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Introduction

Partial differential equations (PDEs) offer a natural and systematic framework for modeling di-
verse real-world phenomena, with applications spanning physics, life sciences, and economics.
Hence, it is unsurprising that they have made significant contributions to the mathematical foun-
dations of signal and image analysis. They appear in the form of Euler-Lagrange equations when
dealing with continuous optimization problems arising from variational models [8, 18] or from
the regularization of ill-posed problems [14]. They have been demonstrated to be the inherent
framework for scale-spaces [2], effectively employed for image enhancement [56], inpainting [51],
and image compression [27]. PDE-based models derive advantages from extensive study on their
theoretical underpinnings and effective numerical techniques spanning several decades. Due to
their continuous nature, it is straightforward to incorporate advantageous invariances, including
rotation invariance.

One of the most compelling characteristics of PDE-based image analysis lies in its capacity to unify
and integrate a wide range of established techniques within the domain of image processing. This
integrative framework has not only facilitated deeper structural understanding of image features
but has also driven the advancement of innovative algorithms. Notable examples of PDE formu-
lations and their applications in image analysis include Gaussian smoothing [31], morphological
operations such as dilation and erosion [2, 6, 54], morphological amoebas [58], mean curvature
motion [40, 2], and nonlinear diffusion filtering [47, 17].

Diffusion equations have been widely utilised in image processing since their introduction by Per-
ona and Malik [47], who demonstrated that edge enhancement is achievable when the image in-
tensity flux opposes the intensity gradient. Key approaches, such as mean curvature motion and
nonlinear diffusion filtering, emphasise the significance of directional information in images. Re-
search into mean curvature motion (MCM) and mean curvature flow (MCF) has established their
foundational role in image processing and surface evolution, alongside related geometric flows
like the Beltrami flow and the Perona-Malik model. Alvarez et al. [3] proposed an alternative ap-
proach, directing image flux orthogonally to the intensity gradient to enhance edges. Concur-
rently, Malladi and Sethian [39, 40] introduced a curvature-driven model grounded in differential
geometry. Further generalisations were explored by Barenblatt and Vazquez [9, 55], whose numeri-

cal and asymptotic studies [35, 40] revealed the emergence of high-intensity contrast regions. This



led to the identification of boundary layers, where large gradients concentrate, enabling model
simplification within these regions [9].

Authors in [9, 55] proposed a model for image contour enhancement where a free boundary prob-
lem. Their theory addresses the existence and uniqueness of solutions to the appropriate prob-
lem, the existence and characteristics of bounding interfaces, and the behaviour over extended
time periods. In [20, 21], the authors generalized Barenblatt results to improve contour enhance-
ment techniques in image processing. This generalization enables the modeling of more complex
edge behaviors, making it possible to detect and enhance contours even in images with poor qual-
ity or irregular boundaries. Additionally, they presented generalized results concerning the free
boundary problem, which deals with the mathematical description of boundaries that evolve over
time.

Our contribution to this work is to introduce a new evolution model based on the nonlinear diffu-
sion equation, considered a generalization of mean curvature motion:

u_ 1 div( v”) )
ot |Vul9 Vul|?)

The parameters p and g play a crucial role in controlling the nature of the diffusion process. This
model is particularly effective in analysing the contour enhancement process in images, allow-
ing for more precise control over the diffusion process around image contours. We formulated
a free boundary problem that describes the evolution of image intensity within boundary layers
around the contour. This formulation offers a more dynamic and adaptable method for handling
image contour. The free-boundary approach provides a robust framework for accurately modeling
the inherent variations and structural complexities present in images. By allowing the boundary
to evolve dynamically based on the underlying image features, this method effectively captures
subtle changes in texture, contrast, and contour sharpness that are often challenging to model
using fixed-boundary techniques. In this context, we aim to determine exact solutions to nonlin-
ear diffusion equations relevant to image processing. Our methodology relies on the application
of general self-similar solutions, following the pioneering approach of Barenblatt. This approach
facilitates the derivation of precise analytical solutions for specific classes of nonlinear partial dif-
ferential equations (PDEs), enhancing our understanding of the diffusion dynamics that govern
image contour behavior and intensity transitions.

This work is organized into four chapters:

In the first chapter, we introduce the fundamental concepts that underscore the importance of
mathematics in image processing and computer vision. The chapter highlights the essential role
of mathematical models, such as differential equations and optimisation techniques, in address-

ing the challenges inherent in these fields. We also provide a comprehensive overview of various



image enhancement methods proposed in the literature, giving the reader insight into how these
techniques have evolved. Furthermore, we define the notation used throughout this manuscript,
ensuring consistency and clarity in the presentation of mathematical formulations. Additionally,
we revisit classical mathematical principles that are crucial for understanding the more advanced
concepts discussed in the subsequent chapters.

In the second chapter, we introduce a novel approach to image intensity evolution by formulating
a new model based on nonlinear diffusion equations, which serves as a generalisation of mean
curvature motion. This model is particularly suited for describing the evolution of image intensity
in boundary layers located near contours, where abrupt changes in intensity typically occur. To
account for the evolving boundary, we have formulated a free boundary problem, which repre-
sents an important advancement in the field. This formulation offers a more dynamic, flexible,
and efficient approach for handling image contours, addressing some of the limitations of tra-
ditional methods. As part of the analysis, we examine the asymptotic behaviour of a simplified
one-dimensional case. We also present results for varying parameter values p and g, specifically
considering the condition where 1 — p = g and p < 1, providing further insights into how the pa-
rameters influence the solution of the problem.

In the third chapter, we conducted a study on the free boundary problem that describes the evolu-
tion of image intensity in the boundary layer, when g > 1 - p and p < 1, by presenting self-similar
general solutions. The contour enhancement is represented by three different kinds of self-similar
solutions. We also presents some numerical simulations for the proposed model on 2-D gray-level
images to validate the theoretical findings. The results found are submitted by Achour , Chouder
and Benhamidouche [1].

The concluding chapter is dedicated to the examination of cases where p > 1. Within this con-
text, a novel model is introduced, which emerges from the principal problem under investigation.
This model is closely associated with the category of inverse problems involving free boundaries
or boundary value problems. A detailed analysis is provided regarding the enhancement of image
contours, which holds significant potential for future advancements in the development of "Schoc
filter" models. These models are renowned for their efficacy in the domain of image restoration,
and the findings presented herein may contribute to further progress in this area. The study un-
derscores the potential of this approach to offer meaningful insights and serve as a valuable con-
tribution to the ongoing evolution of image processing and restoration.

We end this thesis with a general conclusion in which we discuss the results of our contribution.



Chapter 1

General context and mathematical notations

The goal of this Chapter is to introduce the general concepts of image processing and to
present the fundamental mathematical concepts that will be used in the subsequent chapters. In
this chapter, we try to describe the usefulness and importance of mathematics in image process-
ing. We define most of the notations used in the rest of this manuscript and we also recall some

classic notions useful for a good understanding of this thesis.

1.1 Mathematical Modelling of an Image

A digital image is fundamentally constituted by elementary units known as pixels, with each pixel
representing a discrete, specific portion of the overall image. These pixels collectively form the
structure of the image, and their individual characteristics significantly influence the image reso-
lution, quality, and detail.

The definition and description of a digital image are primarily determined by two critical parame-
ters:

1. Spatial Resolution: This refers to the total number of pixels that constitute the image along
its width and height. The arrangement of pixels in a two-dimensional grid defines the image’s
dimensions, with the potential for an almost infinite variation in pixel count. Higher pixel density
typically correlates with greater image clarity and detail, allowing for finer distinctions in visual
content.

2. Dynamic Range (Image Dynamics): This parameter pertains to the spectrum of grey shades
or colour variations that each individual pixel can represent. The dynamic range determines the
depth and richness of the image, influencing its capacity to display subtle gradations in tone and
colour. A broader dynamic range enhances the image visual fidelity, providing more accurate and

nuanced representations of the original scene or subject.

1. Binary images (black or white)

For instance, in the most basic forms of digital images, each pixel is capable of assuming only one
of two possible values: black or white. This binary representation characterises what is known as

a *bi-level* image, where no intermediate shades of grey are present. Such images are particularly



suitable for applications that do not require colour or tonal variations.

A common use of this type of image is in the scanning of textual documents composed of a single
colour, typically black text on a white background. In this context, bi-level imaging efficiently
captures the structural details of the text, ensuring high contrast and clarity, which are essential

for processes such as Optical Character Recognition (OCR) and digital archiving.

2. Images in shades of gray

In general, grayscale images contain 256 shades of gray. 256-color image, simply each of these
256 colors is defined in the gray range. By convention, the value zero represents black (zero light

intensity) and the value 255 represents white (maximum light intensity).

Definition:

Let Q be abounded open set in R?, (specifically considering the case where Q is an open rectangle).
An image is represented as a function u : O — R. The function u is defined on the domain Q;
however, in the context of image processing, access is limited to discrete values (u(x;;y;)) of the

function u.

The pixel

The pixel is the abbreviation of "Picture element"; image element. It is the low-level primitive with
the least information because its only attributes are the position in the image matrix (n° of rows,
n° of columns) (Figl.1) and the numerical value indicating its color, or its gray level.

It can be represented in memory on: - One bit (0 or 1) for monochrome images: 0 for black and 1

for white. - One byte, or 256 gray levels for a gray-level image: 0 black and 255 white.

Width
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Figure 1.1: An image matrix representation



1.2 Concept of contour in image processing

The "contour" approach focuses on extracting primitives defined as contrast lines that delineate
areas with varying and relatively uniform grey levels or differing textures. It is essential to identify
the transition zones and accurately determine the boundaries between the regions.

Therefore, a contour can approximately be defined as an area of the image where the intensity of
the pixels changes abruptly, this discontinuity in the image is the passage from one gray level to

another, more or less quickly, giving rise to three interpretations of step, ramp, roof or line.

Definition

The contour is defined as a variation (or discontinuity) of the image intensity. If f(x; y) is an image,
the contour is the locus of strong variations of f, and which can also be described by the Laplacian
Zeros.

We distinguish three types of simple contour [Fig 1.2]

1. Stair step: the contour is sharp (ideal contour).

2. Ramp: The contour is more blurred.

3. Roof: itis a line on a uniform background.

__
_

Stair step REIrTlp Roof

Figure 1.2: Some contour models. The most used is the stair step one. Models representing a step,
a ramp, and a roof contour, along with their corresponding intensity profiles, are displayed from
left to right.

1.2.1 Contour detection method

Definition

Contour detection constitutes a fundamental preliminary step in a wide range of image analysis
applications. Contours serve as valuable indicators, comparable to points of interest, providing
critical information for the subsequent interpretation and understanding of image content. They

are characterised by discontinuities in the intensity function within the image, which typically



correspond to significant changes in brightness or colour, delineating the boundaries of objects or
regions.

The underlying principle of contour detection is rooted in the analysis of the derivatives of the
image intensity function. Specifically, it involves identifying local extrema in the gradient of the
intensity function, which indicate areas of rapid intensity change, and detecting zero-crossings in
the Laplacian of the intensity function, which highlight transitions in curvature. These mathemat-
ical operations facilitate the precise localisation of contours, making them indispensable in tasks

such as object recognition, image segmentation, and computer vision applications.

Contour detection models

In a given image f(x, y), a contour manifests as a line corresponding to regions where significant
variations in f occur. Mathematically, these variations are characterised by the gradient of the

intensity function. Let G denote the gradient of f, which is defined as:

We associate with f an image of the gradient modulus of f

Clear area

Dark area

Figure 1.3

G=|Vfl= \/(%)24_(%)2

As well as an image of the gradient directions from

—

v
8§=—
IVl
A contour is then defined as the locus of the gradient maxima in the direction g of the gradient. A
contour point therefore verifies

—=0 and a—G<0 with i—*? (1.1)
g 0g? =~ og 8 '



The equation obtained is complex and nonlinear

S V() 5 -3 -

Location of the maximums of the gradient in the direction g of the gradient. Where g the normal

to the surface defined for f(x, y).

To guarantee the double derivation even in the presence of staircase-type discontinuities, the im-
age f is preprocessed by convolution with a function at least twice derivable. For this, the Gaussian
was used.

We can also place ourselves in the local axes defined by the tangent 7 and the normal g to the

surface f(x, y), This frame is rotated by an angle 6 relative to the frame {x, y}

dy
We then have
0 0
6{; a—f cosf + %sm@
and equations (1.1) give
02 02 2 62
ng Oxf cos’0 + W sin@ + 26 0y cosf@sin@

This equation is not simpler to solve than the previous one; however, it is related to the equation

of the Laplacian of f
Af= g f G f
Tz 0y?
By a change of Euclidean reference (the reference {z, g} )
02 f 0% f
A +—
f= 0g?  or?

2
We neglect the tangential component (% = O), i.e. the contour has a very low curvature, so

o’ f
Af:() < 6_8'2:0

The goal of contour detection

Contour detection aims to identify points in a digital image that indicate a change in light intensity.
Contour detection effectively minimises data volume and removes extraneous information this
may be deemed less pertinent while maintaining essential structural characteristics of the image.
There are a large number of image detection methods. In the following, some methods will be

discussed.



1.2.2 Image filtering

- Filtering is an operation that consists of reducing the noise contained in an image. It is consid-
ered as a transformation of the image. - Two categories of methods: - spatial domain methods:
these methods refer to the image itself, and are based on the direct manipulation of pixels. - fre-
quency domain methods: are based on the modification of the Fourier transform of the image. -

We will also talk about: - linear filters expressed in the form of convolution - nonlinear filters

1.2.3 Whyimage processing?

The purpose of image processing is to: - Eliminate or reduce noise and interference introduced
during its acquisition (Fig 1.4). - Better interpret the image and its content by detecting the pres-

ence of certain shapes.

Figure 1.4: Filters based on classical partial differential equations (PDEs). Left: The original image,
sized 256 x 256 pixels, affected by Gaussian noise with a standard deviation of o = 20. Second from
left: Image processed using Perona-Malik filtering with parameters A = 1 and ¢ = 50. Second from
right: Result obtained through mean curvature motion at ¢ = 20. Right: Output of the self-snakes
model with A =1 and ¢ = 50.

The fields of application of image processing are diverse, among others, physics, biology, etc.,(See
Figure 1.5). Since the massive development of imaging techniques (satellite, medical, industrial,

etc.), the generalization of systematic tasks has highlighted the interest of image processing tech-
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Figure 1.5: Some applications where image processing is concerned.

niques (filtering, compression, restoration, segmentation, classification, reconstruction, etc.).

Indeed, more and more, the partitions that separated the various methods used in image process-
ing are becoming permeable and unifying approaches are emerging. We show that partial differ-
ential equation (PDE) and variational techniques are the most capable of federating and unifying
a large number of approaches. They make it possible to treat a large class of problems in the fields

of image processing within a single and coherent formalism.

1.3 The framework of PDEs in image processing

Image contour enhancement is one of the central problems in digital image processing. It aims
to improve the quality of an image. The essential aspect of this approach is to differentiate be-
tween significant image features that must be retained, or even enhanced, with certain elements
of the image content regarded as noise and necessitating removal. In this section, we give a brief
overview of several classes of image processing methods based on the PDE formalism that guide
our thinking to build image contour enhancement approaches presented in the following chap-

ters.
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1.3.1 Modeling

We consider the image to be processed as a function u which, at each point (x, y) of the image,
associates its gray level uy(x, y). It is then a question of constructing from the known function uj a
new, smoother image, represented by a new function u. We first assume that u depends on three
variables: x and y (like ug ), and a third variable ¢ which will correspond to a sort of "degree" of
smoothing. In the absence of smoothing, that is to say for ¢ = 0, u must correspond to the initial
noisy image. This condition is written: u(x, y, t = 0) = uy(x, y) for all x and y. Next, we seek to find
u(x,y, t) as a solution to a partial differential equation (PDE). The desired solution is a smoother
and clearer image. Finding such a PDE is the most difficult step, even more so than actually solving
it. One of the first ideas was to draw an analogy with a physical phenomenon, the diffusion of
heat, in the same way that, in a material, heat diffuses from one point to another, from near to
near, and thus tends to spread uniformly as time passes, by analogy we seek to make the gray
levels in an image "diffuse" from near to near. Thus, the differences between the gray levels will
decrease, and we will find a more uniform gray level: which corresponds to erasing the small spots.
A smoothing method therefore consists in determining the function u(x, y, f) as a solution to the
equation that describes the propagation of heat. The function u should thus verify the following
partial differential equation:

u;=Au

with the initial condition u(x, y, t = 0) = yy(x, y) for all (x, y). To find u we move on to numerical
resolution. This smoothing method, modeled on heat diffusion, presents some problems in par-
ticular the diffusion of gray levels also applies to the contours of the objects represented in the
image, which makes the contours more blurred and modifies the equation imposed on u so that
the diffusion does not occur at the contours.

How to choose a new model to avoid this problem?

From a mathematical point of view, an outline is recognizable: it corresponds to a region of the
image where the gray level varies greatly, therefore to high values of the norm of the gradient of
u thus, the gradient of u measures the degree of variation of u and its direction. The researchers
therefore modified the equation calculating u, they replaced its right-hand side with a more com-
plicated expression, involving among other things the gradient of u.

There are various ways to do this, and it then requires fairly complex studies, for example to prove
the existence and uniqueness of the solution to the equation, or to find an efficient and fast (nu-
merical) resolution method, the desired result is an anisotropic diffusion, that is to say, which does
not occur in the same way in all directions.

Complex models but the smoothing results obtained are quite convincing!

