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List of abbreviations and symbols

e By R" we denote the n-dimensional real Euclidean space.

e By N we denote the collection of all natural numbers and Ny = N U {0}.
e By 7Z we denote the set of all integer numbers.

e For a multi-index a = («y, ..., a,,) € Nj, we write |a] = a1 + ... + ay,.

e The partial differential operator of order « is denoted as,

gaf  oenf  Qly

0x{! Oxen  0Mgy....0%x,

0°f =
e The Euclidean scalar product of z = (x4, ...,x,) and y = (y1, ..., y,) is given by
T-Y=T1Y1 + ... +TpYn-

e For x = (21, ...,2,) € R" and a = (ay, ..., a,) € N§, we write

[0}

P al- a2-.: an
% =a7" - xy x

n

e The expression f < g means that f < c¢g for some independent constant ¢ (and
non-negative functions f and g).

o f~gmeans [ S g < f.

o For x = (xy,...,,) € R, we write |z| = /27 + ... + 22.

e R(u) :=={r € R":u/2 < |z| < u} and Ry := R(2%).

o C(u) :=={z € R": u/4 < |z| < 4u} and C}, := C(2).

e The notation X — Y stands for continuous embeddings from X to Y, where
X and Y are quasi-normed spaces.

e As usual for any x € R, [z] stands for the largest integer smaller than or equal
to x.

e For z € R" and r > 0 we denote by B(z,r) the open ball in R" with center x



and radius r.
e The A is the Laplace operator.

ns

o "ie."

stands simply for "in other words"

" stands simply for "almost everywhere"

o "ae.
e We use c for various positive constant, i.e. a constant whose value may change
from appearance to appearance.

e By suppf we denote the support of the function f , i.e., the closure of its
non-zero set.

e If £ C R" is a measurable set, then |F| stands for the (Lebesgue) measure of
E.

X denotes its characteristic function.

e By D (R"™) we denote the space of functions with continuous derivatives of all
orders and compact support.

e By S(R"™) we denote the Schwartz space of all complex-valued, infinitely differ-

entiable and rapidly decreasing functions on R". The topology in the complete

locally convex space S(R") is generated by

pi(p) = sup (L+ [z D |0%()|, N=1,2,3,...

n
z€eR la|<N

e By S'(R™) the dual space of all tempered distributions on R".
e For 0 < p < oo. The classical Lebesgue space LP(£2) is the class of all measurable

functions f on §2 normed by (quasi-normed for p < 1)

11 2@l = ([ )" <o 0<p<ox

and

1f 1 L= = eSS—esQuplf(:r)| < .

e Given p(-) : Q C R" — |¢, 00[, we define the conjugate exponent function p'(-)

by the formula
1 1
— + 7 = 1, z€Q
p(z)  p'(x)
with the convention that 1/oo = 0. Since p(-) is a function, the notation p'(-)

can be mistaken for the derivative of p(-), but we will never use the symbol “/”

il



in this sense.

e The notation p’ will also be used to denote the conjugate of p a constant
exponent.

e We define the Fourier transform of a function f € L'(R™) by

F(1)(©) = (2m) ™" / i F (1)

n

Its inverse is denoted by F~'f. Both F and F~! are extended to the dual
Schwartz space S’(R") in the usual way.
e By (9, 0 < ¢ < oo, we denote the space of all (complex) sequences {a},,

equipped with the quasi-norm

o0

oches )= 3 facr)

k=—0o0
(with the usual modification if ¢ = 00).

e Let Li . (R™) be the collection of all locally integrable functions on R".

1
loc

e Given a function f € L . (R™), the Hardy-Littlewood maximal operator is

defined by

r>0

M(f)(x) = supm /B(W) |f(y)| dy, Yz € R™

iii



Introduction

The Herz spaces initially appeared in the paper of Herz [25] to study the absolute convergence
of Fourier transforms. The theory of these spaces had a remarkable development in part due
to its usefulness in applications to other fields of applied mathematics. For instance, they
appear in the characterization of multipliers on Hardy spaces [3], in the summability of
Fourier transforms [18] and in regularity theory for elliptic equations in divergence form
[45] and [46]. We refer the monograph [42] for further details and references on recent
developments on Herz spaces.

Function spaces with variable exponents have been intensively studied in the recent years
by a significant number of authors. The motivation to study such function spaces comes
from applications to other fields of applied mathematics, because they are applicable to
the modeling for electrorheological fluids and image processing and PDE with non-standard
growth conditions for instance, see [5] and [47].

Herz spaces Ks(’g and K;‘(’g with variable exponent p but fixed @ € R and ¢ € (0, co| were
recently studied by Izuki [26, 27]. These spaces with variable exponents a(-) and p(-) were
studied in [1], where they gave the boundedness results for a wide class of classical operators
on these function spaces. The spaces K;“((,'))’q(') (R™) and K;y((f))’qm (R™), were first introduced
by Izuki and Noi in [28]. In [16] the authors gave a new equivalent norms of these function
spaces. See [48] where new variable Herz spaces are given.

The variable Besov spaces B;‘((f){q(.), initially appeared in the paper of A. Almeida and P.
Hasto [2]. Several basic properties were established, such as the Fourier analytical charac-
terisation. When p, ¢ and « are constants they coincide with the usual function spaces B

Pa’
studied in detail by H. Triebel in [53], [54] and [55].
Based on Besov spaces BY , J. Xu and D. Yang [61], [62] and [58] introduce Herz-type

p,q’



Besov spaces K;“Z’Bg. C. Shi and J. Xu [50] and [49] studied Herz-type Besov spaces K;(’,’)’ Bj
with variable ¢, but fixed «, p, s and 3, where the characterization of these function spaces by
the so-called Peetre maximal functions are obtained. B. Dong and J. Xu [12] also considered
K;y((f))’p B with variables ¢ and a. In [41], Lu and Yang introduced the Herz-type Sobolev
and Bessel potential spaces. They gave some applications to partial differential equations.
We refer the reader to the recent paper [14] for further results for these function spaces.

Another scale of generalized Herz spaces are Herz type Hardy spaces which obtained a
great development in the past few years and played important roles in harmonic analysis,
see [16], [23], [35], [40] and [43].

The authors in [57] defined the Herz-type Hardy spaces with variable exponent H K;(’f; (R™)
and are studied the boundedness of some sublinear operators on this spaces. Also, in [16],
the authors are proved the atomic decomposition for variable Herz-type Hardy spaces and
they proved the boundedness of a wide class of sublinear operators on these spaces. If p is
constant exponent, see [23], [40] and [52].

To establish the boundedness of operators in Herz-type Hardy type spaces on R", one
usually appeals to the atomic decomposition characterization of these spaces, which means
that a function or distribution in Herz-type Hardy type spaces can be represented as a
linear combination of atoms, then, the boundedness of sublinear operators in Herz-type
Hardy type spaces can be deduced from their behavior on atoms in principle. It plays a
fundamental role in the harmonic analysis because it is a powerful tool for dealing with
duality theorems, interpolation theorems and some fundamental inequalities in harmonic
analysis, see for example [23].

In addition, in [21], Loukas Grafakos, Xinwei Li and Dachun Yang are gived that bilin-
ear operators given by finite sums of products of Calderén-Zygmund operators on R" are
bounded from Herz type Hardy type spaces into it self.

Our thesis consists of five chapters. In the first chapter, we give some basic properties of
variable Lebesgue spaces and the mixed variable Lebesgue’s-sequence spaces, after this we
define new variable Herz-type function spaces where all the three parameters are variables
and we also provide the atomic decomposition of this spaces.

In the second chapter, some useful lemmas that are needed have been presented to proof

the main statements then we will give the main results in means the generalization of a



classical Plancherel-Polya-Nikolskij inequality on variable Herz spaces.

In the chapter 3, we introduce the variable Herz-type Besov spaces and we prove the basic
embedding in these spaces. In particular, we generalize the results of D. Drihem in [14].

In the chapters 4 and 5, we recall notations of variable Herz-type Hardy spaces and their
central atomic decomposition characterizations. Here, we present the boundedness of some
bilinear operators on this spaces given by finite sums of products of boundedness operators
on variable Lebesgue spaces by using the atomic decomposition. At the end of the chapter 5,
we present the boundedness of the commutators of Calderén-Zygmund operators on variable

Herz spaces into itself.



Chapter 1

Variable Herz spaces

The history of Herz spaces goes back to the authors Beurling and Herz in the sixty’s of the
last century. In 1964, Beurling [4] first introduced some fundamental form of Herz spaces to
study convolution algebras which are now called the Beurling algebras. Later in 1968, Herz
[25] generalized these spaces to study the absolute convergence of Fourier transforms. These
generalized spaces of functions are just the prototype of Herz spaces. Since then, the theory
of these spaces had a remarkable development in part due to its usefulness in applications
to other fields of applied mathematics. An interesting account with many applications for
the generalized Herz spaces in some particular cases is given in [3].

Herz-type spaces have attracted many authors’ interests for last three decades. In fact,
many results in classical Lebesgue spaces have been generalized to Herz-type spaces.

In this chapter, we study some basic properties of semi-modular (modular) spaces which
we use to define different function spaces, including classical Lebesgue, Herz spaces, variable
Lebesgue spaces and variable Herz spaces. We start our first section by recalling some basic
concepts and facts of semi-modular. In the next section, we recall some necessary prelimi-
naries on variable Lebesgue spaces. In the last section of this chapter, we give some basic
properties of the mixed variable Lebesgue’s-sequence spaces, after this we define new Herz
type function spaces with variable exponent, where all the three parameters are variables
and we also provide the atomic decomposition of Herz type function spaces with variable

exponent.



1.1 Basic properties of semimodular spaces

In this section, we start by recalling some basic concept about semimodular (modular)

function spaces. We are mainly interested in vector spaces defined over R.

Definition 1.1 Let X be a real vector space. The function p is said to be left-continuous if

the mapping X\ — p (Ax) is left-continuous on [0,00) for every x € X, i.e.

lim p (A\z) = p(z).

A—1-
Here a — b~ means that a tends to b from below, i.e. a <b and a — b~ ; a — b" is defined

analogously.

Definition 1.2 Let X be a real vector space. A function p : X — [0,400] is called a
semimodular on X if it satisfies the following conditions:

1- p(0) = 0.

2- p(Azx) = p(x) for all x € X, and for all scalar \ with |\| = 1.

3- p 1S quasi-convez.

4- p(Az) =0 for all A > 0 implies x = 0.

5- p is left-continuous on [0, 00) for every z € X.

A semimodular p is called a modular if

6- p(x) = 0 implies x = 0.

A semimodular p is called continuous if

7- the mapping X — p(Ax) is continuous on [0, 00) for every z € X.

We first consider a very simple examples of the semimodular (modular) given in [11,

Example 2.1.4].

Example 1.3 Let €) is a Lebesque measurable subset of R™.
(i)- If 1 < p < oo, then
plf) = [ 1@ da
defines a continuous modular on the space of all measurable functions on ).
(7i)- Let ¢ (t) := co.x(1,00)(t) fort > 0, i.e. ¢ (t) =0 fort e [0,1] and ¢, (t) = oo for
t € (1,00). Then

Pl f) = / b (1 ()]



defines a semimodular on the space of all measurable functions on €, which is not continuous.

(i1i)- If 1 < p < o0, then

pp((x3)) = |
j=0
defines a continuous modular on RY.
Definition 1.4 If p is a semimodular or modular on X, then
X,={zreX, IN>0:p(A\r) < oo}
1s called a semimodular space or modular space, respectively.

In general, the modular is not subadditive and thus it does not behave as a norm or a
distance. But we can associate the modular with an quasi-norm. The following theorem is

given in [2, Theorem 2.3].

Theorem 1.5 (The Luxemburg norm) Let p be a semimodular on X. Then X, is a
quasi-normed R-vector space. The quasi-norm, called the Luxemburg quasi-norm, is defined

by
2]l :==inf {A>0:p(z/N) < 1}.

The following example illustrates all these points, see [11, Example 2.1.8].

Example 1.6 (Classical Lebesgue spaces) Let 1 < p < oco. Then the modular spaces
corresponding the modular in Example 1.53/(i) are coincides with the classical Lebesque space
LP(Q2), i.e.
» 1/p
1@y 7= 111, = (| @) ™

Similarly, then the semimodular spaces corresponding the semimodular in Example 1.53/(ii)
are coincides with the classical Lebesgue space L™®(S), i.e.

[l sy = L1l = esssup([f(2)]).

zeQ
We now present the relationship between the modular and its associated norm. The fol-
lowing lemma is of great technical importance, named the norm-modular unit ball property.

This lemma and many other basic results were proven in [11, Lemma 2.1.14].



Lemma 1.7 (Norm-modular unit ball property) Let p be a semi-modular on X. Then
], < 1= plx) <1

If p is continuous, then also

il < 1 4= pla) < 1,

and

Hpr =1<= p(x)=1.

1.2 Variable Lebesgue spaces

The variable Lebesgue spaces are a generalization of the classical Lebesgue spaces where we
allow the exponent to be a measurable function and thus the exponent may vary. The theory
of these spaces play an important role in functional analysis, theory of partial differential
equations and fluid dynamics. In fact, many properties in classical Lebesgue spaces have

been generalized to the variable Lebesgue spaces.

1.2.1 Basic properties of variable exponents

Given an open set {2 C R". We put
Po (2) := {p mesurable: p(-) : Q@ — [¢,00[ for some ¢ > 0} .

The elements of P, (£2) are called exponent functions or simply exponents. In order to dis-

tinguish between variable and constant exponents, we will always denote exponent functions

by p(-).

We will consider the following example of exponent functions, see [7, Definition 2.1].

Example 1.8 Some examples of exponent functions on Q@ = R include p () = p for some

constant p, 1 < p < 00, orp(zr) =2+ sinz.
Notation 1.9 We denote by

P () := {p mesurable: p(-) : Q CR" — [1,00][}.



Given p € Po(Q) and a set E C Q| let

p (F)=essinfp(z), p'(E)=esssupp(z).
ek xeE

If the domain E = Q) = R"™ we will simply write
p-=p (R"), p"=p"R").

Definition 1.10 Given Q and p € Py(S). The variable Lebesgue space LPU)() to be the

set of all measurable functions f such that p,.y (f/\) < oo for some A > 0.

p(z)

LPY(Q) = {f measurable : IX >0 p,y (f/N) = /
Q

equipped with the following quasi-norm

11| 2o (@) := inf {A>0: Py (F/A) < 1},

If the set on the right-hand side is empty we define || f[| o)) = 00 If Q2 =R, we will often

write || f[l,, instead of || fll o) gny-

Definition 1.11 Given Q and p € Po(2), define LX) () by

loc

Lp(')(Q) = {f measurable : f € LPO(K) for every compact set K C Q} )

loc

The following theorem give the structure of variable Lebesgue spaces.

Theorem 1.12 Given Q and p € Po(2). The function || f| s q) defines a quasi-norm on
LPO(Q) and LPY)(Q) is quasi Banach spaces.

For more detailed theorems and proofs, see [8], [7], [9] and [11].
The following proposition presents one of the most useful properties in variable Lebesgue

spaces, see [7, Proposition 2.18] and [11, Lemma 3.2.6].

Proposition 1.13 Let p € P(R") with p™ < oo and s > 0 be such that 1/p~ < s < oo.
Then

HFE N = 11,0, -



1.2.2 Logarithmic Hoélder continuity

In this subsection, we introduce the most important condition on the exponent in the study of

variable exponent spaces, this condition has emerged as the right one to guarantee regularity.

Definition 1.14 We say that a function g : Q — R s locally log-Holder continuous on {2,
abbreviated g € C)%% () , if there exists ciog(g) > 0 such that

loc

lg(x) —g(y)| < (e 1/ [z — o) (L.1)

forall z,y € Q. If 0 € Q and

lg(z) — g(0)| < m

for all x € Q, then we say that g is log-Holder continuous at the origin (or has a log decay

at the origin). If, for some g € R and ciog > 0, there holds

Clog

19(7) — goo| < m

for all x € Q, then we say that g is log-Holder continuous at infinity (or has a log decay at
infinity), abbreviated g € C'°# (Q).

Here is an example of a function g : R — R is locally log-Ho6lder continuous on R, see E.

Nakai and Y. Sawano [44, Example 1.3].
Example 1.15 We consider
g(z) = max(1 — ¢* 1%l min(6/5, max(1/2,3/2 — 2%)),z € R
then g s log-Holder continuous on R.
Remark 1.16 We note that all functions g are log-Holder at infinity always belong to L.

Notation 1.17 The notation P'°%(Q) is used for all those exponents p € P(Q) which are
locally log-Hdlder continuous and have a log decay at infinity. The class P(l)og(R”) is defined
analogously. If € is unbounded, then we define po, by

Poo := lim p(x).

|| —o0



1.2.3 Fundamental inequalities in variable Lebesgue spaces

The following theorem is the generalization of the classical Holder’s inequality in variable
Lebesgue spaces. The classical Holder’s inequality is that for all p, 1 < p < oo, given
f € LP(Q) and g € L¥'(Q)

Llf(w)g(m)ldw < 1 fll oy 91l 2 0y

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [8, Theorem 2.33] and [56, Lemma 1.1].

Theorem 1.18 Given Q2 and p € P(Q2). Then there ezists a constant K such that for all
f e LPO(Q) and g € LP'O(Q), fg € LY(Q) and

1F9ll @) < KN ooy 11l oo gy -

where

K=(1/p" +1-1/p").

The generalized Holder’s inequality in the classical Lebesgue holds in variable Lebesgue

spaces. For the proof of the following corollary, see [7, Corollary 2.28].

Corollary 1.19 Given Q and exponent functions p,q € P(2), define r € P(Q2) by

11 1

= + ,
HOR JORNIQ
Then there exists a constant K such that for all f € LPV)(Q) and g € L1O(Q), fg € L"O(Q)

and

||f9||Lr(~)(Q) < K ||f||Lp(-)(Q) ||g||L<I(')(Q) .
We give the basic properties of convolution operators in the variable Lebesgue spaces.

Definition 1.20 Given two locally integrable functions f and g defined on R™, their convo-

lution s the function f % g defined by

frglx)= [ flz—y)gly)dy

R

wherever this integral is finite.

10



We first discuss the failure of Minkowski’s inequality to hold on the variable Lebesgue
spaces. It was shown in [7, Theorem 5.19] and [11, Corollary 3.6.4] that Minkowski’s in-

equality |[f =+ gl[,y < [[fll, [lgll; is never true for non-constant exponents.
Theorem 1.21 Let p € P(R") the inequality

I1f *QHp(.) < ||pr(.) lgll;
is true for every f € LPO)(R") and g € L*(R™) if and only if p is constant.

A function, f defined on R" is radial if its value only depends on the distance to the

origin. In this case there exists a function, F', of a single variable so that

fx) = F(|z])

The following proposition is a very weak version of Minkowski’s inequality, see [8, Proposition

4.17).

Proposition 1.22 Let p € P°¢(R"). Then for every f € LPO)(R") and every non-negative,
radially decreasing function g € L*(R™),

I *g”p(.) < Hpr(.) lgll; - (1.2)

Young’s inequality does not hold for general exponents. This example is from [7, Example

5.21].

