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List of symbols

K The field of real or complex numbers.

p* The conjugate of the number p (1 < p < 00).

E* The topological dual of Banach space E.

Bpg The closed unit ball of Banach space F.

L(E, F) The sets of all continuous linear operators.

R, The field of non negative real numbers.

Lipy(X, E) The set of all Lipschitz operators that vanish at 0.
X7# The Lipschitz dual of the pointed metric space X.

M(X) The vector space of all molecule son the metric space X.

m,, The molecule defined by m_,» = X3 — Xy for x,2" € X | where X4 is the

characteristic function of the set A.

E(X) The Arens-Eells space of X.

Tr, The linearization of the operator 7.

W The set of all weakly compact linear operators .
7T The ideal of all linear operator.

Z1ip The ideal of Lipschitz operators.

kx The isometrically embedding from X to A(X).

Hﬁ The class of all Lipschitz p-summing operators (1 < p < 00).



I, The formal inclusion map defined between Lo (1) and L,(p) for (1 < p < 00).
PZ, The class of all linear Pietsch-p-integral operators.

PZL. The class of all linear Pietsch-co-integral operators.

Jp The canonical inclusion map defined between C(K) and L, (1)

Joo The canonical inclusion map defined between C'(Bx#) to Loo(i)

tx The Lipschitz isometric embedding, ¢x : X — C(Bg+) given by tx(x) =< z,.> .
i, The canonical inclusion map defined between L (1) and L, ()

m Vector measure.

| m | Variation of Vector measure m.

||m|| Semivariation of vectors measure m .

PZIf The class of all Lipschitz Pietsch-p-integral operators .

PIéO The class of all Lipschitz Pietsch-oco-integral operators .

N, The set of all p-nuclear linear operators .



Introduction

The class of p-integral linear operators was introduced in 1969 by Persson and Pietsch [16]
(also known as strictly p-integral or Pietsch-p-integral operators), establishing many of its
fundamental properties using the theory of vector measures. In 1989, Cardassi studied the
factorization properties and some results of coincidences for these operators in [5]. The ideal
of p-integral polynomials on Banach spaces has been defined and characterized by Cilia and
Gutirrez in [6] for p =1 and in [7] for p > 1, as a natural polynomial extension of Pietsch-p-
integral operators.

In this memory, we introduce and study the Lipschitz version of this concept. We define
the Lipschitz Pietsch-p-integral operator (1 < p < oo0) as a Lipschitz mapping between a
pointed metric space and a Banach space by an integral representation with respect to a
vector measure on the Borel g-algebra of a compact Hausdorff space K. Special attention is
paid to the factorization of these mappings, and we compare our class with some well-known
Lipschitz operators defined by a factorization schema or by summability of series. Note that
the class of Lipschitz Pietsch-1-integral operators is studied in [4]. In this case, the authors
use only factorization schemes to define this concept without using vector measure theory.

We now describe the contents of the present memory. After this introduction, in chapter
one, we fix notation and basic concepts related to Lipschitz mappings and vector measures
of interest for our purposes. In chapter two, we detail the concept of Pietsch-p-integral
operators for Lipschitz mappings with p > 1, and we give the prove of factorization theorem
for these mappings through the classical Banach spaces C(K) and L,(u, K) and we give
the relation with its linearization. The third chapter is devoted to studying the notion of
Lipschitz Pietsch-oo-integral operators. Starting from the representation by a vector measure,

we present a characterization given by a factorization through a linear compact operator.



CHAPTER 1

Preliminaries

We will write K for the real field R or the complex field C. For 1 < p < oo, by p* we denote
the conjugate of p, that is Ilj + z% = 1. Along In this memory, X,Y will be pointed metric
spaces with a base point denoted by 0, and the metric that will be denoted by d. Also, E, F
and G denote Banach spaces. Given a Banach space E, Bg is its closed unit ball and Sg is
unit sphere of E. By £ (E, F) we denote the Banach space of all continuous linear operators

between E and F' with the usel supre mun norm.

1.1  Lipschitz Spaces

1.1.1 Lipschitz functions

The notion of metric space was formalized by Maurice Fréchet in [13]. He was among the
first who used the word space. Recall that a metric or distance on a non empty set X is a

function

d: X x X — R,
with the following properties:
1. (Positivity) For all z, y € X, d(z,y) > 0 with equality if and only if x = y.
2. (Symmetry) For all z, y € X, d(z,y) = d(y, ).
3. (Triangle inequality) For all z,y,z € X, d(z,y) < d(x,z) + d(z,y).
The set X equipped with the distance d is called a metric space.

Definition 1.1. A map T : (X,dx) — (Y,dy) between two metric spaces is called Lipschitz

if there is a positive constant C' such that

Ve,y € X,dy (T (z),T (y)) < Cdx (x,y) . (1.1)

A



If C =1, the map is called nonexpansive (and contraction if C < 1).

For a Lipschitz map T we define its Lipschitz constant by

: _ dy (T(@).T(y))
Lip(T) —31;5{ IxGo) }

= inf {C : C verifying 1.1} .

If (X,ex,dx),(Y,ey,dy) be pointed metric spaces.We say a map T : (X,ex,dx) —
(Y, ey, dy) preserves distinguished point if T'(ex) = ey.

If E is a Banach space, Lipg(X, E) is a Banach space under the Lipschitz norm given by

Lip(T) = {”T(xd)@ jfx) o y} .

For £ = K, we designate Lipo(X,K) = Lipg(X) = X#. The Banach space X# of

Lipschitz functions is called also Lipschitz dual it has been used by various mathematicians

as a framework to extend results from linear functional analysis to the nonlinear case.

1.1.2 The Arens-Eells spaces

in this section we present some concepts about the space molecules for more details see [17].

Definition 1.2. Let X be a metric space. A molecule on X is a scalar valued function m on

X with finite support that satisfies

Zm(x):O.

zeX
We denote by M(X) the linear space of all molecules on X. For z, y € X the molecule my,
is defined by mgy = Xz — Xy, where Xy is the characteristic function of the set A. For

m € M (X) we can write
n
m = Z Ay
j=1

for some suitable scalars \;, and we write

[l g x) = inf {Z I\l d(zy,y5),m = )\jmxjyj} )
j=1

Jj=1

where the infimum is taken over all representations of the molecule m.



