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Introduction

One of the most important properties of binary relations is the transitivity
property. It is an indispensable requirement for many interesting fields of
pure and applied mathematics. In lattice theory, the transitivity is necessary
for the associativity of operations of least upper and greatest lower bounds.
Nevertheless, the non transitivity relation is also important and ubiquitous
in our real life as well as in mathematics. May be, the most common
and illustrative example of a non transitive relation, in our real life, is the
acquaintance relation: If A knows B, and B knows C, it is not necessary that
persons A and C are acquainted. The preference loop or cycle (A is preferred
to B, B is preferred to C and C is preferred to A) is non-transitive relation.
For instance, in the game theory, the game of rock, paper, scissors provides
an immediate example (e.g.; the relation over rock, paper and scissors is
”defeats”, and the standard rules of the game are such that rock defeats
scissors, scissors defeats paper, and paper defeats rock), the non-transitive
relation also appear in the football tournament (e.g.; team A beats team B
and team B beats team C, but it is not necessarily that team A will beat
team C). Furthermore, the non-transitive relations appear in the different
fields of pure and applied mathematics. For instance, the relations defined
by non-associative binary operations are not transitive. In topology, the
closeness relation is an another example (e.g.; in the power set of R? the
closeness relation defined by: A is close to B if and only if d(A, B) =0 is
not transitive relation). In geometry, (e.g.; let A be the set of straight lines
in the plane R? and we define the binary relation R on A as follows: dyRds
if and only if d; and ds are orthogonal, for any di,ds € /A. The relation R is
not transitive). The theory of graphs is also concerned with non-transitive
relations (e.g.; a vertex A is adjacent to B, and vertex B is adjacent to C,
but A is not necessarily adjacent to C).

One of the interesting mathematical structure that consider the non-transitive
relations is the non-associative lattice. To facilate the meaning, it is a struc-
ture like lattice (L, <, A, V), but without the property of transitivity of <,
which also means, without the associativity of the lattice meet (A) and join
(V) operations. Fried [34] was among the first authors who discussed the no-
tion of non-associative lattice under the name tournament-lattice (T-lattice),



and he investigated its various properties and characterizations. In the same
context, Skala [66, 67] discussed the same notion, but she called it trellis.
She defined the notion of pseudo order as a reflexive and antisymmetric but
not necessarily transitive relation. By stipulation of least upper bounds and
greatest lower bounds of finite subsets on a given pseudo ordered set, the
result is a structure called trellis (weakly associative lattice as it is called
by several authors). In the same purpose, she extended to this structure
of trellis several known notions and results on lattices. Since then a lot of
studies used these notions of pseudo ordered sets and trellises. For instance,
Freid and Gréatzer [35] studied the non-associative extension of the class of
distributive lattices. Later in [36], Fried and Sés studied the connection
between trellis and projective planes. In [37], Gladstien characterized the
complete trellises of finite length. Bhatta and Shashirekha [14] generalized
this characterization in terms of joins of cycles. Chajda [27] studied the
notion of ideal on pseudo ordered sets and trellises, and their connections
with congruence relations. Rachunek [61, 62], generalized the notion of lat-
tice ordered groups to trellis setting. Some fixed point theorems on lattices
was extended to the case of pseudo ordered sets and trellises by Bhatta and
George [15], Stouti and Zedam [69]. In fuzzy setting, this notion of trellis
was fuzzyfied by Veclar and Patikova [77] under the name L-fuzzy complete
propelattice. The Tarski’s fixed point theorem for L-fuzzy complete lattice
was extended to this non-transitive fuzzy ordered structure.

One of the essential tool in various branches of classical and fuzzy math-
ematics and its applications is the concept of ideal and its dual (a filter)
on ordered structures. For instance, ideals and filters appear in topology
to express completeness and compactness in metric spaces [20, 80]. These
notions are mainly used to translate connections between properties on
algebraic structures and to define congruence relations and quotient alge-
bras [58, 76]. They played a central role in Stone representation theorem
for boolean lattice [68] and in the extensive theory of representation of a
distributive lattice [31, 40, 64]. In fuzzy setting, for the same purposes,
several authors introduced and investigated the concepts of some kinds of
fuzzy ideals and fuzzy filters in different ways and on different structures.
The first approach considered fuzzy ideal and fuzzy filter as fuzzy sets on
crisp structures, as on lattices, residuated lattices [1, 18, 32, 43, 45, 60, 74],
BL-algebras [46] and ordered ternary semigroups [3, 9, 28]. The second
approach proposed similar notions on fuzzy structures, (see e.g., Mezzomo



et al. [49, 50, 51]) for the approach in fuzzy ordered lattices.

Due the huge interest of fuzzy (crisp) ideals and filters in the different
algebraic structures, several authors extended and studied these concepts
in intuitionistic fuzzy setting. In particular, Kim and Jun [42] introduced
the notion of intuitionistic fuzzy interior ideals of semigroups. Banerjee
and Basnet in [8] studied the notion of intuitionistic fuzzy ideals on a ring.
Akram and Dudek [2] introduced and studied a concept of intuitionistic fuzzy
Lie ideals. Qin and Liu [44, 59] introduced and investigated the properties
of intuitionistic fuzzy filters on a residuated lattice. Recently, Thomas and
Nair [72, 73] considered intuitionistic fuzzy sublattices, intuitionistic fuzzy
ideals and intuitionistic fuzzy filters on a lattice.

The notions of ideals and filters are also considered in the pseudo ordered set
and trellis structures. Skala [66, 67] introduced the notion of ideal on a trellis
as a natural generalization of that ideal on a lattice. Chajda [27], Bhatta and
Ramananda [13] studied the notion of ideal on trellis and their connections
with congruence relations. Salounova [63] described and studied the notion
of Wal-ideals on weakly associative lattice rings.

Inspired by the above developments of the notions of pseudo ordered sets,
trellises and the related notions of ideals and filters, this thesis aims to
study these notions in depth in fuzzy setting. First, we study the notion
of fuzzy pseudo ordered sets and some of its interesting properties. Also,
we introduce the concept of fuzzy trellis as a natural generalization of that
of trellis introduced by Skala [66, 67] with respect to the fuzzy pseudo
order relation, and we discuss its fundamental properties. Secondly, we
study several kinds of fuzzy ideals (resp. filters). We present interesting
characterizations of these notions in terms of (crisp) fuzzy trellis operations,
and in terms of some of their specific subsets. We pay particular attention
to the kind of principal fuzzy ideals (resp. filters) on a given trellis, which is
more complicated than the same notions on a lattice. The second approach
considered the same characterizations of fuzzy ideals and filters on a lattice
in the intuitionistic fuzzy setting. Also, we generalize the notions of fuzzy
principal ideal (resp. principal filter) in the same setting.

This thesis is structured as follows.

e In Chapter 1, we provide generalities on pseudo ordered sets, trel-
lises and we recall many properties of these concepts that we need
throughout this thesis.

Xi



Xii

In Chapter 2, we study the notion of fuzzy pseudo ordered sets and
some of its interesting properties. In particular, we show that any
fuzzy pseudo ordered set is isomorphic with a contraction set of fuzzy
ordered set. Furthermore, we introduce the concept of fuzzy trellis as
a natural generalization of the trellis introduced by Skala [66, 67] and
we discuss its properties.

In Chapter 3, we introduce the notions of fuzzy ideal and filter as
fuzzy sets on (crisp) fuzzy trellis and we discuss their fundamental
properties. Also, we present interesting characterizations of these
notions in terms of trellis operations and in terms of their specific
subsets.

In Chapter 4, we generalize the notion of principal ideal (resp. filter)
on a lattice to the intuitionistic fuzzy setting, and investigate their
various characterizations and properties.

Finally, general conclusions and future research lines are given.



1 Generalities on pseudo ordered sets,
trellises and fuzzy relations

The purpose of this first chapter is to provide some preliminaries on partially
ordered sets and lattices. Also, we recall some basic notions of pseudo
ordered sets, trellises and fuzzy relations. Many of the properties of these
concepts will be used in the next chapters.

1.1. Posets and lattices

This section contains the basic definitions and properties of binary relations,
partially ordered sets (posets, for short) and lattices.

1.1.1. Posets

Definition 1.1. [31] A binary relation on a set X is a subset of the Carte-
sian product X x X, it is a set of couples (z,y) € X2. For a relation
R C X2, if x is related to y by R we often write xRy instead of (x,y) € R.
Two elements x and y of a set X equipped with a relation R are called
comparable elements if it holds that xRy or yRx. Otherwise, they are called
incomparable elements, denoted by x || y.

By definition the relations R and S are sets of couples (x,%) on X2. Then,
we can apply the classical operations of set theory to them, such as:

e The union of R and S is the relation R U S on X and defined as
follows:
RUS = {(x,y) € X* | zRy V zSy}.

e The intersection of R and S is the relation R NS on X and defined as
follows:
RNS = {(z,y) € X*| xRy A zSy}.

e The complement of R is the relation denoted by R on X and defined

1



CHAPTER 1. GENERALITIES ON PSEUDO ORDERED SETS, TRELLISES AND FUZZY RELATIONS

as follows:
R® = {(z,y) € X*| (z,y) ¢ R}.

e The transpose of R is the relation denoted by R! on X and defined as

follows:
R'={(y,x) € X* | xRy}

e The dual of R is the relation denoted by R? on X and defined as

follows:
R = {(z,y) € X? | yR°z}.

e The composition of R and S is the relation denoted by Ro .S on X and
defined as follows:

RoS ={(z,2) € X?| (3y € X)(zRy AySz)}.

A binary relation R on a set X is called:
(i) reflexive, if xRx, for all x € X;
(ii) irreflexive, if zR°x, for all z € X

(iii) symmetric, if xRy implies yRz, for all x,y € X

(iv) antisymmetric, if zRy and yRz implies z = y, for all z,y € X

(vi) tranmsitive, if xRy and yRz implies xRz, for all z,y,z € X

antitransitive, if xRy and yRz implies xRz, for all x,y,z € X;

)
)
)
)
(v) asymmetric, if 2Ry implies yR x, for all z,y € X;
)
(vi)
)

vii) complete, if zRy or yRx, for all z,y € X.
P yory Y
A binary relation R on a set X is called:
(i) a pseudo-order relation if it is reflexive and antisymmetric;
(ii) an order relation if it is reflexive, antisymmetric and transitive;

)
)

(iii) a strict order if it is irreflexive and transitive;
)

(iv) a total order relation if it is reflexive, antisymmetric, transitive and

complete;

(v) an equivalence relation if it is reflexive, symmetric and transitive.
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For each equivalence relation R on a set X, the equivalence class defined
with x € X, denoted by [x]g, is the set {y € X | zRy}. It is always true
that « € [z]g. It is easy to show that for any z,y € X, either [z]r = [y]r
or [z]g N [y]rg = 0. An equivalence relation therefore partitions X into
equivalence classes. The set of all these equivalence classes is called the
quotient of X by R and is denoted X/R.

For more details on binary relations, we refer to [16, 31, 64, 40].

According to Davey and Priestley [31], we have the following definitions:
Definition 1.2. Let X be a non-empty set. A partial order on X is a
binary relation < on X such that, for all x,y,z € X,

(i) z < x (reflexivity);
(ii) © <y andy <z imply x =y (antisymmetry);
(1i) x <y and y < z imply x < z (transitivity).

A set X equipped with an order relation < is said to be a partially ordered
set (or poset, for short) and we shall write (X, <). On any set, = is an
order. A relation < on a set X which is reflexive and transitive but not
necessarily antisymmetric is called a quasi-order or, by some authors, a
preorder. Given any ordered set (X, <), the dual of (X, <) is denoted by
(X9, >) and defined as follows: = > y in X% if and only if z <y in X. A
poset (X, <) is called a chain, if for any x,y € X, either z < y or y < =,
i.e., any two elements of X are comparable. Alternative names for a chain
are linearly ordered set or totally ordered set. At the opposite extreme from
a chain is an antichain.

The ordered set (X, <) is an antichain if x <y in X only if x = y.

If < is an order, then the corresponding strict order < is the irreflexive
kernel given by:
a<b if a<b and a #b.

Conversely, if < is a strict order, then the corresponding order < is the
reflexive closure given by:

a<b if a<b or a=0b.
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Next we introduce some important special elements

Definition 1.3. [31] Let (X, <) be an ordered set. We say X has a least
element if, there exists 0 € X such that 0 < x, for any x € X. Dually, X
has a greatest element if there exists 1 € X such that x < 1, for any x € X.
Note that if 0,1 exist then they are unique.

Definition 1.4. Let (X, <) be a poset and S be a subset of X, an element
x € X is an upper (lower) bound of S if y <z (y > x) for anyy € S. The
set of all upper (lower) bounds of S is denoted by S* (S).

St={xeX:y<uz foranyye S};

Sl={zreX:y>uz foranyye S}

If S*(SY) has a least (greatest) element x, then x is called the least upper
bound or supremum (greatest lower bound or infimum) of S, denoted by
sup S (inf S). The supremum (infimum) is unique in S* (S) if it exists.

We use the following notation: xVy in place of sup{x,y} when it exists and
x Ay in place of inf{z,y} when it exists. Similarly, \/ S and N\ S instead of
sup S and inf S when these exist.

One of the most useful and attractive features of ordered sets is that, in
the finite case at least, they can be ’drawn’. To describe how to represent
ordered sets diagrammatically, we need the idea of covering.

Definition 1.5. Let X be an ordered set and let x,y € X. We say x is
covered by y (or y covers x), and write x <y ory = x, if v < y and
x < z <y implies z = x. The latter condition is demanding that there is
no element z of X with z < z < y.

Since an order is an example of a relation, we can draw it as a directed
graph. But there is a more concise and attractive way to draw partial
orders and linear orders, in which the reflexivity and transitivity of the
order are implicit. A Hasse diagram for a partial order < on a set X is a
graph drawn in the plane, with vertices corresponding to the elements of
X and edge going up from z to y if z < y (so excluding = = y) and there
is no element z with x < z < y. In general a poset can be conveniently
represented by Hasse diagram, displaying the covering relation <. Note
that x < y if there is a sequence of connected lines upwards from x to y.
For X finite, we obtain a diagram for X¢ simply by ” turning upside down
” a diagram for X.
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Associated with any ordered set by two important families of sets which are
down-set and up-set, they play a central role in the representation theory
developed in later chapters.

Definition 1.6. [31] Let X be an ordered set and S be a subset on X. S
is called a down-set (alternative terms include lower-set) if y € S implies
x €8 for all x <y. Dually, S is called an up-set (alternative terms include
upper-set) if y € S implies x € S for all y < x. For a given subset S on
X, we denote by | S the set of all elements smaller than or equal to some
element of S, i.e.,

1S={zxeX|z<y, for somey e S},

and T S the set of all elements bigger than or equal to some element of S,
i.e.,
tS={zxeX|y<uz, for someye S}

It is easily checked that | S (resp. 1 S) is the smallest down-set (resp.
the smallest up-set) containing S. | S (resp. 1 S) is called the down-set
(resp. the up-set) of S. Similarly, for a given element x on a lattice X, the
down-set | {z} (| x, for short) and the up-set + {x} (1 x, for short) are
defined as

le={yeX|y<a} (resp. Toe={yeX|z<y}).

Note that if S is a down-set (resp. an up-set), then | S (resp. T S) coincides
with S.

Lemma 1.1. [31] Let X be an ordered set and x,y € X. Then the following
statements are equivalent:

(i) = <y;
(ii) | x Cly;
(iii) For any S C X, ify €l S implies v €] S.

We have already used a special type of mappings between sets, namely order
isomorphisms.

Definition 1.7. Let X and Y be two ordered sets. A mapping f : X =Y
is said to be

(i) order-preserving (or monotonic) if x <y € X implies f(x) < f(y) €

5
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Y;

(ii) order-embedding (and we write f: X —Y) ifx <y € X if and only
if f(x) < fly) €Y;

(iii) order-isomorphism if it is an order-embedding which maps X onto Y.

1.1.2. Lattices

Many important properties of an ordered set (L, <) are expressed in terms
of the existence of certain upper bounds or lower bounds of subsets of L.
Lattices and complete lattices are two of the most important classes of
ordered sets. We shall be particularly interested in ordered sets in which
xVy and x Ny exist for all x,y € L. Similarly, we write \/ S (the join of
S) and N\ S (the meet of S) instead of sup S and inf S when they exist.
Definition 1.8. Let (L, <) be a non-empty ordered set.

(i) (L,<) is called a V-semi-lattice if x \V y exists for all x,y € L.
(ii) (L, <) is called a N-semi-lattice if x ANy exists for all x,y € L.

(iii) (L, <) is called a lattice if it is both a N-semi-lattice and a \V-semi-
lattice.

(iv) (L, <) is called a complete lattice if \| S and \ S exist for any S C L.

For a given lattice (L,<,A\,V), the operations N\ and \V defined for any
x,y € L by:
x Ay =inf{z,y} and x Vy = sup{z, y},

satisfy the following algebraic properties:
(i) x Nx =z Vx =z (idempotency);
(ii) tANy=yAx and xVy=yVax (commulativity);
(iii) AN (yANz)=(xAy)ANzandxV (yVz)=(xVy)Vz (associativity);
(iv) x A (yVz)=xz=zV(yAzx) (absorption-laws);

(v) the order relation < and A, V are connected as:

c<yifftNy=zxiffcvVy=y, for any z,y € L.
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A bounded lattice is a lattice that additionally has a greatest element 1 and
a smallest element 0, which satisfy 0 < x <1, for all x € L. A finite lattice
is automatically bounded with 1 =\/ L and 0 = A\ L. A lattice (L, <,A\,V)

is distributive if, for oll x,y,z € L, the following additional conditions hold
cAyVz)=(@xAy)V(EAz)andzV (yAz)=(zVy) AxVz).

A lattice (L, <,N\,V) is modular if the following condition holds

x < z, implies that x V (y A z) = (x Vy) A z, for all z,y,z € L.

This condition is also equivalent to its dual

z < x, implies that z A (yV z) = (x Ay) V z, for all x,y,z € L.

A complemented lattice is a bounded lattice (L, <,A,V,0,1), in which each

element x has a complement, i.e., there exists an element y € L such that

zVy=1and x Ay =0.
An element may have more than one complement in general. However, if

(L, <,A,V,0,1) is distributive then every element will have at most one
complement.

