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Notations

K The field of real or complex numbers.

R+ The field of non negative real numbers.

p′ The conjugate of the number p (1 ≤ p ≤ ∞), that is 1
p

+ 1
p′

= 1

E∗ The topological dual of E.

BE The closed unit ball of E

L(E,F ) The set of all linear operators.

L(E,F ) The set of all continuous linear operators.

w The weak topology.

w∗ The weak ∗ topology.

I The ideal of all linear operator.

ILip The ideal of all Lipschitz operators.

I
inj

The closed injective of the linear operators ideal I.

Lip0 The set of all Lipschitz operators that vanish at 0.

X# The Lipschitz dual of the pointed metric space X.

M(X) The linear space of all molecules on the metric space X.

mxx′ The molecule defined by mxx′ = χ{x} − χ{x′} for x, x′ ∈ X, where

χA is the characteristic function of the set A.

Æ(X) The Arens-Eells space of X.

F(X) The Lipschitz free space of X.

T ∗ The adjoint operator of T .

T# The Lipschitz adjoint operator of T .

TL The linearization of the operator T .

T t The Lipschitz transpose map of T .

Jp The canonical inclusion map defined between C(K) and Lp(µ) (1 ≤ p <∞).
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I∞,p The formal inclusion map defined between L∞(µ) and Lp(µ) (1 ≤ p <∞).

iE The isometric embedding, iE : E −→ C(E∗) given by iE(x) := 〈x, .〉.

K The set of all compact linear operators.

Lip0K The set of all Lipschitz compact operators.

W The set of all weakly compact linear operators.

Lip0W The set of all Lipschitz weakly compact operators.

Lf The set of all finite rank linear operators.

Lip0F The set of Lipschitz finite rank operators.

Πp The set of all linear p-summing operators (1 ≤ p <∞).

ΠL
p The set of all Lipschitz p-summing operator (1 ≤ p <∞).

ΠL
p,r,s The set of all Lipschitz (p, r, s)-summing operators (1 ≤ p, r, s ≤ ∞).

Dp The set of all strongly linear p-summing operators (1 < p ≤ ∞).

DL
st,p The set of all strongly Lipschitz p-summing operators (1 < p ≤ ∞).

Πp,σ The set of all (p, σ)-absolutely continuous linear operators (1 ≤ p <∞, 0 ≤ σ < 1).

ΠL
p,σ The set of all (p, σ)-absolutely Lipschitz operators (1 ≤ p <∞, 0 ≤ σ < 1).

Ip The set of all p-integral linear operators (1 ≤ p <∞).

IL
p The set of all Lipschitz p-integral operators (1 ≤ p <∞).

Np The set of all p-nuclear linear operators (1 ≤ p <∞).

N L
p The set of all Lipschitz p-nuclear operators (1 ≤ p <∞).
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Introduction

The theory of linear operator ideals between normed (or Banach) spaces have been developed

by Albert Pietsch [59], and it is nowadays well established. A linear operator ideal I is a

subclass of the class of all continuous linear operators, such that for every Banach spaces E

and F , the set I(E,F ) is a vector subspace of L(E,F ) that is invariant by the composition

of linear operators on the right or and on the left and which contains the linear operators of

finite rank.

Linear p-summing operators (1 ≤ p < ∞) are an important classe of linear operator ideal.

A linear operator T between two Banach spaces E and F is said to be p-summing if there

exists a constant C ≥ 0 such that for all finite sequence (xi)1≤i≤n in E
(

n∑

i=1

‖T (xi)‖
p

) 1
p

≤ C sup
‖ξ‖E∗≤1

(
n∑

i=1

|ξ(xi)|
p

) 1
p

.

The fruitful development of the theory of absolute summability for linear operators produced

several generalizations to the non linear context. The Lipschitz p-summing operators (1 ≤

p < ∞) between metric spaces, a nonlinear generalization of p-summing operators, was

introduced by Farmer and Johnson in [33]. Recall that a mapping T : X −→ Y between

two metric spaces is Lipschitz p-summing if there exists a constant C ≥ 0 such that for all

(xi)i≤n, (x
′
i)i≤n in X and all (ai)i≤n ⊂ R

+

(
n∑

i=1

aid(T (xi), T (x′i))
p

) 1
p

≤ C sup
f∈B

X#

(
n∑

i=1

ai|f(xi)− f(x′i)|
p

) 1
p

.

Farmer and Johnson in [33] proved basic fundamental properties and leave to interested

readers a list of open problems (what results about p-summing operators have analogues for

Lipschitz p-summing operators? ). Since then, many works have appeared related to this

class of Lipschitz mappings and some of the problems have been solved. Their objective

is to derive the full benefit that accrues from the successful theory of absolutely summing

operators to the Lipschitz context.
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Recently, many classes of linear operator ideals are introduced in Lipschitz context, just

trying to establish Lipschitz versions of the corresponding linear operators. In [40] Lip-

schitz compact operators, Lipschitz weakly compact, Lipschitz finite-rank operators and

Lipschitz approximable operators have been introduced and studied. Chen and Zheng [20]

introduced and studied strongly Lipschitz p-integral, strongly Lipschitz p-nuclear operators

and Lipschitz p-nuclear operators. Chávez-Domı́nguez defined and investigated Lipschitz

(p, r, s)-summing operators and Lipschitz (q, p)-mixing operators in [16] and [17].

Like the above works on Lipschitz operators, the article of Farmer and Johnson [33]

motivated us to study the Lipschitz version of some linear operator ideals. In [65] we studied

the Lipschitz version of strongly p-summing operator ( we mention that the concept of

strongly p-summing linear operators (1 < p ≤ ∞) was introduced by J. S. Cohen in [21] as a

characterization of linear operators having absolutely p-summing adjoint). The isomorphism

between Lip0(X,E) and L(Æ(X), E) (also between Lip0(X,E) and L((E∗, w∗), (X#, w∗)) )

provides a shortcut for the study of such summability property in the Lipschitz context of

strongly summing operators.

In the mid way between continuous linear operators and absolutely summing operators,

a scale of linear operators, namely (p, σ)-absolutely continuous operators (1 ≤ p < ∞ ,

0 ≤ σ < 1), were defined by Matter [51, 52] by applying an interpolative ideal procedure. The

interpolated operator ideal Πp,σ of all (p, σ)-absolutely continuous operators was defined as an

intermediate operator ideal between the ideal Πp of the absolutely p-summing linear operators

and the ideal of all continuous operators, and shares similar properties with absolutely p-

summing operators. Although it was first thought as a tool for the study of super-reflexive

Banach spaces, several works have been done concerning this class of operators: factorization

properties and their representation as dual spaces of suitable tensor products can be found in

[49, 61]. The nonlinear version (multilinear, m-homogeneous polynomial) of this concept has

been recently introduced and studied (see [1] and the references therein) and applications

to the theory of Pettis or Bochner integrable functions have been found in [57]. Connecting

both the linear and the Lipschitz theories, we study the class of (p, σ)-absolutely Lipschitz

mappings. These have to be considered as an attempt to interpolate Lipschitz mappings

with Lipschitz absolutely p-summing mappings.

Following recent advances in the theory of operator ideals, we establish the basics of the

theory of Lipschitz operators ideals with the aim of recovering several classes of Lipschitz
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maps related to absolute summability. Although in recent years there is an increasing inter-

est for finding results on approximation properties related to Lipschitz functions and the free

spaces Æ(X) of metric spaces X (see [23, 24, 35, 36, 44]), there are no explicit definitions

of approximation properties on metric spaces. For example, [8] reproduces the approxima-

tion property for Banach spaces considering approximating Lipschitz mappings instead of

linear operators. Recently, new extensions of the approximation property for Banach spaces

related to operator ideals have been introduced (see [7, 45]). In [45], the definition is based

on a notion of compactness depending on a given operator ideal, that has its roots in the

paper by Carl and Stephani [14] and has been developed in the context of polynomials and

holomorphy in [5, 6, 37]. The general notion of Lipschitz operator ideal provides a natural

context for giving suitable definitions of such notions. Our purpose is to develop a basic

theory of the Lipschitz operator ideals that unifies all the recently introduced new classes of

Lipschitz mappings, and apply it to the establishment of a suitable context for the study of

the approximation property intrinsic to metric spaces and Lipschitz mappings.

Our Thesis is organized as follows:

In chapter 1, we recall briefly some basic notions and terminologies needed in our thesis

(we assume that the reader is familiar with basic functional analysis: normed spaces, the

Lp(µ) spaces (1 ≤ p ≤ ∞), the ℓp(E) (1 ≤ p ≤ ∞) spaces, the C(K) space, tensor product,

the weak and weak* topologies, reflexive spaces, separable spaces, Hahn-Banach Theorem

and its consequences...etc). The rest of this chapter is devoted to show some basic examples

of linear operator ideals, the Lipschitz p-summing operators and the Lipschitz compact

(weakly compact) operators .

In chapter 2 we contribute to the theory of absolutely p-summing Lipschitz mappings by

studying the class of Lipschitz summing mappings whose linear analogue has found its natural

place in the linear operator theory: the class of Lipschitz strongly p-summing mappings. The

main properties of these mappings are established. We prove that, if the range space is a

Hilbert space, every strongly Lipschitz p-summing is Lipschitz q-summing (1 ≤ q <∞). As

a consequence, we obtain a generalization to a result given by Chenz-Zheng [19, Theorem

3.1].

Chapter 3 is devoted to study (p, σ)-absolutely Lipschitz mappings as an interpolating

class between Lipschitz mappings and Lipschitz absolutely p-summing mappings. We pay
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attention to the domination/factorization theorem, whose proof uses the abstract version

of the Pietsch domination theorem given in [9] and [58]. When applying our factorization

theorem to the particular class of absolutely p-summing Lipschitz mappings, we get an

equivalent factorization to the one given by Farmer and Johnson in [33, Theorem 1]. In the

final of this chapter, the duality for (p, σ)-absolutely Lipschitz operators is studied.

In chapter 4 we establish the basics of the theory of Lipschitz operator ideals with the

aim of recovering several classes of Lipschitz maps related to absolute summability that have

been introduced in the literature in the last years. As an application we extend the notion

and main results on the approximation property for Banach spaces to the case of metric

spaces.

The last chapter can be considered as a future research project. Let (X, d) be a pointed

metric space and T : X → Y1(µ), S : X → Y2(µ) be two Lipschitz operators on two Ba-

nach function spaces over the same finite measure µ. We show which are the vector norm

inequalities that an operator T must fulfill when T can be factored as T = Mg ◦ S, where

Mg : Y2 → Y1 is a multiplication operator. We also show some Maurey-Rosenthal type

theorems on factorization through Lp-spaces.
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Chapter 1

Preliminaries

1.1 Basic notions and terminologies

In this chapter, we present some concepts which will use in the sequel of this thesis, such

that : the Lipschitz space, Arens-Eells space and the linear operator ideal.

We will write K for the real field R or the complex field C. For 1 ≤ p ≤ ∞, by p′ we denote

the conjugate of p, that is 1
p

+ 1
p′

= 1. Along this thesis the letters E and F denote Banach

spaces. Given a Banach space Z, Z∗ denotes its topological dual, and BZ is its closed unit

ball. By L(E,F ) we denote the Banach space of all continuous linear operators between E

and F with the norm

‖T‖ = sup
x∈BE

‖T (x)‖ .

If T ∈ L(E,F ), T ∗ : F ∗ −→ E∗ is the adjoint operator of T with ‖T‖ = ‖T ∗‖.

Two norms ‖.‖1 and ‖.‖2 on a linear space Z are equivalent if there exist positive numbers

C,K such that

C ‖x‖1 ≤ ‖x‖2 ≤ K ‖x‖1 , ∀x ∈ Z.

For a linear operator T ∈ L(E,F ), the linear operator S : F −→ E that satisfies T ◦S = idF

and S ◦ T = idE is called the inverse of T and is denoted here by T−1.

A linear operator T : Z1 −→ Z2 between two normed spaces Z1 and Z2 is an isomorphism

if T is a continuous bijection whose inverse T−1 is also continuous. In such case the spaces

Z1 and Z2 are said to be isomorphic. T is an isometric isomorphism when ‖T (x)‖ = ‖x‖

for all x ∈ Z1. In particular, any linear operator between normed spaces of the same finite

dimension is an isomorphism.
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A linear operator T is an embedding of E into F if T is an isomorphism onto its image

T (E). In this case we say that E embeds in F . If T : E −→ F is an embedding such that

‖T (x)‖ = ‖x‖ for all x ∈ E, then T is said to be an isometric embedding.

1.2 Arens-Eells space

The notion of metric space was formalized by Maurice Fréchet in his thesis ”Doctorat d’Etat”

in 1906 ”Sur quelques points du calcul fonctionnel” (see [34]). He was among the first who

used the word space. Recall that a metric or distance on a non empty set X is a function

d : X ×X −→ R+

with the following properties:

1. (i) (Positivity) For all x, y ∈ X, d (x, y) ≥ 0 with equality if and only if x = y.

2. (ii) (Symmetry) For all x, y ∈ X, d (x, y) = d (y, x).

3. (iii) (Triangle inequality) For all x, y, z ∈ X, d (x, y) ≤ d (x, z) + d (z, y).

The set X equipped with the distance d is called a metric space.

The natural morphisms between metric spaces are the Lipschitz functions. A map T : X −→

Y between two metric spaces is called Lipschitz if there is a positive constant C such that

∀x, y ∈ X, d(T (x), T (y)) ≤ Cd(x, y). (2.1)

For a Lipschitz map T : X −→ Y its Lipschitz constant is given by

Lip (T ) = sup

{
d(T (x), T (y))

d(x, y)
, x 6= y

}

A pointed metric space X is a metric space with a base point in X , that is, a designated

special point, which we will always denote by 0. Along this thesis, X and Y denote pointed

metric spaces. We will consider a normed space E over K as a pointed metric space with the

distance defined by its norm and the zero vector as the base point. We denote by Lip0(X, Y )

the set of all base-point preserving Lipschitz maps from X to Y . If E is a Banach space,

Lip0(X,E) is a Banach space under the Lipschitz norm given by

Lip (T ) = sup

{
‖T (x)− T (y)‖

d(x, y)
, x 6= y

}
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For E = K, we designate Lip0(X,K) = Lip0(X) = X#. The Banach space X# of Lips-

chitz functions is called also Lipschitz dual it has been used by various mathematicians as a

framework to extend results from linear functional analysis to the nonlinear case.

Now we are going to present some concepts about the space of molecules, the reader can

see [63] or [4] for more details.

Definition 1.1. Let X be a metric space. A molecule on X is a scalar valued function m

on X with finite support that satisfies
∑
x∈X

m (x) = 0. We denote by M(X) the linear space

of all molecules on X.

For x, x′ ∈ X the molecule mxx′ is defined by mxx′ = χ{x} − χ{x′}, where χA is the charac-

teristic function of the set A. For m ∈M(X) we can write

m =
n∑

j=1

λjmxjx′j

for some suitable scalars λj, and we write

‖m‖M(X) = inf

{
n∑

j=1

|λj| d(xj, x
′
j), m =

n∑

j=1

λjmxjx′j

}
,

where the infimum is taken over all representations of the molecule m. Denote by Æ (X)

the completion of the normed space (M(X), ‖.‖M(X)). This space was first introduced by

Arens and Eells [4] in 1956. The terminology Arens-Eells space Æ(X) is due to Weaver [63].

A different notation was used in [35] by Godefroy and Kalton. It is the Lipschitz-free space

denoted by F (X).

Let X be a pointed metric space

1. The map δX : X −→ Æ (X) defined by

δX(x) = mx0

is an isometric embedding of X into Æ(X) (see [63, Theorem 2.2.4]).

2. The map QX : X# −→ Æ (X)∗ defined by

QX(f) = fL, where fL(m) =
∑

x∈X

f(x)m(x),
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establishes an isometric isomorphic between X# and Æ(X)∗. On bounded subsets of

X# its weak ∗ topology agrees with the topology of pointwise convergence (see [63,

Theorem 2.2.2]).

The Banach space Æ(X) has some remarkable properties. We mention the following ones.

Theorem 1.2. ([63, Theorem 2.2.4 ])

Let T : X −→ E be a Lipschitz map which preserves the base point; that is T (0) = 0. Then

there is a unique bounded linear map TL : Æ(X) −→ E such that T = TL◦ δX that is, the

diagram

X T //

δX ##

E,

Æ(X) ,

TL

;;

commutes. Furthermore ‖TL‖ = Lip(T )

The operator TL is referred to as the linearization of T . The correspondence

T ←→ TL

establishes an isomorphism between the vector spaces Lip0(X,E) and L(Æ (X) , E).

Theorem 1.3. ([42, Lemma 3.1])

Let T : X −→ Y be a Lipschitz map which preserves the base point. Then there is a unique

bounded linear map T̂ :Æ(X) −→Æ(Y ) such that T̂ δX = δY T that is, the diagram

X
T //

δX
��

Y

δY
��

Æ(X) T̂ // Æ(Y )

commutes. Furthermore
∥∥∥T̂
∥∥∥ = Lip(T ).

Sawashima [62] defined the Lipschitz adjoint (or dual) of T ∈ Lip0(X, Y ) as the continuous

linear operator

T# : Y # −→ X#

g 7−→ T#(g) = g ◦ T
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If Y = E is a Banach space, the restriction of T# to E∗ is called the Lipschitz transpose

map of T and is denoted here by T t. The correspondence

T ←→ T t

establishes an isomorphism between the vector spaces Lip0(X,E) and L((E∗, w∗), (X#, w∗)),

where w∗ denote the weak∗ topology (see [40, Theorem 3.1]).

1.3 Linear operator ideals

Recall that a linear operator T ∈ L(E,F ) is said to have finite rank if T (E) is a finite

dimensional subspace of F . The class of all finite rank linear operators between Banach

spaces is denoted by Lf (E,F ). An operator has rank one if and only it has the form

x∗ ⊗ y : x 7−→ 〈x, x∗〉 y

i.e. if u ∈ Lf (E,F ) we have

u =
n∑

i=1

x∗i ⊗ yi,

where (x∗i )
n
i=1 ⊂ E∗ and (yi)

n
i=1 ⊂ F (see [59, Page 25]).

Definition 1.4. An operator ideal I is a subclass of the class L of all continuous linear

operators between Banach spaces such that for all Banach spaces E and F its components

I(E,F ) := L(E,F )∩I satisfy:

(i) I(E,F ) is a linear subspace of L(E,F ) which contains the finite rank operators.

(ii) The ideal property: if v ∈ L(G,E), u ∈ I(E,F ) and w ∈ L(F,H), then the composition

w ◦ v ◦ u is in I(G,H).

If ‖.‖I : I → R
+ satisfies:

(i’) (I(E,F ), ‖.‖I) is a normed (Banach) space for all Banach spaces E and F,

(ii’) ‖idK‖I = 1,

(iii’) if v ∈ L(G,E), u ∈ I(E,F ) and w ∈ L(F,H),

‖w ◦ u ◦ v‖I ≤ ‖w‖ ‖v‖I ‖u‖ ,

then (I, ‖.‖I) is called a normed (Banach) operator ideal.
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The operator ideal I is said to be closed if each I(E,F ) is a closed subspace of L(E,F ) for

the sup norm.

Definition 1.5. (injective operator ideal)

A normed operator ideal (I, ‖.‖I) is said to be injective if for every metric injection i : F →֒ G

and every u ∈ L(E,F ) it follows from i ◦ u ∈ I(E,G) that u ∈ I(E,F ). Moreover

‖i ◦ u‖I = ‖u‖I ,

The ideal Lf of finite rank linear operators is the smallest operator ideal and L the largest

one [59, Theorem 1.2.2].

1.3.1 Ideal of p-summing linear operators.

The theory of p-summing operators is based on a crucial criterion due to Pietsch [59]. We

mention that the linear p-summing operators are the starting point in the study of Lipschitz

p-summing mappings.

Let 1 ≤ p < ∞. A linear operator T : E −→ F is said to be p-summing if there exists a

constant C ≥ 0 such that for all finite sequence (xi)1≤i≤n in E

(
n∑

i=1

‖T (xi)‖
p

) 1
p

≤ C sup
‖ξ‖E∗≤1

(
n∑

i=1

|ξ(xi)|
p

) 1
p

. (1.1)

The infimum of all such constants C ≥ 0 is denoted by πp(T ). The collection of all p-

summing operators between E and F is denoted by Πp(E,F ). We mention that (Πp, πp) is

an injective Banach operator ideal.

Theorem 1.6. [32, Page 39] If 1 ≤ p ≤ q <∞, then Πp(E,F ) ⊂ Πq(E,F ). Moreover, for

T ∈ Πp(E,F ) we have πq(T ) ≤ πp(T ).

The following basic result about p-summing operators is due to A. Pietsch, and it char-

acterizes the p-summability by means of a domination theorem.