11



To clearly show the improvement of image contours, several methods were used using PDE, which

will be presented as follows:

1.3.2 Use of PDEs for image enhancement

Nonlinear methods are considered powerful tools in the field of signal and image processing.
Technological advances in terms of computing speed and power have allowed the practical im-
plementation of more complex algorithms that can overcome the limitations inherent in linear
invariant approaches. The application of nonlinear methods to contour-preserving smoothing,
contour enhancement or image segmentation clearly shows their superiority. Among these ap-
proaches, we will focus on those that rely on the use of nonlinear partial differential equations
(PDEs).In the context of gray-scale image enhancement, the PDE formulation classically involves
modeling the image by a discrete set of points (pixels). Considering the luminance as a function of
the spatial coordinates (x, y) and time ¢, the properties of the restored image are obtained through
a PDE having as arguments the luminance function and its partial derivatives; the solution of this
PDE, at a certain time ¢, represents the restored (enhanced) image. Let 1 : R? — R be the image to
be processed where u(x, y) is the gray-scale associated with the pixel with coordinates (x, y). The

general model of image evolution can be put in the form [16] :
ur = F(u(x,y, 1) (1.2)

This very general writing is based on the operator F specific to the algorithm and linked to the
original image and its first and second spatial derivatives.

u(x,y,1): R x [0,7] — R represents the state of the resulting image at a time t. Finally, the solution
of equation (1.2) is nothing other than a simplified version of the original image corresponding to
a given evolution time (i.e. at a given scale). As the temporal evolution progresses, the transfor-
mation of the image leads to noise reduction (and/or signal enhancement) while preserving the
relevant information.

In the PDE formulation, time can be assimilated to an observation scale and consequently, the
methods assimilated to multi-scale analysis tools defined by a family of transformations (7); =0
which, applied to an original image, gives a family of images dependent on the parameter t. The
properties necessary for a multi-scale analysis have been formally stated by Morel [43].

The representation of images in the form of a multi-scale smoothing was introduced by Marr and
Hildreth [42], Witkin [59] and then developed by Koenderink [36]. The Method proposed by Witkin
makes it possible to obtain images at increasingly coarse scales by performing a series of convolu-

tions between the original image and Gaussian kernels of increasing size o.
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The following parts of this section will be devoted to presenting a number of approaches combin-
ing PDEs in image processing and the ideas of isotropic, anisotropic diffusion and mean curvature

filters.

1.4 Some models of contour detection

We will introduce some mathematical models for contour detection.

1.4.1 Linear (Isotropic) Diffusion-Based Filter

A classical approach in the field of image restoration uses a linear convolution (smoothing) oper-

ation to reduce the effect of noise, considered to be high frequency.

u(x,y,t):_[QG(x—f,y—n,t)uo(f,n)dQ, (x,y)€Q (1.3)

where we denote by u(x, ), the function of R? in R, defined on Q = [0, a] x [0, b]. The value of the
function ug represent for example the gray level intensities of the original noisy image, u(x, y, t)
represents the restored image, and ¢ a parameter that controls the importance of the smoothing
of the operator G(x, y, t).

An example of an operator often used due to its performance, separability and isotropy properties
is the Gaussian operator G given by:

162+y2

1
Gx,y,t)=—e 4
%, 1) At

Koenderink [36] was the first to notice that a convolution operator of an image by a Gaussian op-
erator of a certain variance (here o2 = 2t ) can be rewritten as a diffusion process of the image in-
tensity around neighboring pixels during a time ¢ in direct relation to the spatial variance 0. This
diffusion equation, known as the heat equation, can be expressed as the following linear parabolic
PDE:

du _
{ G = U (X, 1, 1) + Uy (X, 1, 1) (1.4)

u(x,y,0) = up(x,y)
So Koenderink [36] demonstrated the equivalence between the solution of the heat diffusion PDE

at time ¢ and the convolution with a Gaussian kernel of standard deviation v2t. This linear diffu-

sion equation is expressed in the form of a divergence:

Lotrabesy
The linear parabolic equation (1.4) induces an isotropic diffusion. This diffusion thus operates
identically in all directions and has no preferred direction. For noisy image restoration tasks, this
clearly presents drawbacks. Indeed, in regions of homogeneous intensity, this process will effec-

tively reduce the effect of noise but in regions presenting discontinuities in the intensity at the
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gray level, these will also be smoothed and the visual contrast of these parts will be significantly
reduced, consequently reducing the qualitative and visual interest of such a process. To address
this problem, ideas of anisotropic diffusion have been proposed. The principle as well as the work

in this framework are the subject of the following paragraph.

1.5 Filter based on nonlinear (anisotropic) diffusion

The first idea to solve problems arising from isotropic diffusion was proposed by Perona and Malik
in [47].

The adaptive smoothing method with contour enhancement of Perona and Malik [47] is perhaps
one of the most relevant in the context of contour detection theory. For the first time, a PDE for-
malism leads to select a diffusion intensity and therefore a diffusion scale adapted according to
the neighborhood. For this, the algorithm uses a nonlinear diffusion function which leads to a
significant smoothing in areas of low gradients and allows to limit the effects of this smoothing on
the useful signal (contours).

The principle of the approach proposed by Perona and Malik consists in introducing into equa-
tion (1.5) a conductivity term ¢ depending on the local context. This diffusion mode has been
formalized as follows:

ou _ 3;
{ 52 =div(c(|Vu(x, y, D) Vu(x, y, 1) (1.6)

y u(x,,0) = up(x, y)

In this context, div and V indicate the divergence and gradient operators with respect to the spa-
tial variables respectively., u(x, y, t) signifies the smoothed image at time step ¢, |Vu| indicates the
gradient magnitude of u. To obtain the desired result, the conductivity is defined as a decreasing
function, dependent on the norm of the gradient vector c(x, y, t) = g(|IVul); where g(x) refers to
the diffusivity function. The function g(x) must be nonnegative and monotonically decreasing,
with the condition that g(0) = 1. This ensures that diffusion is maximized in uniform regions and
approaches zero as x approaches infinity, effectively halting diffusion across contours.

The functions initially proposed by Perona-Malik are:

Vul

2
g(lVul) = %)

and
gVul) = ————
[Vul
1+ (Tu)
The parameter K is a so-called "threshold or diffusion barrier" allows to parameterize the value of
the gradient from which the behavior of the PDE varies between diffusion and possible enhance-

ment.
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Note the interest of the directional interpretation of anisotropic diffusion: we will see that it is from
this interpretation that we introduced the principle of diffusion directional 1D. Directional inter-
pretation: an interpretation of (1.6) that allows to grasp more easily the differences with isotropic

diffusion is obtained by writing the equation in terms of directional second derivatives in the di-

T - T
rection of the gradient 7j = ( |gf¢| , %) and in the orthogonal direction { = (%, — lé";l) which will

be assimilated to the direction of the structures (Fig 1.6). u, and u,, are respectively the derivatives

of uin x and in y. This classic notation is presented in several works (see [53]).

"Vu

St

Figure 1.6: Gradient direction and orthogonal direction.

The Perona-Malik diffusion equation for a 1-D signal can be expressed as

du_a

o = 55 (8w (1.7)
3
- %uﬁg(ua s (1.8)

To facilitate comprehension, we establish the flux function f(x) = g(x).x, where g(x) represents

the diffusivity function. Consequently, we can express (1.7) in the following manner

o
a_L; = ' (uy) Uy (1.2.10)

The variation of the gradients at any point along the contour is expressed by:

0 (ux)
ot

= fN (Ux) uix +f, (Uy) Uxxx- (1.9)

The sign on the right-hand side of Equation (1.9) provides critical information about the tempo-
ral evolution of the gradient uy at a specific location x. Specifically, it determines whether the
gradient is increasing (% > 0) or decreasing (% < 0). This behavior is directly linked to the
blurring or enhancing characteristics of the Perona-Malik filter, which are governed by the sign of
the derivative f' (uy).

At an contour, the second derivative uy, equals zero, and the third derivative uyy is less than or

equal to zero. This indicates that the gradient u, reaches its maximum value at the contour, as

illustrated in Figure 1.7. The subsequent evolution of the gradient depends on the sign of f’ (u,):
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- If f' (uy) > 0, the gradient at the contour decreases over time, resulting in a blurring effect. This
occurs because the filter attenuates the gradient magnitude, leading to a smoothing of the contour.
- Conversely, if f’ (uy) < 0, the gradient at the contour increases over time, while the gradients in
neighboring regions decrease. This process enhances the contour, making it sharper and more
pronounced, as depicted in Figure 1.8.

In summary, the sign of f’ (u,) plays a pivotal role in determining whether the Perona-Malik filter
blurs or sharpens contours. This behavior is intrinsically tied to the temporal dynamics of the
gradient u, and its spatial derivatives, providing a mathematical foundation for understanding

contour enhancement and smoothing in image processing.

100+

i i i i i i i
20 20 30 40 50 60 70 80 90 100

Figure 1.7: In the first row, from left to right, and in the second row, from left to right, the contour
function u(x) is depicted alongside its first, second, and third derivatives, respectively.
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Figure 1.8: Flux function f (left) and its derivative f’ (right).

Nonlinear diffusion filtering effectively reduces noise while preserving region boundaries and small
structures in the image, provided that key parameters are accurately determined or estimated. Per-
ona and Malik indicate that the selection of functions g for which f meets certain properties re-

sults in effective contour enhancement. The following table presents the most frequently utilised
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diffusivity functions found in the literature.

Function Reference
gx)=1 Linear Diffusion
glx) = >
1+ 5_2
glx)= Perona- Malik
1+5_2

g(x) =exp (—x—z Perona- Malik

1— =315 |
gw={ "TIL 7% | Weickerts

1 x<0
g(x) = 0.5[(tanh][0. 2(6 x)]) +1] Fischl and Schwartz
gx) = [1 e ] x>0 Black Sapiro

otherwise

Note: The parameter ¢ is known as the noise levels or contrast parameter.

1.5.1 Mean curvature diffusion

The classical evolution model gives rise to a nonlinear parabolic equation, which can exhibit de-
generacy or singularity depending on the specific conditions. The inherent nonlinearity stems
from the dependence of the image intensity flow on the intensity itself, making the equation highly
sensitive to variations in image structures.

Perona and Malik demonstrated that a carefully chosen nonlinearity within this framework could
significantly enhance image contours. This property is particularly valuable in various image pro-
cessing applications, including noise reduction and denoising, where preserving important struc-
tural details while suppressing noise is crucial.

The anisotropic diffusion model introduced by Perona and Malik has had a substantial impact
on the field, serving as the foundation for numerous advancements. Among these is the model
developed by Malladi and Sethian [40], which extends the principles of anisotropic diffusion to
more sophisticated formulations. Under the appropriate scaling, this model leads to the following

governing equation for image intensity:

ou

1
1+ |Vul?)?k
a5 =(1+IVul*)? k

where Vu indicates the spatial gradient of u, whereas k signifies the curvature of the surface z =

u(x,y), such that:
k= div(

Vu
V1+|Vul?
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The equation representing the motion by the curvature (curvature flow) can be written as follows :
ou Vu
— = \/(1+|Vu|2)div _—
ot V1+|Vul?
u u
\/ 1+ u2+ u? div = , 4
Y 2, .2 2, .2
\/1+ux+uY \/1+ux+uy

2 2 UxUxx+UxUyUyy 2 2 UyUyy+UxlUylUxy
Uxx\/ 1+ U+ U, — —F——— Uyy\/]l+ Ui+ U, — ——F———
1+ ué+us L e " T el
VI1+ud+ud V1+ud+us 1+ ud+ud

(14 ) thx = 201ty + (14 1) uyy

1+ us+us
This model therefore describes contour filtering based on this geometric approach. There is a
more general form of this model based on the same technique.

Due to a specific degeneracy in the asymptotic forms of this equation, Barenblatt and Vazquez in

[9, 55], proposed to explore a more general flow produced by the following equation:

ou 12y
—=(1+Vul*) % k.
Y (1+IVul) 2 k

Where y > _71 is a constant parameter, which is written in the form:

ou (14 63) uxx — 2usttytixy + (1 + u2) uy,y

ot (1+u§+u§,)1+y

) (1.10)

where u(x, y) denotes the image intensity, x and y represent the Cartesian coordinates inside the
image plane, with f representing time. If y = 0 we find the previous model (maen curvature flow),

the case y = 1 is also getting the attention of researchers (Beltrami flow, cf. Sochen et al. [35]).

1.5.2 Linear versus Nonlinear Diffusion

To facilitate a comparative analysis of linear and nonlinear diffusion filtering techniques and their
impact on contour sharpness, we present two illustrative examples. The first example examines
a noisy one-dimensional contour profile, represented by the function u(x), alongside its filtered
counterparts, as depicted in Figure (1.9). The second example demonstrates the application of
both linear and nonlinear diffusion filtering to a grayscale image, illustrated in Figure (1.10).
Figures (1.9) and (1.10) reveal that linear diffusion filtering tends to blur contours, whereas non-
linear diffusion filtering effectively preserves contour sharpness. The model introduced by Malik
and Perona, however, presents several practical and theoretical challenges:

1. In the presence of noise, such as white noise, the signal generates significant gradients |Vu|.

Since Vu is theoretically unbounded, the conditional smoothing employed by the model often fails
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Figure 1.9: One-dimensional edge profile u(x) (solid line) alongside its filtered counterparts, il-
lustrating the results of nonlinear diffusion filtering (ADE dot-dash) and linear diffusion filtering
(dashed line).

to produce satisfactory results. This is because the noise-induced contours are retained, compro-
mising the filtering efficacy.

2. The function g within the model requires careful analysis to ensure the existence and unique-
ness of solutions. Specifically, g must satisfy the condition that x- g(x) is non-decreasing. In practi-
cal, if g is such that x-g(x) is non-increasing, similar images may yield divergent solutions, leading

to inconsistent contour detection outcomes [17].

1.5.3 Self-Similar Solutions for Nonlinear Partial Differential Equations

Self-similarity arises when the inherent symmetry of a physical system reduces the number of
independent variables. This reduction often leads to a significant simplification of the problem,
frequently enabling an analytical approach to its solution. In scenarios where the specific details
of initial or boundary conditions become negligible, self-similar behaviour typically emerges in
the intermediate asymptotics of the phenomenon, rendering the associated parameters inconse-
quential.

The nature of the transition to the limiting state, which defines the intermediate asymptotics of
a particular problem, allows for the classification of similarity solutions into two types: first-kind
and second-kind self-similarities. The self-similarity of the first kind can typically be determined
via dimensional analysis, with further validation through symmetry considerations. In contrast,
conventional methods are insufficient for deriving second-order self-similarities. To obtain these,
it is essential to track the evolution of the solution-whether through experimental or numerical
techniques-until it reaches its self-similar asymptotics. Alternatively, second-kind self-similarities

can be derived through direct construction, which leads to the formulation of a nonlinear eigen-
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Scale space behaviour of linear Diffusion filtering Scale space behaviour of Nonlinear Diffusion filtering

Figure 1.10: gray-scale image and its filtered versions. Linear diffusion filtering (Left) and nonlin-
ear diffusion filtering (Right).

value problem.

A technique employing self-similar solutions offers a powerful approach for deriving exact solu-
tions to partial differential equations (PDEs). This method is particularly valuable in the study of
PDEs, as it simplifies complex problems by reducing them to more manageable forms. Consider

the general PDE:

ou A

_ = u,

or 7
where A, u represents a linear or nonlinear differential operator acting on the function u(x, f). The
self-similarity approach is widely utilised in solving such equations. It involves seeking solutions

to (1.5.3) in a specific form that exploits the scaling symmetry of the problem. One such form is:

ulx, )=t"f@&), ¢=xt",

for x e R and t > 0, where u and v are constants determined by the problem’s scaling properties.
Here, the function f () satisfies an ordinary differential equation (ODE) derived from the original

PDE:

Asf—pf+vEfe =0,
where A¢ f represents the differential operator A,u expressed in terms of the similarity variable

¢. This transformation reduces the PDE to an ODE, which is often easier to solve analytically or

numerically.



Another variant of self-similar solutions arises in problems with finite-time behaviour, such as
those involving singularities or blow-up phenomena. In such cases, the solution can be expressed

as:

ul, )=(T-kf©), ¢=x(T-97",

for xeRand 0 < r < T, where T represents a critical time (e.g., the time of singularity formation).
Here, u and v are again constants determined by the scaling properties of the problem. This form
is particularly useful for analysing the behaviour of solutions as ¢ approaches 7.
More generally, self-similar solutions can be expressed in the following unified form:

x

u(xr t) = C(t)f(é‘)) é = m)

where c(f) and a(f) are time-dependent scaling functions chosen to simplify the problem. The
selection of c¢(#) and a(t) is guided by the specific structure of the PDE and the desired properties
of the solution. This general form encapsulates the essence of self-similarity, where the solution
maintains its shape while being rescaled in space and time.

The self-similarity method is a cornerstone in the analysis of PDEs, as it leverages the inherent
scaling symmetries of the equations to reduce their complexity. By transforming the original PDE
into an ODE, this approach enables the identification of exact solutions, which are often challeng-
ing to obtain through direct methods. Furthermore, self-similar solutions provide deep insights
into the qualitative behaviour of solutions, such as their long-time asymptotics or the formation
of singularities. This makes the method indispensable in fields ranging from fluid dynamics and
heat conduction to nonlinear wave propagation and mathematical biology.

In summary, the self-similarity technique, as outlined above, offers a systematic and powerful
framework for solving PDEs, making it a fundamental tool in both theoretical and applied mathe-

matics.
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Chapter 2

Study of image contour enhancement with
degenerate parabolic equation

In this chapter, we introduce a novel evolution model based on the nonlinear diffusion
equation, which generalises mean curvature motion. This approach is particularly effective in
analysing contour enhancement in images. The free boundary problem is formulated to inves-
tigate the evolution of image intensity within the boundary layer. By integrating concepts from
Total Variation Minimisation (TVM) and Mean Curvature Motion (MMC), we develop a refined
framework that enhances the effectiveness of contour enhancement techniques. Furthermore, we
employ asymptotic analysis following the methodology introduced by Barenblatt (2001) to explore
the impact of the proposed model. We then present a comprehensive examination of the result-
ing mathematical formulation, which extends previous research findings. This chapter systemati-
cally explores the interplay between TVM and MMC in the context of image processing, offering a
deeper understanding of their combined effects on contour preservation and noise reduction. We

present the results obtained, which are a generalisation of the research presented in [1].