Definition 1.9. [31] A non-empty subset M of a lattice L is called sub-
lattice of L if, for all x,y € M, it holds that t Ny € M andxzVye M. A
sub-lattice M of a lattice L is called a convexr sub-lattice of L, if v < z <y
and x,y € M implies that z € M, for all z,y,z € L.

Ideals and filters on a crisp lattice

Ideals are of fundamental importance in algebra. Filters, the order dual of
lattice ideals, have a variety of applications in logic and topology.
Definition 1.10. [31] A non-empty subset I on a lattice L is called an
ideal if, for all x,y € L, the following conditions are satisfied:

1. ifyel andx <y, thenx €1,

2. ifx,y € I impliesxVy € I.
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The definition can be more compactly stated by declaring an ideal to be a

non-empty down-set closed under join.

A dual ideal is called a filter determined by the following definition.
Definition 1.11. [31] A non-empty subset F' on a lattice L is called a filter
if, for all x,y € L, the following conditions are satisfied:

1. ifye Fandy <z, thenx € F,
2. ifx,y € F impliesx Ny € F.

The set of all ideals (resp. filters) of L is denoted by Z(L) (resp. F(L)),

and carries the usual inclusion order.

An ideal or filter is called proper if it does not coincide with L. More
precisely, an ideal I of a lattice with 1 is proper if and only if 1 ¢ I, and
dually, a filter F' of a lattice with 0 is proper if and only if 0 ¢ F. For each
x € L, the set | x is an ideal (also known as the principal ideal generated
by ). Dually, 1 = is a principal filter.

Definition 1.12. [31] An ideal I on a lattice L is called a prime ideal if,
forallz,ye L,z ANyel, thenxzel oryel.

Definition 1.13. [31] A filter F on a lattice L is called a prime filter if,
forallz,ye L, xVy e F, thenx € F ory e F.

Definition 1.14. [31] Let L be a lattice. A proper ideal (resp. filter) A is
said to be a maximal ideal (resp. maximal filter or more usually known as
an ultrafilter) if the only ideal (resp. filter) properly containing A is L.
Example 1.1. (i) The following are ideals in P(X)

(a) all subsets not containing a fized element of X,
(b) all finite subsets (this ideal is non-principal if X is infinite).

(i) Let (X,%) be a topological space and let x € X. Then the set {V C
X | (AU €X)x e U CV} isa filterin (X,T).

(iii) Let X = (D(60),]|) the lattice (i.e., D(60) represents the divisors of
the number 60) given in Figure 1.1. Note that any ideal and filter on X
is principal. In the following figure we present the principal ideal I =
{1,2,3,6} and the principal filter Fs = {6,12,30,60} by dash lines.

8
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Figure 1.1: Depicted of the lattice (D(60),|)
1.1.3. T-norms and T-conorms

The history of triangular-norms (t-norms) started with Menger [48]. His
main tdea was to construct metric spaces where probability distributions are
used to describe the distance between two elements. Schweizer and Sklar
[65] provided the azioms of t-norms, as they are used today.

Definition 1.15. [56]

(i) A t-norm T on [0,1] is a function T : [0,1]> — [0,1] satisfing the
following azioms:

(T1)
(T2)
(T3)
(T4)

Commutativity: (Vz,y € [0,1])(T(z,y) = T(y,x));
Associativity: (Ve,y,z € [0,1))(T(z, T (y, 2)) = T(T(x,y),2));
Monotonicity: (Vx,y,z € [0,1]))(z <y = T(x,2) < T(y,2));

Boundary condition: (Vx € [0,1])(T(z,1) = x), (T(x,0) = 0).

(ii) A t-conorm S on [0,1] is a function S : [0,1]? — [0,1] satisfing the
following axioms:

(S1)
(52)
(S3)
(54)

)

)
S(5(x,9),2)));

Monotonicity: (Vz,y,z € [0,1])(x <y = S(x,z) < S(y, 2));

Commutativity: (Vx,y € [0,1])(S(z,y) = S(y, x)
Associativity: (Vx,y, z € [0,1])(S(z, S(y, 2)) =

Boundary condition: (Vx € [0,1])(S(z,1) = 1), (S(z,0) = z).

Remark 1.1. Given a t-norm T, we find the associated dual t-conorm S
by S(z,y) =1-T(1 —=,1-y).

Example

1.2. The following four operations are the most common t-norms:

9
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T5) Minimum: Typ(z,y) = min{z, y}
T6) Product: Tp(x,y) =x.y

(T5)
(T6)
(T7) Lukasiewicz: Ty (x,y) = max{x +y — 1,0}
(T8)

T8) Drastic product:
z if y=1
Tp(z,y) =<Ky if x=1
0 if z,y<l.

The dual t-conorms w.r.t. Ty, Tp, Ty, and Tp are given by:

S1) Mazimum: Sy(x,y) = max{z,y}

(S1)
(S2) Probabilistic sum: Sp(x,y) =x+y —s.y

(T7) Lukasiewicz: Sp(x,y) = min{x + y, 1}

(T8) Drastic sum:

1 if (z,y) €10,1)?

max{z,y} otherwise

Sp(x,y) = { (1.1)

Now, we give a brief overview of specific properties and important classes of
t-norms that will be essential throughout this thestis.
Definition 1.16. [19] Special properties and classes of triangular norms:

(1) For any t-norm T, we have T'(z,y) < z, T'(z,y) < y and T(z,y) <
Min (z,y).

(2) An element x €]0,1[ is called a zero divisor of T if there exists some
y > 0 such that T(x,y) = 0.

(8) An element x € [0,1] is called an idempotent element of T if
T(z,x) = .

(4) A t-norm T is called Archimedean if and only if, for all pair
(x,5) €]0,1[2, there is an n € N such that

n times

10
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(5) A t-norm T is called left-continuous if the following holds for all
x € [0,1] and all families (y;)icr € [0,1]:

T(z,\/yi) = \/ Tz, 4:)-

el el
(6) For two t-norms T and Ty on [0, 1], we define:

T < To & (Va,y € [0, 1) (Ta(2,y) < Ta(z,y)) -

FEach x € [z,y] is an idempotent element of the Minimum t-norm Tar
(Actually Tyy is the only t-norm whose set of idempotent elements is equal
[0,1]), Tar has no zero divisor. Each x €]0,1] is a zero divisor of the
Lukasiewicz t-norm T, as well as of the Drastic product t-norm Tp.

Let Ty and Ty be two t-norms. If Ty < T, then 11 is called weaker than Th
(or, equivalently, Ty is called stronger than Ty ). Note that Tp is the weakest
t-norm, and Ty is the strongest t-norm, i.e.; for each t-norm it holds:

(T9) Tp < T < Ty
Since Ty, < Tp, it obviously holds:

(T10) Tp < T, < Tp < Tt
Remark 1.2. We will mention when a t-norm T on a bounded lattice
satisfying sup-preserving property:

T(a, \/ai) = \/T(a, a;).

el el

Note that any t-norm on [0,1], or on a complete residuated lattice, satisfyies
the sup-preserving property.

11
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1.2. Pseudo ordered sets and trellises

This section contains the basic definitions and properties of pseudo-ordered
sets, trellis structure and some notions that will be needed later. More
information can be found in [34, 67].

1.2.1. Pseudo ordered sets

Definition 1.17. [67] Let X be a non-empty set, a pseudo order on X is
a binary relation < on X such that, for all z,y € X, the conditions hold

(i) x <z (reflexivity);
(ii) v <y and y <z implies x =y (antisymmelry).

A set X equipped with a pseudo order relation < is called a pseudo ordered
set (or psoset, for short). For x,y € X, if x <y and x # y, then we write
x <y. For a subset A C X, the notions of a lower bound, an upper bound,
greatest lower bound (g.1.b), least upper bound (l.u.b) and other notions are
defined analogously to the corresponding notion in a partially ordered set
(poset, for short). Now, we will only introduce the new concepts related to
the pseudo-order relation.

Remark 1.3. It is easily seen that any order relation on a set X is a
pseudo order relation on X.

Example 1.3. (i) Let X = R be the set of real numbers. The relation

on X defined, for any x,y € X

x <y if and only if 0 <y — = < a, where a € RT,

s a pseudo order relation on X.

(ii) Let X = {a,b,c,d,e} and the binary relation defined on X as follows
< ={(a,a),(b,b), (¢, ¢), (d,d), (e,e), (a,b), (a, ¢), (a,d), (a, €),

(b ¢), (b, €), (¢, d), (¢, e), (d, )},

the couple (X, <) is a pseudo ordered set. We note that < is not
transitive because (b,c) and (c,d) € <, while (b,d) ¢ <.

12
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In the sequel we will represent finite pseudo ordered sets by Hasse diagram
with the convention that if x is below y and is joined to y by a line if x Jy.
If x is below y, and x and y are not related, then x and y will be joined by
a dashed curve.

Example 1.4. Let A = {a,b,c,d,e} be a set and < be a pseudo order
relation on A, where a <b<c<d<e (i.e.; a<xz e, for anyx € A). The
Hasse diagram of A is depicted by the following figure:

ec

LXes

Figure 1.2: Hasse diagram of the psoset A

According to Skala [67], we have the following definitions

Definition 1.18. [67] Let (X, <) be a psoset and B be a subset of X. We
define a relation g on B as follows: for any b,i) € B there is a finite
sequence (by,...,b,) € B such that b<b;y <...<b, b. (B,<dp) is called
pseudo chain or (P-chain, for short) if for each pair of elements b, b of B
either of the relations b b or b<pb holds, (>p can be defined dually). A
subset B is called a cycle if, for each pair of elements b and b of B both the
relations b<p b and b <pg b hold. Empty set is a cycle, any single element
set on psoset is also a cycle. A non-trivial cycle is a cycle having more
than one element and it contains at least three elements. A psoset is called
acyclic if it does not contain a non-trivial cycle.

A pseudo chain (P-chain) C' = {a; | i =1,2,...} of elements of psoset (X, <)
is said to be an infinite ascending p-chain in X if a1 <as <as, ..., where C
is infinite. A psoset (X, <) is said to satisfy the ascending p-chain condition
if there is no infinite ascending p-chain in X.

13
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Definition 1.19. [67] A preorder relation (preorder, for short) is a binary
relation < over a set X which is reflexive (a < a, for all a € X ), and transi-
tive (a Sb and b < ¢ implies a < ¢, for any a,b,c € X ) but not necessarily
antisymmetric. A set with a preorder relation is called a preordered set.

Proposition 1.1. [67] Let (X, <) be a pseudo-ordered set and A be a subset
on X. A binary relation < can be defined on A by setting x < y for two
elements of A if and only if there exists a finite sequence (aq,...,an) of
elements from X such that x <ai <...<a, <y, is a preorder relation on A.

Proof. Let (X, <) be a pseudo ordered set and A be a non-empty set on X.
(i) For any = € A, we have x <x this implies x < x. Hence, < is reflexive;

(ii) Let x,y,z € A. Suppose that x < y and y < z and we show that
x < z. From the supposition, it follows that there exist two sequences
(a1, ...,ayn) and (by,...,b,) € X such that z <a; < ... Ja, <y and
y<b; <...db, dz, it is easy to see that, there exists another sequence
(a1, ...,by) € X such that  Qay <J... Ib, Jz. That is, < z. Hence,
< is transitive. Therefore, < is a preorder relation on A.

O]

Remark 1.4. If for each pair of elements x,y of A at least one of the
relations © Sy ory S x holds then A will be called a pseudo-chain or
(p-chain, for short).

A pseudo order on a set X is said to be linear if X itself is a pseudo-chain.
It can easily shown that any pseudo order can be extended to a linear which
leads the following theorem.

Theorem 1.1. [67] Any pseudo order relation < on a set X can be extended
to a linear pseudo order < on X such that any cycle which respects < also
respects §1

The following theorem is immediately obtained by using Theorem 1.1.
Theorem 1.2. [67] Any pseudo order is the intersection of all its linear
extensions.

Definition 1.20. [67] Let (X, <) be a psoset. We can define the dual psoset
of X, (X4, ) by: x>y to holds in X? if and only if x <y holds in X. For
X finite, we obtain a diagram for X simply by “tuning upside down” a
diagram of X. Given a statement @ about pseudo ordered sets which is true

14
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in all pseudo ordered sets, the dual statement &% is also true in all pseudo
ordered sets.

The notion of consistent family and contraction set of a pseudo ordered set
(X, <) was introduced by Skala [67].

Definition 1.21. [67] Let (X, <) be a psoset and C be a family of subsets
of X,(i.e., C C p(X), where p(X) is the power set of X). The family C is
called a consistent family of (X, <) if it satisfies the following condition:
For any A and B two distinct members of C, there do not exist elements
r1,22 € A and y1,ys € B such that 1 < y1 and yo < xo.

Definition 1.22. [67] For any consistent family C of (X, <), the pseudo
order relation defined as follows, for any A, B € C, A <¢ B if and only if
there exist x € A and y € B such that x <y. Any consistent family C of
(X, Q) with the pseudo order <¢ (i.e., (C,<¢) ) will be called a contraction
set of (X, ).

Example 1.5. The family of all pairs {2k — 1,2k}, and k = 1,2,3, ... is
consistent family of (N, <).

Theorem 1.3. [67] Any pseudo ordered set is isomorphic with a contraction
set of partially ordered set.

Definition 1.23. Let (X, <) be a psoset, A be a subset of X. The set A is
called a convez subset of (X, <), if for allb,c € A and a € X:

b<a <c implies a € A.

Definition 1.24. [67] A psoset is called to have the fized point property if
every order-preserving mapping f : X — X has a fized point (i.e., there
exists an element x of X such that f(x) = x).

1.2.2. Trellises

The notion of trellis was introduced by Fried [34] and Skala [66, 67] as
one of the most important algebraic structures in order theory. Which is
considered as an extension of the notion of lattice by dropping the property of
transitivity. A trellis is defined as a psoset (T, Q) in which pair of elements
has a least upper bound and a greatest lower bound. We use the following
notation, we write x Uy in place of sup{x,y} when it exists and x My in
place of inf{x,y} when it exists. Similarly, we write 1S and NS instead of
(supS) and (infS) when these exist.

15
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Definition 1.25. Let (T, Q) be a non-empty pseudo ordered set.
(i) (T, <) is called a M-semi-trellis if x Ny exists for any x,y € T.
(i) (T, <) is called a -semi-trellis if x Uy ezists for any x,y € T.
(iii) (T, <) is called a trellis if it is both a M-semi-trellis and U-semi-trellis.

In other words, a trellis is an algebraic structure (T,M,U) where the binary
operations I and U satisfy the following properties, for any x,y,z € T.

(i) Nz =z Uz =z (idempotency);
(ii) Ny =yNx and z Uy =y Ux (commutativity);
(i) xM(zUy) =x =z (xMy) (absorption laws);
(iv) zN((xUy)N(zUz2)) =z =zU((zNy)U(xMNz)) (weak associativity).

For a given trellis (T, <,M,U) and x,y € T, the following statements are
equivalent:

(i) = Qy;

(i) x Uy =y;
(iii) My = x.
The notions of sub-trellis, complete trellis, distributive and modular trellis
are defined analogously to the corresponding notions in partially ordered
sets.
Remark 1.5. It is will known that every finite lattice is complete, but this

property is not true in the finite trellis. Indeed, let us consider the trellis
(T, 9,1, 1) given in the following table and figure.

MU ja|blcld]|e
a blc|d|a
b | a elele
c lala ele
d |a|al|a e
e |elblc|d

We can see that T' is not complete, since for example U{a,b,d} does not
exist.

16
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N\

[ Je¥

Figure 1.3: Finite trellis not complete.

Definition 1.26. [67] Let T be a trellis. We say T has a greatest element
if there exists 1 € T such that M1 =z, for any x € T. Dually, we say T
has a smallest element if there exists 0 € T such that x U0 = x, for any
x €T. A trellis (T,N,U) possessing 0 and 1 is called bounded trellis.
Lemma 1.2. [67] If every non-empty subset of a pseudo ordered set T with
the smallest element 0 has a least upper bound, then T is a complete trellis.
Example 1.6. Let (X, <) be a psoset given in Example 1./ with the l.u.bs
and g.1.bs given in the following table (see eg. Figure 1.4)

{z,y} | 2Ny | xUy
{a,b} | b a
{a,c} | a c
{a,d} | a d
{a,e} | a e
{b,c} | b c
{b,d} | a e
{bje} | b e
{¢,d} | ¢ d
{c,e} | ¢ e
{d,e} | d e

17
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Figure 1.4: Representation of a trellis.

is a trellis.
Definition 1.27. [67] A mapping f from a trellis L = (T, <) into a trellis
M= (T,Q) (ie., f:L— M) is called

(i) Homomorphism if f(zMry) = f(z)Mm f(y) and f(zUrcy) = f(z)Unm
f(y), for any x,y € T;

(ii) Embedding if f is a one to one homomorphism;
(iii) Isomorphism if f is both one to one and onto homomorphism.

A homomorphism f of a trellis T into itself is called an endomorphism.

Next, we introduce some important special elements of a trellis.
Definition 1.28. [67] An element z of a trellis T is said to be
(i) right-transitive if z <z vy implies z Jy;
(ii) left-transitive if x <y <z implies x < z;
(iii) middle-transitive if x <z <y implies x Jy;

(v) transitive if z is right, left and middle transitive.
Example 1.7. In the trellis T' given in Figure 1.4, note that b <c<d and
b ﬁ d then b isn’t right-transitive. Otherwise, since if x <y <e implies x e,
for any x,y € T, then it holds that e is a left-transitive element.
Theorem 1.4. [67] Let T be a trellis and x,a € X. It hold that

(i) If a is left-transitive element, then
(a) = < a, implies x < a;

(b) x Qa, implies that xt Uy Ja Uy, for anyy € X.

