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Introduction

M any problems in daily life contain various levels of uncertainty. Since existing

standard mathematical tools may not model such uncertainties, new ones are

needed. Fuzzy sets [43] and intuitionistic fuzzy sets [10], were introduced

to deal with uncertainty, are some of the well-known mathematical tools for the aforesaid

purpose.

Zadeh introduced the ideas of fuzzy sets and fuzzy relations initially, followed by Goguen

[26, 43, 44]. Many authors have investigated various approaches to fuzzy lattices, fuzzy fil-

ters, and related concepts, see [2–5,18,37]. In [41], Venugopalan presented the idea of a fuzzy

ordered set (foset). He also defined the supremum and infimum of a subset A. In 1990, Bo

and Wangming proposed the ideas of fuzzy sublattices and fuzzy ideals of a lattice [13]. As

a fuzzy algebra, a fuzzy lattice was defined by Ajmal and Thomas [2] and fuzzy sub-lattices

were described by the same authors. Using their α-cuts, Chon defined and characterized

fuzzy lattices in 2009 and established several fundamental properties of fuzzy lattices [18].

Mezzomo [32] used a fuzzy partial order relation to describe fuzzy lattices. Additionally, he

defined filters and α-filters of a fuzzy lattice and he used their α-cuts to describe them.

In 1983, Atanassov first introduced intuitionistic fuzzy sets (IFSs) to address the issue of

non-membership [8]. This concept was followed by the introduction in 1984, of a generalized

intuitionistic fuzzy set, known as "intuitionistic L-fuzzy set" [9]. It has been shown to be

particularly useful for dealing with ambiguity. Based on the intuitionistic fuzzy set concept

of Atanassov, Burillo and Bustince [17] introduced the notion of intuitionistic fuzzy relation.

Specifically, they presented the intuitionistic fuzzy order relation as a logical extension of

the fuzzy order relation introduced by Zadeh [44] before. Many authors have studied the

concept of intuitionistic fuzzy order, intuitionistic fuzzy lattice intuitionistic fuzzy filter and

intuitionistic fuzzy ideal [2, 6, 15, 33, 39, 46].

Although these sets can model many problems, there are much more problems and un-
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certainties in real life that they fail to model. For instance, in voting for an election, the

decisions of the electorate may be split into three types: yes, no, and abstain. To model

this problem and other similar problems, Cuong and Kreinovich put forward in 2013 [20]

a new concept called "picture fuzzy sets". The latter is a direct generalization of Zadeh’s

fuzzy sets and Atanassov’s intuitionistic fuzzy sets. The main work of Cuong Bui Cong

and Vladik Kreinovich is the incorporation of the concept of the positive, negative and neu-

tral membership degree of an element. In other words, an element of a picture fuzzy set A

is characterized by three memberships degrees, positive, negative and neutral membership

degree µA (x) , ηA (x) , νA (x) , so that the total of the three degrees cannot be greater than one.

This gives an unusual but wonderful idea of a mathematician and many valued-logic.

Not only does the resulting notion have a beautiful mathematical structure with connec-

tions to various fields of mathematics, but it also has a broad range of applications outside

mathematics, for example in decision-making [7, 25, 42], Medical Diagnosis [24], investment

risk [14] and other applications [1, 38].

The picture fuzzy set is one of the most reliable techniques to handle the uncertainties in

the data throughout the decision-making process, in which an intuitionistic fuzzy set may

fail to produce good results. It is an effective mathematical tool for dealing with uncertain

real-life issues.

This study aims to:

1. Address the inconsistencies found in Coung’s definitions by examining the structure

of the set D∗, which serves as a prototype of picture fuzzy sets1.

2. Extend some of Atanassov’s modal operators to the picture fuzzy case with respect to

previous modifications1.

3. Provide some characteristic sets of a picture fuzzy set, such as support, kernel, α-cuts,

strong α-cuts and picture fuzzy lines of a degree α of a picture fuzzy set for α ∈ D∗1.

4. Study concepts related to relations theory and lattice theory in the picture fuzzy case 2.

5. Study the concepts of picture fuzzy filters in a crisp lattice, crisp filters in a picture

fuzzy lattice, picture fuzzy filters in a picture fuzzy lattice, and picture fuzzy prime

filters in a picture fuzzy lattice2.
1This part is published in TWMS Journal of Applied and Engineering Mathematics [35].
2This part is published in Kragujevac Journal of Mathematics [36].
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6. Describe the concepts mentioned in 4 and 5 in terms of α-cuts2.

This thesis is structured as follows:

The first chapter contains some basic definitions of fuzzy sets, intuitionistic fuzzy sets,

fuzzy relations, intuitionistic fuzzy relations, fuzzy lattices, intuitionistic fuzzy lattices, and

their filters, which will be extended later on.

The second chapter undertakes a critical examination of picture fuzzy sets which is an

important extension of fuzzy sets and intuitionistic fuzzy sets aimed at enhancing the pre-

cision of uncertainty representation. It highlights the need for clarity and consistency in its

foundational definitions, as some contradictions in specific definitions were found during

research. The first section is dedicated to addressing these contradictions. It re-examines

and scrutinizes the basic definitions of picture fuzzy sets introduced by Cuong, suggesting

corrections and presenting new results. This section not only critiques the current state of

definitions but also identifies the motivations for redefining the operations of picture fuzzy

sets, supported by a comprehensive analysis of Cuong’s definitions, complemented by coun-

terexamples and proofs. This analysis reveals the necessity of theoretical reform to resolve

the identified contradictions. A pivotal aspect of this comprehensive reform is the detailed

study of the D∗ set structure, which serves as a prototype of picture fuzzy sets. Understand-

ing the structural dynamics of D∗ facilitates the redefinition of operations for picture fuzzy

sets, ensuring compatibility with logical coherence and practical applicability. This study

introduces new definitions and properties related to the operations of picture fuzzy sets, sig-

nificantly contributing to the theoretical foundation of this field. The second section explores

the extension of Atanassov’s modal operators to picture fuzzy sets, focusing on four spe-

cific factors: necessity and possibility operators, the operators Dλ and Fα. Furthermore, this

section delves into the characteristic sets of a picture fuzzy set, including support, kernel,

α-cuts and strong α-cuts, alongside the picture fuzzy line of degree α. Finally, the chapter

introduces some decomposition theorems for a picture fuzzy set.

The third chapter focuses on the basic concepts underlying picture fuzzy relations. This

includes an extensive discussion of their definitions, the operations that can be performed

on them, and an exploration of their properties. This chapter also delves into important

aspects of picture fuzzy relations, such as the fuzzy picture order relation and the fuzzy

picture chain. It presents a series of results related to these concepts. and examines in detail

the structure of the picture fuzzy lattice, where the operations of join and meet in such a

3
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lattice are adapted to respect these additional dimensions of membership, enabling more

sophisticated aggregation and comparison mechanisms. This section systematically presents

concepts of fuzzy picture lattices and fuzzy picture bounded lattices, in addition to the fuzzy

picture sublattice, delves into their properties and gives some characterizations using their

level sets.

The fourth chapter presents an in-depth exploration of filters structure in the context of

lattice theory, adapting and generalizing them through picture fuzzy cases. It delves into

various aspects of filters, beginning with the fundamental definitions of picture fuzzy fil-

ters in a crisp lattice, crisp filters in a picture fuzzy lattice, picture fuzzy filters in a picture

fuzzy lattice, and picture fuzzy prime filters in a picture fuzzy lattice. It then explores their

properties and characterizations.

The majority of the results presented in this thesis have been published in international

journals. The results included in Chapter 2, Chapter 3 and Chapter 4 have been described

in [35] and [36], respectively.

c©2024, M’sila University 4 Djazia Saadi



CHAPTER 1

A BRIEF OVERVIEW OF L-FUZZY SETS

AND RELATED STRUCTURES

T his chapter contains some basic definitions of fuzzy sets, intuitionistic fuzzy sets,

fuzzy relations, intuitionistic fuzzy relations, fuzzy lattices, intuitionistic fuzzy lat-

tices, and their filters.

1.1 Fuzzy Sets and L-Fuzzy Sets

A partial order 6 is a binary relation on a set X which is reflexive (x 6 x for any x ∈ X),

antisymmetric (x 6 y and y 6 x implies x = y for any x, y ∈ X) and transitive (for any

x, y, z ∈ X, x 6 y and y 6 z implies x 6 z ). A partially ordered set, or a poset, denoted by

(X,6) , is a set equipped with an order relation. (X,6) is called a lattice if it has both the

least upper bound and the greatest lower bound of a set {x, y} , for all x, y ∈ X. x ∨ y and

x ∧ y, respectively, indicate the least upper bound and the greatest lower bound of {x, y} .
If ∨E and ∧E exist for all E ⊆ X , then (X,6) is called a complete lattice.

Recall that a filter of a lattice (X,6) is a non-empty subset A of X satisfy the following

conditions, for any x, y ∈ X

1. y ∈ A and y 6 x implies x ∈ A,

2. x, y ∈ A implies x ∧ y ∈ A.

A filter A of (X,6) is a prime filter if: x ∨ y ∈ A implies x ∈ A or y ∈ A for any x, y ∈ X.

