Vg, (H, E).

Hence, R, is transitive.
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Finally, the least upper and greatest lower bounds of H and D (with respect of the
intuitionistic fuzzy perfect ordering relation Ry) are denoted by H Vg, D and H Ag, D,
respectively, to show that H Vp, D = HUD and H Ar, D = H N D. We have that H U D
is an upper bound of {H, D} because (ur, (H,HUD) > 0 or (ur, (H,HUD) = 0 and
Vg, (HHUD) < 1)),and (ug, (D, HU D) > 0or (ug, (D,HU D) =0and Vg, (D,HUD) <
1)), if C is the least upper bound of {H, D} we have four cases:

1) if H=¢ and D = ¢, it follows that ug, (C, HU D) = p(C,¢) and Jg, (C,HU D) =
Ir (C, @), which imply that (ug, (C, HU D), Vg, (C, HU D)) different to (0,1) if and only
if C = ¢, hence C' = HUD.

2)if H= ¢, D # ¢ and D C C (because ug (D,C) > 0or (ug (D,C) =0and Vg (D,C) <
1)), it follows that ug, (C,HUD) = ug(C,D) and Vg, (C,HU D) = U5 (C,D), which
imply that (ug, (C, HU D), Vg, (C, HU D)) different to (0, 1) if and only if C' C D, hence
C=D=HUD.

3)if H# ¢, D = ¢and H C C (because ug (H,C) > 0or (ug (H,C) =0and ¥ (H,C) <
1)), it follows that pg, (C,HUD) = ug(C,H) and g, (C,HUD) = 9 (C, H), which
imply that (ug, (C, HU D), Vg, (C,H U D)) different to (0,1) if and only if C' C H, hence
C=H=HUD.

)it H# ¢, D # ¢and H C C and D C C, which imply H U D C C, it follows
that (ug, (C, HU D), g, (C,H U D)) different to (0, 1) if and only if C' C H U D, hence
C=HUD.

Similarly, we prove that H Apr, D = HND, its known that HUD and HND are increasing
and 7—clopens. This shows that (L(T'(A)),V, A, Rs) is a fuzzy distributive lattice. O

4.5.2 Dual and bidual of an intuitionistic fuzzy perfect Priestley
space

Lemma 4.30. If 6 = (X, 7,7) is an intuitionistic fuzzy finite perfect Priestley space, then

there exist two fuzzy perfect orders r1 and ro such that:
1. (L(0),V,A,r1) is an intuitionistic fuzzy perfect distributive lattice,
2. (T(L(6)),T,re) is an intuitionistic fuzzy perfect Priestley space.

Proof. (1) (i) If A(r) = (0,1), then X is an antichain and we can write r; as follows:
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r1 = (fry, Y, ) such that

1 it A=0B,
pry (A, B) = 1— 224 if 4 C B,
0 otherwise.
and
0 if A=B,
U, (A, B) = ¢ § cardd if AC B, whered €]0,1],
1 otherwise.

r1 is an intuitionistic perfect fuzzy relation. It is easy to show that r; is an intuitionistic
fuzzy perfect order, and AV,, B=AUB, AA,, B= AN B exist for every A and B from
L(5), and AU B, AN B are increasing and 7-clopens sets of L(4), where (L(J),V, A, 1) is
an intuitionistic fuzzy perfect distributive lattice.

If h(r) # 0, then X is not an antichain, setting M = (Mo, M;) where M = A<, {R (z,y) /z,y €
X,z #yand R(z,y) # (0,1)}. Then, M # (0,1) and we can take r = (i, 9, ) such that
for every A and B from L(J)

;

L it A= B,
Maz (Mo, Vaeapen, i (a,b)) if AC Band A # ¢,
lu”fl (A7 B) = ( #b ) |
Mo it A=,
\ 0 othewise.
and
)
0 it A= B,
Min (M1, Na 9, (a,b if Ac Band A :
U, (A, B) = o ( L MacAbeB oz (a )) 1 n £ ¢
My if A= ¢,
\ 1 othewise.

