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0.1 Introduction

This text presents a course in Functional Analysis intended for first-year Mas-
ter’s (M1) students at the University of M’sila (Fall 2025). Functional Analy-
sis is a central area of modern mathematics that studies infinite-dimensional
vector spaces and the linear operators acting on them. It provides a unifying
structure for many branches of mathematics, including differential equations,
harmonic analysis, probability, and mathematical physics.

The origins of Functional Analysis lie in the study of function spaces,
where functions are viewed as elements of vector spaces. This perspective
allows the use of algebraic and geometric methods to analyze fundamental
notions such as convergence, continuity, and stability. Over time, this ap-
proach has developed into a rich and powerful theory with deep theoretical
and practical implications.

At its foundation, Functional Analysis begins with normed vector spaces,
which provide a natural setting to measure the size of elements and study
convergence. The notion of completeness leads to Banach spaces, where every
Cauchy sequence converges, ensuring a robust analytical setting. The study
of dual spaces further enriches the theory by introducing continuous linear
functionals, offering deeper insight into the structure of these spaces.

A particularly important class of spaces is given by Hilbert spaces, where
the presence of an inner product allows for geometric methods, such as or-
thogonality and projections. Operators on Hilbert spaces play a fundamental
role in both theory and applications, especially in areas such as quantum me-
chanics and spectral theory.

The development of Functional Analysis relies on several fundamental re-
sults that reveal the structure of infinite-dimensional spaces. Among these,
Baire’s Theorem occupies a central position, serving as a key tool in estab-
lishing many of the major results of the theory. Its consequences include
the Uniform Boundedness Principle, which ensures that pointwise bounded
families of operators are uniformly bounded, the Open Mapping Theorem,
which guarantees that surjective continuous linear operators between Ba-
nach spaces are open, and the Closed Graph Theorem, which provides a
useful criterion for the continuity of linear operators.

Another cornerstone of the theory is the Hahn—Banach Theorem, which
allows the extension of linear functionals and plays a crucial role in the
study of duality. Its consequences are far-reaching, particularly in separation
theorems and the analysis of convex structures.
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Finally, the introduction of weak topologies on Banach spaces provides
a refined notion of convergence that is weaker than norm convergence but
extremely powerful in applications, especially in the study of compactness
and operator theory.



Chapter 1

Normed Vector Spaces

1.1 Metric Spaces

1.1.1 Fundamental Notions

Let X be an arbitrary nonempty set.

A metric (or distance) on X is a function

d:XXX%R.i_

such that for all x,y, z € X, we have

(i) d(z,y) =0 < z=y (separation),
(i) d(z,y) = d(y, ) (symmetry),
(iii) d(z,2) < d(z,y)+d(y,z2) (triangle inequality).

A metric space (X,d) is a set X equipped with a metric d.

J

Example 1.1.1. If we let d(x,y) = |z — y|, then (R,d) is a metric space.
The first two conditions are obvious, and the third follows from the usual

triangle inequality:
dz,y) =z —yl =z —2)+ -yl <|z -2+ ]z —y| = d(z,2) + d(z,9).

7
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Example 1.1.2. Let X = C([a,b];R) be the set of all continuous functions
f :la,b] = R. There are many ways to measure the distance between two
functions in X, for instance

d:(f. 9) = / (@) — g()] d,

b(f,9) = ( / i) - g<az>|2das) "

doo(f,9) = sup{|f(z) = g(2)| : = € [a, b]}.

FEach of these defines a metric on X.

Definition (Convergent and Cauchy sequences in a metric
space)

Let (X, d) be a metric space and let (x,),en be a sequence in X.

1. We say that the sequence (z,)nen converges to a point x € X (or
that x is the limit of (x,)nen) if

lim d(z,,z) =0,

n—ro0
that is, if for every € > 0 there exists N € N such that
n>N = dz,z)<e.
In this case we write z,, — = or lim,_,~ Z,, = .
2. The sequence (z,,) is called a Cauchy sequence if

Ve >0, IN € N such that m,n > N = d(z,,x,) <e.
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Definition (Complete metric space)

Let (X, d) be a metric space. We say that X is complete if every Cauchy
sequence in X is convergent in X; that is,

V(2n)neny C X, <(3:n)neN is Cauchy = dz € X such that z,, — :L')

In this case, X is called a complete metric space.

1.1.2 Open and Closed Sets in Metric Spaces

Let (X, d) be a metric space.

The open ball of radius r > 0 centered at zy € X is the set
B(zg,r) ={z € X : d(zo,x) < r}.
The closed ball of radius r > 0 centered at zo € X is the set

B(xg,r) ={r € X : d(wg,7) <7}

Remark 1.1.1. The closed ball B(xzo,r) is not always the closed B(xg,r) of
the open ball B(xg,7). For example, in X = Z with the usual distance, we
have

B(0,1) = {0}, B(0,1)={-1,0,1}.

However, we always have B(xy,7) C B(xo,r), with equality if X is a normed

space B(xg,r) = B(xo,7).
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Let S C X (S be a subset in X ).

1. A point zy € X belongs to the interior of S if 3r > 0 such that
B(zg,7) € S. The set of all such points is denoted Int(.S).

2. A point xy € X belongs to the exterior of S if Ir > 0 such that
B(zg,7) NS = @. The set of all such points is denoted Ext(.S).

3. S = Ext(S)¢, where S is the closure of S.
4. The boundary of S is Fr(S) = S\ Int(9).

Let (X, d) be a metric space.

1. A subset S C X is open if for every zy € S, there exists r > 0
such that B(zg,7) C S.

2. A subset S C X is closed if its complement X \ S (or S¢ ) is
open.

Proposition 1.1.1. All open balls B(zg,r) are open sets, while all closed
balls B(xg,r) are closed sets.

Proof. We prove the statement for open balls. Assume x € B(xg,7). We
must show that there exists 71 > 0 such that B(x,r;) C B(xzg,r). Choose
ry =1 —d(zg,x) > 0. If y € B(x,71), then by the triangle inequality,

d(xo,y) < d(y,z) + d(z,x0) < r1 + d(zg,x) =7
Hence y € B(xo, 7).

The statement for closed balls follows similarly.
Recall that the closed ball centered at xy € X of radius r > 0 is

B(xo,r) ={z € X : d(x,z0) <71}

A subset F' C X is closed if its complement X \ F' is open.
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Let x ¢ B(zg,7), i.e. d(x,z9) > r. Define
e =d(z,z9) — 1 > 0.
If y € B(z,¢), then by the triangle inequality,
d(y,zo) > d(x,x9) —d(y,z) > (r+e)—e=r.
Thus y ¢ B(xg,r), which shows that
B(z,e) € X \ B(xo,7).

Therefore X \ B(zg,7) is open, and so B(wg,r) is closed.
0

Let (X, d) be a metric space.
1. The sets @ and X are open.
2. Any union of open sets is open.

3. Any finite intersection of open sets is open.

\ 7

Proof. By definition. A set U C X is open if for every x € U, there exists
€ > 0 such that the open ball

B(z,e) ={y € X :d(x,y) < &}

is contained in U.
(1)

o O is open vacuously (no elements to check).

o X is open because for any x € X, every ball B(z,¢) C X.

(2): Let {U;}ier be a family of open sets and U = |J,; U;. For any = € U,
there exists ig € I such that x € U;,. Since U, is open, there exists € > 0
with B(z,e) C U;, C U. Hence, U is open.

(3): Let Uy, ..., U, be open sets and V = (\_, U;. For any x € V, we have
x € U; for all i. For each i, there exists ¢; > 0 such that B(z,e;) C U;.
Let ¢ = min{ey,...,&,} > 0. Then B(x,e) C B(z,g;) C U; for all 7, so
B(xz,e) C V. Hence, V is open.

O
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Theorem (Complementary)

1. The sets @ and X are closed.
2. Any intersection of closed sets is closed.

3. Any finite union of closed sets is closed.

1.1.3 Continuous Functions

Let (X,dx) and (Y, dy) be two metric spaces.

Definition (e-J continuous)

A function f : X — Y is continuous at a point xy € X if for every
e > 0 there exists 0 > 0 such that

dy (f(x), f(z0)) <e whenever dx(x,zg) <.

Equivalently, f is continuous at z( iff

Ve >0, 30 > 0: B(z0.6) C f(B(f(x0),2)).

Definition

A function f: X — Y is called continuous if it is continuous at every
reX.

Definition (Sequential continuity)

A function f: X — Y is continuous at xy € X iff

V(z,) C X, x, =20 = f(x,) — f(x0).

These two definitions are equivalent.

Proof. We prove both implications.
(1) e-) continuity = Sequential continuity

Assume f is e-§ continuous at zy. Let (z,) be a sequence in X with
x, — To. We want to show f(x,) — f(zo).
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Let € > 0 be arbitrary. By -0 continuity, there exists 0 > 0 such that:

dx(z,20) <d = dy(f(x), f(z0)) < e.
Since x,, — xg, there exists N € N such that for all n > N:
dx (n, o) < 0.
Therefore, for all n > N:

dy (f(xn), f(x0)) < e.

This shows f(x,) — f(zo).
(2) Sequential continuity = ¢-J continuity

We prove the contrapositive: if f is not e-0 continuous at x(, then f is
not sequentially continuous at x;.

Suppose f is not e-0 continuous at zy. Then there exists € > 0 such that
for every ¢ > 0, there exists some x € X with:

dx(z,z9) < but dy(f(x),f(x)) > e.

In particular, for each n € N, take § = % Then there exists z,, € X such

that:
dx(xp, x9) < l and dy(f )
The sequence (x,,) converges to o since dx (:En,LEO) < 1+ — 0. However,
(f(xy,)) does not converge to f(xg) because dy (f(x,), f(xq)) > € for all n.

Therefore, f is not sequentially continuous at x.

3

O

1.2 Normed and Banach Spaces

1.2.1 Definitions and Properties
A set X is a vector space (or linear space) over a field F = R or C if

1. Closure under Addition for all x,y € X and A € F, we have z +y €
X and \x € X,

2. Commutative of Addition the set X is an Abelian group with re-
spect to the addition +,
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3. the following identities hold for all z,y € X and «, 5 € F:

alx+y) = ar+ay, distributivity of scalar multiplication over vector
addition

(v + B)xr = ax + pz, distributivity of scalar multiplication over field
addition

(af)x = a(fBz), associative of scalar multiplication

lx =x. identity

A norm || - || on a real or complex vector space X is a function
[ X — Ry

such that for all z,y € X and A € F,

(i) |z =0 <= =0 (non-degeneracy),
(i) [[Az]| = |A| ||=|| (absolute homogeneity),
(iii) [lz +yll < llz]l + [yl (triangle inequality).

A normed space (X, || -||) is a vector space X equipped with a norm.

Exercise 1.2.1. Every normed space is a metric space with associated metric
d(z,y) = ||z =yl
The converse may not be true?

Conversly Using counterexample
Consider R with the discrete metric:

d(z,y) 0 ifx=y,
T,y) =
Y 1 ifx#uy.
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This is a metric space. However, suppose for contradiction that there exists
a norm || - || on R such that d(z,y) = ||z — y|| for all z,y € R. Then for any
x # 0, we have:

2]l = d(z,0) = 1.

But by the homogeneity property of norms, ||2z|| = |2| - ||z]| = 2. On the
other hand, since 2z # 0, we have:

22]| = d(2z,0) = 1.

This leads to a contradiction: 2 = 1. Hence, no such norm exists, and the
discrete metric on R is not induced by any norm.

|z

Example 2: d(x,y) = 1+\2‘y| forall z,y € V

By the triangle inequality for norms, we have:
Proposition 1.2.1 (Continuity of the Norm). For all x,y € X, we have
=l =yl < llz F yll.
In particular, if x, — x, then ||z,| — ||z

indeed

izl =Tyl < llz = yll.

Now, suppose z,, — = in X. Then by definition, ||z, —z|| — 0 as n — occ.
Using the inequality above with y = z,,, we have:

[zl = llznlll < llz = znll = llzn — 2] = 0.

Therefore, ||z,| — ||z|| as n — oc.

The open ball of radius r > 0 centered at zo € X is
B(zg,r) ={z € X : ||z — x| < r}.
The closed ball of radius r > 0 centered at xy € X is

B(zg,r) ={z € X : ||z — x| <71}
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Remark 1.2.1. In normed spaces, closed balls are exactly the closures of
open balls.

Proof. Let (X, || - ||) be a normed space, xg € X, and r > 0.
1. First, note that

B(zg,r) ={z € X : ||z — x| <1}, B(zg,r) ={z € X : ||z — x| <7}

2. We show that every point of B(zg,7) belongs to the closure of B(zg, 7).
- If || — x| <7, then & € B(xg, ), hence trivially = € B(xo,r).
- If ||z — xo|| = 7, then z belongs to the closure of the open ball B(z, ).
That is, we need to find a sequence of points in B(z, ) that converges to z,
consider the sequence

mn:xo—k(l—%)(x—xo), n > 1.
Then z,, — x as n — oo, and

lon = @oll = (1= 3) o =@ = (1= 3)r <7
Hence xz, € B(xg,r) for all n, and thus x belongs to the closure of B(xg,).

3. Therefore,

(zo,7) C B(xo,1).

4. Conversely, since B(xg,7) C B(zo,7) and B(x,7) is closed, it follows that

B(wo,7) C B(wo, 7).

Combining both inclusions, we obtain

B(zg, 1) = B(xo,7).

Thus, in normed spaces, closed balls are precisely the closures of open

balls. ]
Remark 1.2.2. If the normed vector space (X, | - ||) is finite-dimensional,
then there exists a basis {x1,...,x,} and any x € X can be written uniquely
as

r=ao1r1+ -+ a,r,.
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where the family {x1, ..., x,} are linearly independent.

This identifies X with R™. The map T : X — R"™ defined by

T(oywy + -+ apzy) = (e + ageg + -+ + agey),

where (€;)1<i<n 15 the canonical basis.

The operator T is linear and bijictive. Therefore every finite dimentional
normed space X is isomorphic to R™. Thus, the study of finite-dimensional
normed spaces reduces to the study of norms on R™.

Example 1.2.1 (The ¢P-norms). For p > 1, define

n 1/p
[z = [[(zi)1<i<nll = (21, 20) |, = <Z ’$i|p> :

i=1
Special cases:
e p=2: Buclidean norm,
e p=1: Manhattan (or taxicab) norm,
e p =00 |[(2)]lc0 = max; |z

If 0 < p < 1 and the dimension n > 1, the triangle inequality fails. If
p > 1, the triangle inequality is known as Minkowski’s inequality.

Theorem (Young’s Inequality)

Let z,y > 0and 1 < p < co. Then

P a 1 1
xygx——l—y—, -+ -=1
p q p g

Equality holds iff x? = y9.
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Method 1: Using the exponential function. The exponential function exp(t)
is convex. By Jensen’s inequality, for any u,v € R and A € [0, 1],
exp(Adu+ (1 —A)v) < Xexp(u) + (1 — A) exp(v).
Choose \ = %D and 1 — A = %, which is possible since 110 + é = 1. Now let
u = In(a?), v = In(y?).
Applying Jensen’s inequality gives

exp(Ln(a?) + Ln(y?) < Lexp(in(a?)) + L exp(in(y).

Simplifying each side:
- Left-hand side:

exp(% In(2?) + %ln(yq)> =exp(lnz + Iny) = zy.

- Right-hand side:
Lexp(In(a?)) + Lexp(in(y?)) = La? + Lyo.

Therefore,
ry < — + —.
p 4q
Equality condition: Equality holds in the convexity argument when
u = v, i.e., In(a?) = In(y?), which gives 27 = yq.
The cases where x = 0 or y = 0 are trivial, as both sides equal 0.
Method 2:[variation of a function]

]

Proposition 1.2.2 (different forms of Young’s inequality (and its multi--
variable extension)). For z,y >0

oy < inf{(m)p N (y/e)q}_

e>0 p q

Let p,q,r > 1 satisfy

and let x,y,z > 0. Then

Yz = inf {<5$)p + (5y)q + (%)r} ) (1'1)

e>0, 6>0
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Proposition 1.2.3. Let x,y > 0 and let p > 0. Define
O(e) i=aPe P +yP(1 —e) 1P, 0<e<l.

1. If p> 1, then
(x+y)P = inf D(e),

O<e<1
X

Tr+y

and the infimum is attained at € = (when x +y > 0).

2. If 0 <p <1, then

(z +y)P = sup ®(e),
O<e<1

T
r+vy

Theorem (Holder’s Inequality)

Suppose 1 < p, g < oo with 1—17 + 5 =1. For x = (x;),y = (y;) € F", we

have
n n 1/p n 1/q
Z |lz5y;] < (Z ’$i|p> (Z ’yi‘q> .
i=1 i=1 i=1

Equality holds iff the ratios |z;|P/|y;|? are constant.

and the supremum is attained at € = (when z +y > 0).

If p =2, it called Cauchy-Schwarz inequality.

Proof. Let x = (x;) and y = (y;) be elements of F", and let 1 < p,q < oo
with - +1=1.

If either x = 0 or y = 0, the inequality is trivial. So assume both are
nonzero, and define

] il

ai = 1/p’ bi = 1/q°
(5 sl (5 lwsl)

Then, by construction,

n

Zaf: 1 and ibf: 1.
i=1

i=1
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We will use **Young’s inequality®*, which states that for all nonnegative

real numbers u, v,
uP vl
uw < — + —,
p q
with equality if and only if u? = v9.
Applying this to each pair (a;, b;) gives

aP be
p q

Summing over ¢ yields

ST IPEE IS L o VR S
;azbzﬁp;aszq;bl p+q 1

Returning to x; and y;, we have
n n 1/p n /e o n 1/p n 1/q
Z |lziyi| = (Z |$z‘|p> (Z |yi|q> Zaibz‘ < ( |£Ei|p> (Z Iyi|q> :
i=1 i=1 i=1 i=1 i=1 i=1

Equality condition: Equality in Holder’s inequality occurs precisely when
equality holds in Young’s inequality for every 1, i.e.

al =b] for all .

Equivalently,
|p x|
i = fol’ i = constant.
lyalt D250 [y
.|P
Hence, equality holds if and only if the ratios ||IZ ||q are constant.
Yi
This completes the proof. O

Theorem (Minkowski’s Inequality)

For p > 1 and z = (x;),y = (v;) € F", we have

n 1/p n 1/p n 1/p
(Z |z; + yi|p> < (Z ’$i|p> + <Z |Z/i‘p> .
i=1

i=1 =1
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Proof of Minkowski’s inequality. We give the proof for p > 1. One has

n

DGl + lwl)” =D lwal (il + 1)+ X Lyl (il + [wa)"
=1 =1

=1

n n 1/p n 1/q
Z(|$z| + lwil)? < (Z |$i|p) (Z(|xz| + |yi|)‘J(p_1)>

i=1 i=1
n /p s/ pn 1/q
+ (Z \y¢|p> (Z(I%! + Iyi\)"(’"”) ,
i=1 i=1

n n 1/p n 1/p n -2
> (il +lyi)? < (Zml”) +<Z|yi|”> (Z(WHI%D”) :

=1 =1 i=1

where ¢ =
If

P 1 is the conjugate exponent of p.

n

Z(|$z| + |y:)P =0,

i=1
then all z; and y; are zero, and the inequality is trivial. If

n

>zl + [yl >0,

=1

after simplification we obtain

n 1/p n 1/p n 1/p
(Z |z + yi’p> < (Z |$i’p) + (Z ’Z/i‘p> :
i=1 i=1 i=1

]

The Lebesgue spaces, or LP-spaces
Let X C RY be an open (or measurable) set. For 1 < p < oo and a
measurable function f : X — R (or C), we define the LP-norm as:

1= ([ If(w)|pdw)1/p
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The Lebesgue space LP(X) is defined as:
LP(X):={f: X — R (or C) | f is measurable and || f|, < oo}
If p = 0o, we define the essential supremum:
| flloo :=inf {M >0:|f(z)| < M for almost every z € X'}
The space L>®(X) is:
L®(X):={f: X =R (or C) | f is measurable and || f||lo < o0}
For 1 <p < o0, LP(X) is a vector space over R (or C).

Remark 1.2.3. The spaces (P and LP are normed spaces for 1 < p < oo.

1.2.2 Completeness and Banach Spaces

Let X be a normed space.

1. The sequence (z,) is convergent to z if ||z, — z|| — 0. (x is
the limit of (x,)).

2. The sequence (z,) is convergent absolutely to z if ||z,| —
][

3. The sequence (z,) is a Cauchy sequence if for every ¢ > 0,
there exists N(e) € N such that ||z, — x,| < € for all m,n >
N(e).

We know that every convergent sequence in a normed space is a Cauchy
sequence.