Definition 1.1. [43] Let X be a non-empty set. A generalized characteristic function µA :

X −→ [0, 1], called a fuzzy subset A on X, and µA is said to be the membership function of

A.

5



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 6

Definition 1.2. [26] Let X be a non empty set and let L be a complete lattice. An L-fuzzy set

µ is any application from µ : X −→ L.

Notation 1.1. The set of all fuzzy subset of X will be denoted by F (X) .

Definition 1.3. [43] Let X be a non empty set, the following expressions are defined by, for

all A,B ∈ F (X) and x ∈ X :

1. A ⊆ B if and only if µA (x) ≤ µB (x).

2. A = B if and only if A ⊆ B and B ⊆ A.

3. (A ∩B) (x) = µA (x) ∧ µB (x) .

4. (A ∪B) (x) = µA (x) ∨ µB (x) .

5. Ac (x) = 1− µA (x).

6. The support of A given by S(A) = {x ∈ X | µA(x) > 0} .

7. The kernel of A given by Ker(A) = {x ∈ X | µA(x) = 1} .

8. For α ∈ ]0, 1], the α-cut of A is the crisp subset Aα of X given by

Aα = {x ∈ X | µA (x) ≥ α} .

9. For α ∈ [0, 1[, the strong α-cut of A is the crisp subset A+
α of X given by

A+
α = {x ∈ X | µA(x) > α} .

10. For α ∈ [0, 1], the picture fuzzy line of degree α of A is the crisp subset Lα (A) of X

given by Lα (A) = {x ∈ X | µA(x) = α}.

Knowing that the unite interval ([0, 1],≤,min,max, 0, 1) is a complete lattice with ≤ is

the usual order on the set of real numbers R. It is easy to see that (F (X) ,⊆,∩,∪, ∅, X) is a

complete lattice.

c©2024, M’sila University 6 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 7

1.1.1 Fuzzy Binary Relations

Definition 1.4. [44] Let X be non-empty set, a fuzzy relation on X, denoted byR, is defined

as the fuzzy set

R =
{
((x, y) , µR (x, y)) : (x, y) ∈ X2

}
,

where the function µR : X × X −→ [0, 1] is called the membership function and gives the

degree of membership of the ordered pair (x, y) in R associating with each pair (x, y) in X2

a real number in the interval [0, 1] .

Definition 1.5. [44] Let X be a non-empty set. A fuzzy binary relationR on X is called:

1. Reflexive, ifR(x, x) = 1, for all x ∈ X .

2. Antisymmetric, ifR (x, y) > 0 andR (y, x) > 0 implies x = y, for all x, y ∈ X .

3. Transitive, ifR (x, z) ≥ sup
y∈X

min {R (x, y) ,R (y, z)}, for all x, y, z ∈ X .

Definition 1.6. [18] Let X be a non-empty set. A reflexive, antisymmetric and transitive

fuzzy relation is called a fuzzy partial order relation. A fuzzy partial order relation R is a

fuzzy total order relation if and only if either R (x, y) > 0 or R (y, x) > 0, for all x, y ∈ X . A

set equipped with a fuzzy partial order relation is called a fuzzy partially ordered set (fuzzy

poset for short) and we will denote it by (X,R). IfR is a fuzzy total order relation in a set X ,

then (X,R) is called fuzzy totally ordered set or a fuzzy chain.

1.1.2 Fuzzy Lattices

Definition 1.7. [41] Let (X,R) be a fuzzy poset, and let A be a non-empty subset of X . An

element u ∈ X is said to be an upper bound of a subset A if and only if R (a, u) > 0, for all

a ∈ A. An upper bound u0 of A is the least upper bound of A if and only if R(u0, u) > 0, for

every upper bound u of A. An element l ∈ X is said to be a lower bound of a subset A if and

only if R(l, a) > 0, for all a ∈ A. A lower bound l0 of A is the greatest lower bound of A if

and only ifR(l, l0) > 0, for every lower bound l of A.

A least upper bound of A will be denoted by supA and a greatest lower bound by inf A.

We denote the least upper bound of the set {x, y} by x t y and denote the greatest lower

bound of the set {x, y} by x u y.

c©2024, M’sila University 7 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 8

Definition 1.8. [18] A fuzzy poset (X,R) is a fuzzy lattice if and only if x t y and x u y exist

for all x, y ∈ X.

Example 1.1. Let X = [0, 1] and letR be the fuzzy relation on X defined by

R (x, y) =


1 if x = y,

λ (λ ∈ ]0, 1]) if x < y,

0 otherwise.

(X,R) is a fuzzy lattice.

In what follows (X,R) denotes a fuzzy lattice.

Definition 1.9. [29] Let (X,R) be a fuzzy lattice, and let A be a non-empty subset of X . A is

a crisp filter of (X,R) if it satisfies the following conditions:

(i) If y ∈ X, x ∈ A andR(x, y) > 0, then y ∈ A.

(ii) If x, y ∈ A, then x u y ∈ A.

Now, we give some types of classical filters in a fuzzy lattice.

Definition 1.10. A filter A of (X,R) such that A 6= X , is called proper filter of (X,R).

Definition 1.11. [34] Let A be a proper filter of (X,R). Then, A is a prime filter if for all

x, y ∈ X, x t y ∈ A implies x ∈ A or y ∈ A.

Definition 1.12. [29] Let A be a proper filter of (X,R). We say that the filter A is a maximal

filter of (X,R), if A ⊆ B ⊆ X, then either B = A or B = X, for any filter B.

Definition 1.13. [29] Let (X,R) be a fuzzy lattice and x ∈ X . Then, the set defined by:

↑ x = {y ∈ X : R (x, y) > 0} is called principal filter of (X,R) generated by x.

Definition 1.14. [31] Let (X,R) be a fuzzy lattice, α ∈ ]0, 1] and let A ⊆ X .

A is an α-filter of (X,R), if it satisfies

(i) If x ∈ X , y ∈ A andR (y, x) ≥ α, then x ∈ A;

(ii) x, y ∈ A implies x u y ∈ A.

c©2024, M’sila University 8 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 9

Definition 1.15. Let A be a non-empty subset of X . A filter W in X is said to be generated

by A, if A ⊆ W and for any filter Z in X , A ⊆ Z implies W ⊆ Z. The filter generated by A

will be denoted by ↑ A.

Lemma 1.1. [5] If A be a non-empty subset of a fuzzy lattice (X,R), then

↑ A = {x ∈ X | R (a1 u ... u an, x) > 0, for Some a1, .., an ∈ A}

is the filter generated by A.

Definition 1.16. [5] A fuzzy subset A in (X,R) is called a fuzzy filter of X if it satisfies

(F1) for all x, y ∈ X,A(x u y) ≥ min {A(x), A(y)} ;

(F2) A is an order-preserving, that is, for all x, y ∈ X,R (x, y) > 0 implies A(x) ≤ A(y).

Now, we give some types of fuzzy filters in a fuzzy lattice.

Definition 1.17. Let δ be a fuzzy set in (X,R). A fuzzy filter µ in X is said to be generated

by δ, if δ ⊆ µ and for any fuzzy filter ψ in X , δ ⊆ ψ imply µ ⊆ ψ. The fuzzy filter generated

by δ will be denoted by ↑ δ.

Theorem 1.1. [5] If δ is a fuzzy set, then

↑ δ (x) = max

{
min

i∈{1,..,n}
δ (ai) | R (uni=1ai, x) > 0, a1, a2, ..., an ∈ X

}
is the fuzzy filter generated by δ.

Definition 1.18. [5] Let (X,R) be a fuzzy lattice, α ∈ ]0, 1].

A fuzzy set A in (X,R) is called a fuzzy α-filter of X if it satisfies

(F1) for all x, y ∈ X, A(x u y) ≥ min {A(x), A(y)} ,

(FA) for all x, y ∈ X,R (x, y) ≥ α implies A(x) ≤ A(y).

Definition 1.19. [34] Let (X,R) be a fuzzy lattice and A be a fuzzy filter of (X,R).
A is called a fuzzy prime filter if for any x, y ∈ X, A(x t y) = max {A(x), A(y)} .

Example 1.2. Let (X,R) be the fuzzy lattice defined in Example 1.1, and let f be a fuzzy set

defined by f : [0, 1]→ [0, 1], f(x) = x.

f is a fuzzy prime filter on (X,R).

c©2024, M’sila University 9 Djazia Saadi



CHAPTER 1. A BRIEF OVERVIEW OF L-FUZZY SETS AND RELATED STRUCTURES 10

1.2 Intuitionistic Fuzzy Sets as L∗-Fuzzy Set

In [10, 11] Atanassov proposed a generalization of fuzzy sets called intuitionistic fuzzy sets,

which contains a degree of membership and a degree of non-membership with a sum of the

two values is less than or equal to 1.

In the following, we recall some definitions and properties of the intuitionistic fuzzy sets,

intuitionistic fuzzy relations, intuitionistic fuzzy lattices and their filters [10, 16].