18
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(i) Dually, if a is right-transitive element, then
(a) a < x, implies a < x;

(b) a <z, implies that a My <z My, for anyy € X.
Definition 1.29. [67] Let (T, <,M,U) be a trellis and (z,y, z) a sequence

of elements, then
(i) (z,y,z) is M-associative if (xMy)Nz=xM(yMz);

(ii) (x,y,z) is U-associative if (x Uy) Uz =2aU (yL z).
Definition 1.30. [67] An element a is called N-associative if any sequence
of three elements including a is M-associative. The U-associative of a is
defined dually. If an element is both M-associative and -associative, it is
said to be associative.
Theorem 1.5. [67] Let T be a trellis and B be a pseudo chain on T. An
element of B is associative if and only if it is transitive.
Theorem 1.6. Let (T, <,M,U) be a trellis, then the following statements
are equivalent

(i) < is transitive;

(ii) the operations U and M are associative.
Theorem 1.7. [67] Let (T, <,M,U) be a trellis and a be an element of T'.
If a is U-associative (resp.M-associative), then a is transitive.

Proof. The proof of this theorem is straightforward. O

Remark 1.6. The converse of the Theorem 1.7 does not hold in general.
Indeed, let (T, <,M,U)) the trellis given by the Hasse diagram in Figure 1.5.
Note that d is transitive but not U-associative since (d U a) U c = ¢ but
dU (alUc) =u.

oY

eC
ll/l
, ®h
\ |\
\ .d

/

Figure 1.5: Figure 4
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2 Fuzzy pseudo ordered sets and fuzzy

trellises

In this chapter, we study the notion of fuzzy pseudo ordered sets and some
of its interesting properties. In particular, we show that any fuzzy pseudo
ordered set is isomorphic to a contraction set of fuzzy ordered set. Further-
more, we introduce the concept of fuzzy trellis as a natural generalization
of the trellis introduced by Skala [66, 67] and we discuss its properties. We
start by recalling the concepts of fuzzy sets and fuzzy relations.

2.1. Fuzzy sets and fuzzy relations

In this section, we recall the definitions and some basic properties of fuzzy sets
and fuzzy relations. These notions are fundamental importance in almost all
sub-fields of fuzzy logic and fuzzy set theory. They play an important role in
fuzzy modelling, fuzzy control and fuzzy inference. Also, they have important
applications in relational databases, approximate reasoning and medical
diagnosis. In many cases, fuzzy relations can handle real life problems better
than the crisp ones.

2.1.1. Fuzzy sets

A fuzzy subset (L-set, for short) in a universe set X is a mapping A : X — L,
where L is bounded lattice, assigning to every element x € X an element
A(z) € L interpreted as the truth degree to which x belongs to A. Ordinary
crisp subset of X are considered as an L-set of X, taking membership values
in the set {0,1} C L. For later, LX denotes the set of all L-sets of X (i.e.,
the set of all mappings from X to L). Let A and B be two L-sets of X.

The equality of A and B is defined as the usual equality of mappings by:
A = B if and only if A(x) = B(z), for any x € X.
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The inclusion is also defined by:

A C B if and only if A(x) < B(x), for any xz € X.

The intersection and the union of an arbitrary family {A;}ier of L-sets of
X, are mappings from X into L defined by:

(A A)@) = \ Aiz), (V A)(@) =\ Ai(z).

i€l i€l el el

Endowed with this partial order, the set £(X) of all L-sets of X forms a
complete lattice, in which the meet is (intersection) /\ A; and the join is

el
(union) \/ A;.
iel

The product A ® B is an L-set defined by:

(A® B)(x) = A(x) ® B(x), for every xz € X.

The crisp part of an L-set A of X is a crisp subset A= {x € X | A(z) =1}
of X. We will also consider A as a mapping A:X 5 L defined by
A(x) =1, if A(x) = 1, and A(z) = 0, if A(x) # 1. By the support of
L-set A of X, denoted by Supp(A), we mean all elements of X that belong
to A to a nonzero degree. That is, Supp(A) is a classical set defined by
Supp(A) = {z € X | A(xz) > 0}. The a-level set of A, denoted by Aq, is a
set consisting of those elements of universe X whose membership values are
equal or exceed the value of a. That is, Ay = {x € X | A(x) > a}. Note
that o €]0, 1] is arbitrary and a-level set is a crisp set. In other words, Aq
consists of elements of X defined with A to a degree of at least o. Clearly,
the lower level of o, the more elements are admitted to the corresponding
a-level. That is, if aq > g, then Ay, C Aq,-

Example 2.1. Let X = [0,1] with o, 5 € R and let a,b € R. We define the
fuzzy set A on X by:

0,ifx<a—aorb+p<ux,
1, if a<x<b,

), if a—a<z<a,
1— b_Tx>’ if b<xz<b+p.
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Then Ker(A) =[0,1], Supp(A) = [a — a,b+ 5] and H(a) = 1.

More information on L-set can be found in [10, 38, 41, 57, 83].

2.1.2. Fuzzy relations

The notion of fuzzy relation (an L-relation, for short) on a set X generalizes
the notion of a relation by expressing degrees of relationship in some bounded
lattice (L, <,V,A,0,1). A binary L-relation R on a set X is a mapping
R: X x X — L. For every x,y € X 1is called the grade of membership of
(z,y) in R and means haw far x and y are related under R. Obviously, if
L = {0, 1}, then binary relations are retrieved, often referred to as a crisp
relations.

A binary L-relation S is said to be included in a binary L-relation R, denoted
by: S C R, if S(x,y) < R(z,y), for any x,y € X. The intersection of
two binary L-relations S and R on X is the binary L-relation SN R on X
defined by (SN R)(z,y) = S(x,y) A R(z,y). Similarly, the union of two
binary L-relations S and R on X is the binary L-relation SUR on X defined
by: (SUR)(z,y) = S(x,y) V R(x,y), for any xz,y € X. The composition
of two binary L-relations S and R on X is the binary L-relation S o R on
X defined by: So R(x,z) = su)Iz(S(x,y) * R(y, z)). The transpose R' of a
€

binary L-relation R is the bz’fmry L-relation defined by: R (z,y) = R(y,x).
As an L-relation is an L-set, then the a-level set and Supp of R are defined
as in a fuzzy set, i.e., Ry = {(z,y) € X x X | R(x,y) > a}, for any
x,y € X. In the same way we define the support of an L-relation Supp(R)
as Supp(R) = {(z,y) € X x X | R(z,y) > 0}. A binary L-relation R on a
set X is called:

1. reflexive, if R(x,z) =1, for all z € X;
symmetric, if Rt = R;
x-transitive, if R(x,y) * R(y, z) < R(x, z), for all x,y,z € X

x-asymmetric, if R(x,y) * R(y,z) =0, for all z,y € X;

AN S

x-antisymmetric, if R(x,y) *« R(y,x) # 0 implies x =y, for all z,y €
X.

)

6. separability, if R(x,y) = 1 implies that x =y, for all z,y € X.
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For more details on binary L-relations and their properties, we refer to [10,

21, 71, 79, 84].

Notations

For consistent of the notations and to avoid any confusion in the com-
prehension of the formulas in the next chapters, we will use the following
notations.

(i) (L,<,A,V) refers to lattice;
(i) (T,<,M,U) refers to trellis;

(iii) ([0,1],<,A,Y) refers the real interval.

2.2. Fuzzy pseudo ordered sets

In this section, we introduce and study the notion of L-fuzzy pseudo order (L-
pseudo order, for short). First, we recall the definition of fuzzy order relation.
Further information on fuzzy order relations can be found in [11, 21, 89, 84].
Definition 2.1. [21] A mapping R : X x X — L is called a fuzzy order
relation (L-order relation, for short) on X with respect to a t-norm x, if
and only if the following conditions are satisfied:

(i) R(xz,x) =1, for all x € X (reflexivity);
(ii) R(z,y)*R(y,x) # 0 implies x =y, for all x,y € X (*-antisymmetry);
(iii) R(z,y) * R(y,z) < R(x,2), for all z,y,z € X (x-transitivity).

A set X equipped with L-order relation R is called an L-ordered set, noted
by (X, R).
Definition 2.2. An L-relation P : X x X — L s called an L-pseudo order
relation on X with respect to a t-norm x, if it satisfies the following two
conditions:

(i) P(x,x) =1, for all x € X (reflexivity);
(ii) P(x,y)* P(y,x) # 0 implies x =y, for all x,y € X (x-antisymmetry).

A set X equipped with L-pseudo order relation P is called an L-pseudo
ordered set, noted by (X, P).
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Example 2.2. Let X = {a,b,c,d}, then the L-relation P on X defined by
the following table:

Plal| b c d
a | 1]05]03]0.1
b |0 0 |04
c |0 0.5
d |0 0 1
is an L-pseudo order on X.
d
[ ]

ce

o
—_

S

°b

7N
A

[ ]
a
Figure 2.1: Representation of the L-pseudo ordered set X = {a,b,c,d}.

Definition 2.3. Let (X, P) be an L-pseudo ordered set and C be a family
of subsets of X. C is called a fuzzy consistent family of X with respect to
the t-norm = and the L-pseudo order P (an x-P-consistent family of X,
for short) if for any two distinct members A, B € C, there do not exist
x1,22 € A and y1,y2 € B such that P(x1,y1) * P(ya,x2) # 0.

Next, we need the following lemma.

Lemma 2.1. Let L be a complete lattice and * a t-norm on it. Suppose
that L satisfyies the sup-preserving property, I and J be two subsets of N
such that I N J = ¢. Then it holds that

\/ai* \/bj = \/ (a; * bj), for any a;,b; € L.

iel jeJ (4,5)eIxJ
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Proof. From Definition 1.16, it follows that

(Va)« (Vb)) = V(aix \/bj)

iel jeJ iel jeJ

Since I N J = ¢, it holds that

(Va) =« (Vb)) =\ (ai=by).

iel jedJ (i,5)eIxJ

The following results will be needed in the next section.
Proposition 2.1. Let C be an *-P-consistent family of X and A, B be two
distinct elements of C. Then it holds that AN B = ().

Proof. Suppose that there exist A, B € C and AN B # 0, (i.e., there exists
x € AN B). From the reflexivity of P, it follows that P(z,z) * P(x,x) =
1% 1 # 0. Then, there exist a1 = a3 = x € A and by = by = x € B such that
P(ai,b1) * P(b2,a2) =1 # 0. Hence, C is not an *-P consistent family of
X. This is a contradiction. Thus, AN B = 0. O

In the following proposition we show that (C, ]3) is an L-pseudo ordered set.
Proposition 2.2. Let (X, P) be an L-pseudo ordered set and C be an x-P-
consistent family of X. Then (C, fA’) is an L-pseudo ordered set, where P is
an L-relation defined on C in terms of P as:

P(A,B) =sup{P(z,y) |r€ Aandye B} = \/  P(z,y),
(z,y)€AXB

for any A, B € C.

Proof. Let A, B € C. First, since P is reflexive, it follows that

P(A,A) = \V P(z,y) = P(z,z) = 1. Hence, P is reflexive. Second,
(z,y)eA?

suppose that (P(A, B) «x P(B, A)) # 0 and A # B. From Proposition 2.1, it
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follows that AN B = ¢. Also from Lemma 2.1 it follows that

P(A,B)«P(B,A) = \/ Plxy=* \ P2
(z,y)EAXB (y,2)eBx A
=V \/  (P(z,y)* P(y,2))
(z,y)€AXB(y,2)€Bx A

£ 0.

Hence, there exist (z,y) € A x B and (y,2) € B x A such that P(z,y) *
P(y,2) # 0. That is a contradiction with the fact that C is an *- P-consistent
family. Thus, P is an *-antisymmetric. Therefore, (C, ]5) is an L-pseudo
ordered set. O

2.3. Fuzzy ordered set induced by a fuzzy pseudo
ordered set

In this section, we study an L-ordered set created by an L-pseudo ordered

set. First, we show the following key result.
Proposition 2.3. Let (X, P) be an L-pseudo ordered set, Y = X x {0,1}
and R be an L-relation on'Y defined by:

1, if x=y and a <0,

R((z,a),(y,B)) =< P(z,y), if z#y and a<}p,
0, otherwise.

It holds that (Y, R) is an L-ordered set.

Proof. First, since R((z,a), (xz,)) = 1, for any (x,«) € Y, it holds that
R is reflexive. Second, Let (z,a),(y,5) € Y, we need to show that, if
(z,a) # (y,B), then R((z, ), (y,5)) * R((y, B), (x,a)) = 0. The fact that
(z,a) # (y, B) implies that x # y or o # 3.

(1) If x # y, since «, 8 € {0, 1}, there are three subcases to consider.

(a) If a < B, then it follows that R((x, ), (y,5)) = P(z,y) and
R((y, 8), (z,a)) = 0. Hence,

R((z,a), (y, 8)) * R((y B), (,)) = 0.
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(b) If B < a, then it follows that R((z, «), (v, 5)) = 0 and
R((y, B), (x, @) = P(y, z).
Hence, R((z, @), (y,8)) * R((y, B), (z,a)) = 0.

(¢) If @ = B, then it follows that R((x, ), (y, 5))
0. Hence, R((z, a), (v, 8)) * R((y, 8), (z, @)

(2) If a # 3, there are three subcases to consider.

R((y,B) (x, ) =
0.

(d) If z =y and o < f3, then it follows that R((x, «), (y,5)) = 1 and
R((ya B)a ('177 OZ)) =0.

Hence, R((xv a)? (wa)) * R((y, ﬁ)a (a;, a)) =0.

(e) If x = y and a > 3, then it follows that R((z, ), (y,3)) = 0 and
R((yaﬁ)a (.CL‘,CV)) =1
Hence, R((z, @), (y,8)) * R((y,B), (z,a)) = 0.

(f) If © # y, then it follows that one of the cases (a) or (b) is true.
Hence, R((z, @), (y, 8)) * R((y, B), (z, @) = 0.

Thus, R is *-antisymmetric.

Third, let (z,a), (y, ), (z,7) € Y, we need to show that
R((x; @), (y, 8)) * R((y, B), (2,7)) < R((, ), (2,7)-

If (z,a) = (y, 8) or (y,B) = (z,7) or (z, (z,7), then it is trivially true
B8))

a) =
that R((z, ), (y, 8)) * R((y, 8), (2,7)) < R((z, @), (2,7))-
If (z,a) # (y,B8),(y, B) # (2,7) and (z, ) # (z,7), then it follows that

1, if x=y and a<p
R((z,a),(y,B)) =< P(z,y), if v#y and a<p

0, otherwise

and
1, if y=z and <~

R((y,8),(2,7)) = Ply,2), if y#2z and <~

0, otherwise

Since a < 8 and 8 < 7 with «, 5,7 € {0,1} is an impossible case, it follows
that
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R((z,a), (y,8))*R((y, 8), (z,7)) = 0. Hence, R((x, ), (y, B))*R((y, 8), (2,7)) <
R((x,a),(z,7)). Thus, R is x-transitive. Therefore, (Y,R) is an L-order

onY. O

2.4. Fuzzy pseudo ordered set isomorphic to a con-
traction set of fuzzy ordered set

In this section, we show that any L-pseudo ordered set is isomorphic with a
contraction set of an L-ordered set. First, we mention the definition of a
contraction set of L-pseudo ordered set.

Definition 2.4. Let C be an x-P-consistent family of L-pseudo ordered set
(X,P). Then (C,P) is called a contraction set of (C,P), where P is the
L-pseudo order defined in Proposition 2.2 on C as follows:

P(A,B) =sup{P(a,y) s € Aandye By =\ Pla,y),
(z,y)€EAXB

for any A, B € C.

Example 2.3. Consider the L-pseudo ordered set (X, P) defined in Ex-
ample 2.2. The family C ={{a},{b,c},{d}} is an x-P-consistent family of
(X, P). Indeed, for any two distinct elements A, B € C, there do not exist
ai,az € A and by, b € B such that P(ay,b1) *x P(be,as) # 0. Furthermore,
(C, P) is a contraction set of (X, P).

Now, we provide the motion of contraction set of L-ordered set. First,
we show that the set L is an x-R-consistent family of Y in the following
proposition.

Proposition 2.4. Let £L = {{z} x {0,1} | x € X} be a family of subsets of
Y, then L is an *-R-consistent family of Y.

Proof. Let £ = {{z} x{0,1}} be a family of subsets of Y, (£ C p(Y)). Sup-
pose that there exist two distinct members A and B in £, then it follows that

A= {(.CI?,O), (JZ‘, 1)} and B = {(yao)a (yv 1)}7 such that R((:Baal)a (yaﬁl)) *
R((y, B2), (z,a2)) # 0 where ay, ag, f1, 52 € {0, 1}, then we have two cases
to consider

(a) R((z,0),(y,0)) = R((y,1), (z,1)) = 0. Hence, R((x,0), (y,0))*R((y,1), (2, 1),
0;
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() R((x,0),(y,1)) = P(z,y), and R((y,0), (x,1)) = P(y,z). Then it
follows that R((z,0), (y,1)) * R((y,0), (z,1)) = P(x,y) * P(y,x).

Since = # y and P is x-antisymmetry, it holds that P(z,y) *x P(y,z) = 0.

Hence, for any two distinct members A and B of L, it follows that there do
not exist (z, 1), (z,2) € Rand (y, 81), (y, B2) € S such that R((z, a1), (y, £1))*
R((y,B2), (z,a2)) # 0. Thus, L is an *-R-consistent family of Y. O

Combining Proposition 2.2 and Proposition 2.4 easily lead to the following
corollary.

Corollary 2.1. (£,R) is a contraction set of the L-ordered set (Y,R),
where

A

R(A’ B) = Sup{R((:E,Oé), (y, ﬁ)) | (x7O‘) € Aand (3/7[3) € B}v

for any A, B € L.

Definition 2.5. Let (X, P) and (Y, P) be L-pseudo ordered sets. A mapping
f: X =Y is an isomorphism from X into Y if, the following conditions
are fulfilled:

(i) f is bijective.
(ii) P(f(x),f(y)) = P(z,y).
for any x,y € X,

In the following theorem, we show that any L-pseudo ordered set is isomor-
phic with a contraction set of L-ordered set.

Theorem 2.1. Let (X, P) be an L-pseudo ordered set and (£,7A€) the con-
traction set of (Y,R) defined above. Then the mapping f : (X, P) — (£, R)
from X into L defined by:

f(z) = {z} x{0,1},

is an isomorphism of L-pseudo ordered sets.

Proof. Let f be amap f: (X, P) — (£,7A2) defined by:
#() = {(2,0), (2, 1)} = {w} x 0,1}, for any z € X

We show that f is an isomorphism mapping. First, if we take 1 # x2 and
suppose that f(z1) = f(x2), we get that
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fl@1) = {{(z1,0),(z1,1)} | 71 € X}
# {{(22,0), (z2, 1)} [ 22 € X}
# [f(x2),

a contradiction. Therefore f is one to one.

