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NOTATIONS

R Real numbers (—o0, +00).
R* Nonzero real numbers (—o0,0) U (0, +0c0).
R* Positive real numbers (0, +00).
C Complex numbers, z € C, then z = x + iy, where x,y € R, and 2 =—1.
Re(w) Real part of complex a.
Z Integers {..., —3,—-2,-1,0,1,2,3, ...}.
Z, Negative integers {..., —3, -2, —1,0}.
N Natural numbers {0,1,2,3,...}.
IN* Nonzero natural numbers {0,1,2,3,...}.
@) Finite closed interval of the real axis RR.
LF (Q)) Space of all measurable functions u on Q, where |u|? € L' (Q), for 1 < p < .
L' (Q) Space of the Lebesgue complex-valued measurable functions u on (),

for which |[ul|;, = [, u(s)|ds < 0.
L*(Q)) Space of all measurable functions, for which 3C > 0, |u(t)| < C, p.p. t € Q.
C(Q) The Banach space of all continuous functions from (2 into R.
C" () the set of mappings having n times continuously differentiable on Q).
Cl,a e R,neN {f(#),t>0: f(t)=tPf1(t) withp >a and f; € C"([0,00))}.
X2 (Q) Space of all measurable functions # on (), for which

1
lullye = (Jalsu ()7 )" < eo.
cER, 1<p<oco

X* () Space of all measurable functions u on (), where |[u[|y = ess sup [£u (1)]] < oo.

a<t<b ceR

EuLER’s gamma function.

The beta function.

The classical MITTAG-LEFFLER function.

The generalized M1TTAG-LEFFLER function.
The generalized WRIGHT function.

Primitive of Lebesgue summable function u.
Cauchy formula for the n'’ integrals, n € IN.

RIEMANN-L1oUVILLE's fractional integral of order «.
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RIEMANN-LIOUVILLE’S fractional derivative of order a.
Caruro’s fractional derivative of order «.
HapaMARD’s fractional integral of order «.
HApAMARD’s fractional derivative of order «.
Caruto-HADAMARD's fractional derivative of order «.
The left-sided ERDE LY1-KOBER's fractional integral of order a.
The left-sided ERDE LYI-KOBER’s fractional derivative of order a.
Katucamrora’s fractional integral of order a.
KATUuGAMPOLA’s fractional derivative of order a.
CaruTo-KATUGAMPOLA’S fractional derivative of order a.
Riesz fractional derivative of order «.
Riesz-CapruTO’s derivative of order a.
Generalized RiEsz type integral of order «.
Generalized Riesz—Carurto fractional derivative of order a.
Hirrer-KAaTUGAMPOLA'S fractional derivative of order « and type 7.
The J derivative.
The ¢, derivative.
HriLrER-KATUGAMPOLA’S time fractional derivative of order «.
HILFER-KATUGAMPOLA’S space fractional derivative of order B.
HiLrer-KATUGAMPOLA’S fractional derivative.
Caruro generalized fractional derivative.
Generalized Riesz-CAPUTO’s fractional derivative.
Fractional integral and fractional derivative.
The GRCFD.
Fractional differential equation.
Fractional partial differential equation.
Boundary Value Problem.

Fractional calculus.
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INTRODUCTION

Fractional calculus (FC) is a mathematical analysis subject which deals with different possible
approaches of defining fractional-order derivatives (FDs) and integrals (FIs).

To define FIs and FDs, many approches have been proposed in the literature, including
Riemann-Liouville’s, Hadamard’s, Caputo’s, Riesz’s, Erdelyi-Kober’s approches,...etc. The
development of each one of these approches should go through a series of stages ranging from
exponential functions to special functions. Based on those fractional operators, the theory of
classical (integer order) differential equations (IODEs) has been then generalized to the broader
theory of fractional-order ordinary and partial differential equations (FDEs, and FPDEs). For
more details on the subject, the reader may refer to [9, 21, 39, 48, 56].

FPDEs can be used for the modeling and study of many important phenomena in many
different fields of science and engineering, such as diffusion processes, damping law,...etc. One
can find a variety of applications in [29, 34, 38, 46, 55]. Closed-form solutions are useful when
dealing with many features of natural and physical phenomena.

Generally, for PDEs, we can search for special type solutions known as group-invariant
solutions. As in [17], by solving a reduced system of equations (which has fewer independent
variables compared to the original problem), the group-invariant solutions can be found. These
solutions are also known as self-similar solutions which are used to model many processes in
mathematics and engineering mechanics. The FPDEs which have self-similar solutions can easily
be reduced to ordinary differential equations (ODEs). This latter process helps to simplify one’s
work on FPDEs.

The idea behind solutions’ self-similarity along with Lie group analysis have also been applied
in FDEs. For example, Luchko and Gorenflo in [44], have been discussed the application of
Lie group analysis for the equation (3 = d %). They have found scale-invariant solutions for
the FDE with a new independent variable = xt? . The left and right sided Erdélyi-Kober
derivatives which depend on «, § of this equation and on the parameter -y of its scaled group are
considered. They have derived a general solution in terms of the generalized Wright function.
In [17], a particular case (for B = 2) of the previous method was proved to be a scale invariant

solutions for a time fractional diffusion equation.
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Throughout the literature, one may easily be aware of the existence of plenty of research works
on fractional (space, time and time-space) diffusion equations by using the similarity method.
For more details, the reader may check [3, 11, 13, 22].

The fixed point methods play a particularly major role in solving the problems modeled by
FDEs. In non-linear analysis, theses tools are used to study the existence of solutions for many
kinds of problems modeled by FDEs and FPDEs.

Recently, many efforts have been devoted to deal with the existence, uniqueness and multiplicity
of real or positive solutions of nonlinear fractional problems. Fixed point theorems come in the
heart of the non-linear analysis techniques used in those efforts.

Different variants of fixed-point theorems and other non-linear analysis techniques have been
used by researchers to develop solutions and their existence for non-linear initial value problems
(IVPs) and boundary value problems (BVPs) of FDEs or FPDEs (see [6-8, 10, 12, 13, 15, 16, 19,
27,47, 581 )-

The stability problem introduced by Ulam in [59] has attracted the attention and efforts of
many famous researchers (see [32, 33] ). Not long ago, Ulam-Hyers stability problem for FDEs
has gained much research attention (see [30, 42, 61-63]).

The main objective of this thesis is to study of the existence and uniqueness of solutions of
nonlinear mixed FDEs involving two different fractional derivatives and space-fractional diffusion
equation with generalized Riesz Caputo FD (GRCFD). We introduce also the self-similar solutions
in an explicit form of space-time fractional diffusion equation involving Hilfer-katugampola’s
fractional derivative by applying the successive approximation method (see [39]). The main tools
we have used in our work are the Banach’s contraction principle, Schauder’s, Schaefer’s fixed
point theorems and the nonlinear alternative of Leray-Schauder’s type (see [26]).

The remainder of this thesis is organized as follows. In the next chapter, we will re-call some
fractional order operators from the theory of FC. To do so, we’ll start by giving a historical
overview of FC. Then, we’ll go trough some basics of functional analysis, the special functions
encountered when studying FC and elementary FIs and FDs. We'll also talk about FPDEs, their
self-similar solutions, and about some studies and results of BVPs involving both FDEs and
FPDEs. The content of this chapter will serve as a background for the next chapters.

In the second chapter, we will investigate the existence and uniqueness of solution for the

following BVP involving a nonlinear FDE with two different fractional derivatives

CDPP (DS, + A) u(t) = f(t,u(t)), t€ ] =[0,1],

2
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with the boundary conditions
(Lo *u)(0) = uo,
(*DEf. +A) u(1) =y,

where «, B, « + B € (0,1), A,p > 0, up, 11 € R, CDf’,p is the right Caputo-Katugampola’s FD
(CKFD) of order B. “D}, is the left Katugampola’s FD of order a and PI&I * is the Katugampola’s
FL.

In the third chapter, we will discuss the existence, uniqueness of the solution of the following
space-fractional diffusion equation, which is

ou(x,t)  0"Pu(x,t)
ot alx|*

, (%, 1) €0, X] x [tg,00[, 1 <a <2,

under the following self-similar form

X

u(x, t) = t5f< ), with (x,t) € [0, X] X [to, 00[,

£
where u(x,t) is a scalar function of space variables x € [0, X], and time t € [ty, 00), with X, ¢y > 0,
% is the Generalized Reisz-Caputo FD (GRCFD) of order a« with p > 0 and which is the main
motivation of the present research. The ”basic profile” f is not known in advance and is to be
identified, B € R is a constant chosen so that the solutions exist.

In the last chapter, we will introduce the self-similar solutions for the following space-time

FPDE (known as time-space fractional diffusion equation)
PDyfu(x, t) = PDg,’Zu(x,t) ,x>0,t>0,

with the following conditions
PIRu(07, ) = 8B, 5 P2 (0 1) = ¢ EA

where u(x,t) is a scalar function of space and time variables x,t > 0, p > 0,m = B+
y2-B),0<y<1landé, = (xl_p%> , D is the Hilfer-Katugampola’s FD (HK) of order
0<a<land1 < B < 2respectively.

Finally, the thesis will be concluded and some future perspectives will be given.

Almost all the outcomes of this work have already been either published or submitted for
publication in peer-reviewed journals. For instance, the results included in chapters 2 and 3
have been published in [53] and [54], respectively, and those included in chapter 4 have been

submitted for publication.



BACKGROUND MATERIALS AND PRELIMINARIES

In this chapter we will re-call some fractional order operators for the theory of FC. We'll also talk
about FPDEs, their self-similar solutions, and about some studies and results of BVPs involving
both FDEs and FPDEs.

To do so, we'll start by giving a historical overview of FC. Then, we’ll go trough some basics of
functional analysis and the special functions encountered when studying FC. This section will

serve as a background for the next sections and chapters.

1.1 A HISTORICAL OVERVIEW OF FRACTIONAL CALCULUS

The birth of FC can be traced back to 1695 in a letter written by L'HOsPITAL to LEIBNIZ asking
him about a particular notation he had used in his writings for the n''-derivative of the linear
function u(t) = t, %. L'HOspritAL wondered what the result would be if n = % LEIBNIZ'S
response was: “An apparent paradox, from which one day useful consequences will be drawn ”.

Following L'HOsr1TAL’'s and LEiBNIZ’s first inquisition. FOURIER, EULER and LAPLACE are
among the many minds who tackled the FC and its mathematical consequences [50].

Several mathematicians used their own notation and methodology to introduce definitions
that fit the concept of an integral or derivative of non-integer order. The most famous of these
definitions in the field of FC are RTEMANN-LIOUVILLE and Caruto definitions. In this thesis,
we’'ll adress these two definitions along with many others.

Most of the mathematical theory applicable to the study of FC was developed prior to the turn
of the twentieth century. However, it is only during the last century that the most intriguing ad-
vances in engineering and scientific application have been achieved. In some cases, Mathematics
had to change in order to meet the requirements of physical reality.

Caruto reformulated RIEMANN-L1oUVILLE FD in order to use integer-order initial conditions

to solve his FDEs [55]. In 1996, KOLOWANKAR reformulated again RIEMANN-LIOUVILLE FD [40].
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1.2 BASIC ELEMENTS OF FUNCTIONAL ANALYSIS

Let QO = [a,b] (—o0 < a < b < o) be a finite closed interval of the real axis R = (—o0,0).
We denote by L7 () (1 < p < o) the space of the LeBescue complex-valued measurable functions

u on Q) for which ||ul|;, < co, where

il = ([ Juoras)’, a<pe

As a particular case, for p = 1, we denote by L! (QQ) the space of the Lesescur complex-valued

measurable functions # on Q) for which ||u||;:1 < oo, where

Ul = u(s)|ds.
s = [ I )
For the case p = co, we denote by
L* (Q)) = {u: QO — R, where u is measurable and 3C > 0 such that |u (t)| < C p.p on Q},
the space of the bounded Lesescue complex-valued measurable functions u on (), where

||| ;o = ess sup |u(t)].
a<t<b

Here ess sup |u (t)] is the essential maximum of the function |u (t)| [see, for example, Nikorskix
a<t<b

[49], p. 12-13].
Asin [39], for 1 < p < oo and c € R, consider the space x? (Q)) of the LeBescue complex-valued

measurable functions u on () as follows

X (Q) = {u:Q—)lR: ullxr = (/Q|scu (s)\pdss>p < oo},

For the case p = oo,

||u|| o = esssup [t |u(t)]], c € R.
‘ a<t<b

We denote by C(Q)), the Banach space of all continuous functions from Q) into R, with the norm
[t4]log = sup [u(t)].
a<t<b
We denote also by C" (2, R) with n € Ny the set of mappings having n times continuously
differentiable on Q).

Definition 1.1 ([39]) The space of functions C}}, « € R, n € IN, consists of all functions f (t), t > 0,
that can be represented in the form f(t) =tV f1 (t) with p > wand f; € C" (]0,00)).
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1.3 SPECIAL FUNCTIONS ENCOUNTERED IN FC

Here, we re-call the definitions and some properties of some special functions encountered when
working on FC. These are the EULER gamma, the Beta, the M1TTAG-LEFFLER and the generalized
WRIGHT functions.

Euler’s gamma function

EuLer’s gamma function I'(z) generalizes the factorial n! and allows 7 to take also non-integer

and even complex values.

Definition 1.2 (Euler’s gamma function [39]) Euter’s gamma function I'(«) is defined by

I'(w) = /000 s*le™%ds, (Re (a) > 0), (1.1)

a=1 _ p(a—1)In(s)

where s . This integral converges for all complex & € C (Re (a) > 0).

Properties of Euler’s gamma function (see [39])

Here, we indicate some properties of EULER’S gamma function
1. It satisfies the following relation
I'(a+1)=al (a),Re(a) >0, (1.2)
2. It generalizes the factorial

I'(n+1)=mn!Yn e N.

3. Since I («) is infinite for all the negative integer values of a, it satisfies the following

T {—n) 0, forn=20,1,2,3

Beta function
The Beta function is very important for the computation of the FDs of the power function. It is
also as EULER’s integral of the first kind. It shares the form that typically resembles the FI and

FD of many functions.

Definition 1.3 (Beta function[39]) For the two parameters, p and q (Re (p) > 0 and Re (q) > 0), the
Beta function is defined by
1

B(p,q) = /o sP1(1— s)”7*1 ds. (1.3)
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Properties of Beta function (see [39])

1. For all p,q € C\Z,, the connection between EULER’s gamma function and Beta function is
given by

_T(»TI(q)
B(p,q) = W

This latter provides the analytical continuation of the Beta function to the entire complex

(1.4)

plane via the analytical continuation of EuLER’s gamma function.

2. The Beta function is symmetric, i.e.,
B(p,q) =B(q,p),Vp.qg € C\Z,.

Mittag-Leffler function
The MITTAG-LEFFLER function is an important function that is widely used in the field of FC.
Just as the exponential naturally arises out of the solution to integer order differential equations,

the MITTAG-LEFFLER function plays an analogous role in the solution of FDEs.

Definition 1.4 (See [39, 55]) For o,y > 0,z € R, the classical MITTAG-LEFFLER function E,(z) and

the generalized MITTAG-LEFFLER function E, . (z) are defined by

+oo ok
Eq(z) = kg(:) T(ok+1) (1.5)
and
+0o0 Zk
Epq(z) = };) W/ (1.6)

respectively . It is clear from these two equations that E;1(z) = E,(z).

