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Notations

Q Is a bounded domain of R", n > 1 an integer.
I'=09Q Is the smooth boundary of 2.

LP(Q) The Lebesgue space, 1 < p < 400.

L>(9) The Lebesgue space, for p = +00.

Wy () Sobolev space.
(Wy*(Q))"  Dual space of W, 7(Q).

D() The space of indefinitely differentiable function with compact support in §2.
- Weak convergence.

— Strong convergence.

= implication.

lLs.c Lower semicontinuous.
u.s.c upper semicontinuous.
A Banach space.

A’ Dual space of A.

A" Bidual space of A.

— Embedded continuously.
—e Embedded compactly.

Cl(A,R)  The space of continuously differentiable functions from A in R.
B(0, p) The open ball of radius p centered at zero.

B(0, p) The closure of B(0, p).
B0, p) The complement of B(0, p).

(u,v) 2 The inner product on L*(2)
F Closed subset.

oF Is the smooth boundary of F'.
Fe Interior of F'.

X Hilbert space.
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Introduction

The critical point theory and variational methods have undergone significant development
in their applications to differential equations over the past 20-25 years; see, for example [2} 4,
oL 113,117, 18]

This theory has attained a spectacular success in the last thirty-or-so years, reaching a high
level of complexity and refinement, and its applications are scattered throughout thousands of
research papers. Perhaps among them are two references that we relied on to complete this
work [15,16], where we detailed the proofs and collected concepts related to these theories in
a way that facilitates the reader’s understanding of their content.

Our work is organized as follows.

In the first chapter, we give some reminders on functional spaces and notion of differentia-
bility and their main properties, critical point and Palais-Smale condition. Finally, we conclude
with Ekeland’s variational principle.

In the second chapter, we establish a new critical point theorem for a class of perturbed
functionals without satisfying the Palais-Smale condition, which asserts the existence of critical
point of functionals of the type I = I; + I, provided that I; has at least one critical point. After
that, we apply our abstract results are motivated by the existence of solution of the following

nonhomogeneous nonlinear Problem:

{ —div(|VulP "2 .Vu) = [u|" 2 u+ Ag(z,u) inQ,

u=0 onl’,

where X € R, € is a bounded set of RYwith smooth boundary I', 1 < ¢ < p with p > N and
g(+, ) is continuous on Q x [0, 00).

In the last chapter, we establish the localization of a critical point of minimum type of
a smooth functional which is obtained in a bounded convex conical set defined by a norm
and a concave upper semicontinuous functional. After that, we apply our abstract results are

motivated by the existence of the positive solution of the following Periodic Problem:

{-ﬁ%w+&mw:fu@)onmjm
u(0) —u(T) =u'(0) —u/'(T) =0,

where @ # 0 and f : R — R is a continuous function with f(R;) C R,.



Chapter 1
Preliminaries and some basic tools

In this chapter, we introduce the fundamental notions to be used later.

Let € be an open bounded set of RY with smooth boundary I'.

1.1 Functional spaces

For further details on these concepts, refer to [1} 13,15, 6]].

1.1.1 Lebesgue spaces

Definition 1.1. Let 1 < p < oco.We set

LP(Q) = {u : Q — R, u is measurable and/ lu (z)| dz < +oo} ,
Q

il = ol = ([ ot das); |

L>=(Q) = {u: Q — R, measurable,3c > 0 : |u(x)| < ¢ a.eonQ},

with the norm

Definition 1.2. We set

with the norm

|lull oo = ||l =inf{c: |u(z)| < c aeonQ}.

Theorem 1.1. (Dominated convergence theorem,Lebesgue) Let (u,), C L' be a sequence
that satisfy

* uy(x) = u(x) a.e. on Qasn — oo,

o there exists h € L' such that for every n, |u,(x)| < h(z) a.e. on Q.

Thenu € L' and lim ||u, — ul|, = 0.
n—oo



1.1. FUNCTIONAL SPACES

Theorem 1.2. (Inverse dominated convergence theorem) Let (u,,), C LP be a sequence and

let w € LP such that |[u, — u||, — 0. Then there exists a subsequence (uy, )y that satisfy

* Uy, (x) = u(x) a.e. on Qas k — oo,

e there exists h € LP

()] < h(x) a.e. on .

Theorem 1.3. (Holder’s Inequality) Let 1 < p < 400, and q its conjugate exponent. Assume
that u € LP(Q) and v € L1(Q), then wv € L*(Q2) and

/ ju(@)o(z)| de < [lull, o],

1.1.2 Sobolev Spaces

Letp e Rwith1 < p < oc.
Definition 1.3. Let W'?(Q2) is a Sobolev space, defined by
W2(Q) = {u € LP(Q),Vu € LP(Q)},
where Vu is the gradient in the sense of distributions. With the norm
[ullyre = llullpe + [Vl -

We set
Hl(Q) = Wl’Q(Q).

Remark 1.1. H'(Q) is a Hilbert space with the inner product
(w, v) g1 = (w,0) ;2 + (Vu, V)2,
that is
(w,0) g = /Qu(ac)v(.r)da: + /Q Vu(z)Vo(z)de.
Definition 1.4. Ler 1 < p < oo, W, ?(Q) denoted the closure of D(Q) in W'*(Q) and
WoP(Q) = {ue W' u=00nT}.

With the norm
lullya = [Vl

We set
Hi () = Wy (Q).

Proposition 1.1. 1. W'? is a Banach space for 1 < p < oco.
2. WP is reflexive for 1 < p < oo.

3. WP is separable for 1 < p < oo.

Theorem 1.4. (Poincare’s Inequality) We assume that () is a bounded open set of R" and
1 < p < 4+oc. Then there is a positive constant C' (dependent on ) and p ) such that

lullpr < ClIVullL, Vue Wy (Q).




1.2. OPERATORS ON BANACH SPACES

1.1.3 Sobolev Inequalities

Definition 1.5. Let A and B be two Banach spaces
» We say that A is embedded continuously in B noted A — B if
1. AC By

2. the canonical injectioni : A — B, i(u) = w is a continuous operator. That is there exists

a constant C' > 0 such that ||ul| 3 < C'||ul| 4 , for all u € A.

o We say that A is embedded compactly in B noted A —. B if A — B and the canonical

injection 1 is a compact operator.

Corollary 1.1. We Assume that ) is an open set of class C* with T bounded. Let 1 < p < oo,

then we have the next continuous injections:

L (Q) where#:%—% ifp <N,
WHQ) = LI(Q)  ¥g>1 ifp=1N,
L=(9Q) ifp > N.

Theorem 1.5. (Rellich-Kondrachov) Assume that ) is bounded and of class C*. Then we have

the next compact injections:
L9(
WP(Q) <. § LI(
c(Q

Q) Vi<qg<p* ifp<N,
Q)  VY¢>1  ifp=N,
ifp> N.

~—

Where p* = NN—_’; is called the critical Sobolev exponent.

1.2 Operators on Banach spaces

For further details on these concepts, refer to [1} 16, 7, 8, [10]].

Definition 1.6. (Dual space) Let A be a Banach space, we denote by A’ its dual, namely the
space of continuous linear functionals from A to R. With the norm
[T 4 = sup[(Jou)| VJ €A
u€A
flull=1

Definition 1.7. (Reflexive Spaces) Let A be a Banach space and let i be the canonical injection
from Ainto A”. We say that A is reflexive if i(A) = A”, meaning that i is surjective.




1.2. OPERATORS ON BANACH SPACES

Definition 1.8. (Strong and Weak convergence) Let (u,,) be a sequence in A
1. We say that u,, converges weakly to u if

(fiun) = (fiu) VfeA.

We shall write

Uy — U.

2. We say that u,, converges strongly to u if ||u,, — u|| — 0. We shall write
Up — U.
Proposition 1.2. If u,, — u weakly and if f,, — [ strongly in A’, then

(fr tn) = {f,u).

Definition 1.9. (Continuous Operator) Let A and B be two Banach spaces. An operator
T : A — B is said to be continuous if for any sequence (u,,) C A that converges to a point u

in A, the sequence (T (u,,)) converges to T'(ug) in B.

Definition 1.10. ( Compact Operator) Let A and B be two Banach spaces. An operator T :
A — B is said to be compact if for every bounded sequence (u,,) in A, the sequence (T (u,))

in B has a convergent subsequence.

Theorem 1.6. Let A be a reflexive Banach space and let (u,,) be a bounded sequence in A.

Then there is a subsequence that converges weakly to u.

