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0.1 Introduction

The main topic treated in this thesis is the study of some non-linear ideals, with emphasis
mainly on Lipschitz and two-Lipschitz operator ideals. The theory of operator ideals was
introduced by Pietsch in the linear case and is nowadays well established. The reader can
find a lot of information about it in the excellent monograph [43]. The theory of operator
ideals has proved to be a strong tool for the investigation and classification of linear operators
between Banach spaces. Nowadays, it has become a usual tool for analyzing some classical
problems of the Functional Analysis -as summability of series-. The linear theory has spread
to multilinear operators and to Lipschitz operators, leading to the notions of multi-ideals
and Lipschitz ideals. An axiomatic theory of multi-ideals for Banach spaces-valued m-linear
mappings was given by Braunss in 1984 (see [14]). These new multi-ideals can be considered as
a new area in non-linear functional analysis. Some results about the tensoriel representation
of multi-ideal can be found in [23]. Since the work of Farmer and Johnson [29], where the
notion of p-summing Lipschitz functions was introduced, there was an increasing interest
in the study of different classes of Lipschitz functions between (pointed) metric spaces and
Banach spaces. Most of them, can be seen as a generalization of different linear operators
ideals between Banach spaces. This approach turned out to be very successful and a number
of operator ideals have been fruitfully generalized to the Lipschitz setting in recent years by
several authors (see [2], [3], [4], [11], [15], [20], [33], [38]....).

In 2016, Achour et al. [6] introduced the notion of Lipschitz operator ideals in the same
spirit of linear operator ideals (see also [52]). An ideal of Lipschitz mappings Zp;, is a subclass
of the class of all Lipschitz mappings between pointed metric spaces and Banach spaces such

that for a metric space X and Banach space E, the components
ILip(X7 E) = LZp()(X, E) N ILip;

is a vector subspace of Lipy(X, E) that is invariant by the composition of a linear operator
on the right and Lipschitz operator on the left and which contains the Lipschitz finite rank
mappings type.

Some properties that hold in the linear case remain true in the Lipschitz case, and some



of them are not true any more. Regarding the general construction of ideal of Lipschitz
mappings, following [6], there is a way to construct a Lipschitz operator ideal starting from a
given linear operator ideal, called composition method.

In 2009, Dubei et al. introduced in [27] the definition of two-Lipschitz maps which is
defined on the cartesian product of two pointed metric spaces with values in a Banach space,
that is Lipschitz separately in each variable. Under some difficult adequate requirements it is
shown that every two-Lipschitz mapping is associated with continuous bilinear mapping from
product of two suitable free Banach spaces to another Banach space (see [27]). This idea
worked successfully without any conditions in [50]. There, Sdnchez-Pérez present a suitable
definition of real-valued two-Lipschitz mappings (under the name of Lipschitz bi-forms) that
admits a good continuous bi-linearization form.

The main goal of this thesis is to study the new concept of two-Lipschitz operator ideals

between pointed metric spaces and Banach spaces. We extend to the two-Lipschitz mappings
setting a linear procedure for creating ideals of two-Lipschitz operators from a given linear
operator ideal. We apply our results to the well known operator ideal of strongly p-summing
operators ideals. We present and characterize the notion of compactness for the two-Lipschitz
mappings. As far as we know, this is the first attempt in this regard.
A second purpose of the thesis is to introduce and study the Lipschitz version of Pietsch-
p-integral operators. We define the Lipschitz Pietsch-p-integral operator (1 < p < o0) as
a Lipschitz mapping between a pointed metric space and a Banach space by an integral
representation with respect to a vector measure on the Borel g-algebra of a compact Hausdorff
space K. Special attention is paid to the factorization of these mappings and we compare
our class with some well known Lipschitz operators defined by a factorization schema or by
summability of series. Note that the class of Lipschitz Pietsch-1-integral operators is studied
in [16]. In this case, the authors use only factorization schemes to define this concept without
using vector measure theory.

The thesis consists of four chapters. In the preliminaries (Chapter 1) we establish the
notation of the thesis. We introduce basic notions in Banach space theory and we recall

the main definitions and properties of the Lipschitz operator theory that we will use later.



Also, we recall the most important results for the linear operator ideals, specially the ideal of
compact linear operators, weakly compact linear operators and p-summing linear operators.
The fourth section is devoted to the study of the bilinear operator ideals. After this, we
recall the basic concepts on the theory of Lipschitz operator ideals. Finally, we recall some
preliminaries on vector measures.

In Chapter 2 of this thesis we introduce the new class of Lipschitz Pietsch-p-integral
operator (1 < p < o0), that is defined using a factorization schema that provides the Lips-
chitz version of the p-integral linear operators. We give a characterization of these Lipschitz
mappings by an integral representation with respect to a vector measure and a relationship
between the Lipschitz Pietsch-p-integral operator and its linearization showing that this type
of operators fits in the theory of composition Banach Lipschitz operator ideal.

In the next chapter (Chapter 3) we introduce the new notion of Lipschitz p-representable
operators. We show that they can be seen as a natural extension of the p-representable linear
operators of Roshdi Khalil ([35]) and we transfer some properties of the linear case into the
Lipschitz setting.

In the last chapter (Chapter 4) We establish the basics of the theory of two-Lipschitz
operator ideals between pointed metric spaces and Banach spaces. We present the composition
method to produce an ideal of two-Lipschitz operators from a given operator ideal Z. We
show that a two-Lipschitz operator T' belongs to the resulting ideal if it can be written as
T = wuo S with u belonging to Z and S is a two-Lipschitz operator. Finally, we introduce the
ideal of two-Lipschitz compact operators from the product of two pointed metric spaces X,Y
into a Banach space F and we study a two-Lipschitz version of strongly p-summing linear

operators in order to apply the technique of composition previously developed.



Chapter 1

Preliminaries

In this chapter we expose the concepts and results used throughout the thesis on some basic
notions in Banach space theory, linear operator ideals, bilinear operator ideals, Lipschitz

operator ideals and some elementary properties of vector measures.



1.1 Some basic notions in Banach space theory

We will write K for the real field R or the complex field C. For 1 < p < oo, by p* we denote
the conjugate of p, that is 119 + ]% = 1. Along this thesis letters, E/, F, H and G denote Banach
spaces. Given a Banach space E, Bp is its closed unit ball and Sg is the unit sphere of E.
By L(FE, F) we denote the Banach space of all continuous linear operators between E and F'

with the norm

1T} = sup | ()]

x€BER

Throughout the thesis, we call operator to a continuous linear mapping.

The set of all functionals of a normed space E (that is, the continuous linear mappings from
E into the scalars) is a Banach space, denoted by E* and called the dual of E. For x € E, we
shall write (z,z*) (or (z*,z)) for the action of the functional * on z. The norm of z* € E*
is given by

[2*|| = sup {|(z,2")| : x € Bg}.

A linear operator T': Z; —> Z5 between two normed spaces Z; and Z, is an isomorphism
if T" is a continuous bijection its inverse is also continuous. In such case the spaces Z; and Z,
are said to be isomorphic. T is an isometric isomorphism when ||T'(z)|| = ||x|| for all z € Z;.
In particular, any linear operator between normed spaces of the same finite dimension is an
isomorphism.

A linear operator T' is an embedding of E into F' if T is an isomorphism onto its image
T(E). In this case we say that E embeds in F. If T : E — F is an embedding such that
|T(x)|| = ||z|| for all z € E, then T is said to be isometric embedding,.

Given the continuous linear operator T : & — F, the continuous linear operator T™ :

F* — E* defined as

for every y* € F* and « € E is called the adjoint of T" and has the property that || 77| = ||| .
If K is a topological space, then by C'(K) we mean the space of all scalar valued (i.e., real

or complex valued), bounded, continuous functions on K. This is a Banach space with the



norm
1flloe = sup | f(2)].
zeK

Clearly, if K is a compact space then C(K) consists of all continuous, scalar valued
functions.

If K is compact, the dual of the space C(K) equals the space M(K) of all regular Borel
measures (scalar valued, but obviously not necessarily positive) on K. The duality is defined

(o) = ulf) = /K fdu, feC(K), ueM(K).

Let 1 < p < oo and n € N*. We denote by ¢ (E) the space of all sequences (z;)" in the

Banach space F with the norm

Dl = ZW ’,

and by £}, (E) the space of all sequences (z;)" in E with the norm

@)l = s [|(Czi )],

TP e gt Y
If £ =K, we simple write .
Let E, F,G be Banach spaces over K. A mapping T : £ x FF — (G is bilinear if it is
linear separately in each coordinate. It is bounded if there exists a constant C' > 0 such that

for any x € E and y € F, we have
1T (z, )| < CllfH [yl (1.1)

We denote by L(FE, F'; G) the Banach space of all (bounded ) continuous bilinear mappings

from F x F into G with the norm

T = sup |T(x,y)|| = inf {C > 0 satisfying (1.1)}. (1.2)

Izl g<1llyll p<1

The projective norm on E ® F, the tensor product of £ and F', is defined by
=it > ol il (13)
i=1

where the infimum is taken over all possible representations of u € EQF of the form > x; ®y;.
i=1



The tensor product £ ® F' endowed with the projective norm 7 is denoted by F ®, F' and its
completion by E®,F. Which call the projective tensor product.
We now recall the linearization of continuous bilinear mappings. Consider the canonical
continuous bilinear mapping
oy: E X F — E®,F,
defined by

o2 (7,y) =Y.

Theorem 1.1.1.
Let E, F and G be Banach spaces. For every continuous bilinear mapping T : E x FF — G

there exists a unique continuous linear operator Ty, : EQ,F — G satisfying
TL 09 = T,

1.€.,

Tp(r@y) =T (v,y),

for every (xz,y) € E x F. That is, the following diagram commutes

ExF T G (1.4)

N4

E®.F

Furthermore, ||Ty| = || T

The previous theorem gives the canonical identification
L(E,F;G) = L(E®,F,G).

For more details refer to [47] and [24].

1.2 Lipschitz operators

As usual, XY, Z and W will be pointed metric spaces with a base point denoted by 0 and

metric that will be denoted by d. We denote by By the closure of the ball centered at 0 with



radius 1. A Banach space E will be considered as a pointed metric space with a base point 0
and distance d(z,2') = ||z — 2/||.

With Lipg(X,Y) we denote the set of all Lipschitz mappings from X to Y that maps 0 to 0.
In particular, Lipy(X, E) is the Banach space of all Lipschitz mappings T from X to E that

vanish at 0, under the Lipschitz norm
Lip(T) =inf{C > 0: |T(z) — T(2")|| < C.d(z,2'); Va,2’ € X}.

When E = K, Lipy(X,K) is denoted by X# and it is called the Lipschitz dual of X. It is
clear that £(E, F) is a subspace of Lipy(E, F) and, in particular, E* is a subspace of E#.
Along the thesis we consider By# endowed with the pointwise topology.

One of the main tools that we will use is the Arens—Ells space A(X) (see [9]). (Also known

as the Lipschitz-free Banach space F(X) of a metric space X [31]).

Definition 1.2.1.
Let X be a metric space. A molecule on X is a scalar valued function m on X with finite
support that satisfies > m (z) = 0. We denote by M(X) the vector space of all molecules

zeX
on X.

For z,2’ € X the molecule my, is defined by m,,» = X{2} —X{a’}, Where x 4 is the characteristic
function of the set A.

For m € M(X) we can write m = }_ Ajm, . for some suitable scalars A; and we write
j=1

I gy = in {Z INld(z),af), m=>" Ajmmjz;} :
j=1 Jj=1

where the infimum is taken over all representations of the molecule m. Denote by A (X) the
completion of the normed space (M(X), ||| vyx))-

The canonical Lipschitz injection map dy : X — A(X) defined by dx(x) = myo isomet-
rically embeds X in & (X).

Theorem 1.2.2. [3/, Lemma 5.1]
Let T € Lipo(X,Y), there exists a unique linear operator T € L(/E (X),E(Y)) such that

Toby=0yoT, (1.5)

8



that is, the diagram

X T Y (1.6)
5X de
B(X) ———— E(Y)
commutes. Furthermore, f” = Lip(T).

Theorem 1.2.3. /51, Theorem 2.2.4 (b)]
Let T € Lipy(X, E), there is a unique bounded linear map Ty : E(X) — E such that

T =Ty 00x that is, the following diagram commutes

X T E (1.7)

Furthermore ||Ty|| = Lip(T).

The operator T}, is referred to as the linearization of 1. The correspondence T +— 17,
establishes an isomorphism between the vector spaces Lipy(X, E) and L(E (X), E).
In particular, the spaces X# and AE(X)* are isometrically isomorphic via the linearization

R(f) := fr, where fr(m)= >_ f(x)m(z) (see [51, Theorem 2.2.2]).

zeX

1.3 Linear operator ideals

Recall that, from [43], a linear operator 7' € L(E, F) is said to have finite rank if T'(FE)
is a finite dimensional subspace of F. The class of all finite rank linear operators between
Banach spaces is denoted by L;(E, F'). An operator has rank one if and only if has the form

r* @y :x+— (x,2*)y. Then if u € L;(E, F) we have
u = Zl‘j & Y,
i=1
where ()", C E* and (y;)I~, C F.

Definition 1.3.1.

An operator ideal Z is a subclass of the class £ of all continuous linear operators between



Banach spaces such that for all Banach spaces E and F' its components
I(E,F)=L(E,F)NT
satisfy:

(i) Z(E, F) is a vector subspace of L(E, F') which contains the mappings of the form z*®y

where z* € E* and y € F.

(ii) The ideal property: ifv € L(E, H),u € Z(H,G) and w € L(G, F'), then the composition

wowuowisin Z(E,F).

An operator ideal 7 is a normed (Banach) operator ideal if there is ||-||; : Z — [0, +00]

satisfies
(i) (Z(E,F),|I|lz) is a normed ( Banach) space for all Banach spaces E and F,
(i) [lidxll; =1,

(iii") Ifve L(E,H),u e Z(H,G) and w € L(G, F), then

lwowovlly < flwl {lullz o]

The ideal L of finite rank linear operators is the smallest operator ideal and £ the largest
one (see [43]).

The operator ideal Z is said to be closed if each Z(E, F') is closed for the sup norm.

1.3.1 The ideal of compact and weakly compact linear operators

1- Compact linear operators

A linear operator u : F — F is said to be compact if u(B) is a precompact subset of F
for every bounded subset B of E. An equivalent formulation is that u is compact if and
only if every bounded sequence (x;)7°, in E has a subsequence (x;, )72, such that (u(x;, )5,
converges in F. We denote by IC(E, F') the vector space of all compact linear operators from

E into F.

10



2- Weakly compact linear operators
A linear operator u : E — F is said to be weakly compact, in symbols u € W(E, F), if
u maps Bg onto a relatively weakly compact subset of F. This is equivalent to say that

(u(z;))s2, has a weakly convergent subsequence for every bounded sequence (x;)32, in E.