Theorem 1.7. (Pietsch Domination Theorem) [32, page 44]

Let 1 ≤ p <∞ and T ∈ L(E,F ). Then T is p-summing if and only if there exist a constant

C and a regular Borel probability measure µ on BE∗ (with the weak star topology) so that

‖T (x)‖ ≤ C

(∫

BE∗

|〈x, x∗〉|p dµ(x∗)

) 1
p

, x ∈ E. (1.2)

In this case, πp(T ) is the least of all the constants C such that (1.2) holds.
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In order to adapt the previous result into a factorization theorem, we present basic ex-

amples of p-summing linear operators.

Example 1.8. see [32, Example 2.9 (b),(d)]

(1) Let K be a compact Hausdorff space, let µ be a positive regular Borel measure on K, and

let 1 ≤ p <∞. The canonical inclusion

Jp : C(K) −→ Lp(µ),

is p-summing with πp(Jp) = ‖Jp‖ = µ(K)
1
p .

(2) Let (Ω,Σ, µ) be a finite measure space and let 1 ≤ p <∞. The formal inclusion map

I∞,p : L∞(µ) −→ Lp(µ),

is p-summing, with πp(I∞,p) = µ(Ω)
1
p .

We denote by iE the isometric embedding E −→ C(BE∗) given by iE(x) = 〈x, .〉.

Corollary 1.9. [32, page 45] (Pietsch Factorization Theorem)

Let 1 ≤ p <∞ and T ∈ L(E,F ). The following are equivalent

(i) T is p-summing.

(ii) There exist a regular Borel probability measure µ on BE∗ (with the weak star topology),

a closed subspace Ep of Lp(µ) and a linear continuous operator ũ : Ep −→ F such that

Jp ◦ iE(E) ⊂ Ep and ũ ◦ Jp ◦ iE(x) = T (x) for all x ∈ E.

In other words, if Jp is the map iE(E) −→ Ep induced by Jp, then the following diagram

commutes:

E
T
−→ F

iE ↓ ↑ T̃

iE(E)
Jp
−→ Ep

∩ ∩

C (BE∗)
Jp
−→ Lp(µ).

In addition, we may choose µ and T̃ so that
∥∥∥T̃
∥∥∥ = πp(T ).

1.3.2 Ideal of compact and weakly compact linear operators.

We say that a bounded linear operator T : E → F is compact (weakly compact) if T (BE) is

relatively compact (respectively, relatively weakly compact)in F . By K(E,F ) and W(E,F )
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we denote the sets of compact linear operators and weakly compact linear operators from E

to F , respectively.

Schauder theorem about the compactness of the adjoint of a compact linear operator between

two Banach spaces is well known. We will remind it as we need in the sequel of this thesis.

Theorem 1.10. Let T ∈ L(E,F ). Then T is compact if and only if T ∗ is compact.

The weakly version is due to Gantmacher:

Theorem 1.11. Let T ∈ L(E,F ). Then T is weakly compact if and only if T ∗ is weakly

compact.

Proposition 1.12. ([59]) The classes K,W consitute closed injective Banach operator ide-

als, where the ideal norm is the operator norm.

Theorem 1.13. [32, Page 50] Let 1 ≤ p <∞.

(1) Every p-summing operator between Banach spaces is weakly compact.

(2) If E is a reflexive space, then every p-summing operator between E and F is compact.

1.3.3 Ideal of strongly p-summing linear operators.

Pietsch has shown in [59, page 338] that the identity Id1,2 : ℓ1 → ℓ2 is 1-absolutely sum-

ming but the adjoint operator is not 1-summing. For this Cohen [21] introduces the class of

strongly p-summing linear operators to characterize those operators whose adjoins are ab-

solutely p′-summing linear operators. Recall that a linear operator T : E −→ F is strongly

p-summing (1 < p ≤ ∞) if there exists C ≥ 0 such that for all n ∈ N, x1, ..., xn ∈ E and

y∗1, ..., y
∗
n ∈ F

∗

n∑

i=1

|〈T (xi), y
∗
i 〉| ≤ C

( n∑

i=1

‖xi‖
p
) 1

p
sup

ϕ∈BF∗∗

( n∑

i=1

|ϕ(y∗i )|p
′

) 1
p′

.

This class is denoted by Dp(E,F ) and the infimum of all C by dp(T ). The collection of all

strongly p-summing linear operators, denoted by Dp which is a Banach ideal with the ideal

norm. The following result is due to Cohen .

Theorem 1.14. [21, Theorem 2.2.2]

(1) Let 1 ≤ p < ∞. A linear operator T belongs to Πp(E,F ) if and only if the adjoint

operator T ∗ belongs to Dp∗(F
∗, E∗). In this case πp(T ) = dp∗(T

∗).
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(2) Let 1 < p ≤ ∞. A linear operator T belongs to Dp(E,F ) if and only if the adjoint

operator T ∗ belongs to Πp∗(F
∗, E∗). In this case dp(T ) = πp∗(T

∗).

Also, there is a Domination Theorem for the strongly p-summing linear operators.

Theorem 1.15. A linear operator u ∈ L (E,F ) is strongly p-summing if and only if there

is a constant C > 0 and a regular Borel probability measure µ on BE∗∗ ,(with the weak star

topology) so that for all x ∈ E and for all y∗ ∈ F ∗, the inequality

|〈u (x) , y∗〉| ≤ C ‖x‖

(∫

BF∗∗

|〈y∗, ψ〉|p
′

dµ(ψ)

) 1
p′

, (1.3)

holds.

As a consequence of Theorem 1.6 and 1.14 we have the inclusion theorem.

Theorem 1.16. If p ≤ q. Then Dq(E,F ) ⊂ Dp(E,F ).

1.4 Lipschitz p-summing operators

The Lipschitz version of p-summing operators (1 ≤ p <∞) was introduced by J.D. Farmer

and W.B. Johnson in [33]. A mapping T ∈ Lip0(X, Y ) is Lipschitz p-summing if there exists

a constant C ≥ 0 such that for all (xi)i≤n, (x
′
i)i≤n in X and all (ai)i≤n ⊂ R

+

n∑

i=1

aid(T (xi), T (x′i))
p ≤ Cp sup

f∈B
X#

n∑

i=1

ai|f(xi)− f(x′i)|
p.

The infimum of all such constants C ≥ 0 is denoted by πL
p (T ). This class of mappings is

denoted by ΠL
p (X, Y ).

The theorem characterizing the Lipschitz p-summing operators is the following.

Theorem 1.17. [33, Theorem 1] Let 1 ≤ p < ∞. The following properties are equivalent

for a mapping T ∈ Lip0(X, Y ) and a positive constant C.

1. πL
p (T ) ≤ C.

2. There is a probability µ on BX# such that

d(T (x), T (y)) ≤ C

(∫

B
X#

|f(x)− f(y)|p dµ (f)

) 1
p

.

(Pietsch domination theorem).
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3. For some (or any) isometric embedding J of Y into a 1-injective space Z, there is a

factorization

L∞(µ)
I∞,p // Lp(µ)

B
��

X

A

OO

T // Y J // Z

with µ a probability and Lip(A) · Lip(B) ≤ C.

(Pietsch factorization theorem).

The domination theorem immediately implies the monotonicity of the Lipschitz p−summing

norm. Then we have the following theorem.

Theorem 1.18. If 1 ≤ p ≤ q <∞, then ΠL
p (X, Y ) ⊂ ΠL

q (X, Y ). Moreover, πL
p (T ) ≤ πL

q (T ).

For a linear operator T ∈ L(E,F ) it is clear that πL
p (T ) ≤ πp (T ). J.D. Farmer and W.B.

Johnson proved that the reverse inequality is true. This justifies that the notion of Lipschitz

p-summing operator is really a generalization of the concept of linear p-summing operator.

Theorem 1.19. [33, Theorem 2] Let T be a bounded linear operator from E into F and

1 ≤ p <∞. Then πL
p (T ) = πp (T ).

In [16] vector valued molecules were naturally considered. An E-valued molecule on X is

a finitely supported function m : X −→ E such that
∑

x∈X m (x) = 0. The vector space of

all E-valued molecules on X is denoted by M(X,E). An E-valued atom is a function of the

form vmxx′ with v ∈ E, x,x
′

∈ X. Note that any molecule may be expressed (in a nonunique

way) as a finite sum of atoms. Chávez-Domı́nguez in [16] defined the p-Chevet-Saphar norm

of a molecule m ∈M(X,E) by

csp(m) = inf





(
∑

j

λpj ‖vj‖
p

) 1
p
(
∑

j

λ−p
′

j

∣∣∣f(xj)− f(x
′

j)
∣∣∣
p′
) 1

p′

: m =
∑

j

vjmxjx′j
, λj > 0



 .

The space M(X,E) with the norm csp(.) is denoted by CSp(X,E).

Theorem 1.20. [16, Theorem 4.3] The spaces CSp(X,E)∗ and ΠL
p′(X,E

∗) are isometrically

isomorphic via the canonical pairing, 〈m,T 〉 =
n∑

j=1

〈
vj, T (xj)− T (x′j)

〉
.
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1.5 Lipschitz compact and weakly compact operators

Following [40] a Lipschitz map T ∈ Lip0(X,E) is Lipschitz compact (Lipschitz weakly com-

pact) if the set {
T (x)− T (x′)

d(x, x′)
, x, x′ ∈ X, x 6= x′

}

is relatively compact (respectively, relatively weakly compact) in E. Denote by Lip0K(X,E)

and Lip0W(X,E) the sets of Lipschitz compact operators and Lipschitz weakly compact oper-

ators from X to E, respectively. In [40], the relationship between the compactness (weakly

compactness) of a Lipschitz operator T ∈ Lip0(X,E) and the compactness (respectively,

weakly compactness) of its linearization TL ∈ L(Æ(X), E) has been established:

Proposition 1.21. [40, Proposition 2.4] Let T ∈ Lip0(X,E). The following statements are

equivalent:

(1) T is compact Lipschitz.

(2) TL is compact from Æ(X) to E.

The Lipschitz versions of Schauder’s theorem (respectively, Gantmacher’s theorem) on

the compactness (respectively, weak compactness) of the adjoint of a compact (respectively,

weakly compact) linear operators are also studied in terms of the Lipschitz transpose map

of a Lipschitz operator [40].

Proposition 1.22. [40, Proposition 3.4](Gantmacher’s theorem) Let T ∈ Lip0(X,E). The

following statements are equivalent:

(1) T is weakly compact Lipschitz.

(2) T t is weakly compact from E∗ to X#.

Proposition 1.23. [40, Proposition 3.5](Schauder’s theorem) Let T ∈ Lip0(X,E). The

following statements are equivalent:

(1) T is Lipschitz compact.

(2) T t is compact from E∗ to X#.
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Chapter 2

Absolutely summing Lipschitz

conjugates

The results obtained in this chapter have been published in Mediterranean Journal of Math-

ematics [65]. In this chapter we contribute to the theory of absolutely p-summing Lipschitz

mappings by studying the class of Lipschitz summing mappings whose linear analogue has

found its natural place in the linear operator theory: the class of Lipschitz strongly p-

summing mappings. The aim is to characterize those mappings whose Lipschitz conjugates

are absolutely p-summing. We emphasize the relation of these mappings with the known lin-

ear theory using two different ways: via their linearization and via their Lipschitz conjugates.

After giving equivalences for these operators in terms of a summability inequality and its

correspondent domination formula, we prove that a map T is Lipschitz strongly p-summing

if, and only if, its Lipschitz conjugate T t : E∗ → X# is absolutely p′-summing. Note that the

Lipschitz conjugate is a linear operator, and so relates the new class of Lipschitz strongly

p-summing mappings with the classical theory of absolutely p-summing linear operators.

Identifying the Lipschitz strongly p-summing mappings, with values in a dual space, with a

subclass of Lipschitz (p, r, s)-summing mappings in the sense of Chávez-Domı́nguez, we ob-

tain a predual space for our class. On the other hand, Chen-Zheng [19, Theorem 3.1] recently

proved that if a Lipschitz mapping T from a pointed metric space X into a Hilbert space H,

with T (0) = 0, is such that T t is p′-summing (1 < p ≤ ∞), then T is 1-summing. We provide

another proof of this result by using the concept of strongly Lipschitz p-summing. We end

this chapter with a factorization theorem for Lipschitz strongly p-summing mappings.
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2.1 Strongly Lipschitz p-summing mappings

The concept of strongly p-summing linear operators (1 ≤ p ≤ ∞) was introduced by J.S.

Cohen in [21] as a characterization of linear operators having absolutely p-summing adjoint.

In [21, Theorem 2.2.2] it is shown that T ∈ Dp(E,F ) if and only if T ∗ ∈ Πp′(F
∗, E∗) whenever

1 < p ≤ ∞. A similar condition on the Lipschitz transpose (namely, being p-summing) has

been considered in [19, Theorem 3.1]. Let us introduce the Lipschitz version of strongly

p-summing operators.

Definition 2.1. Let 1 < p ≤ ∞. A mapping T ∈ Lip0(X,E) is called strongly Lipschitz

p-summing, if there is a Banach space F and an linear operator S ∈ Dp(F,E) (i.e., S∗ ∈

Πp′(E
∗, F ∗)) such that

|〈y∗, T (x)− T (x′)〉| ≤ d(x, x′) ‖S∗(y∗)‖ (2.1)

for all x, x′ ∈ X, y∗ ∈ E∗. We write DL
st,p(X,E) for the set of all strongly Lipschitz p-

summing mappings between X and E. For each T ∈ DL
st,p(X,E), let dLst,p (T ) denote the

infimum of dp (S), for S satisfying the inequality (2.1).

For p = 1 we define DL
st,1(X,E) = Lip0(X,E). Note that if T is a linear operator between

two Banach spaces E and F then T ∈ DL
st,p(E,F ) if and only if T ∈ Dp(E,F ). Indeed if

T ∈ DL
st,p(E,F ) be a linear operator then there is a Banach space Z and a linear operator

S ∈ Dp(Z, F ) such that

|〈y∗, T (x)〉| ≤ ‖x‖ ‖S∗(y∗)‖ (2.2)

for all x ∈ E, y∗ ∈ F ∗. Since S∗ is p′-summing so, using the Pietsch domination theorem,

there exists a probability measure µ on BF ∗∗ such that for all x ∈ X, y∗ ∈ E∗ we have

|〈y∗, T (x)〉| ≤ πp′ (S
∗) ‖x‖

(∫

BF∗∗

|ϕ(y∗)|p
′

dµ (ϕ)
) 1

p′

. (2.3)

Thus by Theorem 1.15 T is strongly p-summing, and

dp (T ) ≤ dp (S) .

Taking the infimum of dp (S), for S satisfying the inequality (2.3), we obtain

dp (T ) ≤ dLst,p (T ) .
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For the converse let T ∈ Dp(E,F ) so, using the Pietsch domination theorem, there exists a

probability measure µ on BF ∗∗ such that for all x, x′ ∈ E, y∗ ∈ F ∗ we have

|〈y∗, T (x)− T (x′)〉| ≤ dp (T ) ‖x− x′‖
(∫

BF∗∗

|ϕ(y∗)|p
′

dµ (ϕ)
) 1

p′

. (2.4)

Let iF ∗ : F ∗ −→ C(BF ∗∗) be the isometric injection given by iF ∗(y
∗)(ϕ) = ϕ(y∗), y∗ ∈

F ∗, ϕ ∈ BF ∗∗ and let jp′ : C(BF ∗∗) −→ Lp′ (µ) denote the canonical map.

Then,

|〈y∗, T (x)− T (x′)〉| ≤ dp (T ) ‖x− x′‖

(∫

BF∗∗

|ϕ(y∗)|p
′

dµ (ϕ)

) 1
p′

= ‖x− x′‖

(∫

BF∗∗

|dp (T ) jp′iF ∗(y
∗)(ϕ)|p

′

dµ (ϕ)

) 1
p′

= ‖x− x′‖ ‖dp (T ) jp′iF ∗(y
∗)‖Lp′ (µ)

.

Consequently there is a Banach space G = Lp′ (µ) and a linear p′-summing operator g =

dp (T ) jp′iF ∗ such that

|〈y∗, T (x)− T (x′)〉| ≤ ‖x− x′‖ ‖g(y∗)‖ .

Thus by Definition 2.1 T is strongly Lipschitz p-summing, and

dLst,p (T ) ≤ dp (g) ≤ dp (T ) .

Let 1 < p ≤ q ≤ ∞. It is well known that every absolutely q′-summing operator is

absolutely p′-summing. Then, it is clear from the Definition 2.1 that

DL
st,q(X,E) ⊆ DL

st,p(X,E). (2.5)

Our first result concerning strongly Lipschitz p-summing mappings relates them with strongly

p-summing linear operators. This relation is given via the linearization of the Lipschitz map-

ping, and provides a shortcut for the study of such summability property in the Lipschitz

context.

Proposition 2.2. Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). Then T ∈ DL
st,p(X,E) if, and only

if, TL ∈ Dp(Æ (X) , E). In this case, dLst,p (T ) = dp(TL).
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Proof. If we assume that TL is strongly p-summing, from

|〈y∗, T (x)− T (x′)〉| = |〈y∗, TL(mxx′)〉|

= |(〈TL)∗(y∗),mxx′〉|

≤ ‖mxx′‖M(X)‖(TL)∗(y∗)‖

= ‖x− x′‖‖(TL)∗(y∗)‖

we get that T ∈ DL
st,p(X,E). Conversely, take m ∈M(X) and y∗ ∈ F ∗. Given ǫ > 0 choose

a representation m =
∑n

i=1 αimxix′i
such that

n∑

i=1

|αi|d(xi, x
′
i) ≤ ‖m‖M(X) + ǫ.

Then,

|〈y∗, TL(m)〉| ≤
n∑

i=1

|αi〈y
∗, TL(mxix′i

)〉|

=
n∑

i=1

|αi〈y
∗, T (xi)− T (x′i)〉|

≤
n∑

i=1

|αi|d(xi, x
′
i)‖S

∗(y∗)‖

≤ (‖m‖M(X) + ǫ)‖S∗(y∗)‖,

for some S ∈ Dp(F,E). The result follows easily.

Theorem 2.3. Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). The following statements are equivalent

1. T ∈ DL
st,p(X,E);

2. there exist a constant C ≥ 0 and a probability measure µ on BE∗∗ such that for all

x, x′ ∈ X, y∗ ∈ E∗ we have

|〈y∗, T (x)− T (x′)〉| ≤ Cd(x, x′)
(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)
) 1

p′

;

3. there exist a constant C ≥ 0 such that for all (xi)
n
i=1 , (x

′
i)
n
i=1 in X , all (y∗i )ni=1 ⊂ E∗and

(bi)
n
i=1 in R we have

n∑

i=1

|bi| |〈y
∗
i , T (xi)− T (x′i)〉| ≤ C

( n∑

i=1

|bi|
p d(xi, x

′
i)
p
) 1

p
sup

ϕ∈BE∗∗

( n∑

i=1

|ϕ(y∗i )|p
′

) 1
p′

.
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Furthermore, the infimum of the constants C ≥ 0 in (2) and (3) is dLst,p (T ).

Proof. (1)⇒ (2) Let T ∈ DL
st,p(X,E). By Proposition 2.2 TL ∈ Dp(Æ(X), E) and so, using

the Pietsch domination theorem, there exists a probability measure µ on BE∗∗ such that for

all x, x′ ∈ X, y∗ ∈ E∗ we have

|〈y∗, T (x)− T (x′)〉| ≤ πp′ ((TL)∗) d(x, x′)
(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)
)

.

Thus inf {C : C as in (2)} ≤ πp′ ((TL)∗) = dp (TL). That is, inf {C : C as in (2)} ≤ dLst,p (T ).

(2) ⇒ (1) By Proposition 2.2 it suffices to show that TL ∈ Dp(Æ(X), E). Take m ∈

M(X) and y∗ ∈ F ∗. Given ǫ > 0 choose a representation m =
∑n

i=1 αimxix′i
such that

∑n
i=1 |αi|d(xi, x

′
i) ≤ ‖m‖M(X) + ǫ. Then,

|〈y∗, TL(m)〉| ≤
n∑

i=1

|αi〈y
∗, TL(mxix′i

)〉

≤ C

n∑

i=1

d(xi, x
′
i)|αi|

(∫

BE∗∗

|ϕ(y∗)|p
′

dµ(ϕ)

)1/p′

≤ C(‖m‖M(X) + ǫ)

(∫

BE∗∗

|ϕ(y∗)|p
′

dµ(ϕ)

)1/p′

.

Since ǫ > 0 is arbitrary the result follows easily by [21, Theorem 2.3.1]. Moreover, dLst,p (T ) ≤

inf {C : C as in (2)}.

(2) ⇒ (3) From (2) it follows that

n∑

i=1

|bi| |〈y
∗
i , T (xi)− T (x′i)〉|

≤ C

n∑

i=1

(
|bi| d(xi, x

′
i)
(∫

BE∗∗

|ϕ(y∗i )|p
′

dµ (ϕ)
) 1

p′
)

≤ C
( n∑

i=1

|bi|
p d(xi, x

′
i)
p
) 1

p
( n∑

i=1

(∫

BE∗∗

|ϕ(y∗i )|p
′

dµ (ϕ)
)) 1

p′

≤ C
( n∑

i=1

|bi|
p d(xi, x

′
i)
p
) 1

p
sup

ϕ∈BE∗∗

( n∑

i=1

|ϕ(y∗i )|p
′

) 1
p′

.