Example 1.23 Let p € P(R) be a smooth function such that p(x) = 2 if z € R\ [-2,2],
and p (z) =4 on [—1,1]. Define

flz) =]z — 3‘_1/3 X[2,4]5 g(r) = m—z/g X[-1,1]-

Since f? € L*(R), then, f € LPO(R). Similarly, since p' (z) = 4/3 on [~1,1] and g*/* €
LY(R), g € LPO(R). However, we do not have that

1 * 9llee < WF1pey Nglly

11



since f*g is unbounded in a neighborhood of 3. To show this, let E, = [2,4]N[x — 1,2 + 1] . Then

by Fatou’s lemma on the classical Lebesque spaces,
limiglff xg(r) = limiglf/ |z — y|_2/3 ly — 3|_1/3 Xg, (v)dy
xr— xr— R
> [t~y =3 i, ()
R*™

4
> [ ly-s =
2

1.3 Definition and basic properties of variable Herz
spaces

In this section, we give the definition of Herz spaces with variable exponent. Also, we present

basic properties and useful lemmas.

1.3.1 The mixed variable Lebesgue-sequence space

In this sebsection, we present a functional spaces create by Alexander Almeida and Peter
Histo, which allows us to define Herz spaces, Besov spaces and Herz-type Besov spaces with
variable exponent. This new spaces as a generalization of the iterated function space £9(LP())

for the case of variable q.

Definition 1.24 Letp,q € Py (R"). The mived Lebesque-sequence space (1) (LP1)) is defined

on sequences of LPU)-functions by the modular
1
Peatr ey ((fo),) = Zinf {)\U >0 py(y (fv//\g()) < 1} .
Here we use the convention \ = 1. The quasi-norm is defined from this as usual:

1
D oy = it {0 oo (5 (), ) <1} (1.3

v

To motivate this definition, we mention that

1) gz = 1Dl

0q

if ¢ € (0, 00] is constant.

12



Remark 1.25 If ¢" < oo, then

inf{)\ >0 py <f/)\ﬁ> < 1} — H’f|Q(')

p() °

a(*)
Since the right-hand side expression is much simpler, we use this notation to stand for the

left-hand side even when q* = oco. For instance, we often use the notation

Pea) (o)) ( ZHlfv|q

/\/—\
vv

for the modular.

The quasi-norm in £90)(LP0)) is usually quite complicated to calculate. Here are some
examples where it is possible to simplify its expression. This example is from A. Almeida

and P. Histo [2, Example 3.2].

Example 1.26 Suppose that p = oo. Then

praimy (5= Lint 2 > 02 p (/A0) <1

v

‘ -

Now p..(g) < 1 if and only if |g| < 1 almost everywhere. Thus f,/ " < 1 a.e., hence
Ao > esssup | f,(2)|9"). It follows that

Peaty (L) Zess sup | fo(x

The following theorem presents the £9)(LP1)) quasi-norm, see H. Kempka and J. Vybiral
[31, Theorem 1].

Theorem 1.27 Let p,q € Py (R™). ||-||£q(.)(Lp(.)) is a quasi-norm on the mixed Lebesgue-
sequence space E‘I(')(Lp(')).

Let p,q € P (R™). If p(x) > 1 is constant almost everywhere (a.e.) on R™ and g > 1, or if
zﬁ + ﬁ <lae onR" orifl <gq(zx) <p(z) <ooae onR" then || oo 15 a

norm on the mized Lebesgue-sequence space 1) (LP()),

Furthermore, if p and ¢ are constants, then £40)(LP()) = ¢4(LP),

13



The following lemma is a Hardy-type inequality, see [16, Lemma 2].

Lemma 1.28 Let 0 < a < 1 and 0 < q < oco. Let {ex},oy be a sequence of positive real

numbers, such that

H{Sk}keZqu =1 < 0.

Then the sequences {(5k DOk = D ek ak_jej} and {nk e = D ik aj_ksj} belong to
= kez = kez

04, and

H{(sk}keZng + H{nk}keZng <cl,

with ¢ > 0 only depending on a and q.

1.3.2 Definition of variable Herz spaces

For convenience, we set
By :=B(0,2*), Ry:=By\By.1 and x,=xgp,, kELZL

Very often we have to deal with the norm of characteristic functions on balls (or cubes) when
studying the behavior of various operators in harmonic analysis. In classical L” spaces the
norm of such functions is easily calculated, but this is not the case when we consider variable

exponents. Nevertheless, it is known that for p € P'°¢ we have

Ixsllp) X8l =~ Bl (1.4)

Also,
_1
Ixsllpe) = B, ze€B (1.5)

for small balls B C R™ (|B| < 2"), and

_1
Ixzllpe) = Bl (1.6)

for large balls (|B| > 1), with constants only depending on the log-Holder constant of p (see,
for example, [11, Section 4.5]).

For characteristic functions defined on (dyadic) annuli we have similar norm estimates,

without requiring the log-Holder continuity at every point.

14



The following lemma plays an important role in the proof of the main results of this paper,
where is a generalization of (1.4), (1.5) and (1.6) to the case of dyadic annuli, see A. Almeida

and D. Drihem [1, Lemma 2.2].

Lemma 1.29 Let p € P(R") be log-Holder continuous at infinity, and R = B(0,7)\B(0, %).
If |R| > 27", then 1

[ xa oty [BI7%7 ~ [B]™
with the implicit constants independent of r and x € R.

The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally, p

is log-Hélder continuous, both at the origin and at infinity.

Definition 1.30 Let p,q € Po(R™) and o : R" — R. The homogeneous Herz space
KeL»0) (R™) is defined as the set of all f € L) (R™\ {0}) such that

q() loc

||f||['(§(§'))0(-) = H(Qka()f Xk)k:eZ

O (1) < 00. (1.7)

Obviously, If o and p, ¢ are constant, then K;((f))’p ¢ (R") = K, P (R™) are the classical Herz

spaces and if a(-) = 0,p(-) = ¢(-) then K;((,'))’p(')(R”) coincide with L)(R"). A detailed
discussion of the properties of these spaces my be found in [23], [24], [39], [37], [42], and
references therein.

By a simple consequence of the embedding ¢/C) (L)) < P()(L90)) we have the following

proposition.

Proposition 1.31 Let p,q,0 € Po(R") and o : R — R be log-Holder continuous, both at
the origin and at infinity. If (p — 0)~ > 0, then

- Oé(),e() - O‘(')vp(')
KO0 o o0, (1.8)

The next proposition gives some basic embeddings between Herz spaces. See [1, Proposi-

tion 3.5].

Proposition 1.32 Let a € L>®(R"), po,p1 € P(R™) and q € (0,00]. If po(:) < pi(:) and
1/po — 1/p1 be log-Hélder continuous, both at the origin and at infinity, then
Ka(-?+n/po(~)—n/p1(~)7q N Ka(-.)vq.
p1() po(*)

15



The next proposition is very important for the proof of the main results, see D. Drihem

and F. Seghiri in [16, Proposition 1].

Proposition 1.33 Let o € L¥(R"), p,q € Po(R™). If « and q are a log-Hélder continuous,
both at the origin and at infinity, then

 [loha(0) g(0)\ /1) S [[oka goo ) /00
1 e ~ ( > 2 ka”p(.)) + (Z 12 wakam) '
k=—o00 k=0

Next, we give the following lemma, which is a generalization of [21, Lemma (Holder’s

inequality)].

Lemma 1.34 Let a; € L*(R") and p;,q; € P(R"), i = 1,2, 1/p(:) = 1/p1() + 1/p2(+),
1/q(-) = 1/q1(-) + 1/qo(+). If oy and q; are log-Holder continuous, both at the origin and
at infininity, Then there exists a constant C' such that for all f € K;l((_'))’ql(') (R™) and g €
KOQ(.'))’(D(.) (Rn), fg € K;((.'))#l(') (Rn) and

p2(
||fg||]'(;(("))"1(')(Rn) < C ||f||K§11(("))’q1(')(Rn) ||g||K;’22((.'))1Q2(')(Rn) .

If the exposants are constants, this result is from [21, Lemma (Holder’s inequality)].
Proof. The proof follows immediately by applying Proposition 1.33, and Hoélder’s inequality
in (20 (R™) | (2= (R") and in LPO) (R"). m

1.3.3 Atomic decomposition of variable Herz spaces

Atomic decomposition plays a fundamental role in the harmonic analysis, it is a powerful tool
for dealing with duality theorems, interpolation theorems and some fundamental inequalities
in harmonic analysis.

In recent years, it turned out that atomic decomposition of some function spaces are ex-
tremely useful in many aspects. This concerns, for instance, the investigation of (compact)
embeddings between function spaces. But this applies equally to questions of mapping prop-
erties of some operators, such as Calderén-Zygmund operators, the commutator of Calderén-
Zygmund operator with a BM O function and to trace problems, where arguments can be
equivalently transferred to the sequence space, which is often more convenient to handle.
The main goal of this subsection is to prove an atomic decomposition result for variable

exponent Herz spaces. First we introduce the basic notation of atomic decomposition.
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Definition 1.35 Let o € L>®(R"), p € P(R™), q € Po(R") and s € Ny. A function a is said
to be a central (a(-),p(+))-atom, if
(i) suppa C B(0,7) = {z € R" : |[z| <r},7 > 0.

(ii) lall,., < [BO,r)|7@/  0<r<1.
(iii) |[all,) < ! B0, )|/ r>1.
(iv) [on 2a(zx)dz =0, |B] <s.

A function a on R™ is said to be a central («(-), p(+))-atom of restricted type, if it satisfies
the conditions (iii), (vi) above and suppa C B(0,7),r > 1.

If r = 2% for some k € Z in Definition 1.35, then the corresponding central (a(-), p(+))-atom
is called a dyadic central («(-),p(+))-atom.

Now, we establish characterizations of the spaces K;‘((,'))’Q(') (R™) in terms of central atomic
decompositions, which make it convenient to study the boundedness of operators on these
spaces. One of the main results of this thesis is given in the following theorem. It generalizes

Theorem 2.3 of H. B. Wang [56, Theorem 2.3] by taking ¢ is a constant. If a,p and ¢ are

constants, this result is [38, Theorem 2.1].

Theorem 1.36 Let a € L*¥(R"), p € P(R™) and q € Po(R"). If  and q are be log-Hélder
continuous, both at the origin and at infinity with p*,qt < 0o, the following two statements

are equivalentes
(i)- | € Kyt (R
(ii)- f can be represented by

fl) =Y Ma(x), (1.9)

where the series converges in the sense of distributions, A\, > 0, each ay, is a central (a(+), p(+))-
atom with support contained in B and

1

—1 1 —+oco
4(0) o ) 900
( Z |/\k|q(0)>qo I <Z|/\k|q )q §C||f||[‘(a(('))’“')(R")‘
k=—00 k=0 -

L 1
Moreover, the norms ||f||Ka((.)),q(,) and inf ( (Zl;i—w |)\k|q(0)) 20 (Z A1) 7 ) are
oC

equivalent, where the infimum is taken all over all decompositions of f as in (1.9).
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Proof. We first prove (i) implies (ii). For every f € K a()) ) (R™), write

fla) = > fl@) (@)

k=—o00
+o0o
kZ_OOH kH HQka()fX ||p( kz
where )\, = sza()kaup(') and ay (z) = % It is obvious that suppa, C B and
p(+)
™ 2-ka(0) if | < —1
ag N .
7o 9-kox if | > ()

Thus, each ay is a central (a(-),p(+))- atoms with the support By and
-1 1 +oo 1
( Z |/\k|q(0)>q(0) n <Z|)\k|QOo>QOO
k=—00 k=0
. O\ | (e =
_ ko(- q q(0 kol(- Goo doo
= (X 120nl)™ + (S Il
k=0

k=—0c0
- ( Z 2ka(0)a(0) || £y, ||q ) + <Z2ka°"q"° 1 Xkl ) -
. k=0

B gagac-

—+00
k=—o00

Now we prove (ii) implies (i). Let f(x) = Aray (z) be a decomposition of f which

satisfies the hypothesis (ii) of Theorem 1.36. For each j € Z, by the Minkowski inequality

£, < Z el llaxll - (1.10)

By Proposition 1.33 and from (1.10), it follows that || f]| K00 @ , is bounded by

1 +oo oo !
a q(0) Qoo e Geo
(v °)q°>(Z|A|||aJ|| D) (2 (D el ) )
k=0 j=k

For I, we divide the sum E;F:OZ -+ - into two parts,

Z+Z

j=k

18



I, is bounded by I¢ + IV, where

If=(2(2’““ Z\Arnaju )y

k=—o00

and

B=(3 (2’“((”2 Alasle ) ) ™.

k=—o0

Since 0 < « (0) < oo, then by Lemma 1.28 (with 0 < a = 27 < 1), we have
It < c( Z <Z |)\j|2—(J—k)a(0)> >q< ) < C( Z |)\k|q(0)>Q( )
k=—co j=k k=—o00

Since 0 < s < 00, then by the embedding (% — (>

- +00 1

R ONO;

Iy < C<§ <2k°‘(0)§ |>\j|2‘30‘°°> >q(0)
k=—00 7=0

1 +o00 1

-1 +oo

. q(0) —

ngg‘)\]’< § : <2ka(0) E 27]aoo> ) 2(0) < C<§ : ’)\k‘(Ioo ) =
J= k=—c0 j=0

k=0

IN

Thus, we have the desired estimate for I;.

For I, we have

+o0 +o00 oo +oo0
oo o\ 7
= (223 Wl )™)™ < (X (X ylzomhe=)” )=
k=0 j=k k=0 j=k
Since 0 < @ < 00, then by Lemma 1.28 (with 0 < a = 27% < 1), we have
+oo 1 -1 1 +oo 1
I < <Z|)\k|qoo>qoo < ( Z |)\k|q(0)>q(0) I <Z|)\kj|QOo>qoo.
k=0 k=—00 k=0

This finishes the proof. m
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Chapter 2

Some inequalities in variable Herz

spaces

The classical Plancherel-Polya-Nikolskij inequality (cf. [53, 1.3.2/5, Rem. 1.4.1/4]), says
that || f||, can be estimated by
¢ RM/P=19 | 1
P

for any 0 < p < ¢ < 0o, R >0 and any f € LP(R") N S'(R") with supp Ff C B(0, R). The
constant ¢ > 0 is independent of R. This inequality plays an important role in theory of
function spaces and PDE’s. Our aim is to extend this result to the variable Herz spaces.

In the preliminary section of this chapter, we give some key technical lemmas needed in
the proofs of the main results. In the second section, we generalize the classical Plancherel-

Polya-Nikolskij inequality on K:;((.'))’p (')—Spaces instead of LP() spaces and we give their proofs.

2.1 Preliminary lemmas

In this section, we present some results which are useful for the proof of our results. First
we use instead so-called n-functions, which have appropriate scaling. The function which we

call 7 is defined on R" by
( ) 2nU
)= —
T T T 2 el
with v € N and m > 0. Note that 7,,, € L' (R") when m > n and that ||n, || = cu is

independent of v.
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The following lemma is from [9, Lemma 6.1], see also [30, Lemma 19].

Lemma 2.1 Let a € CF°% and let M > ¢io5(cv), where cog(a) is the constant from (1.1) for

loc
a. Then
2va($)nv,m+M($ - y) <c 2Ua(y)nv,m(x - y)

with ¢ > 0 independent of x,y € R™ and v,m € N.

The previous lemma allows us to treat the variable smoothness in many cases as if it were

not variable at all, namely we can move the term inside the convolution as follows:

2, s * [ (@) S €1y ¢ (220 ) ().

The next lemma tells us that in most circumstances two convolutions are as good as one, is

from [9, Lemma A.3].
Lemma 2.2 For jy and j; > 0 and m > n, we have

njg,m * njl,m ~ nmin(jo,jl),m
with the constant depending only on m and n.

The next lemma often allows us to deal with exponents which are smaller than 1, see [9,

Lemma A.6].

Lemma 2.3 ("The r-trick") Let > 0, j € Ny and m > n. Then there exists ¢ =
c(r,m,n) > 0 such that for all g € 8'(R"™) with supp Fg C {£ € R™: |§] < 27"} we have

9] < c(jm * |9l @)V, = € R

Definition 2.4 Letp,q, 3 € Py (R") and o : R — R with 37 < co. The space 25(‘)(K;((f))’p('))

18 defined on sequences o Ka(.')’p(') R™)-functions by the modular
a()

Qzﬁ(<)(K§({')>fP<'))((fj)y) : jZO H|fj| HK{‘;((_'))/B;('_))*I’(')/B(')‘
The quasi-norm is defined from this as usual:

. 1
H (fj)j Heﬁ(-)(['(;(("))«f’(')) ;= inf {:U’ >0: Qgﬁ(‘)(K;("))vpC)) (;(fj)]) < 1} .
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Let T be a sublinear operators satisfying the size condition

i@l % [ L

Mrsn dy, x ¢ supp f (2.1)
for integrable and compactly supported functions f. Condition (2.1) is satisfied by several
classical operators in Harmonic Analysis, such as Calderén-Zygmund operators, the Carleson
maximal operator and the Hardy-Littlewood maximal operator (see [32] and [51]). Various
important results have been proved in the space K o7 under some assumptions on «, p and
q. The conditions —% <a<n(l- %), 1 <qg< ooand 0 < p < oo is crucial in the study
of the boundedness of classical operators in K o7 spaces. This fact was first realized by Li

and Yang [32] with the proof of the boundedness of the maximal function. The proof of the

main result of this chapter is based on the following result, see [16].

Theorem 2.5 Let p € Py(R™), ¢ € P(R") with 1 < q~ < ¢© < 00, and let a,p and q are
log-Hdlder continuous, both at the origin and at infinity such that
1
—%<a’§oﬁ<n(1——_).
q q
Then every sublinear operator T satisfying (2.1) which is bounded on LC)(R™) is also bounded

-a(1):p() (on
on Ky (R™).

2.2 Plancherel-Polya-Nikolskij inequality on variable
Herz spaces

In this section, we give the main results are that the generalization of a classical Plancherel-
Polya-Nikolskij inequality on variable Herz spaces.

One of our main results of this section is the following lemma.

Lemma 2.6 Let ¢, 3 € P2 (R"). Let p € Py (R") and a : R” — R are log-Hélder contin-
uous, both at the origin and at infinity such that o~ + & > 0. Let M > Clog(1/B), where
cog(1/5) is the constant from (1.1) for 1/5. For m > n, there exists ¢ > 0 such that

H { (77j,m+M * |f]|r)7l}J

= el it col)nt 2.2
zﬂ(~)(K§(§')),p(-)) - H {fj}] Heﬂ(-)mq({)) p()) ( )

for any 0 < r < min(q—, m) whenever the quasi-norm on the right hand side is finite.
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Proof. Let {f;}, € (°0( ;(())’p ) such that || {f;}; Heﬂ()(KQ()pU) = 1. By the scaling

argument, it suffice to show that

{150},

<c

BO(K 0?3 p())

which is equivatent to

1
Ous0) (K a(<>P(>)< {(nj,erM* | fi] )}J) <1

In particular, we will show that
=0

for some constant ¢ > 0. Our estimate (2.3), clearly follows from the inequality

<1 (2.3)

B()
c 1)
a(-)/B()

80)
c (nj,erM * |fJ|T) ’

<a()B(),p()/B() <l 1170 Hkaé'))ﬁs(é?jp(')/ﬁ(') +27 =4, (2.4)
Koeyrsy” !

