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Introduction

any problems in daily life contain various levels of uncertainty. Since existing

standard mathematical tools may not model such uncertainties, new ones are

needed. Fuzzy sets [43] and intuitionistic fuzzy sets [10], were introduced
to deal with uncertainty, are some of the well-known mathematical tools for the aforesaid
purpose.

Zadeh introduced the ideas of fuzzy sets and fuzzy relations initially, followed by Goguen
[26,43,/44]. Many authors have investigated various approaches to fuzzy lattices, fuzzy fil-
ters, and related concepts, see [2-5,18,37]. In [41], Venugopalan presented the idea of a fuzzy
ordered set (foset). He also defined the supremum and infimum of a subset A. In 1990, Bo
and Wangming proposed the ideas of fuzzy sublattices and fuzzy ideals of a lattice [13]]. As
a fuzzy algebra, a fuzzy lattice was defined by Ajmal and Thomas [2] and fuzzy sub-lattices
were described by the same authors. Using their a-cuts, Chon defined and characterized
fuzzy lattices in 2009 and established several fundamental properties of fuzzy lattices [18].
Mezzomo [32] used a fuzzy partial order relation to describe fuzzy lattices. Additionally, he
defined filters and a-filters of a fuzzy lattice and he used their a-cuts to describe them.

In 1983, Atanassov first introduced intuitionistic fuzzy sets (IFSs) to address the issue of
non-membership [8]. This concept was followed by the introduction in 1984, of a generalized
intuitionistic fuzzy set, known as "intuitionistic L-fuzzy set" [9]. It has been shown to be
particularly useful for dealing with ambiguity. Based on the intuitionistic fuzzy set concept
of Atanassov, Burillo and Bustince [17] introduced the notion of intuitionistic fuzzy relation.
Specifically, they presented the intuitionistic fuzzy order relation as a logical extension of
the fuzzy order relation introduced by Zadeh [44] before. Many authors have studied the
concept of intuitionistic fuzzy order, intuitionistic fuzzy lattice intuitionistic fuzzy filter and
intuitionistic fuzzy ideal [2}6}(15}33,39,46].

Although these sets can model many problems, there are much more problems and un-



certainties in real life that they fail to model. For instance, in voting for an election, the
decisions of the electorate may be split into three types: yes, no, and abstain. To model
this problem and other similar problems, Cuong and Kreinovich put forward in 2013 [20]
a new concept called "picture fuzzy sets". The latter is a direct generalization of Zadeh'’s
fuzzy sets and Atanassov’s intuitionistic fuzzy sets. The main work of Cuong Bui Cong
and Vladik Kreinovich is the incorporation of the concept of the positive, negative and neu-
tral membership degree of an element. In other words, an element of a picture fuzzy set A
is characterized by three memberships degrees, positive, negative and neutral membership
degree 114 (z),n4 (z),va (2), so that the total of the three degrees cannot be greater than one.
This gives an unusual but wonderful idea of a mathematician and many valued-logic.

Not only does the resulting notion have a beautiful mathematical structure with connec-
tions to various fields of mathematics, but it also has a broad range of applications outside
mathematics, for example in decision-making [7,25,42], Medical Diagnosis [24], investment
risk [14] and other applications [1,38].

The picture fuzzy set is one of the most reliable techniques to handle the uncertainties in
the data throughout the decision-making process, in which an intuitionistic fuzzy set may
fail to produce good results. It is an effective mathematical tool for dealing with uncertain
real-life issues.

This study aims to:

1. Address the inconsistencies found in Coung’s definitions by examining the structure

of the set D*, which serves as a prototype of picture fuzzy setd

2. Extend some of Atanassov’s modal operators to the picture fuzzy case with respect to

previous modifications'.

3. Provide some characteristic sets of a picture fuzzy set, such as support, kernel, a-cuts,

strong a-cuts and picture fuzzy lines of a degree a of a picture fuzzy set for a € D*!.
4. Study concepts related to relations theory and lattice theory in the picture fuzzy case[}

5. Study the concepts of picture fuzzy filters in a crisp lattice, crisp filters in a picture
fuzzy lattice, picture fuzzy filters in a picture fuzzy lattice, and picture fuzzy prime

filters in a picture fuzzy lattice?.

IThis part is published in TWMS Journal of Applied and Engineering Mathematics [35].
2This part is published in Kragujevac Journal of Mathematics [36].
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6. Describe the concepts mentioned in 4 and 5 in terms of a-cuts?.

This thesis is structured as follows:

The first chapter contains some basic definitions of fuzzy sets, intuitionistic fuzzy sets,
fuzzy relations, intuitionistic fuzzy relations, fuzzy lattices, intuitionistic fuzzy lattices, and
their filters, which will be extended later on.

The second chapter undertakes a critical examination of picture fuzzy sets which is an
important extension of fuzzy sets and intuitionistic fuzzy sets aimed at enhancing the pre-
cision of uncertainty representation. It highlights the need for clarity and consistency in its
foundational definitions, as some contradictions in specific definitions were found during
research. The first section is dedicated to addressing these contradictions. It re-examines
and scrutinizes the basic definitions of picture fuzzy sets introduced by Cuong, suggesting
corrections and presenting new results. This section not only critiques the current state of
definitions but also identifies the motivations for redefining the operations of picture fuzzy
sets, supported by a comprehensive analysis of Cuong’s definitions, complemented by coun-
terexamples and proofs. This analysis reveals the necessity of theoretical reform to resolve
the identified contradictions. A pivotal aspect of this comprehensive reform is the detailed
study of the D* set structure, which serves as a prototype of picture fuzzy sets. Understand-
ing the structural dynamics of D* facilitates the redefinition of operations for picture fuzzy
sets, ensuring compatibility with logical coherence and practical applicability. This study
introduces new definitions and properties related to the operations of picture fuzzy sets, sig-
nificantly contributing to the theoretical foundation of this field. The second section explores
the extension of Atanassov’s modal operators to picture fuzzy sets, focusing on four spe-
cific factors: necessity and possibility operators, the operators D, and F,,. Furthermore, this
section delves into the characteristic sets of a picture fuzzy set, including support, kernel,
a-cuts and strong a-cuts, alongside the picture fuzzy line of degree a. Finally, the chapter
introduces some decomposition theorems for a picture fuzzy set.

The third chapter focuses on the basic concepts underlying picture fuzzy relations. This
includes an extensive discussion of their definitions, the operations that can be performed
on them, and an exploration of their properties. This chapter also delves into important
aspects of picture fuzzy relations, such as the fuzzy picture order relation and the fuzzy
picture chain. It presents a series of results related to these concepts. and examines in detail

the structure of the picture fuzzy lattice, where the operations of join and meet in such a
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lattice are adapted to respect these additional dimensions of membership, enabling more
sophisticated aggregation and comparison mechanisms. This section systematically presents
concepts of fuzzy picture lattices and fuzzy picture bounded lattices, in addition to the fuzzy
picture sublattice, delves into their properties and gives some characterizations using their
level sets.

The fourth chapter presents an in-depth exploration of filters structure in the context of
lattice theory, adapting and generalizing them through picture fuzzy cases. It delves into
various aspects of filters, beginning with the fundamental definitions of picture fuzzy fil-
ters in a crisp lattice, crisp filters in a picture fuzzy lattice, picture fuzzy filters in a picture
fuzzy lattice, and picture fuzzy prime filters in a picture fuzzy lattice. It then explores their
properties and characterizations.

The majority of the results presented in this thesis have been published in international
journals. The results included in Chapter 2, Chapter 3 and Chapter 4 have been described
in [35] and [36], respectively.

©2024, M’sila University 4 Djazia Saadi



CHAPTER 1

A BRIEF OVERVIEW OF L-FUZZY SETS
AND RELATED STRUCTURES

% his chapter contains some basic definitions of fuzzy sets, intuitionistic fuzzy sets,
fuzzy relations, intuitionistic fuzzy relations, fuzzy lattices, intuitionistic fuzzy lat-

tices, and their filters.

1.1 Fuzzy Sets and L-Fuzzy Sets

A partial order < is a binary relation on a set X which is reflexive (z < z for any =z € X)),
antisymmetric (z < y and y < z implies x = y for any z,y € X) and transitive (for any
z,y,z € X,z < yand y < z implies x < z ). A partially ordered set, or a poset, denoted by
(X, <), is a set equipped with an order relation. (X, <) is called a lattice if it has both the
least upper bound and the greatest lower bound of a set {z,y}, for all z,y € X. z V y and
x Ay, respectively, indicate the least upper bound and the greatest lower bound of {z,y} .

If VE and AFE exist for all £ C X, then (X, <) is called a complete lattice.

Recall that a filter of a lattice (X, <) is a non-empty subset A of X satisfy the following

conditions, for any z,y € X

1. ye Aand y < z implies z € 4,

2. z,y € Aimpliesz Ay € A.

A filter A of (X, <) is a prime filter if:  Vy € Aimpliesz € Aory € Aforany z,y € X.

Definition 1.1. [43] Let X be a non-empty set. A generalized characteristic function f4 :

X — [0,1], called a fuzzy subset A on X, and /4 is said to be the membership function of
A.



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 6

Definition 1.2. [26] Let X be a non empty set and let L be a complete lattice. An L-fuzzy set

(v is any application from p : X — L.

Notation 1.1. The set of all fuzzy subset of X will be denoted by F' (X).

Definition 1.3. [43]] Let X be a non empty set, the following expressions are defined by, for
allA,B € F(X)and z € X:

1.

10.

A C Bifand only if p14 (z) < pp ().
A=Bifandonlyif A C Band B C A.

(AN B) (x) = pa (x) A pp ().

(AUB) (x) = ua () V s ().

A (x) =1— pa(2).

The support of A given by S(A) = {z € X | pa(xz) > 0}.
The kernel of A givenby Ker(A) = {x € X | pa(z) =1}.

For a € ]0, 1], the a-cut of A is the crisp subset A, of X given by

Ay ={r € X | pa(z) > a}.

For « € [0, 1], the strong a-cut of A is the crisp subset A} of X given by

AT ={z € X | ua(z) > a}.

For a € [0,1], the picture fuzzy line of degree a of A is the crisp subset L, (A) of X

givenby L, (A) = {z € X | pa(z) = a}.

Knowing that the unite interval ([0, 1], <, min, max, 0, 1) is a complete lattice with < is

the usual order on the set of real numbers R. It is easy to see that (F (X),C,N,U,0, X) is a

complete lattice.

©2024, M’sila University 6

Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 7

1.1.1 Fuzzy Binary Relations

Definition 1.4. [44] Let X be non-empty set, a fuzzy relation on X, denoted by R, is defined

as the fuzzy set
R={((.y),nr (z,y)) : (x,y) € X*},

where the function pz : X x X — [0, 1] is called the membership function and gives the
degree of membership of the ordered pair (z,y) in R associating with each pair (z,y) in X?

a real number in the interval [0, 1] .

Definition 1.5. [44] Let X be a non-empty set. A fuzzy binary relation R on X is called:

1. Reflexive, if R(z,z) =1, forall z € X.
2. Antisymmetric, if R (z,y) > 0 and R (y,z) > 0 implies z =y, forall z,y € X.

3. Transitive, if R (z,2) > supmin{R (z,vy),R (y,2)}, forall z,y, z € X.
yeX

Definition 1.6. [18] Let X be a non-empty set. A reflexive, antisymmetric and transitive
fuzzy relation is called a fuzzy partial order relation. A fuzzy partial order relation R is a
fuzzy total order relation if and only if either R (z,y) > 0 or R (y,z) > 0, forall z,y € X. A
set equipped with a fuzzy partial order relation is called a fuzzy partially ordered set (fuzzy
poset for short) and we will denote it by (X, R). If R is a fuzzy total order relation in a set X,
then (X, R) is called fuzzy totally ordered set or a fuzzy chain.

1.1.2 Fuzzy Lattices

Definition 1.7. [41] Let (X, R) be a fuzzy poset, and let A be a non-empty subset of X. An
element u € X is said to be an upper bound of a subset A if and only if R (a,u) > 0, for all
a € A. An upper bound u, of A is the least upper bound of A if and only if R(ug, u) > 0, for
every upper bound u of A. An element ! € X is said to be a lower bound of a subset A if and
only if R(l,a) > 0, for alla € A. A lower bound [, of A is the greatest lower bound of A if
and only if R(l,ly) > 0, for every lower bound [ of A.

A least upper bound of A will be denoted by sup A and a greatest lower bound by inf A.
We denote the least upper bound of the set {z,y} by z U y and denote the greatest lower
bound of the set {z,y} by 2 M y.

©2024, M’sila University 7 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 8

Definition 1.8. [18] A fuzzy poset (X, R) is a fuzzy lattice if and only if LI y and = M y exist
forall z,y € X.

Example 1.1. Let X = [0, 1] and let R be the fuzzy relation on X defined by

1 ifr=y,
Rzy)=4 A (Aelo1) ifz <y,
0 otherwise.

(X, R) is a fuzzy lattice.
In what follows (X, R) denotes a fuzzy lattice.

Definition 1.9. [29]] Let (X, R) be a fuzzy lattice, and let A be a non-empty subset of X. A is

a crisp filter of (X, R) if it satisfies the following conditions:

() Ifye X,z € Aand R(z,y) > 0, theny € A.

(i) Ifx,y € A, thenx My € A.

Now, we give some types of classical filters in a fuzzy lattice.
Definition 1.10. A filter A of (X, R) such that A # X, is called proper filter of (X, R).

Definition 1.11. [34] Let A be a proper filter of (X, R). Then, A is a prime filter if for all
r,ye€ X,zUy € Aimpliesz € Aory € A.

Definition 1.12. [29] Let A be a proper filter of (X, R). We say that the filter A is a maximal
filter of (X, R),if A C B C X, then either B = A or B = X, for any filter B.

Definition 1.13. [29] Let (X, R) be a fuzzy lattice and * € X. Then, the set defined by:
to={ye X :R(z,y) > 0}is called principal filter of (X, R) generated by x.

Definition 1.14. [31] Let (X, R) be a fuzzy lattice, o« € |0,1] and let A C X.
A is an a-filter of (X, R), if it satisfies

) IfreX,yec Aand R (y,x) > o, thenz € A;

(ii) =,y € Aimpliesz My € A.

©2024, M’sila University 8 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 9

Definition 1.15. Let A be a non-empty subset of X. A filter IV in X is said to be generated
by A, if A C W and for any filter Z in X, A C Z implies W C Z. The filter generated by A
will be denoted by 1 A.

Lemma 1.1. [5] If A be a non-empty subset of a fuzzy lattice (X, R), then
tA={re X |R(aMN...MNay,z) >0, for Some ay, ..,a, € A}

is the filter generated by A.

Definition 1.16. [5] A fuzzy subset A in (X, R) is called a fuzzy filter of X if it satisfies

(F1 forall z,y € X, A(xMy) > min{A(z), A(y)};

(F2) Ais an order-preserving, that is, for all z,y € X, R (z,y) > 0 implies A(z) < A(y).
Now, we give some types of fuzzy filters in a fuzzy lattice.

Definition 1.17. Let § be a fuzzy set in (X, R). A fuzzy filter ;1 in X is said to be generated
by 4, if 6 C p and for any fuzzy filter ¢ in X, 6 C ¢ imply i C 1. The fuzzy filter generated
by ¢ will be denoted by 1 6.

Theorem 1.1. [5] If 6 is a fuzzy set, then

10 () = max{ min 6 (a;) | R (M a;,x) > 0,ay,as,...,a, € X}

ie{1,.m}
is the fuzzy filter generated by 6.
Definition 1.18. [5] Let (X, R) be a fuzzy lattice, o € |0, 1].
A fuzzy set Ain (X, R) is called a fuzzy a-filter of X if it satisfies
(F1) forallz,y € X, A(zMy) > min {A(z), A(y)},

(FA) forallz,y € X, R (z,y) > a implies A(z) < A(y).

Definition 1.19. [34] Let (X, R) be a fuzzy lattice and A be a fuzzy filter of (X, R).
A is called a fuzzy prime filter if for any =,y € X, A(z Uy) = max {A(x), A(y)}.

Example 1.2. Let (X, R) be the fuzzy lattice defined in Example and let f be a fuzzy set
defined by f : [0,1] — [0, 1], f(z) = =.
[ is a fuzzy prime filter on (X, R).