Proposition 1.3.2. [/3/
The classes IC and W are closed Banach operator ideals, where the ideal norm is the operator

norm.

1.3.2 The ideal of p-summing linear operators

The theory of p-summing operators is based on a crucial criterion due to A. Pietsch [42].
Let 1 < p < co. A linear operator u : £ — F between Banach spaces is said to be p-summing

if there exists a constant C' > 0 such that

Iz ], < €l

pw
for every finite family (x;)I; C £. The infimum of all such constants C' is denoted by m,(u).
The set of all p-summing operators between E and F is denoted by II, (E, F'). We mention
that (II,,7,(-)) is Banach operator ideal (see[25]).

The nowadays classical Pietsch’s domination theorem characterizes the p -summability of
an operator by means of a norm domination uniform inequality. Concretely, it says that the
mapping u € L(F, F) is p-summing if and only if there exist a constant C' and a regular Borel

probability measure p on Bg+ (with the weak star topology) so that

1
p@i<c([ lwaera)’,  oer (15)
BE*
In this case, m,(u) is the least of all the constants C' such that (1.8) holds.

Proposition 1.3.3. [25, Page 39]

If1 <p<gq<oo, then IL, (E, F) C II,(E, F). Moreover, for all uw € 11, (E, F) we have
mq(u) < mp(u).

In [25, Examples 2.9] we find some canonical linear p-summing operators that will be used

in the sequel.

11



1- Let (2,%, 1) be a finite measure space, and 1 < p < oo, the formal inclusion map

B =

ipt Lo (1) — Ly (1) is p-summing, with 7, (i,) = p ()

2- Let K be a compact Hausdorff space and v a positive regular Borel measure on K, and
1 < p < oo, the canonical map j, : C(K) — L, (v) is p-summing, with 7w, (j,) =

v(K)r.

Corollary 1.3.4. [25, Corollary 2.15]
Let K be a compact Hausdorff space. An operator u : C(K) — E is p-summing if and only
if there exist a reqular Borel probability measure p on K and an operator & € L(L,(K, p), E)

such that T' = @ o j, that is, the following diagram commutes

C(K) u F (1.9)

Moreover, we may arrange that 7, (u) = ||@l| .

1.4 Bilinear operator ideals

Let E,, By, F be Banach spaces. Consider non-zero ¢/ € Ej*(j =1,2), and y € F. Define the
bilinear mapping

g01®g02®y:E1 X Fy — F,
by
vl @9 @y(a' 2?) = ol (ah)g (). (1.10)
It is clear that ¢! ® @? @ y € L(FE}, Ey; F') the vector space of continuous bilinear operators

and
et @ * @yl = [l [|¢*] -

We denote by L;(E1, Ey; F'), the vector space of finite type bilinear operators, which is gener-
ated by the mappings of the form (1.10). All elements T of this space a finite representation

of the form

T = Z)\i%l ® 0! @Y

=1

12



where (), C K, (903)?:1 C Ej(j=1,2) and (y;)j, C F.

Definition 1.4.1.

An ideal of bilinear mappings (or bilinear ideal) is a subclass M of all continuous bilinear
mappings between Banach spaces such that for all Banach spaces F;, Fs and F, the compo-
nents

M(El,EQ,F) = E(El,EQ,F) ﬂ./\/l

satisfy:

(i) M(Ey, Es; F) is a vector subspace of L(Ey, Ey; F') which contains the bilinear mappings

of finite type.

(ii) The ideal property: If T' € M(G1,Gq; H), uj € L(E;,G;) for j =1,2and v € L(H, F),
then voT o (uy,us) is in M(Ey, Ey; F).

If ||.| oy : M — RY satisfies

(i") (M(Er, Eo; F), |||l oy) is a normed ( Banach) space for all Banach spaces Ey, E, F.
(ii’) The bilinear form 7% : K* — K given by 72 (2!, 2?) = x'2? satisfies ||T?|| ,, = 1.
(iii") If T'e M(G1,Gq; H),uj € L(E;,G;) for j =1,2 and v € L(H, F), then

[o 0T o (ur, uz)l| pg < N[0T pg lual Tuall,

we say that (M, ||.||,,) is a normed (Banach) bilinear ideal.

Of course the Banach spaces considered in this definition are all over the same fixed scalar
field.

The bilinear ideal M is said to be closed if each M(FEy, Ey; F') is a closed subspace of
L(E,y, Ey; F) for the sup norm.

Note that L, the class of all continuous bilinear mappings between arbitrary Banach spaces,

is the largest bilinear ideal.

Proposition 1.4.2. [30]

Let M be normed bilinear ideal and Ey, E5, F' be Banach spaces.
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1I- |T)) < ||| pg for all T € M(Ey, Ey; F).

2 lp' @ @® @ylly = e I l¥?ll lyll for any ¢’ € E5(j =1,2) and y € F.

1.5 Lipschitz operator ideals

The notion of Lipschitz operator ideal was introduced by Achour, Rueda, Sanchez-Pérez and

Yahi [6]. This can be seen as an extension of the linear operator ideal.

Definition 1.5.1. [6, Definition 2.1]
A Lipschitz operator ideal Zr,;, is a subclass of Lipy such that for every pointed metric space

X and every Banach space F the components
Zrip(X, E) = Lipo(X, E) NIy,
satisfy:
(1) Zpip(X, E) is a vector subspace of Lipy(X, E).
(ii) eg € Zpip(X,E) for e € F and g € X¥.

(iii) The ideal property: if S € Lipo(X,Y), T € Zp,,(Y,F) and u € L(F, E), then the

composition wo T o S is in Zy,;,(X, E).

A Lipschitz operator ideal Zy;, is a normed (Banach) Lipschitz operator ideal if there is a

function ||.||- :Zp;, — |0, 400| that satisfies
Trip P

(") For every pointed metric space X and every Banach space E, the pair (Z,(X, E), [|.|l7,, )
is a normed (Banach) space and Lip(T) < ||T||z,,, for all T' € Zp;,(X, E).

(it") |[{dg : K — K, Idg(\) = )\||1Lip = 1.
(iii") If S € Lipo(X,Y), T € Ip,(Y, F) and u € L(F, E), then

lwoT oSy, < Lip(S) [Tz, [lull-
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Following [6, Definition 3.1], there is a way to construct a (Banach) Lipschitz operator ideal
from a (Banach) linear operator ideal, called composition method. Let Z be a (Banach) linear
operator ideal. A Lipschitz mapping 7" € Lipy(X, E) belongs to the composition Lipschitz
operator ideal Z o Lipy if there exists a Banach space F, a Lipschitz operator S € Lipy(X, F)
and a linear operator v € Z(F, E) such that T'=wu0S. If (Z, ||.||;) is a Banach operator ideal
we write

17N zoLip, = mf [ullz Lip(S),
where the infimum is taken over all v and S as above.
In [6], the authors establish a criterion to decide whenever a Lipschitz operator ideal is of

composition or not.

Proposition 1.5.2. [6, Proposition 3.2]

Let X be a pointed metric space, E a Banach space and T an operator ideal. A Lipschitz
operator T € Lipy(X, E) belongs to I o Lipy(X, E) if and only if its linearization Ty, belongs
to Z(E(X), E).

Furthermore, if (Z, ||||;) is a Banach operator ideal then (ZoLipo, ||| z.1:,) is Banach Lips-

chitz operator ideal with

1Tl zorine = ITEllz -

1.6 Elementary properties of vector measures

Let us also recall some preliminaries on vector measures. For the general theory of vector

measures we refer the reader to the classical monograph (see [26]).

Definition 1.6.1.
A function m from a o-algebra ¥ of subsets of a set €2 to a Banach space F is called a finitely
additive vector measure, or simply a vector measure, if whenever A; and A, are disjoint

members of X then
m(A; UAy) =m(A;) +m(Ay).

If, in addition,

m (U2, 4;) =Zm<Ai>7
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in the norm topology of E for all sequences (A;) of pairwise disjoint members of 3 such that
=0.

lim
n—-o0

m (U2, A;) — Zm(Ai)

E

Then m is termed a countably additive vector measure or simply, m is countably additive.
Definition 1.6.2.

A vector measure m : ¥ — FE is said to be monatomic if for every set A € ¥ with m(A) # 0

there exist A; € X, A; # 0(i = 1,2) such that A; U A; = A and m(A4;) #0 (i = 1,2).

Definition 1.6.3.
Let m : ¥ — E be a vector measure.

e The variation of m is the extended nonnegative function |m| whose value on a set A € 3
is given by

[ml (A) =sup ) [m(A)],
i=1

where the supremum is taken over all partitions (A;)?_, of A into a finite number of pairwise
disjoint members of X. If |m| (©2) < oo, then will be called a measure of bounded variation.

e The semivariation of m is the extended nonnegative function ||m|| whose value on a set
A € ¥ is given by

[m[] (A) = sup {le"m[ (A) - " € B, [[e"]] < 1},

where |e*m| is the variation of the real-valued measure e*m. If ||m|| (2) < oo, then m will be

called a measure of bounded semivariation.

Remark 1.6.4.

Let m: ¥ — E be a vector measure.

1- The variation of scalar measure is a finite positive measure, however the variation of vector

measure is not finite valued.
2- If m has be a bounded variation, then |m| is a finite positive measure on .

3- The set of all vector measure V (F) = {m: ¥ — FE} is a Banach space with the norm

[m[] = |m[ (€2).
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Example 1.6.5.

Let u : L1]0, 1] — E be a continuous linear operator. Define the function m by m(A) = u(x4)
for each Lebesgue measurable set A C [0, 1], then

1- The function m is evidently finitely additive vector measure. Moreover, for each A, one
has [[m(A)[| < [lul A (A).

2- The function m is countably additive vector measure:

Let A Lebesgue measure and let (A4;);~, is a sequence of disjoint Lebesgue measurable subsets

of [0,1], then
n—00 i—1 n—oo ||, Zp0 1
= lim u (x4, ‘
< lim 37 Jlu(xa,)
< lim ||u
<l 3
< lim fuf S OAA) =
1=n-+1
Then
Ji 2 4) = Y

That is, for all partition (A;);-, of [0,1], with A, N A; =0, Vi # j

m (U2, A;) Zm

3- The vector measure m is bounded variation:

|m| ([0,1]) = sup {Z |lm(A )i, partition of [0, 1]}

SEDY R
i=1 7 Ai

= Jlull A (0, 1]) = [lul] < oo.

Proposition 1.6.6.
A wvector measure of bounded variation is countably additive if and only if its variation is also

countably additive.
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The next proposition presents two basic facts about the semivariation of a vector measure.

Proposition 1.6.7.

Let m : ¥ — E be a vector measure. Then

1- For Ae X,

Z em (A;)

A;Em

[m] (A) = SUp{

3

where the supremum is taken over all partitions © of A into a finite number of pairwise

disjoint members of 3 and all finite collections {&;} satisfying |e;] < 1.
2- For Ae X,
sup{|m(B)||: AD B e X} <|m|(A) <4sup{|m(A)||: AD B e X}.

Consequently a vector measure is of bounded semivariation on ) if and only if its range

18 bounded in E.

We recall the definition of the integral of a bounded measurable function with respect to
a bounded vector measure. To this end, let ¥ be a algebra of subsets of Q and m : ¥ — F
be a bounded vector measure. If f is a scalar-valued simple function on Q, say f = > a;xa,,

=1
where «; are nonzero scalars and Ay, ..., A,, are pairwise disjoint members of >, define

u(f) :Zaim(Ai)'

It is easy to show that this formula defines a linear map u from the space of simple functions
of the above form into F.

Moreover, if f is as above and = sup{f (w): w € Q}, then

lu (P = =p < flm| (), (1.11)

2 gm(A)

by Propositionl.6.7 (1). Thus, if the space of simple functions over 3 is given the supremum
norm, u acts on this space as a continuous linear operator with [ju|| < ||m]|| (€2). Another look
at Proposition 1.6.7 (1) and (1.11) shows that ||ul| = ||m]| (€2).

Next note that since u is continuous and linear from the simple functions modeled on X to

E, u has a unique continuous linear extension, still denoted by u, to B (X), the space of all

18



scalar-valued functions on €2 that are uniform limits of simple functions modeled on .
Note that in the case ¥ is a o-algebra, B (X) is precisely the familiar space of bounded

Y -measurable scalar-valued functions defined on §2.

Definition 1.6.8.
Let X be a og-algebra of subsets of a set {2 and m : ¥ — E be a bounded vector measure.

For each f € B(X), the integral of f with respect to m is defined by

[ fim=u().

where wu is as above. ( we say w is representing by m ).

It is easy to see that this integral is linear in f (and also in m) and satisfies

H/ f de <o N} ()

Moreover, if e* € E*, then e* / fdm= / fd(e*m) holds; indeed, for simple functions f this

equality is trivial and density of simple functions in B(X) proves the identity for all f € B(2).
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Chapter 2

Factorization of Lipschitz operators

represented by vector measures

In this chapter we introduce the concept of Lipschitz Pietsch-p-integral mappings, (1 < p <
00), between a metric space and a Banach space. We represent these mappings by an integral
with respect to a vector measure defined on a suitable compact Hausdorff space, obtaining
in this way a rich factorization theory through the classical Banach spaces C(K), L,(u, K)
and Le(p, K). Also we show that this type of operators fits in the theory of composition
Banach Lipschitz operator ideals. For p = oo, we characterize the Lipschitz Pietsch-oo-
integral mappings by a factorization schema through a weakly compact operator. Finally, the

relationship between these mappings and some well known Lipschitz operators is given.
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2.1 Linear Pietsch-p-integral operators

For 1 < p < o0, linear Pietsch-p-integral operators were introduced by Persson and Pietsch

[41] and deeply studied in [19, 25] among others.

Definition 2.1.1.

The linear operator u : E — F', between Banach spaces, is Pietsch-p-integral (1 < p < 00)
if there are a regular Borel countably additive vector measure m of bounded semivariation on
B(Bg-), (where B(Bpg-) is the Borel o-algebra of Bg«), and a positive regular Borel measure

i on Bp« such that

and

w/ fman (/‘ uwdﬂ>p, Vf € C(Bg).
By« By=

The Banach space of these operators is denoted by PZ,(E, F') under the norm defined by
|ullpz, = inf (B E)%, where the infimum is taken over all measures p satisfying the above

inequality.

Remark 2.1.2.
The Definition 2.1.1 is equivalent to say that there are a regular Borel probability measure

space (€2, %, 1), two linear operators A € L(L,(n), F) and B € L(E, Lo (1)) such that

w=AoiyoB:E -2 Lo(p) -2 Ly(n) =2 F, (2.1)

where 4, : Loo(p) — Lp(p) is the canonical mapping. In this case we have [|Tp, =
inf || Al || B]| , where the infimum is taken over all i, A and B as above (see [41, Satz 18 1.8],

[19, Theorem 1.8]).