Definition 1.11. /. We say that I : A — R is lower semicontinuous (l.s.c) if for every
(un) C A, we have

Up —> ug in A= I(up) <liminf I(u,).

n—-+0oo
2. We say that I : A — R is upper semicontinuous (u.s.c) if for every (u,) C A, we have

Up —> ug in A= I(ug) > limsup I(u,).
n—+oo

Theorem 1.7. (Mean Value Theorem) Assume that F'(x) is a function that satisfies both of the
following:

1. F(x) is continuous on the closed interval |a,b] .

2. F(z) is differentiable on the open interval |a,b|. Then there exists a number c in the

interval |a, b] such that
F(b) — F(a) = F'(¢)(b — a).

Lemma 1.1. If1 < p < oocanda,b > 0, then

(a+Db)P < 2771 (a? 4 bP). (1.1)

4



1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

Lemma 1.2. [. If p > 2, then

(B2 b—la"*a,b—ay > 27 (|7 +|af*) |b - a|”
2P |b—al. (1.2)

v

2. If 1 <p <2, then

b~ al”

. (1.3)
(o] + [al)*™

{o]""%b— |al*a,b—a) > C,

1.3 Functional Differentiability and Critical point

For further details on these concepts, refer to [1} 2, i4].

1.3.1 Fréchet Differentiability

Definition 1.12. Let A be a Banach Space, ) an open subset of A and let I : A — R be a
functional. We say that I is (Fréchet) differentiable at u € A if there exists A, € A’ such that

lim Iu+v)—I(u) — Au(v)

= 0.
lof|—0 [v]|

Where I(u +v) — I(u) = A, (v) + o(|[v]]), with lim o(llv‘ll) —0.

[EEU
* The operator A, is called the (Fréchet) differential of I at u, denoted by I'(u). We get
I{u+v) = I(u) = (I'(u),v) + of[|v]]),
as ||v]| — 0.
Example 1.1. Let A be a Banach space and let
y:AxA—->R
be a continuous bilinear form. Let I : A — R be an associated functional such that
I(u) = y(u,u).
Then, I is differentiable on A and
(I'(u), v) = y(u,v) + y(v, u),
for every u,v € A; Indeed by linearity of y, we get

Iu+v)—1(u) =

Yy
= y(uv U) + y(U, U’) - y(U, U) :
~ ~- e
Au(v) o(llvl)

(u+v,u+v)—y(u,u)




1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

Now, we show that \|71Ji||r£1>0 yﬁfjﬁ) = 0. By continuity of y, then there exists a constant ¢ > (
such that
[y(u, o) < cllull o] = ly(v, v)| < cllv])?,
consequently,
, v,V
i I =0

Next, we prove that A, € A'. Since y is linear, then A, is linear and we have

[Au(0)] < [y(u, v)[ + [y(v, u)|
< cllll,

where c is a positive constant. So A, is continuous. Therefore
(I'(u), v) = y(u,v) + y(v, ).
In addition, if y is symmetric, then
(I'(u),v) = 2y(u,v).
1.3.2 Gateaux differentiable

Definition 1.13. Let A be a Banach space, ) C A an open set and let I : 2 — R be a
functional. We say that I is Gdteaux differentiable at u € 2 if there exists T,, € A’ such that
I(u+tv) — I(u)

15% ; = T,(v).

* The operator T, is called Gateaux differential of I at u and is denoted by I[,(u).

Remark 1.2. By definition of Fréchet differentiability, it is obvious that if I is differentiable at
u, then it is Gdteaux differentiable and I'(u) = I/,(u).

Proof. Assume that [ is differentiable at u. Then we have

lim Iu+v)—I(u) — Au(v)

lof|—0 o]l

= 0.

We replace v by tw, where ||w|| = 1,i.e. ||v|| = t, we get

lim I(u+tw) — I(u) A (w).

t—0 t

Thus, I is Gateaux differentiable at u. Therefore, the proof is complete. L]

Example 1.2. Ler I : W, "(Q) — R be a functional given by

I(u) = /Q IVl dz.




1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

Then, I is Gdteaux differentiable and

(I(u),v) =p / \Vul?~? Vu.Vod.
Q

Indeed, let u,v € VVO1 P and let t > 0 be fixed. We consider the function g : [0,t] — R such that

g(s) = |Vu+ sVl

be a continuous on |0, t| and derivable on |0, t]. Then by the Mean Value Theorem, there exists

a number ¢, €0, t[ such that

that is,
|Vu + tVol’ — |Vul’
t
We have t — 0 as ¢; — 0, we get
. | Vu+tVol’ — |Vul’
lim

t—0 t ct—0

= p|Vu+ cth]p*Q (Vu + ¢, Vv).Vo

Using Dominated convergence theorem Lebesgue, we get

limp/ \Vu + ¢, Vo’ (Vu + ¢,Vv).Vo dz = p/ \Vul["~?> Vu.Vo dz.
0 0

ct—0

Indeed, we have

IVu + ¢, Vo’ (Vu + ¢,Vv).Vo — \Vul["~? Vu.Vv a.eon Q.

Using (I.1), we get

[Vu+aVol ™ (Vu+ Vo) Vo| = [Vu+aVol" |Vl
< (IVul + Je] [VolpP Vol
—~—
<1
< 272 (Va4 (VoY) [Vl

IN

202 (V"™ | Vol + [Vol?) .

h(z)

It remains to verify that h € L*(Q)), we have:
o Since Vv € LP(R), then |Vu|? € LY(Q).

e Check that |VulP~" |Vu| € LY(Q). Using Holder’s Inequality, we get

p—1

/|Vu|ﬁ1|Vv|dx < {/ (|VU|P*1)IJ% dx} v [/|Vv|pdx]p
Q 0 0
[/ V|’ dm} ’ [/ |Vol? dx] ’

O 0

= |[Vull7," Vo]l < +oo,

IN

= lim p/ \Vu + ¢, Vo’ (Vu + ¢,Vv).Vo dz.
0

(1.4)

7



1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

this shows the claim. Therefore, the relation is proved. Then

lim Iu+tv)—1
t—0 t

() _ p/ IVul""? Vu.Vo dz.
Q
Let T, : Wy’ — R be a map, given by
T.(v) = p/ \Vul"? Vu.Vo dz.
Q

We verify that T, € (W, )’
* We have T), is linear because of the linearity of the integral and the gradient.

* Check that T, is continuous. Using Holder’s Inequality, we get

IT,(v)] = ‘p/|Vu|p2Vu.Vvd:E
Q

IN

p/|Vu|p_1|Vv] dx
Q

-1
< plVull Vol

we can choose ¢ = p||Vull%,'. So we have the continuity of T,. Therefore, I is Gateaux

differentiable and moreover
(It (u),v) = p/ \Vul" > Vu.Vo d.
Q

Remark 1.3. Gateaux differentiability does not imply differentiability.

Example 1.3. Consider the function F : R? — R defined by:

F(z ):{ i F@y) #(0,0),
! 0 if (x.y) = (0,0).

This function is Gdteaux differentiable at the origin (0,0), but it is not differentiable at that

point.

Proposition 1.3. Let Q2 C A be an open set. If I is Gateaux differentiable on () and that 1, is
continuous from Q to A’ at u € Q. Then I is also differentiable at u, and I},(u) = I'(u).

Example 1.4. Ler [ : I/VO1 P(Q2) — R be a functional given by
I(u) = / |Vul? dx.
Q
Then, I is Fréchet differentiable and

(I'(u),v) :p/Q \Vul""? Vu.Vodz.

8



1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

Indeed, we already prove that I is Gdteaux differentiable and it remains to prove that 1, is

continuous from Wy to (Wy™)'. To do this; Let (u,) C Wy be a sequence such that
Up — U N Wol’p that is Vu, — Vuin L?,

then we have to show that
IG(uy) — I5(u) in (Wol’p)'.

Letv € W, such that Hv||W01,p = [|[Vo||,, = 1, we have
146 (un) = Te ()l oy = WP (L6 (un) — I (), v)] -
v W&’p:

Using the Holder’s Inequality, we get

[{Ig(un) — Ig(u),v)| = p

/|Vun]p_2Vun.Vvd:c—/ \Vu|p_2Vu.V'Ud:C
Q Q

< p/ |[VunlP ™ Vu, — [VulP ™ V| . | Vo] do
0

[/ |’Vun\7’_2Vun— ]Vu|p_2Vu”’p1} ’ {/ ]Vv\p]p.
Q Q

<
—_——
=1
Now, we will prove that
V"% Vu, — [VulP 2 Vu in L1,
Indeed, using the inverse dominated convergence theorem, we get
Vu, -+ Vu a.e on
Ih € LP such that, |Vu,|"™" < |nP~™' € L1,
Therefore, by Dominated convergence theorem, we get
Yo"~ Vu, — [VulP 2 Vu in L1,
Consequently,
p—1
_p
116 (un) = TG (u) | gy < { / [V, [P~ Va, — |VulP = Va7 ——0.
0 Q n—-+00
That is,

Ig(un) = Ig(u) in (Wy™")'.