Similar to the previous lemma, r; is an intuitionistic fuzzy perfect order and we can
assume that AV,, B= AU B and AA,, B = AN B, for every A and B from L(J), where
(L(5),V,A,r1) is an intuitionistic fuzzy perfect distributive lattice.

(2) To proof the second assertion, let ro = (p,, Uy, ) , such that
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1 if f=gy,

pry (F19) = pr (AN e 1A, A Apegry B) i f7H(1) € g7 1(1),
0 otherwise.
and
if f=y,
Uy (f,9) = O (ANA acy1 A A Apegry B) i f71(1) € g7 1 (1),
1 otherwise.

where the first infimum A is in the sense of the intuitionistic fuzzy perfect ordering relation
r and the second infimum A is in the sense of the intuitionistic fuzzy perfect ordering relation
r1. Note that 7y is well defined: A; = Agcp-1(1)A, where the symbol A stands for an infimum
with respect to the intuitionistic fuzzy perfect ordering relation ry, it exists because L(6)
is a lattice and a = AA;, where the symbol A stands for an infimum with respect to the
intuitionistic perfect fuzzy relation r. Then, a exists because A; is a finite increasing -
clopen, if A; has two minimal elements x,y, then r (z,y) = (0, 1), there exist an increasing
7—clopen U and a decreasing 7—clopen V such that UNV =@ with z € U and y € V. It is
easy to see that A; C U, then U NV # () contradiction. By definition 75 is an intuitionistic
perfect fuzzy relation. It is easy to show that ry is an intuitionistic fuzzy perfect ordering
relation. Furthermore, By [29, 30] (T'(L(0)), T, r2) is an intuitionistic fuzzy perfect Priestley
space. 0

In the following we shows that the category of intuitionistic fuzzy perfect Priestley spaces

is equivalent to the dual of the category of intuitionistic fuzzy perfect distributive lattices.

4.5.3 Bidual of an intuitionistic fuzzy perfect distributive lattice

and isomorphisms

Lemma 4.31. Let A be an intuitionistic fuzzy perfect distributive lattice. The map Fy :
A L(T(A)) defined by
Fa(a)={f € X/f(a) =1}

1s an intuitionistic fuzzy perfect lattice isomorphism.
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Proof. 1t is easy to see that for all a,b € A we have Fy(a Ab) = Fa(a) Agr, Fa(b) and
Fa(aVb)=F4(a) Vg, Fa(b).

Suppose that a # b, it follows R (a,b) = (0,1) or R (b,a) = (0,1).

If R(a,b) = (0,1) then, (by Corollary 4.23) there exist a prime filter F' such that a € F’
and b ¢ F, (by Proposition 4.22) it follows that there exists a surjection f: A — {0, 1} such
thata € f~' ({1}) and b ¢ f~* ({1}), hence f (a) = 1 and f (b) = 0i.e., Ry (Fa (a),Fa (b)) =
(0,1).

Similarly if R(b,a) = (0,1) we have Ry (Fa (b),Fa(a)) = (0,1). Hence, a # b imply
Fy(a) # F4 (b) i.e., Fy is injective.

To prove that F) is surjective let U € L(T (A)), for all f € U and g € L(T(A)) - U
we have g < f , it follows that Jay, € A such that f(as,) = 1 and g (ayy;) = 0. Then,
f € Fy(asy) and g € L(T (A)) — Fa(aysy). For fixed f € U we have g € L(T(A)) —U C
iL:’jl (L(T(A) = Fa(asg)) = L (T (A))—FA(Z\lafgi). Setting i&am = ay, it follows Fi (ay) =
FA(;Z\lafgi) C U, on the other hand f (ay) =1 then f € F4 (ay). Setting U = Usep Fa (ay),
it follows U = jL:J1FA (azj) = FA(j\:/iafj) € L(T (A)), hence Ja = j\ziafj such that U = F4 (a)
i.e., Fy is surjective.