Definition 2.1.3.
Let p = oo, the linear operator u : E — F' is called Pietsch-oo-integral if there is a regular
Borel countably additive vector measure m : B(Bg«) — F of bounded semivariation such

that



In this case, ||T||pzz = inf |[|[m|| (Bg-+), taking the infimum over all m that satisfying the above

equality.

In [41, Satz 15 and Satz 17] we find some canonical linear Pietsch-p-integral operators
that will be used in the sequel. Let K be a compact Hausdorff space and v be a positive
regular Borel measure on K. Let (£2,%, 1) be a finite measure space and j,, i, be the in-
clusions of C'(K) into L,(K,v) and of Ly (p) into L,(u) respectively for 1 < p < co. Then
o € PL(C(K), Ly(K, ) and iy € PLy(Lao(it), Ly(u)) with [pllpz, = sl = v(K)? and

. _ 1
lipllpz, = llipll = p($2)7.

Remark 2.1.4.

Note that by using [21, Theorem 2.5], v € PZ,(E, F) if and only if there are a compact
Hausdorff space K, an embedding h : E — C(K), a regular Borel countably additive vector
measure m : B(K) — F of bounded semivariation and a positive regular Borel measure p

on K such that for all x € F|

and

] ([ )’

for all f € C'(K). In this case

. 1
[ullpg, = it [|A]] p(K)7,

where the infimum is taken over all K, m and h as above.

2.2 Lipschitz Pietsch-p-integral operators

Definition 2.2.1.
Let X be a pointed metric space, E a Banach space and let T" € Lipy(X, E). For 1 < p <
oo, the mapping T is said to be Lipschitz Pietsch-p-integral operator if there are a regular

Borel probability measure space (€2, X, i), a linear operator A € £(L,(n), E) and a Lipschitz
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operator B € Lipo(X, Lo (1)) giving rise to the following commutative diagram

X— -F (2.2)
n
Lo () — Ly(p),

where i, : Lo() — Ly(p) is the canonical mapping. The set of all Lipschitz Pietsch-
p-integral mappings from X to E is denoted by PIIE(X, E). With each T € PIﬁ(X, E)
we associate its Lipschitz Pietsch-p-integral quantity, ||T'||,;2 = inf ||A|| Lip(B), where the

infimum is taken over all u, A and B as above.

Remark 2.2.2.
As an easy consequence of the Definition 2.2.1, if T € PIﬁ(X, E) we have Lip(T) < ||T||pzz -

In order to see this, for all € > 0 choose (A, B, i) a Lipschitz Pietsch-p-integral factorization
of T" such that T'= Ao, 0 B and ||A| Lip(B) < ||T||pzz +¢€. Then, for all 2,y € X we have

1T (z) =T (Il <Al 5]l [IB (2) = B ()l
< [|Al} Lip (B) d (2,y) ,

this implies that 7" € Lip, (X, F) and
Lip(T) < ||A| Lip (B)
< Ty + 2.
since this holds for all € > 0 we arrive at Lip (T') < ||T'||pzz-

Notice that the Definition 2.2.1 is the same if we consider a finite regular Borel measure

space (Q, %, i), in this case, for T € PZ5(X, E) we have

D=

1Tl pzs, = inf [[A[l Lip(B)u($2) 7,
where the infimum is taken over all u, A and B in (2.2).

We don’t know if Lipschitz Pietsch-p-integrability implies Pietsch-p-integrability when the

mapping 7T is linear. The converse is of course true as we see in the following proposition.

Proposition 2.2.3.
If X and E are Banach spaces andT' : X — E is linear Pietsch-p-integral then T is Lipschitz

Pietsch-p-integral and ||THPI}L) <|Tllpz, -
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Proof. For e > 0 choose a regular Borel probability measure space (€2, 3, i), two linear opera-
tors A € L(Ly(p), ) and B € L(X, Loo(2)) satisfies (2.1) and [|A|| || B|| < e+||T'|| pz,, - The op-
erator B is belongs to Lipy(X, Lo (1)) with || B|| = Lip(B). This means that T € PZ5(X, E)
and

1T lpy, < [[All Lip(B) = A Bl < &+ Tl pz,, -
Since this holds for all £ > 0, we obtain ||T[pzy < [|Tpz, - O

We have the following immediate consequence of the Definition 2.2.1.

Proposition 2.2.4. (Inclusion Theorem).
Let 1 < p < q < oo. Then PIY(X,E) C PIL(X,E) and HTHPIQL < | T|lpge for all T €
PI.(X,E).

Proof. For all € > 0 choose the typical factorization of T' € PI]f (X,E),T=Aoi,oB and

|Al| Lip (B) < ||TH7>Z§ + ¢. In the other hand we have
ip = lgp ©lq : Loo (1) — Ly (1) 2 Ly (n),
where iy, : L, (1) — L, () is the canonical inclusion map. Then we obtain the factorization
T=AocigyoigoB: X -2 Lo (1) -5 Ly (1) -5 E,

where D = Aoi,, € L(L, (1), E), which implies that T € PI(? (X, E) and

ITllpre < 1D Lip(B)

IN

1A l7q,p ]l Lip (B)
< |[|A[l Lip (B)

< HT”PIIQ +e.

Since this holds for all € > 0 we get [|T||pr < |7 pze - O

In order to prove the factorization theorem for the class of Lipschitz Pietsch-p-integral

operators, (1 < p < 0o) we need the following technical lemma.
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Lemma 2.2.5.

Let J : M(X) — C(Bxx) be the operator defined by
Jm)(f) = Y _Nilf () = f(af),
i=1

for all m = 377 Aimyr € M(X) and f € Bx#. Then this operator is an isometric

embedding.

Proof. Since BA(X)* and X# are isometrically isomorphic via the linearization, for all f € X#

there is m* € A(X)* such that f;, = m*. For all m € M(X) we have

1T,y = s [Jm)()l = sup | > Xi(fL(maa;)
feBX# lfrl<1 =1
= s [(m, m)| = lImll gy = Ml vy »
and the proof follows. O

For x € X, we denote by ¢, the functional §, : X% — R defined as 6,(f) = f(z),
fe Xt
Let tx : X — C(Bx#) the natural Lipschitz isometric embedding such that tx(x) is the
restriction of d, to By#, for all z € X.

The following theorem gives a parallel development of the factorization schemes concerning

Lipschitz Pietsch-p-integral operators that highlights the role of the space C' (Bx#).

Theorem 2.2.6.
Let 1 < p < oo and let T € Lipo(X, E). Then T is Lipschitz Pietsch-p-integral if and only
if there exist a reqular Borel probability measure v on Bx# and an operator A€ L(L,(v),E)

such that the following diagram commutes

X—r - F (2.3)
Lx AV
C (Bx#) == Ly(v),

where j, s the canonical map. Moreover,
HTH/PIZL; = inf {HZH T = goj][J o LX} :
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Proof. We write A for the proposed infimum. Suppose that T admits a factorization (2.3).

If jo is the canonical inclusion map from C (Bx#) to L (v), we have the factorization

T:Aoz'pojOOOLX:XL—X>C’(BX#)J—>Loo(V)i—p>Lp(V)AE‘

Denoting by B = j, oy, it follows that B € Lipy(X, Lo (v)) and Lip(B) < 1, which implies

that T is Lipschitz Pietsch-p-integral and

ITlhpz < |[A]| Lin(B) <

AH.

Passing to the infimum we get ||T||PI£ < A

Conversely, suppose that T' € 7315 (X, FE). Fix € > 0, there are a regular Borel prob-
ability measure space (€2, %, p), an operator A € L(L,(u),E) and a Lipschitz mapping
B € Lipg(X, Loo(pt)) such that

T=AoiyoB: X 25 Lo(p) -2 L(n) = E,

and ||A|| Lip(B) < ||T||pI£+E. Let By, € L(&E(X), Loo(t)) be the linearization of the Lipschitz
mapping B, that is B = By o dx and ||BL|| = Lip(B). Consider the natural extension of the
isometric embedding J, mentioned in Lemma 2.2.5, to A(X) which we denote also by J.
The injectivity of L., (u) assures the existence of an operator B, € L(C(Bx#), Loo(t)) that

extends B, with HEH = ||BL||, that is By, = E o J or the following diagram commutes

B(X) —5> Lo (1)

| s

C(Bx#).

The operator i, : Loo(pt) —> L,(p) is p-summing with p-summing norm one then i, o By
is too with (i, o BZ) < HBVLH By Corollary 1.3.4 there exist a regular Borel probability

measure v on Byx# and an operator S € L£(L,(v), L,(1)) such that

iyo By =So03j,:C(Bx#) 2 Ly(v) - L(n),

and m,(i, 0 By) = ||S|| . Then

1

T =(AoS)ojyo(Jody): X L C(Bys) 2 L(v) 25

— F.
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Easy calculations prove that J o dx = tx, which implies that T" admits a factorization of the

form (2.3) with A = Ao S and we have

s < |4 < 1A, o B

< 1Al || Be|| = 141 Zip(B) < ITlhp +e.
Since this holds for all € > 0 we arrive at A < [|T|| pz. O

The next theorem is the main result of this section and provides a characterization of the
class of Lipschitz Pietsch-p-integral operators, that is an integral representation with respect

to a vector measure.

Theorem 2.2.7.

Let 1 <p < oo and let T € Lipy(X, E). Then T is Lipschitz Pietsch-p-integral if and only if
there are a compact Hausdorff space K, a Lipschitz embedding ¢ : X — C(K) with ¢(0) =0,
a reqular Borel countably additive vector measure m : B(K) — E of bounded semivariation

and a positive reqular Borel measure p on K such that

T () = /K 6(x)dm, x € X, (2.4)

‘ / fde < ( / |f|pdu);, (2.5

and

forall f € C(K). In this case

B =

||T||7>zg = inf Lip(¢)p (K)? ,
where the infimum is taken over all K, ¢, m and p satisfying (2.4) and (2.5).

Proof. Suppose that T' € 7315 (X, E), and fix € > 0. There are a regular Borel probability

measure v on Byx and A € L(L, (v), E) such that
T=Aojyoux: X % C(Bys) 22 Lv) 5 E,
and HAH < ||IT||pzz +&. The linear operator Ao j, : C'(Bx#) — E is Pietsch-p-integral with

Hflojp

o < WAl < ] 5 W <
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By Remark 2.1.4, there are a compact Hausdorff space K, an embedding h : C' (Bx#) —
C(K), a regular Borel countably additive vector measure m : B(K) — E of bounded semi-

variation and a positive regular Borel measure 1 on K such that for all x € X
T(z) = flojp (tx(x)) = / h(tx(x))dm,
K

< (/ |f|pdu)” for all f € C'(K) and ||| (K HAOJP .+ Which
K P

means that (2.4) and (2.5) are true by taking into account that ¢ = h o vx is a Lipschitz

fdm’
K

embedding from X to C'(K) vanishing at 0 with Lip(¢) < ||h| . Moreover

Lip(@)u (K)? < || Ao g

e < || Tllpgs + 2.

Since this holds for every ¢ > 0, it follows that Lip(¢)u (K)% < HT||PI£.
Conversely, suppose that T satisfies the conditions (2.4) and ( 2.5). By Theorem VI.2.1
n [26] there exists u € L(C(K), E) such that u(f) = / fdm, f € C'(K). Consider the
K

canonical mapping
Jp = 1p 0 Joo : C(K) s Lo (K 1) e Ly (K, ),

and define R : j, (C (K)) — E by R (j, (f)) := u(f). The linear mapping R is well-defined

and continuous with norm < 1. Since for all f € C'(K), we have

IR Gy () = H / fde <([ur du); — i (.

By [28, Lemma IV.8.19] we have j, (C' (K)) = L, (K, i) . So R can be extended to a continuous
linear operator R : L,(K,u) — E with Hé” < 1. If we put B = j o ¢, we obtain
B € Lipy(X, Le (K, 1)) and Lip(B) < Lip(¢). On the other hand,

Roi,o B(z) = Roj,o¢(x) /¢ )dm = T'(x),

and therefore T factors as in (2.2), that is T € PZ(X, E) with

ITllpgy < Lip(B) ||| 1 ()7 < Lip(é)u ()5
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Now we present a relationship between the Lipschitz Pietsch-p-integral operator and its

linearization.

Theorem 2.2.8.
Let T € Lipo(X,E) and1 < p < co. ThenT € PIZL(X, E) if and only if T, € PL,(E(X), E).
Moreover, we have

||T||7DI£ = ||TL||7>I,,- (2.6)

Proof. Suppose that Ty, € PZ,(&E(X), E). According to [41, Satz 18], for every ¢ > 0 we can

choose a typical factorization of T},
Ty = AoiyoR: B(X) 5 Lo (1) 2 L, (1) =5 B,

such that A € L(L, (1), E) and R € L(E(X), Lo (1)) with [JA[[[|R]| < [[TL]lpg, + & It is
clear that the mapping B := R o dx belongs to Lipy (X, L (1)) and Lip(B) < ||R||. The

factorization T = Ty, 0 6x = Ao, o B implies that T € PZL(X, E) and
1Tl pze < [[All Lip (B) < [[Tillpg, + &
Conversely, if T' € 7715 (X, E), for £ > 0 choose the following factorization of T
A

T=AoiyoB:X 25 Lo (1) - L, () - E,

such that A € L£(L, (1), E) and B € Lipy(X, Loo (1)) with [|A]| Lip(B) < ||T||pze + €. The

uniqueness of the linearization maps gives that
T, =(AociyoB),=Aoi,0By.
Then, we have that T}, € PZ,(E(X), E) with
ITellpg, < IAIIBoll = Al Lip(B) < | Tllps + <.
The proof finish. O]

By Theorem 2.2.8 and Proposition 1.5.2, we have the following.
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Proposition 2.2.9.
(PI;, ||‘||PIL> 1s the Banach Lipschitz operator ideal generated by the composition method
P

from the Banach operator ideal PL,. In other words
PI]%(X, E)=PI,0 Lipy(X,E) isometrically
for every pointed metric space X and every Banach space E.

We say that a pointed metric space W is 1-injective (or an absolute Lipschitz retract) if for
every metric space X, every subset X of X and every Lipschitz mapping T' € Lipo(Xo, W)
there is a Lipschitz mapping T e Lipo(X, W) extending T with Lip(T) = Lip(f).

The real Banach space L. (p) for a finite measure u is 1-injective (see [12, Chapter 1]).
By the typical Pietsch-p-integral factorization of a Lipschitz mapping 7', we can find a

Pietsch-p-integral extension T.