1.2.1 Intuitionistic Fuzzy Sets

Definition 1.20. [10]Let X be a given non-empty set. An intuitionistic fuzzy set in X is an

expression A given by A = {〈x, µA (x) , νA (x)〉 | x ∈ X} where µA : X −→ [0, 1] , νA : X −→
[0, 1] with the condition µA(x) + νA(x) ≤ 1, for all x ∈ X . The numbers µA (x) and νA (x)

denote, respectively, the degree of membership and the degree of non-membership of the

element x in the set A.

We will denote by IFS (X) the set of all intuitionistic fuzzy subsets on X . Obviously,

when νA(x) = 1− µA(x) for every x in X , the intuitionistic fuzzy set A is a fuzzy set.

The quantity πA (x) = 1− (µA (x) + υA (x)) is called the hesitation degree or the intuition-

istic index of x in A.

Since the membership degree and the non-membership degree of an intuitionistic fuzzy

set are elements of [0, 1] with a sum less than or equal to 1, we study the mathematical model

illustrating this phenomenon according to the above notions, i.e., the set L∗ given in the

following definition.

Definition 1.21. [19] Let L∗ = {(a1, a2) ∈ [0, 1]2 | a1 + a2 ≤ 1} and ≤L∗ be an order in L∗

defined by ∀(a1, a2), (b1, b2) ∈ L∗ : (a1, a2) ≤L∗ (b1, b2) ⇔ (a1 ≤ b1 and a2 ≥ b2). (L,≤L∗) is a

complete lattice with

(a1, a2) ∧L∗ (b1, b2) = (min (a1,b1) ,max (a2, b2)) ,

(a1, a2) ∨L∗ (b1, b2) = (max (a1,b1) ,min (a2, b2)) ,

0L∗ = (0, 1) and 1L∗ = (1, 0) are the units of L∗.

Remark 1.1. Knowing that (L∗,≤L∗ ,∧L∗ ,∨L∗ , 0L∗ , 1L∗) is a complete lattice, it is easy to see

that (IFSS (X) ,⊆,∩,∪, ∅, X) is a complete lattice.

Throughout the next, we denote by L∗0 = L∗ − {0L∗} ,L∗1 = L∗ − {1L∗}
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Definition 1.22. The following expressions are defined in [10, 12], for all A,B ∈ IFS (X)

1. A ⊆ B if and only if A (x) ≤L∗ B (x), for all x ∈ X.

In more detail, µA (x) ≤ µB (x) and νA (x) ≥ νB (x), for all x ∈ X.

2. A = B if and only if A ⊆ B and B ⊆ A.

3. A ∩B = {〈x,A (x) ∧L∗ B (x)〉 | x ∈ X} = {〈x, µA (x) ∧ µB (x) , νA (x) ∨ νB (x)〉 | x ∈ X}.

4. A ∪B = {〈x,A (x) ∨L∗ B (x)〉 | x ∈ X} = {〈x, µA (x) ∨ µB (x) , νA (x) ∧ νB (x)〉 | x ∈ X} .

5. Ac = {〈x, νA (x) , µA (x)〉 | x ∈ X}.

6. S(A) = {x ∈ X | A(x) ≥L∗ 0L∗} = {x ∈ X | µA(x) > 0 or (µA(x) = 0 and νA (x) < 1)} .

7. ker(A) = {x ∈ X | A(x) = 1L∗} = {x ∈ X | µA(x) = 1 and νA (x) = 0} .

8. For α = (α1, α2) ∈ L∗0, the α-cut of A given by Aα = {x ∈ X | A (x) ≥L∗ α}.

In more detail, Aα = {x ∈ X | µA (x) ≥ α1 and νA (x) ≤ α2} .

9. �A = {〈x, µA (x) , 1− µA (x)〉 | x ∈ X} .

10. ♦A = {〈x, 1− υA (x) , υA (x)〉 | x ∈ X} .

11. Dλ (A) = {〈x, µA (x) + λ.πA (x) , υA (x) + (1− λ) .πA (x)〉 | x ∈ X} , where λ is a fixed

number in [0, 1] .

12. Fα (A) = {〈x, µA (x) + α1πA (x) , υA (x) + α2πA (x)〉 | x ∈ X}, where α = (α1, α2) ∈ L∗.

1.2.2 Intuitionistic Fuzzy Relations

Definition 1.23. [17] Let X, Y be non-empty universes. An intuitionistic fuzzy relation R
fromX to Y (for short, IFR) is an intuitionistic fuzzy subset ofX×Y given by the expression

R = {〈(x, y) , µR (x, y) , υR (x, y)〉 | (x, y) ∈ X × Y } , where µR : X × Y −→ [0, 1] and υR :

X × Y −→ [0, 1] satisfy the condition µR (x, y) + υR (x, y) ≤ 1 for every (x, y) ∈ X × Y.
In particular, if R is an intuitionistic fuzzy relation from X to itself, then R is called an

intuitionistic fuzzy binary relation on X , and we will denote the set of all intuitionistic fuzzy

relations on X by: IFR(X).
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Various operations are defined on intuitionistic fuzzy relations (see, e.g., [16, 17]).

Definition 1.24. [17] An intuitionistic fuzzy relationR on a non-empty set X is said to be

1. reflexive if and only if for all x ∈ X, µR (x, x) = 1 and υR (x, y) = 0;

2. anti-symmetrical intuitionistic, if for every (x, y) ∈ X ×X , x 6= y, then
µR(x, y) 6= µR(y, x),

υR (x, y) 6= υR (y, x) ,

πR(x, y) = πR (y, x) ;

3. perfect anti-symmetrical intuitionistic, if for every (x, y) ∈ X × X with x 6= y and

R (x, y) > 0L∗ , thenR (x, y) = 0L∗ . i.e.,
µR(x, y) > 0,

or
µR(x, y) = 0 and υR (x, y) < 1,

then


µR(y, x) = 0,

and
υR (y, x) = 1;

4. transitive if and only if for all x, y, z ∈ X,
µR (x, y) ∧ µR (y, z) ≤ µR (x, z) ,

and
υR (x, y) ∨ υR (y, z) ≥ υR (x, z) .

Definition 1.25. [45] A reflexive, perfect antisymmetric and transitive intuitionistic fuzzy

relation is called an intuitionistic fuzzy perfect partial ordering relation. An intuitionis-

tic fuzzy perfect partial order relation R is an intuitionistic fuzzy perfect total order re-

lation if and only if (µR (x, y) > 0 or (µR (x, y) = 0 and υR (x, y) < 1)) or (µR (y, x) > 0 or

(µR (y, x) = 0 and υR (y, x) < 1)) for all x, y ∈ X . A set equipped with an intuitionistic fuzzy

perfect partial order relation is called an intuitionistic fuzzy perfect poset.

1.2.3 Intuitionistic Fuzzy Lattices

The idea of an intuitionistic fuzzy lattice was first put forward by Thomas and Nair [39] as

an intuitionistic fuzzy set on a crisp lattice stable by the supremum and the infimum of the

binary operations t and u.

Definition 1.26. [39] Let (X,6) be a crisp lattice, and let L be an intuitionistic fuzzy set on

X . We say that L is an intuitionistic fuzzy lattice if the following conditions are satisfied for

any x, y ∈ X :
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1. L(x ∨ y) ≥L∗ L(x) ∧L∗ L(y),

2. L(x ∧ y) ≥L∗ L(x) ∧L∗ L(y).

For additional information about intuitionistic fuzzy lattices, see [6, 39].

Definition 1.27. [39] Let (X,6) be a crisp lattice, and let A be an intuitionistic fuzzy set on

X . We say that A is an intuitionistic fuzzy filter if the following conditions are satisfied for

any x, y ∈ X :

1. A(x ∨ y) ≥L∗ A(x) ∨L∗ A(y),

2. A(x ∧ y) ≥L∗ A(x) ∧L∗ A(y).

Definition 1.28. [33] Let (X,6) be a crisp lattice, and let A be an intuitionistic fuzzy filter on

(X,R). We say that A is a prime intuitionistic fuzzy filter if for any x, y ∈ X,

A(x ∨ y) ≤L∗ A(x) ∨L∗ A(y).

1.2.4 Intuitionistic Fuzzy Ordered Lattice

Here, we review some elementary ideas concerning intuitionistic fuzzy ordered lattices. For

more details, see [40].

Definition 1.29. [40] Let (X,R) be an intuitionistic fuzzy ordered set and let x ∈ X . The

intuitionistic fuzzy setsR≥[x] andR≤[x] defined on X by

R≥[x] = {〈y, µR(x, y), υR(x, y)〉 | y ∈ X} ,

R≤[x] = {〈y, µR(y, x), υR(y, x)〉 | y ∈ X} .

are called, respectively, the dominating class of x and the class dominated by x.

Definition 1.30. [40] Let (X,R) be an intuitionistic fuzzy ordered set and let A be a non-

empty subset of X .

1. The set of upper bounds ofA is the intuitionistic fuzzy subset ofX defined for all y ∈ X
by

U (R, A) (y) = ∩
x∈A
R≥[x] (y) .
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2. The set of lower bounds ofA is the intuitionistic fuzzy subset ofX defined for all y ∈ X
by

L (R, A) (y) = ∩
x∈A
R≤[x] (y) .