Thus inf {C : C as in (3)} ≤ inf {C : C as in (2)}.

(3) ⇒ (2) It follows from [60, Theorem 2.3]. However, it is unnecessary the proof in [60,

Theorem 2.3] (a repetition of the classical argument) as this is just a particular case of the

unified Pietsch domination theorem given in [56] (see also [9, 58]). Considering

R1 : BE∗∗ × (X ×X)× R→ [0;∞[
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given by R1(ϕ, (x, x
′), b) = |b| d(x, x′),

R2 : BE∗∗ × (X ×X)× E∗ → [0;∞[

given by R2(ϕ, (x, x
′), y∗) = |ϕ(y∗)| and

S : Lip0(X,E)× (X ×X)× R× E∗ → [0;∞[

given by S(T, (x, x′), b, y∗) = |b| |〈y∗, T (x)− T (x′)〉|, it follows that T is R1, R2S-abstract

(p, p′)-summing. Indeed,

n∑

i=1

S(T, (xi, x
′
i), bi, y

∗
i ) =

n∑

i=1

|bi| |〈y
∗
i , T (xi)− T (x′i)〉|

≤C
( n∑

i=1

|bi|
p d(xi, x

′
i)
p
) 1

p
sup

ϕ∈BE∗∗

( n∑

i=1

|ϕ(y∗i )|p
′

) 1
p′

=C
( n∑

i=1

R1(ϕ, (xi, x
′
i), bi)

p
) 1

p
sup

ϕ∈BE∗∗

( n∑

i=1

R2(ϕ, (xi, x
′
i), y

∗
i )p

′

) 1
p′

≤ sup
ϕ∈BE∗∗

( n∑

i=1

R1(ϕ, (xi, x
′
i), bi)

p
) 1

p
sup

ϕ∈BE∗∗

( n∑

i=1

R2(ϕ, (xi, x
′
i), y

∗
i )p

′

) 1
p′

.

By [56, Theorem 4.6], there is a constant C ≥ 0 and Borel probability measures µ1, µ2 on

BE∗∗ such that

S(T, (x, x′), b, y∗)

≤
(∫

BE∗∗

R1(ϕ, (x, x
′), b)pdµ1 (ϕ)

) 1
p
(∫

BE∗∗

R2(ϕ, (x, x
′), y∗)p

′

dµ2 (ϕ)
) 1

p′

and, consequently,

|〈y∗, T (x)− T (x′)〉| ≤ Cd(x, x′)
(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)
) 1

p′

,

where µ := µ2.

To end with the proof, inf {C : C as in (2)} ≤ inf {C : C as in (3)}.

Part (3) of the above theorem asserts that Lipschitz Cohen strongly p-summing operators

introduced recently in [60] coincide with strongly Lipschitz p-summing operators.

The space ΠL
p,r,s(X,F ) of Lipschitz (p, r, s)-summing mappings is introduced in [16] as the

space of all T ∈ Lip0(X,F ) for which there is a constant C ≥ 0 such that for all positive

integer n and all xj, x
′

j ∈ X, vj ∈ F
∗, and λj, kj > 0, j = 1, . . . , n we have

∥∥∥
(

λj
〈

vj, T (xj)− T (x′j)
〉)n

j=1

∥

∥

∥

p

≤ C sup
f∈B

X#

∥

∥

∥

∥

(

λjk
−1
j

[

f(xj)− f(x
′

j)
])n

j=1

∥

∥

∥

∥

r

sup
ϕ∈BF∗∗

(

n
∑

j=1

|kjϕ(vj)|
s
)

1
s
.

21



This space is endowed with the norm given by the least constant C fulfilling the above in-

equality. We need the following theorem which states the Domination/Factorization theorem

related to the space of (p, r, s)-summing operators.

Theorem 2.4. ([16, Theorem 5.2]) Suppose 1
p

+ 1
r

+ 1
s

= 1 and let T ∈ Lip0(X,E
∗), C > 0.

The following are equivalent:

(a) |〈T,m〉| ≤ Cµp,r,s(m) for all m ∈M(X,E).

(b) There exist regular Borel probability measures µ and ν on the weak∗-compact unit balls

BX# , BE∗ such that for all x, x′ ∈ X and v ∈ E,

|〈T (x)− T (x′), v〉| ≤ C

(∫

B
X#

(|f(x)− f(x′)|)rdµ(f)

) 1
r (∫

BE∗

|(v∗(v)|s dν(v∗)

) 1
s

.

(c) There exist a Banach space Z, a Lipschitz r-summing operator R : X −→ Z∗and a

linear s-summing operator S : E −→ Z such that πL
r (R) .πs (S) ≤ C and

〈T (x), v〉 = 〈R(x), S(v)〉 for all x ∈ X, v ∈ E;

that is the following diagram commutes

X T //

R !!

E∗

Z∗
S∗

==

The statement (a) of the above theorem means that the space ΠL
p′,r,s(X,F

∗) has as a

predual the space Mp,r,s(X,F ), which is defined as the space M(X,F ) of all F -valued

molecules on X endowed with the norm

µp,r,s(m)

= inf
{∥∥∥(λj)

n
j=1

∥∥∥
p

sup
f∈B

X#

∥∥∥
(
k−1j λ−1j

[
f(xj)− f(x

′

j)
])n

j=1

∥∥∥
r

∥∥(kjvj)
n
j=1

∥∥
s,w

:

λj, kj > 0, m =
n∑

j=1

vjmxjx′j

}
.

Let Mp,p′(X,F ) denote Mp,∞,p′(X,F ), and consider

µp,∞,p′(m) = inf
{∥∥∥(λj)

n
j=1

∥∥∥
p

max
1≤j≤n

k−1j λ−1j d(xj, x
′
j)
∥∥(kjvj)

n
j=1

∥∥
p′,w

:

λj, kj > 0, m =
n∑

j=1

vjmxjx′j

}
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Remark 2.5. Saadi [60] introduces the norm

µp(m) = inf
{( n∑

j=1

λpjd(xj, x
′
j)

p
)1/p

sup
v′∈BF∗

( n∑

j=1

|v′(vj)|
p′
)1/p′}

,

where the infimum varies over all the representations m =
∑n

j=1 λjvjmxjx′j
of the molecule

m ∈M(X,F ). Equivalently,

µp(m) = inf
{( n∑

j=1

λpjd(xj, x
′
j)

p
)1/p

sup
v′∈BF∗

( n∑

j=1

λ−p
′

j |v
′(vj)|

p′
)1/p′}

,

where the infimum varies over all the positive real numbers λ1, . . . , λn and all the represen-

tations m =
∑n

j=1 vjmxjx′j
of the molecule m ∈ M(X,F ). An easy calculation shows that

this norm coincides with the norm µp,∞,p′(m).

Immediate consequences of Theorem 2.3 and 2.4 are the following results.

Corollary 2.6. For any 1 < p ≤ ∞, DL
st,p(X,E) = ΠL

p′,∞,p′(X,E).

Corollary 2.7. [16, Theorem 5.4] Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). Then, T ∈

DL
st,p(X,E) if and only if there exist a Banach space G, u ∈ Dp(G,E) and S ∈ Lip0(X,G)

such that T = u ◦ S.

Corollary 2.8. The spaces DL
st,p(X,E

∗) andMp,p′(X,E)∗ are isometrically isomorphic.

2.2 Lipschitz transpose of a strongly Lipschitz p-summing

mapping

The next result establishes the relation of strongly Lipschitz p-summing mapping T : X → E

and its Lipschitz transpose T t : E∗ → X#.

Theorem 2.9. Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). Then T ∈ DL
st,p(X,E) if, and only if,

T t ∈ Πp′(E
∗, X#). In this case, dLst,p (T ) = πp′(T

t).

Proof. Assume that T ∈ DL
st,p(X,E). By Proposition 2.2, TL ∈ Dp(Æ(X), E), that is,

(TL)∗ ∈ Πp′(E
∗,Æ(X)∗). Then, by the ideal property T t = δtX ◦ (TL)∗ ∈ Πp′(E

∗, X#).

Assume now that T t ∈ Πp′(E
∗, X#). Let µ be Pietsch measure on BE∗∗ for T t. Then, for

all y∗ ∈ E∗ we have

Lip(T t(y∗)) ≤ πp′(T
t)

(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)

) 1
p′

.
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Hence, for all x, x′ ∈ X,

∣∣T t(y∗)(x)− T t(y∗)(x′)
∣∣ ≤ πp′(T

t)d(x, x′)

(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)

) 1
p′

.

Thus,

|〈y∗, T (x)− T (x′)〉| ≤ πp′(T
t)d(x, x′)

(∫

BE∗∗

|ϕ(y∗)|p
′

dµ (ϕ)

) 1
p′

,

and Theorem 2.3 gives that T ∈ DL
st,p(X,E).

Corollary 2.10. Let 1 < p ≤ ∞.

1. Every strongly Lipschitz p-summing operator is Lipschitz weakly compact.

2. If E is a reflexive Banach space, then every strongly Lipschitz p-summing operator is

Lipschitz compact.

Using Proposition 2.2 twice again we can show the ideal property for this class of Lipschitz

operators in a short way. Therefore, all strongly Lipschitz p-summing mappings form a

Lipschitz operator ideal (see Chapter 4).

Proposition 2.11. Let Y and X be pointed metric spaces and let E and F be Banach spaces.

Let v ∈ Lip0(Y,X) and u ∈ L(E,F ). If T ∈ DL
st,p(X,E), then u ◦ T ◦ v ∈ DL

st,p(Y, F ).

Proof. We can see that the linerization of u ◦ T ◦ v is u ◦ TL ◦ v̂, where v̂ ∈ L(Æ (Y ) ,Æ (X))

is the unique linear operator such that v̂ ◦ δX = δY ◦ v. (see [42, Lemma 3.1]). Assume that

T ∈ DL
st,p(X,E), then TL ∈ Dp(X,E) by Proposition 2.2. Since Dp(X,E) is Banach operator

ideal, then (u◦T ◦v)L ∈ Dp(X,E). Hence Proposition 2.2 gives that u◦T ◦v ∈ DL
st,p(Y, F ).

It is easy to show the next proposition.

Proposition 2.12. Let 1 ≤ p <∞ and T ∈ Lip0(X,E). If T t is strongly p′-summing then,

T is Lipschitz p-summing and πL
p (T ) ≤ dp(T

t).

Remark 2.13. Let 1 ≤ p < ∞ and T ∈ Lip0(X,E). From the definition it follows that

T is Lipschitz p-summing and πL
p (T ) ≤ πp(TL) whenever TL is p-summing (see also [60,

Proposition 3.2] for an alternative proof). The converse is not true in general (see [60,

Remark 3.11]). This fact gives that the converse of Proposition 2.12 does not hold either

in general. Indeed, if we assume that T t ∈ Dp′(E
∗, X#) whenever T ∈ ΠL

p (X,E), then as

QX ◦(TL)∗ = T t ∈ Dp′(E
∗, X#), by injectivity (TL)∗ ∈ Dp′(E

∗,Æ (X)∗). Hence [21, Theorem

2.2.2] yields that TL ∈ Πp(Æ(X) , E).
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Theorem 2.14. Let 2 < p ≤ ∞. If E∗ has cotype 2, then

DL
st,p(X,E) = DL

st,2(X,E)

Proof. By (2.5), we have that DL
st,p(X,E) ⊆ DL

st,2(X,E). Let T ∈ DL
st,2(X,E). By Proposi-

tion 2.2, TL ∈ D2(Æ(X) , E) and so, its adjoint operator (TL)∗ : E∗ −→Æ(X)∗ is 2−summing.

Then, by [32, Corollary 11.16 (a)], (TL)∗ ∈ Π1(E
∗,Æ (X)∗) and hence (TL)∗ ∈ Πp′(E

∗,Æ(X)∗).

Then, by [21, Theorem 2.2.2], TL ∈ Dp(Æ (X) , E). Thus T ∈ DL
st,p(X,E).

From [21, Theorem 2.2.2] and [11, Main Theorem], if the range space is a Hilbert space,

then all Cohen strongly p−summing linear operators are absolutely q-summing (1 < p ≤ ∞

and 1 ≤ q <∞). Let us show that this is also true in the Lipschitz case.

Theorem 2.15. Let H be a Hilbert space, 1 < p ≤ ∞ and 1 ≤ q <∞. Then

DL
st,p(X,H) ⊆ ΠL

q (X,H).

Proof. Let T ∈ DL
st,p(X,H). Then TL ∈ Dp(Æ(X) , H). Hence, by [21, Theorem 2.2.2]

(TL)∗ ∈ Πp′(H
∗,Æ(X)∗). By [11, Main Theorem], (TL)∗ ∈ Dq′(H

∗,Æ(X)∗), and by [21,

Theorem 2.2.2] TL ∈ Πq(Æ (X) , H). Therefore, T ∈ ΠL
q (X,H).

As a consequence, for q = 1, we have the following corollary.

Corollary 2.16. [19, Theorem 3.1] Let H be a Hilbert space and 1 < p ≤ ∞. If T ∈

Lip0(X;H) is such that T t is p′-summing, then T is Lipschitz 1-summing.

Proof. By Theorem 2.9, T t ∈ Πp′(H
∗, X#) if and only if T ∈ DL

st,p(X,H). Then, by Theorem

2.15, we have T ∈ ΠL
1 (X,H).

2.3 Factorization Theorem

Let us show how the Pietsch factorization theorem is modeled on the class of Lipschitz

strongly p-summing operators. Recall the map KX : X −→ X#∗ is the evaluation map

KX(x)(f) = f(x), x ∈ X, f ∈ X#. Given a Banach space E, let JE : E −→ E∗∗ be

the canonical injection and let iE : E −→ C(BE∗) be the isometric injection given by

iE(x)(x∗) = x∗(x). If BE∗ is endowed with the weak∗ topology and µ is a regular Borel

measure on BE∗ , let jp : C(BE∗) −→ Lp(µ) denote the canonical map.
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Theorem 2.17. Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). The following statements are equiva-

lent:

1. T ∈ DL
st,p(X,E).

2. There exist a regular Borel probability measure µ on BE∗∗ (with the weak∗ topology),

a closed subspace Sp′ of Lp′(µ) and a Lipschitz mapping v : X → (Sp′)
∗ such that the

following diagram commutes,

X T //

v
��

E
JE // E∗∗

(Sp′)
∗

j∗
p′ // (iE∗(E

∗))∗ .

i∗
E∗

OO

Proof. (1)⇒(2) Let T ∈ DL
st,p (X,E). By Theorem 2.9 we have that T t : E∗ → X# is p′-

summing. By Pietsch factorization theorem there exists a regular Borel probability measure

µ on BE∗∗ , a subspace Sp′ , defined as the closure of jp′(iE∗(E
∗)) in Lp′(µ), and a continuous

linear operator u : Sp′ → X# such that the following diagram commutes,

E∗ T t
//

iE∗
��

X#

iE∗(E
∗)

jp′ // Sp′ .

u

OO

Dualizing we get

X
T //

KX
��

E

JE
��

(X#)∗
(T t)∗ //

u∗

��

E∗∗

(Sp′)
∗

j∗
p′ // (iE∗(E

∗))∗

i∗
E∗

OO

Define the Lipschitz mapping v by v := u∗ ◦KX . For any x, x′ we have

‖v(x)− v(x′)‖ ≤ ‖u∗‖ ‖KX(x)−KX(x′)‖

= ‖u‖ d(x, x′)

and so Lip(v) ≤ ‖u‖.

(2)⇒(1) Note that J∗E◦JE∗ = idE∗ . Then, since JE◦T = i∗E∗◦j
∗
p′◦v it follows that T t◦J∗E =

(i∗E∗◦j
∗
p′◦v)t and so T t = (i∗E∗◦j

∗
p′◦v)t◦JE∗ . Since the mapping jp′ belongs to Πp′(iE∗(E

∗), Sp′ )
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its adjoint j∗p′ belongs to Dp((Sp′ )
∗ , (iE∗(E

∗))∗) and so to DL
st,p((Sp′ )

∗ , (iE∗(E
∗))∗). By the

ideal property (Proposition 4.18) i∗E∗ ◦ j
∗
p′ ◦v ∈ D

L
st,p(X,E

∗∗). Applying Theorem 2.9 and the

ideal property we conclude that T t = (i∗E∗ ◦ j
∗
p′ ◦ v)t ◦ JE∗ ∈ Πp′(E

∗, X#). Thus, once more

Theorem 2.9 gives T ∈ DL
st,p (X,E) .

Using Theorem 2.17, Theorem 2.9, the ideal property and [21, Theorem 2.2.2] we obtain

the following corollary.

Corollary 2.18. Let 1 < p ≤ ∞ and T ∈ Lip0(X,E). The following statements are

equivalent:

1. T ∈ DL
st,p(X,E).

2. JE ◦ T ∈ D
L
st,p(X,E

∗∗).

3. (T t)∗ ∈ Dp((X
#)∗, E∗∗).
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Chapter 3

(p, σ)-absolutely Lipschitz operators

The results obtained in this chapter are going to appear in Annals of Functional Analysis

[3]. Our aim in this chapter is to apply the interpolating method developed by Matter to

the spaces of absolutely summing Lipschitz operators. So chapter 3 is organized as follows:

in Section 3.1 we fix notations and basic concepts related to the classes of (p, σ)-absolutely

continuous operators. In Section 3.2 we extend to Lipschitz mappings the concept of (p, σ)-

absolutely continuous operator and give the first results. Section 2.3 is devoted mainly to

analyze factorization theorems for (p, σ)-absolutely Lipschitz mappings. In the final section

of this chapter, the duality for (p, σ)-absolutely Lipschitz operators is studied.

3.1 Ideal of (p, σ)-absolutely continuous linear opera-

tors.

Let 1 ≤ p <∞ and 0 ≤ σ < 1. The interpolated operator ideal Πp,σ of the (p, σ)-absolutely

continuous operators was introduced by Matter [51]. Essentially, it is defined to be an inter-

mediate operator ideal between the ideal Πp of the absolutely p-summing linear operators

and the ideal of all continuous operators (see [41]). In the nineties, several papers describ-

ing and analysing the properties and applications of this interpolated class appeared. They

were mainly devoted to the study of the factorization properties and the trace duality for

these operators, finding in particular the class of tensor norms that represent these operator

ideals (see [61],[48],[49] ). It must be said that, due to the interpolative procedure that was

used for defining them, (p, σ)-absolutely continuous operators preserve some of the charac-
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teristic properties of the absolutely p-summing linear operators. However, the emergence

of new classes whenever 0 < σ < 1 , different from absolutely p-summing linear operators,

yields that the theory of p-summing linear operators cannot be applied. Therefore, these

new classes are a useful tool to deal with summability properties of operators weaker than

absolutely p-summability (see for instance [61],[49]).

Definition 3.1. [51, Definition 3.1] Let 1 ≤ p < ∞ and 0 ≤ σ < 1. Recall that a lin-

ear operator T ∈ L(E,F ) between two Banach spaces E and F is called (p, σ)-absolutely

continuous if there exist a Banach space G and a linear operator S ∈ Πp(E,G) such that

‖T (x)‖ ≤ ‖x‖σ ‖S(x)‖1−σ , x ∈ E. (3.1)

Let πp,σ(T ) = inf πp(S)1−σ, where the infimum is taken over all Banach spaces G and S ∈

Πp(E,G) such that (3.1) holds. By Πp,σ(E,F ) we denote the Banach space of all (p, σ)-

absolutely continuous operators between E and F .

Note that if T ∈ Πp,σ(E,F ) then ‖T‖ ≤ πp,σ(T ). The class (Πp,σ, πp,σ(.)) is an injective

Banach operator ideal (see [51, Theorem 3.2]).

Proposition 3.2. [22, Proposition 1] Let 1 ≤ p ≤ q <∞ and 0 ≤ σ < 1. Then the following

holds

Πp,σ(E,F ) ⊂ Πq,σ(E,F )

for all Banach spaces E and F .

The Pietsch Domination Theorem concerning the (p, σ)-absolutely continuous linear op-

erators is proved by Matter in [51]. As usual, the unit ball BE∗ , of E∗ is considered as a

compact space with respect to the weak star topology.

Theorem 3.3. [51, Theorem 4.1]

For a linear operator T ∈ L (E,F ) the following statements are equivalent.

(i) T ∈ Πp,σ (E,F )

(ii) There are a constant C > 0 and a regular Borel probability measure µ on BE∗ , such that

‖T (x)‖ ≤ C

(∫

BE∗

(|〈x, x∗〉|1−σ ‖x‖σ)
p

1−σ dµ(x∗)

) 1−σ
p

, x ∈ E. (3.2)
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(iii) There is a constant C ≥ 0 such that for all (xi)
n
i=1 in E we have

(
n∑

i=1

‖T (xi)‖
p

1−σ

) 1−σ
p

≤ C sup
x∗∈BE∗

(
n∑

i=1

(
| 〈x∗, xi〉 |

1−σ ‖xi‖
σ) p

1−σ

) 1−σ
p

In addition, πp,σ(T ) is the smallest number C for which (ii) and (iii) hold.