2.1 Generalized mean curvature motion

A widely used denoising approach involves minimising a functional of the image gradient, ex-

pressed as follows:

min %, (u), F/Ta(u):f \Vu|*dx (2.1
u Q

where % (u) represents the total variation (TV); see [52] and [32] To solve equation (2.1), it is of-
ten beneficial to reformulate the minimisation problem as a differential equation, specifically the

Euler-Lagrange equation:

ou . Vu
S, =div e 2.2)

where an artificial time parameter ¢ has been introduced to guide the iterative descent process.

This model is known to induce a certain degree of blurring during noise removal.
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Despite its effectiveness, the Total Variation Minimisation (TVM) model described by (2.2) may
struggle to suppress impulse noise effectively. This is because impulse noise in the initial image
Uy acts as a persistent anomaly, potentially leading to significant degradation in the reconstructed
image u.

Moreover, TVM can introduce substantial distortions to the image structure. Consequently, it is
advisable to first eliminate impulse noise before applying TVM. To achieve this, an alternative

approach based on motion by mean curvature (MMC) can be considered:

U, = |Vu|div(ﬂ) 2.3)
e IVu ‘

For a comprehensive review of MMC and related techniques, refer to [2] and [41]. By integrat-
ing TVM with MMC, we propose a generalised framework that extends their applicability to more

complex image processing tasks. This is formulated as follows:

ou 1 . ( Vu )
_—— div =0. (2.4)
ot |Vu|1 [Vu|P

In this study, we refer to this model as the generalised mean curvature motion. The parameters p

and q serve as enhancement factors, governing the behaviour of the diffusion term. Specifically,
these constants regulate the rate at which diffusion decreases as the gradient magnitude |Vu| in-
creases. In essence, for regions with high gradient values (such as contours), the diffusion process
slows down, preserving structural details. The parameters p and g thus control the adaptive na-
ture of the diffusion, ensuring a balance between noise removal and contour preservation.

Equation (2.4) can be considered a generalisation of both the mean curvature motion (MCM) and
the total variation model (TVM). To understand this generalisation, let us first examine specific
cases. When g = —1 and p = 1, the equation reduces to the mean curvature motion (MCM). On
the other hand, for g = 0 and p = 2 — q, it corresponds to the total variation model (TVM). Addi-
tionally, setting g = 1 and p = 1 yields the Beltrami flow equation. The key distinction between
equation (2.4) and the TVM lies in the presence of the term |[Vu|? on the right-hand side of the
equation. This term plays a crucial role in enhancing the contours within the image, which is a
central feature of this generalisation. Specifically, |[Vu|9 influences the diffusion process by mod-
ulating its rate. To elaborate, in regions of the image where |Vu| is relatively small, such as the
interior points of a smooth area, the diffusion process is strong, as the gradient is low and diffu-
sion is more pronounced. Conversely, at the location of an contour, where |Vu| is large, the effect
of the diffusion diminishes because |Vu|7 becomes smaller for g > 0, thereby reducing the spread
of diffusion. This ensures that the diffusion is suppressed near sharp transitions, which is a de-

sired property in image processing tasks such as denoising or contour-preserving smoothing. For
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values of g < 0, the situation changes significantly. In this case, the factor |Vu|? becomes much
larger than 1, especially when |Vu| is large, which leads to a higher rate of diffusion evolution in
proximity to contours. This enables enhanced contour evolution, making the equation particu-
larly useful for applications that require high sensitivity to contours or sharper transitions in the
data.

We mention that, a nonlinear extension of mean curvature motion, which generalize equation
(2.3), in a different way have been proposed by Didas and Weickert [23], where a combine curve
shrinkage properties of mean curvature motion with denoising filter has investigated.

We consider a more general flow given by equation:

1 \Y%
o= ————div| ———|, 2.5)

(1+vu?)?  (1+1vup)

(S

u : denotes the intensity of the image.

Vu : denotes the spatial gradient of u. The gradient gives the direction and amplitude of variation
of the image (analogy with the slope of a relief).

[Vul : the gradient norm which gives the amplitude of variation, used for contour detection, The
amplitude (i.e. modulus) of the gradient is related to the amount of local variation of the intensity:
the larger the modulus, the stronger the contour.

Then equation (2.5) is rewritten as follows:

ou 1 . Vu
—=————div
0L (1+|Vup)

a L
2 2

(1+|Vul?)

1 . Uy Uy
= div X
2

(1+12+12)?

[NTas

(1+u§+u§,) (1+u§+uJ2,)

£
2 212 2 2 2 2 2 2
(1 + Ui+ uy) Uy (1 +us+ uy) — p (U Uy + Uy uxy) + uyy (1 +us+ uy) - p(uyuyy+ uxuyuxy)

(1+12+12)? (1+ 3 +u3)"

2
y

)

2 2
[1+uy+(1—p) us

= qa.p
2 2\5+5+1

(1+uz+uj)?"?
This will be called the generalised mean curvature motion here. In image enhancement tech-
niques, the constants p and q are introduced as critical parameters that modulate image intensity.
These constants determine how the intensity values are transformed, directly affecting the image

contrast dynamics and brightness distribution. Adjusting p and g enables fine-tuning of image

characteristics. The corresponding equation for image intensity is presented below:

[1+u§+(1—p)u§

Ugx — 2P Uy Uyliyy + [1+ uz+(1-p) uf,] Uyy
0,u= T . (2.6)
(1+uz+uj)?"?
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2.1.1 The asymptotic representation of the fundamental equation

The asymptotic and numerical analyses conducted in the works [35, 40] shown that a boundary
layer consistently occurs along the margins of pictures (see Figure 2.1), characterised by a substan-
tial normal component of the intensity gradient within the image. Focusing on the boundary layer
where gradient changes are most significant, [9] developed a streamlined version of model (1.10).
This study demonstrated that within this layer, the gradients are particularly large, which sup-
ports the feasibility of reducing model complexity while still maintaining accurate descriptions of
the phenomenon. Using Cartesian coordinates at the boundary layer contour, where the x-axis is
aligned normal to the boundary layer, it becomes clear that the y-derivatives have a negligible im-
pact compared to the x-derivatives in equation (1.10). Therefore, within this region, the equation

(1.10) reduces to its one-dimensional representation:

Oru= zLEf-J:)'
us v

(2.7)
Authors in [9, 55] proposed a model for image contour enhancement where a free boundary prob-
lem has been formulated with equation (2.7). Their theory addresses the existence and uniqueness
of solutions to the appropriate problem, the existence and behaviour of bounding interfaces, and
the behaviour over extended time periods. A self-similar solution is identified for equation (2.7),
applicable for any y > 0. It remains consistently 0 or 1 outside a transition region (the grey zone)
defined by two curves, [ () and r (f). The width of the transition region diminishes over time, indi-
cating that contour enhancement is occurring. The intensity function u is continuous across the
two delimiting curves; however, its derivative u, experiences an infinite discontinuity.

In the paper [20, 21] a travelling profile solutions are found for equation (2.7) for y > —%, they also
presented general results obtained for the free boundary problem.

Then we can now neglect uy, uy, and uy in equation (2.6). The simplified equation obtained is
the one-dimensional form of (2.6):

2
US Uy

q+p 1’
=+l

ou=(1-p) (2.8)

(1+ud)
The model contains various dimensional constants; however, they have been normalized to unity
without loss of generality.
Equations like (2.8), along with other related models, have been extensively studied and are com-
monly referred to as nonlinear parabolic equations of diffusion type, or nonlinear diffusion equa-
tions. These models are frequently used in the analysis of physical processes such as the diffusion
of matter or heat conduction. A well-known one-dimensional formulation within the domain of
partial differential equations is:

Ur = (q) (x) t; u, ux))x
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Under suitable conditions, the equation can be formally classified as parabolic, for instance, when
oD

3u, > 0. In many practical scenarios, including the one at hand, the function ® satisfies g—z = 0.
However, extreme values such as zero or infinity may also arise, leading to the categorisation of
such equations as degenerate parabolic or singular parabolic, respectively (cf. [22, 33]). A defining
feature of this wide class of equations is their inherent diffusive behaviour, which results in the
spreading or dispersion of the level sets of solutions over time. This inherent diffusion, however,
runs counter to the desired enhancement effect, necessitating the introduction of an additional
mechanism to enable enhancement. In the Perona-Malik model, this enhancement mechanism
is characterised by a form of negative diffusion.

The equation (2.8) is classified as a degenerate parabolic equation, characterised by a degeneracy
at the value u, = oo, which corresponds to the critical limit value associated with the enhancement
of contours.

The gradient enhancement phenomenon in equation (2.8) is investigated in [9], where a relation-
ship is established between this phenomenon and the convergence towards self-similar asymp-
totic behaviour in an approximated model. As the solutions evolve towards a state with increas-

ingly significant gradients, it becomes justifiable to approximate the expression 1+ u2 in (2.8) as

u2. Therefore, the simplified equation is derived as follows:

Uxx

u)(f”p) '

oru=(1-p) (2.9)

Equation (2.9) governs the evolution of the image intensity in the boundary layer. We can obtain
the equation (2.7) for p = 0 and g = 2(1+7). This version explains that the analysis of gradi-
ent enhancement connects to the self-similar behaviour of an approximate model. The solution’s
evolution toward large gradients justifies the simplification of the term 1 + 12, as the latter term

becomes dominant in such configurations.

2.1.2 Nonlinear diffusion equations

As previously stated, we shall develop a mathematical theory pertaining to the one-dimensional
evolution problem characterised by the aforementioned initial and boundary conditions. How-
ever, we will extend our focus from the specific category of equations denoted as (2.9) to encom-

pass a broader class of nonlinear diffusion equations represented in the following form:
ur = (¥ (ux)y (2.10)

The nonlinear function ¥ governs the relationship between the image flux and the gradient of
the image intensity. This relationship is often referred to as the flux law or, alternatively, as the

constitutive function of the model. In this broad framework, ¥ can represent any monotonically
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Figure 2.1: The contour of the image in the border layer.

increasing real-valued function that is defined over an appropriate gradient interval. To facilitate
the analysis, we make the following assumption:

(Hy) W(s) is C*: The function Y (s) is smooth and differentiable to all orders, i.e., it belongs to the
class C*°, and it is strictly increasing on both the positive interval 0 < s < co and the negative interval
—o00 < § < 0. This assumption allows for arbitrary behaviour as s — 0 or |s| — oo, without imposing
specific constraints on the asymptotic limits of the function. In practical terms, the assumption
that W (s) is C* implies that the function is not only smooth, but its derivatives of all orders exist
and are continuous, providing a high level of regularity. The fact that it is strictly increasing in
the specified intervals suggests that for any two distinct values of s, say s; and s, with §; < sp,
we have ¥ (s1) < ¥(s2), meaning that the flux is more sensitive to larger gradients. This property
is important for the mathematical model as it ensures that the flux will respond predictably to
increases in the gradient, which is a key factor in the process of enhancing the image features.

In this study, we aim to systematically characterise the class of functions W that allow for the
derivation of solutions exhibiting pronounced gradient enhancement. A critical aspect of our in-
vestigation is the analysis of the temporal rates at which sharp gradients or steep profiles develop,
as these dynamics are central to understanding the underlying diffusion processes. By doing so,
we intend to corroborate and expand upon the results established in [9], applying our findings not
only to specific instances such as the equation (2.9) but also to a broader spectrum of initial data
configurations. The mathematical framework of this problem is rooted in solving the nonlinear

parabolic equation (2.10), accompanied by rigorously defined initial conditions.

u(x,0) = up(x)

satisfying the conditions 0 < uy < 1 and other appropriate criteria (as detailed below), along with
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boundary conditions where u = 0 on the left side of the contour and u« =1 on the right side. Con-
cerning the initial data, we note that our primary focus is on monotone solutions, specifically
those for which u, = 0 in the context of equation (2.9). This condition will inherently arise from
a corresponding monotonicity criterion applied to the initial data. Regarding the boundary con-
ditions, it has been determined that, contingent upon the specific form of ¥, the boundary may
be designated to reside either at infinity or at a finite distance. This latter case will be of particu-
lar interest to us, necessitating that the problem be appropriately formulated as a free boundary
problem.

Now, we introduce the function W. Since:

Uxx

0
o5 (P =(1-p) ———.

(1+u2)2

¥ is then given by:

\P(v)-—va
. 0 (1+82)¥

Similarly, and since:

0 Uy
a (W (uy) = W
We find:
¥(v):= _foo ds - _ 1 p~latp-1
v (8§)dtp g+p-1

we set w = —(q + p — 1) we write

1
Y(s)=—sY,
w
defined for s = 0, so that it is suitable with (2.9) withw =-(g+p—-1)

\P/(S) — S(,U—l

Remark

1. If w = 0 we have ¥ (s) = log(s) with W/ (s) = %
2. For w < 0, the function V¥ is negative, but W' (u,) > 0 is the important quantity for the parabolic

character of the equation.

q+p
2

3. Equation (2.8) corresponds to ¥'(s) = (1+ sz)_( ) degenerates if s — oo with (g =2 - p) and

evenif (g > —p ), But this equation is perfectly parabolic in the regions of bounded u. the general

form of equations (2.8) and (2.9) can be written as follows:

ur= (¥ (ux))y,
it is known in the literature as "nonlinear diffusion ".
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Existence of sharp interfaces

There exists a notable subclass of equations (2.10) in which sharp interfaces manifest. We will first
examine power nonlinearities. For exponents w > 1, solutions to the Cauchy problem for equation
(2.10) with initial data of compact support will maintain this property for all times. In contrast,
infinite propagation occurs when w < 1 (cf. [11, 33]). In the initial case, considering an integrable
function u = 0 with an integral one, the solution to the problem can be interpreted as a classical

solution of equation (2.10) within a specified domain.
Q={(x,0:=-l()<x<r(t)},

with initial conditions u(x,0) = uy(x) and boundary conditions

ulx,t)=0, Y(u,)=0 forx=1I()
ulx,t)=1, ¥Y(u,)=0 forx=r(1)

The lines x = I(f) and x = r () are referred to as interfaces or moving boundaries, and they are fully
defined by the conditions specified above. These functions are recognised as smooth (analytic)
functions of t [5, 7] and exhibit divergence as t — oo in the manner of O (ﬂ), providing a quantita-
tive assessment of the dispersion effect. The presence of interfaces indicates that the equation is
not uniformly parabolic at those points, resulting in limited regularity of the solutions.

Conversely, for w < 1, the identical Cauchy problem results in positive solutions where [(f) = —oco
and r(t) = co. The null flux condition is equivalent to setting u, = 0 at +oo, which is a reasonable
requirement given the boundary values of u = 0,1 at +oo. This condition holds automatically for

w > 0.

2.2 Intermediate-Asymptotic Solutions

To thoroughly investigate the phenomenon of contour enhancement, it is imperative to analyse
the temporal evolution of the gradient and its associated support. A pivotal approach in this con-
text is the use of intermediate-asymptotic solutions, which are derived through dimensional anal-
ysis. This method, initially introduced by Barenblatt [9], provides a framework for understanding
the behaviour of solutions to partial differential equations over intermediate time scales. In this
section, we apply this methodology to derive an exact solution for Eq. (2.9), focusing on the linear

case and its implications for contour enhancement.

2.2.1 Linear case

We commence by presenting a detailed derivation of the classical intermediate-asymptotic solu-

tion for the linear heat equation, which is given by:
Ur=(1—p)uyy.
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This equation formally corresponds to Eq. (2.9) under the condition g + p = 0 with p < 1. The
analysis is conducted for a "smoothed step" initial condition, which is defined by the following

initial and boundary conditions:

0, —00<X<—a
u(x,0) =< ugp, - a@1<x<ay , (2.1
1, as < x < 400

u(—oo,t) =0,u(+oo,t) =1,

where a;, and a, are positive constants that parameterise the problem. The function u(x) is as-
sumed to be smooth within the interval —a; < x < ay, satisfying uo(—a;) = 0 and uy(ay) = 1. Fur-
thermore, it is assumed that the derivatives at the boundaries are u,(—a;) = 0, uy(az) = 1, with the
latter being negative.

Through dimensional analysis, as elucidated by Barenblatt [9], the intermediate-asymptotic solu-
tion can be expressed in the form:

X — X0
PYNE]

ux,H=¢E &= a_(t) 2.12)

where xj is a parameter to be determined, and ¢(¢) is an increasing function that describes the
profile of the solution. Substituting (2.12) into (2.9) (the linear heat equation formally correspond-

ing to (2.9) for g+ p = 0 with p < 1) leads to the following equation for the function ¢ (¢)

. d¢ d>¢
- —=1-p)==- 2.13
aaé i (1-p) e (2.13)
A separation of variables argument necessitates that:
aa=a (2.14)

where a is an arbitrary positive constant. This leads to the following equation for the profile ¢:

d¢o d*¢
=1-p)—==- 2.15
(1=r) 7z (2.15)
Integrating this equation under the boundary conditions ¢(—oco) = 0 and ¢(+o00) = 1 allows us to
express ¢ explicitly in terms of the error function:
1 ﬁ i
$) = = e dn, (2.16)

(e.0]

This integral representation facilitates the expression of the solution u(x, #) in a closed form:

1 X — Xo
ulx,t)=- erf( 1)+1 . (2.17)
2 V20— p)Rat+1)z

This solution elucidates several key features of the evolution of the initial smoothed stepwise dis-

tribution. Firstly, the width of the transition region increases proportionally to v2t + 1, indicating
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that the distribution broadens over time. Secondly, the gradient of the solution, u,(x, t), assumes

a Gaussian shape in space, given by:

_ 42
ux(x, t) _ l. I/Ze X /(4[).