Definition 1.31. [40] Let (X,R) be an intuitionistic fuzzy ordered set and let A be a non-

empty subset of X .

An element x ∈ X is called the least upper bound (or a supremum) of A if:

1. x ∈ S (U (R, A)) ,

2. for any y ∈ S (U (R, A)) , µR (x, y) > 0 or (µR (x, y) = 0 and υR (x, y) < 1) .

An element x ∈ X is called the greatest lower bound (or an infimum) of A if:

1. x ∈ S (L (R, A)) ,

2. for any y ∈ S (L (R, A)) , µR (y, x) > 0 or (µR (y, x) = 0 and υR (y, x) < 1) .

Definition 1.32. [40] An intuitionistic fuzzy poset (X,R) is an intuitionistic fuzzy lattice if

and only if a supremum and an infimum of each pair of elements {x, y} exist for all x, y ∈ X.

Example 1.3. Let X = {a, b, c, d, e} and let R : X × X → [0, 1] be an intuitionistic fuzzy

relation defined by

R a b c d e

a (1.00, 0.00) (0.00, 1.00) (0.00, 0.40) (0.55, 0.45) (0.40, 0.25)

b (0.00, 0.30) (1.00, 0.00) (0.0, 0.20) (0.35, 0.35) (0.45, 0.10)

c (0.00, 1.00) (0.00, 1.00) (1.00, 0.00) (0.00, 0.85) (0.70, 0.15)

d (0.00, 1.00) (0.00, 1.00) (0.00, 1.00) (1.00, 0.00) (0.00, 1.00)

e (0.00, 1.00) (0.00, 1.00) (0.00, 1.00) (0.00, 0.90) (1.00, 0.00)

It is easy to see that (X,R) is an intuitionistic fuzzy lattice.

Definition 1.33. [40] Let (X,R) be an intuitionistic fuzzy ordered set.

1. An element > ∈ X is called the greatest element (the maximum) of X if for all x ∈ X :
µR (x,>) > 0

or
(µR (x,>) = 0 and υR (x,>) < 1) .
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2. An element ⊥ ∈ X is called the smallest element (the minimum) of X if for all x ∈ X :
µR (⊥, x) > 0

or
(µR (⊥, x) = 0 and υR (⊥, x) < 1) .

Definition 1.34. [33] Let (X,R) be an intuitionistic fuzzy ordered lattice and let A be an

intuitionistic fuzzy subset onX . Then, we say thatA is an intuitionistic fuzzy filter on (X,R)
if the following conditions are satisfied for any x, y ∈ X :

1. A(x u y) ≥L∗ A(x) ∧L∗ A(y),

2. A(x) ≥L∗ A(y) ∧L∗ R(y, x).

Definition 1.35. Let (X,R) be an intuitionistic fuzzy ordered lattice. A non-empty intuition-

istic fuzzy set A on X is called a proper intuitionistic fuzzy set, if there exists x ∈ X such that

µA(x) > 0 or υA(x) < 1.

Definition 1.36. [33] Let (X,R) be an intuitionistic fuzzy ordered lattice and let A be a

proper intuitionistic fuzzy filter on (X,R). We say that A is a prime intuitionistic fuzzy filter

on (X,R) if for any x, y ∈ X,

A(x u y) ≤L∗ A(x) ∨L∗ A(y).
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CHAPTER 2

BACKGROUND ON PICTURE FUZZY SETS

I n the field of fuzzy sets, optimizing conceptual frameworks is central to enhancing the-

oretical understanding and application. This thesis, specifically this chapter, undertakes

a critical examination of picture fuzzy sets [20], an important extension of fuzzy sets and

intuitionistic fuzzy sets aimed at enhancing the precision of uncertainty representation. It

highlights the need for clarity and consistency in its foundational definitions, as some con-

tradictions in specific definitions were found during research.

The first section is dedicated to addressing these contradictions. It reexamines and scruti-

nizes the basic definitions of picture fuzzy sets introduced by Cuong, suggesting corrections

and presenting new results. This section not only critiques the current state of definitions but

also identifies the motivations for redefining the operations of picture fuzzy sets, supported

by a comprehensive analysis of Cuong’s definitions, complemented by counterexamples and

proofs. This analysis reveals the necessity of theoretical reform to resolve the identified con-

tradictions.

A pivotal aspect of this comprehensive reform is the detailed study of theD∗ set structure,

which serves as a prototype for picture fuzzy sets. Understanding the structural dynamics

of D∗ facilitates the redefinition of operations for picture fuzzy sets, ensuring compatibility

with logical coherence and practical applicability. This study introduces new definitions and

properties related to the operations of picture fuzzy sets, significantly contributing to the

theoretical foundation of this field.

The second section explores the extension of Atanassov’s modal operators to picture

fuzzy sets, focusing on four specific factors: necessity and possibility operators, the oper-

ators Dλ and Fα. Furthermore, this section delves into the characteristic sets of a picture

fuzzy set, including support, kernel, α-cuts and strong α-cuts, alongside the picture fuzzy

line of degree α. Finally, the chapter introduces some decomposition theorems for a picture

fuzzy set.
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This chapter aims to illuminate the complexities and potentials of picture fuzzy sets, ad-

vocating for a more coherent and robust framework that resolves existing contradictions and

lays the groundwork for future advancements. Through a meticulous reconsideration of ba-

sic concepts.

2.1 Picture Fuzzy Sets: Another Point of View

Recently, V. Kreinovich and B. C. Cuong in [20] have put forward the concept of picture fuzzy

sets as a generalization of fuzzy sets and intuitionistic fuzzy sets to overcome further uncer-

tainties. This section discusses and modifies some basic properties of Cuong’s definitions to

ensure their consistency.

2.1.1 Concepts Related to Picture Fuzzy Sets According to Cuong’s Defi-

nitions

Here, we present the concept of picture fuzzy sets and some of their operations, as defined

by Cuong that are available in [20].

Definition 2.1. Let X be a non-empty set. A picture fuzzy set (PFS, for short) A on X is an

object of the form

A = {〈x, µA (x) , ηA (x) , υA (x)〉 | x ∈ X} ,

where µA (x) ∈ [0, 1] is called the degree of positive membership of x in A,
ηA (x) ∈ [0, 1] is called the degree of neutral membership of x in A,
υA (x) ∈ [0, 1] is called the degree of negative membership of x in A.

µA, ηA and υA satisfy the following condition:

µA (x) + ηA (x) + υA (x) ≤ 1, for any x ∈ X.

The quantity πA (x) = 1−(µA (x) + ηA (x) + υA (x)) is called the degree of refusal membership

of x in A.

Notation 2.1. Let X be a non-empty set. The set of all the picture fuzzy set on X will be

denoted by PFS(X).

Example 2.1. Let X = {a, b, c} be a universal set. The subsets
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A = {〈a, 0.54, 0.21, 0.12〉 , 〈b, 0.32, 0.25, 0.01〉 , 〈c, 0.10, 0.31, 0.51〉} ,
B = {〈a, 0.34, 0.29, 0.34〉 , 〈b, 0.08, 0.21, 0.71〉 , 〈c, 0.45, 0.21, 0.27〉} ,
and C = {〈a, 0.51, 0.19, 0.22〉 , 〈b, 0.11, 0.02, 0.66〉 , 〈c, 0.01, 0.31, 0.53〉}
are picture fuzzy sets on X .

Example 2.2. Consider diagnosing pneumonia based on the following symptoms:

x1 : Cough,

x2 : Fever,

x3 : Shortness of breath,

x4 : Severe fatigue.

Let X = {x1, x2, x3, x4} be the universal set of symptoms, and we define the following

subsets:

A represents the evaluation results of the symptoms from a doctor, and B represents the

evaluation results of the symptoms using laboratory test results, where

A = {〈x1, 0.85, 0.10, 0.05〉 , 〈x2, 0.90, 0.05, 0.05〉 , 〈x3, 0.75, 0.15, 0.10〉 , 〈x4, 0.70, 0.20, 0.10〉} ,
B = {〈x1, 0.88, 0.07, 0.05〉 , 〈x2, 0.92, 0.03, 0.05〉 , 〈x3, 0.78, 0.12, 0.10〉 , 〈x4, 0.72, 0.18, 0.10〉} .
A and B are picture fuzzy sets on X .

Definition 2.2. [20] Let X be a non-empty set and let A,B ∈ PFS(X).

• A ⊆ B if and only if µA (x) ≤ µB (x) , ηA (x) ≤ ηB (x) and υA (x) ≥ υB (x) , for all x ∈ X.

• A = B if and only if (A ⊆ B and B ⊆ A).

• A ∩B = {〈x,min {µA (x) , µB (x)} ,min {ηA (x) , ηB (x)} ,max {υA (x) , υB (x)}〉 | x ∈ X} .

• A ∪B = {〈x,max {µA (x) , µB (x)} ,min {ηA (x) , ηB (x)} ,min {υA (x) , υB (x)}〉 | x ∈ X} .

• AC = {〈x, υA (x) , ηA (x) , µA (x)〉 | x ∈ X} .