Second, let A € L, it follows that there exists x € X such that
A ={(z1,0),(x1,1)}, hence A = f(x). Therefore f is a surjective mapping.

Third, let z,y € X and A, B € L such that f(z) = A and f(y) = B, we
show that R(A, B) > P(x,y). The fact that P(z,y) # 0 implies that 2 = y
and o < forx#yand a<pf.

(1) If x = y and o < 3, then it trivially holds that

A

R(A; B) = V{R((z, @), (y, 5))} = 1 = P(z,y).

(2) If x #y and a < § = 1, then it trivially holds that

A

R(A7B) = \/{R((m,a), (yvﬁ))} = P(.%',y) > P('x:y)'

Hence, f is an isomorphism. O

Example 2.4. Let X = {x,y,z} and P be an L-pseudo order relation on
X defined by the following table:

Plx| vy z
x| 110501
y |0 0.4
z 0] 0 1

and the set Y = {{z} x {0,1}}, we define an L-order relation R on'Y as
follows
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R | (2,0) | (1) | (50) | (y,1) | (0) | (1)
(,0) | 1 1 0 | 05| 0 | 01
(z,1) | 0 1 0 0 0 0
(y,0) | 0 0 1 1 0 | 04
(y,1) | 0 0 0 1 0 0
(2,0) | 0 0 0 0 1
(z,1) | 0 0 0 0 0 1

Let (L,R) be the contraction set of (Y,R). Then the mapping f : X — L
defined by f(x) = {x} x {0,1}, is an L-pseudo order isomorphism from X
into L (see, Figure 2.2).

Ny

(a70)

Figure 2.2: Representation of f.

2.5. Fuzzy ordered trellises

In this section, we introduce the notions of the meet and the join of any
subset of an L-pseudo ordered set (X, P). Further, we define the notion of
a L-fuzzy trellis (L-trellis, for short), and we show that it is isomorphic
with a contraction trellis of an L-fuzzy lattice. Some notions and results
related to the meet and join are to be found in [29, 30, 49].

Remark 2.1. To avoid any confusion or misunderstanding in some formu-
las, we use the notation (P,Mp,Up) to refer to (L-pseudo order, min, maz)
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on the trellis X, the notation (R,Mg,UR) to refer to (L-order, min, maz)
on the lattice Y. Also, we recall that the notation (<, A, V) is used to refer
the (usual order, min, mazx) on the lattice L.
Definition 2.6. Let (X, P) an L-pseudo ordered set and A be a subset of
X. The set of lower bounds of A with respect to P is an L-set of X defined,
for any y € X, by:

Aly) = N\ Ply,»).

€A
The set of upper bounds of A with respect to P is an L-set of X defined, for
any y € X, by:
A'y) = N\ Plz,y).

€A

Remark 2.2. Let A be a subset of an L-pseudo ordered set (X, P). The
infimum of A is denoted by MpA (i.e., inf(A)) and the supremum of A is
denoted by LUpA (i.e., sup(A)).
Definition 2.7. Let (X, P) ba an L-pseudo ordered set and A be an L-set
of X. An element xo of X is called the greatest lower bound (or an infimum)
of A (i.e., xog = MpA) with respect to P, if:

(l) Al(x(]) = 17

(ii) Al(y) < P(y, o), for any y € X.
An element x1 of X is called the least upper bound (or a supremum) of A
(i.e., x1 = UpA) with respect to P, if:

(i) A%(x1) =1,

(ii) A"(y) < P(x1,y), for any y € X.
Proposition 2.5. Let A be a subset of an L-pseudo ordered set (X, P).

(i) If MpA exists, then it is unique;

(ii) If UpA exists, then it is unique.

Proof. (i) Let z, 2 be two supremums of A. Then it holds that A%(z) =
A"(2) = 1, A%(y) < P(z,y) and A"(y) < P(#',y) for any y € X.
Since z € A and by putting y = 2’ (resp, y = z), we obtain that
P(z,2') =1 and P(z,2") = 1. Since P is *-antisymmetry, it follows
that z = 2/.

(ii) Follows similarly as (i).
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O

Remark 2.3. If A is a pair {x,y}, then we also write UpA =z Upy and
MpA=xlpy.

Definition 2.8. An L-pseudo ordered set (X, P) is called an L-trellis with
respect to the L-pseudo order P if each pair of elements {x,y} of X has an
nfimum and a supremum.

Example 2.5. Let P be an L-pseudo order relation on X = {a,b,c,d}
defined by the following tables.

{z,y} |zUpy | 2Py
Pla| b c | da || {ad} | D a
al|1105]03) 01| {ac} |a c
b |0]| 1 0 | 04| {a,d} | d a
c|lO0| 0] 1 |05 {bec} |d a
dlolol| o] 1|{pald b
{c,d} | d c

It is easy to verify that P is reflexive, x-antisymmetric and is not x-transitive.
Then, P is an L-pseudo order and (X, P) with the supremum and the

infimum of each pair of elements {x,y} on X given in the second table, is
an L-trellis.

Definition 2.9. Let (T, P,Mp,Up) be an L-trellis. An element xg € T is
called the least element (the minimum) of T with respect to P, if:

(i) P(xo,z) =1, for any x € T}

An element x1 € T is called the greatest element (the mazximum) of T with
respect to P, if:

(i) P(x,x1) =1, for any x € T.
Definition 2.10. An L-trellis (T, P,Mp,Up), if P is x-transitive, then
(T, P,Mp,Up) will be called an L-lattice.
Proposition 2.6. Let (T, P,Mp,p) be an L-trellis. Then the following
statements are equivalent:

(i) P(r,y) =1;
(ii) xNpy = x;
(i) x Upy =vy.
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Proof. Let x,y € T and A = {x,y}. First, suppose that P(x,y) = 1 and

we show that x Mpy = z. Since P is a reflexive, it holds that P(z,z) =1

and from the supposition P(x,y) = 1 it follows that A'(z) = A P(z,t) =
teA

P(z,z) A P(z,y) = 1. Next, we show that A'(t) < P(t,z), for any t € T.
Alt) = A P(t,a) = P(t,x) A P(t,y) < P(t,x), for any t € T. Hence,
acA

x = MNpA = x Mpy. Second, if x Mp y = x, then it trivially holds that
x Up y =y. Third, suppose that z Up y = y, then it holds that A%(y) = 1.
Hence, A P(t,y)=1. Thus, P(z,y) = 1. O
teA
Proposition 2.7. Let (T, P,Mp,Up) be an L-trellis. Then it holds that :
(i) zNpxz=xUpx ==, for any x € T (idempotency);
(i) xMNpy =yMpz and xUpy = yUpx, for any x,y € T (commutativity);
(i) xMp (xUpy) =x =z Up (xMNpy), for any xz,y € T (absorption);
(iv) zMp ((zUpy)Mp (xUp2)) =z =z Up ((xMNpy)Up (zMp 2)), for
any z,y,z € T (weak associativity).
Proof. Assertion (i), (ii) are trivial.

(iii) We only prove (ii7), as (iv) can be proved analogously.
Let B = {z,zUp y}. From Proposition 2.6, it follows that P(z,z Up
y) = 1. Since, BY(z) = A P(x,t) = P(z,z) A P(z,x Upy) = 1.
teB

Hence, z is a lower bound of B. If z is a lower bound of B, then
BY(z) = A\ P(z,t) = P(z,z) ANP(z,zUpy) < P(z,2). Hence, x is the
teB

greatest lower bound of B. Thus, 2 Mp (z Up y) = z. Similarly, we
obtain that (x Mpy) Up z = x.

O]

Proposition 2.8. Let (T, P,Mp,Up) be an L-trellis. If P is x-transitive,
then it holds that

(i) P(z,y) < P(xMp 2,y), for any z € T;
(ii) P(x,y) < P(z,yUp z), for any z € T.
Proof. (i) From Proposition 2.6, it follows that P(x Mp z,2) = 1. Since

P is s-transitive, it follows that P(z Mp z,x) * P(x,y) < P(xNp z,y).
Hence, P(z,y) < P(zMNp z,y).
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(ii) Follows similarly like (7).
O

Proposition 2.9. [49] Let (T, P,Mp,Up) be an L-lattice and x,y,z € T,
then

(i) P(z,z)* P(z,y) < P(z,zMpy).
(i) P(x,z)* P(y,z) < P(xUpy,z).

Proof. (i) From Proposition 2.6, it follows that if P(z,z)* P(z,y) # 0,
then z is a lower bound of {z,y}. Since z Mp y is the greatest lower
bound of {z,y}, it holds that P(z,z Mpy) = 1. Hence, P(z,x) *
P(z,y) < P(z,xMpy).

(ii) Follows similarly as (i).

O

The following proposition discusses the associativity of the operations Mp
and Up in L-trellis if P is x-transitive.

Proposition 2.10. Let (T, P,Mp,p) be an L-trellis. The following state-
ments are equivalent:

(i) P is x-transitive;

(i) Mp and Up are associative.

Proof. Let (T, P,Mp,Up) be an L-trellis and B = {z,y, 2z} be a subset of
T. Suppose that P is an *-transitive relation and we show that Mp, Up
are associative binary operations. On the one hand, from Proposition 2.6,
it follows that, P(x,z Up (y Up z)) = 1. Since P is *-transitive relation,
it holds that P(y,z Up (yUp 2)) > P(y,k) * P(k,z Up (y Up 2)) for any
k € T. Putting k = y Up z this implies that P(y,x Up (y Up 2)) >
P(y,yUp z)*x P(yUp z,z Up (y Up 2), that is, P(y,x Up (yUp 2)) > 1 % 1.
Hence, P(y,z Up (y Up 2)) = 1.

From Proposition 2.9 and Definition 2.10, it follows that P(z,x Up (y Up
z)* P(y,zUp (yUp z) < P(x Upy,zUp (yUp z). Hence, 1 1 < P(zUp
y,zUp (yUpz). Thus, P(zUpy,xUp (yLUpz)) = 1. On the other hand, from
the fact that P(z,x Up (yUp 2)) > P(z,yUp 2) * P(y Up z,z Up (y Up 2)),
then P(z,z Up (yUp z)) > 1% 1. Hence, P(z,2 Up (y Up 2)) = 1. Thus,

36



CHAPTER 2. FUZzZY PSEUDO ORDERED SETS AND FUZZY TRELLISES

P((zUpy) Up z,z Up (y Up z)) = 1. Similarly, we obtain that P(z Up
(yUp z), (x Up y) Up z) = 1,since P is x-antisymmetric, we conclude that
xUp (yUpz) = (zrUpy)Up 2. On a same way, we get that x Mp (yMp z) =
(xMpy)Mp z. Therefore, Mp and Lip are associative binary operations on 7.

Secondly, suppose that zLipy = y and yUpz = z. Since P(x,zUp(yUpz)) =
1, it follows that P(z,y) * P(y,z) < P(x,z Up (y Up 2)). Since Mp and Up
are associative, it follows that P(z,y) * P(y,z) < P(z,(x Up y) Up z), then
we get P(z,y) * P(y,z) < P(z,yUp z). Hence, P(x,y) x P(y,z) < P(z, z).
Thus P is *-transitive. O

The following theorem characterizes the structure of L-lattice (Y, R, Mg, UR).
Theorem 2.2. Let (T, P) be an L-trellis and (Y,R), then the L-ordered
set(Y,R) is an L-lattice, where

(z,0) Nr (y, 8) = (x Npy,a A B) and (z,a) Ur (y, 8) = (xUpy,aV ),

for all (z,a), (4, B) € Y.
Proof. Let (Y,R) be an L-ordered set and B = {(z, «), (y,5)}. We have

Blzmpy,anB) = N\ R(@Npy,anpB);tN)
(t\)EB

= R((@Mpy,anp);(z,a) AR(zMpy,anB);(y,5))

and

BY(zxUpy,aVp) = /\ R((t,A\); (zUpy,aV )
(t,\)eB

= R((z,a);(xUpy,aVB) ARy, B); (x Npy,a A B)).

First, since (T, P) is an L-trellis, then the x Mp y and x Lip y exist for any
xz,y € T. On the one hand, from Propositions 2.3 and 2.6, and the fact
aNf <aand aA S <, then it holds that

B'(zNpy,anpf) = R((@Npy,anp)i(z,a)) AR((zNpy,anB)(y,B))
= P(xnpy,z) \PlxNpy,y)

= 1A\1
1.
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Thus, B (z Npy,a A B) = 1.

On the other hand, from Proposition 2.9, it follows that
B'(t,A) = A\ R(tN;(a,))

(a,p)EB

Rt A): () A R((E, Vs (3, B))

R((ta A)a (.f, Oé) Mg (ya /8))

R((t,A); (xMpy,a A B)).

VARVAN

Hence, (z,a) Mg (y,8) = (x Mpy,a A B) is the greatest lower bound of B.

Second, since a < aV g and § < a V (3, it follows from Propositions 2.3 and

2.6 that

BY(zUpy,aVp) = R((z,a);(zUpy,aVB) ARy, B);(xUpy,aVpB))
= P(xz,xUp y)/\P(y,:p Upy)

= 1A\1
1

Thus, B*(x Upy,aV ) = 1.

Furthermore, from Proposition 2.9 it follows that

/\ R((a, 9); (2,7))

(a:6)

R((z,); (2,7)) A\ R((y, B); (2,7))
R((=, Oé) Ur (y,8);(2,7))
R((xUpy,aV B);(2,7)).

B*(z,7)

IN A

Therefore, (z,a) Ug (y,3) = (xrUp y,a V [3) is the smallest upper bound of
B. Thus, (Y,R) is an L-lattice. O

Combining Theorem 2.1 and Theorem 2.2 easily leads to the following
theorem.

Theorem 2.3. Any L-trellis is isomorphic with a contraction trellis of
some L-lattice.
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3 Fuzzy ideals and filters on a trellis

The purpose of this chapter is to investigate fuzzy ideal and fuzzy filter
concepts as fuzzy sets on (crisp) fuzzy trellis and their fundamental properties.
We present interesting characterizations of these notions in terms of trellis
operations and in terms of their specific subsets. Moreover, we introduce
two interesting kinds, prime and principal fuzzy ideals and fuzzy filters with
respect the weakly associative meet and join operations of this trellis and
investigate their various characterizations and properties. The most results

of this chapter in crisp and fuzzy case are discussed in [55].

3.1. Fuzzy ideals and filters on a trellis

In this section, we recall the notions of ideals and filters on a trellis introduced
by Skala [67] and their fundamental properties. Next, we generalize these
notions as an L-sets on crisp trellis.

3.1.1. Ideals and filters on a trellis

The notions of an ideal and a filter on a trellis was introduced by Skala [67].
Definition 3.1. [67] Let T be a trellis. An ideal I of T is a non-empty
subset of T' such that

(i) Ifrel,yeT andy <x impliesy € I;
(i) If z,y € I, then x Uy € 1.

Let I be an ideal of a trellis T, some common types of ideals are defined as

follows:
(i) I is a proper ideal if I #T and if T contains 1, 1 ¢ I;

(ii) I is a prime ideal if is proper and x My € I imply that either x € I or
yel, forallx,y e T;

(iii) I is mazximal ideal of T if I is proper and the only ideal properly
contains I is T.
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Example 3.1. Let T be the trellis given in Figure 1.4, a is the L.u.b of T.
Then, the following sets

M ={b,a}, N ={c,b,a},

are proper ideals of T and N is prime. An example of a subset which is not
an ideal is {d,c,a}.

Definition 3.2. [67] Let T be a trellis. A filter F' of T is a non-empty
subset of T' such that

(i) Ifr € F,yeT and x Jy impliesy € F;
(ii) If v,y € F, then x My € F.

Let F be a filter of a trellis T, some common types of filters are defined as
follows:

(i) F is a proper filter if F # T and if T contains 0, 0 ¢ F;

(i) F is a prime filter if is proper and x Uy € F implies that either x € F
ory € F forallx,y€T;

(iii) F is an ultrafilter (or mazximal filter) of T if F is proper and the only
filter properly containing F is T

The following proposition is immediate.
Proposition 3.1. Let T be a trellis, T be its pseudo order-dual trellis and
A is a set onT. Then it holds that A is an ideal on T if and only if A is a

filter on T and conversely.

The following propositions show some properties of ideals and filters in trellis
structure, which are different from those in lattice. For more information
(see.eq., [12, 13, 27]).

Proposition 3.2. [27] Let T' be a trellis, {I,,v € I'} a chain of they ideals

(i.e.; for each v,0 € I''I, C Is or Is C I,). Then, I = UFI7 s also an
o=
ideal on T

Proposition 3.3. [27] Let T be a trellis and I be a prime ideal on T. If
F =T — I is non-empty, then F is a prime filter on T.

Proposition 3.4. [67] Let T be a trellis and Z(T) the set of all ideals of T'.
The intersection of any collection of ideals is an ideal. Furthermore, The set
Z(T) ordered by the set inclusion forms a complete lattice. The operation
meet in Z(T) coincides with the intersection.
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Every convex subset of a partially ordered set is the intersection of an ideal
and a filter. It can be easily shown that this result is not true for the pseudo
ordered sets in the general case.

Example 3.2. Let X = {d, f,a,b,c,g,e} be a pseudo ordered set given by
Hasse diagram in the following Figure 5.1. Let set C = {a,b,c, g, f}, then
C is clearly a convex subset of X, however, = X = F for each I an ideal
and F a filter of X. Thus, INF =X # C.

[ Je

/’lQ

/

be eC eoq

\

N

[ )
d
Figure 3.1: Representation of the psoset X = {d, f,a,b,c,g,e}

Lemma 3.1. [13] If every convex subtrellis of a trellis T is the intersection
of an ideal and a filter of T', then T is a lattice.

A congruence relation = on a trellis T is an equivalence relation.

Definition 3.3. [67] Let T be a trellis. A relation = defined on T as follows:
a=bandc=d, thenalc=bUd and aMNc=bnd, for any a,b,c,d € T,
is called a congruence relation.