Indeed. Let (z,) be a sequence in a normed space X such that z, — «
for some z € X. We show that (z,) is a Cauchy sequence.

By the definition of convergence, for every € > 0 there exists N € N such
that

€
n>N = ||xn—:1:||<§

Then, for all m,n > N, we have by the triangle inequality

£ g
Im = zull < lom = 2l + llz — ol < S+ 5 ==,
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Hence (x,) is Cauchy.

However, the converse is not always true: a Cauchy sequence does not
necessarily converge in every normed space. A normed space in which ev-
ery Cauchy sequence converges is called a complete space. In other words,
a normed space X is said to be complete if every Cauchy sequence in X
converges to a limit in X.

In the study of normed spaces, one of the most fundamental notions is
that of completeness. In simple terms, completeness means that the space
contains all its limit points with respect to the norm topology. This property
guarantees that Cauchy sequences—sequences whose elements become arbi-
trarily close to each other—actually converge within the space. A complete
normed space is called a Banach space, a concept introduced and developed
by the Polish mathematician Stefan Banach, one of the founders of modern
functional analysis.

A Banach space is a complete normed space.

Example 1.2.2. The spaces (P, LP for1 < p < oo, and C(K) for K compact
are Banach spaces.

Proof. The space (>°(R) is a Banach space. Let (u,),>1 be a Cauchy sequence
in (*°(R) with u, = (uy)n>1. For n € N, we have

|ty — ug| < sup |uy —ug| = [lup — ugllo-
n>1

This implies that, (Ug)n21 is a Cauchy sequence. As R is complete, this
sequence converges and we can write
u, = lim ug.
p—o0
We will show that this sequence (u,,),>1 belongs to the space [*°(R) be-
cause the sequence (u,),>1 converges to (u)n>1.
As (up)p>1 is a Cauchy sequence, hence it is bounded and there exists

M € R* such that
Vp € N, luplloo < M.
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Let n be in N. One has
[un| = lim |ug].
p—00

For each fixed n and p, we have
jup] < ufllee < M

Taking the limit as p — oo , and using the continuity of the absolute value
function,
up| = lim |uy| < M.
pP—00
Since this holds for all n,
sup |u,| < M,

n>1

therefore, (u,),>1 is an element of the space [*°(R).
Consider € > 0. Since (u,) is Cauchy, there is N € N such that

Vp,qg > N, u, — uylleo < e

This implies for all n > 1
|luy — uy| <€

Now, fix p > N and n € N. Taking the limit as ¢ — +o00, we get

|Un — uy| <€

and this holds for all n € N. Thus
v — uplloe = sup |u, —u,| < e
n>1
Hence, u, — u in ¢*°(R). Therefore, /*(R) is complete and thus a Banach
space. O

Let K C R be a compact set. The space C'(K) consists of the continuous
functions f : K — R. Addition and scalar multiplication of functions is
defined pointwise in the usual way: if f,g € C(K) and « € R, then

(f+9)(@) = flx) +9(z),  (af)(@)=af(z).
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The sup-norm or oco-norm of a function f € C'(K) is defined by
[flloe = sup | f(2)].
zeK

Since a continuous function on a compact set attains its maximum and min-
imum value, for f € C(K) we can also write

Il = ma | £ (2]

Example 1.2.3. The space (C([a,b]), || - ||ls) % @ Banach space.

Proof. Let {f,} be a Cauchy sequence in C([a,b],R). This implies that
Ve>03ng>0:Yn>ne,Vp>0 |fu— fotpllee <€

Hence

Vo € [CL, b]vvn Z nOavp Z 0 |fn(x) - fTLer(x)’ < an - fner”OO <€

For all x € [a,b], {f.(z)} is a Cauchy sequence in R. So there exists a limit
denoted f(z) of the sequence {f,(z)}. We must show that f is continuous
and || f(x) — fu(z)|| — 0 when n — oc.

Since ng does not depend on x, so we can take the limit when p — oc.
We have
Vo € [a,b],Yn > ng, |f(z)— fu(z)] <e.

This implies that f, SN f
Thus f is continuous.

Moreover, from the inequality |f,(z) — f(x)| < € for all z and n > N, we
have

[fn = Flloe <€
Hence f,, — f in C([a,b]). Since every Cauchy sequence converges, C([a, b])
is complete and therefore a Banach space. O

Remark 1.2.4. The interval [a,b] can be replaced by any compact subset K
of any topological space. And R can be replaced by any complete metric space.
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Example 1.2.4. Consider K = [a,b] and define another norm on C (|a, b))
by

wma/wmm.

The space C ([a, b]) with the 1-norm || -||1 is a normed space but not a Banach
space.

Define the continuous functions f, : [0,1] — R by

0 if0<z<3,
fa@)=Sn(z-3) ifi<z<i+i
1 if 34+ <z<1

If n > m, we have

142
|m—mm=[ fal@) = funle)| da

2

1/1 1
=3 <E - E) (area of a triangle).

Hence (f,,) is a Cauchy sequence with respect to the 1-norm. We claim that

if || f» — fll1 — 0 where f € C'([0,1]), then f would have to be

1.2.3 Riesz’s characterization of finite-dimensional normed
spaces

We study the properties of finite-dimensional spaces and subspaces. For any
Banach or normed space X, we denote by Bx the closed unit ball in X. The
following theorem, due to F. Riesz characterizes finite-dimensional spaces
among normed linear spaces.
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Theorem (F. Riesz’s Theorem)

Let X be a normed linear space. The following statements are equiv-
alent:

(a) The closed unit ball
By={zeX:|lo] <1}
is compact.
(b) Every closed and bounded subset of X is compact.

(c¢) The space X is finite-dimensional.

To prove this theorem, we will use a simple but important lemma, also
due to F. Riesz, another leading contributor to functional analysis.

Riesz’s lemma says that in any normed space, if you take a proper closed
subspace M, you can find a unit vector that is almost at distance 1 from
every point of M. This result highlights that closed subspaces of infinite-
dimensional spaces are “far apart” in a geometric sense.

Lemma 1.2.1 (Riesz’s Lemma). Let X be a normed linear space and let M
be a proper closed linear subspace of X (i.e., M C X ). Then for each e >0
there exists a point x € X such that ||x|| =1 and d(xz, M) > 1 — €.

Proof. Since M is a proper subspace, there exists o € X \ M. Let d =
d(zo, M) = inf e ||zo—y|| > 0. Choose yo € M such that ||zo—yo|| < d+ed,
and define

Lo~ Y

lzo = oll

Then ||z|| = 1. For any y € M, we have

| = lzo — (yo + llzo — yollv) || . a1
lzo — wol| lzo —wol ~ 1+e

|z —y

Hence d(z, M) > 1 —¢. O

Proof of F. Riesz’s Theorem
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Proof of F. Riesz’s Theorem. It is easy to see that conditions (a) and (b) are
equivalent.

If X is finite-dimensional, then it is topologically isomorphic to (R™, || -
|loo), where it is known that every closed and bounded set is compact; there-
fore, the same property holds for X.

Conversely, suppose that the closed unit ball

B0,1)={x e X :|z|| < 1}

is compact. For € > 0, let ay,...,a,. € B(0,1) be such that

B(0,1) C GB(ai,s),

i=1

that is, the family of balls B(a;, €) covers B(0, 1).
Let M be the finite-dimensional subspace of X generated by {a1, ..., a,_}.
Suppose that M is a proper subspace of X (i.e., M # X). Then, by F.
Riesz’s lemma, there exists x € X such that ||z| =1 and

dlz,M)>1—e¢.

However, since z € B(0,1), there exists some a; such that ||z — ;| < ¢,
which implies
d(xz, M) <e.

This is a contradiction because 1 — e < d(z, M) < e.
Hence, our assumption that M # X is false. Therefore, X = M, and
thus X is finite-dimensional. ]

Proposition 1.2.4. A subspace E of a Banach space X is complete iff E is
closed in X.

Proof. (=) If E is a closed subspace of a complete space X and (z,) is a
Cauchy sequence in F, then (z,) is also a Cauchy sequence in X. Since X
is complete, (x,) converges to some x € X. Because F is closed, we have
x € E, which shows that E is complete.

(<) Conversely, if E is not closed, then there exists a convergent sequence
(z,) in E whose limit z does not belong to E. Since the sequence converges,
it is Cauchy, but it has no limit in E; therefore, E is not complete. O
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1.2.4 Equivalent Norms

Two equivalent norms on the same vector space X are two norms for which
the topologies induced on X are identical. This equivalence of norms on X
translates into the equivalence of the associated distances.

Definition (Equivalent Norms)

Two norms ||-||; and ||-||2 on a vector space X are said to be equivalent
if there exist positive real numbers a,b > 0 such that

allz|l; < ||x||2 < b||lx|1, forall z € X.

Proposition 1.2.5. Let X be a vector space. Then, the following properties
are equivalent:

(i) The norms || - |1 and || - ||2 are equivalent on X;
(ii) The norms || -||1 and || - ||2 generate the same topology on X ;
(7ii) For every sequence (x,) in X, one has

xnwﬂc if and only if x, Wx
‘11 ‘12

On finite-dimensional spaces, all norms are equivalent.

Proof. 1t suffices to consider X = R™ and show that any norm || - || on R" is
equivalent to the norm

2]|o = ;g%};w, = (z1,...,2,).

Let (e, ..., e,) be the standard basis of R”, where e; = (1,0,...,0),...,e, =
(0,...,0,1). For any z € R™ we have the decomposition

n
T = E Tie;,
=1
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hence by the triangle inequality and homogeneity of the norm,

n n n n
loll = 11> wiesll < D laesll < 3 Ja llesl < ( max fail) -l
<i<n
=1 =1 =1 =1
Put
n
Cri=Y el > 0.

=1

Then
]| < C1||7|| s for all z € R™.

This gives the upper bound.
Define the function f : R"™ — Ry by f(z) = ||z||. We claim f is continuous
with respect to the || - ||;-norm. Indeed, for all z,y € R",

[zl = Nyl < llz =yl

(by the reverse triangle inequality), and by the already proved upper bound
applied to x — v,
lz =yl < Cillz = yllo,

SO
[zl = llyll| < Cullz = ylloo-

Hence f is continuous on (R", || - ||o)-
Consider the unit sphere for || - ||,

Spi={r e R": ||z]|o = 1}.

The set S is compact in R™ (Heine-Borel). Since f is continuous, f attains
a minimum on S; let

Cs :=min f(z) = min ||x|.
s = i f(x) = win o]
Note that Cy > 0 because ||z|| = 0 iff x = 0, and no point of S is the zero
vector.
For arbitrary = € R", if = 0 the desired inequality is trivial. If z # 0,

then
T

(1P

€S,
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so by definition of (s,

I
2l

Multiplying both sides by ||x||. gives

2]l = Call oo

J2c.

Combining the two bounds we obtain positive constants Cy, C; such that,
for all x € R™,
Collzlloo < Izl < Chl[ ]|,

which means || - || and || - ||c are equivalent. Since every finite dimensional
vector space is isomorphic to R™, the result follows. O]

Remark 1.2.5. The norms || - ||, are equivalent for every n and for all
1 <p < oo. However, if n is infinite, the norms || - ||, are not equivalent.
Indeed, consider the sequence

-2

in 0% and in (2.
We have

n n 1/2
1 1
ESEDY 7 and [Znll2 = (Z @) :
P P

Then ||x,||l1 — oo while ||z,||s — % Hence, the two norms are not equiv-

alent.

If X is not finite-dimensional, the preceding theorem is false, as shown
by this example.

Example 1.2.5. Let C([0,1]) denote the set of continuous real-valued func-
tions f :[0,1] — R. Then the norms

|fllo = sup |f(x)| (under which C(]0,1]) is a Banach space)
z€[0,1]

and
1
I fllh = / |f(x)|dx  (under which C(]0,1]) is not a Banach space)
0

are not equivalent on C(]0,1]).
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Corollary 1.2.1. Fvery finite dimensional normed vector space is a Banach
space.

1.3 Series in Normed Spaces

Let (X, |- ||) be a normed vector space. If (z,),>1 is a sequence in X,
we say that the formal series

[eS)
>
n=1

is convergent if the sequence of partial sums

N
SN = E Tn
n=1

converges to some point x € X, that is,

N

x—Exn

n=1

— 0 as N — o0.

In this case, we write
o0
T = E Tp-
n=1
If the series

[eS)
> Nl
n=1

converges in R, we say that the series Y~ | x, is absolutely convergent.
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Theorem

Let (X, ]| -||) be a Banach space. Then every absolutely convergent
series in X is convergent in X. Moreover,

oo oo
2_ o) =2 llwall
n=1 n=1

Proof. Let (x,) be a sequence in X such that the series

oo
> llzall
n=1
is convergent. Then, by definition of convergence in R, the sequence of partial

sums
n
sn=_ laull
k=1

is Cauchy.
We now show that the sequence of partial sums

n
Sn: E T
k=1

is Cauchy in X. For p > ¢, we have

P p
1Sy = Sall = [| D @l < D Nl
k=q+1 k=q+1

Since (s,) is Cauchy in R, for every € > 0, there exists NV € N such that

P
|sp = 8¢l = Z |zk|| < e whenever p,q > N.
k=q+1

Hence,
|Sp — Syl <& forall p,g > N.
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Therefore, (S,) is a Cauchy sequence in X. Since X is complete (i.e., a
Banach space), there exists S € X such that

S, — S.

Thus, the series > | x,, converges in X.
Finally, the inequality

0o [e's)
Dol < 2l
n=1 n=1

follows from the triangle inequality applied to the partial sums:

n n
doan| <)l
k=1 k=1

and then passing to the limit as n — oc.

Recall that if a series

[es)
> an
n=1

of real (or complex) numbers converges absolutely, that is, if

o
Z |a,| converges,

n=1

then the original series also converges.

Viewing R (or C) as a normed space, this result is a special case of the
following useful criterion for a normed space to be a Banach space.

A normed space X is a Banach space if and only if the absolute con-
vergence of a series in X implies its convergence.
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1.4 Continuous Linear Operators on Normed
Spaces

1.4.1 Definitions and Properties

We now turn our attention to a new class of normed linear spaces, namely,
spaces of linear mappings.

Definition (Linear Operator)

Let X and Y be real (or complex) linear spaces. A linear map or linear
operator T from X to Y is a function

T: X =Y
such that, for all scalars o, 5 € R (or C) and all z,y € X, we have

T(azx + py) = aT'(z) + BT (y).

We denote by L(X,Y) the set of all linear maps 7': X — Y.

If X and Y are normed spaces, we can define the notion of a bounded
or continuous linear operator. As we shall see, the boundedness of a linear
operator is equivalent to its continuity.

Definition (Bounded Linear Operator)

Let X and Y be two normed linear spaces. We denote both (Xand Y')
norms by || - ||. A linear map 7' : X — Y is said to be bounded if there
exists a constant C' > 0 such that

7)) < Cllefl, Ve e X.

IfT:X — Y is a bounded linear map, we define the operator norm of
T by

T
IT|| =inf{C >0:|T(z)|| < C|z| for all z € X } = sup 7 H(xxH)H
rzeX
x#0

. v

We donete by B(X,Y) (or simply £(X,Y) ) the set of all bounded linear
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maps from X to Y.
If Y =R (or C), then B(X,R) = X* which is called the dual space of X.

Remark 1.4.1. (Equivalent expressions for the operator norm.) For a
bounded linear operator T : X — Y, we have the following equivalent formu-
las for its norm:

||T||:sup{M:xGX,x7é0}

]

L {IT@
- p{ el ||g1}

= sup {[|T(@)[| : [|=[] = 1} .

Proof. Indeed,

T
|T|| = sup 7@l = sup T(—x )H
reX,x#£0 Hl'H zeX, xz#0 ”xH
) x
Setting xg = ﬂ, we see that xy € Sy,
x

where Sy = {x € X : ||z|| = 1} denotes the unit sphere of X. Hence,

1T = sup [[T(zo)]-

:BQESX

as Sy C Bx = {x € X : ||z|| < 1} C X, the same supremum is obtained
over By, so

|T|| = sup || T(z)].
lzll<1
Remark 1.4.2. We can also write
|T|| = sup{ [|T(2)]| : [|z]| <1},

since the supremum of a continuous function over the closed unit ball is the
same as over the open unit ball; that is, Bx = Bx.
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Example 1.4.1 (Norm attained). Let X = ¢* and define T : X — C by

T(x) = Z %, for v = (z,) € /1.

n=1

Then T is a linear operator and

17 = 1.
Indeed, for any x € (1,
T(z)| = ZW < ZT < [lzffer-
n=1 n=1

Hence ||T'|| < 1. But for x =e; = (1,0,0,...), we have
T(el) = 1,
so [|T|| =1 and the norm is attained at e;.

Example 1.4.2 (Norm not attained). Let X = ¢y equipped with the norm
| |loo- Define T : X — C by

Then T is linear, and since

= |Zn|
T(2)] <) 22 < ]l
n=1

we have T € B(X,C) and ||T|| < 1.
On the other hand, for each n > 1, note that

n

1
e1t+ - +eulleo =1 and T(ei+--+e,) = — = 1——. geomertic sequence
2@ 2n
i=1

Hence,
1
1T > 15
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Since n is arbitrary, it follows that |T|| > 1, and therefore ||T|| = 1.
Now let © € ¢y with ||z|| < 1. Then there exists N > 1 such that
|z, < 3 for alln > N. We have

oo

+ > —<1—||T||

i= N+1

Split the series at N to get the estimate
N—

Z 22 Z| 2

=1 =N

Using the trivial bound |x;| <1 for the first finite sum yields

N-1 00

1 1 1 1 1 1 1

i=1

Consequently, |T'(x)| < ||T|| for all z in the unit ball B.,, and hence the norm
of T' is not attained.

Remark 1.4.3. In finite-dimensional normed spaces, every continuous linear
functional T attains its norm, that is, there exists xo with ||zo|| = 1 such that
|T(zo)| = ||T||. However, in infinite-dimensional spaces like co, this property
may fail. Intuitively, the sequence {e; + --- + e,} approaches a point where
the supremum of |T'(z)| would be reached, but this limit vector does not belong
to ¢ (it would be (1,1,1,...), which is not in cy). Thus, the functional T
attains its supremum only “at infinity,” not at any actual element of X.

Proposition 1.4.1. LetT : X — Y be a linear operator between the normed
vector spaces X and Y. Then, the following assertions are equivalent:

1. T s continuous;

2. T is continuous at 0;

3. T is bounded (one may take xo =

0T
Ttk
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Theorem

Let X and Y be normed vector spaces. If Y is a Banach space, then
L(X,Y) equipped with the operator norm

IT|| = sup [[T'(x)]|

flz]|=1

is a Banach space.

Proof. Let (T,,) be an arbitrary Cauchy sequence in £(X,Y’). Then, for every
g > 0, there exists N € N such that

T, — Tl <e, forall myn> N.
Therefore, for all x € X and all m,n > N, we have
(T = To) ()] < T — Ton| || < el ]| (1.2)

Thus, for each fixed x € X, the sequence (7,(z)) in Y is Cauchy. Since Y is
complete, there exists y € Y such that T, (z) — y.
We need to construct a limit of (7,,(z)) define T': X — Y by

T(x) =y = lim T,(z).
n—o0
By construction, T is linear:
T(oxy + Pag) = li_>m T, (axy + Bxs)
~ lim (0T, (@) + BT (a2))
=« lim T, (x1) + B lim T, (x9)
n—oo n—oo

= aT(xq) + BT (x2).

Next, for every x € X, we have

m— 00

_ ‘ (1.2)
ITu() = T@)ll = | Tulw) = Tim Touf)| = Tim [ Tu(@) = Tu(@)| < ez
This implies that |7, — T'|| < e (is bounded ) .Since T,, € L(X,Y) = T =
T,,—(T,,—T),therefore Tis bounded, hence (T,,) converges to T in the operator

norm.
Therefore, L(X,Y) (or B(X,Y)) is complete, i.e., a Banach space. ]
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Remark 1.4.4. The converse is true. Indeed, suppose that L(X,Y) is com-
plete, and let (y,) be a Cauchy sequence in'Y .

Select a vector xy € X with ||zo|| = 1; then there exists x* € X* such that
(xg,2*) = 1.

Define, for each n, the operator T,, € L(X,Y) by

To(zo) = (xy, ") Yn, e X.

We then have

1T = Toll < ll2"[[ g = yml-

Consequently, (T,,) is a Cauchy sequence in L(X,Y’) and therefore has a limit
T e L(X,)Y).

Finally,

[yn = T(@o)|| = [[Tn(x0) = T(x0)[| — 0 asn = o0,

whence lim y, = T'(z) €Y.

n—oo
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1.4.2 Normed Dual Space

Definition (Normed Dual Space)

Let X be a normed space. A bounded linear functional on X is a linear
map

f:X>K (K=RorC)

such that there exists a constant C' > 0 with
|f(z)] < Cllz| forall z € X.