Lipschitz p-dominated operators between Banach spaces are introduced in [20]. A map

T ∈ Lip0(E,F ) is Lipschitz p-dominated if there exist a Banach space G and a linear

operator S ∈ Πp(E,G) such that ‖T (x)− T (x′)‖ ≤ ‖S(x)− S(x′)‖ for all x, x′ ∈ E. Let

dLp (T ) denote the infimum of all πp (S), when S varies over all linear p-summing operators

defined on E that fulfill the above condition. This is a norm for the space DL
p (E,F ) of all

Lipschitz p-dominated mappings between E and F . Any mapping in DL
p (E,F ) is Lipschitz

and Lip ≤ dLp . Note that

DL
p (E,F ) ⊂ ΠL

p (E,F ). (3.3)

3.2 (p, σ)-absolutely Lipschitz mappings

Let us introduce the Lipschitz version of (p, σ)-absolutely continuous operators.

Definition 3.4. Let 1 ≤ p <∞, and 0 ≤ σ < 1. Let X be a pointed metric space and E be

a Banach space. A base point preserving mapping T ∈ Lip0(X,E) is called (p, σ)-absolutely

Lipschitz if there exist a Banach space F and a Lipschitz operator S ∈ ΠL
p (X,F ) such that

‖T (x)− T (x′)‖ ≤ ‖S(x)− S(x′)‖
1−σ

d(x, x′)σ

for all x, x′ ∈ X. Let πL
p,σ (T ) denote the infimum of all πL

p (S)1−σ, when S varies over all

Lipschitz p-summing operators defined on X that fulfill the above condition. The space of all

(p, σ)-absolutely Lipschitz mappings between X and E is denoted by ΠL
p,σ(X,E).

An easy calculation shows that

ΠL
p ⊂ ΠL

p,σ ⊂ Lip0 (3.4)

and Lip ≤ πL
p,σ ≤ πL

p for every 0 < σ < 1.

Remark 3.5. When σ = 0, (p, 0)-absolutely Lipschitz mappings extend the notion of Lips-

chitz p-dominated operators, that was introduced in [20]. A Lipschitz p-dominated operator
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T is defined between Banach spaces and satisfies a similar condition to the one given in Def-

inition 3.4, but there the dominating mapping S is a linear absolutely p-summing operator.

We don’t know if the Lipschitz mapping S in our definition can be replaced with a linear one,

even if T is linear. In particular, we don’t know if being (p, σ)-absolutely Lipschitz implies

(p, σ)-absolute continuity whenever the mapping T is linear. The converse is, of course,

clearly true. Our aim is to work in the setting of Lipschitz mappings.

Let p > 1, 1/p + 1/p′ = 1 and 0 < σ < 1. López Molina and Sánchez-Pérez in [49,

Example 1.9] proved that the operator u : ℓp′ → ℓ p
1−σ

defined by u(ei) =
(
1
i

) 1
p ei, where

(ei)
∞
i=1 is the unit vector basis of ℓp′ , is (p, σ)-absolutely continuous and u /∈ Πp(ℓp′ , ℓ p

1−σ
).

Then u is trivially (p, σ)-absolutely Lipschitz, but by Theorem 2 in [33] u /∈ ΠL
p (ℓp′ , ℓ p

1−σ
),

then the inclusion ΠL
p ⊂ ΠL

p,σ is strict.

Proposition 3.6. Let X be a pointed metric space and E be a Banach space, then for

1 ≤ p <∞ and 0 ≤ σ < 1 the space ΠL
p,σ(X,E) is a Banach space.

Proof. We prove the triangle inequality. Consider T1, T2 ∈ ΠL
p,σ(X,E), F1, F2 Banach spaces

and Si ∈ ΠL
p (X,Fi), i = 1, 2, such that

‖Ti(x)− Ti(x
′)‖ ≤ ‖Si(x)− Si(x

′)‖
1−σ

d(x, x′)σ for all x, x′ ∈ X.

Let F be the ℓ1-sum of F1 and F2 and let Ii : Fi → F be the canonical injections. The map

S := πL
p (S1)

−σ I1 ◦ S1 + πL
p (S2)

−σ I2 ◦ S2

belongs to ΠL
p (X,F ) and

πL
p (S) ≤ πL

p (S1)
1−σ + πL

p (S2)
1−σ .

Using Hölder’s inequality we get

‖(T1 + T2)(x)− (T1 + T2)(x
′)‖

≤ ‖T1(x)− T1(x
′)‖+ ‖T2(x)− T2(x

′)‖

≤
2∑

i=1

∥∥πL
p (Si)

−σ (Si(x)− Si(x
′))
∥∥1−σ
Fi

(

πL
p (Si)

1−σ)σ d(x, x′)σ

≤

(

2
∑

i=1

∥

∥πL
p (Si)

−σ (Si(x)− Si(x
′))

∥

∥

Fi

)1−σ ( 2
∑

i=1

πL
p (Si)

1−σ

)σ

d(x, x′)σ

=
(

πL
p (S1)

1−σ + πL
p (S2)

1−σ)σ ‖S(x)− S(x′)‖
1−σ
F d(x, x′)σ
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for all x, x′ ∈ X. Thus T1 + T2 ∈ ΠL
p,σ(X,E) and

πL
p,σ (T1 + T2) ≤

(
πL
p (S1)

1−σ + πL
p (S2)

1−σ)σ πL
p (S)1−σ

≤ πL
p (S1)

1−σ + πL
p (S2)

1−σ .

Taking the infimum we finally get that πL
p,σ (T1 + T2) ≤ πL

p,σ (T1) + πL
p,σ (T2).

To prove the completeness of the space, take a sequence (Tn)n in ΠL
p,σ(X,E) such that

∞∑
n=1

πL
p,σ (Tn) < ∞. Since Lip ≤ πL

p,σ and (Lip0(X,E),Lip) is a Banach space, there exists

T :=
∞∑
n=1

Tn ∈ Lip0(X,E). We prove that
∞∑
n=1

Tn = T for πL
p,σ. Let ǫ > 0 and, for each n ∈ N,

let Sn ∈ ΠL
p (X,Fn) be such that

‖Tn(x)− Tn(x′)‖ ≤ ‖Sn(x)− Sn(x′)‖
1−σ

d(x, x′)σ

for all x, x′ ∈ X and πL
p (Sn)1−σ ≤ πL

p,σ (Tn) + ǫ/2n. Then

( ∞∑

n=1

πL
p (Sn)

)1−σ
≤

∞∑

n=1

πL
p (Sn)1−σ ≤

∞∑

n=1

πL
p,σ (Tn) + ǫ <∞.

Let S =
∞∑
n=1

πL
p (Sn)−σ(In ◦Sn) ∈ ΠL

p (X,F ), where F is the ℓ1-sum of all Fn and In : Fn → F

is the natural inclusion. Hence,

‖T (x)− T (x′)‖ ≤
∞∑

n=1

‖Tn(x)− Tn(x′)‖

≤
∞∑

n=1

‖Sn(x)− Sn(x′)‖
1−σ
Fn

d(x, x′)σ

≤ ‖S(x)− S(x′)‖
1−σ
F

( ∞∑

n=1

πL
p (Sn)1−σ

)σ
d(x, x′)σ.

This implies T ∈ ΠL
p,σ(X,E) and

πL
p,σ (T ) ≤

∞∑

n=1

πL
p (Sn)1−σ ≤

∞∑

n=1

πL
p,σ (Tn) + ǫ.

We have

πL
p,σ

(
T −

n∑

k=1

Tk

)
= πL

p,σ

( ∞∑

k=n+1

Tk

)
≤

∞∑

k=n+1

πL
p (Sk)1−σ .

Thus,
∞∑
n=1

Tn = T for πL
p,σ.
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Note that ΠL
p,0 = ΠL

p and πL
p,0 = πL

p . Therefore, the class ΠL
p,σ for 0 ≤ σ < 1 can be

considered as an interpolating class between ΠL
p and Lip0.

The next result is an extension of [20, Theorem 3.2] for (p, σ)-absolutely Lipschitz map-

pings. To prove the domination part, we will use a alternative technique: the unified abstract

version of the Pietsch domination theorem given in [9, Theorem 2.2] (see also [58]).

Theorem 3.7. Let 1 ≤ p < ∞, 0 ≤ σ < 1 and T ∈ Lip0(X,E). The following statements

are equivalent.

1. T ∈ ΠL
p,σ(X,E).

2. There is a constant C ≥ 0 and a regular Borel probability measure µ on BX# such that

‖T (x)− T (x′)‖ ≤ C

(∫

B
X#

(

|f(x)− f(x′)|1−σd(x, x′)σ
)

p
1−σ dµ (f)

)
1−σ
p

for all x, x′ ∈ X.

3. There is a constant C ≥ 0 such that for all (xi)
n
i=1, (x

′
i)
n
i=1 in X and all (ai)

n
i=1 ⊂ R

+

we have
(

n
∑

i=1

ai ‖T (xi)− T (x′i)‖
p

1−σ

)
1−σ
p

≤ C sup
f∈B

X#

(

n
∑

i=1

ai
(

|f(xi)− f(x′i)|
1−σd(xi, x

′
i)
σ
)

p
1−σ

)
1−σ
p

.

Furthermore, the infimum of the constants C ≥ 0 in (2) and (3) is πL
p,σ (T ).

Proof. (1)⇒(2) If T ∈ ΠL
p,σ(X,E), then there exist a Banach space F and S ∈ ΠL

p (X,F )

such that

‖T (x)− T (x′)‖ ≤ ‖S(x)− S(x′)‖
1−σ

d(x, x′)σ

for all x, x′ ∈ X. By [33, Theorem 1], since S is Lipschitz p-summing then there exists a

regular Borel probability measure µ on BX# such that

‖T (x)− T (x′)‖ ≤ ‖S(x)− S(x′)‖
1−σ

d(x, x′)σ

≤ πL
p (S)1−σ

(

∫

B
X#

|f(x)− f(x′)|pdµ (f)

)
1−σ
p

d(x, x′)σ

= πL
p (S)1−σ

(

∫

B
X#

(

|f(x)− f(x′)|1−σd(x, x′)σ
)

p
1−σ dµ (f)

)
1−σ
p
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for all x, x′ ∈ X.

(2)⇒(1) Let A be the natural isometric embedding from X into C(BX#) composed with the

formal identity from C(BX#) into L∞(µ) given by A(x)(f) = f(x), x ∈ X, f ∈ BX# . Let

I∞,p : L∞ (µ) −→ Lp (µ) be the canonical mapping I∞,p(g) = g. Note that πL
p (I∞,p) = 1.

Therefore by (2)

‖T (x)− T (x′)‖ ≤ C

(∫

B
X#

(

|f(x)− f(x′)|1−σd(x, x′)σ
)

p
1−σ dµ (f)

)
1−σ
p

=

(

∫

B
X#

|C
1

1−σ I∞,pA(x)(f)− C
1

1−σ I∞,pA(x′)(f)|pdµ (f)

)
1−σ
p

d(x, x′)σ.

Consequently there is a Banach space F = Lp (µ) and a Lipschitz p-summing operator

S = C
1

1−σ I∞,pA such that

‖T (x)− T (x′)‖ ≤ ‖S(x)− S(x′)‖
1−σ

d(x, x′)σ,

as required.

(2)⇒(3) If

‖T (x)− T (x′)‖ ≤ C

(

∫

B
X#

(

|f(x)− f(x′)|1−σd(x, x′)σ
)

p
1−σ dµ (f)

)
1−σ
p

,

for all x, x′ ∈ X then, for n ∈ N, a1, . . . , an ∈ R
+ and x1, . . . , xn, x

′
1, . . . , x

′
n ∈ X, we have

n
∑

i=1

ai ‖T (xi)− T (x′i)‖
p

1−σ

≤ C
p

1−σ

n
∑

i=1

∫

B
X#

ai
(

|f(xi)− f(x′i)|
1−σd(xi, x

′
i)
σ
)

p
1−σ dµ (f)

= C
p

1−σ

∫

B
X#

n
∑

i=1

ai
(

|f(xi)− f(x′i)|
1−σd(xi, x

′
i)
σ
)

p
1−σ dµ (f)

≤ C
p

1−σ sup
f∈B

X#

n
∑

i=1

ai
(

|f(xi)− f(x′i)|
1−σd(xi, x

′
i)
σ
)

p
1−σ .

(3)⇒(2) We will use the unified abstract version of the Pietsch domination theorem given

in [9, Theorem 2.2].

Let R : BX# × (X ×X × R)× R→ [0,∞[ be given by

R(f, (x, x′, a), λ) = |a|
1−σ
p |f(x)− f(x′)|

1−σ
d(x, x′)σ |λ|

and let S : Lip0(X,E)× (X ×X × R)× R→ [0,∞[ be given by

S(T, (x, x′, a), λ) = |a|
1−σ
p ‖T (x)− T (x′)‖ |λ| .
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Then T is R-S-abstract p/(1− σ)-summing (see [9, Definition 2.1]):

(
n∑

i=1

S(T, (xi, x
′
i, ai), λi)

p
1−σ

) 1−σ
p

=

(
n∑

i=1

|ai| |λi|
p

1−σ ‖T (xi)− T (x′i)‖
p

1−σ

) 1−σ
p

≤ C sup
f∈B

X#

(
n∑

i=1

|ai| |λi|
p

1−σ
(
|f(xi)− f(x′i)|

1−σd(xi, x
′
i)
σ
) p

1−σ

) 1−σ
p

= C sup
f∈B

X#

(
n∑

i=1

R (f, (xi, x
′
i, ai), λi)

p
1−σ

) 1−σ
p

.

Then, by [9, Theorem 2.2] there is a constant C ≥ 0 and a regular Borel probability

measure µ on BX# such that

S(T, (x, x′, a), λ) ≤ C

(∫

B
X#

R(f, (x, x′, a), λ)
p

1−σ dµ (f)

) 1−σ
p

for all (x, x′, a) ∈ X ×X × R and λ ∈ R. In particular, we have

‖T (x)− T (x′)‖ ≤ C

(∫

B
X#

(
|f(x)− f(x′)|1−σd(x, x′)σ

) p
1−σ dµ (f)

) 1−σ
p

for all x, x′ ∈ X.

Remark 3.8. The notion of (p, σ)-absolutely Lipschitz mapping can be defined for Lipschitz

mappings between pointed metric spaces. Given pointed metric spaces X and Y , a map

T ∈ Lip0(X, Y ) is called (p, σ)-absolutely Lipschitz, if there exist a constant k ≥ 0, a pointed

metric space G and a Lipschitz operator S ∈ ΠL
p (X,G) such that

d(T (x), T (x′)) ≤ kd(S(x), S(x′))1−σd(x, x′)σ

for all x, x′ ∈ X. In this case πL
p,σ (T ) denotes the infimum of all kπL

p (S)1−σ . Theorem 3.7

can be easily adapted whenever T ∈ Lip0(X, Y ) and X and Y are pointed metric spaces.

Proposition 3.9 (Ideal property). Let X, Y,X0, Y0 be pointed metric spaces. If v : X0 −→

X, w : Y −→ Y0 are Lipschitz mappings and T : X −→ Y is (p, σ)-absolutely Lipschitz then,

wTv is (p, σ)- absolutely Lipschitz and

πL
p,σ (wTv) ≤ Lip(w)Lip(v)πL

p,σ (T ) .
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Proof. Since T is (p, σ)-absolutely Lipschitz then there exist a constant k ≥ 0, a pointed

metric space G and a Lipschitz operator S ∈ ΠL
p (X,G) such that

d(T (x), T (x′)) ≤ kd(S(x), S(x′))1−σd(x, x′)σ for all x, x′ ∈ X.

Let x0, x
′
0 ∈ X0, then

d(wTv(x0), wTv(x′0)) ≤ Lip(w)d(Tv(x0), T v(x′0))

≤ kLip(w)d(S ◦ v(x0), S ◦ v(x′0))
1−σd(v(x0), v(x′0))

σ

≤ kLip(w)Lip(v)σd(S ◦ v(x0), S ◦ v(x′0))
1−σd(x0, x

′
0)

σ.

Since S ◦ v ∈ ΠL
p (X0, G) it follows that w ◦ T ◦ v ∈ ΠL

p,σ(X0, Y0) and

πL
p,σ (wTv) ≤ kLip(w)Lip(v)σπL

p (S ◦ v)1−σ

≤ kLip(w)Lip(v)πL
p (S)1−σ .

Taking infimum we get

πL
p,σ (wTv) ≤ Lip(w)Lip(v)πL

p,σ (T ) .

Remark 3.10. Using (3.4), Proposition 3.6 and Proposition 3.9 it can be shown that all

(p, σ)-absolutely Lipschitz mappings form a Lipschitz operator ideal (see Chapter 4).

3.3 Factorization Theorem

Let µ be a Borel probability measure on BX# . Consider the canonical inclusion i :Æ(X) −→

C(BX#), given by i(
n∑

j=1

λjmxjx′j
) :=

n∑
j=1

λj〈mxjx′j
, .〉. On i(Æ(X)), we define the semi-norm

‖i(m)‖p,σ := inf
{ n∑

j=1

|λj| d(xj, x
′
j)

σ
(∫

B
X#

∣∣f(xj)− f(x′j)
∣∣p dµ(f)

) 1−σ
p
}

where the infimum is taken over all representations of m of the form m =
n∑

j=1

λjmxjx′j
.

Consider on i ◦ δX(X) the pseudo-metric induced by ‖.‖p,σ :

dp,σ(i ◦ δX(x), i ◦ δX(x′)) := ‖i ◦ δX(x)− i ◦ δX(x′)‖p,σ
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and the relation of equivalence R given by

i ◦ δX(x)Ri ◦ δX(x′)⇔ dp,σ(i ◦ δX(x), i ◦ δX(x′)) = 0.

We set Xµ
p,σ := i◦δX(X)

R
and let q : i ◦ δX(X) −→ Xµ

p,σ be the projection.

Note that, if we consider the canonical map jp : C(BX#) −→ Lp(µ), then i ◦ δX(x)Ri ◦

δX(x′) if and only if jp(i ◦ δX(x)) = jp(i ◦ δX(x′)). Hence Xµ
p,σ can be seen as a subset of

Lp(µ) via the formal identity I.

Theorem 3.11. Let 1 ≤ p <∞ and 0 ≤ σ < 1. Let X and Y be pointed metric spaces and

T ∈ Lip0(X, Y ). The following statements are equivalent.

1. T ∈ ΠL
p,σ(X, Y ).

2. There exist a regular Borel probability measure µ on BX# and a Lipschitz operator

v : Xµ
p,σ → Y such that the following diagram commutes

X
T //

δX
��

Y

δX(X)
q◦i // Xµ

p,σ

v

OO

Proof. (1)⇒(2) Assume first that T ∈ ΠL
p,σ(X, Y ). By Theorem 3.7 and Remark 3.8 there

is a regular Borel probability measure µ on BX# such that

d(T (x), T (x′)) ≤ πL
p,σ(T )

(∫

B
X#

(

|f(x)− f(x′)|1−σd(x, x′)σ
)

p
1−σ dµ (f)

)
1−σ
p

for all x, x′ ∈ X. Define v(q ◦ i ◦ δX(x)) := T (x), x ∈ X. If x, x′ ∈ X are so that

q(i ◦ δX(x)) = q(i ◦ δX(x′)) then 0 = dp,σ(i ◦ δX(x), i ◦ δX(x′)) = ‖〈mxx′ , .〉‖p,σ. Therefore,

given ǫ > 0, there exists a representation of mxx′ , mxx′ =
n
∑

j=1

λjmxjx′j
such that

n
∑

j=1

|λj| d(xj, x
′
j)

σ
(

∫

B
X#

∣

∣f(xj)− f(x′j)
∣

∣

p
dµ
)

1−σ
p
< ǫ.

Let g ∈ BY # . Then,

|g (T (x))− g (T (x′))| = |〈mxx′ , g ◦ T 〉|

≤
n
∑

j=1

|λj|
∣

∣

∣
〈mxjx′j

, g ◦ T 〉
∣

∣

∣
≤

n
∑

j=1

|λj| d(T (xj), T (x′j))

≤ πL
p,σ(T )

n
∑

j=1

|λj| d(xj, x
′
j)

σ
(

∫

B
X#

∣

∣f(xj)− f(x′j)
∣

∣

p
dµ
)

1−σ
p
< ǫπL

p,σ(T ).
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Letting ǫ −→ 0 it follows that g (T (x))− g (T (x′)) = 0 for all g ∈ BY # . Hence T (x) = T (x′).

This proves that v is well defined.