So we have the continuity of I(,. Therefore, I is differentiable and 1, = I', moreover

(I'(u),v) :p/ \Vul"~? Vu.Vudz.
Q




1.3. FUNCTIONAL DIFFERENTIABILITY AND CRITICAL POINT

1.3.3 Critical points

Definition 1.14. Let f : I — R be a function defined on an interval I such that c is an element
of I. Then

1. f(c) is a local maximum value of f if there exists an interval J containing c such that,
forallx € JNI

f(z) < f(o).

2. f(c) is a local minimum value of f if there exists an interval J containing c such that,
forallx € JN1

f(@) = fle).
3. f(c) is local extreme value of f if it is either a local maximum or local minimum value.

Definition 1.15. Let A be a Banach space, 2 C A an open set, and let I : Q) — R is differen-
tiable.

* We say that u € S is a critical point of I if

I'(u) = 0.

* We say that ¢ € R is a critical value of I if there is u € § such that

I(u) =c¢ and I'(u) = 0.

Y

Local maximum

flx)=0

Local maximum

f(z) = undefined

V

Local minimum
f'(x) = undefined

Local minimum

fll@) =0

Figure 1.1: Local extreme of function f.

10



1.4. VARIATIONAL PRINCIPAL

1.4 Variational Principal

For further details on these concepts, refer to [2, 12, [14]].

Definition 1.16. (Palais-Smale sequence) Let A be a Banach space, let [ € C'(A,R) and let
(un) C A be a sequence such that

(I(uyn))y, is bounded in R,
I'(u,) —— 0 in A'. (1.5)
n—+00
Then, (uy,) is called Palais-Smale sequence.
Letc e R, if
I(u,) —— ¢ inR,
I'(u,) —— 0 in A
n—-+00

Then, (u,) is called Palais-Smale sequence at level c. In this case, c is called Palais-Smale

level.

Example 1.5. We consider the real function f : R — R such that

f(z) = xe'™7,
it is differentiable on R and its derivative function is
F@) = (1 - x)e'.
* We take u, =1+ % we get
flu) = (L D —— 1,
-1

n—+oo
fuy,) = %16 — 0.

n—-+00

Then, (uy,) is a Palais-Smale sequence at level ¢ = 1.
* We take v, = n, we get

f(v,) = net™ —— 0,

n—-+00
f(v) = (1 —n)et™™ —— 0.

n—-+00
Then, (v,,) is a Palais-Smale sequence at level ¢ = 0.
Definition 1.17. (Palais-Smale condition) Let A be a Banach space and let I € C'(A,R).

1. We say that 1 satisfies the Palais-Smale condition ((PS) for short), if any sequence
(un) C A of Palais-Smale satisfy , has a convergent subsequence to some u € A.

11



1.4. VARIATIONAL PRINCIPAL

2. We say that [ satisfies the Palais-Smale condition at level ¢ € R ((PS). for short), if any
sequence (u,) C A of Palais-Smale satisfy @) has a convergent subsequence to some
u e A

Example 1.6. In example we have f satisfies the Palais-Smale condition at level ¢ = 1
((PS)1), but f does not satisfy the Palais-Smale condition at level ¢ = 0 ((PS)y).

Definition 1.18. Let A be a real Banach space, let ¢ € R and let ' C A be a closed
subset.We say that [ € C'(A,R) satisfies the Palais-Smale condition at level ¢ € R on F
((PS) . for short), if any sequence (u,)nen C F satisfy (I.6), has a convergent supsequence

to some u € F.

In 1972, Ekeland [21] proved a theorem regarding the existence of an approximate mini-
mizer for a function that is bounded below and lower semicontinuous. This theorem, known as
Ekeland’s Variational Principle, is widely used in nonlinear principle and serves as a valuable
tool in studying Problems related to fixed point theory, optimization, nonlinear equations, and
more. For further details, refer to [[11, (19, 20].

Theorem 1.8. (Ekeland’s Variational Principle) Let (A, d) be a complete metric space, and
I: A— RU{+o0} be als.c. function, bounded from below. Then for all ¢ > 0 there exists

ue € A such that
: < <
ilel,g](u) < I(u) < irelg I(u) + €,
I(u) — I(ue) + ed(u,uc) >0,  Vu # u.

Corollary 1.2. Let A be a Banach space and let I € C*(A,R). We suppose that

1. I is bounded from below.

2. I satisfies the Palais-Smale condition at level ¢ = in£1 I(u).
ue

Then, I reaches its minimum (i.e. I has a critical point).

12



Chapter 2

Critical Point Theory for Perturbed
Functionals

In this chapter, we establish a new critical point theorem for a class of perturbed functionals
without satisfying the Palais-Smale condition, which asserts the existence of critical point of
functionals of the type I = I, + I, provided that /; has at least one critical point. Next, we

apply our abstract result to nonhomogeneous nonlinear Problem.

2.1 Main abstract results

In this section we are going to prove the existence of at least one critical point of perturbed

functionals without satisfying the Palais-Smale condition.
To show this, we need the following Theorem, which is a version of Ekeland’s variational
principle established by Ekeland [11] or Gongalves and Miyagaki [12].

Theorem 2.1. Let A be a real Banach space. If I € C'(A,R) satisfies (PS)r. and bounded

from below on a closed subset ' C A with a nonempty interior and if

I(v) <0< i%fFI(u) for some v € F°, 2.1
ue
then
c= irellf? I(u). (2.2)

is a critical value.

Proof. Using the Ekeland’s Variational Principle, for all € > 0 there is u. € F' such that

I(u,) < 361? I(u) + e, (2.3)
and
Iue) < I(u) +ellu—ucll, Yu# u.. (2.4)
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2.1. MAIN ABSTRACT RESULTS

From (2.1)), we get for all e > 0

0<e< ule%fF I(u) — vlenpfo I(v). (2.5)
Since F° C F. Then
i < i . .
51611]; I(u) < ulenlﬁc’ I(u) (2.6)

From (2.3), (2.3) and (2.6)), We have

I(ue) < inf I(u) + € < inf I(u) +e < inf I(u).

uelF ueF° u€IF

Hence,
I(u.) < inf I(u). (2.7)

uedF
Now, we will prove that v, € ['°. Using contradiction argument, assume that the claim is not
satisfied, then u, ¢ F° moreover u. € F, thus u. € OF. So
I(ue) > inf I(u).

u€dF

This is a contradiction to (2.7), then u, € F°. After that replacing u by u,. + Aw in (2.4), for all
A > 0 small and w in the unit hall B C A, we get:

I(ue + Aw) — I(ue)
A

+efwl =0,
which gives
(I'(us), w) + € ]| > 0.

Then,
(I'(ue), w)y > —e.

Replacing w by —w, we get
(I'(ue),w) < e

then,
(I (ue), w)| < e.

Therefore,
1T (ue)|| 4 < e (2.8)

We choose ¢ = +. From (2.3) and (2.8), we get
I(u,) = cin R and I'(u,) — 0 in A" (2.9)

This means that, u,, is Palais-Smale sequence. However, since [ satisfies (P.S),. there is a
subsequence (u,, ) (still denoted by u,,) such that

U, — u € F.
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2.1. MAIN ABSTRACT RESULTS

Since I and I’ are continuous , then
I(u,) = I(u) and I'(u,) — I'(u). (2.10)
From and (2.10), we obtain
I(u) =c and I'(u) = 0.
Then c is a critical value. Therefore, the proof is complete. O]
We give now some definitions fundamental in this section.
Definition 2.1. Let A be a real Banach space and I € C*(A,R).

1. We say that u is a c-Ekeland solution of I if
I'(u) =0 and I(u) =c,

where ¢ = inf I(u).
uck

2. We say that I has the Ekeland geometry if I satisfies (2.1)).

3. We say that I has a mountain pass geometry if there exists uy € A and constants p,r > 0
such that

I(uy) <0, Jui]l > p,
and

I(u) > r when |ul| = p.

4. We say that u is a c-mountain pass solution of I, if it has a mountain pass geometry,
I'(u) = 0and I(u) = ¢, where

¢ = inf max I(y(t)).

and
U ={yeC(0,1],4) : v(0) =0, v(1) = u}.

We denote by I the functional of class C' (A, R) defined by

fa) = { I(u) for|ul| < 2M, o1

a  for||u|| > 4M,
where M is a positive constant and o € R.