Example 2.3. Consider the picture fuzzy sets given in the previous example, then

• for all x ∈ X,µC (x) ≤ µA (x) , ηC (x) ≤ ηA (x) and υC (x) ≥ υA (x) .

Hence C ⊆ A, A ∩ C = C and A ∪ C = A.

• A ∩B = {〈x1, 0.34, 0.21, 0.34〉 , 〈x2, 0.08, 0.21, 0.71〉 , 〈x3, 0.10, 0.21, 0.51〉} .

• A ∪B = {〈x1, 0.54, 0.21, 0.12〉 , 〈x2, 0.32, 0.21, 0.01〉 , 〈x3, 0.45, 0.21, 0.27〉} .
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• AC = {〈x1, 0.12, 0.21, 0.54〉 , 〈x2, 0.01, 0.25, 0.32〉 , 〈x3, 0.51, 0.31, 0.10〉} .

• BC = {〈x1, 0.34, 0.29, 0.34〉 , 〈x2, 0.71, 0.21, 0.08〉 , 〈x3, 0.27, 0.21, 0.45〉} .

• CC = {〈x1, 0.22, 0.19, 0.51〉 , 〈x2, 0.66, 0.02, 0.11〉 , 〈x3, 0.53, 0.31, 0.01〉} .

2.1.2 Motivations for the Revision of the Definitions of Picture Fuzzy Sets

Operations

In what follows, Cuong’s definitions of picture fuzzy sets and associated operations are dis-

cussed, along with some counter-examples and proofs.

According to Definition 2.2 and respecting the two conditions:

• for all A ∈ PFS(X), ∅ ⊆ A.

• for all A ∈ PFS(X), A ⊆ X.

The definitions of empty and universal picture fuzzy sets should be, respectively, as fol-

lows:

• ∅ = {〈x, 0, 0, 1〉 | x ∈ X} ,

• X = {〈x, 1, 1, 0〉 | x ∈ X} .

There is a contradiction in Definition 2.1 since 1 + 1 + 0 � 1, i.e., X /∈ PFS (X) and

∅C = {〈x, 1, 0, 0〉 | x ∈ X} 6= X .

This also leads to a series of contradictions, such as

• A ∪ ∅ 6= A and A ∪X 6= X.

• A * A ∪B,B * A ∪B.

Example 2.4. Let X = {a, b, c} and let A,B ∈ PFS(X), where

A = {〈a, 0.01, 0.30, 0.52〉 , 〈b, 0.02, 0.11, 0.36〉 , 〈c, 0.13, 0.40, 0.32〉} ,
B = {〈a, 0.01, 0.35, 0.52〉 , 〈b, 0.28, 0.33, 0.15〉 , 〈c, 0.21, 0.00, 0.09〉} .
Then

A ∪ ∅ = {〈a, 0.01, 0.00, 0.52〉 , 〈b, 0.02, 0.00, 0.36〉 , 〈c, 0.13, 0.00, 0.32〉} 6= A,

A ∪X = {〈a, 1.00, 0.30, 0.00〉 , 〈b, 1.00, 0.11, 0.00〉 , 〈c, 1.00, 0.40, 0.00〉} 6= X.

A ∪B = {〈a, 0.01, 0.30, 0.52〉 , 〈b, 0.28, 0.11, 0.15〉 , 〈c, 0.21, 0.00, 0.09〉} .
We can see that
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• A * A ∪B, since ηA (c) ≥ ηA∪B (c) .

• B * A ∪B, since ηB (a) ≥ ηA∪B (a) and ηB (b) ≥ ηA∪B (b) .

So, picture fuzzy sets operations should be redefined to overcome these contradictions.

The best way to avoid these contradictions is the detailed study of the D∗ set structure.

2.1.3 Structure of the Set D∗

The following section is essential to this thesis because it leads to a good understanding of

the properties of picture fuzzy sets.

According to [21, 27, 35], we consider the set D∗ defined by:

D∗ =
{
x = (x1, x2, x3) ∈ [0, 1]3 , x1 + x2 + x3 ≤ 1

}
.

This set plays the role of a prototype of a picture fuzzy set, and the study of this set allows

us to perform picture fuzzy sets operations using these of D∗.
Obviously, any picture fuzzy set:

A = {〈x, µA (x) , ηA (x) , υA (x)〉 | x ∈ X} ,

corresponds to a D∗-fuzzy subset, i.e., a mapping A : X −→ D∗ given by

A (x) = (µA (x) , ηA (x) , υA (x)) ∈ D∗.

We’ll suppose that for all x ∈ D∗, x1, x2 and x3, respectively, refer to the first, second and

third components of x, i.e., x = (x1, x2, x3).

Order of D∗

Definition 2.3. According to [22, 27, 28, 35], we define the order relation � on D∗ by for all

x, y ∈ D∗,

x � y if and only if (x1, x3) <L∗ (y1, y3) or ((x1, x3) = (y1, y3) and x2 ≤ y2) ,

i.e., (x1 < y1 and x3 ≥ y3) or (x1 = y1 and x3 > y3) or (x1 = y1, x3 = y3 and x2 ≤ y2) .
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Proposition 2.1. The components of non-comparable elements x, y ∈ D∗ check (x1 > y1 and x3 >

y3) or (x1 < y1 and x3 < y3), and we write x ‖ y.

Proposition 2.2. [21] (D∗,�) is a bounded lattice with top element 1D∗ = (1, 0, 0) and bottom

element 0D∗ = (0, 0, 1) . And for each x, y ∈ D∗, xf y and xg y defined as follows

xf y =


x if x � y,
y if y � x,
(x1 ∧ y1, 1− (x1 ∧ y1)− (x3 ∨ y3), x3 ∨ y3) otherwise.

xg y =


y if x � y,
x if y � x,
(x1 ∨ y1, 0, x3 ∧ y3) otherwise.

Next, we will give some basic properties for the order of D∗ that will be useful in the

sequel.

Remark 2.1. Let x, y ∈ D∗.

• If x1 6= 0, then x3 6= 1.

• x � y is equivalent to (x1 > y1 and x3 ≤ y3) or (x1 = y1 and x3 < y3) or

(x1 = y1, x3 = y3 and x2 > y2) .

• x � 0D∗ is equivalent to x1 > 0 or (x1 = 0 and x3 < 1).

Proposition 2.3. [35] Let x, y, z ∈ D∗. Then

(i) xf y � x, xf y � y.

(ii) x � xg y, y � xg y.

(iii) xf y � xg y.

(iv) x � 0D∗ and y � 0D∗ if and only if xf y � 0D∗ .

(v) x � z and y � z if and only if xf y � z.

(vi) x � 0D∗ or y � 0D∗ if and only if xg y � 0D∗ .

(vii) If x � z or y � z, then xg y � z.
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(viii) x � z and y � z if and only if xg y � z.

(ix) If y � z , then xg y � xg z and xf y � xf z.

(x) xf (y g z) � (xf y)g (xf z).

Proof. Let x = (x1, x2, x3) , y = (y1, y2, y3) , z = (z1, z2, z3) , t = (t1, t2, t3) ∈ D∗.

(i) There are three cases to distinguish,

case 01 x � y. It follows that xf y = x, hence xf y � x and xf y � y.

case 02 y � x. It follows that xf y = y, hence xf y � x and xf y � y.

case 03 x ‖ y means (x1 > y1 and x3 > y3) or (x1 < y1 and x3 < y3).

For the first sub-case, obtain

xf y = (x1 ∧ y1, 1− x1 ∧ y1 − x3 ∨ y3, x3 ∨ y3) = (y1, 1− y1 − x3, x3) .

Then


x1 ∧ y1 = y1 < x1 and x3 ∨ y3 = x3, hence xf y � x,

and
x1 ∧ y1 = y1 and x3 ∨ y3 = x3 > y3, hence xf y � y.

Similarly, we obtain the same result in the second sub-case.

Therefore, we conclude that xf y � x and xf y � y, for all x, y ∈ D∗.

The proofs of (ii) and (iii) are similar to the proof given in (i).

(iv) Suppose that x � 0D∗ , y � 0D∗ . Then

xf y =


x, if x � y,

y, if y � x,

(x1 ∧ y1, 1− x1 ∧ y1 − x3 ∨ y3, x3 ∨ y3) , otherwise.

The result is clear if x f y = x or x f y = y, it remains to prove that the property is true in

the case xf y = (x1 ∧ y1, 1− x1 ∧ y1 − x3 ∨ y3, x3 ∨ y3) .

Since x � 0D∗ and y � 0D∗ , it follow that
x1 > 0 and x3 < 1, (a)

or
x1 = 0 and x3 < 1. (b)

and


y1 > 0 and y3 < 1, (a′)

or
y1 = 0 and y3 < 1. (b′)
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Then we distinguish four cases:

case 01 If we have (a) and (a′), i.e., (x1 > 0 and x3 < 1) and (y1 > 0 and y3 < 1), then

x1 ∧ y1 > 0 and x3 ∨ y3 < 1. It follows that xf y � 0D∗ .

case 02 If we have (a) and (b′), i.e., (x1 > 0 and x3 < 1) and (y1 = 0 and y3 < 1), then

x1 ∧ y1 = 0 and x3 ∨ y3 < 1. It follows that xf y � 0D∗ .

case 03 If we have (b) and (a′), i.e., (x1 = 0 and x3 < 1) and (y1 > 0 and y3 < 1), then

x1 ∧ y1 = 0 and x3 ∨ y3 < 1. It follows that xf y � 0D∗ .

case 04 If we have (b) and (b′), i.e., (x1 = 0 and x3 < 1) and (y1 = 0 and y3 < 1), then

x1 ∧ y1 = 0 and x3 ∨ y3 < 1. It follows that xf y � 0D∗ .