We now show that v is Lipschitz. Take g ∈ BY # and let mxx′ =
n∑

j=1

λjmxjx′j
. Then, by

Proposition 3.9

|g ◦ v (q ◦ i ◦ δX(x))− g ◦ v (q ◦ i ◦ δX(x′))|

= |g ◦ T (x)− g ◦ T (x′)| = |〈mxx′ , g ◦ T 〉|

≤ πL
p,σ(T )

n∑

j=1

|λj| d(xj, x
′
j)

σ
(∫

B
X#

∣∣f(xj)− f(x′j)
∣∣p dµ

) 1−σ
p
.

Taking the infimum over all representations of mxx′ , we get

|g ◦ v (q ◦ i ◦ δX(x))− g ◦ v (q ◦ i ◦ δX(x′))| ≤ πL
p,σ(T )dp,σ(i ◦ δX(x), i ◦ δX(x′))

for all g ∈ BY # . We conclude now that

d (v (q ◦ i ◦ δX(x)) , v (q ◦ i ◦ δX(x′))) ≤ πL
p,σ(T )dp,σ(i ◦ δX(x), i ◦ δX(x′)).

(2)⇒(1) Assume that T factors as in (2). By Proposition 3.9 it suffices to prove that

q ◦ i : δX(X) −→ Xµ
p,σ is (p, σ)-absolutely Lipschitz, but this is clear as

dp,σ(i ◦ δX(x), i ◦ δX(x′)) = ‖i(mxx′)‖p,σ ≤ ‖mxx′‖
σ
(∫

B
X#

|f(x)− f(x′)|
p
dµ
) 1−σ

p
.

Farmer and Johnson [33, Theorem 1] proved that πL
p (T ) ≤ C if and only if for some (or

any) isometric embedding J of Y into a 1-injective space Z, there is a factorization

L∞(µ)
I∞,p // Lp(µ)

B
��

X

A

OO

T // Y J // Z

with µ a probability and Lip(A) · Lip(B) ≤ C.

Letting σ = 0 in Theorem 3.11, we obtain a factorization theorem for Lipschitz absolutely

p-summing operators which is equivalent to the above. In that case, Xµ
p,0 = jp ◦ i ◦ δX(X),

where jp : C(BX#)→ Lp(µ) is the canonical mapping, and the induced metric dp,0 generates

the Lp-norm on Xµ
p,0. So, Theorem 3.11 is a generalization of the Farmer and Johnson

factorization.
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Theorem 3.12. Let 1 ≤ p < ∞. Let X and Y be pointed metric spaces. The following

statements are equivalent for a mapping T ∈ Lip0(X, Y ) and a positive constant C.

1. T ∈ ΠL
p (X, Y ) and πL

p (T ) ≤ C.

2. There exist a regular Borel probability measure µ on BX# such that

d(T (x), T (x′)) ≤ C

(∫

B
X#

|〈δX(x)− δX(x′), f〉|
p
dµ(f)

)1/p

for all x, x′ ∈ X.

3. There exist a regular Borel probability measure µ on BX# and a Lipschitz operator

v : Xµ
p,0 → Y such that the following diagram commutes

X
T //

i◦δX
��

Y

i ◦ δX(X)
jp // Xµ

p,0

v

OO

Furthermore, the infimum of the constants C ≥ 0 in (1) and (2) is πL
p (T ).

Let us end showing the duality for (p, σ)-absolutely Lipschitz operators.

Let 1 ≤ p, r < ∞ and 0 ≤ σ < 1 such that r′ = p′

1−σ
, where p′ is the conjugate of p, that

is, 1
p

+ 1
p′

= 1. For x1, ..., xn, x
′
1, ..., x

′
n in X and scalars λ1, . . . , λn, we define

δLipp,σ

(
(λj, xj, x

′

j)
n
j=1

)
:= sup

f∈B
X#

(
n∑

j=1

(
|λj| |f(xj)− f(x′j)|

1−σd(xj, x
′
j)

σ
) p

1−σ

) 1−σ
p

.

If we denote

wLip
p

1−σ

(
(λj, xj, x

′

j)
n
j=1

)
:= sup

f∈B
X#

(
n∑

j=1

(
|λj| |f(xj)− f(x′j)|

) p
1−σ

) 1−σ
p

.

then, we have

wLip
p

1−σ

(
(λj, xj, x

′

j)
n
j=1

)
≤ δLipp,σ

(
(λj, xj, x

′

j)
n
j=1

)
.

As a remark, the above inequality shows that ΠL
p/(1−σ)(X, Y ) ⊂ ΠL

p,σ(X, Y ).

For a molecule m ∈M(X,E) we define its (p, σ)-Chevet–Saphar norm by

csp,σ(m)=inf
{∥∥(λj ‖vj‖)

n
j=1

∥∥
r
δLipp′,σ

(
(λ−1j , xj, x

′

j)
n
j=1

)
: m =

n∑

j=1

vjmxjx′j
, λj > 0

}
.

We denote by CSp,σ(X,E) the space M(X,E) endowed with the norm csp,σ.

The following theorem can be proved as in [16, Theorem 4.3].
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Theorem 3.13. The spaces CSp,σ(X,E)∗ and ΠL
p′,σ(X,E∗) are isometrically isomorphic via

the canonical pairing, 〈m,T 〉 =
n∑

j=1

〈
vj, T (xj)− T (x′j)

〉
.
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Chapter 4

Lipschitz operator ideals and the

approximation property

Our results in this chapter have been published in collaboration with D. Achour, P. Rueda

and E. A. Sánchez Pérez in the Journal of Mathematical Analysis and Applications [2] and

are presented as follows. Section 4.1.1 contains the basics of the theory of Lipschitz operator

ideals, that are introduced in a natural way. Especial emphasis is made on examples: we

recover the main classes of Lipschitz mappings such as approximable Lipschitz mappings,

Lipschitz p-summing mappings, Lipschitz p-integral mappings, Lipschitz p-nuclear mappings,

Lipschitz compact and Lipschitz weakly compact mappings. In Section 4.3 we extend to the

Lipschitz mappings setting some linear procedures to construct ideals of operators from a

given operator ideal I: by composition with linear operators from I and, by considering

those Lipschitz mappings whose Lipschitz transposes belong to I. It is proved that the Lip-

schitz dual of a given operator ideal I coincides with the Lipschitz composition ideal with

the dual ideal of I. A direct consequence is the well-known Lipschitz variant of Schauder’s

(respectively Gantmacher’s) theorem: a Lipschitz operator is compact (respectively weakly

compact) if, and only if, its transpose is compact (respectively weakly compact). In Section

4.4 we initiate a study of approximation properties for metric spaces, that come from con-

sidering composition ideals of Lipschitz mappings. The main aim is to relate the linear and

the Lipschitz theories. To do so, we strongly make use of linearization techniques
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4.1 Lipschitz operator ideals

4.1.1 Definitions

The aim of this section is to introduce the concept of Lipschitz operator ideal. We will follow

the spirit of the definition of linear operator ideal explained in the excellent monographs

[26, 59].

Definition 4.1. A Lipschitz operator ideal ILip is a subclass of Lip0 such that for every

pointed metric space X and every Banach space E the components

ILip(X,E) := Lip0(X,E) ∩ ILip

satisfy:

(i) ILip(X,E) is a linear subspace of Lip0(X,E).

(ii) vg ∈ ILip(X,E) for v ∈ E and g ∈ X#.

(iii) The ideal property: if S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈ L(E,F ), then the

composition wTS is in ILip(Y, F ).

A Lipschitz operator ideal ILip is a normed (Banach) Lipschitz operator ideal if there is

‖.‖ILip
: ILip −→ [0,+∞[ that satisfies

(i’) For every pointed metric space X and every Banach space E, the pair (ILip(X,E), ‖.‖ILip
)

is a normed (Banach) space and Lip(T ) ≤ ‖T‖ILip
for all T ∈ ILip(X,E).

(ii’) ‖IdK : K −→ K, IdK(λ) = λ‖ILip
= 1.

(iii’) If S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈ L(E,F ), then

‖wTS‖ILip
≤ Lip(S) ‖T‖ILip

‖w‖ .

From conditions (i’), (ii’) and (iii’) we get for any v ∈ E and any g ∈ X#,

‖vg‖ILip
= ‖(v IdK) ◦ IdK ◦ g‖ILip

≤ ‖v IdK‖‖IdK‖ILip
Lip(g)

= ‖v‖Lip(g) = Lip(vg) ≤ ‖vg‖ILip
,

that is, ‖vg‖ILip
= ‖v‖Lip(g) = Lip(vg).

Following [40] a mapping T ∈ Lip0(X,E) has Lipschitz finite dimensional rank if the

linear hull of the set
{

T (x)−T (x′)
d(x,x′)

, x, x′ ∈ X, x 6= x′
}

is a finite dimensional subspace of E.

We denote by Lip0F(X,E) the set of all Lipschitz finite rank mappings from X to E. Clearly,
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Lip0F(X,E) is a linear subspace of Lip0(X,E). It is proved in [40, Proposition 2.4] that

having finite dimensional rank is equivalent to having Lipschitz finite dimensional rank. This

is also equivalent to saying that the linearization TL of T has finite rank. Such a mapping

admits a finite representation T =
n∑

k=1

ukfk, with (uk)k≤n ∈ E, (fk)k≤n ∈ X
#. Indeed, given

T ∈ Lip0F(X,E), according to [40, Proposition 2.4], TL ∈ L(Æ(X), E) has finite rank.

Thus

TL =
n∑

i=1

m∗
i ⊗ ui, (ui)i≤n ⊂ E, (m∗

i )i≤n ⊂ Æ(X)∗.

Since Æ(X)∗ and X# are isometrically isomorphic then, there is (fi)i≤n ⊂ X# such that

(fi)L = m∗
i .

For x ∈ X we obtain

T (x) = TL ◦ δX(x) = TL(mx0) =
n∑

i=1

(fi)L ⊗ ui(mx0)

=
n∑

k=1

〈(fi)L,mx0〉 ui

=
n∑

i=1

fi(x)ui.

Thus T =
n∑

i=1

uifi. The class Lip0F is the smallest Lipschitz operator ideal.

Definition 4.2. (1) A Lipschitz operator ideal ILip is said to be injective if for every metric

linear injection I : E →֒ F (that is, I is linear and ‖I(x)‖ = ‖x‖ for all x ∈ E) and every

T ∈ Lip0(X,E), T is in ILip whenever I ◦T ∈ ILip(X,F ). A normed Lipschitz operator ideal

is called injective if moreover ‖T‖ILip
= ‖I ◦ T‖ILip

. In a straightforward way, the injective

hull I injLip can be defined as the smallest injective Lipschitz operator ideal that contains ILip.

Note that each Lipschitz operator ideal is contained in an injective Lipschitz operator ideal,

and so the notion of injective hull makes sense. Indeed, as in the linear case, I injLip(X,E)

is formed by all Lipschitz mappings T : X → E that satisfy that JF ◦ T ∈ I(X, ℓ∞(BE∗)),

where JE is the canonical inclusion JE : E → ℓ∞(BE∗). The space I injLip(X,E) is endowed

with the norm ‖T‖injILip
:= ‖JE ◦ T‖ILip

, for all T ∈ I injLip(X,E) (see for example [26, 9.7]).

(2) The closed hull ILip of a Lipschitz operator ideal ILip consists of all Lipschitz mappings

that can be approximated, with respect to the Lipschitz norm, by a sequence of Lipschitz

mappings in ILip.
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4.1.2 Approximable Lipschitz operators

Following [40], a Lipschitz mapping T ∈ Lip0(X,E) is said to be approximable if it is the

limit of a sequence of Lipschitz finite rank operators from X to E in the Lipschitz norm Lip.

The collection of all approximable Lipschitz operators T ∈ Lip0(X,E) is denoted by

Lip0F(X,E). It is clear that Lip0F(X,E) is an example of Lipschitz ideal.

The following is inspired in [10].

Lemma 4.3. Let T ∈ Lip0(X,E). The following statements are equivalent.

1. T ∈ Lip0F(X,E).

2. TL ∈ Lf (Æ (X) , E).

3. T t ∈ Lf (E∗, X#).

Proof. The equivalence between (1) and (2) appears in [40, Proposition 2.4]. The equivalence

with (3) follows from the fact that (TL)∗ = QX ◦ T
t and the ideal property.

Corollary 4.4. Let T ∈ Lip0(X,E). The following statements are equivalent.

1. T can be approximated by finite rank Lipschitz operators.

2. TL can be approximated by finite rank linear operators.

3. T t can be approximated by finite rank linear operators.

Proof. It is a direct consequence of Lemma 4.3 the fact that the correspondence T ∈

Lip0(X,E) 7−→ TL ∈ L(Æ (X) , E) is an isomorphism, and Hutton’s theorem [39, Theo-

rem 2.1] that assures that TL can be approximated by finite rank operators if, and only if,

(TL)∗ can be approximated by finite rank operators.

4.2 Examples

4.2.1 Lipschitz p-summing operators

Let 1 ≤ p < ∞. In [33] Lipschitz p−summing operators defined between metric spaces

are introduced (see section 1.4). It is well known that ΠL
p (X,E) with the norm πL

p (.) is
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a Banach space that satisfies the ideal property (this is straightforward, see for instance

[33]) and that Lip(T ) ≤ πL
p (T ) for every T ∈ ΠL

p (X,E). A direct calculation shows that

πL
p (vg) ≤ ‖v‖Lip(g) for any v ∈ E and 0 6= g ∈ X#. Theorem 2 in [33] assures that

πL
p (IdK) = πp(IdK) = 1, where IdK : K −→ K, IdK(λ) = λ. Moreover, consider a metric

linear injection I : E →֒ F and T ∈ Lip0(X,E) such that I ◦ T ∈ ΠL
p (X,E). Since I is a

metric injection, given (xi)i≤n, (x
′
i)i≤n in X we get

(
n∑

i=1

‖T (xi)− T (x′i)‖
p

) 1
p

=

(
n∑

i=1

‖IT (xi)− IT (x′i)‖
p

) 1
p

≤ πL
p (IT ) sup

f∈B
X#

(
n∑

i=1

|f(xi)− f(x′i)|
p

) 1
p

.

Hence T ∈ ΠL
p (X,E) and πL

p (T ) ≤ πL
p (IT ). The ideal property gives the reverse inequality

and then πL
p (T ) = πL

p (IT ). That proves that ΠL
p is injective. Summarizing, we have the

following.

Proposition 4.5. (ΠL
p , π

L
p ) is an injective Banach Lipschitz operator ideal.

4.2.2 Lipschitz p-integral operators

Let 1 ≤ p ≤ ∞ Lipschitz p−integral operators from metric spaces to pointed metric spaces

are introduced in [33] (see also [20]). A map T ∈ Lip0(X,E) is Lipschitz p-integral if there

are a probability measure space (Ω,Σ, µ) and two Lipschitz mappings A : Lp(µ) −→ E∗∗

and B : X −→ L∞(µ) such that the following diagram commutes:

X
T //

B
��

E
kE // E∗∗

L∞(µ)
iµp // Lp(µ).

A

OO

where iµp : L∞(µ) −→ Lp(µ) is the canonical mapping and kE : E −→ E∗∗ is the canonical

isometric embedding. For short, we will say that (A, iµp , B) is a factorization for T . Denote

by ιLp (T ) the infimum of Lip(A)Lip(B) taken over all factorizations as above. This class of

mappings is denoted by IL
p (X,E).

Using some standard techniques from [12, Proposition 2.1] (see also [32, Theorem 5.2] )

we can show that IL
p (X,E) is a Banach Lipschitz operator ideal with the norm ιLp (.). For

the convenience of the reader, we include the proof.
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Proposition 4.6. (ILp , ι
L
p ) is a Banach Lipschitz operator ideal.

Proof. We check all conditions in Definition 4.1.

(i) We start checking that Lip(T ) ≤ ιLp (T ) for all T ∈ ILp (X,E). Let (A, iµp , B) be a

factorization for a T ∈ ILp (X,E). Clearly kET ∈ Lip0(X,E
∗∗) and Lip(T ) = Lip(kET ) ≤

Lip(A)Lip(B). Taking the infimum we get Lip(T ) ≤ ιLp (T ).

We check now that ILp (X,E) is a linear subspace of Lip0(X,E). Let T ∈ ILp (X,E)

and let (A, iµp , B) be a decomposition for T . For any α ∈ K, kE(αT ) = (αA)iµpB. Since

αA ∈ Lip0(Lp(µ), E∗∗) then αT is Lipschitz p−integral and

ιLp (αT ) ≤ Lip(αA)Lip(B) = |α|Lip(A)Lip(B).

It follows that ιLp (αT ) ≤ |α| ιLp (T ). Then, for α 6= 0, we have ιLp (T ) = ιLp (α−1αT ) ≤

|α−1| ιLp (αT ), hence |α| ιLp (T ) ≤ ιLp (αT ) and so ιLp (αT ) = |α| ιLp (T ).

Let T1, T2 ∈ I
L
p (X,E) and ε > 0. Consider factorizations (Ai, i

µi
p , Bi) for Ti such that

Lip(Bi) = 1
2

and Lip(Ai) < ιLp (Ti) + ε
2
, for i = 1, 2. We may assume also that Ω1 ∩ Ω2 = ∅.

Take Ω := Ω1∪Ω2, Σ := {S ⊂ Ω : S ∩ Ωi ∈ Σi, i = 1, 2} and define the probability measure

µ on Ω by

µ(S) :=
Lip(A1)µ1(S ∩ Ω1) + Lip(A2)µ2(S ∩ Ω2)

Lip(A1) + Lip(A2)
.

Define A : Lp(µ) −→ E∗∗ and B : X −→ L∞(µ) by

A(f) = A1(f |Ω1 ) + A2(f |Ω2 ),

B(x) = B1(x) · χΩ1 +B2(x) · χΩ2 ,

where χΩi
is the characteristic function of Ωi for i = 1, 2. We have A(0) = 0. If 1

p
+ 1

p′
= 1,

using Hölder’s inequality we get

‖A(f)− A(f ′)‖ ≤
2∑

i=1

‖Ai(f |Ωi
)− Ai(f

′ |Ωi
)‖

≤
2∑

i=1

Lip(Ai)
1/pLip(Ai)

1/p′ ‖(f − f ′) |Ωi
‖Lp(µi)

≤

(
2∑

i=1

Lip(A1)

)1/p( 2∑

i=1

Lip(Ai)
1/p′ ‖(f − f ′) |Ωi

‖Lp(µi)

)

≤

(
2∑

i=1

Lip(A1)

)1/p( 2∑

i=1

Lip(Ai)

)1/p′ ( 2∑

i=1

‖(f − f ′) |Ωi
‖
p
Lp(µi)

)1/p

= (Lip(A1) + Lip(A2)) ‖(f − f ′)‖Lp(µ)
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for all f, f ′ ∈ Lp(µ). Hence A ∈ Lip0(Lp(µ), E∗∗) and Lip(A) ≤ Lip(A1)+Lip(A2). Moreover

B ∈ Lip0(X,L∞(µ)) with Lip(B) ≤ 1 because B(0) = 0 and

‖B(x)− B(x′)‖L∞(µ) ≤ ‖B1(x)− B1(x
′)‖L∞(µ1)

+ ‖B2(x)− B2(x
′)‖L∞(µ2)

≤ (Lip(B1) + Lip(B2)) d(x, x′)

= d(x, x′)

for all x, x′ ∈ X. For each x ∈ X , we have

AiµpB(x) = Aiµp(B1(x)χΩ1 +B2(x)χΩ2)

= A1i
µ1
p B1(x) + A2i

µ2
p B2(x)

= kET1(x) + kET2(x)

= kE(T1 + T2)(x),

and thus AiµpB = kE(T1 + T2). Hence T1 + T2 ∈ I
L
p (X,E) and

ιLp (T1 + T2) ≤ Lip(A)Lip(B) ≤ Lip(A) ≤ ιLp (T1) + ιLp (T2) + ε.

Since ε was arbitrary, it follows that ιLp (T1 + T2) ≤ ιLp (T1) + ιLp (T2). To prove the complete-

ness of the space IL
p (X,E), take a sequence (Tn) in IL

p (X,E) such that
∞∑
n=1

ιLp (Tn) < ∞.

Since Lip(.) ≤ ιLp (.) and (Lip0(X,E), Lip(.)) is a Banach space, there exists T :=
∞∑
n=1

Tn ∈

Lip0(X,E). We prove that
∞∑
n=1

Tn = T for ιLp (.). Let ε > 0. For each n ∈ N we can

find a probability space (Ωn,Σn, µn), Lipschitz operators Bn ∈ Lip0(X,L∞(µn)), An ∈

Lip0(Lp(µn), E∗∗) with Lip(Bn) = 1/2n and Lip(An) ≤ ιLp (Tn)+ε/2n such that kETn factors

as

kETn = Ani
µn
p Bn : X

Bn−→ L∞(µn)
iµnp
−→ Lp(µn)

An−→ E∗∗.

We can assume that the Ωn’s are pairwise disjoint and set Ω := ∪n∈NΩn and

Σ := {S ⊂ Ω : S ∩ Ωn ∈ Σn, ∀n ∈ N} .