Proposition 2.2.10.
Let X and Z be pointed metric spaces with X C Z and let E be a Banach space. Fach Lipschitz

Pietsch-p-integral operator T : X — E admits a Lipschitz Pietsch-p-integral extension T :

7 — E with ||TH7>Z,€ = HTHPIL.
P

Proof. If T' € PII% (X, E), then for all € > 0 there are a regular Borel probability measure
space (2,2, 1), A € L(Ly(p), E) and B € Lipy(X, Loo(pt)) such that

T=AoiyoB:X 25 Lo(p) 2 Ly(n) = E,

and Lip(B) || Al < HT“PIIE +e. Since Loo(p) is l-injective, B admits an extension B €

Lipo(Z, Loo(1)) with Lip(B) = Lip(B).i.e., the following diagram commutes

| <

Z

where i € Lipg(X, Z) is the natural isometric embedding. This creates a Pietsch-p-integral

extension T: Z — E of T having the following factorization

T=AociyoB:7Z -2 L(p) -2 Ly(u) = E.
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Furthermore,

HmeL < Lip(B) | All = Lip(B) | Al < | Tlpzs +e.

Since this holds for all € > 0 we get HTVH . < |IT|[pzz- For the reverse inequality, note that
PIL C

1Tlhpy = |T o

gy < [T
PIL PIL

2.3 Lipschitz Pietsch-oo-integral operators

In this section we extend the definition of the class of Pietsch-oo-integral linear operators to
the case of Lipschitz operators and we will show a factorization theorem that characterizes

these mappings.

Definition 2.3.1.
We say that a Lipschitz operator T € Lipy(X, F) is Pietsch-oo-integral if there is a regular
Borel countably additive vector measure m : B(By#) — E of bounded semivariation such

that
Tw)= [ fadn(), cex 27)
By
We denote by PIfO(X , E) the set of all these mappings and we put
1Tl pze, = inf |[m[| (Bx#),
taking the infimum over all m such that (2.7) holds.

Remark 2.3.2.
If T € PIL (X, E) then Lip(T) < ||T||pzz - In order to see this, for e > 0 choose m such that

[m|[ (Bx#) < [|T|lpze. + € and for all z,y € X, wehave

IT(@) - T < / (@) — £ ()] dm(s)
< [l (Bys)d(x, )
< (et ITllpgs )z, ).
Hence, Lip(T) < [|T[pzz -
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Now we prove the main result of this section. We characterize the Pietsch-oco-integral
Lipschitz operators by means of a factorization scheme through a weakly compact linear

operator.

Theorem 2.3.3.

For a Lipschitz operator T' € Lipy(X, E), the following statements are equivalent.
1. T 1s Pietsch-oo-integral.

2. There are a compact Hausdorff space K, a Lipschitz embedding ¢ € Lipy(X,C(K))
and a weakly compact linear operator S € L(C(K), E) such that the following diagram

commutes

X—L-E (2.8)

3. There are a regular Borel finite measure space (2,3, 1) , a weakly compact operator
R € L(Lo(p), E) and a Lipschitz embedding ¢ € Lipo(X, Lo(1t)) giving rise to the

following commutative diagram

X—L-F (2.9)

In addition,

IT[|pzz, = inf ||S]| Lip(y) = inf [| R Lip(¢).

Where the first infimum is taken over all S and ¢ as in (2.8) and the second is taken over all

R and ¢ as in (2.9).

Proof. (1)==(2). Take T € PI%(X,E). For every ¢ > 0 choose m satisfying (2.7) and
[m|| (Bx#) < [[T|| pzz + €. Consider the linear operator S : C(Bx#) — E defined by
S(h) = / hdm for all h € C(Bx#) and the natural Lipschitz isometric embedding ¢x :
X — C(Bé(;#). In this case, for all x € X we can write
Sou()= [ wx@(Didm(p) = [ fwyim() = T()
Bx# Bx#
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Theorem VI.2.5 in [26] asserts that S is weakly compact with norm ||S|| = ||m| (Bx#) and
then
151 Lip(ex) = [mf| (Bx#) < | Tllpzz + e
(2)==(3). There is a a regular Borel countably additive vector measure m : B(K) — F
of bounded semivariation such that S(f) = / fdm for all f € C(K) and ||m| (K) = ||9]|
(see [26, Theorem VI.2.1, Theorem VI.2.5 anl(; Corollary VI.2.14]). It follows that T'(z) =
Sop(r) = / o(x)dm,z € X. On the other hand, [26, Corollary 1.2.6 and Theorem 1.2.1]
assures the e)[:istence of a regular Borel finite measure p on B(K') such that m(A) = 0 for
all A € B(K) which satisfy that u(A) = 0. Define the operator R € L(L(n), E) by
R(f) = / fdm, f € Loo(p) with ||R|| = ||m|| (K) (see [26, Theorem 1.1.13]). This operator is
K

weakly compact (see [26, Definition 1.1.14 and Theorem VI.1.1]). Consequently,

Ro (o9 = [ dwodm= [ oam =T
K K

(3)==(1). As in the proof of the second implication of Theorem 2.2.6, starting from the dia-
gram (2.9), consider the linearization ¢, of ¢ € Lipy(X, Loo (1)) and let oL € L(C(Bx#), Loo(1))

be the extension of ¢, 1.e., the following diagram commutes

C(Bx#).
The linear operator R o 3; : C(Bx#) — E is weakly compact. Let m be the representing
vector measure of Ro gy, that is Ro¢p(f) = /B fdmfor all f € C(Bx#) and | m|| (Bx#) =
HR o &EH Tt follows that v
T(z) = Ro¢(x)=Rog¢,oJodx(z)
= / J o dx(z)dm,
B

X#

for all 2 € X, and then T € PZZ (X, F) and
ITllpzz, < llmll (Bxe) < 1RI |00 = IRl Lin(@).

Since this is true for every factorization as (2.9), we have ||T'||prz < || R|| Lip(¢).

In order to show the reverse inequality, take T € PZ% (X, E) and ¢ > 0. Then there is
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m: B(Bx#) — E (asin Definition 2.3.1) such that (2.7) is true and ||m|| (By#) < e+[|T||pzz -
Following the proof of (2)==-(3), we can find a regular Borel finite measure 1 on By# and a

weakly compact operator R € L( L (1), E') represented by m such that
IR Lip(¢) = | Rl = [[m] (Bx#) < &+ [Tllpzz

where ¢ € Lipy(X, Loo(pt)), is the Lipschitz embedding defined by ¢ = j, o tx.

The required inequality follows and the second equality follows in a similar way. O

2.4 Some relations of Lipschitz Pietsch-p-integral oper-

ators with other Lipschitz operator ideals

2.4.1 Lipschitz p-summing operators

Farmer and Johnson introduced the Banach Lipschitz operator ideal of Lipschitz p-summing
mappings (see [29]), extending II,, the operator ideal of p-summing linear operators, to the

Lipschitz case.

Definition 2.4.1.
For a pointed metric space X and a Banach space E, the mapping T' € Lipy(X, E) is

called Lipschitz p-summing, 1 < p < oo, if there exists a constant C' > 0 such that for

all xp,...,x,, 20, ..., 2 in X
D T (@) = T@)|F < C” sup Y| f(x) — f())]. (2.10)
i=1 FEBx# =1

In this case we put 7/ (T) = inf {C : satisfying (2.10)}. The set of all Lipschitz p-summing

operators from X to E is denoted by IT} (X, E).

It is well known that (IIL,7/(-)) is a Banach Lipschitz operator ideal (see [6, Proposition
2.5]).
We can establish the following comparison between the classes of Lipschitz Pietsch-p-

integral operators and Lipschitz p-summing operators.
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Proposition 2.4.2.
Let 1 < p < oo. Fvery Lipschitz Pietsch-p-integral operator T : X — FE is Lipschitz p-

summing with 7} (T) < ||T||PI£ :

Proof. If T € PIII}(X , E), for e > 0 we choose a typical Lipschitz Pietsch-p-integral factoriza-
tion

T=AoiyoB: X -2 Lo(p) -2 L(n) =5 E,

with ||A| Lip(B) < e+ ||T||pzz - The mapping i, is linear p-summing with 7,(i,) = 1 (see [25,
Page 40]). Then it is Lipschitz p -summing with 7/(i,) = 1 (see [29, Theorem 2]). By the
ideal property concerning the Lipschitz operator ideal Hﬁ , we have that T' € Hzf (X, E) and

my (T) < | Al Lip(B) < & + | T|lpze - -

2.4.2 Lipschitz Grothendieck-p-integral operators

The notion of Lipschitz Grothendieck-p-integral operators (p > 1) from a pointed metric space
X into a Banach space E was introduced by Jiménez-Vargas et al. in [33] (under the name
of strongly Lipschitz p-integral operators).

The mapping T° € Lipy(X, E) is Lipschitz Grothendieck-p-integral (in symbols T €
GI)(X,E)) if kg oT € PIL(X,E™), where kg : E — E** is the canonical injection.
The class (GZ, H‘”gz,%) is a Banach Lipschitz operator ideal where ||Tngg = ||kg o THPII%
(see [11, Remark 4.3 and Proposition 4.8]). It is immediate that PZ.(X,E) C GI}(X,E)

and || Tlgze < [|Tlpz for all T € PZ(X, E).

2.4.3 Strongly Lipschitz p-nuclear operators

Chen and Zheng in [20] introduced the concept of strongly Lipschitz p-nuclear operators. For
a pointed metric space X and a Banach space E, a mapping T € Lipy(X, E) is strongly
Lipschitz p-nuclear (1 < p < o0) if there exist B € Lipy(X,l~) and A € L({,, E) and a
diagonal operator My € L({x,¥,) induced by A = (\;)i>1 € €, (i.e., Mx((&)iz1) = (Ni&i)is1)
such that

T=AoMyoB:X 20,0, 5 F. (2.11)
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The Banach space of all these mappings is denoted by SN IL, (X, E) and the norm is defined by

| T'|| gpre = inf ||A|| [|M]| Lip(B), where the infimum is taken over all the above factorizations.
P

Proposition 2.4.3.
Fvery strongly Lipschitz p-nuclear operator is Lipschitz Pietsch-p-integral. Moreover, HTHPZ-L <
P

Tl sz for all T € SN (X, E).
Proof. Given € > 0, take T € SN}(X, E) with the factorization (2.11) such that
[A[IMA Lip(B) < € + [T | spre -

In this case, {« and ¢, are the spaces Loo(p) and L,(p) with p the counting measure on N
respectively and M) : Loo(u) — L,(p) is the multiplication operator induced by A € L,(u)
(i.e., M\(f) = A.f). Use [25, Page 111] to see that M, is a Pietsch-p-integral linear operator
and ||M,[|pz, = [[Mx| and then it is Lipschitz Pietsch-p-integral with ||M,\||PI£ < [|My|| (by

Proposition 2.2.3). In view of the ideal property of 7315 , we are done. O

2.4.4 Lipschitz weakly compact operators

The definition of Lipschitz weakly compact operators is due to Jiménez-Vargas et al. (see

[33])-

Definition 2.4.4.
Let X be a pointed metric space and let £ be a Banach space. The mapping T' € Lipy(X, E)

is called Lipschitz weakly compact if the set
T(x)—T(«
{M cx, ' € X, 1 # x’} :

is relatively weakly compact in F.

The set of all Lipschitz weakly compact operators from X into E is denoted by Lipgwy (X, E).

Proposition 2.8 in [33] asserts that every Lipschitz Grothendieck-p-integral operator is
Lipschitz weakly compact. So, according to the comments above we have that 731'5 (X, FE) C
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Chapter 3

Lipschitz p-representable operators

In this chapter we introduce the notion of Lipschitz p-representable operators. We show that
they can be seen as a natural extension of the p-representable linear operators of Roshdi

Khalil ([35]) and we transfer some properties of the linear case into the Lipschitz setting.

37



3.1 Linear p-representable operators

The Banach operator ideal of p-representable linear operators were introduced in [35] by
Roshdi Khalil. These operators are in some sense kernel integral operators and is a sub-class

of Pietsch p-integral operators.

Definition 3.1.1.
Let 1 < p < 0o. A linear operator T' € L(F, F) is called p-representable if there exists a finite

Borel measure p on Bg+ and a function g : Bg« — F' such that
g€ Lp*<BE*7M7 F)v (31>

and
T () = /B (2, 2%) g(z)dp (), for all o € . (3.2)

The Banach space of these operators is denoted by R, (£, F) under the norm defined by

ITll, = infllg

P
where the infimum is taken over all measures p and g satisfying the equality (3.2).
Lemma 3.1.2. For T € R,(E, F) then ||T| < [T, -

Proof. Let T (z) = / (x,x") g(«*)dp (z*) for some p and ¢ as in the Definition 3.1.1.
BE*

Choose g and p such that

1

([ M au))” < T, +

for a given small € > 0. Then, using Holder’s inequality

17" () S/B I, %) g ()| dp (27)

SUBE*'“ VP dye () ( o) du )
SUBE*”Q W o))

< |7, +e
Hence ||T'(z)|| < |[T'||lg, + €. Since € is arbitrary the result follows ||T" (z)|| < [[T']|, . Passing

the supremum ”81‘J‘1p [T (z)|| < [[Tllg, then [T < [T, - O
z||<1
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Lemma 3.1.3. Every element T € R,(E, F) is an approzimable operator in L(E, F).

Proof. Let T (z) = / (x,x") g(x*)dp (z*), for some finite measure on Bg- and some g €
Bp-

L¥" (Bg«, i, F). Choose u and g such that

1

([ oo ana))” <171, +
B
Let g, be a sequence of simple functions in LP" (Bg-«, u, F) such that
/ lg(@*) = gn («*)[”" dp (z*) — 0.
B+
Define
1) = [ () gula (5.
B
Then each T, is a finite rank operator, and

7= Tle, < ([ lola) =00 @ du@))” 0

Then by definition of approximable operators, Pietsch [43] T is approximable. This ends the

proof. n

The proof of the following results can be found in [35, Theorem 2.5 and Theorem 2.8].

Theorem 3.1.4.

(Rp: I'llz,) s @ Banach operator ideal.

Definition 3.1.5. [35, Definition 2.6]
Let (€2, 1) be a measure space and F' a Banach space. A linear mapping T : LP(Q, u) — F

is called B-vector integral operator if there exists a function g € LP"(Q, u, F') such that

T(0) = [ F@adnt).  foral £ e (@), (3.3)

The next lemma and its proof are similar to [26, Lemma III1.1.4].

Lemma 3.1.6.

Every B-vector integral operator T : LP(ju) — F' is continuous with norm || T|| = ||g|l . -
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The next factorization theorem, for the p-representable linear operators, will be used in

the sequel.

Theorem 3.1.7. [35, Theorem 2.7]

Let E, F be Banach spaces and T € L(E, F). The following are equivalent.
(1) T € Rp(E, F),

(ii) There exists operators Ty € L(E,LY(Q,pn)) and Ty € L(LY(Q, 1), F) for some finite

measure space (82, ) such that Ty is B-vector integral operator and T' =Ty o T} .

Proof. (i) = (ii). Let T € R,(E,F) and T (z) = / (z,x") g(x™)dp (z*) for some finite
B
measure f on By« and g € LP" (Bg-, i, F). Define

T1 : EF— LP(BE*,M)
Ty(x) (z7) = (z,2%),

and
Ty: LY(Bg-,u)— F
Ty (f) = ; [ (@) g(@®)dp(z),

Then T5 is a B-vector integral operator and

Bpx

= T2T1 (I) .