Lemma 1.1 (see [60]) Let o € (0,1), 0 > a be arbitrary. The functions E,, Ey . and E, g are nonnega-
tive and have the following properties
i) Foranyt € J, Ex(—At*) <1, Ego(—At%) < ﬁ and E,9(—At*) < %9)
ii) For any t1, tp € J,
|Ea(—At5) — Eo(—At])| = O(ta—t|"), asta — 11,
|Eaa(=At5) — Ena(=At))] = O(Jta —ti]"), as ta — t1,

‘sz,lx-i-l (_/\tuzl) - Etx,zx+1 (_/\t?)

O(|ta —t#|"), as ta — t1.
Generalized Wright function

Definition 1.5 ([44]) The generalized WRIGHT function is defined by the series expansion as follows

[ k

z

W =
() ) (2) k§0 T (a+ k) T (b + vk)

, w,vER, a,beC. (1.7)
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1.4 BASIC FRACTIONAL INTEGRALS AND DERIVATIVES

In this section, we introduce the methods and results used in our work. We begin by giving the
definitions of the FIs and the FDs. Following that, we observe that-only-certain properties of
classical derivatives can be generalized to the fractional case. The majority of the definitions in

this chapter are taken from [39, 55, 56], which we refer to for a through analysis of the subject.

1.4.1 Riemann-Liouville fractional integrals and derivatives

As in the case with the majority of introductory works on FC, we will start by the RIEMANN-
LiouviLLE FI. We will focus generally on the left-sided version of the FIs and FDs. Their
right-sided counterparts are rarely used, since they are anti-causal.

a) The Riemann-Liouville’s FIs

a.1) Functions defined on a bounded interval

Let [a,b] be a finite closed interval of the real axis R = (—oc0,00), and let u be a measurable

continuous function on [4,b] in R. Let’s start by noting Z, the primitive of u, and we give

Thu(t) = /tu (s)ds. (1.8)

The iteration of 7!, allows to obtain the primitive second of u. Moreover, according to the

theorem of FuBini,

T2u(t) = I;+oIg+u(t):/at </asu(r)d7>ds:/atu(“r) </:ds>d’f
= /at(t—r)u(r)dr.

The RiemanN-LrouviLL’s approach is based on the Caucny formula (1.9) for the n' integral
which uses only a simple integration so as to provide a good basis for generalization

t ok th1 t
nauw=[ [ u(tn)dtndtn_l...dtlz(n_ll)!/a (- u(s)ds. (1)

Now it is clear how to get an integral of arbitrary order. We simply generalize the Caucny
formula (1.9), the integer n is substituted by a positive real number a and the EuLEr gamma
function is used instead of the factorial.

Similarly, if we go back to the starting relationship (1.8) for a function u : [a,b] = R, we can

notice that the integral

Thu(t) :/btu(s)ds:—/tbu(s)ds,
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is also a primitive of 1, which this time involves the values to the right of u.

From the relationship

t b
/ (t— )" u(s)ds = (—1)" / (s — 1)V (s) ds,
b t
we could define in the same way the right-sided integral of order n of u by

Vi e lab], I, u(t) = (51__1)11;' /tb (s—t)" 1u(s)ds,

by replacing the integer n by positive real number &, we obtain the following definition.

Definition 1.6 (Riemann-Liouville’s FIs [39]) The left-sided and the right-sided RIEMANN-LIOUVILLE'S

FIs of order &« > 0 of a continuous function u : [a,b] — R are given respectively by

Thu(t) = T (1(x) /ﬂt (t—s)"tu(s)ds, t €[a,b], (1.10)
Tyu(t) = (1“) /tb (s— ) u(s)ds, t € [ab]. (1.11)

a.2) Functions defined on R and R
A natural direction is to extend the definitions (1.10) and (1.11) to the real axis R and the half

axis RT. This will give the LiouviLLE’s FIs defined below

Definition 1.7 (Liouville’s FIs on R [39]) The left-sided and the right-sided LiouviLLe’s FIs of order

« > 0 of a continuous function u : R — R are given respectively by

Tou(t) = F(llx) /_; (t—s)u(s)ds, t € R,

T*u (t) = 1"(104) /t+oo (s—8)'u(s)ds, t € R.

Definition 1.8 (Liouville’s FIs on R [39]) The left-sided and the right-sided LiouviLLe’s FIs of order

a > 0 of a continuous function u : R™ — R are given respectively by

T8 (t) = r(la)/ot (t—s)" Lu(s)ds, t >0,
Tou(f) = r(la) /t+°° (s— )" Lu(s)ds, t > 0.

b) The Riemann-Liouville’s FDs
While FIs are defined in a straightforward way, defining the counterpart derivatives is more

complicated. Since there is no analogous formula to (1.9) in the case of FD, a commonly adopted

9
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approach is to define it through the FI.

If &« > 0, the integer part of « denoted [«] is the unique integer satisfying

o] <o < [a] +1.
Let u : [a,b] — R. From the classic relationship 4 = ;—; oZl., we can define a FD of order

0<a<1 asfollows

at d -
TP TR

Forthermore, if « > 0 and if n = [¢] + 1, we get

ar d\" _
prri <dt> oI " (1.12)

Definition 1.9 (Riemann-Liouville’s FDs [39]) Let « > 0, and n = [a] + 1. The left-sided and right-

sided RIEMANN-LIOUVILLE’S FDs of order a of a continuous function u : [a, b] — R are given respectively

by

Di(t) = (&) o zrtut = e (&) [ - iy as

Dy u(t) = (—Z)n oI *u(t) = F((;l—)fx) (:;)n /tb (s — )" Lu(s)ds.

When u : R — R, the preceding definitions gives the LiouviLLE’s derivatives.

Definition 1.10 (Liouville FDs [39]) Let « > 0, and n = [«] + 1. The left-sided and right-sided

LiouviLLe's FDs of order w of a continuous function u : R — R are given respectively by

Dhu(t) = r(nl_“) <;t>/t (t—s)""* 1y (s)ds, Vt € R

—o0

D*u(t) = r((;l_)’;) (i)n /t+oo (s—8)""*1u(s)ds,Vt € R,

Properties of Riemann-Liouville fractional operators

1. By considering (1.12), when & = n € IN, all these derivatives coincide with their integer-

order counterparts

10
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2. For any «, 8 > 0, we have

. 1 _ _T(B) —a
5% (t—a)ft = T(B—d) (t—a)P™1, (1.13)
DY (t—a)ft = I“(l:B(f)zx) (t—a)f 1, (1.14)

as a particular case. If 8 =1 and a > 1, then the RlEMANN-LIOUVILLE’S FD of a constant is
in general not equal to zero

o _ 1 -
a+1—m(t—a) .

For more details, see [39].

1.4.2  Caputo-type fractional derivatives

Going back to [a, D], the inversion of the compositions in the right side of (1.12) gives

dax _ d\"

g = Lar "0 (dt> : (1.15)
Equation (1.15) named as Caruro’s derivative seems also a reasonable approach to define a
FD. However, one shoud note that this definition is less natural than the previous one, since
LoTlu(t)=u(t), while I} o Lu (t) = u(t) — u(a).

This last term (here u (a)) is in fact very often encountered when working on FC.

Definition 1.11 ([39]) Let & > 0, and n = [a] + 1. The left-sided and the right-sided Caruro’s FDs of
order a of a function u € C" ([a, b],R), are given respectively by

“DYu(t)y=TI""o (;t)n u(t) = r(l) /ut (t—s)" ! (i)n u(s)ds, (1.16)

n—uo

B d n (_1)71 b a1 d n
Cya _ Th—& o — _ g\
Dy u(t)=12,""o < dt> u(t) T —a) /t (s—1t) ) (s)ds, (1.17)
Properties of Caputo-type fractional derivatives

Here, we present some properties of the caputo’s FD, see [39, 56].

1. Leta € R*\IN, such that n = [a] + 1. If u(") is a continuous function, so almost everywhere

lim D% u (t) = u™ (1),
a—n-
lim D¢ u(t) = (=1)"ul™ (t).

a—n—

11
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2. If « ¢ N and u (t) is a function for which the Caruto’s FDs D%, u (t) and “D§_u (t) of

order a > 0 exist together with the RiemanN-LiouvitLe’'s FDs D%, u (t) and Dj_u (t), then

we have
. . ne1 u® _

D% u(t) = Dhou(t) — 52wy (=), n=1[a] +1,

DY u(t)=D%ul(t), ifu(a)=u'(a)=---=u""b(a)=0.
Also

n— u(k) -
Dy u(t) = Dy u(t) — 52 riagy (0=, n=[a]+1,
Dru(t)y=Dfu(t)y, ifu®)=u ()= --=u""V()=0.

3. If &, p > 0, then

Cya —a p-1 _ r(ﬁ) —a B—a—1
Du+ (t ) 1—-('3_“) (t ) .

In particular, if = 1, we get

‘D% 1=0.

1.4.3 Hadamard fractional integrals and derivatives

Here, we define HADAMARD’s fractional operators.

Definition 1.12 (Hadamard FIs) (see [39]).
The left-sided and right-sided HADAMARD'S FIs of order & > 0 of a continuous function u : [a,b] — R are

given respectively by

t a—1 d

HTo 3y (1) = rla)/a <log;> u(s)f,te[a,b], (1.18)
b a—

HTo u(t) = F(Dc)/t (log?) 1u(s)%,t€[a,b].

When 2 = 0 and b = oo, the last two expresions are given respectively by

1t N d
HTx u(t) = T(“)/o <log> u(s)?s,t>0,

_

s

1 © sya—1 ds

Hua _ Z —
Thu(t) = I'(oc)/t (logt> u(s)s,t>0.

Definition 1.13 (Hadamard FDs) (see [39]).

The left-sided and the right-sided HADAMARD’s FDs of order o > 0 of a continuous function u : [a,b] —

R are given respectively by

d\" 1 t n—a—1 d
Hpr u(t) = (tdt> r()/a (logz> u(s)?s,te[a,b], (1.19)

n—uo

HDR u () — (_ti)nr(;—a)/tb <log;>n_“_lu(s)d:,te[a,b].

12



1.4 BASIC FRACTIONAL INTEGRALS AND DERIVATIVES

where n = [a] + 1, and [«] denotes the integer part of the number «.

When 2 = 0 and b = oo, the last two expresions are given respectively by

HDE (1) = <t;t>r(nl_“)/0t <log;>n_a_lu()ds £ 0,
HDRy (1) = (-ti)nr(;_a)/tw <1og;>wlu( )"is £ > 0.

1.4.4 Caputo-Hadamard-type FDs

The Caruto-HADAMARD’s FDs are defined as follows

Definition 1.14 (Caputo-Hadamard’s FDs) (see [24]).
The left-sided and right-sided CapruTto-type modification of HADAMARD FDs of order « > 0 of a function
u(t) € AC} [a, b] are given respectively by

CHpR.u(f) = HDS, 'u<t>—”i<‘“§‘3‘””log (;)k] (1),

k=1
[ =1 ((=1)*oku) (b) k
CHDY y () = HDE |u(t) —k; ( k! u) log (i) ] (t).

wheren = [a] +1,and § =t

1.4.5 Erdélyi-Kober fractional integral and derivative

Here, we define the ERDELYI-KOBER FD, which is considered as a generalization of its RIEMANN-

LiouviLLE’s FD.

Definition 1.15 (Erdélyi-Kober FI. ([45])) Let a, p > 0. The left-sided Erdélyi-Kober FI of order a of a
function u € Cy is defined by

<jﬁr,au> (t) = . fa) #BT /too g Blr+a-1)-1 (sﬁ — tﬁ) ! u(s)ds, T € R. (1.20)

Definition 1.16 (Erdélyi-Kober FD. ([45])) Let n —1 < a < n, n € IN. The left-sided Erdélyi-Kober
FD of order « of a function u € C}} is defined by

(Pra ) — H <T+] ‘B dt) (]T—Hxn o )(t) (1.21)

13
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The ERDELYI-KOBER fractional operators of a power function are given by (see [28])

pg/“tp = Wt”, T — Z > 0. (1.22)
jﬁr,atp: F<T_Z> P T_’Z>0_ (1.23)

1.5 GENERALIZED FRACTIONAL INTEGRALS AND DERIVATIVES OF KATUGAMPOLA

In [35-37] KaTUGAMPOLA introduced a new fractional integro-differential operator which gen-
eralized both the REIMANN-L1OUVILLE and HADAMARD operators. The generalized fractional
operators of order & > 0 of a function u € X! [a,b] for — co < a < b < +oo, known as

KatucamroLA’s fractional operators, are defined below

Definition 1.17 (Generalized Fls. (see [4, 351)) The left-sided and right-sided of the generalized frac-

tional integrals of order « > 0 and parameter p > 0 of a function u € X! [a, b] are defined respectively

by

(PZyiu) (t) = lel(;:; /ﬂt P — ) u(s)ds, t > a, (1.24)
and
(PZyu)(t) = 161(:) /tb sP—1 (s” — ifp)"‘f1 u(s)ds, t <b, (1.25)

where T (.) is EULER’s Gamma function.

These are the fractional generalizations of the n—fold left-sided and right-sided integrals of the

form

t S1 Sp—1
-1 -1
/ s‘l’ / sg / U (sp)dspds,—1...dsy,
a a a

and

booh o, b
/ s‘lj / sg .. / u (sy)dspds,—1...dsy,
t S1 Sp—1

with n € IN, respectively

The generalized FDs of KATuGaMmroLaA are defined below

14
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Definition 1.18 (Generalized FDs.(See [4, 361)) The left-sided and right-sided generalized FDs for a
differential operator of order « > 0 with dependence on a parameter p > 0 are defined respectively as

o = (P ez

1-n+a nooat
_ P 1-p 4 / p—1 (g _ gpyn—a-l
T i—a) (t dt) = (tF —sP) u (s)ds,
and

("D u) (1) = <—t1_P;t> PTI vy (1)

1-n+a

— P _ 1fpi n/b 0—1 (.o _ o yn—a—1
= I’(n—oc)< t dt>  ® (s* —tP) u(s)ds,

wheren —1 < a < n,n = [a] + 1 and [«] denotes the integer part of a.

Properties of the generalized fractional operators of Katugampola on the half-axis R
Let [a, b] be a finite closed interval on the half-axis R", In what follows, we give some properties

of KATuGAMPOLA’s fractional operators.

Theorem 1.1 [35—37] Let o, p € R, then

= I _ t — )" Ly (s)ds
lim (Z5w) (1) = Zhul) = oy [ (=9 (o) ds,
t a—1
lim (T (1) = HI;gu(t):r(l“) / <log;> ugs)ds,

tim (D8 () = D) = s () [ - s
i (D8 () = "DRu) = o (1) [ <log:)"_“_l”§>ds.

p—0+ I'(n—uw)

Remark 1.1 For the right-sided case, we get the same result.
Theorem 1.2 ([35, 36])Let «, B, p > 0. For any u,v € Cla, b], we have the following properties
* Index property
T8 PTP u(t) = P Pu(t), foralla, >0

D% PP u(t) = PDYPu(t), forall0 <w, B <1.

e Inverse property: for all § € (0,1), we have

eDP PTP u(t) = u(t).