Proposition 3.5. [27] Let T be a trellis and = be a congruence relation
on T. If 0 is the least element of T, then the set [ ={x € T | x =0} is an
ideal of T

Proposition 3.6. [27] Let £ = (T,<),M = (T, <) be two trellises and
let T have a least element 0. If ¢ is an homomorphism of T into T, then
I={yeT]|ply) =0} forms an ideal on T.

Remark 3.1. These propositions can be also dualized for a trellis with the
greatest element and for a filter.
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3.1.2. Down-sets and up-sets on a trellis

In this subsection, we introduce some important families of sets associated
with any finite set on a trellis then, we provide the definition of down-set
(resp. up-set) on a trellis.

Definition 3.4. Let T be a trellis. For a given subset S on T. We define
the following special subsets associated with S by:

(i) | S={xeT:xdy, for somey e S},
(ii) 1 S={zxe€T:y<x, for somey € S};
(iii) | S={xeT:x Sy, for somey € S};
(iv) | S={xeT:y <z, for somey e S}.
Similarly, for a given element x on a trellis T,
(i) Lo={yeT|y<a}

(it) Tz ={y €T [z Dy});

(iti) | x={y €T [y S x});

() e ={yeT |z y})

In the following propositions, we show some interesting properties of down-
sets and up-sets on a trellis.

Proposition 3.7. Let T be a trellis, T be its pseudo order-dual trellis and
S be a set onT. The following statements hold

(i) S is a down-set on T if and only if S is an up-set on T%
(ii) S is an up-set on T if and only if S is a down-set on T
(iii) 1 S on T coincides with TS on T?

(iv) 1S on T coincides with | S on TY;

(v) | S on T coincides with | S on TY

(vi) [ S on T coincides with | S on T¢.
Remark 3.2. (i) One can see that if T is a lattice, then | S =] S and
T8 =IS, for any set S on T

(i) Contrary to the case of trellis, one easily verifies that the elimination
of the property of transitivity of < makes that | S (resp. T S) would
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not necessarily down-set (resp. up-set) on T, for any set S on T.

For a given trellis T, the following proposition shows that the associated set
1S (resp. | S) with a given set S on T is a down-set (resp. up-set).
Proposition 3.8. Let T be a trellis and S be a set on T'. It holds that

(i) | S is the smallest down-set containing S;

(ii) | S is the smallest up-set containing S.

Proof. Let T be a trellis and S be a subset on T'. It is clear that S C| S.

(i) Suppose that there exists another down-set | R containing S such that
S C|] R C| S. then there exists y € T such that y €| S and y ¢| R.
From supposition it follows that y < z for some z € S, soy €| R. This
is a contradiction. Hence, | S C| R. Therefore, | S =| R. Finally, we
conclude that | S is the smallest down-set contain S.

(ii) Follows from Proposition 3.7 and (i).
0

Corollary 3.1. let T be a trellis and S be a subset on T'. Then, it holds

that
SClSC|Sand SCTSCTS.

Proposition 3.9. Let T be a trellis and R,S be two sets on T. The
following statements hold:

(i) If RC S, then | RC| S;
(i) 4 (RUS) =L RUL S;
(iii) L (RNS) CL RN LS.
Proof. (i) Since R C| R, it holds that S C| R. From Proposition 3.8 it
holds that | S C| R.

(ii) On the one hand, it is easily verified from (i) that | SU | R C] (SUR).
On the other hand, let y €] (S U R), then y <z for some x € SU R.
Therefore, x € S or x € R this implies that y €] .S or y €] R. Hence,
y €l SU | R. Thus, | (SUR) C| SU ] R. Finally we conclude that
L(RUS) =L RULS.
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(iii) Follows from Proposition 3.8 and (i).

O]

In the same direction, a dual version of the Proposition 3.9 can also be
obtained for up-sets. Its proof follows from Propositions 3.7 and 3.9.
Proposition 3.10. Let T be a trellis and R,S be two sets on T. The
following statements hold:

(i) IfRC S, then Tt RCTS;

(ii) 1 (RUS) =t RU1 S;
(iii) T (RNS)Ct RN 1T S.
Remark 3.3. These previous propositions remain true for the down-set
1S (resp. up-set | S). Contrary of the lattice, for a subset S of a trellis T,
LJAS) AL S and T (1S)#1TS but | (| S)=] Sand | ([ S)=[S. Indeed,
let us consider the trellis T given in Figure 1.4 and the set S = {d}. Then,
ld={d,c,a} and | ({ d) = {d,c,b,a}. Note that | d #]] d. Otherwise,
ld={d,c,b,a} and | (| d) ={d,c,b,a}, then we find that | (| d) =] d.

In the following result, we show that any ideal (resp. filter) on a trellis T is
a down-set (resp. up-set) on T

Theorem 3.1. Let T be a trellis and S be a set on T. The following
implications hold:

(i) If S is an ideal, then S is a down-set;

(ii) If S is a filter, then S is an up-set.

Proof. We only prove (i), (ii) is proved analogously.
(i) Let S be an ideal on a trellis 7. Let x € S. For any element y € T such
that y < z, it holds that y € S. Thus, S is a down-set on T ]

In view of the previous theorem, we obtain the following proposition.
Proposition 3.11. Let T be a trellis and S be a subset on T'. The following
implications hold:

(i) If S is an ideal, then | S = S;
(i) If S is a filter, then | S = S.
Proof. We only prove (i), as (ii) can be proved analogously.
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(i) Suppose that S is an ideal on T'. It is easy to check that S C| S. Let
y €] S, then y < z for some z € S. Since S is an ideal, then y € S.
Hence, | S C S. Thus, S =| S.

(ii) Follows from Proposition 3.7 and (i).

O]

Remark 3.4. The converse of the above proposition does not necessarily
hold. Indeed, let us consider the trellis T given in Figure 1.4 and S =
{d,c,b,a}. Therefore, | S ={d,c,b,a} =S which is not is an ideal on T.

3.1.3. Principal ideals and filters in a trellis

In this subsection, we provide some interesting characterizations of principal
ideals (resp. filters) on a trellis in terms of left-transitive element (resp.
right-transitive element). First, we need to recall the following definition of
down-set (resp. an up-set) on a trellis.

Definition 3.5. Let T be a trellis and S be a non-empty subset of T. The
ideal generated by S, denoted by (S, is the intersection of all ideals of T
containing S. The filter generated by S, denoted by S), is the intersection
of all filters of T' containing S. If S is a singleton {x}, then we write (x
the ideal generated by x and x) the filter generated by x.

Definition 3.6. Let T be a trellis. I and F be two subsets on T. Then it
hold that

(i) The set I is a principal ideal, if there exists an element x € T' such
that I = (x.

(ii) The set F' is a principal filter, if there exists an element x € T such
that I = ).
Remark 3.5. For the case of lattice (x = {x € T | x <a}. For the general
case of a trellis it is not true.
Lemma 3.2. [67] Let T be a trellis, a,b € T, a b implies (a C (b.

Proof. From Definition 3.1. We obtain the assertion. O

Proposition 3.12. Let T be a trellis and x be an element on T'. Then it
holds that

(i) The set | x is an ideal if and only if x is left-transitive element;
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(ii) The set 1 x is a filter if and only if x is right-transitive element.

Proof. 1t is easy to check that if | = is an ideal (resp. 1 z is a filter), then x
is left-transitive (resp. x is right-transitive). Conversely,

(i) Suppose that x is a left-transitive element on 7. We show that | z is
an ideal.

(a) Let y €] x and 2z <y. Since z is left-transitive it follows that
z <x. Hence, z €] x.

(b) Let y,z €| x, then it holds that y <z and z <. This implies
that y Uz < x. Hence, y U z €] . Thus, | x is an ideal.

(ii) Follows from Proposition 3.7 and (i).

Remark 3.6. For an element x of a trellis T'.
(i) The set (x =] z if and only if x is left-transitive.

(ii) The set x) =1 x if and only if x is right-transitive.
Theorem 3.2. Let T be a trellis, x an element of T. The following equiva-
lences hold

(i) The set | x = (x if and only if | x is a U-semi-trellis of T.

(ii) The set | x = z) if and only if | x in is an M-semi-trellis of T.

Proof. (i) We only show that | z is a principal ideal, as | « can be proved
analogously.

(a) Let y €] x and z € T such that z <y. y €| x this implies that
y < x. Since < is transitive, it follows that z < x. Hence, z €] x.

(b) Let y,z €] . Then it holds that, y < xz and z < z. Since | z
is a U-semi-trellis then {a Ll b} exists in |  for any a,b €| z, it
follows that y U z €| . Hence, | « is an ideal on T

Now, we show that | x is the smallest ideal containing x. Suppose
that there exists another ideal J containing x such that J C| z.
then there exist z € T such that z €] z and z ¢ J. z €| x
implies that z < x then there exist a finite sequence of elements
(ai,...,an) from T such that z <ay <... <a, Jz. Since J is an
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ideal containing x, then it holds that z € J. Hence, | x C J and
| * = J, contradiction with the supposition. Thus, | x is the
smallest ideal containing .

(ii) Follows from Proposition 3.7 and (i).

O]

Corollary 3.2. Let T be a trellis, x an element on T. The following

implications hold
(i) If z is a left-transitive, then | x =| x.

(ii) If x is a right-transitive, then | x =1 x.
Example 3.3. Let T be the trellis depicted below in the following Figure.

d
o

/TN

bo—>;—>oe
°
a

Figure 3.2: Illustration of an ideal on a trellis 7.

Note that d is not a left-transitive element (i.e., b<c and ¢ <d but b 4 d)
and the set I defined by I =| d = {d,c,b,a} is an ideal on T because of
{zx Uy} €| d, for any z,y €| d. Furthermore, since e is a left-transitive

element we conclude that | e =] e.

Lemma 3.3. [13] Let T be an acyclic trellis satisfying the ascending p-chain
condition. Then every ideal I of T is a principal ideal written as I =| a

and a is a left-transitive element of T'.

Proof. Let I is an ideal of T. Since T is acyclic and satisfying the ascending
p-chain condition, every non-empty set of 7" has a maximal element. Hence,
I has a maximal element say a. As I is a subtrellis of T', a is the greatest
element of I and clearly I = (a. Let z Qy <Ja. As I is an ideal containing
a, both y and x belong to I. Since a is the greatest element of I, then it
follows that x < a. Therefore a must be left-transitive. Thus, (a =] a. O
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3.1.4. Fuzzy trellises on a trellis

In this subsection, inspired from the concept of fuzzy lattice introduced in [1].
We define the concept of fuzzy trellis on a crisp trellis as an L-set stable
by the supremum and the infimum of the binary operations M and LI. We
generally use the sign A for min operation and V for max operation on a
bounded lattice L.

Definition 3.7. Let (T, <,M,U) be a trellis and A be an L-set on T (i.e.,
A:T — L). Then A is called an L-trellis if for all x,y € T', the following
conditions are satisfied

(i) AlzUy) > A(z) N A(y);

(it) A(xMy) > A(x) A Ay).
Example 3.4. In Figure 1./, the Hasse diagram of a trellis T with T =
{a,b,c,d,e} is depicted. The L-set A on T given by: A = {< a,0.5 >, <
b,0.4 >, < ¢,04>,<d,0.7> <e,0.5>} is an L-trellis.

3.1.5. Fuzzy ideals and filters in a trellis

Inspired from the concept of fuzzy ideal (resp. filter) on a lattice introduced
by Davvaz [32] and , we define the concept of fuzzy ideal (resp. fuzzy filter)
as an L-sets on a trellis.

Definition 3.8. Let (T,<,M,U) be a trellis and I be an L-set on T'. Then
I is called a L-fuzzy ideal on T if for all x,y € T, the following conditions
are satisfied:

(i) Iz Uy) = I(x) N(y);

(i) I(xMy) > I(x) VI(y).
Example 3.5. Let T be the trellis given by the Hasse diagram in Figure 1.4.
The L-set I on T defined by: I = {< a,0.5 >,< 5,03 >,< ¢,0.2 >, <
d,0.1 >,<e,0.1 >} is an L-fuzzy ideal.
Definition 3.9. Let (T, Q,M,U) be a trellis and F' be an L-set on T. Then
F is called o fuzzy filter on T if for all x,y € T, the following conditions
are satisfied

(i) FlzUy) = F(x) V F(y);

(i) F(xMy) > F(x) A F(y).
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Example 3.6. Let T be the trellis given by the Hasse diagram in Figure 1.4.
The L-set F on T defined by: F = {< a,0.1 >, < 5,0.2 >, < ¢,0.2 > <
d,0.1 >, < e,0.5 >} is an L-fuzzy filter.

Remark 3.7. Notice that every L-fuzzy ideal on T is an L-trellis, but
the converse is not true in general. Indeed, Let T be the trellis given
by the Hasse diagram in Figure 1./, and A be an L-set on T defined by:
A={<a,05><b,04><¢04><d0.7><e 05>} Trivially, A
is an L-trellis. But, since A(a) = A(bMd) = 0.5 # max{0.4;0.7} then A isn’t
an L-fuzzy ideal on X. Also, since A(e) = A(bUd) = 0.5 # max{0.4;0.7}
then it holds that A isn’t an L-fuzzy filter on T.

The following proposition is immediate.

Proposition 3.13. Let T be a trellis, T% be its pseudo order-dual trellis
and A be an L-set on T. Then A is a fuzzy ideal on T if and only if A is a
fuzzy filter on T?, and conversely.

3.1.6. Fuzzy down-sets and up-sets of a trellis

In this subsection, we introduce the notion of L-fuzzy down-set (resp. L-fuzzy
up-set) on a trellis analogously to the crisp down-set (resp. up-set), and
study their interesting properties.

Definition 3.10. Let T be a trellis and S be an L-set on T'.

(i) The set S is called L-fuzzy down-set if S(x) > S(y) for all x <y, such
that x,y € S.

(i) Dually, S is called L-fuzzy up-set if S(x) < S(y) for all x 1y, such
that x,y € S.
Definition 3.11. For a given an L-set S on a trellis T, we denote by:

(i) I S the L-set associated with S defined by:

I S(z) = supS(y).

yeTr

(ii) v S the L-set associated with S defined by:

f+S(z) = supS(y).

IS
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(iii) || S the L-set associated with S defined by:

115(x) = supS(y).

yEelx
(iv) | S the L-set associated with S defined by:

[T S(x) = supS(y).

yElx
Remark 3.8. For any crisp set S on a given trellis T', it holds that
(i) § S=|5;
(i) 4 S =1 5
(iii) || S =|8;
(iv) [T S=S.

Now, we show some interesting properties of L-fuzzy down-sets (resp. L-fuzzy
up-sets) on a trellis.

Proposition 3.14. Let T be a trellis, T® be its pseudo order-dual trellis
and S be an L-set on T. The following statements hold.

(i) S is an L-fuzzy down-set on T if and only if S is an L-fuzzy up-set
on T%

(i) S is an L-fuzzy up-set on T if and only if S is an L-fuzzy down-set
on T

(iii) | S on T coincides with 1 S on T
(iv) f# S on T coincides with |} S on T
(v) |1 S on T coincides with || S on TY

(vi) 1T S on T coincides with || S on T¢.

Proof. Straightforward. O

Remark 3.9. For a given trellis T, one easily verifies that the elimination
of the property of transitivity of < makes that |} S (resp. 1 S) would not
necessarily L-fuzzy down-set (resp. L-fuzzy up-set) on T, for any set S on
T.
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The following proposition shows that L-fuzzy down-sets (resp. L-fuzzy up-
sets) on a trellis are closed under the union and intersection of L-sets.
Proposition 3.15. Let T be a trellis and R, S be two L-sets on T'. It holds
that

(i) If R and S are two L-fuzzy down-sets, then RU S and RN S are
L-fuzzy down-sets.

(ii) If R and S are two L-fuzzy up-sets, then RUS and RN S are L-fuzzy
up-sets.

Proof. (i) We only show that RU S is an L-fuzzy down-set, as RN S
can be proved analogously. Let z,y € T such that x <y. Since R
and S are L-fuzzy down-sets, and RU S(z) = R(z) V S(x), it follows
that RU S(x) > R(y) vV S(y) = RU S(y). Thus, RU S is an L-fuzzy
down-set.

(ii) Follows from Proposition 3.14 and (7).
0

Proposition 3.16. Let T be a trellis and S be an L-set onT'. It holds that
(i) || S is the smallest L-fuzzy down-set containing S;
(ii) [ S is the smallest L-fuzzy up-set containing S.

Proof. (i) Let x,y € X such that = <y. We show that || S(y) >|] S(x).

11 S(y) = supS(t) =supS(t)

yeElt yst

< sup S(t) = supS(¢)
Syst zst

= [l 5(z).

Hence, || S is an L-fuzzy down-set.

Furthermore, let || R be another L-fuzzy down-set containing S

such that S C|| R C|]] S. Since S C|| R then it holds that ||

S(z) = supS(t) < supR(t) <|] R(x). Thus, || S C|| R. Therefore,
telx telz

11 S =]| R. Finally, we conclude that || S is the smallest L-fuzzy
down-set containing S.
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(ii) Follows and from Proposition 3.14 and (7).
O

Corollary 3.3. let T be a trellis and S be an L-set onT'. Then, it holds
that
SCySCllSand ST SCIlS.

The following Corollary given a characterization of L-fuzzy down-sets and
L-fuzzy up-sets.

Corollary 3.4. Let T be a trellis and S be an L-set onT'. The following
equivalences hold:

(i) S is an L-fuzzy down-set if and only if S =]| S;
(ii) S is an L-fuzzy up-set if and only if S =1] S.

The following propositions lists some properties of fuzzy down-sets and fuzzy
up-sets.

Proposition 3.17. Let T be a trellis and S, R be two L-sets on T. The
following statements hold

(i) If SC R, then || S C|| R and |} S C| R.
(i) 1| (SUR) =|| SU || R and | (SUR) =l SU || R.
(iii) 1] (SN R) CJ| SN || R and | (SN R) Cll SN | R.

Proof. We only give the proof for || as for |} can be proved analogously.

(i) Suppose that S C R, then pjs(z) = Su%)us(y) < su%)uR(y) = pyr(x).
yelx yElz
Hence, || S C|| R.

(ii) On the one hand, we easily verify from (i) that || SU || R C|| (SUR).
On the other hand, from Propositions 3.16 and 3.15 it holds that
11 SU ]| R is a fuzzy down-set. Now the fact that SUR C|| SU || R
implies that || (SUR) =|] SU || R.

