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Introduction

In 1965, a work of Zadeh under the name of fuzzy sets was published in
the journal information and control. The aim of ideas and views of the
Zadeh’s fuzzy set theory was to describe phenomena and concepts that are
inaccurate and have more meanings, which are fuzzy. Known mathematical
techniques use classical set theory and two-valued logic that do not allow
solving problems of this type.

In classical set theory, the membership of elements in a set is assessed in
binary terms according to a bivalent condition an element either belongs or
does not belong to the set. By contrast, fuzzy set theory permits the gradual
assessment of the membership of elements in a set, this is described with the
aid of a membership function valued in the real unit interval [0,1] . Fuzzy
sets generalize classical sets, since the indicator functions (characteristic
functions) of classical sets are special cases of the membership functions
of fuzzy sets if the latter only take values 0 or 1. In the fuzzy set theory,
classical bivalent sets are usually called crisp sets. The fuzzy set theory can
be used in a wide range of domains in which information is incomplete or
imprecise, such as bioinformatics.

The fields of application of the theory of fuzzy sets are very numerous,
we have it to control and control blur, in robotics, for perform trajectory
planning, in image processing, to attenuate the noise of an image, to do
interpolation...etc.

This memory is divided into five chapters. In chapter 1, we recall some
notions of fuzzy sets such as truth value, membership function, and the
representation of a fuzzy set, along with the basic operations on fuzzy sets. In
chapter 2, we give the definitions of triangular norm and triangular conorm,
and discuss some particular ones and study the relationships between them.
chapter 3 is devoted to fuzzy relations which is a special kind of fuzzy set
that is of major importance. In chapter 4, we extend the framework of fuzzy
sets from the unit interval to a lattice.






1 Generalities on fuzzy sets

This chapter reviews the concepts and notations of sets, and then introduces
the concepts of fuzzy sets. The concept of fuzzy sets is a generalisation of
the crisp sets.

1.1. Crisp sets

Before starting the definition of fuzzy subset, we first take care of the
classical set and its properties.

The concept of a set is one of the most fundamental in mathematics. Devel-
oped at the end of the 19th century, set theory is now a ubiquitous part
of mathematics, and can be used as a foundation from which nearly all of
mathematics can be derived.

Etymology: The German word Menge, rendered as ”"set” in English,
was coined by Bernard Bolzano in his work The Paradoxes of the Infi-
nite.

Definition 1.1. A set is a well-defined collection of distinct objects. The
objects that make up a set (also known as the set’s elements or members)
can be anything: numbers, people, letters of the alphabet, other sets, and so
on. Georg Cantor, one of the founders of set theory.

A set can be written:

In extension: We give the list of its elements. For example, if a1, a2, as, ..., ay
are the elements of set A, we write:

A= {al,ag,ag, e ,an}.

In understanding: We give the property or properties that characterize its

elements. For example, if the elements of the set B satisfying the conditions
P, P, Ps,..., P, then the set B is defined by:

B = {b/b satisfied Py, Py, Ps,...,P,}.

In Characteristic Function: A classical subset A of X is defined by a
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characteristic function x4

xa: X — {0,1}
r — xa(x)

Notation 1.1.
o A={(x,xa(z)),x € X} is crisp set

o P(X) ={xa/AC X}
Example 1.1. (finite case)

1- The set F' of the twenty smallest integers that are four less than perfect
squares can be written:

F = {n2 —4:n is an integer, and 0 <n < 19}

2- A is the set whose members are the first four positive integers.
Example 1.2. (infinite case)
Definition 1.2. (power set) The power set of a set S is the set of all
subsets of S, including S itself and the empty set.
Remark 1.1. 1. The power set of a set S usually written as P(.5).

2. The power set of a finite set with n elements has 2™ elements.

3. The power set of an infinite (either countable or uncountable) set is
always uncountable.
Example 1.3. 1. The power set of the set {1,2,3} is {{1, 2,3}, {1, 2}, {1, 3},
{2,3},{1},{2}, {3}, ¢}-

2. The set {1,2,3} contains three elements, and the power set shown
above contains 23 = 8 elements.
Definition 1.3. (cardinality)The cardinality | S | of a set S is”the number
of members of S.” For example, if B = {blue, white, red},| B |= 3.
There is a unique set with no members and zero cardinality, which is called
the empty set (or the null set).

The concept of the fuzzy subset was introduced by Zadeh [19] as a general-
ization of the notion of the classical set.
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1.2. Basic concepts of fuzzy sets

1.2.1. Membership functions

Definition 1.4. [19] A fuzzy set A is characterized by a generalized char-
acteristic function pa: X — [0,1], called the membership function of A
and defined over a universe of discourse X.
Remark 1.2.
pa: X —  [0,1]
r — pa(z)

® 14 is called the membership function of A

e 14(x) is called the membership degree of z in A

Notation 1.2.

o A={(z,pa(z)),z € X} is fuzzy set
by convention

A= Z palzi) in the discrete case
reX Ti
A= “AT(QC) in the continues case

o F(X) is the set of all fuzzy subsets of X
Example 1.4. X = {motorbike, car, train} means of transport,
A: subset of X, the means of fast transport
A = {(motorbike,0.7), (car,0.5), (train, 1)}
Example 1.5. [2] Let X the set of all possible ages of people.

1 if <25
Y(r)=1¢ 4=2 if 25<2<40
0 if 40 <z

Y (z) is the degree of belonging of = to the set young people
Example 1.6. Let’s define a fuzzy set A = {real number very near 0} can

3
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20 40 60 80 100

Figure 1.1: A membership function for ”Young”

be defined and its membership function is

pale) = (=)

It is easy to calculate pa(l) = 0.25, pa(2) = 0.04, pa(3) =0.01

Example 1.7. Consider a universal set X which is defined on the age

domain.

X = {5,15,25,35,45,55,65,75,85}, and u : X — [0,1] the membership

function given by
Age | Infant | Young | Adult | Senior
5 | 0.00 0.00 0.00 0.00
15 | 0.00 0.20 0.10 0.00
25 1 0.00 1.00 0.90 0.00
35 | 0.00 0.80 1.00 0.00
45 1 0.00 0.40 1.00 0.10
55 | 0.00 0.10 1.00 0.20
65 | 0.00 0.00 1.00 0.60
75 1 0.00 0.00 1.00 1.00
85 | 0.00 0.00 1.00 1.00
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1.3. Fuzzy sets operations

1.3.1. Standard Operations

Let F'(x) denote the collection of all fuzzy sets on a given universe of dis-
course X.

The basic connectives in fuzzy set theory are inclusion, union, intersection,
and complementation. When Zadeh introduced these operations, he based
union and intersection connectives on the max and min operations.

e Inclusion: Let A, B € F(X). We say that the set A is included in B
if
A(z) < B(z),Vz € X.

The empty (fuzzy) set () is defined as ((z) = 0,Vz € X, and the total
set x is X(x) = 1,Vx € X.

o Intersection: Let A, B € F(X). The intersection of A and B is the
fuzzy set C' with

C(z) = min{A(z), B(x)} = A(z) A B(z),Vz € X.

We denote C = A A B.

e Union: Let A, B € F(X).The union of A and B is the fuzzy set D
with
D(x) = maz{A(z), B(z)} = A(z) V B(x), Yz € X.

We denote D = AV B.

o Complementation: Let A € F(X) be a fuzzy set. The complement
of A is the fuzzy set B given by

B(z) =1- A(x),Vz € X.

We denote B = A.
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Example 1.8. If we consider the fuzzy sets

1 if
Ai(x) = 1-— 738;050 if
0 if
if
x—50 Zf
As(z) = 0 o
1 - 361060 if
0 if
then their union is
1
—50
1 - mlO
(A1 V Ag)(x) = x;go
1— z—60
10
0

The intersection can be expressed as

The complement of A1 can be written

40 <z < 50
50 <z <60
60 < 2 <100

40 <z <50
50 < x < 60
60 <x <70
70 <z <100

40 < x < 50
50 < x < 55
55 < x <60
60 <x <70
70 < x <100

40 <z < 50
50 < x < 55
55 < x < 60
60 < x <100

0 if 40 <x <50
Ay(z) = 220 if 50 <z <60
1 if 60 <z <100




CHAPTER 1. GENERALITIES ON FUZZY SETS

Figure 1.2: Fuzzy Intersection
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Figure 1.3: Fuzzy Union

1.3.2. Fuzzy complement

Complement set A of set A carries the sense of negation. Complement set
may be defined by the following function C.

C:[0,1] — [0,1]

Definition 1.5. [9] The complement function C' is designed to map mem-
bership function pa(x)of fuzzy set A to [0,1] and the mapped value is written
as C (pa(x)). To be a fuzzy complement function, four axioms should be
satisfied.