The smallest such constant is called the norm of f and is given by

11 = sup 2O o 1 5@) = sup [£(@)] = sup 1F(@)]

w0 2] =1 Izl <1 lzl|<1

The set of all bounded linear functionals on X is denoted by X* and
is called the normed dual space (or topological dual) of X. Equipped
with the norm || - ||, the space X* is always a Banach space.

For each z* € X* and x € X, the value of 2* at = is written as

w*(x) = (=, 2),

where (-, -) denotes the duality pairing between X* and X.

Let T € B(X,Y).

(1) We say that T is

(a) an isometry if ||T(x)|| = ||z| for all z € X

(b) an isometric isomorphism if T is a linear isometry which is
also a surjection;

(c) an isomorphic isomorphism if both T and T~! are bounded.

(2) We say that X is embeddable in Y if it is isomorphic to a subspace
of Y.
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Theorem (Finite dimension)

Let X,Y be normed spaces and suppose that dim X = n < oo. Then
every linear operator T': X — Y is bounded.

Proof. Let (eq,...,e,) be a basis for X, and let € X be arbitrary. We can

write .
i=1
Then
|Tz|| =

D BT(e)|| <D IBIIT el <O 18,
=1 =1 =1

where C' = max{||T'(e;)|| : 1 =1,...,n}.
Since all norms are equivalent in finite-dimensional spaces, there exists a
constant a > 0 such that .
D 1Bl < allzll.
i=1

It follows that
|Tz| < Callz].

Hence T is bounded. O

1.4.3 Adjoint operator

The word adjoint has a number of related meanings. In linear analysis, it
refers to the conjugate transpose and is most commonly denoted T™.

Let X, Y be two Banach spaces and T be a bounded operator from
X into Y. The adjoint (or dual or transpose) of T, noted T™, is the
bounded operator from Y* to X* such that

T (y*)(z) = (I (y"), ) = (y", T'(x)).

Theorem 1.4.1. Let X, Y be two Banach spaces. The map from B(X,Y)
into B(Y™, X*) which associates to T its adjoint T* is an isometry (i.e.,
T = 71| for all T € B(X,Y)).
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Proof. 1t is clear that the application T is linear. We have
1T = sup 1T ()]

= sup sup |[(T'(z),y")|
ll|=1 |y ||=1

= sup sup |<$7T*(y*)>|
llzll=1 [ly*[l=1

= sup sup |<x,T*(y*))|
ly*I=1][=]=1

= sup [[T*(y")[l = IT"]-

ly*(l=1
This ends the proof. O]

Proposition 1.4.2. Let X, Y, and Z be three Banach spaces, and let T, S €
B(X,Y) and R € B(Z,X). Then:

(a) (T+S)*=T*+S" and (T o R)* = R*oT*.

(b) If T : X =Y is a topological isomorphism, then T* : Y* — X* is also a
topological isomorphism, and in fact

(T*>—1 — (Tﬁl)*.
(¢c) If T : X =Y is an isometric isomorphism, then T : Y* — X* is also
an isometric isomorphism.

Quotient Space

This construction allows us to obtain new spaces from given ones. The quo-
tient topology consists of all sets whose preimage under the canonical projec-
tion is open. The canonical projection maps each element to its equivalence
class.

Proposition 1.4.3. Let X be a Banach space and let M be a closed linear
subspace of X. Then M is a Banach space.

Proof. This is an immediate consequence of the elementary fact that a closed
subspace of a complete metric space is complete. O]

We also have the following easy proposition.
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Proposition 1.4.4. Let X be a normed linear space and let M be a linear
subspace of X. Then M, equipped with the restriction of the norm of X, is
also a normed linear space.

Definition (Quotient Space)

Let X be a vector space and let M be a linear subspace of X. The
quotient space X /M is defined as the linear space of cosets

r+M={x+m:me M},

with the algebraic operations

(+M)+(y+M)=(r+y)+M, forallz,ye X,
and

AMr+M)=Az)+ M, forallze X, A €R (or C).
The coset 0+ M serves as the zero vector of X/M and is simply denoted
by 0.
It is straightforward to verify that all the axioms of a vector space are
satisfied.

Now, suppose that X is a normed linear space. We equip the quotient
space X/M with the quotient norm defined by

o+ Mllxpr =d(O.2+ ) = inf [yl = in o+ m].

We call || - || x/a the quotient norm on the space X/M that is induced by
the norm || - || on X. We now verify this property.

Proposition 1.4.5. T'D The space
(X/M - lxmr)
is a normed space if and only if M is a closed linear subspace of X.

Proof. 1t is straightforward to verify the properties of homogeneity and the
triangle inequality:.
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(1) For any A € K (where K=R or C) and = € X, we have

. . 1 .
el = inf [Aetml| = inf [A@+im)l| = N it la-+ml] = 7] fl2]x

(2) Forall z,y € X and for any my, my € M, we have
1@ 4 y) + (ma + mo)|| < [l +mall + [ly + ma.
Taking the infimum over all my, ms € M, we obtain

2+ yllxmr < 2l x/ar + lyllx/as-

(3) We now show that ||| x/n = 0 if and only if x € M.
(=) Assume M is closed. Then the set z + M is also closed, and

|zl|lxm =0 <= d(0,2+M)=0 <= 0z +M < xec M.

(f) Conversely, suppose that M is not closed. Then there exists some
x € M\ M. For such x, we have

lzllxpr = inf |lz —m| =0 but ¢ M,

which means that | - || x/a is not a true norm (it is only a seminorm).
Hence, the quotient space (X/M, || - ||x/n) is a normed space if and only
if M is closed. L

Let X be a Banach space and let M be a closed linear subspace of X.
Then the quotient space X/M is a Banach space.

Proof. Let {x,, + M} be a Cauchy sequence in X/M. Then for each positive
integer k, there exists an integer n; such that

1
|(Xm + M) = (2, + M)||x/m < o for all m,n > n.

We may also assume that n; <ng <mng <---.
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Consider the subsequence {x,, + M}. By construction,

1

“(Ink + M) - (‘r”kﬂ + M)HX/M < @

By the definition of the quotient norm, for each k we can choose y;, € z,,, +M
such that

1
||yk - yk+1|| < 2_1:

It follows that {yx} is a Cauchy sequence in X. Since X is Banach, there
exists y € X such that y, — y in X.

Now, for each k, we have
[ (@, + M) = (y+M) | x/0 = [[(yst-M)—(y+M)|[x/m < llye—yl = 0 as k — oo.

Hence, the subsequence {z,, + M} converges to y + M in X /M.

Since every Cauchy sequence in a metric space that has a convergent
subsequence with the same limit is itself convergent, the whole sequence
{z, + M} converges to y + M in X/M.

Therefore, X/M is complete, and thus a Banach space. O

The quotient map
q: X — X/M, r— q(z) =x+ M,

is a bounded linear operator with [|¢|| < 1. Moreover, ¢ is surjective
and open.

\.

Proof. 1t is clear that ¢ is linear and surjective by definition. Let us show
that ¢ is bounded. For any x € X, we have

la@llxm = llz+ Mllxpn = inf o +m] < 2],

hence ||q|| < 1.

To prove that ¢ is open, let U C X be an open set, and let £ € ¢(U).
Then there exists x € U such that £ = ¢(x) = x+ M. Since U is open, there
exists € > 0 such that the open ball B(z,¢) C U. We claim that

B(€,¢e) C q(U).
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Indeed, if n € B(,¢), then by definition of the quotient norm, there
exists y € x + M such that

17— qW)llx/m < e

This means there exists m € M with ||[(y—m)—z| < ¢e,soy—m € B(z,¢) C
U, and hence n = q(y — m) € q(U).

Therefore, ¢(U) contains an open ball around each of its points, so it is
open. Thus, ¢ is an open mapping. ]

1.5 Hilbert Spaces

1.5.1 Hilbert Spaces

Let H be a complex vector space.

Definition (Inner Product)

A Hermitian inner product on H is a function
(w):HxH—=C

such that for all z,y,2 € H and all a,b € C, the following properties
hold:

1.
(ax + vy, z) = a(z, z) + (y, z). (linearity)
2.
(x,y) = (y, x). (hermitian symmetry)
3.

(x,x) >0, and (x,z) =0 if and only if z = 0.(positivede finite)

Combining properties (1) and (2), we see that for fixed z € H, the map
x— (z,7)
is anti-linear (or conjugate-linear), for fixed z € H that is,

(z,ar +by) = a(z,x) +b{z y).
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If H is real, then (-, -) is bilinear. If H is complex, then (-,-) is said to be
sesquilinear.

We often use the notation ||z||?> = (z,z). Then, for all z,y € H, we have

lz £ ylI* = (v —y, 2 —y)
= llzll* + llyll* = {2, y) £ (y,2)
= [zl + llyl* £ 2 Re (2, y).

A linear space equipped with a Hermitian inner product is called a
Hermitian inner product space or a pre-Hilbert space.

Theorem (Schwarz—Bunyakovskii—Cauchy Inequality)

Let (H,(-,-)) be a pre-Hilbert space. Then, for all x,y € H, we have

[z 9)| < Nzl lyll,

and equality holds if and only if x and y are linearly dependent.

Proof. 1f y = 0, the result holds trivially.

So assume that y # 0.
If x = Ay for some A € C, then

(z,y) = My, y) = Myll*,

and hence
[z, )] = Ayl = Nz [yl

Moreover, in this case we have

(z,9)
lyll?

A\ =

Now suppose x € H is arbitrary. Define

(z,y)

2= = ==Y
Iyl
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Then ||z]|> > 0, we compute:

0§H4F=<x Cawyx <%wy>

TR P
ol - 21 () ) + el e
el
=l = T

Hence,
]*[ly1I* = [{z, y)I* = 0,
which gives
[z, )| < ]l lyll-

Equality holds if and only if z = 0, that is,

(z, y)
T =T,
lyll?
which means that = and y are linearly dependent. ]

Corollary 1.5.1. Let (H,(-,-)) be an inner product space, and define

|z|| == /(x,z), z¢€H.

Then || - || is a norm on H.

Proof. We only need to verify the triangle inequality. For all z,y € H, we
have

|z +yl|> = (z +y, 2+ )
= ||lzlI” + lylI* + 2 Re (z,y)
< lz|I* + [lyl* +2|z|| ly]| (by the Cauchy-Schwarz inequality)
= ([|l[| + llyl)*.

Taking square roots on both sides gives
2+ yll < [l + Iyl

which is the triangle inequality. Hence || - || is a norm on H. O
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Definition (Orthogonality)

Let (H,{(-,-)) be an inner product space.

1. Two elements x,y € H are said to be orthogonal, and we write
x Ly, if and only if

(x,y) = 0.

2. More generally, if A C H is a set, we say that © € H is orthogonal
to A, and write x 1 A, if and only if

(x,y) =0 forallye A
The set of all vectors orthogonal to A is denoted by
At ={zecH:x LA}
3. A subset S C H is said to be orthogonal if

x Ly for all distinct z,y € S.

4. If, in addition, ||z|| =1 for all z € S, then S is called orthonor-
mal.

Note also that if S is orthogonal, then

{i:xes\{()}}

]

is orthonormal.

Proposition 1.5.1. Let (H,(-,-)) be an inner product space. Then:
1. (Parallelogram Law) For all x,y € H, we have

2+ ylI* + [lz = ylI* = 2l + ly]1?).
2. (Pythagorean Theorem) If S C H is a finite orthogonal set, then

2
>l =2 llall”
zeSs

zeSs
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3. If A C H is a set, then A+ is a closed linear subspace of H.
Proof. (1) We compute:

lz +yll* + llz = yllI* = (= +y, 2 + ) + (2 —y, 2 —y) = 2l|=[* + 2[|y|>

(2) Let S be a finite orthogonal set. Then

Zx

€S

(e - e e = Sl

€S yeSs €S yeSs €S €S

since (x,y) = 0 whenever = # y.
(3) The result follows from the continuity of the inner product and the fact
that
A = (at = (ker((a)),
x€A x€A

where each ker((-,z)) = {y € H : (y,z) = 0} is a closed subspace of H.
Hence, A* is a closed linear subspace. [

A Hilbert space is a complete pre-Hilbert space (H, (-, -)).

Example 1.5.1. Let (X, M, i) be a measure space. Then H := L*(X, M, i)
endowed with the inner product

<ﬁm=AﬂmHwa

is a Hilbert space.

We now state the most important theorem in Hilbert space theory.



52 CHAPTER 1. NORMED VECTOR SPACES

Theorem (Projection Theorem)

Let H be a Hilbert space and K a closed subspace of H.

(i) For each x € H, there exists a unique yo € K such that

—yo|l = d(z, K) = mi —yl.
e = oll = d(e, &) = min 2 — o]
(ii) The element yo € K satisfies
Iz = yoll = min |l —y|

if and only if o € K and (x — y9) € K+, where K+ denotes the
orthogonal complement of K in H.

The element yq is called the orthogonal projection of x onto K.

Proof. (i) We have d(z,y) > 0 for every y € K, thus d(z, K) exists because
it is the infimum of a nonempty subset of R bounded below by 0. Let
e = d(z, K). By definition of the infimum, there exists a sequence (z,)nen
in K such that for all n € N,

1
dz, K) < ||z — || < d(z,K) + -

We now show that (z,,) is a Cauchy sequence.

For p,q € N, we use the parallelogram identity:
2(|lx — zp)1* + |z — 2q*) = Iz — ) — (2 = 2)[I* + (& — @) + (2 — 2)|I”
2

_ uxp—xq\|2+4Hx— ]

Hence,
2
T, +a
||xp—xq||2:2(||x—xp||2+||x—xq||2)—4Hx——p q

Since 212 € K (because K is a subspace), we have

Hx—w >d(z,K) =e.
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Therefore,
lzp—2q]1* < 2([le—p|I*+l|lo—2q*) —4e® = 2((lo—2,||*~&*) +(lz—z4]*~£7)).

As ||z — z,]|* — €2, for every § > 0 there exists ng such that for all p,q > ny,
52 52
L I
Thus,
|z, — 4] < 6%, hence ||z, —z, <§.
So (z,) is a Cauchy sequence in K. Since H is complete and K is closed,
there exists yy € K such that z, — yo. By continuity of the norm,

e~ woll = lim |l — ]| = d(a, ).

Uniqueness. Let 1,y; € K be such that
Iz = woll = llz — il = d(, K).

Consider the sequence

Yo, if m is even,
Ty =
y1, if nis odd.

The same argument as above shows that (z,,) must converge in K to some
limit y € K. But since the sequence alternates between two points, we must
have 39 = y;. Hence, the projection is unique.

(ii) We first show that if y, is a minimizing vector, then x — yo must be
orthogonal to K.

Suppose, to the contrary, that there exists an element m € K which is
not orthogonal to the error x —y,. Without loss of generality, we may assume
that ||m|| =1 and that

<I—y0,m) :5%0
Define the vector m; € K by

my = yo + Bm.
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Then
lz = ma* = [lz — yo — Bm]”
= llz = woll* = (& — o, Bm) — (Bm, x — yo) + |B]*||ml*
= llz = woll* = 2R(B(x — yo,m)) + |B[".
Since (z — yo,m) = S and ||m|| = 1, we have
[

|l = ma||* = llz = yol* = 18] < llz — %o

This contradicts the minimality of yy. Hence, x — 3, must be orthogonal to
K.

Conversely, assume that x — yo L K. For any m € K, we have

[ —m|* = [l — yo + yo — m|?
= Jlz = woll® + llyo — ml* + 2R(z — yo, yo — m).
Since x — yg L K and yo — m € K, we have (x — yo,yo — m) = 0. Thus,
lz = m|[* = llz = gol* + llyo — ml* > |z — wol|*,

with equality if and only if m = y,.
Therefore, yq is the unique element in K minimizing ||z — y||.
[

Corollary 1.5.2. Let H be a Hilbert space and K a closed subspace of H.
For each x € H let pi(z) € K be the (unique) element characterized by

| = pr(z)|| = min{|lz -yl -y € K}.
Then the map px : H — K (the orthogonal projection onto K ) satisfies:
1. pk is linear, continuous, ||pk| =1, and pk|x = ldk.
2. x € K if and only if px(x) = .

3. K® K+ =H (every x € H decomposes uniquely as an element of K
plus an element of K+).

4. If v = 21 + 29 with 1 € K and x5 € K+, then pg(x) = 1.

5. v € K+ if and only if px(x) = 0.
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1.5.2 Characterization of Hilbert Spaces
Dual of Hilbert Spaces

Let H be a Hilbert space. For each x € H, we define a linear functional
v, H—>K

by
0 (y) = (y,z), forallye H.

Proposition 1.5.2. Consider ¢, as defined above.
(i) The linear form ¢, is continuous and satisfies ||¢.| = ||z||-

(i) The mapping
o:H— H", T Py

is an antilinear isometry (linear isometry if K =R ).

Proof. (i) For all y € H, by the Cauchy—Schwarz inequality, we have
lea(W) = [y, 2)| < [l ]} [yl
This shows that ¢, € H* and ||¢.|| < ||z||. On the other hand,
|0a(2)] = [z, 2)| = [l
which implies ||| > ||z||. Therefore, ||p.|| = ||z
(ii) We verify that for all zy, 29,2 € H and X\ € K,
Portas = Por + Poay Pro = AP

Hence, ® is antilinear. By (i), it is an isometry. l

The Hilbert Space Representation Theorem

At least two theorems are usually referred to as the Riesz representation
theorem:

e The Riesz—Markov representation theorem relates linear func-
tionals on spaces of continuous functions on a locally compact space to
measures in measure theory.
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e The Fréchet—Riesz representation theorem, which concerns con-
tinuous linear forms on a Hilbert space.

This latter theorem establishes an important connection between a Hilbert
space H and its continuous dual space H* (the space of all continuous linear
functionals from H into the field K = R or C). If the field is R, the two
spaces are isometrically isomorphic; if the field is C, they are isometrically
anti-isomorphic.

Theorem (Riesz’s Theorem)

Let H be a Hilbert space. The antilinear isometry ® : H — H* defined
by ®(z) = ¢, is bijective.

Proof. 1t suffices to prove that ® is surjective.

If dim(H) is finite, then ® is surjective because
dim(H) = dim(H™).
If dim(H) is infinite, let f € H* and set
M =Yer(f) = {y € H: f(y) = 0}.

o If ker(f) = {0}, then f =0, hence f = yy.

o Ifker(f) # {0}, then by the orthogonal decomposition theorem Corollary1.5.2,
we have
H=MaoM™, and  dim(M*) = 1.

Let z € M+ \ {0}. Then M+ = Span{z}.
For any = € M+, define

@)
)
We have
flw) = f@)— 10 gy =0,




1.5. HILBERT SPACES 57

sow € M. But w € M+ as well, hence w = 0, and consequently

_ f(=@)
EN
Now, let
x—%zeMl\{O}.
We will show that ¢, = f.
First, observe that
f(z) /(=)

Now, for any y € H, set
fw)

]

Then f(w) =0, so w € M, and therefore w L z. It follows that

(0) = (= w,) = 0 00) = £l0)

x.

Hence ¢, (y) = f(y) for all y € H, i.e.
=

Thus, every f € H* is of the form ¢, for some x € H, so ® is surjective.
O

Hilbertian Bases, Bessel’s Inequality, and Parseval’s Equality

Friedrich Wilhelm Bessel developed the special functions that bear his name.
The following inequality is one of the fundamental results in the theory of
Hilbert spaces.

Theorem (Bessel’s Inequality)

Let H be a Hilbert space, and let (e, ),eny be an orthonormal sequence
in H. Then, for every x € H, the series with general term |{x,e,)|? is
convergent, and we have

Dz en)l® < .

neN
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Proof. Let (e,)neny be an orthonormal sequence in H, and let z € H. For
each n € N, consider the vector

n

T — Z(m,ek>ek.

k=0
Since the norm is nonnegative, we have

n

T — Z(w, ek)€Erk

k=0

0<

Expanding this expression using the inner product, we get

2

n n n

- Z(x, eryer|| = <:U — Z<:l?, ex)er, T — Z(ﬂf, €j>€j>
= (z,7) — Z@a ei)es, ) = Y (w,en)(w en) + Y (@ ex)len, ex)len, )

n
= Jlzl® = > [, en) .
k=0

n

T — Z(x,ek>ek

k=0

0<

2 n
= Jll® =) e en)l.
k=0

Since the left-hand side is nonnegative, it follows that

> [aer)? < |lzf* forall n € N.
k=0

Therefore, the sequence of partial sums S, = >, [{z,ex)|* is increasing
and bounded above by ||z||?, hence convergent.

