
الشعبیة الدیمقراطیة الجزائریة الجمھوریة  
People’s Democratic Republic of Algeria 

Ministry of Higher Education and Scientific Research 
Mohamed BOUDIAF University – M’sila – 
Faculty of Mathematics and Informatics      

Department of Mathematics 
 
                                                                                                
 

THESIS 
 

Submitted for the degree of doctorate in sciences  

                                      Specialty: MATHEMATICS 

Option: Functional Analysis  

Presented by:  
 

Rabah HERAIZ  
 

Entitled: 

Publicly presented on 30/04/2017 in front of the jury: 
 

Madani MOUSSAI                     Prof. University of M’sila                        Chairperson 
Douadi DRIHEM                            Prof. University of M’sila                          Supervisor 
Boulakhras GHERBAL                M.C.A. University of Biskra                                    Examinator  
Nabil  KHELFALLAH                   M.C.A. University of Biskra                                           Examinator 
Salah Eddine ALLAOUI             M.C.A. University of Laghouat                                        Examinator 
Abdelkrim MERZOUGUI          M.C.A. University of M’sila                                                  Examinator 

 

 

2016/2017 

Order N:………… 



 

 

First and foremost, I would like to thank “Allah” who blesses me to 

finish this work.  

I am very grateful to my supervisor, Pr. Douadi DRIHEM,  for his 

constant support, guidance and encouragement. 

My sincere thanks to the president of the jury, Pr. Madani MOUSSAI 

to accept this task and to give interest to my work. 

Also, my thanks to Pr. Boulakhras GHERBAL, Pr. Nabil 

KHELFALLAH, Pr. Abdelkrim MERZOUGUI and Pr. Sallaheddine 

ALLAOUI to accept being the examiners of this thesis. 

 
 



 

 

 

This work is dedicated  

To the spirit of my father immaculate. 

           To my mother.  

                          To my wife. 

                                          To my son Mohammed Mokhtar . 

                                                      To all my family. 

To my friends and colleagues in M’sila University and 

especially to those in Department of Mathematics. 

 



Contents

Introduction 1

1 Variable Herz spaces 4

1.1 Basic properties of semimodular spaces . . . . . . . . . . . . . . . . . . . . . 5

1.2 Variable Lebesgue spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Basic properties of variable exponents . . . . . . . . . . . . . . . . . . 7

1.2.2 Logarithmic Hölder continuity . . . . . . . . . . . . . . . . . . . . . . 9

1.2.3 Fundamental inequalities in variable Lebesgue spaces . . . . . . . . . 10

1.3 De�nition and basic properties of variable Herz spaces . . . . . . . . . . . . . 12

1.3.1 The mixed variable Lebesgue-sequence space . . . . . . . . . . . . . . 12

1.3.2 De�nition of variable Herz spaces . . . . . . . . . . . . . . . . . . . . 14

1.3.3 Atomic decomposition of variable Herz spaces . . . . . . . . . . . . . 16

2 Some inequalities in variable Herz spaces 20

2.1 Preliminary lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Plancherel-Polya-Nikolskij inequality on variable Herz spaces . . . . . . . . . 22

3 Variable Herz-type Besov spaces 34

3.1 Variable Besov spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 De�nition and basic properties of variable Herz-type Besov spaces . . . . . . 36

3.2.1 Embeddings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Boundedness of some bilinear operators on variable Herz-type Hardy spaces

I 46

4.1 De�nition and basic properties of variable Herz-type Hardy spaces . . . . . . 47

1



4.2 The boundedness from _K � _K into H _K and from H _K � _K into H _K . . . . 49

5 Boundedness of some bilinear operators on variable Herz-type Hardy spaces

II 75

5.1 Technical lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.2 Boundedness from H _K �H _K into H _K. . . . . . . . . . . . . . . . . . . . . 84

5.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Bibliography 88

2



List of abbreviations and symbols

� By Rn we denote the n-dimensional real Euclidean space.

� By N we denote the collection of all natural numbers and N0 = N [ f0g.

� By Z we denote the set of all integer numbers.

� For a multi-index � = (�1; :::; �n) 2 Nn0 , we write j�j = �1 + :::+ �n.

� The partial di¤erential operator of order � is denoted as,

@�f =
@�1f

@x�11
� � � @

�nf

@x�nn
=

@j�jf

@�1x1:::::@�nxn

� The Euclidean scalar product of x = (x1; :::; xn) and y = (y1; :::; yn) is given by

x � y = x1y1 + :::+ xnyn:

� For x = (x1; :::; xn) 2 Rn and � = (�1; :::; �n) 2 Nn0 , we write

x� = x�11 � x�22 � � � x�nn :

� The expression f . g means that f � c g for some independent constant c (and

non-negative functions f and g).

� f � g means f . g . f .

� For x = (x1; :::; xn) 2 Rn, we write jxj =
p
x21 + :::+ x2n.

� R(u) := fx 2 Rn : u=2 � jxj < ug and Rk := R(2k):

� C(u) := fx 2 Rn : u=4 � jxj < 4ug and Ck := C(2k):

� The notation X ,! Y stands for continuous embeddings from X to Y , where

X and Y are quasi-normed spaces.

� As usual for any x 2 R, [x] stands for the largest integer smaller than or equal

to x.

� For x 2 Rn and r > 0 we denote by B(x; r) the open ball in Rn with center x
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and radius r.

� The 4 is the Laplace operator.

� "i.e." stands simply for "in other words"

� "a.e." stands simply for "almost everywhere"

�We use c for various positive constant, i.e. a constant whose value may change

from appearance to appearance.

� By suppf we denote the support of the function f , i.e., the closure of its

non-zero set.

� If E � Rn is a measurable set, then jEj stands for the (Lebesgue) measure of

E .

�E denotes its characteristic function.

� By D (Rn) we denote the space of functions with continuous derivatives of all

orders and compact support.

� By S(Rn) we denote the Schwartz space of all complex-valued, in�nitely di¤er-

entiable and rapidly decreasing functions on Rn. The topology in the complete

locally convex space S(Rn) is generated by

pN(') := sup
x2Rn

(1 + jxj)N
X
j�j�N

j@�'(x)j ; N = 1; 2; 3; ::::

� By S 0(Rn) the dual space of all tempered distributions on Rn.

� For 0 < p � 1: The classical Lebesgue space Lp(
) is the class of all measurable

functions f on 
 normed by (quasi-normed for p < 1)

kf j Lp(
)k =
�Z




jf(x)jp dx
�1=p

<1; 0 < p <1

and

kf j L1(
)k = ess-sup
x2


jf(x)j <1:

� Given p(�) : 
 � Rn ! ]c;1[, we de�ne the conjugate exponent function p0(�)

by the formula
1

p(x)
+

1

p0(x)
= 1; x 2 


with the convention that 1=1 = 0. Since p(�) is a function, the notation p0(�)

can be mistaken for the derivative of p(�), but we will never use the symbol �0�
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in this sense.

� The notation p0 will also be used to denote the conjugate of p a constant

exponent.

� We de�ne the Fourier transform of a function f 2 L1(Rn) by

F(f)(�) = (2�)�n=2
Z
Rn
e�ix��f(x)dx:

Its inverse is denoted by F�1f . Both F and F�1 are extended to the dual

Schwartz space S 0(Rn) in the usual way.

� By `q, 0 < q � 1, we denote the space of all (complex) sequences fakgk2Z
equipped with the quasi-norm



fakgk2Z j `q

 = � 1X
k=�1

jakjq
�1=q

(with the usual modi�cation if q =1).

� Let L1loc (Rn) be the collection of all locally integrable functions on Rn.

� Given a function f 2 L1loc (Rn) ; the Hardy-Littlewood maximal operator is

de�ned by

M(f)(x) := sup
r>0

1

jB(x; r)j

Z
B(x;r)

jf(y)j dy; 8x 2 Rn:
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Introduction

The Herz spaces initially appeared in the paper of Herz [25] to study the absolute convergence

of Fourier transforms. The theory of these spaces had a remarkable development in part due

to its usefulness in applications to other �elds of applied mathematics. For instance, they

appear in the characterization of multipliers on Hardy spaces [3], in the summability of

Fourier transforms [18] and in regularity theory for elliptic equations in divergence form

[45] and [46]. We refer the monograph [42] for further details and references on recent

developments on Herz spaces.

Function spaces with variable exponents have been intensively studied in the recent years

by a signi�cant number of authors. The motivation to study such function spaces comes

from applications to other �elds of applied mathematics, because they are applicable to

the modeling for electrorheological �uids and image processing and PDE with non-standard

growth conditions for instance, see [5] and [47].

Herz spaces K�;q
p(�) and _K�;q

p(�) with variable exponent p but �xed � 2 R and q 2 (0;1] were

recently studied by Izuki [26, 27]. These spaces with variable exponents �(�) and p(�) were

studied in [1], where they gave the boundedness results for a wide class of classical operators

on these function spaces. The spaces K�(�);q(�)
p(�) (Rn) and _K

�(�);q(�)
p(�) (Rn), were �rst introduced

by Izuki and Noi in [28]. In [16] the authors gave a new equivalent norms of these function

spaces. See [48] where new variable Herz spaces are given.

The variable Besov spaces B�(�)
p(�);q(�), initially appeared in the paper of A. Almeida and P.

Hästö [2]. Several basic properties were established, such as the Fourier analytical charac-

terisation. When p; q and � are constants they coincide with the usual function spaces B�
p;q,

studied in detail by H. Triebel in [53], [54] and [55].

Based on Besov spaces B�
p;q, J. Xu and D. Yang [61], [62] and [58] introduce Herz-type
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Besov spaces _K�;p
q Bs

�. C. Shi and J. Xu [50] and [49] studied Herz-type Besov spaces _K
�;p
q(�)B

s
�

with variable q, but �xed �, p, s and �, where the characterization of these function spaces by

the so-called Peetre maximal functions are obtained. B. Dong and J. Xu [12] also considered

_K
�(�);p
q(�) Bs

� with variables q and �. In [41], Lu and Yang introduced the Herz-type Sobolev

and Bessel potential spaces. They gave some applications to partial di¤erential equations.

We refer the reader to the recent paper [14] for further results for these function spaces.

Another scale of generalized Herz spaces are Herz type Hardy spaces which obtained a

great development in the past few years and played important roles in harmonic analysis,

see [16], [23], [35], [40] and [43].

The authors in [57] de�ned the Herz-type Hardy spaces with variable exponentH _K�;q
p(�) (R

n)

and are studied the boundedness of some sublinear operators on this spaces. Also, in [16],

the authors are proved the atomic decomposition for variable Herz-type Hardy spaces and

they proved the boundedness of a wide class of sublinear operators on these spaces. If p is

constant exponent, see [23], [40] and [52].

To establish the boundedness of operators in Herz-type Hardy type spaces on Rn, one

usually appeals to the atomic decomposition characterization of these spaces, which means

that a function or distribution in Herz-type Hardy type spaces can be represented as a

linear combination of atoms, then, the boundedness of sublinear operators in Herz-type

Hardy type spaces can be deduced from their behavior on atoms in principle. It plays a

fundamental role in the harmonic analysis because it is a powerful tool for dealing with

duality theorems, interpolation theorems and some fundamental inequalities in harmonic

analysis, see for example [23].

In addition, in [21], Loukas Grafakos, Xinwei Li and Dachun Yang are gived that bilin-

ear operators given by �nite sums of products of Calderón-Zygmund operators on Rn are

bounded from Herz type Hardy type spaces into it self.

Our thesis consists of �ve chapters. In the �rst chapter, we give some basic properties of

variable Lebesgue spaces and the mixed variable Lebesgue�s-sequence spaces, after this we

de�ne new variable Herz-type function spaces where all the three parameters are variables

and we also provide the atomic decomposition of this spaces.

In the second chapter, some useful lemmas that are needed have been presented to proof

the main statements then we will give the main results in means the generalization of a
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classical Plancherel-Polya-Nikolskij inequality on variable Herz spaces.

In the chapter 3, we introduce the variable Herz-type Besov spaces and we prove the basic

embedding in these spaces. In particular, we generalize the results of D. Drihem in [14].

In the chapters 4 and 5, we recall notations of variable Herz-type Hardy spaces and their

central atomic decomposition characterizations. Here, we present the boundedness of some

bilinear operators on this spaces given by �nite sums of products of boundedness operators

on variable Lebesgue spaces by using the atomic decomposition. At the end of the chapter 5,

we present the boundedness of the commutators of Calderón-Zygmund operators on variable

Herz spaces into itself.
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Chapter 1

Variable Herz spaces

The history of Herz spaces goes back to the authors Beurling and Herz in the sixty�s of the

last century. In 1964, Beurling [4] �rst introduced some fundamental form of Herz spaces to

study convolution algebras which are now called the Beurling algebras. Later in 1968, Herz

[25] generalized these spaces to study the absolute convergence of Fourier transforms. These

generalized spaces of functions are just the prototype of Herz spaces. Since then, the theory

of these spaces had a remarkable development in part due to its usefulness in applications

to other �elds of applied mathematics. An interesting account with many applications for

the generalized Herz spaces in some particular cases is given in [3].

Herz-type spaces have attracted many authors�interests for last three decades. In fact,

many results in classical Lebesgue spaces have been generalized to Herz-type spaces.

In this chapter, we study some basic properties of semi-modular (modular) spaces which

we use to de�ne di¤erent function spaces, including classical Lebesgue, Herz spaces, variable

Lebesgue spaces and variable Herz spaces. We start our �rst section by recalling some basic

concepts and facts of semi-modular. In the next section, we recall some necessary prelimi-

naries on variable Lebesgue spaces. In the last section of this chapter, we give some basic

properties of the mixed variable Lebesgue�s-sequence spaces, after this we de�ne new Herz

type function spaces with variable exponent, where all the three parameters are variables

and we also provide the atomic decomposition of Herz type function spaces with variable

exponent.
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1.1 Basic properties of semimodular spaces

In this section, we start by recalling some basic concept about semimodular (modular)

function spaces. We are mainly interested in vector spaces de�ned over R.

De�nition 1.1 Let X be a real vector space. The function � is said to be left-continuous if

the mapping �! � (�x) is left-continuous on [0;1) for every x 2 X, i.e.

lim
�!1�

� (�x) = � (x) :

Here a! b� means that a tends to b from below, i.e. a < b and a! b�; a! b+ is de�ned

analogously.

De�nition 1.2 Let X be a real vector space. A function � : X ! [0;+1] is called a

semimodular on X if it satis�es the following conditions:

1- �(0) = 0:

2- �(�x) = �(x) for all x 2 X; and for all scalar � with j�j = 1.

3- � is quasi-convex.

4- �(�x) = 0 for all � > 0 implies x = 0.

5- � is left-continuous on [0;1) for every x 2 X.

A semimodular � is called a modular if

6- �(x) = 0 implies x = 0.

A semimodular � is called continuous if

7- the mapping �! �(�x) is continuous on [0;1) for every x 2 X.

We �rst consider a very simple examples of the semimodular (modular) given in [11,

Example 2.1.4].

Example 1.3 Let 
 is a Lebesgue measurable subset of Rn:

(i)- If 1 � p <1, then

�p(f) =

Z



jf(x)jp dx

de�nes a continuous modular on the space of all measurable functions on 
:

(ii)- Let �1(t) := 1:�(1;1)(t) for t � 0, i.e. �1(t) = 0 for t 2 [0; 1] and �1(t) = 1 for

t 2 (1;1). Then

�1(f) =

Z



�1(jf(x)j)dx

5



de�nes a semimodular on the space of all measurable functions on 
, which is not continuous.

(iii)- If 1 � p <1, then

�p((xj)) =

1X
j=0

jxjjp

de�nes a continuous modular on RN.

De�nition 1.4 If � is a semimodular or modular on X, then

X� = fx 2 X; 9� > 0 : �(�x) <1g

is called a semimodular space or modular space, respectively.

In general, the modular is not subadditive and thus it does not behave as a norm or a

distance. But we can associate the modular with an quasi-norm. The following theorem is

given in [2, Theorem 2.3].

Theorem 1.5 (The Luxemburg norm) Let � be a semimodular on X. Then X� is a

quasi-normed R-vector space. The quasi-norm, called the Luxemburg quasi-norm, is de�ned

by

kxk� := inf f� > 0 : � (x=�) � 1g :

The following example illustrates all these points, see [11, Example 2.1.8].

Example 1.6 (Classical Lebesgue spaces) Let 1 � p < 1. Then the modular spaces

corresponding the modular in Example 1.3/(i) are coincides with the classical Lebesgue space

Lp(
), i.e.

kfkLp(
) := kfk�p :=
�Z




jf(x)jp dx
�1=p

:

Similarly, then the semimodular spaces corresponding the semimodular in Example 1.3/(ii)

are coincides with the classical Lebesgue space L1(
), i.e.

kfkL1(
) := kfk�1 := ess sup
x2


(jf(x)j):

We now present the relationship between the modular and its associated norm. The fol-

lowing lemma is of great technical importance, named the norm-modular unit ball property.

This lemma and many other basic results were proven in [11, Lemma 2.1.14].
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Lemma 1.7 (Norm-modular unit ball property) Let � be a semi-modular on X. Then

kxk� � 1() �(x) � 1:

If � is continuous, then also

kxk� < 1() �(x) < 1;

and

kxk� = 1() �(x) = 1:

1.2 Variable Lebesgue spaces

The variable Lebesgue spaces are a generalization of the classical Lebesgue spaces where we

allow the exponent to be a measurable function and thus the exponent may vary. The theory

of these spaces play an important role in functional analysis, theory of partial di¤erential

equations and �uid dynamics. In fact, many properties in classical Lebesgue spaces have

been generalized to the variable Lebesgue spaces.

1.2.1 Basic properties of variable exponents

Given an open set 
 � Rn. We put

P0 (
) := fp mesurable: p (�) : 
! [c;1[ for some c > 0g :

The elements of P0 (
) are called exponent functions or simply exponents. In order to dis-

tinguish between variable and constant exponents, we will always denote exponent functions

by p (�) :

We will consider the following example of exponent functions, see [7, De�nition 2.1].

Example 1.8 Some examples of exponent functions on 
 = R include p (x) = p for some

constant p, 1 � p <1, or p (x) = 2 + sinx:

Notation 1.9 We denote by

P (
) := fp mesurable: p (�) : 
 � Rn ! [1;1[g :

7



Given p 2 P0(
) and a set E � 
 , let

p� (E) = ess inf
x2E

p (x) ; p+ (E) = ess sup
x2E

p (x) :

If the domain E = 
 = Rn we will simply write

p� = p� (Rn) ; p+ = p+ (Rn) :

De�nition 1.10 Given 
 and p 2 P0(
). The variable Lebesgue space Lp(�)(
) to be the

set of all measurable functions f such that �p(�) (f=�) <1 for some � > 0.

Lp(�)(
) :=

(
f measurable : 9� > 0 : �p(�) (f=�) =

Z



����f(x)�
����p(x) � 1

)
;

equipped with the following quasi-norm

kfkLp(�)(
) := inf
�
� > 0 : �p(�) (f=�) � 1

	
:

If the set on the right-hand side is empty we de�ne kfkLp(�)(
) =1. If 
 = Rn, we will often

write kfkp(�) instead of kfkLp(�)(Rn).

De�nition 1.11 Given 
 and p 2 P0(
), de�ne Lp(�)loc (
) by

L
p(�)
loc (
) :=

�
f measurable : f 2 Lp(�)(K) for every compact set K � 


	
:

The following theorem give the structure of variable Lebesgue spaces.

Theorem 1.12 Given 
 and p 2 P0(
). The function kfkLp(�)(
) de�nes a quasi-norm on

Lp(�)(
) and Lp(�)(
) is quasi Banach spaces.

For more detailed theorems and proofs, see [8], [7], [9] and [11].

The following proposition presents one of the most useful properties in variable Lebesgue

spaces, see [7, Proposition 2.18] and [11, Lemma 3.2.6].

Proposition 1.13 Let p 2 P(Rn) with p+ < 1 and s > 0 be such that 1=p� � s < 1.

Then

kjf jskp(�) = kfk
s
sp(�) :

8



1.2.2 Logarithmic Hölder continuity

In this subsection, we introduce the most important condition on the exponent in the study of

variable exponent spaces, this condition has emerged as the right one to guarantee regularity.

De�nition 1.14 We say that a function g : 
 ! R is locally log-Hölder continuous on 
,

abbreviated g 2 C logloc (
) ; if there exists clog(g) > 0 such that

jg (x)� g (y)j � clog
ln(e+ 1= jx� yj) (1.1)

for all x; y 2 
. If 0 2 
 and

jg(x)� g(0)j � clog
ln(e+ 1=jxj)

for all x 2 
, then we say that g is log-Hölder continuous at the origin (or has a log decay

at the origin). If, for some g1 2 R and clog > 0, there holds

jg(x)� g1j �
clog

ln(e+ jxj)

for all x 2 
, then we say that g is log-Hölder continuous at in�nity (or has a log decay at

in�nity), abbreviated g 2 C log (
).

Here is an example of a function g : R ! R is locally log-Hölder continuous on R, see E.

Nakai and Y. Sawano [44, Example 1.3].

Example 1.15 We consider

g(x) = max(1� e3�jxj;min(6=5;max(1=2; 3=2� x2)); x 2 R

then g is log-Hölder continuous on R.

Remark 1.16 We note that all functions g are log-Hölder at in�nity always belong to L1.

Notation 1.17 The notation P log(
) is used for all those exponents p 2 P(
) which are

locally log-Hölder continuous and have a log decay at in�nity. The class P log0 (Rn) is de�ned

analogously. If 
 is unbounded, then we de�ne p1 by

p1 := lim
jxj!1

p(x):

9



1.2.3 Fundamental inequalities in variable Lebesgue spaces

The following theorem is the generalization of the classical Hölder�s inequality in variable

Lebesgue spaces. The classical Hölder�s inequality is that for all p, 1 � p � 1, given

f 2 Lp(
) and g 2 Lp0(
) Z



jf(x)g(x)j dx � kfkLp(
) kgkLp0 (
) :

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [8, Theorem 2.33] and [56, Lemma 1.1].

Theorem 1.18 Given 
 and p 2 P(
). Then there exists a constant K such that for all

f 2 Lp(�)(
) and g 2 Lp0(�)(
), fg 2 L1(
) and

kfgkL1(
) � K kfkLp(�)(
) kfkLp0(�)(
) :

where

K = (1=p� + 1� 1=p+):

The generalized Hölder�s inequality in the classical Lebesgue holds in variable Lebesgue

spaces. For the proof of the following corollary, see [7, Corollary 2.28].

Corollary 1.19 Given 
 and exponent functions p; q 2 P(
), de�ne r 2 P(
) by

1

r (�) =
1

p (�) +
1

q (�) :

Then there exists a constant K such that for all f 2 Lp(�)(
) and g 2 Lq(�)(
); fg 2 Lr(�)(
)

and

kfgkLr(�)(
) � K kfkLp(�)(
) kgkLq(�)(
) :

We give the basic properties of convolution operators in the variable Lebesgue spaces.