(Axiom C1) C(0) =1, C(1) =0 (boundary condition)
(Axiom C2)(monotonic nonicreasing), a,b € [0, 1]

if a < b, then C(a) > C(b)
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Figure 1.4: The complement of a fuzzy set

(Axiom C3) Cis a continuous function.
(Axiom C4) C is involutive.

C(C(a)) = a for all a € [0,1]
Remark 1.3. C'1 and C2 are fundamental requisites to be a complement
function. These two axioms are called "axiomatic skeleton”.

Example of Complement Function

Above four axioms hold in standard complement operator

C(pa(z)) =1—pa(z) or pz(z)=1-pa(z)

this standard function is shown in (Figure (1.5))
Proposition 1.1. [9] The function defined by

Cula) = (1 —a")w

is a megation, called Yager’s function.

Proof.

1. Cw(0) =1,C4(1) =0. (boundary condition )
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Cia) l

Cla) = -a

Figure 1.5: Standard complement set function

2. a,b€[0,1] if @ < b, then

a’ <b=1—-a">1-b"
= ((1—a")w) > ((1—b")w)
= Cyla) > Cy(d)

3. C involutive

4. C'is a continuous function.
The shape of the function is dependent on the parameter (Figure(1.6)) O
Remark 1.4. (i) When w =1, the Yager’s function becomes the stan-
dard complement function c(a) =1 — a.
(ii) The fuzzy complement function C' is not unique see Figure(1.6)

Proposition 1.2. (Fundamental properties of fuzzy sets operations)
Let A,B,C € F(X), we have the following propriety:
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10 —
T 09 [ -'f:
Cfap 08 ll - Y
07 1 . \
! \ \l
0.6 \ ~ 1l
05 — l
04
PN N
nﬁ
01 1
G0 01 02 03 04 05 06 07 08 09 10
Figure 1.6: Yager complement function
Involution A=A
Commutativity AUB=BUAANB=BNA
Associativity (AUB)UC =AU (BUC) and
(AnB)NC=ANn(BNCOC)
P AN(BUC)=(ANB)U(ANCQC)
Distributivity
AU(BNC)=(AUuB)N(AUCQ)
Absorption AU(ANB)=A,ANn(AUB)=A
Idempotence AUA=AANA=A
Absorption by X and O | Ax X =X, ANn0=10
Identity Aufh=A
Law of contradiction ANA=0
Law of excluded middle AU A =X
De Morgan’s laws ANB=AUBand AUB=ANB

Remark 1.5. The two principles of classical logic (the non contradiction
and the excluded teirs) no longer remains valid in the theory of fuzzy sets

ie. ANA#(D,AUA#X.

Example 1.9. let X = {smal, medium, large} with
pa = (z,pa(z)) = {(smal,0.3), (medium, 1), (large, 0.6) }.
pi(x) =1—pa(z) = {(smal,0.7), (medium,0), (small, 0.4)}.

Hence, paNpg =

10

(smal,0.3), (medium,0), (large, 0.4)}.
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then, ANA#0, and AU A # X. So, min and maz is not checked.

Fuzzy partition

Let A be a crisp set in universal set X and A be a complement set of A.
The conditions A # @ and A # X result in couple the (A, A) which
decomposes X into 2 subsets.

Definition 1.6. (Fuzzy partition) In the same manner, consider a fuzzy
set satisfying A # 0 and A # X. The pair (A, A) is defined as fuzzy partition.
Usually, if m subsets are defined in X, m-tuple (A1, Aa, As, ..., A,) holding
the following conditions is called a fuzzy partition.

(i) Vi, A #0,
(ii) AinNA;j=0 for i#j,

(iti) VreX, Y pa(z)=1
=0

1.3.3. Characteristics of fuzzy subsets

In this section, we will give definitions for characteristics of fuzzy sets :
support, kernel, height and cardinality of a fuzzy subset, and we will give
an example and proposition.

Definition 1.7. [16] (Support of fuzzy subset) Let A be a fuzzy set on
a set X. The support of A is the crisp subset on X given by

Supp(A) =A{z € X/pa(z) > 0}
Definition 1.8. [16] (Kernel of a fuzzy subset)Let A be a fuzzy set on
a set X. The kernel of A is the crisp subset on X given by

Ker(A) ={z € X/pa(z) =1}
Definition 1.9. [16] (Height of fuzzy subset) Let A be a fuzzy set on a
set X. The height of A is the highest value taken by its membership function

11
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given by
H(4) = suplpa(z)/z € X}

Definition 1.10. A fuzzy subset A is said to be normal whenever Ht(A) =
1.

Definition 1.11. [19] (Cardinality of a fuzzy subset)The cardinality
of a finite fuzzy subset A denoted | A | is defined by

A= palz)

zeX

Example 1.10. Let X = [0,1] with o, € R and let a,b € R. We define
the fuzzy set A on X by

0, ifr<a—aorb+p<ux
1, ifa<z<d
1+(2%), if a—a<z<a

1—(%), if b<z<b+p

pa(r) =

Then Ker(A) =[0,1], Supp(A) = [a — a,b+ 5] and H(A) = 1.

Example 1.11. Let X = {1,2,...,6}, and A be a fuzzy set of X given by:

A= {{z,ua(z))} ={(1,0.2),(2,0.0), (3,0.8), (4,1.0), (5,0.5), (6,1.0) }.
Then supp(A) = {1,3,4,5,6}, Ker(A) ={4,6}, H(A) = {1},| A |=3.5.

Proposition 1.3. [21] Let A a fuzzy subset of X. The kernel and support
of a fuzzy subset verify the following properties:

supp(A°©) = (ker(A))*
ker(A°) = (supp(A))*

12
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1.3.4. Other fuzzy subset operations
Disjunctive sum

The disjunctive sum is the name of operation corresponding ”exclusive OR”
logic. And it is expressed as the following((Figure (1.7))

A®B=(ANB)U(ANDB)

A

ap

Figure 1.7: Disjunctive sum of two sets

Definition 1.12. [9] (Simple disjunctive sum)By means of fuzzy union
and fuzzy intersection, the definition of the disjunctive sum in a fuzzy set is
allowed just like in the crisp set.

A®B=(ANB)U(ANB), then

iaon(@) = Maz{Minlua(2),1 — pup(@)], Min[l — pa(e), ()]}
Example 1.12. Here goes procedures obtaining disjunctive sum of A and
B.

A= {(1‘1, 0.2), (xg, 0.7), (1‘3, 1), (334, 0)}

B = {(:L’l, 0.5), (xg, 0.3), (1’3, 1), (JZ4, 01)}

consequence,

A®B=(ANB)U(ANB) = {(x1,0.5), (x2,0.7), (x3,0), (x4,0.1)}
Definition 1.13. [9] (Disjoint sum) We can define an operator A for
the exclusive OR disjoint sum as follows.

paap(x) =| pa(z) — pa(x) |

Difference in Fuzzy Set
The difference in crisp set is defined by
A-B=ANB

13
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Set A E—
Set4d®B ~~~~~ 7"

0.2
0.2 0.1

0.1 b _;_-_

T
]
|
I
]
]
I
I

v

X, X, X3 X,

Figure 1.8: Example of simple disjunctive sum

In a fuzzy set, there are two means of obtaining the difference

(1) Simple difference

Example 1.13. By using standard complement and intersection operations,
the difference operation would be simple. If we reconsider the previews
example, A — B would be, (Figure(1.9))

A ={(x1,0.2), (x2,0.7), (z3,1), (24,0)}

B= {(l’l, 0.5), (.1‘2, 0.3), (xg, 1), (1'4, 0.1)}

B = {(21,0.5), (x2,0.7), (z3,0), (x4,0.9)}
A—B=ANB={(x1,0.2),(x2,0.7), (x3,0), (x4,0) }

(2) Bounded difference
Definition 1.14. [9] (Bounded difference) For novice-operator 0, we
define the membership function as,

paop(x) = Maz(0, pa(z) — pp(x)]

Distance in Fuzzy Set

The concept ’distance’ is designated to describe the difference. Measures
for distance are defined in the following.
(1)Hamming distance

14



CHAPTER 1. GENERALITIES ON FUZZY SETS

[ )
] - Set A
Set B vveevvanernns
A

0.7 y Simple difference A-B :

B shaded area
0.5 sorinsasns /

: 0.7
0.3 : /A
0.2 :
A ¥

0.1- 0.2 // ......... .