The following theorem guarantees the existence of at least one critical point of functionals
of the type [ = I + Is.
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2.1. MAIN ABSTRACT RESULTS

Theorem 2.2. Let A be a real Banach space and let I be a real-valued functional on A such
that
I)\ - Il + )\[2,

with I, I, € C*(A,R) and \ € R. We assume that:

(i) I, has an Ekeland geometry, I, satisfies the (PS) g .-condition and fg as well as T 'y are
bounded, where Iy and I'y are defined in (m

(ii) There exists a positive constant M such that
Jull < M,
where M is given in ([2.11)) for every c-Ekeland solution u of 1.
(iii) Forall\> 0,1, =1, + M\, € CY(A,R) and it satisfies the (PS) . .-condition.
Then there is \g > 0 such that, for every |\| < X\, I\ has a critical point.

Proof. By condition (i) along with Theorem there is ¢ € R, a closed subset F' C A and
u; € A such that
c=inf I1(u) = I (uy).

ueF

From (2.1)) and (2.6), we get

¢ = inf I1(u) = I, (u;) < 0. (2.12)

uel

Stepl. We have I » admits a critical point uy € A. Indeed, from assumption (i77), and since

I, is bounded, we get
Li(u) = C|A| < Li(u) < Li(u) + C A, Vu € A, (2.13)

where C' > 0 is independent of A\ and u. From (2.1), (2.12) and (2.13), we get for |A| small
enough,

—o0 < inf [1(u) <0, (2.14)
and
0< ule%fFjl(u) —CA < ule%fF I(u). (2.15)

This implies that, for || small enough, I, has the Ekeland geometry. Indeed, from 1} we
have

0< ule%fF I (u).

It remains to prove that there exists v € F'° such that

[)\(U) < 0.
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2.1. MAIN ABSTRACT RESULTS

By definition, for every € > 0, there exists u. € F' such that

. jod < F . ot .
516121,\(11) < Iy(ue) < iggl)\(u) +e€

From (2.14) and for € small enough, we have

L(ug) < inf I(u) + € < 0. (2.16)

ueF

It is enough to verify that u, € F°. For this, using contradiction argument. Assume that
u. ¢ F°, this means that u, € OF, but inafF I, A(te) > 0. This is contradiction to (2.16).
Ue €

Therefore, we can choose u, = v. Consequently, I, has the Ekeland geometry. And we have
I » satisfies the (PS) g .-condition. These facts in combination with Theorem show that, for

| \|small enough, I, admits a critical point uy € A such that

¢y = inf ]}(u) = f)\(UQ). (2.17)

ueF

Step2. We have ¢y — cas A — 0. Indeed, from (2.13)), we get

inf I)(u) — C'|\| < inf I)(u) < 12211(“) + C|N.

uelF ueF
Using (2.12)) and (2.17), we get

c—CIN<ex<c—C|). forall A € R.

Then, ¢y — cas A — 0.
Step3. There is Ay > 0, for every A € R such that, for |A\| < )¢, any c,-Ekeland solution u
of [ \ satisfied
Jul| < 2M.

Using contradiction argument. Then there exists sequences (A, ),en C R such that A,, — 0 and
(un)nen € Fis a c,,-Ekeland solution of I x, and

|un|| > 2M. (2.18)
Since u,, is a ¢, -Ekeland solution of I A,» then
j)\n(un) = C\, and j’)\n<un) =0.

On the other hand, by definition, we have

I, (u,) = L(uy)+ Ndo(uy)

Iy, (un) = I{ (un) + An Ly (un).
Hence, using Step2, the boundedness of I 5 and I % and the fact that \,, — 0 leads to

Ii(u,) — ¢ and I{(u,) — 0 as n — +oo. (2.19)
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This means that, u,, is a Palais-Smale sequence. However, since /; satisfies (P.S) s -condition

there is a subsequence (u,, ) (still denoted by u,,) and uy € F such that
Uy — Ug in F
Since [; and I] are continuous , then
I (upn) — I (uo) and Ij(u,) — Ij(ug) as n — +oo. (2.20)
From (2.19) and (2.20)), we obtain

[1(U0) = ¢ and [{(Uo) = 0.

This shows that u is a c-Ekeland solution of /;. Therefore, by condition (ii), we get
[t = llun = o + uoll < flun — uol| + [luoll < 2M

for each n large enough. We have a contradiction to (2.18)). Thus, step3 is proved.

Therefore, by the steps above, we conclude, for |\| small enough, I, has a critical point and

I(ug) = I(ug) = ¢y and I'y(uy) = I} (usy) = 0.
The proof is achieved. O]

Remark 2.1. 1. On the conditions of Theorem[2.2} it is indicated that the functional I does
not have to satisfy the (PS)-condition.

2. Let A be a Banach space of valued functions which has the next property: If v, — u
in A, then there exists a subsequence of (u,,) (still denoted by u,,) such that u,, — w in
L>®(A). In this case we can replace ||u|| < M in by ||ul|, < M. Moreover, we
can replace condition (ii) in Theorem[2.2| by

lulloe < M,
where M is given in (2.11) and u being a c-Ekeland solution of I,.
As a direct consequence of Theorem[2.2] we can state the following result.

Theorem 2.3. Let A be a real Banach space and let I be a real-valued functional on A such
that
[)\ = Il + )\]'27

with A € Rand I, I, € C'(A,R). We suppose that:

1. I, has a mountain pass geometry, 1 satisfies the (PS)-condition, I, as well as I's are
bounded.
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2. For all c- mountain pass solution u of I, there exists a positive constant M such that
Jull < M,
where M is given in (2.11)) .
3. Forall A > 0, I, = I, + \I, satisfies the (PS)-condition.
Then there is \g > 0 such that, for each |\| < A, I has a critical point.
Proof. 1t is enough to verify the following implication:
I; has a mountain pass geometry = [; has an Ekeland geometry.
Indeed, let /; has a mountain pass geometry, we set:
F = B0, p) = {u € Asuchthat ||u|| > p}.
For any u € OF (||u|]| = p), we have:
Ii(u) >r>0.
Then

inf Iy (u) > 0.

u€OF

The mountain pass geometry implies that there exists u; € A such that
|ui]| > p and I (uy) <O.
Since u; € F*° equivalent to ||u;|| > p, then we can take v = u; € F°. In conclusion

Li(v) <0< uie%fFll(u).

The proof is finished. [

2.2 Application: Nonlinear Problem in Sobolev Spaces

In this section, we are going to apply the abstract critical point results to nonhomogeneous
nonlinear Problem, more exactly, we will study the existence of weak solutions of the following
Problem:

{ —div(|Vul"™* .Vu) = [u]"* u + Ag(z,u) inQ, (2.21)

u=0 onl’,

where \ € R, Q is a bounded set of R with smooth boundary I" and (N > 3). We assume the
following hypotheses:

(A) 1<qg<pandp > N.
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(B) g(-,-) is continuous on 2 x [0, co).

Definition 2.2. We say that u € VVO1 P is a weak solution of Problem if and only if
/ \Vul"~? Vu.Vo dz — / | ww de — /\/ g(z,u)vdx =0 forallve W,".
Q Q Q

We denoted by 1), : I/VO1 ? — R the energy function of Problem lb defined by

1 1
:-/ ]Vu|pdx——/ |u|qu—/\/G(:c,u)dx
P Ja q.Ja Q

where G(x, s) fo x,t)dt. Note that under conditions (A) and (B), the functional I, :
Wy? — R is well defined, of class C' (W, ”, R). In addition

(I} (u) /|Vu\p Vu.Vou dx — /|u!q uvdx—)\/g(x,u)v dz forallv € W,7.
Q

So, every critical point of [ is a weak solution of Problem (2.21]).
We introduce the functionals /4, I5 : Wol’p — R defined by

Lu) — /]Vu]pdx——/|u|qd:c

I(u) = /Q G(z,u)dz.

The following theorem guarantees the existence of a solution of Problem (2.21)).

Theorem 2.4. Assume that assumptions (A) and (B) are satisfied. Then there exists Ay > 0 such
that for each |\| < \g Problem has at least one weak solution.