Let us show that the map F4(a) = {f € X/f(a) = 1} is increasing.

We show that: R(x,y) <p+ Ro(Fa(x),Fa(y)), ie. pr(z,y) < pr,(Fa(z), Fa(y)) and
Ir(x,y) > Vg, (Fa(x), Fa(y)) for all x,y € A, where

iy (Fa(2), Fa(y) = § pr (ANjepa@) [ (1) A Ngera 97 (1)) if Fa(z) C Fa(y),
0 otherwise.

and
0 lf FA(iL‘) :FA(y),

Vg, (Fa(z), Fa(y)) = § Vg (A Nfe paa) FH) A Nyepagy 970 (1)) if Fa(z) C Faly),
1 otherwise.

Where the symbol A stands for an infimum with respect to the fuzzy relation R.
Note that Fa(z) # ¢ for all z € A.
If z =y, it follows that R(z,y) = Ra(Fa(z), Fa(y)).

If z # y, we consider two cases
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1. If R(x,y) = (0,1), then we have R(z,y) <p+ Ro(Fa(z), Fa(y)).

2. If up(z,y) > 0 or (ug(z,y) = 0 and Vg (z,y) < 1), it follows that Fu(z) C
Fa(y), which implies that R(z,y) = Rao(Fa(x), Fa(y)) (Since, A N py@) £~ (1) = 2 and
ANgepaty) 91 (1) =y, because if A Nye py(a) fH(1) # =, it follows that Njc FA(I)f_l (1) has
minimal element z # x, then r (z,z) = (0,1), there exists an increasing 7—clopen U and
a decreasing 7—clopen V such that UNV = () with 2 € U and z € V. It is easy to see
that Nye gy f (1) C U, then UNV # 0, contradiction). It follows that the map F is an

intuitionistic fuzzy perfect lattice isomorphism. ]

Lemma 4.32. If f : A — Ay is an intuitionistic fuzzy perfect lattice homomorphism,
then the map T(f) : T(Ay) — T(As) defined by T(f)(g) = g o f is an homomorphism of

intuitionistic fuzzy perfect Priestley space, i.e., a continuous and increasing map .

Proof. For all g1,90 € T (A1) g1 < go = g1 0 f < goo f, hence T (f) is increasing,.
The continuity of 7' (f) follows from the fact that for every a € Ay,
T(f)" (Fa (@) = {g€T(A)/T(f)(9) € Fa, ()}
= {9eT(A)/gof(a) =1}
= {9eT(A)/g(f(a)) =1}
= Fu,(f(a)).

Hence, T (f) is continuous. O

4.5.4 Bidual of an intuitionistic fuzzy perfect Priestley space and
isomorphisms

Lemma 4.33. If § = (X, 7,7) is a finite intuitionistic fuzzy perfect Priestley space, then the

map G : 0 — T(L(0)) defined by

1 ifxey,
0 ifzxé¢Y.

Gs(x)(Y) =

for all Y € L(0) is an isomorphism of intuitionistic fuzzy perfect Priestley space, i.e., a

bijection, continuous and increasing map.
Proof. Let Gs : § — T(L(J)) defined by

1 ifzey,
0 ifz¢V.

Gs(x)(Y) =
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To prove the surjection of Gs, let f € T(L(9)) and setting U = {Y € L(0) : f(Y) = 1},
V={ZeL©®):f(Z)=0} A=nNyerY and B = Uzey Z. To show that A— B # ¢, suppose
that A — B = ¢, it follows that (NycyY) N(Uzey Z)¢ = ¢, then (NyepY) N (Nzev Z9) = ¢,
since X is compact we have (ﬁlYi) N (;inZjC ) = ¢, it follows that iriYi - jE:Janj’ then
f (j@le) =1,

conduction since f(jTL:Janj) = jgif (Z;) =0, hence A— B # ¢. Then, there exist z € A— B

such that Gs (z) = f and therefore

Gs(z)(YV)=1lerzeYeYcUs f(Y)=1

hence G is surjective.