Denote by A(X) the completion of the normed space (/\/l (X), H.HM(X)).

Proposition 1.3. Let X be a pointed metric space

1. The map kx : X —&(X) defined by kx (x) = my, is an isometric embedding of X
into A(X).

2. The map Qx : X# — A(X)* defined by

Qx (f) = fu, where fo(m) =) f(x)m(z),

zeX

establish an isometric isomorphic between X# and A(X)*. On bounded subsets of X¥

its weak * topology agrees with the topology of pointwise convergence (see [17, Theorem

2.2.9] ).

The Banach space A(X) has some remarkable properties. We mention the followings.

Theorem 1.4. [17] Let T € Lipy(X,Y), then there exists a unique linear operator T e
L(A(X),A(Y)) such that

fok}X:]{?yOT,

that is, the diagram

X T Yy
k‘X Lk‘Y
B(X) ——— B(Y)
commutes. Furthermore, f” = Lip(T).

Theorem 1.5. [17, Theorem 2.2 .J] Let T € Lipo(X, E), then there is a unique bounded

linear map Ty, :A(X) — E such that T = Ty, o kx that is, the following diagram commutes

X T E
N A
E(X)




Furthermore || Ty || = Lip(T).
The operator Ty, is referred to as the linearization of T'. The correspondence T <— T7,
establishes an isomorphism between the vector spaces Lipy(X, E) and L(A(X), E).

In particular, the spaces X# and AZ(X)* are isometrically isomorphic via the linearization

R(f) = fv, where fr(m) = > f(z)m(x).

zeX

1.2 Ideals of Lipschitz mappings

The notion of Lipschitz operator ideal was introduced by Achour, et all [1]. This can be seen

as an extension of the linear operator ideal.

Definition 1.6. A Lipschitz operator ideal Iy, is a subclass of Lipy(X, E) such that for every

pointed metric space X and every Banach space E the components
ILip(Xa E) = Llpo(X, E) N ILipa

satisfy:
(1) Irip(X, E) is a vector subspace of Lipy(X, E).
(ii) eg € I1;p)(X,E) fore € E and g € X7.

(iii) The ideal property: if S € Lipo(X,Y), T € Zp;,(Y,F) and u € L(F,E), then the

composition wo T o S is in Lr,(X, E).

A Lipschitz operator ideal Zy;, is a normed (Banach) Lipschitz operator ideal if there is

a function |||z, Zrip — [0, +oo[ that satisfies

(i’) For every pointed metric space X and every Banach space E, the pair (Zpip(X, E), |[[|z,, )
is a normed (Banach) space and Lip(T) < ||T|z,,, for all T € Tp3,(X, E).

(ii") |[Idg : K — K, Idw(A) = All,, = 1.

(111’) If S € Lipo(X,Y), T € I1i,(Y. F) and u € L(F, E), then

lwoT oSy, < Lip(S) [Tz, [lull-



Definition 1.7. (Composition Ideals) Given an operator ideal Z, a Lipschitz mapping T €
Lipo(X, E) belongs to the composition Lipschitz operator ideal T € I o Lipy(X, E), if there
are a Banach space F', a Lipschitz operator S € Lipy(X, F') and an operator w € Z(F, E) such

that T =wo S. If (Z,||.|l7) is a normed operator ideal we write
Il zoLip, = 10 [|ullz Lip(S),

where the infimum is taken over all w and S as above.

Proposition 1.8. LetZ be an operator ideal. The following are equivalent for T € Lipy(X, E):
1- T € To Lipy(X, E).
2- T e T(HX),E).

If (Z,].||7) is a normed operator ideal

”THIoLipo = HTLHI‘

1.3 Some class of Lipschitz operators ideal

1.3.1 Lipschitz p-summing operators

The Lipschitz version of p-summing operators (1 < p < oo) was introduced by Farmer and

Johnson in [12].

Definition 1.9. Let 1 < p < co. A mapping T € Lipy(X, E) is Lipschitz p-summing if there
exists a positive constant C' such that for all (z;)i<n, (Yi)i<n in X such that
ZHT T(y:)|I’ < " sup Z | f@a) = fwa) 7
J€Bx# 1
The infimum of all such constants C' > 0 is denoted by WPL(T). This class of mappings is
denoted by IIL(T)(X, E).
It is will known that w}(T)(X, E) is a Banach Lipschitz operators ideal.

The next theorem give the characterizing of the Lipschitz p-summing operators



Theorem 1.10. (Inclusion theorem) If 1 < p < q < oo, then IIN(X,E) C (X, E).

Moreover, m}(T) < wi(T)

For a linear operator T € L(E, F) it is clear that n}(T) < m,(T). Farmer and Johnson
proved that the reverse inequality is true. This justifies that the notion of Lipschitz p-summing

operator is really a generalization of the concept of linear p-summing operator.

Theorem 1.11. Let T be a bounded linear operator from E into F. If 1 < p < co. then
my (T) = mp(T)

p

Theorem 1.12. sa [12] The mapping i, : Loo(p) — L,(u) is Lipschitz p-summing with
7@? (ip) =1

1.3.2 Lipschitz compact operators

Following [14], a Lipschitz map T € Lipo(X, E) is Lipschitz compact if the set

{T(x) —T(y)

:x,yeX,rc#y},
d(z,y)

is relatively in E. Denote by Lipox (X, E) the set of Lipschitz compact operators from X to
E. In [14], the relationship between the compactness of a Lipschitz operator T' € Lipy(X, E)

and the compactness of its linearization Ty, € L(A(X), F) has been established
Proposition 1.13. Let T' € Lipo(X, E). The following statements are equivalent:
1. T is Lipschitz compact.
2. Ty, is compact from E(X) to E.