(ii) = (i). Let T =TyTy, Ty € L(E, LY (Q, 1)), and Ty is a B-vector integral operator in
L(LY(Q, u), F). Then Ty € R,(LP(2, u), F'). Using Theorem 3.1.4, we have TbT} € R,(E, F).

This ends the proof. O]

3.2 Lipschitz p-representable operators

Definition 3.2.1.

Let 1 < p < oo. A Lipschitz operator T" € Lipy(X, E) is called Lipschitz p-representable if
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there exists a regular Borel probability measure 1 on By# and a function g € L? (Bx#, i, F),

such that

T(ZL‘):/B f(x)g(f)du(f), forall x € X, f € Bx#. (3.4)

We denote by RZE(X , E) the space of all Lipschitz p-representable operators from X into E.

Moreover, if T' € Rg(X, E), then we set

ITllgy = inf |lg

p*
where the infimum is taken over all measures p and g satisfying (3.4).

We don’t know if being Lipschitz p-representability implies p-representability whenever
T € L(X, E) between Banach spaces. The converse is of course true as we see in the next

proposition.

Proposition 3.2.2.
If X and E are Banach spaces and T : X — FE is linear p-representable then T is Lipschitz

p-representable and HTHRI% < |7, -

Proof. For each € > 0 we can choose a regular Borel probability measure ;o on Bx~ and a

function g € L (Bx+, 1, E) satisfying (3.2) and

Let 11 an extension of i to Bx% and g an extension of the function g defined by

g(f), if f € Bx-.

0, otherwise.

9(f) =

According to [32, Page 54],  is a finite Borel measure on By#. We can write

| r@andm = [ f@efdu) =Ta),  foralloex
By s Bx»
and [|g]. = llgll,» < oo. Hence, T € RE(X, E) and
Tlleg < 170, = gl < =+ [ Tlhe,
Since this holds for every ¢ > 0, we obtain [|T'|z; < [|T]|x, - O
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We have the following immediate consequence of the Definition 3.2.1.

Proposition 3.2.3. (Inclusion Theorem)

Let1 <p<q<oo. ThenRY(X,E)C RL(X,E) and ||T||7qu < ||THR£ forallT € RY(X,E).

Proof. Let T € le(X , ), for every € > 0 there exists a regular Borel probability measure y

defined on By and a function g € LP (Bx#, i, ) such that for all z € X we have
T = [ F@oldu() ad gl < [Tl + (35)
By

By monotonicity of the LP-norms, we have

19llg= < Mlgllpe < 1T llg + e

Then T € RY(X, E) and |||z < |T|lgz + &, and the result follows. O

The following theorem gives a characterization of Lipschitz p-representable operators by

a factorization schemes that highlights the role of the spaces C(Bx#) and LP(Bx#, j1).

Theorem 3.2.4.
Let 1 < p < 0o and let T € Lipy (X, E). Then T is Lipschitz p-representable if and only
if there exists a reqular Borel probability measure p defined on Bx# and a B-vector integral

operator S € L(L,(p), E) such that the following diagram commutes

X—r -F (3.6)
Lx S
C(Bx#) 2= Ly(p),

where j, is the canonical map and vx is the natural Lipschitz isometric embedding. Moreover,
1Ty = inf {[[S] : T = Soj,oux}.

Proof. Suppose that T € Rﬁ(X, E). For ¢ > 0, there exists a regular Borel probability
measure 4 defined on Bx# and a function g € LP (Bx#, 1, E) such that (3.5) holds. Consider

the B-vector integral operator S : L, (1) — E defined by

S<h>:/B B(Dg(fdu(f).  helyw.
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Then T' = S o j, o tx since for all z € X we have

Sojpoix(x) = S(porx(z))

_ / Jpoix (@) (£g (f) dp (f)

_ / £ (@) 9(f)dp (f)
= T(x).

Moreover, [|S|| = [|g|,. < [ T||z+e. Since this holds for every e > 0, we obtain |[S|| < ||T[z -
P P
Conversely, suppose that 7" admits a factorization of the form (3.6). Then there exists a regular

Borel probability measure p on By# and g € LP" (By#, 1, E) such that

S<h>:/B R g(Hdulf),  he Ly,

X#

For all x € X, as above we have

T(2) = Soj,o0ux (z) = / £ (@) g(F)du (f).

We arrive at T € Rﬁ(X, E) and |1z < |lg

= IS

This ends the proof. O

According to the previous theorem and Theorem 2.2.6 we give a relationship between the

Lipschitz p-representable operator and Lipschitz Pietsch-p-integral operators.

Corollary 3.2.5.

We have RL (X, E) C PIL (X, E) and ||T||7)I£ < ||T||R£ for every T € RL (X, E).

Proof. Let T € 725 (X, E). For ¢ > 0, there are u and S as in Theorem 3.2.4 such that

1S]| < €+ ||T||gz - Then it follows from Theorem 2.2.6 that T' € PZ% (X, E) and

Illpze < ISI| < &+ 1Tl -

O
As a consequence of the previous corollary we have the following.
Corollary 3.2.6.
IfT € R} (X, E) then
Lip(T) < ||T||R£ (3.7)
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Proof. Since PIIE is Banach Lipschitz operator ideal we obtain
Lip(T) < ||T||7>zg < ||T||Rg
O]

The next theorem and its proof are similar to the linear case. We write the proof for the

aim of completeness.

Theorem 3.2.7.
Let X be a pointed metric space, E a Banach space and let p > 1. Then (Rﬁ(X, E), ||||RL>

1s a vector normed space.

Proof. Tt is clear that T =0 € RL(X, E). By (3.7) if |7z, = 0 then T' = 0.
Let T1,T5 € R£ (X, E). For each € > 0 choose a regular Borel probability measures p; on

Byx# and g; € LP (Bx#, i, E), i = 1,2, such that

o < Tl + 5

z;<x>=:/g £ (@) g F)dps (f) and lg,

Consider the measure p = 1 + po. Then p; < p. By Radon-Nikodym theorem then there is

a p-measurable function h; : Bys — [0, +00] such that for any Borel sets K € B(Bx#),

uﬂﬂzAMUMM% i=12

Further, since y; (K) < p(K) for all K € B(Bx#), we have

OSM(K):/

K

mUMMﬁ<uMU=/dMﬁ7

K
it follows that 0 < h;(f) < 1 holds p-almost everywhere, i = 1,2. Now, consider the function

g defined by
9(f) = g (N (f) + g2(Hha(f), f € Bxs.

Therefore g € LP (Bx#, 1, E) because

o S lg1ha

lg pe T l92hall e < llgull,e +[lg2ll,e < oo
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On the other hand, for all z € X we have

(T +T) () = / F (@) 91 (F)dpus (f / F (@) ga(F)diz (f)

_ / £ @) a1 (D (P (f / F (@) ga(Dha(F)dn ()

- /B £ (@) 3(F)du(f).

This means that 71 + T, € R} (X, E). Furthermore,

| Ty + T

Il < Mgillye + lgelle < N Thllzs + [1T2llgs + e

It follows that ||7} + T2||R£ < ||T1||R£ + ||T2||R£ :

By a similar argument, let « € K, a # 0, and T € le (X, E). For € > 0 there are y and g as
above such that (3.5) holds. Also, for all x € X we have oT (x / f(x)ag(f)du(f).
Since ag € LP" (Bx#, i, E) , we obtain o € RL (X, E) and

p < lol (Il +)
Hence [[aT |z < |o] |Tlzz - For the reverse inequality, we have T'= 1(aT') and then

1
H L Tl

E(OZT)

-
This means [[oT'||zz > || ||T||rr . The case a = 0 is evident by (3.7). To summarize, we
P P

have proved that (Rﬁ(X, E), HHRL> is a vector normed space. O
Following the idea of [35, Theorem 2.5] we present the following result.

Proposition 3.2.8.
Let X be a pointed metric space, E, F Banach spaces, T € Rﬁ(X, E)and A€ L(E,F). Then
AoT € RE(X, F).

Proof. For all ¢ > 0, choose a regular Borel probability measure u defined on By# and a
function g € LP" (Bx#, i, ) such that for all x € X we have T (z / f(z du (f)

and [g[[ . < ||T||R£ + . By [26, Theorem I1.2.6] we have

AoT(a / F (2) Alg(f)dia (f).
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Also we have

1
p7

mﬂW«L Mmme):ﬁMm

this means that Ao T € RE(X, F) with Ao Tl < [[A 1Tl xs - O

14(9)

p S AN (IT ey +¢) < oo,

3.3 Open problems

Problem 1.
Is (Rﬁ, HHRL> a Banach Lipschitz operator ideal?
In Theorem 3.2.7 we prove that (Rﬁ(X, E) |- ||RL> is a vector normed subspace of Lipy(X, E).

Also the Proposition 3.2.8 asserts that the class RIE satisfies the left ideal property.

Problem 2.
When the Banach space F has the Radon Nikodym property, do we have the coincidence
RYX,E) = PI¥ (X, E) as the linear case?
The inclusion R¥(X, F) C PI{ (X, E) is proved in Theorem 3.2.5 without the hypothesis of

Radon Nikodym property.

Problem 3.

Does T € Lipo(X, E') Lipschitz p-representable equivalent to 77, € R,(£E(X), E)?
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Chapter 4

Two-Lipschitz operator ideals

We introduce and investigate the concept of two-Lipschitz operator ideal between pointed
metric spaces and Banach spaces. We show the basics of this new theory and we give a
procedure for create a two-Lipschitz operator ideal from a linear operator ideal. We apply
our result to the ideals of strongly p-summing and compact linear operator to obtain their
corresponding two-Lipschitz operator ideal. Also, we establish a natural relation between two-
Lipschitz and bilinear maps and show that the two-Lipschitz factorable p-dominated operators

are those which are associated to the well-known p-semi-integral bilinear operators.
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4.1 Bi-linearization of two-Lipschitz operators

Definition 4.1.1. [50, Section 3.4]
Let (X,dx) and (Y, dy) be pointed metric spaces and let E' be a Banach space, we say that
amap T : X xY — FE is a two-Lipschitz operator if there is a constant C' > 0 such that for

each x,2’ € X and y,y' € Y,
1T (z,y) =T (z,y") = T («',y) + T (2',y/)|| < Cudx (z,2")dy (y,9)- (4.1)

By BLipy (X,Y; E) we denote the set of all two-Lipschitz operators from X x Y to E such
that

T(z,0) = T(0,y) = 0, (4.2)

forallz € X and y € Y. For T' € BLipy (X,Y; E) we set

BLip(T) = infC = sup L@ -Ty) Ty + Ty

) 4.3
z#x! y#y' dX (.T, .Z'/) dY (ya yl) ( )

For the mapping 7' : X x Y — E, consider A, : X — E and A, : Y — E such that
Ay(x) =T(z,y) for every fixed y € Y and A,(y) = T'(x,y) for every fixed x € X. According
to Dubei et al. in [27], T is said to be two-Lipschitz if A, is Lipschitz for every fixed x € X
and A, is Lipschitz for every fixed y € Y.

In the following proposition, we show that this definition with a requirement on the oper-

ator v — A, or y — A, is equivalent to our definition (Definition 4.1.1).

Proposition 4.1.2.

For a mapping T : X x Y — FE, the following statements are equivalent.

(i) T € BLipy(X,Y; E).

(ii) A, € Lipy(Y, E) for every fited x € X and G : © — A, belongs to Lipo(X, Lipy(Y, E)).
(iii) A, € Lipo(X, E) for every fizedy € Y and H : y — A, belongs to Lipy(Y, Lipo(X, E)).
Proof. (i) = (ii) For every fixed € X, starting from (4.1) take 2’ = 0 we obtain

1Az(y) — A(W) = 1T (2,y) = T(x,y") = T(0,y) + T(0,)]|

< BLip(T)d(z,0)d(y.y).
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By (4.2) we have A,(0) = 0. It follows that, A, € Lipy(Y, E) and Lip(A,) < BLip(T)d(x,0).

Now, for all z, 2’ € X we have

|G(z) = G(a")|| = Lip(As — Aw)
e = 4 () — (A = Ar) )]
Y7y’ d(y,y')
_ [T (z,y) —T(z,y) =T, y) + T(", ¥
sup -
Y7y’ d(y,y')
< BLip(T)d(2,2'),

and G(0) = 0 because for all y € Y we have Ay(y) = 0, showing that G € Lipy(X, Lipy(Y, E)).

(11) = (i) The equalities (4.2) follow easily from that A,(0) = 0. The assumption
|G(z) — G(2')|| < Lip(G)d(x,x’) for all x,2’ € X, implies that T satisfies the inequality
(4.1).

The equivalence (i) <= (ii7) is proved in a similar way. O
By using simple calculation, we prove the following result.

Proposition 4.1.3.

Let X,Y, Z, W be pointed metric spaces and let E,F be Banach spaces. If f € Lipy(Z,X),
g € Lipg(W,Y), T € BLipy(X,Y; E) and u € L(E,F) thenuoT o (f,g) € BLipo(Z,W; F),
where (f,g)(z,w) := (f(2),g9(w)), z € Z,w € W. Moreover,

BLip(uoT o(f,g)) < |lul| BLip(T)Lip(f)Lip(g). (4.4)

Proof. Take S =uoT o (f,g).For any 2,2 € Z and w,w’ € W we have

15(z,w) = S (z,0") = S (2, w) + 5 (2, w)|

< lull |17 (f(2), g(w)) = T (f(2), g(w")) = T (f(="), g(w)) + T (f (=), g(w"))]

< |lull BLip(T) d (f(2), (') d (g(w), g(w"))

< |lull BLip (T) Lip (f) Lip (9) d (2, 2") d (w,w') ,
it is clear that for all z € Z,w € W we obtain S(z,0) = S(0,w) = 0. Then, uoT o (f,g) €
BLip,(Z,W; F) and

BLip(uoT o (f,g)) < |lul| BLip(T) Lip (f) Lip (g) -
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Remark 4.1.4.
If X and Y be Banach spaces. Then every bilinear operator T': X xY — F is two-Lipschitz.

Moreover, we have BLip (T') = ||T|| . In order to see this, for each x,2’ € X and y,y’ € Y,

T (2,y) =T (2,9/) =T (2", y) + T (', 5/ )|

=T @ =2y =)l <ITNlz =2 ly = yll.

Therefore, BLip (T') < ||T|| .

For the reverse inequality, we will write (4.3) for 2’ = ¢y’ =0,

T
BLip(T) > sp - 1T

=T .
z#0,y#0 dX (l’, 0) dY (y7 0) H H

The next theorem and its proof are similar to the Lipschitz case (see [51, Proposition

1.6.2]).

Theorem 4.1.5.

BLipy (X,Y; E) is a Banach space under the norm BLip (-) defined by (4.3).