©2024, M’sila University 9 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 10

1.2 Intuitionistic Fuzzy Sets as L*-Fuzzy Set

In [10,11] Atanassov proposed a generalization of fuzzy sets called intuitionistic fuzzy sets,
which contains a degree of membership and a degree of non-membership with a sum of the
two values is less than or equal to 1.

In the following, we recall some definitions and properties of the intuitionistic fuzzy sets,

intuitionistic fuzzy relations, intuitionistic fuzzy lattices and their filters [10,16].

1.2.1 Intuitionistic Fuzzy Sets

Definition 1.20. [10]Let X be a given non-empty set. An intuitionistic fuzzy set in X is an
expression A given by A = {(z, pua (z),va (z)) | v € X} where ps : X — [0,1],v4 : X —
[0, 1] with the condition p4(z) + va(x) < 1, for all x € X. The numbers 4 (z) and v (x)
denote, respectively, the degree of membership and the degree of non-membership of the

element z in the set A.

We will denote by IF'S (X) the set of all intuitionistic fuzzy subsets on X. Obviously,
when v4(x) =1 — pa(x) for every x in X, the intuitionistic fuzzy set A is a fuzzy set.

The quantity 74 (z) =1 — (1 (z) + va (2)) is called the hesitation degree or the intuition-
istic index of z in A.

Since the membership degree and the non-membership degree of an intuitionistic fuzzy
set are elements of [0, 1] with a sum less than or equal to 1, we study the mathematical model
illustrating this phenomenon according to the above notions, i.e., the set L* given in the

following definition.

Definition 1.21. [19] Let L* = {(a1,a2) € [0,1]* | a1 + as < 1} and < be an order in L*
defined by V(ay,a2), (b1,b2) € L* : (a1,a2) <p» (b1,b2) < (a1 < by and ay > by). (L, <p+)isa
complete lattice with
(a1,a2) Ape (b1,b2) = (min(ay,by),max (ag, b2)),
(a1,a2) Vi« (b1,b2) = (max(ayby),min (ag,bs)),
Op = (0,1) and 1y« = (1,0) are the units of L*.

Remark 1.1. Knowing that (L*, <p«, Ar+, Vs, Op+, 1+) is a complete lattice, it is easy to see

that (/F'Ss (X),C,N,U, 0, X) is a complete lattice.

Throughout the next, we denote by L = L* — {0y} ,Lj = L* — {1p-}

©2024, M’sila University 10 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 11

Definition 1.22. The following expressions are defined in [10,[12], for all A, B € I F'S (X)
1. ACBifandonlyif A(x) <p- B(x), forall z € X.
In more detail, pi4 () < pup () and v () > vp (x), forall z € X.
2. A=Bifandonlyif AC Band B C A.
3. ANB={{(z,A(x) A\ B(2)) |z € X} = {(x,ua () ANup (z),va (z) Vvp(x)) |z € X}
4 AUB={{z,A(x) VL B(2)) |z € X} ={{(x,ua () Vup (z),va(z) Nvp(x)) |z € X}.
5. A% = {(z,va(z), pa (2)) | v € X}.
6. S(A) ={r e X | A(z) >1- O} = {x € X | pa(z) >00r (pa(x) =0and vy (z) < 1)}.
7. ker(A) ={rx € X | A(z) = 1p-} ={r € X | pa(z) =1land v4 (x) =0} .

8. For a = (a1, ap) € L, the a-cut of A givenby A, = {x € X | A(z) >+ a}.

In more detail, A, = {z € X | pa () > a;and v4 () < as}.
9. DA = {{z, i (x),1 — pua (2)) | z € X}
10. QA ={(z,1 —va(z),va(x)) |z € X}.

11. Dy(A) = {(z,pa(x) + A7ma(x),va(x)+ (1 —=X).ma(x)) |z € X}, where )\ is a fixed

number in [0, 1].

12. F, (A) = {(z, pa (z) + a1ma (z) ,v4 (x) + aoma (z)) | x € X}, where a = (a3, ap) € L*.

1.2.2 Intuitionistic Fuzzy Relations

Definition 1.23. [17] Let X,Y be non-empty universes. An intuitionistic fuzzy relation R
from X to Y (for short, I F'R) is an intuitionistic fuzzy subset of X x Y given by the expression
R = {{(z,y),ur (z,y) ,vr (z,y)) | (z,y) € X x Y}, where ug : X xY — [0,1] and vg :
X xY — [0, 1] satisfy the condition ux (z,y) + vg (z,y) < 1 for every (z,y) € X x Y.

In particular, if R is an intuitionistic fuzzy relation from X to itself, then R is called an
intuitionistic fuzzy binary relation on X, and we will denote the set of all intuitionistic fuzzy
relations on X by: IFR(X).

©2024, M’sila University 11 Djazia Saadi
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Various operations are defined on intuitionistic fuzzy relations (see, e.g., [16,/17]).

Definition 1.24. [17] An intuitionistic fuzzy relation R on a non-empty set X is said to be

1. reflexive if and only if for all z € X, pug (z,z) = 1 and vg (z,y) = 0;

2. anti-symmetrical intuitionistic, if for every (z,y) € X x X, z # y, then
pr(z,y) # pr(y, ),
vR (2, y) # vr (¥, 2),

7-[-R(:L‘?y) = TR (yv ZL‘) )

3. perfect anti-symmetrical intuitionistic, if for every (z,y) € X x X with z # y and

R (z,y) > Op«, then R (z,y) = Or-. i.e.,

( /J’R(xay> > 07 ,LLR(Z/,%) = 07
{ or then and
[ pr(z,y) =0and vg (z,y) < 1, vr (y, ) = 1;

4. transitive if and only if for all z,y, 2z € X,
(1ir (2,9) A pr (y,2) < pw (2, 2),
and

\ UR (xay) \/UR (ya Z) Z UR (ZL‘,Z).

Definition 1.25. [45] A reflexive, perfect antisymmetric and transitive intuitionistic fuzzy
relation is called an intuitionistic fuzzy perfect partial ordering relation. An intuitionis-
tic fuzzy perfect partial order relation R is an intuitionistic fuzzy perfect total order re-
lation if and only if (uz (z,y) > 0 or (ugr (z,y) = 0and vg (z,y) < 1)) or (ur (y,z) > 0 or
(ur (y,x) =0and v (y,x) < 1)) forall z,y € X. A set equipped with an intuitionistic fuzzy

perfect partial order relation is called an intuitionistic fuzzy perfect poset.

1.2.3 Intuitionistic Fuzzy Lattices

The idea of an intuitionistic fuzzy lattice was first put forward by Thomas and Nair [39] as
an intuitionistic fuzzy set on a crisp lattice stable by the supremum and the infimum of the

binary operations LI and 1.

Definition 1.26. [39] Let (X, <) be a crisp lattice, and let L be an intuitionistic fuzzy set on
X. We say that L is an intuitionistic fuzzy lattice if the following conditions are satisfied for

any r,y € X :

©2024, M’sila University 12 Djazia Saadi
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1. L(x Vy) >+ L(z) AL L(y),
2. L(x Ay) > L(x) Aps L(y).
For additional information about intuitionistic fuzzy lattices, see [6,39].

Definition 1.27. [39] Let (X, <) be a crisp lattice, and let A be an intuitionistic fuzzy set on
X. We say that A is an intuitionistic fuzzy filter if the following conditions are satisfied for

any r,y € X :
1. A(zVy) > A(x) Vi A(y),
2. A(z ANy) >+ A(x) AL A(y).

Definition 1.28. [33] Let (X, <) be a crisp lattice, and let A be an intuitionistic fuzzy filter on
(X, R). We say that A is a prime intuitionistic fuzzy filter if for any z,y € X,

Az Vy) <p- A(z) VL A(y).

1.2.4 Intuitionistic Fuzzy Ordered Lattice

Here, we review some elementary ideas concerning intuitionistic fuzzy ordered lattices. For

more details, see [40].
Definition 1.29. [40] Let (X, R) be an intuitionistic fuzzy ordered set and let z € X. The
intuitionistic fuzzy sets R>[,) and R<[, defined on X by

R = {, ir(z,y), vr(2,9)) |y € X},

R = {(, pr(y, v), vr(y,2)) |y € X}.

are called, respectively, the dominating class of « and the class dominated by z.

Definition 1.30. [40] Let (X,R) be an intuitionistic fuzzy ordered set and let A be a non-
empty subset of X.

1. The set of upper bounds of A is the intuitionistic fuzzy subset of X defined forally € X

by
U(R,A)(y) = 0 Rop (y)-
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2. The set of lower bounds of A is the intuitionistic fuzzy subset of X defined forall y € X
by
L(R,A)(y) = 0 R ().

Definition 1.31. [40] Let (X,R) be an intuitionistic fuzzy ordered set and let A be a non-
empty subset of X.

An element z € X is called the least upper bound (or a supremum) of A if:
1. z€e S(U(R,A)),

2. foranyy € S (U (R,A)), pr (x,y) > 0o0r (ug (z,y) = 0and vg (z,y) < 1).
An element = € X is called the greatest lower bound (or an infimum) of A if:
1. z€ S(L(R,A)),

2. foranyy € S(L(R,A)), pr (y,x) > 0o0r (g (y,2) =0and vg (y,2) < 1).

Definition 1.32. [40] An intuitionistic fuzzy poset (X, R) is an intuitionistic fuzzy lattice if

and only if a supremum and an infimum of each pair of elements {x, y} exist forall z,y € X.

Example 1.3. Let X = {a,b,c,d,e} and let R : X x X — [0, 1] be an intuitionistic fuzzy

relation defined by
R a b c d e
a | (1.00,0.00) | (0.00,1.00) | (0.00,0.40) | (0.55,0.45) | (0.40,0.25)
b | (0.00,0.30) | (1.00,0.00) | (0.0,0.20) | (0.35,0.35) | (0.45,0.10)
¢ | (0.00,1.00) | (0.00,1.00) | (1.00,0.00) | (0.00,0.85) | (0.70,0.15)
d | (0.00,1.00) | (0.00,1.00) | (0.00,1.00) | (1.00,0.00) | (0.00,1.00)
e | (0.00,1.00) | (0.00,1.00) | (0.00,1.00) | (0.00,0.90) | (1.00,0.00)

It is easy to see that (X, R) is an intuitionistic fuzzy lattice.

Definition 1.33. [40] Let (X, R) be an intuitionistic fuzzy ordered set.
1. Anelement T € X is called the greatest element (the maximum) of X if forallz € X :

or
(g (x, T)=0and vg (z, T) < 1).
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2. Anelement L € X is called the smallest element (the minimum) of X if forallz € X :

or
(ur (L,x) =0and vg (L,x) < 1).

Definition 1.34. [33] Let (X,R) be an intuitionistic fuzzy ordered lattice and let A be an
intuitionistic fuzzy subset on X. Then, we say that A is an intuitionistic fuzzy filter on (X, R)

if the following conditions are satisfied for any =,y € X :
1. A(zNy) > A(x) AL A(y),
2. A(z) > A(y) AL R(y, ).

Definition 1.35. Let (X, R) be an intuitionistic fuzzy ordered lattice. A non-empty intuition-
istic fuzzy set A on X is called a proper intuitionistic fuzzy set, if there exists + € X such that

pa(z) > 0orva(x) < 1.

Definition 1.36. [33] Let (X, R) be an intuitionistic fuzzy ordered lattice and let A be a
proper intuitionistic fuzzy filter on (X, R). We say that A is a prime intuitionistic fuzzy filter

on (X, R) if for any z,y € X,

A(x My) <p- A(z) Vi A(y).
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CHAPTER 2

BACKGROUND ON PICTURE FuUuzzyY SETS

n the field of fuzzy sets, optimizing conceptual frameworks is central to enhancing the-

oretical understanding and application. This thesis, specifically this chapter, undertakes
a critical examination of picture fuzzy sets [20], an important extension of fuzzy sets and
intuitionistic fuzzy sets aimed at enhancing the precision of uncertainty representation. It
highlights the need for clarity and consistency in its foundational definitions, as some con-
tradictions in specific definitions were found during research.

The first section is dedicated to addressing these contradictions. It reexamines and scruti-
nizes the basic definitions of picture fuzzy sets introduced by Cuong, suggesting corrections
and presenting new results. This section not only critiques the current state of definitions but
also identifies the motivations for redefining the operations of picture fuzzy sets, supported
by a comprehensive analysis of Cuong’s definitions, complemented by counterexamples and
proofs. This analysis reveals the necessity of theoretical reform to resolve the identified con-
tradictions.

A pivotal aspect of this comprehensive reform is the detailed study of the D* set structure,
which serves as a prototype for picture fuzzy sets. Understanding the structural dynamics
of D* facilitates the redefinition of operations for picture fuzzy sets, ensuring compatibility
with logical coherence and practical applicability. This study introduces new definitions and
properties related to the operations of picture fuzzy sets, significantly contributing to the
theoretical foundation of this field.

The second section explores the extension of Atanassov’s modal operators to picture
fuzzy sets, focusing on four specific factors: necessity and possibility operators, the oper-
ators D, and F,. Furthermore, this section delves into the characteristic sets of a picture
fuzzy set, including support, kernel, a-cuts and strong a-cuts, alongside the picture fuzzy
line of degree a. Finally, the chapter introduces some decomposition theorems for a picture

fuzzy set.

16
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This chapter aims to illuminate the complexities and potentials of picture fuzzy sets, ad-
vocating for a more coherent and robust framework that resolves existing contradictions and
lays the groundwork for future advancements. Through a meticulous reconsideration of ba-

sic concepts.

2.1 Picture Fuzzy Sets: Another Point of View

Recently, V. Kreinovich and B. C. Cuong in [20] have put forward the concept of picture fuzzy
sets as a generalization of fuzzy sets and intuitionistic fuzzy sets to overcome further uncer-
tainties. This section discusses and modifies some basic properties of Cuong’s definitions to

ensure their consistency.

2.1.1 Concepts Related to Picture Fuzzy Sets According to Cuong’s Defi-
nitions

Here, we present the concept of picture fuzzy sets and some of their operations, as defined

by Cuong that are available in [20].

Definition 2.1. Let X be a non-empty set. A picture fuzzy set (PFS, for short) A on X is an

object of the form
A= {{z, pa (@), na(2) 04 (2)) |2 € X},

where 14 (z) € [0, 1] is called the degree of positive membership of x in A,
na(x) € [0,1] is called the degree of neutral membership of x in A4,
vy4 () € [0, 1] is called the degree of negative membership of = in A.

[a,na and vy satisfy the following condition:
pa(z)+na(x)+va(z) <1, foranyz € X.

The quantity 74 (z) = 1—(pa () + 14 () + va (x)) is called the degree of refusal membership

of zin A.

Notation 2.1. Let X be a non-empty set. The set of all the picture fuzzy set on X will be
denoted by PFS(X).

Example 2.1. Let X = {a,b, ¢} be a universal set. The subsets
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CHAPTER 2. BACKGROUND ON PICTURE FUZZY SETS 18

A = {{a,0.54,0.21,0.12) , (b,0.32,0.25,0.01), {c,0.10,0.31,0.51)} ,
B = {{a,0.34,0.29,0.34) , (b,0.08,0.21,0.71) , (¢, 0.45,0.21,0.27)} ,
and C = {(a,0.51,0.19,0.22) , (b,0.11,0.02, 0.66) , (¢, 0.01,0.31,0.53)}

are picture fuzzy sets on X.

Example 2.2. Consider diagnosing pneumonia based on the following symptoms:

z1 : Cough,

xs : Fever,

x3 : Shortness of breath,

x4 : Severe fatigue.

Let X = {z1, 22, 23,24} be the universal set of symptoms, and we define the following
subsets:

A represents the evaluation results of the symptoms from a doctor, and B represents the
evaluation results of the symptoms using laboratory test results, where

A = {(z1,0.85,0.10,0.05) , (x5,0.90,0.05,0.05) , (x5, 0.75,0.15,0.10) , (x4, 0.70,0.20,0.10)} ,

B = {(1,0.88,0.07,0.05) , (x2,0.92,0.03,0.05) , (x3,0.78,0.12,0.10) , (x4, 0.72,0.18,0.10)} .

A and B are picture fuzzy sets on X.