De�nition 1.20 Given two locally integrable functions f and g de�ned on Rn, their convo-

lution is the function f � g de�ned by

f � g(x) =
Z
Rn
f(x� y)g(y)dy

wherever this integral is �nite.

10



We �rst discuss the failure of Minkowski�s inequality to hold on the variable Lebesgue

spaces. It was shown in [7, Theorem 5.19] and [11, Corollary 3.6.4] that Minkowski�s in-

equality kf � gkp(�) � kfkp(�) kgk1 is never true for non-constant exponents.

Theorem 1.21 Let p 2 P(Rn) the inequality

kf � gkp(�) � kfkp(�) kgk1

is true for every f 2 Lp(�)(Rn) and g 2 L1(Rn) if and only if p is constant.

A function, f de�ned on Rn is radial if its value only depends on the distance to the

origin. In this case there exists a function, F , of a single variable so that

f(x) = F (jxj)

The following proposition is a very weak version of Minkowski�s inequality, see [8, Proposition

4.7].

Proposition 1.22 Let p 2 P log(Rn). Then for every f 2 Lp(�)(Rn) and every non-negative,

radially decreasing function g 2 L1(Rn),

kf � gkp(�) � kfkp(�) kgk1 : (1.2)

Young�s inequality does not hold for general exponents. This example is from [7, Example

5.21].

Example 1.23 Let p 2 P(R) be a smooth function such that p (x) = 2 if x 2 Rn [�2; 2],

and p (x) = 4 on [�1; 1]. De�ne

f(x) = jx� 3j�1=3 �[2;4]; g(x) = jxj�2=3 �[�1;1]:

Since f 2 2 L1(R); then, f 2 Lp(�)(R). Similarly, since p0 (x) = 4=3 on [�1; 1] and g4=3 2

L1(R); g 2 Lp0(�)(R). However, we do not have that

kf � gk1 � kfkp(�) kgkp0(�)
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since f�g is unbounded in a neighborhood of 3. To show this, let Ex = [2; 4]\[x� 1; x+ 1] :Then

by Fatou�s lemma on the classical Lebesgue spaces,

lim inf
x!3

f � g (x) = lim inf
x!3

Z
R
jx� yj�2=3 jy � 3j�1=3 �Ex (y) dy

�
Z
R
lim
x!3

jx� yj�2=3 jy � 3j�1=3 �Ex (y) dy

�
Z 4

2

jy � 3j�1 dy =1

1.3 De�nition and basic properties of variable Herz

spaces

In this section, we give the de�nition of Herz spaces with variable exponent. Also, we present

basic properties and useful lemmas.

1.3.1 The mixed variable Lebesgue-sequence space

In this sebsection, we present a functional spaces create by Alexander Almeida and Peter

Hästö, which allows us to de�ne Herz spaces, Besov spaces and Herz-type Besov spaces with

variable exponent. This new spaces as a generalization of the iterated function space `q(Lp(�))

for the case of variable q:

De�nition 1.24 Let p; q 2 P0 (Rn). The mixed Lebesgue-sequence space `q(�)(Lp(�)) is de�ned

on sequences of Lp(�)-functions by the modular

�`q(�)(Lp(�)) ((fv)v) :=
X
v

inf

�
�v > 0 : �p(�)

�
fv=�

1
q(�)
v

�
� 1
�
:

Here we use the convention �
1
1 = 1. The quasi-norm is de�ned from this as usual:

k(fv)vk`q(�)(Lp(�)) :=
X
v

inf

�
� > 0 : �`q(�)(Lp(�))

� 1
�
(fv)v

�
� 1
�
: (1.3)

To motivate this de�nition, we mention that

k(fv)vk`q(Lp(�)) =



k(fv)vkp(�)




`q

if q 2 (0;1] is constant.
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Remark 1.25 If q+ <1, then

inf
n
� > 0 : �p(�)

�
f=�

1
q(�)
�
� 1
o
=



jf jq(�)




p(�)
q(�)

.

Since the right-hand side expression is much simpler, we use this notation to stand for the

left-hand side even when q+ =1. For instance, we often use the notation

�`q(�)(Lp(�)) ((fv)v) :=
X
v




jfvjq(�)


 p(�)
q(�)

for the modular.

The quasi-norm in `q(�)(Lp(�)) is usually quite complicated to calculate. Here are some

examples where it is possible to simplify its expression. This example is from A. Almeida

and P. Hästö [2, Example 3.2].

Example 1.26 Suppose that p � 1. Then

�`q(�)(L1) ((fv)v) :=
X
v

inf

�
�v > 0 : �1

�
fv=�

1
q(�)
v

�
� 1
�
.

Now �1(g) � 1 if and only if jgj � 1 almost everywhere. Thus fv=�
1
q(�)
v � 1 a.e., hence

�v � ess sup
x

jfv(x)jq(x). It follows that

�`q(�)(L1) ((fv)v) =
X
v

ess sup
x

jfv(x)jq(x) .

The following theorem presents the `q(�)(Lp(�)) quasi-norm, see H. Kempka and J. Vybíral

[31, Theorem 1].

Theorem 1.27 Let p; q 2 P0 (Rn). k�k`q(�)(Lp(�)) is a quasi-norm on the mixed Lebesgue-

sequence space `q(�)(Lp(�)).

Let p; q 2 P (Rn). If p(x) � 1 is constant almost everywhere (a.e.) on Rn and q � 1, or if
1

p(x)
+ 1

q(x)
� 1 a.e. on Rn, or if 1 � q(x) � p(x) < 1 a.e. on Rn, then k�k`q(�)(Lp(�)) is a

norm on the mixed Lebesgue-sequence space `q(�)(Lp(�)).

Furthermore, if p and q are constants, then `q(�)(Lp(�)) = `q(Lp).
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The following lemma is a Hardy-type inequality, see [16, Lemma 2].

Lemma 1.28 Let 0 < a < 1 and 0 < q � 1. Let f"kgk2Z be a sequence of positive real

numbers, such that 

f"kgk2Z

`q = I <1:

Then the sequences
n
�k : �k =

P
j�k a

k�j"j

o
k2Z

and
n
�k : �k =

P
j�k a

j�k"j

o
k2Z

belong to

`q, and 

f�kgk2Z

`q + 

f�kgk2Z

`q � c I;

with c > 0 only depending on a and q:

1.3.2 De�nition of variable Herz spaces

For convenience, we set

Bk := B(0; 2k) ; Rk := Bk nBk�1 and �k = �Rk ; k 2 Z:

Very often we have to deal with the norm of characteristic functions on balls (or cubes) when

studying the behavior of various operators in harmonic analysis. In classical Lp spaces the

norm of such functions is easily calculated, but this is not the case when we consider variable

exponents. Nevertheless, it is known that for p 2 P log we have

k�Bkp(�)k�Bkp0(�) � jBj: (1.4)

Also,

k�Bkp(�) � jBj
1

p(x) ; x 2 B (1.5)

for small balls B � Rn (jBj � 2n), and

k�Bkp(�) � jBj
1
p1 (1.6)

for large balls (jBj � 1), with constants only depending on the log-Hölder constant of p (see,

for example, [11, Section 4.5]).

For characteristic functions de�ned on (dyadic) annuli we have similar norm estimates,

without requiring the log-Hölder continuity at every point.
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The following lemma plays an important role in the proof of the main results of this paper,

where is a generalization of (1.4), (1.5) and (1.6) to the case of dyadic annuli, see A. Almeida

and D. Drihem [1, Lemma 2.2].

Lemma 1.29 Let p 2 P(Rn) be log-Hölder continuous at in�nity, and R = B(0; r)nB(0; r
2
).

If jRj > 2�n, then

k �R kp(�)� jRj
1

p(x) � jRj
1
p1

with the implicit constants independent of r and x 2 R.

The left-hand side equivalence remains true for every jRj > 0 if we assume, additionally, p

is log-Hölder continuous, both at the origin and at in�nity.

De�nition 1.30 Let p; q 2 P0(Rn) and � : Rn ! R. The homogeneous Herz space

_K
�(�);p(�)
q(�) (Rn) is de�ned as the set of all f 2 Lq(�)loc (Rn n f0g) such that

kfk _K�(�);p(�)
q(�)

:=



�2k�(�)f �k�k2Z


`p(�)(Lq(�)) <1: (1.7)

Obviously, If � and p; q are constant, then _K
�(�);p(�)
q(�) (Rn) = _K�;p

q (Rn) are the classical Herz

spaces and if � (�) = 0; p (�) = q (�) then _K
�(�);p(�)
q(�) (Rn) coincide with Lq(�)(Rn). A detailed

discussion of the properties of these spaces my be found in [23], [24], [39], [37], [42], and

references therein.

By a simple consequence of the embedding `�(�)(Lq(�)) ,! `p(�)(Lq(�)) we have the following

proposition.

Proposition 1.31 Let p; q; � 2 P0(Rn) and � : Rn ! R be log-Hölder continuous, both at

the origin and at in�nity. If (p� �)� � 0, then

_K
�(�);�(�)
q(�) ,! _K

�(�);p(�)
q(�) : (1.8)

The next proposition gives some basic embeddings between Herz spaces. See [1, Proposi-

tion 3.5].

Proposition 1.32 Let � 2 L1(Rn), p0; p1 2 P(Rn) and q 2 (0;1]. If p0(�) � p1(�) and

1=p0 � 1=p1 be log-Hölder continuous, both at the origin and at in�nity, then

_K
�(�)+n=p0(�)�n=p1(�);q
p1(�) ,! _K

�(�);q
p0(�) :
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The next proposition is very important for the proof of the main results, see D. Drihem

and F. Seghiri in [16, Proposition 1].

Proposition 1.33 Let � 2 L1(Rn), p; q 2 P0(Rn). If � and q are a log-Hölder continuous,

both at the origin and at in�nity, then

kfk _K�(�);q(�)
p(�)

�
� �1X
k=�1



2k�(0)f �k

q(0)p(�)

�1=q(0)
+
� 1X
k=0



2k�1f �k

q1p(�)�1=q1 :
Next, we give the following lemma, which is a generalization of [21, Lemma (Hölder�s

inequality)].

Lemma 1.34 Let �i 2 L1 (Rn) and pi; qi 2 P (Rn) ; i = 1; 2; 1=p(�) = 1=p1(�) + 1=p2(�);

1=q(�) = 1=q1(�) + 1=q2(�): If �i and qi are log-Hölder continuous, both at the origin and

at in�ninity, Then there exists a constant C such that for all f 2 _K
�1(�);q1(�)
p1(�) (Rn) and g 2

_K
�2(�);q2(�)
p2(�) (Rn), fg 2 _K

�(�);q(�)
p(�) (Rn) and

kfgk _K�(�);q(�)
p(�) (Rn) � C kfk _K�1(�);q1(�)

p1(�)
(Rn) kgk _K�2(�);q2(�)

p2(�)
(Rn) :

If the exposants are constants, this result is from [21, Lemma (Hölder�s inequality)].

Proof. The proof follows immediately by applying Proposition 1.33, and Hölder�s inequality

in `q(0) (Rn) ; `q1 (Rn) and in Lp(�) (Rn).

1.3.3 Atomic decomposition of variable Herz spaces

Atomic decomposition plays a fundamental role in the harmonic analysis, it is a powerful tool

for dealing with duality theorems, interpolation theorems and some fundamental inequalities

in harmonic analysis.

In recent years, it turned out that atomic decomposition of some function spaces are ex-

tremely useful in many aspects. This concerns, for instance, the investigation of (compact)

embeddings between function spaces. But this applies equally to questions of mapping prop-

erties of some operators, such as Calderón-Zygmund operators, the commutator of Calderón-

Zygmund operator with a BMO function and to trace problems, where arguments can be

equivalently transferred to the sequence space, which is often more convenient to handle.

The main goal of this subsection is to prove an atomic decomposition result for variable

exponent Herz spaces. First we introduce the basic notation of atomic decomposition.
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De�nition 1.35 Let � 2 L1(Rn), p 2 P(Rn), q 2 P0(Rn) and s 2 N0. A function a is said

to be a central (�(�); p(�))-atom, if

(i) suppa � B(0; r) = fx 2 Rn : jxj � rg; r > 0:

(ii) kakp(�) � jB(0; r)j��(0)=n; 0 < r < 1:

(iii) kakp(�) � jB(0; r)j��1=n; r � 1:

(iv)
R
Rn x

�a(x)dx = 0; j�j � s:

A function a on Rn is said to be a central (�(�); p(�))-atom of restricted type, if it satis�es

the conditions (iii), (vi) above and suppa � B(0; r); r � 1.

If r = 2k for some k 2 Z in De�nition 1.35, then the corresponding central (�(�); p(�))-atom

is called a dyadic central (�(�); p(�))-atom.

Now, we establish characterizations of the spaces _K�(�);q(�)
p(�) (Rn) in terms of central atomic

decompositions, which make it convenient to study the boundedness of operators on these

spaces. One of the main results of this thesis is given in the following theorem. It generalizes

Theorem 2.3 of H. B. Wang [56, Theorem 2.3] by taking q is a constant. If �; p and q are

constants, this result is [38, Theorem 2.1].

Theorem 1.36 Let � 2 L1(Rn), p 2 P(Rn) and q 2 P0(Rn). If � and q are be log-Hölder

continuous, both at the origin and at in�nity with p+; q+ <1, the following two statements

are equivalentes

(i)- f 2 _K
�(�);q(�)
p(�) (Rn)

(ii)- f can be represented by

f (x) =

+1X
k=�1

�kak (x) ; (1.9)

where the series converges in the sense of distributions, �k � 0; each ak is a central (�(�); p(�))-

atom with support contained in Bk and� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
� +1X
k=0

j�kjq1
� 1
q1 � c kfk _K�(�);q(�)

p(�) (Rn) :

Moreover, the norms kfk _K�(�);q(�)
p(�)

and inf
��P�1

k=�1 j�kj
q(0)
� 1
q(0)

+
�P+1

k=0 j�kj
q1
� 1
q1
�
are

equivalent, where the in�mum is taken all over all decompositions of f as in (1.9).
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Proof. We �rst prove (i) implies (ii). For every f 2 _K
�(�);q(�)
p(�) (Rn), write

f (x) =

+1X
k=�1

f (x)�k (x)

=

+1X
k=�1



2k�(�)f�k

p(�) f (x)�k (x)

k2k�(�)f�kkp(�)
=

+1X
k=�1

�kak (x) ;

where �k =


2k�(�)f�k

p(�) and ak (x) = f(x)�k(x)

k2k�(�)f�kkp(�)
. It is obvious that suppak � Bk and

kakkp(�) �

8<: 2�k�(0); if k � �1

2�k�1 ; if k � 0
:

Thus, each ak is a central (�(�); p(�))- atoms with the support Bk and� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
�+1X
k=0

j�kjq1
� 1
q1

=
� �1X
k=�1



2k�(�)f�k

q(0)p(�)

� 1
q(0)
+
�+1X
k=0



2k�(�)f�k

q1p(�) � 1
q1

�
� �1X
k=�1

2k�(0)q(0) kf�kk
q(0)
p(�)

� 1
q(0)
+
�+1X
k=0

2k�1q1 kf�kk
q1
p(�)

� 1
q1

� kfk _K�(�);q(�)
p(�)

:

Now we prove (ii) implies (i). Let f(x) =
P+1

k=�1 �kak (x) be a decomposition of f which

satis�es the hypothesis (ii) of Theorem 1.36. For each j 2 Z, by the Minkowski inequality



f�j

p(�) � 1X
k=j

j�kj kakkp(�) : (1.10)

By Proposition 1.33 and from (1.10), it follows that kfk _K�(�);q(�)
p(�) (Rn) is bounded by

� �1X
k=�1

2k�(0)q(0)
� +1X
j=k

j�jj kajkp(�)
�q(0)� 1

q(0)
+
�+1X
k=0

2k�1q1
� +1X
j=k

j�jj kajkp(�)
�q1� 1

q1

= I1 + I2:

For I1, we divide the sum
P+1

j=k � � � into two parts,

�1X
j=k

� � �+
+1X
j=0

� � �:
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I1 is bounded by Ia1 + Ib1, where

Ia1 =
� �1X
k=�1

�
2k�(0)

�1X
j=k

j�jj kajkp(�)
�q(0)� 1

q(0)

and

Ib1 =
� �1X
k=�1

�
2k�(0)

+1X
j=0

j�jj kajkp(�)
�q(0)� 1

q(0)
.

Since 0 < � (0) <1, then by Lemma 1.28 (with 0 < a = 2��(0) < 1), we have

Ia1 � c
� �1X
k=�1

� �1X
j=k

j�jj2�(j�k)�(0)
�q(0)� 1

q(0) � c
� �1X
k=�1

j�kjq(0)
� 1
q(0)
:

Since 0 < �1 <1, then by the embedding `q1 ,! `1

Ib1 � c
� �1X
k=�1

�
2k�(0)

+1X
j=0

j�jj2�j�1
�q(0)� 1

q(0)

� csup
j�0
j�jj
� �1X
k=�1

�
2k�(0)

+1X
j=0

2�j�1
�q(0)� 1

q(0) � c
�+1X
k=0

j�kjq1
� 1
q1
:

Thus, we have the desired estimate for I1:

For I2, we have

I2 =
�+1X
k=0

�
2k�1

+1X
j=k

j�jj kajkp(�)
�q1� 1

q1 �
�+1X
k=0

� +1X
j=k

j�jj2�(j�k)�1
�q1� 1

q1
:

Since 0 < �1 <1; then by Lemma 1.28 (with 0 < a = 2��1 < 1), we have

I2 �
�+1X
k=0

j�kjq1
� 1
q1 �

� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
�+1X
k=0

j�kjq1
� 1
q1
:

This �nishes the proof.
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Chapter 2

Some inequalities in variable Herz

spaces

The classical Plancherel-Polya-Nikolskij inequality (cf. [53, 1.3.2/5, Rem. 1.4.1/4]), says

that kfkq can be estimated by

c Rn(1=p�1=q) kfkp

for any 0 < p � q � 1, R > 0 and any f 2 Lp(Rn) \ S 0(Rn) with supp Ff � B(0; R). The

constant c > 0 is independent of R. This inequality plays an important role in theory of

function spaces and PDE�s. Our aim is to extend this result to the variable Herz spaces.

In the preliminary section of this chapter, we give some key technical lemmas needed in

the proofs of the main results. In the second section, we generalize the classical Plancherel-

Polya-Nikolskij inequality on _K
�(�);p(�)
q(�) -spaces instead of Lp(�) spaces and we give their proofs.

2.1 Preliminary lemmas

In this section, we present some results which are useful for the proof of our results. First

we use instead so-called �-functions, which have appropriate scaling. The function which we

call � is de�ned on Rn by

�v;m(x) :=
2nv

(1 + 2v jxj)m

with v 2 N and m > 0. Note that �v;m 2 L1 (Rn) when m > n and that


�v;m

 = cm is

independent of v.
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The following lemma is from [9, Lemma 6.1], see also [30, Lemma 19].

Lemma 2.1 Let � 2 C logloc and let M � clog(�), where clog(�) is the constant from (1.1) for

�. Then

2v�(x)�v;m+M(x� y) � c 2v�(y)�v;m(x� y)

with c > 0 independent of x; y 2 Rn and v;m 2 N0:

The previous lemma allows us to treat the variable smoothness in many cases as if it were

not variable at all, namely we can move the term inside the convolution as follows:

2v�(x)�v;m+M � f(x) � c �v;m � (2v�(�)f)(x):

The next lemma tells us that in most circumstances two convolutions are as good as one, is

from [9, Lemma A.3].

Lemma 2.2 For j0 and j1 � 0 and m > n, we have

�j0;m � �j1;m � �min(j0;j1);m

with the constant depending only on m and n.

The next lemma often allows us to deal with exponents which are smaller than 1, see [9,

Lemma A.6].

Lemma 2.3 ("The r-trick") Let r > 0, j 2 N0 and m > n. Then there exists c =

c(r;m; n) > 0 such that for all g 2 S 0(Rn) with supp Fg � f� 2 Rn : j�j � 2j+1g, we have

jg(x)j � c(�j;m � jgjr(x))1=r; x 2 Rn:

De�nition 2.4 Let p; q; � 2 P0 (Rn) and � : Rn ! R with �+ <1. The space `�(�)( _K�(�);p(�)
q(�) )

is de�ned on sequences of _K�(�);p(�)
q(�) (Rn)-functions by the modular

%
`�(�)( _K

�(�);p(�)
q(�) )

((fj)j) :=

1X
j=0



jfjj�(�)

 _K�(�)�(�);p(�)=�(�)
q(�)=�(�)

:

The quasi-norm is de�ned from this as usual:

 (fj)j 

`�(�)( _K�(�);p(�)
q(�) )

:= inf

�
� > 0 : %

`�(�)( _K
�(�);p(�)
q(�) )

�
1

�
(fj)j

�
� 1
�
:
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Let T be a sublinear operators satisfying the size condition

jTf(x)j .
Z
Rn

jf(y)j
jx� yjn dy; x =2 supp f (2.1)

for integrable and compactly supported functions f . Condition (2.1) is satis�ed by several

classical operators in Harmonic Analysis, such as Calderón-Zygmund operators, the Carleson

maximal operator and the Hardy-Littlewood maximal operator (see [32] and [51]). Various

important results have been proved in the space _K�;p
q under some assumptions on �; p and

q. The conditions �n
q
< � < n(1 � 1

q
); 1 < q < 1 and 0 < p � 1 is crucial in the study

of the boundedness of classical operators in _K�;p
q spaces. This fact was �rst realized by Li

and Yang [32] with the proof of the boundedness of the maximal function. The proof of the

main result of this chapter is based on the following result, see [16].

Theorem 2.5 Let p 2 P0(Rn), q 2 P(Rn) with 1 < q� � q+ < 1, and let �; p and q are

log-Hölder continuous, both at the origin and at in�nity such that

� n

q+
< �� � �+ < n

�
1� 1

q�

�
:

Then every sublinear operator T satisfying (2.1) which is bounded on Lq(�)(Rn) is also bounded

on _K
�(�);p(�)
q(�) (Rn).

2.2 Plancherel-Polya-Nikolskij inequality on variable

Herz spaces

In this section, we give the main results are that the generalization of a classical Plancherel-

Polya-Nikolskij inequality on variable Herz spaces.

One of our main results of this section is the following lemma.