X X2 X3 Xy

Figure 1.9: Simple difference A — B

This concept is marked as,
n
B) = | palai) — pp(w:) |
i=0

Example 1.14. Following A and B for instance,

A= {(331,0.4) (xg, 0. 8) (1‘3, ) (334; 0)}

B = {(.%‘1, 0.4), (332, 0.3), (.’L‘3, O), (1‘4; 0)}
d(A,B)=|0|+]05]|+|1]+]0|=15

Remark 1.6. Hamming distance contains the usual mathematical senses
of ’distance’

(2)Euclidean distance

n
Z NA 351 :LLB 1:1))2
=0

Example 1.15. Fuclidean distance between sets A and B wused for the
previous Hamming distance is

e(A, B) = V02 +0.52 + 12 + 02

(3)Minkowski distance

15
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d(A,B) = (3 | palz) — up()) [“)w, w e [1,00]
zeX

Generalizing Hamming distance and Euclidean distance results in Minkowski
distance. It becomes the Hamming distance for w = 1 while the Euclidean

distance for w = 2.

Cartesian product and Projection of fuzzy subsets

Definition 1.15. [22] (Cartesian product)The Cartesian product applied
ton fuzzy sets can be defined as follows: Let pa, (x), pa,(x), tas (), ..., pra, ()
as membership function of Ay, As, As, ..., A,. Then, the membership degree
of (x1,...,2pn) € X1 X ... Xx X, on the fuzzy sets A; X ... X A, is,

HAI X AgX...x Ay, = min[ﬂfh (x1)7 e HA, (xn)]

Example 1.16. Lets X = {x1, 22,23}, Y = {y1,y2, } and lets A;, Ay are
two fuzzy subsets respectively defined on X and Y given by :

Ay = {{x1,0.1); (x2,0.4); (x3,0.75) }, and Ay = {(y1,0.2); (y2,0.6) }.

So, we find:

Ay xA; = {{(z1,91),0.1); {(z1,¥2), 0.1); {(22, ¥1), 0.2); (22, y2), 0.4);

<(.1‘3, y1)> O2>a <($3, y2)7 O6>}
Definition 1.16. (Power of fuzzy sets)The second power of fuzzy set

A is defined by:
paz(@) = [pa(x))?, Vre X

Similarly, m* power of fuzzy set A™ may be computed as,

pam(x) = [pa(x)]™, Ve X.

Let A be a fuzzy subset defined on a universe X7 x X cartesian product of
two reference sets X7 and Xo.

Definition 1.17. [11] (Projection of fuzzy subsets) The projection on
X1 of the fuzzy set A of X1 x Xy is the fuzzy set Projx,(A) of X1, whose
the membership function is defined by

Va1 € X1, Wprojy, (a)(@1) = sup pa(@1, v2).
r2€ X2

16
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We define analogously the projection of A on Xs.

1.3.5. Representation of fuzzy subset from classical subsets

Alpha-cuts of a Fuzzy sets

One of the most important concepts of fuzzy sets is the concept of an a-cuts
and it’s variant.

Definition 1.18. [9] For a given fuzzy set A on a universe X, The a-cuts
of A, written A, is defined as

Ay ={z € X, pa(x) > a}, for aecl0,1]

particular cases:

(1) if a=0, then Ag =X

(2) if a =1, then Ay = ker(A)

Remark 1.7. if A is a crisp set then supp(A) = ker(A) = A= A,
Example 1.17. let X = {1,2,3,...,10}, and A be a fuzzy subset of X given
by

A={<1;02><2,05><3;08><4;1><507><6;03 ><
7,0 >,<8;0>,<9;0>,<10;0 >}

the a-cuts of A:

Ag=X

Ago = {1‘ € X,A(a;) > 02} = {1,2,3,4,5,6}
Ags = {z € X, A(z) > 0.3} = {2,3,4,5,6}
Ags = {z € X, A(z) > 0.5} = {2,3,4,5}
Ag7 = {$ € X,A(.%') > 02} = {3,4,5}

Apgg = {.CL’ S X,A(:L’) > 0.2} = {3,4}

A= {ze X, Alx) > 1} = {4)

Properties 1.1. (Basic properties of a-cuts)Let A, B are two a fuzzy
subset on a universe X and «, 3 € [0,1]

(1) if a < B, then Ag C A,

(2) (ANDB)y, = AysN B,

(3) (AUB)y = AqU B,

Definition 1.19. (The strong a-cuts)For any « of [0, 1], we define the

17
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strong a-cut of the fuzzy subset A as the subset

A ={x e X, pa(z) > a}
Remark 1.8. The strong a-cuts have the same properties as the a-cuts.

Representation of a fuzzy set by means of its a-cuts

Theorem 1.1. (Decomposition theorem)Any fuzzy subset A of the ref-
erence set X 1is defined from its a-cuts by:

Ve e X pa(x) = sup a.xa,(z).
0<a<l

XAe 18 the characteristic function of A“.

Proof. Let z € X and put u(x) = a, o € [0, 1] we have,

{ pa(z) =1 if pa(z) > o
Ha(@) =0 if pale) < @
So, apta(z) = a = u(a);

From where,

sup (apa(x)) > p(x) ... (%)
a€(0,1]

On the other hand we have:

fa(@) =1 if pale) > a,

for all « € [07 1]’ { MQ(:[;) =0 ’Lf /.La(.’L') < .

we have two cases: afo(z) < a Va € [0,1]

Hence,
sup  (apa(x)) < p(x) ... (%)
a€l0,1]
According to (%) and (xx) then Vo € X pu(x) = sup (apq(x)) O
a€l0,1]

Example 1.18. Let X be the set of some countries
X = {Germany, Belgium, Spain, France, G-Brittany, Italy}. We can take the
fuzzy subset associated with the “southern” property:

18
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A={<G,0><B,0><851><F08><GB,0><1I,1>},

and build it 1-cut Ay = {S,1I}identical to its core, as well as it 0.8-cut
Aos = {S, F, I}, which is identical to all a-cuts, for all 0 < o < 0.8. It
0-cut Ag = X himself.

So we get
pa(G) = mazx(l x0,...,0.1 x0,0 x 1) =0,
pua(B) =max(lx0,..,0,1x0,0x1)=0,
wa(S) =mazx(l x1,..,0x1)=1.0,
pa(F) =mazx(l x0,0.9x0,08x1,...,0x1)=0.8,
ua(GB) =max(l x0,...,0.1 x 0,0 x 1) =0,
pua(l) =max(l x1,...,0x1)=1.

Which provides the definition of A.
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2  T-norms and T-conorms

There are two types of operators in fuzzy sets: t-norms and t-conorms.
They are often called triangular-norm and triangular-conorm respectively.

2.1. Triangular norms

In the fuzzy sets theory, the conjunction is usually interpreted by a triangular
norm.

2.1.1. Definitions and properties

Definition 2.1. [1] A triangular norm(t-norm) is a binary operation T
on the interval [0,1], i.e., T : [0,1] x [0,1] — [0,1] such that for all
x? y7 z 6 [07 1]

Example 2.1. The following are the four basic t-norms Ty, Tp, 11, and
Tp (Figure(2.1)) given by:

Ty = (z,y) = min(z,y) (Minimum,)

Tp(z,y) =z.y (Product )

Tr(z,y) = max(z +y—1,0) (Lukasiewiez t-norm)
0 if(,y) € [0,1]%

T(z,y) = (Drastic product)
min(z,y) otherwise
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Te

Figure 2.1: 3D plots of the four basic t-norm

Example 2.2. (Einstein t-norm)

Yy
T pu—
Actually,
T(x,y) = %
yx
(2—y—z+yz)
= T(y,=)

Proposition 2.1. Any t-norm T satisfies T(0,x) = T(z,0) = 0, for all
z € [0,1]
En effet: T(0,z) € [0,1] = T(0,2) >0

0<T(z,0) <T(1,0) =0
Hence, T(x,0) =T(0,z) =0
Proposition 2.2. [8]/ Let A be a set satisfies ]0,1] C A C [0,1], and

F : A2 — A is a binary operation on A such that for all x,y,z € A the
properties (T1) — (T3)and

F(z,y) < min(z,y)

22



CHAPTER 2. T-NORMS AND T-CONORMS

are satisfied. Then the function defined by

T: [0,1]x[0,1] —  [0,1]
F(z,y) if (z,y) € (A\{1})?

(z,y) x (z,y) — T(xy)= { .
min(z,y) otherwise

s a t-norm.

Definition 2.2. A function f : [0, 1]2 — [0, 1] satisfies, for all x,y,z €
[0, 1] the properties (Th) — (T3) and f(z,y) < min(z,y) is called t-subnorm.
Example 2.3.