Definition 2.2. [20] Let X be a non-empty set and let A, B € PFS(X).
e AC Bifandonlyif puy (z) < pp(x),na(z) <np(r)and va (z) > vp (z), forallz € X.
e A= PBifandonlyif (A C Band B C A).
e ANB = {{z,min {jux (2), s (£)} ,min {na (2) 75 (2)} , max {v (2), 05 (2)}) | 7 € X}
e AUB = {{w,max {jus (z) s (2)} ,min {4 () , 7 (1)}, min v (2), 05 (2)}) | 2 € X}
o A® = {(z,va(x),ma (z), pa (x)) |z € X},

Example 2.3. Consider the picture fuzzy sets given in the previous example, then

o forallz € X, o () < pa(x),ne(x) <na(z)and ve () > va ().

HenceC C A, ANC=Cand AUC = A.
o AN B = {(z1,0.34,0.21,0.34) , (x5,0.08,0.21,0.71) , (x5,0.10,0.21,0.51)} .

o AUB = {{(z1,0.54,0.21,0.12) , (z2,0.32,0.21,0.01) , (x5, 0.45,0.21,0.27)} .
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o AC = {{21,0.12,0.21,0.54) , (z5,0.01,0.25,0.32) , (x3,0.51,0.31,0.10)} .
o B¢ = {(x1,0.34,0.29,0.34) , (x5,0.71,0.21,0.08) , (x5,0.27,0.21,0.45)} .

o CC = {(z,,0.22,0.19,0.51) , (z2,0.66,0.02,0.11), (x3,0.53,0.31,0.01)} .

2.1.2 Motivations for the Revision of the Definitions of Picture Fuzzy Sets

Operations

In what follows, Cuong’s definitions of picture fuzzy sets and associated operations are dis-
cussed, along with some counter-examples and proofs.

According to Definition[2.2]and respecting the two conditions:
e forall A e PFS(X),0 C A.
e forall A e PFS(X),ACX.

The definitions of empty and universal picture fuzzy sets should be, respectively, as fol-

lows:
e ) ={(x,0,0,1) | x € X},
o X ={(x,1,1,0) |z € X}.

There is a contradiction in Definition R.1|since 1 + 1+ 0 £ 1, i.e, X ¢ PFS(X) and
B¢ = {(,1,0,0) |z € X} # X.

This also leads to a series of contradictions, such as
e AUD# Aand AUX # X.
e AAUB,B¢ AUB.

Example 2.4. Let X = {a,b,c} and let A, B € PFS(X), where
A = {(a,0.01,0.30,0.52) , (b, 0.02,0.11,0.36) , {c,0.13,0.40, 0.32)} ,
B = {(a,0.01,0.35,0.52) , (b, 0.28,0.33,0.15) , (¢, 0.21, 0.00, 0.09) } .
Then
AU = {{a,0.01,0.00,0.52) , (b, 0.02, 0.00, 0.36) , {c,0.13,0.00,0.32) } # A,
AU X = {{a,1.00,0.30,0.00) , (b, 1.00,0.11, 0.00) , {c, 1.00,0.40, 0.00) } # X.
AUB = {{a,0.01,0.30,0.52), (b,0.28,0.11,0.15) , (¢, 0.21, 0.00, 0.09) } .

We can see that
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e A¢ AU B, sincena (c) > naus (c).
e B¢ AU B, since np (a) > naus (a) and np (b) > naus ().

So, picture fuzzy sets operations should be redefined to overcome these contradictions.

The best way to avoid these contradictions is the detailed study of the D* set structure.

2.1.3 Structure of the Set D*

The following section is essential to this thesis because it leads to a good understanding of
the properties of picture fuzzy sets.

According to [21}27,35], we consider the set D* defined by:
D* = {$ = (33'1,]}2,.%3) S [07 1]37]71 + x2 + 23 S 1} .

This set plays the role of a prototype of a picture fuzzy set, and the study of this set allows
us to perform picture fuzzy sets operations using these of D*.

Obviously, any picture fuzzy set:
A= {{z, pa (@), na(2) 04 (2)) |2 € X},
corresponds to a D*-fuzzy subset, i.e., a mapping A : X — D* given by
A(z) = (pa(2),ma () ,va (z)) € D"

We'll suppose that for all + € D*, x;, z; and z3, respectively, refer to the first, second and

third components of z, i.e., x = (z1, x2, x3).

Order of D*

Definition 2.3. According to [22,27,28,35], we define the order relation < on D* by for all
x,y € D*,

r = yifand only if (21, 23) <+ (v1,y3) or ((z1,23) = (y1,y3) and xo < ys),

ie., (lL‘l <Y and T3 > ’yg) or (l’l =1 and T3 > yg) or ((L’l = 1Y1, T3 = Y3 and Ty < yg) .
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Proposition 2.1. The components of non-comparable elements x,y € D* check (xq > y, and x3 >

y3) or (x1 < yy and x3 < y3), and we write x || y.

Proposition 2.2. [21] (D*, <) is a bounded lattice with top element 1p« = (1,0,0) and bottom
element Op- = (0,0, 1) . And for each x,y € D*, x A y and = Y y defined as follows

,

T lfx =y
TAYy=< vy ify 2z,
L (@1 Ay, L= (21 Ayn) — (23 Vys), 23V ys) otherwise.
(y ifr <y,
TYy=4q w ify 2,
(1 V y1,0,23 Ays) otherwise.

Next, we will give some basic properties for the order of D* that will be useful in the

sequel.

Remark 2.1. Let z,y € D*.

® Ifl’1 7é O, then$3 7é 1.

e 1 > yisequivalent to (z; > y; and z3 < y3) or (z; = y; and x5 < y3) or
(1 =1y1, v3 = ys and 73 > y).
e z > Op- is equivalent to x; > 0 or (z; = 0 and 25 < 1).
Proposition 2.3. [35)] Let x,y, z € D*. Then
G zAiy=<z,z Ay =<y
G) z<zxYy,y=zYU
(i) r Ay <z YUY
(iv) = > Op~ and y > Op-~ if and only if x A y > Op-.
V) x> zandy > zifand only if v X y > 2.
(vi) = > Op~ or y > Op-~ if and only if v Y y > Op-.

(vii) Ifx > zory = z, thenz Y y > z.
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22

(viii) z < zandy < zifandonly if x Y y < 2.

(ix) Ify=<z,thenxYyxYzandx Ay 2z A z

X zA(yYyz)=(x Ay Y (xA2).

Proof. Let x = (z1,22,%3) .y = (Y1, Y2, ¥3) , 2 = (21, 22, 23) , t = (t1, 12, t3) € D,

(i) There are three cases to distinguish,

case 01 z < y. It followsthatz A y =z, hencexz Ay <zand z A y < v.

case 02 y < z. It follows thatz A y =y, hencexz Ay <xandz A y < y.

case 03 z || y means (z; > y; and x3 > y3) or (1 < y; and z3 < y3).
For the first sub-case, obtain

rAy= (@ Ay, 1L =21 Ay1 — a3V yz, w3V ys) = (y1,1 —y1 — x3,23) .
rT1ANyp =1y <zyand x3Vys = x3, hencexr A y <,

Then ¢ and
r1 Ayp =y and 23V ys = x3 > y3, hencex A y < y.

Similarly, we obtain the same result in the second sub-case.
Therefore, we conclude that x A y < zand x A y <y, for all z,y € D*.
The proofs of (ii) and (iii) are similar to the proof given in (i).

(iv) Suppose that x = Op-, y > Op-. Then

X, if x <y,
TAhYy =4 v, ify <z,
(r1 ANy, 1 — 2y Ayp — 23V ys, x3 V y3), otherwise.

The resultis clear if x A y = z or x A y = y, it remains to prove that the property is true in

thecasez Ay = (z1 Ay1, 1 — a1 Ayp — 23V ys, 23 V y3) .

Since = > Op+ and y > Op-, it follow that

x1 > 0and 3 < 1, (a) y1 > 0and y3 < 1, (a")
or and ¢ or
z1=0 and T3 < 1. (b) Y = 0 and Y3 < 1. (b/)
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Then we distinguish four cases:

case 01 If we have (a) and (¢'), i.e., (zr;1 > 0 and z3 < 1) and (y; > 0 and y3 < 1), then
x1 Ay > 0and z3 V yz < 1. It follows that z A y > Op-.

case 02 If we have (a) and (¥'), i.e., (zr; > 0and z3 < 1) and (y; = 0 and y3 < 1), then
1 Ay = 0and z3 V y3 < 1. It follows that x A y > Op-.

case 03 If we have (b) and (d), i.e., (1 = 0and 23 < 1) and (y; > 0 and y3 < 1), then
x1 Ay; = 0and z3 V y3 < 1. It follows that z A y > Op-.

case 04 If we have (b) and (¥'), i.e., (r; = 0and z3 < 1) and (y; = 0 and y3 < 1), then
1 Ay = 0and z3 V y3 < 1. It follows that x A y > Op-.

Conversely, suppose that z A y > Op- and z = Op~. Then A y = Op~ A y = Op~, for each
y € D*. This is a contradiction. Thus, if A y > Op~ implies x > Op« and y > Op-.

In the same way, we prove (v).

(vi) Suppose that z > Op~. Since xz Y y = =, then z Y y > Op-.

Conversely, suppose that z Y y > Op-, z = Op~ and y = Op-. Then z Y y = Op+ Y Op- = Op-.
This is a contradiction. Thus, if z Y y > Op- implies = > Op- or y > Op-.

Similarly, we prove (vii).

(viii) Suppose thatz < zand y < z.
The resultis clearif z Yy =z orz Y y =y.
IfxYy=(xr1Vy,0,23 Nys),thenz; Vy; <z, 23Ay3 > zz3and 0 < z5. Hencex Yy < z.
Conversely, suppose that z Y y < 2.

Sincer <=zYyandy <z Yy,thenx < zand y < z.
(ix) Suppose thaty < z.
Sincex <z Yzandy Xz <z Y z, then from (viii) z Yy <z Y z.
Sincex Ay <zrandx Ay <y <z, thenfrom((v) z Ay <z A z.

(x) Using (i), (viii) and (v), wegetz A (y Y 2) = (z L y) Y (z A 2).

©2024, M’sila University 23 Djazia Saadi



CHAPTER 2. BACKGROUND ON PICTURE FUZZY SETS 24

Remark 2.2. Generally, the converse implication in (vii) is not true. indeed,
let 2 = (0.2,0.4,0.3) ,y = (0.1,0.3,0.2) ,z = (0.2,0.5,0.3) .
zYy=(0200.2) > (0.2,0.5,0.3) = z,butz < zand y || 2.

Picture Fuzzy Negators on D*

Picture fuzzy negators on D* are an extension of fuzzy negators and intuitionistic fuzzy nega-

tors and are defined as follows:

Definition 2.4. [21] A picture fuzzy negator is any non-increasing mapping N : D* — D*
satisfying N (O]]])*) = 1]]])* and N (1]]3)*) = O]D*.

N is called an involutive picture fuzzy negator, if N (N (z)) = z, for all z € D*.

Proposition 2.4. Let © = (x1, x9,23) € D*.
The mappings N, and Ng defined respectively by
Ny (x) = (x5, w9, 1) and Ng (z) = (23,1 — x1 — 22 — x3,21) , for all z € D*

are involutive picture fuzzy negators and Ng is called the standard picture fuzzy negator.

Example 2.5. .

e N; (0.05,0.60,0.21) = (0.21,0.60, 0.05) and N (0.05,0.60,0.21) = (0.21,0.14, 0.05) ,

N1 (0.00, 1.00, 0.00) = (0.00, 1.00, 0.00) and N (0.00, 1.00, 0.00) = (0.00, 0.00, 0.00) ,

N1 (0.00,0.00,0.00) = (0.00,0.00,0.00) and Ng (0.00,0.00,0.00) = (0.00, 1.00,0.00) .

N (1.00,0.00,0.00) = (0.00,0.00,1.00) and N (1.00,0.00,0.00) = (0.00, 0.00, 1.00) ,

N1 (0.00,0.00,1.00) = (1.00,0.00,0.00) and Ng (0.00,0.00,1.00) = (0.00,0.00, 1.00) .

2.1.4 Picture Fuzzy Sets Operations in term of D* and Some of Their Prop-

erties

Picture Fuzzy Inclusion

Definition 2.5. Let X be a non-empty set and let A, B € PFS(X). We say that A C B, if
A(x) % B(x) for all x € X, where < is the order of D*. In more detail,

©2024, M’sila University 24 Djazia Saadi



CHAPTER 2. BACKGROUND ON PICTURE FUZZY SETS 25

ACB < (pal(r),na(r),va(@)) = (us (@), 18 (), vp (7)),

pa (@) < pp (v) and va (2) > vp (2)
or
= pa(x) = pup (z) and va (z) > vp ()

| 114 (2) = 1 (2), va (&) = vp (2) and na (z) < g (@),

Definition 2.6. Let X be a non-empty set and let A, B € PFS(X). We say that A = B, if
A(x) = B(x) forall z € X.

Picture Fuzzy Intersection and Picture Fuzzy Union

Definition 2.7. [35] Let X be a non-empty set and let A, B € PFS(X). According to Propo-
sition we define the picture fuzzy intersection by (AN B) (z) = A(z) A B(z). In more
detail, AN B = {{(z, panp (z) ,nans (z) ,vanp (2)) | v € X}, where

prans () = pa (x) A pp (2)
na (z) if A(x) X B(x),
nans () = ¢ 15 () if B(z) = A(x),
1 —pa(z)ANpp(z) —va(x) Vug (z) otherwise.
vanp (x) =va (z) Vup (z) .
And picture fuzzy union by (AU B) (z) = A(z) Y B ().
In more detail, AU B = {{x, paup (z),n4us (z) ,vaup (z)) | © € X}, where

pavs () = pa (z) V pp (x) .
ng(x) if A(z) < B(x),
naus (¥) = na(z) if B(z) <X A(x),

0 otherwise.

vaup () =va (x) ANvg (x) .

Example 2.6. Let X = {a,b,c} and let E, F, G € PFS(X), where
E = {{a,0.01,0.30,0.52) , (b,0.02,0.11,0.36) , (¢, 0.13,0.40,0.32) } ,
F = {{a,0.01,0.35,0.52) , (b, 0.28,0.33,0.15) , (¢, 0.21,0.00, 0.09) } ,
G = {{a,0.00,0.44,0.21) , (b, 0.05,0.51,0.27) , (¢, 0.21,0.07,0.53)} .
Note that forall x € X, E' () X F (x), then E C F. Moreover, ENF = Fand EUF = F.
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On the other hand, there exists a € X such that E (a)||G (a), then neither £ C G nor
G C E. Moreover, E NG = {(a,0.00,0.48,0.52) , (b,0.02,0.11,0.36) , (c, 0.13,0.34, 0.53)}
and E UG = {(a,0.01,0.00,0.21) , (b,0.05,0.51,0.27), (¢, 0.21,0.00, 0.32) } .

Notethat E C FUGand G C FUG. Also, EUD) = Fand EU X = X.

Proposition 2.5. Let X be a non-empty set and let A, B,C € PFS(X). As in classical set theory,

the definitions that we have just given lead us to the following properties

D) AN(BNC)=(ANB)NC, AU(BUC)=(AUB)UC.

(i) ANB=BNA AUB=BUA.

(ii)) AN(AUB)=A AU(ANB) = A.

(iv ANA=A4, AUA=A

v) AUBDADANB,AUB2 B2 ANB.

(vi) AUD=A, AUX = X,VA € PFS(X).

i) ANO=0ANX =AVA e PFS(X).

Proof. The proofs are direct using the properties in Proposition 2.3} O

Proposition 2.6. (PFS(X),C,N,U, 0, X) is a bounded lattice.

Picture Fuzzy Complement of a Picture Fuzzy Set

Definition 2.8. Let X be a non empty set and let A € PFS(X). Using the negators Ng and
N, in Proposition 2.4, we define A® and A respectively by

A€ = Ny (A) = {{z,va (2) 1~ jua (2) = na () = va (&) , ja (@) | @ € X}
A= Ny (A) = {(e,04 () ,na (2) . pua () | 2 € X}

Example 2.7. The complement of the picture fuzzy sets given in Example 2.6|is
E€ = {{a,0.52,0.17,0.01) , (b,0.36,0.51,0.02) , (¢, 0.32,0.15,0.13) } ,

FC = {{a,0.52,0.12,0.01) , (b,0.15,0.24,0.28) , {¢,0.09,0.70,0.21) } ,

G¢ = {{a,0.21,0.35,0.00) , (b,0.27,0.17,0.05) , {c, 0.53,0.19,0.21) } .