To prove the injectivity, let x1, x5 € 6,

1 # o = 1 (21, 22) = (0,1) or 7 (z9,21) = (0,1).

If r (z1,22) = (0,1), then since L (J) is totally disconnected, there exist Yy € L () such
that z1 € Yy and x5 ¢ Yy, hence Gs(z1)(Yo) # Gs(22)(Y0).

If r(zg,21) = (0,1) then, there exist Y} € L () such that xo € Y} and x; ¢ Yi, hence
Gs(x2)(Y1) # Gs(x1)(Y1). It follows that x1 # xo = Gs(z1)(Y) # Gs(x2)(Y), hence Gy is
injective.

To prove that G is continuous, let Z a 7—clopen of T' (L (§)) . Then, there exist y € L (9)
such that Y = Fps) (y) .

Gi'(Y) = G5'(Fue) (v)
= {r e X/Gs(x) € Fre (y)}
= {rxe X :Gs(x)(y) =1}
= {reX:zey}
= XNy

= 1y (7 — clopen)
Hence, Gy is continuous.

To prove that Gy is increasing it suffices to show that r(z,vy) <p« ro(Gs(x), Gs(y)). then
firy (Gs(x), Gs(y)) =

1 if Ggl(x) = G’gl(y),
(AN seaz1 @A N NBecsy-1) B) if Gy (x)(1) € G5 (y)(1),
0 otherwise.

and
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0 if G5l (x) =G5 (y),
Ury (Gs(2), G5(y)) = ¢ 0. (AN 4 o= @A A Apecywm—1y B) i Gs(x)7H(1) C Gy (y) (1),

1 otherwise.
If z =y, then so r(x,y)) = ro(Gs(x), Gs(y)). If  # y, then there are two cases as follows:

Case 1: if r(x,y) = (0, 1), then we have r(z,y) <p+ r2(Gs(x), Gs(y)).

Case 2: if p,.(z,y) > 0 or (p.(z,y) = 0 and u,(x,y) < 1), then y belongs to each T-clopen
which contains z, so,

G5'(z) (1) C G5'(y) (1), it follows that A A acc @A =7 and AAge g0y B=y.
Then, p, (Gs5(2), Gs(y)) = pe </\ N ace; @A N NBea ) B) = pir (z,y) and
Urs (Gs(2), Gs(9)) = Uy (A A ace; A A e B) = 9 (2.9)  hence ra(Gs(x), Galy)) =
r(z,y). O

Lemma 4.34. If h : 6 — 02 is a homomorphism of intuitionistic fuzzy perfect Priestley
space, then the map L(h) : L(63) — L(81) defined by L(h)(y) = h='(y) for every y € L(55)

18 a fuzzy perfect lattices homomorphism.

Proof. For all y € L(d) we have L(h)(y) € L(d1).
For all y, z € L(d) since h™! commutes with set-theoretical operations we have,
L(h)(yuz) = hi(yUz)
= h'(y)UhT(z)

= L(h)(y) U L(h)(2).
and
Lh)(ynz) = h'(ynz)
I

fy)Nhmi(z)

= L(h)(y) N L(h)(2).
and for all y, z € L (d2)

yCz = h () ch ()

= L(h)(y) € L(h)(2).
Hence, L(h) is fuzzy perfect lattices homomorphism. O

Theorem 4.35. If f : A1 — Ay is an intuitionistic fuzzy perfect lattice homomorphism,

then
L(T(f)) o Fa, = Fa, o f.
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Ai—— ——— = A
| |
Fa, | | Fa,
\J \
L(T(A)) ———— —= L(T'(Ay))
L(T(f))

Proof. For all a € Ay,

(L(T(f)) o Fay)(a) = L(T(f))(Fa, (a))
= T7(f) (Fa, (a))

= {geT(A2):T(f)(9) € Fa, (a)}
= {9€T(A):g0f€Fa(a)}

= {9€T(A):9(f(a) =1}

= Fa, (f(a))

= Fyof(a).