Proof. We will use Theorem [2.2] For this purpose, we need the following four steps:
Stepl. /; has an Ekeland geometry.
By assumption (A), we know that I/VO1 ? is embedded continuously in L>°. Hence, there exists
a > 0 such that
ull, < alul| forallu € Wy™. (2.22)
First we prove that 0 < ulerng I, (u). For this, we check that there exists p,r > 0 such that
Ii(u) > r when |ju|| = p. We have

1 1
Li(u) = —/ |Vu|pdx——/ |u|? dz,
P Ja q4Ja

1 1
= —lull” = = Jlulls €21

Using (2.22)), we get
1 g ot
Ii(u) 2 flull® (2—? [ m IQI) : (2.23)
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2.2. APPLICATION: NONLINEAR PROBLEM IN SOBOLEV SPACES

We set p > max (1, (o |Q|)ﬁ) Therefore, since ¢ < p, we have

1 q
Liw) > ~p" — 19| p7 = r > 0 forevery |ju] = p. (2.24)
p q

We take
F = DB(0,p) = {u € Wy” such that |u| < p}.

Since u € OF equivalent to ||u|| = p, then from (2.24) we get

inf I;(u) > 0. (2.25)

uedF

Now, we will prove that I;(v) < 0 for some v € F°. For this, let ¢ € W, \ {0}. Then

P » 14 q
Lite) = gl = & / pf? da.
P q Jo

Since ¢ < p we can choose ¢t > 0 small enough so that

tP , q
Li(te) = —[lell” = — [ lel"dz <0.
p 4 Jo
Since tp € F° equivalent to ||tp| < p, then we can take v = typ € F°. Consequently
Ii(v) < 0. (2.26)

Therefore, by (2.25) and (2.26) then /; has an Ekeland geometry.
Step2. [, satisfied the (PS)-condition.
Let (t,)nen C Wol’p be a (PS)-sequence of [y, that is,

L(u,)| < C forallneN and I!(u,) — 0 in (Wi?) asn — oo, (2.27)
1 0

for some C' > 0.

From (2.23))and (2.27)), we get

1 , o q
C > Li(up) > p [unll” — " |2 [ual|* . (2.28)

First we prove that (u,,),ecn is bounded in I/Vo1 P Using contradiction argument, suppose
that the sequence (u,, )nen is unbounded in W, *, then there exists a subsequence (u,, ) ( still
denoted by u,,) such that

||tn]] — oo as n — oo.
Then,

| af
lim — [Juy,||” — — Q] [Jun [|* = +oc.
n—oo

This is contradiction to (2.28). Thus, (i, )nen is bounded in T, ™.
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2.2. APPLICATION: NONLINEAR PROBLEM IN SOBOLEV SPACES

Secondly, since (u,)nen is bounded in VVO1 P which is reflexive then there exists a sub-

sequence (uy, ) ( still denoted by u,,) such that

U, — u in W,?,
u, —u in L™ (W," embedded compactly in L., as p > N).

Finally, we prove that u,, — u in W,?.
We will show that (1] (u,) — I](u), u, —u) — 0.

n—o0

* We have
U, —u in Wy ? and I}(u,) — 0 in (W, 7).

By Proposition we get
(I (up), uy — u) — 0. (2.29)

n—o0

« Since I/ (u) € (Wy") and u,, — u in W,", we obtain

(I (u), up, — u) — 0. (2.30)
n—0o0
From (2.29) and (2.30), we have
(I (uy) — I (w), up, — u) — 0. (2.31)
n—o0

On the other hand, we have

(L (un) = (), un —u) = (L1 (un),up —u) — (L(w), up — )
= /Q (|Vun|p_2 Vu, — |Vu|' Vu) . (Vu, — Vu) dz

|
~
S
3
=
&
S
3
=
=
&
S
N~—
=
3
|
£
oW
S

Writing:

/ (Junl® = [ul* %) . (un — u) do :/ || d:c—/ |, |77 un.udx—/ Up. ]u\q_2uda:‘—|—/ |u|? dz.
Q Q Q Q Q

Since u,, — w in LY, then

/\un|qu—>/|u\qu as n — +00.
0 Q

Using Dominated convergence theorem Lebesgue, we get

/|un|q2un.u da:—>/|u|qu,
Q 0
/un. ]u\qZudaj—>/ lu|? dz.
Q Q
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2.2. APPLICATION: NONLINEAR PROBLEM IN SOBOLEV SPACES

Consequently,
/ (|un|q_2 Uy — | u) . (u, — u)dz — 0. (2.32)
QO n—oo
Combining (2.31) with (2.32), we deduce that
/ (IVu, "2 Vu, — |Vul’ > Vu) . (Vau, — Vu) de — 0. (2.33)
Q n—00

If p > 2, using relation (I.2)), we get

/ (|Vun|p_2 Vu, — |Vulf ™ Vu) . (Vu, — Vu)dz > 22_7’/ \Vu, — Vul|’ dx
0 Q
92— P
= Py .
Then by (2.33), we have
p
[ pp—

which implies

B
U, — u in Wy

If 1 <p < 2. We have

/ \Vu, — VulP de = / \Vau, — Vul? . |V, — Vul"? dz,
Q Q

< / IV, — Vul* . |Vu, + Vul’ > dz,
Q

IV, — Vul|®
o |V, + Vu*?

Using (1.3)), we get

1
/ |Vu, — Vul’ de < —/ (|Vun|p_2 Vu, — |[VuP~™ Vu) . (Vu, — Vu) dz.
Q Cp Q

Then by (2.33)), we obtain
/ |Vu, — Vul’ de —— 0,
Q

n—oo
which implies

B
u, — u in Wy

Consequently, for every p, we have
U, — u in WP,

Therefore. I, satisfied the (PS)-condition.
Step3. For a c-Ekeland solution w of [, there exists M > 0 such that

[ulloo < M.
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Letu € VVO1 ” be a c-Ekeland solution of 7;. That is
Ii(u) =c¢ and I{(u) =0.

From (2.28)), we have
1 , o q
C > — lul|” = — [ fJu]”
p q

It follows that there is a constant 6 > 0 independent of w such that ||u|| < §, by assumption

(A), we know that VVO1 ' is embedded continuously in L>°. Hence, there is & > 0 such that
Jull. < allul forallue Wy?.
Then, there exists M > 0 independent of u such that
lull, < ad =M.

Thus, step3 has been proved.
Step4. For every A\ € R, I » satisfies the (PS)-condition.
First we introduce the functionals I, As fg. For this, we choose a function K € D(Q2) with
0 < K < 11in €2 such that
1 for|z| < 2M,
(z) =
0 for|z| > 4M,

where M is given in step3. Then the function

G <
0 for ||u|| , > 4M,

is of class C'! in Q x R and by assumption (B) we know that G'(¢,u) and G, (¢, ) is bounded
on {2 x R.
Next, we define Iy, I : Wol’p — R by

1 1

L) = -/ |Vu|pdx——/ |u]qu—/\/K(u)G(x,u)dx,
b Ja q .Ja Q

L(u) = /K(u)G(m,u)dw.
Q

Now, let (uy,)nen C T/VO1 ? be a (PS)-sequence of I,, that is,

‘f,\(un) < C foralln e N and I} (u,) — 0 in (Wy") asn — oo,

for some C' > 0.
By the boundedness of G, we can suppose that ||u,|| > max(4M, 1) for all n. > 1, then we get

~ 1 » af q
C > I\(up) > p Junll” — m |2 [Jun |- (2.34)
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First we prove that (u,,),ecn is bounded in VVO1 P_ Using contradiction argument, suppose
that the sequence (u,),cx is unbounded in W, then there exists a subsequence (u,,, ) (still
denoted by u,,) such that

|un]| — o0 asn — .

Then,

| a
lim — [Juy,||” — — Qf [Jun [|* = +oc.
n—oo

This is contradiction to 1| Thus, (uy,)nen is bounded in VVO1 P,
As before, by using the boundedness of G and G, the rest of the proof is similar to that in
Step2.

Therefore, by the boundedness of G and G’ , we know that I 5 and I 5 are bounded. Then,
from Steps 1, 2, 3 and 4, we see that conditions of Theorem [2.2] are satisfied. Therefore, the
Problem (2.21)) has at least one weak solution. The proof is complete. O
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Chapter 3

A critical point theorem in bounded

convex sets

In this chapter, the localization of a critical point of minimum type of a smooth functional is
obtained in a bounded convex conical set defined by a norm and a concave upper semicontinu-

ous function. Finally, we conclude by applying our abstract result to a Periodic Problem.

3.1 A localization critical point theorem

Let X' be a real Hilbert space with inner product (.,.) and norm ||.|| which is identified
with its dual, let ' C X be a convex, and [ : K — R, be a concave upper semicontinuous
function with [(0) = 0. Let I € C*(X) be a functional and let N : X — X be the operator
N(u) =u—1I'(u).

For every two numbers r, R > 0 we consider the conical set

Kip={ue K :r<lI(u) and |u| < R}.

Suppose that K.z # () and
N(K.z) C K.