E = {{a,0.52,0.30,0.01) , (b,0.36,0.11,0.02) , (¢, 0.32,0.40, 0.13)} ,

F = {(a,0.52,0.35,0.01) , (b,0.15,0.33,0.28) , (¢, 0.09, 0.00,0.21) } ,
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G = {{a,0.21,0.44,0.00) , (b, 0.27,0.51,0.05) , (¢, 0.53,0.07,0.21) } .

IC=0=X,X"=X=0.

Unlike classical subsets, a picture fuzzy set A usually satisfies A“NA # and A°UA # X,

however some other properties of classical set theory are satisfied, such as:

Proposition 2.7. Let X be a non-empty set and let A, B € PFS(X). The complement of picture
fuzzy sets C verify the following properties:

() (ANB)° = A°UB°, (AUB)° = A°N B°.
Gi) (0)° =X, (X)=0.

i) (A9)° = A.

(iv) A C B implies B¢ C A°.

Proof. (i) Letz € X.

Al(x) if A(x) <X B(z),
(ANB)(z) =< B(x) if B(z) <X A(x),

(tans () ,nanB (x) ,vanp () otherwise.

Where jianp (x) = pa () A pp (x),
Nang (r) =1 — pa(x) A pp (¥) —va(x) Vup(z),

Vang () = va (z) Vug (x).

Hence,
A€ () if B¢ (x) < A€ (x),
(ANB)° (z) =< BC(a) if AC (z) < B (x),
{{z,va (x) Vug (x),0,ua(x) Nug (z)) |z € X} otherwise.
In other hand,
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AC (z) if B¢ (z) < A (2),
(A°UB°) (z) =4 B° if A (z) < B¢ (x),
{{z,va (x) Vup (x),0,pa(z) ANpup (z)) |z € X} otherwise.

Therefore, (AN B)¢ = A° U BC.
In a similar way, it can be shown that (A U B) = A¢ N BC.

(ii) Forallz € X, (0)° () = (0 (x))° = (0,0,1) = (1,0,0) = 1p-.
Hence (0)° = {(z,1,0,0) |z € X} = X.

In the same way we obtain, (X)° = .

Finally, (iii) and (iv) are easy to verify. OJ

Remark 2.3. The complement D of a picture fuzzy set D fulfils the previous properties in
Proposition [2.7|except for property (i), the latter being true if A C B or B C A.

2.2 Characteristic Sets of a Picture Fuzzy Set

Among the most important notions in fuzzy set theory are the notions of support, kernel,
cuts and fuzzy line of degree « of a fuzzy set, where a € D*.

In the following, we generalize these notions to the picture fuzzy setting with respect to
the order < in Definition 2.3

2.21 Support and Kernel of a Picture Fuzzy Set

Definition 2.9. Let X be a non empty set and let A € PF'S(X). The support of A is the crisp
set on X given by
S(A)={z e X | A(z) = Op-}.

According to Remark 2.1, S(A) = {# € X | pia (x) > 0or (ua(z) =0and v (z) < 1)}.

Definition 2.10. Let X be a non empty set and let A € PFS(X). The kernel of A is the crisp
set on X given by
ker(A) ={z € X | A(z) = 1p~},

ie, ker(A)={r € X | pa(z) =1,n4a(x) =0and va (z) =0}.
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Example 2.8. Let X = {x1, x9, 23, 24} be a universal set and let A € PF'S(X) where

A = {(x1,1.00,0.00,0.00) , (z3,0.32,0.25,0.01) , (x3,0.00,0.00,0.10) , (x4,0.10,0.31,0.51) } .
Then S(A) = {x1, 29, 24}, ker(A) = {z1}.

2.2.2 -Cuts and Strong a-Cuts of a Picture Fuzzy Set

Definition 2.11. Let X be a non empty set and let A € PFS(X). For o = (a1, 2o, 3) € D,
the a-cut of A is the crisp subset A, of X given by

A, ={r e X | Ax) = a}.

According to Definition2.3} A, = {z € X | (ua (z) > oy and v4 () < )

or (fia(z) =a;and va (z) < ag)or (ua(r) = oy, va(x) =azand na (z) > az)}.

Definition 2.12. Let X be a non empty set and let A € PFS(X). For o = (a3, a0, 3) € Dj,
the strong a-cut of A is the crisp subset AT of X given by

At ={re X | A(x) = a}.

According to Remark[2.1) A} = {z € X | (pa () > a; and va (z) < 3)

or (ua(z) =a;and v (z) < az)or (ua(z) = a1, va(r) = agand na () > asz)}.

Example 2.9. Consider the picture fuzzy set A given in Example

( {x1, 29, 23,24} if a > Op~,
4 {1, 9, 24} if a > (0.10,0.31,0.51) ,
“ {1, 22} if o = (0.32,0.25,0.01),
| {21} if a = 1p-.
({21, 29, 24} if o > Op-,
AL =< {xy, 29} if & = (0.10,0.31,0.51) ,
| {21} if a = (0.32,0.25,0.01).

Proposition 2.8. Let X be a non empty set and let A, B € PFS(X). Then for all o, 3 € D* the
following properties hold:

() Af C A,

(ii) A C Bifandonly if A, C B,, forall o € ;.
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(iii) A C Bifand only if AT C BF, for all o € Dj.
(iv) a = Bimplies A, D Ag, for all o, B € Dy,

v) a = Bimplies AL D Af, forall o, 8 € Dj.

(vi) (AN B), = A.N B,.

(vii) (AUB), 2 A, U B,.

Proof. Letx € X.

(i) Clear.

(ii) Suppose that A C B. Let x € A,, then A(z) > «. Since B (z) = A(z) forall z € X, it
follows that B (z) = «. Thus z € B,.

Conversely, suppose that A, C B,.
Put A (z) = a. It clear that if &« = Op+, B (z) > Op-.

If o # Op~, then for all z € A, implies z € B,. Thus B (z) = a = A(z), forall x € X. Hence
ACB.

(iii) The direct implication is similar to the previous proof.

For the converse implication, suppose for a contradiction that A7 C B, for all « € D3 but
that A ¢ B.

Then there exists € X such that A (z) = B (z) or A(x)||B(x).

If A(z) = B(z), we can take a between A (z) and B (z) i.e., A(x) > a = B(x). This
contradicts the fact that AT C B.

If A(x)||B(z), we have two cases: 4 (x) < pp(r) and va (z) < vp(z) or ug () < pa(x)

and vp (z) < v4 (z).

For the first case, take A = <,u al(x), "A(x);”B @ ”A(’”);”B (x)>, it is clear that A < A (z) and

A||B (x) . This is also a contradiction.

Similarly, we obtain the same result in the second case.
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(iv) Assume o =  and suppose that z € Az. Then A (z) > 5 > . Thus z € A,,.

vi) (AnB), = {z€X|(ANB)(z) = a}
= {zeX|A(x) AB(z) = a}
= {reX|A(z) = aand B(x) = a}
= {zeX|A@) =a}n{re X |B(x) = a}

= A,NB,.
In the same way, we can prove (v) and (vii). O
Remark 2.4. e Generally, the converse of (iv) and (v) are not true. Indeed,

Let X = {a,b} and let A, B € PF'S(X) given by

A=1{{a,1,0,0), (b,0.55,0.23,0.11)},
B = {(a,0.75,0.12,0.02) , (b,1,0,0)}.

And take o = (0.61,0.01,0.21),8 = (0.62,0.01,0.22). It is easy to observe that A, =
{a} € Ag = {a} and Af = {a} C A} = {a} but o] 5.

e The converse of (iv) and (v) are true when « and 5 are comparable.
e As seen in Remark[2.2] the converse of (vii) is not true.

Corollary 2.1. (i) A= B, ifand onlyif A, = B,, for all a € D,

(i) A = B,ifand only if A} = B, for all a € Dj.

(iii) If Ais a crisp subset of X, then A, = A, for all o € I

(iv) if o = Op+, then AT = S (A) and A, = X.

(v) if o = 1p+, then A, is the kernel of A.

2.2.3 Picture Fuzzy Line of Degree o of a Picture Fuzzy Set

Definition 2.13. Let X be a non empty set and let A € PFS(X). For o = (a1, a0, 3) € D¥,
the picture fuzzy line of degree o of A is the crisp subset L, (A) of X given by

Lo(A)={zre X |A(x)=a}.

©2024, M’sila University 31 Djazia Saadi



CHAPTER 2. BACKGROUND ON PICTURE FUZZY SETS 32

Example 2.10. Consider the picture fuzzy set A given in Example
( {z3} if a = Op~,
{1} if a=1p-,
Lo (A) =< {2y} if o= (0.32,0.25,0.01),
{2} if o =(0.10,0.31,0.51),
W otherwise.

Proposition 2.9. Let X be a non empty set and let A, B € PFS(X). Then for all o, 3 € D*, the
following properties hold.

(i) Lo (A) C Ag, Ly, (A) = Ker (A).

(ii) A= Bifand only if Ly (A) = Lo (B).
(iii) If a # B, then L, (A) N L (A) = 0.
Giv) L, (A)NLy(B)C L,(ANB).

(v) Lo (A)U L (B) C Lavs (AUB).

(vi) Lo, (AN B) C A, N B,.

Proof. Letz € X and let o, 8 € D*.

(i) Clear.
(ii) Suppose that A = B. Letz € L, (A), then B (z) = A(z) = a. Hence z € L, (B).
Conversely, suppose that L, (A) = L, (B).

Put A (x) = a, thatis, v € L, (A) . This equivalent to z € L, (B), i.e., B (z) = a. Therefore,
A=B.

(iii) Suppose that o« # fand x € L, (A), thatis, A(z) = o # 5, then 2 ¢ Lz (A). Thus
L, (A)NLg(A)=0.

(iv) Supposethatz € L, (A)NL,(B).Thenz € L, (A)and z € L, (B),imply that A (z) = «
and B (z) = . Hence A (x) A B(z) = «, this gives (AN B) (z) = «. Consequently
re€L,(ANB).

(v) Similar to (iv).
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(vi) Suppose thatx € L, (AN B).Then (AN B) (z) = «, thatis, A(x) A B (x) = a, it follows
that A(z) = cand B (z) = a. Thusz € A, and = € B,. Hence z € A, N B,

Remark 2.5. .

e The converse of (iii) holds if L, (A) # 0 or Lz (A) # 0.

e Generally, the converse inclusion of (iv) and (v) are not true. Indeed,

Let X = {a,b} and let A, B € PF'S(X) given by

A = {{a,0.10,0.30, 0.40) , (b, 0.30,0.20,0.10)},

B = {{a,0.20,0.20,0.50) , (b, 0.20, 0.40, 0.30)}.

Then, AN B = {{a,0.10,0.40,0.50) , (b, 0.20, 0.40, 0.30) } .
Take a = (0.10, 0.40, 0.50) .

Hence L, (AN B) = {a}, L, (A) =0 and L, (B) = 0.
Note that L, (AN B) € L, (A) N L, (B).

In the same way, take av = (0.20,0.10,0.50) and S = (0.08,0.31,0.40) , It is easy to see
that Lov5 (AU B) = {a}, L, (A) = 0 and Ls (B) = 0. Hence

Lavs (AUB) ¢ Lo (A)U Ls (B).

2.24 Some Decomposition Theorems of a Picture Fuzzy Set

These theorems permit us to express any picture fuzzy subset of X in terms of its a-cuts,

strong a-cuts and picture fuzzy lines of degree a.

Theorem 2.1. Let X be a non empty set and let A € PFS(X). Then

A(z)= Y aA,(x), forallz € X.

acD*

where

Aa(x):{ 1 ifzxeA,,

0 otherwise.

©2024, M’sila University 33 Djazia Saadi



CHAPTER 2. BACKGROUND ON PICTURE FUZZY SETS 34

Proof. Letx € X.

Put A (z) = A\, where A € Df, then A, (z) = 1.

We can express D}, as the union of three sets Dy, Dy, D3, where D; = {a € Df | a < A},
Dy={aeDj|a=Aand D3 ={a e D§|anA}.

It holds that

)=y et ) v (L, fada @) ) v (3, feda (0},
Ifa € Dy, then A, (z) =1.Hence Y aA,(z)= Y aA,(x)= Y a=A\

aeD* aeDy aeDy
Otherwise, A, (z) = 0. Then JD*QAO( (x) = 0.

Therefore, g%ﬂaAa () =AY0Y0=XA=A(z). O

Theorem 2.2. Let X be a non empty set and let A € PFS(X). Then

A(x)= Y aAl (z), forallz € X,

aeD*

Proof. Similar to the previous proof, it suffice to take
Di={aeDj|a<A},Dy={aeDi|ax=Aand D3 ={acDj|anA}. O

Theorem 2.3. Let X be a non empty set and let A € PFS(X). Then

A(x)= Y aL,(A)(x), forall z € X.

aeD*

where

LQ(A)([K):{ 1 ifz € Lo (A),

0  otherwise.
Proof. Letx € X.
Put A (x) = A\, where A € Df, then L, (A4) (z) = 1.

Y aL, (A)(z) = <QIA {aLq (A) @)}) Y <a;£/\{ozLa (A) (x)}) “AY0=A=A(x). O

aeD*

Proposition 2.10. Let X be a non empty set and let A € PFS(X). Then for all a, A € D*,

Proof. Direct. O
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2.3 Extension of Some of Atanassov’s Modal Operators on

Picture Fuzzy Sets

This section aims to build on the preliminary work accomplished regarding the redefinition
of certain definitions of picture fuzzy sets by extending some operators within this frame-
work.

In what follows, we denote by Djj = D* — {Op-} , D} = D* — {1p-}.

This section extends some of Atanassov’s modal operators to the picture fuzzy case.

2.3.1 Necessity and Possibility Operators

Now, we define two operators on the set of picture fuzzy sets that transform every picture
fuzzy set into an intuitionistic fuzzy set. These operators extend Atanasov’s operators (

[10,12]) "necessity" and "possibility" defined in certain modal logics.

Definition 2.14. [35] Let X be a non empty set. For A € PFS(X), the following associated
picture fuzzy sets [JA (necessity) and ¢ A (possibility) on X are defined by:

OA = {(z, pa (x), 14 (), 1 = na (2) — pa () |2 € X}

O0A = {{z,1 =na(z) —va(2),na () 04 (x)) | 2 € X},

Example 2.11. Take X = N and let A € PF'S(X) given by
A={(n 1,3 1-3)|neN}.

'n? 2n) n
Then
04 ={(n 14 1-% -1 neN)

(n1-g - (-9 21-9|nen)
(n,2,2,1-32) | neN}.

With the involutive negator NN; in Proposition the operators [, { verify a similar
relation like that seen between modal operators on Lukasiewicz-Moisil algebras.

Recall that A = Ny (A) = {{x,v4 (z),na (), s (z)) | 2 € X}

Proposition 2.11. Let X be a non empty set and let A € PFS(X). Then
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() OA = OA.
(i) O0A = DA.

Proof. Letx € X,

a(z),va(2)) |z € X},

() OA4 =0{(z,pua(2),n
=0{(z,va(x) ,ma (), pa () | © € X},
= {{z,04 (7),ma (¥),1 —va(z) —ma () | ¥ € X},
= {{z,1 = va(z) —=na(z),na(2),va (7)) | € X},
— OA.

(ii) Is obtained dually.

]

Proposition 2.12. Let X be a non empty set and let A € PFS(X). The operators O and { verify
the following proprieties.

(1) O is extensive and O is retractive (i.e., JA C A C OA).

(ii) O,UO are idempotent (i.e., 0OA = QA and OUA = UA).

(iv) OO0A = QA.

(v) O0A =0OA.

Proof. Direct. O

Remark 2.6. Obviously, if A is a crisp set, then
OA = A= J0A.

Proposition 2.13. [35] Let X be a non empty set and let A € PFS(X). Then the following
properties hold:

() S(OA) C S (A).
(i) S (OA) =S (A).

(iii) Ker (A) = Ker (JA).
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(iv) Ker (A) C Ker (QA).
Proof. Letx € X.

(i) Suppose that z € S(OA) ie., OA(x) > Op+, which means ppa () = pa(z) > 0 or

poa () = pa (z) =0and voa (2) = 1—pa (2) —na (x) < 1. Thus pa (z) > 0or pa (z) =0
and 14 (z) > 0. Since p4 (z) +na () +v4 (z) < 1, it follows that 4 (

and vy () < 1, thatis, A(z) = 0. Hence z € S (A).

x)>0o0rpus(x)=0

(ii) The direct inclusion is similar to the previous proof. It remains to show that, S(A) C
S (0A).