Define the probability measure µ on Σ by

µ(S) :=

∑∞
n=1 µn(S ∩ Ωn)Lip(An)∑∞

n=1 Lip(An)
,
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S ∈ Σ. Define A : Lp(µ) −→ E∗∗ and B : X −→ L∞(µ) by

A(f) =
∞∑

n=1

An(f |Ωn ),

B(x) =
∞∑

n=1

Bn(x)χΩn .

Clearly A(0) = 0 and B(0) = 0. When p = ∞ it is clear that Lip(A) ≤
∑∞

n=1 Lip(An) <∞.

For 1 ≤ p <∞, using a similar argument as above we get

‖A(f)− A(f ′)‖ ≤

(
∞∑

n=1

Lip(An)

)
‖f − f ′‖Lp(µ)

and

‖B(x)− B(x′)‖L∞(µ) ≤ d(x, x′),

for all f, f ′ ∈ Lp(µ) and all x, x′ ∈ X. Hence, A ∈ Lip0(Lp(µ), E∗∗) with Lip(A) ≤
∞∑
n=1

Lip(An) ≤
∞∑
n=1

ιLp (Tn) + ǫ, and B ∈ Lip0(X,L∞(µ)) with Lip(B) ≤ 1.

For each x ∈ X , we have

AiµpB(x) = A

(
∞∑

n=1

iµp(Bn(x)χΩn)

)

=
∞∑

m=1

Am

(
( ∞∑

n=1

iµp(Bn(x)χΩn)
)
|Ωm

)

=
∞∑

m=1

Ami
µm
p Bm(x) =

∞∑

m=1

kETm(x) = kET (x)

and thus AiµpB = kET. Hence, T ∈ IL
p (X,E) and

ιLp (T ) ≤ Lip(A)Lip(B) ≤ Lip(A) ≤
∞∑

n=1

ιLp (Tn) + ε.

Since ε was arbitrary, it follows that ιLp (T ) ≤
∑∞

n=1 ι
L
p (Tn).

We now show that T =
∑∞

k=1 Tk for the ιLp norm. For each n ∈ N, define tn : Lp(µ) −→

E∗∗ by tn(f) =
∑∞

k=n+1Ak(f |Ωk
). By the same argument used above we obtain, tn ∈

Lip0(Lp(µ), E∗∗) with Lip(tn) ≤
∑∞

k=n+1 Lip(Ak) and so lim
n→∞

Lip(tn) = 0. It is easy to see

that T −
∑n

k=1 Tk = tni
µ
pB. Then, lim

n→∞
ιLp ( T −

∑n
k=1 Tk) = 0.
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(ii) Fix a point x0 ∈ X and take Ω = {x0} , Σ = {Ω, ∅} and µ : Σ −→ R defined by

µ(Ω) = 1, µ(∅) = 0. Then (Σ,Ω, µ) is a probability space. Clearly, L∞(µ) and Lp(µ) contain

only constant functions.

Let g ∈ X# and v ∈ E. Define B ∈ Lip0(X,L∞(µ)) and A ∈ Lip0(Lp(µi), E
∗∗) by

A(t1) = tkE(v) for all t ∈ K and B(x) = g(x)1 for all x ∈ X, where 1 is the constant

function equal to 1 on Ω. It is clear that

(kE(vg))(x) = g(x)kE(v) = g(x)A(1) = A(g(x)1) = Aiµp(g(x)1) = AiµpB(x)

for all x ∈ X. Then vg ∈ IL
p (X,E) and ιLp (vg) ≤ Lip(A)Lip(B) = ‖v‖Lip(g).

Let IdK : K −→ K, IdK(λ) = λ. By [20, p. 5275] ιLp (IdK) = ιp(IdK) = 1.

(iii) Let v ∈ Lip0(Y,X), T ∈ IL
p (X,E) and w ∈ L(E,F ). Since T is Lipschitz p−integral

then we have the following factorization

Y v // X T //

B

��

E w //

kE

$$

F
kF // F ∗∗

E∗∗

w∗∗
<<

L∞(µ)
iµp // Lp(µ)

A

;;

Since the mappings B ◦ v and w∗∗ ◦A are Lipschitz then w ◦T ◦ v is Lipschitz p-integral and

ιLp (w ◦ T ◦ v) = ιLp (w∗∗ ◦ A ◦ iµp ◦B ◦ v) ≤ ‖w‖Lip(A)Lip(B)Lip(v).

Taking the infimum, we obtain

ιLp (w ◦ T ◦ v) ≤ ‖w‖ ιLp (T )Lip(v).

4.2.3 Lipschitz p-nuclear operators

Let 1 ≤ p ≤ ∞. Lipschitz p-nuclear operators from metric spaces to Banach spaces are

introduced in [20]. A map T ∈ Lip0(X,E) is Lipschitz p-nuclear if there are two Lipschitz

mappings A : ℓp −→ E and B : X −→ ℓ∞ and λ = (λn)n ∈ ℓp such that the following

diagram commutes:

X

B
��

T // E

ℓ∞
Mλ // ℓp

A

OO
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where Mλ((xn)n) := (λnxn)n, for all (xn)n ∈ ℓ∞. Let νLp (T ) denote the infimum of

Lip(A) ‖Mλ‖Lip(B) over all factorizations as above; note that ‖Mλ‖ = ‖λ‖ℓp . The set of all

such T is denoted by N L
p (X,E).

Proposition 4.7. (N L
p , ν

L
p ) is a Banach Lipschitz operator ideal.

Proof. We start proving that Lip(T ) ≤ νLp (T ) for any T ∈ N L
p (X,E). Assume that T ∈

N L
p (X,E). Then, there exist A ∈ Lip0(X, ℓ∞), B ∈ Lip0(ℓp, E) and a diagonal operator

Mλ ∈ L(ℓ∞, ℓp) with λ ∈ ℓp such that T factors as

T : X
A
−→ ℓ∞

Mλ−→ ℓp
B
−→ E.

Clearly T ∈ Lip0(X,E) and

Lip(T ) = Lip(BMλA) ≤ Lip(B) ‖Mλ‖Lip(A).

Taking the infimum we get Lip(T ) ≤ νLp (T ).

The spaces Lp(µ) and L∞(µ) are the standard sequence spaces ℓp and ℓ∞ respectively,

whenever µ is the counting measure on N. Then, an easy adaptation of the proof of Propo-

sition 4.6 proves that N L
p is a Banach Lipschitz operator ideal.

4.2.4 Lipschitz compact and Lipschitz weakly compact operators

Lipschitz compact and weakly compact operators are introduced in [40] (see section 1.5).

Those classes of mappings are Banach Lipschitz operator ideals with the norm Lip. Indeed

the ideal property has been proved in [40, Proposition 2.3]. Now we prove that Lip0K(X,E)

(respectively Lip0W(X,E)) contains the finite dimensional rank Lipschitz operators. Let T

be a finite dimensional rank Lipschitz operator, then by [40, Proposition 2.4] the linearization

TL has finite dimensional rank and so is compact (respectively weakly compact) and by

[40, Proposition 2.1 and Proposition 2.2] T is Lipschitz compact (respectively Lipschitz

weakly compact). By [40, Corollary 2.6] the spaces Lip0K(X,E) and Lip0W(X,E) are closed

subspaces of Lip0(X,E)). Then Lip0K and Lip0W are Banach Lipschitz operator ideals with

the norm Lip. We can get the next result regarding the classical approximation property;

we will adapt this notion to the Lipschitz setting in a more general way in the last section

of this chapter.
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Proposition 4.8. If E has the approximation property and T ∈ Lip0(X,E), then T is

Lipschitz compact if, and only if, T can be approximated by Lipschitz finite rank operators.

Proof. If T is Lipschitz compact then TL is compact and by the approximation property of

rE we conclude that TL can be approximated by finite rank operators. Then, by Corollary

4.4 T can be approximated by Lipschitz finite rank operators. For the converse see [40,

Propositions 2.1 and 2.4].

Remark 4.9. If ILip is a Banach Lipschitz operator ideal and we define ILip∩L as the class

of all linear operators between Banach spaces that belong to ILip, then ILip∩L is a linear

operator ideal. It is shown in [33, Theorem 2] that for a linear operator T, πL
p (T ) coincides

with the absolutely p−summing norm and then, ΠL
p ∩L is the ideal of absolutely p−summing

operators. The same thing occurs for Lipschitz p−integral operators: for a linear operator

T, ιLp (T ) coincides with the p−integral norm and then, IL
p ∩ L is the ideal of p−integral

operators. Also, from [20, Theorem 2.1] it follows that N L
p (X,E∗) ∩ L(X,E∗) = Np(X,E

∗)

whenever X is a separable Banach space and E∗ is a dual Banach space.

4.3 Methods to produce Lipschitz operator ideals

We undertake here some methods to produce Lipschitz operator ideals.

4.3.1 Composition ideal of Lipschitz mappings

Definition 4.10. (Composition Ideals) Given an operator ideal I, a Lipschitz mapping

T ∈ Lip0(X,E) belongs to the composition Lipschitz operator ideal I◦Lip0, denoted T ∈

I◦Lip0(X,E), if there are a Banach space F , a Lipschitz operator S ∈ Lip0(X,F ) and an

operator u ∈ I(F,E) such that T = u ◦ S. If (I, ‖.‖I) is a normed operator ideal we write

‖T‖I◦Lip0 = inf ‖u‖I Lip(S), where the infimum is taken over all u, S as above.

Proposition 4.11. Let I be an operator ideal. The following are equivalent for T ∈

Lip0(X,E):

(1) T ∈ I◦Lip0(X,E).

(2) TL ∈ I(Æ(X), E).

If (I, ‖.‖I) is a normed operator ideal, then

‖T‖I◦Lip0 = ‖TL‖I .
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Proof. (1) ⇒ (2) Assume that T ∈ I◦Lip0(X,E). Then there is a Banach space F , a

Lipschitz operator S ∈ Lip0(X,F ) and an operator u ∈ I(F,E) such that T = u ◦ S. Since

TL = u ◦ SL, the ideal property ensures that TL ∈ I(Æ(X), E). If (I, ‖.‖I) is normed then,

‖TL‖I = ‖u ◦ SL‖I ≤ ‖u‖I ‖SL‖ = ‖u‖I Lip(S).

Taking the infimum over all such factorizations we obtain ‖TL‖I ≤ ‖T‖I◦Lip0 .

(2)⇒ (1) Consider the factorization of T given by T = TL ◦ δX . Since δX is Lipschitz and

TL ∈ I(Æ(X), E) then T ∈ I◦Lip0(X,E) and, if (I, ‖.‖I) is normed we have

‖T‖I◦Lip0 = ‖TL ◦ δX‖I◦Lip0 ≤ ‖TL‖I Lip(δX) = ‖TL‖I .

Corollary 4.12. If I is a (normed, closed, Banach) operator ideal then, I◦Lip0 is a (re-

spectively normed, closed, Banach) Lipschitz operator ideal.

Proof. Let us check that a composition Lipschitz operator ideal is a Lipschitz operator ideal.

Using Proposition 4.11,

T, S ∈ I ◦ Lip0(X,E) ⇐⇒ TL, SL ∈ I(Æ(X), E)

⇐⇒ (αT + βS)L = αTL + βSL ∈ I(Æ(X), E), ∀α, β ∈ K

⇐⇒ αT + βS ∈ I ◦ Lip0(X,E), ∀α, β ∈ K.

As a consequence of Proposition 4.11, I◦Lip0(X,E) contains the finite dimensional rank

Lipschitz operators. To prove the ideal property consider v ∈ Lip0(Y,X), T ∈ I◦Lip0(X,E)

and w ∈ L(E,F ). There are a Banach space G, a Lipschitz operator S ∈ Lip0(X,G) and

an operator u ∈ I(G,E) such that T = u ◦ S. From the ideal property, w ◦ u ∈ I(G,E). It

is clear that S ◦ v ∈ Lip0(Y,E) and we conclude that w ◦ T ◦ v ∈ I◦Lip0(Y, F ). Therefore

I◦Lip0 is a Lipschitz operator ideal.

Now we show that I◦Lip0 is closed whenever I is. Consider a sequence (Ti)i ∈ I◦Lip0(X,E)

converging to T in Lip0(X,E). From

lim
i→∞
‖(Ti)L − TL‖ = lim

i→∞
‖(Ti − T )L‖ = lim

i→∞
Lip(Ti − T ) = 0.

it follows that TL ∈ I(Æ(X), E) and so, T ∈ I◦Lip0(X,E).
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Clearly, (I◦Lip0, ‖·‖I◦Lip0) is a normed Lipschitz ideal whenever (I, ‖·‖I) is normed. Just

for the sake of completeness note that if v ∈ Lip0(Y,X), T ∈ I◦Lip0(X,E) and w ∈ L(E,F )

then, by [42, Lemma 3.1]) the linearization of w ◦ T ◦ v is w ◦ TL ◦ v̂ for a suitable linear

operator v̂ ∈ L(Æ(Y ) ,Æ(X)), with ‖ṽ‖ = Lip(v).

‖w ◦ T ◦ v‖I◦Lip0 = ‖w ◦ TL ◦ v̂‖I◦Lip0

≤ ‖w‖ ‖TL‖I ‖v̂‖

= ‖w‖ ‖T‖I◦Lip0 Lip(v).

To finish the proof, it easily follows from Proposition 4.11 that if (I, ‖.‖I) is a Banach

operator ideal then, (I◦Lip0, ‖.‖I◦Lip0) is a Banach Lipschitz operator ideal.

Example 4.13. In chapter 2 we introduced the class of strongly Lipschitz p-summing (1 <

p ≤ ∞) and we proved that a Lipschitz operator T is strongly Lipschitz p-summing if,

and only if, TL is strongly p-summing. Then by Proposition 4.11 every strongly Lipschitz p-

summing mapping T can be considered the composition of a Lipschitz mapping and a strongly

p-summing mapping, that is, DL
st,p = Dp ◦ Lip0.

Example 4.14. The following variant of Lipschitz integral mapping is introduced in [12].

A mapping T ∈ Lip0(X,E) is Lipschitz Grothendieck-integral if there are a probability

measure space (Ω,Σ, µ), a linear operator A ∈ L(L1(µ), E∗∗) and a Lipschitz mapping

B ∈ Lip0(X,L∞(µ)) such that kE ◦ T = A ◦ iµ1 ◦ B. The Lipschitz G-integral norm of T

is defined by LipGI(T ) = inf ‖A‖Lip(B), where the infimum is taken over all factorizations

as above. This class of mappings is denoted by Lip0GI(X,E). If we denote by (I1, ι1) the

Banach ideal of integral linear operators (We refer to [32, 26] for integral linear operators)

then, I1(F,E) ⊂ Lip0GI(F,E) ⊂ IL1 (F,E), for all Banach spaces E and F . The maximality

of I1 implies that ι(T ) = LipGI(T ) = ι1(T ), for all T ∈ I1(F,E). In [12, Proposition 2.1] it

is proved that Lip0GI is a Banach Lipschitz operator ideal (a similar notion of Lipschitz op-

erator ideal is considered in [12], without going into a general study). Proposition 2.4 in [12]

shows that T ∈ Lip0GI(X,E) if, and only if, TL ∈ I1(Æ(X), E). Hence, by Proposition 4.11,

Lip0GI = I1 ◦ Lip0.

Proposition 4.15. Let X be a pointed metric space and E be a Banach space. We have

1. Lip0K(X,E) = K ◦ Lip0(X,E) isometrically.
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2. Lip0W(X,E) =W ◦ Lip0(X,E) isometrically.

Proof. It is a consequence of Propositions 2.1 and 2.2 in [40] and Proposition 4.11.

Remark 4.16. In general, a Lipschitz operator ideal ILip does not coincide with I◦Lip0. For

example, the ideal of Lipschitz p-summing operators ΠL
p and the corresponding composition

Πp◦Lip0 do not coincide. Indeed, δK is Lipschitz p-summing, but its linearization is the

identity map on the infinite dimensional space Æ(K) and so, it cannot be absolutely p-

summing. Proposition 4.11 ensures now that δK does not belong to Πp◦Lip0. The same

situation occurs for Lipschitz p-nuclear and Lipschitz p-integral operators.

4.3.2 The dual Lipschitz ideal

The dual of an operator ideal I is defined as follows: for Banach spaces E and F ,

Idual(E,F )= {u ∈ L(E,F ) : u∗ ∈ I(F ∗, E∗)} ,

where u∗ : F ∗ −→ E∗ is the adjoint of u. It is well known that Idual is an operator ideal.

We write ‖u‖Idual = ‖u∗‖I . We mention that K = Kdual and W = Wdual (see [59])

Definition 4.17. The Lipschitz dual of a given operator ideal I is defined by

ILip0−dual(X,E) =
{
T ∈ Lip0(X,E) : T t ∈ I(E∗, X#)

}

If (I, ‖.‖I) is a quasinormed operator ideal, define

‖T‖ILip0−dual =
∥∥T t
∥∥
I
.

Theorem 4.18. If I is an operator ideal then,

ILip0−dual = Idual◦Lip0

Moreover, if (I, ‖.‖I) is normed then,

‖·‖ILip0−dual = ‖·‖Idual◦Lip0 .
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Proof. Assume that T ∈ ILip0−dual, that is, T t ∈ I(E∗, X#). Consider the operator QX :

X# → Æ(X)∗ defined in Section 1.2. As we said there, it is linear, continuous and ‖QX‖ ≤ 1.

Since (TL)∗ = QX ◦ T
t ∈ I(E∗,Æ(X)∗) then, TL ∈ I

dual(Æ(X), E). By Proposition 4.11 we

conclude T ∈ Idual◦Lip0. Besides,

‖T‖Idual◦Lip0 = ‖TL‖Idual = ‖(TL)∗‖I =
∥∥QX ◦ T

t
∥∥
I

≤ ‖QX‖
∥∥T t
∥∥
I

= ‖T‖ILip0−dual .

Assume that T ∈ Idual◦Lip0(X,E). Then T = u ◦ S with u∗ ∈ I(E∗, F ∗) and S ∈

Lip0(X,F ) for some Banach space F . We have T t = St ◦ u∗. By the ideal property we

conclude that T t ∈ I(E∗, X#), that is T ∈ ILip0−dual. To finish the proof, we show the

equality of the norms. Let ǫ > 0, choosing F, S and u such that ‖u‖Idual · Lip(S) ≤ (1 +

ǫ) ‖T‖Idual◦Lip0 we get

‖T‖ILip0−dual =
∥∥T t
∥∥
I

=
∥∥St ◦ u∗

∥∥
I
≤ ‖u∗‖I

∥∥St
∥∥

= ‖u‖Idual Lip(S)

≤ (1 + ǫ) ‖T‖Idual◦Lip0 .

Letting ǫ −→ 0 we obtain ‖T‖ILip0−dual ≤ ‖T‖Idual◦Lip0 .

Propositions 3.4 and 3.5 in [40] can be proved directly from our previous results.

Corollary 4.19. A Lipschitz operator is compact (weakly compact) if, and only if, its trans-

pose is a compact (weakly compact) linear operator.

Proof. We get the results directly from Proposition 4.15, Schauder’s (Gantmacher’s) theorem

and Theorem 4.18; indeed, they give the equalities Lip0K = K ◦ Lip0 = Kdual ◦ Lip0 =

KLip0−dual and Lip0W = W ◦ Lip0 = Wdual ◦ Lip0 = WLip0−dual.

4.4 Applications: the approximation property for Lip-

schitz operator ideals

Recall first the classical approximation property: a Banach space E has the approximation

property if for every Banach spaces F (or just for E) every linear operator T : E → F can be
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approximated uniformly on compact sets by finite rank operators or, equivalently, for every

Banach space F every compact linear operator T : F → E can be approximated uniformly

on bounded sets by finite rank operators [38, Proposition 35]. The approximation property

has been widely studied and the reader can find several books where it has been treated

(for example in [26, Ch.I,§5] and [15]). Roughly speaking, three are the main ingredients

that play an important role in the approximation property: the approximating operators

(the finite rank operators), the approximated operators (the linear or compact operators)

and the bornology where the convergence is considered (compact or bounded sets). In the

last decades, some variants of the approximation property related to an operator ideal I

have been considered. These variants concern to what extent the approximation property

can spread whenever its ingredients are replaced by some others related to I. The main

situations that have been considered are:

• To replace finite rank operators by operators belonging to an operator ideal. The main

purpose in [7] is the study of Banach spaces E for which every linear operator T ∈ L(E,E)

can be approximated uniformly on compact subsets of E by operators in I(E,E).

• To replace bounded linear or compact operators by elements in a general ideal I. This

variant of approximation property on a Banach space E related to an operator ideal I studies

when the space of finite rank operators Lf (F,E) is dense in I(F,E) for every Banach space

F (see for example [54] and the references therein).

• To replace compact sets by another class of sets with some kind of compactness related

to I. The new class of sets is formed by I-compact sets. This notion was introduced by

Carl and Stephani [14] and the related approximation property has been studied in e.g.

[29, 45, 46].