This claim can be reformulated as showing that

<1

5™ (g <51
Jym+M J Fe()BC),p()/BC)
q(-)/B(")

Since 3 is log-Holder continuous and § € [277,1 + 277], we can move 57307 inside the
convolution by Lemma 2.1:

B-)

S| (67O 151 )

B()
S My * 1 F517) '

ca()B()p()/B() . '
a()B().p()/B()
0780 Katyises
Let us prove that
i 5()
PR S— r T
(i #5770 11517 !
<o (-)8(),p(-)/B()
Ka(y/80)
which is equivalent to
00 ()
> | (250, <0770 m) <1
k=—o00 a(-)/p(-)

1
Again this is equivalent to ‘ (njym x 0 PO | f5]" ) '

< 1. Observe that
KoO#0)
o

1

(im0 157)’

77], *6 /3() |f.7

. ‘ (/77
Ko ?0 Koo
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thanks to Theorem 2.5, under the assumption 0 < r < min(q~, the right-hand

n
a“'—i—n/q—) ’
side is bounded by

_ 1
cH5 ﬁ(')fij(a(('))’pm 5 1,
.

which follows immediately from the definition of . This finishes the proof. m

Remark 2.7 Let g € P2 (R"). Let p € Py (R") and a : R — R be log-Hélder continuous,
both at the origin and at infinity such that o~ + > 0. Observe that 1;,, * | f;|", j € N,
satisfying the size condition (2.1). Using Theorem 2.5, one can find a constant ¢ > 0 such

that

1
s

SupH L) iy = €8P L5l om0
>0 (n],m ‘ ]‘ ) K:;((_))’p() >0 H ]HKq(.) P
for any m > n and any 0 < r < min(q, m) whenever the quasi-norm on the right

hand side is finite.
Based on Lemma r-trick, we have the following result.

Lemma 2.8 Let 0,3 € C\%, p € Py(R"), a : R* — R and R > max (1, H). Let q be

loc

log-Hélder continuous, both at the origin and at infinity. Then there exists a constant ¢ > 0

independent of R and H such that

sup A TFE RO | f(z)] <c< ) HA Aty /) +a) gol >f( (2.5)

2€B(0,1/H)

a()(

for all f € an((.'))’p(’) N S'(R™) with supp Ff C B(0,R), any 0 < d < min(q~,n/(a +n/q)")
and any A € [R™', 1+ R,

If a, p, 0, 8 and q are constants, this result is from [14, Lemma 3.3].

Proof. By Lemma 2.3 we have for d, R > 0, N > n and any = € B (0,1/H)

@ < o ([ O nmyiate - vay) "

R

o/d o/d
<o ) e (| (y) "
B(0,22/H) R"\B(0,22/H)

where ¢ := min(1,d) and M > cioq(0) + Ciog(1/5) With ciog(0), ciog(1/3) are the constants

from (1.1) for o and %, respectively. Here

Nenm(s) = R'(1+ R [N
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Using the following decomposition

)y = / ) dy,
/g(oz?/m( ) Z R(zz—j/m( )

/Rn\B(o,22/H)( ) Z R(2f+3/H)( )

and the well-known inequality
(Xlasl) < lail . {a}, <€ re o] (2.6)
j=0 =0

we obtain that |f(x)|? can be estimated by

o0

¢ (VJlRH (z) + ‘/;QRH(x)) ; (2.7)

=0

where

/d
VJIRH(x) = (nR,N-i-M * |fXR(22*J'/H)|d(x))Q ) ‘/jzRH(x) = VEjA,R,H(uT)- (2.8)

Here N is chosen large enough such that N > max (n,n/d — (n/q+ a)”). Let us give the

estimation of the first term in (2.7). Lemma 2.1, a simple change of variables, the Holder

inequality (with - = ﬁ + - ﬁ) and Lemma 1.29, yield for any d,R > 0 and any

v € B(0,1/H)

9] 2—[log, H]
o(@)o\— 557 1/1 no/d 30 PoC) fry - ¢
S RNV @) S RS H)\ RO g X o
7=0 k=—00
2—[log, H] ) 0
< pro/d H A~A0 IO kR /d=1/a0) o |7
~ k:Zoo Ixa, a(*)

where % =1 ﬁ, Ry, = {x € R" : 2" < || < 2%} and [a] is the integer part of the real

number a. This term is bounded by

Ryne/a® M o(n/d=(n/a+a)*) ||y =5k oka() grn/a()+a() po() ¢
() X (@) |y 20 n RO g,
k=—o0

Using the fact that n/d > (n/q+a)", 2°"3H < 1 and the embedding K;(,'))’p(') — K;“((,'))’OO

we obtain that the right-hand side of the last expression is bounded by

2—[logy H]
R\ neo/d 1 0 _ +
— a7 n/q(:)+a(-) po(- k o(n/d—(n/q+a)
o() " | E OO RO e Y () )

< (E)""/ ! H A7 gr/aC)+al) pol) f‘
~ \H

o
a() ()
Koey
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where the implicit positive constant not depending on R.
Now we estimate the second term in (2.7). Notice that for any y € R(23%7/H) and any
zr € B(0,1/H), we have |z —y| > 2//H, so for any d > 0, N € N and j € Ny,

2R ,
nen(@—y) < R" ( 7 ) < 27 INR™,

Hence by Lemma 2.1, a simple change of variables, the Holder inequality (with é = ﬁ +

Cll — 1) and Lemma 1.29, we obtain
q(’)

> RIONTFIVE, ()
j=0
> _ 0
S Rty Hxﬁ (2°H) N RO fxp
k=2—[log, H] a
no/d = -3 k N o ¢
< RS ) R O i |
k=2—[log, H]| I
R\"? & (n/d—(n/q+a)~—N) 75 ¢
< v 2kH q e )\_ B() H”/q()+a()2ka() o(-) ~
~ (H) 2. () RIXR, a()’
k=2—{[log, H|

where the implicit positive constant does not depend on R. Using again the embedding
I'(;((f))’p(') — K:((f))’oo, and since N > n/d— (n/q+ «)” and 2H > 1, for any k > 2 — [log, H],
the right-hand side of the last expression is bounded by

no/d
c <E> o/ < sup H)\ ﬁ( 3 Hn/q( )+al: 2ka Ra )fXR
H k>2—[log, H] »

no/d
(Y oo,

)Q
a()

(2.10)

Ot()zn()

Finally, we obtain the desired estimate from (2.9) and (2.10) taking into account the decom-
position (2.7). This finishes the proof. m

We recall that the Plancherel-Polya-Nikolskij inequality in LP¢)(R") (cf. [2, Lemma 6.3]),
says that

e [2720)f[|[ s < [[|27CCHmO=mO) £y + 27
q() q(+)

for any py, po and g € Py(R") with o — n/p1, 1/q locally log-Holder continuous and p; > po,
and any j € Ny, f € LPO(R") N S'(R™) with supp Ff € B(0,27) such that the quasi-norm

on the right-hand side is at most one. The constant ¢ > 0 is independent of j.
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The following lemma is the K;“((.'))’p ) _version of the Plancherel-Polya-Nikolskij inequality.

Lemma 2.9 Let R > 1, p € Py(R"), g, t, s, 7 € PLE(R™) with pt, rt < 00, € C\% a

loc

ay,ay € O such that (ay — aq)™ > 0 or ag(-) = as(-). We suppose that q(-) < t(-) and

(cp +n/t)” > 0. Then there exist a positive constant ¢ > 0 independent of R such that

+1 (2.11)

i B
ag()B(),00)/B()
LMEYLIS! R

”‘Rn/q ()=n/t(-)+az()— al()-t,-s()f}ﬁ()‘

a1( )Kz()) r()/B( ) -

forall f € KaQ( )ﬂS’(R”) with supp Ff C B(0, R) such that the quasi-norm on the right

hand side is at most one, where

r(-) if  ai(r) = az()

p() if (ag—a1)” >0.
Remark 2.10 We would like to mention that this lemma improves the Plancherel-Polya-
Nikolskij inequality of [2, Lemma 6.3] by taking as(-) = aq(-) = 0, () = t(+), Kt( )(/)ﬁ/(ﬁ)()

t(-)/B() ; : ()/B() — 7-9.4()/B() ~0,t(-)/B(")
L and by using the embedding L4 = Kq(,)/ﬂ(') — Kq(_)/ﬁ(,) .

Proof of Lemma 2.9. Let f € K:;‘(?)(')’p(') NS'(R") with supp Ff C B(0, R). Our estimate

(2.11), clearly follows from the inequality

<1

-1 s( B()
H)\ ‘R ) al()ﬁ()r()/ﬁ()—

which is equivatent to
_ ) £180)
P re1(BOr()/BC) <)\ HRO £ > <1l
¢()/BC)
In particular, we will show that

<1

9

H‘zkam)\ 1/ﬁ()Rs()f‘ w

k=—o00

where

1

+

Y/t ten()—aar () s() £1B0)
N\ o= H\R“/‘I“ /1) +er()—an(a() f| ‘ NP
Koo R

Note that the assumption on the norm implies that A € [R~!, R™! 4 1]. We divide the sum

o0
> -+ into two parts,

k=—o00

2k<2/R 26>2/R
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Estimate of Iz. By Lemma 2.8 we get

sup (Rs(z)fal(x)fn/t(m))\fl/ﬂ(x) |f(:c)|)
z€B(0,2/R)
R/aC)=n/t()roa()—aa () +s() \~1/8() f‘

< (2.13)

sag(+),00) 7
Kq(~)

where the implicit positive constant not depending on R. The norm on the right hand side

is bounded by 1. To show this, we investigate the corresponding modular:

ng(.)(m(.))((2’“0‘2(')R”/q(')_"/t(’)+o‘2(')_a1(')+s('))\_l/ﬁ(')ka)k)

o0

- 3

k=—o00

‘9(0

‘2190&2(') R/a0)=n/t0+aa()=an()+s() =180 ¢| 7y

I~
ho

q
o(-

B() ‘9(')/5(')

A

S H ‘ A [gee) Rr/aQ) -/t st -aa (450 f|

k=—o0

Xk

%

(A
(-

\Q

D
N

This term is bounded by 1 if and only if

<1

H)‘il ’Rn/q(‘)in/t(.)mﬂ‘)ﬂl('HS(')f‘ﬂ(')‘ an(VB(),6()/B() = T
K.l aey

which follows immediately from the definition of A. Therefore,

In < Z (2kR)r_(a1+n/t)_ H‘ank/t(.)r(.)xk LS Z (QkR)T_(a1+n/t)_ <1,

2k<2/R r¢) ok<o/R

s < 1. To show this,

r()
we investigate the corresponding modular: gt(,)/r(,)(2*"’“”(')”(')) = ka 27" dr = ¢ < co. In

where the second inequality follows by the fact that H !2_"’“/ t0) |T(') Xi

the last inequality we use the fact that (o +n/t)” > 0.

Estimation of //;. By Lemma 2.3 we have for R > 0, N > n/7 and any = € R

)\fl/ﬁ(m)Rs(m)fal(:r)fn/t(m) |f(l')|

T 1/7
< (/ Afl/ﬁ(y)Rs(y)—al(y)—n/t(y)f(y)‘ nRyNTM(J; _ y)dy)
1/7 1/7 1/7
5 ...dy _|_C/ ...dy +C/ ...dy
(/B(O,Zk_2)( ) ) ( j%k:( ) > ( R"\B(O,2k+2)( ) >
= Vi) + Vi) + Vi (2). (2.14)

Here Ry, := {o € R": 2872 < || < 2M2} and 0 < 7 < ¢~ and 6 := ciog(2) +Ciog (1) +Ciog ().

r q
We choose N such that

N >max (n/d+n/T+ (a1 +n/t)" ,nfd+n/7 — (a2 +n/q)” + (a1 +n/t)"), (2.15)
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where d is chosen as in Lemma 2.8. It is easy to verify that if x € Rj, and y € B(0,2"72),
then |z — y| > 2¥~2. This estimate and Lemma 2.8 yield for any = € Ry, and any k € Z such
that 28R > 2

gk () V}%,k@)
< 2ka1(x) sup 1/7
yeB(0,2+—2)

)\_l/ﬂ(y)Rs(y)_al(y)_n/t(y)f(?/)‘ (/ Nr NT+5(t)dt)
2k-2<ff|<2k+l

< (gkR)"/‘””/T*N okai () ‘Q*k(CQ(')JF"/(I(‘)))\_1/6(')RS(‘)*QI(')*n/t(')f} ) - (2.16)
K™
Observe that 2R > 2. Hence
2ka1(x)vb%,k(x)
< (2kR>n/d+n/T*(a2+n/Q) - 2ka1 (z) ‘)\ 1/8(- Rn/q )—n/t(-)+a(-)—ai(-)+s(: )9()
< (2kR)n/d+n/7——(a2+n/q) - 2kal(fﬂ)‘
Therefore,
a1(?) pa1 () +n/t(- ()
H‘Qk WO ROyt O
QkZQ/R r(-)
n n/T—(az2+n/q)” +(a1+n +—N)7°7 _ NLO!
< Z (ZkR)( [dtn/T—(az+n/q)” +(a1+n/t) H|2 kn/t()‘ X
~ ()
2k>2/R )
< Z (QkR)(n/d+n/T*(a2+n/q)‘+(a1+n/t)+fN)r‘ <1
2k>2/R
by our assumption on N. Now we observe that
1 1/7
VE, = <UR7N7+5*‘ A~VB0O) ps)=aa()=n/t() fXRk’) '
Holder’s inequality gives
’2ka2(w)Ra2(m) Vlg,k<x>Xk (z) |T
S Mpae <’2k5é2 ATVBO) R raa(=enC)=n /i) py )(x)
S HnR,NT( )R_nT/q Hq( /7.)
H ‘21@2 A~1/BO) gr/a()+s()+az()—ar()=n/t() fXEk "
a()/T
/ol +a a1(-)+s(-)y—1/8(")
< R (=) AN [
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where

k‘C_YQ = .
The second norm on the right hand side is bounded by 1 due to the choice of A, see the esti-
mation of Ir. To show that the first norm is also bounded, we investigate the corresponding

modular:

n

0(q(yry (M N (T — DR = Rn/ (1+ R|z —y|) " NeO/M W gy < 0.
Let us prove that
()
Xk

for any k € Z. We have

aolz t(x)
(2°R)*™* RVUOVE (2)

‘t(w)q(x)

ag(x (z)
(2°R)*") RrA@VE ()|

q(z)

)

= | (@R Vi)

< (QkR)az(w) Rn/q(x)v}%’k(:p)

for any x € Ry, where the implicit positive constant does not depend on R and k. Therefore,

/.
s [

/ <77RN * <‘2k&2)\_l/’g(')R"/Q(')‘*‘S('H—az(‘)—m(')—n/t(.)fXE
bl T k

(2°R)™“ RVOVE (2)

t(z)
‘ dx

q(z)

2k R) ™ RV () da

A

T) (:B)) e dx.

This term is bounded by 1 if and only if

H”R e (‘Qkaz ATY/B0) gr/aCrsOtaa(y—arO=n/t) fy |
bl T k

Mo =

Since convolution is bounded in LP() when p € P9(R"), see (1.2), we obtain that the
left-hand side is bounded by

q(’)

-

< 1.

Fo2().00) ~
q(-)

. H2kd2 ATYBO) gr/at)s()taal)—an()=n/t0) £y -
k

< H R/aC)=n/t()+az()=a1()+s() \~1/B() f’
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Hence

H ‘2ka1(')Ra1(~)+n/t(-)V}% . ‘r(~) -

()
r(-)

2’“22/1‘2
< Z (QkR)_(a2_a1)7T7 ‘ ’ <2kR) 012(~) Rn/t()VR2 . )T’() Xk
~ ’ )
2k>2/R ()
5 Z (QkR) (ag—a1)~r~ < 17
QkZZ/R

if (g — 1) > 0. Let us treat the case a;y(-) = az(-) more carefully. Let recall that for
a;1(-) = as(+) we have 0(-) = r(-). Hence it suffices to prove that

) )

Xk “©
r(-)
gkes \~1/80) pr/aC)+s()-n/t() |0 1
W
which is equivalent to
H,f% (2¢R)™" R"/“’)v;mH LS (2.18)
bl t .

We have
0 @) = ur(y) ?“(JP)M T(y)
I R U R O ~
< (sz)’r@) r(y)‘u "W, x € Ry,y € Ry.

We use the log-Holder continuity of r to get the equivalence

and

11
R& 7w < (14 Rl|x — y‘)clog(r)

for any z € Ry, and any y € ék Therefore,
- —L - . s(-)—a —-n 1T
P VE () S <77R,NT s |p O NTPO Rl meatmn/iO) gy e | ) ‘

Now (2.18) can be obtained by repeating the same arguments used in the proof of (2.17).
We see that [\ pigorse) (- + -)dy can be rewritten as - [, (- -)dy. Then, using (2.7),
) i=0 K3

we get for any x € Ry,

- - : s(-)—aa(-)—n/t(- T o/t
(Via@)* < e 3 (nayres # WPORO- OOy F@)T L (2.19)

=0
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with ¢ := min(1,7). Since |z —y| > 3 -2 for any * € Ry and any y € Rpyi3, the
right-hand side of (2.19) is bounded by

e

¢ RN 37 grelh N H ANTVBORIO=aO=n/t0 py
=0

e

< ¢ Re(/7=N) Z 9—eiN H)\*l/ﬁ(')RS(‘)*al()*n/t(-)fXRj

j=k+3

By Lemma 2.8 we get

sup
z€B(0,29)

< (QjR)”/dHg—j(n/Q(~)+a2(~)))\ 1/8() ps()=a1()=n/t() f‘

A~ 1/B(@) ps(@)=as (@) =n/t(a) f(x)‘

‘12()9()

< <2jR)n/d (2JR) (az+n/q)~ H)\ 1/8() pr/a()+s(-)+az()— al( —n/t(- f’

Ot2()9()

< (QJR)n/d (az+n/q)”

since 2R > 2 we estimate (Vé’,k)g by

c RQ(n/T-l—n/d—N—(ocz—l—n/q)*) Z 2Qj(n/d+n/T—N—(o<2+n/q)*) < (sz)Q(n/d+n/7'_N_(a2+n/Q)7) '

j=k+3

Hence

H ‘Qka1(~)Ra1(')+n/t(~)VR§ N ‘T() Y

k] ey
2k>2/R 0
k ) (n/dtn/T—N—(az+n/q)~+(a1+n/t)* ko J4(
< Y (2°R) H|2 OOl
2k>2/R o
DY (2"’R)(”/CH"/T_N—(a2+n/q>*+(a1+n/t>+>’“7 <1
2k>2/R

This finishes the proof. m

In the previous lemma we have not treated the case ¢(-) < ¢(-). The next lemma gives a

positive answer.