Suppose that z € S (A) i.e.,, A(z) > Op-, means 4 (x) > 0or ps(z) = 0and vy (z) < 1. We
discuss two cases:
If g (z) >0, then pga (z) =1 —na(x) —va(z) > pa(xz) > 0. Thusx € S (OA).

If pa(x) =0and vy (z) < 1, then pga () =1 —na () —va(x) > pa(z) = 0and vos (z) =
va(z) < 1. Thusz € S (QA).
(iii) Suppose that z € Ker (A)ie., A(x) = 1p-, thatis, pa (x) = 1,7n4 (x) = 0and v, () = 0.
Which is equivalent to poa (z) = pa(z) = 1, noa(x) = na(z) = 0 and v (x) =
1 —pa(z) —na(x) =0.Hencez € Ker (JA).

(iv) Suppose that z € Ker(A)ie., A(x) = 1p-, thatis, pa (z) =1, na () = 0and v (x) = 0.
This implies that, poa (z) =1 —n4 () —va () =1, noa () =na(x) = 0and vea (z) =
va (z) = 0. Hence x € Ker (0A).

From the operators [J, {, two new relations are defined as follows:
ACh Biffforallz € X, py (z) < pp(z) and n4 (z) < np (x).
ACy Biffforallz € X, n4 (z) > np (z) and va () > va (2) .

This two new relations lead to the following results, which are straightforward.
Proposition 2.14. Let X be a non empty set and let A, B € PFS(X).
(i) ACH Biff0DACOB.
(i) ACy Biff CAC OB.

(iii) A Cq Band A Cy, B implies A C B.
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2.3.2 Operators D) and F,

In the following, two other Atanassov’s modal operators D, and F,, (see [12]) will be ex-

tended to the picture fuzzy set case. These operators are an extension of the operators [J and

0.

Definition 2.15. [35] Let X be a non empty set and let A € PFS(X). Define the modal
operator D, by

Dy (A) = {{z, pa (@) + Ama(x) ,na (x) ,va () + (1 = A) .7ma (2)) | w € X},

where ) is a fixed number in [0, 1].

Example 2.12. Consider the picture fuzzy set A = {(n, 1,2 1—3)|n e N} given in the

' on)

previous example.
Wehave 74 (n) =1—(ua(n)+na(n)+wva(n))
1 (g (- 9)

1

2n”

Then
={(nit+EN21-24+(1-N5)|neNXxel0,1]}.

Proposition 2.15. Let X be a non empty and let A € PFS(X). Then for all Ay, \s € [0,1], the
following properties hold:

@) If Ay < A, then Dy, (A) C Dy, (A).

(i) Dy (A) = OA.

(iii) Dy (A) = OA.

Proof. Direct. =

Definition 2.16. [35] Let X be a non empty set and let A € PFS(X). For all o € D*, define
the modal operator Fi, by

Fa(A) :{<ZE,,MA(ZL‘)+0417TA(£L‘),77A($>+C¥27TA(ZL’),UA(.I')+(1/37TA(ZL')> |IL‘€X}

Example 2.13. Consider the picture fuzzy set A = {(n,1, 21— 3)|n € N} given in the

’n’2n’

prev1ous example Then

={(n, 2+ Loy, 2 +tal1-2+2Las) [neNa=(a,a,a3) €D }.

’2n
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Proposition 2.16. Let A € PFS(X) and let o, 5 € D*. Then the following properties hold:
(i) If o < B, then F, (A) C Fs(A).

(i) Fo,. (A) =0OA.

(iii) F,. (A) = OA.

(iv) Dy (A) = Faoi-x (4).

) Fa (Z) = Fa (A) .

Proof. The statements (i), (ii), (iii) and (iv) are easy to check. Using the negator V;, the proof
of (v) is direct. O

Theorem 2.4. Let A € PFS(X) and let o, 5 € D*. Then the following property holds:
F, (Fs(A)) = F, (A), where
Y=Bitar(l=51—Pa—0B3),Be+ax(l—=PB1— 02— Bs),B+azs(1— 51— Pa—B3)).

Proof. Let a, f € D*. Forall x € X,

Fy (A) = {{x, pipya) (2) ,npy0a) (), vpy0) (2)) | 2 € X} where

[Ey(a) () = pa (z) + bima (2)
+ /827TA (I ) Then

Fu (B (A)) = { (@ 1, (1,0 (@)W (1,00 (@) U () (@) ) | @ € X | where

HEy (Fa(4)) (x) = (pa (@) + Bima (z)) + Q1T Fg(A) (z),
= (pa () + Bima () + a1 (1 — pa(z) — fima (z) —
na(x) = Boma (x) —va (@) — Psma (2)),
= pa () + (B +ar — B — a1 ffy — a1 f3) ma (x) .
=pa (@) + (Br+ar(1—p1— B2 —B3))ma().

ey (Fp(a)) (&) = (14 (2) + Foma (2)) + qomry ) (2)
= (na (@) + foma () + a2 (1 — pa (x) — Bima (x) —
na (@) = Pora () — va (x) — Bsma (2)),
=na(7) + (B2 + @z — @B — aofla — azf3) ma (),
=na(x) + (Bo+ax(1 =1 — B2 — Bs)) ma ().
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Up, (Bo) (2) = (0a (@) + Bama () + asmay(a) (), O
= (va (@) + Bsma (2)) + oz (1 — pa (x) — Pima (z) —
na (@) = fora () — va (x) — Bsma (2)),
=va(z) + (B3 + a3 — azf — azfBe — azfs) ma (),
=va(x)+ (B3 +asz(l—p1— Bo—Bs))ma(w).
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CHAPTER 3

D*-BASED PICTURE FUZZY LATTICES

his study lies at the core of the intersection between lattice theory and picture fuzzy

sets. Picture fuzzy lattices are not just an expansion in fuzzy set cases; they represent
a qualitative leap that incorporates the concepts of positive, neutral, and negative mem-
bership into the lattice structure. This approach allows for the evaluation of information
in a manner that acknowledges ambiguity and uncertainty, providing a more comprehen-
sive and flexible model for analysis and making picture fuzzy lattices a powerful tool for
decision-making, information processing, and modelling in areas where traditional binary
or fuzzy methods may not adequately capture the richness or ambiguity of data.

Through its detailed exploration of picture fuzzy relations and lattices, this chapter aims
to contribute significantly to the field of picture fuzzy sets. By providing a theoretical ex-
amination of lattice structures and the relational properties in picture fuzzy cases, it seeks
to enhance understanding of the capabilities of picture fuzzy sets in modelling and analy-
sis, laying the groundwork for further research and application in complex and uncertain
environments. The first section focuses on elucidating the basic concepts underlying picture
fuzzy relations. This includes an extensive discussion of their definitions, the operations that
can be performed on them, and an exploration of their properties. This section also delves
into important aspects of picture fuzzy relations, such as the picture fuzzy order relation and
the picture fuzzy chain. It presents a series of results related to these concepts.

The second section examines in detail the structure of the picture fuzzy lattice, where the
operations of join and meet in such a lattice are adapted to respect these additional dimen-
sions of membership. This section presents concepts of picture fuzzy lattices and picture
fuzzy bounded lattices, in addition to the picture fuzzy sub-lattice, delves into their proper-

ties and gives some characterizations using their level sets.
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3.1 Picture Fuzzy Relations

"Picture fuzzy relations" is a concept that extends the traditional notions of fuzzy relations.
In traditional fuzzy sets, introduced by Lotfi Zadeh in the 1960s [43], elements belong to sets
to varying degrees, characterized by a membership function taking values between 0 and 1.

Picture fuzzy relations build upon this concept by introducing a more complex structure
for representing uncertainty. They incorporate three parameters: positive membership (rep-
resenting the degree to which an element belongs to a set), neutral membership (representing
the degree of neutrality or hesitation), and negative membership (representing the degree to
which an element does not belong to a set). This framework allows for a more nuanced
representation of uncertain information, especially in situations where neutrality or hesita-
tion is an important factor. And used in various applications where precise information is
unavailable or inapplicable.

In this section, we recall the concept of picture fuzzy relations introduced by Cuong [21]],
and then examine and extend some results related to this concept in the direction we studied

in the previous chapter. Some existing results in ( [3,16-18}23,34,44]) have been extended.

3.1.1 Notions of Picture Fuzzy Relations

Here, we recall the definition of a picture fuzzy relation and investigate its main properties.

Definition 3.1. [21] Let X be a non-empty set. A picture fuzzy binary relation ® : X x X —
D* is defined by

R(l’,y) = (ﬂR (.%,y) y IR (x,y) , UR (xay))v for all T,y € X:

where g : X x X — [0,1],7r : X x X — [0,1] and vg : X x X — [0, 1] satisfy the

condition
0 < ug(z,y) +nr (v,y) + v (z,y) <1, forevery (z,y) € X x X.

Notation 3.1. The set of all the picture fuzzy relations on X will be denoted by PFR(X).

Definition 3.2. [14]Let R € PFR(X).

(D) Ifforall z,y € X, ug (z,y) = nr (z,y) = 0 and vg (z,y) = 1, then R is called a null PF'R.
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(2) Ifforall z,y € X, ug (z,y) = 1 and ngx (x,y) = vg (x,y) = 0, then R is called an absolute
PFR.

1, z=y

0, z#y
then R is called an identity PF'R.

0, r=y

Q) Ifforall z,y € X, ug (x,y) = { 1 Ly
y TFY

7T]R(x7y> :OandUR(x7y) = {

Definition 3.3. [36] Let X be a non-empty set and let R, P € PFR(X). Using Definition 2.3
we can define

(i) The picture fuzzy inclusion by R C P if and only if (ur (z,y),n% (2,v),vr (z,y)) =
(up (z,y),mp (z,y) ,vp (x,y)), for all z,y € X. In more detail,

(

pr (2,y) < pp (z,y) and vg (z,y) > vp (2, y)
or
RCP <= kr(x,y)=pp(z,y) and vg (z,y) > vp (2,9)
or

L 1w (2,y) = pp (z,y) and vg (2,y) = vp (z,y) and nr (z,y) < 7p (2,y).

(ii) The picture fuzzy intersection RNP by (RN P) (z,y) = R (x,y) AP (z,y), forallz,y € X.

In more detail,
R if R CP,
RNP=4q P itPCR,
{<(Ia y) y HRNP (Ia y) s IRAP (IL‘, y) , URNP (ZL‘, y)> | z,y € X} otherwise.

Where pirap (2,y) = min{ur (z,y), pp (2, y)},
NRrRAP (‘Ia y) =1—min {:u'R (LL’, y) y Wp (I7y)} — max {UR (LU, y) , Up (I7y)} )
URNP (‘1'7 y) = max {UR (l’, y) , Up (I,E, y)} :
(iii) The picture fuzzy union RUP by (RUP) (z,y) = R (z,y) Y P (z,y), forall z,y € X.In

more detail,
R ifPCR,
RUP=¢ P ifR CP,
{<(‘I.7 y) y LRUP (.Z', y) y MRUP (%, y) , URUP (xv y)> | T,y € X} otherwise.

Where prup (2,y) = max {ur (z,9), pp (z,9)},
nrRupP (l’, ) = 07

Y
URuUP (ZL’,y) = min {UR (ZE,y) y Up (x,y)} :

(iv) The support of a picture fuzzy relation by S(R) = {(z,y) € X x X | R(z,y) > Op-}.
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(v) The kernel of a picture fuzzy relation by ker(R) = {(z,y) € X x X | R(z,y) = 1p-} .
(vi) For all o € D, we define the a-cut of a picture fuzzy relation by

Ra={(r,y) € X x X [R(z,y) = af.

In more detail, R, = {(z,y) € X x X | (ur (x,y) > a; and vg (z,y) < a3) or

(ur (z,y) = a; and vg (z,y) < as) or (ur (z,y) = a1, vg (z,y) = agand ng (z,y) > as)}.

(vii) The inverse of R by R™! (y,2) = R(z,y), i.e., pr-1 (y,2) = ur (,y),nz-1 (y,2) =
e (2, y) and vg-1 (y, ) = vr (2,y) .

(viii) The complement of R by pirc (z,y) = vr (2,y) ,nre (z,y) =1 — ug (x,y) — nr (2,y) —
UrR ([E, y) and URrc (IE, y) = HUR (xay) :

Example 3.1. Let X = {x, 29,23} and let R, P € PFR(X) given by

(0.30,0.00, 0.50)

(0.70,0.10, 0.10)

(0.00,0.20, 0.40)

R = (0.10,0.30,0.20)  (1.00,0.00,0.00) (0.00,0.00,0.26)
(0.00, 0.00,0.00)  (0.80,0.10,0.00) (0.00,0.60, 0.30)
(0.40,0.00,0.40) (0.07,0.10,0.20) (0.20,0.10,0.50)

P = (0.20,0.40,0.30) (0.00,0.00,1.00) (0.00,0.20,0.26)
(0.00,0.00,0.00) (0.71,0.22,0.01) (0.10,0.50, 0.20)

Then

e The picture fuzzy intersection and the picture fuzzy union of R and P are given as

follows:
(0.30,0.00,0.50) (0.07,0.10,0.20) (0.00,0.50, 0.50)
RNP = (0.10, 0.60, 0.30) (0.00, 0.00, 1.00) (0.00, 0.00, 0.26) ,
(0.00,0.00,0.00) (0.71,0.22,0.01)  (0.00,0.60, 0.30)
(0.40,0.00,0.40) (0.70,0.10,0.10) (0.20,0.00, 0.40)
RUP = (0.20, 0.00, 0.20) (1.00, 0.00, 0.00) (0.00, 0.20, 0.26)

(0.00,0.00,0.00) (0.80,0.10,0.00) (0.10,0.50, 0.20)

e The support of P and the kernel of R are given as follows:
S(P> = {<x1’ xl) ) (1’1, IQ) ; (‘Tla 5(73) y (IE27ZE1) ) (:L‘Q’x?)) ) (1’3, xl) ) (1’3, IQ) ) (ZL’3, 173)} .

ker(R) = {(z2,z2)}.
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e For o = (0.10,0.20,0.30) € D, the a-cut of R are given as follows:
R a — {(‘/EIJ x?) ) (.TQ, xl) ) (.T27.’,C2) ) (Z‘g,ZEQ)} .
e The inverse and the complement of R are given as follows:

(0.3,0,0.5) (0.1,0.3,0.2)  (0,0,0)
R*t=| (0.7,0.1,0.1) (1,0,0) (0.8,0.1,0) |,
(0,0.2,0.4) (0,0,0) (0,0.6,0.3)

(0.5,0.2,0.3) (0.1,0.1,0.7) (0.4,0.4,0)
RE = (0.2,0.4,0.1) (0,0,1) (0,0,0)
(0,0,0) (0,0.1,0.8)  (0.3,0.1,0)

Remark 3.1. In general, for each R € PFR(X), RNRY = ) and R UR® = X don’t hold.
Indeed.

Example 3.2. Consider the picture fuzzy relation R in the previous example. Then

(0.3,0.2,0.5) (0.1,0.2,0.7) (0,0.6,0.4)
RNRC =1 (0.1,0.7,0.2) (0,0,1) (0,0,0) # 0,
(0,0,0) (0,0.2,0.8)  (0,0.7,0.3)

(0.5,0,0.3) (0.7,0,0.1) (0.4,0,0)
RURC =] (0.2,0,0.1) (1,0,0)  (0,0,0) | #X.
(0,0,0)  (0.8,0,0) (0.3,0,0)

Proposition 3.1. Let R, P, Q € PFR(X). Then
1. RYH'=R.
2.RCP—=RICPL
3. (RUP)'=RITUPL(RAP) ' =R 'nPL
4. (RUP)’ =RNPC,(RNP) =RCUPC.
5 RCRUP,PCRUP,RNPCR,RNPCP.
6.  R2O2P) & (R2Q)ifandonlyif R O PUQ.

7. (RCP) & (RCQ)ifandonlyif RCPNQA.
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Proof. Let R,P,Q € PFR(X).

L (RY  (z,y) =R (y,2) =R (z,y).