Lemma 2.6 Let q; � 2 P log0 (Rn). Let p 2 P0 (Rn) and � : Rn ! R are log-Hölder contin-

uous, both at the origin and at in�nity such that �� + n
q+

> 0. Let M � clog(1=�), where

clog(1=�) is the constant from (1.1) for 1=�. For m > n, there exists c > 0 such that



n��j;m+M � jfjjr� 1ro
j






`�(�)( _K

�(�);p(�)
q(�) )

� c


 ffjgj 

`�(�)( _K�(�);p(�)

q(�) )
(2.2)

for any 0 < r < min(q�; n
�++n=q� ) whenever the quasi-norm on the right hand side is �nite.
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Proof. Let ffjgj 2 `�(�)( _K
�(�);p(�)
q(�) ) such that



 ffjgj 

`�(�)( _K�(�);p(�)
q(�) )

= 1. By the scaling

argument, it su¢ ce to show that



n��j;m+M � jfjjr� 1ro
j






`�(�)( _K

�(�);p(�)
q(�) )

� c

which is equivatent to

%
`�(�)( _K

�(�);p(�)
q(�) )

�
c
n�
�j;m+M � jfjj

r� 1ro
j

�
� 1:

In particular, we will show that

1X
j=0





jc ��j;m+M � jfjjr��(�)r 




_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

� 1 (2.3)

for some constant c > 0. Our estimate (2.3), clearly follows from the inequality



jc ��j;m+M � jfjjr��(�)r 




_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

�


 jfjj�(�) 

 _K�(�)�(�);p(�)=�(�)

q(�)=�(�)
+ 2�j =: �: (2.4)

This claim can be reformulated as showing that



c��1 ��j;m+M � jfjjr��(�)r 




_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

� 1:

Since � is log-Hölder continuous and � 2 [2�j; 1 + 2�j], we can move ��
1
�(�) inside the

convolution by Lemma 2.1:



c��1 ��j;m+M � jfjjr��(�)r 




_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

.





��j;m � �� r

�(�) jfjjr
��(�)

r







_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

:

Let us prove that 




��j;m � �� r
�(�) jfjjr

��(�)
r







_K
�(�)�(�);p(�)=�(�)
q(�)=�(�)

. 1;

which is equivalent to

1X
k=�1






�2k�(�)r�j;m � �� r
�(�) jfjjr

� p(�)
r
�k







q(�)=p(�)

. 1:

Again this is equivalent to





��j;m � �� r
�(�) jfjjr

� 1
r






_K
�(�);p(�)
q(�)

. 1. Observe that





��j;m � �� r
�(�) jfjjr

� 1
r






_K
�(�);p(�)
q(�)

=



�j;m � �� r

�(�) jfjjr



1=r
_K
�(�)r;p(�)=r
q(�)=r

;
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thanks to Theorem 2.5, under the assumption 0 < r < min(q�; n
�++n=q� ) , the right-hand

side is bounded by

c


�� 1

�(�)fj



_K
�(�);p(�)
q(�)

. 1;

which follows immediately from the de�nition of �. This �nishes the proof.

Remark 2.7 Let q 2 P log0 (Rn). Let p 2 P0 (Rn) and � : Rn ! R be log-Hölder continuous,

both at the origin and at in�nity such that �� + n
q+

> 0. Observe that �j;m � jfjj
r, j 2 N0,

satisfying the size condition (2.1). Using Theorem 2.5, one can �nd a constant c > 0 such

that

sup
j�0




��j;m � jfjjr� 1r


 _K�(�);p(�)
q(�)

� c sup
j�0

kfjk _K�(�);p(�)
q(�)

for any m > n and any 0 < r < min(q�; n
�++n=q� ) whenever the quasi-norm on the right

hand side is �nite.

Based on Lemma r-trick, we have the following result.

Lemma 2.8 Let �; � 2 C logloc , p 2 P0(Rn), � : Rn ! R and R � max (1; H). Let q be

log-Hölder continuous, both at the origin and at in�nity. Then there exists a constant c > 0

independent of R and H such that

sup
x2B(0;1=H)

��
1

�(x)R�(x) jf(x)j � c
�R
H

�n=d 


�� 1
�(�)Hn=q(�)+�(�)R�(�)f





_K
�(�);p(�)
q(�)

(2.5)

for all f 2 _K
�(�);p(�)
q(�) \ S 0(Rn) with supp Ff � B(0; R), any 0 < d < min(q�; n=(� + n=q)+)

and any � 2 [R�1; 1 +R�1].

If �; p; �; � and q are constants, this result is from [14, Lemma 3.3].

Proof. By Lemma 2.3 we have for d;R > 0; N > n and any x 2 B (0; 1=H)

jf(x)j% � c
�Z

Rn
jf(y)jd �R;N+M(x� y)dy

�%=d
� c

�Z
B(0;22=H)

(� � �)dy
�%=d

+ c
�Z

RnnB(0;22=H)
(� � �)dy

�%=d
;

where % := min(1; d) and M � clog(�) + clog(1=�) with clog(�), clog(1=�) are the constants

from (1.1) for � and 1
�
, respectively. Here

�R;N+M(�) := Rn(1 +R j�j)�N�M :
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Using the following decompositionZ
B(0;22=H)

(� � �)dy =

1X
j=0

Z
R(22�j=H)

(� � �)dy;

Z
RnnB(0;22=H)

(� � �)dy =

1X
j=0

Z
R(2j+3=H)

(� � �)dy

and the well-known inequality� 1X
j=0

jajj
��
�

1X
j=0

jajj� ; fajgj � C; � 2 [0; 1] (2.6)

we obtain that jf(x)j% can be estimated by

c

1X
j=0

�
V 1
j;R;H (x) + V 2

j;R;H(x)
�
; (2.7)

where

V 1
j;R;H(x) :=

�
�R;N+M � jf�R(22�j=H)jd(x)

�%=d
; V 2

j;R;H(x) := V 1
�j�1;R;H(x): (2.8)

Here N is chosen large enough such that N > max
�
n; n=d� (n=q + �)�

�
. Let us give the

estimation of the �rst term in (2.7). Lemma 2.1, a simple change of variables, the Hölder

inequality (with 1
d
= 1

q(�) +
1
d
� 1

q(�)) and Lemma 1.29, yield for any d;R > 0 and any

x 2 B(0; 1=H)
1X
j=0

R�(x)%��
%

�(x)V 1
j;R;H(x) . Rn%=d

2�[log2H]X
k=�1




�� 1
�(�)R�(�)f� eRk



� eRk



t(�)




%
q(�)

. Rn%=d

2�[log2H]X
k=�1




�� 1
�(�)R�(�)2kn(1=d�1=q(�))f� eRk




%
q(�)

;

where 1
t(�) :=

1
d
� 1

q(�) ,
eRk := fx 2 Rn : 2k�2 � jxj < 2kg and [a] is the integer part of the real

number a. This term is bounded by

c
�R
H

�n%=d 2�[log2H]X
k=�1

�
2kH

�%(n=d�(n=q+�)+) 


�� 1
�(�)2k�(�)Hn=q(�)+�(�)R�(�)f� eRk




%
q(�)

:

Using the fact that n=d > (n=q + �)+, 2k�3H < 1 and the embedding _K
�(�);p(�)
q(�) ,! _K

�(�);1
q(�)

we obtain that the right-hand side of the last expression is bounded by

c
�R
H

�n%=d 


�� 1
�(�)Hn=q(�)+�(�)R�(�)f




%
_K
�(�);1
q(�)

2�[log2H]X
k=�1

�
2kH

�%(n=d�(n=q+�)+)
.

�R
H

�n%=d 


�� 1
�(�)Hn=q(�)+�(�)R�(�)f




%
_K
�(�);p(�)
q(�)

; (2.9)

25



where the implicit positive constant not depending on R.

Now we estimate the second term in (2.7). Notice that for any y 2 R(23+j=H) and any

x 2 B(0; 1=H), we have jx� yj > 2j=H, so for any d > 0; N 2 N and j 2 N0,

�R;N(x� y) � Rn

�
2jR

H

��N
� 2�jNRn:

Hence by Lemma 2.1, a simple change of variables, the Hölder inequality (with 1
d
= 1

q(�) +

1
d
� 1

q(�)) and Lemma 1.29, we obtain

1X
j=0

R�(x)%��
%

�(x)V 2
j;R;H(x)

. Rn%=d

1X
k=2�[log2H]




�� 1
�(�)
�
2kH

��N
R�(�)f� eRk




%
d

. Rn%=d

1X
k=2�[log2H]




�� 1
�(�)
�
2kH

��N
R�(�)f� eRk



� eRk

t(�)


%q(�)
.

�
R

H

�n%=d 1X
k=2�[log2H]

�
2kH

�(n=d�(n=q+�)��N)% 


�� 1
�(�)Hn=q(�)+�(�)2k�(�)R�(�)f� eRk




%
q(�)

;

where the implicit positive constant does not depend on R. Using again the embedding

_K
�(�);p(�)
q(�) ,! _K

�(�);1
q(�) , and since N > n=d� (n=q + �)� and 2kH > 1, for any k � 2� [log2H],

the right-hand side of the last expression is bounded by

c
�R
H

�n%=d�
sup

k�2�[log2H]




�� 1
�(�)Hn=q(�)+�(�)2k�(�)R�(�)f� eRk





q(�)

�%
� c

�R
H

�n%=d 


�� 1
�(�)Hn=q(�)+�(�)R�(�)f




%
_K
�(�);p(�)
q(�)

: (2.10)

Finally, we obtain the desired estimate from (2.9) and (2.10) taking into account the decom-

position (2.7). This �nishes the proof.

We recall that the Plancherel-Polya-Nikolskij inequality in Lp(�)(Rn) (cf. [2, Lemma 6.3]),

says that 

c ��2j�(�)f ��

 p1(�)
q(�)

�


��2j(�(�)+n=p0(�)�n=p1(�))f ��

 p0(�)

q(�)
+ 2�j

for any p1; p0 and q 2 P0(Rn) with �� n=p1, 1=q locally log-Hölder continuous and p1 � p0,

and any j 2 N0; f 2 Lp0(�)(Rn) \ S 0(Rn) with supp Ff � B(0; 2j) such that the quasi-norm

on the right-hand side is at most one. The constant c > 0 is independent of j.
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The following lemma is the _K
�(�);p(�)
q(�) -version of the Plancherel-Polya-Nikolskij inequality.

Lemma 2.9 Let R � 1, p 2 P0(Rn), q, t, s, r 2 P log0 (Rn) with p+, r+ < 1, � 2 C
log
loc and

�1; �2 2 C logloc such that (�2 � �1)
� > 0 or �1(�) = �2(�). We suppose that q(�) � t(�) and

(�1 + n=t)� > 0. Then there exist a positive constant c > 0 independent of R such that


��Rs(�)f
���(�)




_K
�1(�)�(�);r(�)=�(�)
t(�)=�(�)

� c



��Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f

���(�)



_K
�2(�)�(�);�(�)=�(�)
q(�)=�(�)

+
1

R
(2.11)

for all f 2 _K
�2(�);p(�)
q(�) \S 0(Rn) with supp Ff � B(0; R) such that the quasi-norm on the right

hand side is at most one, where

�(�) =

8<: r(�) if �1(�) = �2(�)

p(�) if (�2 � �1)
� > 0:

Remark 2.10 We would like to mention that this lemma improves the Plancherel-Polya-

Nikolskij inequality of [2, Lemma 6.3] by taking �2(�) = �1(�) = 0, r(�) = t(�), _K0;t(�)=�(�)
t(�)=�(�) =

Lt(�)=�(�) and by using the embedding Lq(�)=�(�) = _K
0;q(�)=�(�)
q(�)=�(�) ,! _K

0;t(�)=�(�)
q(�)=�(�) .

Proof of Lemma 2.9. Let f 2 _K
�2(�);p(�)
q(�) \S 0(Rn) with supp Ff � B(0; R). Our estimate

(2.11), clearly follows from the inequality


��1 ��Rs(�)f
���(�)




_K
�1(�)�(�);r(�)=�(�)
t(�)=�(�)

� 1

which is equivatent to

� _K�1(�)�(�);r(�)=�(�)
t(�)=�(�)

�
��1

��Rs(�)f
���(�) � � 1:

In particular, we will show that

1X
k=�1





���2k�1(�)��1=�(�)Rs(�)f
���r(�) �k





t(�)
r(�)

. 1;

where

� :=



��Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f

���(�)



_K
�2(�)�(�);�(�)=�(�)
q(�)=�(�)

+
1

R
:

Note that the assumption on the norm implies that � 2 [R�1; R�1 + 1]. We divide the sum
1P

k=�1
� � � into two parts,

X
2k<2=R

(� � �) +
X

2k�2=R

(� � �) =: IR + IIR: (2.12)
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Estimate of IR. By Lemma 2.8 we get

sup
x2B(0;2=R)

�
Rs(x)��1(x)�n=t(x)��1=�(x) jf(x)j

�
.




Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)��1=�(�)f




_K
�2(�);�(�)
q(�)

; (2.13)

where the implicit positive constant not depending on R. The norm on the right hand side

is bounded by 1. To show this, we investigate the corresponding modular:

%`�(�)(Lq(�))((2
k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)��1=�(�)f�k)k)

=

1X
k=�1





���2k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)��1=�(�)f
����(�) �k





q(�)
�(�)

=

1X
k=�1





�����1 ��2k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f
���(�)����(�)=�(�) �k





q(�)
�(�)

:

This term is bounded by 1 if and only if


��1 ��Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f
���(�)




_K
�2(�)�(�);�(�)=�(�)
q(�)=�(�)

� 1;

which follows immediately from the de�nition of �. Therefore,

IR .
X

2k<2=R

�
2kR

�r�(�1+n=t)� 


��2�nk=t(�)��r(�) �k


 t(�)
r(�)

.
X

2k<2=R

�
2kR

�r�(�1+n=t)� . 1;
where the second inequality follows by the fact that




��2�nk=t(�)��r(�) �k


 t(�)
r(�)

. 1. To show this,

we investigate the corresponding modular: %t(�)=r(�)(2
�nkr(�)=t(�)) =

R
Rk
2�nkdx = c < 1. In

the last inequality we use the fact that (�1 + n=t)� > 0.

Estimation of IIR. By Lemma 2.3 we have for R > 0; N > n=� and any x 2 Rk

��1=�(x)Rs(x)��1(x)�n=t(x) jf(x)j

.
�Z

Rn

�����1=�(y)Rs(y)��1(y)�n=t(y)f(y)
���� �R;N�+�(x� y)dy

�1=�
.

�Z
B(0;2k�2)

(� � �)dy
�1=�

+ c
�Z

eRk(� � �)dy
�1=�

+ c
�Z

RnnB(0;2k+2)
(� � �)dy

�1=�
= V 1

R;k(x) + V 2
R;k(x) + V 3

R;k(x): (2.14)

Here eRk :=
�
x 2 Rn : 2k�2 � jxj � 2k+2

	
and 0 < � < q� and � := clog(�2)+clog(

1
r
)+clog(

1
q
).

We choose N such that

N > max
�
n=d+ n=� + (�1 + n=t)+ ; n=d+ n=� � (�2 + n=q)� + (�1 + n=t)+

�
; (2.15)
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where d is chosen as in Lemma 2.8. It is easy to verify that if x 2 Rk and y 2 B(0; 2k�2),

then jx� yj > 2k�2. This estimate and Lemma 2.8 yield for any x 2 Rk and any k 2 Z such

that 2kR � 2

2k�1(x)V 1
R;k(x)

. 2k�1(x) sup
y2B(0;2k�2)

�����1=�(y)Rs(y)��1(y)�n=t(y)f(y)
��� � Z

2k�2<jtj<2k+1
�R;N�+�(t)dt

�1=�
.

�
2kR

�n=d+n=��N
2k�1(x)




2�k(�2(�)+n=q(�))��1=�(�)Rs(�)��1(�)�n=t(�)f




K
�2(�);�(�)
q(�)

: (2.16)

Observe that 2kR � 2. Hence

2k�1(x)V 1
R;k(x)

.
�
2kR

�n=d+n=��(�2+n=q)��N
2k�1(x)




��1=�(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f




K
�2(�);�(�)
q(�)

.
�
2kR

�n=d+n=��(�2+n=q)��N
2k�1(x):

Therefore, X
2k�2=R




��2k�1(�)R�1(�)+n=t(�)V 1
R;k

��r(�) �k


 t(�)
r(�)

.
X

2k�2=R

�
2kR

�(n=d+n=��(�2+n=q)�+(�1+n=t)+�N)r� 


��2�kn=t(�)��r(�) �k


 t(�)
r(�)

.
X

2k�2=R

�
2kR

�(n=d+n=��(�2+n=q)�+(�1+n=t)+�N)r� . 1;
by our assumption on N . Now we observe that

V 2
R;k :=

�
�R;N�+� � j��1=�(�)Rs(�)��1(�)�n=t(�)f� eRk j�

�1=�
:

Hölder�s inequality gives

��2k�2(x)R�2(x)V 2
R;k(x)�k(x)

���
. �R;N� �

� ���2k��2��1=�(�)Rs(�)+�2(�)��1(�)�n=t(�)f� eRk
���� �(x)

.


�R;N� (x� �)R�n�=q(�)

(q(�)=�)0 �


���2k��2��1=�(�)Rn=q(�)+s(�)+�2(�)��1(�)�n=t(�)f� eRk

����



q(�)=�

�


R�n�=q(�)�R;N� (x� �)

(q(�)=�)0 


Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)��1=�(�)f




�
_K
�2(�);�(�)
q(�)

;
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where

k��2 :=

8<: k(�2)1 if k � 0

k�2(0) if k < 0
:

The second norm on the right hand side is bounded by 1 due to the choice of �, see the esti-

mation of IR. To show that the �rst norm is also bounded, we investigate the corresponding

modular:

%(q(�)=�)0(�R;N� (x� �)R�n�=q(�)) = Rn

Z
Rn
(1 +Rjx� yj)�N(q(�)=�)

0(y)�dy <1:

Let us prove that 



����2kR��2(�)Rn=t(�)V 2
R;k

���r(�) �k




t(�)
r(�)

. 1 (2.17)

for any k 2 Z. We have����2kR��2(x)Rn=t(x)V 2
R;k(x)

���t(x)
=

����2kR��2(x) V 2
R;k(x)

���t(x)�q(x) ����2kR��2(x)Rn=q(x)V 2
R;k(x)

���q(x)
.

����2kR��2(x)Rn=q(x)V 2
R;k(x)

���q(x) ;
for any x 2 Rk, where the implicit positive constant does not depend on R and k. Therefore,Z

Rk

����2kR��2(x)Rn=t(x)V 2
R;k(x)

���t(x) dx
.

Z
Rn

����2kR��2(x)Rn=q(x)V 2
R;k(x)

���q(x) dx
.

Z
Rn

�
�R;N� �

����2k��2��1=�(�)Rn=q(�)+s(�)+�2(�)��1(�)�n=t(�)f� eRk
����� (x)�q(x)=� dx:

This term is bounded by 1 if and only if


�R;N� � � ���2k��2��1=�(�)Rn=q(�)+s(�)+�2(�)��1(�)�n=t(�)f� eRk
���� �




q(�)=�
� 1:

Since convolution is bounded in Lp(�) when p 2 P log(Rn), see (1.2), we obtain that the

left-hand side is bounded by

c



2k��2��1=�(�)Rn=q(�)+s(�)+�2(�)��1(�)�n=t(�)f� eRk




�
q(�)

.



Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)��1=�(�)f




�
_K
�2(�);�(�)
q(�)

. 1:
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Hence X
2k�2=R




��2k�1(�)R�1(�)+n=t(�)V 2
R;k

��r(�) �k


 t(�)
r(�)

.
X

2k�2=R

(2kR)�(�2��1)
�r�





����2kR��2(�)Rn=t(�)V 2
R;k

���r(�) �k




t(�)
r(�)

.
X

2k�2=R

(2kR)�(�2��1)
�r� . 1;

if (�2 � �1)
� > 0. Let us treat the case �1(�) = �2(�) more carefully. Let recall that for

�1(�) = �2(�) we have �(�) = r(�). Hence it su¢ ces to prove that



����2kR��1(�)Rn=t(�)V 2
R;k

���r(�) �k




t(�)
r(�)

.




���2k�1��1=�(�)Rn=q(�)+s(�)�n=t(�)f� eRk

���r(�) �k




q(�)
r(�)

+
1

2kR
=: �;

which is equivalent to 


�� 1
r(�)
�
2kR

��1(�)
Rn=t(�)V 2

R;k�k





t(�)
. 1: (2.18)

We have

��
1

r(x) = �
1

r(y)
� 1
r(x)��

1
r(y)

. (2kR)j
1

r(x)
� 1
r(y) j��

1
r(y) ; x 2 Rk; y 2 eRk:

We use the log-Hölder continuity of r to get the equivalence

2k(
1

r(x)
� 1
r(y)

) � 1

and

R
1

r(x)
� 1
r(y) . (1 +R jx� yj)clog(r)

for any x 2 Rk and any y 2 eRk. Therefore,

��
1

r(x)V 2
R;k(x) .

�
�R;N� � j�

� 1
r(�)��1=�(�)Rs(�)��1(�)�n=t(�)f� eRk j�

�1=�
:

Now (2.18) can be obtained by repeating the same arguments used in the proof of (2.17).

We see that
R
RnnB(0;2k+2)(� � �)dy can be rewritten as

1P
i=0

R
Rk+i+3

(� � �)dy. Then, using (2.7),

we get for any x 2 Rk�
V 3
R;k(x)

�% � c

1X
i=0

�
�R;N�+� � j��1=�(�)Rs(�)��1(�)�n=t(�)f�Rk+i+3 j

� (x)
�%=�

; (2.19)
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with % := min(1; �). Since jx� yj > 3 � 2k+i for any x 2 Rk and any y 2 Rk+i+3, the

right-hand side of (2.19) is bounded by

c R%(n=��N)
1X
i=0

2�%(k+i)N



��1=�(�)Rs(�)��1(�)�n=t(�)f�Rk+i+3




%
�

� c R%(n=��N)
1X

j=k+3

2�%jN



��1=�(�)Rs(�)��1(�)�n=t(�)f�Rj




%
�
:

By Lemma 2.8 we get

sup
x2B(0;2j)

�����1=�(x)Rs(x)��1(x)�n=t(x)f(x)
���

.
�
2jR

�n=d 


2�j(n=q(�)+�2(�))��1=�(�)Rs(�)��1(�)�n=t(�)f




_K
�2(�);�(�)
q(�)

�
�
2jR

�n=d �
2jR

��(�2+n=q)� 


��1=�(�)Rn=q(�)+s(�)+�2(�)��1(�)�n=t(�)f




_K
�2(�);�(�)
q(�)

.
�
2jR

�n=d�(�2+n=q)� ;
since 2kR � 2 we estimate

�
V 3
R;k

�%
by

c R%(n=�+n=d�N�(�2+n=q)�)
1X

j=k+3

2%j(n=d+n=��N�(�2+n=q)
�) .

�
2kR

�%(n=d+n=��N�(�2+n=q)�)
:

Hence X
2k�2=R




��2k�1(�)R�1(�)+n=t(�)V 3
R;k

��r(�) �k


 t(�)
r(�)

.
X

2k�2=R

�
2kR

�(n=d+n=��N�(�2+n=q)�+(�1+n=t)+)r� 


��2�kn=t(�)��r(�) �k


 t(�)
r(�)

.
X

2k�2=R

�
2kR

�(n=d+n=��N�(�2+n=q)�+(�1+n=t)+)r� . 1:
This �nishes the proof.

In the previous lemma we have not treated the case t(�) � q(�). The next lemma gives a

positive answer.