Thus,
>z, en)? <l

neN

which proves the result. O
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Definition (Basis)

Let H be a Hilbert space. A family (e;);es is called a basis of H if it
satisfies the following properties:

(a) Orthogonality: for all i # j in I, we have (e;, e;) = 0;
(b) Normalization: for all ¢ € I, we have ||¢;|| = 1;

(c) Totality: the closed linear span of {¢; : i € I} is the whole space,
that is,
H =span{e; :i € I}.

A family (e;);e; satisfying these conditions is called an orthonormal
basis (or Hilbertian basis) of H.

Proposition 1.5.3. Every Hilbert space admits an orthonormal basis.

This means that there exists an orthonormal family (e;);e; in H such that
every vector x € H can be written uniquely as

x = Z(x,ei)ei,

el
where the series converges in the norm of H.

Proof. Let B = (e;)ic; be an orthonormal set in H. If B is not a basis, let
V be the closure of the linear span of B, that is, the closure (with respect to

the norm of H) of the set of finite linear combinations of elements of B.
Choose z € V* with = # 0, and set

By = BU {i}
]|

Then By is an orthonormal set that strictly contains B.

It is easy to verify that the union of an increasing family of orthonormal
sets is itself orthonormal. Hence, by Zorn’s lemma, there exists a maximal
orthonormal set By in H.

If B,.x were not a basis, then there would exist a nonzero vector z €

(span Buax)®. But then
]l
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would be a strictly larger orthonormal set, contradicting maximality. There-
fore, Buax is an orthonormal basis of H. [l

Remark 1.5.1. A Hilbert space that possesses a countable Hilbertian basis
is clearly separable, since the linear span of the basis vectors is dense and
generated by countably many elements.

For the converse we have the following

If a Hilbert space is separable, then it possesses a countable Hilbertian
basis.

Proof. Let H be a separable Hilbert space, and let ( f,,)nen be a total sequence
in H. We shall construct from this sequence a Hilbert basis.

First, remove inductively any f; that is a linear combination of its pre-
decessors. We may therefore assume that the sequence (f,)nen is linearly
independent.

To orthogonalize this sequence, we proceed recursively using the Gram-—
Schmidt process. Define a new sequence (ey,)nen by

el:fh 62:f2_PF1(f2)7 sy en:fn_PFnA(fn)v

where F), denotes the subspace of H generated by the first n vectors fi, fo, ..., fa,
and Pp, , is the orthogonal projection onto F;,_;.

By construction, the sequence (e,),en consists of pairwise orthogonal
vectors, and for each integer n, the subspace generated by {ej,es,...,e,}
coincides with F,,. Hence, (e,)nen is total in H.

Finally, by normalizing each vector, that is, setting

we obtain an orthonormal sequence (u,)nen Which is total in H. Therefore,
(un)nen is a Hilbertian (orthonormal) basis of H. O
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Theorem (Characterization of Hilbert Bases)

Let H be a Hilbert space, and let (e;);e; be an orthonormal family in
H. Then the following assertions are equivalent:

(1) If (z,e;) =0 for all i € I, then x = 0.
(2) For all x € H, we have Parseval’s equality:
> =D [, e
i€l

(3) Every element € H can be written as

x = Z<$,€i>€i,

iel

where the series is Cauchy and hence convergent in H.

Proof. When (1) holds, we say that the orthonormal set is complete. As-
sertion (2) is known as Parseval’s identity. In (3), the convergence is with
respect to the norm of H, and implies that only countably many terms on
the right-hand side are nonzero.

First, we show that (1) = (3). Let x € H. By Bessel’s inequality, there
can be at most countably many indices i such that [{x, e;)|> # 0. Let (e,)nen
be an enumeration of these. Then, by Bessel’s inequality, the series

>l en)l?

converges. Since (e;) is orthonormal, we have

n

Z(:c,el)ei

i=m

2 n
= Z|(x,ei)|2 —0 asm,n — oo.
i=m

Thus, the sequence of partial sums is Cauchy, and hence convergent. Let

o
z = Z(x, ei)e;.
=1

(2
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Then
(z —x,e;) =0 for each i.
By (1), this implies z — 2 = 0, that is, z = z.
Next, we show that (3) = (2). Indeed, for every z € H,

n 2

Z(x, ei)e;

i=1

— 0,

n
]2 = 3" e e = a|®
=1

as n — 0o, proving Parseval’s equality.

Finally, (2) = (1) is clear, since if (z,e;) = 0 for all 4, then [|z]|*> = 0,
hence z = 0. U

Corollary 1.5.3. Any separable Hilbert space H of infinite dimension is
isometrically isomorphic to (*(N,T).

Proposition 1.5.4 (Pythagoras’ Theorem). Let (z,)nen be an orthogonal
sequence in a Hilbert space H. Then the following properties are equivalent:

(1) The numerical series Z llznl|* converges in R.
neN

(2) The series Z x, converges in H.

neN

In this case, we have

2
Dl =2 lleall

neN neN

Proof. For all m < n in N, we have

n 2 n
ool = D il

1=m-+1 1=m+1

since the sequence (z,,) is orthogonal.
This shows that (3 ;" x;), .y is a Cauchy sequence in H if and only if
(>0 lzill*),,en is a Cauchy sequence in R.
As both H and R are complete, the conditions (1) and (2) are equivalent.
Moreover, under either hypothesis, letting n — oo yields the equality

2
an :ZHanZ O

neN neN
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1.5.3 Operators on Hilbert Spaces
Let H and K be Hilbert spaces.

Theorem

Let H be a Hilbert space, and let T' : H — H be a bounded linear
operator. Recall that

17} = sup{|[T'(2) ]| - [l=]] = 1}.

Then,
17| = sup{(T(z), »)| : =]l = llyll = 1}.

Proof. By definition,

17|} = sup [[T(z)]| = sup sup |(T'(x),y)l.
Jall=1 Jall=1 flyl=1

Hence,

1T = sup  KT(x)y)l,
Jall=llyll=1

which proves the result. ]

Theorem

There exists a unique linear operator 7% : H — H such that the
following properties hold:

(a) (T'(z),y) = (x, T*(y)) for all x,y € H;
(b) T[] = [I7™]];
() () =T.

The continuous linear operator 7™ is called the adjoint of T

Proof. (a) For each fixed y € H, the map

z— (T(x),y)



64 CHAPTER 1. NORMED VECTOR SPACES
is a continuous linear functional on H. By the Riesz representation theorem,
there exists a unique element 7*(y) € H such that

(T(x),y) = (x,T*(y)) forallze H.

(b) To prove ||T'|| = ||T™||, observe that

17l = sup !<T(:v)7y>!=‘ sup (2, T ()| = IT7]]-

lzll=llyll=1 lzll=llyll=1
(c) Finally, we verify that (77%)* = T". Indeed, for all z,y € H,
(z,(T)"(y) = (T"(y), z) = (y, T(x)) = (x, T(y)),
hence (T*)* =T. O

Proposition 1.5.5. Let H, K, and L be Hilbert spaces, and let T € B(H, K)
and S € B(K,L). Then:

(a) (SoT)*=T*o0S*,
(b) |IT*T|| = || T]>.
Proof. (a) For all x € L and y € H, we have
(SoT)(y),x) =(T(y),5"(x)) = (y, T7(5"(x))) = (y, (T" 0 57)(x)).
Hence, by uniqueness of the adjoint,

(SoT)" =T"0S".

(b) Let x € H with ||z|| = 1. By the Cauchy-Schwarz inequality,
IT(@)I* = (T(x), T(2)) = (T"T(x),2) < |T*T| |=]|* = |T"T|.
Taking the supremum over all unit vectors € H, we obtain
I711* < |77
Conversely, since ||[T*|| = || T||, we have
17Tl < 17T = IT)*

Therefore,
7T = || T
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1.6 Compact Operators

In this section, we suppose that H is a separable Hilbert space. Let
B=B(0,1)=By={r e H:|z|| <1}

be the closed unit ball of H. We start by recalling some properties concerning
compact spaces.

Definition (Borel-Lebesgue)

A subspace A of a Hausdorff topological space X is said to be compact
if and only if every open cover of A by open sets in X has a finite
subcover.

This is a topological property of finiteness.

Theorem (Bolzano—Weierstrass)

A subset A of a metric space is compact if and only if every sequence
in A has a convergent subsequence.

Theorem

The following properties are verified:

1. Every closed subset A of a compact space X is compact.
2. Every compact subset A of a Hausdorff space is closed.
3. Any finite union of compact subsets of a space X is also compact.

4. Tychonoff’s theorem: The product of any collection of com-
pact topological spaces is compact with respect to the product
topology.

\. J

After this reminder, we now give the definition of a compact operator
between Hilbert spaces.
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An operator T': H — H is said to be compact if T(B) is compact in
H
We denote by K(H) the set of all compact operators T': H — H.

Proposition 1.6.1. The following properties are equivalent for a linear op-
erator T : H — H:

(a) The operator T is compact.

(b) Every bounded sequence (x,)nen in H has a subsequence (T, )ren Such
that (T'(xy, ))ken converges in H.

(c) Every sequence (x,)nen in the closed unit ball By has a subsequence
(@, Jken such that (T'(zy,,))ken converges in H.

Proof. (a) = (b). Suppose that T"is compact and let (z,), be a bounded
sequence in H. Then (z,), is contained in a (closed) ball B(0,r). We have
B(0,r) = rB, and hence

T(B(0,7)) =rT(B).

Since the map x — 7z is a homeomorphism on H, it follows that T'(B(0,r))
is compact. Thus, the sequence (T'(z,)), has a convergent subsequence. This
proves that (a) implies (b).

(b) = (c). This is obvious.

(c) = (a). Let (y,)n be a sequence in T'(B). For each n, there exists
x, € B such that

lyn — T(x,)]] < (because y,, € T(B)).

S|

By hypothesis, the sequence (), has a subsequence (z,, ), such that (T'(x,, ))x
is convergent to some y € H, and since the limit of 7'(B) is contained in T'( B),
we have y € T(B).

Moreover,

1
1Y = Tan )| < - — 0,
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so the subsequence (y,, ) also converges to y. Thus every sequence in T'(B)
has a convergent subsequence, which shows that 7'(B) is compact. Hence T
is a compact operator.

[]

Remark 1.6.1. Let H be a Hilbert space.

1.

LetT € K(H). ThenT is continuous (i.e., T € B(H)). Indeed, T(By)
being compact and bounded implies that T € B(H).

Suppose that T € B(H) is of finite rank, i.e., the image T(H) of T
is finite-dimensional. Then T € KC(H). Indeed, since T(H) is finite-
dimensional, it is closed in H. Therefore, T(By) is bounded and closed
in a finite-dimensional space, hence compact.

The operator Idy is compact if and only if H is finite-dimensional (de
Riesz’s theorem).

K(H) is a subspace of B(H).

For allT € K(H) and S € B(H), we have T oS € K(H) and SoT €
K(H).

If H is infinite-dimensional and T € K(H), then T is not invertible.
Suppose T is invertible. Then, the identity operator Idg =TT would
be compact. Since H is infinite-dimensional, this contradicts Riesz’s
theorem.

If T is compact, then Im(T) is separable. Indeed, since T is compact,
the sets R, = T(B(0,n)) are relatively compact and hence separable.
As Im(T') = U,—, Ry, it is a countable union of separable sets, and
thus separable.

Example 1.6.1. Consider the linear operator Ty : £> — (% defined by

Ty(z) = (x1,29,...,2x5,0,0,...).

Then Ty is compact. Indeed, Ty is of finite rank (its image is at most
N-dimensional), and any finite-rank operator on a Hilbert space is compact.
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Chapter 2

Baire’s Theorem and their
consequences

2.1 Baire’s Theorem

Exercise 2.1.1. Give an example of a Banach space X and of two (non-
closed) sets A and B such that Int(AU B) # &, but Int(A) = Int(B) = @.

Consider the Banach space X = R with the usual norm. Define

e Both A and B are not closed, since QQ is dense in R but does not contain
all its limit points.

o The interior of each set is empty:
Int(A) = Int(B) = @,
AUB = (@Qn[0,1])u (R\ Q) N[0,1]) = [0,1].
Int(AU B) = Int([0,1]) = (0,1) # @.
Hence, this provides the requested example.

Exercise 2.1.2. Let (X,d) be a complete metric space and A C X. Show
that the following properties are equivalent:

A is dense in X;

69
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Int(X \ A) =o2.
Indeed,
o Aisdense in X iff ANU # @ for every nonempty open set U;
o this is equivalent to U ¢ X \ A for every nonempty open U,
 equivalently Int(X \ A) = @.
So (i) and (ii) are equivalent.

Lemma 2.1.1 (Cantor’s lemma). Let (X, d) be a complete metric space and
(Fn)n>1 a decreasing sequence of nonempty closed subsets of X such that

lim diam(F},) = 0.

n—oo

Then the intersection (., F,, consists of exactly one point.

Proof. For each n, choose a point z, € F,. The sequence (z,),>1 so con-
structed is Cauchy, because

diam(F,) —» 0.

Since X is complete, the sequence (x,) converges to some point a € X.
For every n, all points x,, with m > n lie in F,,. As each F,, is closed, it
contains the limit of the sequence (2,,,)m>n; hence a € F,, for all n. Therefore,

a € ﬂFn

The hypothesis on the diameters of the sets F}, implies that the intersec-
tion () -, F,, contains at most one point. Thus,

() £ = {a},

n>1

which proves the lemma. ]
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2.1.1 First Version

Theorem (Baire’s Lemma)

Let X be a Banach space. Then the intersection of every countable
collection of dense open subsets of X is dense in X.

Proof. Let (V,,)n>1 be a sequence of dense open subsets of X, and set

V.= ﬂVn.

n>1
Let U be any nonempty open subset of X. We must show that
Unv # g,

which will imply that V' is dense in X.

Since V; is dense, we have U NV} # &; choose x; € U N Vj. Because
U NV is open, there exists 0 < r; < % such that

B(xz1,r) CcUNV.
Since V5 is dense in X, we have
Vo B(xy,r) # 2.
Choose

x9 € Vo N B(xy,11).

Because V, N B(xq,71) is open, there exists

1
O<r2<§

such that

B(x9,19) C Vo N B(xy,71).
Assume n > 3. Since V,, is dense and E(mn,l,rn,l) is nonempty and
open,
Vn N E(l‘n,l, Tn71> 7& J.
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Choose
Tn S Vn N E<mn—17 Tn—l)a

and because this set is open, choose

0<7m,<2" suchthat B(zn,rm) C VyN B2y 1,70 1).

Thus we obtain a sequence of closed balls

B(xy,71) D B(x2,73) D+ D B(xy,10) D -

which is nested and nonempty.

Application of Cantor’s lemma
The diameters satisfy

diam(E(:Bn,rn)) <2r, — 0,

hence by Cantor’s lemma (Lemma 3), the intersection

ﬂ B(xn, )

n>1

is a singleton, say {z}.

Since
B(xp,rn) CV, foralln,
we have
re(Va=V.
n>1
Also,
E(Q?l, 7“1) C U,
sox €U.
Therefore z € UNV # @. As U was arbitrary, this shows that V' is dense
in X. O

Remark 2.1.1. We can take X to be any complete metric space.
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Remark 2.1.2. Baire’s Theorem asserts that the intersection of the sets V,
is dense. However, this intersection is not necessarily open.

For example, consider the complete metric space (R,|-]). Since Q is
countable, we can write Q = {r, : n > 0}. Define
Vo, =R\ {r,}.

Then each V,, is open and dense in R.
By Baire’s Theorem, the intersection

n>0

is dense in R, neither open nor closed.

2.1.2 Second Version

An equivalent statement, obtained by passing to complements V,, = X \ A4,
is the following.

Theorem (Baire’s Theorem, second version)

Let X be a complete metric space. Let (A,),>1 C X be a sequence of
*¥closed subsets** of X such that

Int(A4,) =2 foralln>1.

Then

Int (nL>J1An) = .

. v

*

In other words, the **countable union of closed sets with empty interior*

also has empty interior.

Remark 2.1.3. Let X be a complete metric space (or a Banach space). Let
(An)n>1 C X be a sequence of closed subsets of X.

If
X =] A
n>1

then there exists some N € N such that
IHt(AN) 7é .
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Explanation. Suppose, for contradiction, that
Int(A,) =@ foralln > 1.

Define
Up,: =X\ A,.
Then each U, is open and dense in X (by Ezercise 2). Consider
U .= ﬂ U,.
n>1
By Baire’s theorem, U is dense in X.
But then
X\U=]JA,
n>1
would have empty interior (by Exercise 2), which contradicts the assumption
that
X =J4,
n>1

has nonempty interior.
Hence, there must exist some N such that Int(Ay) # &.

Remark 2.1.4. This theorem is often applied when
X=]JA.
n>1

Remark 2.1.5. Without the assumption of countability, Baire’s theorem
may fail. Indeed, consider the complete metric space (R,|-|). Then

x = Ut

where each singleton {x} is closed with empty interior. However, R itself
does not have empty interior, giving a contradiction.

Example 2.1.1. The real line R is uncountable. Suppose, for contradiction,
that

R = | J{z.}.
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Since singletons are closed, there exists at least one ng € N such that

Int{x,,} # 9,

but this implies R is countable, which is false. Thus, we obtain a contradic-
tion.

2.2 Consequences

Applications to basic theorems of functional analysis.

2.2.1 Uniform Boundedness Principle

Theorem (Banach—Steinhaus)

Let X be a Banach space and Y a normed space. Assume that T}, is
a sequence of bounded linear operators in £(X,Y") which is pointwise
bounded bounded at each point of X, i.e.,

Vr € X 3C, > 0 such that ||T,(z)|| < C., VneN. (2.1)

Then the sequence T, is uniformly bounded: there exists a constant
C > 0, independent of x, such that

IT.l<C, VneN.

\. J

Proof. For each k € N*, define the set

Ar={z € X :||Tu(2)| <k, Vn e N} = () (IT.()lI7H([0, K1) -

neN

Since each map x +— [|T,,(x)] is continuous, every Ay is closed.
From hypothesis (2.1), we have

X=|JA e, VzeXIkeN :zcA,
k=1

Suppose, by contradiction, that this is false; i.e.

Jr € X such that = ¢ Ay, Vk € N*.
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Then
| T (z)]| > k, Vk € N*,

which contradicts (2.1).
By Baire’s theorem, at least one of the sets A, contains a non-empty open
ball. Thus, for some kg € N*, there exist o € X and € > 0 such that

B(xo,e) C Ako-
Now take an arbitrary x € X and define
. €
Yy =29+ .
2|||

Then y € B(xg,e) C Ag,, S0

1T < ko, I Ta(zo)|| < ko,  VneN.
For each n,
2
1T (@)l = Zll2lH1 Ty — o)
2
<l (1T @)l + 1T (z0)1)
2 4kq
< ll=ll (ko + ko) = — llll.
Thus,
4k
1T, < ?0 Vn € N.
. dko . .
Setting C' = — yields the conclusion. ]
€

Remark 2.2.1. If X is not a Banach space, the Banach—Steinhaus theorem
is not valid in general. Indeed, let

X=cpo={(n), €C:INEN, 2, =0 foralln> N},

equipped with the norm || - ||oo. Define T,, : X — C by

To(x) = kak, r = () € X.
k=1
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Then
To(2)| <> ko] < <Z k) 2| oo,
k=1 k=1

so each T,, belongs to B(X,C).
On the other hand, for every x € X,

lim 7, (z) = Z kxy,
k=1

n—oo

and this sum contains only finitely many nonzero terms since x € cog. Thus

the sequence (T,,(z)), is bounded for every x € X. Consequently, the hypoth-

esis of the Banach—Steinhaus theorem (pointwise boundedness) is satisfied.
Howewver, the conclusion fails. Indeed, fix © = (x)r € coo given by

rL=x9=--=x, =1, xr =0 for k >n.

Then ||z]| = 1, and

3

Hence
| Toll > |To(z)| =2 n —— oo,
n—oo

so the sequence (T,,) is not uniformly bounded.

Conclusion. The space (coo, || - ||oo) s not complete; this shows that com-
pleteness of X is essential in the Banach—Steinhaus theorem.

Corollary 2.2.1. Let X be a Banach space and'Y a normed space. Let (T},)
be a sequence of bounded operators from X intoY such that

T, (z) — T(x), Vo e X.
Then T is a bounded linear operator from X into Y .

Proof. The linearity of T follows immediately from the pointwise limit of
linear maps.
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Since (7),) converges pointwise, the sequence (7, (z)), is bounded for ev-
ery x € X. By the Banach—Steinhaus theorem, the sequence (7,,) is uniformly
bounded; that is,

M :=sup || T, 5x,y) < o©.
neN

For all n and all x € X, we have
ITa(@)lly < 1 Thllsexy) lzllx < M|
Passing to the limit as n — oo gives
IT@)ly = lim [Tu(@)ly < Mlle]lx.
Thus T is bounded and ||T'|| < M, which completes the proof. O

Remark 2.2.2. In general, the sequence (T,) does not converge to T in the
operator norm. For example, let X = H be a Hilbert space and let (ey), be
an orthonormal basis. Define

T (z) = (z,e,), x e H.
Then T,,(z) — 0 for every x € H, but
T, =1 for all n.