2. R (z,y) R (y,x)
P (y,z)

= P (z,y)

A

3. (RUP) ' (z,y) = (RUP)(y,x)
= R(y,x) Y P(y,)
= R (z,y) Y P! (z,y)
= (RY'UP) (z,y).

Similarly, we prove that (RNP) "' = R nP-L
The proof of 4,5,6,7 is the same in Proposition [2.3and Proposition [2.7] O

Proposition 3.2. Let R, P, Q € PFR(X). Then

1. (Idempotent laws): RUR =R, RNR =R.
2. (Commutative laws): RUP =PUR,RNP=PNR.
3. (Associative laws): RU(PUQ)=(RUP)UQ,RN(PNQ)=(RNP)N Q.

4. (Absorption laws): RU(PNR)=R,RN(PUR) =TR.

3.1.2 Properties of Picture Fuzzy Relations
Definition 3.4. [36] Let X be a non-empty set and let R € PFR(X). We say that R is
(i) Reflexive if and only if R (z,z) = (1,0,0) forall z € X.

(ii) Perfect antisymmetric, if for every z,y € X with z # y and R (z,y) > Op-, then
R (y,x) = Op~. Or rather,

( pi (2,y) >0, (1= (y,2) =0,
or and
nr (2, y) >0, then § 7z (y,2) =0,
or and

| ir (z,y) =0and vg (z,y) < 1, [ vr (y,z) =1
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(iii) Transitive if and only if forall z,y,2z € X, R (z,2) = R (z,y) A R (y, 2) . In more detail,

IfR(z,y) X R(y,2),then R (z,y) A R (y,2z) = R (x,y). Hence R is transitive if R (z,y) <
R (z,z).

IfR(z,y) = R(y,z),then R (z,y) A R(y,z) = R(y,z). Hence R is transitive if R (y, z) <
R (z,z).

R (z,y) | R(y,2), thenR (z,y) AR (y, 2) = (pr (2,y) A g (y,2) 1 — pr (2,9) A pr (Y, 2) —

vg (z,y) Vor (y,2),vr (2,y) Vug (y,2)) . Hence R is transitive if

(tr (2, 9) A pr (Y, 2) 1 — pwr (2,9) A pw (Y, 2) —vr (2,9) V or (Y, 2) ,vr (T, y) V U (Y, 2))
<R(x, z2).

Remark 3.2. The definition of perfect antisymmetry is equivalent to the following one: for

allz,y € X,if R (z,y) = Op- and R (y,x) > Op- then z = y.
Proposition 3.3. Let R, P € PFR(X).
1. R is reflexive if and only if R~ is reflexive.
2. If R is reflexive, then R U P is reflexive, for all P € PFR(X).
3. R NP is reflexive if and only if R and P are reflexive.
4. R is perfect antisymmetric if and only if R~ is perfect antisymmetric.
5. If R is perfect antisymmetric, then R NP is perfect antisymmetric, for all P € PFR(X).
6. R and P are perfect antisymmetric, then R U P is perfect antisymmetric.
7. R is transitive if and only if R~ is transitive.

8. If R and P are transitive, then R NP is transitive.
Proof. Let R, P € PFR(X).

1. R is reflexive if and only if R~! is reflexive.

R is reflexive <= R (z,z) = Ip-
— R Y(z,z)=1p-
<= R!isreflexive.
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2. If R is reflexive, then R U P is reflexive, for all P € PFR(X).

(RUP)(z,z) = R(z,z)Y P(x,z)
= lp Y P(x,2)

- 1]1])* .
3. RN P isreflexive if and only if R and P are reflexive.
R N7Pisreflexive <= (RNP)(z,z)=1p-
— R(z,z) AP (r,2)=1p-

<— R(z,z)=1p A P(x,z) = 1p-
<= R and P are reflexive.

4. R is perfect antisymmetric if and only if R~ is perfect antisymmetric.

R (x,y) = R (y,z) > Op- implies R (z,y) = R~ (y,x) = Op-.

5. If R is perfect antisymmetric, then R NP is perfect antisymmetric, for all P € PFR(X).

(RNP)(x,y) > Op- implies that R (z,y) A P(z,y) > Op~, then R (z,y) > Op- and
R(xz,y) A P(x,y) > Op~. Since R is perfect antisymmetric, we have (RN P) (y,x) =
R(yv$) A P(y,l’) = OD* A73(,3/"%‘) = O]DD*'

6. R and P are perfect antisymmetric, then R U P is perfect antisymmetric.

(RUP)(x,y) > Op« implies that R (z,y) ¥ P(z,y) > Op+, then R (z,y) > Op- or
R (z,y) AP (z,y) > Op~. Since R and P are perfect antisymmetric, we have (R U P) (y,x) =
R (y,z) A P(y,z) = Op+ Y Op+ = Op-.

7. R is transitive if and only if R~ is transitive.
Suppose that R is transitive.

R Y (z,2) = R(z,2)
= R(zy) AR (y,z)
= R (y,2) AR (z,9).
conversely, suppose that R ! is transitive.
R(r,z) = R7'(z,2)
R (zy) AR (y,2)
R(y,z) AR (z,y) .

Y
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8. If R and P are transitive, then R N P is transitive.
(RNP)(z,2) = R(z,2) AP(x,z2)
= R(z,y) AR(y,2) AP (z,y) AP (y,2)
= (RNP)(z,y) A (RNP)(y,2).

3.1.3 Picture Fuzzy Order Relation

Definition 3.5. Let X be a non-empty set and let R € PFR(X). Then R is called a picture
fuzzy ordering, or a picture fuzzy partial ordering, if it is reflexive, transitive and perfect
antisymmetric.

A set equipped with a picture fuzzy partial order relation is called a picture fuzzy poset

(PF-poset, for short).

Example 3.3. Let X = {21,725, 23} and let R be a picture fuzzy relation on X given by the

following table and represented by the given Hasse diagram.

R 1 To T3

x1 | (1.00,0.00,0.00) | (0.30,0.00,0.00) | (0.00,0.00,1.00)
x| (0.00,0.00,1.00) | (1.00,0.00,0.00) | (0.00,0.00,1.00)
z3 | (0.00,0.30,0.20) | (0.00,0.00,0.00) | (1.00,0.00,0.00)

(0.30,0.00,0.00)
(0.00,0.00,0.00)

(0.00,0.30,0.20)

(Hasse diagram of a PF-ordering (X, R), where X = {z1,z2, 23 })

It is easy to see that R is a picture fuzzy ordering.
Corollary 3.1. Let R, P € PFR(X).
1. R is a picture fuzzy ordering if and only if R~ is a picture fuzzy ordering.

2. If R and P are picture fuzzy ordering, then R NP is a picture fuzzy ordering.
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Definition 3.6. Let (X, R) be a PF-poset and let x, y be two elements of X. We say that z is
comparable with y in (X, R) if R (x,y) > Op« or R (y, x) > Ops.

Definition 3.7. A picture fuzzy ordering R is linear (or total) on X if for every z,y € X, R
(x,y) > Op« or R (y, ) > Ops.
A picture fuzzy ordered set (X, R) in which R is linear is called a linearly picture fuzzy

ordered set or a picture fuzzy chain.

Example 3.4. Consider the set of all natural numbers N and let R be a picture fuzzy relation
defined on N by

1 if m=n
pr(m,n)=<¢ 1-2 if m<n
L 0 if n>m
0 of m=n
nr(m,n) =< & if m<n
L0 if n>m
(0 if m=n
vr (m,n)=q & if m<n
1 of n>m

It's simple to check that R is a picture fuzzy chain.
Lemma 3.1. Let X be a non-empty set and let R € PFR(X). If R is a picture fuzzy ordering
relation on X, then S(R) and ker (R) are order relations on X.

Proof. Assume that (X, R) is a picture fuzzy poset.

The reflexivity of S(R) is direct. Since R (z,z) = (1,0,0) > Op- for all z € X, then
(x,z) € S(R).

For the antisymmetry. Suppose that (z,y) , (y,z) € S(R),i.e., R (z,y) > Op- and R (y, ) >
Op-. Then, from the perfect antisymmetric of R, we obtain x = .

Concerning the transitivity, suppose that (z,y) € S(R) and (v, 2) € S(R), thatis, R (z,y) >
Op« and R (y, z) > Op~. Since R (x, 2) = R (z,y) AR (y, 2) . Using Proposition4), we obtain
R (z,z) > Op« forall z, z € X, thus (z, z) € S(R).

Therefore S(R) is a partial order relation on X.

Similarly, we obtain the same result for ker (R). O

Remark 3.3. The fact that S(R) is a partial order relation on X does not imply that R is a

picture fuzzy ordering relation on X. Indeed.
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Example 3.5. Let X = {a,b}. Consider the relation R defined on X by

R a b
a | (0.10,0.30,0.00) | (0.00,0.00,1.00)
b | (0.00,0.00,1.00) | (0.50,0.03,0.20)

its support is given by

S(R) |a|b
a 110
b 0|1

It is not difficult to see that S(R) is a partial order relation on X but R is not a picture

tuzzy ordering relation on X.

Proposition 3.4. Let X be a non-empty set and let R € PFR(X). R is a picture fuzzy ordering

relation if and only if all cuts R, are order relations on X, for any o € Dj.

Proof. Let o € D). Assume (X, R) is a picture fuzzy poset and let x € X.

Since R (z,x) = (1,0,0), then R (z,z) = «, for all « € D}, so (z,z) € R,. Thus R, is
reflexive.

Suppose that (z,y) € R, and (y,z) € R,, then R (z,y) = awand R (y, z) > «. This implies
that R (z,y) > Op- and R (y, z) > Op-. From the perfect antisymmetric of R , we obtain z = y.
Thus R,, is antisymmetric.

Suppose that (z,y) € R, and (y,2) € R,. Then R (z,y) = o« and R (y,z) > «. From
the transitivity of R and Proposition we obtain R (z,2) = R (z,y) A R (y,z) = « for all
z,y, z € X, this implies that (z, z) € R,. Thus R, is transitive.

Hence, if R is a picture fuzzy ordering relation, then all cuts R, are order relations on X.

Conversely, assume that for all « € Df, R, is a partial ordering relation on X.

If a = 1p- € D, then (z,z) € Ry, forall z € X, ie, R (z,z) = 1p-, Thus R is reflexive.

Suppose that R (z,y) > Op- and R (y,z) > Op-. Then there exists a, 5 € Df such that
R(z,y) =aand R (y,z) = . Puty = a A 5.

It’s clear that R (z,y) = vand R (z,y) = v, thatis, (z,y) € R, and (y,z) € R,. From the
antisymmetry of R., we obtain = y. Thus R is perfect antisymmetric.

Letz,y,z € X,and puta =R (z,y) A R (y,2).

If & = Op~, it is easy to see thata = R (z,y) A R (y,2) X R(x,2).

If a > Op+, then we have R (z,y) = aand R (y, z) = «, thatis, (z,y) € R, and (y, z) € R,.
Using the transitivity of R, we obtain (z,z) € R,, ie, R(z,2) = a = R(z,y) A R(y,2).
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Thus, R is transitive. Hence R is a picture fuzzy ordering. O

3.2 Picture Fuzzy Lattices

Picture fuzzy sets are a generalization of fuzzy sets and intuitionistic fuzzy sets, introduced
to better handle data uncertainty by allowing for the representation of positive, neutral and
negative membership degrees for elements in relation to a set. This approach provides a
richer framework for expressing and managing uncertainty, as it distinguishes between de-
grees of approval, disapproval, and hesitation or neutrality towards information or criteria.
In a fuzzy picture lattice, the elements of the lattice are evaluated based on these three de-
grees of membership. This means that the structure not only accounts for how much an
element belongs to a set (as in traditional fuzzy lattices), but also how much it does not be-
long and to what extent its belonging is undecided. The operations of join and meet in such
a lattice are adapted to respect these additional dimensions of membership, enabling more
sophisticated aggregation and comparison mechanisms. This complexity allows for a more
nuanced handling of uncertainty and vagueness in various applications, such as decision-
making processes, information filtering, and artificial intelligence systems.

In this section, we first extend the concept of fuzzy lattices and intuitionistic fuzzy lattices
studied in [2}6,(18,334,37,39] to picture fuzzy cases. Hence, we extend some results in this

direction.

3.2.1 Particular Elements of a Picture Fuzzy Ordered Set

Many important properties of a picture fuzzy ordered set X can be described in terms of the
existence of certain upper or lower bounds of picture fuzzy sets of X. Here we present the

basic theory of these ordered sets, and consider picture fuzzy lattices as picture ordered sets.

Definition 3.8. Let (X, R) be a picture fuzzy poset and let £ be a non-empty subset of X.

An element u in X is considered an upper bound of £ if and only if, forallz € £, R(z, u) >
O

A particular upper bound, denoted as uy, is identified as the least upper bound of E
when, for every upper bound u of £, R(ug, u) > Op-.

Conversely, an element [ in X is considered a lower bound of E if, for every z in E,
R(l,z) > Op-.
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The greatest lower bound of E, represented by [y, is defined when R (1, ) > Op- for every
lower bound [ of E.

If the greatest lower bound and the least upper bound of the set {z,y} exist, they are
denoted, respectively, by x My and x U y.

Remark 3.4. Let (X, R) be a picture fuzzy poset and let E be a non-empty subset of X. If the
least upper bound and the greatest lower bound of £ exist, then by the perfect antisymmetry

of R they are unique.

Definition 3.9. Let (X, R) be a picture fuzzy poset.

e We say X has a bottom element if there exists L € X such that R (L, z) > Op-, for all
x e X.

e Dually, X has a top element if there exists T € X such thatR (z, T) > Op-, forallz € X.

Remark 3.5. Note that L and T are unique when they exist. (The uniqueness comes from

the perfect antisymmetry of R ).

3.2.2 Concepts Related to Picture Fuzzy Lattices

Here, we will define picture fuzzy lattice and picture fuzzy sub-lattice in a crisp lattice. We
accomplish this by generalizing some existing notions and results in the Zadeh’s fuzzy sets
and Antanssov’s intuitionistic fuzzy sets (see [2-5,37]) to the picture fuzzy case.

In the following, the symbol < indicates the picture fuzzy ordering defined on the set D*
as seen in Definition [2.3|and > is its dual.

Definition 3.10. A picture fuzzy poset (X, R) is a picture fuzzy lattice if and only if Ly and
x My areexist forall z,y € X.

Example 3.6. In Example (X,R) is a picture fuzzy lattice. Indeed, the following tables

describe the supremum and the infimum of each subset of two elements {z,y} of X.

M| x| xo | 23 U | x| xo | 23
T1 | X1 | T1 | T3 T1 | X1 | T2 | X1
To | X1 | T2 | T3 To | Ty | T2 | Ty
T3 | T3 | T3 | T3 T3 | X1 | T2 | T3

Definition 3.11. A picture fuzzy lattice (X, R) which has a top and a bottom elements is

called a bounded picture fuzzy lattice.
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Definition 3.12. Let (X, <) be a crisp lattice and let E be a picture fuzzy subset on X. E
is called a picture fuzzy sublattice of (X, <) if the following conditions are satisfied for all

x,y € X:
G) E(xAy) = E(zx) A E(y);
(i) E(zVy) = E(z) L E(y).

Example 3.7. Let X = {a,b,c,d, e, f} and let (X, <) be the lattice given by the following table

and represented by the given Hasse diagram.

(X,;<)|lalbleld|el|f 0
a 111111
b O(1(011/0]1 a e
¢ lolof1][1]1]1 e
d 0/0(01110]1 a
e |olololol1]1 e
f 000001 (Hasse diagram of the crisp lattice (X, <), where X = {a,b, ¢, d, e, f})

The picture fuzzy set E defined on X by

X E (z)

a | (0.10,0.50,0.40)
b | (0.20,0.10,0.40)
¢ | (0.10,0.20,0.30)
d | (0.20,0.00,0.40)
e | (0.10,0.20,0.30)
71 (0.40,0.40,0.10)

is a picture fuzzy sublattice of (X, <).

Proposition 3.5. Let (X, <) be a crisp lattice. If E, F are picture fuzzy sublattices of (X, <), then
E N F is also a picture fuzzy sublattice of (X, <).

Proof. Let E and F be two picture fuzzy sublattices of (X, <) .
We have (ENF)(x) = E (z) A F (z), then
(ENF)(xANy) = E(xAy) AF(zAy)

= (E(z) A E(y) A (F (2)
= (E(@) A F(2)) A (E(y)
= (ENF)(x) A (EN
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(ENF)(zVy) = E(@Vy AF(zxVy)
= (E(@) L E(y) A (F(2) AF
= (E(@) A F(2)) A (E(y) A F(y))

(ENE)(x) L (ENF)(y).