Lemma 2.11 Let R> 1, p € Py(R"), q, t, s, 7 € PYE(R") with p*, rt < 0o, B € O\ and

ay, g € OFF such that as(-) +n/q(-) = ar(-) +n/t(-) or (aa+2—ar— %) > 0. We suppose
that t(-) < q() and (ay +n/t)~ > 0. Then there exist a positive constant ¢ > 0 independent
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of R such that for all f € KQQ)( P S'(R™) with supp Ff C B(0, R), we have

Jiwos,

1
(220)80).00/80) . R’

(2.20)

< H | R/al)=n/tC) ez ()=an(a0) g >‘

fl1( )B(-)sr(-)/B()
)/B()

such that the qausi-norm on the right hand side is at most one, where

0(-) = r(-) if aa(’)+n/q(-) = ar(-) +n/t()
p(-) if (ae+n/qg—ay—n/t)” >0

Proof. We employ the notations Iz and I1g from (2.12). The estimate of I follows easily

from the previous proof. We only need to estimate the part Iz with (ee—aq+n/q—n/t)” >
0. Holder’s inequality gives

H ‘2’“%«) \-1/B0) () f""(" “

. H 20X 10RO 1|y
()

h() 3
() || a()

N

where () % ﬁ By Lemma 1.29 we get ||Xk.||h() A 2kn(1/t(x)=1/q(=
Therefore,

?) for any x € Ry,.

Iy < sup ‘ \-1/BC) gkas() ppr/a()—n/t()+az()—ax ()+s() f""(') N

™ kez 0
—(ag—a1+n/q—n/t)"r~
X Z (2"R)
2k>2/R

< sup ’ 3\~ 1/80) gkas () an/a()=n/t()+as()—a1 () +s() f‘r“ -
™~ ke a()
0

The last norm is bounded by 1 if and only if

H ATI/BC) |gfo2() pr/at)—n/t)+az()=en()+s0) g X’“H ke

which follows immediately from (2.13). The proof is completed. m
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Chapter 3

Variable Herz-type Besov spaces

It is well known that the function spaces play an important role in harmonic analysis. Some
example of these spaces can be mentioned such as Besov spaces B, . These spaces include
many classical spaces as special cases, for example, the Holder spaces, the Sobolev spaces,
the Bessel potential spaces, the Zygmund spaces, the local Hardy spaces and the space BM O
studied in detail by H. Triebel in [53], [54] and [55].

The Besov spaces of variable smoothness B;E:;Q(')’ are a generalization of the classical
Besov spaces, replacing the constants exponents s, p and ¢ with a variable exponent functions
s(+), p(-) and g (-), initially appeared in the paper of A. Almeida and P. Histo [2]. Several
basic properties were established, such as the Fourier analytical characterisation. When s, p
and ¢ are constants they coincide with the usual function spaces B, .

Based on variable Besov spaces B;E; () e introduce Herz-type Besov spaces with variable

smoothness, which covers Herz-type Besov spaces with fixed exponents. We will give several

properties of these new family of function spaces.

3.1 Variable Besov spaces

In this section, we present the Fourier analytical definition of Besov spaces of variable smooth-
ness and we recall their basic properties which are analogy to the Besov spaces with fixed
exponents. We first need the concept of a smooth dyadic resolution of unity.

Let ¥ be a function in S(R™) satisfying ¥(x) = 1 for |z] < 1 and ¥(z) = 0 for |z| > 2.
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We define put ¢, and ¢, by Fo,(x) = ¥(z), Fo,(z) = U(x) — ¥(2z) and
Fo;(x) =Fe,(277x) for j=2,3,...
Then {F;};en, is a smooth dyadic resolution of unity,
ifsoj(x) =1 for all z € R".
=0

Thus we obtain the Littlewood-Paley decomposition

F=>¢*f
j=0

of all f € 8'(R™) (convergence in S'(R™)).

Next we give the definition of the B;E:; o(-)-SPaces, which introduced and investigated in
[2].

Definition 3.1 Let {]:goj };io be a resolution of unity, s : R™ — R and p,q € Po(R™). The
Besov space B;E; o) consists of all distributions f € S'(R™) such that

/1

Ba 12700, % il wos oy < 00

Taking s € R and ¢ € (0,00] as constants we derive the spaces B;(%q studied by Xu
in [59]. We refer the reader to the recent papers [13], [31] and [30] for further details,
historical remarks and more references on these function spaces. For any p,q € Péog(R”)

and s € C'°8

loc» the space B;E,g o) does not depend on the chosen smooth dyadic resolution of

unity {F;};en, (in the sense of equivalent quasi-norms) and

S(R") — B

o) S (RY).

Moreover, if p, g, s are constants, we re-obtain the usual Besov spaces B, , studied in detail
by H. Triebel in [53], [54] and [55].
The following theorem is from [2, Theorem 6.1], gives basic embeddings in variable Besov

spaces.

Theorem 3.2 Let v, g, vp € L™ and p, qo, ¢1 € Po(R")
(i) If qo < qu, then

a() a()
By aot) = Bt
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(i) If (g — )™ > 0, then

ao(-) a1(-)
B0ty = Bty

We further recall that, the Sobolev embeddings in the usual Besov spaces B;  is given by

B < B™ (3.1)

Po,9q P1,9

if ag —n/py = a1 — n/p1, where 0 < pg < p; < 00,0 < g <00, —00 <y < ap < oo, see
[53].
The next theorem is a generalization of (3.1) to the variable Besov spaces, see [2, Theorem

6.4].

Theorem 3.3 (Sobolev embedding) Let po,p1,q0, 1 € Po(R™) and ag,aq € L with
ag > ay If 1/q and
ap (v) = n/po (z) = ay (z) — n/pi (v) + € (2)

are locally log-Holder continuous and €~ > 0 or e =0, then

ap(+) a1(-)
B, (34,0 = B a0

3.2 Definition and basic properties of variable Herz-
type Besov spaces

In this section, we introduce the Herz-type Besov spaces of variable smoothness and we prove
some basic properties in this spaces. In particular, we generalize the results of D. Drihem in
[14].
Definition 3.4 Let {]:goj};io be a resolution of unity, «,s : R" — R and p,q, 5 € Po(R").
The Herz-type Besov space K;((,'))’p(')B;((l)) is the collection of all distributions f € S'(R™) such
that

Hf”K;z((‘»)),pC)B;((-‘)) = H (2j5(')(pj * f)] Hgﬁ(,)([-(;((-.)),p(.)) < 00. (3.2)

Clearly, KS&%(')B;((:)) = B;E.';ﬂ(,). Herz-type Besov spaces K;((f))’p (')BEE'_)) with variable expo-
nent p and « but fixed s, ¢ and /3 were recently studied in [12], [50] and [49]. While the first
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time we introduce the spaces K;((f))’p (’)B;((',)) with the quasi-norm (3.2). When, 8 := oo the
Herz-type Besov space an((f))’p O BsY consist of all distributions f € S’ (R™) such that

iglg HQUS()@” * f"KZ((,j)’p(‘) < Q.

One recognizes immediately that if «, s, p,q and (3 are constants, then the spaces K . Bj
are just the usual Herz-type Besov spaces were first introduced by J. Xu and D. Yang [61]
and [62]. See [14] and [60] for further results of these functions spaces.

C. Shi and J. Xu [50] and [49] studied Herz-type Besov spaces K{‘f(’ng with variable ¢,
but fixed «, p, s and [, where the characterization of these function spaces by the so-called
Peetre maximal functions are obtained. B. Dong and J. Xu [12] also considered f(;((f))’p Bg
with variables ¢ and «. The interest in these spaces comes not only from the theoretical
reasons but also from their applications to several classical problems in analysis. In [41], Lu
and Yang introduced the Herz-type Sobolev and Bessel potential spaces. They gave some
applications to partial differential equations. We refer the reader to the recent paper [14] for
further results for these function spaces.

Now, we are ready to state and prove the main results of this section. The following
theorem show that the definition of the spaces K a(())’p O ps (()) is independent of the chosen

resolution of unity {Fy, }ven,- This justifies our omission of the subscript ¢ in the sequel.

Theorem 3.5 Let {fgoj}io, {}"@/)j}]oio are two resolutions of unity, p,q,3 € PrE (R
and s € C°. Let o : R — R be log-Hélder continuous, both at the origin and at infinity

loc *

||J || 04 »P(- ||J || 04 ;P s

: : -a(),p() ps() (n ¥
Proof. It is sufficient to show that for all f € K ;""" B ) (R") such that ||f||K;(() #0520 is

finite, we have

A% <cl|f
I eoro0 et < €l I KO0 50

with ¢ > 0. Interchanging the roles of 1) and ¢ we obtain the desired result. Puttingv¢_; =0
we see Fp, = F, k? 1 F, o, for all v € Ny. By the properties of the Fourier transform

k=1

Spv*f: ngv*wv—&-k*f‘

k=—1
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Fix 0 <7 < min(1, 7777=) and m > n + 20105(5) + c1og(1/3) large. Since |, < ¢ 1y 51

with ¢ > 0 independent of v, we obtain

m1/r
|90v * wark * f| 5 nv,m/r * |w'u+k * f| S nv,m/r * (anrk,m * ka * f’ ) )

where in the second inequality we used Lemma 2.3. By Minkowski’s integral inequality the

left-hand side is bounded by

1/7’ r r 1/T
C((n’u,m/r * nv+k,m) * ‘wv—l—k * f‘ )

- 1/r
= ¢ 2n(v+k)(1/1”*1)( (nv’m/r * 771)+k,m/7‘) * ‘wm—k * f’?“) .

By Lemma 2.2 we have 1, ./ * Ny 4 /e = Nyphemyr- Lhen the last expression is bounded by

c (77U+k’m * 1y * f|’")1/r. This, together with Lemma 2.1, gives

H (21}8(-)901) * f)vzo

3¢ pre)p()
08( )(Kq(A) )

vs(:)r r Lr
= H (2 |S0U * f| )UZO KB(.)/T»(KQ((-))/T,P(')/T)
q(-)/r

k=1

1/r
< 2 : vs(-)r * x fI"
~ H (2 T]v—i—k,m |¢v+k f| )UZO éﬁ(.)/r(Ka(')TvP(')/r)
= a()/r
k=1 1/r
3 (vHR)s()r "
S (77”+"’vm—€10g(5) *2 (o= 7] v>0 ca(Irp()/ry
k=1 = NePO/ (K )

By the change of variable v + k = 4, this expression is bounded by

k=1 1/r
is()r r
> (77‘,— (s) * 2 |¢~*f|>,
o 1, —Clog (S 1 i>k Eﬁ(.)/r(K;(('.));«;p(.)/,«)
< is()r N v
~ 3 H (2 ’wz * f‘ )iZO éﬁ(‘)/T(K§(€'))/T;p(‘)/T) S 3 |’f"K§((,S)’p(-)B;((:)) 5

where in the first inequality we have used Lemma 2.6. This finishes the proof. m

3.2.1 Embeddings

(

The following theorem gives basic embeddings of the K;x((f))’p Op (

2.,))—Spaces .
Theorem 3.6 Let p,q, 51, By, p1,p2 € P2 (RY) and s,51,5, € C\2. Let o be log-Holder

continuous, both at the origin and at infinity such that o= + & > 0.

(i) If B1(-) < Bo(:), then

Featn) gst)

a()0() s()
) Bapy o By B

Ba()
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(i) If p1(-) < pa(:), then

(iii) If (s1 — s2)~ > 0, then

Feolel) g

) pa)a0) pel)
) Bao— K B

q(-) Ba()’
Proof. (i) is a simple consequence of the embedding

PRO(RZOP) <, 50 (K0

(ii) can be deduced from the embeddings properties of the Herz-type spaces, see (1.8). Notice

that

Featn() gi)

a(),p()
K, B «) By

s1(-)
a(-) B1()

(.

—s

and

FroeOp0) ge2)  fraOp0) g
q

s2(+)
q(-) 8y Q) Ba()"

Therefore, it suffices to prove (iii) for constant exponents 3{ and 3,. We have

H (2”52(.)901; * f)vzﬂ

()
2 (kg r0) = Ciglgu@wl P * f )||z'<;*<(.'>“’(')

< ¢ H (21)81(.)901; * f)vZO

ZB;(K;((_-)M(-)) ’
_oa\ /By
with ¢ = (Zpo 2(s1-52) ”ﬁ2> ‘om

Theorem 3.7 Let p,q, 5 € Py® (R") and s € C\%%. Let a : R* — R be log-Hilder continu-
ous, both at the origin and at infinity such that o~ + q% > 0. Then

SR") — KiPI B — S(R™). (3.3)

Proof. Our proof use partially some decomposition techniques already used in [14] where
the constant exponent case was studied. Also, in more general spaces given by abstract
definitions, see Hedberg and Netrusov [22]. By Theorem 3.6 we need only to prove (3.3)
with £ := oc.
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Step 1. Let f € S(R™) and {F ©; };io is a resolution of unity. If L, M and N are sufficiently

large natural numbers, then

a0 ey = sup |[27°0 g x (),
HfHKq((.)) PO gsl) jzg H ©;j f||Kq(()>,p<>
' 1
< sup [|27°00(1 + |z[*)* Lo, H— .
< ngH (14 |21*)* ;| T PP |
o

Take L sufficiently large such that (o« — 4L + n/q)* < 0, we then have

1 +00 oka()  PC)
O g-a(),p() <—> = ’— X
KN @+ | P2 kzzoo (1+ |-*)2E "l

First we remark that

oka(") p() L 20) L
'(1 | |2)2L Xi S c 2k(a—4L+n/q) p H ‘2—kn/q()’ X& " 5 2k(a—4L+n/q) p
+ a0 »0)
()
for any k£ > 0 and
oka() p() i o
‘—ZQL X <2 (at+n/q)"p
(L+[-%) )
»(+)

for any k£ < 0. Therefore,

io ‘L‘M p(')X < i ok(atn/q)"p™ 4 fzk(a—uw/q)w‘ <1
@ )2 ) at) et =1 o
Hence
Hf||K;(<_-)),p<->ng-) N SHIJ?Z2JS+ [F7 L+ (2) " Fe,Ff|
< s 1+ (215, 7
S @+ )M+ 2)NFf,
S pn(Ff).

Step 2. We prove the right-hand side of (3.3). Let {7—" ©; }jeNO be the smooth dyadic resolution
of unity. We put w; = Y1=071 Fop, if j = 1,2, ... (with Fp_, = 0). If f € K" B and

i=j—1
1 € S(R™), then f(1) denotes the value of the functional f of S’'(R") for the test function
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1. We obtain

F)] < D |y * F(F wy x4)|

Jj=0

= Y llesx s F i),
Jj=0

= D lles# f - (F ey w )| o
§=0

Recalling the definition of K ? 1 spaces, the last sum can be rewritten as

Z Z [o; % f - (Frw; x¢) XkHléz Z sup |o; % f(@)| | (F 7wy * x| -

=0 k=—o0 =0 k=—o0 *€B(0,2%)

k——oo

We divide the last sum into two parts > 77, D20 eyt Lemma 2.8, gives
for any 0 < d < min(q—,n/(a+n/q)")

oo —j—1
D2 s e f@)] |(F ey s )xll,
=0 k=—o0 x€B(0,277)
oo —j—1
S Z Z HQ(n/q (tat )j *fHK )1’() ” ‘7: w;j * Y XkHl
=0 k=—00
” oo —j—1
S ||f||Ka<>p<>Bs<>Z > atarem N [(Fw; x )x |,
7=0 k=—o00

5 ||f||K{‘;‘(())ﬂp()Bg<(J) ||¢||B§’ﬂ1/q+a*s)+ .

Using again Lemma 2.8, we have for any 0 < d < min(¢~,n/(a+n/q)")

ZZ sup [, f ()| [|(F ws+ )xi

k
j= Ok__]mGBO

< 302 o 5% f oo [(F7wi = )l
J=0 k=—j
S ||f||['<;(<_~))m(~>B;g> ( ||1/J||Kgb/d—n/q—aﬁ,1B§n/d—s>+ + ||1/1||Kin/d—n/q—ar,1B§n/d—s>+ )
Consequently
< epllfll gocrro psco
where

= maX(HW‘BYLl/q+ws)+ ) ‘WHK?/d—<n/q+a>+,13§n/d—s)+ ) WHKf,/d—(n/qm)—,lBgn/d—s)ﬂ“)-
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By our assumption on d we have
S(Rn) AN K?/d*(”/Q+a)+:1B§”/d*S)+

and

S(Rn) SN K?/d_(n/Q+‘1)7alB£”/d_5)+‘

From this and the embedding S(R") — Bﬂ/ d=n/ q_a)+7 we obtain

@ = e pw (W) 11l om0 g0 -

This proves that K ;(.'))’p Ol s continuously embedded in §’'(R™). This completes the proof.

Applying Lemmas 2.9 and 2.11, we obtain the following Sobolev embeddings.

Theorem 3.8 Let p € Po(R"), q1, ¢z, 8,7 € Pye (R") with pt, r* < co and s1, s, € C\%.

loc

Let oy, ay € CI°% be such that (ay +n/q)” >0 and (a3 +n/q)” > 0. Assume that
s1() = n/q() — oa () < sa() = n/qe() — aa(:). (3-4)
Let o(-) = as(:) + n/qa(+) — a1(:) = n/qi(+). The embedding
O — K o2

holds if g2(+) < q1(+) with as(-) = as(+) or (az —a1)” >0 or ¢i(-) < go() with

o(-)=0o0ro >0, (3.6)
where
0(-)=7() if o(-) =0, q1(+) < q2(-) or au(*) = @a(*), @2() < qu()
and

0(-)=p() if o~ >0, () < @(-) or (a2 —a1)” >0, ¢2(-) < a1 ().

Proof. Let f € K;Q(S)’H(')BZQ(S). We have to show that

||f||K511(§-)),v'(->32%_<)»> < c|f] K200 pr20)

a2(-

N

1,



which equivalente to
Fe1Or 27s1() 27s1() ©;* BON .o s0rers0 < .
Q15 (K21 ())(( Z I fl ||qul(§)>/ziﬁ<(;) (a6 <
Applying Lemmas 2.9 and 2.11 with R = 2/, we obtain

29510 s FIBON o sererac
1205 1P oo

< gilertn/eemn/ataze)” 1910206 FFO|| - os000sm0 + 277,
()/80)

then

Qg3 () T(>>((2j31(')<ﬂj *f)j) < 2+Z /12752000 5 f17C HKaz()/ﬂ((>)e< /6

IA

2+ Qzﬁ(->(g;22(g->>,7-(.))(( 9dsa(: * f) )
2+c¢

IN

N

1.

This finishes the proof. m

Theorem 3.9 Let p € Py(R") with p* < 00, q1, g2, B € Py (R") and s1, s, € C\%. Let

loc *

ay € C\%8 be such that (ag +n/qa)~ > 0. Assume that
s1(-) =n/q(-) < s2(0) = n/qa(r) — oa2().
Let o(+) = as(:) + n/qa(-) —n/q1(-). The embedding
Kot BES = By sy
holds if g2() < qi(+) with az(-) =0 or ag >0 or ¢1(-) < qo(+) with

o() =0 o0ro >0,

where

0(-) =aq(-) if o) =0, a1 (-) < q2(v) or aa(-) =0, () < @u ()

and

0()=p() if o~ >0, a1()) < @) oray >0, ¢2() < qu(").
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Proof. To prove this embeddings it suffices to take r(-) = ¢1(-) and a;(-) = 0 in Theorem
3.8. =

Using this result, we have the following useful consequence.