15
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* Composition property : for 0 <« < <1and u € L? (a,b), we have

D% TP u(t) = PZP“u(t) and PDE PTP u(t) = TP “u(t).
e Linearity property: for all 8 € (0,1), we have

OIh (ut0) () = PThu(t) +FTho(t),

DR (u+o) (1) = PDLu(t) + Dot

Lemma 1.2 (see [6, 10, 11]) For «,p > 0and yu > —p. We have the following properties

p"T(1+E
PT = (i)wﬂﬂ (1.26)

r(1+att)

F(l%—y>p”4
Dyt = F‘; e, (1.27)

rii+-- (X)

(15
plftx PIE"‘u(O*)
(T3 D yult) = u(e) - E Bt
2—n pIZ—uc 0+
_f T (oiﬁ— :l)( ) =2 ] < a <2, (1.28)

As a particular case, for p = 1 and u > —1, the relations (1.26) and (1.27) reduce to the

RrEMANN-LIOUVILLE'S FI (resp. FD) of the power function (1.13) and (1.14), which are given by

[39, 55, 56],
[ (14 u)

17a 1+a
£ — P gt

0* T(1+u+a)
[ (14 u) _
1ya ®
Dr o = —— T gpea

o I(1+p—a)

Lemma 1.3 ([6, 10])Let ¢ > 0 and p > 1, then
Cla, b] — x? [a,b],
and for all u € C|a,b], we get
lllxe < el ¥ < (pe).
In what follows, the parameters a,n,p,a,b,c € R* satisfy

n=I[a]+1,p>1and a<b§(pc)%.
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Remark 1.2 ([6, 10]) Let a, p > 0. Then for any u € C|a, b], we have

PT). <t1_P;t> u(t) =u(t) —ua),

and

P u(t) = (tlf’;t> PTE u(t),

Theorem 1.3 (See [25]) The Cauchy problem

(PDE, — A)u(t) = f(t), t>0,0<a <1, A€R,
<Pléj“u) 0)=k k€R,

has the solution

() e (5 ) o

1.5.1  Caputo-type generalized fractional derivatives of Katugampola

Not long ago, in [5], a Caputo-type modification of the generalized FI of Katugampola was
proposed. This later is the Caputo type of generalized FD (CGFD). It represents a generalization

of the Caputo and Caputo-Hadamard FDs, known as caputo-KaTugamrora’s FD.

Definition 1.19 (CGFD. (see [4])) Let 0 < a < b, p be a positive real number, x € R and n € N
be such that « € (n —1,n) and u : [a,b] — R a function of class C". The left-sided and right-sided of
CGFDs of order « and parameter p are defined respectively by

DY u(t) = A /tsp_1 (0 — gP )t sl_”i ' u(s)ds (1.29)
ar CT(n—a) ds ’ 29
and
Comitp pzx—n—i-l b 0—1 op pyi—a—1 1-p d n
D, u(t) = I"(n—zx)/t sPT0 (s” — ) (—s ds> u(s)ds. (1.30)

The next two results justify definition 1.19, since the CGFD is an inverse operation of the

generalized FI of KATUGAMPOLA.
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Theorem 1.4 (see [4]) Let &« > 0 such that « € (n—1,n), n € N and p > 0. Given a function
u € C"[a,b], we have

(D u) () = uin -y o (tp_”p)k, (130

k=0 P
nl(Z1)kuw (b) b0 — e\ "
pra Cryp _ v (=) (b)
(1,,, DY u) t) = u(t) L ) (1.32)
If0<wa <1, then
L, “Dyfu(t)=u(t)—u(b). (133)

Lemma 1.4 (See [5]) Let | = [a,b],a, p > 0 and u € C(J,R)NCY(J,R). Then, the CaruTO-

Katucamrora FDE
“D,fu(t) =0,
has a solutions

pe — P pe — P\ 2 pe — o\ "1
u(t):C0+C1< )—I—Cz( > —|—...—|—Cn1< ) ,
p P p

where ¢; € R,i=0,1,2,...,n—land n = [a] + 1.

The following theorem covers the compositions of the fractional integral operators PI7, and

PI% with the fractional differential operators D and “D," respectively.

Theorem 1.5 (see [51]) Let a, B, 0 € R such that « > Band B > 0. Ifu € X! [a,b], then for p > 0

(Cpfferu) (v = (v Pu) (o),
(CD{ff Pzg_u) (t) = (PI;;‘, ﬁu) (t).

In what follows, we define the GRCFD.

1.5.2  Generalized Riesz-Caputo fractional derivative

Aleem et al. in [2], presented a generalisation of the Riesz fractional operator, where this
operator covers as particular cases the classical Riesz FD. In the same paper, the authors have
also proposed a Caputo-type modification of this operator. This new FD was named as the
generalized Riesz-Caputo FD known as Riesz-Caputo Katugampola’s FD. In the same paper,
some fundamental results have been introduced and proved.

First, we give the definitions of Riesz FD, CaruTto-Riesz FD and the generalized RiEsz type

integral.

18
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Definition 1.20 (Riesz FD [39, 551) Let « > 0 and n = [a] + 1. Then, the RiEsz fractional derivative

of order « of a continuous function u : [a,b] — R is given by
EDj u (f) = —¥u(Dh + (1) Dy Ju (),
where ¥, = (1) or sec (%) and D*,, D} are the left and right-sided REEMANN-L1OUVILLE FDs defined

in definition 1.9.

Definition 1.21 (Caputo-Riesz FD [39, 55]) Let « > 0 and n = [a] + 1. For u(t) € C|a,b], the

classical Riesz-Caputo derivative is defined by

RCya 1 b n—a—1_(n)
RCD® 4y (1) = FM_ML|hw| u™ (s)ds
1 n
= §(CD$=+(—1) Dy )u(t), (1.34)

where D% and “DY_ are left and right hand sided Caputo’s FDs defined in (1.16) and (1.17)

respectively.

Definition 1.22 (Generalized-Riesz FL. (see [2]) ) Let u(t) € X! (a,b) and o, p > 0. Then, for a <

t < b, the generalized RiEsz type integral is defined as
RG P [ L a1
&y = P11 (P — )%
(Roreu) (1) a0 Jﬁ 1| (s? — ) L (s) ds
= (Plpvu) () + Cly-u) (1), (1.35)

where P17, and PI;_ are left and right sided generalized Fls, defined in (1.24) and (1.25) respectively.

Definition 1.23 (The GRCFD. (see [2]) ) Let a,p € R with a,p > 0 and u(t) € X! (a,b), for
a < n < b. Then the GRCFD is defined as

RCD&Py (1) = Fw/bspl‘(tp_sp)‘”—“—l SH’E nu(s)ds
a b  T(n—a)la ds
1
= 5 (D (- D)), (1.36)

where CD’* and D, are left and right sided of CGFDs which defined in (1.29) and (1.30) respectively.
Lemma 1.5 (see [2]) Let u € AC} [0, p] with 0 < t < . Then the following relation is true
1
BT EDfu () = 5 ("8 DR + (1) Ty DL Y u(t). (1.37)

Remark 1.3 If 1 < a < 2, and p > 0, then for g(n) € CI[0,u], the relation illustrated in (1.37)

becomes
o, 1
KT §Dye () = (1) — > [g(0) + g (p)]

>
LIy 0+ (] + g (0.
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Remark 1.4 If1 < a <2, then, for all g € C[0, u], and by remark 1.3 and theorem 1.5, we have

8" (0)+¢ ()]

a—1, w, d «,
gGIV 1P§CDﬂpg(’7) = d;y RGIPRCDV g (1)
= Ll - Ltig©) +g ()
= gy |80 3180 8k
14 4
;_’pg’(ﬂ)—zp

~ g [8"(0) + &' ()]

2
Furthermore, if ' (0) + ¢’ (1) = 0, then

nPL (1.38)

8T §°Du g (n) = ¢ (). (1.39)
In addition, for each j € [0, u|, using the fact that T (« + 1) = aI («) , we obtain
gl = |foTi T EDi g ()
I @ - D ()
T(a—1) Jo TOE o s
2—u
< r{;_/”a’w(ép—n ) [fepivg (9)| de
2—ua
< oo | e - R @) ac
2
+F(‘(:x)/ ¢ )" Z‘RCDV g(C)‘dC
&, P a—2
< o el [y [
2—w
s [0 ]
_ a, -0 " d a—1
- HRCD ng [ (x—l)l"((x—l)/o ac (W_gp) )
P2 o Hod a1
“sanran (@)
1-«a
- sl {2 [ l-or T [ -nr )}
(e e =) e
B 1T () H gH
2ye(a—1) s
< p,filr(“) ch ng (1.40)

1.5.3 Hilfer-Katugampola’s fractional derivative

Here, we define the Hilfer-Katugampola’s FD (HKFD).
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Definition 1.24 (HKFD. ([52])) Letn —1 < a <n, 0 <y < 1and p > 0. The left-sided HKFD of

order « and type 7y of a function u is defined by
) = o710 (op @\ )
PDYu(t) = PZ1" <t pdt) P (e, (1.41)
where PL,+ is the left-sided generalized FI given in (1.24).
For v = 0 and p = 1, then the HKFD is reduced to the Riemann-Liouville’s FD.

Now, we recall the following property

Property 1 (see [52]) The operator D" can be written as
a0 (@ p1-0) _ ppr-a) ppyo
Py = g (e ) et = e en
where 6 =a+ 7 (1 —a).
Lemma 1.6 (see [52]) Let 0 <a <1, 0<y<1landdé=a+y(1—a). Then

PTS. PDYu = PLy f Dylu, (1.42)

where the term 3. P DS, u is given in equation (1.28) of lemma 1.2.

1.6 FRACTIONAL-ORDER PARTIAL DIFFERENTIAL EQUATIONS

FPDEs are generalizations of integer-order partial differential equations (PDEs). FPDEs can be
used for the modeling and study of many important phenomena in many different fields of
science and engineering, such as diffusion processes, damping law,...etc. One can find a variety
of applications in [29, 34, 38, 46, 55]. The solutions of FPDEs play an important role in the proper
understanding of qualitative features of many phenomena and processes in various areas of

natural sciences and engineering.
Definition 1.25 (FDEs [39]) A fractional differential equation is a relationship of the form
F(n,u(n), D"u(n), D*?u(y),..) =0, ay,az,... >0,

between the variable y € R, and the FDs of orders a1, a, ... of the unknown function u at the point .

Here D*u presents a fractional differential operator of order a > 0.
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Definition 1.26 (FPDEs [11]) A FPDE for the function u is a relationship between y, the independent
variables (17,15, ...11,) € R" and one or more FDs Dy'y, D;2y, ..., Dy Dyty..., that we can write in the

form
F(Y, 11, er D,"ﬂy, D%‘;y,...,Df‘]iD,’;:y...) =0, a1,&,... >0,

where Dy, y presents a fractional differential operator of order wat 1, i =1,2,...,n.

1.6.1  Self-similar solutions of fractional equations

In general, for some FPDEs which are symmetric, we can determine the exact solutions using
some (finite or infinite) transformations. For instance, a FPDE can be reduced to a FDE, so the
solutions are called ”self-similar solutions” (see [14, 31]). These self-similar solutions play an
important role in the study of FPDEs. They are very important in physics because they model
phenomena that are independent of the scale of measurement.

Let
Diy = f(x,t,y, D'y, Dy, .),a > 1 > ;.. > 0, (1.43)

be a FPDE and y = y(x, t) is a scalar function of space and time variables (x, t) € R?. The symbol
D%y represents a space-fractional differential operator of order «.

We suggest finding the solution of the equation (1.43) in the following ”self-similar” form
y(x, t) = /\by()\“x, At), (x,t) E R x R",a,b € Rand A > 0. (1.44)

Based on this consideration, we search the values of a and b, for which Aby(/\“x, At) is a solution

of equation (1.43), for all A > 0 knowing that y is a solution of the same equation.

Definition 1.27 (Self-similar [14, 31, 44]) A function which is invariant by a change of scale in time
is called “self-similar”. The principle of the search for self-similar solutions consists in replacing the form

(1.44) in the equation (1.43), which makes it possible to transform the FPDE (1.43) into a FDE.

Remark 1.5 ([11, 14, 18, 31]) In general, sevral forms of self-similar solutions exist. To admit such

solutions for equation (1.43), we must first check the so-called "similarity” conditions.
If we take for example A = } > 0, the self-similar solution (1.44) can be given by

y(x,t) = tlby(tfa,l) =t bu(y), where 5 = X (x,t) € RxR",a,beR. (1.45)
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1.6 FRACTIONAL-ORDER PARTIAL DIFFERENTIAL EQUATIONS

In this case, the function u called the “basic profile”, is not known in advance and is to be
identified.
To discuss the self-similar solutions, we shoud first deduce the equation satisfied by the function

u(n) in (1.45) which is used to find the self-similar solutions.

1.6.2  Studies and results of FDEs” and FPDEs’ solutions

Recently, some results dealing with the existence, uniqueness and multiplicity of real or positive

solutions of BVPs involving nonlinear mixed FDEs have been studied (see [1, 20, 30, 41, 42, 60]).

In [57], Somia et al. used some fixed point theorems to study the existence, uniqueness of positive
solution and Ulam-Hyers stability for the following mixed fractional BVP with integral boundary

conditions:

DY (CDg.u) (t) = f(t,u(t), t€ ] =[0,1],
CDEu(1) =0, u(0) = v [} u(t)dt,

where &, 8 € (0,1],v € (0,1]. D’f, denote the right conformable FD, D4, denote the left Caputo
FD, u is the unknown function and f : [0,1] x Ry — Ry is a continuous function.

WANG and LI in [60], investigated the following BVP of the FDE with two different FDs:

CDF (D, +A)u(t) = f(t,u(t)), t€ ] =(0,1],
(1) (0) + (P12, u) (1) = 0, Timy g+ 1=%u(t) = ug,

where o, 8, a + B € (0,1), A, 0,4 >0, +p > 1. CDf, is the right Caputo FD of order . Dg‘+ is
the left RiemanN-LiouviLLE’s FD of order a. Ié:" is the RiemanN-LiouviLLe’s FI and Ig+ is the
Katugamrora’s FI.

In a recent work [13], Basti et al. applied the Banach’s contraction principle, Schauder’s fixed
point theorem and the nonlinear alternative of Leray-Schauder type to show the existence and
uniqueness of self-similar solutions for the following space-fractional heat equation

ou d*u
§ = W,(X S (1,2],

under the self similar form
u(x,t) =tPf (), withn = xtw, BER,

where u = u(x, t) is a scalar function of space variables x € [0, X] , and time € [ty, c0), with

X, tg > 0. a% is the CapuTO’Ss space FD.
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1.7 FIXED POINT THEOREMS

In [3], Al-Musalhi and Karimov, applied the successive approximation method to obtain
self-similar solutions in an explicit form for the following two different space-time fractional

sub-diffusion equations

Dg‘,’?u(x,t) = Dg,’;u(x,t) O<a<1,1<B<2,
and

0 0 \" i 0P
t& u(x, t) = x P@u(x,t),0<(x§1,1<ﬁ§2,

under the self similar form
u(x,t) =t°f (), with y = Xt ,6>0

namely, FDE involving time and space Hilfer derivatives and FDE involving Hyper-Bessel
operator in time and Erdélyi-Kober FD in space variable respectively, where u(x, t) is a scalar

function of space and time variables x,t >0, p >0, 0 <y <1.