Thus (T,,) converges pointwise to 0 but does not converge in operator norm.

2.2.2 The Open Mapping Theorem

The Open Mapping Theorem, due to Schauder (1930) and also known as the
Banach—Schauder Theorem, is a fundamental result in functional analysis.

Theorem (Open Mapping Theorem)

Let X and Y be Banach spaces, and let
u: X —Y

be a surjective continuous linear operator. Then « is an open mapping,
that is, if U is an open subset of X, then w(U) is an open subset of Y.
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Proof. Since u is surjective, we have
U BX 0 TL U BX 0 n

By Baire’s theorem, there exists ng € N such that
nt a(Bx (0,n0)] # &
Hence, there exists € > 0 such that
By(0,¢) C u(Bx(0,no)).

Let y € u(Bx(0,n0)). Then there exists g € Bx(0,ng) such that

£
Iy — ulwo)ll < 5.

Thus

y —u(xy) € By (O, %) C u(BX (O, %))
Therefore, there exists x1 € By (0 m) such that

€

|y — u(xo) —u(x1) < 1

Repeating this argument, we construct a sequence (z,) with

n
T, € Bx (O, 2—3)

and such that

2n+1

Let

Then

n n
1o
[snll < § 2| < 5 9 < 2ny,
=0 i=0
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so (s,) is a Cauchy sequence in X. Since X is Banach, it converges. Let

z = lim s,
n—oo

By continuity of u, we obtain

u(z) = lim u(s,) = lim y =v.
n—oo n—oo

Thus, for every y € By (0, ¢) there exists x € Bx(0,2ng) such that

u(z) = y.
Hence,
By(o, 8) C U(Bx(o, 2710))
Therefore, u maps a neighborhood of 0 in X onto a neighborhood of 0 in

Y, which proves that u is an open mapping. ]

Remark 2.2.3. Another proof (to be understood later). Consider the
factorization of the operator u:

X L X/ker(u) 5,
where q is the canonical quotient map and v is defined by
v(z + ker(u)) = u(z).

Then v is a well-defined linear bijection. Using the bounded inverse theorem,
one concludes that v is an isomorphism of Banach spaces, and hence u is an
open mapping.

Remark 2.2.4. The surjectivity of the operator u is essential. Indeed, if u
is an open mapping, then its range uw(X) is an open vector subspace of Y.
Since the only open vector subspace of a normed space is the whole space, it
follows that

uwX) =Y.

Hence u must be surjective.

Remark 2.2.5. The converse of the Open Mapping Theorem is also true:
if a linear operator w : X — Y s continuous and open, then it must be
surjective.
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2.2.3 The Bounded Inverse Theorem

The Bounded Inverse Theorem, also called the Inverse Mapping Theorem
(Théoréme des isomorphismes de Banach), is a direct corollary of the Open
Mapping Theorem.

Theorem (Bounded Inverse Theorem)

Let X and Y be Banach spaces and let

u: X —Y

be a continuous linear operator which is one-to-one and onto (i.e.,
bijective). Then the inverse mapping

Y — X

is also continuous (and hence bounded).

Proof. Since u is continuous and surjective, the Open Mapping Theorem
implies that u is an open mapping. Therefore, its inverse

(w1t =u
being open is equivalent to u~! being continuous. ]

Remark 2.2.6. In particular, if X is a vector space equipped with two com-
plete norms || - ||1 and || - ||2 such that

x|y < Cil|z|l2 for allz € X

for some positive constant C1, then there exists another positive constant Cy
such that
|zlla < Callz|ly  for all z € X.

That is, the norms || - || and || - ||2 are equivalent.

Proof. The identity map I : (X, |- ||2) = (X, || - |l1) is linear, bijective and
continuous by hypothesis; since both spaces are Banach, the Bounded Inverse
Theorem implies 1~ is continuous. Hence ||z||; < Cy||z]|; for some Cy > 0,
and the norms are equivalent. ]
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Corollary 2.2.2. Let u: X =Y be a surjective continuous linear operator
between two Banach spaces. Then u induces, by passing to the quotient, an
isomorphism

u: X/keru —Y

between the Banach spaces X/keru and Y.
Proof. Define the map

u: X/keru —Y, u(z + keru) = u(z).
Well-defined and linear

If  +keru = 2’ + keru, then z — 2’ € ker u, hence
uwz—12)=0 = u(z)=u(2).
Thus wu is well-defined. Linearity follows immediately from the linearity of u.

Bijective

Surjectivity of w implies surjectivity of w. If u(x + keru) = 0, then
u(z) =0, so = € ker u, and therefore

z + keru = 0 + ker u.

Thus, u is injective.
Continuity

Since u is continuous and ker u is a closed subspace of the Banach space
X, the quotient space X/keru is again a Banach space. The canonical
projection
m: X — X/keru

is continuous, and we have

Therefore, u is continuous.
Continuity of the inverse

Since u is a continuous bijection between Banach spaces, the Open Map-
ping Theorem implies that @1 is also continuous.
Hence u is a Banach space isomorphism. ]
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Remark 2.2.7. Let X = coo be the space of finitely supported sequences,
equipped with the norm || - ||1. Consider the linear operator

T: X — X, T((zn)n) = (xn/n)n
Then T € B(X; X), T is bijective, but its inverse
T_l((atn)n) = (nx,)n

is not continuous. Hence, the Inverse Mapping Theorem fails if X is not
complete.

2.2.4 The Closed Graph Theorem

The Closed Graph Theorem is a fundamental result in functional analysis
which characterizes continuous linear operators between Banach spaces in
terms of their graph. It was established by Banach in 1932.
Let (X, ]| -|lx) and (Y, || - ||y) be Banach spaces. Define a norm on X x Y
by
1@ )l = llellx + llylly-

Let X @Y denote the product space X x Y equipped with this norm|| - ||;.
Note that the norm topology on X &Y coincides with the product topology
on X xY.

Exercise 2.2.1. Show that if X and Y are Banach spaces, then X &Y is
also a Banach space.

Exercise 2.2.2. Let px : X &Y — X be defined by px(x,y) = z, and
similarly py : X &1 Y — Y. Verify that ||px|| = ||py] = 1.

Theorem (Closed Graph Theorem)

Let X and Y be Banach spaces, and let
u: X —Y
be a linear operator. Then w is continuous if and only if its graph
G(u) :={(z,u(x):xe X} CX xY

is closed.
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Proof. Suppose u is continuous. If (z,,u(z,)) — (z,y) € X x Y, then
u(z,) = u(z) =y, so (z,y) € G(u). Hence, G(u) is closed.

Conversely, assume G(u) is closed. Then G(u) is a closed linear subspace
of X XY, so it is a Banach space. Consider the projections

p:Glu) — X, (r,u(x))— x, pe: X XY —Y, (z,y)—uy.

Both projections are continuous, and p; is bijective. By the Banach Isomor-
phism Theorem, p; ' is continuous. Hence,

u=pyop;
is continuous, completing the proof. O

Remark 2.2.8. The requirement that X is complete in the Closed Graph
Theorem is essential.

Let X = C'([0,1]) be the space of all continuously differentiable functions
f:10,1] — R, with f" € C(]0,1]), equipped with the sup-norm

[/ lloo := sup ()]

z€[0,1

Let Y = C([0,1]) with the sup-norm. Note that X is not a Banach space.
Define u : X — Y by u(f) = f'. Clearly, u is linear. To show G(u) is
closed, let (fn, 1) = (f,q9) in X &1 Y. Then f, — g uniformly, so

ful) = £u(0) = / gt — / Tyt dt.
But fn(x) — fu(0) = f(z) — f(0), hence
f(2) = F(0) + / “gtydt = f=g.

Thus, (f,9) € G(u) and G(u) is closed in X &Y.

However, u is not bounded. For example, consider f,(x) = %sin(nx).
Then f, — 0 in X, but u(f,) = f,, = cos(nz) does not converge to 0 in Y.
Hence u is unbounded.

Example 2.2.1. Let E be the space Cy([0,1]) endowed with the L'-norm,
and let F' be the same space endowed with the sup-norm || - ||e. Consider
T : E — F the identity mapping. This application is clearly not continuous,
but its graph is closed.
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Remark 2.2.9. We notice that the Open Mapping Theorem = the Inverse
Mapping Theorem = the Closed Graph Theorem. In fact, the three
theorems are equivalent.

These theorems are equivalent because in Banach spaces, surjective con-
tinuous maps are open (Open Mapping), bijective continuous maps have
continuous inverses (Inverse Mapping), and linear maps with closed graphs
are continuous (Closed Graph). Thus, each theorem provides a different
perspective on when a linear operator between complete normed spaces is
continuous.
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Chapter 3

Hahn—Banach Theorems and
its Consequences

The Hahn—Banach theorem is one of the two most important and fundamen-
tal theorems in basic Functional Analysis. The other one is Baire’s theo-
rem and their applications (the Uniform Boundedness Principle, the Closed
Graph Theorem, etc.).

Recall. Let X be a Banach space and let X* be its topological dual. Let
u € X*. By definition, we have

Jul| = sup [u(z)|.

3.1 Hahn—Banach Theorems

3.1.1 Analytic Form

Theorem (Hahn—Banach)

Let X be a Banach space and let Xy C X be a subspace. Let ug :
Xy — R be a bounded linear functional. Then there exists an extension
u: X — Rofuy (i.e. u|lx, = ug) such that

[ull = lluoll-

up =wuoi (7 is the canonical embedding)

87
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X 5 R
e T
Xo

Proof. Let z € X \ Xo. We want to extend ug from the subspace Xj to the
larger subspace
X; = span(Xy U {z}).

Every element of X; can be written in the form
T+ Az, r € Xp, N€eR.

So, to define a linear extension u, it is enough to choose a value for u(z).
Then we define
u(xr + Az) = ug(x) + Au(z).

Fix z € X \ Xo. We must find a value for u(z) such that for all z € X,

|u(z) = uo(z)| < fluoll lz — 2l Vo € X,
Equivalently,
uo(y) — lluoll lly — 2ll < w(z) < uo() + [Juoll lz — 2,  Va,y € Xo.
Hence,

sup (uo(y) — ol lly — 211) < u(z) < inf (uo(a) + ol 7 — 21).
ye€Xo el

This is possible because for all x,y € X, we have

uo(x) — uo(y) < luoll |2 — yll < lluoll(lz — 2l + lly — 2II)-

We define

u(z) = inf (uo(x) + [luoll ||z — 2[]).

inf
z€Xo
We finish by Zorn’s lemma .
Let (P, <) be a partially ordered set. If every chain in P has an upper
bound in P, then P has a maximal element. Define P as the set of all pairs
(Y, v) such that:

° X[)CYCX,
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e Y is a subspace of X,
e v:Y — R is linear,

. U\XO = Uy,

[v]| = [luoll-
We define an order relation on P by
(Y1,01) < (Ya,v2) <= Y CYsand |y, = .

This means that (Y3, v9) is an extension of (Y1,v1).

Zorn’s Lemma guarantees the existence of a maximal element (Yiax, Umax) €
P. Moreover, we have

Yiax = X and [ vmax]| = [Juol|-
O
Corollary 3.1.1. Let (X, ||-]|) be a Banach space and let x € X. Then there
exists uw € X* such that ||ul| = ||z|| and
u(@) = (u,x) = ||z, (3.1)

where (-,-) denotes the duality pairing.

Proof. Let x € X and define the one-dimensional subspace
Xy = Rz.
Define a linear functional ug on X, by
uo(Az) := ||z||?, for all A € R.
We compute its norm:

[uol| = sup |uo(y)| = sup |ug(Az)]

llyll=1 | Az||=1
= sup [A|[lz]* = sup [N [|z?
| Az[|=1 S
1 2
= sup — [lz]|” = =]\

[A|=7L [z

[l



90CHAPTER 3. HAHN-BANACH THEOREMS AND ITS CONSEQUENCES

By the Hahn—Banach Theorem, there exists an extension u € X™* of wug
such that

[ull = lluoll = [lI]-

Moreover,
(u, ) = (ulx,, ) = (uo, z) = ||[|*.

This completes the proof. O
Corollary 3.1.2. For every x € X, we have

z]| = sup [(u,2)| = max [(u, ),
(||| x+=1 flullx==1

that is, the supremum is attained.

Proof. For every u € X* with |[u]| = 1, we have
[(u, )| < lull ||| = [J=]].

Hence,

sup |(u, z)| < ||

[l x+=1

Let uy be as in Corollary 3.1.1, so that

luoll = llzf|  and  (ug, z) = [lz|*.
Define
Uy = o e X",
]
Then
Jurll =1 and  (u,z) = |z|.

So u; attains the supremum Therefore,

[z]| = sup [u,x)| = max [(u,z)].
llull x+=1 llull x+=1

Remark 3.1.1. Let X be a Banach space.
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1. Recall that

def
lull = sup [u(z)|
|1

foru e X*. In general, this supremum is not attained. The supremum

is attained for every uw € X* if and only if X is reflexive (see R. C.
James, 1951).

2. In contrast, by Corollary3.1.2, for every x € X, the supremum
sup [(u, )|
[lul| x =1

s always attained.

3.1.2 Hahn-Banach Theorem: Geometric Form

In this subsection we consider only real Banach spaces.

Definition (31)

A hyperplane in X is a subset H C X of the form
H=u"a)={re X u(z)=a}, aeR,

where © : X — R is a linear functional.
We say that H is the hyperplane of equation u = «.

Proposition 3.1.1. The hyperplane H is closed if and only if u is bounded
(i.e. continuous).

Proof. (=) Suppose that H is closed. Consider the kernel
keru = u~'(0).
Since
keru=H—-a={r—y:z€H, uly) =a},

it is a translate of a closed set, hence closed. A linear functional is continuous
if and only if its kernel is closed. Therefore, u is bounded.

(<) Suppose that u is bounded. Then w is continuous, and since {a} is
a closed subset of R, its inverse image

H=u"({a})
is closed in X. ]
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Definition

Let A, B C X. We say that a hyperplane
H={re X :ux)=a}
separates at large the sets A and B if
uz) <a forallze€ A and wu(y) >a forallye B.
It strictly separates A and B if there exists € > 0 such that

u(z) <a—e forallze€e A and u(y)>a+e foralyeB.

Theorem (32 — Hahn—Banach, first geometric form)

Let A, B C X be two nonempty, disjoint, convex subsets of X. Suppose
that A is open. Then there exists a closed hyperplane

H={ze X :ux)=a}
which separates A and B at large, that is,

u(z) <a forallz € A, u(y) > a forally € B.

Theorem (33 — Hahn-Banach, second geometric form)

Let A, B C X be two nonempty, disjoint, convex subsets of X. Suppose
that A is closed and that B is compact. Then there exists a closed
hyperplane

H={ze X :ux)=a}

which strictly separates A and B, that is, there exists € > 0 such that

ulz) <a—e forall z e A, u(y) > a+e forally € B.

Given the current situation, we admit the proofs. We can consult them
in the literature.

Corollary 3.1.3. Let X be a Banach space and Xo C X be a subspace such
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that Xo # X. Then there exists u € X* \ {0} such that
(u,z) =0, Ve X,.

Proof. Consider 7y € X \ Xy. We use the Hahn-Banach second geometric
form with

A= 70, B = {1'0}
Hence, there exists a hyperplane u # 0 and € > 0 such that
(u,x) < B—e < B+e<{umx), Vrec X

This implies

(u,r) < B < {u,r0), Va€ Xo.

Consequently, for all A € R,

(u, \x) < .
Therefore, for all A € RT,
(u, \x) < B,
and for all A € R™,
(u, \x) > .

Taking the limits as |\| — oo, we obtain

(u,z) =0, Ve X,.
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3.2 Consequences

3.2.1 bidual of normed space

The norm dual of X* is called the second dual (or bidual, or double
dual) of X and is denoted by X**. The normed space X can be
embedded isometrically in X** in a natural way. Define the canonical
map

i X — X, x—i(x),

by the formula

i(x)(x*) = 2" (x) = (z*,z), foreach z* € X™.

.

Lemma 3.2.1. Let X be a Banach space. For each x € X, we have

li(2)]] = max [a"(2)] = [l].

flz*]|=1

Proof. By definition,

li(z)l = sup [i(z)(@")] = sup [z"(z)].

[l*{|=1 flz*[l=1

Since [¢* ()] < ||z {lz[], we obtain [[i(x)]| < |[z]].

Now, set V = {A\x : A € R} and define f: V — R by
fOx) = All][.

If we define p(y) = [ly|l, then clearly |f(Az)| = [A[[[z]| = [|Az]| = p(Az). By
the Hahn—Banach Theorem (to be seen in Chapter 3), the functional f can
be extended to all of X so that

[f @)l <ply) = |yl for every y € X.

Thus, f € X* | f <1, and f(z) = ||z].
It follows that

li(2)l = sup |2*(z)] = [f(2)] = [|=[.

[J*][=1
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Combining both inequalities, we conclude

Jita)l = smp [ (@)] = ma 2" (2)] = ]

Remark 3.2.1. Let X be a Banach space. The mapping

from the Banach space X into its bidual X** is a linear isometry. Hence, X
can be identified with the subspace i(X) C X**.
When the linear isometry

from X into X** is surjective, the Banach space X is said to be reflexive.
That is, we have the following definition.

A Banach space X is called reflexive if
i(X)=X",
that is, if the canonical embedding
i X — X

is surjective.

3.2.2 Weak Topologies on Banach Spaces
The Weak Topology (X, X*)

For A € IF, the notation |A| denotes the absolute value of A if A € R, and the
modulus of A if A € C.
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Let E be a vector space over the field F. A semi-norm on FE is a
function
p:E—R

satisfying, for all (A, z,y) € F x E x E, the following conditions:
L p(Az) = [A] p(x);

2. p(z+y) < p(x) +p(y).

Let P be a family of semi-norms on F. It is said to be separating if
(p(w):OforallpEP) — 2z =0.
The Weak Topology (X, X*) For 2* € X*, define
pe- () = |z*(2)], reX.

P+ it is @ semi-norm on X.
We set
Pi={p, |2 € X"}

Let p € P. For zyp € X and r > 0, we call the p-open ball of center z
and radius r the set

B,(xg,r) :={z € X :plx —xg) <r} :p_l(]p(xo) — 7, p(xg) +T[).

Finally, we call a P-open ball of center xy any finite intersection of p;-open
balls of center xg, that is,

ﬂ Bpi(x07ri)7 pi € P, r; > 0.

A subset U C X is said to be open if, for every xy € U, there exists a
P-open ball centered at zy that is contained in U.
One easily verifies that this definition indeed defines a topology on X.
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In other words, the weak topology on X is the weakest topology such that
every linear functional z* € X* is continuous.

We denote by (X,P) the space X equipped with this topology. This
topology is called the weak topology on X (in contrast with the topology
induced by the norm, which is called the strong topology). It is often denoted
by

(X, X").
By definition of the topology associated with a family of semi-norms, the sets

n

mei(xO’ri>7 pi € P, r; > 0.

=1

This is exactly

rrn

V(o xy, ..., x)) == {xEX:|xf(m0—m)| <, izl,...,n}

= (@) (Jai (wo) — e, f(x0) + <),

where n € N and ¢ > 0,
form a basis of open neighborhoods of xy in X.

This topology ( weak topology) is linear , that is, the maps
[ XxX—X, (z,y)—2z+y,
g: X — X, T — A1,
are continuous.
It is also locally conver.
Indeed, the projection maps
P X xX — X, (z,y) — x,
pr: X xX — X, (v,y) —>y,

are continuous, and hence f = p; + py is continuous.
Moreover,

1
g (Ve(wo; 2ty ... 2)) = X\/E(xo;xi,... zr).

’n ’n
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Consider now, 1, xe € V.(xg;27,...,2%) and t € [0,1]. We show that

’n

*

try + (1 —t)xg € Vo(xg; 27, ..., x).

rrn

Let 1 <4¢ <n. Then

|.il:;-k(x0 — (tzy + (1 — t)il?g))‘ = }xf (t(xg —x1)+ (1 —t)(xg — xg))’
< taj(wo — @) + (1 = 1) |27 (20 — x2)]
<te+(1—-t)e=ce¢.
Thus, V.(zo; x5, ..., 2}) is convex.

rn

Remark 3.2.2. The open sets of the weak topology are rather large.
If U is a weak neighborhood of 0 in an infinite-dimensional Banach space
X. By definition, there exist ¢ > 0 and a finite family {z%,... 22} C X*
such that
{xEX: |27 (z)] < e, izl,...,n} cU.