Proposition 1.14. The class Lipg is closed sub space of Lipy(X, E). Then Lipoc Banach

operator ideal, where the ideal norm is the Lipschitz operator norm (Lip).

1.4 Elementary properties of vector measures

Let us also recall some preliminaries on vector measures. For the general theory of vector

measure we refer the reader to the classical monograph (see [10]).



Definition 1.15.
A function m from a o-algebra X of subsets of a set ) to a Banach space E is called a finitely
additive vector measure, or simply a vector measure, if whenever Ay and As are disjoint

members of ¥ then

m(A; UAs) = m (A;) +m(Ay) .

If, in addition,
m (U2 4;) =) m(4)),
=1

in the norm topology of E for all sequences (A;) of pairwise disjoint members of 3 such that
U?i1Az S E, i.e.,

— 0.

Hm( 21 Ai) — Zm(Az’)

E

Then m is termed a countably additive vector measure or simply, m is countably additive.

Definition 1.16. A vector measure m : ¥ — E is said to be monatomic if for every set
A € X with m(A) # 0 there exist Ay # 0, Ay # 0 € X such that Ay U Ay = A and m(A;) #0
(i=1,2).

Definition 1.17.
Let m : X — E be a vector measure.

e The variation of m is the extended nonnegative function |m| whose value on a set A € ¥
1S given by

m| (A) = Supz [m(A)]

where the supremum is taken over all partitions (A;)"_, of A into a finite number of pairwise
disjoint members of ¥.. If |m| (2) < oo, then will be called a measure of bounded variation.
o The semivariation of m is the extended (i.e., take its value on [0,400]) nonnegative

function ||m|| whose value on a set A € 3 is given by
[m] (A) = sup {le"m[ (A) " € B, [[e"]] < 1},

where |e*m| is the variation of the real-valued measure e*m. If ||m|| () < oo, then m will be

called a measure of bounded semivariation.

10



Proposition 1.18. A vector measure of bounded variation is countably additive if and only

if its variation is also countably additive.

Definition 1.19. Let X be a o-algebra of subsets of a set ) and m : X — E be a bounded

vector measure. For each f € B(X), the integral of f with respect to m is defined by

u(f) = [ fam,

where u is as above. ((we say u is representing by m ).

It is easy to see that this integral is linear in f (and also in m) and satisfies

H/ f de <l ] ().

Moreover, if e* € E*, then ¢* [ fdm= [ fd(e*m) holds; indeed, for simple functions f this

equality is trivial and density of simple functions in B(3) proves the identity for all f € B(X).

11



CHAPTER 2

Linear Pietsch-p-integral operators

2.1 Linear Pietsch-p-integral operators

For 1 < p < o0, linear Pietsch-p-integral operators were introduced by Persson and Pietsch

[16] and deeply studied in [5, 9] among others.

Definition 2.1. The linear operator v : E — F, between Banach spaces E and F, is
Pietsch-p-integral (1 < p < 00) if there are a reqular Borel countably additive vector measure
m of bounded semivariation on B(Bg+), (where B(Bg-) is the Borel o algebra of Bg~ ), and

a positive reqular Borel measure i on Bg« such that
u(z) = / <z,x* >dm(z"),z € E, (2.1)
B~

and

I [ fam] < ( / !f!pdu)p Vf € By
B By

The Banach space of these operators is denoted by PZL,(E, F') under the norm defined by

RSA

ullpz, = inf m(Bg-)>.

where the infimum is taken over all measures p satisfying the above inequality.

Proposition 2.2. Let K be a compact Hausdorff space and v be a positive reqular Borel

measure on K | then the inclusion J, of C(K) into L,(K, u) is Pietsch-p-integral and
[ Tpllpz, = [ Jpll = n(K)7

Proposition 2.3. Let (2, %, p) be a finite measure space and i, the inclusion of Lo(p) into

L,(1), then iy, is Pietsch-p-integral and

3 =

lipllpz, = llin]l = u(S2)7.

19



Lemma 2.4. Let K be a compact Hausdorff space. For every u € PL,(C(K),F), we can
find a finite nonnegative reqular countably additive, Borel measure v on K and an operator

Ae L(L,(K,v),F) with |A]| <1 such that the following diagram commutes

C(K) v F

L,(K,v)

where J, is the natural inclusion and
1
lullpz, = [[Jpllpz, = v(K)»

The next theorem characterize the Pietsch-p-integral operators in the terms of factoriza-

tion.

Theorem 2.5. [5] Let 1 < p < co. Given u € L(E,F), then the following assertions are

equivalent:
1. u is Pietsch-p-integral.

2. There are a compact Hausdorff space K, a linear embedding h from E into C(K), a
reqular countably additive vector measure m : B(K) — F of bounded semivariation,

and a reqular, Borel measure p on K such that
u(z) = / h(z)dm(h), for all z € E (2.2)
K

and

N
||/dem||< (/K|f| du) for all f € C(K).

In this case
[ull pz, = inf [|A[|p(K)>

3. There are a compact Hausdorff space K, a linear embedding h from E into C(K), a

reqular Borel measure j1 on K, and an operator S € L(L,(K), F') such that the following

12



diagram is commutative

where J, is the natural inclusion,

4. There are a Borel measure space (2,3, 1), an operator S from Ly () into F, and an

embedding h' € L(E, Loo(Q, 1)) such that the following diagram is commutative

E u F (2.4)
. I
Loo (€2, 1) Ly(n)

where i, 1s the natural inclusion.

If one (and then all) of these assertion holds, we can choose S in (2.3) and (2.4) with || S| < .1

and then
lullpz= inf [Al (K )

where the infimum is taken over K,h,m and p as in (2) Moreover
lullpz= inf |12},

where the infimum is taken over all Q, 1/, S and p as in (2.4)

Proof. (1) = (2) is obvious.
(2) = (3) By [10, Theorem VI.2.1], m may be seen as the representing measure of an

operator T € L(C(K), F) given by

T(f) :/ fdm, for all f € C(K).
K
If J,: C(K) — L,(K, p) is the natural inclusion, define the linear map S : J,(C(K)) — F
by

S(J,(f)) =T(f) for all f e C(K).