As time progresses, the gradient diminishes and approaches zero at a rate of t~'/2. This decay in
the gradient explains the absence of contour enhancement in the linear case. Specifically, as the
gradient becomes increasingly diffuse over time, the sharpness of the contours is lost, leading to a
smoothing effect rather than an enhancement.

Figure 2.2 illustrates the evolution of the image intensity distribution u(x, t) over time for the heat
equation in the case p = 0. The initial stepwise profile undergoes diffusion, leading to a progressive

broadening of the transition region. This result underscores the importance of nonlinear effects

1 ==

====initial condition at t=0
0.9 - ) !
— later times ]

08 !

Figure 2.2: The evolution of the image intensity distribution u(x, ¢) for heat equation (for p = 0).

in achieving contour enhancement, as linear diffusion alone is insufficient to maintain or amplify
the sharpness of features in the solution.

In summary, the intermediate-asymptotic solution for the linear heat equation provides valuable
insights into the temporal evolution of smoothed stepwise initial conditions. The broadening of
the transition region and the decay of the gradient highlight the limitations of linear diffusion in
preserving contour sharpness. These findings set the stage for further exploration of nonlinear

mechanisms that may facilitate contour enhancement .

2.2.2 Non-linear case

Based on the idea shown in the linear case (heat equation for g + p = 0), now in the next, we

consider the nonlinear case defined by equation (2.9). We try now to solve the equation in (2.23)
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by using the self-similar solution under the form (2.12). Taking account this form, by replacing

(2.12) into equation (2.23), we obtain, the equation:

a_do —(1-p) 1 d2¢ (d(ﬁ)_(”’”’).

——i—= — == 2.18
T Pl —arm+2 agz \ac >18)
A separation of variables argument implies that the following conditions must hold :
a =-a ! (2.19)
a B a(a+p)+2 ’ '

where a is arbitrary constant.
We notice that when we take the case where the initial condition in self-similar form, for example
for p+ g =4 and a <0, we get an enhancement of the contour.

After easy integration, we get:

-1 i §
d —2a 7 - 217
L e [1_(5) ] , (2.20)
as |1-p C
for
-C=sé=<C.
Here, C is a positive integration constant. For ¢ = xa_(f)", we have:
Xo—Ca(t)sx<x9p+Cal(t). (2.21)

The problem (2.20) - (2.21) indicates a free-boundary problem aimed at determining the evolution
of image intensity within the boundary layer /(¢) and r (¢) such that [ () < x < r (¢); with [(¢) =
Xo—Ca(t)and r (t) = xo+ Cal(t).

Further integration of (2.20) and using the boundary conditions ¢ (-C) = 0, ¢ (C) = 1, then we

obtain: . ;
-2al% 1 [¢c -1
@ = || [ -n) T an,
1- 1% -1
where ) )
—2al" 2 1 -1
c=|=2% [zf [1—n2]4dn] :
1-p 0
The self-similar solution assumes the form
2 _Tl gt 1
—20 Ca(t =1
w(x, f) = 1_] c%f “l1-n%]7 an, (2.22)
— p -1

In figure (2.3), the phenomenon of gradient enhancement takes place: The spatial gradient of the

solutions uy, increases with time, and its support shrinks.
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Figure 2.3: The evolution of the image intensity distribution u(x, t) for p+ g =4

We will see the constriction in the next, the free boundary problem later in the non-linear case.

2.3 Free boundary problem for contour enhancement

In this section, we present a free boundary problem aimed at determining the evolution of image
intensity within a boundary layer. The problem is formulated as follows:

Given an increasing function uy(x) defined on an interval I = (—ay;, a2) with boundary values
ug(—ap) = 0 and ug(ay) = 1, we seek to find a continuous function u(x, t) and continuous curves
x = I(t) and x = r(t) such that:

1. Initial Conditions: /(0) = —a; , r(0) = a, and [(¢) < r(t) for some time interval ¢ € (0, T).

2. Domain of Interest: - The function u solves the following problem in the domain Q = {(x, ) : 0 <

t<T Il(t)<x<r():

?3_? = (1 - ]9) u;(q+p) Uxx, in Q
u(x,0) = up (x), for —a1<x<a

) (2.23)
ull),)=0,u(l(t),t)=+c0 forO0<t<T
u(r @), =1Luc(r),t)=+00 forO<t<T
Here, T can be either finite or infinite. The function u(x, t) and the moving boundaries /(#) and
r () are unknowns that must be determined by the over-specified conditions of the problem. This

characteristic classifies the problem as a free boundary problem. Consequently, the interfaces

x =1[(t) and x = r(t) are referred to as "free boundaries."
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The initial condition u, is monotonic on the interval [—ay, a»] with ug(—a;) = 0 and ug(ay) = 1. As
time ¢ progresses, the solution u(x, t) becomes more refined. Notably, the two free boundaries /()
and r(t) contract over time. When these moving boundaries intersect, a vertical front is formed,
indicating that the enhancement process is complete. This phenomenon is illustrated in Figure
2.4.

Figure 2.4 visually represents the evolution of the solution to the free boundary problem. The left
side of the figure depicts the initial state of the solution at time ¢ = 0 and the state when complete
enhancement is achieved at some later time ¢. The right side of the figure shows the corresponding
sections of the grey region, specifically highlighting the transition domain. This transition domain
illustrates how the boundaries /(#) and r(#) move and eventually converge, leading to the forma-
tion of a vertical front that signifies the completion of the enhancement process.

This problem is significant in the context of image processing, particularly in contour enhance-
ment, where the evolution of image intensity plays a crucial role in defining and refining bound-
aries within an image. The mathematical formulation and the visual representation in Figure 2.4

provide a comprehensive understanding of the dynamics involved in this free boundary problem.

Ty M=rM__________.

u=1
(white)

r(t)

u=0
= i | (black)

I(t)

0 ' ' ' ' — ' t=0

X X

Figure 2.4: The left side illustrates the initial state of the solution to the free boundary problem at
time 0, and the state when complete enhancement is achieved after some time ¢. On the right, the
corresponding sections of the grey region, specifically the transition domain.

2.3.1 Initial condition and intermediate self-similar solution

In this section, we present a detailed analysis of the numerical computations performed to in-
vestigate the free-boundary problem associated with equation (2.9), with parameters set to p =0
and g =4, corresponding to the Beltrami flow. These computations were conducted following the
methodologies described in [9, 10], where the evolution of the image intensity distribution over
time was examined.

To gain deeper insight into the underlying dynamics, we conducted a thorough study of the evo-
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lution of the initial condition over time within the framework of the free-boundary problem. Our
numerical results reveal that for certain initial conditions particularly when the function u(x)
exhibits non-monotonic behaviour the solution transforms as time progresses. As shown in Fig-
ure 2.5, the solution follows the behaviour of self-similar solutions, where the function becomes
monotonic and increasing over time, ultimately aligning with the general characteristics of such
solutions.

In the context of the numerical simulations presented here, the self-similar solution emerges as an
intermediate asymptotic solution . This means that, after an initial transient phase, the solution
becomes independent of the fine details of the initial condition and follows a universal pattern
dictated by the governing equation. This observation is crucial in understanding the long-term
evolution of solutions within the free-boundary problem, as it suggests that the system naturally
selects a self-similar form regardless of the complexity of the initial condition. Figure 2.5 illus-
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Figure 2.5: The evolution of the image intensity distribution for p = 0 and g = 4 (Beltrami flow),
with non-monotonic initial condition.

trates the evolution of the image intensity distribution u(x, ¢) over time. The red dashed curve
represents the initial condition u(x), which in this case exhibits a non-monotonic profile. As time
progresses, our analysis of the free-boundary problem shows that the initial condition transitions
from a non-monotonic state to a monotonic state, confirming that the solution gradually adopts
the characteristics of a self-similar solution. This transition is particularly significant a regardless
of the specific form of the initial condition, the solution eventually conforms to a self-similar be-
haviour, dictated by the governing equation. The numerical results further indicate that this self-

similar regime is robust and independent of initial irregularities, suggesting that the long-term
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behaviour of the system is inherently governed by self-similarity.

Our findings align with the theoretical framework established by Barenblatt [9].

2.4 Numerical resolution of PDEs

We begin by considering a function uy : [a, b]— R. The main idea behind nonlinear diffusion filter-

ingis to derive a family of filtered versions of u, denoted asu (x, t), by solving an appropriate diffu-
sion process. This process is initialized with uy and subject to homogeneous Neumann boundary

conditions.

2.4.1 Numerical processing

For the numerical solution of equation it is necessary to discretize the operators involved in the
continuous problem; therefore we will first perform a spatial discretization and then a temporal
discretization . These two kinds of approximation will lead us to the numerical problem to be

solved.

2.4.2 Approximations of the partial derivatives

One possible spatial discretization in one dimensions. Assume that u is a function of the indepen-
dent variables x and ¢. To discretize the domain, subdivide the x — ¢ plane into a grid consisting
of equal rectangular cells with sides of length Ax; Az, representing the spatial and temporal step

sizes, respectively. Let

At=T/N, t"=nAt, n=0,1,..,.N
Ax=1/M, x;=jAx, j=0,1,.,.M

for some positive integers N and M. Denote the value of u at the representative mesh point by

Define

n_ .
u; = u(x]).

2.4.3 Spatial discretization

In the context of spatial discretization, it is necessary to approximate the first derivatives with
respect to x, the second derivatives with respect to x, as well as the mixed second-order cross
derivatives involving x. For the discretization of the first derivative of the intensity u with respect
to x, there are several finite difference schemes available. Specifically, the first derivative can be
approximated using either a centered finite difference scheme or a decentered (upwind or down-
wind) finite difference scheme, both derived from classical finite difference methods, as described

below
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u(x)—u(x—Ax)
UO-UE=AD 4 O (Ax),

ou _
0_ ~ u(x+AAx; u(x) + O(Ax) ,
X u(x+AX)—u(x—Ax) 2
2AXx +0 (Ax )’

where Ax is the spatial discretization step along the x — axis.

%u
0x?

the standard three-point scheme, which relies on the values of the function at a grid point and its

To approximate the second derivative using the classical finite difference method, we apply

immediate neighbors.

0%u _u(x+Ax) = 2u(x) + u(x—Ax) .
ox2 Ax?

0(Ax?),

note that 327’2‘ is approximated accordingly.

Let A represent the spatial discretization matrix for the problem. It is important to note that, due
to the homogeneous Neumann boundary condition, we can simplify the discretization scheme
near the boundary. Specifically, at the grid points close to the boundary, we can directly apply the
fact that the intensity value at these points is equal to the intensity value at the adjacent grid points

located at the boundary.

2.4.4 Time discretization

In terms of temporal discretization for the problem, we can consider three different approaches:
an explicit time-marching scheme, an implicit time-marching scheme, or a semi-implicit time-
marching scheme, which is often more convenient to implement due to its balance between sta-
bility and computational efficiency. The spatial and temporal derivatives are derived from Taylor

series expansions evaluated at specific points P(x;).

(azu) :u{(j+1)Ax}—2u{ij}+u{(j—I)Ax}
0x? ) ; Ax?

j
i.e.

(62u) CUjri—2ujtuj
0x?); Ax?

with a leading error of order Ax?.
Progressive and regressive first order approimations can also be used the forward (resp. backward)

difference approximation for at P is

~

(a_u)+ )
J

0x Ax
(au)_~ Uj—uj-1
0x i - Ax
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with a leading error of O(Ax).

The central difference method uses symmetric approximations:

(O_M) _Ujrr— Uj
0x j_ 2Ax

We put

2.4.5 The Semi-Implicit scheme

In this section, we present a semi-implicit numerical approximation scheme tailored for solv-
ing the governing equations under consideration. The proposed methodology leverages a semi-
implicit Crank-Nicolson (CN) discretisation technique, which is particularly well-suited for ad-
dressing partial differential equations (PDEs) involving mixed derivative terms. This approach is
widely recognised for its stability and second-order accuracy in time, making it a robust choice for
handling complex temporal and spatial dynamics.

The semi-implicit Crank-Nicolson method is implemented as follows: the spatial derivative oper-
ators are discretised using a finite difference framework. Specifically, the mixed derivative terms
are evaluated explicitly at the current time step, denoted as ¢, = nAt, where n represents the time
step index and At is the temporal step size. Conversely, the non-mixed derivative terms are treated
implicitly by computing their average across the current time step ¢, and the subsequent time step
the1 = (n+ DAL,

We start by marking the positions of the pixel of interest :

n+1 n n+1 n+1 n+1
u —u u? T =2utT +ul
J J _gn Jj-1 J Jj+1
At Ax?

After discretise we obtain the following:

At At At
n_ _ n, n+l n|,n+l _ n, n+l
Uj = szgj Uj—r ™+ (1 +2szg] ) Uj szgj Uj+1
; irs n+l _ ,,n+l n+l _ , n+l
with the Neumann boundary condition u"™" = ;™" and uy," = uy,~,.

2.4.5.1 Stability of Semi-Implicite scheme

To analyse the stability of the proposed semi-implicit numerical scheme, we employ von Neu-
mann stability analysis, a widely used technique for examining the stability of finite difference
methods. This approach involves assuming a solution of the form:

n_ pn e—i k ij’

u]' =
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where u7 represents the numerical solution at spatial grid point j and time step n, A" is the am-
plitude at time step n, k is the wavenumber, Ax is the spatial step size, and i is the imaginary unit.
This ansatz represents a Fourier mode, which allows us to study the growth or decay of the solution
over time.

Substituting this assumed solution into the semi-implicit discretisation scheme yields the follow-

ing relation:

Ane—iijx — _ajAn+le—ik(j+1)Ax+ (1 +2aj) An+le—iijx_ ajAn+1e—ik(j—1)Ax_

Here, a; is a parameter that depends on the discretisation scheme and the problem’s physical

parameters. Simplifying this expression, we factor out A”*1e~?%/2% and use Euler’s formula e’? +

e~ 1% = 2¢cos() to rewrite the exponential terms. This leads to:

A= A e FAY 1 (14 2a5) — ajel ™.

Further simplification using trigonometric identities results in:

A" = A" 1+2a;-2a;cos(kAx)].

Using the identity 1 — cos(kAx) = 2sin? (kgx) we obtain:

Al’l — Al’l+1

kAx
1+40¢jsin2 (T)] .

ANt +1

A, we

Rearranging this equation to solve for the amplification factor A(k), defined as A(k) =

arrive at:

A(k) =

1+4ajsin (kgx)
The amplification factor A(k) quantifies the growth or decay of the Fourier mode over a single time
step. For the scheme to be stable, the magnitude of the amplification factor must satisfy |A(k)| < 1

for all wavenumbers k. Evaluating the magnitude of A(k), we observe:

1
[A(k)| = <1,

1+4(x]sm (kAx)

since a; > 0 and sin? (%) = 0. This inequality holds for all values of k and «, indicating that
the scheme is unconditionally stable. The semi-implicit scheme exhibits unconditional stability,
ensuring that numerical solutions remain bounded regardless of the time step size At or spatial

step size Ax.
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The semi-implicit discretisation scheme leads to a system of linear equations that can be ex-

pressed in matrix form. Specifically, the system is represented as:

n+l1 n
1+a:2 - 0 0 uz . uz
n+ n
—Qas 1+2a3 —as3 oo 0 Ug Ug
. . = )
0 —an—2 1+2any-—2 —-an-—2
0 0 —ano1 l+an) |y n
N-1 N-1 uN—l uN—l

where a; = AA—XZ g;'. Here, At and Ax denote the temporal and spatial step sizes, respectively, and
g/ represents a function of the problem’s parameters at spatial index i and time step n. The ma-
trix A is a tridiagonal matrix, which arises naturally from the finite difference discretisation of the
governing equations.

The problem is now reduced to solving the linear system:

n+1 n
Au =u’,

n+1 is the vector of unknown solution values at

where A is the tridiagonal matrix defined above, u
the next time step n + 1, and u” is the vector of known solution values at the current time step n.

The matrix A exhibits a strictly diagonally dominant structure, which ensures its invertibility and
the uniqueness of the solution. A matrix is strictly diagonally dominant if, for each row, the abso-
lute value of the diagonal element is greater than the sum of the absolute values of the off-diagonal

elements. Mathematically, this property is expressed as:
11+2a;|>|—a;l+|-a;l,

or equivalently,

[1+2a;| >2|a;l.

Since a; > 0, this inequality simplifies to:
1+2a; >2a;,

This inequality holds trivially, confirming that the matrix A is strictly diagonally dominant. As a

"+1 = w" has a unique solution.

consequence, A is invertible, and the linear system Au
The semi-implicit scheme reduces the original problem to solving a tridiagonal linear system,
which is both computationally efficient and numerically stable due to the strictly diagonally domi-
nant nature of the matrix A. The invertibility of A guarantees a unique solution, and the tridiagonal
structure enables the use of the Thomas algorithm for efficient computation. This approach en-
sures robust and accurate numerical solutions, making it well-suited for solving partial differential

equations in scientific and engineering applications.
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2.4.6 Behaviour of Solutions in Free Boundary Problems for Monotonic and
Non-Monotonic Initial Conditions

In this section, we provide a detailed example illustrating the behaviour of solutions under both
monotonic and non-monotonic initial conditions. The analysis is conducted within the context
of one-dimensional , specifically focusing on the evolution of image intensity distribution u(x, t).
The initial conditions are defined mathematically, and their evolution is visualised to demonstrate
the impact of monotonicity on the solution’s behaviour.