Hence E N F is a picture fuzzy sublattice of (X, ). O

Remark 3.6. The union of two picture fuzzy sublattices of (X, <) need not be a picture fuzzy

sublattice of X.

Proposition 3.6. Let (X, <) be a crisp lattice. If E is a picture fuzzy sublattice of (X, <), then S(E)
and ker (E) are sublattices on (X, <).

Proof. Suppose that E is a picture fuzzy sublattice of (X, <) and letz,y € E.

o Ifx,y € S(E), then E (z) > Op- and E (y) > Op-.
We have E (x Ay) = E(x) A E(y) > Op-, then £ (z Ay) > Op-. Hencex Ay € S (F).

and E (zVy) = E(z) A E(y) = Ops, then E (z V y) > Op-. Hencez Vy € S (FE).

o If x,y € ker (E), then E (z) = 1p- and E (y) = 1p-.
We have E (x Ay) = E(x) A E(y) = 1p+, then E (z Ay) = 1p-. Hence z Ay € ker (E).

and E (zVy) = E(z) A E(y) = 1p-, then E (x Vy) = 1p«. Hence x V y € ker (F).

Therefore, S(E) and ker (F) are sublattices on (X, <). O

3.2.3 Characterizations of a Lattice in Terms of Their Level Set

We now turn to a characterization of the relationship between a picture fuzzy lattice and its

level sets.

Proposition 3.7. Let (X, R) be a picture fuzzy poset. If (X, R) is a picture fuzzy lattice, then
(X, S(R)) is a lattice.

Proof. Suppose that (X, R) is a picture fuzzy lattice. Let z,y € X.

It is clear that the least upper bound is exists if z and y are comparable elements.

If x and y are non-comparable elements, i.e., (z,y), (y,z) ¢ S(R),thenR (z,y) = R (y,z) =
Op+. Since (X,R) is a picture fuzzy lattice, then there exists [ € X, such that R (z,l) >
Op+, R (y,1) = Op~, and R (I,u) > Op-, for any upper bound u of {z,y}. Thus, there exists
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[ such that (z,1) € S(R), (y,1) € S(R) and (/,u) € S (R) for all upper bound u of {z,y} . So,
there exists a least upper bound [ of {z,y} on (X, S (R)).
Similarly, there exists a greatest lower bound g of {z,y} on (X, S (R)).
]

Proposition 3.8. Let (X, R) be a picture fuzzy poset. If (X, R,) are lattices for all o € Dy, then
(X, R) is a picture fuzzy lattice.

Proof. Suppose that for all a € Df, (X, R,) are crisp lattices. Let x,y € X, then there exists
r € X, such that (z,7) € R, (y,7) € Ra, and (r,u) € R,, for every upper bound v of {z,y} .
That is, there exists r such that R (z,7) > Op-, R (y,7) > Op+ and R (r,u) > Op~ for all upper
bound w of {z,y} . Hence there exists a least upper bound r of {z,y} on (X,R). Thus (X, R)
is a picture fuzzy lattice.

Similarly, there exists a greatest lower bound [ of {z,y} on (X, R). O

Remark 3.7. If (X, R) is a picture fuzzy lattice, then (X, R,) may not be a crisp lattice. In-
deed.

Example 3.8. Let (X, R) be a picture fuzzy lattice, where X = {a,b,c,d} and R defined by

the following table and represented by the given Hasse diagram.

R a b c d

a | (1.00,0.00,0.00) | (0.00,0.00,1.00) | (0.00,0.00,1.00) | (0.00,0.00,1.00)
b | (0.30,0.00,0.40) | (1.00,0.00,0.00) | (0.00,0.00,1.00) | (0.00,0.00,1.00)
¢ | (0.50,0.20,0.10) | (0.00,0.00,1.00) | (1.00,0.00,0.00) | (0.00,0.00,1.00)
d | (0.70,0.00,0.20) | (0.4.,0.10,0.50) | (0.10,0.00,0.60) | (1.00,0.00,0.00)

(0.30,0.00,0.40)

(0.4.,0.10,0.50)

(0.50,0.2§,0.10)

(0.70,0.00,0.20)

(0.10,0.00/0.60)

(Hasse diagram of a PFL (X, R), where X = {a,b,c, d})
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Consider the relation R g.5.2,0.3)

.....

R0.5,0.2,0.3) a b c d
a 1.00 | 0.00 | 0.00 | 0.00 a
b 0.00 | 1.00 | 0.00 | 0.00 @ @
¢ 1.00 | 0.00 | 1.00 | 0.00
d 1.00 | 0.00 | 0.00 | 1.00 (Hassedlagramof (X R0.5,0.2,0.3

It is not difficult to see that {0, c} has neither the least upper bound nor the greatest lower

.....

Proposition 3.9. Let (X, R) be a picture fuzzy lattice and let x,y, z € X. Then
1. R(z,zUy) > Op, R(y,z Uy) > Op«, R(x Ny, z) = Op, R(x My,y) = Op-.
2. R(z,z) > Op and R(y, z) > Op- implies R(z Uy, z) > Op-.
3. R(z,x) = Op and R (z,y) > Op~ implies R (z,x M y) > Ops.
4. R(z,y) > Op~ ifand only if t Uy = y.
5. R(z,y) > Op~ ifand only if x My = .
6. If R(y,2) > Op« then R(x My, x M z) > Op« and R(x Uy, z U 2) > Op-.
7. If R(x Uy, z) = Op~ then R(x,z) = Op+ and R(y, z) > Op-.
8. If R(z,y M z) > Op~ then R(x,y) > Op« and R(x, z) > Op-.
Proof. Assume that (X, R) is a picture fuzzy lattice and let z,y, z € X.

1. Since x U y is the least upper bound of a set {xz,y}, then x Ll y is an upper bound of =
and y. Similarly, My is the greatest lower bound of {x,y} , then 2 My is a lower bound

of x and y.

2. Suppose that R(z, z) = Op- and R(y, z) > Op-, it follows that z is an upper bound of
{z,y} . Since x U y is the least upper bound, then R(z Uy, z) > Op-.

3. Suppose that R(z,z) > Op- and R(z,y) > Op-, it follows that z is a lower bound of
{z,y} . Since x My is the greatest lower bound, then R(x My, z) > Op-.
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4. Suppose that R(x,y) > Op-. Since ur(y,y) = 1 > 0, then from (2) we obtain R(zLly, y) >
Op~.

And since R (y,x Uy) > Op«, then by the perfect antisymmetricof R, x Uy = y.

Conversely, suppose that z LIy = y. Then R(z,y) = R(z,z Uy) > Op-

5. Suppose that R(z,y) > Op-. Since pg (z, x) = 1 > 0, then from (3) we obtain R(x, xMy) >
Op-.

And since R(x My, z) > Op-, then by the perfect antisymmetricof R,z My = x.

Conversely, suppose that 2 My = x. Then R(z,y) = R(x My, y) > Op-.

6. Suppose that R(y, z) > Op-, then R(x My, z) > Op-.
Since R(x My, x) > Op«, then x My is a lower bound of {z, z}.
And since z M z is the greatest lower bound of {z, z}, thus R(z My, x M z) > Op-.

Similarly, we prove that R(z Uy, z Ll z) > Op-.

7. Suppose that R(z Ly, z) > Op-.
Since R(y, x Uy) > Op«, then by the transitivity of R , R(y, z) > Op-.

Since R(z,z Uy) > Op~, then by the transitivity of R , R(z, z) > Op-.

8. Suppose that R(z,y M z) > Op-.
Since R(y M z,y) > Op~, then by the transitivity of R , R(z,y) > Op-.

Since R(y M z, z) > Op~, then by the transitivity of R , R(z, z) > Op-.

Proposition 3.10. Let (X, R) be a picture fuzzy lattice and let x,y, z € X. Then
1. xUr=x,xMNx ==
2. zUy=yUx,xMNy=yMx.
3. (zUy)Uz=zaU(yUz),(zMNy)Nz=aM(yMz).

4. (zUy)Nz =z, (zNy)Uzx ==x.
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CHAPTER 4

FILTERS IN A LATTICES

n lattice theory, the concept of filters is fundamental. A lattice is a partially ordered set

in which every two elements have a unique supremum (also called a least upper bound
or join) and an infimum (also called a greatest lower bound or meet). A filter in a lattice
is a specific, non-empty subset that relates to the lattice’s structure and ordering. A filter
is closed under the meet operation; it is typically used to capture the notion of "largeness"
in the sense that it contains elements that are greater or equal to a certain threshold. This
concept is pivotal in lattice theory and has applications in various areas of mathematics and
computer science, particularly the study of order, algebraic structures, and logic.

When extending the concept of filters to the picture fuzzy case in lattice theory, we intro-
duce a nuanced approach to dealing with uncertainties and partial membership character-
istics. This extension naturally leads to the concept of picture fuzzy filters in lattices, which
adapt the traditional definitions to accommodate the additional complexity brought by pic-
ture fuzzy sets. This concepts enhance the ability of lattice theory to model and analyze com-
plex systems where uncertainty and partial information play critical roles, thus expanding
the applicability of lattice theory into new and emerging areas of research and application.

This chapter presents an in-depth exploration of filters structure in the context of lattice
theory, adapting and generalizing them through picture fuzzy case. It delves into various
aspects of filters, starting from their fundamental definitions in crisp lattice and picture fuzzy
lattice to exploring some of their properties and characterizations.

The first section delineates some basic concepts of picture fuzzy filters in a crisp lattice.
By generalizing concepts and results existing in Zadeh’s fuzzy sets and Atanassov’s intu-
itionistic fuzzy sets into the context of picture fuzzy, this work paves the way for a deeper
examination of filters in this new setting, also shedding light on the subtle differences and
extensions introduced by picture fuzzy.

The second section broadens the discourse further by focusing on extending crisp filters
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and picture fuzzy filters from fuzzy lattice to picture fuzzy lattice. It provides a detailed
examination of the properties and characterizations of picture fuzzy filters.

The final section focuses on a specific type of picture fuzzy filter, which is a picture fuzzy
prime filter in a picture fuzzy lattice. It presents a set of properties and results that are
associated with this specific structure.

Through a detailed exploration of filters in both crisp lattice and picture fuzzy lattice, this
chapter aims to significantly contribute to the fields of picture fuzzy sets and lattice theory.
By providing a meticulous examination of these concepts and their interrelations, it seeks to
enhance theoretical understanding of lattice structures in picture fuzzy settings, paving the

way for future research and applications in complex and uncertain environments.

4.1 Picture Fuzzy Filters in a Lattice

In this section, we will define the picture fuzzy filter in a crisp lattice. We accomplish this
by generalizing some existing notions and results in the Zadeh's fuzzy sets and Antanssov’s

intuitionistic fuzzy sets (see [2-5/37]) to the picture fuzzy case.

Definition 4.1. Let (X, <) be a crisp lattice. A picture fuzzy set £ of X is called a picture

fuzzy filter of X, if it satisfies the following conditions, for any =,y € X:
() E(zAy) = E(x) L E(y);
(i) E(xVy) = E(x)Y E(y).

Example 4.1. Consider the lattice (X, <) given in Example
The picture fuzzy subset E' on X defined by

X E (2)

a | (0.00,0.00,1.00)
b | (0.00,0.00,1.00)
¢ | (0.10,0.30,0.50)
d | (0.10,0.20,0.40)
e | (0.10,0.30,0.50)
f 1 (0.40,0.10, 0.30)

is a picture fuzzy filter on (X, <).
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Remark 4.1. Every picture fuzzy filter is a picture fuzzy sublattice. But the converse is not

true.

Example 4.2. The picture fuzzy filter £’ given in Example |4.1|is a picture fuzzy sublattice.
But the picture fuzzy sublattice E given in Example [3.7|is not a picture fuzzy filter, since
E (¢ Vv b) =(0.20,0.00,0.40), E (c) Y E (b) = (0.20,0.00,0.30) and (0.20, 0.00, 0.40) *#
(0.20,0.00,0.30) .

Proposition 4.1. Let (X, <) be a crisp lattice. If E, F' are picture fuzzy filters of (X, <), then EN F
is also a picture fuzzy filter of (X, <).

Proof. Suppose that £ and F are two picture fuzzy filters of (X, <) .
We have (ENF) (x) = E (z) A F (z), then
(ENF)(zANy) = E(xAy) AF(xAy)

Y
El
S
-
&
S

|
&>
>
=
O

(ENF)(xVy) = E(xVy)

Y 1Yy

Y (E(y) A F(y)
= (ENF)(x)Y(ENF)(y).
Hence £'N F is a picture fuzzy filters of (X, <). O

Remark 4.2. The union of two picture fuzzy filters of (X, <) need not be a picture fuzzy filter
of (X, X).

Example 4.3. Consider the lattice (X, <) given in Example Let E' be the picture fuzzy
filter given in Example4.1|and define the picture fuzzy filter E* on X by

X E* (z)

a | (0.00,0.00,1.00)
b | (0.10,0.40,0.50)
¢ | (0.00,0.00, 1.00)
d | (0.30,0.10,0.40)
e | (0.00,0.00,1.00)
£ | (0.30,0.20, 0.40)
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Then,

X | (EUE)(2)

a | (0.00,0.00,1.00)
b | (0.10,0.40,0.50)
¢ | (0.10,0.30,0.50)
d | (0.30,0.10,0.40)
e | (0.10,0.30,0.50)
f 1 (0.40,0.10,0.30)

Since (E" U E*) (¢ Ab) = Op-, (E'U E*) (c) A (E'UE*) (b) = (0.1,0.3,0.5) and (0,0, 1) #
(0.1,0.3,0.5),
these imply that £’ U E* is not a picture fuzzy filter.

Proposition 4.2. Let (X, <) be a crisp lattice. If E is a picture fuzzy filter of (X, <), then S(E) and
ker (E) are filters on (X, <).

Proof. Suppose that E is a picture fuzzy filter of (X, <).

1. Letz € S(F) and y € X such that = < y it follows that £ (z) > Op- and 2 Vy = y.
Since F (y) = E(zVy) = E(z) Y E(y) >~ Op~, theny € S(F).

2. Letz,y € S(E). We prove that x Ay € S(E).
z,y € S(E) implies E (x) > Op- and E (y) > Op-. Since E (z Ay) = E(z) A E (y), then
according to Proposition[2.3(4), E (z A y) > Op-. Hence z Ay € S(E).

Similarly, we obtain the same result for ker (E) . O

Theorem 4.1. Let (X, <) be a crisp lattice. A picture fuzzy subset E of X is a picture fuzzy filter if
and only if their a-cuts are filters of (X, <) for all a = (o, as, a3) € D

Proof. Suppose that E is a picture fuzzy filter on (X, <) and prove that £, are filters of (X, <),
for all a € Dy

1. Letz € E,and y € X such thatz < y. Then E (z) = aand z Vy = y.

It follows that £ (y) = E(xVy) = E(x) Y E(y) = a. Hence y € E,.

2. Letz,y € E,. Then it holds that F () = awand FE (y) = «a.

Since E (x Ay) = E(x) A E(y) = a,thusx Ay € E,.
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Conversely, suppose that E, are filters of (X, <), for all & € Df, and show that E is a
picture fuzzy filter on (X, <).

1. Letz,y € X andleta € D*. Put £ (z) A E (y) = «.

The case a = Op- is direct.

If « > Op+, we have E (z) = F(z) A E(y) = aand E(y) = E(z) A E(y) = «, that
is, x,y € E,. Since E, is a filter, then x A y € E,. This implies that £ (z Ay) = o =
E(x) A E(y).

2. Let z,y € X and let o, 5 € D such that F (z) = o and FE (y) = . Then z € E, and
y € Eg. Since E, and Ej are filters, it follow that x Vy € E, and x Vy € Ej, ie,
E(xVy) =aand F(xVy) = 5.

Hence E(zVy) =aY f=E(x)Y E(y).

4.2 Picture Fuzzy Filters in a Picture Fuzzy Lattice

This section extends the notion of a crisp filter and a fuzzy filter in a fuzzy lattice [30,34] to a
crisp filter and a picture fuzzy filter in a picture fuzzy lattice, as well as giving more of their

characterizations and proving some properties.