(iii) The proof is similar to that of (ii).
O

In the same direction, a dual version of Proposition 3.17 can also be obtained
for fuzzy up-sets. Its proof follows from Propositions 3.17 and 3.14.
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Proposition 3.18. Let T be a trellis and S, R be two fuzzy sets on T'. The
following statements hold

(1) If SC R, then [ S C|] R and + S Cff R.
(ii) I (SUR) =[] SU [l R and { (SUR) =f} SU{} R.
(i) 1 (SN R) CIT SN[ R and f (SN R) Tt SN 4t R.

Remark 3.10. The previous propositions remain true for the L-fuzzy down-
set || S (resp. L-fuzzy up-set [| S). Note that if S be a fuzzy set on a trellis
T, then

4 (S) AL SCresp. o (4 S) #0S) but || (11S) =]l S(resp. [T (ITS) =II5).

Example 3.7. Let T be the trellis given by the Hasse diagram in Figure 1./
and S be the fuzzy set on T given by:

S={<a,0.8><b06><c¢02><d07><e0.1>} Itholds that

|} S(a) = supS(y) = 0.8 such that T a = {a,b,c,d, e},
yeTa

I S(b) = supS(y) = 0.6 such that 1 b= {b,c,e},
yETH

I S(c) = supS(y) = 0.7 such that 1 c = {c,d, e},
yETe

I S(d) = supS(y) = 0.7 such that T d = {d, e}.
yeTd

I} S(e) = supS(y) = 0.1 such that T e = {e}.
yeTe

Therefore, || S = {< a,0.8 >,<,0.6 >, <¢,0.7>,<d,0.7>,<e0.1>}.
In the same way, we obtain that |} (| S) = {< a,0.8 >, < b,0.7 >,< ¢,0.7 >
, < d,0.7>,<e€0.1>}. Thus, |} (} S) #| S. Otherwise, || (1] S) =]] S.

The following proposition shows the interaction of the support and the
kernel with the notions of L-fuzzy down-set and up-set.
Proposition 3.19. Let T be a trellis and S be an L-set on T'. It holds that
(i) Supp(l| S) =| Supp(S) and Ker(|] S) =| Ker(S);
(ii) Supp([] S) =| Supp(S) and Ker([[ S) =] Ker(S).
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Proof. (i) First, we prove that Supp(]| S) =] Supp(S). On the one hand,

let x € Supp(]] S). Then it holds that || S(z) > 0, so supS(y) > 0.
yeTz
This implies that there exists ¢ €[ x such that S(¢f) > 0. Hence,

t € Supp(S). Since t €] z, it follows that = €| Supp(S). Thus,
Supp(l] S) €| Supp(S).

On the other hand, let = €| Supp(S). Then it holds that y €[ = such
that S(y) > 0, and then supS(y) =|| S(z) > 0. Hence, = € Supp(||

yelz

S).

Thus, | Supp(S) C Supp(]| S). Therefore, Supp(|] S) =] Supp(S).

The proof of Ker(|] S) =] Ker(S) is similar.

(ii) Follows from Proposition 3.14 and (i).
O

In the following result, we show that any L-fuzzy ideal (resp. L-fuzzy filter)
on a trellis T is an L-fuzzy down-set (resp. L-fuzzy up-set) on 7.

Theorem 3.3. Let T be a trellis and S be an L-set on T'. The following
implications hold

(i) If S is an L-fuzzy ideal, then S is an L-fuzzy down-set.
(i) If S is an L-fuzzy filter, then S is an L-fuzzy up-set.
Proof. (i) Let x,y € T such that  <y. Since S is an L-fuzzy ideal, it

follows that S(x) = S(zMy) > S(x) vV S(y). Hence, S(z) > S(y).
Thus, S is an L-fuzzy down-set.

(ii) Follows from Proposition 3.14 and (i).
O

In view of Theorem 3.3 and Corollary 3.3, we obtain the following corollary.

Corollary 3.5. Let T be a trellis and S be an L-set on T'. The following
implications hold

(i) If S is an L-fuzzy ideal, then S = S =|| S.
(i) If S is an L-fuzzy filter, then S =f S =[] S.
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Remark 3.11. The converse of the above theorem does not necessarily hold.
Indeed, let us consider the trellis T depicted in Figure 1.4 and S is an L-set
on T given by S = {< a,0.7 >,< 5,04 >,<¢,0.3>,<d, 02> <e,0.1>}.
Then, it follows that
I} S(a) = supS(y) = 0.7 such that T a = {a,b,c,d, e},

yetTa

I S(b) = supS(y) = 0.4 such that 1 b= {b,c,e},
yeTh

I S(c) = supS(y) = 0.3 such that 1 c = {c,e,d},
yeTe

I S(d) = supS(y) = 0.2 such that T d = {d, e}.
yeTd

I} S(e) = supS(y) = 0.1 such that T e = {e}.

yEte

Therefore, || S = {< a,0.7 >,<b,0.4 >,<¢,03 >,<d,0.2>,<e,0.1>}.
Thus, I} S =5 but S is not an L-fuzzy ideal on T.

Remark 3.12. Let T be a trellis and S be an L-set on T. If S is not
an L-fuzzy ideal (resp. L-fuzzy filter), then it holds that | S # S (resp.
1S #S), as can be seen in Example 3.8.

Example 3.8. Let T be the trellis depicted in Figure 1.2 and S be the L-set
on T given by:

S={<a,05><b,04><c04><d,07><e 05>} It holds that
I} S(a) = supS(y) = 0.7 such that T a = {a,b,c,d, e},
yEta

I S(b) = supS(y) = 0.5 such that 1 b= {b,c,e},
yeTh

I} S(c) =supS(y) = 0.7 such that 1 ¢ = {e¢,d, e},
yETe

I S(d) = supS(y) = 0.7 such that T d = {d, e}.
yeNd

|} S(e) = supS(y) = 0.5 such that T e = {e}.
yEte

Therefore, || S = {< a,0.7 >, < b,0.5 >, < ¢,0.7 >, < d,0.7 >, < ¢e,0.5 >}.
In the same way, we obtain that { S = {< a,0.5 >, < b,0.5 >, < ¢,0.5 >, <
d,0.7>,<¢€,0.7>}. Thus, | S# S and S # S.
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3.2. Characterizations of fuzzy ideals and fuzzy fil-
ters on a trellis

In this section, following the work of Milles, Zedam and Rak [53, 54|, we
provide interesting characterizations of fuzzy ideals and fuzzy filters on a
(crisp) trellis.

3.2.1. Basic characterization of fuzzy ideals and fuzzy filters
on a trellis

In this subsection, we characterize the notion of fuzzy ideals and fuzzy filters
as an L-sets on a trellis in terms of the trellis operations. We start with the
key results.

Theorem 3.4. Let T be a trellis and A be an L-set on T. Then for all
x,y € T, the following statements hold

(i) (A(zMy) = A@) v Ay)) if and only if (z Dy = A(z) = A(y)):
(i) (AlxUy) > A) v A(y)) if and only if (x Sy = A(x) < A(y)).

Proof. Let x,y € T.

(i) Suppose that A(xMy) > A(x) V A(y). If x <y then My = x. Since
A(xMy) > A(x) vV A(y), it follows that A(x) = A(zMy) > A(z)V A(y).
Hence, A(z) > A(y).

Conversely, suppose that (z <y = A(x) > A(y)). Then it follows that
A(xMy) > A(z) and A(zMNy) > A(y). Hence, A(zMy) > A(z)V A(y);

(ii) Suppose that A(x Uy) > A(x) V A(y). If x <y then z Uy = y. Since
A(zUy) > A(z) vV A(y), it follows that A(y) = A(zUy) > A(z) V A(y).
Hence, A(x) < A(y).

Conversely, suppose that (r <y = A(z) < A(y)). Then it follows that
A(z) < A(zUy) and A(y) < A(xUy). Hence, A(zUy) > A(x)V A(y).

O]

As corollaries, we obtain the following interesting properties of L-fuzzy
ideals and L-fuzzy filters.
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Corollary 3.6. Let T be a trellis and I be an L-fuzzy ideal on T'. Then for
any x,y € T it holds that

(i) If x <y, then I(z) > I(y), (i.e., the mapping I : T — L is antitone).

Corollary 3.7. Let T be a trellis and F' be an L-fuzzy filter on T. Then
for any x,y € T it holds that

(i) If <y, then F(z) < F(y), (i-e., the mapping F' : X — L is mono-
tonic).

In the following theorem we provide a basic characterization of L-fuzzy
ideals on a trellis.

Theorem 3.5. Let T be a trellis and I be an L-set on T'. Then it holds
that I is an L-fuzzy ideal on T if and only if

I(xUy) =I(x) ANI(y), for any x,y € T.

Proof. Suppose that I is an L-fuzzy ideal on T, then for any x,y € T it
holds that I(x Uy) > I(x) A I(y). Since x <x Uy and y Jx Uy, it follows
from Corollary 3.6 that

I(z) > I(z Uy)

and
I(y) > I(z Uy).

Hence, I(x) AN 1I(y) > I(x Uy). Thus, I(x Uy) = I(x) A I(y).

Conversely, suppose that I(x Uy) = I(x) A I(y) for all z,y € T'. Then it is

easy to see that
Iz Uy) > I(x) A(y)

for all z,y € T. Next, we will show that I(x My) > I(z) V I(y) for all
x,y €T. Let x,y € T, since x U (xMy) =z and yU (zMy) = y then it holds
that I(z U (xMNy)) = I(x) and I(y U (zMy)) = I(y). From hypothesis (i)
and (ii), it follows that I(z) A I(xMy) = I(z) and I(y) A I(xMy) = I(y).
Hence, I(zMy) > I(z) and I(x My) > I(y). Thus, I(x MNy) > I(x) V I(y),
for all z,y € T. Therefore, I is an L-fuzzy ideal on T. O

In the same manner, the following theorem provides a basic characterization
of L-fuzzy filters on a trellis.
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Theorem 3.6. Let T be a trellis and F' be an L-set on T. Then it holds
that F' is an L-fuzzy filter on T if and only if

F(zNy) = F(x) A F(y), for any x,y € T.

Proof. The proof is a direct application of Proposition 4.1 and Theorem 3.5.
O

Proposition 3.20. Let (T, <) be a trellis and Z(T) be the family of all
L-fuzzy ideals on T. Let Z be a finite subset of Z(T), then Z € Z(T),

where ( Z(z) = Z/éZZi(x).

Proof. Let x,y € T, then

NZ@uy) = A Zi(zuy)

Z,eZ
= /\ Zi(x) N Zi(y)
Z,eZ
= AN Z)n N\ Zily)
zZi€Z zZieZ
= ()Z(=) A Z(y)
Hence, () Z is an L-fuzzy ideal on T O

3.2.2. Characterizations of fuzzy ideals and fuzzy filters in
terms of their level sets

In this subsection, we provide some interesting characterizations and prop-
erties of L-fuzzy ideals and L-fuzzy filters in terms of their level sets.

Proposition 3.21. LetT be a trellis and A be an L-set onT. The following
statements hold

(i) If A is an L-fuzzy ideal, then its support Supp(A) is an ideal on T';

(ii) If A is an L-fuzzy filter, then its support Supp(A) is a filter on T.

Proof. Let A be an L-set on T'.

(i) Suppose that A is an L-fuzzy ideal. We show that Supp(A) is an ideal
onT.
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(a) Let z € Supp(A) and y <z, then it holds that LIy = x and
A(z) > 0. This implies that A(x) = A(x Uy) > 0. From
Theorem 3.5, it follows that A(z Uy) = A(x) A A(y) > 0. Hence,
A(y) > 0. Thus, y € Supp(A).

(b) Let x,y € Supp(A), then it holds that A(z) > 0 and A(y) > 0.
Since A is an L-fuzzy ideal, then it follows that A(z Uy) =
A(x) A A(y) > 0. Hence, A(x Uy) > 0. Thus, x Uy € Supp(A).

Therefore, Supp(A) is an ideal on T'.
(ii) Follows from Proposition 4.1 and (i).

O]

Remark 3.13. The converse of the above proposition is not necessarily hold.
Indeed, let us consider T the trellis depicted in Figure 1./ and A is an L-set
given by A ={< a,0.5>,<b,04 > <¢,04><d,07><e05>}. It
is easy to verify that Supp(A) =T is an ideal and a filter on T, but A is
neither an L-fuzzy ideal nor an L-fuzzy filter on T .

The following theorem provides a characterization of L-fuzzy ideals (resp.
L-fuzzy filters) in terms of their level sets.

Theorem 3.7. Let T be a trellis and A be an L-set on T. The following
statements hold

(i) A is an L-fuzzy ideal if and only if its level sets are ideals on T.

(ii) A is an L-fuzzy filter if and only if its level sets are filters on T.

Proof. Let A be an L-set on T and A, its level set, where a €]0, 1].

(i) Suppose that A is an L-fuzzy ideal on T and we show that A, is an
ideal on T, for any « €]0, 1];

(a) Let a €]0,1], z € A, and y € T such that y <x. Since x €
Aq, then it holds that A(xz) > «. Since y <z, it follows from
Corollary 3.6 that A(y) > A(z). This implies that A(y) > «a.
Hence, y € A,, for any « €]0,1].

(b) Let o €]0,1] and =,y € A,. Then it holds that (A(z) > «
and A(y) > «). From Theorem 3.5 it follows that A(z Uy) =
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A(z) NA(y) > a. Hence, x Ly € A,, for any a €]0,1]. Thus, 4,
is an ideal on T, for any « €]0,1].

Conversely, suppose that all level sets of A are ideals on T'. Let us
show that A is an L-fuzzy ideal on T. Let z,y € T, o = A(x) A A(y).
Then it follows that (A(z) > « and A(y) > «). The case a = 0 is
obvious. So, let « €]0,1] and z,y € A,. Since A, is an ideal on T,
then it holds that x Ly € A,, for any « €]0,1]. This implies that
A(zUy) > . Hence, A(xUy) > A(z) A A(y).

On the other hand, let & = A(x Uy). The case a = 0 is also obvious.
So, let « €]0,1] and z Ly € A,. Since A, is an ideal on T, x <z Uy
and y Jz Uy, it follows that x,y € A,, for any a €]0, 1]. This implies
that (A(z) > a) and (A(y) > «). Hence, A(x) AN A(y) > A(x U y).
Thus, A(x) A A(y) = A(z U y). Therefore, A is an L-fuzzy ideal on T

(ii) Follows from Proposition 4.1 and (i).

3.3. Prime fuzzy ideals and filters on a trellis

In this section, we introduce and characterize the prime L-fuzzy ideals (resp.
prime L-fuzzy filters) on a trellis.

Definition 3.12. An L-fuzzy ideal I on a trellis T is called a prime L-fuzzy
ideal if, for any x,y € T,

I(zNy) < I(z) VI(y)

Definition 3.13. An L-fuzzy filter F' on a trellis T is called a prime L-fuzzy
filter if, for any x,y € T,

F(zUy) < F(z)V F(y).
The following proposition shows that the support of a prime L-fuzzy ideal

(resp. prime L-fuzzy filter) on a trellis is a prime ideal (resp. prime filter)
on that trellis.
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Proposition 3.22. Let T be a trellis and A be an L-set on T. Then it
holds that

(i) If A is a prime L-fuzzy ideal, then its Supp(A) is a prime ideal on T.

(ii) If A is a prime L-fuzzy filter, then its Supp(A) is a prime filter on T.

Proof. (i) Suppose that A is a prime L-fuzzy ideal on a trellis 7. From
Proposition 3.21, it holds that Supp(A) is an ideal on T. Next we
prove that Supp(A) is prime. Let x,y € T such that 2 My € Supp(A).
It then holds that A(xz My) > 0. The fact that A is prime L-fuzzy
ideal on T implies that

0< A(zMy) < A(z) V A(y)

this implies that either A(z) > 0 or A(y) > 0. Hence, either = €
Supp(A) or y € Supp(A). Therefore, Supp(A) is a prime ideal on 7'

(ii) Follows from Proposition 4.1 and (i).

O]

In the same direction, we get the following theorem which provides a
characterization of prime L-fuzzy ideals (resp. prime L-fuzzy filters) in
terms of their level sets.

Theorem 3.8. Let T be a trellis and A be an L-set on T'. Then it holds
that:

(i) A is a prime L-fuzzy ideal if and only if their level sets are prime
ideals;

(ii) A is a prime L-fuzzy filter if and only if their level sets are prime
filters.

Proof. (i) From Theorem 3.7, we have that A is an L-fuzzy ideal of a
trellis (7', Q) if and only if for some « €]0, 1], A, is an ideal on (7, <).
For the primality, suppose that A is a prime L-fuzzy ideal. We first,
show that A, is a prime ideal. Let x My € A, for some a €]0, 1],
then A(x My) > «, since A(x) V A(y) > A(x My) this implies that
A(z) V A(y) > «, thus A(x) > a or A(y) > «. Hence, x € A, or
y € A,
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Conversely, suppose that A(x My) = « this implies that z My € A,.
Since A, is a prime ideal, then it follows that x € A, or y € A,, for
each a €]0,1]. Then it holds that, A(z) > a or A(y) > «a. Thus,
A(z)V A(y) > A(x My) = a. Hence, A is a prime L-fuzzy ideal.

(ii) Follows from Proposition 4.1 and (i).

3.4. Principal fuzzy ideals and filters on a trellis

In this section, we extend the notion of principal ideal (resp. filter) on a
trellis to the setting of fuzzy sets. More specifically, we introduce the notions
of L-fuzzy ideals and L-fuzzy filters on a trellis structure, and provide a
basic characterizations of these notions based on the weakly associative meet
and join operations of this trellis. We pay particular attention to the kind
of principal L-fuzzy ideals (resp. L-fuzzy filters) on a given trellis, which is
more complicated than the same notions on a lattice. Similarly to the crisp
case, we characterize these notions in terms of down and up-sets generated
by an L-fuzzy singletons. First, we introduce the notion of L-fuzzy singleton.

Definition 3.14. An L-fuzzy singleton on a trellis T is an L-set on T given
by z ={(t,z(t)) | t € T}, where

j(t):{ 1,ifx=t

a(t) , otherwise
such that o : T — L — {1} is a given mapping.