Corollary 3.10 Let qi, g5, 5 € PY%(R") and s1,50 € COF5, such that s1(-) — n/q (-) <

s2() —=n/q2 (-) and qo(-) < qu(+). Then

s2(+) °-0,q1(+) ps2() s1(4)
qu(')ﬁ(-) - qu(-) BB(~) - Bql(.),g(.)- (3.7)

Proof. To prove (3.7) it suffices to take in Theorem 3.9, 6(-) = ¢1(+) and «as(-) = 0. However
the desired embeddings follow immediately from the fact that

s2(+) _ 10,02(-) ps2(+) °-0,q1(-) s2()
Bos0) = Kooy Bary = Koy "Bagy -

n
Let us define

Tq) = n( — 1) and g := max(1,q).

Proposition 3.11 Let p,q, § € P%(R") and s € C,°8. Let o € C\°¢ such that o~ > 0. If

(s —o,—a)” >0, then

o ()p() 120 (-
Kyoy™ "Bay = By

where the first embedding is follows from Theorem 3.9, and the second embedding is given
in [2, Proposition 6.9]. =
Let C, be the space of all bounded uniformly continuous functions on R" equipped with

the sup norm. Concerning embeddings into C,, we have the following result.

Corollary 3.12 Let p, ¢ € PYE(R™) with p* < oo and o € C°F such that a= > 0 or
a(-) =0. Then

-a(-),0()) pa(-)+n/q(-
Kq((.)) ()31()+ /at) C., (3.8)
where
oo if al)=0
"o f al)
p(-) if a= >0.
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Proof. It follows from Theorem 3.9 that

Fea)00) gaGyin/al) _ grfa)

0
) B a1 B

Hence the result follows by the embedding Bgo’l — (Y, see [53, Proposition 2.5.7]. =
The following statement holds by Theorem 3.8 and the fact that

0.4() poa() _ as2()
Kooy "By = Byt

Theorem 3.13 Let p € Po(R™) with pt < 00,q1,q2, 5 € PLER") and s1,5, € C\%%. Let
a1 € CI°% be such that (an +n/q1)” > 0. Assume that

loc

s1() =n/q() — aa() < s2(1) = n/g2(-).
Let o(-) =n/q(-) — a1(-) = n/q1(-). The embedding

) ~a1().00) 1)
B — K00 p (3.9)

sa(-
q2(-).8() ¢) B()

holds if q2(+) < qi(+) with ay(-) = 0 or af <0 or qi1(-) < qo(+) with o(-) = 0 or o~ > 0, where
0() = q2() if 0() =0, 1 (") < q2(+) or au(-) =0, ga(*) < qu (")

and

0()=p() if o~ >0, a1(-) < alt) oraf <0, ¢a2() < aqu(-).
Using this result, we obtain:

Corollary 3.14 Let ¢, q2, § € PéOg(Rn) and s1,S9 € C’llgcg, such that s1(-) — n/q(-) <
59(-) = n/qa(-) and q2(-) < qu(-). Then

s2(") 0,q2(-) s1(°) s1(+)
qu(')w@(') - qu(-) BB(~) - Bql(.)75(.)' (3.10)

Proof. To prove this it suffices to take in Theorem 3.13, §(-) = ¢2(+) and a;(-) = 0. Then

the desired embedding is an immediate consequence of the fact that

-0,q2(-) ps1() 0,q1(+) ps1() _ psi()
Kooy ' Baey = Koy Bay = By,
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Chapter 4

Boundedness of some bilinear
operators on variable Herz-type

Hardy spaces 1

The Hardy space HP()(R") with variable exponent is the set of all tempered distributions on
R™ for which || f|| gre)mn) = [|M(f)l|p() is finite. Based on this spaces, we introduce Herz-
type Hardy spaces which obtained a great development in the past few years and played
important roles in harmonic analysis.

In this chapter, we study the boundedness of some bilinear operators on variable Herz-
type Hardy spaces given by finite sums of products of boundedness operators on variable
Lebesgue spaces. Atomic decomposition is one of the most important methods to study the
boundedness of this operators.

This chapter is organized as follows. In the first section, we recall notation of variable
Herz-type Hardy spaces and their central atomic decomposition characterizations.

In the second section, the main results here, we present the boundedness of some bilinear

operators on variable Herz-type Hardy spaces.
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4.1 Definition and basic properties of variable Herz-
type Hardy spaces

In this section, we will give the definition of Herz-type Hardy spaces with variable exponent
H et

p()
Let ¢ € D (R"™) with supp ¢ C By, such that

/ o(x)dr #0 and ¢, () =t "p <Z> for any ¢ > 0.

Let M_(f) be the grand maximal function of f defined by

M (f)(z) = Sup [, * f(z)].

The variable Herz-type Hardy spaces H Kg((.'))’q(') are defined in the following way.

Definition 4.1 Let p,q € Po(R") and o : R™ — R with o € L>®°(R™). The homogeneous
Herz-type Hardy space HK;Y((.‘))’Q(') (R™) is defined as the set of all f € S'(R™) such that

M (f) € K;Y((f))’q(') (R™) and we put

1 £1l 1 geeoaer := (M) ] parac -
»() p(+)

It can be shown that, if p,q, and « satisfy the conditions of definition, then the qausi-
norm || f|| HK;((:)),Q(A) does not depend, up to the equivalence of quasi-norms, on the choice of
the function ¢ and, hence, the space H K;((f))’q(') (R™) is defined independently of the choice
©.

Herz-type Hardy spaces H K:‘(’% (R™) with variable exponent p but fixed «, ¢ were recently
studied by Wang and Liu [57]. The spaces H K;‘(.'))’q('), where the three parameters are
variables, have been first studied in [16]. Many of the results from the fixed situation have
variable counterparts. If ¢ € Py(R"), p € P8 with 1 < p~ < p*t < o0, and let a and ¢ are
log-Holder continuous, both at the origin and at infinity, such that o € L>°(R™) and

—%<a‘§a+<n(1—%),
p p
then

HE ) 0 L) (R {0}) = K00 ().
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One recognizes immediately that if «, p and ¢ are constants, then the spaces H K’qu are just
the usual Herz-type Hardy spaces were recently studied in [17] and [40]. See [23], [35], [43]
and [52] for further results.

Now we present the characterization of Herz-type Hardy spaces in term of central atomic
decompositions, which we will use it to study the boundedness of some bilinear operators on

these spaces, see [16, Theorem 4] for the proof.

Theorem 4.2 Let a and q are be log-Holder continuous, both at the origin and at infinity

and p € P8(R") with 1 < p~ < p* < oo. For any f € HK;‘((_‘))"](.) (R™), we have

where the series converges in the sense of distributions, A\, > 0, each a is a central

(a(-), p(+) )-atom with suppa C By and

1 1/4(0) 00 1/qo0
( >, P\k!q(o)> + <Z Mk!%") < el fllggeeao-
k=0 7

k=—o00

Conversely, if a(-) > n(l — p%) and s > [at + n(p% — 1)], and if holds, then f €
HE9O (R, and
p()

I it { (30 ) (3 )
Sa(),q() ~ 1N o0 ,
HEEGO 2 2 2

k=—00

where the infimum is taken over all the decompositions of f as above.

Remark 4.3 The atoms in the Theorem 1.36 and Theorem 4.2 can be taken to be supported

m dyadic annuli.
Since the space H K;‘((,'))’q(') (R™) is defined independently of the choice . We many assume

in this thesis ¢ > 0.
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4.2 The boundedness from K x K into HK and from
HK x K into HK

In this section, we shall study the boundedness of some bilinear operators given by finite

sums in variable Herz-type Hardy spaces. We will consider bilinear operators define by

B(f.g)(x) =Y _(T}f) (z) (T2g) (z), = € R",

y=1
where N € N, T 71 and T ,3 are operators satisfy some suitable conditions. The boundedness
of these type of operators were first considered in [6] and [19], where they proved that B are
bounded from H? x H? into H" for certain rang of p’s and ¢’s when % = é—l—%. Grafakos and Li
[20] also establishing H? x H? — H" boundedness for B, on the entire range 0 < p, ¢, < 00
when % = }D - %. Grafakos, Li and Yang [21] extend these results to Herz-type Hardy spaces.

In this thesis, for any f in HK;((.'))’q(') (R™) (orin K;((_'))’q(') (R™) ) represented by > X\a;
where \; > 0 and each q; is a central (a(-), p(-))-atom with suppa; C B; (or can be taken to
be supported in dyadic annuli C; := {z € R" : 272 < |z| < 27%2}), and for any non-negative
integer s, the operators T,{ are bounded from L?)(R") into LP*)(R™),j = 1,2,y =1,..., N

and satisfying the two conditions

) 2is1 ; .
| Tai(2)] < oo 19ilh,0) Ixcilly gy lel>2%% 5 =12 (4.1)
and
[ Tai()] < 2 aill, i Xl 2l <2755 =12 (4.2)

Remark 4.4 Let T be a Calderon-Zygmund operator which is bounded on L?, with kernel
K(x), which is C*° away from the origin, satisfying

I- |K(x)| < clz|™, if v #0;

2- % (K(z —y) — K(x))| < CBWLL% if |z| > 2y|, where B = (B4, By-., B,) 18 any multi-

index.

Example 4.5 Let p € P8(R") with 1 < p~ < p* < co. Then Calderén-Zygmund operator
is bounded on LPV)(R™) and satisfying (4.1) and (4.2) with supp a; C C;.

49



Proof. Let T be a Calderén-Zygmund operator which is bounded on L%, with kernel K,
which is C* away from the origin, define by
Tf(z)= | K(x—y)f(y)dy,
Rn
by Taylor’s developpement of K (z — -) at the origin, we have

K(zx—vy) = Z (_y)ﬁa—ﬁK(x)—l— Z (y)” 8(9; (x —0y),0 €]0,1].

| 8 |
18]<s—1 pl oz |8|=s—1 p!

If a; is a central (a(-),p(-))—atom with suppa; C C;, then we have

Ta;i(x) = Z/ 5' (9x5 z)a;(y)dy + Z/ 5' (9x (x — Oy)a;(y)dy

18]<s—

&)
- >[5 fxﬁ (K~ b9) ~ K@) )as(w)d.

|Bl=s—1

Case 1: If |z| > 23 and y € C}, then |z| > 2™ > 2|0y|. By the condition 2 in Remark

4.4, we have

B a8
y|” | O
Ta@) < Y / W | (5 = 09) = K@) sl
|Bl=s—1
‘y’1+\,8|
— n+|/3|+1 |a’l )l dy
|B]=

CT |lai(y)| dy,
e /cz.

where c is independant of 7. By Holder’s inequality in L' (R™), the last expression is bounded
by ’
2'LS

T laill .

ON
Case 2: If [z] <2073 and y € C}, then

Tai(a)] < / K(z — )] |as(y)] dy

1
< / )y < 2 /| v)| dy,
c; | — ‘

where c is independant of i. By Holder’s inequality in L' (R™), the last expression is bounded

by

27 laill .

()’
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Then T satisfying (4.1) and (4.2). This finishes the proof. =

Now, we present the following important proposition.

Proposition 4.6 If p € P°(R"), then
(1) || xx lpey= (25067 A 027%,3: € Ry, for all k > 0.
(ii) || X o)~ €270, for all k < —1.

Proof. For (i), is a simple consequence of the Lemma 1.29 ( Since |Ry| ~ 2" > 1).

For (ii), it suffice to show that

ooy (277x) = / o np(1)/p(0) g
Ry
_ onk / 9—kn(p(y)~p(0))/p(0) g
Ry,

1.

Q

We have

9—kn(p(y)—p(0))/p(0) _ n(p(y)—p(0)In2~*/p(0)

Since p € P¢(R™), then

Ip(y) — p(0)|In 27"

2
B
—_
+

A
o
—

S 6
where ¢ > 0 independent of k. Using this estimation, we obtain

Pr() (27%%{) ~ 2”’“/ erdy ~ c,
R

k

where ¢ > 0 independent of k. This finishes the proof of Proposition 4.6. =
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To prove the main results in this section, we need the following lemma.

Lemma 4.7 Let ¢1,q € Py (R"), % = qll() + () , P1, P2 € PO8(R") wzth 1 = 1%6) + z%(-)’
1<p; <pf<ooi=1,2, ——|— = <1, and ay, 0 € L®(R™). Let T are opemtors bounded
from LPiC)(R™) into LPi¢ (R”),j =1,2, v =1,..., N and satisfying the two conditions (4.1)
and (4.2). For all (a1 (), q1 (+))-atoms a with suppa; C C;, and all (a2 (+), g2 (+))-atoms b
with suppb; C C;. We have

1/(py) .
sup /||>2 ¢ .(y) | Blai, b;)(y)| dy < cZM (}Tlaz|(p2 ) () 277" b, ||chpr2()
y|>2-4

>zl A=1

Proof of Lemma. We have

RO
y|=29~

can be rewritten as

3 /R 0a () 1B(as, b)) dy. (4.3)

=53

1 .
(p;), +oo= 1, (4.3) is bounded by

S NV _ \1/pp
Z Z (/ th@’(y) |T,Y1az‘(p2) dy) ' (/R @t,x(y) |T,$bj‘p2 dy) g
7

y=14=5-3
7)) \ Y/ P2 . 1/p;
Y M([22a] ) @) ([ puat) T2, ay)
where we used that |¢, .(-)| < ct™ and |z —y| < t. Obseve that |y| < |z| + |z —y| < 3t and

again ¢, ,(-)| < ct™", we obtain

- 1/py —in
(/R Pra(y) | T3] dy) C<e (1) Xell,-- (4.4)
7
by Holder’s inequality and the LP2¢) (R™)- boundedness of T2, with p% = r;(_) p;(.)
hand side of (4.4) is bounded by
—in _tn
2 " ||T’$ijp2(-)HXer2(-) <c2 Hijpz(.) HXZHMO’
where c is independant of j, ¢. Therefore, (4.3) is bounded by
i v )
e 2 ell e Mol >ZM( 720" )" (@)
l=7-3
- (pg)'
S Wilhuy O Il )ZM( Tha )" (@), (45)

{=5j—3
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where we used (1.4) with R, in place of B. Now we can distinguish three cases as follows:
If j > 3 then since n/ (p2),, > 0, we get by Lemma 1.29 and the logarithmic decay condition
of py at infinity

+00
Z [peen " HXeH;z( 3 20/t < ¢
=3 5,
If 7 < 0 then, we have again by Lemma 1.29 and the log-Holder continuous conditions, both

at the origin and at infinity

400 -1
> e o, = D2 Ixe ol ZHXc [ Y
1=5—3 f—j -3
< Z 9(i=0n/p2(0) 22—57@/ P2) oo
l=5—3
< c

The same estimate can be obtained if 0 < j < 3. Hence, in any case, we obtain
+00 B
> xe e el < @
=j-3

Therefore, we get that (4.5) is bounded by

/(py)'

N NS .
S M ([T ™) T (@2 )
y=1

illpsy ()

This finishes the proof. m

Now, we give the first main result of this section with ij are Calderén-Zygmund operators.

Theorem 4.8 Let qi1,q2 € PO(Rn)7 % - % + q2(); DP1,p2 € Plog(Rn)7 () - pl() + p2()
1 <p; <pf < o0, —F <o < alf < n(l —%) i =12, and o) = aq(-) + aa(+)

such that qi, qa, a7 and g are log-Hélder continuous, both at the origin and at infinity. Let

s> [(af +n/py) + (af +n/py) — n] be a non-negative integer such that

/n " B(f, g)(z)dx = 0, (4.6)

for all multi-indices 8 with |3| < s, and all f,g € L*(R"™) with compact support. Then
B(f,q) can be extended to a bounded operator from Keat) (R") x K020 (Rn) into

p1() p2()
HK;‘((.’)) () (Rn>
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If ¢1, G2 p1,p2, 1 and ay are constants, this result is from [21, Theorem 1].
Proof. For the proof of this theorem, we can repeat arguments similar to the ones used in
the proof of Theorem 1 in [21], where the constant exponent case was studied.
Let f € K;‘ll((_'))’ql(’) (R™) and g € K;‘;((_'))m(’) (R™). We choose n € C§° (R") with n = 1 on
B(0,2) and suppn C B(0,4).
Define

We split B(f,g) as sum

B(f,g9) = B(f,mg) + Bnf,9) — B f,mg) + Bof,m09)

We have

HB(f’9)“Hk§(§'>>vq('>(Rn) - \\M¢(B(f,g))||K§(<_-)),q<-)(Rn)
[ M (B(f, nlg))“fag(ﬁ'))vq('>(1@n) + || Mo (B f, 9))HK§(§')>7‘1<'>(R71)

Mo (BOwf mg)|] o000 gy + [|M(Bnof,109)) || jem000 gy
»(-) p(*)

IN

- HAlij(ﬁ‘)%q(‘)(Rn) T HA2||K;‘((_'))’Q(')(R") - ||A3HK§((_‘)>"Z(‘>(RT») + HA4HK§(("))"1(')(R"')'

For A;. We have

A< CZS;EE’ /]R W) [T )] T (g (y) — T (mg) (2)] dy

N
1 2
+C;S£§5 /Rn 62 W) | T3 )] | T3 (mg) (x)] dy

N

Y M(TL ) (@) M(nig) (@) + Y _M(T) () |T2(mg)(x)|

=1

IN

o4



By Holder’s inequality in Kg‘((f))’q(') (R™), we have

N
1Al o0 gy < czl\wml D@ M19) @] g0
=
N
+CZHM(T,71f)(:(;) |T$(ﬁ19)($)| ||K§((~'>)’Q(')(R")
=1
Nw
S C;HM(TVIJC) Hkgll((_‘)%ﬂ(‘)(Rn) M(n,9) ”K;“;(("))’q?(‘)(mn)
N
+C;HM(T')}JC) Hkgll((_'))’ql(')(R") ||7"fy2 (7719) HK;‘;((_'))’QQ(')(R")’

by Theorem 2.5, the last term is bounded by

C}}f}}[’(’sll(("))af11(')(Rn) HQHKI?;((_-)),(;Q«)(R,L).

a(-)q()

The estimates for terms Ay and Az in K 0 (R™)-norm are similar to A;.

p
Let consider A,. We have

sup
>0

/ ) @12 (Y)B(nof,m09) (y)dy

= sup
>0

Y

[ S 05)0) [T [o0el) = P = ) T2Hm9) 0] ()]

where (TA})* is the adjoint of T7.

L
!

— = 1, then the last expression can be
1

Applying Holder’s inequality in L' (R") with % +
estimated by
CHnof

(T3)" (1) = Py =) T3 (109) ()]

Tl

T1 1

We use the same proof technique as proof of Theorem 1.5 in [20], the last expression is
bounded by
M| fI™) YT (@) M(lg|™) V7 ()

for all 79, 79 such that 1 <7y <p;, 1 <7y <py, and 1/71 + 1/7o = (n+s+¢)/n > 1 for
some fixed 0 < e < 1.