We defined function ug for the case initial condition monotone:

0 __ _0.0023, xe]-1;-0.5]

Tee 107

—20(x+0.46)*+0.382, x€[-0.5-0.42
5 .

u(x,0)={ Trewman +0-35,  xel=0.4%0]

Tiase3aon +0.1504,  x€[0;0.42(

10(x—0.5)%+0.65,  x€[0.42;0.5]
T +0.1022,  x€[0.51]

This piecewise function is designed to ensure a smooth transition between different regions of
the domain while maintaining a monotonic increase or decrease in intensity. The monotonicity is
crucial for understanding how the solution evolves over time, particularly in the context of image
enhancement, where preserving or enhancing contours and gradients is often a primary objective.
We defined function u for the case initial condition non-monotone:
25 —0.0023,  x€]-1;-0.5]
1 (x,0) = F%(xﬁ_m +0.35, x¢€[-0.50[

et +01504, X< 0051

e +0.1022,  x€[0.51]
In this case, the function is designed to introduce non-monotonic behaviour, including local max-
ima or minima. This is particularly relevant where the image contains noise or artifacts that dis-
rupt the monotonicity of intensity gradients. Understanding the evolution of such initial condi-
tions is essential for developing robust enhancement image .
Figure 2.6 presents the evolution of the one-dimensional image intensity distribution u(x, ) for
both monotonic and non-monotonic initial conditions. The figure is divided into two parts:
- Figure (a): Shows the evolution of the image intensity distribution for the monotonic initial con-
dition. The smooth transitions and consistent gradients are evident, highlighting the preservation
of monotonicity over time.
- Figure (b): Illustrates the evolution for the non-monotonic initial condition. Here, the presence
of local variations and disruptions in the intensity gradient is clearly visible, demonstrating the
challenges posed by non-monotonicity in image processing.
The comparison between the monotonic and non-monotonic cases provides valuable insights

into the behaviour of solutions in one-dimensional image enhancement. The solution starts with
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Figure 2.6: The evolution of the image intensity distribution u(x, f). Top left: for initial condition
monoton Top right : for initial condition non-monoton

either a monotonic or non-monotonic initial condition, as time progresses, the solution begins to
exhibit self-similar behaviour, at large times, the solution converges to a completely monotonic
function. Over time, the solution u(x, t) evolves in such a way that it begins to exhibit self-similar

behaviour.

2.5 Non-enhanced contour for1-p =g

In this section, we investigate the case where contour enhancement does not occur, corresponding
to the case where 1 — p = g. The analysis is divided into two distinct cases based on the values of g

and p. The linear case, previously discussed in Section 2.1.1 (linear case), aligns with g = —p.

Caseforl—-p=qg>-p

To solve the governing equation (referenced as (2.23), we employ a self-similar solution of the form

(2.12). Substituting (2.12) into (2.23) yields the following equation:

. 1 2 —-(g+p)
a.dé _ —dgb(d(b) , forl-p=qg>-p.

“atag P ag g

The separation of variables argument necessitates that the following condition is satisfied:

a 1
PRI 220

where a < 0 is an arbitrary constant. Integrating this equation straightforwardly gives:

-1
a() = [a(qg+p-2)t+Ay| 72, for0<t<oo.

The equation for the profile ¢ then becomes:
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ag

d A2 (Z?)_(qw)-

T =(1—P)d—€2

Upon integration, we obtain:

=1
q+p

@—[M_ , forl_p2q>_p’

é‘ 2
= 1+ =
dé 2(1-p) (C)

where —oo < ¢ < +00. Applying the boundary conditions ¢(—o0) = 0 and ¢(+00) = 1, and integrat-

ing further, we arrive at:

-1 é‘
—a(g+p)|ar Lﬂff 9y =L
— ¥ 1 q+p ,
PO=|5q0 | ¢ ) [HmlTrdn
where
_a(q N p) =(g+p)

—1
q+p—2 oo =L q+p=2
2f 1+n? Wd] i
2(-p) [ , [T dn

Thus, the self-similar solutions take the form:

—-alg+p)
2(1-p)

In this case, where 1 - p>¢qg>—-pand p <1, as t — oo, u, — 0. For instance, when g = 1 - p, the

=1 X—Xg
7p  atp-2 [ Ta =
u(x,t) = o f ‘ [1 +172] P dn.

(e.9]

exact solution is expressed as:

1 a X—Xp 1
ulx,t)=— arctan( ) + -, (2.25)
b3 2n(l-p)t+Ay) 2
and its gradient is given by:
9
a a X—Xp
Uy = [1 + ( ) (2.26)
2(1—]9)([4'140) Zﬂ(l—p) r+ A

The solution (2.25) illustrates that the initially smoothed stepwise distribution expands over time,
with its width increasing proportionally to t + Ay. The gradient (2.26) diminishes over time, ap-
proaching zero as t — oo (see Figure 2.7).

Figure 2.7 illustrates the temporal evolution of the image intensity distribution for the specific case
where g = 1 — p. This figure visually represents the solution’s behavior over time, highlighting key
aspects of the diffusion process in the absence of contour enhancement.

As time progresses, the solution exhibits a broadening of the intensity distribution, indicating that
the initially sharp contours of the image become increasingly diffuse. This broadening is a di-
rect consequence of the purely diffusive nature of the governing equation under the condition

1 - p = g. The self-similar solutions derived in the previous section demonstrate that the width of
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the intensity distribution expands proportionally with time, leading to a gradual loss of contour
definition.

A critical observation from the figure is the asymptotic behavior of the first derivative of the so-
lution, uy, which tends to zero as ¢ — oco. This behavior is mathematically expressed in Equation
(2.26), where the gradient of the solution decays inversely with time. The diminishing gradient
signifies the smoothing out of the intensity profile, resulting in the absence of sharp transitions or
contour in the image.

The phenomenon observed in Figure 2.7 aligns with the theoretical predictions, confirming that
the solutions in this regime do not exhibit contour enhancement. Instead, the diffusion process
dominates, leading to the blurring of contours and a loss of detail in the image.

A similar outcome, albeit with potentially different rates, applies to more general parameter val-
ues where 1 — p = g > —p and p < 1. These solutions are purely diffusive and exhibit no contour
enhancement, leading to blurred contours in the image.

1~

09 ====initial .condition at t=0 /
— later times !

0.8 — I
!
07k i
]
I

0.6

0.4
03

02

-30

Figure 2.7: The evolution of the image intensity distribution for g =1 — p.

Caseforg< —p

The resolution of the (2.24) given equation yields the function a(¢) in the form:
B
a(t) =[alg+p-2)t+ Ag] @P2, 0<r<oo,

where a is a negative constant, Ay > 0 is a constant.

The ordinary differential equation (ODE) for the profile ¢ is given by:

do a’e (dg\ P
“éd_é‘(l_p)d_é(d_f)
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This equation can be rewritten after integration as:

(@)‘(‘Hm _—*g+p

2
dc 20-p ¢ O

where C is an integration constant. The equation can be further simplified to:

a¢ 2(1-p)
This form highlights the dependence of Z—? on¢.

The derivative Z—(g is expressed as:

aé _
dé

alg+p)

~Gip2 21"
q"zc‘ﬁ[l—(é)] . —C<é<+C.
2(1-p) C

This equation describes the spatial variation of the profile ¢.

Further integration, combined with boundary conditions, yields the profile ¢(¢):

__1
q+p q+p-2

N T
C P [1-n7]9Pdn, -C<&<+C.
-1

alg+p)

"0= |50

The constant C is determined by:

__4q*p_
q+p-2

alg+p)
2(1-p)

1
G+p—2 [

1
2] [1-n) "7 dn
0

This ensures the consistency of the solution with the given boundary conditions.
The self-similar solution for the case g < —p and a < 0 is given by:

__1 X—Xp
q+p q+p—2(/’Cau

ux, ) = (;Ef—j;’;)) a*p )[1—772]#0717-

This represents the general solution in terms of the spatial variable x and time ¢.

Finally, the partial derivative g—;‘ is computed as:

_1 L
g+p  qt+p-2 qa-p
C a+p

ou 1
ox Cal(p)

alg+p)
2(1-p)

2
X— X

()
Cal(t)

This derivative describes the rate of change of the solution u(x, f) with respect to x.

Indicating that the derivative g—z tends to zero as t — oco. This is because a(f) tends to zero faster

X—Xo
Ca(t)"

than the growth of
As t — oo, a(t) decays to zero because of the negative exponent. This decay implies that the spa-
tial scale of the solution u(x, ) expands over time, causing the solution to become increasingly
"flattened" or "smoothed out" as t grows.

The decay of g—;‘ to zero reflects the diffusive nature. As t — oo, the solution spreads out spatially,

and any sharp features or contours in the initial profile are smoothed out. This is a hallmark of
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diffusive processes, where gradients tend to diminish over time, leading to a more homogeneous
state.

The phenomenon of contour enhancement typically refers to the sharpening of gradients or dis-
continuities in a solution over time. In this case, however, the opposite occurs: the derivative 2 a
tends to zero, meaning that the solution becomes smoother and more uniform as t — oco. This
behaviour is consistent with the solutions non-enhancement of contour.

In the following , we will explore specific examples that illustrate the concepts discussed ear-
lier. These examples will provide exact solutions to the partial differential equation (PDE) under

consideration, offering deeper insights into the behaviour for particular values of the parameters

q<-p.
Exemplel. g+ p = ==

The equation (2.23) becomes:
2

Uy = (1 - P) Uy Uxx

Substituting the solution (2.12) into this equation yields
—a,dp 1 d*¢ (dcp)

a’dé g5 dé\d¢

A separation of variables approach indicates that the subsequent conditions, along with simple
integration, yield:

3
8

8
a(t) = (—gat+AO) , 0<t<oo,

where a < 0 is negative constant. The equation for the profile ¢, becomes:

d d
% ( ¢)
dé? \ dé
After integration, the profile ¢ is given by

3
_8 (€ 2_5(_(5)2)5 3¢ _(5)2 3n
¢(€)—3n[3arcsm(c)+c 1 C +C 1 C +16
The exact solution written under the form:
= e ) (i) <o(i) -
WD =3 PP ca o Ca(d) Cald) Cald) caw) 16

(2.27)

The solution (2.27) demonstrates that the initially smoothed, stepwise intensity distribution un-
dergoes temporal expansion, with its width increasing in direct proportion to ¢+ Ay. This be-

haviour indicates a progressive broadening of the transition region over time. Concurrently, the
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gradient u, exhibits a monotonic decrease, gradually tending towards zero as t — oco. This decline
in gradient magnitude signifies a continuous attenuation of sharp variations in the distribution
profile, ultimately leading to a more diffused state in the long-term evolution of the solution.

Figure 2.8 provides a visual representation of the temporal evolution of the image intensity dis-
tribution for the particular case where p = 0 and g = —%. This illustration effectively captures
the key characteristics of the solutions dynamical behaviour, offering insights into the nature of
the diffusion process in the absence of contour enhancement. Specifically, the figure highlights

the gradual expansion of the intensity profile and the corresponding reduction in gradient magni-

tude, reinforcing the conclusion that no contour sharpening occurs within this parameter regime.

—-=-initial condition at t=0
— later times

Figure 2.8: The evolution of the image intensity distribution for p =0and g = —%.

Exemple2. g+ p=-1

The equation (2.23) becomes:
U= (1 - P) UxUxx
If we replace the solution (2.12) in this equation, we obtain
—a,_1d%
a’ a3 dé
A separation of variables argument implies that the following conditions, and easy integration
gives:

a(t) = (=3ar+Ag)3, 0<1<oo,

where a < 0 is negative constant. The equation for the profile ¢, becomes:

d’¢

—“52(1—19)61—’52
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. After integration, the profile ¢ is given by

3[¢& 1 5)3 2
= |— === + —
¢E) 4 [C 3 (C 3
The exact solution written under the form:
3[x—xp 1(x—x0\> 2
u(x,t)=- - = +—. (2.28)
4| Ca(t) 3\Ca(p 3

The solution (2.28) shows that the initially smoothed stepwise intensity distribution expands over
time, with its width proportional to ¢+ Ag. Simultaneously, the gradient u, decreases monotoni-
cally, approaching zero as t — oo, leading to a progressively diffused state.

Figure 2.9 illustrates the evolution of the intensity distribution for p = 0 and g = —1, highlight-
ing the expansion of the profile and the decline in gradient, confirming the absence of contour

enhancement.

—-=-initial condition at t=0
08— — later times

Figure 2.9: The evolution of the image intensity distribution for p =0 and g = —-1.

Exemple3. g+ p =-2

The equation (2.23) becomes:
ur=(1-p) uzzcuxx
By substituting the solution (2.12) into this equation, we derive
_4de_1d%9 (@)Z
a’ d&¢ a*dé? \dé
A separation of variables approach indicates that the subsequent conditions, along with straight-

forward integration, yield:

a(t) = (~4at+ Ag)i, 0<t<oo,
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where a < 0 is negative constant. The equation for the profile ¢, becomes:

dq):(l_ )dzq)(d(p)z

dag

After integration, the profile ¢ is given by

1(5 1_(5)2)+am(£)+z |
21 C C C 4

The exact solution written under the form:

l(x—xo (x—xo)z) . (x—xo) n‘
— 1- + arcsin +—1. (2.29)
2| Cal(r) Cal(r) Ca(t))] 4

2
¢ =—

2
ulx,rn=-—
b/
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The solution presented in Equation (2.29) demonstrates that the initially smoothed stepwise dis-
tribution undergoes temporal broadening, with its width scaling proportionally to ¢+ Ay. Concur-
rently, the gradient described in Equation u, decays over time, asymptotically approaching zero

as t — oo (see Figure 2.10).

—-=-initial condition at t=0
— later times

25

Figure 2.10: The evolution of the image intensity distribution for p =0 and g = -2.

2.6 Conclusion and Comments

In conclusion, this chapter has presented a novel approach to image intensity evolution by in-
troducing a new model based on nonlinear diffusion equations, which generalises mean curva-
ture motion. The proposed model is particularly effective in describing intensity evolution within
boundary layers near contours, where abrupt intensity changes occur. A significant contribu-
tion of this work is the formulation of a free boundary problem, which provides a more dynamic,
flexible, and efficient framework for handling image contours compared to traditional methods.
Through the analysis of a simplified one-dimensional case, we have explored the asymptotic be-
haviour of the model and investigated the influence of parameters p and g under the condition
1-p =g and p < 1. This analysis has revealed specific, such as the extended case discussed in [1],
where no improvement in the contour is observed. These findings offer valuable insights into the
role of parameters in shaping the solution and highlight the potential of the proposed model for

advancing the field of image processing.
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Chapter 3

Self-similar solution for a new free-boundary
problem and image contour enhancement

In this chapter, we explore self-similar solutions for a newly formulated free-boundary prob-
lem in (2.23). Our analysis focuses on addressing the free-boundary problem and investigating the
behaviour of solutions, particularly in relation to image contour enhancement. By studying the dy-
namics of this equation, we aim to establish a connection between the mathematical properties
of the solutions and their ability to preserve and enhance image contour. Additionally, we con-
duct numerical simulations to validate the theoretical findings. These simulations are performed
on grayscale two-dimensional images to assess the effectiveness of the proposed model in real-
world applications. The experimental results demonstrate the models capability in maintaining
and sharpening image contours, confirming the practical applicability of the theoretical insights.

The results presented in this chapter are part of our research work published in [1].

3.1 Self-similar solutions to the free boundary problem

In this section, we aim to solve the problem described by equation (2.23) for the case where g >
1-p and p < 1. To achieve this, we employ a self-similar solution of the form given by (2.12). By
substituting this self-similar form into the original problem (2.23), we derive the following equa-

tion: (@+7)
a,dg 1 a2 (dg) @
2’ dE (l_p)a (q+p)+2 d§2( .5)

Here, ¢ represents the similarity variable, and ¢(¢) is the profile function. The dot notation a de-

, forg>1-p. (3.1

notes the time derivative of a(f). The method of separation of variables requires that the following
condition be satisfied: _

a 1 (3.2)

—_ = - Q@— y .

a a” (g+p)+2
where «a is an arbitrary positive constant. This condition ensures that the time-dependent part
of the solution can be separated from the spatial part, leading to a solvable ordinary differential
equation for the profile function ¢(¢). The equation for the profile function ¢(¢) then becomes:
d¢ ( ~ ) (/) (d(p) (a+p)

e =P g |4
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Upon integrating the above equation, we obtain the following expression for the derivative of the

profile function:
-1
a+p =2
Ca+p

dp _[a(q+p) _(ifrﬁ
dé [ 2(1-p) -lc ' 5-3)

where C is a positive integration constant, and the solution is valid for:

-C=é=<C.

X—X(
a(t)’

By defining ¢ = the spatial domain is transformed to:

xo—Ca(t)<sx<xyp+Cal(r).

This suggests that the problem (2.23) can be interpreted as a free-boundary problem, where the
boundaries [(t) and r(t) evolve over time. Specifically, /() = xo — Ca(t) and r(t) = xo + Cal(t),
defining the region [(f) < x < r(t) as the boundary layer. The resolution of equation (3.2) yields the

time-dependent function a():
a(t)=[a(g+p-2) t+A0]q+¥1—2, for 0<t<oo if g>2-p, (3.4)
and
-1
a()=|a(q+p-2)t+Ay| 72, forO<t<T ifl-p<qg<2-p, (3.5)

where Ay > 0 is a constant, and T is given by:

. N
a(q+p-2)

In the special case where g =2 — p, the solution simplifies to:

T =

a(t)=e Pt for0< < oo. (3.6)

The values of the parameters p and g play a pivotal role in determining the nature of the self-
similar solutions. These solutions can be classified into three distinct types based on the values of
p and g: Type I solutions occur when g > 2 — p, Type Il solutions arise when 1 — p < g <2 — p, and
when g =2 — p, we recover the self-similar solutions of Type III.

Each type of solution exhibits unique characteristics, particularly in terms of their asymptotic be-
havior and the evolution of the boundary layer.