Hence, U contains the closed subspace
ker(z}) N---Nker(x)),
which is infinite-dimensional.
Proposition 3.2.1. The topology o(X, X*) is separating (Hausdorff).

Proof. Let x,y € X with x # y. We shall find two disjoint open subsets U,
and U, of (X, o(X, X*)) such that

x € Uy, y € Uy, U,NU, = @.

Consider the sets A = {z} and B = {y}. They are non-empty, convex,
and disjoint. By the strict geometric form of the Hahn—Banach theorem,
there exist z* € X* and a € R such that

(z) < a < x*(y).
Define
Uy = (2") (] —o0,al), Uy :=(2")"(Jo, +o0]).

Then U, and U, are weakly open subsets of X, satistying x € U,, y € U,,
and U, NU, = @. [
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Proposition 3.2.2. Let (z,)nen be a sequence in X and let x € X. Then
() converges to x in the weak topology (X, X™*) if and only if

lim z*(z,) = z*(x), for all x* € X™.
n—oo
Moreover, a subset E C X is bounded in the topology o(X, X™*) if and

only if z*(FE) is a bounded subset of R (for C if X is complex) for every
rre X"

Let (z)nen be a sequence in X and let = € X.

1. The sequence (x,) converges strongly (that is, with respect to
the norm topology 7)) to x, and we write

-l
Ty — T,

if
|z, — z|| — 0.
2. The sequence (z,,) converges weakly to x, and we write

o(X,X™)
T > X,

if x,, converges to z in the weak topology o (X, X*).

A simple consequence of the fact that
o(X,X") C -

is that
Il o(X,X*)
Tp —r — T, ———>1T.
That is, every strongly convergent sequence is weakly convergent.
Proposition 3.2.3. Let (x,)nen be a sequence in X and x € X. If

o(X,X*)
T, ————— T,

then the sequence (||z,||)nen @s bounded. Moreover,

|z]| < lminf ||z,].
n—o0
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Proof. Assume that z,, — x weakly in X. Using the canonical embedding of
X into its bidual X**, we may view each x,, as a continuous linear functional
on X*.

For every z* € X*, the sequence of real (or complex) numbers
(Tp, %) = 2" (25)

converges to (x,z*) = z*(z), and hence is bounded. Thus, for each z* € X*
there exists a constant M, > 0 such that

(@0, 7)| < M-, for all n € N.

By the Uniform Boundedness Principle (Banach—Steinhaus theorem), it
follows that the sequence (x,) is bounded in norm, that is, there exists a
constant M > 0 such that

lznl < M, for all n € N.
Recall the standard formula:

lyll = nSlﬁp lz* ()], for all y € X.
* || <1

Now choose z* € X* with ||z*|| = 1 such that
2" ()| = [l«|

(which is possible by Corollary 3.1.2). Then

||| = |z*(x)| = lim |z*(z,)| = liminf |2*(z,)| < ||«*| liminf ||z, | = liminf ||z, ||.
n—oo n—oo n—oo n—oo
This concludes the proof. O

Proposition 3.2.4. Let X be a Banach space such that dim X < oco. Then
(X, 0(X, X7)) = (X, || - [])-
Proof. By definition of the weak topology, we always have

(X, 0 (X, X7)) < (X - 1)
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For the converse inclusion, let o € X and let V,, be a neighborhood of
Zo in the norm topology. Then there exists r > 0 such that
B(xg,7) C V.

So it is enough to find a weak neighborhood inside B(xg,r) Since dim X =
n < oo, let (eq,...,e,) be abasis of X. Every € X can be written uniquely

as
n
r = E Q€5
i=1

Define linear functionals u; : X — R by
ui(z) = oy, i=1,...,n.

Then w; € X* for all ¢, and there exists a constant (which we may take equal
to 1 after renorming) such that

( In a finite-dimensional vector space, all norms are equivalent.

that means there exists a constant C' > 0 such that, for any X,||z| <

Oy ui(@)])

]l <) fuia)]
i=1
Define

Uy = {x € X : |u(z—xo)| < %, i = 1,...,n} = ﬁuil(]ui(aco)—%, ui(xo)—i-%[).
i=1

Then U,, is a weakly open neighborhood of z.
For any x € U,,, we have

n n
,
|z — x| < Zl lui(x — )| < Zlg =7
1= 1=

Thus,
Upo C B(wg,7) C Vg

Hence every norm neighborhood contains a weak neighborhood, and
therefore
(X, [+ 1) € (X, 0(X, X7)).

The two topologies coincide. O]
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Let FF C X be a closed subset in (X, o(X, X*)). Then F' is also closed
in (X, -|]). In general, the converse is not true. However, it is true if F is
convex, as shown by the following theorem.

Theorem (Mazur)

Let C' € X be a convex set. Then
— (X, X*)

Al _ @ ’

i.e., C' is norm-closed if and only if it is weakly closed.

Proof. Suppose that C' is closed in the norm topology. Equivalently, the
complement {C':= X \ C'is open in (X, |- ||)}.

We show that {C is also open in (X, o (X, X*))}. Let g € {C}. We must
find a weakly open neighborhood V,, C {C of z.

Set A = {zo} and B = C. By the strict geometric form of the Hahn—
Banach theorem, since z ¢ C, there exists u € X* and a € R such that

u(zy) < a < u(z), for all x € C.

Define
Ve i=u"" (] — 00, af).

Then V,, is weakly open and satisfies
VieNC=g =V, C {C.

Hence, every point of {C has a weak neighborhood contained in {C', and
so C' is weakly closed. ]

Remark 3.2.3. Let X be a Banach space.
1. If dim X = +o0, then
(X7U(X7X*>> g (X7 || ) ||)7

i.e., the weak topology is strictly weaker than the norm topology. Indeed,
the unit ball
Bx ={zre X :|z| <1}

is not open in the weak topology (exercise).

2. Moreover, the weak topology is in general not metrizable, except when
X s separable.



3.2. CONSEQUENCES 103

The Weak*-Topology o(X*, X)

Let X be a Banach space, X* its dual equipped with the dual norm, and
X** its bidual equipped with the bidual norm

|2 % [|x= == sup [(@"x,u)],  2"x € X"
[lull x =1

Let
1: X — X*™

be the canonical injection defined by
(i(x), x") xo x+ = (", 2)x+ x, forallz” e X.

That is, i(z) = = in the sense of the natural embedding.
The map 7 is an injective linear isometry. Indeed, for any x € X,

i)l = sup |(i(z),2")[ = sup |@@",2)| =[]
o+ =1 = =1

In general, ¢ is not surjective, so X is a subspace of X**.

The weak*-topology o(X*, X) on X* is the weakest topology such that
for each x € X, the map

r: X" — R, 2" (x,2")

is continuous.

A base of neighborhoods of 0 in X* is given by
Vo(Os 20,y m) o= {a" € X s [, a”)| <e, i=1,...,n} = (7" (—¢,e]),
where n € N and ¢ > 0.
On X*, we have three topologies, ordered by strength:
(X", 0(X%, X)) € (X% o(X" X)) C (X7 -],

Like the weak topology, the weak* topology is locally convex.
In the sequel, we denote elements of X* by z* and elements of X*x by
x*x. As in the preceding proposition, we have the following results.



104CHAPTER 3. HAHN-BANACH THEOREMS AND ITS CONSEQUENCES

Proposition 3.2.5. The topology o(X*, X) is separating; that is, the space
(X", o(X", X))
s Hausdorff.

Proposition 3.2.6. Let (z}),>1 C X* be a sequence. Then x, converges to
z* in o(X*, X) if and only if

lim z} (z) = 2™ (z), forall x € X.

n—o0

Proposition 3.2.7. If
* o(X*,X) *

then the sequence (|2 ||)n>1 is bounded. Moreover,

|z*|| < liminf ||z} ||.
n—oo
Remark 3.2.4. An inconvenience of the weak™ topology, compared with the
weak topology, is that in general, convex closed sets in X* (closed either in
the norm topology or in the weak topology) are not weak*-closed.

Howewver, an important compensating property is given by the Banach—
Alaoglu Theorem: the unit ball of X* is compact in the weak* topology. This
result was first discovered by S. Banach in 1932 for separable Banach spaces
and extended to the general case by Leonidas Alaoglu in 1940.

Theorem (Banach—Alaoglu)

Let X be a Banach space. Then the closed unit ball
Bxs :={z" € X" :||z"|| < 1}

is compact in the weak* topology o(X*, X) (and hence in particular,
weak*-closed).

Proof. For x € X, define the interval

L= {t e R [t <]},
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and consider the Cartesian product

P = HIJU‘

reX

Recall that P is the set of all functions f on X such that f(z) € I, for all
x € X, endowed with the product topology. This is the weakest topology
making all evaluation maps

T.:P— 1., [+ f(x)

continuous.Each [, is compact in R By Tychonoff’s theorem (An arbitrary
product of compact spaces is compact (for the product topology).), P is com-
pact.

Each z* € Bx+ defines a function
for i X — R, for () := 2 (2),

which belongs to P.

Thus,
Bx- CP.
The topology induced on Byx- by P coincides with the weak* topology
o(X*, X).

For each z,y € X and each ¢ € R, define

Foy(f) = f@)+f(y)—f(z+y) = 0,linearity G,.(f) := f(cx)—cf(x) = 0.homogenity

fe ﬂwex F;;({O}) and f € meX,ceR G;é({()}) These functions are con-
tinuous on P (The product topology is the coarsest topology making all
coordinate projections continuous.) , and

Since f € P, we have

|f(2)] < |zl for all z € X.

This implies that
Il < 1.

Indeed, by definition of the operator norm,

I/l = sup [f(z)] < 1.

l[=]I<1
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so f € Bx

Conversely, if * € By«, then:

e z* is linear, so for all z,y € X and ¢ € R,

Foy(a") = 2™ (x)+2"(y)—2"(z4y) =0,  Goe(z?) = 2" (cx)—ca(x) = 0;

o |z*(z)| < ||z, so z* € P.

Hence,

e () Eadohn () Gidoy.

T,yeX zeX, ceR
Thus
By = () Foyoh) 0 () Goi({0}).

z,y€X r€X,ceER

fe ﬂweX Fx_;({()}) and f € ﬂweX’ceR G;(l:({O}) These functions are con-
tinuous on P and {0} is closed in R Hence By« is a closed subset of the
compact set P and therefore compact itself. ]

Proposition 3.2.8. Let (z})nen C X*. If

* a(X*,X) *

n x )

*

*|)nen is bounded. Moreover,

then the sequence (||
* < : : * .
| < limin |

Proof. Set C' := liminf, , ||z}|| and let € > 0 be arbitrary. There exists a
subsequence (7}, ) such that

|z, [l <C+e, forallkeN.
The closed ball of radius C' + € in X*,
Boy. i={a" € X*: 2" < C +¢},

is weak*-compact (by Banach—Alaoglu) and hence weak*-closed. Since z* €

{3, }U(X*’X), it follows that

|lz*|| < C +e.
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As € > 0 was arbitrary, we conclude that
*l < limi .
o*] < limint [

This also implies that the sequence (|| ]|) is bounded. O

Let X be a Banach space. Then the closed unit ball
Byi={z e X :||e] < 1)
is o(X**, X*)-dense in the closed unit ball of the bidual

By 1= {2 € X* ¢ |2™| < 1},

Corollary 3.2.1. Let X be a Banach space. Then the closed unit ball Bx is
weakly compact if and only if X s reflexive.

Proof. Suppose By is weakly compact. Then By is also weak* compact when
viewed as a subset of X**. By Goldstine’s theorem, the image of Bx under
the canonical embedding 7 : X — X** is dense in Bxs«. Since By is weak*
closed, it follows that i(X) = X** so X is reflexive.

Conversely, if X is reflexive, then X = X**| and by the Banach—Alaoglu
theorem, By is weakly compact. O]

Remark 3.2.5. The closed unit ball Bx is closed in Bx«« for the strong
topology because X is complete and the canonical embedding i is an isometry.
Howewver, in general, Bx is not dense in Bxs« for the strong topology, except
when X is reflexive (in which case Bx = Bxs+ ).

Proposition 3.2.9. Let (z}), be a sequence in X* such that
x, —— " ino(X*,X).
n—oo

Then the sequence (||z||) is bounded. Moreover,

| < i inf ||
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Proof. Let
C = liminf ||z} ||
n—oo

and let € > 0 be arbitrary. Then there exists a subsequence (still denoted
(x)) such that
|zy]| < C+¢e forall n.

The closed ball of radius C'+ ¢ in X* is weak*-compact, hence weak*-closed.
Since z; — z* in the weak® topology, we must have

|z*]| < C +e.

As € > 0 was arbitrary, the result follows. ]

Theorem (Hahn-Banach—Goldstine, 1938)

Let X be a Banach space. Then the closed unit ball
By ={zx e X :|z|| < 1}

is o(X**, X*)-dense in the closed unit ball By« of X**.

.

Corollary 3.2.2. Let X be a Banach space. The closed unit ball Bx 1is
weakly compact if and only if X is reflexive.

Proof. Assume first that By is weakly compact. Viewing By as a subset
of X** via the canonical embedding 7 : X — X**, it is weak*-compact and
hence weak*-closed. By Theorem 3.2.2, By is weak*-dense in Bxs«, which
implies
i(Bx) = Bxs.

Therefore i(X) = X** and X is reflexive.

Conversely, if X is reflexive, then Bx = By, which is weak*-compact
by the Banach—Alaoglu theorem. Hence By is weakly compact. ]

Remark 3.2.6. The closed unit ball Bx is closed in Bx+« for the strong
topology since X is complete and the canonical embedding v : X — X** is
an isometry. Therefore, in general, Bx is not dense in Bxs for the strong
topology, except in the reflexive case where

BX - BX** .

This case will be discussed in the next section.
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3.2.3 Reflexive Spaces

Let X be a normed space and let X** denote its bidual. For every z € X,
we define a linear functional ¢, on X* by

Sox(f):f(x)7 JeXx .

Since
[ (O =1 (@) < [l [ £1],

it follows that ¢, is continuous and hence belongs to X**.

Let X be a normed space. Then X is isometrically isomorphic to a
subspace X of its bidual X**. More precisely, the map

J: X — X, J(z) = ¢u,

is a linear isometry.

Proof. 1t is immediate that J is linear. Moreover, for all x € X,

17(2)[| = ezl = sup |pu(f)| = sup [f(z)] < [|lz],
I1f1=1 I1£l1=1

so J is continuous.
It remains to show that J preserves the norm. By Corollary 3.1.1, for
every r € X there exists f € X* such that

f(x) = |lz[ and [[f]| = 1.

Therefore,

17 ()|l = sup, |22 (P) = [ (N = [ ()] = |||

Combining this with the previous inequality yields
17 (@) = [l=]|-

Thus J is an isometry, and the proof is complete. O]
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The isometry J : X — X** is called the canonical isometry (or canonical
embedding) of X into X**.

A normed vector space X is said to be reflexive if

J(X) = X"

Remark 3.2.7. If X is reflexive, then X is isometrically isomorphic to X**.
The converse is false: R. C. James (1951) constructed a Banach space X and
a bijective isometry

jr X — X

such that X is not reflexive.

Example 3.2.1. 1. Ewvery finite-dimensional normed space is reflexive.

2. The spaces LP(Q2) are reflexive for 1 < p < oo.

Theorem (Kakutani, 1939)

Let X be a Banach space. Then the closed unit ball
Bx ={zx e X :|z|| < 1}

is o(X, X*)-compact if and only if X is reflexive.

Corollary 3.2.3. Let X and Y be Banach spaces, and assume that X is
reflexive.

(a) If A C X is bounded, then A is relatively o(X, X*)-compact.

(b) If A C X is convex, bounded, and closed in the norm topology, then A is
o(X, X*)-compact.

(c) If T : X — Y is a bounded linear operator, then T(Bx) is o(Y,Y™)-
compact.

Proof. (a) Since A is bounded, there exists 7 > 0 such that A C rBx. As Bx
is o(X, X*)-compact by Theorem 3.2.3, so is rBy. Hence A is relatively
o (X, X*)-compact.
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(b) By part (a), A is relatively o(X, X*)-compact. Since A is convex and
norm closed, it is also o (X, X*)-closed. Therefore A is o (X, X*)-compact.

(c) The operator T' is weak-to-weak continuous. Since By is o(X, X*)-
compact, its image T'(By) is o(Y, Y*)-compact.
[]

Corollary 3.2.4. For every Banach space X, the space X is reflexive if and
only if X* is reflexive.

Proof. Assume that X is reflexive. Then the closed unit ball By is o(X*, X)-
compact. Since
o(X7, X) = o(X", X™),

it follows from Theorem 3.2.3 that X™* is reflexive.

Conversely, suppose that X* is reflexive. Then the closed unit ball By«
is o(X**, X*)-compact. By Goldstine’s theorem, J(Bx) is o(X**, X*)-dense
in Bys«. Since J(Byx) is also o(X**, X*)-closed, we obtain

and hence X is reflexive. ]

Corollary 3.2.5. Let T : X — Y be a bounded linear operator between
Banach spaces. If either X orY is reflexive, then T is weakly compact; that
18,

T(Bx) iso(Y,Y™)-compact.

Proposition 3.2.10. Let Z be a reflexive Banach space. Then every closed
subspace Y of Z is reflexive.

Proof. By the Hahn—Banach theorem, every continuous linear functional on
Y can be extended to a continuous linear functional on Z. Consequently,
the weak topology (Y, Y™*) on Y coincides with the trace on Y of the weak
topology o(Z,Z*) on Z.
Since Z is reflexive, its closed unit ball By is weakly compact. The closed
unit ball By of Y satisfies
By = Bz NY,

hence By is weakly closed in Z because Y is closed and convex. Therefore,
By is weakly compact as a weakly closed subset of the weakly compact set
By.

It follows that Y is reflexive. [
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3.2.4 Separable Spaces

The notion of separability was introduced by Fréchet in his thesis.

A Banach space X is called separable if it contains a countable dense
subset. That is, there exists a sequence (z,),eny C X such that

{z, :neN}=X.

Example 3.2.2. 1. If K is a compact metrizable Hausdorff space, then
the Banach space C(K) is separable. In particular, C([0,1]) is separa-
ble.

2. The Lebesque spaces LP(S)) are separable for any 1 < p < oo, provided
that (2, A, ) is a o-finite measure space.

3. The spaces (> and L>([0,1]) are not separable.
Proposition 3.2.11. The Banach space £>° is not separable.

Proof. For every subset A C N, define the sequence 14 € (> by

1, ifneA,

La(n) = {0, ifn ¢ A.

Clearly, ||[14]|c = 1.
Moreover, for any two distinct subsets A, B C N, we have

|14 — 1p]|e = 1.

Assume by contradiction that ¢*° is separable. Then there exists a count-
able dense subset D C (.
For each A C N, choose an element x4 € D such that

1
H]-A_-I'A“oo < 5

This defines a mapping
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We claim that ¢ is injective. Indeed, if A # B, then by the triangle
inequality,

1= 14 =15l
<14 = zallee + [l = 28l + [[28 = 150

1 1
< 5 + HiIZ’A —IBHOO—F 5 =1+ HZ‘A —:L’BHOO.

Hence ||z4 — xg|loo > 0, which implies x4 # xp.
Therefore,
Card(D) > Card(P(N)).

Since P(N) has the cardinality of the continuum, this contradicts the as-
sumption that D is countable.
Thus, ¢ is not separable. ]

Proposition 3.2.12. The Banach space C([1,400)), endowed with the supre-
mum norm, is not separable.

Proof. We argue by contradiction. Suppose that C([1,400)) is separable.
Then there exists a countable dense subset

{fi, fos oy [y} CC([1, +00)).

For each n € N, define a sequence

Ty = (fa(1), [a(2), fa(3),...) € .

Let
D :={x, :n €N} C *.

Now let ¥ = (Ym)men € €°°. Define a function f € C([1,+00)) such that
f(m) =1y, forallmeN.

(Such a function exists, for example, by piecewise linear interpolation.)
Since {f,} is dense in C([1,400)), for any £ > 0 there exists n € N such
that

Hf - fn“oo <e.
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Then

Iy = Zall = sup £ (m) — f, )

< sup  |f(x) = fu(w)|

z€[1,+00)
=|f = fallx <&

This shows that D is dense in ¢*°, contradicting the fact that ¢*° is not
separable.
Therefore, C'([1,+00)) is not separable. O

Proposition 3.2.13. Let X andY be Banach spaces such that X is separable,
and let T : X — Y be a bounded linear operator. Then T(X) is separable.