By our assumptions on «; and as, we may choose 71, 7o as above such that

—n/pf <a] <af <(n/r1—n/p;)and —n/p; <a; <ajf < (n/T9—n/py).
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Applying Holder’s inequality in K;‘((f))’q(') (R™), we obtain ||A4]| K00 &) is bounded by
8

cl|Mf™) I/TlHKamql() HM l9™) l/TZHKag< 420 (g -

By Theorem 2.5, we have

HM(|f|Tl>1/T1HK;"l((-‘))v‘ll(‘)(Rn) = |IMfI™); K711 0mO/m gy
1 pl()
S C”‘f‘ “ Tla)1/()q1()/T1(Rn) CHf”K:‘ll((f))’ql(‘)(Rn) s

similarly, we obtain that

YT O < ey (D
[ M(lgl™) HKgll(g)»ql()(Rn) _CHgHKml((_)),qlo(Rn)-

Then, we obtain

’\A4|’K§<(-)>,q<->(Rn) <c IlfHKle((_-)qu(o(Rn) Hng;ll((_S),ql(»)(Rn) :

This finishes the proof of Theorem 4.8. m

Next, we present the second result of this section.

Theorem 4.9 Let q1,q € Py (R"), ﬁ = () + () p1,p2 € POS(R™), p(') = 1%“ + 1#(0’
1<p; <pf <oo, Z%—l—% <1,a7+n/pf >n,0<a;+n/p3 <af+n/py, <n, anda(-)=
a1(+) + az(+) such that q1, g2, 1 and g are log-Holder continuous, both at the origin and at
infinity. Let ij are operators bounded from LPiC)(R™) into LPi0)(R"),j = 1,2,y =1,...,N
and satisfying the two conditions (4.1) and (4.2). Let s > [(of +n/py) + (oF +n/p3) — n]

be a non-negative integer such that

/n 2’ B(a, g)(x)dx =0 (4.7)

for all multi-indices 3 with |B| < s, for all (ay (*),q1 (-))-atoms a, and all g € L*(R") with
compact support. Then B(f, g ) can be extended to a bounded operator from HK® (()) a() (R™)x
K200 (R into HE)Y (R).

p2(")

If ¢1, G2 p1,p2, 1 and ay are constants, this result is from [21, Theorem 2.
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Proof. Our proofs use partially some decomposition techniques already used in [21] where

the constant exponent case was studied. Let f € H K (]R”) and g € K 2(() () (R™).

Using Theorem 4.2 for f and Theorem 1.36 for g, we can write f = E Aa; and g =

1=—00
+00
Z p;b; where A;, pi; > 0, suppa; C C; and suppb; C C;. We start observing that
Jj=—00

HB fg ||HK°‘(()) 90) (R ”M g»HKg(("))*Q(')(Rn)’

where

My (B(f,9))(x) = suplp, = B(f,g)(z)|

t>0

< DO XippMy(Blagby)(x), € R (4.8)

€L JEL

Note that to simplify the writing, we use the notation

2.2 T

€L JEL

For any x € R", we may split (4.8) into two functions, namely ¥; and ¥,, where

Uy (z) = Z)‘iﬂjMw(B(aiabj))(37)X{|-\§2i+4}(m)
and

Us(2) = D NityMp(Blas, b)) (2) x50y ().
i,J
Step 1. Estimation of V;. We can split ¥, into three parts: ¥y := [ + [ + 11, where

= Z)\iﬂsto(B(% bj))(:U)X{|,‘§2i+4’|,‘§2j,5}(a:),

Z)\zluj alvb ))(‘T)X{\-|§2i+4,2j*5<|.‘§2j+4}(ZL’)

and

[[[ Z)\zﬂj al’bj))(x)X{|-\§2i+47‘.|22j+4}(IL').

Substep 1.1. Estimation of I. Observe that I < H; + H,, where

=

o<t<lzl

/ ©1.0(Y) Blai, ) (Y)dy | X<+ |1 <2i-53 (2)

a7



and

[ ouati)Bas) >dy\ Neass <y ().

ZM@ sup

>zl

Let us consider Hy. We have in this case |y| < |z + |z —y| < 2|z < 277% Then by (4.2)

for b;, we have

Z sup / ¢1a(v) [Tyaiy)| dy

7—10<t<‘“”‘

pé(.)ZMqT—:ai‘) (v),
=1

Hi@) < ey w27 bl
,J

< Cz)\iﬂj27jn”bj|’p2(.)
2

By Holder’s inequality in K;((f))’Q(') (R™), see Lemma 1.34, we estimate H; in K&(.'))’Q(')—norm
by

ZH Z ANM(|Tyai)x g <oy

1=—00

H Z 12" & 16 ||p2 )HXC || L (XA <2975}

]_—OO

= CZJl X Jz.
=1

Using Proposition 1.33, J; is equivalent to

o) VO

1

{ Y 2r0nC Z MM Tyai| ) xgp <oy X ()}
k=—o00 o

(a0,
(41) o
+C{22k (1) )ec H Z NM(|Tai| )xq <oy X 11(~> }

Using the boundedness of M and Tn} on L) (R™), the last expression is bounded by

-1 “+o0 1/q1(0)
ko (0)q1 (0) ()
2D (> Ailladdlgy )

k=—00 i=k—5

1/(q1)
{ZQk 1) 0 (1) oo (Z)\ HaZle ) } . (4.9)
i=k—5

0‘1( ) q1 (- )(R")

042()) 42( )(R”)

For k < —1, we write

Z Ai H%le(.) = Z .t Z (4.10)

i=k—5 i=k—5

a8



then, since a;’s are (a; (), p1 (+))- atoms, (4.9) is bounded by

-1 -1 1/41(0) -1 +00 1/q1(0)
il (0 q1(0) beia—\ 1 (0)
{3 (S narmoy ] 3 (et

k=—o0 i=k—5 k=—oc0 11=0

I

k=0 1i=k-5

Since a3 (0), (1), > 0, by Lemma 1.28, the first and the third term of (4.11) are estimated
by

-1 1/q1(0) 400 1/(a1) oo
c { Z )\zl(o)} +c {Z/\,(fl)""} <c ||f||HKa1((-)>,q1(->(Rn) :
k=0 e

k=—00

To estimate the middle term we use the fact that a; > 0, we get

Z)\ﬂ(k’i)af < 2k gup),

1>0

400 1/(‘11)00
S Czka; {Z)\Z(QI)OO }

< 2or|f] k<o,

HKal()) a1 (- )(Rn)
Thus,
Ji < CHfHHKal(>) 10 gy -

Now we treat the term Jy. Similar to J;, Jo is equivalent to

. ©) 1/42(0)
q2
{ 3 (2’““2 Z 1277 105l o) il ) }

k=—o0 j=k+4
—+o0 +oo (22) 1/(42) oo
k(a —ijin >
+ {Z(? (@2)eo Z ;277 Hijpz(.)‘ () HXkaQ(.)) }
k=0 j=k+4
400
For k < —1, we split > - asin (4.10)
Jj=k+4
+o00 —1 +o00 —1
j=k+4 j=k+4 §=0 j=k+4

using Lemma 1.29 and the fact that b;’s are (as (+),p2 (+))- atoms, we distinguish two cases

as follows :
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e In the case k < —5 and k +4 < j < —1, we use the log-Holder decay of p, at the origin
to get
. (k—j)n .
—jn ooty —Je2(0)
27 b5l [ g 1Dkl S 272072,
e Inthecaseof k < —5and j >0or —4 <k < —1and j > k+4, we have

(k=j)n
P 2
P2 .

ph(+) ||Xka2(.) 5 2

For k£ > 0 and j > k + 4, we use the logarithmic decay condition of p, at infinity to get

29 oyl 1 L ) Ml 200 70

Therefore,

1

-5 —1 ' q2(0) q2(0)
o< el Y <Z sz(k—J)(az+n/p2)(0)>

k=—oc0 j=k+4

1

-1 +o0o ) 3 N e (0) q2(0)
el 35 (ot

k=—c0 j=0

o0 (@) 1/(42) o
e (5% gt L

k=0 j=k+4

as argued before, we get the estimate

. 1/42(0) . 1(g2)o
Jo < C{ Z (Mk)(h(O)} +c {Z (luk)(@)oo} <c ”gHKZi('))’qZ(')(R”) .
o (-

k=—00 k=0
This finish the estimate of H;.
Now let us estimate Hs. Obviousely Hy can be decomposed as follows

= o

t> 'I

+Z)‘Z“ sup

>zl

/| ) 4sot,w(y)B(%bj)(y)dy‘X{-|s2i+4,-|s2f5}(~"U>
y|<2i—

/|>2 4SOt,x(y)B(aiabj)(y)dy‘X{.|gzz‘+4,|.|g2j5}(55)-
Yy j—

The first term can be estimated exactly as in J;. By Lemma 4.7, the second term in
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K240 (Rm)-norm is bounded by

()
1oz )
ZH ZAM(W ai| ™ ) "v <2y |

y=1 i=—o00

|3 w2 ol

j=—00

( )) 2a1(+) (R")

() X{1<29-5} K220120) (g

= Zz\a X Nj. (4.12)

By the LP1()/(®:)" (R™)-boundedness of M, the LP() (R™)-boundedness of T, .+ and since p; >
(p;),, we have

”M<‘T71ai\(p2)l>l/(p2)l = HM<}TV1a,-|(p5)’> 1/(27;)’_
pt) )/ (7 )
< imal™ |0
p1(-)/(p3)
= cHTvlaZle(.)

Using analogous arguments as that of .J;, we estimate N; by

1 1/41(0) +00 1/(91) 0o
q1(0) (91) oo
{ S ow } +c{z<m l } < el

k=—o00 k=0

Estimation of N, is the same thing as Js.
Substep 1.2. Estimation of /. We choose py such that 1/py + 1/py = 1 and (p; ) <
po < p; . We then have IT in K;‘((_'))’q(')—norm is bounded by

N +o00 /
1 |po\1/po
CZH Z )‘iM(‘Tv“i| ) X{H<24 9} | o101 0) g
) (R™)
y=1 1=—00 p1(*)

Foo ’ l/pO
x| 30 M7 ) X sy

j=—o0

(4.13)

0‘2(()) (- )(R")

Since py < p; , the first norm above is estimated as in N7 by ¢ Hf||Hka1<.),q1(A)(Rn) :
p1()

Similarly, using Propostion 1.33, which yields that the second norm in (4.13) is equivalent

to
—1 kt+4 1\ 1/pt q2(0)\ 1/42(0)
C( Z <2ka2(0) Z I _/\/l( ‘T’ibﬂpo) 0 ) )
= ! p2()
400 k+4 /N 1/pt (a2) 00\ 1/(92) 50
+C(Z<2k(a2)m S M(|T3bj‘po) b ) ) . (4.14)
" sl p2(")
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By the LP2()/Po- boundedness of M and the LP*()- boundedness of T,f, we get

(2 ATy < el

'\ 1/p;
b, pO)
g p2()

As before, the terms in (4.14) are bounded by

k+4 42(0) 1/g2(0) +00 k+4 (a2) 1/(42) 0
2 . 2) o0
{ 3 ( 3 2t ) } +C{Z< 3 ,ujQ(k—J)(O@)oo) }

k=—oco j=k—4 k=0 j=k—4

) 1/42(0) oo 1/(22) o
0
< C{ Z (#k)qQ( )} t+c {Z (#k)(qZ)“’} <c ||9||K§22(§')>7q2<')(Rn) )

k=—o00 k=0

where in the second inequality we used Lemma 1.28.

Substep 1.3. Estimation of II/. We also divide /1] into Hs + H,, where

) = S s [ outBan)o )dy‘xﬂ orve iy (2)

o<t<lzl

i) = S [ @t,x<y>B<ai,bj><y>dy]x{|.|<22-+4,|.>2j+4}<x>.

t> ‘””

Let us estimate Hs. Observing that |y| > |z| — |z — y| > |z| /2 > 2773, we can use (4.1) with
51 = 1 for b; to obtain that

2J

[ et Blac b)) < e M) () s Ml (4.15

sup
o<t<lzl

EAAON

Applying Holder’s inequality in K;((,'))’q(') (R™), we obtain HHgH K00 @) is bounded by

ZH Z ANM(|TSai] ) x g <oy

i=—00

01()q1() n
$ra ey

27
H Z ,UJ| |n+1 ” JHp2 )”Xc H )X{| |>2i+4}

D¢2( ) 22(") (pn
= &)’

The first norm above appeared as in J; and it is bounded by c||f|| Using

a1 (4),41() rpmy *
HKm(-) (R™)

Proposition 1.33 and the same of the arguments used in the estimation of J5, to get that the
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second norm above is bounded by

-1 k-5 qQ(O) 1/q2(0
253 (Z 11,20 7R 1=z n/p2)(0

k=—00 j=—o00

X/ < . ) (22)so
+C{Z( 3 2R g ))) ’ }

k=0 j=-oc0
+oo k-5 1/(92) oo
te {Z(Zu QUK t1—(az4n/p2) ) | w}
k=5 j=0
S C { Z (Iuk)qz(())} +c {Z (/Lk)(%) } S & ngkaz((')),tm(')(mn) )
k=—o0 k=0 b2t

where in the first and the third inequality we used Lemma 1.28, since n+1—(ag +n/p; ) > 0.
For H,, we put

012 (y) = Ps(y) + Rs(y),

where P,(y) is sth Taylor polynomial of ¢, , at the origin and R(y) is the remainder term.
By (4.7), we get

o | [ e Blan)i| = sw| [R50 0
>zl [JR" >l | JRe
= ]y|5+1 1 2
S CZ Sulpl / tn+s+1 |T’Yaz(y)} ‘T’ij(y)} dy
y=1t>5 JR"

We split the last expression into

s+1
o [ o [ a

sl

s+1
£} sup /| » Wl ke 120, ()] dy

)+ (2).

In the case of |z —y| > 4t, we have |y| > |z —y| — |z| > 2t > |x| > 277, We can apply (4.1)

with s; = s 4 2 for b; , we obtain

2j(s+2) |T1az }
Hj(z) < C_’x|n+s+2 1651l 5,1 Ztsupt/ o e dy
y=1t> r—
1 N
= CWHbﬂ'” p;<~)ZM(\T5ai})(fﬂ)- (4.16)
y=1
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Applying Holder’s inequality in K;“((f))’q(') (R™) and since |z| > 2774 then ]\Hi||Ka((.>),q(.)(Rn) is
o

bounded by

CZH Z AM(|Ta] )X <y

1=—00

H Z o Wl

The first norm above is the same as J; and the second norm can be estimated as before by

D‘l( ) q1( )(Rn)

X >27+4
{h ¥ ag(()) 2() (gny’

k—5

—1 0) 1/42(0)
q2
C{ 3 (Z 1,20 R (n=(az4n/p2)(0 >>> }

k=—o00 j=—o00

) M)
2) oo
{Z( S 2R (e $+n/vy )>> }

k=0 j=—o0

400 k-5 (q2) 1/((12)00
. 92) o
1o {Z (Z Nj2<rk>(n7(az+n/pz>oo>> }

k=5 ;=0

Since aj +n/p; < n, by Lemma 1.28, the last terms are bounded by

1 1/42(0) too 1/(42) o
0
C{ Z (Mk)qz( )} tc {Z (Mk)(qz))“} <c ||9||K522(§-)>,q2<-)(Rn) :

k=—o00 k=0

We decompose H? () into

3 sup [y s Pl 172050

|z—y|<4t ¢n+s+1

y= 1t>‘ d |y|<29+3
‘y’8+1 1 ) TZb d
+CZSUP ey prrart | Tyas@)] T30 ()| dy
= 1t>‘ d |y|>27+3

= FEi(x)+ Ey(x).

By Holder’s inequality, with ﬁ + L =1, the term E; (z) is bounded by
Pa

)
N ; 2
2](s+1) ) 1 . (PQ_)/ 1/(1’2)
Yl T vl G 7] )
N ) N\’
9i(s+1) ;)\ V()
= |I|n/p£+s+1 H <T72bj) XBjys Hp5M< }Tiai|(p2 ) ) 2 ().
v=1
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Again by Holder’s inequality with p% = pzl(‘) + ml(.) and the LP2()- boundedness of Tf , We
2

obtain
H (Tgb ) XBJ+3HP < C”T'fijpz(')HXBj“HTQ(')
< C||ijp2(.)HXBj+sHw(-)'

Since p, € P8, we have by (1.5) and (1.6),

HXBJ-HHW(') ~ | Bjys| 2@ G HXC || if j <0, 2 € C; C Bjys
and
X803 sy 2 1Brssl ™= = XLy 1520,
Now using (1.4), we obtain
Jj= _
||XBj+3}}T’2(-) <c2r ”XCijzl(.)‘ (4.17)
Then E) (z) is bounded by
(s+1+ ) N7
? ()
¢ o 16300 e, 1 )ZM<\T1az| (v ) ) (@) (4.18)

Applying Holder’s inequality in K ( (R”) we obtain || F; is bounded by

||K§((.'))’Q(')(Rn)

ZH Z AM (?Tlaz | ) e X{-|<2i+4)

1=—00

a1()tz1() n
S+1+ n)

H Z 'uj| |n/p +s+1 H ]Hp2 HXC Hp2 X{\ [>27+4}

0‘2(()) a2 (- )(R”) <419)

The first norm above is the same as N;. Obviousely the second term is bounded by

-1 k—5 ' 4(0) 1/92(0)
253 (Z Mjg(]*k)(sﬂfaz(o)))

k=—0c0 j=—00

foo 1 IR RS
. 2) 0o
te {Z( 3 Mjg(]*’@)(ﬁ“*%ﬂ) }

k=0 j=-—o0

+oo k=5 (@) 1/(g2) o
2
+C{Z(ZM li=k)(s+1—(a2), )) }

k=5 j=0
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Since s > [(af +n/p;) + (a3 +n/py) —n] and (af +n/py) > (o] +n/p;) > n, we have
s+ 1> a3, then by Lemma 1.28 the second term of (4.19) is bounded by

-1 1/42(0) +oc0 1/(42) 0
0
c { Z (uk)qQ( )} +c {Z (/’Lk)(qQ)oo } <c ‘|g‘|K;22(§5)’q2(')(R") .

k=—00 k=0
Using (4.1) with s; = s+ 1 for b;, we obtain that Es is dominated by

N

|y|s+1 7 94(s+1)
) /r y<a gt [ Tyai(®)] e il

l=|
Y=1t>5 7 y|>20+3

3 P’z(~)dy

N , _
27(s+1) 1 W), \ V@)
< ey —— b 1, sup(—/ Tra;(y) P2 dy)
;’x|n/p2+s+l ! Py () op \¢n |zy|<4t‘ 7 ‘
- 1/py
X(/ |y~ dy) ’
ly[>23+3
9i(st+1-ntn/p;) al Ly \ Y@
< p'z(')zMUTwai‘ 2 ) (z),
y=

g 19l

which is similar to (4.18) and then we can estimate E,. Therefore, we conclude that

||H4HK0¢()‘1()(R77,) & ||f||HK(’1(()) ay(+) R" ||g|| "“2(()) 92()(Rn) .