Conversely, suppose that x f y � 0D∗ and x = 0D∗ . Then x f y = 0D∗ f y = 0D∗ , for each

y ∈ D∗. This is a contradiction. Thus, if xf y � 0D∗ implies x � 0D∗ and y � 0D∗ .

In the same way, we prove (v).

(vi) Suppose that x � 0D∗ . Since xg y � x , then xg y � 0D∗ .

Conversely, suppose that x g y � 0D∗ , x = 0D∗ and y = 0D∗ . Then x g y = 0D∗ g 0D∗ = 0D∗ .

This is a contradiction. Thus, if xg y � 0D∗ implies x � 0D∗ or y � 0D∗ .

Similarly, we prove (vii).

(viii) Suppose that x � z and y � z.

The result is clear if xg y = x or xg y = y.

If xgy = (x1 ∨ y1, 0, x3 ∧ y3) , then x1∨y1 ≤ z1, x3∧y3 ≥ z3 and 0 ≤ z2. Hence xgy � z.

Conversely, suppose that xg y � z.

Since x � xg y and y � xg y, then x � z and y � z.

(ix) Suppose that y � z.

Since x � xg z and y � z � xg z, then from (viii) xg y � xg z.

Since xf y � x and xf y � y � z, then from (v) xf y � xf z.

(x) Using (i), (viii) and (v), we get xf (y g z) � (xf y)g (xf z).
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Remark 2.2. Generally, the converse implication in (vii) is not true. indeed,

let x = (0.2, 0.4, 0.3) , y = (0.1, 0.3, 0.2) , z = (0.2, 0.5, 0.3) .

xg y = (0.2, 0, 0.2) � (0.2, 0.5, 0.3) = z, but x � z and y ‖ z.

Picture Fuzzy Negators on D∗

Picture fuzzy negators onD∗ are an extension of fuzzy negators and intuitionistic fuzzy nega-

tors and are defined as follows:

Definition 2.4. [21] A picture fuzzy negator is any non-increasing mapping N : D∗ −→ D∗

satisfying N (0D∗) = 1D∗ and N (1D∗) = 0D∗ .

N is called an involutive picture fuzzy negator, if N (N (x)) = x, for all x ∈ D∗.

Proposition 2.4. Let x = (x1, x2, x3) ∈ D∗.
The mappings N1 and NS defined respectively by

N1 (x) = (x3, x2, x1) and NS (x) = (x3, 1− x1 − x2 − x3, x1) , for all x ∈ D∗

are involutive picture fuzzy negators and NS is called the standard picture fuzzy negator.

Example 2.5. .

• N1 (0.05, 0.60, 0.21) = (0.21, 0.60, 0.05) and NS (0.05, 0.60, 0.21) = (0.21, 0.14, 0.05) ,

• N1 (0.00, 1.00, 0.00) = (0.00, 1.00, 0.00) and NS (0.00, 1.00, 0.00) = (0.00, 0.00, 0.00) ,

• N1 (0.00, 0.00, 0.00) = (0.00, 0.00, 0.00) and NS (0.00, 0.00, 0.00) = (0.00, 1.00, 0.00) .

• N1 (1.00, 0.00, 0.00) = (0.00, 0.00, 1.00) and NS (1.00, 0.00, 0.00) = (0.00, 0.00, 1.00) ,

• N1 (0.00, 0.00, 1.00) = (1.00, 0.00, 0.00) and NS (0.00, 0.00, 1.00) = (0.00, 0.00, 1.00) .

2.1.4 Picture Fuzzy Sets Operations in term ofD∗ and Some of Their Prop-

erties

Picture Fuzzy Inclusion

Definition 2.5. Let X be a non-empty set and let A,B ∈ PFS(X). We say that A ⊆ B, if

A (x) � B (x) for all x ∈ X, where � is the order of D∗. In more detail,
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A ⊆ B ⇐⇒ (µA (x) , ηA (x) , υA (x)) � (µB (x) , ηB (x) , υB (x)) ,

⇐⇒



µA (x) < µB (x) and υA (x) ≥ υB (x)

or
µA (x) = µB (x) and υA (x) > υB (x)

or
µA (x) = µB (x) , υA (x) = υB (x) and ηA (x) ≤ ηB (x) .

Definition 2.6. Let X be a non-empty set and let A,B ∈ PFS(X). We say that A = B, if

A (x) = B (x) for all x ∈ X.

Picture Fuzzy Intersection and Picture Fuzzy Union

Definition 2.7. [35] Let X be a non-empty set and let A,B ∈ PFS(X). According to Propo-

sition 2.2, we define the picture fuzzy intersection by (A ∩B) (x) = A (x) f B (x) . In more

detail, A ∩B = {〈x, µA∩B (x) , ηA∩B (x) , υA∩B (x)〉 | x ∈ X} , where

µA∩B (x) = µA (x) ∧ µB (x) ,

ηA∩B (x) =


ηA (x) if A (x) � B (x) ,

ηB (x) if B (x) � A (x) ,

1− µA (x) ∧ µB (x)− υA (x) ∨ υB (x) otherwise.

υA∩B (x) = υA (x) ∨ υB (x) .

And picture fuzzy union by (A ∪B) (x) = A (x)gB (x) .

In more detail, A ∪B = {〈x, µA∪B (x) , ηA∪B (x) , υA∪B (x)〉 | x ∈ X} , where

µA∪B (x) = µA (x) ∨ µB (x) .

ηA∪B (x) =


ηB (x) if A (x) � B (x) ,

ηA (x) if B (x) � A (x) ,

0 otherwise.

υA∪B (x) = υA (x) ∧ υB (x) .

Example 2.6. Let X = {a, b, c} and let E,F,G ∈ PFS(X), where

E = {〈a, 0.01, 0.30, 0.52〉 , 〈b, 0.02, 0.11, 0.36〉 , 〈c, 0.13, 0.40, 0.32〉} ,
F = {〈a, 0.01, 0.35, 0.52〉 , 〈b, 0.28, 0.33, 0.15〉 , 〈c, 0.21, 0.00, 0.09〉} ,
G = {〈a, 0.00, 0.44, 0.21〉 , 〈b, 0.05, 0.51, 0.27〉 , 〈c, 0.21, 0.07, 0.53〉} .
Note that for all x ∈ X, E (x) � F (x) , then E ⊆ F. Moreover, E ∩ F = E and E ∪ F = F.
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On the other hand, there exists a ∈ X such that E (a) ‖G (a) , then neither E ⊆ G nor

G ⊆ E. Moreover, E ∩G = {〈a, 0.00, 0.48, 0.52〉 , 〈b, 0.02, 0.11, 0.36〉 , 〈c, 0.13, 0.34, 0.53〉}
and E ∪G = {〈a, 0.01, 0.00, 0.21〉 , 〈b, 0.05, 0.51, 0.27〉 , 〈c, 0.21, 0.00, 0.32〉} .

Note that E ⊆ E ∪G and G ⊆ E ∪G. Also, E ∪ ∅ = E and E ∪X = X.

Proposition 2.5. Let X be a non-empty set and let A,B,C ∈ PFS(X). As in classical set theory,

the definitions that we have just given lead us to the following properties

(i) A ∩ (B ∩ C) = (A ∩B) ∩ C, A ∪ (B ∪ C) = (A ∪B) ∪ C.

(ii) A ∩B = B ∩ A, A ∪B = B ∪ A.

(iii) A ∩ (A ∪B) = A, A ∪ (A ∩B) = A.

(iv) A ∩ A = A, A ∪ A = A.

(v) A ∪B ⊇ A ⊇ A ∩B, A ∪B ⊇ B ⊇ A ∩B.

(vi) A ∪ ∅ = A, A ∪X = X, ∀A ∈ PFS(X).

(vii) A ∩ ∅ = ∅ A ∩X = A, ∀A ∈ PFS(X).

Proof. The proofs are direct using the properties in Proposition 2.3.

Proposition 2.6. (PFS(X),⊆,∩,∪, ∅, X) is a bounded lattice.

Picture Fuzzy Complement of a Picture Fuzzy Set

Definition 2.8. Let X be a non empty set and let A ∈ PFS(X). Using the negators NS and

N1 in Proposition 2.4, we define AC and A respectively by

AC = NS (A) = {〈x, υA (x) , 1− µA (x)− ηA (x)− υA (x) , µA (x)〉 | x ∈ X} ,
A = N1 (A) = {〈x, υA (x) , ηA (x) , µA (x)〉 | x ∈ X} .