For a given L-fuzzy singleton Z on a trellis 7', the associated sets || & and
1 @ are defined by:

bz ={@V2(t)[teT}tand f&={{tM1I1)|teT},

where

{ 2(t) = supZ(y) and 1 Z(t) = supZ(y).
YyETL yELt
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One easily verifies that

and

supa(y) , otherwise
yeTt

1,ift<x
4 z(t) =

supa(y) , otherwise -
yet

1,if <t
T at) =

In the same line, the L-sets || & and [] Z associated with a given L-fuzzy

singleton Z on a trellis T" are defined as:

Wz =A@l z@) |t eT}tand [[Z={({tI[IZ(t)|teT},

where

we have:

and

|1 2(t) = supi(y) and [] Z(t) = supi(y).

yelt yelt
1,ifts«z
1 a(t) = supa(y) , otherwise
ye[t

supa(y) , otherwise -
yelt

1,ifx =St
T z(t) =

Note that for a given crisp singleton = on a given trellis 7', it holds that

={yeT : yda}
={yeT : <9y}
={yeT : ySak

={yeT : x2Sy}

The following proposition provides a necessary and sufficient condition that
I} Z (resp. I} ) would be coincides with || Z (resp. [[ Z).

Proposition 3.23. Let T be a trellis and x € T. The following equivalences

hold:
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(i) I & =] & if and only if x is a left-transitive element;

(ii) f+ & =[] & if and only if x is a right-transitive element.

Proof. (i) Let T be a trellis and € T'. Then

1,ift<z
1) =

supa(y) , otherwise
yelt

Since x is a left-transitive element, it follows from Theorem 1.4 that
t < x, implies t < z. Hence,

1,ift<z
) = supa(y) , otherwise
yet
= ().

(ii) Follows from Proposition 3.14 and (7).
O
The following corollary provides a necessary and sufficient condition that
I} & (resp. 1t ) would be an L-fuzzy down-set (resp. an L-fuzzy up-set).

Corollary 3.8. Let (X, ) be a psoset and x € X. The following equiva-
lences hold:

(i) | & is an L-fuzzy down-set if and only if = is a left-transitive element;
(i) f & is an L-fuzzy up-set if and only if x is a right-transitive element.

Definition 3.15. Let T be a trellis and & be an L-fuzzy singleton on T,
Then

(i) The principal L-fuzzy ideal generated by an L-fuzzy singleton T is the
smallest L-fuzzy ideal contains &, denoted by ((Z.

(i) The principal L-fuzzy filter generated by an L-fuzzy singleton T is the

smallest L-fuzzy filter contains &, denoted by T)).

Next, we characterize principal L-fuzzy ideals (resp. L-fuzzy filters) on
a trellis in terms of the down-sets (resp. up-sets) generated by L-fuzzy
singletons on that trellis. We start with the following key results.
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Proposition 3.24. Let T be a trellis and T be an L-fuzzy singleton on T.
The following equivalences hold:

(i) | & is a principal L-fuzzy ideal on T if and only if x is a left-transitive
element;

(ii) & is a principal L-fuzzy filter on T if and only if x is a right-transitive
element.

Proof. (i) Let a,b € T. First, suppose that x a left-transitive element,
we show that |} & is an L-fuzzy ideal on T'. Since x is a left-transitive
and from Proposition 3.23, it hold that || Z =|| Z. Hence,

Jz(aUbd)=]| Z(ad) = sup Z(¢t)
te | (alib)

= sup z(t)
allb<z

= sup Z(¢).
allb<lx
Also, for the same reason it holds that a U b <z if and only if a <z
and b < x. Hence,

Jz(aUb)=]| Z(ab) = supZ(t) Asupz(t)
a<t b<t

= supi(t) Asupz(t)
alz b<lx

= L E(a)A 3 (D).

Thus, || Z is an L-fuzzy ideal on T'.

Second, suppose that |} Z is an L-fuzzy ideal on T'. From Corollar-
ies 3.5, 3.8, it follows that || & is a principal L-fuzzy down-set and x
is a left-transitive element.

(ii) Follows dually by using Proposition 3.14 and (i).

O]

Theorem 3.9. Let T be a trellis, x an element on T. The following
equivalences hold:

(i) || 2= {(Z if and only if || T is a U-semi L-fuzzy trellis of T.

(i) 1| 2 =&)) if and only if || & is an M-semi L-fuzzy trellis of T.
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Proof. (i) Let a,b € T. First, we show that || Z is an L-fuzzy ideal on T

[l Z(aUbd) = sup z(t)
te[(ald)
= sup Z(t).
allbb<z
Since || Z is a U-semi L-fuzzy trellis, then it holds that a LUb < t if
and only if @ <t and b < ¢. Hence,

lZ(ald) = ??él[pfc(t) A ?ggi(t)

= [l Z(a)A ] Z(b).

Thus, || Z is an L-fuzzy ideal containing x.
Now, we show that || & is the smallest L-fuzzy ideal containing Z. Let
J be another L-fuzzy ideal contain  i.e., Z(t) < J(t), for any t € T

Hz(t) = supi(y) <supJ(y)
yet yet

= |1 J(t) = ().
Thus, || 2 C J.

(ii) Follows dually by using Proposition 3.14 and (i).

In the following proposition, we show that the kernel of a principal L-fuzzy
ideal (resp. L-fuzzy filter) is a crisp principal ideal (resp. filter).

Proposition 3.25. Let T be a trellis and x be an element of T'. Then it
holds that

Proof. (i) From Proposition 3.19, it holds that Ker(]| z) =] Ker().
This means that

Ker(llz)=|{teT|z(t)=1}.
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By the definition of L-fuzzy singleton, we know that Z(¢) = 1 if and
only if ¢t = z. Hence, Ker(|] ) =] {z} =] «.

(ii) Follows from Proposition 3.14 and (i).
O

Proposition 3.26. Let T be a trellis and || T and || § be two principal
L-fuzzy ideals on T. Then

xSy if and only if || S|y

Proof. First, suppose that x < y and we show that || Z C|| ¢. Since, x Sy
then it holds that

Ha(z) = Slg;fc(t)

~

= sup Z(t)

25zlyY

IN

supz(t)
2y

~

g().

IN

Hence, || Z C|] 9.

Conversely, suppose that || £ C|| ¢, then

1=|] &(z) <[ §(x) = supg(t)

<t

This implies that §(¢) = 1 and ¢t = y. Hence, = < y. O
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4 Principal intuitionistic fuzzy ideals
and filters on lattices

In this chapter, we generalize the notion of principal ideal (resp. filter)
on a lattice to the setting of intuitionistic fuzzy sets and investigate their
various characterizations and properties. More specifically, we show that
any principal intuitionistic fuzzy ideal (resp. filter) coincides with an
intuitionistic fuzzy down-set (resp. up-set) generated by an intuitionistic
fuzzy singleton. Afterwards, for a given intuitionistic fuzzy set, we introduce
two intuitionistic fuzzy sets: its intuitionistic fuzzy down-set and up-set,
and we investigate their properties.

4.1. Intuitionistic fuzzy sets

This section contains the basic definitions and properties of intuitionistic
fuzzy sets, as well some operations on intuitionistic fuzzy sets. In 1983,
Atanassov [4] proposed a generalization of Zadeh membership degree and
introduced the notion of the intuitionistic fuzzy set.

Definition 4.1. [4] Let X be a non-empty set. An intuitionistic fuzzy set
(IF'S, for short) A on X is an object of the form A = {{z,pa(z),va(x)) |
x € X} characterized by a membership function py @ X — [0,1] and a
non-membership function va : X — [0, 1] which satisfies the condition:

0 < pa(z)+rva(x) <1, for each x € X.

For each x € X the number ma(z) = 1 — pa(x) — va(x) is called the
hesitation degree or the intuitionistic index of x to A.

The class of intuitionistic fuzzy sets on X is denoted by IFS(X).

Certainly, fuzzy sets are intuitionistic fuzzy sets by setting v4(z) = 1—pa(z).

Example 4.1. [6] Let X be the set of all countries with elective governments.
Assume that we know for every country x € X the percentage of the electorate
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that have voted for the corresponding government. Denote it by M (z) and
let p(x) = 100 (degree of membership, validity, etc.). Let v(z) =1— p(x).
This number corresponds to the part of electorate who have not voted for
the government. Using only the fuzzy set theory, we cannot consider this
value in more detail. However, if we define v(x) (degree of non-membership,
non-validity, etc.) as the number of votes given to parties or persons outside
the government, then we can show the part of electorate who have not voted
at all or who have given bad voting-paper and the corresponding number
will be m(x) =1 — p(x) — v(x) (degree of indeterminacy, uncertainty, etc.).
Thus, we can construct the set {{x,u(z),v(zx)) | x € X} and obuviously,

0 < p(x)+v(z) <1

4.1.1. Operations on intuitionistic fuzzy sets

For two intuitionistic fuzzy sets A and B on a set X, several operations are
defined (see, e.g., Atanassov [5, 6, 7], Biswas [17] and Gy [78]). Here we
will present only those which are related to the present work.

(i) AC B if pa(z) < pp(z) and va(z) > vp(z) for each z € X;
(i) A= B if pua(z) = pp(z) and va(z) = vp(z) for each = € X;

(i) AN B = {(, pa(2) A pp(), valz) Y op(@) | = € X};

(iv) AUB = {(z,1a(2) ¥ pp(a),va(2) A vp() | o € X};

(v) A+ B = {{z, pa@) + up(@) - pa(@) - pp(e),vale) -vs(@)) |« € X}
(vi) A-B = {(z,11a() - pup (), va(w) + vi(z) — va(@) - vp(@)) | = € X};
(vii) A = {(2,va(@), pua(@) | ¢ € X};
) [A] = {{&, pa(@),1 - pa@) | @ € X);
) (A) = {(z,1 - va(@),vale)) | o € X}.

(viii

(ix

In the sequel, we need the following definition of level sets (which is also
often called («, 5)-cuts) of an intuitionistic fuzzy set.

Definition 4.2. [82] Let A be an intuitionistic fuzzy set on a set X. The
(v, B)-cut of A is a crisp subset

App={z € X |pa(z) > a and va(x) < B},
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where a, § €]0,1] with a + B < 1.

Definition 4.3. [6] Let A be an intuitionistic fuzzy set on a set X. The
support of A is the crisp subset on X given by

Supp(A) ={z € X | pa(z) >0 or (ua(z) =0 and va(z) < 1)}.

The notion of fuzzy relations was first introduced by Zadeh [84] as a natural
extension to a fuzzy set and plays an important role in the theory of such
sets and their applications.

Definition 4.4. [84] Let X and Y be two nonempty sets. A binary fuzzy re-
lation from X to Y, is a fuzzy subset of X XY characterized by a membership
function pur which associates with each pair (z,y) its grade of membership
pur(x,y) in the interval [0, 1].

4.2. Intuitionistic fuzzy relations

In this section, we recall the basic definitions and properties of intuitionistic
fuzzy relations introduced by Burillo and Bustince [23, 24]. This is a natural
generalization of a fuzzy relation.

Definition 4.5. [23, 24] Let X and Y be two non-empty sets. An intuition-
istic fuzzy binary relation (an intuitionistic fuzzy relation, for short) from
X toY is an intuitionistic fuzzy subset of X XY, i.e., is an expression R
given by

R= {<(x7y)vuR(x7y)7VR(x7y)> | (l‘,y) € X x Y}v

where
pr: X XY —[0,1], and v4 : X xY — [0,1]

satisfy the condition

0 < pgr(z,y)+vr(z,y) <1,

for each (z,y) € X x Y. The value pugr(z,y) is called the degree of member-
ship of (x,y) in R and vr(x,y) is called the degree of non-membership of
(x,y) in R.
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Let R be an intuitionistic fuzzy relation on X. The following properties are
crucial in (see e.g., [23, 24, 75, 85]):

(i) Reflexivity: pr(z,x) =1 for each x € X. In this case, we note that
vr(z,z) =0 for each x € X.

(ii) Antisymmetry: for all z,y € X, z # y then
pr(z,y) # pr(Y, ©)

vr(z,y) # vr(y, @)
7TR($,y) = 7TR(]J,$)

where 7g(2,y) =1 — pr(z,y) — vr(2,y).

(iii) Perfect antisymmetry: for each z,y € X with x # y and

,LLR(ZE, y) >0
or

pr(z,y) =0 and vg(x,y) <1,

then
:U’R(y7 IL’) =0
and
VR(ya x) =1.
(iv) Transitivity:
RO RSTR.

In the above definition, the composition R o?\‘f R used in the transitivity
means that

Ry R={{(z.2), ayex{Blur(z.y), nr(y. 2)]},

Ayext{plvr(z,y), vr(y, 2)I}) [ =, 2 € X},

where «, 8, X and p are t-norms or t-conorms taken under the intuitionistic
fuzzy condition

0 < ayex{Blur(z,y), nr(y, 2)I} + Myex{plvr(z,y), vr(y, )]} < 1,
for each z,z € X.
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The properties of this composition and the choice of «a, 5, A and p, for which

this composition fulfills a maximal number of properties, are investigated in
[23]-[25], [33].

If no other conditions are imposed, in the following we will take o = sup,
B = min, A = inf and p = max.

Note that Bustince and Burillo in [26], mentioned that the definition of
intuitionistic fuzzy antisymmetry does not recover the fuzzy antisymmetry
for the case in which the considered relation R is fuzzy. However, the
definition of intuitionistic fuzzy perfect antisymmetry recovers the definition
of fuzzy antisymmetry given by Zadeh [84] when the considered relation
is fuzzy. This note justifies the following definition of intuitionistic fuzzy
order.

Definition 4.6. [23, 24] Let X be a non-empty crisp set and R be an
intuitionistic fuzzy relation on X. R is called an intuitionistic fuzzy order
or a partial intuitionistic fuzzy order if it is reflexive, transitive and perfect
antisymmetric.

A non-empty set X with an intuitionistic fuzzy order R, defined on it, is
called an intuitionistic fuzzy ordered set and is denoted by (X, ug,vr). It
easily follows that each partially ordered set (X, <) and each fuzzy ordered
set (X, R) can be viewed as intuitionistic fuzzy ordered sets.

Example 4.2. Let X = {a,b,c,d,e}. Then the intuitionistic fuzzy relation
R defined on X by

R = {<(.%',y),,U,R(.%',y), VR('r7y)> ’ T,y € X}7

where ur and vy are given by the following tables:

ur(.) la|blc| d e
a 110|101 055] 040
b 011|101 035|045
c 0|0 1 0 0.70
d 00|00 1 0
e 01010 0 1
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vr(,.) | a | b] ¢ d e
a 0 | 1]040] 045 0.25
b 0.50 | 01| 0.20| 0.35| 0.10
c 1 1 0 0.85| 0.15
d 1 1 1 0 1
e 1 1 1 0.90 0

is an intuitionistic fuzzy order on X.

On the basis of the above definition of perfect antisymmetry, we define a
complete (or total) intuitionistic fuzzy order as follows:

Definition 4.7. [85] An intuitionistic fuzzy order R on a universe X is

called complete (or total) if for all x,y € X it holds that

[ur(x,y) > 0 or (ur(z,y) =0 and vg(z,y) < 1)]

[r(y,z) >0 or (ur(y,2) =0 and vg(y, ) <1)].

Definition 4.8. [85] An intuitionistic fuzzy ordered set (X, ur,vr) in which
R is linear is called a linearly intuitionistic fuzzy ordered set or an intu-
itionistic fuzzy chain.

4.2.1. Intuitionistic fuzzy ideals and filters
The notion of intuitionistic fuzzy ideal (resp. filter) in a lattice was first
introduced by Thomas and Nair [73].

Definition 4.9. [73] Let (L, <, A, V) be a lattice and I = {{z, ur(z),vi(z)) |
x € L} be an IFS on L. Then I is called an intuitionistic fuzzy ideal on L
(IF-ideal, for short) if for all x,y € L, the following conditions hold:

(i) pr(xVy) = pr(x) A pr(y);

(i) pr(z Ay) = pr(x) ¥ pr(y);

(iii) vi(zVy) < vi(z) Yv(y);
(xAy) <

() vi(x ANy) < vi(x) Avi(y).
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Definition 4.10. [73] Let (L, <, A, V) be a lattice and F' = {(z, pr(x),vr(z)) |
x € L} be an IFS on L. Then F is called an intuitionistic fuzzy filter on L
(IF-filter, for short) if for all x,y € L, the following conditions hold:

(1) pp(zVy) > pr() Y pry);
(1) pr(xANy) = pr(x) A pr(y);

(iii) vp(zVy) <vp(z) Ave(y);
(z Ay)

(iv) vp(x Ay

N

vr(z) Y vp(y).

For further details on intuitionistic fuzzy ideals and filters, we refer to [53,
72, 73].

Example 4.3. Let L be the lattice depicted below in Figure 1. The intu-
itionistic fuzzy set I on L defined by: I ={<0,0.5,0.1 >,< a,0.4,0.3 >, <
b,0.1,0.2 >, < ¢,0.1,0.7 >, < 1,0.1,0.7 >} is an IF-ideal.

0
Figure 4.1: Hasse diagram of the lattice (L, A, V) with L = {0,a,b,¢c,1}.
Example 4.4. Let L be the lattice given by the Hasse diagram in Figure 1.
The intuitionistic fuzzy set F' on L defined by: F = {< 0,0.1,0.5 >, <
a,0.1,0.6 >, < b,0.1,0.5 >, < ¢,0.3,0.4 >,< 1,0.4,0.3 >} is an IF-filter.
The following proposition is straightforward.

Proposition 4.1. Let L be a lattice, L% be its order-dual lattice and S €
IFS(L). The following equivalences hold:

(i) The IF-set S is an IF-ideal on L if and only if S is an IF-filter on L%;

(ii) The IF-set S is an IF-filter on L if and only if S is an IF-ideal on L°.
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4.3. Intuitionistic fuzzy down-sets and up-sets

Analogously to a crisp down-set and up-set on a lattice L, we introduce the
notions of an intuitionistic fuzzy down-set and an intuitionistic fuzzy up-set.
Also, the |} S and 1} S, for any intuitionistic fuzzy set S on L.

4.3.1. Definitions

Let L be a lattice and S € IFS(L).

(i) S is called an intuitionistic fuzzy down-set (IF-down-set, for short) if
ps(x) = ps(y) and vg(z) < wvs(y) for all z < y.