Let I be an operator ideal. A subset B of a Banach space E is relatively I-compact if

there is a Banach space G and an operator S ∈ I(G,E) such that B ⊆ S(M), where M

is a compact subset of G. The associated operator definition of this set-theoretic notion is

the following. Let T be a linear operator between Banach spaces E and F and consider an

operator ideal I. It is said that T is I-compact if T (BE) is a relatively I-compact subset of

F . The operator ideal formed by all linear I-compact operators is denoted by KI (see [45,

Sec.2]).

Let (I, ‖ · ‖I) be a Banach operator ideal. Following [54], a Banach space E has the I-

approximation property if for every Banach space F , the space of finite rank linear operators
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Lf (F,E) is ‖ · ‖I-dense in I(F,E). In [45] it is also considered the situation of replacing

the norm ‖ · ‖I by the operator norm ‖ · ‖ in L: a Banach space E has the I-uniform

approximation property if for every Banach space F , the space of finite rank linear operators

Lf (F,E) is ‖ · ‖-dense in I(F,E). Note that, whenever the ideal of compact operators K is

considered, the K-(uniform) approximation property is just the approximation property.

In particular, a Banach space E has the KI-uniform approximation property if for every

Banach space F , Lf (F,E) is norm dense in KI(F,E), that is, every I-compact operator

from F into E can be uniformly approximated by finite rank operators. In [45, Proposition

3.2] it is proved that a Banach space E has the KI-uniform approximation property if, and

only if, the identity IdE : E → E can be approximated uniformly on relatively I-compact

sets by finite rank operators.

This is the starting point of our analysis of the ”Lipschitz version” of these notions, that

is explained in what follows. We will consider Lipschitz ideals ILip that are composition

ideals, that is, ILip = I ◦ Lip0 for some linear operator ideal I. Taking into account that

each Lipschitz operator can be factored as

X
T //

δX ##

E,

Æ(X) ,

TL

;;

ILip = I ◦ Lip0 satisfies that a Lipschitz map T belongs to ILip(X,E) if, and only if,

TL ∈ I(Æ(X), E) (see Proposition 4.11).

We consider the following natural definitions.

Definition 4.20. Let X and Y be pointed metric spaces, and ILip = I ◦Lip0 a composition

Lipschitz operator ideal.

A set K ⊆ X is relatively I-Lipschitz compact if there is a pointed metric space Y and a

Lipschitz operator S : Y → Æ(X) in ILip such that δX(K) ⊆ S(M), where M is a compact

subset of Y .

Let Y and X be pointed metric spaces. We say that a Lipschitz operator φ : Y → X is

I-Lipschitz compact if φ(BY ) = φ({x ∈ Y : d(x, 0) ≤ 1}) is relatively I-Lipschitz compact.

Note that, if E is a Banach space then, a Lipschitz operator T : X → E is I-Lipschitz

compact if T ({x ∈ X : d(x, 0) ≤ 1}) is a relatively I-Lipschitz compact subset of E.
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We will write KL
I (X,E) for the class of all I-Lipschitz compact operators from X to E,

considered as a topological subspace of the Lipschitz operators. This class satisfies some

good composition properties. For example, taking into account that the Lipschitz image of

a relatively I-Lipschitz compact set is again relatively I-Lipschitz compact, we obtain the

following fact: if T : X → Y is I-Lipschitz compact and R ∈ Lip0(Y, Z), then R◦T : X → Z

is also I-Lipschitz compact.

Proposition 4.21. Let X be a pointed metric space and let A ⊂ X. Then A is relatively

I-Lipschitz compact if, and only if, δX(A) is relatively I-compact.

Moreover, if E is a Banach space, every relatively I-Lipschitz compact subset of E is

relatively I-compact.

Proof. Assume that A is relatively I-Lipschitz compact. There is a pointed metric space

Y , M ⊂ Y compact and S ∈ ILip(Y,Æ(X)) such that δX(A) ⊆ S(M). Since we can write

S = SL ◦ δY with SL ∈ I(Æ(Y ),Æ(X)), and δY (M) is compact, we conclude that δX(A) is

a relatively I-compact set.

Now assume that δX(A) is relatively I-compact. Let Z be a Banach space, K a com-

pact subset of Z and T ∈ I(Z,Æ(X)) such that δX(A) ⊆ T (K). This implies that

T ∈ ILip(Z,Æ(X)), which now does give the result.

Finally, assume that X is a Banach space E. Let us see that every relatively I-Lipschitz

compact subset of E is relatively I-compact. Take a relatively I-Lipschitz compact subset

K of E. This means that there is a Lipschitz map S : Y → Æ(E) in ILip from a pointed

metric space Y and a compact subset M ⊆ Y such that δE(K) ⊆ S(M). We have the

canonical factorization for S given by SL ◦ δY , and since ILip is a composition Lipschitz

ideal, we have that SL belongs to the linear ideal I. Then the compact subset M1 := δY (M)

of Æ(Y ) satisfies that there is a linear operator SL in I such that δE(K) ⊆ SL(M1). Consider

(IdE)L : Æ(E) → E. Then we have that K = (IdE)L(δE(K)) ⊆ (IdE)L ◦ SL(M1), where

(IdE)L ◦ SL is a linear map in I, and so K is a relatively I-compact subset of E.

From Proposition 4.21, we obtain the next

Corollary 4.22. A linear map T : F → E between Banach spaces is I-Lipschitz compact

if, and only if, it is linear I-compact.
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In what follows we will show more concrete information about the relation between the

linear and the Lipschitz I-compactness for operators. We start with a lemma that is already

known. The linearization βE : Æ(E) → E of the identity map in E is known as the

barycentric map, and it is in fact a quotient map (see for example [43, p.25] and [35, Lemma

2.4], where this map is denoted by β). This gives a proof of the lemma; however, we write

a direct proof for the aim of completeness.

Lemma 4.23. Let E be a Banach space and let βE : Æ(E)→ E be the linearization of the

identity map IdE : E → E. Then, βE(BÆ(E)) = BE.

Proof. Since βE ◦ δE(x) = IdE(x) = x and δE(BE) ⊂ BÆ(E), the inclusion BE ⊂ βE(BÆ(E))

is trivial. Let us prove the other inclusion. It is enough to prove that βE(BM(E)) = BE.

Assume that there is m ∈ BM(E) such that βE(m) does not belong to BE. The Hahn-Banach

theorem gives a linear functional φ ∈ E∗ of norm ‖φ‖ = 1 such that |φ(βE(m))| > 1. Write

f := φ ◦βE ∈M(E)∗ and take a real number a so that 1 < a < |f(m)|. Let ǫ > 0. Consider

a representation of m, m =
∑n

i=1 λimxi,x′i
so that

∑n
i=1 |λi|‖xi − x′i‖ < 1 + ǫ. Then,

a < |f(m)| = |
n∑

i=1

λiφ(βE(δE(xi)− δE(x′i)))| = |φ(
n∑

i=1

λi(xi − x′i))| < 1 + ǫ.

Letting ǫ→ 0, we get a contradiction.

The map (δE ◦ T )L appearing in (iii) of the next result is already known (see [35, Lemma

2.2]): it is the unique linear map T̂ : Æ(F ) → Æ(E) such that T̂ ◦ δF = δE ◦ T .

Proposition 4.24. Let F and E be Banach spaces, and ILip = I ◦ Lip0 a composition

Lipschitz operator ideal. Consider a Lipschitz map T : F → E.

(i) If T is linear and I-Lipschitz compact, then TL : Æ(F ) → E is (linear) I-compact.

(ii) If δE ◦ TL : Æ(F ) → Æ(E) sends the unit ball to a relatively I-compact set, then T is

I-Lipschitz compact.

(iii) If (δE ◦ T )L : Æ(F ) → Æ(E) is (linear) I-compact, then T is I-Lipschitz compact.

(iv) If T is linear, then T is I-Lipschitz compact if, and only if, TL : Æ(F ) → E is (linear)

I-compact.
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Proof. (i) Assume that T is linear and I-Lipschitz compact. By definition, T (BF ) is rela-

tively Lipschitz I-compact. By Proposition 4.21, T (BF ) is relatively I-compact. Note that

since T is linear so is T ◦ βF : Æ(F )→ E (where βF is the barycentric map defined above),

and

(T ◦ βF ) ◦ δF = T ◦ (βF ◦ δF ) = T.

But TL is by definition the unique linear map Æ(F ) → E such that T = TL ◦ δF , so we

obtain that TL = T ◦ βF . Now, using Lemma 4.23,

TL(BÆ(F )) = T ◦ βF (BÆ(F )) = T (BF ),

so TL(BÆ(F )) is a relatively I-compact set and thus TL is linear I-compact.

(ii) This is an immediate consequence of Proposition 4.21. By hypothesis we have that

δE ◦ TL(BÆ(F )) is relatively I-compact. By Proposition 4.21, we have that TL(BÆ(F )) is a

relatively I-Lipschitz compact set. Since δF (BF ) ⊂ BÆ(F ) and T = TL ◦ δF , it follows that

T (BF ) is relatively I-Lipschitz compact and thus T is I-Lipschitz compact.

(iii) If (δE ◦ T )L is I-compact, then (δE ◦ T )L(BÆ(F )) is relatively I-compact. Since

(δE ◦ T )(BF ) = ((δE ◦ T )L) ◦ δF )(BF ) ⊆ (δE ◦ T )L(BÆ(F )) it follows that (δE ◦ T )(BF )

is relatively I-compact and thus by Proposition 4.21 we conclude that T (BF ) is relatively

I-Lipschitz compact.

(iv) We only need to prove (⇐=), since (i) gives the other implication.

Suppose that TL is I-compact. Then TL(BÆ(F )) is relatively I-compact and thus it is

relatively I-Lipschitz compact by Proposition 4.21. Since δF (BF ) ⊂ BÆ(F ),

T (BF ) = (TL ◦ δF )(BF ) ⊂ TL(BÆ(F )),

so T (BF ) is relatively I-Lipschitz compact, and thus T is I-Lipschitz compact.

Proposition 4.24 gives that for linear operators, being (Lipschitz) compact and being L-

Lipschitz compact coincide. The first three statements of the following result have been

proved in [40, Proposition 2.1].

Corollary 4.25. Let F and E be Banach spaces and consider a linear operator T : F → E.

The following assertions are equivalent.

(i) T is compact.
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(ii) TL : Æ(F )→ E is compact.

(iii) T is Lipschitz compact as a Lipschitz map.

(iv) T is L-Lipschitz compact as a Lipschitz map.

4.4.1 The I-approximation property for Lipschitz operators.

Consider a linear operator ideal I and let ILip = I ◦ Lip0 be the associated composition

Lipschitz operator ideal. On Lip0(X,E), we define the topology Lipschitz-τI of uniform

convergence on I-Lipschitz compact sets in the space of operators Lip0(X,E) as the one

generated by the seminorms

qK(T ) := sup
x∈K
‖T (x)‖ = sup

m∈δK(K)

‖TL(m)‖E,

where K is a relatively I-Lipschitz compact set of X.

Note that this topology induces on the space L(F,E), of linear operators between Banach

spaces F and E, the topology τI of uniform convergence on I-compact sets.

Definition 4.26. Let X be a pointed metric space. Consider a class of operators O(X,Æ(X)) ⊆

Lip0(X,Æ(X)) with the operations inherited from this linear space. We say that X has the

I-Lipschitz approximation property with respect to O(X,Æ(X)) if δX : X → Æ(X) belongs

to the Lipschitz-τI-closure of O(X,Æ(X)).

Of course, when looking for a genuine version of the approximation property for metric

spaces, the elements of O must have some sort of finite-range-type property. In fact, the case

O = Lip0F provides the main classical characterization of an approximation type property,

as we will show in what follows. There are also two more interesting cases of sets of operators

O that will be analyzed in the next section.

The first result is a natural extension of Proposition 3.6 of [46] for the Lipschitz case that

can be obtained as a consequence of the factorization of the Lipschitz operators through

Æ(X).

Proposition 4.27. Let X be a pointed metric space. The following assertions are equivalent.

(i) X has the I-Lipschitz approximation property with respect to Lip0F(X,Æ(X)).
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(ii) For every Banach space E, Lip0F(X,E) is Lipschitz-τI dense in Lip0(X,E).

Proof. (i) ⇒ (ii). Consider a Banach space E and φ ∈ Lip0(X,E). Take ε > 0 and an I-

Lipschitz compact subset K of X. Let gε ∈ Lip0(X,Æ(X)) satisfying that supx∈K ‖δX(x)−

gε(x)‖Æ(X) < ε. Since there is a factorization for φ given by φ = φL ◦ δX , for each x ∈ K we

get that

‖φ(x)− φL ◦ gε(x)‖ ≤ ‖φL‖‖δX(x)− gε(x)‖Æ(X) ≤ εLip(φ).

This gives the proof. (ii) ⇒ (i) is obvious.

The second main property related to the approximation property concerns the approxi-

mation of compact operators by finite rank ones. Let us show the Lipschitz version.

Proposition 4.28. Let X be a pointed metric space and I be an operator ideal. If X has

the Lipschitz I-approximation property with respect to Lip0F(X,Æ(X)) then, for any pointed

metric space Z and any I-Lipschitz compact mapping φ : Z → X, the mapping δX ◦ φ can

be approximated by finite rank operators of Lip0F(Z,Æ(X)) uniformly on BZ.

Proof. Assume that φ is Lipschitz I-compact. There is a relatively I-Lipschitz compact

subset K of X such that φ(BZ) ⊆ K. Fix n ∈ N. Then by the approximation property

of X there is a finite rank Lipschitz map gn such that supx∈K ‖δX(x) − gn(x)‖Æ(X) < 1/n.

Consequently,

sup
z∈BZ

‖δX ◦ φ(z)− gn ◦ φ(z)‖Æ(X) ≤ sup
x∈K

‖δX(x)− gn(x)‖Æ(X) <
1

n
.

This gives a sequence (gn ◦ φ)n of finite rank Lipschitz maps converging to δX ◦ φ uniformly

on BZ , and the result follows.

4.4.2 The relation between Lipschitz and linear approximation

properties.

The purpose of this section is to show that the new concepts and results we have stated

for the Lipschitz setting fit with the definitions and properties of the KI-uniform approx-

imation property. To establish the connection, we consider the I-Lipschitz approximation
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property with respect to the sets O1(E,Æ(E)) = δE ◦ Lip0F(E,E) and O2(X,Æ(X)) =

Lip0F(Æ(X),Æ(X)) ◦ δX . We will show that the choice of O1 or O2 depends on which ver-

sion of the two canonical cases we want to get: either when X is a Banach space and has

the approximation property or when Æ(X) has the approximation property.

Our first aim now is to prove that the I-Lipschitz approximation property is weaker

than the KI-uniform approximation property when they can be compared, that is, if a

Banach space E has the KI-uniform approximation property, then it has the I-Lipschitz

approximation property with respect to the set δE ◦ Lip0F(E,E) too. This clearly provides

a lot of examples of our new approximation property for pointed metric spaces.

Proposition 4.29. Let I be an operator ideal. Let E be a Banach space with the KI-

uniform approximation property. Then it has the I-Lipschitz approximation property as a

metric space with respect to the set δE ◦ Lip0F(E,E).

Proof. Suppose that E has the KI-uniform approximation property. Then there is a sequence

of finite rank operators (Tn)n that converges to IdE in the τI topology. Let us show that the

sequence (T̂n)n of Lipschitz maps defined as T̂n(x) = δE(Tn(x)) ∈ Æ(E), x ∈ E, converges

to δE in the Lipschitz-τI topology. For a fixed relatively I-Lipschitz compact subset K of

E, consider the seminorm

qK(R) := sup
x∈K
‖R(x)‖Æ(E), R ∈ Lip0(E,Æ(E)).

Recall that, by Proposition 4.21, every relatively I-Lipschitz compact subset of E is

relatively I-compact. Thus, K is also a relatively I-compact subset of E, and then this

formula defines also a seminorm of the topology τI . We get

qK(δE − T̂n) = sup
x∈K

‖mx,0 − δE(Tn(x))‖Æ(E)

= sup
x∈K

‖mx,0 −mTn(x),0‖Æ(E) ≤ sup
x∈K

‖x− Tn(x)‖E.

This proves the result.

Some results are known about the standard approximation property for the free spaces

Æ(X) (see [23, 24, 36] and the references therein). In this direction, we can also show that

under the hypothesis that Æ(X) has the KI-uniform approximation property, we have that

X has the I-Lipschitz approximation property too with respect to a finite-range-type class

of operators, showing that our definition can also be applied in these cases.
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Proposition 4.30. Let I be an operator ideal and consider the associated composition Lip-

schitz operator ideal ILip = I ◦ Lip0. Let X be a pointed metric space. If Æ(X) has the

KI-uniform approximation property, then X has the I-Lipschitz approximation property with

respect to the class F(Æ(X),Æ(X)) ◦ δX .

Proof. Suppose that Æ(X) has the KI-uniform approximation property as a Banach space.

Fix a relatively I-Lipschitz compact subset K of X. By Proposition 4.21 δX(K) is a relatively

I-compact set.

By [45, Proposition 3.2], there is a sequence of linear finite rank operators Tn : Æ(X)→

Æ(X) such that Tn converges to IdÆ(X) uniformly on δX(K). Consider the finite rank

Lipschitz maps T̃n := Tn ◦ δX , that define Lipschitz operators from X to Æ(X). It follows

that

sup
x∈K
‖δX(x)− T̃n(x))‖Æ(X) = sup

x∈K
‖δX(x)− Tn ◦ δX(x)‖Æ(X)

= sup
w∈δX(K)

‖w − Tn(w)‖Æ(X)

and this finishes the proof.
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Chapter 5

Factorization of Lipschitz operators

on Banach function spaces

5.1 Introduction

Let (X, d) be a metric space. Let (Ω,Σ, µ) be a finite measure space and consider two

Lipschitz operators T : X → Y1 and S : X → Y2 on Banach function spaces Y1 and Y2 over µ.

In this chapter we characterize when T factors through S as T = Mg ◦S by means of vector

norm inequalities, where Mg : Y2 → Y1 is a multiplication operator defined by a measurable

function g.

In the case of linear operators, this kind of factorization is called strong factorization for

T through S. A recent study of this problem for the case of linear operators can be found in

[31]. We show how these ideas can be adapted to the case of Lipschitz operators; thus, we

characterize the factorization of a Lipschitz operator T through a given Lipschitz operator

S by using inequalities among these maps.

There are many classical results relating inequalities for linear operators and factoriza-

tions. Probably, the ones that have found more applications are the nowadays called Maurey-

Rosenthal theorems, that give concavity and convexity conditions on a linear operator to

get a strong factorization via Lp spaces (see for instance [64, Proposition III.H.10] and

[25, 27, 28]). The direct application of these factorization theorems is the characterization

of subspaces and sublattices of Banach function spaces that can be identified isomorphically

with an Lp-space for a certain 1 ≤ p <∞. The last part of the present chapter is devoted to
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show that these arguments can be translated to the Lipschitz setting by extending the main

factorization results of the Maurey-Rosenthal theory to this non-linear case. In particular, as

a consequence of Theorem 5.5 and Corollary 5.6 we will provide an answer to the following

problem. Let 1 ≤ p < q <∞ and consider the standard metrics d‖·‖Lq(µ)
and dL0(µ) provided

by the norm Lq in the first case and the metric of L0(µ) in the second one. Let A be a subset

of Lq(µ) such that topologies generated by d‖·‖Lq(µ)
and dL0(µ) coincide on A. When can we

say that the topology on A coincides also with the one generated by an Lp norm?

5.2 Preliminaries

Let (Ω,Σ, µ) be a finite measure space. Let L0(µ) be the space of classes of measurable real

functions on Ω that are equal µ-a.e. A Banach function space over µ is a Banach space X1 of

elements of L0(µ) with a norm ‖·‖X1 satisfying that if f ∈ L0(µ), g ∈ X1 and |f | ≤ |g| µ-a.e.

then f ∈ X1 and ‖f‖X1 ≤ ‖g‖X1 . A Banach function space X1 is a Banach lattice with the

pointwise µ-a.e. order; X1 is order continuous if for every f, fn ∈ X1 such that 0 ≤ fn ↑ f

µ-a.e., fn → f in norm and has the Fatou property if for every sequence (fn) ⊂ X1 such

that 0 ≤ fn ↑ f µ-a.e. and supn ‖fn‖X1 < ∞, it follows that f ∈ X1 and ‖fn‖X1 ↑ ‖f‖X1 .

The reader can find more information about in [55, Ch.2], [47, p.28ff] and [66, Ch. 15].

If Y1 and Y2 are Banach function spaces over the same measure µ, the space of multipli-

cation operators from Y1 to Y2 is

Y Y2
1 =

{
h ∈ L0(µ) : hf ∈ Y2 for each f ∈ Y1

}
.

The function ‖h‖Y Y2
1 := supf∈BY1

‖hf‖Y2 for all h ∈ Y Y2
1 , is clearly a seminorm on Y Y2

1 . It is

also a norm only if Y1 is saturated, i.e. there is no A ∈ Σ with µ(A) > 0 such that fχA = 0

µ-a.e. for all f ∈ Y1. In this case, Y Y2
1 is a Banach function space. If h ∈ Y Y2

1 , we write

Mh : Y1 → Y2 for the corresponding multiplication operator f  fh. See [13, 50] for more

information on these spaces.