Step 2. Estimation of Vy. We also split ¥y into Hs + Hg + H7, where

= Nt Mo (B(ai, b)) ()X 5 it4, ) <ai-5y (),
ij

= Z)\iﬂsto(B(aia bj))(x)X{|-|>2i+4,21'—5<\-|§2j+4}(x)

and

= ZAiMsto(B(% bi))(T)X ()| >2i+4 ) >2+43 (T).

Substep 2.1. Estimation of H;. We split M, (B(a;,b;))(x) into

N

sup

y=10<t< 12l
N

+Zsu‘p‘ / wt,x(y)Tiai(y)bej(y)dy‘
’y:1t>% n

= Vi(z)+Va(x). (4.20)

/ sot,x@)T;ai(y)stj(y)dy\
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Let us estimate V;. We decompose V;(z) into two functions as follow:

N
> SUp/ ) | Thai(y)| | T26;(y) | dy
lyl<27=4

[z]
7:10<t§7
N

+> " sup /|>2, P W) [ Taw)| [T30; ()| dy
y|=227~

=]

7:10<t§7

= Vi (@) + Vi (2).

Observe that in either case |y| > |z| — |z — y| > |x| /2 > 27%3. Using (4.1), (4.2) for a;, b;

respectively, we get

22‘81
Vi (z) < CW—+51 laill,, ) l|xe,

p’1()2_]n ||b]||p2() ||XC] Py()" (421)

Since

+00 21’51
| 32 s el Il g s

1=—00

-1 k—5 ) 1/q1(0)
< C{ 3 <Z Ai2<z‘—k>(n+s1—(a1+n/p1>(o>>)‘” }

k=—o0 i=—00

+oo -1 (@) 1/(q1) oo
+e {Z( > )\iQ(i—k)(n+51—(af’+n/p1_))> “ w}

k=0 i=-o00

+oo k-5 (@) 1/(a1) 0
+e {Z (ZAiz(ifk)mm7<a1+n/p1>oo>) e } .
k=5 =0

If 51 > (041+ + n/pf) —n, then by Lemma 1.28 the last term is bounded by

c21():a10) (R

1 1/41(0) +00 1/(q1) 0o
71(0) (41) o
{ 5 ou } +c{z<m 1 } < el

k=—o00 k=0

Using a combination of the arguments used in the estimation of .J, we obtain that

+00 ,
| 32 277 183l e, Ny
j=—00

K;‘;(())JD() (]an,)

is bounded by ¢ ||g||Ka2((.)>,q2(.)(Rn . This finish the estimate of V.
p2(-

)
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Let us estimate V2. Using (4.1) for a;, we obtain that V;? () is bounded by

N

2i51

> swp / e ) e Nailly o el o 175705(w) | dy
r=10<t< el Jly[=27-4 |y !

i 1z Y

< el ey s ([ o)

|.']J| 0<t§|;—" Rn

S 2 Py 1/pz
(] ) [T dy) (4.22)
y=1 ‘y|22j—4

. - 1/p
Since 2771 < |y| < 2]z —y| < 2t, the term (f‘y|22j,4 e12(y) | T2b;(y) | dy) * can be

rewritten as
o0

> ( / ra) | T20;(y) [ dy) e

e=j-3 7B
repeating the same arguments used in (4.4), we obtain (4.22) is bounded by

2’i81
o 1l Ixe,

pll(.)Q_nj ||b]Hp2() HXCj Ph()’

which is the same expression as in (4.21). Then we can obtain the desired estimate for V.
Let us estimate V5. We put

©10(y) = Pu(y) + Rs(y)-

By (4.7), we get
S Jyl™*!
Vala) < edosup [ Lt et 172, dv.

||
y=1t>5

We split the last expression into

) "

v:1tiu‘—§ /|y|>2i+3 t’?irsﬂ | Tyai(w)| [ T50(y)| dy
u ly[*+!

‘*’;ZUI; AJISW’H’) s+l |T71ai(y)} }bej (y)} dy

= ¥y (2) + V5 (2).

Observe that,
N

s+1
Vi(z) < chup /y|>2i+3 lﬂsﬂ }Tiai(y)‘ ‘bej(y)‘ dy

|| )
v=1 82 Ty <2

s+1
—i—chup /y|>2i+3 lﬂsﬂ T ai(y)| |T20;(y) | dy. (4.23)

’y:l t>7 ‘y|>2j74
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Using (4.1) with s; = s+ 2 for a; and (4.2) for b;, we obtain that the first term in the last

expression is bounded by

2i(s+1)
L laill,,

—Iin||p.
277" 13l

py(+)’

which is the same expression as in (4.21) when s+ 1 > (af + n/p;) —n. Using (4.1) for a;,
the second term in (4.23) is dominated by

N

|y‘s+1 21(+2) 2y,
CZ Sup /y>21+3 fntstl | ’n+s+2 H p1 }T )| dy
2z(s+2)
S CZ| |n+s+1 ” }

,1t>|m ly|>29— —4
</ Vo)
o pi () |y|>2i+3 |y|(n/(p2_)/+1)<p2_)/

T2b;(y)|"*  \ Ve
X </ Mdy) "
WECT ]

We see that
_ 1/py E—"
(/ T2, " dy) < 22 2 [ (T705) x|
ly[>27-4 (=53
_In
= CZ 2 72 (|25 el
l=5j—3
X, i
< c Z 2 P ||bj||p2(.) HXEHTQ(J’
t=j—3
by Holder’s inequality and the LP2() (R™)- boundedness of T2 2 Wlth p21() + % Re-

peating the same arguments used in (4.3), the second term in the rlght hand side of (4.23)

is dominated by
2i(s+1)
L laill,,

279 o]

illp] (- p2(-) i liph(-)’

which again is the same expression as in (4.21).
Let us estimate V. We have

N s+1
) < oo [ e [T 720, dy

|z )
Y= y|<2i
N

s+1
s [ ey (T3] T2 0] .

|| .
=1y >2i 4
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Using (4.2) for b; and the Holder’s inequality with

1o+ L =1, we obtain that the first
(br) P

term in the estimaton of V;? (z) is dominated by

g-in
CW 1;]1

N
p'g(-)” HS—H XBH—B Z T a’ XB; +3 : (4'24)

Applying Holder’s inequality with p% = pll(.) -+ Tll(.) and the LP1() (R")- boundedness of T,
1

we get
H (Tvlai) XB¢+3||pf = C”ainl(')HXBI'”””(').

Since p; € P8, we have by (1.5) and (1.6),
HXBHSHH(.) ~ |Biys|n®@ ifi < 0,2 € C; C Biys
and
HXB +3H7~1 ’B+3’(r1 if 7 > 0.

Then we get that (4.24) is bounded by

21(5-{-1)
’ ‘n+s+1 || ||p1( HXC

in
2 bl

2()’

which again is the same expression as in (4.21). By the Holder’s inequality with — + p% =
2

()

1, the second term in the estimation of V?(x) is bounded by

N
|y’8+1

T} a; T2b, d
C;,iug /21'—4<y|§2i+3 frtstl | Tyai(y)] | T20; (y)| dy

N

1 . (r2)" \V/(p2)
(s+14n/py) 1
=< CWZ</|<2-+3 (|y| P ITyaz-(y)\) dy)
y=1 =
—n > 1/py
><(/|>2j4|y| T20;(y) [ dy)
)

2i(5+1+n/p;)
CWTH (Tya) XB+3 ZQ v [ (T307) x|,
Z =j—3

IN

Again by the Holder’s inequality, the LP*()-boundedness of T1 and (p2 ) < p;, we get

H (Tvlai)XBHs”(p;)' < CHT’;ainl(-)HXBHsHr1(~)

CHCLinl(.) HXBH%HH(')

IA

IA

C2igHainl(,)HXCi e (4.25)
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with —— = -1~ + -1 where we have used the same arguments as in (4.17). Repeatin
()~ »O T m0O &

the same arguments used in (4.4), we obtain the second term in V.2 (x) is bounded by

2i(s+1)
C|x|n+s+1 laill, . xc,

p’1(.)2_]n Hbj||p2(~) HXCJ’ P5(:)’

which is satisfy the desired estimate when s+ 1 > (af +n/ pf) —n. The estimate of V; and
Vs, gives
||H5}}K§(§->),q(-)(Rn) <c ||f||Hf<§11((j)>741<')(Rn) ||g||K§;(§-)>,qz<~>(Rn) :

Substep 2.2. Estimation of Hg. We write as in (4.20)
M (B(ai, b;))(x) < Vi(z)+ Va(x).

Let us consider V;. We have |y| > |z] /2 > 2773 and then we used (4.1) for a;, we obtain
Vi(z) is bounded by

21’51
o il Ixc.

al 1/po /N 1/0h
pfl(.)Z(/Rn ‘Pt,x(y)dy> M( |T,$bj‘p0 ) (x)

y=1
N
1/p¢
PO ) 0 (1‘),

pa(~>ZM< 755,

7=1

2’i81
< o laill, ) [l xe:

where py is chosen as in the estimation for /15. Now V; can be estimated as in (4.21) for i
and as in I, for j.
Let use estimate V5. We used only the case when 27 < |z| < 2771 which it is sufficient for

the estimate of V3 (it similar to the previous case i.e, V2 in H5). We obtain that

||H6}}K;v(§-)),q(-)(Rn) <c ||f||HK:11(("))’(11(')(R") ||g||K222(<'~)),q2<~>(Rn) :
Substep 2.3. Estimation of H;. Asin (4.20), we write
Mo (B(ai, b)) (x) < Va(z) + Va(x).

Let us estimate V;. Since |y| > |z| — |z — y| > |z] /2 > max(2"73,2773), using (4.1) for a;

with s; = ¢+ 1 and for b; with s; = 0 respectively, we obtain

9i(t+1)
Vi(z) < T laill, ) Ixe

1
p’l(')W ”ijpz(‘) HXCij/Z(.)- (4.26)
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It follows from (4.16) and (4.21) that V} satisfies the required estimate.
Now let us estimate V5. we decompose the integral into four parts as follow:

N s+1

= C;tiu'g /y|>max(2z+4 9i+4) tngFSH |T72ai(y)} ‘bej (y)} dy
al | |s+1
+C;till'£) L|<mln(2l+4 9i+4) tgﬂﬂ TS ai(y)] |T70;(y)| dy
SUp/ |y\8+1 ‘TQQA(yM |T26'(y)|dy
St Lzl Jarta gy <2t s+l 177 7Y
DI L o) 2]
St Lzl 2ty <oi+d s+l v Vi

= Qu(x) + Qa(2) + Q3(x) + Qu().

Let us consider ;. Put s = m + ¢ where m, ¢ be non-negative integers. Using (4.1) for a;

with s; = m + 1 and for b; with s; = s + 1, we have ;(z) is bounded by

/ i
210! |y|>max(2i+4,2i+4) |y|2n.

oni/(py ) +ni/py dy
[ i
[yl >max(2i+4,2i+1) ||

Then we obtain (;(x) is dominated by

Qz(m

0
WH pr(- 02" 115

For any ¢ and j, we have

2i<m+1—n/p2_> 2]([ n+n/py
— v | P S e——— 4.27
C’x|n/(p2_) +m-+1 Ha H p1() ’ |n/p +£ H JHP?( py(-)’ ( )
The second term of (4.27) it follow from (4.18) and is bounded by ¢ ”g”KD‘Z(')"D(‘)(Rn)’ if
p2(+)
(> ajy. (4.28)
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For the first term of (4.27), we have

z m+1 n/py )
H Z )\ n/ +m+1 HaZle() al()Ql()(Rn)

— 0 1/4q1(0)

=—00 Z—*OO

. ) V@)
{ Z 220~ n+m+1fn/p;f(ar+n/p;>)> " “}

k=0 1=—o00

too hd (@) 1/(01) oo
{Z Z)\ 2 n+m+1—n/p;—(a1+n/p1)w)> « oo}

P, () XL [>2+4}

If
m+1> (af +n/py)+n(1/p; — 1), (4.29)

we obtain that the first term of (4.27) is bounded by

1 1/41(0) +oo 1/(91) oo
q1(0) (a1) o
C{ > W) } +c {Z (Ae)™ } <c Hf||HK§11(<_<)>,q1<»>(Rn) :

k=—o00 k=0

Now, (4.28) and (4.29) give

s+l=m+L+1>(af +n/p])+ (ad +n/p;) —

Let us consider ();. By Holder’s inequality with (pf), + p—l_ = 1, we obtain
> 2
22(m+1)2y£ N
@2(z) < II"WZH (Ta; XB7+4|| H (T5765) X5,.all,

1

9i(m+1)9j¢
< _|J:|n+s+1 ZHTlaszl )HXB,+4HT1 [leas JHPQ( HXB]+4H7~2()

. . Sl . . 1 1 1 1 _ 1
where we used again Holder’s inequality, with ot ho = —(p2 i and () +5g = o

Similar arguments used to prove (4.17) give that Qs(z) is bounded by

2i(m+1fn/p;) 23'(@*
|| il X5l

C| |n/( )+m+1 |ain1(')‘ | |n/p +¢

which is the same term of (4.27).
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Let us consider Q3. In this case 277 < |y| < 27" (i.e j < i) then using (4.1) for b;, we get

N |y|s+1 97 §(0+m+2)
@l = Czltiulg /2j+4<|y<2i+4 fnts+l ‘ 7a"(y)| Hn—&-m | JH ()dy
y=1t>5 s
9i(m+1) 94 (£+1) X
|x|n/(p2)+m+1 | |n/p +£ ” Jsz )2“ (T'yai) XBi+4H(p2_)/
Y=
- 1/py
([ )
ly|>27+4
9i(m+1) ) 9i i (L—n+n/py)
| /(o3 )+m+12|| (T}a;) XBl+4H(p2) T 16511, e

As before, we have

9i(m~+1-n/p;) o (t=n-+n/py

Qs(x) < ¢ i

1 (+) | ‘n/p +£ || -7||p2( p5(+)’

|$‘n/(p;),+m+1

which is equivalent to (4.27). Finally, let us consider Q4. In this case 24 < |y| < 27T (i.e
i < 7). Then using (4.1) for a;, we get

N

Qua) < ) / I 2 e 1728, ()| d
T c» su
4 — 7:1t>@ 2i+4<|y|<2j+4 tn+s+1 | |n+é+m+2 pl( p B Yy

2i(m+2)
’ ‘n/( )+m+1 || Z||p1 )| P (- ’ ‘n/p +ZZH XBJ-+4Hp2—

—\/ 1/(p2 )/
X (/ |y|—(n+1)(p2) dy) )
|y|>21+4

Again as before, we have Q4(x) is bounded by

IN

— gi(t-ntn7)

i

C|x|n/(p;),+m+1 1 () | |n/p +£ H jH ph(+)’

which is desired.

Combining (4.26) and the estimates for @)1, Q2, @3 and @4, we obtain

||H7HK;¢(('-))7<1(-)(RTL) S & ||fHHKgll((:))’ql(‘)(R") |g||K§22(("))"12(')(Rn) .
This is finish the proof of Theorem 4.9. m

Remark 4.10 The minimum value of s given in (4.7) can be taken as

[(af +n/p7) + (a3 +n/py) —n].
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Chapter 5

Boundedness of some bilinear
operators on variable Herz-type

Hardy spaces 11

We conclude our thesis by giving another application of the boundedness of some bilinear
operators on variable Herz-type Hardy spaces in the from X x Y into Z, where X,Y and Z

are variable Herz-type Hardy spaces, this study is completed the previous chapter.

5.1 Technical lemmas

We employ the notation M (f) and B(f,g), i.e., for ¢ € D (R™) with supp ¢ C By, such
that
/ e(x)dx #0 and @, () =t "¢ (Z> for any ¢t > 0,
we define
M (f)(@) = sup [, * f(z)],
>0
and B(f,g) as in the previous chapter, define by

N

B(f,g)(@) == Y (T]) (@) (T2%) (2), = € R"

=1
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where the operators ij are bounded from LPs¢)(R") into LP/O(R"),j = 1,2, v = 1,.... N
and satisfying the two conditions for each central («(-), p(+))-atom a; with suppa; C C;

2i51

T a;(z)] < CW—+51 el .

o 7l >27 =12 (5.1)

and

|T]a, )| <27 ||az||pj

() lz] <272 5 =1,2. (5.2)

Note that to simplify the writing, we use the notation

) DI PEee

JEL i2j (]
Let us now state technical lemmas which we will use in the proof of main theorem in this

chapter.

Lemma 5.1 Let ¢1,q2 € P (R™), q() = () + (), p1,p2 € POS(R"), p(l,) () + p2(),
1 <p; <pf < oo, p—+— <1, o +E >n,i=1,2, and o) = a1(-) + as(-) such that
q1, 42, 1 and az are log-Holder continuous, both at the origin and at infinity. Let TJ are
operators bounded from LPiC)(R™) into LPiC)(R"),j = 1,2, v = 1,..., N and satisfying the
two conditions (5.1) and (5.2). Let s > [(af +n/py) + (a3 +n/py) — n] be a non-negative
integer such that

/ 27 B(a,b)(z)dr = 0 (5.3)

for all multi-indices B with |5| < s, for all (aq (+),p1(+))-atoms a, and all (s (-),pa(+))-

atoms b. Then
Z)\iﬂsta(B(% bj))X{|-|g2i+5} (5.4)
1>]

can be extended to a bounded operator from H K ™)) (R™) x H K >0)20) (R™) into Kg(')”(') (R™)

p1(+) p2()

for alli,j € Z and all \;, pi; > 0.

Proof. We split (5.4) into two functions D; + Do, where

Dy(z) = Z)\iﬂsto(B(aia b;)) (z) X{\.|g2j+5}(75)

i>j

Dy (z) = Z)\iﬂjMw(B(aia b)) (T) Xqoi+5<) <aits} (T).

i>j
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Substep 1.1. Estimation of D;. By Hoélder’s inequality Wlth -+ , = 1 where (p; ) <

po < pj, We obtain

| Bl < ciM (™)™ (@) m( 2 4) " (@),

Applying Holder’s inequality in K;((_'))’q(') (R™), then ||D1\|Ka(.),q(.)(w) is bounded by

CZH Z MM Tl ) P x g eomisy

'y—l 1=—00
/ l/po
XH Z %M<|Tw2bj\p°> X{<2+5)
j=—00

Both terms above can be estimated as N in (4.12). Therefore, we have

0‘1()) a1 (- )(R")

az()qz() n

||D1 ||K;(())’Q()(Rn) S & ||f||Hk;‘11(("))a’11(')(Rn) ||g||HKs22(())yq2()(Rn) .

Substep 1.2. Estimation of D,. we split Dy into D} + D2, where

=Y sw | [ ) Blas b))y

i>j o<t< izl

X{za‘+5<|.\g2i+5}($)

and

— Y A

>3 t> IJL

First, let us estimate DJ. Observmg that |y| > |z| — |z —y| > |z| /2 > 2771 Applying

[ outBta b»(y)dy\ Neorso ooy (@),

Holder’s inequality with + .= = 1 and using (5.1) for b;, we obtain

(2)'

¢t,x<y>B<ai,bj><y>dy'

sup
o<t<lzl
- (5) 4\ o7 *
< ¢y sup (/ @) [Ty ai(y)] dy) ) (/ ) |T2)] dy) 2
,1t<m ly|>23+3 ly|>27+3
S CZM( |T Z > ( ) |x|n+[+1 ||b]||p2() ' plz() (55)
By Holder’s inequality in K a(()) “0) (R, then || D] Kea0g , is bounded by
Y 1. |Ph 1/py
ZH Z M( |T al‘ ) X{|-|<21+5} K00 g
y=1 i=—o0
H Z 'u]’ ‘n+£+1 H JH ()X{| |>2i+5} ”‘2()‘12()(Rn) (56)
j=—o00
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Since p; > (p;)/, the first term in (5.6) can be estimated as N; in (4.12). If / + 1 >

(ag +n/py) — n, the second term can be estimated similarly to (4.15). Therefore, we have

HD; }}K§(§S)7Q(')(Rn) S c ||fHHKgll((j))’ql(‘)(R") ||g||HK;22(("))’q2(')(R") .