For every f € C(K), we have

14



ISC = 1T = | [ gam < ([ 15Pa)” =101
So S is continuous. Since J,(C(K)) is dense in L,(K, p) [11, Lemma IV.8.19 |, we can extend

S to an operator of norm < 1 on L,(K, i), that we still call S. Then

SodJ,oh(z)=S(J,oh(z)) = / h(z)dm = u(x)

K

and v factors as in (3)
(3) = (4) Given the factorization of (2.3), J, can be factored through L (€2, ;) in the form

Jp = 1p 0 1o, Where is and 4, are the natural inclusions as shown in the following diagram

E v s F
h‘ S
JP
C(K) > Lp(p)
Loo(, 1)

but h' := i o h, we obtain the diagram of (4).

(4) = (1) Given the diagram of (2.4). Let J is the canonical inclusion map from C(Bg-«)
to Loo(pe). Since Soi,0Jy is Pietsch-p-integral, by Lemma 2.4, there are a finite nonnegative
regular countably additive, Borel measure v on Bg+ and an operator A € L(L,(Bg+,v), F)

such that the following diagram is commutative, where ||A]| < 1

E u F
h' S
h i A
Loo($2, 1) . L,(K, p)
Joo
Jp
C(Bg-) L,(Bg-,v)

and

15



B =

1S 0ipo Joof| = HJpHPIp = v(Bp+)
Let m be the representing measure of S 04, o Jo. Then

u(z) = Soi,oJgoh(x)= / h(z)dm

BE*

and v satisfies formula (2.1). Moreover, for all f € Bp-

/ fde = IS oiyo ol = Ao 4,(f)]
PG

1,0 = (/ P dv)’£

N

N

By Definition 2.1, u is Pietsch-p-integral.

We now prove the equalities of the norms. Suppose that u € PZ,(E, F) satisfies (2), for
suitable K, h, u, and m. By (2) = (3), u factors as in (2.3) through an operator S with ||S||
< 1. Following the proofs of (3) = (4) we obtain a factorization as in diagram (2.4) with K

instead of €2, and

1 . .
[ullpz, = v(Be)r =[S 0ipo ool <[S]lipllpg, |/l

< p (K7 (1W< (K)o 0 | < e (K) 7 1Al

On the other hand, given € > 0, by the definition of the Pietsch-p-integral norm, we can
find m and p such that formula (2.2) holds and

1
p(K)r < HuHPIP te€

If h is the natural embedding of E into C'(Bg+), we have

3=
3=

12l w(Bi=)? = p(Bg-)r < [lullpg, +€

Hence

. 1
[ullp, = inf [|A] m(K)>

where the infimum is taken over all m, K, u, and h as in (2.2).

1R



By similar arguments, it is not difficult to prove the other equalities.

Proposition 2.6. Let 1 < p < g < oo. Then PZ,(E,F) C PL,(E,F) and
||T||P1'q < ||T||PIP for all T € PIP(E, F) .

Proposition 2.7. Let 1 < p < oo, the class of p-integral operator constitutes a Banach ideal

of linear operator

Remark 2.8.

1. It can be show that N,,(E, F) C PL,(E,F) , with ||.||pz, < ||, ||ln,, where N, is the space

of p-nuclear operators.

2. It is worthy to note that PZ, C W(E, F) and PZ, C C(E,F) where C(E,F) denotes

the set of completely continuous operators from E into F.

2.2 Linear Pietsch-oco-integral

Definition 2.9. The linear operator u : E — F', is called Pietsch-oo-integral if there is a
reqular Borel countably additive vector measure m : B(Bg«) — F of bounded semivariation

such that
u(z) = / <z, " >dm(z"), r € E.
By~
In this case,
1Tl pz.. = inf[jm]|[(Bg-),

taking the infimum over all m that satisfying the above equality.

In the next theorem we give the factorization of Pietsch-oo-integral operators
Theorem 2.10. Let u € L(E, F), then the following assertions are equivalent:

1. u is Pietsch -co-integral.

17



2. There are a compact Hausdorff space K, an embedding h : E — C(K), a regular Borel
countably additive vector measure m : B(K) — F of bounded semivariation and a

positive reqular Borel measure o on K such that
u(z) = / h(z)dm, forall, x € E (2.5)
Bk

3. There are a compact Hausdorff space K, an embedding h from E into C(K), and a
weakly compact operator S € L(C(K), F') such that the following diagram is commuta-
tive

(2.6)

FE “ F
S A
O(K)

4. There are a finite measure space (Q, 2, 1), a weakly compact operator S € L(Loo(Q, 1), F),

and an embedding h' € L(E, L(Loo, jt) such that the following diagram is commutative

E u F (2.7)

LOO(Q7I’L)

If one (and then all) of these assertions holds, we have
[ullpz. = mt[|A][[|S]} = nf [|A"][||S]]

where the infimum is taken over all K, h, and S as in (2.6), and a similar formula holds

for the factorization of (2.7).

Proof. (1) = (2) is obvious.

(2) = (3) It is enough to consider the compact operator S € L(C(K), F') associated with
the measure m.

(3) = (4) It is enough to consider the representing measure of the compact operator S €
L(C(K), F). [10, Theorem VI.2.1, VI.2.5 and Corollary VI.2.14], there is a finite nonnegative
countably additive, Borel measure p on K such that m vanishes on all sets of py-measure

zeroo. Let S € L(Lo(K, ), F') be given by
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S(f) = / fdm for all (f € Loo(K, u)).
K
With |m||(K) = ||S]|. Since m is countably additive, S is compact [10, Definition I.1.14 and
Theorem VI.1.1].is, € L(C(K), Loo(K, pt)) be the natural inclusion and let A := i, 0 h. From
SOh’(x):Soh’:Soioooh:/ h(z) =u(z),z € £,
K

we obtain (4).
(4) = (1) By the injectivity of Lo (2, 1), to an operator Jo, on C(Bg«) with the same norm.