1.7 FIXED POINT THEOREMS

In this part, we recall some famous fixed point theorems that we will use to obtain various
existence results. first, we give some definitions and theorems, which have an important role in

defining these fixed point theorems.

Definition 1.28 (Equicontinuous) Let E be a Banach space. We call a part P in C(E,R) is equicontin-

uous if
Ve >0,36 >0,Vu,v e EVAEP, |lu—v|| <d=||Au) — A(v)|| <e.

Theorem 1.6 (Arzela-Ascoli’s theorem. (see [26])) Let E be a compact space. If A is an equicontinu-

ous, bounded subset of C(E,R), then A is relatively compact.

Definition 1.29 (Completely continuous. (see [23])) We say A : E — E is completely continuous if

for any bounded subset P of E, the set A (P) is relatively compact.

Lemma 1.7 (The generalized Gronwall inequality. (see [2])) Let « > 0,0 < n < u, and assume

that ¢ (1), u1 (1) and uy () be locally integrable, nonnegative and non-decreasing functions. Also,
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1.7 FIXED POINT THEOREMS

assume that vq (17) and vy () are a non-decreasing continuous functions such that 0 < vy (17),v2 () <

L, where L is a constant. Furthermore, if g (1) satisfies the inequality

g) < wmn+p ol [ 00— g (@)
+ua (1) +p' "0z (1) /ﬂy (G — ) g (2) L,

then the following inequality holds true

g(n) < (wa(y)+uz2(n))Exa (002 ()T (&) (4 —1°)")
XEg1 (0~"01 ()T () ),

where E, 1 (.) is a Mittag-Leffler function.

Theorem 1.7 (Banach’s fixed point theorem. (see [26])) Let E be a Banach space and Q : E — E is

a contraction mapping. Then Q has a fixed point i.e.
dix € E: Qx =x.

Theorem 1.8 (Schauder’s fixed point theorem. (see [26])) Let E be a Banach space, and let P be a
closed, convex and non-empty subset of E. Let T : P — P be a continuous mapping such that T(P) is a

relatively compact subset of E. Then T has at least one fixed point in P.

Theorem 1.9 (Nonlinear alternative of Leray-Schauder type. (see [26])) Let E be a Banach space
with P C E be a closed and convex. U be an open subset of P with 0 € U. Assume that A: U — Pisa
continuous, compact (that is, A(U) is a relatively compact subset of P) map. Then either;

(i) A has a fixed point in U; or

(ii) there is a point u € oU and o € (0,1) with u = cA(u).

25



EXISTENCE AND UNIQUENESS OF SOLUTION FOR A MIXED-TYPE
FRACTIONAL DIFFERENTIAL EQUATION AND ULAM-HYERS
STABILITY

In this chapter, we have discussed a special type of BVPs for non-linear FDE which involves both
the right-sided Caputo-Katugampola’s and the left-sided Katugampola’s FDs. Based on some
new techniques and some properties of the MITTAG-LEFFLER function, we have introduced a
formula of the solution of FDE with boundary conditions. To study the existence and uniqueness
results of the solution, we have applied some known fixed point theorems (i.e., Banach’s
contraction principle, Schauder’s, Schaefer’s fixed point theorems and the nonlinear alternative
of Leray-Schauder type). We have also studied the Ulam-Hyers stability of this FDE. To illustrate
the theoretical results in this work, we have given two examples, (see [53]).

we investigate the existence and uniqueness of solution for the following BVP involving a

nonlinear FDE with two different FDs
CDPP(PDE. + A u(t) = f(tu(t)), te ] =[0,1], (2.1)
with the boundary conditions

(Pléj“u)(O) = 1, (2.2)

(PDg: +A)u(1) = uy, (2:3)

where a, f € (0,1), A,p > 0, up, 1 € R, CDf’,‘O is the right Caruro-Karucamrora’s FD of order B.
PDj, is the left Katugampola’s FD of order «, f 13;“ is the Katugampola’s FI and f is a given
function satisfying the following conditions

(Hp) f:]0,1] x R — R is a continuous function.

(H;) There exists a constant L > 0 such that
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2.1 DEFINITION OF INTEGRAL SOLUTION

|f(t,u) — f(t,0)| < L|u—o|,Vu,v e R, t€[0,1].
(H3) There exists a constant M > 0 with
[f(tu)| <M,

for each t € [0,1].

2.1 DEFINITION OF INTEGRAL SOLUTION

In this subsection, we give the formula of the solution to the problem (2.1)-(2.3) and we give
some properties of the Green function.

We start by solving the following linear problem

CDPP(PDE. + A u(t) = h(t), t € ] =[0,1], (2.4)
with

(Pléj”‘u) (0) = uo, (2.5)

(°Dys +A)u(1) = uy. (2.6)

Lemma 2.1 Let o, 3,p,A € R be such that 0 < a, 3 < 1 and A,p > 0. For a given h € C([0,1],R),
the solution u to the linear BVP (2.4)-(2.6) is given by

o < (2 e (1(2))

" " 1
Sty <p> Exnin <—A (p) >+ /O K (t,7) h(t)dr, (2.7)
where
(55 () B (A (5)) e
K(t,T):L_lx O<t<i=l (2.8)

MO R () () e (A () ) o

O<t<t<1,

is called the Green function of the boundary value problem (2.4)-(2.6).
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2.1 DEFINITION OF INTEGRAL SOLUTION

Proof. First, by applying the right-sided Katugampola fractional integral ¢ Ilﬁ, defined by (1.11)

to both sides of equation (2.4), using theorem 1.4 and equation (2.6), we get
(°D§ + M) u(t) = + (PILR) (1), (2.9)

Following the same idea of theorem 1.3, with (2.5), equation (2.9) can be written as
0 a—1 AN
of5) B (2(5))
% P
t/e —gp\ 41 PP\ Y
[ (557) Ee (A (5T) e i
0

0 - (2] (4 ()
sP ’a

u(t)

SO

0
= A
Y
tr — e\ %! PP\
+u1/ (t ° Eq (—A<t : ) )sp_lds
0 o 0
1t —sp\“! 0 \%
+ / < > Exa <—)\ ( > > st
L) Jo \ p o
1 /-0 _go\B1
[/ <T 5 s ) Tplh(5>d’[] ds. (2.10)
Applying Fubini’s theorem, (2.10) can be re-written as
tp x—1 tp 4 tp o tp o
u(t) = Up <> sz,oc (_)\ () ) + uq () sz,oc+1 <—)\ <) )
P P P P
1 TP — s\ t#—sP\"
+7/ (it / < ) Enn <—/\< ) )
I'(B) Jo (z) 0 4 o

p_go\P1
<T 5 i ) s?Vdsdt

iy w0 (55 o (4 55))

p_gp\ P11
<T 5 i ) sP~ldsdr,

which can be simplified to

0 = () e (A(5)) 00 (5) e (1 (5))

+/01K(t,r)h(r)d'r.

The proof is finished. m
Let us define

Ki(t, 7),0<t<t<1,
K(t 1) = 1(£7)
Ky(t,7),0<t<t<1.
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2.1 DEFINITION OF INTEGRAL SOLUTION

where
Kihr) = i (552) (252) Ee (<A (252)") 7 as.
0 =g (50) (5) B (A (%5)) 2 e

In the next lemma, we present some properties of the Green function K (¢, T), that form the

basis of our main work.

Lemma 2.2 Fora,p € (0,1), p, A > 0, the function K (t,T) that mentioned in lemma 2.1 satisfies the
following estimates

1) The function K (t, T) is nonnegative.

2)
x—1
o (e)
|K1 (t,T)] < CESNC ,0<t<t<1. (2.11)
3)
o1 <%)571
|Ky (t,T)] < T+ T (B) ,0<t<t <L (2.12)
4)
/1K(tr)d1'< o+ P =A (2.13)
o WIS B r(B 1) 13

Proof. 1) It is obvious that K (£, 7) > 0.

2) For 0 < 7 <t <1, by lemma 1.1, we obtain

K1 (¢, 7)]

p—1 p_ o\l /o oo\ P11 PP\ Y
wh () (557) B (57) )
I'(B) Jo 14 P P
-1 T P\ e o\ P
/r <t s > <T s ) - 1ds|
o\ P p

°

T(B)T (a)

IN

since

IN

IN

IA
I~ TN TN TN
ES
- | |
ﬂ
=)
N—
=
AN

IN
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2.1 DEFINITION OF INTEGRAL SOLUTION 30

then
T° B W
KD < <pﬁ) ()

-1 (tp—'rf’ ) a-l
0

S TR

3) For 0 < t < T <1, similarly with 2), by lemma 1.1, we get

K2 (£, 7))
Sk (5 () e () ) o
< w4 (57) (57) o)
we have

_ B-1 ¢ _ a—1
< (Tp t> /(tp Sp) s?~1ds
0 o\ p
(=) ]
Y ap* 0
_ p-1 ®
< (%57) [
Y ap”
14
< <%> ™ — 10\ P
—_ a p v
then
0 4
w1 (%) <~cﬁ—tﬁ>f”
Ky (t, T <
KOl < U p
p-1
o_to 1
(TP> "




2.2 FUNDAMENTAL LEMMAS

4) By (2.11) and (2.12), we observe that

/OlK(t,T)dT = /OtKl(t/T)dT+/th2(t,T)dT
t _ a—1
< F(,B-i—ll)r@c)/o <tp pr> 14t

N
e ) () T

_ gon N (1—te)P
T T+ DI(a+1)  pPT(a+1T(B+1)
1 1
S ST+ UM+ 1) | pfT(at+ DT(B+1)
ot +pP _
= P HPT(B+ 1) (a+1) = Do.

2.2 FUNDAMENTAL LEMMAS

We now turn to the question of existence for the boundary value problem (2.1)-(2.3).

Lemma 2.3 The following expressions hold

B[ b (0 (52 - (50 (55

X (T%S”)’H s~lds| < O((# — )*), for 0<T<t; <t <1 )
P -5 () e
’ (2.15)
< (Tpptg)ﬁ 1.O((t§ —t)%), for 0<t <tp<T<I. o
Otl [<t,1;;sp)al Eve <—A (tfl’;sp)“) B (t,zjgsp)le E.. (_/\ (tg;sp)aﬂ
< (52) e < () - (554)"] ot - ), (216)

for 0<h <T<tH <L

Proof. For 0 < 7 < t; < t, < 1, it follows from lemma 1.1 and the mean value theorem that
p_p\ a1 P_p\ & p_p\a—1 oo\ &
(52) B (A (59)") - (52) (2 (52)')
p_ o\ a1 p_ o\ a1 P_p\ X
<57 (50 e (2 (59))
P_ o\ X P_p\ & p_ o\ a1
e (4 (57)7) = (1 (5)) | (5°)

<o (&),




which yields

-1
T ) P o1s

X
~—

For 0 < t; < t; < 7 <1, we obtain

() e (1 (5

)) -

—1
s~ 1ds.O((t — #)%)

2.2 FUNDAMENTAL LEMMAS

S e (15
’ 2

/tl tq —gP -l B t‘g —gP et <TP — Sp>'31 Sp—lds
0 o Y %
N 0 Y Y Y
we have
h-s\ (BT
4 P
_ pl—zxsp—l [(tflw . Sp)ﬂéfl . (tp _ Sp)tx—l:|
_1 d p e
- - P\ (P _ g e
ap® ds {( ) (t S)}
Then
/t1 tﬁ’—sp vcfl_ tg—sf’ a—1 i Tp_tfly B-1
0 1Y Y P
B—1
1 B} d ® Tp — tp
< P _ (4P o\ 1
< ocp“/ods[(t s*)" — (8 s)}ds( , )
o\ P!
< W—W+w—mﬂ(p“>

O((ty — #)").

TP—tp>
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2.2 FUNDAMENTAL LEMMAS 33

In a similar way as for (2.14) and (2.15), for 0 < t; < T < tp < 1, we obtain

a—1 o
/t1 tq —gP E[X’a 4 t‘ll) —gP B
0 o P
a—1 o
PP P _ g 0 _ oo\ B-1
th—s I th —s (T s > 14
p Y %

tfp — gp\ Pl
/1 (T ; ° ) sh~1ds - O((£ — t9)%)
0

p
o 5o

IN

IN

Lemma 2.4 We have the following properties

Ky (t2,T) — Ky (11, T)| = 7071 - O((#5 — )%, for 0< T <t <t < 1. (2.17)

o B-1
Ko (12, 7) = Ko (01, 0)] = o0 (552 )7 0((8 = £)"),

for 0<th <t <T<L

(2.18)

Ka(a0) — ke (0 = (2)" = (554)] ot~ ),

for 0<th <1< th <1

(2.19)

Proof. For 0 < T < t; <t; <1, by (2.14), we get

|K1 (t2, T) — Ky (11, T)]
o1

/T H — s ailE Y t— s ' B

T(B) |Jo p o

-\ (= | (o
() () e

< o LO((t — ).
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For0 <t; <t <t <1,by (2.15) and lemma 1.1, we find

IN

IN

IN

IN

IN

|Ka (t2, T

T
r

o—
r(p)
s

(
1
0

)

™”w—
r(p)

-1

TPl

w1
T(B) |T(x)

i
(%)
/

|

KZ tl/ )|

(”f)
(

bt —sP
P

/.
I8
s

S
("
( tp_sp
(%

e
e (5

TP1 [ — P
+F(ﬁ)F(fX)/ (
™= ™ —th -
['(a)T < )
™~ 1 -
! ﬁ / (

°

oy
K

_gP Tp — sp>ﬁ1 B
s
%
e e\ P s\
( ) Epo | A | 22— sP1ds
o o
a—1 a—1 _
/tl t— s (= <Tp_sp>ﬁ 159—1515
P % P

P—sP

p>
<Tp

th—gp

EM W
o

p—1 tp
> E(x’a _A

i)
v
B
N—
©
S
L
U
“

(Tp_spyl]sw (i
o ’ o

# g\ o\
Exou | —A 1 - 2

|

a—1
p_gp\ P1
<T i ) sP~1ds
4

(8~ €)%
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2.2 FUNDAMENTAL LEMMAS

In the same way, for 0 < t; < T < t; <1, by (2.16) and lemma 1.1, we have

K1 (t2,T) — Kz (£, 7)]
Rl et
(G (5 ()
0 P P P
a1
<TEJ[/ (57 5 e (0 (5
- 1
FOS) ) e ((57)
Tl (57) () e (8
p_s a1 b s
<l (57) = (0 (5))
o Nl
(1 (5))] (5 e
() (552
B
R

)
=
)
e

_ Sp) ) sP~1ds
0

tg) e a—1
P

In view of lemma 2.1, we define the operator F : C([0,1],R) — C([0,1],R) as follows

Fu(t) = ug (if)“l Enu <—A <t:>a> +uq <t:>aEa,a+1 <—)\ (t;>“>

n /0 'K, 7) flru(t)dr,

where K (t,T) is defined by (2.8).

Lemma 2.5 F is a completely continuous operator

(2.20)

Proof. Firstly, according to (Hj), we note that the operator F is well defined. Next, choosing

|uo |u1]
1= 0T (@) " T+ 1)

+ MAy.
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2.2

We define

Qy ={u e C([0,1],R): [Jull, <n, 7>0}.