Second, let us estimate D3. We put ¢, ,(y) = Pi(y) + Re(y) as in Hy ( Substepl.3 in the

previous chapter ). By (5.3), we get

|y|€+1
D2 < Z)\Zuj sup /n VS| ‘B(&l, )( )‘ dyx{2]+5<‘ |<2z+5}< )

i>j t>|z‘

We split the last expression into D3 (z) + D3% (z), where

|y|€+l
D3 () =) i sulp / o | B(ai, b;) ()| dyx qor+5 < j<oitsy (2)
i>5 t> x| r—y|>4t
and
22 |y|€+1
D50 = [ i o b)) o)
i>7 t> T=YI=

e In the case of |z — y| > 4¢, we have |y| > |z — y| —|z] > 2t > || > 277 and |z — y| < 2yl

Using (5.1) with s; = ¢+ 3 for b;, we obtain

‘ynyrl
SUP/|I y|>4tW|B(a“ i) (y)l dy

t>12l
TE 1051109 [1xey Ly
1 7 P2 ) C
CZ n+€+2 A‘" y\>4tt|T7ai(y)| n+2
il 5>t !
Since 2t < |y, the last expression is bounded by
2 ol p [y L D]y
= b
n+0+2 1177 1pa(-) |z— 4t n+1 n 1
= 0 0 28 o ey s
, (py)' -
94 (43 t ‘Tlai(y)‘ 2 1/(py)
< e Il sup(/ Uy
|l‘| +04+2 1177 1ipa(-) Zt>0 r—y| >t |x—y| +1
X </ dy )1/p2
lyl>20+5 |y TP
N ' j(£+2)
L ey \ VP2 24 |
< C;M<‘Tva’| > (x)wwa]H Al
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which is similar to (5.5) and satisfy the desired estimate if £ +1 > (g +n/p; ) —n — 1.

e In the case of |z — y| < 4¢, we split D2? (z) into

|y|€+1
Z)\Zﬂj ok /”” yl<at g+ | Bai, b)) ()| dyx s < <2ea)

1>7 t>|| ly|<2i+3

|y|£+1
X [ P 1B b)) sy
>j t> ly|>27+3

= Fi(x)+ F(x).

Let us consider Fj. If |z] > 2075 and |y| < 2773 then 1 < |xfy| < 1o~ Then by Holder’s

inequality with 1 = W + o, we have

!ylg+1
Sup /ac—y|§4t 41 | B(ai, b )( ) dy

>3 7 yl<2it3

N 1
¢ 1 1@ 0 Gy
N —— Sllp(—/ T a;(y dy) P2
|x|n/172 +4+1 ; >0 \ {7 oyl <at ‘ vy ( )‘

again by Holder’s inequality and the LP?()-boundedness of T’ 3,

TS0, - (57)

I o)X, 0l < 2N 8,y
< 62“+1”||b'Hp2 s, ol
< o Je+1-nt Hb ” " (5.8)
with pl = () + ( 7, where we have used the same arguments as in (4.17). We obtain (5.7)
2
is bounded by
N —\ j Z+17n+n/p7)
ooy \ Uz 2i( 2
S M(med ™) 07 o el 69)
-

which is equivalent to (4.18) and satisfy the desired estimate if £ +1 > o .

| €+1

Let us consider Fy. We use (5.1) for b;, we get sup  [jo—y<ar 7ozt |B(ai, b;)(y)] dy is bounded
t>[z|/2 |y|>20+3
by

21 (4+2) ( / w7 1/(py)
— su T a; 2 d )
| |n/p +0+1 I Jsz( py(+) Zt>%)) |m—y|§4t} ¥ <y>‘ Yy

d 1/py
<( / o ) 2
yl>2i+3 |y TP
j(€+1—n+n/p2_)

oz \ V@) 2
< Sm( [T ) @ B
1 e .
y=

(5.10)

p5(:)’
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which is equivalent to (4.18).
Combining (5.9) and (5.10), we obtain that
22
| D3 HKS(Q-)xq(-)(Rn) <c ||f||HK;11((_~)>,q1(~>(Rn) ||g||HK;;(§~)>,q2(~>(Rn)-

This finish the proof of Lemma 5.1. =
In the previous lemma we have treated the sum if 2 in B (0,27*°). The next lemma gives

the sum if z is not in B (0,2/*7).
Lemma 5.2 Under the same conditions of the previous lemma. Then

Z)\iMjM<P<B(ai> bj))X{|~|>2i+5} (5.11)

i>j

can be extended to a bounded operator from HK )0 (Rn) XHKSZQ(')"D(') (R™) into Kg(')”(') (R™)

p1() ) ()

for alli,j € Z and all \;, ji; > 0.

Proof. We split (5.11) into G; + G5, where

Gi(x) = Z)‘i'uj sup‘

i>] t<%

[ Bl b))y o)

and

Go (2) = Z)\Zﬂj sup

i>] >%5

[ Bl b))y o)

Substep 2.1. Estimation of G;. Observe that in this case |y| > |z| — |z —y| > &l > 274

using (5.1) for a; and b; respectively, we get

/R Pra(y)Blas, bj)(y)dy‘

sup
o<t<lzl
N . .
22(m+1) 2j(€+1
< Czloilipﬂ /|y|>2i+3 %,A?J)W ||az‘||p1(.) HXci pa(.)W ||bj||p2(.) Hch pé(.)dy-
7= =2

Since |y| > %, the last expression is bounded by

2i(m+1)

| ’ P1 (3

O [P 1Bl lIxe,

pa()’
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Applying the Holder inequality in K;‘((.')),q(.) (R™), we obtain ||G1 H K200 (Rm) is bounded by
o

= | |n+m+l H Pl( ‘ P ()X{\ |>2i+5} a1(()) 2a1 (- )(R")

9 (t+1
H Z ,U]| ‘RHH 1951 )| Py (VXA >2+} 5200 @ny (5.12)
j=—00

Ifm+1>(af +n/py) —nand £+1> (ag +n/py) — n, then (5.12) is estimate as from
(5.6).
Substep 2.2. Estimation of G,. We put ¢, ,.(y) = Ps(y) + R,(y). As in Hy, by (5.3), we

have
s+1
o | [ sot,z@)B(ai,bj)(y)dy] < s [ Bl 02
t>1zL [JR? > 12l
< Ui(z) + Ux(x) + Us(z),
where
- ly!
Uie) = Sosup [ T[22, dy
N=1t>12 lyl<2i+3 T
a ’y‘SH 1 2
Uy(x) = sup/ T, a; T2b; d
2( ) ;t>§ 2j+3<|y‘§2i+3 tn+s+1 | v (y)|| vy ](y)| Yy
N s+1

) = Yo [ W Taiw)] [20(0)]

) n+s+1
'y:lt>% ‘>2Z+3 t

We put s = m + ¢ + 1, where m, ¢ are non-negative integers.

Let us consider U;. By Holder’s inequality with ﬁ + p% = 1 and since 7 > j, we obtain
2 2

U (z) is bounded by

N 22(m+1)2](€+

c lw\waz)xfmﬂ [T XB]+3|| -
o=

by (4.25) and (5.8), we get that U;(z) is bounded by

9i(m+1-n/p;) 2 Jj(b+1-n+n/py )
c————— [|a|

IS e o1

| |n/p +0+1 ” ]“172 p5()’
the last expression is similar to (4.27) and satisfy the desired estimate if

m+1> (af +n/py)+n(1/py; —1)and £ +1 > a7 .
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Let us consider U,. Using (5.1) for b;, we obtain Us(z) is bounded by

. I g ) 2

CZ su ‘ a; ‘ I ——
771t>§ /2j+3<|y|<2’i+3 tn+s+1 v Z(y) | |TL+£+’ITL+3 || ]||
= 5 >

dy

P5()

N 9i(m+1) 9j(¢+2)

¢ (T71 Z)Xsz H

X / dy VY
ly|>20+4 ,y|(”+1>(PT)/ '

Again by the Holder’s inequality and the LP*()-boundedness of TA},

e \"/( D) et Hbj“m(') HXCJ'H:D&(')

H(T al)XBers ” < CHT’;ainl(') HXB”S HTl('>

< @ a

()’

with p% = p11(~) + %(.), where we have used the same arguments as in (4.17). This estimation
1

and since

H H—n—l X{\.|>2j+4}”(p, < 02_<1+n/l71_)j’

we get Us(x) is bounded by
9i(m+1-—n+n/py’) 9j(e+1-n/py’)

c o laill,, pg(.)WH bill oy

(5.14)

20N

The last expression is symmetric to (5.13) and satisfy the desired estimate if
m+1>af and £+ 1> (af +n/py) +n(l/p; —1).

Finally, let us consider Us. Using (5.1) for a; and b; respectively, we get that Us(x) is bounded
by

N 1 2i(m+l)

C;Zulg A/|>2i+3 $n/2+m+1 ’y|n+m+1 i

p1()

1 2j(8+1 s+1
th/2+2+1 |y‘n+s+1 ||bj||p2(~) ||XCj Hp/2(~) |y| dy

pi (") ly|>2i+3 |y‘2(n+m+1)

2i(m+1)

< CW [lai

byl (/ Wy
| |n/2+€+1 Jlpa(- P5(-) ly|>2i+3 ‘y’2n
9i(m+1-n/2) 23 (4+1-n/2)
= C|x’n/2+m+1 | m( | |n/2+1z+1 “ Jsz( py(1)’ (5'15)
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The estimation of the both terms are similar. We choose for example the first term.

have

H Z ‘ ‘n/2+m+1 | :D1

1=—00

-1 0) 1/¢1(0)
{ > (Z 220K (/2m+1—ai (0) - n/m(O)))‘“ }

k=—00 1=—00

oo -1 ©) 1/q1(0)
+C{Z( Z )\i2(ifk)(n/2+m+lf(af+n/p1_)))ql }

k=0 i=—

+oo k—6 ( ) 1/((11)00
+c {Z (Z)\iQ(i—k)(n/Z-i-m-i-l—(oa1+n/p1)oo)) Moo }
k=6 =0

If m+1> (af +n/py) —n/2, then the first term of (5.15) is bounded by

. a1 (0) oo (a1,
71(0) (91) oo
C{ Z (Ae)™ } tc {Z (Ae)™ } <c ||f||HK§11(§-)),q1(->(Rn) :

k=—o00 k=0

P () XA [>21+5} k1010 g

Similar, if £ +1 > (ap 4+ n/p2)" — n/2, then the second term of (5.15) is bounded by

1 1/q1(0) +00 1/(q1) oo
q2(0) (92) o
C{ Z (hr,)™ } tc {Z (p1,)"™" } <c ||g||HKs;(§-))yqz<~>(Rn) .

k=—o0 k=0

Therefore, Us(x) also satisfies the desired estimate if

s+1> (af +n/p7) + (o3 +n/py) —n

Combining (5.13), (5.14) and (5.15), we obtain

||G2||K§(("))’q(‘)(Rn) S c Hf|’HK§11(("))’q1(')(R") HgHHK;";(("))#H(')(Rn) .

This finish the proof of Lemma 5.2. =
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5.2 Boundedness from HK x HK into HK.

In this section, we present the boundedness from H K x HK into HK .

Theorem 5.3 Let q1,q2 € Py (R"), ﬁ.) = qll(_) + q21(_), p1,p2 € PE(R"), % = % + 1%(-)’
1 <p; <pf < oo, p%—l—p% <1, a; + p% >n,i=1,2, and a(-) = a1(-) + as(-) such that
1 2 i

q1,Q2, a1 and oo are be log-Hélder continuous, both at the origin and at infinity. Let Tj are
operators bounded from LPiO)(R™) into LPiC)(R™),j = 1,2, v = 1,..., N and satisfying the
two conditions (5.1) and (5.2). Let s > [(af +n/py) + (a3 +n/p;y ) — n] be a non-negative
integer such that
/ 2 B(a,b)(z)dr = 0
for all multi-indices B with |G| < s, for all (aq (+),p1(+))-atoms a, and all (s (-),pa(+))-
atoms b. Then B(f,g) can be extended to a bounded operator from HK® (()) () (R™) x
HEX) =0 (R into HKS'4Y (R").
If ¢1, G2 p1,p2, 1 and ay are constants, this result is from [21, Theorem 3].

Proof. Suppose f € HKO”(('))"“(') (R™) and g € HKM(('))"D(') (R™). Using Theorem 4.2 for f

and g, we can write f = Z Aia; and g = Z p;b; where Ai, p; > 0, a;’s are (o (+), p1(+))-

i=—00 j=—o0
atoms, b,’s are (as (+) ,p2 (+))- atoms with suppa; C C; and suppb; C C;. We observing that
|B(f.9 HHKO’()q() (®R") < [ M ““bj))||f<;(?f’q<')(w>
1>7

DMt Me(Blas ) | a0 gy

i<j

By the symmetry of the roles in > and >, we will know that the estimate of ) is analogous

i>j i<j i<j
to that of >, then it sufficient to show that
i>j
HZ)\ZMJ B(f,9) HK“()‘I()(Rn) S HZ)\Z/”LJ B(f:9))xy. |<2’+5}||Ko‘()q()(R”)
1>] i>j
HD S Xin Mo (B, 9)xy. 2493|000 gy
1>]
= HTlHkg(ﬁ';*q")(Rn) + HTQ“KS(("))“Z(')(R”) (5.16)

is bounded.

The estimation of (5.16) is a consequences of Lemma 5.1 and Lemma 5.2. This finish the

proof of Theorem 5.3. =
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Remark 5.4 The minimum value of s satisfying (5.3) can be taken as

(e +n/py) + (a5 +n/py) —nl,

5.3 Applications

In this section, we present the boundedness of the commutators of Calderén-Zygmund op-
erators on variable Herz spaces into itself.

Recall that for 0 < p < oo, H Kg’p (R™) are the usual Hardy spaces HP(R™) and we have
HP(R") = LP(R") when p > 1.
Definition 5.5 The space BMO(R™) consists of all locally integrable functions f such that

1
I llssroen) = by /Q (@) — fold < oo,

where fo = @1‘ fQ f(y)dy, the supremum is taken over all cubes Q@ C R™ with sides parallel

to the coordinate axes.
Remark 5.6 The space BMO (R") is the dual space of the Hardy space H* (R™).

We have the following duality theorems, for the proof see M. Izuki and T. Noi [29, Theorem
3.

Theorem 5.7 Let p,q € P(R") and o € L>®(R™). Then we have

* . . n / ._06'7,' n
(Kp()%q() (R )) — Kp/(.)()Q() (R )

The following result generalize Corollarie 1 of Grafakos, Li and Yang [21] by taking «, p

and ¢ are constants.

Corollary 5.8 Let b be in BMO(R") and T' be a Calderon-Zygmund operator. Then the
commutator

[b, T](f) = bT'(f) = T(bf)
maps Kz‘((f))’q(‘) (R") into itself when p € P8(R"),q € P(R") with 1 < p~ < p* < o0,
—p% <a <a"<n(l- p%) and o, q are log-Hélder continuous, both at the origin and at

infinity.

85



Proof. Consider the bilinear operator

B(f,g9) = (Tf)g— f(I"g)

where T™ is the adjoint operator of T'.

Since T™ is the adjoint operator of 7', then we have

(Tflg)=(fIT"g),

for all f, g square integrable and compactly supported functions, which give that B(f, g)
has integral zero, then B(f, g) is satisfies the conditions of Theorem 4.8.
By Theorem 4.8, we have

HB frg HHKO L(Rn) ||B<f7 g>HH1(]R") < C||f||K§(§‘))’Q(‘)(R7b) g”kp‘,‘zg‘)’q’(‘)(Rn)'

Using the Remark 5.6, we obtain

[ b1 @)

| v (@H@ala) - 1)) @) da
[ va)B(.g) )

Hb”BMO(R”)HB(f’g>HHl(R”)

IN

= CHb”BMO(Rn)Hﬂ’f’(ﬁé?v“”(ﬂgn)HQHK;,%')*‘?'(')(W)‘

Now it sufficient to apply the supremum to both sides of the last expression when || g|| —a () (gny =
»'()

1 and using the Theorem 5.7, we obtain

H[b7 T](f)“Kg((s)’Q(')(Rn) < C”bHBMO(R”)||f||f{;‘((_'))’q(')(R")'

This finishes the proof. m
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Conclusion and future prospects

The study aimed to highlight the importance of variable exponent spaces, for the purpose
of access to the objectives of the study the researcher used the results of classical function
spaces and the log-Holder condition to guarantee regularity. We have “translated” the results
from classical function spaces to variable function spaces.

We concluded that the most important results are:

» We have shown that the atomic decomposition and Plancherel-Polya-Nikolskij inequal-
ity are holds for variable Herz spaces.

» We have shown the Sobolev embeddings is holds in variable Herz-type Besov spaces.

» Also, We have shown the boundedness of some bilinear operators (in particular
Calderén-Zygmund operators) are holds in variable Herz-type Hardy spaces.

» At the end of thesis, we have shown the boundedness of the commutators of Calderén-
Zygmund operators on variable Herz spaces into itself.

We provide a few prospects for future studies of variable function spaces as follow:

e Applications to PDE.

e Generalization of the results given in chapters 4 and 5 for multilinear operators under
suitable conditions.

e The boundedness of fractional integrals operators.
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Résumeé de these:

Dans cette thése, nous avons généralisé I'inégalité de Plancheral-Polya-
Nikolskij dans les espace de Herz avec des exposants variables, puis nous avons
étudié les espaces Herz-Besov avec des exposants variables ou nous avons
donné certaines propriétés de base de ces espaces et finalement, nous avons
étudié la continuité de certains opérateurs bilinéaires dans les espaces de Herz-
Hardy avec des exposants variables en utilisant la décomposition atomique de
ces espaces.

Mots clés : Espaces de Herz, Espaces de Herz-Besov, Espaces de Herz-Hardy,
inclusions de Sobolev, Opérateurs sous linéaire, Exposants variables, La
fonction maximale, Atome.

Abstract of thesis:

In this thesis, we have generalize Plancheral-Polya-Nikolskij inequality in
Herz spaces with variables exponents, after that we studied the Herz-Besov
spaces with variable exponents where we gave some basic properties of these
spaces and finally we studied the boundedness of some bilinear operators in
Herz-Hardy spaces with variables exponents using atomic decomposition of
these spaces.

Key words: Herz spaces, Herz-type Besov spaces, Herz-type Hardy spaces,
Sobolev type embedding’s, Sublinear operators, Variable exponent, Maximal
function, Atom.