Definition 4.2. Let (X, R) be a picture fuzzy lattice and let £ be a non-empty subset of X. £

is a crisp filter on (X, R) if it satisfies the following conditions, for any =,y € X:

() Ifz € X,y € Fand R(y,x) > Op~, thenz € E.

(ii) Ifz,y € E,thenz My € F.

Example 4.4. Let (X, R) be the picture fuzzy lattice defined in Example and let £y, =
{a,b} be a non-empty subset of X. It easy to see that £} is a crisp filter of (X, R).

Definition 4.3. Let (X, R) be a picture fuzzy lattice and let E be a picture fuzzy subset of X.

FE is a picture fuzzy filter on (X, R) if it meets the conditions below:

(C) E(xNy) = E(x) A E(y), forallz,y € X.
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(C2) R (z,y) > Op- implies E (z) <

E(y),forallz,y € X.

Proposition 4.3. Let (X, R) be a picture fuzzy lattice. If E and F are two picture fuzzy filters of
(X,R), then EN F is a picture fuzzy filter of (X, R) .

Proof. Suppose that £ and F are two picture fuzzy filters of (X, R). Then, forall z,y € X,

(&)

(Cs) suppose that R (z,y) > Op-. Then E (z) <
E(x) A F(x) 2 E(y) A

(ENE)(zMy)

E(xNy) A F(zMNy)

(
(E(2) L E(y)) A (F () A F(y))
(E(2) A F(x)) A (E(y) A F(y))
(ENF) (@) A (ENF)(y).

E(y) and F (z) < F (y), this implies that
F(y).Thatis, (ENF)(z) 2 (ENF)(y).

Remark 4.3. The union of two picture fuzzy filters does not necessarily be a picture fuzzy

filter, as seen in the following example:

Example 4.5. Let X =

following table and represented by the given Hasse diagram.

R 0 a b 1

0 | (1.00,0.00,0.00) | (0.20,0.30,0.50) | (0.30,0.10,0.50) | (0.30,0.00,0.40)
a | (0.00,0.00,1.00) | (1.00,0.00,0.00) | (0.00,0.00,1.00) | (0.30,0.00,0.40)
b | (0.00,0.00,1.00) | (0.00,0.00,1.00) | (1.00,0.00,0.00) | (0.20,0.30,0.40)
1 | (0.00,0.00,1.00) | (0.00,0.00,1.00) | (0.00,0.00,1.00) | (1.00,0.00,0.00)

(0.20,0.30,0.50)

(0.30,0.10/0.50)

CHasse diagram of (X, R), where X = {0, a,b, 1})

{0,a,b,1} and let (X,R) be the picture fuzzy lattice given by the
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We define the two picture fuzzy filters E; and E; on (X, R) by

X E; (z) Es (z)

0 | (0.00,0.00,1.00) | (0.00,0.00,1.00)
a | (0.20,0.40,0.30) | (0.00,0.00,1.00)
b | (0.00,0.00,1.00) | (0.10,0.50,0.20)
1 |(0.30,0.20,0.20) | (0.30,0.20,0.10)

Then,

X | (E1NEy) () (ELU Ey) (2)
0 | (0.00,0.00,1.00) | (0.00,0.00,1.00)
a | (0.00,0.00,1.00) | (0.20,0.40,0.30)
b | (0.00,0.00,1.00) | (0.10,0.50,0.20)
1 |(0.30,0.20,0.20) | (0.30,0.20,0.10)

It is easy to see that E; N E; is a picture fuzzy filter of (X, R), but E; U E; is not a picture
fuzzy filter. Indeed, (E; U Es) (aMb) = Op-, (E1 U Ey) (a) A (Ey U E,) (b) = (0.1,0.6,0.3) and
(0,0,1) # (0.1,0.6,0.3) .

Proposition 4.4. Let (X, R) be a picture fuzzy lattice and let E be a picture fuzzy subset on X.
If E is a picture fuzzy filter of (X, R) , then S (E) and ker (E) are crisp filters of (X, R) .

Proof. Suppose that E is a picture fuzzy filter of (X, R) and let z,y € X.
1. If x € S(F) and R(x,y) > Op- implies E (y) = E (z) > Op~. Thusy € S (E).

2. If 2,y € S(F), then E(z) > Op- and E (y) > Op+. Since E (zMNy) = E(x) A E(y),
according to Proposition2.3(4), E (x My) > Op-,ie, 2Ny € S(E).

Similarly, we obtain the same result for ker (£).

Proposition 4.5. Let (X, R) be a picture fuzzy lattice and let E be a picture fuzzy subset on X.
E is a picture fuzzy filter of (X, R) if and only if its a-cuts are crisp filters of (X, R).

Proof. Let z,y € X, a € Dj. Assume that E is a picture fuzzy filter of (X, R).
1. Ifx € E,and R (z,y) > Op+, then E () = aand E(y) = E(x) = o. Hencey € E,.

2. If z,y € E,, then E(x)
E(xTy) = E(z) X E(y)

o and E(y) = a. According to Proposition 2.3] we obtain

=
= «a, Thatis, z My € E,.

65 Djazia Saadi
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Conversely, suppose that E,, are crisp filters of (X, R), for all o € Dj.

(C1) Put E(z) A E(y) = B. Itis easy to see that if 3 = Op-, then E(z My) = E(x) A E(y).

If 8 > Op-. We have E(z) > §and E(y) > (it follows that z,y € Es. Thenz My € Eg.
Hence E(zMy) = = E(z) A E(y).

(C2) Suppose that R (z,y) > Op- and put £ (z) = . The case y = Op~ is trivially.

If v > Op-. Then x € E, impliesy € E,. Hence E(y) = v = E(z).

Now, we give some characterizations of picture fuzzy filters of a picture fuzzy lattice.

Theorem 4.2. E is a picture fuzzy filter of a picture fuzzy lattice (X, R) if and only if it satisfies (C;)

and
(Cy) forallz,y € X, E(x) = E(zMNy) A E(y).

Proof. Suppose that E is a picture fuzzy filter of (X, R). It suffices to prove (Cs).
Since R (z My, z) > Op~, then according to (C;) and (Cy), E(z) = E(zNy) = E(xMy) A

E(y).
Conversely, suppose that (C;) and (C;) are satisfied.
If R (z,y) > Op«, then z My = = implies E(y) = E(zMNy) A E(z) = E (x). O

Theorem 4.3. E is a picture fuzzy filter of a picture fuzzy lattice (X, R) if and only if it satisfies
(Cy) forany x,y,z € X, R (xNy,z) > Op- implies E (z) = E (x) A E(y).

Proof. Let x,y,z € X. Suppose that E is a picture fuzzy filter of (X, R).
If R (xMy,z) > Op«, then according to (C;) and (Cy), E (2) = E(zMy) = E(z) A E(y).
Conversely, suppose that (C,) is satisfied. Then,

1. Since R (x My,x My) > Op«, then E (zMy) = E(x) A E(y).

2. If R (x,y) > Op«, then R (x Mz,y) > Op-. It follows that F (y) = E (z) A E (z), thatis,
E(y) = E(z).

]

©2024, M’sila University 66 Djazia Saadi



CHAPTER 4. FILTERS IN A LATTICES 67

Theorem 4.4. E is a picture fuzzy filter of a picture fuzzy lattice (X, R) if and only if it satisfies (C;)

and
(Cy) forallz,y e X, E(xUy) = E(x).

Proof. Letxz,y € X.
Suppose that E is a picture fuzzy filter of (X, R). It suffices to prove (Cs).
Since R (z,x Uy) > Op«, then £ (z Uy) = E(z).
Conversely, suppose that (C;) and (C5) are satisfied.
If R (z,y) > Op+, thenz Ly = y. Hence F (z) K E(zUy) = E (y). O

Theorem 4.5. E is a picture fuzzy filter of a picture fuzzy lattice (X, R) if and only if the following

condition is satisfied:
(Cp) forallz,y e X,E(xMy)=FE(x) A E(y).

Proof. Suppose that E is a picture fuzzy filter of (X, R).

In view of the definition of picture fuzzy filter, it suffices to show that £ (x My) < E (z) A
E (y).

Let z,y € X.Since R (x My, z) = Op- and R (x My,y) > Ops, then E (zMy) < E(x) and
E(xNy) X E(y). Hence E (zMy) = E(z) A E(y).

Conversely, suppose that E (x My) = E(xz) A E(y), forall z,y € X.

1. E(zNy)=FE(z) A E(y) implies (Cy).

2. If R (z,y) > Op, then My = z. Thus F(x) = E(xNy) = E(z) A E(y), that is,
E(x) 2 E(y).

4.3 Picture Fuzzy Prime Filters in a Picture Fuzzy Lattice

In what follows, we extend the notion of fuzzy prime filters in a fuzzy lattice and intuition-
istic fuzzy prime filters in an intuitionistic fuzzy lattice [6,31,[32,34] to picture fuzzy prime

filters in a picture fuzzy lattice and prove some of its results.
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Definition 4.4. Let (X, R) be a picture fuzzy lattice and let £ be a crisp filter of (X, R). Eis
called crisp prime filter if forall z,y € X, x Uy € E impliesthatx € Eory € E.

Definition 4.5. Let (X, R) be a picture fuzzy lattice and let E be a picture fuzzy filter of
(X,R). Eis called a picture fuzzy prime filter if for all z,y € X, E(x Uy) = E(z) Y E(y).

Remark 4.4. The intersection of two picture fuzzy prime filters of (X, R) does not be neces-

sarily a picture fuzzy prime filter of (X, R).

Example 4.6. Consider the lattice (X, R) given in Example
Let E,, E, be two picture fuzzy prime filters on (X, R) defined by

X Ey (x) Es (x)

0 | (0.00,0.00,1.00) | (0.00,0.00,1.00)

a | (0.20,0.40,0.30) | (0.00,0.00,1.00)

b | (0.00,0.00,1.00) | (0.10,0.50,0.20)

1 | (0.20,0.40,0.30) | (0.10,0.50,0.20)
Then,

X | (EyNEy) (x)

0 | (0.00,0.00,1.00)

a | (0.00,0.00,1.00)

b | (0.00,0.00,1.00)

1 | (0.10,0.60,0.30)

It is easy to checked that E4 N Ej is a picture fuzzy filter.
But (E1 N Es) (aUb) = (EyN Ey) (1) = (0.10,0.60,0.30), in other hand, (E; N Ey) (a) Y
(Ey N Esy) (b) =(0,0,1) Y (0,0,1) = (0,0,1) # (0.10,0.60, 0.30). Hence the picture fuzzy filter

E, N E, is not prime.

Proposition 4.6. Let (X, R) be a picture fuzzy lattice. If E is a picture fuzzy prime filter on (X, R),
then S (E) and ker (E) are crisp prime filters on (X, R).

Proof. Suppose that F is a picture fuzzy prime filter on (X, R). From Proposition[4.4} it holds
that S (F) is a filter on (X, R). Next, we prove that S (£) is prime.

Letz,y € X.Ifzr vy € S(E), then E(z Vy) > Op-. Since E(x Vy) = E(z) Y E(y), this
implies from Proposition 2.3(6) that E(x) > Op- or E(y) > Op-. Hence, either z € S (E) or
yeS(E). O
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Theorem 4.6. Let (X, R) be a picture fuzzy lattice. if for all « € D, E,, are crisp prime filters on
(X,R), then E is a picture fuzzy prime filter on (X, R).

Proof. Suppose that E,, are crisp prime filters on (X, R), for all & € D§. From Proposition
E is a picture fuzzy filter on (X, R). It remains to show the primality of £, i.e., for all
r,y € X, E(xUy) = E(z) Y E(y).

Put E(x Uy) = o. Then z Uy € E,. Since E, is a prime filter, this implies that x € F, or
y € E,.Hence E(z) Y E(y) = a = E(z Uy).

On other hand, since R (z,z Uy) > Op~ and R (y,z Uy) > Op- these imply that E(x) <
E(zUy)and E(y) < E(zUy). Hence E(z) Y E(y) = E(zxUvy). O]

Remark 4.5. Unlike the fuzzy case, the converse implication in Proposition [4.6is not true.
Indeed.

Example 4.7. Let (X, R) be the lattice given as follows

R| O a b c 1
0 | 1p~ | (0.20,0.01,0.70) | (0.40,0.20,0.30) | (0.50,0.10,0.30) 1p-
a | Op- 1p= (0.40,0.10,0.50) | (0.10,0.00,0.60) | (0.70,0.00,0.20)
b | Op« Op+ 1p~ Op+ (0.30,0.00, 0.40)
¢ | Op- Op+ Op~ 1p~ (0.50,0.20,0.10)
1 | Op- Op+ Op- Op-+ 1p+

(Hasse diagram of (X, R), where X = {0, qa,b,c, 1})

The following table represented two picture fuzzy subsets: E; and its support, and E;

and its kernel
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X E; (z) E; (z) S(Ey) (x) | ker(E2) (x)
0 Op~ Op~ 0 0
a | (0.10,0.60,0.30) Op- 1 0
b | (0.10,0.40,0.10) | (0.10,0.30,0.20) 1 0
¢ | (0.20,0.10,0.30) 1p- 1 1
1 | (0.20,0.60,0.10) 1p- 1 1

It is easy to see that S (£;) and ker (E,) are crisp prime filters on (X, R), but E; and E,
are not PFPFs on (X, R).
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Conclusion

his study has shed light on the complexities and challenges of understanding uncer-

tainty and ambiguity in real phenomena through a strict focus on theoretical aspects,
affirming the vital role that picture fuzzy sets play in developing mathematical theories ca-
pable of addressing these challenges.

Through the careful theoretical discussion of the definitions presented by Coung, theo-
retical modifications are suggested that may provide a new horizon for research in this field.
By applying these modifications to other theories in mathematics, this work has expanded
the horizons of picture fuzzy sets, demonstrating its utility in modeling complex structures
in picture fuzzy sets, picture fuzzy relations, picture fuzzy lattices, and the precise concepts
of filters in this context. Despite its purely theoretical nature, the insights provided by this
study greatly enhance our ability to visualize and analyse complex concepts related to pic-
ture fuzzy sets and their future applications.

The results of this thesis indicate great potential for future research, especially in the area
of developing more advanced mathematical theories based on the concepts explored here.
Future work can build on the theoretical foundations established by this study to explore
new applications in mathematics, artificial intelligence, computer science, and beyond, thus

expanding the scope of picture fuzzy sets and their contribution to contemporary challenges.
P g P P y P y g
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Abstract: In this thesis, we have discussed and subsequently modified
Coung's definitions through the study of the structure of D* (the set of
membership degrees), which serves as a prototype of the picture fuzzy set.
Through these modified concepts, we introduced some characteristic sets
such as support, kernel, a-cuts, strong a-cuts, and the picture fuzzy lines of
degree a of a picture fuzzy set, where a is in D*. We demonstrated some of
their properties. Also, we presented some decomposition theorems for a
picture fuzzy set and extended some of Atanassov's modal operators to the
picture fuzzy case. Additionally, we explored some of the fundamental
aspects related to picture fuzzy relations, picture fuzzy lattices, and their
filters, characterizing them using support, kernel, a-cuts, etc. We also proved
some existing results related to picture fuzzy prime filters.

Keywords: Picture fuzzy set, the set D*, picture fuzzy relation, picture fuzzy
lattice, picture fuzzy filters.

Résumé : Dans cette thése, nous avons étudié et corrigé les définitions de
Coung et Kreinovich a travers I'étude de la structure de I'ensemble D*, qui
sert de prototype de l'ensemble flou d'image. A travers ces concepts
modifiés, nous avons introduit des ensembles spéciaux tels que le support,
le noyau, les a-coupe, les a-coupe strict et les lignes de floues de degré a
d'un ensemble flou d'image, ou a est dans D*. Nous avons prouvé certaines
de leurs propriétés et présenté également quelques théorémes de
décomposition pour un ensemble flou d'images. Nous avons étendu certains
des opérateurs d'Atanassov au cas de flou d'image. De plus, nous avons
exploré certains des aspects fondamentaux liés aux relations floues
d'images, aux treillis flous d’image, a leurs filtres, les caractérisation a l'aide
du support, du noyau, des a-coupes..., etc. Nous avons également prouvé
certains résultats existants relatifs au prime filtre.

Mots-clés : Ensemble flou d'image, I'ensemble D*, relation floue d'image,
treillis flou d’image, filtre flou d'image.
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