1- f(z,y) = 0. The conditions Ty, T>,T5 satisfies and f(z,y) = 0 <

min(z,y).
3- fz,y) = z.y.

called t-subnorm.
Remark 2.1. Each t-norm is a t-subnorm, but not vice versa : for example,
the zero function, i.e., the function F : [0,1]2 — [0,1] given by F(z,y) = 0,
s a t-subnorm but not a t-norm.
Corollary 2.1. If f is a t-subnorm then the function T : [0, 1]2 — [0, 1]
defined by

flwy)  if(z,y) €017

T(‘T? y) =
min(z,y) otherwise

18 a t-norm.
Definition 2.3. Lets T1 and Ty two t-norms.

(i) Ty is weaker than Ty or, equivalently, that Ty is stronger than Ty, i.e.,

T1(1:7y) < TQ(xvy)’ fOT all T,y € [07 1]

(ii) We shall write Ty < Ty whenever Ty < Ty and Ty # Th.
Lemma 2.1. The drastic product Tp is the weakest, and the minimum Ty

is the strongest t-norm:
Tp <T < Thy.

proof. Since T is increasing and 1 € [0,1] is the neutral element of T, it
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follows that T'(x,y) < T'(z,1) = z, for any z,y € [0, 1].

In the same way T'(x,y) < y. Thus, T'(z,y) < x Ay = Ta(x,y). Hence,
T < Typs. Next, we prove that Tp < T, for any t-norm 7. Let =,y € [0,1].
If x,y € [0,1[, then Tp(x,y) =0 < T'(x,y). If (z,y) € {1} x [01]U[01] x {1}

TD(-%',y) =Yy= T(I‘,y) -+ case 1
Tp(z,y) =z =T(x,y)- - case 2

Hence, Tp < T. ]

Example 2.4. [1]

0 if(z,y) €[0,1[%;
1 Ty = O ) € 04
min(z,y) otherwise.
2. Ty(xz,y) = max(z +y — 1,0)
3. Tis(,y) = 5aras

4. To(x,y) =y

5. Tos(w,y) = 20

6. T3(1"a y) = mm(:p,y)

We have To <Ty <T15 <Tp <To5 <T5.

Proof.
0 if(z,y) € [0,1[%
L To(z,9) :{ min(z,y) otherwise
If (x,y) € [0,1[%, then Ty < T}.
If (z,y) ¢ [0,1] i.e., (z,y) € {1} x [0,1] or [0,1] x {1}.
if (x,y) € {1} x [0,1] : To(z,y) = To(l,y) = y and Ti(z,y) =
T1(1,y) =y then Ty < T

If (x,y) € [0,1] x {1} : To(z,y) = To(x,1) = x and Ti(z,y) =
(z,1) = x then Ty < T7.

SO? ( ) < T1($,y)

Hence,

s
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2. Ti(z,y) = max(z +y — 1,0) there are two cases:

casel t+y—1<0=Ti(z,y) =max(z+y—1,0) =0 < Ty 5(x,y),
case2 x +y—1>0=Ti(z,y) =max(z+y—1,0)=x+y— 1.

Tis(z,y) —Ti(zy) =55y —(@+y—1)
_ (zy—(z+y—1)(2—(z+y)+zy))
2—x—y+ay

Since (2 —z —y + xy) > 0, it is suffices to determine the sign of the
numinator [zy + (z +y — 1)(x +y — 2y — 2)]
(x+y—1)(z+y—ay—2)+ay

— @ty - (& +y—1)— (ay+1)) +ay

= (z+y—1) (1‘+y—1)(ﬂcy+1)+rcy

= (x+y—1)*— 2%y —zy® + 2y

= (@ +y—1)?+ (zy — 2%y) + (zy — 2y*) > 0

Then, Tis5(z,y) — Ti(z,y) > 0.

Thus,
Ti(z,y) < Tis(z,y)
. TQ(I7y) =y
ry
Tis(ey) =Tolwy) = o= — =~
vy —ay(2— (z +y) +ay)
2—x—y+axy

Since 2 — (z — y) + xy > 0, then it is enough to determine the sign of
the numinator

2y —ay(2 — (v +y) +ay) =2y +ay(z +y — ay — 2)
=zy(r+y—zy—1)
=azy((z —1) +y(1 —x))
—zyle—1)(1—y) <0
Then, Tis(z,y)— To(z,y) <O0.
Thus,
Ty 5(w,y) < Ta(z,y)
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4. T2,5(x,y) = e

r+y—zy
Y
Tr(z,y) — Tos(z,y) = $y—m
_ wylzty—wy) —mzy
rT+y—zxy
 aylrty—azy—1)
T+y—xy

The denominator is positive (z + y — zy > 0), the numerator sign
should be studied

ry(x+y—wy —1) =zy(z(l —y) +(y— 1))
=zy(1-y)(1-2)) <0

Thena T2(x) y) - T2.5(xa y) < 0.

Hence,
To(z,y) < Taos(x,y).
5. Finally,
—— — gz ifr<y
Ths(z,y) — Ts(z,y) = Hz;w herwi
eyl otherwise

fax<y: Tos(z,y) <min(z,y).
Ife>y: Tys(x,y) <min(z,y).
Then, for all (z,y) € [0,1% Tas(z,y) < Ts(z,y)

Consequently,

TO(%?/) S Tl(xvy) S T1.5($,y) S T2($7y) S T2.5('7;7y) S T3(xay)

Proposition 2.3. /8]

(i) The only t-norm T satisfying T(xz,x) = x for all x € [0,1] is the
manimum Thy.

(i) The only t-norm T satisfying T'(x,x) = 0 for all x € [01] is the drastic
product Tp.

Proof.
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(i) According to (Lemma(2.1)), to show that any idempotent t-norm 7'
is stronger than T};.
Indeed, crANy=T(x ANy, Ny) <T(x,y)
Hence, T(z,y) =x Ay.

O

Definition 2.4. [3] (Domination of t-norms) Lets T1 and Ty be two
t-norms. We say that Ty dominates Ty (in symbols Ty > Ty ) if for all
xz,Y,u,v € [07 1]

T (To(x,y), To(u,v)) > To(Ti(z,u), T1(y,v)). (2.1)
Lemma 2.2. [1]

(i) For each t-norm T, we have Tpr > T and T > Tp

(ii) For two t-norms Ty and Ty. If Th dominates Ty (Ty > Tb) then, T is
stronger than Ty (Th > Ty ).

(iit) The relation (>>) on the set of all t-norms is reflexive, antisymmetric
and non transitive.

Proof. (i) Demonstrate by case separation

(ii) If T3 > T» then, putting y = v = 1 in (Equation(2.1)), we obtain
Ti(xz,v) > To(x,v) Vz,v € |[0,1] donc T} > Th.

(iii) For each t-norm T and all x,y, u,v € [0, 1].
reflexive: T'> T ie., T(T(z,y),T(u,v)) > T(T(x,u), T(y,v)).
We have

(associative)

(commutatif)

(associative)
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i.e., T > T, and the assumptions 71 > Ty (71 > 1) and To > Ty (1o > T1)
imply, T7 = T5 antisymmetric.

Remark 2.2. If T1 > T, does not imply 11 > T5.
constider the t-norm Tp and the t-norm T given by:

7 if (z,y) € 0,1
min(z,y) otherwise

T(l’, y) = {

we have Tp > T but Tp > T is false.

2.2. Triangular conorms

In fuzzy sets theory, the disjunction is usually interpreted by a triangular
conorm.

2.2.1. Definitions and properties

Definition 2.5. A triangular conorm(t-conorm) is a binary operation S
on the interval [0,1], i.e., T : [0,1] x [0,1] — [0,1] such that for all
xr, Y,z S [0’ ]-]

(S1) S(x,y) = S(y,z) commutativity
(S2) S(z,S(y,z)) = S(S(x,y), z) associativity
(S3) S(z,y) = S(x, z) whenever y < z monotonicity

(Sy) S(x,0) =z boundary condition
Example 2.5. The following are the four basic t-conorms Syr, Sp, Sr,, and
Sp (Figure(2.2)) given by:

Su(z,y) = max(z,y) (Mazimum,)

Sp(x,y) =x+y—xy (Probabilistic sum)

Sp(x,y) =min(z+y,1) (Lukasiewiez t-conorm)
1 if(z,y) €10, 1)

S(x,y) = (Drastic sum)
max(x,y) otherwise
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Sm

Sp

Figure 2.2: 3D plots of the four basic t-conorm

Proposition 2.4. Any t-conorm S satisfies S(1,z) = S(x,1) =1, for all
x € [0,1].