In what follows, let (X, dx) and (Y, dy) be metric spaces and consider the product metric

space X X Y equipped with the metric

d((z,y), (=" ¢)) = dx (z,2) + dv (y,9/),

for all z,2’ € X and y,y/ € Y.
Also if F, F be Banach spaces, the product Banach space E x F is equipped with the

norm
1@ Yl pxr = 12l g + Yl

for all x € F and y € F.

Proposition 4.1.6.
The mapping (dx,0y) : X XY — E(X) x A(Y) defined by

(0, 0y ) (2, y) = (0x(x), 0y (y)) = (1m0, 0y0),
isometrically embeds X XY in A(X) x E(Y).
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Proof. For any z,2’ € X and y,y € Y we have,

[(0x, 0y ) (z,y) — (9, 0v ) (@, ¥')|| mexyxmv)
= [[(mao — maro, myo — my’O)H;E(X)xfE(Y)

= || (Mg, myy')H[E(X)x}E(Y)

= “mfm’H}E(X) + Hmyy'>H}E(Y)

=dx (z,2") + dy (y,9)

=d((z,y), (),

and the result follows. O

For all two-Lipschitz operator 7' : X x Y — FE, we define a bilinear mapping 15 :

M(X) x M(Y) — E by
TB (mmc’a myy’) =T (.CE, y) - T(.’L’, y/) =T (Z’l, y) + T(l‘/7 Z/)? (45)

for all z,2’ € X and y,y € Y. Thus the two-Lipschitz operator T is associated with the

bilinear mapping 7.

Theorem 4.1.7.
For every two-Lipschitz operator T € BLipy (X,Y; E) there exists a unique continuous bilin-

ear mapping Tp : B (X) x E(Y) — E satisfying (4.5) and

T =Tyo(0x,0y): X x YV X% B(X)x B(Y) 2 E.
Furthermore BLip (T) = ||Tg||. The continuous bilinear mapping T is called bi-linearization

of the two-Lipschitz operator T.

Proof. Let (my,my) € M(X) x M(Y) and let € > 0. Choose representations of m; and msy

of the form
n '
mp =), Qi Mg, M2 = > Bjmyjy;
i=1 j=1

such that

-21 |ai| d(wi, 2}) < e+ [|mal| px) and 21 18i1d(y;, ;) < €+ [|mal| vy -
i= j=
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Then

|Ts (m1,ma)|| =

éai ; Bi (T (i, y5) = T(xs, ) — T (25, y;) + T2}, 95)) H
< BLip(T) é | d (w5, %) Zl 1851 d (y5,95)

< BLip(T) (5 + ||m1||M(X)> (5 + ||m2||M(Y)> :

Since this holds for every € > 0 we obtain

1T (ma, ma)|| < BLip (T) [[mall ey Imall sy -

Therefore, T is continuous and satisfies || 7| < BLip (T).
On the other hand, by the bilinearity of 7" and taking into account that T'= Tg o (dx, dy)

we get

||T (ZE, y) - T(l’,y/) -T (ﬁl, y) + T(:L‘/7y/)||
= |75 (0x (z) — dx (2'), 0y (y) — oy ("))
< 1 Ts][ [0 (x) = dx (=) |0y (y) — oy ()]

= Ts| d(z,2")d(y,y) .

It follows that BLip(T) < ||T||. Therefore, BLip (T) = ||Ts||. Now, the continuous

bilinear mapping 7’z has a unique extension to

M(X) x M(Y) = E(X) x B(Y),

denoted also by T, with || 1| = BLip (T).
For the uniqueness of the bi-linearization, suppose S : M(X) x M(Y) — FE is a contin-

uous bilinear mapping such that 7' = S o (dx,dy). Thus, for any m; = > aymy, € M(X)
i=1

and mp = 3 Bjmy,, € M(Y)
=1

52



n

Smima) = 3o Y58 (M)
j=1

=1

= Doy S (Ox (i) = dx(a)). v () = Ov ()

=1 j=1

= D> iy BTs (0x(x:) = 8x (), 0y (y;) — O ()
=1 j=1

= Z Q5 Z BjTB (mxzx; y myjyjz_)
=1 j=1

= TB (ml, mg) .
This proves that S = Tp. n

Remark 4.1.8.

Note that the bilinear operator Tz admits a linearization

~

(Tg)r : E(X)@,E(Y) — FE
satisfies
T'=1Tpgo (5)(, 5Y) = (TB)L © 020 (5)(, 5Y),
where oy : B (X) xE(Y) — B (X)®,H(Y) is the canonical bilinear operator defined by
02(Mz0, Myo) = Myo @ Myo. In addition we have

BLip(T) = || Ts|l = [(T).ll -

The linear operator (1), is referred to as the linearization of the two-Lipschitz operator T

For the simplification, write 77, instead of (Tg).

Next we give a simple but crucial example of a two-Lipschitz operator. Let X,Y be

pointed metric spaces and let £ be Banach space.

Example 4.1.9.
Consider non-zero Lipschitz functions f € X#, g € Y# and e € E. Define the mapping
frg-e: X xY — Eby

frg-ez,y) = f(z)g(y)e. (4.6)
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Then, an easy computation shows that this mapping is two-Lipschitz and
BLip(f-g-e) = Lip(f)Lip(g) lle]|- (4.7)

Indeed, for any z,2’ € X and y,y’ € Y we have

If.9.e(x,y) — f.g.e(z,y) - fge(@,y) + fge(@ v
= || f(x)g(y)e — f(x)g(y)e — f(@)g(y)e + f(2")g(y )e]
= ||(f(x) = f(&")) (9(y) — 9(y/')) €ll

< llell Lip(f)Lip(g)d (z,2") d (y,y') -

Then f.g.e € BLipy(X,Y; E) and
BLip(f.g.e) < Lip(f) Lip (g) lle]l -

For the reverse inequality, let € > 0 and choose g, x; € X and yo,y, € Y such that

|f (o) = f (0]

d (zg, xp)

19 (o) — 9 (o)
d(yo vh)

Lip(f) —e < and Lip(g) —¢ <

Then, we have

1f-g-€ (zo, y0) — [-g-€ (w0, y) — f-g-€ (x5, Y0) + [-g-€ (x5, vo)
d (o, z4) d (Yo, o)
|f (xo) — f (x0)] 9 (yo) — g (vo)
d (o, ) d (o, yo)
> (Lip(f)—e¢)(Lip(g) —¢) |le]|-

BLip(f.g.e) >

|
le]

Since this holds for every £ > 0 we obtain

Lip (f) Lip (g) lle]l < BLip(f.g-¢) .

Definition 4.1.10.
We denote by BLipyr(X,Y; E), the vector subspace of all two-Lipschitz operators generated
by the mappings of the special form (4.6). All elements T of this space are called of finite

type. So, any T € BLipyr(X,Y; E) admits a finite representation of the form

T= Zfi “Gi G
i1
where (f;)%, C X# (g;)", C Y# and (e;), C E.
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4.2 Two-Lipschitz operator ideals

We will follow the spirit of the definitions of multilinear operator ideals ([44] or [30]) and

Lipschitz operator ideals [6], for defining the concept of two-Lipschitz operator ideals.

Definition 4.2.1.
A two-Lipschitz operator ideal between pointed metric spaces and Banach spaces, Zp,p, is a
subclass of BLipg such that for every pointed metric spaces X,Y and every Banach space

the components

IpLip(X,Y; E) := BLipy(X,Y; E) N ZpLip
satisfy:
(1) Zprip(X,Y; E) is a vector subspace of BLipy(X,Y; E).
(ii) For any f € X# g€ Y# and e € E, the map f - g - e belongs to Zpr;,(X,Y; E).

(iii) The ideal property: if f € Lipy(Z,X), g € Lipg(W,Y), T € Lprp(X,Y; E) and u €
L(E, F), then the composition uo T o (f, g) is in Zgr:,(Z, W; F).

A two-Lipschitz operator ideal Zpy,;, is a normed (Banach) two-Lipschitz operator ideal if

there is || - ||z,,., : ZBrip — [0, +00[ that satisfies

(i) For every pointed metric spaces X, Y and every Banach space E, the pair (Zpri,(X,Y; E), ||-

|Z5..,) is @ normed (Banach) space and BLip(T) < ||T||z,,, for all T' € Zpr,(X, Y E).
(ii") [Mdigz : K x K — K Idg2 (o, B) = afl|7,, =1

(iii") If f € Lipo(Z,X), g € Lipg(W,Y), T € Ipp;,(X,Y; E) and u € L(E, F), the inequality

”u oTo (f? g)HIBLip < HuH ||T||IBLipLip(f)Lip(g) holds.

Of course the Banach spaces considered in this definition are all over the same fixed scalar
field.

The two-Lipschitz operator ideal Zg,;, is said to be closed if each Zpp;,(X,Y; E) is a
closed subspace of BLip(X,Y; E) with the norm BLip(-).
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Proposition 4.2.2.
Let Iprip be a normed two-Lipschitz operator ideal, X,Y be pointed metric spaces and E be

Banach space. Then
IS - g - ellzsr, = llell Lip(f) Lip(g),

forany f € X# geY# ande € E.

Proof. Let f € X#, g€ Y# and e € E. We can write f - g - e in the following way

f'g'GZ’L.dKGO]dKzo(fyg).

By (i"),(ii"), (iii") and (4.7), we obtain directly

If-g-elz,,, < lidxelllldg|z,,,,Lip(f)Lip(g)
= |lell Lip(f)Lip(g) = BLip(f - g - e)

< Hf'g'e“IBLip?

this gives, || - g-ellz,,,, = llell Lip(f)Lip(g)- O
Remark 4.2.3.

By the above definition, the class BLipyr is the smallest two-Lipschitz operator ideal and
the class of all two-Lipschitz operators between arbitrary pointed metric spaces and Banach

spaces, is the largest two-Lipschitz operator ideal.

We use techniques inspired by [13], we give a method (composition method) to build a
two-Lipschitz operator ideal starting from a given operator ideal. The properties enjoyed
by the linear operators in this ideal can be generalized to the two-Lipschitz case and the
resulting classes of two-Lipschitz mappings happen to be a two-Lipschitz ideal called ideal of

composition type.

Definition 4.2.4.

Let Z be an operator ideal. A two-Lipschitz operator T' € BLipy(X,Y; E) belongs to the com-
position two-Lipschitz operator ideal Z o B Lipy, in this case we write T' € Zo BLipy(X,Y; E),
if there is a Banach space F', a two-Lipschitz operator S € BLipy(X,Y;F) and a linear

operator u € Z(F, E) such that T'=wo S. If (Z, ||-||;) is a normed operator ideal we write
||T||IOBLip0 = inf [|ul|; BLip(S5),
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where the infimum is taken over all u, S as above.

Theorem 4.2.5.
Let T be an operator ideal. A two-Lipschitz operator T € BlLipy(X,Y; E) belongs to T o
BLipo(X,Y; E) if and only if its linearization Ty, belongs to T(E (X)®,E (Y),E). Further-

more, if (Z,||||7) is a normed operator ideal, then

||THIOBLip0 - ”TLHI7 (4.8)

and we have the isometric identification
(Z o BLipo(X, Y3 E), || - zonripy) = (Z(E(X) @B (Y), E), | - |Iz).- (4.9)

Proof. For the “if” part, if T, € Z(H (X) ®,& (Y), E), consider the factorization of T' given
by T =T}, 0 09 0 (dx, dy). Since the canonical bilinear mapping o5 is also two-Lipschitz with

BLip(03) = ||oa|| = 1, then T € Z o BLipy(X,Y; E). By (4.4), we get that

||T||IOBLip0 < ||TLH < HTLHI'

To prove the “only if” part, take T € Z o BLipy(X,Y; E) and € > 0. Choose a Banach
space F', a two-Lipschitz operator S € BLipy(X,Y; F) and a linear operator u € Z(F, E) such
that 7' = wo S with [ull; BLip(S) < e+ ||T 7,514, - The uniqueness of the linearization maps
gives that T; = uo S, so Ty, € Z(E(X) @,E(Y), E) by the ideal property. Furthermore,

ITelly < llullz I1Scll = llully BLip(S) <&+ 1Tl zopLip, -

To show identification (4.9), just consider the correspondence ¥ : T +—— T7.

Proposition 4.2.6.
If T is a (normed, closed, Banach) operator ideal then, T o BLipy is a (respectively normed,

closed, Banach) two-Lipschitz operator ideal.

Proof. Let us check that Z o BLipg is a closed two-Lipschitz operator ideal whenever 7 is a

closed operator ideal. Thanks to an argument detailed in [6, Corollary 3.3, we prove that
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ZoBLipy(X,Y; E) is a closed vector subspace of BLipy(X,Y; E) with the norm BLip(-) and

that the ideal property holds. If f € X#, g € Y# and e € E, we can write
T=fg-e=idg®eo(f-g)€ZLoBLipy(X,Y;FE).

An application of (4.8) reveals that (Z o BLipy(X,Y; E),| - ||zoBLip,) 1s & normed space. Also,

for all T'€ Z o BLipy(X,Y; E),
BLip(T) = 11|l < |TLliz = T llzoBLip-
Since Idge> = idg o Idygz and idg € Z(K,K), it follows that Idgz: € Z o BLipy(K, K; K) and
1 = BLip(Idg2) < |[Idxz||zoBLipy < |lidx||zBLip(Idxg2) = 1.

Now, let f € Lipy(Z,X), g € Lipg(W,Y), T € Ipri,(X,Y;E) and v € L(E, F). Let ]? €
LEZ),E(X)) and g € L(EW),E(Y)) be the associated linear operators of f and g
defined in (1.5). By [48, Proposition 2.3] we take f ® § the unique linear operator defined
from & (Z) @.E(W) to B (X)&,E(Y) by f@Gmam') = f(m)@g(m'), for all m € £ (Z)
and m' € A (W) Wi’ﬁth@ /g\H =

f” l9]| and consider the canonical bilinear mappings

oy EX)xEY)—EX)E(Y),

oy « BE(Z)xEW)— E(Z)o EW).
We have

020 (0x,0v) 0 (f.9) = F®©F o 030 (0. 0w).
Since T' = Ty, 0 05 0 (dx, dy ),

uoTo(f,g) = wuoTpoos0(dx,dy)o(f, g)
= uoTpof®Gooho(dz,0w)].
The uniqueness of the linearization maps gives that
(woTo(f,g), =uoTrof®3F.

By the ideal property concerning the operator ideal Z and (4.8) we obtain

lwoT o (f,Dlgusrpy = [uoTiofed|
lull 171l || F 2 3]

= el 1Tz pLip, Lip(f)Lip(g)-

IN
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Finally, it easily follows from the isometric identification (4.9) that if (Z, ||-||z) is a Banach

operator ideal then, (Z o BLipy, || - ||zoBLip,) is @ Banach two-Lipschitz operator ideal. O

Let Z be an operator ideal and Y be a pointed metric space. In the next result we
give a necessary and sufficient condition for assuring that every two-Lipschitz mappings T :
X7 x Xy — E(Y) belongs to the composition ideal Z o B Lipy( X7, X2;£E(Y)), for all pointed

metric spaces X; and X5. In order to prove this result we need the following lemma.