FUNDAMENTAL LEMMAS 36

(2.21)

Clearly, ), is a nonempty, bounded, closed and convex subset of C([0,1],R).

We show that F (Q),) is uniformly bounded. Let u € (), in fact for any ¢ € [0,1], by condition

(H3), from (i) of lemma 1.1 and equation (2.13), we obtain
0 a—1 0 o
< o () e (4(2))
p p
P\ "
ol (5) B (1 (5))]
1

+ [ K@D () dr

|ug| te(*—1) |uy | 9% /
<
- p () pT(a+1) M ()
o luol 0T fu M(p* +pP)
o (a) o ptT(a+1)  pttPT(a+1)I(B+1)

| o |41
<
= @ Tt M
< 7.
Consequently,
o) |41
<
|Fu|l < o TT() T T (a +1) + MAg < oo, forall u €

and hence F((),) is uniformly bounded.

Now, we show that F is equicontinuous. Let t1,t, € [0,1], with t; < tp, Vu € ), by the mean

value theorem, we obtain

|Fu(ty) — Fu(t1)]

<o) () () ([

o o

(8 m (1 (5) ) - (3) 2 (3
+ [N (1)~ K () (o)) do

< JuolO (£ —£)") +[m[O((# - #)")
+M/01 K (t2,7) — K (1, 7)| dt

< o((tg—tg’)"‘)+M/o IK (t2,7) — K (1, 7)| dT.

)|
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2.3 EXISTENCE RESULTS OF AT LEAST ONE SOLUTION

It remains to show that the right-hand side of the above inequality tends to zero as t, — #;. In

what follows, we divide the proof into three cases

Case1: For T < t; < tp, by (2.17), we have

1
\Fu(ty) — Fu(t)| < o((tg—tf;)”‘)+M/0 Ik (ta, T) — Ky (11, 7)| dT

< 0 ((t‘z’— t‘l’)“) +M/010((t§ — )" ldr

= O((th—1)").

Case 2: For t; < t; < 7, by (2.18), we get

IN

IN

‘Fu(tz) — Fu(t1)|

o) ((tg - tf)"‘) +M/01 ko (t2,T) — ko (1, T)| dT

PP\ LTt ﬂil
O((tz—tl))—i—M/O 70 () O((t — £)))dr

p
O((t# — )").

Case 3: In the same way, for t; < T < t;, by (2.19), we obtain

IN

IN

|Fu(ty) — Fu(ty)|

0 ((tg - tg’)"‘) +M/01 Ik (ta, T) — ka (11, T)| dT

P
o)t [ | () (%5)

O((t5 —t)").

O((# — #)"))dT

Consequently, by this three cases, we have |Fu(ty) — Fu(t;)| — 0 as t, — t;. Finally, by the

means of the Ascoli-Arzela theorem 1.6, we have F : C([0,1],R) — C([0,1],R) is completely

continuous. =

Next, we study the existence and uniqueness of solution for the BVP (2.1)-(2.3).

2.3 EXISTENCE RESULTS OF AT LEAST ONE SOLUTION

In this subsection, we discuss the existence of solution for the nonlinear mixed-type FDEs with

boundary conditions (2.1)-(2.3) by applying some fixed point theorems (Schauder’s fixed point

theorem, the nonlinear alternative of Leray-Schauder type and Schaefer’s fixed point theorem).

Now, we demonstrate the first following solution’s existence result, by using the fixed point

theorem of Schauder.
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2.3 EXISTENCE RESULTS OF AT LEAST ONE SOLUTION

Theorem 2.1 Assume that (Hy) and (Hs) are satisfied, then the problem (2.1)-(2.3) has at least one

solution on [0,1].

Proof. Let the operator F defined in (2.20), then we shall show that F satisfies the assumptions of
Schauder’s fixed point theorem. It means, we will prove that the operator F is continuous.
Let’s first show that F is continuous. Let {u, } be a sequence such that u,, — u in C([0,1], R), for

each t € [0,1], by (2.13), we get
1 1
\Fun(t) — Fu(t)] = ‘ /0 K (t,7) £(T, un(T))dT — /0 K (t,7) f(t, u(t))dt
< [ K0 @) - (o) de
< [ K () sup () ~ ()] dr

I Con) — F)lo [ K (1)

(0" +0P) 11 (oun) — fu)l
BT (a + )T(B+ 1)
< Aollf Coun) = fOu)lle,

then, [|Fu, — Full < Ao |[f (- ttn) = f( )] -

IN

Since f is continuous, then || f (., un) — f(., u)||, — 0 as n — oco. Consequently, F is continuous.

From lemma 2.5, we know that F is a completely continuous operator. As a consequence of
Schauder’s fixed point theorem 1.8, we deduce that F has a fixed point which is a solution of the
problem (2.1)-(2.3) on [0,1]. =

Next, we demonstrate the second following solution’s existence result, by using the fixed point

theorem of Schaefer.
Theorem 2.2 Assume that (Hy) and (Hs) hold, then the problem (2.1)-(2.3) has at least one solution.

Proof. Consider F as in (2.20). Clearly, F is a continuous and completely continuous operator.
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2.3 EXISTENCE RESULTS OF AT LEAST ONE SOLUTION

Now, it remains to show that the set £ = {u € C([0,1],R) : u = Au, A € (0,1)} is bounded.

Let u € £. Then, u = AFu for some A € (0,1). For each t € [0,1], by (H3), lemma 1.1 and

equation (2.13), we obtain

w(5) e (A (5)) o (5) 2 (2 (5))

+/01K(t,r) f(t,u(t))dr
U (i)aEa,a—&-l <—)‘ <§>a>

0 a—1 o\ &
w(G) Ea (2 (5))
P P
+ MAy < 0.

u(@®)| = A

IN

_|_

+/01K(t,r) |f(T,u(t))|dT

|uol |u1]
p* 1T () p*T(a+1)

This shows that the set £ is bounded. Hence the fixed point theorem of Schaefer guarantees
that F has a fixed point, which is a solution of (2.1)-(2.3). m
Our third solution’s existence result for (2.1)-(2.3) is based on the non-linear alternative of

Leray-Schauder type.

Theorem 2.3 Assume that hypotheses (Hy) and (Hz) hold, and that there exists 6 > 0, such that

1 |uo ||
0 <p"“1r(oc) + T+ 1) +MAy | <1, (2.22)

then the problem (2.1)-(2.3) has at least one solution on [0, 1].

Proof. Consider the operator F defined in (2.20), then we shall show that all assumption of
Leray-Schauder fixed point theorem 1.9 are satisfied by the operator F. The proof will be given
in several claims.

Claim 1: Clearly F is continuous.

Claim 2: F maps bounded sets into bounded sets in C ([0,1], R).

Actually, it is enough to show that for any 6 > 0, there exists [ > 0 such that for each u
€Dyg={ueC ([0,1,R): |ul|, <06}, wehave ||Fu|, <.

oo
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Let u € Dy, for each t € [0,1], we have
p lX*l p 4
w() e (2(5))
1Y Y
P\ P\
() B (2(5))
1
+/0 K (t,7)|f (7, u(t))| dT

|ug 01~ | | £ M(p* + pF)

e 1T (a)  prT(a+1) T (a+1)T(B+1)
|uo| |ua |

S (@) T+ 1)

|[Fu(t)]

IA

+

+ MAy.

Thus

u u
|uo . |u1]

<
[Full < 1T () paT(a+1)

+ MAy:=1 < oo. (2.23)

Claim 3: It is clear that F maps bounded sets into equicontinuous sets of C([0,1],R). From

Claim1-Claim3, we conclude that F : C([0,1],R) — C([0,1],R) is continuous and complectly

continuous.
Claim 4: A priori bounds.

Let u € 9Dy, such that u = puFu, for some 0 < y < 1. From (2.23), we obtain

[ullw = wlFulle < |[Fully,
|uo |u1]
MAy,
S i@ (1)
and thus
|uol |u1]
6 MAy,
= o TT() T
hence,
1

6 o TT(@) " pT(a+ 1)

which contradicts (2.22). Consequently, by the nonlinear alternative of Leray-Schauder fixed

point theorem 1.9, the problem (2.1)-(2.3) has at least one solution on [0,1]. =

2.4 UNIQUENESS OF SOLUTION

Finally, we show the last result of the solution’s existence and uniqueness for the problem

(2.1)-(2.3), which is based on the Banach’s contraction principle.
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Theorem 2.4 Assume that (Hy) — (Hy) hold, we give a,p € (0,1), p, A > 0. Then the problem

(2.1)-(2.3) has a unique solution on [0, 1], provided that
0 < LAg <1 (2.24)

Proof. Consider the operator F : C([0,1],R) — C([0,1],R) given by (2.20), we shall show that
F is a contraction mapping. Let u,v € C([0,1],R), for any ¢ € [0,1], according to (Hz) and by

equation (2.13), we obtain
1 1
Fu(t) — Fo(t)| = '/0 K(t,7) f(T,u(T))dT—/O K(t,7) f(t,0(t))dt
< [KE0lfEum - fEom)dn
< L/OlK(t,T) u(t) — o(7)|dr,
then
||Fu — Fo||, < LAg ||u — || -

By the condition (2.24), F is a contraction mapping, using the principle of Banach fixed point

theorem 1.7, we deduce that there exists a unique solution of the problem (2.1)-(2.3) on [0,1]. =

2.5 ULAM-HYERS STABILITY

In this part, we discuss the Ulam-Hyers stability of the problem (2.1)-(2.3).
Lete > 0and f:[0,1] x R — R be a continuous function.

For the mixed fractional BVP (2.1)-(2.3), we emphasize on the following inequality
CDPP (PDE, + A)w(t) — F(t,w(t) )( <% telo1). (2.25)
In a similar way as in [61-63], we introduce the following definition and remark.

Definition 2.1 The mixed fractional boundary value problem (2.1)-(2.3) is Ulam-Hyers stable if there
exists a constant 69 > 0 such that for each € > 0 and for each solution w € C([0,1],R) of inequality
(2.25) there exists a solution u € C([0,1],R) of (2.1)-(2.3) with

lw(t) —u(t)] < g, tel0,1].

Remark 2.1 A function w € C([0,1],R) is a solution of inequality (2.25) if and only if there exists a
function ¢ € C([0,1],R) such that

0 |p(t) <%, t < [0,1]

(ii) CDPP (PDE, + A) w(t) = f(t,w(t)) + (1), t € [0,1].
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2.5 ULAM-HYERS STABILITY

Theorem 2.5 Suppose that (Hy) and (Hy) hold, then the mixed fractional BVP (2.1)-(2.3) is Ulam-Hyers
stable if LAg < 1.

Proof. Let0 < o, 5 < 1and letw € C([0, 1], R) be a solution of inequality (2.25) with (ﬂéj”‘w) (0) =
uo, (PDY. + A) w(1) = uy, then by Remark 2.1, we have

DY (PDS. + A w(t) = f(tw(t) + g(t), t € [0,1].
By adopting the same arguments as in the proof of lemma 2.1, we can write
t‘D a—1 tp o tp o tp 24
w0 = u(p) e (A(G)) rnG) e (2(5))
P P P p
1 1
—|—/ K(t,7) f(r,w(7))dt —|—/ K(t, 1) ¢(t)dr.
0 0

From this equation and by (2.13), it follows that
5 e (2 (5))
w(t) —up | — Epa | A —
0 =m :
PN\ g A - Mk (7))d
(5 e (AG)) L ot
1
/ K(t,7) (r)dT
0
1
| Kt gl ar

< Age. (2.26)

IN

Now, let u € C(]0,1],R) be a unique solution of (2.1)-(2.3), then for each t € [0,1], we have

wo-w(5) e (4(2))

w(t) —u(t)] =

o n(2) e ()
iy <tp)aEa,a+1 (—A (i)) - 'K (t,7) f(rw(1))dr
+ [k S (Ko fu) dr

< r-n(2) " (4(2)
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From (Hj), (2.26) and (2.13), we obtain
|lw —ul|| < Aogg+ LAg ||w —ul|,
which implies
[l —ul| < o,

where 5y = 1—AT0A0 > 0. Then the mixed fractional boundary value problem (2.1)-(2.3) is Ulam-

Hyers stable. m

2.6 EXAMPLES

In this last subsection, we present two examples to explain the applicability of our main results.
Example 2.1 Consider the following boundary value problem with two different FDs

1,1 1
Dy (DG + 5 ) u(t) =8, te]=101],

<1I§+u) (0) =1, <1D§+ + i) (1) = 1.

Here,f(t,u(t)):Clcfsz),oc:%,ﬁ:%,zx—l—ﬁ:%<1,A:%,p:1,u0:%andu1:1.

The function f is continuous for any t € [0,1] and we have |f(t,u)] < M = 1,Y(t,u) € [0,1] x R.

(227)

Hence the condition (Hz) holds. It follows from theorem 2.1 and theorem 2.2, that the problem (2.27) has

at least one solution.

Example 2.2 Consider the following mixed fractional boundary value problem
1,1 1
p) 1D(§++2> u(t) = t+ sy, €1 =101],
1 1
<1102+u> (0) = uy, <1D(§+ +2> u(1) = uy.

Here,a:%,‘ﬁ:%,a—kﬁ:g<1,)\:2,p:1(1ﬂdf(t,lzl(t)):t—i-%.
|

(2.28)

The function f is continuous for any t € [0,1], then we have |f(t,u) — f(t,0)] < L |lu—o|, L = %,
Ao = s~ 249 and LAg ~ 050 < 1,

By theorem 2.4, the problem (2.28) has a unique solution u on [0,1].

Now, let w € C([0,1],R) be a solution of the inequality
CKpyild (112 _ w(t)

D} ( DZ, +2> w(t) (t T 5 0
then, from theorem 2.5, the mixed fractional BVP (2.28) is Ulam-Hyers stable with

Ay 249
~1—LAy 05

)‘ <Ee>o, te]=101],

do =498 > 0.




EXISTENCE RESULTS OF SELF-SIMILAR SOLUTIONS OF THE
SPACE-FRACTIONAL DIFFUSION EQUATION INVOLVING THE
GENERALIZED RIESZ-CAPUTO FRACTIONAL DERIVATIVE

In this chapter, we have discussed the problem of existence and uniqueness of solutions under
the self-similar form to the space-fractional diffusion equation, (see [54]). The space-fractional
derivative which will be used is the GRCFD (known as the Riesz-Caputo Katugampola’s FD).
Based on the similarity variable 77, we have introduced the equation satisfied by the self-similar
solutions for the aforementioned problem. To study the existence and uniqueness of self-similar
solutions for this problem, we have applied some known fixed point theorems (i.e., Banach’s
contraction principle, Schauder’s fixed point theorem and the nonlinear alternative of Leray-
Schauder type).
The problem is given by

ou(x,t)  o"Pu(x,t)

Y PIE (x,t) € [0,X] X [to,00[, I <a <2 (3.1)

under the following self-similar form

u(x, t) = tﬂf< Ji ), with (x,t) € [0, X] X [tg, o[, (3-2)
tap

where u(x, t) is a scalar function of space variables x € [0, X] , and time ¢ € [tp, o), with X, ty > 0,
% is the GRCFD of order « with p > 0 and which is the main motivation of the present research,
the “basic profile” f in (3.2) is not known in advance and is to be identified and B € R is a

constant chosen so that the solutions exist.