Hence, the following diagram is commutative

Since S o J, is compact, there is a regular countably additive F-valued, Borel measure m

of bounded semivariation such that

SoJu(f) = fdm(f € C(Bg-)) and [[ml|(Bp-) = [|S o Jo|l;

B
from [10, Theorems VI.2.1 and VI.2.5, and Corollary VI1.2.14] it follows that
u(z) =Soh'(z) =SoJyoh(x)= / h(z)dm
BE*

for all z € F, so u is Pietsch- oo-integral.
We now prove the equalities of the norms. If u satisfies (2.7), following the proof of (4) = (1),
we can find a regular countably additive F-valued, Borel measure m of bounded semivariation

such that
u(x):/ <z*,xr>dm,x € F
B
and
lullpr... <l (Bg-) = ||$ o B|| < ISlllAll
Since this is true for every factorization as in (4), we have

[ullpz.. < inf[|R]]IS]]

10



On the other hand, if u is Pietsch -oco-integral, for every € > 0 there is a regular countably
additive, Borel measure m on Bp« satisfying Definition 2.9 and ||m||(Bg~) < ||u|lpz.. + €.
Let h € L(E,C(Bg~)) be the natural linaer embedding.

Following the proof of (2) = (4), we can find a finite nonnegative countably additive, Borel
measure p on B« and a compact operator S € L( Lo (Bg-, it), F') whose representing measure

is m such that u =S oh' and
IS = 1151 = lml[(Be-) < [[ullpz., + €
where h' € L(E, Loo(Bg+, it)) is the natural linear embedding. Therefore
[ullpz,, = inf [|S]|[|7’]

where the infimum is taken over all #’, S and p as in (2.7). The equality for the factorization

of (2.6) is proved in an analogous way. O
Remark 2.11. For p = oo, we have

W(C(K),E) =PL(C(K),F)
and

W(Loo(11), F) = PLoo(Loo(p), F)

for any banach space F, and |.|| = ||.||pz..
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CHAPTER 3

Lipschitz Pietsch-p-integral

3.1 Lipschitz Pietsch-p-integral

Definition 3.1. [15] Let 1 <p < oo A map T € Lipy(X, E) is Lipschitz p-integral if there are
a Borel measure space (2,3, i), a linear operator A € L(L,(n), E) and a Lipschitz operator

B € Lipy(X, Loo(1t)) giving rise to the following commutative diagram

X T E (3.1)
Lo () Ly ()

where i, : Loo(pt) — Ly(p) is the canonical mapping. The set of all Lipschitz Pietsch-p-
integral mappings from X to E is denoted by PII%(X, E). With each T € PI;(X, E) we

associate its Lipschitz Pietsch-p-integral quantity,
||| pgz= inf [|Al| Lip(B),
where the infimum is taken over all u, A and B as above.
Proposition 3.2. Let T € PIY(X,E) then T € Lipy(X, E) and
Lip(T> < HTHPIZE‘

Proof. Suppose that T' € PIIE(X, E) then T has the factorization (3.1), for all z,y € X and

e > 0 we have

1T(z) =Tl < [[Alllip]ll|[B(x) = B(y)lleo < Al Lip(B)d(z,y)
this implies that T' € Lipo(X, E) and

Lip(T) < |[AllLip(B)

< Tl + ¢
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since this holds for all € > 0 we arrive at Lip(T) < ||T||P25. O

Remark 3.3.

1. Notice that the definition3.1 is the same if we consider a finite reqular Borel measure

space (2,3, 1), in this case, for T € PII];J(X, E) we have
. 1.
|| pzz= inf [|Al|(Q2)» Lip(B)

where the infimum is taken over all u,A and B in (3.1).

2. We dont know if being Lipschitz Pietsch-p-integrability implies Pietsch-p-integrability
whenever the mapping T s linear. The converse is of course true as we see in the

following proposition.

Proposition 3.4. If X and E are Banach spaces and T : X — E is linear Pietsch-p-integral

then T is Lipschitz Pietsch-p-integral and
1Tl pze < T \lpz,

Proof. For € > 0 choose a regular Borel measure space (€2, 3, 1) , two linear operators A €
L(Lp(p), E) and B € L(X, Lo(pn)) satisfies (2.4) and ||A||[|B|| < €+ ||T||pz,- It is clear that
B is belongs to Lipog(X, Loo(p)) with Lip(B) < ||B||. This means that T" € PIZE(X, FE) and

1T lpze < Al Lip(B) = A B]l < € + I T]|pz,

Since this holds for all € > 0, we obtain \|THPI£< |T||pz,

We have the following immediate consequence of the Definition 3.1

Proposition 3.5. (Inclusion Theorem).

Let 1 < p < ¢ < oo. Then PIL(X,E) C PIJ(X,E) and HT||7>I§< HT”PIZE for all T €
L

PL, (X, E).

Proof. For all € > 0 and T' € PZ} (X, E) we choose the typical factorization T = Ao, o B

and ||A||Lip(B) < ||T||7>I£—|—e. In the other hand we have
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Ip = lgp © g * Loo (1) - Ly (1) =5 Ly(v),
where 7,, : L — L, (v) is the canonical inclusion map. Then we obtain the factorization
qp + Lg\l p p
T=AoigyoigoB: X 2 Lo(u) % Lp) 2 E,

where D = Aoy, € L(Ly(p), E), which implies that T’ € PZY(X, E) and

ITllpze < [ID]|Lip(B)

< [ Allllg ]| Lip(B)
< [ AllLip(B)
< T llpzz +e

O

In order to prove the factorization theorem for the class of Lipschitz Pietsch-p-integral

operators, (1 < p < oo0) we need the following technical lemma.

Lemma 3.6. Let J: M(X) — C(Bx#) be the operator defined by
Jom)(f) = M) - Fa)

for all m = Y7, ANy € M(X) and f € By#. Then this operator is an isometric

embedding.

Proof. Since BE(X)* and X# are isometrically isomorphic via the linearization, for all f € X#

there is m* € A(X)* such that fr = m*. For all m € M(X) we have

[ Jm)lleyyy = sup [ J(m)(f) |

BX#
n
foll<t |24

= sup |<m,m">|
[[m=ll<1

[mll ) = [mllaex)
and the proof follows. O

For x € X, we denote by §, the functional §, : X# — R defined as §,(f) = f(z), f € X*.