Lemma 4.2.7.

Let T,,Z5 be operator ideals, X1, X5 be pointed metric spaces and F be Banach space. If
T, 0 BLipy(Xy, Xo; F) C Zy 0 BLipy(X1, Xo; F), then T (BE(X;), F) C T(E(X;), F), for every
i = 1,2. In particular, if Ty o BLipo(X1, Xo; F') = Iy o BLipy (X1, Xo; F), then T, (E(X;), F) =

Tr(HE(X;), F), for everyi=1,2.

Proof. Let u € T, (E(X>), F). Fix a' € X; and ¢; € BE(X;)* with a' # 0 and o) (mg1o) = 1.
For all (z!,2?) € X1 x X, take T'(z', 2%) = 1 (mg10) u (my20). Tt is clear that T = uo R where
R(zt,2%) = 1 (mg19) my2o. An easy calculation shows that R € BLipo(Xy, Xo; B(X3)) and
hence T € Z; o BLipy(Xy, Xo; F). Therefore, there is a Banach space G, a linear operator
v € I(G, F) and a two-Lipschitz operator S € BLipy(X1, X2; G) such that T'=v o S. Now

if we consider S the bi-linearization of S, for all 22, 2% € X, we obtain

u(myzez) = u(myzg) — u(myzo)
= T(a",2*) —T(a',2¥)
= wvoS(a',2?) —voS(a,2?¥)

= vo SB(m(zl(b m:psz’)‘

By linearity of u we conclude that u(m) = vow(m) for all m € M(X3), where w : M(X3) —
G is the bounded linear mapping defined by w(m) = Sg(mgq19, m) for all m € M(X,). Now,
the operator w has a unique extension to a bounded linear mapping from m = E(X>)
to G, denoted also by w with v = v o w. Consequently, v € Zo(&E(X3), F') by the ideal

property. L]
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Proposition 4.2.8.
Let T be an operator ideal and Y be a pointed metric space. For all pointed metric spaces
X1, Xy, we have

7 o BLipo(X1, X2; E(Y)) = BLipo(X1, X2; E(Y)),

if and only if the identity operator on E(Y") belongs to I.

Proof. For the sufficient condition, suppose that idgyy € Z(E(Y), B(Y)). If T' € BLipy(X;,
Xo; B(Y)) then T = idgyyoT € Lo BLipy(X1, Xo; E(Y)). For the necessary condition, take
X; = Xy =Y and applying the Lemma 4.2.7 for Z, =7, Z, = L and F = E(Y). O

4.3 Applications: Some examples of two-Lipschitz op-

erators ideals

4.3.1 Ideal of compact two-Lipschitz operators

We introduce the compactness concept for the two-Lipschitz operators. By showing that the
new class of these operators is an ideal of the composition type, we see that the nature of this
extension allows us to transfer some properties of the bilinear compact operators (and also
the linear compact operators) to the two-Lipschitz case. Many papers were devoted to the
concept of compactness for the bilinear mappings between Banach spaces (see [45], [46], [10],
[36]).

Let E, F,G be Banach spaces and T : F x F' — G be a bilinear operator. We call T
compact, in symbols T' € Li(F, F;G) if T(Bg x Bp) is a relatively compact subset of G.
This is equivalent to saying that 7' takes bounded sets into relatively compact sets.

Now we present the definition of compact two-Lipschitz operators. Let X,Y be pointed
metric spaces, F be a Banach space and T € BLipy(X,Y; E). As in the Lipschitz case ([33]),
the two-Lipschitz image of T is the subset Impp,(1) C E that consists of all elements of the

form
T(x,y) —T(z,y) —T(x,y)+T(2,y)
d(z,2")d(y,y') ’

where z, 2" € X, y,y € Y with x # 2’ and y # /.
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It is easy to see that if Impr,(7T) is a bounded subset of E, then T': X xY — E is a

two-Lipschitz mapping, which motivates the following concept.

Definition 4.3.1.
A two-Lipschitz operator T' € BLipy(X,Y; E) is said to be compact if Impr,(T) is relatively

compact in E. The vector space of these mappings is indicated by BLipoc(X,Y; E).

Remark 4.3.2.
Observe that the two-Lipschitz compact operators can be seen as an extension of the bilinear
compact operators. Indeed, if X,Y, E are Banach spaces and T : X x Y — F is bilinear

compact, it follows from I'mp;,(T) = T'(Sx x Sy) that T is two-Lipschitz compact.

The next result provides a shortcut for showing that the class of the two-Lipschitz compact
operators is a closed two-Lipschitz operator ideal.

Recall that the absolutely convex hull of the subset A of a Banach space E is defined to
be

['(A) = {Z&ﬂ?i neNx €A, q ER,Z’O@’ < 1}.

i=1 i=1

Theorem 4.3.3.
Let X1, X5 be pointed metric spaces, E be a Banach space. For T € BLipy(X1, Xo; E), the

following statements are equivalent.
(i) T is two-Lipschitz compact.
(ii) Tp :A(Xy) x B(Xy) — E is bilinear compact.

(iii) Ty, : B(X,)®.B(X,) — E is linear compact.

M0~ Mylo

p?"OOf. Take MXz = {W

g, X € X, x # :1:;} ,i = 1,2. By [33, Lemma 1.1] we have

Br(x;) = ['(My,), i = 1,2. The equivalence between (i) and (ii) follows from the inclusions
Imprip(T) C T (D(My,) x T'(My,)) C T (Impriy(T)),

and the fact that the closed absolutely convex hull of a relatively compact subset of a Banach
space is compact.

The equivalence (ii) <= (iit) is proved in [36]. O

61



Since the class K of compact linear operators between Banach spaces is a closed Banach
operator ideal (see [43]) and using the preceding theorem, Theorem 4.2.5 and Proposition

4.2.6 we obtain the following corollary.

Corollary 4.3.4.
The class BLipox 1s the closed Banach two-Lipschitz operator ideal generated by the compo-

sition method from IC, i.e.,
BLipo(X,Y; E) = K o BLipy(X.,Y: E),
for all pointed metric spaces X,Y and Banach space E.

Remark 4.3.5.
The same technique that we have shown above should provide also the corresponding result
for the class of two-Lipschitz weakly compact operators. The mapping T' € BLipy(X,Y; E)

is two-Lipschitz weakly compact if Impp;,(T) is relatively weakly compact in E.

4.3.2 Ideal of strongly two-Lipschitz operators

Cohen in [22] introduced, (D, [|||p,), the operator ideal of strongly p-summing linear opera-
tors. For 1 < p < oo, recall that a linear operator u : E — F belongs to D,(E, F) if there

is a positive constant C' such that for all n € N, z1,...,2, € E and i, ...,y € F* we have

I(Culzs), )iz lly < Cll )izl 107

(4.10)

prw
In this case,
[ullp, =inf {C' > 0: satisfying (4.10 )} .

The definition of Cohen strongly p-summing m-linear operators is due to Achour and Mezrag

(see [5]) in order to generalize the concept of strongly p-summing linear operators.

Definition 4.3.6.
For 1 < p < oo, amapping T' € L(E, F; G) is Cohen strongly p-summing if there is a constant

C > 0 such that for any z,...,z, € E, y1,...,yn, € F, and any gj, ..., g € G*, we have

p*w

KT (i, 93)  97) )i |l < € (Z 1" ||yi||p) p 1(g7)i=1

i=1
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The vector space of these mappings is indicated by DZQ, (E, F; G) and the smallest C' satisfying
the inequality above, by ||T'||p.. This defines a norm on DIZ) (E,F;G) and <D§, ||-||D2> is a

Banach bilinear ideal.

The next Lipschitz generalization of the concept of strongly p-summing linear operators

was introduced by Yahi, Achour and Rueda in [53].

Definition 4.3.7.
A map T € Lipy(X, F) is strongly Lipschitz p-summing (1 < p < o0), if there are a Banach

space F' and an operator u € D,(F, E) such that
(T(x) = T(2"),y")| < d(z,2) [Ju"(y")|| for all z,2" € X, y" € E".

The infimum of all constants [lul|,, is denoted ||T'[|p.. This class of mappings is denoted by
p

D}(X, E) and with the norm ||T'||,, it is a Banach space.
p

Now we are going to construct a new two-Lipschitz operator ideal by the composition

method starting from the operator ideal (D,, ||-||Dp).

Definition 4.3.8.
Let 1 < p < 0o. A mapping T' € BLipy(X,Y; E) is strongly two-Lipschitz p-summing if there
exist a Banach space G and a p*-summing linear operator S : E* — G such that for all

x,2 € X, y,y €Y and e* € E* we have
(T(z,y) — T2 y) = T(z,y) + T(2',y), e)| < d(z,2)d(y,y') | S(e)]- (4.11)

We denoted by DI]?L(X ,Y'; E) the set of all strongly two-Lipschitz p-summing mappings from
X xY to E. Moreover, if T € DJ*(X,Y; E), then we set ||T||DEL = inf {m,-(S)}. The

infimum is taken over all Banach spaces G and operators S such that (4.11) holds.
Let us give an example of a strongly two-Lipschitz p-summing operator.

Example 4.3.9.
Let 1 <p<ooand S:Y — E be a strongly Lipschitz p-summing operator and f € X7,
The mapping

T:XxY —E, T(x,y)=f(z)S(y),
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is a strongly two-Lipschitz p-summing operator with | T'||ps. < Lip(f)[|S]lpr. Indeed, for
e > 0 choose a Banach space F' and u € D,(F, E) such that [lull, < <€+ ||S||DL> and for
P

every x,2' € X, y,y €Y, e* € E*,

|<T<I‘, y) - T(l’/7 y) - T(l’, y/) + T(I/7 y/>7 6*>‘
=[f(z) = F@)[(S(y) = S(), e7)|
< Lip(f)d(z,2)d(y, y') [[u" (") -

Since u* : E* — F™ is p*-summing with [Jul[, = m,-(u") (see [22, Theorem 2.2.2]), it follows

that 7' € DJ*(X,Y; E) and

ITllpgs < Lin(f)mp (') < Lin(f) (= + [Sllpy ) -

The following theorem justifies that the class under study is a true extension of the bilinear

notion.

Theorem 4.3.10.
If T € L(X,Y;E) is a bilinear operator between Banach spaces X,Y and E, then T €

DJH(X,Y; E) if and only if T € DY(X,Y; E). Furthermore, ITNpz = Tl -

Proof. Suppose that T € DPH(X,Y; E). For each € > 0, choose a Banach space G and a
p*-summing linear operator S : E* — G such that (4.11) holds and 7,+(S) < ||T||psz + €.
Let (zi)1<i<n C X, (¥i)1<i<n C Y, and (e} )1<i<, C E*. Then by (4.11) and Holder’s inequality

we get

IGT (o) D)l < > Nl lwall 15 (€)1l
i=1
< (ZH%HPHMH”) (ZHS(GI)HP*)
=1 =1
< () <Z||xi|!”|!yillp> 1(€7)iza
i=1

It follows that T is Cohen strongly p-summing and

p*7w.

”T‘HD;?7 S ﬂ-p*(S) S ”TH’D;?L + €.
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Conversely, suppose that T € Dg(X,Y; E). By [5, Theorem 2.4] there is a regular Borel

probability measure p on Bg« such that for all x,2’ € X, 3,/ € Y and e* € E*, we have

(T(x,y) =T, y) = T(x,y) + T(2',y), €")|
= ’<T(l’ - ZE/, Yy — y/)7 €*>|

< Tl llo =Wy = o1 ([ et ol dut)

1
pT

Let A be the natural isometric embedding E* — C(Bg«) composed with the formal identity
from C(Bp«) into Lo (u) given by A(e*)(¢) = (e*,¢), e* € E* ¢ € Bp«. The canonical
mapping i, : Loo(pt) —> Lp«(p) is p*-summing with mp«(i,-) = 1 (see [25, Page 40]), it
follows that i, o A is also p*-summing with 7, (i, 0 A) < 1. Therefore, T € DIM(X,Y; E)

by taking G = Ly-(p) and S = ||T|| pz (i © A). In addition,
Tl < e (8) < [Tl
[l

We show in what follows that DI],BL is the two-Lipschitz operator ideal generated by the

composition method from the linear operator ideal D,

Proposition 4.3.11.
Let X, Y be pointed metric spaces and E be Banach space. For 1 < p < oo, we have
T € DFM(X,Y;E) if and only if its bi-linearization Tp : B (X) x E(Y) — E belongs

to DY(AE(X),E(Y); E). In this case HT||D£3L = ||TB||Dg-

Proof. Suppose that T is strongly two-Lipschitz p-summing operator. Let m!' € M(X),
m? € M(Y), with representations, m' = 3¢ | apmy, . and m* = 370, By, and let
e* € E*. Then there exist a Banach space G and a p*-summing linear operator S : E* — G
such that,

<D lawld (zr,2t) Y 1851d (. 95) 1S ()]l

k=1 j=1

}<T3(m1,m2),e*>

Taking the infimum over all representations of m! and m? we get

‘<T3(m1,m2),e*>

< [Jm{[ lm? [ IS (eI
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By using the last inequality and Holder’s inequality we obtain

p*7w,

(T b)) < () (Z P Hm?H”) e,
=1

for any mi,...,m} € M(X), m},...m2 € M(Y), and any e}, ...,e} € E*. Therefore, T €
D)E(X),E(Y);E) and ||TB||D; < mp(S). Passing to the infimum over all G and S as
above we arrive at HTBHDg < HTHD;?L :

Conversely, suppose that T is Cohen strongly p-summing. Let x,2’ € X, y,¢ € Y and
e* € E*. By [5, Theorem 2.4] there is a regular Borel probability measure p on Bg« such

that for all x,2" € X, y,/ € Y and e* € E*, we have
|<T(J}, y) - T(l‘lv y) - T(l‘7 y,) + T({L‘/, y/)v €*>|
= ‘(TB(mzm’vmyy’)v €*>’

< il I m | ([ 10e% 0 d(o))

1
1)7*

A similar analysis to that in the proof of the second implication of Theorem 4.3.10 shows that

T e DfL(X,Y;E) and HTHDEL < HTHDI%. O
The proof of the following corollary is a consequence of [1, Theorem 3.6] and the previous
proposition.

Corollary 4.3.12.
Let X, Y be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have
T € DPM(X,Y; E) if and only if its linearization Ty, € Dy(/E (X) @.E(Y),E). In this case
ITllpps = T2,

As a consequence, we obtain the following corollary which is a straightforward consequence

of the preceding corollary, Theorem 4.2.5 and Proposition 4.2.6.