Proof. We know that S(z,1) € [0,1], so S(z,1) < 1, and we use the
axiom (S3), we obtient S(x,1) > S(0,1) = 1, then S(z,1) = 1. Thus,
S(1,z) =S(z,1) = 1. O

Proposition 2.5. [7] A function S : [0,1] — [0,1] is a t-conorm if and
only if there exists a t-norm T such that for all (z,y) € [0,1])? either one of
the two equivalent equalities holds:

S(z,y)=1-T(1 —z,1—y). (2.2)

T(x,y)=1-85(1—z,1—y). (2.3)

Remark 2.3. The t-conorm given by (Equation(2.2)) is called the dual
t-conorm of T' and, analogously, the t-norm given by (Equation(2.3)) is
said to be the dual t-norm of S. Obviously, (Tar,Sym), (Tp,Sp), (Tr,SL)
and (Tp, Sp) are pairs of t-norm and t-conorm are mutually dual to each
other.

Definition 2.6. Let T be a t-norm and S be a t-conorm. Then we say that
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T is distributive over S if for all z,y,z € [0, 1]
T(x,5(y,2)) = S(T(x,y),T(x,2)).

and that S is distributive over T if for all x,y,z € [0,1]
S, T(y, 2)) =T(S(z,y),5(x, 2)).

Proposition 2.6. Let T be a t-norm and S a t-conorm. Then we have:

(i) S is distributive over T if and only if T = Thy.

(i) T is distributive over S if and only if S = Sy.
(iii) (T,S) is a distributive pair if and only if T =Ty and S = Syy.
Remark 2.4. If Ty < Ty, then S1 > So. Indeed

Ti(1—2,1-y) <Tr(1-z,1-y)
1-T(1-z,1—y)>1-To(1—z,1—-y)
Si(z,y) = Sa(x,y)

Consequence 2.1. For each t-conorm S, the maximum Sy is the weakest
and the drastic sum Sp is the strongest t-conorm. We have:

Sy <S8 <Sp.
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3 Fuzzy Relation and Composition

In this chapter, we study two types of relations, i.e., crisp relation and
fuzzy relation.

3.1. Crisp Relation

In this section, we recall some basic definitions concerning crisp rela-
tions.

3.1.1. Definitions and properties

Definition 3.1. (Cartesian Product )Let X and Y be two non-empty
sets, the Cartesian product X XY is defined by,

XxY={(z,y)|ze X,yeY}

Example 3.1. When X = {z1,22,23},Y = {y1,y2} the Cartesian product
given by ((Figure (3.1))

X XY = {(w17y1)7 (x17y2>7 ($27y1)7 (x2ay2)7 ($37y1)7 (%3,y2)}-

(ay, by) (a3, by) (a3, by)

(ay, by) (a3, by) (a3, by

v

a a as

Figure 3.1: Product set X xY
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Definition 3.2. (Crisp relation)Let X and Y be two non-empty sets. A
subset R C X xY 1is a classical relation.
A classical relation can be characterized by a function R : X xY — {0,1},

1 if(x,y) € R,
R(z,y) = \ ).
0 otherwise.
This relation can be represented by a matriz.
Example 3.2. Let R be "Owning Cars”
X = {Ali, Maher, Kamel}, Y = {BMW, Chrysler, Ford, Mazda, Fiat}.

R BMW | Chrysler | Ford | Mazda | Fiat
Ali 1 0 0 0 1
Maher | 1 0 1 1 0
Kamel | 0 1 0 0 0

Example 3.3. Let R be a crisp relation among the two sets

X = {dollar, pound, franc, mark}, andY = { United States, France, Canada,
Britain, Germany}, which associates a country with a currency as follows:
R(X,Y) = {(dollar, United States), (franc,France), (dollar,Canada), (pound,
Britain),(mark, Germany)}.

R U.S. | France | Canada | Britain | Germany
dollar | 1 0 1 0 0
pound | 0 0 0 1 0
franc | 0 1 0 0 0
mark | 0 0 0 0 1

Definition 3.3. (Domain and range)Let R stands for a relation between
A and B. The domain and range of this relation are defined as follows:

dom(R) = {z|x € A, (z,y) € R for some y € B}.

ran(R) = {yly € B, (z,y) € R for some x € A}.
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Figure 3.2: Domain and range

3.1.2. Operations on relations

If we assume R and S are relations defined on the same space A x B,
these relations might have operations of union, intersection, inverse and

composition.

1. Union of relations
T =R US is said to be the union of R and S.

If (z,y) € R or (z,y) € S, then (z,y) € T.

2. Intersection of relations
T =R NS is said to be the intersection of R and S.

If (z,y) € R and (z,y) € S, then (z,y) € T.

3. Complement of relation
A x B represents all possible relations that can occur between two
sets. That means it is equivalent to the concept of a universal set.

R = {(z.y) € A x Bl(z,y) ¢ R}.

4. Inverse relation
Let R be a relation from A to B. The inverse R ! is defined as

R ={(y,x) € Bx Al(z,y) € R,z € A,y € B}.

5. Composition
Let RC Ax B,S C B x (|, then the composition 7 = RoS C Ax C

T = {(x, ) such that il exists y in B satisfying (z,y) € R, (y,2) € S}.
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Fundamental Properties

Now, we shall see the fundamental properties of a relation defined on the
same set A, that is, R € A x A. We will review the properties such
as reflexive relation, symmetric relation, transitive relation, equivalence
relation and order relation in detail.

(i) Reflexive relation : (z,z) € R or ur(z,x) =1, V&€ A.

(ii) Symmetric relation: (z,y) € R = (y,x) € Ror ur(x,y) = ur(y,z),Vr,y €
A.

(iii) Antisymmetric: (z,y) € R and (y,2) E R =z =y, Vr,y€ A.

(iv) Transitive relation : (z,y) € R, (y,2) € R = (x,2) € R,Vz,y,z € A.
Definition 3.4. (Equivalence relation)Relation R C A x A is an
equivalence relation if it’s reflexive, symmetric, and transitive.

Definition 3.5. (Order relation) A relation R on a set A is a partial
order (or partial ordering) on A if R is reflexive, antisymmetric and transi-
tive.

A set A with a partial order is called a partially ordered set, or poset (for
short).

Example 3.4. The natural ordering ” <7 on the set of real numbers R.

3.2. Fuzzy Relation

In this section, we recall some basic definitions concerning fuzzy rela-

tions.

3.2.1. Definitions and properties

Definition 3.6. [20] (Fuzzy Relation) Let X,Y be two classical sets.
A mapping R: X xY — [0,1] is called a fuzzy relation. The number
R(z,y) € [0,1] can be interpreted as the degree of relationship between x
and y.

R={| (x,1), R(z,9) | (,5) € X x V}.

Particular case:

(i) If X =Y, R is said to be a fuzzy binary relation defined on X.
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(i) If X and Y are finite, a fuzzy relation R defined on both universes X
and 'Y can be written by a matriz M.

Notation 3.1. A fuzzy relation can be seen as a fuzzy subset of the set
X xY. We denote by F(X xY) the family of all fuzzy relations between
elements of X and Y.
Example 3.5. (Finite case)Let R be a fuzzy relation among the two sets
the distance to the target X = {far, close, very close} and the speed of the
car' Y = {wvery slow, slow, normal, quick, very quick}, which represents the
relational concept "the break must be pressed very strong”.
This relation can also be represented by the following two dimensional
membership array:

R very slow | slow | normal | quick | very quick
far 0 0 0 0.1 0.2

close 0.3 0.4 0.5 0.6 0.7

very close | 0.8 0.9 |1 1 1

Example 3.6. for instance, crisp relation R in figure (a) reflects a re-
lation in A x A. Expressing this by a membership function, ug(a,c) =
1.0, ur(e,b) = 1.0, ur (b, a) = 1.0, ur(c,d) = 1.0.

If this relation is given as the value between 0 and 1 as in the figure (b),
this relation becomes a fuzzy relation. Fxpressing this fuzzy relation by ,
pur(a,c) = 0.8, ur(c,b) = 0.9, ur(b,a) = 1.0, ur(c,d) = 1.0.

p 09 110
d

d
(a) Crisp relation (b) Fuzzy relation
Figure 3.3: Crisp and Fuzzy relation

Example 3.7. (Infinite case) Let N the set of positive integers, and let
R be the fuzzy relation defined on N by

1 if(r,y) €x#y

R(x7y) = {

lz—y|
T+y

otherwise
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Definition 3.7. [10] (Inverse fuzzy relation)Let R be a fuzzy binary
relation between X and Y, the inverse relation for R, denoted by R, is
defined by:

pr-1(z,y) = pr(y, ), Vr,y € X xY.
Definition 3.8. [1][22] The a-cut, strong a-cut and the support of a fuzzy

relations is defined as in fuzzy sets, i.e., the a-cut and strong a-cut of a
fuzzy relation R : X x X — [0,1] is defined as, for all x,y € X

R, = {(m,y) € X?: R(x,y) > a} , where o €]0, 1].