3.1 STATEMENT OF THE PROBLEM

In this subsection, we consider the following problem of the space-fractional diffusion equation
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3.1 STATEMENT OF THE PROBLEM 45

P = T () € 0,X) x [ ool 1< <2
pM, 200 | duX) (3-3)
w (0,8) +u (X, t) = tPM, + =0, B, MER.
Under the self-similar form
u(x, ) = tﬁf( ), per (4)
rxﬁ
[ for some

We should first deduce the equation satisfied by the function f in (3.4)
Theorem 3.1 Let a, B, p € R provided that 1 < o« < 2,p > 0and (x,t) € [0, X] X [to, o0

X, to > 0. Then the transformation
x

u(x, t) = tPf (), withn = 5
Fap
reduces the fractional partial differential equation (3.1) to the fractional differential equation of the form

RCDYPF () = Bf () — alpvf’ (), 1€ 0,4,

where u = Xt,*
. From (3.4), we obtain

\H‘

sl

Proof. Let 1 =
th

— p—1 B _i Tap Ty
B )+ [ L )|
(3-5)

au(x,t)
ot

= 7B () — o ).
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Furtheremore, for 1 < a <2, p > 0, by the definition 1.23 of the G-RCFD, equation (3.4) and by

putting { = -, we get
tﬂ(

" u(x,t)
9 [x|"

zx n+1 n . d
(n—a) /’xp_sp 1pl< pd5> f(tjlp>ds
tﬁ C &0 C &P X
5( DY + Dx>f<t;p)
1 tﬁp“*nJrl ¥ I - d\" s
z!w{“‘“sﬁ) (i) () e
—n X n
+ f{;_;; /(sp—xf’)"_m_lsp*1 (slpjs) f<til>dS]
1 ap x—n+1 7 n—a—1 1y p-1 N1 d n
2[ T w /(x"‘ cee > (ev) ((@‘“") pt;%) f(©)dg
0
tﬁ @p(x—n-i-l # % o n—a—1 % p—1 L% 1-0 "
+r<n—a>/<(5”) ‘x"> (1) ((5”) t;%) f(C)dC]
U

B n n
1 [t‘g"‘a,ﬂp +1 /t%[n—a—l]-i-;?[p—l-i-n(l—p)—n] (ﬂp o é-p)nflel é-p—l <C1Pd> f(g) dé
2 r
0

(n—a)

tﬁ+$pa—n+l

n n
N / bt kg lo-1n(=p)=n] (7o ppyn—a=l sp-1 <Cl_pd> f(2) dC]

I'(n—a) g g
a—n-+1 . d
e /|nP—§Pr 1591(51 Pdg) f@)dc
th~ 1§CD$PJ‘( )- (3.6)

By substituting (3.5) and (3.6) in (3.1) , we get the following equation

DS (1) = BF (1) = onf (), € (0.3,

where y = Xtop The proof is finished. m

Now, to study the following problem, we will need the results in subsection 3.1 along with

theorem 4.1.

KDY £ () = Bf (1) — jpnf’ (1), 1<a<2, qeou, (5.7)

with the conditions

FO) +f(u) =M, f0)+f (1) =0, (3-8)

where B € Rand p, u > 0.



3.2 DEFINITION OF INTEGRAL SOLUTION OF THE BASIC PROFILE f

3.2 DEFINITION OF INTEGRAL SOLUTION OF THE BASIC PROFILE f

In this lemma, we give the formula of solution to the problem (3.7) — (3.8).

Lemma 3.1 Let o, 8,0, € R provided that 1 < a < 2 and p,u > 0. For a given f, f', XeDy’ f €
C [0, u] . Then the problem (3.7) — (3.8) is equivalent to the following integral equation

B plfuc i o B 1 ,
Fon = s B [T - o (B @ - i ©)

'017“ # a—1 — 1 ,
b [ (o - )@ 69
Vi € [0, ], where
w:];/l—g;f/(y)_ (3.10)

Proof. First, by applying the generalized Riesz fractional integral gGIz’p defined in (1.35) to both

sides of equation (3.7), we obtain

o, w, o, 1

0°L" 0Dy = §OL” (ﬁf () = @Wfl (’7)> : (3.11)

From lemma 1.5 and remark 1.3, we get
1
0 LT 0D () = () =5 [F0)+f ()]
1 / Ly
3 @1 (0] + 5 ().

Then, the fractional integral equation (3.11), can be re-written as follows

£ = SO (BF ) s ) + 517 (0)+£ ()

[ O+ (0] = B F ). (3.12)
Applying (3.8) to (3.12) yields

pl—zx ¥ 1 1
fo) = £ { @ = e (B0 - s )

5 - —f (n). (3-13)

Then, according to (3.10), the problem (3.7) — (3.8) is equivalent to

1—u

fon = oo [Tor -y e (B @ - ot @)

1—a M
el Nyt <ﬁf () - ;pgf' (g)) ac. (14)

The proof is finished. =

~—
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3.3 FUNDAMENTAL LEMMAS

In what follows, to derive the principal theorems, we will need the following lemmas.

Lemma 3.2 Let u > 0, we define

E={feClou| f(0)+Ff (1) =0} (3.15)

Then (E, ||.||,) is a Banach space.

Proof. Let u be a positif parameter. It is obvious that the space E with the norm ||.||,, is a
subspace of the Banach space C [0, u]. So, to show that E is a Banach space, it is enought to
demonstrate that this later is closed in C [0, ].

Let (fu),cn € E be a real sequence such that nlz_)ngo fn = fin C[0, ] . Then we demonstrate that
f € E.Lety,ve[0,u] x[0,u]. We have

{;mwam—;nw L ().
s @)~ f 0] = £ fu(0) &

Since f, is continuous, we get

lim 4 fu (1) = £5f ()

n—00 ) ,Vn,v € [O,V] X [OIV]/
nlz_?god fu(v) = dv (v
then
d d d d
sup Jin | 2o (1) = o ()] =l sup | ofu () = o7 1) =0
and
tim | £ fo (0) ~ 4L (0)| = Jim )= 3,f 0] =0
sup, it | g n ao’ (V)] = [, sup f” av’ '
This implies that
lim || £ (1) = 4 f (’7)”00 =0
. d _d =
tin | &5, (0) = ()] =0
Thus
| d d a
i |2 non - Lrm+ Enw- o
|l d m || i
3 d . d LAPIR

IN
o
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Therfore
tin 2o ) = 50 )+ 20 0) = o7 )| =o.

Then, for 7 = 0 and v = p, we have also

lim <d€7fn> (0) + lim (;}fn> (v) = f'(0)+ f' () =0, then f € E.

n—00

Consequently, the subspace E is closed in C [0, #] . Hence (E, ||.||,,) is @ Banach space. m

Lemma 3.3 Let T be an integral operator defined by

1«
tr) = we b o= e (B @ - i @) at

)

1—«
oy @ = (b - ot @) e 616

provided that the supremum norm is

ITflle = sup [Tf(n)]-

0<y<u

Then, T maps E into itself (T : E — E).

Proof. Let 1 < o < 2 and f € E satisfies gCD‘;"’ () = Bf () — a}?’?f, (7), where E is the
Banach space which defined in (3.15) . Then, from (3.16), we have

d‘;Tf(q) = ;;[w+561;1"ﬁ (ﬁf(n)—:pnf’(ﬂ))]
= o [een (pron - o )]
SR CIORrI0)

_1’ ,
= 0L "Dy f (n).

It follows from (1.38) and (1.39) in remark 1.4 that
d a—1, o,
an TS0 = 655 05D (1) = £ ().

Therefore, %Tf (0) + %Tf () = f"(0) + f' (1) = 0. Hence, T (E) C E. The proof is finished. m
Next, we will deal with the existence and uniqueness of solution for the problem

(3.7) — (3.8).
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3.4 EXISTENCE AND UNIQUENESS RESULTS OF THE BASIC PROFILE f

Firstly, using Banach’s fixed point theorem, we will derive the conditions of the

solutions’ existence.

1

Theorem 3.2 Let a, B, p, it € R, provided that 1 <« <2, p > 0and yu € (0, (par(zﬂ) T I

2 .

p°T (& + 1) — 2uele-1)+1 (3-17)

Then, the problem (3.7) — (3.8) has a unique solution on [0, y] .

Proof. first, we will transform the problem (3.7) — (3.8) into a fixed point problem. By lemma

3.1, we define the operator T : E — E as follows

1«
tr) = we b o= (B @ - i @) ae

1-«
o @y e (b - e @) G18)

Since the problem (3.7) — (3.8) can be written in the form of the fractional integral equation
(3.18), the fixed points of T are to be considered a solutions for the problem (3.7) — (3.8).
Let f,G € E, provided that

KDY () = Bf () — jpnf' (), KEDIPG () = BG (1) — —nG' ().

ap
Then
1—a
Tr =16 = Eos [for-er et (Br@-c) - S -6 @) a
1—a
g [ @ e (B -6 - 5 (F (-6 @)
Therefore

17 () -1 ()| < fo [0 =@ e 5D (@) < D6 ()] g

i [ @y fenir @ < pire @] dc 6ag)

Moreover, for each 7 € [0, |, we have

ap
< !ﬁ!!f(ﬂ)—G(ﬂ)Hof;\f/(n)—G’W\.

D3 () - DG )| = |60 -G - L (o -6 )]
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Using (1.40) in remark 1.4, we find

R R R e L
which yields
[ - gD e pira] < gl r -l

As p°T (a +1) — 2uP@= D+ > 0, we get

RCH&O ¢ RC P Bl p*T (« +1)
[fDi s =8¢ Dife||, < i — g I Gl

Thus, (3.19) can be re-written as

Bl p"T (a+1) ol a—1 »p—1
TF =76l < PO =Gl [y [ 0 -2 e

\_/

1—a

P K a—1 »p—
+r(a)/77 (gp_ﬂp) 1@0 1d€:|

2uP" Blp"T (x+1)
(Frterm) (e e ) I =6l

K 1P If—cl
ple" (06—}—1) Zyp n— 1 +1 o *

By the condition (3.17), T is a contraction mapping. Using the principle of Banach’s fixed point

theorem 1.7, we deduce that T admits a unique fixed point which is a unique solution of the
problem (3.7) — (3.8) on [0, u] . The proof is ended. m
Secondly, using the fixed point theorem of Schauder, we will derive the conditions of the

solutions’ existence.

Theorem 3.3 Let p,u >0, € Rand 1 <a <2.If

‘up(zxfl)ﬂ + ypa |,3| 1
T (ar1) 2 (3.20)

Then, the problem (3.7) — (3.8) has at least one solution on [0, y] .

Proof. Let the operator T defined in (3.18). We have already transformed the problem (3.7) —
(3.8) into a fixed point problem

1—ua
TF) = o b [T =T e (b0 - ir @)

plfvc I . - 1 /
F(oc)/,7 (@ =) e <ﬁf(€)—“p€f (€)>d

We shall show that T satisfies the assumption of Schauder’s fixed point theorem 1.8. The proof

+

will be given in three claims.
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3.4 EXISTENCE AND UNIQUENESS RESULTS OF THE BASIC PROFILE f

Claim 1: T is continuous operator.
Let (fu),en be a sequence provided that nlgr.}o fu = f in E. Then for each # € [0, 4], we have

ﬁ(fn(C)—f())—*(fn() f())\da
BUD) 1 @)~ 5 (@~ @ W@

1-«

Th ) -TF D < fo [ F -2y
pl—a ¥ 0 a—=1 »p—1
Hw ) @t

where

CDYf, () = Bfa (1) — ~=f4 () and KCDY* £ (1) = Bf () — ;7Pf' ().

We have
D () ~E DS | = [t~ £ o) = L (- 1 )
< Iﬁ\lfn(n)—f(ﬂ)H;)\fé(n)—f/(ﬂ)!-

Using (1.40) in remark 1.4, we find
Jscmi 8 D3] < 1811~ e+ 20 D 5 D]

which yields

[ Zlup(zx 1)+1

T | 8D A =5 D] < 1811A —

As p°T (a + 1) — 2uP@=D+1 > 2400 | B > 0, we get

HRcDapfn ke pr fH < LﬁLPf)F (wz—;pla) ol £l

Because f, — f as n — oo, then we get gCDz’p fu —&C D;j’p f asn — oo for every 7 € [0, y] .

Now let Sp > 0, such that for every 1 € [0, ], we have

< Sp and ]{}CDﬁ'Pf‘ < 5.

8°D3*fo
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Then, we have

BUD-F @) - & (@) - f<>)1dg

1—w
\Tfu(n) =Tf ()] < {3(“) /017 (n° — 2°)* ' e

1—«
e

BUD-F O - S (@ - <é>)|d§

< ﬁ(“) 0'7 (P — gp)vc—l gpfl )chzlpfn Q) _gc Dz,pf (é)‘ iz
e / @ - e B £ () <5 DR F (@) g
T (DC) y 0 u Jn 0 i
11—«

— 70" Gt HRCD”fn ‘+’RCD“Pf< )H dc

VAN
vl
—~
=
N—
S—
=
A

+§“/W"<'<; =) e [[ED £ (@] + DR F ()] ae
< 25;5;)- [ e —arye 1d€+250€x> /,, (& =) gt

Since the functions { — 50(pa) [( - G 1} and ZSOP [(gﬂ ;7P)"‘_1 Cp_l} are integrable

on [0,7] and [y, u] respectively for each 17 € [0, u|, then the Lebesgue dominated convergence

theorem and (3.21) implies that
|Tfu(n)—Tf ()] — 0asn — oo.
Thus
lim [|Tfy = Tfllo =

Consequently, T is continuous.

Claim 2: According to (3.20), by putting

2uf* |B]
R>11+ w|,
_< poT (& +1) — 2 [pe@=DF1 4 yew | B ] ]

and by defining a subset

Ex={f€E:|fll, <R R>0}.

So, Er is a closed, bounded and convex subset of E.
Let f € Eg and T be the integral operator defined in (3.18) . Then, we prove that T (Eg) C Eg.