Corollary 4.3.13.
The class DfL 15 the Banach two-Lipschitz operator ideal generated by the composition method

from the operator ideal D,, i.e.,
DPY(X,Y; E) = D, o BLipy(X,Y; E),
for all pointed metric spaces X,Y and Banach space E.
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4.3.3 Ideal of two-Lipschitz (p;pi, p2)-summing operators

The definition of the Lipschitz p-summing operators below was first given by Farmer and
Johnson ( see Definition 2.4.1).
The definition of absolutely p-summing m-linear functionals is due to Pietsch [44]. In [37],

Matos presented a definition for vector-valued mappings.

Definition 4.3.14.
Let E, F, G be Banach spaces and let 1 < p, p1, ps < 00, with Il) < pil + p%. A bilinear operator
T € L(E, F; Q) is said to be absolutely (p; p1, p2)-summing if there is a constant C' > 0 such
that for any x1,...,z, € F and v, ...,y, € F we have
(T (@3, 90))izall, < € sup [[(pa(@)iq M, sup [[(w2(yi)izil,,, -
p1EBEx* p2EBp*
The Banach space of these mappings is denoted by Les pip, ps) (£, F;G) with the norm

1T . ( . which is the smallest C' satisfying the above inequality.

»(PiP1,P2

We extend the definition of the class of absolutely (p; p1, p2)-summing bilinear operators
to the case of two-Lipschitz operators, for which the resulting vector space of two-Lipschitz

(p; p1, p2)-summing operators is a Banach two-Lipschitz operator ideal.

Definition 4.3.15.
Let 1 < p,p1, p2 < oo with 217 < pil—i—p%. A mapping T' € BLipy(X,Y; E) is called two-Lipschitz
(p; p1, p2)-summing if there exists a constant C' > 0 such that for any xy,...,z,,2},..., 2} in

n

Xand y1,...,Yn, Y1s---, Y, in Y we have

(T (@i, ys) — T, yi) = Tlag,ya) + Tl )i |, (4.12)
<C suwp [(f (@) = @), Sup [(gy:) = 9], -

We denote this class of two-Lipschitz operators by BLgs (pp, o) (X, Y E). In this case, we
define

Tl gy, = inf {C : satisfying (4.12)}.

as,(p;p1,p2)
We don’t know if two-Lipschitz (p; p1, p2)-summability implies (p; py, p2)-summability when-

ever the mapping 7' is bilinear. The converse is of course clearly true. If X, Y and E are
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Banach spaces and T : X x Y — F is bilinear (p;pi, p2)-summing, it follows from the

inclusions By: C By# and By« C By that T is two-Lipschitz (p;p1, p2)-summing and

ITllps, ., < ITI

Pip1,P2 as,(p;p1,p2)

Proposition 4.3.16.

The class <BLaS7(p;p1,p2), Il 5 ) is a Banach two-Lipschitz operator ideal.

as,(p;p1,p2)

Proof. The properties (ii), (ii’) and (iii’) of Definition 4.2.1 may be easily verified. So we only
show that (i") holds. Let X and Y be pointed metric spaces and E be Banach space. It is easily

seen that aT € BLas g p (X. Y1 E) C Lipo(X.Y; E), [T, = Jal Il 5,

as,(p;p1,p2) as,(p;p1,p2)

and BLip(T) < |T| 5, : for every T' € BLas (pipy p) (X, Y E) and o € K.

as,(p;p1,P2

Let S7T € BL(I&(P;Z?MD)(XvY; E’)a and (xi)?:h (x;);l:l C X and (yi)?:lv (yé)?:l - Y' Then

H((S +T) (i, yi) — (S + T) (@i, y;) — (S +T) (g, ) + (S + T)@ZQQ))?AH,,
< H(S(xu yz) - S(xla y;) - S(Z‘;,yz) + S(l‘;,y;))?:l}lp

T (o) — T f) — Tahys) + Tt )V,

< (I80pz0s s + 1 T5 ) s (|7 @) = £l
X
x sup |[(g(ys) = 9(w))iza |, -
9By %

which means that S + 7" is in BLgs, (pp, p) (X, Y; E) and

15+ Tllpy, L S IS1ls. + 1Tl 5.

as,(p;p1,p as,(p;p1,p2) as,(p;p1,p2)

Thus, we have shown that (BLas, (pp, o) (X, Y E), |- 51 ) is a normed vector subspace

as,(p;p1,p2)

of BLipy(X,Y; E).
To prove the completeness of the space BLgs (pip, p)(X,Y; ), take a Cauchy sequence

(T%),, € BLas (pp1,po) (X, Y E). Hence for all € > 0, there exists n. € N such that

BLZp(T’I’L_Tk) S ||Tn_Tk;||BL <€, fOF all n,k2n87

as,(p;p1,p2)

which means that (7},), is a Cauchy sequence in the Banach space BLipy(X,Y; E). Thus, it
exists T' € BLipy(X,Y; E) such that BLip(T, —T) — 0. Now, let z1,...,z,,2],...,2) in

X and y1,.. ., Yn, Y4, ...,y in Y. Since T, — Ty, is two-Lipschitz (p; p1, p2)-summing, it follows
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that for every n, k > n., we have

I((To = Ti) (i, i) — (Lo = Ti) (i, 47) — (Lo = To) (25, 93) + (Lo — Tio) (25, 93) )i I,

<e sup [|(f(zi) = ()i ll,, sup [H(g(y:) — 9(wi))isill,, -
f€Byy 9EBy 4

Since T, (z,y) — T(x,y) for all z € X,y € Y and after passing to the limit for & — +o0,

we obtain that for every n > n.,

(T = T) (i, i) = (T = T) (i, 4i) — (T = T, 90) + (To = T) (@ )i ],

<e sup [|(f(wi) = F=))iy]], sup [(a(v) = 9wi)isall,,

fEBy % 9EDy 4
which means that (75, — 1) € BLgs (pp1po) (X, Y5 E) and hence, T € BLgs (pipy po) (X, Y E).

In addition, ||T,, — Tl 5,  <¢€ for all n > n.,i.e., the sequence (7},), is convergent to

as,(p;p1,P2

T € BLgs (pipr po) (X, Y5 E) with respect to the norm, ||-|| 5, O

as,(pip1,p2)
Let us show with an example that B L (pp, p,) is Dot of composition type, that is B L (pip, po) 7

Hp ¢) BLZp()

Example 4.3.17.

Let 1 < p,p1,p2 < 0o with ]lj < p% + p%. Consider the two-Lipschitz mapping
S:RxR—E(R),E(R), S(z,y)=ma® my.

Then S is two-Lipschitz (p; p1, p2)-summing. In order to see this, let z;, «},y;,y; € R (i =

1,...,n). Then, using Holder’s inequality and taking into account that the mapping g :

R — & (R) is Lipschitz p-summing for all p > 1, we obtain
(i) — St v2) — S(lys) + Sy,

1
n ) n
_ p _
= Q (mxixé ® myz‘yé) = M
i=1

=1
1 1
n P1 n P2
pP1 p2
Z Hmwﬂé ) (Z Hmyz‘yi )
=1 =1

= (D n(ai) - %@;)H’“) ) (Z I6(31) — 5R<y;>|r”)

< sup 1(f () = FED) sup [(g(v) = 9wi)isall,,

|

|myiy§

1
P
p

1
P2

IN
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On the other hand, a trivial verification shows that S = 04 o (dg,0r). The uniqueness of
the linearization maps gives that Sy is the identity map on the infinite dimensional space
E(R) ® £ (R) and so, S;, ¢ II, (see [25, Page 50]). Finally, the Theorem 4.2.5 asserts that
S ¢ 11, 0 BLip,

4.3.4 1Ideal of two-Lipschitz factorable p-dominated operators

The p-semi-integral multilinear mappings were introduced in [39] motivated by the work of
Alencar and Matos [8]. Let E, F,G be Banach spaces and 1 < p < oo. A bilinear mapping
T € L(E, F;G) is p-semi-integral, in symbols T € Ly, ,(E, F'; G), if there is a constant C' > 0
such that

1 1
n P n P
(1) <c sw (Sawwr)
i=1 p1€Bgx \i=1
p2EBpx
for any (z;);_, C E and (y;);_, C F. In this case, take ||T],; , the infimum of all constants C'
working in the above inequality.

We can found some details about this concept in [39], [18] and [17].

The concept of factorable p-dominated bilinear operators is given in [40])

Definition 4.3.18.
Let 1 < p < oco. A bilinear operator T : E x F' — (G is factorable p-dominated if there is a

constant C' > 0 such that for every (z/)7, C E,(y))7, ¢ F, W), c K,(1 < j < m) and
all positive integers n, m we have

b )

The space of all factorable p-dominated operators is denoted by [,?c,p(E , F'; G) and the smallest

n

S ONT («],4])

=1

Z)‘Z(‘Ol )

=1

P\ »

) < C sup (E
p1E€Bp*
¢2€Bps Y !

constant C' satisfying the above inequality, by ||T°|| 2
P

In the following definition we generalize the concept of factorable p-dominated bilinear
operators, to the two-Lipschitz case obtaining in this way a Banach ideal of two-Lipschitz

operators.

Definition 4.3.19.

Let 1 < p < oo. A mapping T € BLipy(X,Y; FE) is called two-Lipschitz factorable p-
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dominated if there exists a constant C' > 0 such that for any 27,27 € X, /.47 € Y, X €

K, (1 <i<n,1<j<s)and all positive integers n, s we have

1>

< C sup Z
fGBX# 7=1
g€By

1
p)?
1
p)P

The class of all two-Lipschitz factorable p-dominated operators is denoted by BL;,(X,Y; E).

‘Z ( ( ivyg) - T(Ig7ygj) _T<x;j7yi) +T( i 7yz ))

||M:

ZAJ( (=) = (=) (9(y)) — 9(y?))

1=

In this case, we define ||T'|| 1, & the infimum of all constants C fulfilling the above inequality.

Remark 4.3.20.
Note that if T is two-Lipschitz factorable p-dominated then taking n = 1, by Hdlder’s in-

equality we have

3=

(iHU@%M%*UﬂwW—T@@MHJWWWWMﬁ

sup
p1 gGBY#

(9 (") —9(y))i-

)
p2

<, s [[(Faf) = F@))iey
7 feBX#
for any 2/, 2" € X, y/,y7 € Y (1 <j <s),i.e., T is two-Lipschitz (p; p1, p2)-summing with
1
s <t

Now, we study the connection between a mapping belonging to BLy,(X,Y; E) and its

bi-linearization.

Theorem 4.3.21.
Let X, Y be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have
T € BLy,(X,Y; E) if and only if its bi-linearization Ty is p-semi-integral from & (X)x £ (Y)

to E. In this case

AT (4.13)

Proof. Suppose that T' € BLy,(X,Y; E). Let (mj})5_; C M (X) and (m3)5_, C M (Y), with

1N e 2 _ N\ VI
mj = ajm,g,; and mj = > et Bkmy;y;j then, we have
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S0l 3 A (f(d) — £@)) (9(ud) — o))

[\
S
=
h
S
wn
W e
e}
7~

Since B(Z)* and Z# (Z = X or Y) are isometrically isomorphic via the linearization, for all

h € Z# there is ¢ € A(Z)* such that
(M) = hi(mee) = h(z) — h(2),

for all z, 2 € Z, we obtain

S n . T . p ;
() = 1Tllp,, sup | 2|2 08 2 Bierlmyy)ea(my )
Pleuli<t \j=1li=1 k=1 i Rk
lp2(I<1
1
s P
p
= ITlpr,, sup (Z |e1(m)a(m3))] )
er]|<1 \J=1
llp2(I<1

Therefore, T € Lyip(A (X), £ (Y); E) and ||Tsll,; , < [T gy, -

Conversely, suppose that T € Ly ,(E (X),E(Y); E). Let :E‘Z, :L‘;j € X, yf,ygj ey, /\{ €

y

K, (1<i<mn,1<j<s), wehave

-

YN (T, y)) = Tl ) = T y)) + T, 7))

¥

-

n .
T ( 22 Xy o
= i%q YiYi

7j=1
1
S n X P\ P
< 75|, sup (Z > Aipr(my )i (myg, i) )
lerl<t \j=1 |i=1 s i
lle2]|<1
1
s | n . ‘ ‘ P\ P
/ /
= 1Tsll, sup | X |2 N (f(a]) = f(=7)) (9 () — 9(v?)) :
feB, .y \i=1li=1
9€By %
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Which means that T' € BLy,(X,Y; E) and ||T||BLM < ||Ts||

si,p *
Remark 4.3.22.

If we consider T € Lipo(X, E), we obtain a characterization of strictly Lipschitz p-summing

operators that was introduced by Saadi in [49],i.e.,

T is strictly p-summing
<= T is linear p-summing

<= T is factorable p-dominated,

where the first equivalence follows from [49, Theorem 3.5] and the second one from Theorem
4.3.21. So, our notion is really a generalization of strictly Lipschitz p-summing operators to

the two-Lipschitz case.

Pellegrino in [39] proved that the class (L, [|[|,;,,) is a Banach ideal of bilinear mappings
(see also [18]). As a straightforward consequence of this result and the Theorem 4.3.21 we

have the following corollary.

Corollary 4.3.23.

The class (BLy,, ||~||Bpr) is a Banach ideal of two-Lipschitz operators.

Proof. The proof is based on the equality (4.13) and the following statements that we get

directly from the uniqueness of the bi-linearization maps,

1) (aS+T)p=aSg+Tg, forall S,T € BLy, and o € K.

2) (f-g-e)p = fr-gL-e forany f € X# g € Y¥ and e € E, where fr - g, -e €

L(E(X),E(Y); E) is defined by fr, - g1 - e(m,m’) = fr(m)gr(m’)e.

3) (uoT o (f,g))s = uoTso(f,g) forall f € Lipy(Z,X), g € Lipg(W,Y), T € BL;,(X,Y; E).
O
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Abstract:

The main goal of this thesis is to study a new concept of two-Lipschitz
operator ideals between pointed metric spaces and Banach spaces.
A second purpose of the thesis is to introduce and study some new
Lipschitz operator ideals represented by an integral with respect to a vector
measure or positive measure.

Keywords: Lipschitz operators, bilinear operators, vector measures, tensor
product, Arens-Eells space, linear operator ideals, multi-linear operator
ideals, Lipschitz operator ideals.

Résumé:

L'objectif principal de cette these est I'étude d’un nouveau concept
d'idéaux d'opérateurs deux- Lipschitziens entre espaces métriques pointés
et espaces de Banach.

Un deuxiéme objectif de la these est d'introduire et d'étudier de nouveaux
idéaux d'opérateurs Lipschitziens représentes par une intégrale par rapport
a une mesure vectorielle ou une mesure positive.

Mots clés: Opérateurs Lipchitziens, opérateurs bilinéaires, mesures
vectorielles, produit tensoriel, espace de Arens-Eells, idéaux d'opérateurs
linéaires, idéaux d'opérateurs multilinéaires, idéaux d'opérateurs
Lipchitziens.
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