R, = {(m,y) e X?: R(z,y) > a} , where o €]0, 1].

In the same way, we define the support of a fuzzy relation S(R) as
S(R) = {(z,y) € X*: R(z,y) > 0}.

Definition 3.9. [11] (Composition of fuzzy relation)Two fuzzy rela-
tions R and S are defined on the sets A, B, and C. That is, RC AxB,S C
B x C. The composition So R = SR of two relations R and S are expressed
by the relation from A to C, and this composition is defined by the following.
V(z,y) € AX B,(y,z) € BxC

NSOR(xv Z) = Maxy [Min (NR(xv y)? ,US(y, Z))]
= Vy [MR(xv y) A MS(?% Z)]

This composition is called Max-Min composition.

Remark 3.1. This definition corresponds to the one traditionally used,
but it is possible to replace min with some t-norm and the max by the
corresponding t-conorm.

Example 3.8. [9] Consider fuzzy relations R C A x B, S C B x C defined
by their tables:

S| a | B
R| a b c d i

a|091]00]0.3
1/101102]001]1.0

b102]1.0/0.8
2103]103]0.010.2

c|081]00]0.7
3/108[09|10]04

d|04]02]0.3
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the composition of the relations R and S is the following

SoR | « B 0

1 0.410.210.3
2 0.3 0.3 0.3
3 0.8 0.9 0.8

Definition 3.10. [1] Let X # 0, R: X? — [0,1] a fuzzy binary relation on
X. R is said to be:

(i) Reflexive if :Vx € X,: ur(z,z) = 1;
(ii) Irreflexive if : Vo € X,: pg(z,z) = 0;
(iii) Symmetrical if : Vx,y € X, ur(z,y) = pr(y, x);
(iv) Asymmetrical if Yo,y € X, pr(x,y) A pr(y,x) = 0, with © # y;

(v) Antisymmetric if: Yo,y € X, (ur(z,y) > 0) A (ur(y,x) > 0) then
=Y

(UZ) Transitive Zf :Vx,y,z € X, MR(J:’ Z) > SUP{mi)I(l(NR(fL’, y)7 ,UR(y, Z))}
ye

Definition 3.11. Let T be any triangular norm, R a fuzzy relation

1. R is said to be T-asymmetric if:

T(R(l'vy% R(ya l‘)) =0, z#uy.

2. R is said to be T-transitive if:
T(R(z,y), R(y, z)) < R(z, 2).

Example 3.9. Let X ={a,b,c}, and let R be the fuzzy relation defined by
the following table

1.0104 105
04101 0.8
0.1 1051 1.0

R| a b c
a
b

o

R is T, antisymmetric, but not Th; antisymmetric.
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3.2.2. Particular classes of fuzzy relations

Definition 3.12. [// (Fuzzy equivalence relation)A fuzzy equivalence
relations R on X is a fuzzy relations that is:

1. Fuzzy reflexive.
2. Fuzzy symmetrical.

3. Fuzzy transitive.
Example 3.10. Let X = {a,b,c,d}, and let R be the fuzzy relation defined
by the following table

R| a b c d
a| 1.0] 08| 0.7 1.0
b |08 1.0| 07| 0.8
c|0.7]107| 10| 0.7
d| 1.0]08]07] 1.0

It is easy to verify that, R is a fuzzy equivalence relation

Figure 3.4: Fuzzy equivalence relation

Remark 3.2. [12] When R is reflexive, then the transitivity can be rewritten

by
R is transitive < R(x, z) = sup min{R(z,y), R(y, 2)},Vz,y,z € X
yeX
First, we know that R(x,z) > sup min{R(z,y), R(y,2)},Vz,y,z € X. On
yeX

the other hand,
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sup min{ R(x,y), R(y, z)} > min{R(z,x), R(z, 2)}

yeX
= min{l, R(z,2)}
= R(z,2)
Therefore, we have R(x,z) = sup min{R(z,y), R(y,z2)}

yeX
Definition 3.13. (Fuzzy order relation) A fuzzy relation R on X is a

partial fuzzy order if the following conditions are satisfies
1. Fuzzy reflezive, for all x € X, R(xz,x) =1

z,y) >0
2. Puzzy antisymmetric, for all x,y € X, { Hr(z,y) >x=y

pr(y,z) >0

3. Fuzzy transitive, for allx,y,z € X, R(z,z) > sup(min(R(z,y), R(y, 2)))
yeX

Example 3.11. (Finite case)The following membership matriz defines a
fuzzy partial ordering R on the set X = {a,b,c,d, e} :

R| a b c d e

1.0 0.7 0.0\ 1.0 | 0.7
0.0 1.0 0.0\ 0.9 0.0
0.507| 1.0\ 1.0 0.0
d| 00] 00| 00| 10| 0.0
e | 0.001]00]09]| 10

SR

o

Example 3.12. (Infinite case) Let x,y € N. Then the following fuzzy
relation R on N is a fuzzy order, where

1 if x=y,
pr(z,y) =9 1-7 if x<y,
0 if x>u.

Remark 3.3. The classical order relation < is a fuzzy order relation.
The fuzzy relation associated with the usual order

ifr=y
ifr <y
otherwise

pr(z,y) =

O =
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Proposition 3.1. [12] Let R : X2 — [0, 1] be a fuzzy relation. R is a fuzzy
partial order relation on X if and only if R, is partial order relations on
X, for all a €]0,1].

Proof. =) Let R be a fuzzy partial order relation on X.
Since R(z,z) = 1 for all x € X, then (z,x) € R, for all @ €]0,1]. Then,
R is reflexive.

Suppose (z,y) € Ry and (y,z) € Ry. Then, R(z,y) > a > 0 and R(y, z) >
a > 0, by the fact that R is fuzzy antisymmetric, x = y. Then, R, is
antisymmetric.

Suppose (z,y) € Rq and (y,2) € Rq. Then, R(x,y) > o and R(y, 2)

a, as R is transitive so R(z,z) > sup min{R(z,y), R(y, 2)}, R(z, 2)
yeX
min{R(z,y), R(y,2)} > «, that is, (z,z) € R,. Hence, R, is transitive.

Then, R, is a partial order relation on X.

<) Suppose that R, is a partial order relation, for all @ €]0,1]. Hence,
(x,x) € Rq for all a €]0,1]. Thus (z,z) € Ry, that is, R(x,z) = 1. Then,
R is reflexive.

Suppose that R(z,y) > 0 and R(y,z) > 0. Then, R(z,y) > u > 0 for some
u €]0,1] and R(y,x) > v > 0 for some v €]0, 1]. Take w = min(u,v). Then,
R(z,y) > w > 0 and R(y,xz) > w > 0. Thus, {(z,y), (y,x)} € Ry. Since
R is antisymmetric, z = y. Then, R is antisymmetric ]

Example 3.13. Let X = {a,b,c}, and let R be the fuzzy order relation
defined by the following table

R | a b c
a | 1.01]0.0|0.0
b 103]1010.0
c 02106] 10

If 0.6 < a < 1.0 then Ro, =7 =7 is a fuzzy order relation defined by the
following table

Ra a b c
a | 1.0 0.0 0.0
b | 00| 1.0 0.0
c | 0.0]0.0] 1.0
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3.2.3. Operations of Fuzzy Relation

We know with certainty that this fuzzy relationship is a fuzzy set. So we
can apply operations on sets to relationships.

Definition 3.14. [15] Let R and S be two fuzzy relations between X and
Y, for all (z,y) € X XY we can define:

1. R=8 & pr(z,y) = ps(z, y).
2. R<S e pur(z,y) < ps(z,y).
3. RUS = {{(z,y), max(R(z,y),S(z,y)))}-
4. RNS ={{(z,y), min(R(z,y),S(z,y)))}.