99



Let tx : X — C(Byx#) the natural Lipschitz isometric embedding such that ¢x(z) is the
restriction of d, to By#, for all z € X.
The following theorem gives a parallel development of the factorization schemes concerning

Lipschitz Pietsch-p-integral operators that highlights the role of the space C(Bx#).

Theorem 3.7. Let 1 < p < 0o and let T € Lipy(X, E). Then T is Lipschitz Pietsch-p-integral
if and only if there exist a reqular Borel measure v on Bx# and an operator Ae L(L,(v), E)

such that the following diagram commutes

X a E (3.2)

i E

C(Bys) ——— L,(v)

where j, is the canonical map. Moreover,
ITlpzg= inf {4l : T = Ao jyoux |

Proof. We write A the proposed infimum. Suppose that T" admits a factorization (3.2). If j.
is the canonical inclusion map from C(Bx#) to L (v) we have the factorization
T=Aoiyojuoix: X % O(Bys) 2 L) 5 L) & E

Denoting by B = j o ty, it follows that B € Lipy(X, Lo(v)) and Lip(B) < 1, which implies

that T is Lipschitz Pietsch-p-integral and
1Tl pzz < [|All Lip(B) < [|A]

Passing to the infimum we get HTHPIIggA.

Conversely, suppose that T' € PIg(X ,E). Fix € > 0, there are a regular Borel measure space
(Q,%, 1), an operator A € L(L,(n), E) and a Lipschitz mapping B € Lipy(X, Loo(1t)) such
that

T=Aoi,oB: X2 L) L(w) S E

and ||A||Lip(B) < ||T||pzz+e. Let By € LI&(X), Loo(p)) be the linearization of the Lipschitz
mapping B, that is B = By o kx and ||Bg|| = Lip(B). Consider the natural extension of the

isometric Lipschitz embedding J, mentioned in Lemma 3.6, to A(X) which we denote also
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by J. The injectivity of Lu(y) assures the existence of an operator By, € L£(C(Bx#, Loo(1))

that extends By with ||§L|| = ||Bg|| that is By = By, o J or the following diagram commutes

E(X)

\ B,

C(Bx#)

The operator i, : Loo(pt) — Ly(pt) is p-summing with p-summing norm one then i, o By is
to with (i, o B;) < ||B.|. By [9, Corollary 2.15] there exist a regular Borel measure v on

Bx# and an operator S € L£(L,(v), L,(1)) such that
ipo By =S o0j,: C(Bx#) > Ly(v) = Ly()

and ,(i, o By) = ||S||. Then

JO]{;X

T =(AoS)ojyo(Jokyx): X 5 C(Bys) 2 L(v) 253

— F

Easy calculations prove that J o kx = tx, which implies that T" admits a factorization of the

form (3.2) with A = Ao S and

o < A< Al Gy 0 Br)
< AIBLll = 1Al Lip(B)

< T llpgz+e

Since this holds for all € > 0, A< HTHPZI% we arrive at A. O

The next theorem provides a characterization of the class of Lipschitz Pietsch-p-integral

operators, that is an integral representation with respect to a vector measure.

Theorem 3.8. Let 1 < p < oo andletT € Lipy(X, E). ThenT is Lipschitz Pietsch-p-integral
if and only if there are a compact Hausdorff space K, a Lipschitz embedding ¢ : X — C(K)
with ¢(0) = 0 a regular Borel countably additive vector measure m : B(K) — E of bounded

semavariation and a positive reqular Borel measure v on K such that
T(x) = / o(z)dm,z € X (3.3)
K
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and

I [ g < ( [ s du>; (3.4)

for all f € C(K). In this case

S =

HTHPZ{;: inf Lip(¢)u(K)?,

where the infimum is taken over all K, ¢, m and p satisfying ( 3.3 ) and (3.4 ) .

Proof. Suppose that T' € PI;(X ,E), and fix € > 0. There are a regular Borel measure v on
By# and A € L(L,(v), E) such that
T=Aojoix: X % C(Bys) 2 L(v) S E.
and || A < ||T||7DI£+6. The linear operator A o Jp : C(Bx#) — E is Pietsch-p-integral with
1A 0 julipz, < 1ANllpz, < AN < Tlhogge.

By Theorem 2.10 (2), there are a compact Hausdorff space K, an Lipschitz embedding h :
C(Bx#) — C(K), a regular Borel countably additive vector measure m : B(K) — E of

bounded semivariation and a positive regular Borel measure ;1 on K such that for all x € X,

7(x) = Ao jylex(@) = [ hox(e)im

K

and ||/ fdm|| < (/ | f 17 d,u)p for all f € C(K) and ||h||,u(K)% < ||Z0jp||'pl'p+€. Which
K K

means that (3.3) and (3.4) are true by taking into account that ¢ = h o tx is a Lipschitz

embedding from X to C'(K') vanishing at 0 with Lip(¢) < ||h||. Moreover

Lip(¢)u(K)» < ||A o jpllpz, + € < Tl prr+2e.

Since this holds for every e > 0, it follows that Lip(¢)u(K)? < T||7;I£.

Conversely, suppose that T satisfies the conditions ( 3.3 ) and (3.4). By [9, Theorem VI.2.1]

there exists u € L(C(K), E) such that u(z) = / fdm, f € C(K). Consider the canonical
K

mapping

Jp =1pOJoo: C(K) i Leo(p1) S Lp(V)>

and define R : j,(C(K)) — E by R(j,(f)) := u(f). The linear mapping R is well-defined

and continuous with norm < 1 since for all f € C(K),

DA



1R (f ||—||/fdm|| (/|f!”du> = [l7p (N1

By [11, Lemma IV.8.19] we have j,(C(K)) = L,(11), so R can be extended to a continuous
linear operator R : L,(n) — E with IR|| < 1. If we put B = jo o ¢, we obtain B €
Lipo(X, Loo(pt)) and Lip(B) < Lip(¢). On the other hand

Roiyo Bla) = Roj,o0(e) = u(o(@)) = [ ofa)dm = T(x)
and therefore T factors as in (3.1), that is 7" € PI;(X, E) and
1Tl pzz < Lip(B)|[Rl|p(K)» < Lip(B)u(K)».