In the following lemma, we gather some properties of the set K, g.
Lemma 3.1. K,y is a convex and closed set.
Proof. Using concavity of [. Let u,v € K, and lett € [0, 1], we get

l(tu+ (1 —t)v) > tl(u)+ (1 —1)l(v)
> tr+(1—t)r=r,

and

[tu+ (1 =t)of] < tflufl + (1 =1) o]l
< tR+(1-t)R=R.
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3.1. ALOCALIZATION CRITICAL POINT THEOREM

So we have the convexity. Then using [ is u.s.c, let (u,) C K, such that u,, — u in X, then

we will prove that u € K, i, we have

l(u) > limsup l(u,) >,

n—+0o
and
lull = lim u, | < R
Therefore u € K, and so K,y is closed. Consequently, the proof is complete ]

Lemma 3.2. Let the next assumptions be fulfilled:

= inf T —00; 1
m= ér;(m (u) > —o0; (3.1
there exists € > 0 such that 1(u) > m + € for (3.2)

every u € K,.r which concurrently satisfy l(u) = r and ||u|| = R;

I[((N(w)) >r forallu € K,g. (3.3)

Then there is a sequence (u,) C K,g such that

1
1'(un)§m+E (3.4)
and .
Hll(un) + )‘nun” < 57 (3.5)
where

An:{ ) i | = R and (1), ) < 0 56

0 otherwise.

Proof. Using Ekeland’s variational principle. there exists a sequence (u,) C K, such that

1@0§m+l, (3.7)
n
1
I(u,) < I(v)+ - |v — | (3.8)

for every v € K, r and n > 1. Two cases are possible:
Case(1). There exists a subsequence of (u,,) (still denoted by u,,) such that r < {(u,) and
|un|| < R for all n. For a fixed but arbitrary n and ¢ > 0, consider the element

v=u, —tI'(uy,). (3.9)
We replacing I'(u,,) by u,, — N(u,) in (3.9), we get
v=(1—t)u, +tN(uy).

Now we will prove that v € K, ;. Indeed, we have
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3.1. ALOCALIZATION CRITICAL POINT THEOREM

* Both u,, and N(u,) belong to K, one has that v € K forall ¢ € (0,1).
* By the concavity of / and (3.3)), we get
l(v) > (1 —t)l(un) + tU(N (uy)) >,
forevery t € (0,1).

¢ We have
[l < (1 =) [Junll + [N (un)]]-

Since || N (uy,)|| is bounded and t — 0. we get
o] < R.
Hence v € K,y for every sufficiently small ¢ > 0. Replacing in (3.8)), we get
() < T = 47(0) + 7).

Dividing by ¢, we find

I(uy — tI'(uy)) — I(uy)
t

1
> —— || (u,
> —— | (ua)]

letting ¢ go to 0, we get
1
(I'(un), =1'(un)) 2 = ([ (un)I
that 1s, )
2
7)< — 17 ()]

n

So

1 (un) || <

Thus, relation (3.5) holds with A\, = 0.
Case(2). There exists a subsequence of (u,,) (still denoted by w,,) such that ||u,| = R for

S|

all n. Passing eventually to a new subsequence, in vien of and (3.7), we may suppose that
l(uy,) > r for every n. Two subcases are possible:

(a) Assume that (I'(uy,), u,) > 0 for every n. Then for any fixed index n, the relation
in (3.8) is still possible since

2 2
o> = Jlun — tI'(w)||* = lunll® + 1T (wa)[|* = 26 (' (un), )
= R*+82||I'(w,)|)* — 2t (I'(un), un) < R,

for 0 <t < 2(I'(un), ) / || (un)]* -
(b) Assume that (I'(u,), u,) < 0 for every n. For any fixed index n, consider the element

v=u, —t(I'(u,) + Auup, + €uy), (3.10)
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3.1. ALOCALIZATION CRITICAL POINT THEOREM

where t,e > 0and \, = — (I'(uy,), u,) /R* > 0.

We replacing I'(u,) by u, — N(u,) in (3.10), we get

1—t—th\u, —te
1—-1

v=(1-1) U, + N (uy,).
Now, we will prove that v € K. Indeed, we have

* Both u, and N(u,) belong to K, one has that v € K for every ¢ € (0, 1) small enough
that 1 — ¢ — t\,u,, — te > 0. also,

(I'(un) + At + €, un) = (I'(un), up) + Ay ||unH2 te HunH2
‘[/ mnj)s n
= (L)) — Tl ey
= eR*>>0.

* As in case(a), we find that ||v|| < R for sufficiently small ¢ > 0.

e From [(u,) > r, we have 0l(u,) = r for some number § € (0,1). Then, for every
p €[4, 1], we have

Upun) = Upun+ (1 —p)0) = pl(un) + (1 — p)I(0)
= pl(uy) > dl(u,) =

Consequently,
(pun) > . (3.11)

In particular, we may take
p=10—-t—t\u, —te)/(1—1),

which belongs to [0, 1] for sufficiently small ¢. By the concavity of [, the condition (3.3)
and the relation (3.11)), we get

I(v) = z((1—t)l_t_ltf”:”_“unﬂ]v(un))

= (1 =t)pup, +tN(uy,)) > (1 —)l(puy) + tL(N(uy,)) > 7.
Hence v € K, for all sufficiently small £ > 0. Replacing (3.10)) in (3.8)), we get

t
I(up) < I(up — t(I'(uy) + Aty + €uy)) + - 1T () + Aptin + €yl

Dividing by ¢, we find

I(uy — t(I'(uy) + My, + €uy)) — I(uy)
t

1
> - 1T () + Antty + €Uyl| -

letting ¢ tend to 0, we obtain

1
(I'(un), —(I'(un) + Aptn + €t)) > —— || (wn) + Apin + €t
n
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3.1. ALOCALIZATION CRITICAL POINT THEOREM

lete — 0, we get
1
(I'(up), I'(up) + M) < = || (un) + M|, (3.12)
n

and use (up, I'(u,) + Apuy,) = 0 and (3.12)) to deduce

(I'(up) + Aty ' () + M) = (I (wn), I'(wn) + Aatin) + Ay (i, I () + At

1
< = ) + At
that is,
1 () + Ann|” < % 17 () + Anttn] -
Consequently, 1
1T (un) + At ]| < -
Thus, relation (3.5) holds. Therefore, the proof is complete. ]

Lemma [3.2] yields the next critical point theorem.

Theorem 3.1. Suppose that the conditions of Lemma3.2|are satisfied. In addition suppose that
there exists a number v such that

(I'(u),u) > v forallu € K,r with ||u]] = R, (3.13)

I'(u) + M # 0 forevery u € K,.g with ||ul]| = Rand A > 0, (3.14)

and a Palais-smale type condition holds, more precisely, any sequence as in the conclusion of

Lemma has a convergent subsequence. Then there exists u € K, such that
I(u) =m and I'(u) = 0.

Proof. The sequence ()\,) given by (3.6) is bounded as a consequence of (3.13). Hence, there
exists a subsequence of (\,) (still denoted by A,,) which converges to some number A. Clearly
A > 0. Next using the Palais-smale type condition we may suppose that the sequence (u,,)

(still denoted by w,,) which converges to some element u € K,.g. i.e. I'(u,) converges to I'(u).
Then letting n — 0 in (3.4) and (3.5), we get

I(u) =m,
and

1T (1) + Mtin||” = (I'() + Antin, I' (1) + A
= 17 (ua)[” + 220 (I (), wn) + A2 [|u ||
= I @)|P A+ 22 (I (), w) + N2 JJul|? = (|1 (w) + ).

On the other hand, we have

I (un) + Apun]] — 0 asn — 0.
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3.2. APPLICATION TO PERIODIC PROBLEM

So,
I'(u) + Au = 0.

From (3.6), we have that the case A > 0 is possible only if ||u|| = R, which is excluded by
condition (3.14)). Consequently, A = 0 and so

I'(u) = 0.

Therefore, the proof is complete. ]

3.2 Application to periodic problem

In this section we are going to apply the critical point results to the Periodic Problem, more

precisely, we will study the positive solution of the following Problem

{ —u"(t) + a®u(t) = f(u(t)) on (0,T)

w(0) = u(T) = u/'(0) — u/(T) =0 (3.15)

where a # 0 and f : R — R is a continuous function with f(R,) C R,.
Let X = H,(0,T) be the space of functions of the form

u(t) = /Otv(s)ds +C,

with u(0) = u(T), C € Rand v € L*(0,T), with the inner product

T
(u,v) :/ (u'v' + a*uv)dt
0

and the corresponding norm

T 3
Hqu(/ (u’2+a2u2)dt> |
0

Let K be a positive cone of X, ie. K = {u€ H}(0,T): u>0on|0,7]}, and let ] : K —
R, be given by

l(u) = mi t).