Proof. Let (x,),>1 be a countable dense subset of X. Since 7" is continuous,
the set {T'(z,) : n > 1} is countable and dense in T'(X). Hence T(X) is
separable. O

Lemma 3.2.2. Let X be a normed space and (z,)n>1 a sequence in X. Let
E be the vector subspace spanned by (x,)n>1. If E is dense in X, then X is
separable.

Proof. Let Ejy be the vector space over Q spanned by (z,,),>1. Then Ej is
countable and dense in E. Since FE is dense in X, it follows that Fj is dense
in X. Hence X is separable. O

Proposition 3.2.14. Let X be a Banach space and let Xo C X be a closed
subspace. Then:

1. If X* is separable, then X 1is separable.
2. If X is separable, then X, is separable.

Proof of (1). Let (x}),>1 be a countable dense sequence in X*. By the defi-
nition of the norm in the dual space, for each n > 1 there exists z,, € X with
||zn|| = 1 such that

* 1 *
[ @) 2 Szl

Let E be the vector subspace of X spanned by (z,),>1. We claim that
E is dense in X.
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Let x* € X* such that er = 0. We show that z* = 0. Given € > 0, there
exists n > 1 such that
| <e.

la* = a7,

Then
glanll < [am, wn)l = [ — 2%, 2)| < la7, = 2]

Hence ||z}|| < 2¢, and therefore
[ < ™ = @l + [l ]| < 3e.

Since this holds for all € > 0, we conclude that x* = 0.
Thus F is dense in X. By Lemma 3.2.2, X is separable. ]
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1 Normed Vector Spaces

Exercise 1.1. Let (X,|| - ||) be a normed space, a € X and r > 0. The open ball
B(a,r)={z e X : ||z —al| <r}

and the closed ball

Bla,r)={z e X : ||z —a| <r}

are convex sets.

Exercise 1.2. Let X be a normed space. Find all linear subspaces M C X which are contained in
some (closed or open) ball B(a,r) ={x € X : ||z —a| <71} (or <r).

Exercise 1.3. If 0 < p < 1, then (P is a vector space, but
s 1/p
]l = (Z |$n|p>
n=1
is mot a morm on (7.

Exercise 1.4. The spaces (7, L? for 1 < p < oo, and C(K) for K compact are Banach spaces.

Exercise 1.5. (a) Show that (> equipped with the norm || - ||« is a Banach space.

(b) Let cq be the space of real (or complex) sequences converging to 0. Show that ¢y is a closed

subspace of £>°.



(c) Let coo denote the space of all real (or complex) sequences x = (T,)n>1 for which there ezists
ng with x, = 0 for all n > ng. Equip coo with the sup-norm ||z||s = sup,s; |zn|. We show that
(co0, || * |oo) s not a Banach space.

Exercise 1.6. Consider the space
C[0,1) ={f :]0,1) = R | f is continuous on [0,1)},

equipped with the supremum norm

[flloc = sup |f()].
z€[0,1)

This space is not complete.

1

Exercise 1.7. Show that he application f — | f|2 = <f_11 |f(x)|2da7) *is a norm on C([—1,1]), but
the vector space (C([—1,1)),] - |l2) is not a Banach space.

Indication we can choose the sequence of functions:

0 zf—lgxg—%,
folx) =< ne+1 z’f—%gxg(),
1 fo<zx<l1

Exercise 1.8. Show that the following norms on R™ are equivalent:

" n 1/2
Izl =D lal, el = (Z |in2> o lwllee = max fai].
i=1 i=1

Let x = (x1,29,...,2,) € R™.

Exercise 1.9. Let

E = {f € C'([0,1];R) : f(0) = 0}.

Define two norms on E by

[ f]l1 == il[lopl]\f(:r)Jrf’(:c)l and ||fll2:= Sél[log]\f(x)H sup]\f’(:v)|-

z€[0,1
Show that the norms || - ||1 and || - || are equivalent on E.

Exercise 1.10. *

We have for all (z;)1<i<n in R™ and for all 1 < p < ¢ < oo,

n 1/q n 1/p n 1/q
11
(Z |Iz|q> S (Z |$Z|p) S nr q (Z |J,’Z|q> .
i=1 i=1 =1



Exercise 1.11. Let (X, |- ||) be a Banach space. Show that every absolutely convergent series in X

is convergent in X . Moreover,

[eS)
D>
n=1

)
<Y llall-
n=1

Exercise 1.12. *

Let (H,(-,-)) be an inner product space, and define

||| :== /{z,z), x€ H.

Then || - || is @ norm on H.

Exercise 1.13. Let M be a closed subspace of a Hilbert space H. Prove that
(MY =M.
Exercise 1.14. (a) Show that
M :={zx = (z,) € £*: 29, = 0 for all n € N}

is a closed subspace of the Hilbert space (2.
(b) Find M*.

Exercise 1.15. * Let T : X — Y be a linear operator between the normed vector spaces X and Y .

Then, the following assertions are equivalent:
1. T is continuous;

2. T is continuous at 0;

ox
2||z|]

).

3. T is bounded (one may take o =

Exercise 1.16 (Norm of a Linear Functional).
(a) Let X = (' and define T : X — C by

T(x) = Z%, for x = (x,) € (*.

n=1

(i) Show that T is a bounded linear operator on (*.
(ii) Compute ||T|| and show that ||T|| = 1.

(7ii) Determine whether the norm of T is attained.

(b) Let X = cy, the space of all real (or complex) sequences converging to 0, equipped with the
norm || - ||eo. Define T : X — C by



(i) Show that T is a bounded linear operator on co.
(it) Compute ||T|.

(7ii) Determine whether the norm of T is attained.

Exercise 1.17. Let T be the unilateral shift operator on * defined by
T:0*— 2 T(xy,x9,23,...) = (0,21, 29, x3,...).

Prove that T is a bounded linear operator and ||T|| = 1.

Exercise 1.18. Let a < b be real numbers. Consider the Hilbert space L*[a, b] over R and the operator
T : L*[a,b] — R defined by

b
Tf :/ f(z)dx, f € L?[a,b].
(a) Show that T is bounded. Compute ||T||.

(b) By Riesz’s theorem there exists g € L*[a,b] such that Tf = (f,g) for all f € L*[a,b]. Find
such a g and verify ||g||rz = ||T||-

Exercise 1.19. Let (e,) be an orthonormal basis of a Hilbert space H and let u be the operator
defined by

u(en) = epy1.

Show that ||u + Id|| = 2.

Exercise 1.20. Consider T' € B(H) a normal operator. Show that
ker(T') = ker(T™).

Exercise 1.21. Let H be a Hilbert space and A € B(H) a normal operator. Show that if A is

invertible, then there exists a constant ¢ > 0 such that
|A(z)|| > c||z|| for allxz € H,

and conversely.

Correction

Ex 01 Let 2,y € B(a,r) and A € [0,1]. Then

Az + (1 =Ny —a|]| =|Ax+Xa—Aa+ (1 =Ny —a
N+ (1 =XNy—a|]| <Ajz—al|+ (A =Ny —al <+ (1=XNr=r.

Thus Az + (1 — Ny € B(a,r). The same reasoning works for B(a,r) using < instead of <. Hence
both sets are convex.



Ex 0.2. If M C B(a,r) for some a € X and r > 0, then for any x € M, since M is linear, tx € M
for all t € R. Thus ||tz — a|| < r for all ¢, which is impossible unless = 0. et us look at what

happens as |t| becomes very large. We can write:
[tz = all = f[tx]| = flall = [t l]] = [lall
If x # 0, then [|z]| > 0. As [t| — oo, the term |¢|||z| — ||a|| — oco. Hence, for large enough ¢,
|tz —al| > r.

That means tx ¢ B(a,r). Hence M = {0} is the only linear subspace contained in a ball (open or
closed).

Ex 0.3. The function || - ||, satisfies positivity, definiteness, and homogeneity, but not the triangle

inequality. Indeed, for =,y € /P we have

lz+yllp =D |z + wal” > D (zal” + [yal”)

may fail since for 0 < p < 1, the function ¢ — t? is concave. Thus
Zn + Yul” < Jxn]” + |ynl?

does not hold in general, and so the triangle inequality fails. Hence || - ||, is not a norm, though ¢*
remains a vector space.

textbfCounterexample (showing the triangle inequality fails for 0 < p < 1). Let 0 < p < 1 and
consider the sequences e; = (1,0,0,...) and e; = (0,1,0,...) in 7. Then

1/
leally = (1) =1, leall, =1,

while Y
p
ler +eally = (117 + 117) =247,

Since 0 < p < 1 we have 1/p > 1, hence 2!/ > 2. Therefore
lex + eall, = 2177 > 2 = [lea |, + [lealy,

which is a direct violation of the triangle inequality. Thus || - ||, is not a norm on ¢

Ex 0.4.

(a) The space (*°(R) is a Banach space. Let (u,),>1 be a Cauchy sequence in ¢*°(R) with u, =

n

»)n>1. For n € N, we have

(u

n_

|

n n n| __
uq| < sup |up - uq| - ||Up - UQHOO
n>1
This implies that, (u)),>1 is a Cauchy sequence. As R is complete, this sequence converges
and we can write

u, = lim u”.
p—o0 p



(b)

()

We will show that this sequence (u,),>1 belongs to the space [*(R) because the sequence

(up)p>1 converges to (s )n>1-

As (up)p>1 is a Cauchy sequence, hence it is bounded and there exists M € R* such that

Vp € N, | uplloo < M.

Let n be in N. One has

| = Jim ]

For each fixed n and p, we have
up| < ulle < M

Taking the limit as p — oo , and using the continuity of the absolute value function,
|un| = lim |uy| < M.
pP—00

Since this holds for all n,
sup |u,| < M,
n>1
therefore, (u,)n>1 is an element of the space (*°(R).
Consider € > 0. Since (u,) is Cauchy, there is N € N such that
Vp,qg > N, |Ju, — uylleo < e
This implies for all n > 1
uy — uy| < e

Now, fix p > N and n € N. Taking the limit as ¢ — +o00, we get

|un — uy| <€

and this holds for all n € N. Thus

=ty = sUP [ — | < e
n>1

Hence, u, — u in (*°(R). Therefore, ¢>°(R) is complete and thus a Banach space.

)

If (z(™) C ¢o and 2™ — z in || - ||, then ||z — 2||loe — 0. Thus 2\ — 2, uniformly in n,

and since (" € ¢, we have limy_,o 2 = 0. Hence x € ¢y, and ¢, is closed.

We observe that coy C ¢g C £°°.

(a) Consider the sequence 2™ defined by

I(n):(l,l 1 ...,%,O,O,..-)eCOO’



Then, for n,m > N,

1 .
—— . if n>m,
—, ifn<m.
In both cases, for any N > 0, we have
(n) _ y(m) 1
|\ — 2™ < il for all n,m > N.

So the sequence (™) is a Cauchy sequence in cqo. Evidently, it is also a Cauchy sequence in
0.

Now consider the sequence

[y

11 1 1 00
5’5""’;7n_+1’n_+2"">€€ .

We have (™ — 2 in £ but x ¢ ¢y (since x,, # 0 for all n).

Now consider the sequence

Thus for every fixed k£ we have x,(gn) — % = 1, as n — oo. Hence the pointwise limit of 2™ is

x.

2 — zloc = supla;” — z].
k>1

If k < n then 2™ — z, = 0. If k > n then |z\") — x| = |0 — 4| = #. The maximum of ; for
k > n is attained at £ = n + 1, hence
]- n—oo

) _ = =20.
e

Therefore (™) — 2 in the norm of £>°.

By definition cgy is the set of finitely supported sequences (sequences that are zero from some

index onward). The sequence

has infinitely many nonzero terms (it never becomes identically zero after some index), so
x & cop. Since ™ € ¢g for all n, we have produced a Cauchy sequence in g (with respect to
|| - [[oo) that converges in £>° to an element not in c¢oo. Hence ¢y is not complete (equivalently,

Coo is not closed in £°).
We have (™ — z in ¢°. However, we claim that x ¢ Cop-

(b) The closure of cqy in £°° is ¢y, the space of all sequences converging to zero.



1/2
Ex 0.6 The mapping f +— || f|l2 = <f_11 ]f(a:)de) is a norm on C([—1,1]), but (C([-1,1]),] - |2)
is not a Banach space.
(1) Norm properties. For f,g € C([—1,1]), || f]]2 = 0 implies f(x) = 0 for all x. Homogeneity is
clear, and the triangle inequality follows from Minkowski’s inequality. Hence || - || is a norm.

(2) Non-completeness. Define

Oa —1 S x S _%a
fu(z) = < nx + 1, —%gxgo,
1, 0<z<1
Each f, is continuous, and (f,) is Cauchy in || - [|2, since

0
1 — 2 = / 1fale) = fu() s = 0.

However, the pointwise limit
0, =<0,
1, >0,

fz) =

is not continuous. Thus f ¢ C(|—1,1]), so C([—1,1]) is not complete under || - [|5.

Ex07 First note the easy inequality

f (@) + (@) < [f @)+ [f @) < N f]l2,

so taking suprema over z € [0, 1] gives

1fll < [ £l

Thus one side of equivalence holds with constant 1.

For the other direction, we have

112 = Wf 1+ LD
Calculation of || f/||o:

1Flle = sup [f'(2)] = sup |f'(x)+f(z)=f()] < sup [f'(x)+f(z)[+ zl[lopl]\f(flf)\ < [ flloo +11£ 1

z€[0,1] z€[0,1] z€[0,1]

Calculation of || f||c:
The function f is continuous on [0, 1], hence it is bounded and attains its supremum. Let zq € [0, 1]

be such that || f|l; = |f(z0)|.

o If0 <z <1, then f'(xg) =0, and therefore

[flloe = 1f (xo)| = |f (x0) + f'(xo)| < [Lf]1-



o If zyp = 1, then f and f” have the same sign on some interval [1 — ¢,1]. On this interval we
have [/(x)] < /() + '(x)], hence

[fllee = LA < NI f11-
o If zyp = 0, then f(0) = 0, which implies f = 0 in a neighborhood of 0, and the inequality is
obvious.
Consequently,

1Al = A1+ 1 < 1Al + 201l = 311

Hence the two norms are equivalent:

Il < 1Al < 3l Vi€ B

Ex 0.8

Let © = (21,22, ...,x,) € R". We recall the three norms:

N n 1/2
ol = faal, x> = (Z |$i|2> : 7|0 = %1%>;|ffi|-
i=1 i=1
Step 1. Show that ||z]|e < [|z]|l2 < ||2]1-
Indeed, since ||z||o = max;|z;|, we have for each i:
jzil* < Izl

Summing over ¢ gives

n
D lail® < nllellZ,
i=1

and hence
" 1/2
]2 = <Z !$i|2> < Vnlz)s.
i=1
But also, since at least one coordinate satisfies |z;| = ||z||c0, We get
. 1/2
]2 = <Z !%\2> 2 [zi| = [[#]]se
i=1
Thus

2]l < llzll2 < V7 [|2]loo-

Step 2. Show that ||z]]2 < ||z]|1 < /1 z||2-

First, since |z;|* < |x;] ||, it follows that

(zw) <Yl
=1 =1

9



so [|lz]l2 < l2][s-

For the other direction, by the Cauchy—Schwarz inequality,

n n 1/2
lzlh = ol < v/n (Z \%\2) = vzl

i=1 i=1

Thus,

]2 < [zl < vV [lz]]2:

Step 3. Combine the estimates.
From the above we have:

[elloe < lllz < 2l < nl#flo-

Hence, all three norms are equivalent on R".
Ex08
Let 1 <p < g < oo. Then

1 1 1
—:——|—— — 1:
p q T

RS
—_
—_

+

<3

By Holder’s inequality, we have

n n p/T / n p/a
Zl. |z |P < (Z 1r/p> (Z (’xi‘p)q/P> .
i=1 i=1

That is,

This implies

n 1/p n /g n 1/q
1_1
(E :|Iz|p> < npt/r (} :|x2|q) —nr q <§ (|x1|q> _
i=1 '

=1

For the converse, consider x € Spn (i.e., [[z[, = 1). We show that ||z[[, < 1.

Indeed, for every i, we have |z;| < 1, and hence

n n
D lwil" < 3 il
i=1 i=1

n 1/q
<Z |xi|q> <1
=1

Therefore,

Now, let xy = ﬁ By homogeneity of the norm,
Lllp
ol = ]| = =1
lzllpll, el

10



This implies that ||zo||, < 1, and consequently

Izl |

[

Ex09 Let (z,,) be a sequence in X such that the series

oo
> Nl
n=1

is convergent. Then, by definition of convergence in R, the sequence of partial sums

n
sn=_ lanl
k=1

is Cauchy.

We now show that the sequence of partial sums

n
Sn: E T
k=1

is Cauchy in X. For p > ¢, we have

p p
1S, = Sall = || D el < > Ml
k=q+1 k=q+1

Since (s,) is Cauchy in R, for every € > 0, there exists N € N such that

p
|sp — 84| = Z ||zk|l < e whenever p,q > N.
k=q+1

Hence,
ISy — Syl <& forall p,g > N.

Therefore, (S,,) is a Cauchy sequence in X. Since X is complete (i.e., a Banach space), there exists
S € X such that

S, — S.
Thus, the series ) | z,, converges in X.
Finally, the inequality
> <D Nl
n=1 n=1

follows from the triangle inequality applied to the partial sums:

n n
ol < flal,
k=1 k=1

and then passing to the limit as n — oc.

11



Ex10 We only need to verify the triangle inequality. For all z,y € H, we have

lz+yl* = (z 4+ y, 2+ y)
= ||lzlI> + lyll* + 2Re (z,y)
< |lz|* + lyll* + 2 ||lz| ||| (by the Cauchy-Schwarz inequality)
= ([|l[| + llwl)*.

Taking square roots on both sides gives
[z +yll < llzll + lyll,

which is the triangle inequality. Hence || - || is a norm on H.
Ex11 In general, if M is a subset of H, then M C (M=*)*. Indeed,

M*:={zxeH:x 1 M}

So we have
reEM=x1 M =zrec (M)

Now suppose M is a closed subspace of H and z € (M*)t. Since x € H = M & M*, we can
write
t=u+v, ueM,ve M.

Since M C (M*)*, we have
r=u+v, ue€ (M) ve M

Because ¥ — u € (M*)* and v € M+ with v = x — u, we obtain
veMn (M)

This implies v = 0. Hence, x =u € M.
Ex12 (a) Linear subspace. If x = (x,,),y = (y,) € M and «, § € C, then for every n,

(ax + BY)on = axay + Byan =0+ 0 =0,

so ax + By € M. Thus M is a linear subspace of £2.

k) - 2 in the f2-norm. For each fixed

Closedness. Let ()5, be a sequence in M with z!
coordinate index m the map
? - C, 2= (2,) = Zm

is a continuous linear functional (indeed |z,,| < ||z||¢2). Hence 2% — z,, for every m. In particular,

for every n € N we have xg,? = 0 for all &, so the limit satisfies x5, = 0. Therefore x € M and M is

closed.

12



(b) Let (-, -) denote the standard inner product on £,

(@,9) = Y Tl
m=1

We compute the orthogonal complement M+ = {y € ¢*: (z,y) =0 for all z € M}.
If y € M, then for each fixed odd index 2n — 1 choose the vector x € M defined by g, = 1

and x,, = 0 for m # 2n — 1 (this « belongs to M since all even coordinates are 0). Then
0= (z,y) =1-Van1,
S0 Yan_1 = 0 for every n. Thus every y € M+ has all odd entries zero; equivalently
M* C{y = (ym) € % : you_1 = 0 for all n}.

Conversely, any y € % with y5,_; = 0 for all n is supported only on even indices. For such a y

and any x € M (which is supported only on odd indices), the inner product satisfies
(x,y) = mey_m: 0
m=1

because at every coordinate at least one factor is zero. Hence every such y belongs to M*. Therefore
MY = {y = (ym) € £ : yau_1 = 0 for all n},

i.e. the subspace of 2 consisting of sequences supported on even indices.
Let M = {z = (x,) € (*: x5, = 0Vn > 0}. Then

€Mt <= (2,2) =0 forallz € M.

Writing the inner product and using that every x € M has only odd-index coordinates possibly

nonzero,

)
0= <Za ZL'> = Z 2o2n+1L2n+1
n=0

for all choices of scalars (zo,11)n>0 With Y7 |22,41]* < co. This implies 29,41 = 0 for every n > 0

(otherwise one could choose z,,1 # 0 supported at that index). Hence
M+ ={z=(2,) € £*: 2311 = 0 for all n > 0},
i.e. the subspace of £? supported on even indices.

Ex14 [Norm attained] Let X = ¢! and define T': X — C by

T(x) = Z %, for z = (,) € (*.

n=1

13



Then T is a linear operator and
1T = 1.