5. R¢= {(((L‘, y): 11— MR(x7y)>}
Example 3.14. Let R and S be two fuzzy relations on X x X such that

X ={z,y,z}, represented by the following tables

R | = Y z S| z Y z
x | 1.0 08|07 x| 060207
y | 0.8]1.00.7 y 1 09]0.0]1.0
z | 07107]1.0 z 10110706

The union and intersection relations defined by

RUS | =z Y z RNS | =z Y z
x 1.0 | 0.8 | 0.7 x 0.6 | 0.2 0.7
091]101]1.0 Y 0.8 10007

z 07107106 z 0.110.7] 0.6

The complementary relation is given by the following table

R | =z Y z
xz 0002103
y | 02]0.0]0.3
z 103103100

Proposition 3.2. [15] Let R,S and Q be three fuzzy relations of X xY
then:
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(i) RCS=R1'CS}

(i) RUS) =R UST
i) (ROS) T =R RS,

() (R7)™1 =Ry

(v) ifR>S and R > Q then R > SV Q;
(vi) ifR<S and R < Q then R < SN Q.
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4 (enerality on fuzzy lattices

4.1. Classical Lattice

Definition 4.1. [6/ (Lattice) A lattice is a partially ordered set in which
any two elements have a least upper bound (supremum) and a greatest lower
bound (infimum,).

Notation 4.1.

1. We denote the least upper bound of a and b by a V b and the greatest
lower bound by a N\ 'b.

2. The lattice is briefly denoted as (L, <).
Example 4.1. For any set E, the ordered set (P(E),C) is a lattice with

AVB=AUB and ANB=ANB, VA BeP(E)
Definition 4.2. A lattice L = (L, <) which has top and bottom elements
is called a bounded lattice.

The Duality Principle for lattice, note:

If (L, <) is a lattice, so is it’s dual (L,>).

In this section, we view a lattice also as an algebraic structure (L, V,A). We
stress the connection between V, A and <.

Lemma 4.1. Let L be a lattice and let x,y € L. Then the following are
equivalent:

(i) v < y;
(i) xVy =y;
(iii) x Ny = x.

Proposition 4.1. [6/ An algebraic structure L = (L,N\,V) where L is
a nonempty set and N,V are binary operations is a lattice if, for each
x,y,z € L, the following properties are verified:

Ll. xANz=xz,x2VT==x (idempotency)
L2. xNy=yANx,xVy=yVuzx (Commutativity)
L3 xAN(ynz) = (xAy)Az,zV(yVz) = (zVy)Vz (Associativity)
LizN(xVy)=z=zV(xAy) (Absorption)
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Definition 4.3. Let L be a lattice. We say L has a top element if there
exists 1 € L such that a = a A1 for all a € L. Dually, we say L has a
bottom element if there exists 0 € L such that a =aV 0 for all a € L.
Remark 4.1. Let L = (L, A\, V) be a lattice.

(L,A,V,1,0) is a bounded lattice when 0,1 € L and for allx € Lyx N1 ==
and 'V 0 = x, meaning that 0 and 1 are the bottom and top elements,
respectively.

Definition 4.4. (Closed lattice)A lattice L is said to be closed if it has
a smaller element denoted (0) and a larger element denoted (1).
Example 4.2. The lattice (D(60),|) is closed because (0) = 1,(1) = 60
according to Figure (4.1)

Figure 4.1: Lattice (D(60),|)

We defined the ideal and filter of a lattice L as follows.
Definition 4.5. Let L be a nonempty set and L = (L,\,V) a lattice. A
nonempty subset I of L is called an ideal of L if for all z,y € L

(i) If y € I and x <y, then z € I,
(i) x,y € I implies 'V y € I.

Using the Duality Principle we define a filter of a lattice as:
Definition 4.6. Let L be a nonempty set and L = (L, \,V) a lattice. A
nonempty subset F' of L is called a filter of L if for all x,y € L

(i) Ify € F and y < z, then x € F}
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(ii) x,y € F imply x Ny € F.
Remark 4.2. (i) An ideal (resp. filter) is called proper if it does not
coincide with L(I # L).

(ii) The intersection of any filter (resp. ideal) family is a filter (resp.
ideal).

(i) The set of all ideals (resp. filters) of L is denoted by I(L) (resp.
F(L)), and carries the usual inclusion order.

Example 4.3. In a lattice (N*,|), D(30) = {1,2,3,5,6,10,15,30} , the

subset F'={2,6,10,30} is a filter and I = {1,3,5,15} is an ideal.

Definition 4.7. Let L be a lattice. A proper ideal I of L is prime if and

only ifx,y e L, andx ANy € I imply that x € I ory e I.

Dually, A proper filter F' of L is prime if and only if x,y € L andxVy € F

imply that © € F ory € F.

Definition 4.8. For eachx € L, the sett x = {y € L,x < y} is a filter, it is

known as the principal filter generated by x. Dually, | x = {y € L,y < x}

is a principal ideal.

Example 4.4. In the lattice D(60) all filters and ideals are principals, on

the Figure (4.1) we have represented the principal filter Fg = {6,12,30,60},

and the principal ideal I = {1,2,3,6}.

Definition 4.9. (Ultra-filter)A proper filter F' of L is said to be a max-

imal if for each filter X of LFC X CL=X=F or X =1L.

Proposition 4.2. Let F' a proper filter then the following two assertions

are equivalent:

1. F is an ultrafilter,

2.NVr ¢ F,Iye F:xNy=0.
Remark 4.3. Dually we define a maxzimal ideal.

4.1.1. Lattice Homomorphisms

In this section, we define the morphism of lattice, examples and their
properties
Definition 4.10. (Morphisme of lattice)Let L and L' be the two lattices
f is an application of L in L'. We say that f is a lattice morphism if
Ve,y € L:

1 f(xAy) = flz)A f(y),
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2. f(xVy)=f(z)V f(y)
Remark 4.4. [17]

(i) A lattice isomorphism is a bijective morphism between two lattices.
(ii) A lattice morphism is a fortiori an increasing application.

(iii) if e <y=axVy=y

flzvy) =f@)V fly) = fly) = f(z) < fy)

Conclusion: a lattice morphism is an order morphism but the reverse
is false.
Example 4.5. E; = (N*,|), By = (N*, <)

f: Eq — Es5
x|y — x<y

flxny)# f(x) A fly) = pged(z,y) #x Ny
pgced(2,3) #2 N3
142

Definition 4.11. [5] Let L be a lattice. We now formulate the following
two distributive laws:

(D1) A (yVz)=(xAy)V(xAz),Vx,y,z€ L

(D2) zV (yANz)=(zVy) A(xzVz2),Vz,y,z€ L
Example 4.6. 1. Let N be a set of natural numbers. If a < b for

natural numbers a and b means alb(a is a divisor of b), then (N,|) is
a distributive lattice.

2. The lattice N5 (pentagon) and Mz (Diamond) is not distributive.

Figure 4.2: The lattice N5 and M3
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Theorem 4.1. A lattice L is non-distributive if and only if it contains a
lattice of the form Ns or Ms.
Corollary 4.1. Any chain is a distributive lattice.

4.1.2. Boolean algebra

Definition 4.12. (Complemented lattice)Let L be a lattice with has
tdentity element 1 and zero element 0, x,y € L. If t Ay =0,2Vy =1, then
y 1s called a complement of x. If every element of L has complements, then
L is called a complemented lattice.

Example 4.7.

1. In the lattice L = {1,2,4,5,20} ordered by divisibility: 5 has comple-
ment 2 and 4.

2. In a chain, an element other than 0 and 1 never has a complement.

3. Generally, 0 and 1 are always complementary to each other.
Definition 4.13. A boolean algebra (or boolean lattice) is a lattice with an
identity element 1 and zero element 0 which is distributive and complemented.
Example 4.8.

1. Any lattice (P(E), C) is a boolean algebra.

2. (D(6),]) is a boolean algebra.
Definition 4.14. Lets B, By be two boolean algebra. f: By — Bs is a
boolean morphism if for all x,y € By

(i) flxNy) = f(z) A fy).
(i) f(xVy)=f(x)V fly)
(iii) f(z)= f(x).

Properties 4.1.

(aw]]

1.0=11=0.

K1l
Il

2. x  (involution).

3. xAy=xVyandzVy=xANy (De morgan’s laws).
Corollary 4.2. In a Boolean algebra B, we have for all x,y € B,

r<y<=a>y.
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Proof. x<y<=axVy=y<=2d ANy =(@Vy) =y <=2 >vy. O

4.2. Fuzzy Lattice

Definition 4.15. [4] A fuzzy poset (X, R) is called a fuzzy lattice if xVy
and x Ny exist, for all x,y € X. We simply note a fuzzy lattice (X, R) by
L.

Example 4.9. [18]

1. Let E = {x0,y0,20} and Rz a fuzzy partial order relationship on E

such that :

Re(z,y) | o | %o | 20
ly) 1 10210.1
Yo 0 1 0.1
20 0 0 1
TALY | o | Yo | %0 TNy | o | Yo | 2o
Zo Zo | To | To Zo Zo | Yo | <0
Yo Zo | Yo | Yo Yo Yo | Yo | <0
20 o | Yo | <0 20 20 | 20 | 20

The ordered set L = (E,Rr) is a fuzzy lattice (see the figure 4.3).