O

Theorem 4.36. If h : 01 — 0o is an homomorphism of intuitionistic fuzzy perfect Priestley

space, then

h
01 ———— = D)
| |
Gs, \ | Gs,
} }
T(L(&) ———— = T(L(%))
T(L(h))

Proof. For all f € 41,
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(T'(L(h)) e Gs) (f) = T(L(h)(Gs (f))

— Gy, (f) o L(h) (since T (f) (9) = g0 f)
hence for all y € L (0s),

(T (L(h) o Gs) (f)(y) = (G5 (f)oL(h))(y)
= G5 (f)(h7'(v))
1if feh(y)

0if f ¢ ht(

Lifh(f) ey

0if h(f) ¢y

= Gs, (h(f)) ()
= (G oh)(f) ().

Theorem 4.37. The dual of the category of intuitionistic fuzzy perfect distributive lattices

)

18 equivalent to the category of intuitionistic fuzzy perfect Priestley spaces.
Proof. Lemmas 4.31, 4.33, Theorems 4.35, 4.36 establish the functorial isomorphisms. [

Example 4.38. Let (A,V, A, R) be an intuitionistic fuzzy perfect distributive lattice, where
A ={a,b,c,d,e, f} and R is an intuitionistic fuzzy perfect relation defined by

Ur | a|b c d |e f Jr|al|b c d |e f

a 1101(102(02|03]04 a 0/05[04104]03]0.2
b 011 0 0.3 104105 b 110 1 03102101
c 00 1 0.3[04]05]| and |c 1]1 0 04103102
d 00 0 1 04104 d 1]1 1 0 0.2 0.2
e 010 0 0 1 0.3 e 1]1 1 1 0 0.1
f10(0 (0O |0 |0 |1 f 111 1 1 1 |0

Then its dual is: T (A) = The set of 0—1 homomorphisms from A onto {0,1} = {f1, fa, f3, fa}
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Al fi| fo|f3| fa
a |0 [0 [0 |0
b 10 [0 |10
c o]0 |0 |1
dlo |0 |11
e 0|1 ]1]1
Flr 111

and its bidual is: L(T(A)) = {&, {fs}, {fa}s {[3, fa}, {fo, f3, [}, X}, where Ry is given by

IR, o | {fsh | Ufa} [ {fss fa} | {fos fa fa} | X

¢ 1101 ] 01 0.1 0.1 0.1

{f3} 0| 1 0 0.3 0.4 0.5

{fa} 0| 0 1 0.3 0.4 0.5

{fs, fa} 0] 0 0 1 0.4 0.4

{fo, fs. fa} | O] O 0 0 1 0.3
X 0| 0 0 0 0 1

Vg, ¢ | {fsh | {fa} [ {fss fa} | {fos fa fay | X

b 0| 05 | 05 0.5 0.5 0.5

{fs} 1] 0 1 0.3 0.2 0.1

{fa} 1| 1 0 0.4 0.3 0.2

{fs, u} | 1] 1 1 0 0.2 0.2

{fo.fa fud | 1] 1 1 1 0 0.1
X 1] 1 1 1 1 0

Finally, Fy : A L(T(A)) is given by
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Al Fa(ar)/i=11t06
a | ¢

b | {fs}

c | {fd}

d | {fs fa}

e | {fo f3, fa}

flx

Example 4.39. Let (X, 7,7) be an intuitionistic perfect Priestley space, where X = {z,y, z}

and r is given by

pr || Y |2 U x|y |z

r |1 0 z |0 1
and

y [0]1]0 y |[1]0]1

z 0|01 z |1]110

Then L(X) = {¢,{z},{y},{z},{z, v}, {x, 2}, {y, 2}, X} and ry is given by
r1 = (tyy, Oy, ) such that

1 if A= B,
tr, (A, B) = 1—% if AC B,
0 otherwise.
and
0 ifA = B,
U, (A, B) = ¢ § ¢rdd if A C B where § €]0,1[,
1 otherwise.