Lemma 2.11 Let R � 1, p 2 P0(Rn); q, t, s; r 2 P log0 (Rn) with p+, r+ <1, � 2 C
log
loc and

�1; �2 2 C logloc such that �2(�)+n=q(�) = �1(�)+n=t(�) or (�2+ n
q
��1� n

t
)� > 0. We suppose

that t(�) � q(�) and (�1 + n=t)� > 0. Then there exist a positive constant c > 0 independent
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of R such that for all f 2 _K
�2(�);p(�)
q(�) \ S 0(Rn) with supp Ff � B(0; R), we have


��Rs(�)f

���(�)



_K
�1(�)�(�);r(�)=�(�)
t(�)=�(�)

� c



��Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f

���(�)



_K
�2(�)�(�);�(�)=�(�)
q(�)=�(�)

+
1

R
;

(2.20)

such that the qausi-norm on the right hand side is at most one, where

�(�) =

8<: r(�) if �2(�) + n=q(�) = �1(�) + n=t(�)

p(�) if (�2 + n=q � �1 � n=t)� > 0:

Proof. We employ the notations IR and IIR from (2.12). The estimate of IR follows easily

from the previous proof. We only need to estimate the part IIR with (�2��1+n=q�n=t)� >

0. Hölder�s inequality gives



���2k�1(�)��1=�(�)Rs(�)f
���r(�) �k





t(�)
r(�)

.




���2k�1(�)��1=�(�)Rs(�)f

���r(�) �k k�kkh(�)
r(�)






q(�)
r(�)

;

where 1
t(�) :=

1
q(�) +

1
h(�) . By Lemma 1.29 we get k�kkh(�)

r(�)
� 2kn(1=t(x)�1=q(x))r(x) for any x 2 Rk.

Therefore,

IIR . sup
k2Z





�����1=�(�)2k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f
���r(�) �k





q(�)
r(�)

�
X

2k�2=R

�
2kR

��(�2��1+n=q�n=t)�r�
. sup

k2Z





�����1=�(�)2k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f
���r(�) �k





q(�)
r(�)

:

The last norm is bounded by 1 if and only if


��1=�(�) ��2k�2(�)Rn=q(�)�n=t(�)+�2(�)��1(�)+s(�)f
���k




q(�)
. 1; k 2 Z

which follows immediately from (2.13). The proof is completed.
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Chapter 3

Variable Herz-type Besov spaces

It is well known that the function spaces play an important role in harmonic analysis. Some

example of these spaces can be mentioned such as Besov spaces Bs
p;q. These spaces include

many classical spaces as special cases, for example, the Hölder spaces, the Sobolev spaces,

the Bessel potential spaces, the Zygmund spaces, the local Hardy spaces and the space BMO

studied in detail by H. Triebel in [53], [54] and [55].

The Besov spaces of variable smoothness Bs(�)
p(�);q(�), are a generalization of the classical

Besov spaces, replacing the constants exponents s, p and q with a variable exponent functions

s (�), p (�) and q (�), initially appeared in the paper of A. Almeida and P. Hästo [2]. Several

basic properties were established, such as the Fourier analytical characterisation. When s; p

and q are constants they coincide with the usual function spaces Bs
p;q:

Based on variable Besov spacesBs(�)
p(�);q(�), we introduce Herz-type Besov spaces with variable

smoothness, which covers Herz-type Besov spaces with �xed exponents. We will give several

properties of these new family of function spaces.

3.1 Variable Besov spaces

In this section, we present the Fourier analytical de�nition of Besov spaces of variable smooth-

ness and we recall their basic properties which are analogy to the Besov spaces with �xed

exponents. We �rst need the concept of a smooth dyadic resolution of unity.

Let 	 be a function in S(Rn) satisfying 	(x) = 1 for jxj � 1 and 	(x) = 0 for jxj � 2.
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We de�ne put '0 and '1 by F'0(x) = 	(x), F'1(x) = 	(x)�	(2x) and

F'j(x) = F'1(2�jx) for j = 2; 3; ::::

Then fF'jgj2N0 is a smooth dyadic resolution of unity,
1X
j=0

F'j(x) = 1 for all x 2 Rn:

Thus we obtain the Littlewood-Paley decomposition

f =

1X
j=0

'j � f

of all f 2 S 0(Rn) (convergence in S 0(Rn)).

Next we give the de�nition of the Bs(�)
p(�);q(�)-spaces, which introduced and investigated in

[2].

De�nition 3.1 Let
�
F'j

	1
j=0

be a resolution of unity, s : Rn ! R and p; q 2 P0(Rn). The

Besov space Bs(�)
p(�);q(�) consists of all distributions f 2 S 0(Rn) such that

kfk
B
s(�)
p(�);q(�)

=


(2js(�)'j � f)j

`q(�)(Lp(�)) <1:

Taking s 2 R and q 2 (0;1] as constants we derive the spaces Bs
p(�);q studied by Xu

in [59]. We refer the reader to the recent papers [13], [31] and [30] for further details,

historical remarks and more references on these function spaces. For any p; q 2 P log0 (Rn)

and s 2 C logloc , the space B
s(�)
p(�);q(�) does not depend on the chosen smooth dyadic resolution of

unity fF'jgj2N0 (in the sense of equivalent quasi-norms) and

S(Rn) ,! B
s(�)
p(�);q(�) ,! S 0(Rn):

Moreover, if p; q; s are constants, we re-obtain the usual Besov spaces Bs
p;q, studied in detail

by H. Triebel in [53], [54] and [55].

The following theorem is from [2, Theorem 6.1], gives basic embeddings in variable Besov

spaces.

Theorem 3.2 Let �; �0; �1 2 L1 and p; q0; q1 2 P0(Rn)

(i) If q0 � q1, then

B
�(�)
p(�);q0(�) ,! B

�(�)
p(�);q1(�)
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(ii) If (�0 � �1)
� > 0, then

B
�0(�)
p(�);q0(�) ,! B

�1(�)
p(�);q1(�):

We further recall that, the Sobolev embeddings in the usual Besov spaces Bs
p;q is given by

B�0
p0;q

,! B�1
p1;q

(3.1)

if �0 � n=p0 = �1 � n=p1, where 0 < p0 � p1 � 1, 0 < q � 1; �1 < �1 � �0 < 1, see

[53].

The next theorem is a generalization of (3.1) to the variable Besov spaces, see [2, Theorem

6.4].

Theorem 3.3 (Sobolev embedding) Let p0; p1; q0; q1 2 P0(Rn) and �0; �1 2 L1 with

�0 � �1 If 1=q and

�0 (x)� n=p0 (x) = �1 (x)� n=p1 (x) + " (x)

are locally log-Hölder continuous and "� > 0 or " � 0, then

B
�0(�)
p0 (�);q0 (�)

,! B
�1(�)
p1 (�);q1 (�)

:

3.2 De�nition and basic properties of variable Herz-

type Besov spaces

In this section, we introduce the Herz-type Besov spaces of variable smoothness and we prove

some basic properties in this spaces. In particular, we generalize the results of D. Drihem in

[14].

De�nition 3.4 Let
�
F'j

	1
j=0

be a resolution of unity, �; s : Rn ! R and p; q; � 2 P0(Rn).

The Herz-type Besov space K�(�);p(�)
q(�) B

s(�)
�(�) is the collection of all distributions f 2 S 0(Rn) such

that

kfk _K�(�);p(�)
q(�) B

s(�)
�(�)
:=


 �2js(�)'j � f�j 

`�(�)( _K�(�);p(�)

q(�) )
<1: (3.2)

Clearly, _K0;p(�)
p(�) B

s(�)
�(�) = B

s(�)
p(�);�(�). Herz-type Besov spaces _K

�(�);p(�)
q(�) B

s(�)
�(�) with variable expo-

nent p and � but �xed s; q and � were recently studied in [12], [50] and [49]. While the �rst

36



time we introduce the spaces _K
�(�);p(�)
q(�) B

s(�)
�(�) with the quasi-norm (3.2): When, � := 1 the

Herz-type Besov space _K
�(�);p(�)
q(�) B

s(�)
1 consist of all distributions f 2 S 0(Rn) such that

sup
v�0



2vs(�)'v � f

 _K�(�);p(�)
q(�)

<1:

One recognizes immediately that if �, s, p; q and � are constants, then the spaces _K�;p
q Bs

�

are just the usual Herz-type Besov spaces were �rst introduced by J. Xu and D. Yang [61]

and [62]. See [14] and [60] for further results of these functions spaces.

C. Shi and J. Xu [50] and [49] studied Herz-type Besov spaces _K�;p
q(�)B

s
� with variable q,

but �xed �, p, s and �, where the characterization of these function spaces by the so-called

Peetre maximal functions are obtained. B. Dong and J. Xu [12] also considered _K
�(�);p
q(�) Bs

�

with variables q and �. The interest in these spaces comes not only from the theoretical

reasons but also from their applications to several classical problems in analysis. In [41], Lu

and Yang introduced the Herz-type Sobolev and Bessel potential spaces. They gave some

applications to partial di¤erential equations. We refer the reader to the recent paper [14] for

further results for these function spaces.

Now, we are ready to state and prove the main results of this section. The following

theorem show that the de�nition of the spaces _K
�(�);p(�)
q(�) B

s(�)
�(�) is independent of the chosen

resolution of unity fF'vgv2N0 . This justi�es our omission of the subscript ' in the sequel.

Theorem 3.5 Let
�
F'j

	1
j=0
,
�
F j

	1
j=0

are two resolutions of unity, p; q; � 2 P log0 (Rn)

and s 2 C logloc . Let � : Rn ! R be log-Hölder continuous, both at the origin and at in�nity

such that �� + n
q+
> 0. Then

kfk'
_K
�(�);p(�)
q(�) B

s(�)
�(�)
� kfk 

_K
�(�);p(�)
q(�) B

s(�)
�(�)

:

Proof. It is su¢ cient to show that for all f 2 _K
�(�);p(�)
q(�) B

s(�)
�(�)(R

n) such that kfk 
_K
�(�);p(�)
q(�) B

s(�)
�(�)
is

�nite, we have

kfk'
_K
�(�);p(�)
q(�) B

s(�)
�(�)
� c kfk 

_K
�(�);p(�)
q(�) B

s(�)
�(�)

with c > 0. Interchanging the roles of  and ' we obtain the desired result. Putting  �1 = 0

we see F'v = F'v
Pk=1

k=�1F v+k for all v 2 N0. By the properties of the Fourier transform

'v � f =
k=1X
k=�1

'v �  v+k � f:
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Fix 0 < r < min(1; n
�++n=q� ) and m > n + 2clog(s) + clog(1=�) large. Since j'vj � c �v;2m=r,

with c > 0 independent of v, we obtain

j'v �  v+k � f j . �v;m=r � j v+k � f j . �v;m=r �
�
�v+k;m � j v+k � f jr

�1=r
;

where in the second inequality we used Lemma 2.3. By Minkowski�s integral inequality the

left-hand side is bounded by

c
�
(�v;m=r � �

1=r
v+k;m)

r � j v+k � f jr
�1=r

= c 2n(v+k)(1=r�1)
� �
�v;m=r � �v+k;m=r

�r � j v+k � f jr�1=r:
By Lemma 2.2 we have �v;m=r � �v+k;m=r � �v+k;m=r. Then the last expression is bounded by

c
�
�v+k;m � j v+k � f jr

�1=r
. This, together with Lemma 2.1, gives


�2vs(�)'v � f�v�0


`�(�)( _K�(�);p(�)

q(�) )

=



�2vs(�)rj'v � f jr�v�0


1=r`�(�)=r( _K

�(�)r;p(�)=r
q(�)=r )

.
k=1X
k=�1




�2vs(�)r�v+k;m � j v+k � f jr�v�0


1=r`�(�)=r( _K
�(�)r;p(�)=r
q(�)=r )

.
k=1X
k=�1





��v+k;m�clog(s) � 2(v+k)s(�)rj v+k � f jr�
v�0





1=r
`�(�)=r( _K

�(�)r;p(�)=r
q(�)=r )

:

By the change of variable v + k = i, this expression is bounded by

k=1X
k=�1





��i;m�clog(s) � 2is(�)rj i � f jr�
i�k





1=r
`�(�)=r( _K

�(�)r;p(�)=r
q(�)=r )

. 3



�2is(�)rj i � f jr�i�0


1=r`�(�)=r( _K

�(�)r;p(�)=r
q(�)=r )

� 3 kfk 
_K
�(�);p(�)
q(�) B

s(�)
�(�)

;

where in the �rst inequality we have used Lemma 2.6. This �nishes the proof.

3.2.1 Embeddings

The following theorem gives basic embeddings of the _K
�(�);p(�)
q(�) B

s(�)
�(�)-spaces .

Theorem 3.6 Let p; q; �1; �2; p1; p2 2 P log0 (Rn) and s; s1; s2 2 C logloc . Let � be log-Hölder

continuous, both at the origin and at in�nity such that �� + n
q+
> 0.

(i) If �1(�) � �2(�), then
_K
�(�);p(�)
q(�) B

s(�)
�1(�)

,! _K
�(�);p(�)
q(�) B

s(�)
�2(�)

:
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(ii) If p1(�) � p2(�), then
_K
�(�);p1(�)
q(�) B

s(�)
�(�) ,! _K

�(�);p2(�)
q(�) B

s(�)
�(�):

(iii) If (s1 � s2)
� > 0, then

_K
�(�);p(�)
q(�) B

s1(�)
�1(�)

,! _K
�(�);p(�)
q(�) B

s2(�)
�2(�)

:

Proof. (i) is a simple consequence of the embedding

`�1(�)( _K
�(�);p(�)
q(�) ) ,! `�2(�)( _K

�(�);p(�)
q(�) ):

(ii) can be deduced from the embeddings properties of the Herz-type spaces, see (1.8). Notice

that

_K
�(�);p(�)
q(�) B

s1(�)
�1(�)

,! _K
�(�);p(�)
q(�) B

s1(�)
�+1

and

_K
�(�);p(�)
q(�) B

s2(�)
��2

,! _K
�(�);p(�)
q(�) B

s2(�)
�2(�)

:

Therefore, it su¢ ces to prove (iii) for constant exponents �+1 and �
�
2 . We have


�2vs2(�)'v � f�v�0


`��2 ( _K�(�);p(�)

q(�) )
� c sup

v�0



�2vs1(�)'v � f�

 _K�(�);p(�)
q(�)

� c



�2vs1(�)'v � f�v�0


`�+2 ( _K�(�);p(�)

q(�) )
;

with c =
�P

v�0 2
(s1�s2)�v��2

�1=��2
.

Theorem 3.7 Let p; q; � 2 P log0 (Rn) and s 2 C logloc . Let � : Rn ! R be log-Hölder continu-

ous, both at the origin and at in�nity such that �� + n
q+
> 0. Then

S(Rn) ,! _K
�(�);p(�)
q(�) B

s(�)
�(�) ,! S 0(Rn): (3.3)

Proof. Our proof use partially some decomposition techniques already used in [14] where

the constant exponent case was studied. Also, in more general spaces given by abstract

de�nitions, see Hedberg and Netrusov [22]. By Theorem 3.6 we need only to prove (3.3)

with � :=1.
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Step 1. Let f 2 S(Rn) and
�
F'j

	1
j=0

is a resolution of unity. If L;M and N are su¢ ciently

large natural numbers, then

kfk _K�(�);p(�)
q(�) B

s(�)
1

= sup
j�0



2js(�)'j � f

 _K�(�);p(�)
q(�)

� sup
j�0



2js(�)(1 + jxj2)2L'j � f

1 



 1

(1 + jxj2)2L






_K
�(�);p(�)
q(�)

:

Take L su¢ ciently large such that (�� 4L+ n=q)+ < 0, we then have

% _K�(�);p(�)
q(�)

� 1

(1 + j�j2)2L
�
=

+1X
k=�1







���� 2k�(�)

(1 + j�j2)2L

����p(�) �k






q(�)
p(�)

:

First we remark that





���� 2k�(�)

(1 + j�j2)2L

����p(�) �k






q(�)
p(�)

� c 2k(��4L+n=q)
+p�




��2�kn=q(�)��p(�) �k


 q(�)
p(�)

. 2k(��4L+n=q)+p�

for any k � 0 and 





���� 2k�(�)

(1 + j�j2)2L

����p(�) �k






q(�)
p(�)

. 2k(�+n=q)�p�

for any k < 0. Therefore,

+1X
k=�1







���� 2k�(�)

(1 + jxj2)2L

����p(�) �k






q(�)
p(�)

.
0X

k=�1

2k(�+n=q)
�p� +

+1X
k=1

2k(��4L+n=q)
+p� . 1:

Hence

kfk _K�(�);p(�)
q(�) B

s(�)
1

. sup 2js
+

j�0



F�1[1 + (�4)L]F'jFf



1

. sup
j�0
2js

+ 

[1 + (�4)L]F'jFf

1
.



(1 + jxj)M [1 + (�4)L]Ff

1
. pN(Ff):

Step 2. We prove the right-hand side of (3.3). Let
�
F'j

	
j2N0

be the smooth dyadic resolution

of unity. We put !j =
Pi=j+1

i=j�1F'i if j = 1; 2; ::: (with F'�1 = 0). If f 2 _K
�(�);p(�)
q(�) B

s(�)
1 and

 2 S(Rn), then f( ) denotes the value of the functional f of S 0(Rn) for the test function
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 . We obtain

jf( )j �
1X
j=0

��'j � f(F�1!j �  )
��

=

1X
j=0



'j � f � (F�1!j �  )



1

=

1X
j=0



'j � f � (F�1!j �  )



_K0;1
1
:

Recalling the de�nition of _K0;1
1 spaces, the last sum can be rewritten as

1X
j=0

1X
k=�1



'j � f � (F�1!j �  )�k



1
�

1X
j=0

1X
k=�1

sup
x2B(0;2k)

��'j � f(x)�� 

(F�1!j �  )�k



1
:

We divide the last sum into two parts
P1

j=0

P�j�1
k=�1 � � �+

P1
j=0

P1
k=�j � � �. Lemma 2.8, gives

for any 0 < d < min(q�; n=(�+ n=q)+)

1X
j=0

�j�1X
k=�1

sup
x2B(0;2�j)

��'j � f(x)�� 

(F�1!j �  )�k



1

.
1X
j=0

�j�1X
k=�1



2(n=q(�)+�(�))j'j � f

 _K�(�);p(�)
q(�)



(F�1!j �  )�k



1

. kfk _K�(�);p(�)
q(�) B

s(�)
1

1X
j=0

�j�1X
k=�1

2(n=q+��s)
+j


(F�1!j �  )�k




1

. kfk _K�(�);p(�)
q(�) B

s(�)
1
k k

B
(n=q+��s)+
1;1

:

Using again Lemma 2.8, we have for any 0 < d < min(q�; n=(�+ n=q)+)

1X
j=0

1X
k=�j

sup
x2B(0;2k)

��'j � f(x)�� 

(F�1!j �  )�k



1

�
1X
j=0

1X
k=�j



2jn=d2k(n=d�n=q(�)��(�))'j � f

 _K�(�);p(�)
q(�)



(F�1!j �  )�k



1

. kfk _K�(�);p(�)
q(�) B

s(�)
1

�
k k _K(n=d�n=q��)+;1

1 B
(n=d�s)+
1

+ k k _K(n=d�n=q��)�;1
1 B

(n=d�s)+
1

�
:

Consequently

jf( )j � c� kfk _K�(�);p(�)
q(�) B

s(�)
1
;

where

� = max(k k
B
(n=q+��s)+
1;1

; k k _Kn=d�(n=q+�)+;1
1 B

(n=d�s)+
1

; k k _Kn=d�(n=q+�)�;1
1 B

(n=d�s)+
1

):
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By our assumption on d we have

S(Rn) ,! _K
n=d�(n=q+�)+;1
1 B

(n=d�s)+
1

and

S(Rn) ,! _K
n=d�(n=q+�)�;1
1 B

(n=d�s)+
1 :

From this and the embedding S(Rn) ,! B
(n=d�n=q��)+
1;1 , we obtain

jf( )j � c pN( ) kfk _K�(�);p(�)
q(�) B

s(�)
1
:

This proves that _K�(�);p(�)
q(�) B

s(�)
1 is continuously embedded in S 0(Rn). This completes the proof.

Applying Lemmas 2.9 and 2.11, we obtain the following Sobolev embeddings.

Theorem 3.8 Let p 2 P0(Rn); q1, q2, �; r 2 P log0 (Rn) with p+, r+ < 1 and s1, s2 2 C logloc .

Let �1, �2 2 C logloc be such that (�1 + n=q1)
� > 0 and (�2 + n=q2)

� > 0. Assume that

s1(�)� n=q1(�)� �1(�) � s2(�)� n=q2(�)� �2(�): (3.4)

Let %(�) = �2(�) + n=q2(�)� �1(�)� n=q1(�). The embedding

_K
�2(�);�(�)
q2(�) B

s2(�)
�(�) ,! _K

�1(�);r(�)
q1(�) B

s1(�)
�(�) ; (3.5)

holds if q2(�) � q1(�) with �2(�) = �1(�) or (�2 � �1)
� > 0 or q1(�) � q2(�) with

%(�) = 0 or %� > 0; (3.6)

where

�(�) = r(�) if %(�) = 0, q1(�) � q2(�) or �1(�) = �2(�), q2(�) � q1(�)

and

�(�) = p(�) if %� > 0, q1(�) � q2(�) or (�2 � �1)
� > 0, q2(�) � q1(�).

Proof. Let f 2 _K
�2(�);�(�)
q2(�) B

s2(�)
�(�) . We have to show that

kfk _K�1(�);r(�)
q1(�)

B
s1(�)
�(�)

� c kfk _K�2(�);�(�)
q2(�)

B
s2(�)
�(�)

. 1;
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which equivalente to

%
`�(�)

�
_K
�1(�);r(�)
q1(�)

�(�2js1(�)'j � f�j) = 1X
j=0



j2js1(�)'j � f j�(�)

 _K�1(�)�(�);r(�)=�(�)
q1(�)=�(�)

� c:

Applying Lemmas 2.9 and 2.11 with R = 2j, we obtain



j2js1(�)'j � f j�(�)

 _K�1(�)�(�);r(�)=�(�)
q1(�)=�(�)

� 2j(�2+n=q2��1�n=q1+s1�s2)
+ 

j2js2(�)'j � f j�(�)

 _K�2(�)�(�);�(�)=�(�)

q2(�)=�(�)
+ 2�j;

then

%
`�(�)

�
_K
�1(�);r(�)
q1(�)

�(�2js1(�)'j � f�j) � 2 +

1X
j=0



j2js2(�)'j � f j�(�)

 _K�2(�)�(�);�(�)=�(�)
q2(�)=�(�)

� 2 + %
`�(�)

�
_K
�2(�);r(�)
q2(�)

�(�2js2(�)'j � f�j)
� 2 + c

. 1:

This �nishes the proof.

Theorem 3.9 Let p 2 P0(Rn) with p+ < 1, q1, q2, � 2 P log0 (Rn) and s1, s2 2 C logloc . Let

�2 2 C logloc be such that (�2 + n=q2)
� > 0. Assume that

s1(�)� n=q1(�) � s2(�)� n=q2(�)� �2(�):

Let %(�) = �2(�) + n=q2(�)� n=q1(�). The embedding

_K
�2(�);�(�)
q2(�) B

s2(�)
�(�) ,! B

s1(�)
q1(�);�(�);

holds if q2(�) � q1(�) with �2(�) = 0 or ��2 > 0 or q1(�) � q2(�) with

%(�) = 0 or %� > 0;

where

�(�) = q1(�) if %(�) = 0, q1(�) � q2(�) or �2(�) = 0, q2(�) � q1(�)

and

�(�) = p(�) if %� > 0, q1(�) � q2(�) or ��2 > 0, q2(�) � q1(�):
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Proof. To prove this embeddings it su¢ ces to take r(�) = q1(�) and �1(�) = 0 in Theorem

3.8:

Using this result, we have the following useful consequence.