Example 2.7. The complement of the picture fuzzy sets given in Example 2.6 is

EC = {〈a, 0.52, 0.17, 0.01〉 , 〈b, 0.36, 0.51, 0.02〉 , 〈c, 0.32, 0.15, 0.13〉} ,
F C = {〈a, 0.52, 0.12, 0.01〉 , 〈b, 0.15, 0.24, 0.28〉 , 〈c, 0.09, 0.70, 0.21〉} ,
GC = {〈a, 0.21, 0.35, 0.00〉 , 〈b, 0.27, 0.17, 0.05〉 , 〈c, 0.53, 0.19, 0.21〉} .
E = {〈a, 0.52, 0.30, 0.01〉 , 〈b, 0.36, 0.11, 0.02〉 , 〈c, 0.32, 0.40, 0.13〉} ,
F = {〈a, 0.52, 0.35, 0.01〉 , 〈b, 0.15, 0.33, 0.28〉 , 〈c, 0.09, 0.00, 0.21〉} ,
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G = {〈a, 0.21, 0.44, 0.00〉 , 〈b, 0.27, 0.51, 0.05〉 , 〈c, 0.53, 0.07, 0.21〉} .
∅C = ∅ = X,XC = X = ∅.

Unlike classical subsets, a picture fuzzy setA usually satisfiesAC∩A 6= ∅ andAC∪A 6= X ,

however some other properties of classical set theory are satisfied, such as:

Proposition 2.7. Let X be a non-empty set and let A,B ∈ PFS(X). The complement of picture

fuzzy sets C verify the following properties:

(i) (A ∩B)C = AC ∪BC, (A ∪B)C = AC ∩BC.

(ii) (∅)C = X, (X)C = ∅.

(iii)
(
AC
)C

= A.

(iv) A ⊆ B implies BC ⊆ AC.

Proof. (i) Let x ∈ X .

(A ∩B) (x) =


A (x) if A (x) � B (x) ,

B (x) if B (x) � A (x) ,

(µA∩B (x) , ηA∩B (x) , υA∩B (x)) otherwise.

Where µA∩B (x) = µA (x) ∧ µB (x) ,

ηA∩B (x) = 1− µA (x) ∧ µB (x)− υA (x) ∨ υB (x) ,

υA∩B (x) = υA (x) ∨ υB (x) .

Hence,

(A ∩B)C (x) =


AC (x) if BC (x) � AC (x) ,

BC (x) if AC (x) � BC (x) ,

{〈x, υA (x) ∨ υB (x) , 0, µA (x) ∧ µB (x)〉 | x ∈ X} otherwise.

In other hand,

AC = {〈x, υA (x) , 1− µA (x)− ηA (x)− υA (x) , µA (x)〉 | x ∈ X} ,
BC = {〈x, υB (x) , 1− µB (x)− ηB (x)− υB (x) , µB (x)〉 | x ∈ X} .

Hence,
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(
AC ∪BC

)
(x) =


AC (x) if BC (x) � AC (x) ,

BC if AC (x) � BC (x) ,

{〈x, υA (x) ∨ υB (x) , 0, µA (x) ∧ µB (x)〉 | x ∈ X} otherwise.

Therefore, (A ∩B)C = AC ∪BC.

In a similar way, it can be shown that (A ∪B)C = AC ∩BC.

(ii) For all x ∈ X, (∅)C (x) = (∅ (x))C = (0, 0, 1)C = (1, 0, 0) = 1D∗ .

Hence (∅)C = {〈x, 1, 0, 0〉 | x ∈ X} = X.

In the same way we obtain, (X)C = ∅.
Finally, (iii) and (iv) are easy to verify.

Remark 2.3. The complement D of a picture fuzzy set D fulfils the previous properties in

Proposition 2.7 except for property (i), the latter being true if A ⊆ B or B ⊆ A.

2.2 Characteristic Sets of a Picture Fuzzy Set

Among the most important notions in fuzzy set theory are the notions of support, kernel,

cuts and fuzzy line of degree α of a fuzzy set, where α ∈ D∗.
In the following, we generalize these notions to the picture fuzzy setting with respect to

the order � in Definition 2.3.

2.2.1 Support and Kernel of a Picture Fuzzy Set

Definition 2.9. Let X be a non empty set and let A ∈ PFS(X). The support of A is the crisp

set on X given by

S(A) = {x ∈ X | A(x) � 0D∗} .

According to Remark 2.1, S(A) = {x ∈ X | µA (x) > 0 or (µA (x) = 0 and υA (x) < 1)} .

Definition 2.10. Let X be a non empty set and let A ∈ PFS(X). The kernel of A is the crisp

set on X given by

ker(A) = {x ∈ X | A(x) = 1D∗} ,

i.e., ker(A) = {x ∈ X | µA (x) = 1, ηA (x) = 0 and υA (x) = 0} .
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Example 2.8. Let X = {x1, x2, x3, x4} be a universal set and let A ∈ PFS(X) where

A = {〈x1, 1.00, 0.00, 0.00〉 , 〈x2, 0.32, 0.25, 0.01〉 , 〈x3, 0.00, 0.00, 0.10〉 , 〈x4, 0.10, 0.31, 0.51〉} .
Then S(A) = {x1, x2, x4} , ker(A) = {x1} .

2.2.2 α-Cuts and Strong α-Cuts of a Picture Fuzzy Set

Definition 2.11. Let X be a non empty set and let A ∈ PFS(X). For α = (α1, α2, α3) ∈ D∗0,
the α-cut of A is the crisp subset Aα of X given by

Aα = {x ∈ X | A (x) � α} .

According to Definition 2.3, Aα = {x ∈ X | (µA (x) > α1 and υA (x) ≤ α3)

or (µA (x) = α1 and υA (x) < α3) or (µA (x) = α1, υA (x) = α3 and ηA (x) ≥ α2)} .

Definition 2.12. Let X be a non empty set and let A ∈ PFS(X). For α = (α1, α2, α3) ∈ D∗1,
the strong α-cut of A is the crisp subset A+

α of X given by

A+
α = {x ∈ X | A (x) � α} .

According to Remark 2.1, A+
α = {x ∈ X | (µA (x) > α1 and υA (x) ≤ α3)

or (µA (x) = α1 and υA (x) < α3) or (µA (x) = α1, υA (x) = α3 and ηA (x) > α2)} .

Example 2.9. Consider the picture fuzzy set A given in Example 2.8.

Aα =


{x1, x2, x3, x4} if α � 0D∗ ,
{x1, x2, x4} if α � (0.10, 0.31, 0.51) ,

{x1, x2} if α � (0.32, 0.25, 0.01) ,

{x1} if α = 1D∗ .

A+
α =


{x1, x2, x4} if α � 0D∗ ,
{x1, x2} if α � (0.10, 0.31, 0.51) ,

{x1} if α � (0.32, 0.25, 0.01) .

Proposition 2.8. Let X be a non empty set and let A,B ∈ PFS(X). Then for all α, β ∈ D∗ the

following properties hold:

(i) A+
α ⊆ Aα.

(ii) A ⊆ B if and only if Aα ⊆ Bα, for all α ∈ D∗0.
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(iii) A ⊆ B if and only if A+
α ⊆ B+

α , for all α ∈ D∗1.

(iv) α � β implies Aα ⊇ Aβ , for all α, β ∈ D∗0.

(v) α � β implies A+
α ⊇ A+

β , for all α, β ∈ D∗1.

(vi) (A ∩B)α = Aα ∩Bα.

(vii) (A ∪B)α ⊇ Aα ∪Bα.

Proof. Let x ∈ X .

(i) Clear.

(ii) Suppose that A ⊆ B. Let x ∈ Aα, then A (x) � α. Since B (x) � A (x) for all x ∈ X , it

follows that B (x) � α. Thus x ∈ Bα.

Conversely, suppose that Aα ⊆ Bα.

Put A (x) = α. It clear that if α = 0D∗ , B (x) � 0D∗ .

If α 6= 0D∗ , then for all x ∈ Aα implies x ∈ Bα. Thus B (x) � α = A (x) , for all x ∈ X. Hence

A ⊆ B.

(iii) The direct implication is similar to the previous proof.

For the converse implication, suppose for a contradiction that A+
α ⊆ B+

α , for all α ∈ D∗1 but

that A * B.

Then there exists x ∈ X such that A (x) � B (x) or A (x) ‖B (x) .

If A (x) � B (x), we can take α between A (x) and B (x) i.e., A (x) � α � B (x) . This

contradicts the fact that A+
α ⊆ B+

α .

If A (x) ‖B (x) , we have two cases: µA (x) < µB (x) and νA (x) < νB (x) or µB (x) < µA (x)

and νB (x) < νA (x) .

For the first case, take λ =
(
µA (x) ,

ηA(x)+ηB(x)
2

, νA(x)+νB(x)
2

)
, it is clear that λ < A (x) and

λ‖B (x) . This is also a contradiction.

Similarly, we obtain the same result in the second case.
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(iv) Assume α � β and suppose that x ∈ Aβ. Then A (x) � β � α. Thus x ∈ Aα.