2. Let F = {x1,y1,21,w1} and R a fuzzy partial order relationship on

F such that :
Rm(z,y) |21 | v | 21 | wi
1 1 103]01|04
Y1 0 0 0.1
21 0 0.3
w1 0 0 1
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TAMY | Z1 | Y1 | 21 | W1 TVMY | Z1 | 1| &1 | W
z1 T1 | X1 | 21 | T1 T Ty | Y1 | 21 | W1
Y1 1| Y1 | T1 | W1 Y1 Yi | Y1 | w1 | W
z1 I I z1 Z1 zZ1 zZ1 w1 z1 w1
wi 1 | Y1 | Z1 | W1 w1 wp | w1 | w1 | W1

The ordered set M = (F,Rar) is a fuzzy lattice (see the figure
4.9).

Figure 4.3: Fuzzy Lattice

Definition 4.16. Let L = (X, R) and M = (Y,S) two fuzzy lattices. A
mapping h : X =Y is a fuzzy homomorphism from L into M if, for all
x,y € X, it satisfies the following conditions:

h(z Acy) = h(z) Apch(y);
hz Ve y) = h(@) Vo h(y);
h(0z) = O

h(le) =

If h is a bijection, then h is said to be an isomorphism.
Example 4.10. Let £ = (X,R) be a fuzzy lattice where X = {x,y,z,w}
and R : X x X — [0,1] is a fuzzy relation given by

Rlz| y z w
x| 1]101]04]08
y |0 0.2 ]0.5
z |0 0.3
w | 0 0 1
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Let M = (Y,8) be a fuzzy lattice where Y = {2/,y/,2',v',w'} and S :
Y xY — [0,1] is a fuzzy relation given by

S| |y |2 |v |
2 [1.0]01]04)|0.7]0.9
y 100|1.0|00]05]0.7
2 100]00|1.0]05]06
v 10000001003
w' [ 0.0]0.0]0.000]10

Then, a fuzzy homomorphism h from L into M can be defined by

h(z) =2’ h(y) =y, h(z) = 2’ and h(w) = w'.

Definition 4.17. [13] Let (X,R) be a fuzzy lattice, and F be a non-empty
subset of X. F' is a filter of (X, R) if it satisfies the following conditions:

(i) If v € X,y € F and R(y,z) > 0, then x € F.

(ii) If z,y € F, thenx Ny € F.
Definition 4.18. [13] Let (X,R) be a fuzzy lattice, and I be a non-empty
subset of X. I is an ideal of (X, R) if it satisfies the following conditions:

(i) If v € X,y € I and R(y,z) >0, then x € I.

(i) If z,y € I, then x Vy € I.
Proposition 4.3. [1/] Let R : X? — [0,1] be a fuzzy relation. If R is a
fuzzy partial order relation on X, then S(R) is a partial order relation on
X.

Proof. Let R be a fuzzy partial order relation on X. For all z € X,
R(z,z) =1>0s0 (z,x) € S(R). Then, S(R) is reflexive. If (z,y) € S(R)
and (y,z) € S(R) i.e., R(z,y) > 0,R(y,z) > 0, as R is antisymmetric so
x =y. Then S(R) is antisymmetric. If (z,y) € S(R) and (y, z) € S(R) i.e.,
R(z,y) > 0 et R(y,z) > 0, then R(z,z) > 0, since (z,2) € S(R). Then,
S(R) is transitive.

Hence, S(R) is a partial order relation on X. O

Proposition 4.4. [13] Let (X,R) be a fuzzy lattice and let x,y,z € X.
Then:
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1. Rlz,zVy) >0, Ry, Vy) >0, R(x Ay,z) >0, R(z Ay,y) > 0.
2. R(z,z) >0 and R(y,z) >0 = R(zVy,z) > 0.

3. R(z,z) >0 and R(z,y) > 0= R(z,x Ay) > 0.

4. R(z,y) >0<=zVy=y.

5. R(z,y) >0« x ANy =1=z.

6. f R(y,2) >0 = R(zAy,zANz) >0 and R(xVy,zVz)>0.

Proof. Let (X,R) be a fuzzy lattice and let z,y, z € X.

1. x V y is the least upper bound of {x,y}, then x V y is an upper bound
of x and y. So R(x,zVy) > 0,R(y,zVy) > 0. Similarly, we prove
that R(x Ay, z) > 0, R(x Ay,y) > 0.

2. R(z,z) > 0 and R(y, z) > 0, mean that z is an upper bound of {z,y},
since x V y is the least upper bound. So, R(z V y,z) > 0.

3. R(z,x) >0 and R(z,y) > 0, prove that z is a lower bound of {z,y},
since x A y is the greatest lower bound. So R(z,z Ay) > 0.

4. Direct implication, suppose R(z,y) > 0, and like R(y,y) = 1 > 0,
therefore of (2) R(xVy,y) > 0. On the other hand by (1) R(y,zVy) >
0. So, by the antisymmetric of R, then z Vy =y.
Conversely suppose z Vy = y. Then R(z,y) = R(z,xVy) > 0of (1) .

5. The proof is similar to that of (4).

6. Suppose R(y,z) > 0. Then:
R(zAy, z) = sup{minycg(R(zAy,p), R(p, 2))} = min(R(zAy,y), R(y, z)) >
0.
As of (1) R(x Ay, z) > 0 thus from (3) one obtains R(x Ay, zAz) > 0.
And: R(y,zVz) = sup{minyer(R(y,p), R(p,xVz))} = min(R(y, z), R(z, zV
z)) > 0.
As of (1) R(z,zV z) > 0 thus from (2) one obtains R(zVy,zV z) > 0.

O

Corollary 4.3. Let R a fuzzy partial order relation on X. If (X,R) is a
fuzzy lattice, then (X, S(R)) is a lattice.
Remark 4.5. The converse is not necessarily true
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Example 4.11. Let X = {a,b,c}, and let R be the fuzzy relation defined

by the following table:

R | a b c

a | 1003 0.1

b |100]101]08

c 1 00]00]|1.0

Then S(R) defined by the following table:

S(R) | a | b | ¢
a 1.0 1.0 | 1.0
b 0010 1.0
c 0.0 [ 0.0 | 1.0

We can verify that S(R) is a partial order on X, but R is not a fuzzy partial
order on X because it is not transitive.



General conclusions and future research

In this work, we saw the concept of the fuzzy set as a generalization of the
concept of classical set, we studied the basic notions of a fuzzy subset and
its fundamental properties. Also, we introduced the notion of a fuzzy lattice
and fuzzy complete lattice and some characterizations have been expressed
in terms of the supremum and the infimum of its subsets.

This work gives a great possibility to generalize some classical results in
particular the different classes of the fuzzy lattice and we introduced the
notions of a fuzzy ideal and filter on a fuzzy lattice a generalization of the
notions of a fuzzy ideal and filter given by I. Mezzomo, B.C. Bedregal
and R.H.N. Santiago.
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Abstract

In this memory, we first studied some concepts of classical sets, then fuzzy sets and operations
on them. Second, we studied triangular norm, triangular conorm with presenting important
properties and results for these concepts. Third, we touched on two types of relationships:
classical and fuzzy relationships with mentioning the most important characteristics and
results. Finally, we introduced the concept of fuzzy lattice, where we studied the classical
lattice, ideals and filters, as well as a study of its various advantages and characteristics, then
we expanded it on the fuzzy lattice, where we presented important characteristics of these
concepts.

Key words

Fuzzy set, Fuzzy complement, Fuzzy partition, Cartesian product, Fuzzy Relation, Fuzzy
Lattice, filter, ideal, lattices homomorphism.

Résumé

Dans ce mémoire, nous avons d’abord étudié quelques notions d’ensembles classiques, puis des
ensembles flous et des opérations sur eux. Deuxiemement, nous avons étudié la norme
triangulaire, conorm triangulaire avec présentant des propriétés importantes et résultats pour
ces concepts. Troisiemement, nous avons abordé deux types de relations: relations classiques
et floues avec mention des caractéristiques et résultats les plus importants. Enfin, nous avons
introduit le concept de treilli flou, ou nous avons étudié le treilli classique, les idéaux et les
filtres, ainsi qu'une étude de ses différents avantages et caractéristiques, puis nous avons
développé sur le treilli flou, ol nous avons présenté des caractéristiques importantes de ces
notions

Mot-clés

Ensemble flou, complément flou, partition floue, produit cartésien, relation floue, treilli flou,
filtre, idéal, homomorphisme des treillis.
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