Corollary 3.10 Let q1; q2; � 2 P log0 (Rn) and s1; s2 2 C logloc , such that s1 (�) � n=q1 (�) �

s2 (�)� n=q2 (�) and q2(�) � q1(�). Then

B
s2(�)
q2(�);�(�) ,! _K

0;q1(�)
q2(�) B

s2(�)
�(�) ,! B

s1(�)
q1(�);�(�): (3.7)

Proof. To prove (3.7) it su¢ ces to take in Theorem 3.9, �(�) = q1(�) and �2(�) = 0. However

the desired embeddings follow immediately from the fact that

B
s2(�)
q2(�);�(�) =

_K
0;q2(�)
q2(�) B

s2(�)
�(�) ,! _K

0;q1(�)
q2(�) B

s2(�)
�(�) :

Let us de�ne

�q(�) := n(
1

min (1; q(�)) � 1) and �q := max(1; q):

Proposition 3.11 Let p; q; � 2 P log0 (Rn) and s 2 C logloc . Let � 2 C logloc such that �
� > 0. If

(s� �q � �)� > 0, then

_K
�(�);p(�)
q(�) B

s(�)
�(�) ,! Lq(�):

Proof. To prove this proposition it su¢ ces to use the embedding

_K
�(�);p(�)
q(�) B

s(�)
�(�) ,! B

s(�)��(�)
q(�);�(�) ,! Lq(�);

where the �rst embedding is follows from Theorem 3.9, and the second embedding is given

in [2, Proposition 6.9].

Let Cu be the space of all bounded uniformly continuous functions on Rn equipped with

the sup norm. Concerning embeddings into Cu, we have the following result.

Corollary 3.12 Let p, q 2 P log0 (Rn) with p+ < 1 and � 2 C logloc such that �
� > 0 or

�(�) = 0. Then
_K
�(�);�(�)
q(�) B

�(�)+n=q(�)
1 ,! Cu; (3.8)

where

�(�) =

8<: 1 if �(�) = 0

p(�) if �� > 0:
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Proof. It follows from Theorem 3.9 that

_K
�(�);�(�)
q(�) B

�(�)+n=q(�)
1 ,! B

n=q(�)
q(�);1 ,! B0

1;1:

Hence the result follows by the embedding B0
1;1 ,! Cu, see [53, Proposition 2.5.7].

The following statement holds by Theorem 3.8 and the fact that

_K
0;q(�)
q(�) B

s2(�)
�(�) = B

s2(�)
q(�);�(�):

Theorem 3.13 Let p 2 P0(Rn) with p+ < 1; q1; q2; � 2 P log0 (Rn) and s1; s2 2 C logloc . Let

�1 2 C logloc be such that (�1 + n=q1)
� > 0. Assume that

s1(�)� n=q1(�)� �1(�) � s2(�)� n=q2(�).

Let %(�) = n=q2(�)� �1(�)� n=q1(�). The embedding

B
s2(�)
q2(�);�(�) ,! _K

�1(�);�(�)
q1(�) B

s1(�)
�(�) ; (3.9)

holds if q2(�) � q1(�) with �1(�) = 0 or �+1 < 0 or q1(�) � q2(�) with %(�) = 0 or %� > 0, where

�(�) = q2(�) if %(�) = 0, q1(�) � q2(�) or �1(�) = 0, q2(�) � q1(�)

and

�(�) = p(�) if %� > 0, q1(�) � q2(�) or �+1 < 0, q2(�) � q1(�):

Using this result, we obtain:

Corollary 3.14 Let q1, q2, � 2 P log0 (Rn) and s1; s2 2 C logloc , such that s1(�) � n=q1(�) �

s2(�)� n=q2(�) and q2(�) � q1(�). Then

B
s2(�)
q2(�);�(�) ,! _K

0;q2(�)
q1(�) B

s1(�)
�(�) ,! B

s1(�)
q1(�);�(�): (3.10)

Proof. To prove this it su¢ ces to take in Theorem 3.13, �(�) = q2(�) and �1(�) = 0. Then

the desired embedding is an immediate consequence of the fact that

_K
0;q2(�)
q1(�) B

s1(�)
�(�) ,! _K

0;q1(�)
q1(�) B

s1(�)
�(�) = B

s1(�)
q1(�);�(�):
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Chapter 4

Boundedness of some bilinear

operators on variable Herz-type

Hardy spaces I

The Hardy space Hp(�)(Rn) with variable exponent is the set of all tempered distributions on

Rn for which kfkHp(�)(Rn) := kM(f)kp(�) is �nite. Based on this spaces, we introduce Herz-

type Hardy spaces which obtained a great development in the past few years and played

important roles in harmonic analysis.

In this chapter, we study the boundedness of some bilinear operators on variable Herz-

type Hardy spaces given by �nite sums of products of boundedness operators on variable

Lebesgue spaces. Atomic decomposition is one of the most important methods to study the

boundedness of this operators.

This chapter is organized as follows. In the �rst section, we recall notation of variable

Herz-type Hardy spaces and their central atomic decomposition characterizations.

In the second section, the main results here, we present the boundedness of some bilinear

operators on variable Herz-type Hardy spaces.
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4.1 De�nition and basic properties of variable Herz-

type Hardy spaces

In this section, we will give the de�nition of Herz-type Hardy spaces with variable exponent

H _K
�(�);q(�)
p(�) .

Let ' 2 D (Rn) with supp ' � B0, such thatZ
Rn
'(x)dx 6= 0 and 't (�) = t�n'

� �
t

�
for any t > 0:

LetM'(f) be the grand maximal function of f de�ned by

M'(f)(x) := sup
t>0
j't � f(x)j:

The variable Herz-type Hardy spaces H _K
�(�);q(�)
p(�) are de�ned in the following way.

De�nition 4.1 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1(Rn). The homogeneous

Herz-type Hardy space H _K
�(�);q(�)
p(�) (Rn) is de�ned as the set of all f 2 S 0(Rn) such that

M'(f) 2 _K
�(�);q(�)
p(�) (Rn) and we put

kfk
H _K

�(�);q(�)
p(�)

:= kM'(f)k _K�(�);q(�)
p(�)

:

It can be shown that, if p; q, and � satisfy the conditions of de�nition, then the qausi-

norm kfk
H _K

�(�);q(�)
p(�)

does not depend, up to the equivalence of quasi-norms, on the choice of

the function ' and, hence, the space H _K
�(�);q(�)
p(�) (Rn) is de�ned independently of the choice

':

Herz-type Hardy spaces H _K�;q
p(�)(R

n) with variable exponent p but �xed �; q were recently

studied by Wang and Liu [57]. The spaces H _K
�(�);q(�)
p(�) , where the three parameters are

variables, have been �rst studied in [16]. Many of the results from the �xed situation have

variable counterparts. If q 2 P0(Rn), p 2 P log with 1 < p� � p+ < 1, and let � and q are

log-Hölder continuous, both at the origin and at in�nity, such that � 2 L1(Rn) and

� n

p+
< �� � �+ < n

�
1� 1

p�
�
;

then

H _K
�(�);q(�)
p(�) (Rn) \ Lp(�)loc (R

n n f0g) = _K
�(�);q(�)
p(�) (Rn) .
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One recognizes immediately that if �, p and q are constants, then the spaces H _K�;q
p are just

the usual Herz-type Hardy spaces were recently studied in [17] and [40]. See [23], [35], [43]

and [52] for further results.

Now we present the characterization of Herz-type Hardy spaces in term of central atomic

decompositions, which we will use it to study the boundedness of some bilinear operators on

these spaces, see [16, Theorem 4] for the proof.

Theorem 4.2 Let � and q are be log-Hölder continuous, both at the origin and at in�nity

and p 2 P log(Rn) with 1 < p� � p+ <1. For any f 2 H _K
�(�);q(�)
p(�) (Rn), we have

f =

1X
k=�1

�kak;

where the series converges in the sense of distributions, �k � 0, each ak is a central

(�(�); p(�))-atom with suppa � Bk and �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q1

� ckfk
H _K

�(�);q(�)
p(�)

:

Conversely, if � (�) � n(1 � 1
p� ) and s � [�+ + n( 1

p� � 1)], and if holds, then f 2

H _K
�(�);q(�)
p(�) (Rn), and

kfk
H _K

�(�);q(�)
p(�)

� inf
(� �1X

k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1)

;

where the in�mum is taken over all the decompositions of f as above.

Remark 4.3 The atoms in the Theorem 1.36 and Theorem 4.2 can be taken to be supported

in dyadic annuli.

Since the space H _K
�(�);q(�)
p(�) (Rn) is de�ned independently of the choice '. We many assume

in this thesis ' � 0.
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4.2 The boundedness from _K � _K into H _K and from

H _K � _K into H _K

In this section, we shall study the boundedness of some bilinear operators given by �nite

sums in variable Herz-type Hardy spaces. We will consider bilinear operators de�ne by

B(f; g)(x) =

NX

=1

�
T 1
 f

�
(x)
�
T 2
 g

�
(x); x 2 Rn;

where N 2 N, T 1
 and T 2
 are operators satisfy some suitable conditions. The boundedness

of these type of operators were �rst considered in [6] and [19], where they proved that B are

bounded fromHp�Hq intoHr for certain rang of p�s and q�s when 1
r
= 1

p
+ 1
q
. Grafakos and Li

[20] also establishing Hp�Hq ,! Hr boundedness for B, on the entire range 0 < p; q; r <1

when 1
r
= 1

p
+ 1

q
. Grafakos, Li and Yang [21] extend these results to Herz-type Hardy spaces.

In this thesis, for any f inH _K
�(�);q(�)
p(�) (Rn) (or in _K

�(�);q(�)
p(�) (Rn) ) represented by

P1
i=�1 �iai

where �i � 0 and each ai is a central (�(�); p(�))-atom with suppai � Bi (or can be taken to

be supported in dyadic annuli Ci := fx 2 Rn : 2j�2 < jxj � 2j+2g), and for any non-negative

integer s1, the operators T j
 are bounded from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N

and satisfying the two conditions

��T j
ai(x)�� � c
2is1

jxjn+s1
kaikpj(�)



�Ci

p0j(�); jxj > 2i+3; j = 1; 2 (4.1)

and ��T j
ai(x)�� � c2�in kaikpj(�)


�Ci

p0j(�); jxj < 2i�3; j = 1; 2: (4.2)

Remark 4.4 Let T be a Calderón-Zygmund operator which is bounded on L2, with kernel

K(x), which is C1 away from the origin, satisfying

1- jK(x)j � c jxj�n, if x 6= 0;

2-
��� @�@x� (K(x� y)�K(x))

��� � c�
jyj

jxjn+j�j+1
if jxj � 2 jyj, where � = (�1; �2:::; �n) is any multi-

index.

Example 4.5 Let p 2 P log(Rn) with 1 < p� � p+ <1. Then Calderón-Zygmund operator

is bounded on Lp(�)(Rn) and satisfying (4:1) and (4:2) with supp ai � Ci.
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Proof. Let T be a Calderón-Zygmund operator which is bounded on L2, with kernel K,

which is C1 away from the origin, de�ne by

Tf(x) =

Z
Rn
K(x� y)f(y)dy;

by Taylor�s developpement of K(x� �) at the origin, we have

K(x� y) =
X

j�j<s�1

(�y)�
�!

@�

@x�
K(x) +

X
j�j=s�1

(�y)�
�!

@�

@x�
K(x� �y); � 2 ]0; 1[ :

If ai is a central (�(�); p(�))-atom with suppai � Ci, then we have

Tai(x) =
X

j�j<s�1

Z
Ci

(�y)�
�!

@�

@x�
K(x)ai(y)dy +

X
j�j=s�1

Z
Ci

(�y)�
�!

@�

@x�
K(x� �y)ai(y)dy

=
X

j�j=s�1

Z
Ci

(�y)�
�!

@�

@x�

�
K(x� �y)�K(x)

�
ai(y)dy:

Case 1: If jxj > 2i+3 and y 2 Ci, then jxj > 2i+3 � 2 j�yj. By the condition 2 in Remark

4.4, we have

jTai(x)j �
X

j�j=s�1

Z
Ci

jyj�

�!

���� @�@x��K(x� �y)�K(x)
����� jai(y)j dy

� c
X

j�j=s�1

Z
Ci

jyj1+j�j

jxjn+j�j+1
jai(y)j dy

� c
2is

jxjn+s
Z
Ci

jai(y)j dy;

where c is independant of i. By Hölder�s inequality in L1 (Rn), the last expression is bounded

by

c
2is

jxjn+s
kaikp(�)



�Ci

p0(�):
Case 2: If jxj � 2i�3 and y 2 Ci, then

jTai(x)j �
Z
Ci

jK(x� y)j jai(y)j dy

� c

Z
Ci

1

jx� yjn jai(y)j dy � c2�ni
Z
Ci

jai(y)j dy;

where c is independant of i. By Hölder�s inequality in L1 (Rn), the last expression is bounded

by

c2�ni kaikp(�)


�Ci

p0(�):
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Then T satisfying (4.1) and (4.2). This �nishes the proof.

Now, we present the following important proposition.

Proposition 4.6 If p 2 P log(Rn), then

(i) k �k kp(�)� c2
kn
p(x) � c2

kn
p1 ; x 2 Rk for all k � 0:

(ii) k �k kp(�)� c2
kn
p(0) ; for all k � �1:

Proof. For (i), is a simple consequence of the Lemma 1.29 ( Since jRkj � 2kn � 1).

For (ii), it su¢ ce to show that

�p(�)

�
2�

kn
p(0)�k

�
=

Z
Rk

2�knp(y)=p(0)dy

= 2�nk
Z
Rk

2�kn(p(y)�p(0))=p(0)dy

� 1:

We have

2�kn(p(y)�p(0))=p(0) = en(p(y)�p(0)) ln 2
�k=p(0):

Since p 2 P log(Rn), then

jp(y)� p(0)j ln 2�k . ln 2�k

ln(1 + 1
jyj)

; y 2 Rk

. ln 2�k

ln(1 + 2�k)
; k � �1

. c;

where c > 0 independent of k. Using this estimation, we obtain

�p(�)

�
2�

kn
p(0)�k

�
� 2�nk

Z
Rk

e
n
p(0)dy � c;

where c > 0 independent of k. This �nishes the proof of Proposition 4.6.
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To prove the main results in this section, we need the following lemma.

Lemma 4.7 Let q1; q2 2 P0 (Rn), 1
q(�) =

1
q1(�) +

1
q2(�) , p1; p2 2 P

log(Rn) with 1
p(�) =

1
p1(�) +

1
p2(�) ,

1 < p�i � p+i <1; i = 1; 2, 1
p�1
+ 1

p�2
< 1; and �1; �2 2 L1(Rn). Let T j
 are operators bounded

from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N and satisfying the two conditions (4:1)

and (4:2). For all (�1 (�) ; q1 (�))-atoms a with suppai � Ci, and all (�2 (�) ; q2 (�))-atoms b

with suppbj � Cj. We have

sup
t>

jxj
2

Z
jyj�2j�4

't;x(y) jB(ai; bj)(y)j dy � c

NX

=1

M
���T 1
 ai��(p�2 )0�1=(p�2 )0 (x) 2�jn kbjkp2(�) 

�Cj

p02(�):

Proof of Lemma. We have Z
jyj�2j�4

't;x(y) jB(ai; bj)j dy

can be rewritten as
1X

`=j�3

Z
R`

't;x(y) jB(ai; bj)j dy: (4.3)

Applying Hölder�s inequality with 1
(p�2 )

0 +
1
p�2
= 1, (4.3) is bounded by

c

NX

=1

1X
`=j�3

�Z
Rn
't;x(y)

��T 1
 ai��(p�2 )0 dy�1=(p�2 )0�Z
R`

't;x(y)
��T 2
 bj��p�2 dy�1=p�2

� c

NX

=1

1X
`=j�3

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x)�Z

R`

't;x(y)
��T 2
 bj��p�2 dy�1=p�2 ;

where we used that j't;x(�)j � ct�n and jx� yj � t. Obseve that jyj � jxj+ jx� yj � 3t and

again j't;x(�)j � ct�n, we obtain�Z
R`

't;x(y)
��T 2
 bj��p�2 dy�1=p�2 � c2

� `n

p�2


 �T 2
 bj��`

p�2 ; (4.4)

by Hölder�s inequality and the Lp2(�) (Rn)- boundedness of T 2
 , with 1
p�2
= 1

r2(�)+
1

p2(�) the right

hand side of (4.4) is bounded by

c2
� `n

p�2


T 2
 bj

p2(�)

�`

r2(�) � c2

� `n

p�2 kbjkp2(�)


�`

r2(�);

where c is independant of j, `. Therefore, (4.3) is bounded by

c

1X
`=j�3

2
� `n

p�2 k�`kr2(�) kbjkp2(�)
NX

=1

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x)

. kbjkp2(�)
1X

`=j�3



�`

�1p2(�) NX

=1

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0(x); (4.5)
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where we used (1.4) with R` in place of B. Now we can distinguish three cases as follows:

If j � 3 then since n= (p2)1 > 0, we get by Lemma 1.29 and the logarithmic decay condition

of p2 at in�nity
+1X
`=j�3



�Cj

p2(�)

�`

�1p2(�) . +1X
`=j�3

2(j�`)n=(p2)1 � c:

If j < 0 then, we have again by Lemma 1.29 and the log-Hölder continuous conditions, both

at the origin and at in�nity

+1X
`=j�3



�Cj

p2(�)

�`

�1p2(�) =

�1X
`=j�3



�Cj

p2(�)

�`

�1p2(�) + +1X
`=0



�Cj

p2(�)

�`

�1p2(�)
.

�1X
`=j�3

2(j�`)n=p2(0) +

+1X
`=0

2�`n=(p2)1

� c:

The same estimate can be obtained if 0 � j < 3. Hence, in any case, we obtain

+1X
`=j�3



�Cj

p2(�)

�`

�1p2(�) � c:

Therefore, we get that (4.5) is bounded by

c

NX

=1

M
���T 1
 ai��(p�2 )0�1=(p�2 )0 (x) 2�jn kbjkp2(�) 

�Cj

p02(�):

This �nishes the proof.

Now, we give the �rst main result of this section with T j
 are Calderón-Zygmund operators.

Theorem 4.8 Let q1; q2 2 P0(Rn), 1
q(�) =

1
q1(�) +

1
q2(�) , p1; p2 2 P

log(Rn), 1
p(�) =

1
p1(�) +

1
p2(�) ;

1 < p�i � p+i < 1; � n
p+i

< ��i � �+i < n(1 � 1
p�i
); i = 1; 2, and �(�) = �1(�) + �2(�)

such that q1; q2; �1 and �2 are log-Hölder continuous, both at the origin and at in�nity. Let

s � [(�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n] be a non-negative integer such thatZ

Rn
x�B(f; g)(x)dx = 0; (4.6)

for all multi-indices � with j�j � s, and all f; g 2 L2(Rn) with compact support. Then

B(f; g) can be extended to a bounded operator from _K
�1(�);q1(�)
p1(�) (Rn) � _K

�2(�);q2(�)
p2(�) (Rn) into

H _K
�(�);q(�)
p(�) (Rn).
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If q1; q2 p1; p2; �1 and �2 are constants, this result is from [21, Theorem 1].

Proof. For the proof of this theorem, we can repeat arguments similar to the ones used in

the proof of Theorem 1 in [21], where the constant exponent case was studied.

Let f 2 _K
�1(�);q1(�)
p1(�) (Rn) and g 2 _K

�2(�);q2(�)
p2(�) (Rn). We choose � 2 C10 (Rn) with � � 1 on

B(0; 2) and supp� � B(0; 4).

De�ne
�0(y) = �(x�y

t
)

and

�1(y) = 1� �0(y):

We split B(f; g) as sum

B(f; g) = B(f; �1g) +B(�1f; g)�B(�1f; �1g) +B(�0f; �0g):

We have



B(f; g)


H _K

�(�);q(�)
p(�) (Rn) =



M'(B(f; g))



_K
�(�);q(�)
p(�) (Rn)

�


M'(B(f; �1g))




_K
�(�);q(�)
p(�) (Rn) +



M'(B(�1f; g))



_K
�(�);q(�)
p(�) (Rn)

+


M'(B(�1f; �1g))




_K
�(�);q(�)
p(�) (Rn) +



M'(B(�0f; �0g))



_K
�(�);q(�)
p(�) (Rn)

=


�1

 _K�(�);q(�)

p(�) (Rn) +


�2

 _K�(�);q(�)

p(�) (Rn) +


�3

 _K�(�);q(�)

p(�) (Rn) +


�4

 _K�(�);q(�)

p(�) (Rn):

For �1. We have

�1 � c

NX

=1

sup
t>0

Z
Rn
�t;x(y)

��T 1
 f(y)�� ��T 2
 (�1g(y)� T 2
 (�1g)(x)
�� dy

+c

NX

=1

sup
t>0

Z
Rn
�t;x(y)

��T 1
 f(y)�� ��T 2
 (�1g)(x)�� dy
� c

NX

=1

M(T 1
 f)(x)M(�1g)(x) + c

NX

=1

M(T 1
 f)(x)
��T 2
 (�1g)(x)�� ;
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By Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), we have



�1

 _K�(�);q(�)
p(�) (Rn) � c

NX

=1



M(T 1
 f)(x)M(�1g)(x)



_K
�(�);q(�)
p(�) (Rn)

+c

NX

=1



M(T 1
 f)(x)
��T 2
 (�1g)(x)�� 

 _K�(�);q(�)

p(�) (Rn)

� c

NX

=1



M(T 1
 f)



_K
�1(�);q1(�)
p1(�)

(Rn)



M(�1g)



_K
�2(�);q2(�)
p2(�)

(Rn)

+c

NX

=1



M(T 1
 f)



_K
�1(�);q1(�)
p1(�)

(Rn)



T 2
 (�1g)

 _K�2(�);q2(�)
p2(�)

(Rn);

by Theorem 2.5, the last term is bounded by

c


f

 _K�1(�);q1(�)

p1(�)
(Rn)



g

 _K�2(�);q2(�)
p2(�)

(Rn):

The estimates for terms �2 and �3 in _K
�(�);q(�)
p(�) (Rn)-norm are similar to �1.

Let consider �4. We have

sup
t>0

����Z
Rn
't;x(y)B(�0f; �0g)(y)dy

����
= sup

t>0

�����
Z
Rn

NX

=1

(�0f)(y)
��
T 1

�� �
('t;x(�)� P s

y (� � y))T 2
 (�0g)(�)
�
(y)
�
dy

����� ;
where

�
T 1

��
is the adjoint of T 1
 .