Then ry will be given by
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pry | @ | {a} [ {yd | {2} [ {zy) [ {z 2} [ {p.2} | X
¢ 1|1 |1 |1 1 1 1
{fz} o1 o |0 |3 z 0 3
{fy} |00 |1 |0 |3 0 3 3
{z} oo o |1 |oO : : 3
{z,y} |00 |0 |0 |1 0 0 2
{z,2} |0 [0 |0 |0 |O 1 0 2
{y,z} O[O0 O |0 |O 0 1 2
X 0(0 [0 |0 |oO 0 0 1
and
Uy | o [ {x} [ {u} | {2} [ {zy) [ {2} [ {y,2} | X
o) 0 [0 [0 |0 0 0 0
{} |10 |1 |1 |3 i 1 5
{y} 11 0 |1 : 1 : :
{z} |1]1 |1 |0 |1 i i 5
{x,y} | 1] 1 1 |1 |0 1 1 :
{z,2} |11 |1 |1 |1 0 1 1
{y,2}y |11 |1 |1 |1 1 0 1
X 1|1 (1 |1 |1 1 1 0

(Chosen 0= %)

and the set of 0 — 1 homomorphisms from L(X) onto {0,1}, i.e.,

{1, f2, f3}
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T(L(X)) is equal to



L(X) | fi(Xe) | f2(Xs) | f3(Xi)
é 0 0 0
{z} 1 0 0
{yy |0 1 0
{z} 0 0 1
{z,y} | 1 1 0
{z,2} |1 0 1
{y,2} | 0 1 1
X 1 1 1

And o will be given by

Py | J1| f2 | S5 Uy | 1| J2 | [5

fi |1 [0 |0 and fi 101 |1

fo |0 ]1 10 fo |10 |1

f3 10 [0 |1 fs |1 |1 1]0

and the isomorphism Gx is defined byGx : X — T (L (X)), where

X | Gx (X)) /X, e X
x| fi
y | f
z | fs
Example 4.40. Let (X, 7,7) be a Priestley space, where X = {x,y, z,t} and r is given by
e | x|y z t O lx|ly |z |t
z | 11021030 rz |0]05]04]|1
y [0]1 04(0]| and |y |1]0 051
z |01]0 1 0 z | 1]1 0 1
t |01]0 0 1 t |11 1 0

and L(X) = {o, {t},{zHy, 2}{z t}, {z,y, 2}, {y, 2, t}, X}, where ry is given by

I0)



and

fir, o | {t} | {=} | {t.2} | {y, 2} [ {y. 2t} | {zoy 2} | X
[0) 0.2 102 0.2 0.2 0.2 0.2 0.2
() ol1 (o |02 |o 0.2 0 0.2
{z} 01]0 1 0.2 0.2 0.2 02 0.2
=y oo o |1 0 0.2 0 0.2
{v,2} |ol0o |o |o 1 0.4 0.4 0.4
{2t} |00 o |o 0 1 0 0.4
(r,y,2y |00 |0 |0 0 0 1 0.4
X 010 0 0 0 0 0 1
Oy, o | {t} | {2} [ {t.2} [ {w, 2} [ {w. 2t} [ {zy,2} | X
0] 010505 05 0.5 0.5 0.5 0.5
() 1o |1 |05 |1 0.5 1 0.5
(2} 111 o |05 |05 |05 0.5 0.5
{2y |11 |1 o 1 0.5 1 0.5
{y, z} 111 1 1 0 0.5 0.5 0.5
{y,z,t} | 1|1 1 1 1 0 1 0.5
{z,y,z} |1 |1 |1 1 1 1 0 0.5
X 111 1 1 1 1 1 0

and T(L(X)) = {f1, f2, f3, f1} such that
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LX) | fi(Xe) | f2(X5) | f3(X5) | fa(X)
& 0 0 0 0
() 0 0 0 1
(2} 0 0 1 0
.2} o 0 1 1
{y, 2} 0 1 1 0
{y,z,t} |0 1 1 1
{z,y,2} | 1 1 1 0
X 1 1 1 1