If Y1 and Y2 are Banach function spaces, the product space Y1πY2 is the space of functions

f ∈ L0(µ) such that |f | ≤
∑

i≥1 |xiyi| µ-a.e. for some sequences (xi) ⊂ Y1 and (yi) ⊂ Y2

with
∑

i≥1 ‖xi‖Y1‖yi‖Y2 <∞. The natural norm for this space is

‖f‖Y1πY2 = inf
{∑

i≥1

‖xi‖Y1‖yi‖Y2

}
, f ∈ Y1πY2,
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where the infimum is computed over all sequences (xi) ⊂ Y1 and (yi) ⊂ Y2 such that |f | ≤
∑

i≥1 |xiyi| µ-a.e. and
∑

i≥1 ‖xi‖Y1‖yi‖Y2 < ∞. If Y1, Y2 and Y
Y ′2
1 are saturated Banach

function spaces then Y1πY2 is a saturated B.f.s. with norm ‖ · ‖Y1πY2 (see for example [30]).

5.2.1 Strong factorizations between couples of Lipschitz operators

Let (X, d) be a metric space and Y1 and Y2 two Banach function spaces over a finite measure

µ, such that Y1 and Y2πY
′
1 are order continuous and that Y1 has the Fatou property. Under

these conditions, the product space Y2πY
′
1 is a saturated Banach function space, as a conse-

quence of [30, Proposition 2.2]. For the sake of clarity, let us explain some topological aspects

concerning these Banach function spaces. Since Y2πY
′
1 is order continuous, by [47, p. 29] the

topological dual (Y2πY
′
1)∗ and the Köthe dual (Y2πY

′
1)′ coincide. The Fatou property of Y1

provides the isometry Y1 = Y ′′1 ( [47, p. 30]), and by [30, Proposition 2.2 ] we obtain the

isometric equalities (Y2πY
′
1)′ = Y

Y ′′1
2 = Y Y1

2 . Then for each ξ ∈ Y2πY
′
1 there exists ξ′ ∈ BY2

Y1

such that ‖ξ‖Y2πY ′1
= 〈ξ′, ξ〉 =

∫
ξ ξ′ dµ. Conditions under which the product space of two

Banach function spaces is order continuous —which is a requirement in the results above—

can be found in Section 5 of [31].

Consider two Lipschitz operators T : X → Y1 and S : X → Y2. In this subsection we

characterizewhen T factorizes strongly through S, that is, when there is a function g ∈ Y Y1
2

so that the following diagram commutes

X
T //

S
&&

Y1

Y2

Mg

OO . (5.1)

This factorization is inspired in the following result regarding linear operators between

Banach function spaces:

Theorem 5.1. ([31, Theorem 4.1]) Let X1, X2, Y1, Y2 be Banach function spaces and let

T : X1 → Y1 and S : X2 → Y2 be continuous linear operators. Assume that Y1 and Y2πY
′
1

are order continuous and that Y1 has the Fatou property. The following statements are

equivalent.

(i) There exists a function h ∈ XX2
1 such that

n∑

i=1

∫
T (xi)y

′
i dµ ≤

∥∥∥
n∑

i=1

S(hxi)y
′
i

∥∥∥
Y2πY ′1
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for each n ∈ N, every x1, . . . , xn ∈ X1 and y′1, . . . , y
′
n ∈ Y

′
1 .

(ii) There exist functions f ∈ XX2
1 and g ∈ Y Y1

2 such that T (x) = g(S(fx)) for all x ∈ X1.

It worth mentioning that if we take Z := X1 = X2 in the above theorem, the Banach

lattice structure on Z does not play any relevant role in its proof. The reader can easily

check that the theorem remains valid for any normed linear space Z as domain of both linear

operators T and S. Now, we are going to see that we can use such a variant of Theorem 5.1

for metric domains in order to prove a strong factorization theorem for Lipschitz operators.

Theorem 5.2. Let T : X → Y1(µ) and S : X → Y2(µ) be Lipschitz operators such that

T (0) = S(0) = 0. Suppose that Y1(µ) and Y2(µ)πY1(µ)′ are order continuous and that Y1

has the Fatou property. The following statements are equivalent.

(i) The inequality

∫ n∑

i=1

(

T (x1i )− T (x2i )
)

y′i dµ ≤
∥

∥

∥

n
∑

i=1

(

S(x1i )− S(x2i )
)

y′i

∥

∥

∥

Y2(µ)πY1(µ)′

holds for each n ∈ N and each finite set x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ X and y′1, ..., y

′
n ∈ Y1(µ)′.

(ii) There exists a function g ∈ Y2(µ)Y1(µ) such that

T (x1)− T (x2) = g(S(x1)− S(x2))

for all x1, x2 ∈ X.

(iii) There is a function g ∈ Y2(µ)Y1(µ) such that T (x) = gS(x) for all x ∈ X, i.e. T factors

through S as

X T //

S !!

Y1(µ).

Y2(µ)

Mg

::

(iv) T factors through SL as

X
T //

j

��

Y1(µ)

Æ(X)
SL // Y2(µ)

Mg

OO

for a certain function g ∈ Y2(µ)Y1(µ).
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(v) TL factors through SL as

Æ(X)
TL //

SL

''

Y1(µ)

Y2(µ)

Mg

OO

for a certain function g ∈ Y2(µ)Y1(µ).

In that case, the g’s in (ii), (iii), (iv) and (v) coincide.

Proof. We will write Y1 and Y2 instead of Y1(µ) Y2(µ) for the aim of clarity in the proof.

Consider the linearizations SL and TL of S and T respectively. If we assume (i), we can

rewrite the inequality as

n∑

i=1

∫
TL(mx1

i ,x
2
i
) y′i dµ ≤

∥∥∥
n∑

i=1

(

SL(mx1
i ,x

2
i
)
)

y′i

∥

∥

∥

Y2πY ′1

for every finite set x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ X and y′1, ..., y

′
n ∈ Y ′1 . It is clear then that the

inequality
n

∑

i=1

∫

TL(mi) y
′
i dµ ≤

∥

∥

∥

n
∑

i=1

(

SL(mi)
)

y′i

∥

∥

∥

Y2πY ′1

holds for every m1, . . . ,mn ∈ M(X). By Theorem 5.1, there exists a function g ∈ Y Y1
2 such

that TL(m) = gSL(m) for all m ∈ M(X). In particular, TL(mx1,x2) = gSL(mx1,x2) for all

x1, x2 ∈ X. Therefore, T (x1) − T (x2) = g(S(x1) − S(x2)) for all x1, x2 ∈ X, and (ii) is

proved. The implication (ii) ⇒ (iii) is obvious. If we assume (iii), the linearization of S

fulfills T (x) = gSL(mx,0) for all x ∈ X, which gives (iv). From (iv), TL(m) = gSL(m) for all

m ∈M(X) and (v) follows. That (v) implies (i) follows easily from Theorem 5.1.

5.2.2 Maurey-Rosenthal type Theorems on factorization of Lips-

chitz maps through Lp-spaces

Chávez-Domı́nguez [18] has found several results concerning factorization of Lipschitz oper-

ators through Lp-spaces, including some variants of the Maurey-Rosenthal Theorem. In this

subsection we will show a different way of proving similar results on factorization. However,

it must be noted that unlike what happens in the results of [18], the measure µ over which

Y (µ) is defined as a Banach function space is the same that appears in the factorization space

Lp(µ). Also the fact that the closing operator is a multiplication map Lp(µ) → Y (µ) pro-

vides a different meaning to our result when comparing with the ones of Chávez-Domı́nguez,
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that are given for abstract Banach lattices. Let Y (µ) be a Banach function space. Although

the definition given in [18] for Lipschitz p-convexity allows to prove factorization results, for

the aim of coherence we prefer to define Lipschitz p-convexity in a slightly different way.

This will allow to obtain Maurey-Rosenthal type factorizations in the classical sense. We

will say that T ∈ Lip0(X, Y (µ)) is Lipschitz strongly p-convex (1 ≤ p < ∞), if there exists

a constant K ≥ 0 such that for all (xji )i≤n,j≤m, (y
j
i )i≤n,j≤m in X and (λji )i≤n,j≤m in R,

∥∥∥
( n∑

i=1

∣∣∣
m∑

j=1

λji (T (xji )− T (yji ))
∣∣∣
p)1/p∥∥∥ ≤ K

( n∑

i=1

∣∣∣
m∑

j=1

λjid(xji , y
j
i )
∣∣∣
p)1/p

. (5.2)

The definition of Chávez-Domı́nguez is a bit weaker; we get it if we make m = 1. This is

the reason we use the term “strongly” in our definition. We can prove a result that is similar

to the one given in [18, Theorem 3.3].

Lemma 5.3. Let T : X → Y (µ)) be a Lipschitz operator with T (0) = 0. If T is Lipschitz

strongly p-convex, then TL : Æ(X) → Y (µ) is p-convex and so, well-defined and continuous.

Proof. The proof is straightforward. Assume that T is Lipschitz strongly p-convex and use

(5.2). Consider the molecules mi ∈ M, that can be written as mi =
∑ri

j=1 λ
j
imxj

i ,y
j
i

for

i = 1, ..., n. Write m = max{ri : i = 1, ..., n} and complete the sums to m terms by adding

λji = 0 for ri < j ≤ m for each i.

∥∥∥
( n∑

i=1

|TL(mi)|
p
)1/p∥∥∥ =

∥∥∥
( n∑

i=1

∣∣∣TL
( m∑

j=1

λjimxj
i ,y

j
i

)∣∣∣
p)1/p∥∥∥

=
∥∥∥
( n∑

i=1

∣∣∣
m∑

j=1

λji (T (xji )− T (yji ))
∣∣∣
p)1/p∥∥∥

≤ K
( n∑

i=1

∣∣∣
m∑

j=1

λjid(xji , y
j
i )
∣∣∣
p)1/p

≤ K
( n∑

i=1

( m∑

j=1

|λji |d(xji , y
j
i )
)p)1/p

.

Since this computation can be done for each set of representations of the molecules mi and

the left hand side of the inequality does not depend on the representations, we get that

∥∥∥
( n∑

i=1

|TL(mi)|
p
)1/p∥∥∥ ≤ K

( n∑

i=1

∥∥∥mi

∥∥∥
p

Æ(X)

)1/p
.

Thus, TL is p-convex.
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Theorem 5.4. Let Y (µ) be a Banach function space and let T : X → Y (µ) be a Lipschitz

operator with T (0) = 0. If Y (µ) is p-concave and T is strongly Lipschitz p-convex (1 ≤ p <

∞), then there is g and a Lipschitz map v (v(0) = 0) such that f = Mg ◦ v.

Proof. By Lemma 5.3, TL : Æ(X) → Y (µ) is p-convex. Since Y (µ) is concave, it is in

particular order continuous, and by the Maurey-Rosenthal Theorem [25, Corollary 2], there

exists a positive multiplication operator Mg : Lp(µ) → Y (µ) and a continuous operator

u : Æ(X)→ Lp(µ) such that TL = Mg ◦ u. Defining v := u ◦ δX we complete the proof.

5.3 Applications: Lipschitz isomorphisms among sub-

sets of measurable functions with different metrics

Factorization of operators among Banach function spaces are useful tools for the study

of the geometric properties of subspaces of these spaces. For example, Maurey-Rosenthal

type factorizations of operators are the key for proving the structure of reflexive subspaces

of L1-spaces. The Lipschitz version of these results can also be applied for analyzing the

corresponding substructures of the metric spaces with some further properties, as we will

show in this section. Therefore, we will center our attention in the applications of our results

to the analysis of the metric structure of subsets of Banach function spaces.

Let (Ω,Σ, µ) be a finite measure space. Consider a subset of the (metric) space L0(µ) of

all the µ-a.e equal classes of functions endowed with its natural metric

d0(f, g) =

∫

Ω

|f(w)− g(w)|

1 + |f(w)− g(w)|
dµ(w).

In this section, we characterize when there is a Lipschitz isomorphism between subsets of

two different (metric) spaces of (classes of) measurable functions. Concretely, among other

results, we solve the following problem: if 1 ≤ p ≤ q <∞ and A is a subset of a space Lq(µ)

satisfying that the topologies generated by d‖·‖Lq(µ)
and d0 coincide on it, when can we say

that the topology on A coincides also with the one generated by an Lp-norm?

We will develop our results in the following setting. Suppose that we have a Lipschitz

copy —that is, a (bi)Lipschitz bijection from a metric space to a metric subspace of a fixed

Banach function space Y1(µ), and we want to know if this metric space can be found as

a metric subspace of a weighted Lp space defined on the same measure space (Ω,Σ, µ). A

direct application of Theorem 5.2 to the identity map gives the following result.
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We will say that a set of functions A has measurable support if the union of all the

supports of all the functions belonging to it is a measurable set.

Theorem 5.5. Let A ⊂ Y1(µ) such that 0 ∈ A and has measurable support. Suppose that

Y1(µ) and Y2(µ)πY1(µ)′ are order continuous and that Y1(µ) has the Fatou property. The

following statements are equivalent:

(i) There is a Lipschitz map S : (A, d‖·‖Y1(µ)
)→ Y2(µ) with S(0) = 0 such that the inequality

∫ ∑

i=1

(

x1i − x2i
)

y′i dµ ≤
∥

∥

∥

n
∑

i=1

(

S(x1i )− S(x2i )
)

y′i

∥

∥

∥

Y2(µ)πY1(µ)′

holds for each n ∈ N and every pair of finite set x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ A and y′1, ..., y

′
n ∈

Y1(µ)′.

(ii) There exists a function g ∈ Y2(µ)Y1(µ) such that the multiplication map 1/g : (A, d‖·‖Y1(µ)) →

Y2(µ) defines a Lipschitz isomorphism.

Proof. For the aim of clarity, we will write Y1 and Y2 instead of Y1(µ) and Y2(µ) in all the

proof.

(i) ⇒ (ii). Suppose that there is such a Lipschitz map S. We consider the metric space

X = (A, d‖·‖Y1 ) for applying Theorem 5.2. Using it we obtain that there is a function g ∈ Y Y1
2

such that x = gS(x) for all x ∈ A. In particular, we can assume that g is non-zero in any

subset of positive measure of the measurable support of all the functions in the subspace

generated by A, that coincides with union of the supports of all the functions in A. We can

assume that g = 1 outside this support. Since we are giving a factorization of the identity

map, this implies that S(x) = x/g for all x ∈ A. Moreover, since S is Lipschitz, we obtain

that there is a constant K > 0 such that if x1, x2 ∈ A,

d‖·‖Y2 (x1/g, x2/g) = d‖·‖Y2 (S(x1), S(x2)) ≤ Kd‖·‖Y1 (x1, x2),

and, for f1, f2 ∈
A
g
⊆ Y2,

d‖·‖Y1 (gf1, gf2) ≤ ‖g‖Y Y1
2
· ‖f1 − f2‖Y2 = ‖g‖

Y
Y1
2
· d(f1, f2)‖·‖Y2 ,

that is, if x1 = gf1 ∈ A and x2 = gf2 ∈ A, we obtain that

d‖·‖Y1 (x1, x2) ≤ ‖g‖Y Y1
2
· d‖·‖Y2 (x1/g, x2/g).
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Consequently, the multiplication 1/g defines a bijective map that gives a Lipschitz isomor-

phism, as we wanted to prove.

(ii) ⇒ (i). Note first that by the factorization we can assume w.l.o.g that g cannot be

equal to 0 in any set of positive measure. Take n ∈ N and finite sets x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ Y1

and y′1, ..., y
′
n ∈ Y

′
1 . Then, if we define the operator S as S(x) := ‖g‖

Y
Y1
2
· x/g, we obtain

n∑

i=1

∫
(

x1i − x2i
)

y′i dµ =

∫

g
(

n
∑

i=1

(

x1i /g − x2i /g
)

y′i
)

dµ

≤ ‖g‖
Y

Y1
2
·
∥

∥

∥

n
∑

i=1

(x1i /g − x2i /g)y′i

∥

∥

∥

Y2πY ′1

=
∥

∥

∥

n
∑

i=1

(S(x1i )− S(x2i ))y
′
i

∥

∥

∥

Y2πY ′1

.

Since clearly S(0) = 0, these computations show (i) and finish the proof.

Theorem 5.5 provides the key tool of the present chapter. As we will show, it can be used to

provide complete characterizations of subsets of classical Banach function spaces that are also

Lipschitz isomorphic to subspaces of other spaces that can be associated to them by means

of a product formula, or as spaces of multiplication operators. For example, it is well-known

that for 1 < q < p < ∞, the space of multiplication operators Lp(µ)L
q(µ) can be identified

with Ls(µ) isometrically and in the order, where 1/q = 1/p+ 1/s. Next result characterizes

when a subset of Lq(µ) —considered as a metric space— can be identified metrically with

a subset of a space Lp(hdµ) for a certain weight h. We will consider Y1(µ) = Lq(µ) and

Y2(µ) = Lp(µ) in Theorem 5.5 for obtaining the next result.

Corollary 5.6. Let 1 < q < p < ∞ and let 1/r = 1/p + 1/q′. Let A ⊆ Lq(µ) such that

0 ∈ A and has measurable support. The following statements are equivalent.

(i) There is a Lipschitz operator S : (A, d‖·‖Lq(µ)
) → Lp(µ) such that

∫ n
∑

i=1

(

x1i − x2i
)

y′i dµ ≤
∥

∥

∥

n
∑

i=1

(

S(x1i )− S(x2i )
)

y′i

∥

∥

∥

Lr(µ)

holds for each n ∈ N and each pair of finite sets x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ A and y′1, ..., y

′
n ∈

Lq′(µ).

(ii) There is a function g ∈ Lr′(µ) such that the identity between (A, d‖·‖Lq(µ)
) and (A, d‖·‖Lp(µ/gp)

)

is a Lipschitz isomorphism.
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Proof. (i)⇒ (ii). Note that, by the conditions on p and q, we have that 1/q = 1/p+1/r′, and

so Lp(µ)L
q(µ) = Lr′(µ) and Lp(µ)πLq′(µ) = Lr(µ). All these spaces are order continuous and

have the Fatou property. Call B to the support of A, that is, the union of all the supports

of the functions of A. By Theorem 5.5, we have that for a certain g ∈ Lr′(µ) –that can

be assumed to be positive—, the operator S(x) = x/g for x ∈ A closes the diagram. The

map y  gy defines an isometry from Lp(µ|B) on Lp(dµ|B/g
p). Therefore, we have that the

identity is a Lipschitz isomorphism between (A, d‖·‖Lq(µ)
) and (A, d‖·‖Lp(dµ/gp)

).

Theorem 5.5 for the spaces Lq(µ) and Lp(µ) and the last computations give (ii)⇒ (i).

Let us finish this section with the general result that solves the question formulated at

the beginning of the work. The proof follows the lines of the corollary above, as a direct

application of Theorem 5.5.

Corollary 5.7. Let 1 ≤ q ≤ p < ∞ and let 1/r = 1/p + 1/q′. Let A ⊆ L0(µ) such that

0 ∈ A and has measurable support, and the metrics d0 and d‖·‖Lq(µ)
are equivalent on it. The

following statements are equivalent.

(i) There is a Lipschitz operator S : (A, d0)→ Lp(µ) with S(0) = 0 such that

∫ n∑

i=1

(

x1i − x2i
)

y′i dµ ≤
∥

∥

∥

n
∑

i=1

(

S(x1i )− S(x2i )
)

y′i

∥

∥

∥

Lr(µ)

holds for each n ∈ N and functions x11, ..., x
1
n, x

2
1, ..., x

2
n ∈ A and y′1, ..., y

′
n ∈ L

q′(µ).

(ii) There exists a function g ∈ Lr′(µ) such that the identity between (A, d0) and (A, d‖·‖Lp(µ/gp)
)

is a Lipschitz isomorphism.
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[42] N. J. Kalton, Spaces of Lipschitz and Hölder functions and their applications, Collect.

Math. 55 (2004) 171–217.

[43] N.l J. Kalton, The nonlinear geometry of Banach spaces, Rev. Mat. Complut. 21 (2008),

no. 1, 7–60.

[44] G. Lancien and E. Pernecka, Approximation properties and Schauder decompositions

in Lipschitz-free spaces, J. Funct. Anal. 264 (2013) 2323–2334.

[45] S. Lassalle and P. Turco, The Banach ideal of A-compact operators and related approx-

imation properties. J. Funct. Anal. 265 (2013) 2452–2464.

[46] S. Lassalle and P. Turco, Operator ideals and approximation properties. Preprint.

arXiv:1211.7366v2 [math.FA]

[47] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II, Springer, Berlin, 1979.

[48] J.A. López Molina and E.A. Sánchez-Pérez, Ideales de operadores absolutamente contin-

uos, Rev. Real Acad. Ciencias Exactas, F́ısicas y Naturales, Madrid. 87 (1993) 349-378.

78
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