(u) = min u(?)
Lemma 3.3. [ is a concave and upper semicontinuous function with 1(0)=0.

Proof. * Check of [ is concave. Indeed, let u,v € K and let A € [0, 1], we get

IO+ (1—Nv) = min (hu+ (1= No)?),

t€[0,T]
— X min u(t) + (1 —\) min v(t
tg[l(}g]U( )+ ( )tggg]v( ),

= M(u) + (I = N)l(v).

So we have the concavity.
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3.2. APPLICATION TO PERIODIC PROBLEM

* Check of [ is u.s.c. Indeed, let (u,,) C K such that u,, — w in K, then we show that

l(u) > limsup l(u,).

n—4o00
Since u,, — u, by definition we have

min u,(t) — min u(t)

te[0,7 te[0,7
Then,
li )= 1 in u,(t) = mi t) = Il(u).
i i () = L, i ) = iy ) = 10
Consequently,

[(u) = limsup l(uy,).
n—-+00

* Check of [(0) = 0. Indeed, we have

[(0) = min 0=0.
te[0,7

Therefore, the proof is complete. O]

Let I : H)(0,T) — R be the energy functional of Problem (3.15) defined by

1) = 3l / Fu(t))dt, (3.16)

= /T f(s)ds. (3.17)
0

Then [ is differentiable on H)(0,T), and

where

<I'<u>,go>:/0< 90+aus0dt—/ f(w)pdt,
that is .
(' (w), 0) = (u, ) — / f(u)pdt Vo€ H0,T). (3.18)

Let .J be a map from the dual (H,(0, 7)) to the space H,(0,T’) given by .J(v) = w, where w
is the weak solution of the Problem

—w" 4+ a*w=v on (0,T)
{ w(0) —w(T) =w'(0) —w'(T) = 0. (5-19)
Lemma 3.4. We have I'(u) = u — N(u), where
N(u) = J(f(u(.))). (3.20)
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3.2. APPLICATION TO PERIODIC PROBLEM

Proof. For this, assume that N(u) = J(f(u(.))) = wo, where wy is the weak solution of the
Problem

{ —w( + a*wo = f(u(t)) on (0,7), (3.21)

wo(0) — wo(T) = wy(0) — wo(T) = 0.
We multiple the equation in the Problem (3.21)) by ¢ and we integrate over [0, T, we get
T T
/ (woy' + a’wop)dt = / S (u)pdt,
0 0

that 1s, .
(1o, ) = / Fw)pdt Y€ H0,T).
0

On the other hand, we have (wy, ) = (N (u), ¢). Consequently,

(N(u), ) = / f(w)pdt.

Thus,
W) = ()= [ red,
= (u,p) — (N(u),¥),
= (u—N(u),¢),
that 1s,
I'(u) = u— N(u).
This shows the claim. [l

Lemma 3.5. We have N(K,g) C K.

Proof. To show this, we prove first that N(K) C K. Let wy, € N(K) then we will proof that
wy € K thatis wy € H,(0,T) and wy > 0. Then there exists u € K such that N(u) = wo =
J(f(u(.))), where wy is the weak solution of the Problem (3.21].

We pose wy = wg — w, then we multiple the equation in the Problem by w, and we

integrate over [0, 7], we get
T T
|y = i wp) + g i) at = [ sy
T ) , T
/ [(wy)]" +a® [wy] dt = — / f(u)wg dt.
0 0
We have w, > 0 and since f(R;) C Ry, then f(u) > 0 Vu > 0. Therefore, we get

og/o [(wy )] + a® [wy ] dt = —/0 flu)wydt <0,

[(wg)]” +a® [wy]* =0,
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3.2. APPLICATION TO PERIODIC PROBLEM

that is
2

[(wy)]” =0,
[wo_f =0.

Therefore w, = 0 and so wy = w* > 0. In addition wy € H;(O, T), and this is clear because
wy is the weak solution of Problem (3.21)). Thus, wy € K. Consequently,

N(K)CK.
Note that K, p C K i.e. N(K,r) C N(K) C K. That s
N(K,r) C K.
Therefore, the proof is complete. [

Lemma 3.6. We have K, # (.

Proof. Let ¢ > 0 be the embedding constant of the inclusion /(0,7) C C[0, T}, that is

HUHC[O,T} < cllull, (3.22)

for every u € H;(O, T). Note that u = 1, then from (3.22)), we get 1 < ¢ <f0T a2>§. That is

1 < acV/T, whence a® > 1 /(c*T). Also, if r and R are positive numbers and aVTr < R, then
the set K,z # (). Indeed, since r < R/(a+/T) then there exists \ € [T, R/(a\/T)] belongs to
K, g, and this is clear because

[(A)= min A=\ >r,
te[0,7

and

Therefore, the set K, 5 # 0.
L]

The following theorem guarantees the existence of a positive solution of Problem (3.13).

Theorem 3.2. Let v, R be positive constants such that a/Tr < R. Suppose that f is non-

decreasing on the interval [r, cR] and that the next assumptions holds:

R2
I(r) < 5 — TF(cR), (3.23)
and R
f(r) > a*r, f(eR) < T (3.24)

Then Problem has a positive solution u with r < u(t) < cR for every t € [0, T, which

minimizes I in the set K, g.
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3.2. APPLICATION TO PERIODIC PROBLEM

Proof. We apply Theorem [3.1] For this purpose, we need the following steps:
Stepl. Check of assumption (3.1). Let u € K,p. Using f(R.) C R and (3.17), we get
for every 7 > 0
F'(7) = f(r) 2 0,

then F is nondecreasing on R, . And the fact that < u(t) < cR for every t € [0,7]. We have
Fu(t)) < F(cR),

thus
/ F(u(s))ds < / F(cR)ds < TF(cR). (3.25)

From (3.16)) and (3.23]), we obtain

I(u) > — /OT F(u(s))ds > —~TF(cR) > —oo.

Consequently,
m= inf I(u)> —o0. (3.26)

UGKTR
This shows the claim.
Step2. Check of assumption (3.2). Let v € K, which satisfy [(u) = r and ||u|| = R.

From (3.16) and (3.23), we get

I(w) = R; - /0 " Flu(s))ds > R; _TF(cR). (3.27)

From the strict inequality (3.23)), (3.26) and (3.27), we get

m= inf I(u)<I(r)< R?Q—TF(CR) < I(u),

ueEK, p

where the constant function r belongs to K, z. Consequently,
I(u) > m,

that is there exists € > 0 such that
I(u) > m+e.

Which proves the claim.
Step3. Check of assumption (3.3)). To show this, we will proof first that .J satisfies

J(Av) = AJ(v).

Indeed, let v € (H,(0,T))"; we set J(v) = w such that w is a weak solution of Problem (3.19),
then for every A € R, we have

—(Aw)" 4+ a(Aw) = Av on (0,T),

Aw(0) — Aw(T) = (Aw)'(0) — Aw)(T) = 0.

(3.28)
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3.2. APPLICATION TO PERIODIC PROBLEM

So, J(Av) = Aw because \w is a weak solution of Problem(3.28). Consequently
J(Av) = Aw = \J(v).
Then for calculate J(1) we salving the differential equation —w” + a?w = 1.

¢ Find the homogeneous solution which corresponds to —w” + a’*w = 0. Assume the
solution has the form w;, = €. Substitute this into the differential equation, we obtain
the characteristic equation —r2 + a? = 0, which has the solution r = 4-a. Therefore, the

homogeneous solution is given by:

wy, = c1e™ + coe .

* Find the particular solution. Assume the solution has the form w, = k, where £ is a
constant. Substituting this into the differential equation, we get £k = a% Hence, the

particular solution is:

* Find the general solution. Combining the homogeneous and particular solutions, we get

w = wy, +w, = c1e” + cpe” ¥ + —-
a

* Applying boundary conditions. From the given boundary conditions w(0) — w(7T) =

w'(0) — w'(T") = 0, we can substitute them into the general solution, we get
w(0) —w(T) = c;(1 —e) + (1 —e ) =0, (3.29)

and we have

w'(t) = ace™ — acye™ ™,

S0
w' (0) —w'(T) = acy (1 — ™) —acy(1 — e ) = 0. (3.30)

Solving (3.29) and (3.30), we obtain ¢; = ¢, = 0.