In fact, by (1.40) in remark 1.4, we have

sepyrsn)| = 'ﬁf(n)—”f'w)
B I+ L1 G

IN
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This implies that

D BlP"T (€ +1)
eoier], < e
Therefore
plfa 7 DC_ B é /
TEL < ol B [N = e b0 - S @)
l o
<a>/y —n) B (@) - Oif’(o'd@

1—a

< ol gy [ o= e EDiy 0] ag
e [ @ —pyte i@
T (x) Jy U 0 Pu
Bl o"T (« +1) [ 2uf* ]
< R
< 1t o 1) — g 07 R [T (@5 1)
2" |BI R
< wl+ (et 1) 2D
2p ||

- |ZU‘ (1 + par(a_,_l)_z[yp(a—l)ﬂ_i_ypaﬁ]) 2‘upvc ‘ﬁ’ R
> . 2,07 || ptxl" (DC + 1) _ 2yp(0471)+1

T (a+1) =2 [pe @D +1 e g
_ R(pTtn 2[4 el 220 1R
N PAT (a4 1) — 2ue(a—1)+1 0T (& 4 1) — 2uple—1)+1
< R

Thus T (Er) C Eg, hence T (Eg) is bounded.
Claim 3: T (ER) is relatively compact.
Let f € Eg, 113,11, € [0, u] with 7, < 1,, by (3.22), we get
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ITf () = Tf ()| =

I (a) ap
+§Lﬁﬁf@”—ﬂf]€klOv@> éj%@)@
1—a
L [t (pro-Lrw)a
1—a
@ (b0 - @) a
1—a
< P /0771 [épfl (ﬂp _ Cp)a 1 = (np B gp)a—q ‘ ‘(I){CD::‘O (C)‘ i

I'(«
1-a 5 A N
o [ @ el
Pt 1B p*T (a +1)
= () X PT (+1) — ZVP("‘*U“R %
A R e e U DI
M _ a—1 _ a—1
L R G O | e
s[Cetes-e) s [Tet@ -} G
A A
We have
n— — n— 1 d 14 o
O ) e =) = e [0 ) - ()]
and

@) et @) = S ) @ )]
then

U< R N U<y B = [ OV R OV ) IR

/’ll
0

and
/H
2

@) e @ - | <
[ = )" = (5 = )" = (v — 489
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we have also

[feru-ore - - Llu-or”
= alp (5 = )" (3.26)
and
[let@ ot = @ -]
= =)’ 627
By substituting (3.24), (3.25), (3.26) and (3.27) in (3.23), we obtain

B] R
ptxl" (IJC + 1) _ 2Hp(zxfl)+1

(o =) 2 (15 = )" + (8" = ") — (v — )"

ITf (11) = Tf ()]

So, the right-hand side of the above inequality tends to zero as 7, — #,. Hence, we obtain
that T (Er) is equicontinuous. Therefore, combining claims 1 to 3 and by the means of the
Ascoli-Arzela theorem (1.6), we get that T : Eg — Eg is continuous and relatively compact. As a
consequence, Schauder’s fixed point theorem assures the existence of at least one fixed point of
operator (3.18) which is the solution of the problem (3.7) — (3.8). m

Finally, using the fixed point theorem of Leray-Schauder type, we will derive the conditions of
the solutions’ existence.

1

Theorem 3.4 Let a, B, 0,4 € R, provided that 1 < a <2, p > 0and u € (0, (M) Pl ). Then,
the problem (3.7) — (3.8) admits at least one solution on [0, ] .

Proof. Consider the operator T defined in (3.18) . We shall show that all assumption of Leray-
Schauder fixed point theorem 1.9 are satisfied by the operator T. The proof will be devided in
four claims.

Claim 1: It is clear that T is countinuous.

Claim 2: T maps bounded sets into bounded sets in E

Actually, it is enough to show that for any 6 > 0, there exists N > 0 such that for each
fe€Dyg={f €E:|fllo <0}, wehave ||Tf|l,, < N.Let f € Dy, for each 57 € [0, ], we have

pl*ﬂ( n o B g )
ITf (m)] < |w|+r(ac)/0 (n? —°) 1€P 1 ﬁf(C)—@f (é)’dé
1—a
+I€(a) ,/,;l (& =) B (@) - fpf’ (C)' dg (3.28)
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As a similar way as in (3.22), we have

Bl p"T (x +1)
0T (& + 1) — 2upla=1)+17"

_ M <
Bf (n) apf (m| <
Therefore, (3.28) implies that

PD(
2" || 09— N.
AT (o +1) — 2uela-1)+1

ITflloo < fef +
P

Claim 3: It is clear that T maps bounded sets into equicontinuous sets of E. From Claim1-Claim3,
we conclude that T : E — E is continuous and completely continuous.

Claim 4: A priori bounds

Now, we shaw that there exists an open set H C E with f # AT (f) for some A € (0,1) and

f € 0H.
Let f € Eand f = AT (f) for 0 < A < 1. Then, we have for each 17 € [0, ]
1—a
Fl = Wl = s [lor - et (@ - L)
1—a
< ol [ or - et @ - S o]
Plﬂx # a—1 »p— g i
e [ @t sr @ - Lol
1—ua
< ol b [ - e EDiy o] a2
11—«
o L@ e ey @ ac (3.29)
We have
seopran] = |or@ -S| < mi+L i
p(a—1)+1
< IBIIS )+ e sup K05 F )]
<n<p
which implies that
ke BT (a+1)
G BDHS O] < oy Ty =gy 2, M 01
Thus, (3.29) gives
BT (a+1)
Sup F < Jwl+ 5 @) [T (a5 1) — 2@ 0T
ot /7] & —é")“l{ sup |f (C)I}dé
0 0<p<p

+o' " /ﬂ ot (g — gy { sup |f (C)I} dC-] (3-30)

0<y<u
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By using the generalized Gronwall lemma 1.7, (3.30) can be re-written as

a « Bl p"T (a+1)
021;1; If ()| < |w|Esn (p [ (a) (u* —1n°) [r((x) [0°T (o + 1) _zyp(a_l)ﬂ]])

a « BlpT (a+1)
XEy1 <P T () 7y [1" (@) [p°T (& 1 1) — 2061 ])

which can be simplified to

(u* —n°)" |BIT (a +1) >E ( 7% |B| T (a + 1) > .
T (a4 1) — 2p@=DF1 750\ paT (a4 1) — 2pp(a- )41 '

1l < l20] Exs (
Let
H={f€E:|fl.<N +1}.

By choosing of H, there is no f € dH, such that f = AT (f) for some A € (0,1). Consequently,
by the nonlinear alternative of Leray-Schauder’s fixed point theorem 1.9, the operator T has a
fixed point f in H, which is a solution to the problem (3.7) — (3.8) on [0, u] . The proof is ended.
[

Now, we prove the principle theorems

3.5 EXISTENCE AND UNIQUENESS RESULTS TO THE ORIGINAL PROBLEM

In this subsection, we demonstrate the existence and uniqueness of solutions of the following

space-fractional diffusion equation

ou(x,t) _ 0% u(x,t)
R L (x,t) € [0,X] x [to,00[, 1 <a <2 . (3.31)
_ 4B ou(0,t) ou(X,t) _
u(0,t) +u(X,t)=tPM, =~ + =~ =0, B, M€ R.
Under the self-similar form, which is
X
u(x, t) = tﬁf< 1) , (x,1) €1]0,X] x [to,00]. (3-32)
tap
p(a;;)ﬂ X p(a—1)+1
Theorem 3.5 Leta, B,p, X, ty € R, provided that 1 < a < 2,p,tp > 0and X € (0, (W) )
If
2XP ||

— <L (3:33)
top T (a4 1) — 2XP(a-1)+1¢

Then, for f € E, the problem (3.31) has a unique solution in the self-similar form (3.32) .
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Proof. The transformation (3.32) reduces the space-fractional diffusion equation (3.31) to the

fractional differential eqution of the following form

N 1

0 Dy f () = Bf (1) — @ﬂf’ (1), (3-34)
where

1
1 RN
—1 t [

=Xt with X € (0, | = "2 (at1) ) to,p>0,1<a<2.
with the conditions

FO)+f(u)=M, f(0)+f (n) =0. (3.35)

Let f € E be a continuous function. By using (3.32), the condition (3.33), is equivalent to (3.17),
which is

2uf* |Bl
pacI“ (D& + 1) _ 2yp(a71)+1

<1. (3-36)

We already proved in theorem 3.2, the existence and uniqueness of a solution of the problem
(3.34) — (3.35) such that the condition (3.36) is satisfied. As a consequence, there exists a unique
solution of the problem (3.31)under the self-similar form (3.32) provided that the condition
(3.33) holds. The proof is ended. =m

Remark 3.1 When p — 1, (3.33) reduces to

2X* [B|
1 .
BT (a 1) —2x8 = 7 (3:37)

which represent the standard Riesz-Caputo derivative case.

When a = 2, (3.37) reduces to

2X2 ||

which gives the integer order derivative case of the space- fractional diffusion equation in (3.1).

Theorem 3.6 Let ,B,p, X, to € R, provided that 1 < a < 2 and p,ty, X > 0. If

p—1
xp(a—1)+1 p 4 XPa 1
T Al (3-39)
00T (a+1) 2

Then, for f € Eg, the problem (3.31) has at least one solution in the self-similar form (3.32) .
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Proof. By considering theorem 3.3, and using the same steps followed in the proof of theorem
3.5, we can prove that the problem (3.31) has at least one solution in the self-similar form (3.32),

if the condition (3.39) is satisfied. The proof is ended. m

Remark 3.2 When p — 1, (3.39) reduces to

X*(1+8]) 1
T (@t1) 2 (3.40)

which represent the standard Riesz-Caputo derivative case.

When a = 2, (3.40) reduces to

X2A+p) _1
ol (3) <5 (3.41)

which gives the integer order derivative case of the space- fractional diffusion equation in (3.1).

p(a—1)+1 o(a—T1)+1
pa «
Theorem 3.7 Leta, B, 0, X, ty € R, provided that 1 < aw < 2,p,ty > 0and X € (0, W) ).

Then, for f € E, the problem (3.31) has at least one solution in the self-similar form (3.32) .

Proof. Based on theorem 3.4, and using the same steps followed in the proof of theorem 3.5, we
can prove the existence of at least one solution of the problem (3.31) in the self-similar form

(3.32) . The proof is ended. =



SELF-SIMILAR SOLUTIONS OF TIME-SPACE FRACTIONAL DIFFUSION
EQUATION INVOLVING HILFER-KATUGAMPOLA DERIVATIVE

In this chapter, we have determined a symmetry group of scaling transformations for a time and
space FPDE of orders « and f respectively. The time and space FDs which will be used is the
Hilfer-Katugampola’s FD. Based on the similarity variable 77, we have introduced the equation
satisfied by the self-similar solutions for the aforementioned problem. We have applied the
successive approximation method to obtain the self-similar solutions in an explicit form. The
obtained self-similar solutions of this equation are given in terms of the generalized Wright
function.

We have also provided the self-similar solutions to the following time-space FPDE (known as

time-space fractional diffusion equation)
, — pppPY
PDyux, ) = PDEux, 1),

where u(x, t) is a scalar function of space and time variables x,t >0, p >0, 0 <y <1, D is the

HKFD of order 0 <& < 1and 1 < B < 2 respectively.

4.1 DETERMINATION OF A SYMMETRY GROUP OF SCALING TRANSFORMATION

Consider the time-space FPDE

PDS‘,’?u(x,t) = PDg,’gu(x,t) ,x>0,t>0, (4.1)
with the following conditions

PR u(0F,8) = #EECTMR, 5 e om0t ) = T EITM g, (4.2)
where 0 <a<1,0<7y<1,1<B<2 p>0 m=p+v(2—p), Aand B are constants and

Sy = <x1_9%> )
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4.1 DETERMINATION OF A SYMMETRY GROUP OF SCALING TRANSFORMATION

Firstly, we determine a symmetry group of scaling transformation for a time-space FPDE (4.1)

by using the similarity method, we introduce new independent and dependent variables.
=Ax, F=A", 1= A
Then, by property 1, the time fractional derivative of order 0 < & < 1 becomes (y; = y(1 —«a),
o1 =a+y - ay)
PDy/ (%, )
= o0 <t1—05t> P )
= Iy} PDgLi (%, F)
01 a t
— oM p 1*97/071 P _P) 1 g(7. AP
Iy} (F(l—al) <t 8t> A (" —s) " a(x, A s)ds>
Acpgl A\ 1-p 0 AR _ —01
Iy (1"(1—(71) ((A t) a(/\_bf)> ; s (()\ )P —s ) u(x,A s)ds>

A Tbo+bea 7 [ A~bE B —oy
- ez F 1-p ¥ o—1 (70 _ b\p = 1 b
IO,t ( T (1 _ 0.1) <t af) /0 5 (t (/\ S) ) M(X;A S)dS)/

put T = Als, we get
Dy a(, )
AC+bP01p01 _ ) F _ 3
— PN 1-p 2 p=1 (30 _ 0791 (%
Iy (F(l—al) <t 8?)/0 ™ (F — )" u(x, T)dt

Ac-i—bpvl 1-71 t B
= 79/ sPL (10 —sP)T DTt (%, A's) ds
0 )

I'(7)
C
Actbpor—boyi+bppl—11  pATVE 7 !
- (o ) g
['(7) 0 v
)\C-l-bpl)épl—j/l £ 1/ -1
- 2 F [ el D%y, 7) dT
Py @ 70" PG )

b o = T
= AT PRI PDTu(R, F)

= A ODNTu( ) 43)
We can follow the same steps for the space-FD of order 1 < 8 < 2, we obtain
DY (%, F) = ATPP PDE (%, F) . (4-4)
By substituting (4.3) and (4.4) in (4.1), we get

PDya(x,F) — PDhTa(%,F) = AP PDiTu(x, B) — ACHe PDl T (%, F) =0,
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4.2 STATEMENT OF THE PROBLEM 63

if b = g, c is an arbitrary constant. Using this last relation, then, we choose the following

invariant of scaling transformation
u(x,t) = £ 0n), oy = xt%, 5 >0,

to determine the self-similar solutions of the FPDE (4.1).

4.2 STATEMENT OF THE PROBLEM

As a similar way in chapter 3, we first need to find the equivalent approximate to the following

problem of the space-time fractional diffusion equation

Dy u(x,t) = PDbTu(x,t), 2, >00<a<1,0<y <1, 1<p<2
P2 u(0, ) = T F @B m— g4y (2—B), BER
5 PR u(0F,8) = M A A e R,

Under the following self similar form
u(x, t) =t'f(y), withy = xtP . (4-5)
We should first deduce the equation satisfied by the function f in the following theorem

Theorem 4.1 Let «, B, p € R provided that 0 < a <1, 1 < <2, 0< vy <1andp > 0. Then the

transformation
u(x,t) =t'f(n), withy = xtF

reduces the FPDE (4.1) to the FDE of the form

, E+rm L 5+r30
O (A A ()} (4.6)

with boundary conditions
PIZTMF(0Y) =B, 6, P13, F(01) = A. (4.7)

where 7y = y(1—a), 01 = a+ 7 —ay, 73 =1—01,and 6, = (14}
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Proof. Firstly, we calculate the time FD of order 0 < a < 1 in terms of f(#) by using the

transformation (4.5), and the definition of HKFD in (1.41), forn =1, (0 < a < 1), we obtain

PD§Tu(x,t) = D57 (Hf(xtT))

—K — a — —n i —u
= I )<t1 pat> oLy (T

= 'L (t“’f) Ploy "t f(xt 7))
oy (02 oot
we have
pﬂ3 tf(xt? ¥ ) = o /t P (1P — ) sP‘f(XS%)ds
T'(73) Jo
B
by substituting s =t (£)*, we get
1=y 400 B - 1
PIYHF(xtT) = fﬁ(%s)/ (b yp=Ltn (tP_ (t;ﬁr%)p)%

X (tngT%ﬁ)%Hq’lt%f(T)dT

_ b (k1)
_ ﬁpl 73tV+P73;7 « (P+ +00 % /%g 731 *Tﬁp ¥ +EY 1
= T () /ﬂ <T -7 > T ( } P) f(r)dr

= p M <] L 73f) (),

1
where | &H'% is left-sided Erdélyi-Kober FI of order 7, defined by (1.20). Then, taking the

derivative of (4.9), we arrive to the following

(tlpaat> (,0 73tu+mg]p+ "’3f(xtﬁ“)> :pvgtlpaat <tu+m ]ﬁ 73f(xtﬁa)> ,

in view of relation (see [44]) (77 =xtF, ®eCl (0,00))

tgtq> (1) = tx (‘é") tF ! () = _ﬁaﬂdi (1),

we arrive at

L “a
pvstlpgt <tz4+ma <]§p+1'%f> (xtﬁ)>

= p e [tuﬂml (P‘ + oy — th > (];;,,H 73f> (77)]

—  ol=mapputpelrs—1] (;l/l + ) (I o )
= plTatels <P”+73 glf) (1),

o
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#
where ngwgl is the left-sided Erdélyi-Kober FD of order ¢, which is defined by equation (1.21).