Applying Hölder�s inequality in L1 (Rn) with 1
�1
+ 1

� 01
= 1, then the last expression can be

estimated by

c



�0f




�1




 �T 1
 �� �('t;x(�)� P s
y (� � y))T 2
 (�0g)(�)

� 



� 01

:

We use the same proof technique as proof of Theorem 1.5 in [20], the last expression is

bounded by

cM(jf j�1)1=�1(x)M(jgj�2)1=�2(x)

for all � 1, � 2 such that 1 < � 1 < p�1 ; 1 < � 2 < p�2 and 1=� 1 + 1=� 2 = (n + s + ")=n > 1 for

some �xed 0 < " < 1.

By our assumptions on �1 and �2, we may choose � 1, � 2 as above such that

�n=p+1 < ��1 � �+1 < (n=� 1 � n=p�1 ) and � n=p+2 < ��2 � �+2 < (n=� 2 � n=p�2 ):
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Applying Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), we obtain k�4k _K�(�);q(�)

p(�) (Rn) is bounded by

c


M(jf j�1)1=�1




_K
�1(�);q1(�)
p1(�)

(Rn)



M(jgj�2)1=�2



_K
�2(�);q2(�)
p2(�)

(Rn) :

By Theorem 2.5, we have



M(jf j�1)1=�1



_K
�1(�);q1(�)
p1(�)

(Rn) = kM(jf j�1)k _K�1�1(�);q1(�)=�1
p1(�)=�1

(Rn)

� c kjf j�1k _K�1�1(�);q1(�)=�1
p1(�)=�1

(Rn) = c kfk _K�1(�);q1(�)
p1(�)

(Rn) ;

similarly, we obtain that



M(jgj�2)1=�2



_K
�1(�);q1(�)
p1(�)

(Rn) � c kgk _K�1(�);q1(�)
p1(�)

(Rn) :

Then, we obtain

k�4k _K�(�);q(�)
p(�) (Rn) � c kfk _K�1(�);q1(�)

p1(�)
(Rn) kgk _K�1(�);q1(�)

p1(�)
(Rn) :

This �nishes the proof of Theorem 4.8.

Next, we present the second result of this section.

Theorem 4.9 Let q1; q2 2 P0 (Rn), 1
q(�) =

1
q1(�) +

1
q2(�) , p1; p2 2 P

log(Rn), 1
p(�) =

1
p1(�) +

1
p2(�) ,

1 < p�i � p+i <1; 1
p�1
+ 1

p�2
< 1; ��1 +n=p

+
1 � n; 0 < ��2 +n=p

+
2 � �+2 +n=p

�
2 < n, and �(�) =

�1(�) + �2(�) such that q1; q2; �1 and �2 are log-Hölder continuous, both at the origin and at

in�nity. Let T j
 are operators bounded from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N

and satisfying the two conditions (4:1) and (4:2). Let s � [(�+1 + n=p�1 ) + (�+2 + n=p�2 )� n]

be a non-negative integer such thatZ
Rn
x�B(a; g)(x)dx = 0 (4.7)

for all multi-indices � with j�j � s, for all (�1 (�) ; q1 (�))-atoms a, and all g 2 L2(Rn) with

compact support. Then B(f; g) can be extended to a bounded operator fromH _K
�1(�);q1(�)
p1(�) (Rn)�

_K
�2(�);q2(�)
p2(�) (Rn) into H _K

�(�);q(�)
p(�) (Rn).

If q1; q2 p1; p2; �1 and �2 are constants, this result is from [21, Theorem 2].
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Proof. Our proofs use partially some decomposition techniques already used in [21] where

the constant exponent case was studied. Let f 2 H _K
�1(�);q1(�)
p1(�) (Rn) and g 2 _K

�2(�);q2(�)
p2(�) (Rn).

Using Theorem 4.2 for f and Theorem 1.36 for g, we can write f =
+1P
i=�1

�iai and g =

+1P
j=�1

�jbj where �i; �j � 0, suppai � Ci and suppbj � Cj. We start observing that



B(f; g)


H _K

�(�);q(�)
p(�) (Rn) =



M'(B(f; g))



_K
�(�);q(�)
p(�) (Rn);

where

M'(B(f; g))(x) = sup
t>0
j't �B(f; g)(x)j

�
X
i2Z

X
j2Z

�i�jM'(B(ai; bj))(x); x 2 Rn: (4.8)

Note that to simplify the writing, we use the notationX
i2Z

X
j2Z

� �� =
X
i;j

� � � :

For any x 2 Rn, we may split (4.8) into two functions, namely 	1 and 	2, where

	1 (x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j�2i+4g(x)

and

	2 (x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j>2i+4g(x):

Step 1. Estimation of 	1. We can split 	1 into three parts: 	1 := I + II + III, where

I(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j�2i+4;j�j�2j�5g(x);

II(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j�2i+4;2j�5<j�j�2j+4g(x)

and

III(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j�2i+4;j�j�2j+4g(x):

Substep 1.1. Estimation of I. Observe that I � H1 +H2, where

H1(x) =
X
i;j

�i�j sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j�5g(x)
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and

H2(x) =
X
i;j

�i�j sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j�5g(x):
Let us consider H1. We have in this case jyj � jxj + jx� yj � 3

2
jxj < 2j�4. Then by (4.2)

for bj, we have

H1(x) � c
X
i;j

�i�j2
�jn kbjkp2(�)



�Cj

p02(�) NX

=1

sup
0<t� jxj

2

Z
Rn
't;x(y)

��T 1
 ai(y)�� dy
� c

X
i;j

�i�j2
�jn kbjkp2(�)



�Cj

p02(�) NX

=1

M(
��T 1
 ai��) (x) ;

By Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), see Lemma 1.34, we estimate H1 in _K

�(�);q(�)
p(�) -norm

by

c

NX

=1




 +1X
i=�1

�iM(
��T 1
 ai��)�fj�j�2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�j2
�jn kbjkp2(�)



�Cj

p02(�)�fj�j�2j�5g


 _K�2(�);q2(�)
p2(�)

(Rn)

= c

NX

=1

J1 � J2:

Using Proposition 1.33, J1 is equivalent to

c

( �1X
k=�1

2k�1(0)q1(0)



 +1X
i=�1

�iM
� ��T 1
 ai�� ��fj�j�2i+4g�k


q1(0)

p1(�)

)1=q1(0)

+c

(
+1X
k=0

2k(�1)1(q1)1



 +1X
i=�1

�iM
� ��T 1
 ai�� ��fj�j�2i+4g�k


(q1)1

p1(�)

)1=(q1)1
:

Using the boundedness ofM and T 1
 on L
p1(�) (Rn), the last expression is bounded by

c

( �1X
k=�1

2k�1(0)q1(0)
� +1X
i=k�5

�i kaikp1(�)
�q1(0))1=q1(0)

+c

(
+1X
k=0

2k(�1)1(q1)1
� +1X
i=k�5

�i kaikp1(�)
�(q1)1)1=(q1)1

: (4.9)

For k � �1; we write
+1X
i=k�5

�i kaikp1(�) =
�1X

i=k�5

:::+

+1X
i=0

:::; (4.10)
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then, since ai�s are (�1 (�) ; p1 (�))- atoms, (4.9) is bounded by

c

( �1X
k=�1

� �1X
i=k�5

�i2
(k�i)�1(0)

�q1(0))1=q1(0)
+ c

( �1X
k=�1

�+1X
i=0

�i2
(k�i)��1

�q1(0))1=q1(0)

+c

(
+1X
k=0

� +1X
i=k�5

�i2
(k�i)(�1)1

�(q1)1)1=(q1)1
: (4.11)

Since �1 (0) ; (�1)1 > 0, by Lemma 1.28, the �rst and the third term of (4.11) are estimated

by

c

( �1X
k=�1

�
q1(0)
k

)1=q1(0)
+ c

(
+1X
k=0

�
(q1)1
k

)1=(q1)1
� c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) :

To estimate the middle term we use the fact that ��1 > 0, we get

+1X
i=0

�i2
(k�i)��1 � c2k�

�
1 sup
i�0

�i

� c2k�
�
1

(
+1X
i=0

�
(q1)1
i

)1=(q1)1
� c2k�

�
1 kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) ; k � 0:

Thus,

J1 � c kfk
H _K

�1(�);q1(�)
p1(�)

(Rn) :

Now we treat the term J2. Similar to J1, J2 is equivalent to( �1X
k=�1

�
2k�2(0)

+1X
j=k+4

�j2
�jn kbjkp2(�)



�Cj

p02(�) k�kkp2(�) �q2(0)
)1=q2(0)

+

(
+1X
k=0

�
2k(�2)1

+1X
j=k+4

�j2
�jn kbjkp2(�)



�Cj

p02(�) k�kkp2(�) �(q2)1
)1=(q2)1

:

For k � �1, we split
+1P
j=k+4

� �� as in (4.10)

+1X
j=k+4

� �� =
�1X

j=k+4

� � �+
+1X
j=0

� � � , we put
�1X

j=k+4

� �� = 0 if � 1 � k � �4;

using Lemma 1.29 and the fact that bj�s are (�2 (�) ; p2 (�))- atoms, we distinguish two cases

as follows :
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� In the case k � �5 and k + 4 � j � �1, we use the log-Hölder decay of p2 at the origin

to get

2�jn kbjkp2(�)


�Cj

p02(�) k�kkp2(�) . 2 (k�j)np2(0)

�j�2(0);

� In the case of k � �5 and j � 0 or �4 � k � �1 and j � k + 4, we have

2�jn kbjkp2(�)


�Cj

p02(�) k�kkp2(�) . 2 (k�j)np+2

�j��2
:

For k � 0 and j � k + 4, we use the logarithmic decay condition of p2 at in�nity to get

2�jn kbjkp2(�)


�Cj

p02(�) k�kkp2(�) . 2 (k�j)n(p2)1

�j(�2)1 :

Therefore,

J2 � c

( �5X
k=�1

� �1X
j=k+4

�j2
(k�j)(�2+n=p2)(0)

�q2(0)) 1
q2(0)

+c

( �1X
k=�1

�+1X
j=0

�j2
(k�j)(��2 +n=p

+
2 )
�q2(0)) 1

q2(0)

+c

(
+1X
k=0

� +1X
j=k+4

�j2
(k�j)(�2+n=p2)1

�(q2)1)1=(q2)1
;

as argued before, we get the estimate

J2 � c

( �1X
k=�1

(�k)
q2(0)

)1=q2(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q2)1
� c kgk _K�2(�);q2(�)

p2(�)
(Rn) :

This �nish the estimate of H1.

Now let us estimate H2. Obviousely H2 can be decomposed as follows

H2(x) =
X
i;j

�i�j sup
t>

jxj
2

����Z
jyj<2j�4

't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j�5g(x)
+
X
i;j

�i�j sup
t>

jxj
2

����Z
jyj�2j�4

't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j�5g(x):
The �rst term can be estimated exactly as in J1. By Lemma 4.7, the second term in
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_K
�(�);q(�)
p(�) (Rn)-norm is bounded by

NX

=1




 +1X
i=�1

�iM
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0�fj�j�2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�j2
�jn kbjkp2(�)



�Cj

p02(�)�fj�j�2j�5g


 _K�2(�);q2(�)
p2(�)

(Rn)

=

NX

=1

N1 �N2: (4.12)

By the Lp1(�)=(p
�
2 )

0
(Rn)-boundedness ofM, the Lp1(�) (Rn)-boundedness of T 1
 and since p�1 >�

p�2
�0
, we have 


M� ��T 1
 ai��(p�2 )0 �1=(p�2 )0




p1(�)
=




M� ��T 1
 ai��(p�2 )0 �


1=(p�2 )0
p1(�)=(p�2 )0

� c



 ��T 1
 ai��(p�2 )0 


1=(p�2 )0

p1(�)=(p�2 )0

= c


T 1
 ai

p1(�)

� c kaikp1(�) :

Using analogous arguments as that of J1, we estimate N1 by

c

( �1X
k=�1

(�k)
q1(0)

)1=q1(0)
+ c

(
+1X
k=0

(�k)
(q1)1

)1=(q1)1
� c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) :

Estimation of N2 is the same thing as J2.

Substep 1.2. Estimation of II . We choose p0 such that 1=p0 + 1=p00 = 1 and (p�2 )
0 <

p0 < p�1 . We then have II in _K
�(�);q(�)
p(�) -norm is bounded by

N

c
X

=1




 +1X
i=�1

�iM
� ��T 1
 ai��p0 �1=p0�fj�j�2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�jM
� ��T 2
 bj��p00 �1=p00�f2j�5<j�j�2j+4g


 _K�2(�);q2(�)

p2(�)
(Rn)

: (4.13)

Since p0 < p�1 , the �rst norm above is estimated as in N1 by c kfkH _K
�1(�);q1(�)
p1(�)

(Rn) :

Similarly, using Propostion 1.33, which yields that the second norm in (4.13) is equivalent

to

c
� �1X
k=�1

�
2k�2(0)

k+4X
j=k�4

�j




M� ��T 1
 bj��p00 �1=p00



p2(�)

�q2(0)�1=q2(0)
+c
�+1X
k=0

�
2k(�2)1

k+4X
j=k�4

�j




M� ��T 2
 bj��p00 �1=p00



p2(�)

�(q2)1�1=(q2)1
: (4.14)
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By the Lp2(�)=p
0
0- boundedness ofM and the Lp2(�)- boundedness of T 2
 , we get


M� ��T 2
 bj��p00 �1=p00




p2(�)
� c


T 2
 bj

p2(�) � c



bj

p2(�):
As before, the terms in (4.14) are bounded by

c

( �1X
k=�1

� k+4X
j=k�4

�j2
(k�j)�2(0)

�q2(0))1=q2(0)
+ c

(
+1X
k=0

� k+4X
j=k�4

�j2
(k�j)(�2)1

�(q2)1)1=(q2)1

� c

( �1X
k=�1

(�k)
q2(0)

)1=q2(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q2)1
� c kgk _K�2(�);q2(�)

p2(�)
(Rn) ;

where in the second inequality we used Lemma 1.28.

Substep 1.3. Estimation of III . We also divide III into H3 +H4, where

H3(x) =
X
i;j

�i�j sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j+4g(x)
H4(x) =

X
i;j

�i�j sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j�2i+4;j�j�2j+4g(x):
Let us estimate H3. Observing that jyj � jxj� jx� yj � jxj =2 > 2j+3, we can use (4.1) with

s1 = 1 for bj to obtain that

sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

���� � N

c
X

=1

M
� ��T 1
 ai�� � (x) 2j

jxjn+1
kbjkp2(�)



�Cj

p02(�): (4.15)

Applying Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), we obtain



H3




_K
�(�);q(�)
p(�) (Rn) is bounded by

N

c
X

=1




 1X
i=�1

�iM
� ��T 1
 ai�� ��fj�j�2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�j
2j

j�jn+1
kbjkp2(�)



�Cj

p02(�)�fj�j>2j+4g


 _K�2(�);q2(�)
p2(�)

(Rn)
:

The �rst norm above appeared as in J1 and it is bounded by c kfkH _K
�1(�);q1(�)
p1(�)

(Rn). Using

Proposition 1.33 and the same of the arguments used in the estimation of J2, to get that the
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second norm above is bounded by

c

( �1X
k=�1

� k�5X
j=�1

�j2
(j�k)(n+1�(�2+n=p2)(0))

�q2(0))1=q2(0)

+c

(
+1X
k=0

� �1X
j=�1

�j2
(j�k)(n+1�(�+2 +n=p

�
2 ))
�(q2)1)1=(q2)1

+c

(
+1X
k=5

�k�5X
j=0

�j2
(j�k)(n+1�(�2+n=p2)1)

�(q2)1)1=(q2)1

� c

( �1X
k=�1

(�k)
q2(0)

)1=q2(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q2)1
� c kgk _K�2(�);q2(�)

p2(�)
(Rn) ;

where in the �rst and the third inequality we used Lemma 1.28, since n+1�(�+2 +n=p�2 ) > 0.

For H4, we put

't;x(y) = Ps(y) + <s(y);

where Ps(y) is sth Taylor polynomial of 't;x at the origin and <s(y) is the remainder term.

By (4.7), we get

sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

���� = sup
t>

jxj
2

����Z
Rn
<s(y)B(ai; bj)(y)dy

����
� c

NX

=1

sup
t>

jxj
2

Z
Rn

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy:

We split the last expression into

c

NX

=1

sup
t>

jxj
2

Z
jx�yj>4t

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+c

NX

=1

sup
t>

jxj
2

Z
jx�yj�4t

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

= H1
4 (x) +H2

4 (x) :

In the case of jx� yj > 4t, we have jyj � jx� yj � jxj � 2t > jxj > 2j+4. We can apply (4.1)

with s1 = s+ 2 for bj , we obtain

H1
4 (x) � c

2j(s+2)

jxjn+s+2
kbjkp2(�)



�Cj

p02(�) NX

=1

sup
t>

jxj
2

t

Z
jx�yj>4t

��T 1
 ai(y)��
jyjn+1

dy

� c
1

jxjn kbjkp2(�)


�Cj

p02(�) NX


=1

M
� ��T 1
 ai�� � (x) : (4.16)
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Applying Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn) and since jxj > 2j+4, then kH1

4k _K�(�);q(�)
p(�) (Rn) is

bounded by

N

c
X

=1




 1X
i=�1

�iM
� ��T 1
 ai�� ��fj�j�2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�j
j�jn kbjkp2(�)



�Cj

p02(�)�fj�j>2j+4g


 _K�2(�);q2(�)
p2(�)

(Rn)
:

The �rst norm above is the same as J1 and the second norm can be estimated as before by

c

( �1X
k=�1

� k�5X
j=�1

�j2
(j�k)(n�(�2+n=p2)(0))

�q2(0))1=q2(0)

+c

(
+1X
k=0

� �1X
j=�1

�j2
(j�k)(n�(�+2 +n=p

�
2 ))
�(q2)1)1=(q2)1

+c

(
+1X
k=5

�k�5X
j=0

�j2
(j�k)(n�(�2+n=p2)1)

�(q2)1)1=(q2)1
:

Since �+2 + n=p�2 < n, by Lemma 1.28, the last terms are bounded by

c

( �1X
k=�1

(�k)
q2(0)

)1=q2(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q2)1
� c kgk _K�2(�);q2(�)

p2(�)
(Rn) :

We decompose H2
4 (x) into

c

NX

=1

sup
t>

jxj
2

Z
jx�yj�4t
jyj�2j+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+c

NX

=1

sup
t>

jxj
2

Z
jx�yj�4t
jyj>2j+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

= E1 (x) + E2 (x) :

By Hölder�s inequality, with 1

(p�2 )
0 + 1

p�2
= 1, the term E1 (x) is bounded by

c

NX

=1

2j(s+1)

jxjn=p
�
2 +s+1



 �T 2
 bj��Bj+3

p�2 sup
t>

jxj
2

� 1
tn

Z
jx�yj�4t

��T 1
 ai(y)��(p�2 )0 dy�1=(p�2 )0

� c

NX

=1

2j(s+1)

jxjn=p
�
2 +s+1



 �T 2
 bj��Bj+3

p�2M� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x) :
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Again by Hölder�s inequality with 1
p�2
= 1

p2(�) +
1

r2(�) and the L
p2(�)- boundedness of T 2
 ; we

obtain



 �T 2
 bj��Bj+3

p�2 � c


T 2
 bj

p2(�)

�Bj+3

r2(�)

� c


bj

p2(�)

�Bj+3

r2(�):

Since p2 2 P log, we have by (1.5) and (1.6),

�Bj+3

r2(�) � jBj+3j
n

r2(x) �


�Cj

r2(�) if j < 0, x 2 Cj � Bj+3

and 

�Bj+3

r2(�) � jBj+3j
n

(r2)1 �


�Cj

r2(�) if j � 0:

Now using (1.4), we obtain



�Bj+3

r2(�) � c2
j n

p�2


�Cj

�1p2(�): (4.17)

Then E1 (x) is bounded by

c
2
j(s+1+ n

p�2
)

jxjn=p
�
2 +s+1

kbjkp2(�)


�Cj

�1p2(�) NX


=1

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x) : (4.18)

Applying Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), we obtain kE1k _K�(�);q(�)

p(�) (Rn) is bounded by

N

c
X

=1




 1X
i=�1

�iM
���T 1
 ai��(p�2 )0�1=(p�2 )

0

�fj�j�2i+4g





_K
�1(�);q1(�)
p1(�)

(Rn)

�



 +1X
j=�1

�j
2
j(s+1+ n

p�2
)

j�jn=p
�
2 +s+1

kbjkp2(�)


�Cj

�1p2(�)�fj�j>2j+4g


 _K�2(�);q2(�)

p2(�)
(Rn)

: (4.19)

The �rst norm above is the same as N1. Obviousely the second term is bounded by

c

( �1X
k=�1

� k�5X
j=�1

�j2
(j�k)(s+1��2(0))

�q2(0))1=q2(0)

+c

(
+1X
k=0

� �1X
j=�1

�j2
(j�k)(s+1��+2 )

�(q2)1)1=(q2)1

+c

(
+1X
k=5

�k�5X
j=0

�j2
(j�k)(s+1�(�2)1)

�(q2)1)1=(q2)1
:
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Since s � [(�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n] and (�+1 + n=p�1 ) � (��1 + n=p+1 ) � n, we have

s+ 1 > �+2 , then by Lemma 1.28 the second term of (4.19) is bounded by

c

( �1X
k=�1

(�k)
q2(0)

)1=q2(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q2)1
� c kgk _K�2(�);q2(�)

p2(�)
(Rn) :

Using (4.1) with s1 = s+ 1 for bj, we obtain that E2 is dominated by

c

NX

=1

sup
t>

jxj
2

Z
jx�yj�4t
jyj>2j+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� 2j(s+1)jyjn+s+1

kbjkp2(�)


�Cj

p02(�)dy

� c

NX

=1

2j(s+1)

jxjn=p
�
2 +s+1

kbjkp2(�)


�Cj

p02(�)supt>0

� 1
tn

Z
jx�yj�4t

��T 1
 ai(y)��(p�2 )0 dy�1=(p�2 )0
�
�Z

jyj>2j+3
jyj�np

�
2 dy

�1=p�2
� c

2j(s+1�n+n=p
�
2 )

jxjn=p
�
2 +s+1

kbjkp2(�)


�Cj

p02(�) NX


=1

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x) ;

which is similar to (4.18) and then we can estimate E2. Therefore, we conclude that

H4




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgk _K�2(�);q2(�)
p2(�)

(Rn) :

Step 2. Estimation of 	2. We also split 	2 into H5 +H6 +H7, where

H5(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j>2i+4;j�j�2j�5g(x);

H6(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j>2i+4;2j�5<j�j�2j+4g(x)

and

H7(x) =
X
i;j

�i�jM'(B(ai; bj))(x)�fj�j>2i+4;j�j>2j+4g(x):

Substep 2.1. Estimation of H5. We splitM'(B(ai; bj))(x) into

NX

=1

sup
0<t� jxj

2

����Z
Rn
't;x(y)T

1

 ai(y)T

2

 bj(y)dy

����
+

NX

=1

sup
t>

jxj
2

����Z
Rn
't;x(y)T

1

 ai(y)T

2

 bj(y)dy

����
= V1 (x) + V2 (x) : (4.20)
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Let us estimate V1. We decompose V1(x) into two functions as follow:

NX

=1

sup
0<t� jxj

2

Z
jyj<2j�4

't;x(y)
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+

NX

=1

sup
0<t� jxj

2

Z
jyj�2j�4

't;x(y)
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

= V 1
1 (x) + V 2

1 (x) :

Observe that in either case jyj � jxj � jx� yj � jxj =2 > 2i+3. Using (4.1), (4.2) for ai, bj

respectively, we get

V 1
1 (x) � c

2is1

jxjn+s1
kaikp1(�)



�Ci

p01(�)2�jn kbjkp2(�) 

�Cj

p02(�): (4.21)

Since 


 +1X
i=�1

�i
2is1

j�jn+s1
kaikp1(�)



�Ci

p01(�)�fj�j>2i+4g


 _K�1(�);q1(�)
p1(�)

(Rn)

� c

( �1X
k=�1

� k�5X
i=�1

�i2
(i�k)(n+s1�(�1+n=p1)(0))

�q1(0))1=q1(0)

+c

(
+1X
k=0

� �1X
i=�1

�i2
(i�k)(n+s1�(�+1 +n=p

�
1 ))
�(q1)1)1=(q1)1

+c

(
+1X
k=5

�k�5X
i=0

�i2
(i�k)(n+s1�(�1+n=p1)1)

�(q1)1)1=(q1)1
:

If s1 >
�
�+1 + n=p�1

�
� n, then by Lemma 1.28 the last term is bounded by

c

( �1X
k=�1

(�k)
q1(0)

)1=q1(0)
+ c

(
+1X
k=0

(�k)
(q1)1

)1=(q1)1
� c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) :

Using a combination of the arguments used in the estimation of J2 we obtain that


 +1X
j=�1

�j2
�jn kbjkp2(�)



�Cj

p02(�)


 _K�2(�);q2(�)
p2(�)

(Rn)

is bounded by c kgk _K�2(�);q2(�)
p2(�)

(Rn). This �nish the estimate of V
1
1 .
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Let us estimate V 2
1 . Using (4.1) for ai, we obtain that V

2
1 (x) is bounded by

NX

=1

sup
0<t� jxj

2

Z
jyj�2j�4

't;x(y)
2is1

jyjn+s1
kaikp1(�)



�Ci

p01(�) ��T 2
 bj(y)�� dy
� c

2is1

jxjn+s1
kaikp1(�)



�Ci

p01(�) sup
0<t� jxj

2

�Z
Rn
't;x(y)dy

�1=(p�2 )0

�
NX

=1

�Z
jyj�2j�4

't;x(y)
��T 2
 bj(y)��p�2 dy�1=p�2 : (4.22)

Since 2j�4 � jyj � 2 jx� yj � 2t, the term
� R

jyj�2j�4 't;x(y)
��T 2
 bj(y)��p�2 dy�1=p�2 can be

rewritten as
1X

`=j�3

�Z
R`

't;x(y)
��T 2
 bj(y)��p�2 dy�1=p�2 ;

repeating the same arguments used in (4.4), we obtain (4.22) is bounded by

c
2is1

jxjn+s1
kaikp1(�)



�Ci

p01(�)2�nj kbjkp2(�) 

�Cj

p02(�);
which is the same expression as in (4.21). Then we can obtain the desired estimate for V 2

1 .