The asymptotic behavior of the self-similar solutions for equation (2.23) is closely tied to the values
of p and g. By examining these behaviors, we can gain insights into the phenomenon of contour
enhancement, which is a key aspect of image evolution within the boundary layer.

To further analyse the solution, we integrate equation (3.3) and apply the boundary conditions

¢(—C) =0and ¢(C) = 1. This leads to the following expression for the profile function:
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771 +p-2 £ -1
6 (&) = “(q—m]qpc% fc[l—nz]mdn,
-1

2(1-p)

where the constant C is determined by:

forg#2-p.
The self-similar solution u(x, t) takes the form:
a(q+p)
2(1-p)

and its spatial gradient is given by:

=1 x-Xp
P qip—2 [Tad -1
i fc (1) [1 _772] q+p dn’ (3.7)
-1

u(x,t):[

=1
a+p

1
T an

-1
q+p  _ _ 2
alg+p)) pc‘*Tz”[l—(x xo) (3.8)
2(1-p) Ca(1)

The gradient u, exhibits significant asymptotic characteristics, particularly in the boundary layer

near the image contour. The width of the transition region, defined as r(t) — (1), is given by:

2Ca() =2C[a(q+p-2)t+ A 772, (3.9)

This width evolves over time and is influenced by the parameters p and g, which in turn affect the
phenomenon of contour enhancement. The next section will explore this phenomenon in greater

detail for various values of p and g.

3.1.1 Self-similar solution of type I

We begin by examining the case where g > 2 — p and p < 1. It is observed that the solution given in
Equation (3.7) represents a local solution.
For the profile ¢, Equation (3.3) can be expressed as:

—1 -1
qa+tp  _ 217+
Z‘é’ _ cis [1 _ (g) ] with ¢>2—p (3.10)

a(q+p)
2(1-p)

where g > 2 — p, and ¢ is defined within the interval:

-C=é=<C.

X—X0

Here, C is a positive integration constant. By defining ¢ = TR

the spatial domain is constrained
to:

xo—Ca(t)<sx<xo+Cal(r). (3.11)
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This formulation, encompassing Equations (3.10)-(3.11), presents a free-boundary problem. The
objective is to determine the evolution of image intensity within the boundary layer defined by
[(H)and r (t) suchthat [(H)<x<r(¢),with [(£)=xy—Ca(t) and r(t) =xg+Cal(t).

Integrating Equation (3.10) and applying the boundary conditions ¢(-C) = 0 and ¢(C) = 1, we
derive the following expression for ¢ (¢):

771 +p-2 £ -1
b &)= [M] o fc [1-n?]7 dn,
-1

2(1-p)

where the constant C is given by:

a(q+p) G 1 Y
[P T g ]
2(1-p) 0
The self-similar solution takes the form:
(q+p)]7° ) i
alg+p)|or _aw- fCa_(t) 5y =L
X, = |—— C a+p 1- P dn, (3.12)
Heon 2(1—]9)] -1 (o] dn

At the free boundaries x = [(¢) and x = r(#), the image intensity remains continuous. However, the
spatial derivative u, exhibits a discontinuity, diverging to infinity at these boundaries. Initially, the
transition region, as described by Equation (3.9), narrows over time, leading to a sharp localisation
of the intensity change. This process results in the transformation of an initially smooth image
Uy into a step function, with contour enhancement becoming increasingly pronounced as time
progresses.

As the system evolves, the behaviour of u, at a specific point x = xp is influenced by the dynamics
of the boundary movement and the continuous reduction of the transition region. The sharpen-
ing of contour and the accompanying enhancement are direct consequences of this evolving be-
haviour, which progressively intensifies the contrast in image intensity at the boundaries. Specifi-

cally, the derivative uy at x = x is given by:

1
a(t)

a(q+p))or
2(1-p)

Ux (x()r t) =

which grows over time and diverges as O(fﬁ) as t — oo. Consequently, the validity of the
asymptotic equation (2.9) improves with time.

Figure 3.1 illustrates the evolution of the image intensity distribution u(x, ) for two distinct pa-
rameter sets: p = % and g = g (top left), and p = —1 and g =4 (top right). The figure demonstrates
the process of contour enhancement through the dynamic behaviour of the intensity function
u(x,t). It is evident that u remains continuous across the two delimiting curves [(¢) and r(t),
which define the boundaries of the transition region. However, the spatial derivative u, exhibits a

significant discontinuity, characterised by an infinite jump at these boundaries. This behaviour is
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Figure 3.1: The evolution of the image intensity distribution u(x, t). Top left: for p = % and g =
Top right : for p=—-1and g =4.

\J[&)]

a direct consequence of the narrowing transition region, which sharpens the intensity profile over
time.

The intensity function u(x, t) develops a steep gradient near the boundaries, ultimately forming
a vertical front. This sharpening effect is indicative of contour enhancement, where the contrast
between adjacent regions of the image becomes increasingly pronounced. The formation of this
vertical front highlights the transition from an initially smooth intensity distribution to a more
defined, step-like profile. This phenomenon is consistent with the theoretical predictions outlined
in the preceding analysis, where the derivative u, grows unbounded as time progresses, leading to

the observed enhancement.

3.1.2 Self-similar solution of type II

In contrast to Type I solutions, which exist globally in time, Type II solutions are only defined
within a finite time interval 0 < ¢ < T. This class of solutions arises under the parameter constraint:
l1-p<g<2-p,with p<l1.

Our objective is to derive and analyse the behaviour of these solutions, particularly their role in
contour enhancement within the framework of the free-boundary problem.

To construct the self-similar profile ¢(¢), we rewrite the governing equation in terms of the simi-

=1
q+p

larity variable ¢, yielding the ordinary differential equation:
d alg+
_¢_[(q—p) ,with 1-p<g<2-p (3.13)

&~ 2(1-p) ﬁcq%[l‘(%)z

where the parameter C is a positive integration constant, and the domain of the self-similar vari-

able is constrained as:
-C=¢=C.

X—X(
a(r)’

Here, the self-similar transformation is defined by ¢ = where a(t) represents a time-dependent

scaling factor that governs the evolution of the intensity profile over time. Consequently, the spa-
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tial boundaries of the solution are given by:
xo—Ca(t) <x<x9+Calt).

This formulation establishes a free-boundary problem where the image intensity evolves within
the dynamically shrinking boundary layer [(¢) and r(¢), such that: I(f) = xo — Ca(t), 7r(t) =xo+
Ca(?). By applying the appropriate boundary conditions and integrating the self-similar equation,
we impose: ¢(—C) =0, ¢(C) = 1. From this, we derive the self-similar profile explicitly as:

— m qw q:;fpz 2 q+p
¢(é)—[2(1_p)] C f[l |7 dn,

The parameter C is determined by:

a(g+p) G 1 R
— [Zf [1—n?] T dn]
2(1-p) 0

The full solution, incorporating the scaling law, takes the form:

-1
q+p q+p-2

ala+p) CW[CM[I 27 dn, (3.14)
-1

ux, 1= [
2(1-p)
This self-similar solution reveals a crucial characteristic: as time progresses, the width of the tran-

sition region determined by equation (3.9) continually shrinks, leading to a progressive sharpening
of the solution.
One of the most significant findings from this analysis is that the spatial derivative of the solution,

uy, undergoes an infinite jump at the boundaries defined by /(¢) and r(¢). More precisely:

~o((r-n72) as -1
This implies that the gradient of the solution becomes unbounded over time, which results in
contour enhancement. As the support of the solution contracts, the intensity function remains
continuous, but the transition between intensity levels becomes increasingly steep.
Thus, the Type II self-similar solution naturally amplifies contrast in image intensity, forming
sharp contours as ¢ — T. This behaviour is particularly relevant in image processing applications,
where retaining and enhancing structural features such as contours is crucial.
Unlike Type I solutions, which persist indefinitely, Type II solutions exist only for 0 < ¢ < T, termi-
nating in a finite-time singularity. The solution evolves within a narrowing free-boundary layer,
continuously sharpening as time progresses. The function u(x, ) remains continuous, but its gra-
dient, u,, diverges at the boundaries, leading to strong intensity contrasts.
This study confirms that self-similar solutions of Type II provide a natural mechanism for con-
tour formation and enhancement, governed by the nonlinear diffusion process embedded in the

governing equation.
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Figure 3.2 illustrates the self-similar solutions to the problem described in equation (2.23) for dif-
ferent values of the parameters p and ¢, specifically under the conditions 1 - p < g <2 - p and
p < 1. As previously discussed, the solution evolves towards the formation of a vertical front within
a finite time interval.

The left of Figure 3.2 depicts the evolution of the image intensity distribution u(x, ) for the pa-
rameter values p = % and g = 1. The right of Figure shows the corresponding evolution for p = -1
and g = % These plots demonstrate how the intensity distribution changes over time, leading to
the development of sharp contour or contours within the image. As time progresses, the solutions
exhibit a significant enhancement of contours. This is evidenced by the steepening of the intensity
gradients, which forms well defined contour. The transition region, where the intensity changes

rapidly, narrows over time. This narrowing indicates that the image contour are becoming sharper

and more pronounced.
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Figure 3.2: The evolution of the image intensity distribution u(x, t). Top left : for value of p = % and
g = 1. Top right : for value of p = -1, and g = 3.

The behaviour of the solutions over time is characterised by the continuous intensification of the
spatial derivative u,. As t approaches the finite time 7', the gradient u, grows unboundedly, fol-
lowing the form O((T— t)q;_Pl—Z). This unbounded growth signifies that the contour within the
image are becoming increasingly sharp.

At the boundaries defined by [(¢) and r(¢), the intensity function u remains continuous. However,
the first derivative u, experiences an infinite jump at these boundaries. This discontinuity in the
derivative is a key feature of the solution, indicating the presence of sharp transitions in the im-
age intensity. As time progresses, this jump becomes more pronounced, further emphasising the

sharpness of the contour.

3.1.3 Self-similar solution of type III

In this section, we explore the special case where g =2 — p, with p < 1. Under these conditions, we

derive the self-similar solution of Type III. This solution is characterised by specific properties that
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distinguish it from the previously discussed Type I and Type II solutions.

The profile ¢ for the Type III solution is governed by the following differential equation:

g

where —C < ¢ < C. Here, C is an arbitrary positive integration constant. This equation describes

Z1
2

dé _ 1 , (3.15)

dé ~ nC

the rate of change of the profile ¢ with respect to the variable ¢.
To obtain the explicit form of the profile ¢, we integrate the above equation and apply the bound-
ary conditions ¢(—C) = 0 and ¢(C) = 1. This integration yields the self-similar solution of Type III,

which takes the form:

1 . X — X 1
u(x,t) = —arcsin +
T

Ca(t)) 2
This expression represents the image intensity distribution u(x, f) as a function of spatial variable
x and time ¢.

The gradient of the image intensity, denoted by u,, is given by:

1_(x—x0)2
Cal(r)

This equation indicates that the gradient u, grows exponentially as time ¢ increases. Specifically,

-1
2
4 = pmp)mt L
=

nC

for g = 2 — p, the gradient blows up exponentially as t — co. This exponential growth signifies a
significant enhancement in the gradient over time.

The width of the transition region, defined as r(#) — [(t), exhibits a decreasing trend over time. This
reduction in width is indicative of the shrinking support of the solution. As the transition region
narrows, the spatial gradient u, intensifies, leading to the phenomenon of gradient enhancement.
In this case, the phenomenon of contour enhancement is observed. The solutions evolution re-
sults in forming a vertical front, where the image intensity u(x, f) remains continuous at the free
boundaries. However, the gradient u, increases significantly over time, leading to the sharpening
of contour within the image. This enhancement becomes more pronounced after a larger time
interval, as the gradient continues to grow exponentially.

Figure 3.3 illustrates the evolution of the image intensity distribution u(x, ) for two distinct values
of the parameter p: p = % (left) and p = —1 (right). This figure provides a visual representation
of the self-similar solution of Type III, particularly highlighting the phenomenon of contour en-
hancement and the behaviour of the solution over time.

The plots in Figure 3.3 demonstrate how the image intensity distribution u(x, f) evolves as time
progresses. For both values of p, the solution exhibits a clear trend towards the formation of a ver-
tical front. This vertical front represents a sharp transition in the image intensity, which becomes
more pronounced as time increases. The evolution towards this front is a key characteristic of the

Type III self-similar solution.
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The first derivative of the image intensity, u,, plays a crucial role in understanding the contour
enhancement phenomenon. As shown in the figure, the gradient u, intensifies over time, partic-
ularly near the boundaries of the transition region. This intensification is a direct consequence of
the exponential growth of u,.

The exponential term e1=P)™’t indicates that the gradient grows rapidly as time ¢ increases, leading

to a significant enhancement in the sharpness of the contours.
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Figure 3.3: The evolution of the image intensity distribution u(x, t). Top left : for value of p = %
Top right : for value of p = —1.

The phenomenon of contour enhancement is clearly observed in Figure 3.3. As the solution evolves,
the transition region where the intensity changes rapidly becomes narrower. This narrowing is ac-
companied by an increase in the gradient u,, resulting in the formation of sharp contour within
the image. The enhancement of these contour becomes more noticeable after a larger time inter-

val, as the gradient continues to grow exponentially.

3.2 Simulation Results for 2-D Gray Level Images

We now want to examine the validity of the theoretical results presented in the preceding sections
for image enhancement. We will perform some numerical experiments on different types of im-
ages, such as gray-scale, to demonstrate the interest and efficiency of the proposed model (2.5).
We will examine the efficiency of our model by performing some numerical experiments with dif-
ferent image types for certain values of the parameters p and g, which correspond to the cases
presented in the solutions of type I, type II, and type III.

For the numerical solution of equation (2.6) it is necessary to discretize the operators involved in

the continuous problem.

Spatial discretization

In the context of spatial discretisation, it is essential to approximate the first-order partial deriva-

tives with respect to x and y, alongside the second-order partial derivatives in both directions, as
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well as the mixed second-order derivative with respect to x and y. In the subsequent analysis,
classical finite difference methods will be employed to approximate these derivatives. When dis-
cretising the first derivative of the intensity function u with respect to x, several finite difference
schemes are available. These schemes can be selected based on the specific requirements of the
numerical method, with options including both centred and decentered (biased) finite difference
approximations. The following section presents these schemes in detail, highlighting their respec-
tive properties and applications.

u(x,y)— u(x hy,y) +O(h )
Ou

ax u(x+hx,y) u(x,y) +0(hy)

+hy, hy,
u(x J’%hu(x y)+0(h2)

Here, h, denotes the spatial discretisation step along the x-axis. It is important to note that the
first two finite difference schemes are decentered (or biased), while the final scheme is centred.
Although the decentered schemes generally offer lower accuracy compared to the centred scheme,
they can be particularly advantageous in scenarios involving boundary layers, where numerical
stability and handling of sharp gradients are critical.

Similarly, for approximating the first derivative with respect to y, equivalent finite difference schemes
can be derived. However, these will not be detailed in this context, as the approach follows the
same principles outlined for the x-direction.

When approximating the second-order derivative 24 5.z using classical finite difference methods, we
adopt the well-established three-point central difference scheme. This approach is widely recog-
nised for its balance between computational efficiency and accuracy in representing second-order

derivatives.
0°u _u(x+hyy)-2ulx,y)+u(x-"hyy)

2
ox? " h3 ro(rm)

note that 55 &y 2 is approximated accordingly. Lastly for the second cross derivative 60 a“ with respect

to x and y, we can consider one of the following approximations

0u Nu(x+ he,y+hy)—u(x—hy,y—hy)

0xdy 2hyhy
.\ 2u(x, y)—u(x+hy,y)—u(x—hyy)
2heh,
u(x,y+hy)+u(x,y—hy)
2hiy + O (hyhy)

or else a simpler approximation formula
0°u _u(x—hey-hy)—u(x—hyy+hy
0xdy 4hyhy
u(x+hy,y—hy)—u(x+hy,y+hy)

+()(h§h§)

60



Let A denote the spatial discretisation matrix corresponding to problem (2.6). It is important to
note that, due to the presence of homogeneous Neumann boundary conditions, the discretisation
scheme can be readily simplified for grid points located near the boundary. This simplification
arises from the fact that the intensity value at a boundary-adjacent grid point is equivalent to the
intensity values at the neighbouring grid nodes situated on the boundary. By incorporating this
condition, the discretisation scheme can be adjusted in a straightforward manner, thereby reduc-

ing computational complexity while preserving accuracy.

Time discretization

For the temporal discretisation of problem (2.6), several approaches can be considered. These in-
clude the explicit time-marching scheme, the implicit time-marching scheme, or a semi-implicit
scheme, which often proves to be more practical and convenient to implement. Each method
presents distinct advantages in terms of stability, computational efficiency, and ease of implemen-

tation, depending on the specific characteristics of the problem at hand.

Explicit time marching scheme

The solution of the time-dependent problem (2.6) using an explicit time-marching scheme is de-
fined by the following formulation:

yatl _ya
T+A‘7U‘7 =0, g=1,2,...
In this context, dt represents the discretisation step with respect to time. The previously de-
scribed scheme can also be formulated inductively, which allows for a more systematic approach
to the time-stepping process. This inductive form can be particularly useful for deriving the solu-
tion iteratively over discrete time intervals, facilitating the analysis and computation of the time-

dependent problem in a structured manner. The formulation in an inductive style is as follows:
Ut = (1d-de.A" U7, q=1,2,...

where Id represents the identity matrix. However, it is well-established that the explicit time-
marching scheme necessitates a stability condition to ensure the accuracy and reliability of the
solution. This stability condition can be derived using the Von Neumann stability analysis, also
known as Fourier analysis, which is a standard method for examining the stability of numerical
schemes. By applying this analysis, one can obtain a condition for stability, typically expressed as
follows:

dt<di

where d 1 is a given threshold.
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Implicit time marching scheme

In this approach, the temporal evolution of the system is computed iteratively by discretising the
time variable. Unlike explicit methods, the implicit scheme involves solving a system of algebraic
equations at each time step. This method is advantageous in terms of stability, as it does not
impose the stringent stability conditions typically required by explicit schemes.