Indeed, for any x € ¢!,

e
> <
— N

n=1

— l7n
E < et
n
=1

Hence ||T'|| < 1. But for x = ¢; = (1,0,0,...), we have
T(el) = 1,

so ||T']| = 1 and the norm is attained at e;.
[Norm not attained] Let X = ¢y equipped with the norm || - ||o. Define 7: X — C by

-3 5

n=1

2|E

Then T is linear, and since

X
o) < Z' AP

we have T' € B(X,C) and ||T|| < 1.
On the other hand, for each n > 1, note that

n

ller + + enl| 1 d T(e; + +en) Z ! 1 L eomertic sequence
e “ .. eTLOO: an n) = p— —_
1 1 — 22 omn g q
Hence,
1
IT) 21— o

Since n is arbitrary, it follows that ||T|| > 1, and therefore ||T'|| = 1.
Now let z € ¢y with ||z]| < 1. Then there exists N > 1 such that |z,| < 5 for all n > N. We
have

Yol 1 X1
T@I<) 5 +5 5 <1=ITl.
=1 i=N+1

Split the series at N to get the estimate

N—

Z

|z
21 Z z

Using the trivial bound |z;| < 1 for the first finite sum yields

N-1 e’}

1 1 1 1 1 1 1
< — 4+ = — =11 — =1—-—<1.
.T)’_ 21+2;\[21 ( 2N—1) +2 2N—1 2N

i=1

Consequently, |T'(z)| < ||T|| for all z in the unit ball B

Ex15 Linearity of 7' is immediate from its coordinatewise definition.

o, and hence the norm of 1" is not attained.

14



For x = (x1, T2, 73, ...) € £* we compute

oo
Tz = (0] + |21 > + |a* - = Y [l = e
n=1
Hence | Tz||z = ||z||e for every x € €2, so T is bounded and in fact an isometry. In particular,

1T} = sup [[Tz| = sup =[] = 1.

l[=]|=1 ll=]|=1
(Alternatively, note that for the standard orthonormal basis vectors e, we have ||e,|| = 1 and
Te, = epy1 80 ||[Te,|| = 1, which shows || T|| > 1, combined with the equality ||[Tz| = ||| gives

17 =1.)

Ex16 (a) Linearity of T is immediate. To show boundedness and compute the operator norm,

apply the Cauchy-Schwarz inequality: for any f € L*[a, b],

/abf(w)d:v /abf(x)-ldx

Thus T is bounded and ||T']| < v/b — a.

To see equality, take the function fy =

ITf] = <l z2ap 1 z2fap) = 1 2200 VO — a.

1
vVb—a

b 1 b—a
Tf = dr = =Vvb—a,
Jo /a vVb—a b—a

so | T|| > v/b — a. Hence || T]| = Vb — a.

(b) Consider the constant function g =1 on [a,b]. For every f € L*[a, ],

(which has || fo||z2 = 1). Then

o= [ fatorde = [ swyar =17

so g = 1 represents T via the Riesz representation. Its L? norm is

b 1/2
||g||L2[a,b} = (/ ].2 dl’) =V b — Q.
Therefore ||g||2 = Vb —a = ||T||, as required.

Problem sup. Let X,Y be normed spaces and let T € B(X,Y). Consider the following
statement:
T is an isometry <= ||T|| = 1.

Do you agree with it?
[Solution| The statement is false in general.

(=) Suppose T is an isometry. Then, by definition,

|Tz|| = ||=|| forall z € X.

15



Hence

IT[| = sup [|[Tz]| = sup [lz] = 1.

llzll=1 |z[|=1
Thus, every isometry has operator norm 1.

(<) The converse is not true. The condition || T|| = 1 only means that
|Tx| < |[lz|| forall z € X,

and equality holds for at least one x with ||z|| = 1, but not necessarily for all x.

Counterexample. Let X =Y = R? with the Euclidean norm and define

T(z,y) = (x,0).

Then
1T (z, )|l = |z| < Va2 +y* = [[(z,y9)],

so ||T|| = 1. However, T is not an isometry because, for example,
I7(0, )] = 0 # 1 =[(0, 1)]]
Conclusion. We always have
T is an isometry = ||T'|| =1, but the converse does not hold.
Ex17 It is clear that u is an isometry. Hence,
o+ 1] < ol + 1d) =1+ 1 =2,

To show equality, we construct a sequence of unit vectors (z,) such that |[(u + Id)z,|| — 2 as
n — oo.

Let x, be the vector whose coordinates in the basis (e) are given by

Lttt
Ty, =—=(e1+ex+ - +ep).
Jmete
Then ||z,| = 1.
We have
1
u(rn) = —=(e2 +es+ -+ +enpa),

vn

and therefore .
(u+1d)(x,) = —=(2e9 + 2e3 + - - - + 2€, + €1 + €,41).

NG

Hence,

I+ 1d)(z,) |2 = %(4(71 1) +2) = %(zm _9),

o+ 1)) = =2 =0 - L

16
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Taking the limit as n — oo, we obtain
lim {|(u 4 Id)(z,) || = 2.

Therefore,
|lu+1d|| = 2.

Ex18 Let « € ker(T"). Then T'(z) = 0, and hence
|T*(z)||? = (T*(z), T*(x)) = (TT*(x), ) (since T is normal) = (T*T(z), =) = (T*(0), =) = 0.
Therefore, T*(z) = 0, and so x € ker(7™). Thus,
ker(7T") C ker(7T™).
Now, since T" is normal, 7™ is also normal. Applying the same reasoning to 7%, we obtain
ker(T™) C ker(T*") = ker (7).

Hence,

ker(T') = ker(T™).
Ex19 (=) Suppose that A is invertible. For any z € H, we can write
2]l = [AT Af2) || < [ A7 (A=)
Hence,

1
[A(z)]| > AT [|]]-

1
Therefore, the inequality holds with ¢ = m > 0.

(<) Conversely, assume there exists ¢ > 0 such that
[A(@)|| = cllzl] V2 e H.

Then ker(A) = {0}, because if A(z) = 0, this inequality gives ||z|| =0, so = 0.
Since A is normal, we have
ker(A) = ker(A*) = (Im A)*.

Thus, Im A is dense in H.
To show that Im A is also closed, let (A(z,)) be a Cauchy sequence in Im A. Then for m, n large,

|A(z, — zm)|| = 0.
By the assumed inequality, we have

cllen = zml < A(@n = 2m)|| = 0,

17



so (x,) is a Cauchy sequence in H and hence converges to some z € H. By continuity of A,
A(x,) — A(z), which shows that Im A is closed.
Since Im A is both dense and closed in H, it follows that Im A = H; hence A is surjective.

Finally, A is bijective and bounded, so by the inverse mapping theorem, A is invertible.
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Exercise Sheet 2— Fundamentals of Functional Analysis 01

2 Baire’s Theorem and their consequences
Exercise 2.1. Let (X, || - ||) be a normed linear space over R and let (x,)nen C X.
1. Assume that for every ¢ € X* there exists a constant M, > 0 (depending on @) such that
[p(@n)] < M, for alln € N.

Using the uniform boundedness principle, prove that there exists C > 0 with ||z,| < C for all

n.

2. Deduce from (1) that any weakly convergent sequence in a normed space X is norm-bounded.

Exercise 2.2. Let R[X] be the vector space of real polynomials, viewed as a subspace of C(R). Show
that no norm on R[X| makes it a Banach space; equivalently, every normed topology on R[X] is
incomplete.

Exercise 2.3. Let X be a Banach space and let T : X — X be a bounded (continuous) linear operator
such that
Vee X 3neN: T"(z) = 0.

Prove that T is nilpotent; that is, show that there exists N € N with TV = 0.

Exercise 2.4. Let f: R — R be defined by

1. Prove that the graph G(f) = {(z, f(z)) : * € R} is closed in R?.
2. Explain why f is not continuous.

Exercise 2.5 (A generalization of the Hellinger—Toeplitz theorem). Let T be a linear operator on a
Hilbert space H. Suppose there exists a map T : H — H such that

Va,y € H, (T(x),y) = (&, T(y)).

Prove that T s continuous.
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Correction

Ex2.1
(1) For each n € N define the linear functional

T,: X* =R, T.(0) = o(z4).
Each T, is linear. Moreover, for every ¢ € X* we have

Ta(@)] = le(an)l < llell llzall,

so T, is bounded and ||T,|| < ||z,||. Conversely, by the dual norm representation

[zall = sup |p(n)] = sup |T,(p)| = [|Tnl-
lel=1 lel=1

Thus [|T,]] = ||z, for every n.

By hypothesis, for each fixed ¢ € X* the set {T,,(¢) : n € N} is bounded (indeed |T},(¢)| < M.,).
The Banach—Steinhaus (uniform boundedness) theorem applies because the domain X* is a Banach
space. Hence the family {7} is uniformly bounded: there exists C' > 0 such that ||T,|| < C for all

n. Using ||T,]| = |||l we obtain ||z,| < C for all n, as required.

(2) If (x,) converges weakly to some = € X, then for every ¢ € X* the scalar sequence ¢(xy,)
converges to ¢(x) and in particular is bounded. Thus the hypothesis of part (1) is satisfied, so (x,,)
is norm-bounded.

Ex 2.2

Write the usual countable algebraic basis of R[X] as

{1,z,2% ... 2",...},

and set for each n > 0
X, :=span{l,z,..., 2"},
so each X,, is finite-dimensional and

R[X] = D X,

Fix any norm || - || on R[X] and regard (R[X], || - ||) as a normed linear space. We will show it
cannot be complete.

Facts we will use:

o Every finite-dimensional subspace of a normed space is closed.

o A finite-dimensional proper subspace of an infinite-dimensional normed space has empty inte-

rior.
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» Baire’s category theorem: a complete metric space (equivalently a Banach space) is not a
countable union of closed sets with empty interior.

Each X, is finite-dimensional, hence closed in (R[X], | - ||). Also X,, # R[X], so Int(X,,) = @.
Because

R[X] = G X,

is a countable union of closed sets with empty interior, Baire’s theorem shows that (R[X], ||-||) cannot
be complete. Therefore no norm on R[X] turns it into a Banach space.
Ex 2.3
For each n € N set
kerT" ={zx € X : T"(z) = 0}.

By hypothesis every x € X is killed by some power of T', hence

X = errT".

n=1

Each ker 7™ is a closed linear subspace of X because T™ is continuous. Since X is a (complete)
Banach space, Baire’s category theorem implies that at least one of the closed sets ker TV has
nonempty interior for some N € N.

Let M := ker TV and suppose Int(M) # @. Because M is a linear subspace, an interior point
forces M = X: indeed, pick v € Int(M). Then u+ U C M for some neighbourhood U of 0, so U
itself (after translation) contains a neighbourhood of 0 contained in M. Hence there exists ¢ > 0
such that the ball B(0,) C M. For any x € X choose A € R (or C) with 0 < |\| < ¢/||z||; then
Az € B(0,e) C M, and since M is a subspace it follows that x = (1/A)(Ax) € M. Thus M = X.

Therefore ker TV = X, so TV = 0 on X. This shows T is nilpotent.

Ex 2.4

(1) G(f) is closed.

We show that G(f) contains the limit of every convergent sequence of its points. Let ((x,, f(25)))n>1

be a sequence in G(f) and suppose
(T, f(20)) — (7,y) in R%

Then in particular z,, — x and f(z,) = y as n — 0.

If x # 0, then for n large enough z,, # 0 and the function x — 1/z is continuous at x, hence

y = lim f(z,) = lim — = = = f(z),

n—oo n—00 L'y, €T

so (z,y) = (z, f(x)) € G(f).

If z = 0, then x, — 0. If infinitely many xz,, are nonzero, then |f(x,)| = |1/z,| — oo, which
contradicts the assumption that f(z,) — v is finite. Therefore eventually x,, = 0, so for all sufficiently
large n we have f(z,) = 0, and thus y = lim f(z,) = 0 = f(0). Hence again (x,y) = (0, f(0)) € G(f).

In all cases the limit point (z,y) belongs to G(f), so G(f) is closed.

(2) f is not continuous.
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The function is clearly continuous at every x # 0 because it coincides there with the continuous map

x +— 1/x. At x = 0 it is not continuous: if f were continuous at 0 then for every sequence x,, — 0

1
we would have f(z,) — f(0) = 0. But take z,, = —; then x,, — 0 while
n

f(xn):i:nﬁoo;é(),

n

a contradiction. Hence f is not continuous at 0 (and therefore not continuous on R).

Ex 2.5

We shall show that the graph of T is closed and then apply the closed graph theorem.

Let (z,)n>1 be a sequence in H with x,, — = and T'(z,,) — y in H. We must prove y = T'(z).
Compute

ly = T(2)* = (y — T(x), y = T(=)).
Since T'(x,) — y and T'(x,) — T'(z) — y — T'(z), we may write
ly = T(@)|I* = lim (T(z,) — T(x), y — T()).

n—oo

Using the hypothesis and linearity of the inner product,
(T(x,) = T(x), y = T(x)) = (w0 — x, Ty = T(x)).
Because x,, — z, the right-hand side tends to 0 as n — oo. Hence
ly = T()]* =0,

so y = T'(x). This shows the graph of T is closed.
Finally, since T is a linear operator between Banach spaces (Hilbert spaces are complete), the

closed graph theorem implies that 7" is bounded (continuous).
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Exercises Sheet03 —Hahn—Banach Theorems and its Consequences

3 Hahn—Banach Theorems and its Consequences

Exercise 3.1 (Strict separation in R?). Let
A={(r,y) eR*: 2’ +4y* <1}, B={(20)}

Find explicitly a linear functional that strictly separates A and B.

definition Let E be a vector space over the field F. A semi-norm on E is a function
p:EFE—R

satisfying, for all z,y € E' and A € F, the following conditions:
p(Az) = [A[p(x),
2. p(z+y) < plz)+py).
Let P be a family of semi-norms on E. We say that P is separating if

plx) =0 VpeP = z=0.

Exercise 3.2. Let p be a semi-norm on E. Prove that:
1. p(0) =0;
2. p(x) >0 forallz € E;
3. the set p~1({0}) = {z € E : p(x) = 0} is a subspace of E;

4. forallx,y € F,
Ip(z) — p(y)| < p(x —y).

Exercise 3.3. * Let u be a non-trivial linear form on E. Show that

defines a semi-norm on E.

Exercise 3.4. Let X,Y be two Banach spaces and T : X — Y be a linear operator.

1. Prove the equivalence of the following properties:

(a) T:(X,||-]) = (Y;| - 1]) is continuous.
(b) T:(X,0(X,X*)) = (Y,0(Y,Y™)) is continuous.
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(c) T:(X,|-1) = (Y,o(Y,Y™")) is continuous.

2. Show that if
T:(X,0(X,X") = (Y,] 1)

s continuous, then
dim Im(7T") < oo.

Exercise 3.5. Let E be a normed space.

1. Justify that weakly open sets are strongly open, and the same for closed sets.
2. Check that if E is finite-dimensional, the weak and strong topologies coincide.

3. Show that if E is infinite-dimensional, then its open unit ball
Bp={x € E:|z| < 1}

is not open for the weak topology. We have therefore verified the converse of the previous

question.
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Correction

Ex 3.1 Closedness. Define the function

g:R*= R, glz,y) =2+ ¢

The function g is continuous and the interval (—oo, 1] is closed in R. Hence,

A=g (=00, 1))

is closed as the inverse image of a closed set under a continuous map.

Convezity. Let (z1,11), (z2,72) € A and let A € [0, 1]. Set

<x7y) = /\(131,y1) + (1 - A)(ZE%yQ)'

Using the convexity of the norm in R?, we have

Gz, )l < Al y) Il + (1 = M)l (22, 2)]-

Since
[y =27 +y; <1 (i=1,2),

it follows that
[z, )| <A+ (1 =) =1,

and therefore
2+ y2 <1.

Thus (z,y) € A, which proves that A is convex.

Since B = {(2,0)} is a singleton in R? | it is compact. The set B = {(2,0)} is closed and bounded

in R?, hence compact. The set B is bounded, since it is contained in the closed ball of radius 1

centered at (2,0). Hence, by the Heine—Borel theorem, B is compact.
Define the linear functional
u:R? = R, u(z,y) = x.

For every (z,y) € A, we have 22 + y* < 1, hence |z| < 1, and therefore

u(z,y) =z < 1.

Moreover,

Choose
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Then

and

u(z,y) <a—e=1 forall (z,y) € A,

u(2,0)=2>a+ec=2.

Hence, the hyperplane

H = {(z,y) € R? : u(z,y) = a}

strictly separates the sets A and B.

Ex 3.

2 definition Let E be a vector space over the field F. A semi-norm on E is a function

p:EFE—R

satisfying, for all z,y € ' and A € F, the following conditions:

p(Az) = [A[p(=),

2. p(z +y) < plz)+py).

Let P be a family of semi-norms on £. We say that P is separating if

p(r) =0 VpeP = z=0.
Since p is a semi-norm, for any x € E and scalar A,
p(Az) = A\l p(a).
Take x = 0 and A = 0. Then
p(0) = p(0 - z) = |0 p(z) = 0.
Again, using the semi-norm property with A = —1:
p(x) = p(z — 0) < p(z) +p(0) = p(z) + 0 = p(),

which shows p(z) > 0. More directly, a semi-norm is always non-negative by definition.

Let
N =p ' ({0}) ={z € E: p(z) = 0}.
Take z,y € N and o € F. Then

px+y) <px)+ply) =0+0=0 = r+yecN,

and
plazx) = |alp(z) =|a|-0=0 = ax € N.

Hence N is a subspace of E.
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4. For z,y € F, using the triangle inequality for the semi-norm:

p(x) =p((x —y) +y) <plx—y)+ply) = plx)—ply) < plr—y),

and similarly,

p(y) =p((y —2) +2) <ply — ) +plx) =plz —y) +plx) = ply) —plx) <plr—y).

Therefore,
Ip(z) = p(y)| < plz —y).

Ex3.3

We need to verify the two properties of a semi-norm for p(z) = |u(z)].
For any scalar A € F and x € F,

p(Ax) = [u(Az)| = [Mu(z)] = (Al |u(z)| = [A| p(z).
For any z,y € F,

p(z +y) = |u(z +y)| = |u(@) + uy)] < |u(@)] + [u(y)] = p(z) + p(y)-

Since both properties are satisfied, p(z) = |u(z)| is indeed a semi-norm on E.
Ex 3.4
Let X and Y be Banach spaces and let T': X — Y be a linear operator.

1. Equivalence of the three continuity properties.

(a) = (b).
Assume that T : (X, ]| -||) = (Y, - ||) is continuous. Since T is linear, this is equivalent to T
being bounded.
Let y* € Y*. Then the composition y*oT is a bounded linear functional on X, hence y*oT € X*.
By definition, the weak topology o(X, X*) is the weakest topology on X making all elements of

X* continuous. Therefore, for every y* € Y*, the map
r+— y* (Tx)

is o(X, X*)-continuous.

This is exactly the definition of continuity of 7" from (X, (X, X*)) into (Y,o(Y,Y™)). Hence
(a) = (b).
(b) = (¢).

The weak topology o (Y, Y*) is weaker than the norm topology on Y. Moreover, the norm topology
on X is stronger than o (X, X*).

Therefore, if

T:(X,0(X,X") = (Y,o(Y,Y"))
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is continuous, then 7' remains continuous when the topology on X is strengthened to the norm
topology. Hence
T (X)) = (VoY YT))

is continuous, and (b) = (c) follows.

(c) = ().

Assume that T : (X, || - ||) = (Y,o(Y,Y™)) is continuous. Then for every y* € Y*, the mapping
z— y*(Tx)

is continuous on (X, | - ||), hence y* o T € X*.
Consider the family
F={y'oT:y eY” |y <1} C X"

For each x € X, we have

sup |f(z)] = sup |y"(Tz)| = ||T=|.
fer ly*[I<1

Thus, the family F is pointwise bounded. By the Uniform Boundedness Principle, F is bounded
in X*. Hence there exists C' > 0 such that

|Tz|| < C|lz|| forall z € X.

This shows that 7" is bounded, and therefore continuous from (X, ||-||) to (Y, ||-||). Thus (¢) = (a).

We conclude that (a), (b), and (c) are equivalent.

2. Weak-to-norm continuity implies finite-dimensional range.

Assume that
T:(X,0(X, X)) = (Y, |- )

is continuous.
The closed unit ball
Bx={zeX:|z <1}

is compact in the weak topology o(X, X*) by the Banach—Alaoglu theorem.
Since T is continuous, the image T'(Bx) is compact in (Y, ||-||). In particular, T'(Bx) is a compact
neighborhood of 0 in Im(7").
If Im(T") were infinite-dimensional, then its closed unit ball could not be compact in the norm
topology (by Riesz’s theorem). This contradicts the compactness of T'(Bx).
Therefore,
dim Im(7") < 0.
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