Let us estimate V2. We put

't;x(y) = Ps(y) + <s(y):

By (4.7), we get

V2 (x) � c

NX

=1

sup
t>

jxj
2

Z
Rn

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy:

We split the last expression into

NX

=1

sup
t>

jxj
2

Z
jyj>2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+

NX

=1

sup
t>

jxj
2

Z
jyj�2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

= V 1
2 (x) + V 2

2 (x) :

Observe that,

V 1
2 (x) �

N

c
X

=1

sup
t>

jxj
2

Z
jyj>2i+3
jyj�2j�4

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+

N

c
X

=1

sup
t>

jxj
2

Z
jyj>2i+3
jyj>2j�4

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy: (4.23)
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Using (4.1) with s1 = s + 2 for ai and (4.2) for bj, we obtain that the �rst term in the last

expression is bounded by

c
2i(s+1)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)2�jn kbjkp2(�) 

�Cj

p02(�);
which is the same expression as in (4.21) when s+1 >

�
�+1 + n=p�1

�
� n. Using (4.1) for ai,

the second term in (4.23) is dominated by

c

NX

=1

sup
t>

jxj
2

Z
jyj>2i+3
jyj>2j�4

jyjs+1

tn+s+1
2i(s+2)

jyjn+s+2
kaikp1(�)



�Ci

p01(�) ��T 2
 bj(y)�� dy
� c

NX

=1

2i(s+2)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)�
Z
jyj>2i+3

dy

jyj(n=(p
�
2 )

0
+1)(p�2 )

0

�1=(p�2 )0

�
�Z

jyj>2j�4

��T 2
 bj(y)��p�2
jyjn dy

�1=p�2
:

We see that�Z
jyj>2j�4

��T 2
 bj(y)��p�2 jyj�n dy�1=p�2 �
1X

`=j�3

2
� `n

p�2


 �T 2
 bj��`

p�2

� c

1X
`=j�3

2
� `n

p�2


T 2
 bj

p2(�)

�`

r2(�)

� c

1X
`=j�3

2
� `n

p�2 kbjkp2(�)


�`

r2(�);

by Hölder�s inequality and the Lp2(�) (Rn)- boundedness of T 2
 , with 1
p�2
= 1

p2(�) +
1

r2(�) . Re-

peating the same arguments used in (4.3), the second term in the right hand side of (4.23)

is dominated by

c
2i(s+1)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)2�nj kbjkp2(�) 

�Cj

p02(�);
which again is the same expression as in (4.21).

Let us estimate V 2
2 . We have

V 2
2 (x) �

NX

=1

sup
t>

jxj
2

Z
jyj�2i+3
jyj�2j�4

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

+

NX

=1

sup
t>

jxj
2

Z
jyj�2i+3
jyj>2j�4

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy:
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Using (4.2) for bj and the Hölder�s inequality with 1

(p�1 )
0 + 1

p�1
= 1, we obtain that the �rst

term in the estimaton of V 2
2 (x) is dominated by

c
2�jn

jxjn+s+1
kbjkp2(�)



�Cj

p02(�)

 j�js+1 �Bi+3

(p�1 )0 NX

=1



 �T 1
 ai��Bi+3

p�1 : (4.24)

Applying Hölder�s inequality with 1
p�1
= 1

p1(�) +
1

r1(�) and the L
p1(�) (Rn)- boundedness of T 1
 ,

we get 

 �T 1
 ai��Bi+3

p�1 � c


ai

p1(�)

�Bi+3

r1(�):

Since p1 2 P log, we have by (1.5) and (1.6),

�Bi+3

r1(�) � jBi+3j
n

r1(x) if i < 0, x 2 Ci � Bi+3

and 

�Bi+3

r1(�) � jBi+3j
n

(r1)1 if i � 0:

Then we get that (4.24) is bounded by

c
2i(s+1)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)2�jn kbjkp2(�) 

�Cj

p02(�);
which again is the same expression as in (4.21). By the Hölder�s inequality with 1

(p�2 )
0 + 1

p�2
=

1, the second term in the estimation of V 2
2 (x) is bounded by

N

c
X

=1

sup
t>

jxj
2

Z
2j�4<jyj�2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj (y)�� dy

� c
1

jxjn+s+1
NX

=1

�Z
jyj�2i+3

�
jyj(s+1+n=p

�
2 )
��T 1
 ai(y)�� �(p�2 )0dy�1=(p�2 )0

�
�Z

jyj>2j�4
jyj�n

��T 2
 bj(y)��p�2 dy�1=p�2
� c

2i(s+1+n=p
�
2 )

jxjn+s+1


 �T 1
 ai��Bi+3

(p�2 )0 +1X

`=j�3

2�`n=p
�
2



 �T 2
 bj��`

p�2 :
Again by the Hölder�s inequality, the Lp1(�)-boundedness of T 1
 and

�
p�2
�0
< p�1 , we get

 �T 1
 ai��Bi+3

(p�2 )0 � c



T 1
 ai

p1(�)

�Bi+3

r1(�)
� c



ai

p1(�)

�Bi+3

r1(�)
� c2

� in

p�2


ai

p1(�)

�Ci

p01(�); (4.25)
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with 1

(p�2 )
0 = 1

p1(�) +
1

r1(�) , where we have used the same arguments as in (4.17). Repeating

the same arguments used in (4.4), we obtain the second term in V 2
2 (x) is bounded by

c
2i(s+1)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)2�jn kbjkp2(�) 

�Cj

p02(�);
which is satisfy the desired estimate when s+1 >

�
�+1 + n=p�1

�
�n. The estimate of V1 and

V2, gives 

H5




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgk _K�2(�);q2(�)
p2(�)

(Rn) :

Substep 2.2. Estimation of H6. We write as in (4.20)

M'(B(ai; bj))(x) � V1 (x) + V2 (x) :

Let us consider V1. We have jyj � jxj =2 > 2i+3 and then we used (4.1) for ai, we obtain

V1(x) is bounded by

c
2is1

jxjn+s1
kaikp1(�)



�Ci

p01(�) NX

=1

�Z
Rn
't;x(y)dy

�1=p0
M
� ��T 2
 bj��p00 �1=p00(x)

� c
2is1

jxjn+s1
kaikp1(�)



�Ci

p01(�) NX

=1

M
� ��T 2
 bj��p00 �1=p00(x);

where p0 is chosen as in the estimation for II2. Now V1 can be estimated as in (4.21) for i

and as in II2 for j.

Let use estimate V2. We used only the case when 2i+4 < jxj � 2j+4, which it is su¢ cient for

the estimate of V2 (it similar to the previous case i.e, V2 in H5). We obtain that

H6




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgk _K�2(�);q2(�)
p2(�)

(Rn) :

Substep 2.3. Estimation of H7. As in (4.20), we write

M'(B(ai; bj))(x) � V1(x) + V2(x):

Let us estimate V1. Since jyj � jxj � jx� yj � jxj =2 � max(2i+3; 2j+3), using (4.1) for ai

with s1 = `+ 1 and for bj with s1 = 0 respectively, we obtain

V1(x) � c
2i(`+1)

jxjn+`+1
kaikp1(�)



�Ci

p01(�) 1jxjn kbjkp2(�) 

�Cj

p02(�): (4.26)
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It follows from (4.16) and (4.21) that V1 satis�es the required estimate.

Now let us estimate V2. we decompose the integral into four parts as follow:

V2(x) � c

NX

=1

sup
t>

jxj
2

Z
jyj�max(2i+4;2j+4)

jyjs+1

tn+s+1
��T 2
 ai(y)�� ��T 2
 bj(y)�� dy

+c

NX

=1

sup
t>

jxj
2

Z
jyj�min(2i+4;2j+4)

jyjs+1

tn+s+1
��T 2
 ai(y)�� ��T 2
 bj(y)�� dy

+c

NX

=1

sup
t>

jxj
2

Z
2j+4<jyj�2i+4

jyjs+1

tn+s+1
��T 2
 ai(y)�� ��T 2
 bj(y)�� dy

+c

NX

=1

sup
t>

jxj
2

Z
2i+4<jyj�2j+4

jyjs+1

tn+s+1
��T 2
 ai(y)�� ��T 2
 bj(y)�� dy

= Q1(x) +Q2(x) +Q3(x) +Q4(x):

Let us consider Q1. Put s = m + ` where m; ` be non-negative integers. Using (4.1) for ai

with s1 = m+ 1 and for bj with s1 = s+ 1, we have Q1(x) is bounded by

2i(m+1)

jxjn+s+1
kaikp1(�)



�Ci

p01(�)2j` kbjkp2(�) 

�Cj

p02(�)
Z
jyj�max(2i+4;2j+4)

dy

jyj2n
:

For any i and j, we have Z
jyj�max(2i+4;2j+4)

2nj=(p
�
2 )

0+ni=p�2 dy

jyj2n
� c:

Then we obtain Q1(x) is dominated by

c
2i(m+1�n=p

�
2 )

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)2j(`�n+n=p

�
2 )

jxjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�): (4.27)

The second term of (4.27) it follow from (4.18) and is bounded by c kgk _K�2(�);q2(�)
p2(�)

(Rn), if

` > �+2 : (4.28)
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For the �rst term of (4.27), we have




 +1X
i=�1

�i
2i(m+1�n=p

�
2 )

j�jn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)�fj�j>2i+4g


 _K�1(�);q1(�)

p1(�)
(Rn)

� c

( �1X
k=�1

� k�4X
i=�1

�i2
(i�k)(n+m+1�n=p�2 �(�1+n=p1)(0))

�q1(0))1=q1(0)

+

(
+1X
k=0

� �1X
i=�1

�i2
(i�k)(n+m+1�n=p�2 �(�

+
1 +n=p

�
1 ))
�(q1)1)1=(q1)1

+

(
+1X
k=4

�k�4X
i=0

�i2
(i�k)(n+m+1�n=p�2 �(�1+n=p1)1)

�(q1)1)1=(q1)1
:

If

m+ 1 > (�+1 + n=p�1 ) + n(1=p�2 � 1); (4.29)

we obtain that the �rst term of (4.27) is bounded by

c

( �1X
k=�1

(�k)
q1(0)

)1=q1(0)
+ c

(
+1X
k=0

(�k)
(q1)1

)1=(q1)1
� c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) :

Now, (4.28) and (4.29) give

s+ 1 = m+ `+ 1 > (�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n:

Let us consider Q2. By Hölder�s inequality with 1

(p�2 )
0 + 1

p�2
= 1, we obtain

Q2(x) � c
2i(m+1)2j`

jxjn+s+1
NX

=1



 �T 1
 ai��Bi+4

(p�2 )0

 �T 2
 bj��Bj+4

p�2
� c

2i(m+1)2j`

jxjn+s+1
NX

=1



T 1
 ai

p1(�)

�Bi+4

r1(�)

T 2
 bj

p2(�)

�Bj+4

r2(�);
where we used again Hölder�s inequality, with 1

p1(�) +
1

r1(�) =
1

(p�2 )
0 and 1

p2(�) +
1

r2(�) =
1
p�2
.

Similar arguments used to prove (4.17) give that Q2(x) is bounded by

c
2i(m+1�n=p

�
2 )

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)2j(`�n+n=p

�
2 )

jxjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�);

which is the same term of (4.27).
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Let us consider Q3. In this case 2j+4 < jyj � 2i+4 (i.e j < i) then using (4.1) for bj, we get

Q3(x) � c

NX

=1

sup
t>

jxj
2

Z
2j+4<jyj�2i+4

jyjs+1

tn+s+1
��T 1
 ai(y)�� 2j(`+m+2)jyjn+`+m+2

kbjkp2(�)


�Cj

p02(�)dy

� c
2i(m+1)

jxjn=(p
�
2 )

0
+m+1

2j(`+1)

jxjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�) NX


=1



 �T 1
 ai��Bi+4

(p�2 )0
�
�Z

jyj>2j+4
jyj�(n+1)p

�
2 dy

�1=p�2
� c

2i(m+1)

jxjn=(p
�
2 )

0
+m+1

NX

=1



 �T 1
 ai��Bi+4

(p�2 )0 2j(`�n+n=p
�
2 )

jxjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�):

As before, we have

Q3(x) � c
2i(m+1�n=p

�
2 )

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)2j(`�n+n=p

�
2 )

jxjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�);

which is equivalent to (4.27). Finally, let us consider Q4. In this case 2i+4 < jyj � 2j+4 (i.e

i < j). Then using (4.1) for ai, we get

Q4(x) � c

NX

=1

sup
t>

jxj
2

Z
2i+4<jyj�2j+4

jyjs+1

tn+s+1
2i(`+m+2)

jyjn+`+m+2
kaikp1(�)



�Ci

p01(�) ��T 2
 bj(y)�� dy
� c

2i(m+2)

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�) 2j`

jxjn=p
�
2 +`

NX

=1



 �T 2
 bj��Bj+4

p�2
�
�Z

jyj>2i+4
jyj�(n+1)(p

�
2 )

0

dy

�1=(p�2 )0
:

Again as before, we have Q4(x) is bounded by

c
2i(m+1�n=p

�
2 )

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)2j(`�n+n=p

�
2 )

jyjn=p
�
2 +`

kbjkp2(�)


�Cj

p02(�);

which is desired.

Combining (4.26) and the estimates for Q1, Q2, Q3 and Q4, we obtain

H7




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgk _K�2(�);q2(�)
p2(�)

(Rn) :

This is �nish the proof of Theorem 4.9.

Remark 4.10 The minimum value of s given in (4.7) can be taken as

[(�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n]:
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Chapter 5

Boundedness of some bilinear

operators on variable Herz-type

Hardy spaces II

We conclude our thesis by giving another application of the boundedness of some bilinear

operators on variable Herz-type Hardy spaces in the from X � Y into Z, where X; Y and Z

are variable Herz-type Hardy spaces, this study is completed the previous chapter.

5.1 Technical lemmas

We employ the notationM'(f) and B(f; g), i.e., for ' 2 D (Rn) with supp ' � B0, such

that Z
Rn
'(x)dx 6= 0 and 't (�) = t�n'

� �
t

�
for any t > 0;

we de�ne

M'(f)(x) := sup
t>0
j't � f(x)j;

and B(f; g) as in the previous chapter, de�ne by

B(f; g)(x) :=

NX

=1

�
T 1
 f

�
(x)
�
T 2
 g

�
(x); x 2 Rn
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where the operators T j
 are bounded from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N

and satisfying the two conditions for each central (�(�); p(�))-atom ai with suppai � Ci��T j
ai(x)�� � c
2is1

jxjn+s1
kaikpj(�)



�Ci

p0j(�); jxj > 2i+3; j = 1; 2 (5.1)

and ��T j
ai(x)�� � c2�in kaikpj(�)


�Ci

p0j(�); jxj < 2i�3; j = 1; 2: (5.2)

Note that to simplify the writing, we use the notationX
j2Z

X
i�j

� �� =
X
i�j

� � � :

Let us now state technical lemmas which we will use in the proof of main theorem in this

chapter.

Lemma 5.1 Let q1; q2 2 P0 (Rn), 1
q(�) =

1
q1(�) +

1
q2(�) , p1; p2 2 P

log(Rn), 1
p(�) =

1
p1(�) +

1
p2(�) ,

1 < p�i � p+i < 1; 1
p�1
+ 1

p�2
< 1; ��i +

n
p+i
� n; i = 1; 2, and �(�) = �1(�) + �2(�) such that

q1; q2; �1 and �2 are log-Hölder continuous, both at the origin and at in�nity. Let T j
 are

operators bounded from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N and satisfying the

two conditions (5:1) and (5:2). Let s � [(�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n] be a non-negative

integer such that Z
Rn
x�B(a; b)(x)dx = 0 (5.3)

for all multi-indices � with j�j � s, for all (�1 (�) ; p1 (�))-atoms a, and all (�2 (�) ; p2 (�))-

atoms b. Then X
i�j

�i�jM'(B(ai; bj))�fj�j�2i+5g (5.4)

can be extended to a bounded operator fromH _K
�1(�);q1(�)
p1(�) (Rn)�H _K

�2(�);q2(�)
p2(�) (Rn) into _K�(�);q(�)

p(�) (Rn)

for all i; j 2 Z and all �i; �j � 0:

Proof. We split (5.4) into two functions D1 +D2, where

D1 (x) =
X
i�j

�i�jM'(B(ai; bj)) (x)�fj�j�2j+5g(x)

D2 (x) =
X
i�j

�i�jM'(B(ai; bj)) (x)�f2j+5<j�j�2i+5g(x):
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Substep 1.1. Estimation of D1. By Hölder�s inequality with 1
p0
+ 1

p00
= 1 where (p�2 )

0 <

p0 < p�1 ; we obtain����Z
Rn
't;x(y)B(ai; bj)(y)dy

���� � c

NX

=1

M
� ��T 1
 ai��p0 �1=p0 (x)M� ��T 2
 bj��p00 �1=p00 (x) :

Applying Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), then kD1k _K�(�);q(�)

p(�) (Rn) is bounded by

c

NX

=1




 +1X
i=�1

�iM
� ��T 1
 ai��p0 �1=p0�fj�j�2i+5g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�jM
� ��T 2
 bj��p00 �1=p00�fj�j�2j+5g


 _K�2(�);q2(�)

p2(�)
(Rn)

:

Both terms above can be estimated as N1 in (4.12). Therefore, we have

kD1k _K�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgkH _K
�2(�);q2(�)
p2(�)

(Rn) :

Substep 1.2. Estimation of D2. we split D2 into D1
2 +D2

2, where

D1
2 (x) =

X
i�j

�i�j sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����f2j+5<j�j�2i+5g(x)
and

D2
2 (x) =

X
i�j

�i�j sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����f2j+5<j�j�2i+5g(x):
First, let us estimate D1

2. Observing that jyj � jxj � jx� yj � jxj =2 � 2j+4. Applying

Hölder�s inequality with 1

(p�2 )
0 + 1

p�2
= 1 and using (5.1) for bj; we obtain

sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

����
� c

NX

=1

sup
t� jxj

2

�Z
jyj>2j+3

't;x(y)
��T 1
 ai(y)��(p�2 )0 dy� 1

(p�2 )
0
�Z

jyj>2j+3
't;x(y)

��T 2
 bj(y)��p�2 dy� 1

p�2

� c

NX

=1

M
� ��T 1
 ai��(p2)0 �1=(p2)0 (x) 2j(`+1)jxjn+`+1

kbjkp2(�)


�Cj

p02(�): (5.5)

By Hölder�s inequality in _K
�(�);q(�)
p(�) (Rn), then kD1

2k _K�(�);q(�)
p(�) (Rn) is bounded by

c

NX

=1




 +1X
i=�1

�iM
� ��T 1
 ai��p02 �1=p02�fj�j�2i+5g


 _K�1(�);q1(�)

p1(�)
(Rn)

�



 +1X
j=�1

�j
2j(`+1)

j�jn+`+1
kbjkp2(�)



�Cj

p02(�)�fj�j>2j+5g


 _K�2(�);q2(�)
p2(�)

(Rn)
: (5.6)
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Since p�1 >
�
p�2
�0
, the �rst term in (5.6) can be estimated as N1 in (4.12). If ` + 1 >

(�+2 + n=p�2 )� n, the second term can be estimated similarly to (4.15). Therefore, we have



D1
2




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgkH _K
�2(�);q2(�)
p2(�)

(Rn) :

Second, let us estimate D2
2. We put 't;x(y) = P`(y) + <`(y) as in H4 ( Substep1.3 in the

previous chapter ). By (5.3), we get

D2
2 (x) �

X
i�j

�i�j sup
t>

jxj
2

Z
Rn

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy�f2j+5<j�j�2i+5g(x):

We split the last expression into D21
2 (x) +D22

2 (x), where

D21
2 (x) =

X
i�j

�i�j sup
t>

jxj
2

Z
jx�yj>4t

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy�f2j+5<j�j�2i+5g(x)

and

D22
2 (x) =

X
i�j

�i�j sup
t>

jxj
2

Z
jx�yj�4t

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy�f2j+5<j�j�2i+5g(x):

� In the case of jx� yj > 4t, we have jyj � jx� yj�jxj � 2t > jxj > 2j+5 and jx� yj � 2 jyj.