The isomorphism Gx is defined as follows: Gx : X — T(L(X))

Gy (X)) X; € X

S

2

s

Ja

7




Conclusion

In this thesis, we have proposed a way to represent fuzzy distributive lattices and intuition-
istic fuzzy perfect distributive lattices. This, by constructing adequate fuzzy orders and
intuitionistic fuzzy perfect orders.

In this context a study of representation of fuzzy distributive lattices and intuitionistic
finite fuzzy perfect distributive lattices is presented. We have shown that the category of
fuzzy Priestley spaces is equivalent to the dual of the category of fuzzy bounded distributive
lattices. We have also shown that the category of intuitionistic finite fuzzy perfect Priestley
spaces is equivalent to the dual of the category of finite intuitionistic fuzzy perfect distributive
lattices.

Future work is anticipated in multiple directions. Firstly, is it possible to obtain such
representation for an infinite intuitionistic fuzzy perfect bounded distributive lattices?

Secondly, is it possible to obtain such representation if we change the definition of fuzzy
set? In other words, what happens if we replace the unite interval [0, 1] by any complete

lattice L?
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Abstract

In this thesis, we extend some results obtained by A. Amroune and B. Davvaz in their paper entitled
"Fuzzy ordered sets and duality for finite fuzzy distributive lattices", published in "Iranian Journal of Fuzzy
Systems". In this way a representation theorem for the infinite fuzzy distributive lattices is given. More
precisely, we show that the category of infinite fuzzy Priestley spaces is equivalent to the dual of the
category of infinite fuzzy distributive lattices.

We have also developed a representation theory of intuitionistic fuzzy perfect distributive lattices in the
finite case. To that end, we have introduced the notion of intuitionistic fuzzy perfect distributive lattices
and the one of fuzzy perfect Priestley spaces to show the equivalence between the category of finite
intuitionistic fuzzy perfect Priestley spaces and the dual of the category of finite intuitionistic fuzzy perfect
distributive lattices

Résumé

Dans cette thése, nous avons développé quelques résultats obtenus par Pr: A. Amroune et Pr: B. Davvaz
dans leur article intitulé "Fuzzy ordered sets and duality for finite fuzzy distributive lattices", publié dans
"Iranian Journal of Fuzzy Systems". Ainsi nous avons donné un théoréme de représentation pour les treillis
distributive flous infini. Plus précisément, nous avons montré que la catégorie des espaces de Priestley flous
est équivalente au dual de la catégorie des treillis distributifs flous fermés dans le cas infini. D'autre part
nous avons développé une théorie de représentation des treillis distributifs flous intuitionnistes parfaits
dans le cas fini. Pour cela, nous avons introduit la notion de treillis distributif flous intuitionnistes parfaits et
les espaces de Priestley flous intuitionnistes parfaits pour montrer I'équivalence entre la catégorie des
espaces de Priestley flous intuitionnistes parfait fini et le dual de la catégorie des treillis distributifs flous
intuitionnistes parfaits finis.

Keywords: Fuzzy lattice, fuzzy Priestley space, homomorphism of fuzzy lattices, homomorphism of fuzzy
Priestley spaces, intuitionistic fuzzy perfect ordered set, intuitionistic fuzzy perfect lattice, homomorphism
of an intuitionistic fuzzy perfect lattices, Homomorphism of an intuitionistic fuzzy perfect Priestley spaces.
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