The solution to the time-dependent problem (2.6) using an implicit time-marching scheme is for-

mulated as follows:

(fId+dt-ATYuTt =ut, q=1,2,...

Note that at each time step, we have to solve a nonlinear algebraic system since in the implicit time
discretization the components of the unknowns U%*! are involved in the entries of the matrix
A9*! Such nonlinear problem can be solved by the iterative Newton method; but there is no
assurance that this iterative method will converge since the entries of the matrix A9*! depend on
the components of the unknown vector and, consequently, it is difficult to study the behaviour of
this method. This is why for this kind of problem we prefer to use semi-implicit time marching
methods where we use the components U9 computed at the previous time step, in particular for

the non-linearities that occur at the denominator of the problem (2.6).

Semi-implicit time marching scheme

In this approach, the time-stepping method combines elements of both explicit and implicit schemes,
striking a balance between computational efficiency and stability. The semi-implicit scheme typ-
ically involves updating some terms using explicit discretisation, while others are handled implic-
itly. This mixed method enables the scheme to achieve improved stability compared to purely
explicit methods, particularly for stiff problems, while maintaining a lower computational cost
compared to fully implicit methods.

The semi-implicit time-marching scheme is defined as follows:
(Id+dt AU =U9, q=1,2,...

The matrix A7 is computed as previously described, utilising the components of U7 to evaluate
the square of the second derivatives with respect to both x and y, as well as the denominator and
the product uy-uy, which is the coefficient of u,. Consequently, at each time step, we must solve a
large, sparse algebraic system, where the matrix (Id + dt- A9) is irreducible and strictly diagonally
dominant, thereby ensuring its invertibility. This system can be efficiently solved using an iterative

method such as the Gauss-Seidel method, which, due to the aforementioned properties of the
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matrix, guarantees convergence. Furthermore, by applying the Von-Neumann stability analysis
once more, we can demonstrate that the semi-implicit time-marching scheme is unconditionally
stable.

In contrast to the explicit scheme, the semi-implicit time-marching scheme will be the preferred
method for numerical implementation. This preference arises primarily from the computational
advantages it offers. The semi-implicit scheme strikes a balance between the stability of implicit
methods and the efficiency of explicit ones. By handling some terms implicitly and others ex-
plicitly, it allows for larger time steps without compromising stability, making it particularly ad-
vantageous for problems that involve stiff equations or rapidly varying solutions. This combined
approach enhances the overall efficiency and robustness of the numerical solution, making it a

more suitable choice for the problem at hand.

3.3 Numerical experiments and discussion

We will now present numerical examples to demonstrate the behaviour of the equation in two
dimensions, and compare them with the reduced equation in 1-D for different values of g and p.
The figures 3.4, 3.5, and 3.7 to 3.6 illustrate the evolution of image intensity distributions in both
one-dimensional (1-D) and two-dimensional (2-D) contexts, related to the contour enhancement
phenomenon governed by the generalization of mean curvature motion in (2.6).

This equation describes how the image intensity u evolves over time ¢, with p and g being param-
eters that influence the contour enhancement process.

Figure3.4: Case 1 -p< g <2-p (Typell)

- 1-D Evolution: The first row demonstrates the evolution of the intensity distribution in one di-
mension. Over time, the domain contracts, and the first derivative diminishes, leading to sharper
contours. This behavior is characteristic of contour enhancement, where the intensity function
evolves to highlight boundaries more distinctly.

- 2-D Evolution: The second row shows the initial image and the results after 50, 100, and 200 iter-
ations of filtering. The images exhibit progressive contour enhancement, with contours becoming
more pronounced as the number of iterations increases.

Figure 3.5: Case g =2 — p (Type III)

- 1-D Evolution: In this scenario, the evolution in one dimension shows a balance between do-
main contraction and contours sharpening. The first derivative stabilizes, leading to a consistent
enhancement of contours over time.

- 2-D Evolution: The filtered images after 50, 100, and 200 iterations reveal a steady improvement

in contour clarity. The enhancement process is more uniform compared to Type II, with contours
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becoming well-defined without excessive domain contraction.

Figure 3.6: Case g >2— p (Type )

- 1-D Evolution: Here, the domain contracts more rapidly, and the first derivative decreases sig-
nificantly. This results in a more aggressive contour enhancement, where contours become very
sharp, but the overall domain may shrink excessively.

- 2-D Evolution: The images filtered after 50, 100, and 200 iterations show a pronounced contour
enhancement. However, the rapid domain contraction can lead to a loss of detail in regions away
from the contours.

- Parameter p: Controls the diffusion rate. A higher p value leads to slower diffusion, preserving
contours better but potentially slowing down the enhancement process.

- Parameter g: Influences the ontour enhancement strength. A higher g value results in more
aggressive contour sharpening but may cause excessive domain contraction.

In summary, the interplay between p and g determines the balance between contour enhance-
ment and domain preservation. The evolution of the intensity distribution in both 1-D and 2-D
contexts demonstrates how these parameters affect the contour enhancement phenomenon over
time, with each case (Type [, II, III) showcasing different characteristics in the enhancement pro-
cess.

The proposed generalisation of mean curvature motion in (2.6) is a significant advancement in the
study of contour enhancement phenomena. By incorporating the parameters p and g, the equa-
tion offers a versatile and robust framework for controlling the contour enhancement process. The
evolution of the intensity distribution, as demonstrated in the figures, underscores the effective-
ness of this generalised equation in achieving precise and controlled contour enhancement over
time.

Figures 3.7 to 3.11, illustrate the results of the application of equation (2.6) to 2-D gray level im-
ages. By comparing between the images, display the results obtained by using different values of
parameters p and ¢ for a large stopping time and the evolution of equation (2.9) corresponding.
In Figure 3.7 we can see that the linear filter has blurred contours after a number of steps. In con-
trast, in figure 3.7(a) dot-dash correspond the image original (initial condition), the width of the
transition region r () — [ (t) which increases with time, this yields to blurred results at the contours
of image.

A similar result with the linear case, for ¢ = 1 — p, we see that in Figure 3.8 this yields to blurred
results at the contours of image with large time.

On the other hand, Figures 3.4 to 3.6, shows the results of the application to the same test image.
We see that the values of ¢ > 1 — p has done a superior job of preserving contours even for a larger

stopping, leads to sharp contours and enhancement image. It also can be observed from the 1-D,
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the curves are parametrized by time, evolving with increasing ¢ towards the sharp front, the width
of the transition region decreases with time, the spatial gradient of the solution u,, increases with
time, so the contour enhancement takes place.

Our numerical experience which is also confirm the self-similar approach is valid for the study of

contour enhancement.

=-=-t=0
— Later times

0.4 0.6 0.8 1

Figure 3.4: Comparison of the evolution of the image intensity distribution corresponding in 1-D
ithecasel—-p < q<2-p (type 1), and the evolution of equation corresponding in 2-D (2.6). For
p= % and g = 1, the first row the evolution in 1D. Second row shows the initial image and results
with image filtred after (50,100,200) iteration.

65



3.4 Conclusion and comments

In this chapter, we explore self-similar solutions for a newly formulated free-boundary problem
in (2.23). Our analysis focuses on addressing the free-boundary problem and investigating the
behaviour of solutions, particularly in relation to image contour enhancement. By studying the
dynamics of this equation, we aim to establish a connection between the mathematical properties
of the solutions and their ability to preserve and enhance image contours. Additionally, we con-
duct numerical simulations to validate the theoretical findings. These simulations are performed
on grayscale two-dimensional images to assess the effectiveness of the proposed model in real-
world applications. The experimental results demonstrate the model's capability in maintaining
and sharpening image contours, confirming the practical applicability of the theoretical insights.

The results presented in this chapter are part of our research work published in [1].
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Figure 3.5: Comparison of the evolution of the image intensity distribution corresponding in 1-D
in the case g = 2 — p (type I1I), and the evolution of equation corresponding in 2-D (2.6). For p = %
and g = %, the first row the evolution in 1D. Second row shows the initial image and results with
image filtred after (50,100,200) iteration.
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Figure 3.6: Comparison of the evolution of the image intensity distribution corresponding in 1-D
in the case g > 2 — p (type I), and the evolution of equation corresponding in 2-D (2.6). For p = %
and g = %, the first row the evolution in 1D. Second row shows the initial image and results with
image filtred after (50,100,200) iteration.
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Figure 3.7: Comparison of the evolution of the image intensity distribution in 1-D (heat eqution)
for p = g =0, and the evolution of equation in 2-D (2.6). The first row corresponds the evolution of
the image intensity in 1D. Second row shows the initial image and results with image filtred after
(20,50,100) iteration, the resulting image is blurred.
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Figure 3.8: Comparison of the evolution of the image intensity for the special case ¢ =1—-pin 1-D,
and the evolution of equation corresponding in 2-D (2.6). For p = % and g = %, the first row shows
the evolutio in 1-D. Second row corresponds the initial image and results with image filtred after
(50,100,200) iteration, the resulting image is blurred.
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Figure 3.9: Comparison of the evolution of the image intensity for the special case ¢ <1-pin 1-D,
and the evolution of equation corresponding in 2-D (2.6). For p=0and g = %2, the first row shows
the evolutio in 1-D. Second row corresponds the initial image and results with image filtred after
(5,20,50) iteration, the resulting image is blurred.
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Figure 3.10: Comparison of the evolution of the image intensity for the special case g <1— p in
1-D, and the evolution of equation corresponding in 2-D (2.6). For p =0 and g = —1, the first row
shows the evolutio in 1-D. Second row corresponds the initial image and results with image filtred
after (5,20,50) iteration, the resulting image is blurred.
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Figure 3.11: Comparison of the evolution of the image intensity for the special case g <1 - p in
1-D, and the evolution of equation corresponding in 2-D (2.6). For p =0 and g = -2, the first row
shows the evolutio in 1-D. Second row corresponds the initial image and results with image filtred
after (5,20,50) iteration, the resulting image is blurred.
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Chapter 4

Contour enhancement with inverse
degenerate parabolic equation

In this chapter, we consider a new model arising from the main problem is also addressed,
it is related to the class of inverse problems with free boundaries. We present in this chapter an
analysis on the improvement of the image contour and which could be interesting and a future
contribution in the development of the so-called "Schock filter" models, which are very effective
in the phenomenon of image restoration.

Our model. In a natural way we propose as a model the equation

ou

5, =(1-p) uel ") ey, for p>1. (4.1)
Gives the problem of shock filter. We present the solutions for (4.1) by using self-similar solutions
according to the enhancement parameters of p and g. Then we discus the asymptotics behaviours
of these solutions, in order to illustrat the phenomenon of contour enhancement in image pro-

cessing.

4.1 Self-Similar Solutions for Inverse Nonlinear Free Boundary
and Boundary Value Problem

We get this type for ¢ < 1—-p and p > 1. We present the subsequent boundary problem (2.23),
for determining the evolution of image intensity within the boundary layer. We try now to solve
problem by introducing the the self-similar solution written under the form (2.12).

We should first deduce the equation satisfied by the function ¢ used for the definition of self-

similar solutions.

4.1.1 Contour Enhancement with a Nonlinear Boundary Value Problem
Caseforl-p=qg>-p

We aim to solve equation (2.23) using the self-similar solution method, where the solution is as-

sumed to take the form (2.12). Substituting equation (2.12) into the original equation (2.23) leads
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to a modified equation that is often more manageable analytically:

a_d¢ _ 1 d¢ (d(p)—(61+ﬁ)

Pl aGavn+z agz \ac

e , forl-p=qg>-p. 4.2)

The separation of variables argument necessitates that the subsequent conditions are satisfied:

1
a_ 4 a-(a+p)+2’ (4.3)

|-

where a > 0 is arbitrary positif constant.

Easy integration gives:
-1
at)=|a(q+p-2)t+A|72, for0<t<T.

where Ag > 0, is a constant, and T is obtained as

A
ITr=——7———.
a(g+p-2)
The equation for the profile ¢, becomes:
d¢ d’ d¢)‘(‘7+ﬁ)
T _(1-p) =L | . 4.4
L ( p)dfz(dé (4.4)
After easy integration, we get:
-1 -1
da - + a+p =2 2 &
—('b: M Cfffp 1+(£) ] , forl—-p=qg>-p, (4.5)
d¢ 2(1-p) C

where

—oo=<{ < +oo.

By using the boundary condition ¢ (—oo) = 0, ¢p (+o0) = 1, These conditions model a system where
the solution transitions smoothly from one steady state to another, resembling a sharp interface or
transition front. The problem is formulated on an unbounded domain, capturing the asymptotic
behaviour of the solution as { — +oo.

we obtain, after integration:

—a[q+p)]m Lfﬂz[% =L
=|— C a+p 1+n°| 9" dn,
PO=|50,) ]y
where X .
—a(g+p)) TP [ gy =L W
[ T [ s
2(1-p) 0
Thus, we obtain self-similar solutions, with the form
(a+p) |77 2 1
—-alg+ P q+p=2 [ Taw =1
u(x, t) = [ﬁ] c o f_c U [1+n?) 7 dn. (4.6)

75



The problem (4.6) has a solution in a self-similar form that exhibits a blow-up in finite time. The
solution is established for all ¢ € (0, T) ; where T denotes the blow-up time of the solution such

that:

VxeR,, tlir}l ulx,t)=+ooand VxeR_, lir¥ u(x, t) = —oo
—T- t—T-

and

VxeR, tl_igl_ Uy(x,t) = +oo
In this case, a token that the contour enhancement is taking place: Across the two delimiting
curves (I (1), r (1)), the intensity function u is continuous, but its derivative u, suffers an infinite
jump. The spatial gradient of the solution u, increases with time and blows up like "O (( T-1) ﬁ)
"as t — T, its support shrinks. This leads to sharp contours in the image.
In order to illustrate the utilization of the technique to obtain contour enhancement , we present

the following examples.

Exemplel. q+p=1

In this case, The equation (4.5) for the profile ¢, can be written as :

-2

2
- C—3

= 1+ (%ﬂ_ , (4.7)

Further integration and using the boundary conditions ¢ (—oo) = 0, ¢ (+o0) = 1, then we obtain

ag _
dé

_1 s, ¢ .=
</)(£)—ﬂ arctan(c)+ + ,

for

¢ € ]—o00; +00]

where

k(4 -p))\3
3 )

c= -

In this case, the self similar solutions of (4.7) assumes the form

1 X /4
u(x,t):; arctan 5|+ 5 +§ ,
ca-ns C(T—f)%(( - ) +1)
C(r-13
The gradients are given by
242
X
JPRPRSE S I
(18m)3 C(T-13
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The solution is established for all ¢ € (0, T) ; where T represents the blow-up time of the solution
such that:

VxeR,, lian ulx,t)=+ooand Vxe R_, linTl u(x, t) = —oo
t—T1~ t—T1~

and

VxeR, liI}l Uuy(x,t) = +oo
Py 3

The contour enhancement by evolution of image intensity function u(x, f) illustrated in the Figure
4.1, It is seen that the intensity function u is continuous over the two delimiting curves; neverthe-
less, its derivative u, suffers an infinite jump. Moreover, the evolution arrives at a vertical front, so

the enhancement happens.

0.9~ —=t=0
— later time

0.8~
0.7
0.6 —
X 05—
0.4 —
03—
02—

01—

Figure 4.1: The evolution of the image intensity distribution u(x, t). For value of p =2 and g = —%.

Exemple2q+p=3

In this case, The equation (4.5) for the profile ¢, can be written as:
3
dp -a 2

£y
i~ 507 1+(5H : 4.8)

Additional integration applying the boundary constraints. ¢ (—oo) =0, ¢ (+00) = 1, then we obtain

C—S

1
P == d -+1],
2 £\ 3
(€]
for
¢ € ]—00; +00]
where
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In this case, the self similar solutions of (4.8) assumes the form

1
ulx,t)=- -+1,

2 2
C(T—t)%(( x 3) +1)
C(T-14

The solution is established for all ¢ € (0, T') ; where T represents the blow-up time of the solution

such that:
VxeR,, liI}l u(x,t)=+ooand VxeR_, lil}l u(x,t) =—oo
t—T1~ t—T1~
and
VxeR, lil}l Ur(X,t) = +00
P

in the Figure 4.2, It is seen that the intensity function u is continuous over the two delimiting
curves; nevertheless, its derivative u, suffers an infinite jump. Moreover, the evolution arrives at a

vertical front, so the enhancement happens.

T
09 =0
— later times

Figure 4.2: The evolution of the image intensity distribution u(x, f). For value of p =2 and g = —;—1.

The Case g =-p

The equation (4.1) becomes

U (X, 1) = —Uyy. (4.9)

In this case, The equation (4.9) for the profile ¢, can be written as:
deo _&

— =ke™ 1 ,with kis an integral constant. (4.10)

Subsequent integration and the application of the boundary conditions ¢ (—oco0) = 0, ¢ (+o0) =1,
5) 41
2

—oo< € < +oo.

then we obtain

erf (4.11)

1
=5

for
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The self-similar solution assume the form

1 X
u(x,t) = erf(—1)+1
2 2(T-1)2
where
1
k=——
2Vn
The gradients are given by
x2
Uy(x, 1) = e «T-0,
* 2Vm

The solution is established for all ¢ € (0, T) ; where T represents the blow-up time of the solution
such that:

VxeRy, tlinTlfu(x, f)=+ocoand VxeR_, tlinTlfu(x, ) =—o00

and

VxeR, linTl Uy(x, t) = +o0
L

The figure 4.3 illustrates the evolution of the solution u(x, t) governed by the backward diffusion
equation: Unlike the standard heat equation, this ill-posed equation leads to the enhancement of
gradients over time instead of smoothing them. This results in the amplification of small differ-
ences, creating sharper transitions as ¢ increases.