]

The next theorem give the relationship between the Lipschitz Pietsch-p-integral operator

and its linearization.

Theorem 3.9. Let T € Lipy(X,E) and 1 < p < oo, then T € PIL(X E) if and only if
Ty, € PI,(E(X), E). Moreover, we have

1T lpzz = ITLlPz,

Proof. Suppose that Ty, € PZ,(E(X) ,E). According to Theorem 2.5 (4), for every € > 0 we

can choose a typical factorization of T},
Ty = Aociyo R: BX)S Loo(n) 2 Ly(n) > E,

such that A € L£(L,(p), E) and R € L(AE(X), Loo(p)) with [|A[[||R|| < || T%|pz, +€ . It is
clear that the mapping B := R o kx belongs to Lipg(X, Loo(1t)) and Lip(B) < ||R||. The
factorization T'= Ty, o kx = Ao, o B implies that T' € PI;(X, E) and

[Tl pzz < Al Lip(B) < [[TLllpz, + €
Conversely, if T' € PI]f(X ,E) , for € > 0 choose the following factorization of T
T=AoiyoB:XLo(t) 2 Ly(n) > E

such that A € L(Ly(p), E) and B € Lipo(X, Loo(p)) with [|A||Lip(B) < [|T]lpzz + €. The

uniqueness of the linearization maps gives that
T, =(Aoi,oB),=Aoci,0 By
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Then we have that T}, € PZ,(&E(X), E) with

1Tellpz, < [[AIBLll = [| A Lip(B) < [[T]lpzz + €

By Theorem 3.9 and Proposition 1.8, we have the following proposition.

Proposition 3.10. (PZ], ||.||P15) is the Banach Lipschitz operator ideal generated by the

composition method from the Banach operator ideal PL,. In other words
PII%(X, E) =PI, o0 Lipy(X, E) isometrically
for every pointed metric space X and every Banach space

We say that a pointed metric space W is 1l-injective (or an absolute Lipschitz retract) if
for every metric space X, every subset X, of Xand every Lipschitz mapping T € Lipo(Xo, W)
there is a Lipschitz mapping T e Lipo(X, W) extending T" with Lip(T) = Lz’p(f).

The real Banach space L., () for a finite measure p is 1-injective (see [3, Chapter 1]). By
the typical Pietsch-p-integral factorization of a Lipschitz mapping 7', we can find a Pietsch-p-

integral extension T.

Proposition 3.11. Let X and Z be pointed metric spaces with X C Z and let & be a Banach
space. Fach Lipschitz Pietsch-p-integral operator T : X — E admits a Lipschitz Pietsch-p-

integral extension T:Z —s E with

HTHPIg - ”THPIZE

Proof. If T € PII];J (X, E) , then for all € > 0 there are a regular Borel probability measure
space (2, %, 1), A€ L(Ly(p), E) and B € Lipy(X, Loo(pt)) such that
T=AoiyoB: X2 Loo(u) 2 L(p) S E

and Lip(B)[|Al < |[T|lpzz + €. Since Lo(p) is 1-injective, B admits an extension B e

Lipo(Z, Loo (1)) with Lip(B) = Lip(B) .i.e., the following diagram commutes
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where i € Lipy(X, Z) is the natural isometric embedding. This creates a Pietsch-p-integral
extension T': Z — E having the following factorization
T=AociyoB:Z 5 Lo(u) % L(n) S E.
Furthermore,
IT]lpgz < Lip(B)|[All = Lip(B)[| Al < [[Tlpgz + €.
Since this holds for all € > 0 we get ||f||7315 < ||T||7>I£. For the reverse inequality, note that
ITllpze = 1T 0 ipllpzs < [T llps
O

Proposition 3.12. Let 1 < p < oo, Fvery Lipschitz Pietsch-p-integral operator T : X — E

15 Lipschitz p-summing with

W;%(T) < ||T||7>Ig'

Proof. If T € PIZ];J(X , ), for € > 0 we choose a typical Lipschitz Pietsch-p-integral factoriza-
tion

T=AoiyoB:X 2 Loo(u) 2 L(n) 2 B,

with ||A||Lip(B) < e + ||T||P25. The mapping i, is linear p-summing with m,(z,) = 1 (see [9,
Page 40]). Then it is Lipschitz p-summing with 7/ (i,) = 1 (see [ [12, Theorem 2]). By the
ideal property we have that T € II}(X, E) and n/(T) < ||A||Lip(B) < e + |17l pze- O

Proposition 3.13. Fvery Lipschitz Piesctch-p-integral is Lipschitz compact

3.2  Lipschitz-oco-integral

In this section we extend the definition of the class of Pietsch-oo-integral linear operators to
the case of Lipschitz operator and we will show a factorization theorem that characterizes

these mappings (see[15]).
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Definition 3.14. Let T € Lipo(X, E). Then T is Lipschitz Pietsch-oo-integral if there is a
reqular Borel countably additive vector measure m : B(Bx#) — E of bounded semivariation

such that
T(z) = / f(z)dm(f),z € X. (3.5)
By
We denote by PIfo(X, E) the set of all Lipschitz Pietsch-oo-integral mappings and we put
1T pzz = nf |ml[(Bx#)
taking the infimum over all m such that (3.5) holds.
Proposition 3.15. If T € PIL (X, E), then Lip(T) < 1T pze -

Proof. Let T € PTL (X, E), for ¢ > 0 choose m such that ||m||(By#) < |T||pzz +€ and for

all z,y € X we have

N

17 () =T ()l /B | T(x) = T(y) | do(f)

X7#

< |m|[(Bx#)d(x, y)
< (€4 Tllpge )d(z,y)

Hence,

Lip(T) < HTHPIQO
L]

The Pietsch-oo-integral Lipschitz operators by means of a factorization scheme through a

weakly compact linear operator.