(ii) Dually, S is called an intuitionistic fuzzy up-set (IF-up-set, for short)
if us(z) < ps(y) and vg(z) > vs(y) for all z < y.

For a given intuitionistic fuzzy set S on a lattice L we denote by:

(i) § S the intuitionistic fuzzy set associated with S defined as

pys(x) = sup pus(y),
yetr

vys(z) = yiélesz(y)-

(ii) 1S the intuitionistic fuzzy set associated with S defined as

pys(r) = sup ps(y),
yElx

vps(z) = inf vs(y).

Remark 4.1. For any crisp set S on a given lattice L, it holds that
(i) 4S=18;
(ii) £ S=156.

For a given lattice L and S € IFS(L), it is clear that
(i) pys is an antitone mapping and vy g is a monotone mapping;

(ii) pqs is a monotone mapping and vyg is an antitone mapping.
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4.3.2. Properties of intuitionistic fuzzy-down-sets and intu-
itionistic fuzzy-up-sets

In this subsection, we show some interesting properties of intuitionistic fuzzy
down-sets and up-sets on a lattice. We start with the easiest one.

Proposition 4.2. Let L be a lattice, L be its order-dual lattice and S €
IFS(L). The following statements hold:

(i) S is an IF-down-set on L if and only if S is an IF-up-set on L%;
(ii) S is an IF-up-set on L if and only if S is an IF-down-set on L%;
(iii) | S on L coincides with ft S on L% ;

(iv) f# S on L coincides with | S on L.
The following proposition shows that IF-down-sets (resp. IF-up-sets) on a

lattice are closed under the union and intersection of intuitionistic fuzzy

sets.
Proposition 4.3. Let L be a lattice and R, S € IFS(L). It holds that
(i) If R and S are IF-down-sets, then RUS and RN S are IF-down-sets;
(ii) If R and S are IF-up-sets, then RU S and RN S are IF-up-sets.
Proof. (i) We only show that R U S is an IF-down-set, as RN S can
be proved analogously. Let x,y € L such that x < y. Since R

and S are IF-down-sets, and prus(z) = pr(zr) Y ps(x), it follows

that prus(z) = pr(y) ¥ ps(y) = prus(y). Similarly, we prove that
vrus(z) < vrus(y). Thus, RU S is an IF-down-set.

(ii) Follows from Proposition 4.2 and (i).

Proposition 4.4. Let L be a lattice and S € IFS(L). It holds that
(i) | S is the smallest IF-down-set containing S;

(i) S is the smallest IF-up-set containing S.

Proof. (i) First we show S C|} S. Let a € L and b €1 a, then it holds that
ps(a) < squ,ug(b) = pys(a). Similarly, vs(a) > biéle vs(b) = vys(a).
cTa a
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Hence, S Cy S. Now, we show that || S is an IF-down-set. Let
z,y € L such that < y. We have pys(x) = supug(t) > supus(t).
tetz tety

Hence, pys(z) > pys(y). Similarly, we obtain that vyg(x) < pys(y).
Thus, |} S is an IF-down-set. Furthermore, let R be an IF-down-set
containing S. This implies that ug(z) < pr(x) and vg(z) > vr(x), for

any ¢ € L. Hence, suppus(t) < supug(t) and inf vg(t) > inf vg(t).
tetx tetx tetx tetx
Thus, | S C§ R. Finally, we conclude that || S is the smallest

IF-down-set containing S.
(ii) Follows from Proposition 4.2 and (i).
O

From Proposition 4.4, we obtain the following corollary. It shows a charac-
terization of IF-down-sets and IF-up-sets.

Corollary 4.1. Let L be a lattice and S € IFS(L). The following equiva-
lences hold:

(i) S is an IF-down-set if and only if S =1 S;
(i) S is an IF-up-set if and only if S =1 S.

The following propositions list some properties of IF-down and IF-up-sets.

Proposition 4.5. Let L be a lattice and R, S € IFS(L). The following
statements hold:

(i) If SC R, then | S Cl R;
(it) 4 (I 5) =1 5;
(iii) I (SUR) = SU | R;
(iv)  (SNR) Y SN R.
Proof. (i) Since R CJ} R, it holds that S C|| R. From Proposition 4.4, it
trivially holds that { S C| R.
(ii) Follows from Proposition 4.4 and Corollary 4.1.

(iii) On the one hand, we easily verify from (i) that { SU{ R C{ (SUR).
On the other hand, since |} SU | R is an IF-down-set and SU R CJ}
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SU | R, it follows from Proposition 4.4 that |} (SU R) C{ SU | R.
Thus, || (SUR) ={ SU | R.

(iv) Follows from Proposition 4.4 and (i).
U

In the same direction, a dual version of Proposition 4.5 can also obtained for
intuitionistic fuzzy up-sets. Its proof follows from Propositions 4.2 and 4.5.

Proposition 4.6. Let L be a lattice and R,S € IFS(L). The following
statements hold:

(i) If S C R, then 1 S C1 R;
(i6) 4 (1 S) =1 S;
(iii) f# (SUR) =f SUf R;
(iv) # (SNR) Cf SN 4 R.

The following result follows immediately from Propositions 4.4, 4.5 and 4.6.

Proposition 4.7. Let L be a lattice. Then the mappings |} and f} define
topological closures on the set IFS(L) of intuitionistic fuzzy sets on L.

The following proposition shows the interaction of the Support and the
Kernel with the notions of IF-down-set and [F-up-set.

Proposition 4.8. Let L be a lattice and S € IFS(L). It holds that
(i) Supp(} S) =1 Supp(S) and Ker(I 5) =] Ker(S5);
(ii) Supp(f S) =1 Supp(S) and Ker({t S) =1 Ker(95).

Proof. (i) First, we prove that Supp({} S) =] Supp(S). On the one hand,
let © € Supp(} S). Then it holds that

pys(z) >0 or (puys(zr) =0 and vyg(z) < 1).
Two cases to consider:
(a) If pys(z) > 0, then sup ug(y) > 0. This implies that there exists

yETx
t €1 x such that pg(t) > 0. Hence, t € Supp(S). Since t €1 z, it

follows that x €] Supp(S).
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(b) If pys(x) = 0 and vyg(x) < 1, then pug(y) = 0 for any y €t «
and lng vs(y) < 1. This implies that there exists ¢ €1 x such
yetr

that pg(t) = 0 and vg(t) < 1. Hence, t € Supp(S). Since t €1 z,
it follows that = €] Supp(S).

Thus, Supp({} S) C | Supp(S). On the other hand, let z €] Supp(S).
Then it holds that

wus(z) >0 or (us(x) =0 and vg(x) < 1).
Two cases to consider:
(c) If pug(x) > 0, then sup pug(y) = pys(xz) > 0. Hence, z € Supp({
S). v

(d) If pg(x) = 0 and vg(z) < 1, then pyg(x) > 0 or (uys(x) =
0 and lng vs(y) = vys(x) < 1). Hence, z € Supp({} S).
yeTT

Thus, | Supp(S) C Supp({ S). Therefore, Supp({} S) =1 Supp(S).
The proof of Ker({ S) =] Ker(S) is analogous.
(ii) follows from Proposition 4.2 and (i).
0
In the following result, we show that any IF-ideal (resp. IF-filter) on a
lattice L is an IF-down-set (resp. IF-up-set) on L.

Theorem 4.1. Let L be a lattice and S € IFS(L). The following implica-
tions hold:

(i) If S is an IF-ideal, then S is an IF-down-set;
(ii) If S is an IF-filter, then S is an IF-up-set.

Proof. (i) Let x,y € L such that < y. Since S is an IF-ideal, it follows

that js(x) = ps(z Ay) > ps(e) ¥ ps(y). Hence, ps(x) > ps(y).
Similarly, we obtain that vg(z) < vg(y). Thus, S is an IF-down-set.

(ii) follows from Proposition 4.1, (i) and Proposition 4.2.

O

Combining Theorem 4.1 and Corollary 4.1 leads to the following corollary.
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Corollary 4.2. Let L be a lattice and S € IFS(L). The following implica-
tions hold:

(i) If S is an IF-ideal, then |} S =S,

(i) If S is an IF-filter, then f} S = S.
Remark 4.2. The converse of the implications in the above Theorem /.1
and Corollary 4.2 does not necessarily hold. Indeed, consider L the lattice
given by the Hasse diagram in Figure 1 and S € IFS(L) given by S = {<

0,0.7,0.1 >, < a,04,0.2 >,< b,0.3,0.1 >, < ¢,0.2,0.1 >,< 1,0.1,0.3 >}.
We easily verify that

x 0 a b c 1
pys(z) | 0.7 10410302 0.1
vys(z) |1 0.1102(0.1(01]0.3

Then || S ={< 0,0.7,0.1 >,< @,0.4,0.2 >,< 1,0.3,0.1 >,< ¢,0.2,0.1 >
,<1,0.1,0.3 >}. Hence, || S =S, i.e., S is an IF-down-set. But, us(1l) =
ps(aVb) # min{0.4,0.3}, which implies that S is not an intuitionistic fuzzy
ideal on L .

4.4. Principal intuitionistic fuzzy-ideals and intu-
itionistic fuzzy-filters on a lattice

In this section, we introduce the notion of principal IF-ideal (resp. IF-filter)
on a lattice. Similarly to the crisp case, we characterize these notions in
terms of a down set and an up-set generated by intuitionistic fuzzy singletons.
First, we need to recall the following definition of crisp principal ideal (resp.
filter), and the definition of intuitionistic fuzzy singleton.

Definition 4.11. [31] Let L be a lattice. Then

(i) The principal ideal generated by an element x € L, is the smallest
ideal contains x, and is given by

tr={yelly<z}

(i) The principal filter generated by an element x € L, is the smallest
filter contains x, and is given by
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te={yelL|z <y}

Definition 4.12. [22] Let L be a lattice. For any x € L, an intuitionistic
fuzzy singleton (IF- singleton, for short) T is an intuitionistic fuzzy set on
L given by & = {(t, uz(t),vz(t)) | t € L}, where

PR ife=t
Ha(t) = { f@t), otherwise,

and

Vi(t):{ 0,ifx=t

g(t) , otherwise,
such that f (resp. g) is a monotonic (resp. antitone) mapping on [0,1] and
ft)+g(t) <1, foranyt e L.
Definition 4.13. [22] Let L be a lattice, Then

(i) The principal IF-ideal generated by an IF-singleton T is the smallest
IF-ideal contains .

(ii) The principal IF-filter generated by an IF-singleton T is the smallest
IF-filter contains .

Next, we characterize the principal IF-ideals (resp. IF-filters) on a lattice
in terms of the down-sets (resp. up-sets) generated by IF-singletons on that
lattice. First, we need to recall the following characterization theorem of
IF-ideals and IF-filters on a lattice.

Theorem 4.2. [53, 54] Let L be a lattice and I, F € IFS(L). It holds that

(1) I is an IF-ideal on L if and only if the following two conditions are
satisfied:

(i) pr(zVy) = pr(@) A pry), for any x,y € L;
(ii) vi(xVy) =vi(x)Yuvr(y), for any x,y € L.

(2) F is an IF-filter on L if and only if the following two conditions are
satisfied:

(i) pr(z ANy) = pr(x) A pr(y), for any z,y € L;
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(ii) vie(x Ay) = vie(x) Y ve(y), for any 2,y € L.

The following theorem shows that the IF-down-set (resp. the IF-up-set)
generated by an intuitionistic fuzzy singleton on a lattice L is an IF-ideal
(resp. is an IF-filter) on L.

Theorem 4.3. Let L be a lattice and x be an element on L. Then it holds
that

(i) | & is an IF-ideal on L;
(i) f & is an IF-filter on L.

Proof. (i) From Theorem 4.2, it suffices to show for any x,y € L that

pyz( Vy) = pyz () A pya(y) and vyg (e Vy) = vyz(z) Y vga(y).

Let a,b € L. On the one hand, by Proposition 4.4, || Z is an IF-down-
set, which implies that pyz(a) > pyz(a Vv b) and pyz(b) > pyz(a Vv b).
Hence, pyz(a) A pyz(a) = pyz(a vV b). On the other hand, since
(i is a monotonic mapping, it holds that pz(a) < pz(a V b) and

pz(b) < pz(a Vv b). This implies that supuz(t) < sup pz(t) and
a<t aVb<t

suppz(t) < sup pz(t). Hence, suppuz(t) Asupusz (t) < sup pz(t). Thus,
b<t aVb<t a<lt b<t aVb<t

pyz(a) A pyz(b) < pyz(a Vv b). Therefore, pyz(aV b) = pyz(a) A pyz(b),
for all a,b € L. In an analogous way, we easily prove that vyz(aVb) =
vyz(a) Y vyz(b). Finally, we conclude that || & is an IF-ideal on L.

(ii) Follows dually by using Proposition 4.2, (i) and Proposition 4.1.

O

In the following result, we show a characterization of a principal IF-ideal
(resp. IF-filter) in terms of a down-set (resp. up-set) generated by an IF-
singleton.

Theorem 4.4. Let L be a lattice and I (resp. F') be an IF-ideal (resp.
IF-filter) on L. Then it holds that

(i) I is a principal [F-ideal on L if and only if there exists x € L such
that I =1 Z;

(i) F is a principal IF-filter on L if and only if there exists x € L such
that FF =1 Z.
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Proof. We only prove (i), as (ii) can be proved analogously by using Propo-
sition 4.2 and Proposition 4.1. Suppose that [ is a principal IF-ideal on
L. Then there exists an IF-singleton & such that I is the smallest IF-ideal
contains &. Since & C I, it follows from Proposition 4.5 that | £ C{ I = 1.
On the other hand, Theorem 4.3 guarantees that |} & is an ideal. Then
the fact that I is the smallest ideal contains & implies that I Cll Z. Thus,
I1=J7z.

Conversely, I = Z is an IF-ideal contains . Now, suppose that J is an
other IF-ideal contains Z. From Proposition 4.5, it holds that || £ C | J = J.
Hence, I =1} 7 is the smallest IF-ideal contains Z. Thus, I is a principal
IF-ideal. O

In the following proposition, we show that the kernel of a principal IF-ideal
(resp. IF-filter) is a crisp principal ideal (resp. filter).

Proposition 4.9. Let L be a lattice and x be an element on L. Then we
have

(i) Ker(} 2) =| x;
(ii) Ker(ft ) =1 x.

Proof. (i) From Proposition 4.8, it holds that Ker({l ) =] Ker(z). This
means that

Ker(lz)=}{te L|puz(t)=1or vz(t) = 0}.

By the definition of IF-singleton, we know that pz(¢) =1 or vz(t) =0
if and only if ¢t = x. Hence,

Ker(h#) =1 {z} =Lz
(ii) Follows from Proposition 4.2 and (i).
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General conclusion and future research

In this thesis, we studied some properties of fuzzy pseudo order and the
possibility of fuzzification of certain notions and results of the classical
pseudo orders. We have introduced the notion of fuzzy pseudo ordered
set and fuzzy trellis. In particular, we proved a representation theorem,
namely, any fuzzy pseudo ordered set is isomorphic with a contraction set
of fuzzy ordered set. Also, by fuzzifications of the classical three ordering
axioms [39, 84|, we generalized many results known in classical pseudo
orders. We followed the steps of Davvaz [32], we define the concept of fuzzy
ideal (resp. filter) on a trellis as a fuzzy set closed under the operations the
supremum and the infimum of the binary operations M and L.

We used the concepts of left-transitive (resp. right-transitive) elements on
a trellis in order to characterize the notion of principal ideal (resp. filter)
on a trellis. Also, we introduced the notion of fuzzy down-set (resp. up-set)
on a trellis to investigate their properties, and characterized principal fuzzy
ideals and filters on it.

Also, we introduced the notion of an intuitionistic fuzzy down-set (resp.
up-set) on a lattice, and investigated their properties. Using the previous
notions, We characterized principal intuitionistic fuzzy ideals and filters on
a lattice.

Future work will be directed towards the extension of the notions of fuzzy
pseudo order and fuzzy trellis. The notions of an L-E-pseudo order and
L-FE-trellis, is anticipated in multiple directions. We think it makes sense
to study the notions of an intuitionistic fuzzy ideal and an intuitionistic
fuzzy filter for other types of lattices and intuitionistic fuzzy ordered lattice.
Moreover, we intend to extend this work to other kinds of intuitionistic fuzzy
ideals and filters. Also, we will investigate other classes of intuitionistic
fuzzy ordered sets satisfying the fixed point property, in order to combine
the properties of these classes with the properties of its intuitionistic fuzzy
monotonic mappings.
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Abstract

In this thesis, we study the notion of fuzzy pseudo ordered sets and some of its interesting
properties, and then we introduce the concept of fuzzy trellis as a natural generalization of the
trellis introduced by Skala with respect to a fuzzy pseudo order relation. In addition, we introduce
the notion of fuzzy ideal (resp. fuzzy filter) as fuzzy sets on a crisp trellis and we present interesting
characterizations of these notions. We pay particular attention to the principal fuzzy ideals (resp.
filters) on a given trellis, which is more complicated than the same notions on a lattice. At the end,
we provide various characterizations of intuitionistic fuzzy ideals (resp. fuzzy filters) on a lattice.

Keywords:

Pseudo order relation, Pseudo ordered set, Trellis, Lattice, Principal ideal, Principal filter, Fuzzy set,
Intuitionistic fuzzy set.

Résumé

Dans cette these, nous avons étudié la notion d'ensembles pseudo ordonnés flous et ses
intéressantes  propriétés, puis, nous avons introduit la notion de trellis flou comme une
généralisation naturelle de celle de trellis introduite par Skala. De plus, on a considéré la notion
d'idéal (resp. filtre) flou comme des ensembles flous sur un trellis et nous avons présenté leurs
caractérisations. Nous avons accordé une attention particuliére au type d'idéaux (resp. filtres) flous
principaux sur un trellis donné, ce qui est plus compliqué que les mémes notions sur un treillis
(lattice). Pour finir, nous considérons les mémes caractérisations d'idéaux flous (resp. filtres) sur un
treillis au cas flou intuitionniste.

Mots clés:

Relation de pseudo ordre, Ensemble pseudo ordonné, Trellis, Treillis, Idéal principal, Filtre
principal, Ensemble flou, Ensemble flou intuitionniste.
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