Using (5.1) with s1 = `+ 3 for bj, we obtain

sup
t>

jxj
2

Z
jx�yj>4t

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy

� c

NX

=1

1

jxjn+`+2
sup
t>

jxj
2

Z
jx�yj>4t
jyj>2j+5

t
��T 1
 ai(y)�� 2j(`+3) kbjkp2(�)



�Cj

p02(�)
jyjn+2

dy:

Since 2t � jyj ; the last expression is bounded by

c
2j(`+3)

jxjn+`+2
kbjkp2(�)



�Cj

p02(�) NX

=1

sup
t>

jxj
2

Z
jx�yj>4t
jyj>2j+5

t1=(p
�
2 )

0 ��T 1
 ai(y)��
jx� yj(n+1)=(p

�
2 )

0

dy

jyjn=p
�
2 +1

� c
2j(`+3)

jxjn+`+2
kbjkp2(�)



�Cj

p02(�) NX

=1

sup
t>0

�Z
jx�yj>4t

t
��T 1
 ai(y)��(p�2 )0
jx� yjn+1

dy
�1=(p�2 )0

�
�Z

jyj>2j+5

dy

jyjn+p
�
2

�1=p�2
� c

NX

=1

M
� ��T 1
 ai��(p2)0 �1=(p2)0 (x) 2j(`+2)jxjn+`+2

kbjkp2(�)


�Cj

p02(�);
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which is similar to (5.5) and satisfy the desired estimate if `+ 1 > (�+2 + n=p�2 )� n� 1:

� In the case of jx� yj � 4t, we split D22
2 (x) intoX

i�j
�i�j sup

t>
jxj
2

Z
jx�yj�4t
jyj�2j+3

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy�f2j+5<j�j�2i+5g

+
X
i�j

�i�j sup
t>

jxj
2

Z
jx�yj�4t
jyj>2j+3

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy�f2j+5<j�j�2i+5g

= F1 (x) + F2 (x) :

Let us consider F1. If jxj > 2j+5 and jyj � 2j+3 then 1
t
� 4

jx�yj <
c
jxj . Then by Hölder�s

inequality with 1 = 1
(p�2 )

0 +
1
p�2
, we have

sup
t>

jxj
2

Z
jx�yj�4t
jyj�2j+3

jyj`+1

tn+`+1
jB(ai; bj)(y)j dy

� c

jxjn=p
�
2 +`+1

NX

=1

sup
t>0

� 1
tn

Z
jx�yj�4t

��T 1
 ai(y)��(p�2 )0 dy� 1

(p�2 )
0 

 j�j`+1 (T 2
 bj)�Bj+3

p�2 ; (5.7)

again by Hölder�s inequality and the Lp2(�)-boundedness of T 2
 ,

 j�j`+1 (T 2
 bj)�Bj+3

p�2 � c2(`+1)j


T 2
 bj

p2(�)

�Bj+3

r2(�)

� c2(`+1)j


bj

p2(�)

�Bj+3

r2(�)

� c2
j(`+1�n+ n

p�2
)

bj

p2(�)

�Cj

p02(�); (5.8)

with 1
p�2
= 1

p2(�) +
1

r2(�) , where we have used the same arguments as in (4.17). We obtain (5.7)

is bounded by

N

c
X

=1

M
� ��T 1
 ai��(p�2 )0 �1=(p�2 )0 (x) 2j(`+1�n+n=p�2 )

jxjn=p
�
2 +`+1

kbjkp2(�)


�Cj

p02(�); (5.9)

which is equivalent to (4.18) and satisfy the desired estimate if `+ 1 > �+2 .

Let us consider F2. We use (5.1) for bj, we get sup
t>jxj=2

R
jx�yj�4t
jyj>2j+3

jyj`+1
tn+`+1

jB(ai; bj)(y)j dy is bounded

by

c
2j(`+2)

jxjn=p
�
2 +`+1

kbjkp2(�)


�Cj

p02(�) NX


=1

sup
t>0

� 1
tn

Z
jx�yj�4t

��T 1
 ai(y)��(p�2 )0 dy�1=(p�2 )0
�
�Z

jyj>2j+3

dy

jyj(n+1)p
�
2

�1=p�2
� c

NX

=1

M
� ��T 1
 ai(y)��(p�2 )0 �1=(p�2 )0 (x) 2j(`+1�n+n=p�2 )

jxjn=p
�
2 +`+1

kbjkp2(�)


�Cj

p02(�); (5.10)
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which is equivalent to (4.18).

Combining (5.9) and (5.10), we obtain that



D22
2




_K
�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgkH _K
�2(�);q2(�)
p2(�)

(Rn) :

This �nish the proof of Lemma 5.1.

In the previous lemma we have treated the sum if x in B (0; 2j+5). The next lemma gives

the sum if x is not in B (0; 2j+5) :

Lemma 5.2 Under the same conditions of the previous lemma. ThenX
i�j

�i�jM'(B(ai; bj))�fj�j>2i+5g (5.11)

can be extended to a bounded operator fromH _K
�1(�);q1(�)
p1(�) (Rn)�H _K

�2(�);q2(�)
p2(�) (Rn) into _K�(�);q(�)

p(�) (Rn)

for all i; j 2 Z and all �i; �j � 0:

Proof. We split (5.11) into G1 +G2, where

G1 (x) =
X
i�j

�i�j sup
t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j>2i+5g(x)
and

G2 (x) =
X
i�j

�i�j sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

�����fj�j>2i+5g(x):
Substep 2.1. Estimation of G1. Observe that in this case jyj � jxj� jx� yj � jxj

2
> 2i+4,

using (5.1) for ai and bj respectively, we get

sup
0<t� jxj

2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

����
� c

NX

=1

sup
0<t� jxj

2

Z
jyj>2i+3

't;x(y)
2i(m+1)

jyjn+m+1
kaikp1(�)



�Ci

p01(�) 2j(`+1)jyjn+`+1
kbjkp2(�)



�Cj

p02(�)dy:
Since jyj � jxj

2
, the last expression is bounded by

c
2i(m+1)

jxjn+m+1
kaikp1(�)



�Ci

p01(�) 2j(`+1)jxjn+`+1
kbjkp2(�)



�Cj

p02(�):
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Applying the Hölder inequality in _K
�(�);q(�)
p(�) (Rn), we obtain



G1

 _K�(�);q(�)
p(�) (Rn) is bounded by

c



 +1X
i=�1

�i
2i(m+1)

j�jn+m+1
kaikp1(�)



�Ci

p01(�)�fj�j>2i+5g


 _K�1(�);q1(�)
p1(�)

(Rn)

�



 +1X
j=�1

�j
2j(`+1)

j�jn+`+1
kbjkp2(�)



�Cj

p02(�)�fj�j>2j+5g


 _K�2(�);q2(�)
p2(�)

(Rn)
: (5.12)

If m + 1 > (�+1 + n=p�1 ) � n and ` + 1 > (�+2 + n=p�2 ) � n; then (5.12) is estimate as from

(5.6).

Substep 2.2. Estimation of G2. We put 't;x(y) = Ps(y) + <s(y). As in H4, by (5.3), we

have

sup
t>

jxj
2

����Z
Rn
't;x(y)B(ai; bj)(y)dy

���� � sup
t>

jxj
2

Z
Rn

jyjs+1

tn+s+1
jB(ai; bj)(y)j dy; i � j

� U1(x) + U2(x) + U3(x);

where

U1(x) =

NX

=1

sup
t>

jxj
2

Z
jyj�2j+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

U2(x) =

NX

=1

sup
t>

jxj
2

Z
2j+3<jyj�2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy

U3(x) =

NX

=1

sup
t>

jxj
2

Z
jyj>2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� ��T 2
 bj(y)�� dy:

We put s = m+ `+ 1, where m; ` are non-negative integers.

Let us consider U1. By Hölder�s inequality with 1
(p�2 )

0 +
1
p�2
= 1 and since i � j, we obtain

U1(x) is bounded by

c

NX

=1

2i(m+1)2j(`+1)

jxjn+m+`+2


(T 1
 ai)�Bi+3

(p�2 )0

(T 2
 bj)�Bj+3

p�2 ;

by (4.25) and (5.8), we get that U1(x) is bounded by

c
2i(m+1�n=p

�
2 )

jxjn=(p
�
2 )

0
+m+1

kaikp1(�)


�Ci

p01(�)2j(`+1�n+n=p

�
2 )

jxjn=p
�
2 +`+1

kbjkp2(�)


�Cj

p02(�); (5.13)

the last expression is similar to (4.27) and satisfy the desired estimate if

m+ 1 > (�+1 + n=p�1 ) + n(1=p�2 � 1) and `+ 1 > �+2 :
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Let us consider U2. Using (5.1) for bj, we obtain U2(x) is bounded by

c

NX

=1

sup
t>

jxj
2

Z
2j+3<jyj�2i+3

jyjs+1

tn+s+1
��T 1
 ai(y)�� 2j(`+m+3)jyjn+`+m+3

kbjkp2(�)


�Cj

p02(�)dy

� c

NX

=1

2i(m+1)

jxjn=p
�
1 +m+1



(T 1
 ai)�Bi+3

p�1 2j(`+2)

jxjn=(p
�
1 )

0
+`+1

kbjkp2(�)


�Cj

p02(�)

�
 Z

jyj>2j+4

dy

jyj(n+1)(p
�
1 )

0

!1=(p�1 )0
:

Again by the Hölder�s inequality and the Lp1(�)-boundedness of T 1
 ,

(T 1
 ai)�Bi+3

p�1 � c


T 1
 ai

p1(�)

�Bi+3

r1(�)

� c2
i( n

p�2
�n)

ai

p1(�)

�Ci

p01(�);

with 1
p�1
= 1

p1(�) +
1

r1(�) , where we have used the same arguments as in (4.17). This estimation

and since 

 j�j�n�1 �fj�j>2j+4g

(p�1 )0 � c2�(1+n=p
�
1 )j;

we get U2(x) is bounded by

c
2i(m+1�n+n=p

�
1 )

jxjn=p
�
1 +m+1

kaikp1(�)


�Ci

p01(�) 2j(`+1�n=p

�
1 )

jxjn=(p
�
1 )

0
+`+1

kbjkp2(�)


�Cj

p02(�): (5.14)

The last expression is symmetric to (5.13) and satisfy the desired estimate if

m+ 1 > �+1 and `+ 1 > (�
+
2 + n=p�2 ) + n(1=p�1 � 1):

Finally, let us consider U3. Using (5.1) for ai and bj respectively, we get that U3(x) is bounded

by

c

NX

=1

sup
t>

jxj
2

Z
jyj>2i+3

1

tn=2+m+1
2i(m+1)

jyjn+m+1
kaikp1(�)



�Ci

p01(�)
� 1

tn=2+`+1
2j(s+1)

jyjn+s+1
kbjkp2(�)



�Cj

p02(�) jyjs+1 dy
� c

2i(m+1)

jxjn=2+m+1
kaikp1(�)



�Ci

p01(�)2i(m+1)�
Z
jyj>2i+3

dy

jyj2(n+m+1)
�1=2

� 2j(`+1)

jxjn=2+`+1
kbjkp2(�)



�Cj

p02(�)�
Z
jyj>2j+3

dy

jyj2n
�1=2

� c
2i(m+1�n=2)

jxjn=2+m+1
kaikp1(�)



�Ci

p01(�)2j(`+1�n=2)jxjn=2+`+1
kbjkp2(�)



�Cj

p02(�): (5.15)
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The estimation of the both terms are similar. We choose for example the �rst term. We

have 


 +1X
i=�1

�i
2i(m�n=2+1)

j�jn=2+m+1
kaikp1(�)



�Ci

p01(�)�fj�j>2i+5g


 _K�1(�);q1(�)
p1(�)

(Rn)

� c

( �1X
k=�1

� k�6X
i=�1

�i2
(i�k)(n=2+m+1��1(0)�n=p1(0))

�q1(0))1=q1(0)

+c

(
+1X
k=0

� �1X
i=�1

�i2
(i�k)(n=2+m+1�(�+1 +n=p

�
1 ))
�q1(0))1=q1(0)

+c

(
+1X
k=6

�k�6X
i=0

�i2
(i�k)(n=2+m+1�(�1+n=p1)1)

�(q1)1)1=(q1)1
If m+ 1 >

�
�+1 + n=p�1

�
� n=2, then the �rst term of (5.15) is bounded by

c

( �1X
k=�1

(�k)
q1(0)

)1=q1(0)
+ c

(
+1X
k=0

(�k)
(q1)1

)1=(q1)1
� c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) :

Similar, if `+ 1 > (�2 + n=p2)
+ � n=2, then the second term of (5.15) is bounded by

c

( �1X
k=�1

(�k)
q2(0)

)1=q1(0)
+ c

(
+1X
k=0

(�k)
(q2)1

)1=(q1)1
� c kgk

H _K
�2(�);q2(�)
p2(�)

(Rn) :

Therefore, U3(x) also satis�es the desired estimate if

s+ 1 >
�
�+1 + n=p�1

�
+
�
�+2 + n=p�1

�
� n:

Combining (5.13), (5.14) and (5.15), we obtain

kG2k _K�(�);q(�)
p(�) (Rn) � c kfk

H _K
�1(�);q1(�)
p1(�)

(Rn) kgkH _K
�2(�);q2(�)
p2(�)

(Rn) :

This �nish the proof of Lemma 5.2.

.
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5.2 Boundedness from H _K �H _K into H _K.

In this section, we present the boundedness from H _K �H _K into H _K.

Theorem 5.3 Let q1; q2 2 P0 (Rn), 1
q(�) =

1
q1(�) +

1
q2(�) , p1; p2 2 P

log(Rn), 1
p(�) =

1
p1(�) +

1
p2(�) ,

1 < p�i � p+i < 1; 1
p�1
+ 1

p�2
< 1; ��i +

n
p+i
� n; i = 1; 2, and �(�) = �1(�) + �2(�) such that

q1; q2; �1 and �2 are be log-Hölder continuous, both at the origin and at in�nity. Let T j
 are

operators bounded from Lpj(�)(Rn) into Lpj(�)(Rn); j = 1; 2, 
 = 1; :::; N and satisfying the

two conditions (5:1) and (5:2). Let s � [(�+1 + n=p�1 ) + (�
+
2 + n=p�2 )� n] be a non-negative

integer such that Z
Rn
x�B(a; b)(x)dx = 0

for all multi-indices � with j�j � s, for all (�1 (�) ; p1 (�))-atoms a, and all (�2 (�) ; p2 (�))-

atoms b. Then B(f; g) can be extended to a bounded operator from H _K
�1(�);q1(�)
p1(�) (Rn) �

H _K
�2(�);q2(�)
p2(�) (Rn) into H _K

�(�);q(�)
p(�) (Rn).

If q1; q2 p1; p2; �1 and �2 are constants, this result is from [21, Theorem 3].

Proof. Suppose f 2 H _K
�1(�);q1(�)
p1(�) (Rn) and g 2 H _K

�2(�);q2(�)
p2(�) (Rn). Using Theorem 4.2 for f

and g, we can write f =
+1P
i=�1

�iai and g =
+1P
j=�1

�jbj where �i; �j � 0, ai�s are (�1 (�) ; p1 (�))-

atoms, bj�s are (�2 (�) ; p2 (�))- atoms with suppai � Ci and suppbj � Cj. We observing that

B(f; g)


H _K

�(�);q(�)
p(�) (Rn) �



X
i�j

�i�jM'(B(ai; bj))



_K
�(�);q(�)
p(�) (Rn)

+


X
i<j

�i�jM'(B(ai; bj))



_K
�(�);q(�)
p(�) (Rn):

By the symmetry of the roles in
P
i�j
and

P
i<j

, we will know that the estimate of
P
i<j

is analogous

to that of
P
i�j
, then it su¢ cient to show that



X
i�j

�i�jM'(B(f; g))



_K
�(�);q(�)
p(�) (Rn) �



X
i�j

�i�jM'(B(f; g))�fj�j�2i+5g



_K
�(�);q(�)
p(�) (Rn)

+


X
i�j

�i�jM'(B(f; g))�fj�j>2i+5g



_K
�(�);q(�)
p(�) (Rn)

=


T1

 _K�(�);q(�)

p(�) (Rn) +


T2

 _K�(�);q(�)

p(�) (Rn) (5.16)

is bounded.

The estimation of (5.16) is a consequences of Lemma 5.1 and Lemma 5.2. This �nish the

proof of Theorem 5.3.
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Remark 5.4 The minimum value of s satisfying (5.3) can be taken as

[
�
�+1 + n=p�1

�
+
�
�+2 + n=p�1

�
� n];

5.3 Applications

In this section, we present the boundedness of the commutators of Calderón-Zygmund op-

erators on variable Herz spaces into itself.

Recall that for 0 < p <1, H _K�;p
p (Rn) are the usual Hardy spaces Hp(Rn) and we have

Hp(Rn) = Lp(Rn) when p > 1:

De�nition 5.5 The space BMO(Rn) consists of all locally integrable functions f such that

kfkBMO(Rn) := sup
Q

1

jQj

Z
Q

jf(x)� fQj dx <1;

where fQ = 1
jQj
R
Q
f(y)dy, the supremum is taken over all cubes Q � Rn with sides parallel

to the coordinate axes.

Remark 5.6 The space BMO (Rn) is the dual space of the Hardy space H1 (Rn) :

We have the following duality theorems, for the proof see M. Izuki and T. Noi [29, Theorem

3].

Theorem 5.7 Let p; q 2 P(Rn) and � 2 L1(Rn). Then we have�
_K
�(�);q(�)
p(�) (Rn)

�0
= _K

��(�);q0(�)
p0(�) (Rn) :

The following result generalize Corollarie 1 of Grafakos, Li and Yang [21] by taking �; p

and q are constants.

Corollary 5.8 Let b be in BMO(Rn) and T be a Calderón-Zygmund operator. Then the

commutator

[b; T ](f) = bT (f)� T (bf)

maps _K
�(�);q(�)
p(�) (Rn) into itself when p 2 P log(Rn); q 2 P(Rn) with 1 < p� � p+ < 1;

� n
p+

< �� � �+ < n(1 � 1
p� ) and �; q are log-Hölder continuous, both at the origin and at

in�nity.
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Proof. Consider the bilinear operator

B(f; g) = (Tf)g � f(T �g)

where T � is the adjoint operator of T .

Since T � is the adjoint operator of T , then we have

(Tf jg ) = (f jT �g ) ;

for all f; g square integrable and compactly supported functions, which give that B(f; g)

has integral zero, then B(f; g) is satis�es the conditions of Theorem 4.8.

By Theorem 4.8, we have



B(f; g)


H _K0;1

1 (Rn) =


B(f; g)



H1(Rn) � c


f

 _K�(�);q(�)

p(�) (Rn)



g

 _K��(�);q0(�)
p0(�) (Rn):

Using the Remark 5.6, we obtain����Z
Rn
[b; T ](f)(x)g(x)dx

���� =

����Z
Rn
b(x) [(Tf)(x)g(x)� f(x)(T �g)(x)] dx

����
=

����Z
Rn
b(x)B(f; g)(x)dx

����
�



b


BMO(Rn)



B(f; g)


H1(Rn)

� c


b



BMO(Rn)



f

 _K�(�);q(�)
p(�) (Rn)



g

 _K��(�);q0(�)
p0(�) (Rn):

Now it su¢ cient to apply the supremum to both sides of the last expression when


g

 _K��(�);q0(�)

p0(�) (Rn) =

1 and using the Theorem 5.7, we obtain



[b; T ](f)

 _K�(�);q(�)
p(�) (Rn) � c



b


BMO(Rn)



f

 _K�(�);q(�)
p(�) (Rn):

This �nishes the proof.
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Conclusion and future prospects

The study aimed to highlight the importance of variable exponent spaces, for the purpose

of access to the objectives of the study the researcher used the results of classical function

spaces and the log-Hölder condition to guarantee regularity. We have �translated�the results

from classical function spaces to variable function spaces.

We concluded that the most important results are:

I We have shown that the atomic decomposition and Plancherel-Polya-Nikolskij inequal-

ity are holds for variable Herz spaces.

I We have shown the Sobolev embeddings is holds in variable Herz-type Besov spaces.

I Also, We have shown the boundedness of some bilinear operators (in particular

Calderón-Zygmund operators) are holds in variable Herz-type Hardy spaces.

I At the end of thesis, we have shown the boundedness of the commutators of Calderón-

Zygmund operators on variable Herz spaces into itself.

We provide a few prospects for future studies of variable function spaces as follow:

� Applications to PDE.

� Generalization of the results given in chapters 4 and 5 for multilinear operators under

suitable conditions.

� The boundedness of fractional integrals operators.
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  :مذكرةال ملخص

 المتغیرة الأدلة ذات "ھارز" فضاءات في  "نیكولسكیج-بولیا-بلانشرال" متراجحة عممننا المذكرة ھذه في
 ساسیةالأ الخصائص بعض عطیناأ حیث ،المتغیرة دلةالأ ذات "بیزوف-ھارز" فضاءات بدراسة قمنا ثم

 "ھاردي-ھارز" فضاءات في الخطیة ثنائیة المؤثرات بعض محدودیة درسناخیر وفي الأ ،الفضاءات لھذه
                                         .الفضاءات لھذه ذريال التفكیك ستعمالاب المتغیرة الأدلة ذات

 احتواءات ،ھاردي-ھارز فضاءات ،بیزوف-ھارز فضاءات ،ھارز فضاءات :المفتاحیة الكلمات
 .الذرة ،عظمیةالأ الدالة ،متغیرة دلةأ ،الخطیة تحت مؤثرات ،سوبولاف

Résumé de thèse: 

Dans cette thèse, nous avons généralisé l'inégalité de Plancheral-Polya-
Nikolskij dans les espace de Herz avec des exposants variables, puis nous avons 
étudié les espaces Herz-Besov avec des exposants variables où nous avons 
donné certaines propriétés de base de ces espaces et finalement, nous avons 
étudié la continuité de certains opérateurs bilinéaires dans les espaces de Herz-
Hardy avec des exposants variables en utilisant la décomposition atomique de 
ces espaces.  

Mots clés : Espaces de Herz, Espaces de Herz-Besov, Espaces de Herz-Hardy, 
inclusions de Sobolev, Opérateurs sous linéaire, Exposants variables, La 
fonction maximale, Atome. 

  

Abstract of thesis:  

In this thesis, we have generalize Plancheral-Polya-Nikolskij inequality in 
Herz spaces with variables exponents, after that we studied the Herz-Besov 
spaces with variable exponents where we gave some basic properties of these 
spaces and finally we studied the boundedness of some bilinear operators in 
Herz-Hardy spaces with variables exponents using atomic decomposition of 
these spaces. 

Key words: Herz spaces, Herz-type Besov spaces, Herz-type Hardy spaces, 
Sobolev type embedding’s, Sublinear operators, Variable exponent, Maximal 
function, Atom. 