2>

Using the above result and the same substitution as above s = t (1) ¢, then the expression (4.8)
can be rewritten as
PN kpa pIYs 4 s
of |\ 9t o t f(xt?)
E g0 —a
v 1- -1 3
= fIg (p Vs phtpelrs—1] (pgp f) (xtP ))

2y —
0 1173

— A /Of P (0 — Py SHP[%_”P%ﬂmf(xsﬁ“)ds
B 5p2—71—73tp(71+73+%_1)77%<73+%) oo g gyl
= al (7yq) /77 (Ta_m)
xr e (nst 1) _1P§pﬂ3ralf(r)dr
= plwrvgtp(vﬁyﬁ%_l) y M
al ()

+oo -1 —p u
[ ) O e
n o

- 1) Bt pE+rae
= s () s g
3

the power p (’yl +3+ % — ) = 1 — ap, and hence the time FD is given by

E-5-’}’3#71

E+r3m pr
Bo
o

, 19—y pp—
ng’?u<x’ t) — p T ’YSH’[ DLP]&
o

f(n). (4.10)

Secondly, we calculate the space-FD of order 1 < B < 2 in terms of f(#)
PDfTu(x,t) = PDET (#f(xt?))
2
2- 5, 0 1-7)(2— —u
— PI(’)Y’SC B) (xl pax> pI(g’x 7)( 'B)t’uf(xt B )

9 \?2 —a
=PI (xl—f’ax> PIg% f(xt ), (4.11)

where 7, = (2 = ) and 7, = (1-7)(2-p).

we have

I f(xt ) =

T'(74) /Ox s071 (xf — o)1 f(st T )ds, (4.12)
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using the substitution ¢ = st%, then equation (4.12) can be reduced as follows

—Q

) = B[ (e (e (e)) " e

Ty gt
= P [t - e

= t%plgl‘j? f(n), (4.13)

computing the second derivative of the above integral (4.13), we get

9\’ — 9 \?/ wn
(e ) ergs sat?y = (w0 ) (FFoy son)

X

since %(x”) = g—f;g—z, then

(2og) Casson) = (o) (+05) (s s)
= (o 2) ) (7 gy )
()7 () e

Ul
(512) 3 107

= (Ulpdci) (Plg;] f('7)>, (4.14)

then equation (4.14) can be simplified to
_, d 2 —a 404 _,d 2
(o) ey sy = £F (e ) (ergy si)
., d\?
pFra—2] (,71 p> (’313,37 f(;y)).
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Now, we do the same for the first integral of (4.12), with ¢ = st%, we obtain
3\’ —
P12 <xlpax> PIJL f(xt?)

i, d\?
= I (tﬁm 2 (,71 pdﬂ) (Plgg; f(;y)))

oy By, -2
= pl%t—ﬁ[%] /x g1 (xf — Sp)72—1
I'(72) 0

2
x ((Stﬂ“)lp d(;tlﬁ)) P13 f(stT )ds

1= 4 [14=2+72)] 2
_ p T nt? /’7 o—1 /. p  =p 72—1( 1pd> P d
i L4
= ey (e ) ey o 415)

Substituting (4.15) in (4.11), then, the space FD can be rewritten as
DY Tu(x,t) = = DL (). (4.16)

If we replace (4.10) and (4.16) in (4.1), we get

%+’Y3/’Y1 P%+’Y3r‘71
Be Be
o ®

pl M () =" PDEY £ (),

which can be simplified to (4.6)

K+’Y3,¢71

L tyam pe
Pe
14

PDgy f(n) =T}, £).

4.3 DEFINITION OF INTEGRAL SOLUTION OF THE BASIC PROFILE f

In this lemma, we give the formula of solution to the problem (4.6)-(4.7).

Lemma 4.1 Let «,B,0 € R provided that 0 <« <1, 1 < <2, 0< 9 <1landp > 0. Then the
problem (4.6)-(4.7) is equivalent to the following integral equation

_ Aptm Bp*~™ Bt L h 10

f(n) T () np(m—ﬂ + m,7p(m—2) + p* plg,ﬂjgi P}, (), (4.17)

where vy =y(1—w), oy =a+7—ay, y3=1—0.



4.4 DETERMINATION OF THE EXPLICIT SOLUTION f

Proof. Applying Katugampola’s FI of order 1 < B < 2 to both sides of equation (4.6), using

property 1, equation (1.28), and conditions (4.7), we obtain

’ wrstram Btrso
Pl PDby ) = P15, 0 T Py ), (4.18)
wehave (0< ¢y <1, 1<pB<2)
2
, 2— _, d 1—7)(2—
oIy, Db = eI, [PIJ,; & <771 Pdﬂ) "Iy " ’”fm]
2
_ p+2y—py [ 1-p 4 2—(B—pr+27)
= e (el ) o, )
2
_ pgptrp) (1p 4 2—(B+7(2-B))
- pIO,iy <77 pd;7> pIO,;y f(ﬂ)
2— 2—
_ plg;“r( B) ng;?r“r( ﬁ)f(ﬂ)
= pI(Tiy ng?n f(ﬂ)
1-m pyl—m + 2—m py2—m +
_ f(ﬂ) . P 10,17 f(O )ﬂp(mil) . % 10,17 (0 ) o(m—2)
I (m) I'(m-—1)
1-m 2—m

_ P A -1y PTB o)

by substituting (4.19) in (4.18), we get

Apt—m Bp*~ ™ i « E+ram E+rs0
f(n) = FP(m) 7Pt 1)_|_F(51_1),7p( Y +p plg”/]% ’ ]P% v

f(n).

4.4 DETERMINATION OF THE EXPLICIT SOLUTION f

In this subsection, we determine the exiplicit solution f, by solving the integral equation (4.17),

by applying the successive approximation method in the following theorem

Theorem 4.2 Let o, B,0, 1,y € R provided that 0 <« <1, 1 < B <2, 0< vy <1landp,u > 0.
Then the explicit solution f of the integral equation (4.17) is given by

fn) = Ap'™"T (g +1-— g (m — 1)) pP(m=1)

(B,m—1), —a,%+1—%(m—2)) (paiﬁﬂpﬁ) ' (4.20)
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Proof. Let0 <2 <1, 1 < <2 0< 9 <1andp,u > 0. Then, we apply the successive

approximation method to solve the integral equation (4.17).

According to this method, we set

2
7BP " Wp(m_z)
['(m—1) ’

1-m
foln) = ?p(m) Y+ (4.21)

so, the nth term f, is given by

+')/ Y +7 O
Yip ﬁp ’ lfnfl(ﬂ)- (4.22)

Faln) = foln) +p* P15 v Th b

Now, we compute f; as follows

By + /0
P b (), (4-23)

fi(n) = foly) +p* P15 I,sp

where

+’Ys’h +'Y3/‘71 _ pyB +'Y3'71 Jr’73r‘71 Apl_m p(m—1)
foln) = Floy Ji [r(m)n

plﬁ ]ﬁp
B 2—m B
p)np(m 2):| , (4.24)

+l“(m—l

using equation (1.22), we obtain
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Con 1) 1 (%5, 5 (n—2) 72,

;/]p(m_l)

+

Then, by (1.23), we obtain also

Bme .
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4.4 DETERMINATION OF THE EXPLICIT SOLUTION f

Substituting equation (4.25) in (4.24) and using (1.26), we get

Lty ’h +’Y3/‘7 1

oI Wi fo(p)

Aplfmlﬂ(%—f—’)’g,-f—o'l—%(m— ))
PO T (57t 7= (m—1)
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pmb  T(b+1-5(m-2))
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np(m72+‘3)‘ (4.26)

Thus, by replacing (4.26) in (4.23), f1(77) is given by

- r(t+1-4m-1
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—m 1 m—
2 _ & —
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Pom=14P)r (L 41-a—5(m-2))
As a similar way, we compute f>(7).
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we have

and

4.4 DETERMINATION OF THE EXPLICIT SOLUTION f
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4.4 DETERMINATION OF THE EXPLICIT SOLUTION f

Then, f>(17) can be rewritten as
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As a similar way, we compute f3(17) as follows
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4.4 DETERMINATION OF THE EXPLICIT SOLUTION f

and we get to
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This can be generalized to get the nth order term f, (1), (n € IN) given by
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When n — 400, we obtain the following explicit solution f(7) to the integral equation (4.17)
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4.5 THE EXACT FORM OF THE SELF-SIMILAR SOLUTIONS

Taking into account the relation (1.7), we rewrite the solution (4.28) in terms of the generalized

Wright function W, 1) (0 (2)

a—p 0B
“Wipm) (< ts1-5(m-1) (P 7 )
+Bp?~"T <V+1_‘X _2 > p(m=2)
p o 5 (m—2) |7
a—B, 0B
XWig o) (o t+1-4(m-2)) (p n° )

4.5 THE EXACT FORM OF THE SELF-SIMILAR SOLUTIONS

In this part, we present the exact form for the self-similar solutions of the time-space fractional

diffusion equation (4.1) by substituting (4.20) in the transformation (4.5) in the following theorem

Theorem 4.3 Let o, B,0, 1,y € R provided that 0 <« <1, 1 < B <2, 0<y <1landp,u > 0.
Then the self-similar (according to the transformation (4.5)) solutions of the time-space fractional diffusion

equation (4.1) with conditions (4.7) have the following form

u(x,t) = [Apl"”r (g +1- 2 (m — 1)) (=1

—PyeP
. W(,Brm)/<—ﬂé,%+l—%(m—l)> <P“ 7P )

+ Bp*>™"T (ﬁ +1- Z (m— 2)) pem=2)

a—p,08
8 W(ﬁ,mfl)r(fa,%Jrlf%(m—Z)) (p '7 )] ’ (4-29)
wherem = B+ (2—PB).

Remark 4.1 the case of p = 1, for which the HKFD reduces to the Hilfer FD was considered in [3] by
Al-Musalhi and Karimov, when for the case of p = 1 and 7y = 0, for which the HKFD reduces to the
Riemann-Liouville FD was treated in [44] by Luchko and Gorenflo.

46 GRAPHICAL REPRESENTATION OF THE EXACT SOLUTION

In Fig. 1 and Fig. 2, we plot the solution u(¢, x) in (4.29) versus the variables t and x in 3D and
2D respectively, for different values of the parameters « and B, where y; =05,y =5,p=2, A

and B are set to 1.
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46 GRAPHICAL REPRESENTATION OF THE EXACT SOLUTION

(@) @ =0.1, =11 (b) &« =0.3, B=1.3
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(e) @ =0.9, B=1.9

Figure 4.1: The graphical representation of the exact solution in 3D.
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46 GRAPHICAL REPRESENTATION OF THE EXACT SOLUTION 76

(@) « =o0.1, =11 (b) &« =0.3, B=1.3

(c) « =o0.5, B=1.5 (d) @ =0.7, B=1.7

(e) @ =0.9, B=1.9

Figure 4.2: The graphical representation of the exact solution in 2D.



46 GRAPHICAL REPRESENTATION OF THE EXACT SOLUTION 77

(@) & =1, =2, p=1. (b) & =1, =2, p=1.

Figure 4.3: The graphical representation of the exact solution, for the classical case.

Remark 4.2 In the classical case for whichx =1, B = 2, and p = 1, we have the graphical representation

of the exact solution in Fig. 3, in 3D and 2D, respectively.



CONCLUSION AND PERSPECTIVES

This thesis is mainly devoted to study the existence and uniqueness of solutions of some classes
of mixed-FDEs and FPDEs. We have also introduced the self-similar solutions in an explicit form
of space-time fractional diffusion equation.

In the first chapter, we have gone through a journey on FC. The content of this chapter has
helped to work on and understand the various results in the following next chapters.

In chapter 2 and 3, we have investigated the existence and uniqueness of solutions in Banach
space, for both non-linear mixed FDEs with two different FDs and for nonlinear space-fractional
diffusion equation involving the GRCFD respectively, both with boundary conditions. The main
tools we have used in our work are the Banach’s contraction principle, Schauder’s, Schaefer’s
fixed point theorems and the nonlinear alternative of Leray-Schauder’s type (see [26]).

In the last chapter, we have derived self-similar solutions in an explicit form of space-time
fractional diffusion equation involving HKFD by applying the successive approximation method
(see [39])-

As this being said, we can claim that our work will pave the way for further developments and
investigations in solving more BVPs related to FDEs and FPDES. This will serve in solving some
real-world problems.

Despite the contributions made in this thesis and in other works on the studied topic, several

problems remain to be solved. Indeed, one may consider the following points:

Investigate some numerical methods to solve the aforementioned problems.

Considering different fractional operators in the same or a different framework and context.

Extend the space of study in a one broader than that of Banach.

Extend the outcomes of this work to the case of systems of FDEs and FPDEs.
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Abstract

In this thesis, we provide some existence and uniqueness results of solutions in Banach space, for nonlinear
mixed fractional differential equations (FDEs) with two different fractional derivatives and for nonlinear
fractional partial differential equations (FPDEs) involving the generalized Riesz—Caputo fractional derivative
(GRCFD) respectively, both with boundary conditions. We use the Banach's contraction principle, Schauder's
and Schaefer's fixed point theorems, and the technique of the nonlinear alternative of Leray-Schauder type.
We also derive the self-similar solutions in an explicit form of space-time fractional diffusion equation
involving Hilfer- Katugampola's fractional derivative (HKFD) by applying the successive approximation
method.
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Résumé

Dans cette thése, nous nous intéressons a I’existence et I'unicité de solutions dans un espace de Banach, pour
des équations différentielles non-linéaires d’ordre fractionnaire avec deux dérivées fractionnaires différentes
et des équations aux dérivées partielles non linéaires d’ordre fractionnaire de type Riesz-Caputo généralisée,
ces deux équations, avec des conditions aux limites. On utilise le principe de contraction de Banach, la
technique alternative non linéaire de type Leray-Schauder et les théorémes de point fixe de Schauder et
Schaefer. On dérive aussi une solution auto-similaire dans sa forme explicite d’équation (de diffusion
d’espace-temps) aux dérivées partielles non linéaires d’ordre fractionnaire de type Hilfer-Katugampola en
utilisant la méthode des approximations successives.

Mots clés : Problemes aux limites, équations différentielles fractionnaires, équations aux dérivées partielles
fractionnaires, solutions auto-similaires, méthode des approximations successives, théoréme de point fixe,
espace de Banach, existence, unicité, stabilité de Ulam-Hyers, dérivées fractionnaires de Katugampola et
Caputo-Katugampola, dérivée fractionnaire de Hilfer-Katugampola.
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