At the initial time ¢ = 0 (shown with the red dashed curve), the solution displays a smooth gradi-
ent. However, as time progresses, the curvature of the solution intensifies near the origin x = 0,
reflecting the reverse diffusive process.

At the critical time ¢ = T, the first derivative of the solution which represents the gradient ter-
minates abruptly. This indicates the formation of a sharp interface where the gradient becomes
discontinuous, a phenomenon known as gradient catastrophe or shock-like formation.

The final profile at ¢t = T resembles a step function, where the transition between states is nearly
discontinuous. This behaviour mirrors shock wave formation in fluid dynamics, though here it
emerges from the mathematical instability inherent in the backward diffusion process rather than
physical discontinuities.

In the Figure 4.3, It is seen that the intensity function u is continuous over the two delimiting
curves; nevertheless, its derivative u, suffers an infinite jump. Moreover, the evolution arrives at a

vertical front, so the enhancement happens.

4.1.2 Contour Enhancement with a Nonlinear Free-Boundary Value Problem

In this study, we aim to investigate the given differential equation for the parameter range g <

—p. The primary objective of this investigation is to explore the mathematical properties of the
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Figure 4.3: The evolution of the image intensity distribution u(x, t). For value of p =2 and g = -2.

equation under these conditions and to assess its significance in the context of image contour
enhancement. We get this type for ¢ < —p and p > 1. We present the subsequent free boundary
problem (2.23), for determining the evolution of image intensity within the boundary layer.

We aim to solve equation (2.23) for ¢ < —p and p > 1, using the self-similar solution method,
where the solution is assumed to take the form (2.12). Substituting equation (2.12) into the original
equation (2.23) leads to a modified equation that is often more manageable analytically, we obtain,
the equation:

a,dp 1 d*¢(d¢

dg\~(a+p) . p
- d_f_(l_p)md_fz(df) , forg <—-pandp > 1. (4.12)

The argument of separation of variables necessitates that the subsequent conditions be satisfied:

a = —1 4.13
E__aa—(vl+p)+2 ' (4.13)

where « is arbitrary positive constant.

The equation for the profile ¢, becomes:

d a2 (de\~a+r)
af—(/):(l—p)—(f(—(p) .
dé déc \ dé
After easy integration, we get:
7 21755
@:[a(q_ﬂ?) C—[l(i) ] .14
¢ | 2(1-p) C
for
—-C=sé=<C.
Here, C is a positive integration constant. For ¢ = xa—(;c)o’ we have:

xo—Ca(t)sx<xyp+Cal(r).
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The problem (4.12) suggests a free-boundary problem specifically to determine the evolution of
the image intensity in the boundary layer [ (¢) and r (¢) such that [(¢) < x < r(t), with [(t) =
Xp—Cal(t) and r(t)=xp+Cal(t).

The resolution of (4.13) gives,

a(t):[a(q+p—2)t+A0]‘f+_Pl—2, for0<t<T if g<-pandp>1, (4.15)

where Ay > 0, is a constant, and T is obtained as

Ay
T=-——
a(g+p-2)

Furthermore, by integrating equation (4.14) and applying the appropriate boundary conditions,

we can derive the following results: ¢(—C) = 0 and ¢(C) = 1. This leads to the subsequent solution:

+p q+p +p-2 =
¢ (&) = [ Ef_ ] qufpf [1-12]77 dn,

where
—(g+p)
] q+p-2

a(q+p)

C=
2(1-p)

q+p qrp-2 [

f [1-17]77 dn
forg#2-p.

The self-similar solution takes the following form

-1
a(q+p)|T° a2 [cad )
u(x,t) = [— C a+p f 1- ‘“’” d (4.16)
2(1=p) - [=rlrran,
and its gradient is given by
1 -1
—alg+p)17P - —xo\21 7
=L [elar P g [1—(x xo) (4.17)
ai®) | 2(1-p) Cal(1)

The relation in equation (4.17) demonstrates significant asymptotic characteristics of image evo-
lution within the boundary layer at the image contour. The width of the transition region is given
by r () — 1 (¢) equal to:

2Ca(t):2C[a(q+p—2)t+A0]'i+__Pl—2. (4.18)

The phenomenon of contour enhancement is discussed in the next for various values of parame-
ters p and g.

We now present a set of examples that include exact solutions to illustrate the phenomenon of
contour enhancement and its connection to our current study for values where g < —p. These ex-
amples demonstrate how the mathematical framework under investigation governs the behaviour
of contour structures, providing deeper insight into the role of the parameters p and g in shaping

the enhancement process.
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Exemplel.q+p=-1

The equation (4.14) for the profile ¢, can be written as :

2
a 2

o) (%)2] , (4.19)

Continued integration, as well as the use of the boundary conditions ¢ (—C) =0, ¢ (C) = 1, then the

ag _
dé

solution of the problem is written as

5 3
15 X 2 X X 8
—z) 3 i 25|
C(T-1s C(T-1)° C(T-1°

u(x,t)=—
(x, 1) 16

1

5

The gradients are given by

2

2
X
C(T—t)é) ] ’

The solution is established for all ¢ € (0, T') ; where T represents the blow-up time of the solution

C4

2 1-
100(T —1t)5

ux(x; t) =

such that:

VxeR,, tlir%l_u(x, f)=+ooand VxeR_, tlir%l_u(x, t) = —oo

and

VxeR, lir¥ Uy(x,t) = +oo
P

From the given Figure in 4.4. In the given example for g+ p = - %, we observe the evolution of the
intensity function u(x, f) over time. As t increases, the function u remains continuous, while its
first derivative u, experiences a significant change. Specifically, as t — T, the derivative under-
goes an infinite discontinuity, resulting in the formation of a nearly vertical front at x = 0. This
phenomenon illustrates the process of contour enhancement, where the gradient of the function
becomes extremely steep, effectively sharpening the transition between different intensity regions.
Such behaviour highlights the impact of the governing equation in enhancing contour definition

within the image.
Exemple2. g+p=-1

In this case, The equation (4.14) for the profile ¢, can be written as :

@ _C (5)2], (4.20)

dé 6 A

Additional integration applying the boundary constraints ¢ (—C) = 0, ¢ (C) = 1, then the solution

of the problem is written as

1 X S 3 X 1
u(x)t):__ 1 + — 1+—’
4\c(T-0n3 dc(r-ns 2
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—-=-t=0
0.8~ — later times

Figure 4.4: The evolution of the image intensity distribution u(x, f). For value of p =2 and g = %

The gradients are given by

2
X

6(T—1)3 C(T—t)%) ‘
we can see that if t — T, then we obtain u,(x, t) — oo, and

C2
Ur(X, 1) = —— [1—

VxeRy, tlinTlfu(x, f)=+coand VxeR_, tlir%lfu(x, ) =—o0

From the provided figure in 4.5, the evolution of the intensity function u(x, ) is examined for the
case where g+ p = —1. As time ¢ progresses, the function u maintains its continuity, whereas
its first derivative u, undergoes a notable transformation. In particular, as ¢ approaches T, the
derivative u, develops an infinite discontinuity, leading to the creation of an almost vertical front
at x = 0. This behavior demonstrates contour enhancement, where the function gradient becomes
exceedingly steep, thereby sharpening the transition between distinct intensity regions. Such dy-
namics underscore the influence of the governing equation in improving the definition of contours

within the image.

1 T

i I i = e ,
— later times
,,/’ ’

e
=
=

Z="

2
.-
.-
.-
-~

Figure 4.5: The evolution of the image intensity distribution u(x, #). For value of p =2 and g = -3.
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Exemple3. q+p=-2

In this case, The equation (4.14)for the profile ¢, can be written as :
d £\2)?
ez (c |
1= , 4.21
aé 2 C 4-21)
Subsequent integration and the application of the boundary conditions ¢ (—C) =0, ¢ (C) = 1, then

the solution of the problem is written as

1 . X X X 2 1
u(x,t) = — | arcsin -+ Al [——| |+
ﬂ C(T-ni) C(T-p1 C(T-1)1 2
The gradients are given by

1

C X 212

U, ) = —— |1 - | — )

2(T—-1n3s C(T-11

In the Figure 4.6, It is seen that the intensity function u is continuous over the two delimiting
curves; nevertheless, its derivative u, suffers an infinite jump. Moreover, the evolution arrives at a
vertical front, so the enhancement happens. we can see that if t — T, then we obtain u,(x, t) —

Q.

1
I

0.9
—t=0

0.8~ later times
0.7
0.6 —

-

X o5
04—
03—
02—

o =T -
L

Figure 4.6: The evolution of the image intensity distribution u(x, #). For value of p =2 and g = —4.

4.2 Cases of Free Boundary Problems and Contour Non-Enhancement

We try now to solve problem (2.23) for g > 1 — p and p < 1, by using the self-similar solution under
the form (2.12). Taking account this form, substituting (2.12) into problem (2.23), we obtain, the
equation:

a,dp 1 d’¢

d¢ -(q+p)
-4 d—g—(l—P)Wd_cfZ(df)

, forg>1-p. (4.22)
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The argument of separation of variables necessitates that the subsequent conditions be satisfied:

1
a g (429)

-

where a < 0 is arbitrary negative constant.

The equation for the profile ¢, becomes:

dp d’p (de -(q+p)
wae=0-ngela)

After easy integration, we get:

d al(g+ Py 21+
do _[ala+p)]™ = [ 1- (E) ] , (4.24)
¢ [2(1-p) C
for
-C=é=<C.
Here, C is a positive integration constant. For ¢ = xa_(f)o, we have:

xo—Ca(t)sx<xo+Cal(t).

The problem (4.24)-(4.2) suggests a free-boundary problem specifically to determine the evolution
of the image intensity in the boundary layer [ (¢) and r (¢) such that [(t) < x < r(¢), with [(f) =
Xo—Cal(t) and r(t)=xp+Cal(t).

The resolution of (4.23) gives,
-1
a)=[a(q+p-2)t+Ay|72, for0<t<oo if g>2-p, (4.25)

and

-1
a®)=|a(q+p-2)t+Ay| 72, forO<t<T ifl-p<qg<2-p, (4.26)

where Ay > 0, is a constant, and T is obtained as

T= Ao
a(q+p-2)
In the particular case q = 2 — p, we have:
a(y=eP V7 foro<r<oo. (4.27)

Furthermore, by integrating equation (4.24) and applying the appropriate boundary conditions,

we can derive the following results: ¢(—C) = 0 and ¢(C) = 1. This leads to the subsequent solution:

=1
q+p  g+p-2

¢’ [*-n) 7 an,

5—[“
o= |0
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where
—(q+p)
] q+p-2

a(q+p)

" 2(1-p)

1
q+p=2
| ,

1 _
2[ [1-n2) 77 dn
0

forg#2-p.

The self-similar solution takes the following form

—1 X=X,
a(qg+p) 7P a2 [Tan gy =L
u(x,t) = [— C a+p f 1-n°|7? dn, (4.28)
2(1=p) =]y
and its gradient is given by
(a+p)|™ |7
1 [alg+ ar — q+p
lhy = TEPINT caws |1 - (x xO) (4.29)
a®) [ 2(1-p) Ca(1)

The relation in equation (4.29) demonstrates significant asymptotic characteristics of image evo-
lution within the boundary layer at the image contour. The width of the transition region is given
by r (¢) — 1 () equal to:
=1
2Ca(r)=2Cla(g+p-2)t+Co|7P2. (4.30)
The phenomenon of contour enhancement is discussed in the next for various values of parame-

ters p and g.
Exemple. g=2-p
Ur(X, 1) = U Uy (4.31)

We try now to solve problem (4.31) by introducing the the self-similar solution written under the
form:

w(x, ) = (xe‘”zf) XeR, £>0. (4.32)
The equation for the profile ¢, becomes:

(d_¢’

-2
. 2g2
d(f) =-n°& +k, (4.33)

which can be written after integration as

7= [
—=—C 1-|= , 4.34
a¢ n C) |+ (4.34)
for
-C=s¢=C
then we obtain, after integration and using the boundary conditions¢(-C) =0, ¢(C) =1
1 &Y 1
=— in|=|+-, 4.35
¢ &) narcsm(c)+2 (4.35)
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The self-similar solution assume the form

1 . X 1
ux,t) =— arcsm( ) +—, (4.36)
7T C 2

The gradients are given by

-1
2

)

X 2
(e
Cer“t

Solution (4.36) demonstrates that , the smoothed stepwise initial distribution extends with time;

1
Ux(x,t)=—-C
14

its properly defined width increases with time proportionally to ¢"’!, and the maximum of the
derivative modulus |0, u| , decreases with time as et this yields to blurred contours.

So, qualitatively the situation for any g > 1 — p is the same as in the case of g = 2 — p: this type of
equations leads blurred contours of images.

Based Figure 4.7 , we analyse the evolution of the image intensity distribution u(x, f) for the given
parameter values p =2 and g = 0.

At t = 0, the function u(x,0) (depicted by the dashed red line) is smooth and continuous, repre-
senting the initial intensity distribution. As time progresses, the solution evolves according to the
governing equation, leading to changes in the function’s shape.

As t — T, we observe that u(x, t) remains continuous across the domain. However, its first deriva-
tive u, does not exhibit an infinite discontinuity or steepening effect. Instead of forming a sharp
transition or an enhanced contour, the function undergoes a gradual smoothing process, indicat-
ing the absence of contour enhancement. This behaviour is fundamentally different from cases
where the evolution sharpens image contours, suggesting that for p = 2 — p, the governing equa-
tion leads to contour diffusion rather than enhancement.

This result highlights the influence of parameter selection on the contour dynamics and confirms
that under these conditions, the model does not enhance contour but rather contributes to their

smoothing over time.

1 T

o /
il / | ”j ’ y/ |
08 later times i / _ - i
. y ///,f’
/

Figure 4.7: The evolution of the image intensity distribution u(x, ). For value of p =2 and g = 0.
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4.3 Conclusion and Comments

This chapter has explored cases where p > 1, introducing a novel model derived from the principal
problem under investigation. This model is closely associated with inverse problems involving free
boundaries or boundary value problems. A detailed analysis has been conducted on the enhance-
ment of image contours, demonstrating significant potential for future advancements in "Schoc-
filter" models, which are renowned for their efficacy in image restoration. The findings presented
herein offer valuable insights and contribute to the ongoing evolution of image processing and
restoration techniques. This study underscores the importance of the proposed approach and its

potential to drive further progress in this field.
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Conclusion

This thesis introduce a new evolution model that generalizes mean curvature motion and
provides a comprehensive study of contour enhancement via the formulation of a free bound-
ary problem. We addressed a free boundary problem related to contour enhancement in image
processing, modeled through a partial differential equation. The primary objective was to explore
and construct general self-similar solutions to describe the dynamics of contour enhancement
and its underlying mechanisms. This approach provides a deeper mathematical framework for
understanding how image contours evolve over time, particularly under the influence of specific
parameters. The methodology employed in this study involves the pursuit of general self-similar
solutions to elucidate the phenomenon of contour enhancement within the realm of image pro-
cessing.

The originality of this work lies in extending and generalizing the results of Barenblatt and Vasquez
[9]1155], who previously tackled similar problems in the context of free boundary phenomena. Our
work introduces significant advancements. By seeking more generalized self-similar solutions, we
provide a broader understanding of the contour enhancement process, allowing the model to be
applied to more complex and realistic scenarios in image processing. The results highlight how
the evolution of contours is driven by specific parameter values, which control the balance be-
tween noise reduction and contour sharpening. This insight not only confirms the effectiveness
of the proposed mathematical model but also opens the door for future applications in contour
detection, image segmentation, and visual data analysis. We also presented some numerical sim-
ulations for the proposed model on 2-D gray-level images to validate the theoretical findings. The
numerical experiments demonstrate the effectiveness of the model in preserving and enhancing
contours, confirming the practical applicability of the theoretical results.

Looking ahead, we aim to expand this study by systematically examining the behaviour of the
equation in broader image processing. This will involve exploring its relationship with image
restoration tasks, particularly in cases involving noise reduction, contour preservation, and tex-
ture enhancement. Furthermore, we intend to investigate the generalisation of Schoc filter mod-
els to more complex imaging problems. By doing so, we hope to contribute to the development of
more efficient and adaptive image restoration techniques, while deepening the theoretical under-

standing of PDE-based models in this field.
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Abstract

The nonlinear diffusion equation is used to analyze the process of edge enhancement in
image processing, based on a new evolution model considered as a generalization of mean cur-
vature motion. A free boundary problem is formulated describing the image intensity evolution
in the boundary layers around the edges of the image. An asymptotic self-similar solutions to this
nonlinear diffusion equation is obtained in explicit forms. The solutions demonstrated that the
edge enhancement and its rates depends on the parameters of equation. The experimental results
demonstrate the effectiveness of the model in edge preservation.

Key words: Nonlinear diffusion equations - Mean curvature motion - Image processing- contour

enhancement - Free boundaries - Self-similar solutions.
Résumé

L’equation de diffusion non linéaire est utilisée pour analyser le processus de rehaussement
des contours en traitement d'image, en se basant sur un nouveau modele d’évolution considéré
comme une généralisation du mouvement de courbure moyenne. Un probleme de frontiere li-
bre est formulé décrivant I’évolution de l'intensité de I'image dans les couches limites autour des
bords de I'image. Une solution auto-similaire asymptotique a cette équation de diffusion non
linéaire est obtenue sous des formes explicites. Les solutions ont démontré que le rehaussement
des contours et ses taux dépendent des parametres de I'équation. Les résultats expérimentaux dé-
montrent |'efficacité du modele dans la préservation des contours.

Mots-clés: Equations de diffusion non linéaires - Mouvement de courbure moyenne - Traitement

del’ image -Amélioration de contour. - Frontieres libres - Solutions auto-similaires.
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