* Final solution. Substituting ¢; = 0 and c; = 0 into the general solution, we obtain:

Therefore,
J(1) =w=—. (3.31)

Finally, Using (3.20), the first inequality in (3.24)) and (3.31) and the fact that [ is linear, we
obtain:

[(N(u) =

o~

(J(F@)) = () = FONI0)
f0) o

a? —

r.
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3.2. APPLICATION TO PERIODIC PROBLEM

Thus our claim holds.
Step4. Check of assumption (3.14). Using contradiction argument, suppose that I'(u) +
Au = 0 for some u € K,.p with |lu|]| = R and X > 0, then for every v € H,(0,T'), we have

(I'(u) + Au, v) = 0,

that is,
(I'(u),v) + A (u,v) = 0.

From (3.18)), we obtain
(u,v) — /T fu)vdt + A (u,v) = 0.
Consequently, :
(1—|—)\)/(uv + a*uv)dt = / f(u)vdt,
we replace v by u, we get 0
Nl = [ s,

and the fact that u(¢) < cR and ||u|| = R, we obtain

R*<(1+ MR /f udt</ f(cR)cRdt =T f(cR)cR

that is,

R
5 < f(CR)7

this is contradiction to the second inequality in (3.24). This proves the claim.
Step5. Check of assumption (3.13). Let u € K, with ||u|| = R. Replacing ¢ by u in
(3.18]), we obtain

(I'(u) / f(u)udt.
Using the second inequality in (3.24)) and the fact that u < cR, we get

(I'(u),u) > R?>-Tf(cR)cR
> R*— TETCR =0,

C

it is enough we choose v = (. Which proves the claim.

Step6. Check of a Palais-smale type condition. For show this, let (u,) C K, g such that
(3.4) and (3.5) are satisfied.

First we prove that (u,)nen is bounded in H)(0,T). Since u, € K,g, then [ju,|| < R.
Consequently, (u,)nen is bounded in H}(0,T).

Secondly, since (u,)nen is bounded in H}(0,T') which is reflexive then there exists a sub-

sequence (uy, ) ( still denoted by u,,) such that

u, —u in H)(0,T),
u, = u in C[0,T] (H,(0,T) embedded compactly in C|[0, T7).
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3.2. APPLICATION TO PERIODIC PROBLEM

Since K, p is closed, then u € H(0,T).
Finally, we prove that u, — win H,(0,T).
We will show that (I'(u,) + A\yu, — I'(u) — Au, u,, — u) —— 0.

n—o0
* We have
u, —=u in H)(0,7) and I'(u,) + Ayu, — 0 in (H)(0,7))".
By Proposition[I.2] we get
(I' () + Ay, Uy — ) — 0. (3.32)

* Since I'(u) + Au € (H}(0,T))" and u,, = u in H,(0,T'), we obtain

(I'(u) + Au, u, —u) — 0. (3.33)
n—oo
From (3.32) and (3.33)), we have
(I'(up) + Ay, — I'(w) — Auyuy, — u) — 0. (3.34)
n—oo

On the other hand, using (3.18)), we obtain
(I'(un) + Aty — I'(0) — Ay up, — uy = (I'(up) + Nty u — u) — (I'(w) + A,y uy, — u)
T
=t =) = [ () = ) 0 — )
0
+ M\t — Au, uy — ) .
Writing
Aty — M,y —u)y = (Auy — Ay, + Auy, — Au,uy, — u)
= (A=) (U, uy — u) + A {uy — uyup, — u) .

Since A, converges to A and (u,,, u,, — u) is bounded, then

(A — A) (g, uy — u) —— 0.

n—oo

Consequently,

Aty — Ayt — u) = AUy — u, Uy — ) .

Therefore,

(
= (I"(un),up — uy — (I'(w), up — u) + Nty — A, uy
(

—u),

(I'(un) + Aty — I'(u) — Auyupy —u)y = (14 N) (up — u,up, — u) —/0 (f(un) — f(u))(u, — u)dt,

_ G+Awwwa—A(ﬂwJ—ﬂwM%—umt
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3.2. APPLICATION TO PERIODIC PROBLEM

Writing

/OT(f(un)—f(U))(un—u)dt = /OT f(un)undt—/oT f(un)udt—/OT f(u)undt+/0T fu)udt.

Since (u,) is bounded and f is a continuous function, using Dominated convergence theorem

Lebesgue, we get

T T
/ f(un)undt — / f(u)udt,
0 0

and . .
/ f(un)udt —>/ f(u)udt,
0 0
and . .
/ f(u)updt — / f(w)udt.
0 0
Consequently, .
/O (f (un) = f (u) (un — u)dt —— 0. (3.35)

Combining (3.34) and (3.33)), we deduce that

Which implies that
u, = win H)(0,7).

So, Step6 has been proved.

Consequently, thanks to Theorem [3.1|the Problem (3.15)) has a positive solution. Therefore,

the proof is complete. ]

Example 3.1. For every A > 0, the equation —u" + a*>u = \\/u has a T-periodic solution
satisfying u(t) > N\?/a* for every t € [0,T).
To show this, we use Theorem It is clear that f(u) = A\/u is nondecreasing and if we

take r = \? /a", we have
f(r) = Mr=X/a* > a’r,
then the first inequality in (3.24)) is satisfied. And we have
T T 2
F(r) = / f(s)ds = /\/ Vsds = g)\T%.
0 0

We choose R large enough that a\/Tr < R and and the second inequality in are
satisfied, that is

I L T

1 2

= —a¥T — ZT\r2
2 3
R? 2

< 5 gTA(CR)%,
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3.2. APPLICATION TO PERIODIC PROBLEM

and

f(eR) = \WcR < CET.

Consequently, the equation —u" + a*u = \\/u has a positive solution u with u(t) > N\*/a* for
allt € [0,T).
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Conclusion

In this memory, we established a new critical point theorem for a class of perturbed func-
tionals without satisfying the Palais-Smale condition.

Also, we have localized a critical point of minimum type of smooth functional which is
obtained in a bounded convex conical set. This is a method used to determine positive solutions
by restricting the search to a conical set.

This work has fascinating to me as [ was able to explore new methods for studying boundary
Problems in PDE. It also allowed me to review and solidify many concepts that were studied
during the years of training. Additionally, I gained proficiency in mathematical text writing

software and editing methodologies.
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Abstract

In this work, we have studied a new critical point theorem in the following two cases:

In the first case, we have established a new critical point theorem for a class of perturbed
functionals without satisfying the Palais-Smale condition, which asserts the existence of critical
point of functionals of the type I = I + -, provided that /; has at least one critical point. The
main abstract result is applied to the following nonhomogeneous Problem:

—div(|Vul[""* . Vu) = |[u|" ?u+ \g(z,u) inQ,
u=20 onl

Where )\ € R,  is a bounded set of RV with smooth boundary I', 1 < ¢ < p with p > N and
g(+, ) is continuous on Q x [0, 00).

The last case, we have established the localization of a critical point of minimum type
of a smooth functional is obtained in a bounded convex conical set defined by a norm and
a concave upper semicontinuous functional. Our abstract result is applied to the following

Periodic Problem:
{ —u"(t) + au(t) = f(u(t)) on (0,T),
u(0) —u(T) = u'(0) —u/(T) = 0.

Where a # 0 and f : R — R is a continuous function with f(R,) C R,.

Keywords: Critical point, Perturbed Functional, Weak solution, Ekeland’s Principle, Peri-

odic Problem, Positive Solution.



Résumé

Dans ce travail, nous avons étudié un nouveau théoreme de point critique dans les deux cas

suivants:

Dans le premier cas, nous avons établi un nouveau théoreme de point critique pour une
classe de fonctionnelles perturbées sans satisfaire la condition de palais-smale, qui affirme
I’éxistence d’un point critique des fonctionnelles de type I = I, + I, a condition que [;
possed au moins un point critique. Le résultat abstrait principal est appliqué au Probleme non

homogene suivant:

—div(|Vu| > . Vu) = |ul"* u + Ag(z,u) dans €,

u=20 sur I

Ou \ € R,  est une ensemble borné de R" avec une frontiere lisse I', 1 < g < pavecp > N

et g(-, -) est continue sur Q x [0, c0).

Dans le dernier cas, nous avons établi la localisation d’un point critique de type minimum
d’une fonctionnelle réguliere qui est obtenue dans un ensemble conique convexe borné défini
par une norme et une fonctionnelle concave semi-continue supérieure. Notre résultat abstrait

est appliqué au Probleme Périodique suivant:

" (t) + a®u(t) = f(u(t)) sur (0,T),
u(0) —u(T) = u/'(0) —u/(T) = 0.

Oua # 0Oet f: R — R estune fonction continue avec f(R,) C R,.

Mots clés: Point Critique, Fonctoinnelle Perturbée, Solution faible, Principe d’Ekeland,
Probleme Périodique, Solution Positive.
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