Theorem 3.16. For a Lipschitz operator T € Lipy(X, E) the following statements are equiv-

alent.

1. T 1s Pietsch-oo-integral.

2. There are a compact Hausdorff space K a Lipschitz embedding ¢ € Lipy(X,C(K))
and a weakly compact linear operator S € L(C(K), E) such that the following diagram

commutes

(3.6)

X L E,
S A
C(K)
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3. There are a reqular Borel finite measure space (2, %, 1), a compact operator R € L( Lo (1), E)
and a Lipschitz embedding ¢ € Lipy(X, Loo(it)) giving rise to the following commutative
diagram

(3.7)

X L E,
N
Loo(p)

In addition,

[Tl pgz, = inf [[S[|Lip(p) = inf [[R]| Lip().

where the first infinmum is taken over all S and ¢ as in (3.6) and the second is taken over

all R and ¢ as in (3.7).

Proof. (1) = (2) Take T € PIL (X, E), For every e > 0 choose m satisfying (3.5 ) and

|m[|(Bx#) < ||T|lpzz, + €. Consider the linear operator S : C(Bx#) — E defined by

S(h) = /B hdm

for all h € C(Bx#) and the natural Lipschitz isometric embedding tx : X — C(Bx#). In

this case, for all x € X we can write

S0 ux(x) = / (@) (f)dm(f) = /B f(x)dm(f) = T(x),

[10, Theorem VI.2.5 in] asserts that S is compact with norm ||S|| = ||m||(Bx#) and then

[N Lip(ex) = |ml[(Bx#) < [ Tlpzz + €

(2) = (3) There is a regular Borel countably additive vector measure m : B(K) — E of

bounded semivariation such that

S(h) = /B gam,

forall f € C(K) and |jm||(K) = ||S]| (see [10, Theorem VI.2.1, Theorem VI.2.5 and Corollary

VI.2.14]). It follows that T'(z) = S o p(z) = / e(x)dm, x € X. On the other hand [10,
K

Corollary 1.2.6 and Theorem 1.2.1] assures the existence of a regular Borel finite measure p on

B(K) such that m(A) = 0 for all A € B(K) which satisfy that p(A) = 0. Define the operator
R € L(Lo(p), E) by

R(h) = /K fdm, f € Loo(u).
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with ||R|| = ||m]|(K) (see [10, Theorem I.1.13]). This operator is compact (see [10, Definition
[.1.14 and Theorem VI.1.1]). Consequently,

Ro(oy) = [ juopdm= [ —odm =1

K K

(3) = (1) Asin the proof of the second implication of Theorem 3.5 starting from the diagram
(3.7 ), consider the linearization ¢y, of ¢ € Lipg(X, Loo(pt)) and let ¢, € L(C(Byx#), Loo(pt))

be the extension of ¢, i.e. the following diagram commutes

E(X) o Loo(p1)

C(Bx#)

The linear operator R o 5,;, that is
Ro¢r = / fdm
By

for all f € C(By#) and ||m||(Bx#) = ||R o ¢r]|. It follows that

T(z) = Rog(z)=Rod,oJokx(x)
= /B J ox (x)dm,

for all + € X and then T € PZZ (X, E) and
|T(lpze. < lml[(Bx#) < [|Rl[|¢cll = | Rl Lip(6).

In order to show the reverse inequality, take PZ% (X, E) and ¢ > 0. Then there is m :
B(Bx#) — E as in Definition 3.14 such that (3.5) is true and |[m||(Bx#) < € + ||T|pzz -
Following the proof of (2)==-(3), we can find a regular Borel finite measure ;1 on By# and a

weakly compact operator R € L(L (1), E') represented by m such that
IR Lip(¢) = | Rl = [[m] (Bx#) < &+ [Tlpzz

where ¢ € Lipy(X, Loo(pt)), is the Lipschitz embedding defined by ¢ = j, o tx.

The required inequality follows and the second equality follows in a similar way. O]
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Resumé :

Dans cette mémoire, le concept des opérateurs Lipschitz Pietsch-p-intégraux, ou (1 < p <
o0) .ces opérateurs sont définis comme des mappages de Lipschitz entre un espace métrique et
un espace de Banach. ils peuvent étre représentés par une intégrale par rapport & une mesure
vectorielle définie sur un espace de Hausdorff compact approprié.

Nous montrons que ce type d’opérateur s’inscrit dans la théorie de la composition des idéaux
d’opérateur de Banach Lipschitz. et également une théorie de factorisation riche pour ces opé-
rateurs, qui fournit de nombreuses informations a leur sujet. Cette théorie de factorisation est
basée sur les espaces de Banach classiques C(K), L, (11, K) et Loo(pt, K), ot K est un espace de
Hausdorff compact.

Nous pensons que ce travail fournit une perspective nouvelle et utile sur les opérateurs Lipschitz
Pietsch-p-intégraux.

Mots-clés : Mesures vectorielles, espace de Arens-Eells,opérateur lipschitzien,Idéaux de
I'opérateur de Lipschitz ,factorisation des opérateurs,

Abstract :

In this memory,the concept of Lipschitz Pietsch-p-integral operators, where (1 < p < 00).
These operators are defined as Lipschitz mappings between a metric space and a Banach space.
They can be represented by an integral with respect to a vector measure defined on a suitable
compact Hausdorff space.

We show that this type of operator fits into the theory of composition Banach Lipschitz operator
ideals. and a rich factorization theory for these operators, which provides a lot of information
about them. This factorization theory is based on the classical Banach spaces C'(K), L, (i, K)
and L. (p, K), where K is a compact Hausdorff space.

We believe that this work provides a new and useful perspective on Lipschitz Pietsch-p-integral
operators. We hope that it will be of interest to researchers in functional analysis and operator
theory.

Keywords : Vector measures,, Arens-Eells space,Lipschitz operator,Lipschitz operator ideals,Lipschitz
mapping, factorization of operators,