(vi) (A ∩B)α = {x ∈ X | (A ∩B) (x) � α}
= {x ∈ X | A (x)fB (x) � α}
= {x ∈ X | A (x) � α and B (x) � α}
= {x ∈ X | A (x) � α} ∩ {x ∈ X | B (x) � α}
= Aα ∩Bα.

In the same way, we can prove (v) and (vii).

Remark 2.4. • Generally, the converse of (iv) and (v) are not true. Indeed,

Let X = {a, b} and let A,B ∈ PFS(X) given by

A = {〈a, 1, 0, 0〉 , 〈b, 0.55, 0.23, 0.11〉},

B = {〈a, 0.75, 0.12, 0.02〉 , 〈b, 1, 0, 0〉}.

And take α = (0.61, 0.01, 0.21) , β = (0.62, 0.01, 0.22) . It is easy to observe that Aα =

{a} ⊆ Aβ = {a} and A+
α = {a} ⊆ A+

β = {a} but α‖β.

• The converse of (iv) and (v) are true when α and β are comparable.

• As seen in Remark 2.2, the converse of (vii) is not true.

Corollary 2.1. (i) A = B, if and only if Aα = Bα, for all α ∈ D∗0.

(ii) A = B, if and only if A+
α = B+

α , for all α ∈ D∗1.

(iii) If A is a crisp subset of X , then Aα = A, for all α ∈ D∗0

(iv) if α = 0D∗ , then A+
α = S (A) and Aα = X .

(v) if α = 1D∗ , then Aα is the kernel of A.

2.2.3 Picture Fuzzy Line of Degree α of a Picture Fuzzy Set

Definition 2.13. Let X be a non empty set and let A ∈ PFS(X). For α = (α1, α2, α3) ∈ D∗,
the picture fuzzy line of degree α of A is the crisp subset Lα (A) of X given by

Lα (A) = {x ∈ X | A (x) = α} .
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Example 2.10. Consider the picture fuzzy set A given in Example 2.8.

Lα (A) =



{x3} if α = 0D∗ ,

{x1} if α = 1D∗ ,

{x2} if α = (0.32, 0.25, 0.01) ,

{x4} if α = (0.10, 0.31, 0.51) ,

∅ otherwise.

Proposition 2.9. Let X be a non empty set and let A,B ∈ PFS(X). Then for all α, β ∈ D∗, the

following properties hold.

(i) Lα (A) ⊆ Aα, L1D∗ (A) = Ker (A) .

(ii) A = B if and only if Lα (A) = Lα (B) .

(iii) If α 6= β, then Lα (A) ∩ Lβ (A) = ∅.

(iv) Lα (A) ∩ Lα (B) ⊆ Lα (A ∩B) .

(v) Lα (A) ∪ Lβ (B) ⊆ Lαgβ (A ∪B) .

(vi) Lα (A ∩B) ⊆ Aα ∩Bα.

Proof. Let x ∈ X and let α, β ∈ D∗.

(i) Clear.

(ii) Suppose that A = B. Let x ∈ Lα (A) , then B (x) = A (x) = α. Hence x ∈ Lα (B) .

Conversely, suppose that Lα (A) = Lα (B) .

Put A (x) = α, that is, x ∈ Lα (A) . This equivalent to x ∈ Lα (B) , i.e., B (x) = α. Therefore,

A = B.

(iii) Suppose that α 6= β and x ∈ Lα (A) , that is, A (x) = α 6= β, then x /∈ Lβ (A) . Thus

Lα (A) ∩ Lβ (A) = ∅.

(iv) Suppose that x ∈ Lα (A)∩Lα (B) . Then x ∈ Lα (A) and x ∈ Lα (B) , imply thatA (x) = α

and B (x) = α. Hence A (x) f B (x) = α, this gives (A ∩B) (x) = α. Consequently

x ∈ Lα (A ∩B) .

(v) Similar to (iv).
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(vi) Suppose that x ∈ Lα (A ∩B) . Then (A ∩B) (x) = α, that is, A (x)fB (x) = α, it follows

that A (x) � α and B (x) � α. Thus x ∈ Aα and x ∈ Bα. Hence x ∈ Aα ∩Bα.

Remark 2.5. .

• The converse of (iii) holds if Lα (A) 6= ∅ or Lβ (A) 6= ∅.

• Generally, the converse inclusion of (iv) and (v) are not true. Indeed,

Let X = {a, b} and let A,B ∈ PFS(X) given by

A = {〈a, 0.10, 0.30, 0.40〉 , 〈b, 0.30, 0.20, 0.10〉},

B = {〈a, 0.20, 0.20, 0.50〉 , 〈b, 0.20, 0.40, 0.30〉}.

Then, A ∩B = {〈a, 0.10, 0.40, 0.50〉 , 〈b, 0.20, 0.40, 0.30〉} .

Take α = (0.10, 0.40, 0.50) .

Hence Lα (A ∩B) = {a}, Lα (A) = ∅ and Lα (B) = ∅.

Note that Lα (A ∩B) * Lα (A) ∩ Lα (B) .

In the same way, take α = (0.20, 0.10, 0.50) and β = (0.08, 0.31, 0.40) , It is easy to see

that Lαgβ (A ∪B) = {a} , Lα (A) = ∅ and Lβ (B) = ∅. Hence

Lαgβ (A ∪B) * Lα (A) ∪ Lβ (B).

2.2.4 Some Decomposition Theorems of a Picture Fuzzy Set

These theorems permit us to express any picture fuzzy subset of X in terms of its α-cuts,

strong α-cuts and picture fuzzy lines of degree α.

Theorem 2.1. Let X be a non empty set and let A ∈ PFS(X). Then

A (x) = g
α∈D∗

αAα (x) , for all x ∈ X.

where

Aα (x) =

{
1 if x ∈ Aα,
0 otherwise.
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Proof. Let x ∈ X.
Put A (x) = λ, where λ ∈ D∗0, then Aλ (x) = 1.

We can express D∗0 as the union of three sets D1, D2, D3, where D1 = {α ∈ D∗0 | α � λ} ,
D2 = {α ∈ D∗0 | α � λ} and D3 = {α ∈ D∗0 | α q λ} .

It holds that

g
α∈D∗

αAα (x) =

(
g

α∈D1

{αAα (x)}
)
g

(
g

α∈D2

{αAα (x)}
)
g

(
g

α∈D3

{αAα (x)}
)
.

If α ∈ D1, then Aα (x) = 1. Hence g
α∈D∗

αAα (x) = g
α∈D1

αAα (x) = g
α∈D1

α = λ.

Otherwise, Aα (x) = 0. Then g
α∈D∗

αAα (x) = 0.

Therefore, g
α∈D∗

αAα (x) = λg 0g 0 = λ = A (x) .

Theorem 2.2. Let X be a non empty set and let A ∈ PFS(X). Then

A (x) = g
α∈D∗

αA+
α (x) , for all x ∈ X.

Proof. Similar to the previous proof, it suffice to take

D1 = {α ∈ D∗0 | α ≺ λ} , D2 = {α ∈ D∗0 | α � λ} and D3 = {α ∈ D∗0 | α q λ} .

Theorem 2.3. Let X be a non empty set and let A ∈ PFS(X). Then

A (x) = g
α∈D∗

αLα (A) (x) , for all x ∈ X.

where

Lα (A) (x) =

{
1 if x ∈ Lα (A) ,
0 otherwise.

Proof. Let x ∈ X.
Put A (x) = λ, where λ ∈ D∗0, then Lλ (A) (x) = 1.

g
α∈D∗

αLα (A) (x) =
(
g
α=λ
{αLα (A) (x)}

)
g

(
g
α 6=λ
{αLα (A) (x)}

)
= λg 0 = λ = A (x) .

Proposition 2.10. Let X be a non empty set and let A ∈ PFS(X). Then for all α, λ ∈ D∗,

Aα = ∪
α�λ

Aλ.

Proof. Direct.
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2.3 Extension of Some of Atanassov’s Modal Operators on

Picture Fuzzy Sets

This section aims to build on the preliminary work accomplished regarding the redefinition

of certain definitions of picture fuzzy sets by extending some operators within this frame-

work.

In what follows, we denote by D∗0 = D∗ − {0D∗} ,D∗1 = D∗ − {1D∗}.
This section extends some of Atanassov’s modal operators to the picture fuzzy case.

2.3.1 Necessity and Possibility Operators

Now, we define two operators on the set of picture fuzzy sets that transform every picture

fuzzy set into an intuitionistic fuzzy set. These operators extend Atanasov’s operators (

[10, 12]) "necessity" and "possibility" defined in certain modal logics.

Definition 2.14. [35] Let X be a non empty set. For A ∈ PFS(X), the following associated

picture fuzzy sets �A (necessity) and ♦A (possibility) on X are defined by:

�A = {〈x, µA (x) , ηA (x) , 1− ηA (x)− µA (x)〉 | x ∈ X} .

♦A = {〈x, 1− ηA (x)− υA (x) , ηA (x) , υA (x)〉 | x ∈ X} .

Example 2.11. Take X = N and let A ∈ PFS(X) given by

A =
{〈
n, 1

n
, 3
2n
, 1− 3

n

〉
| n ∈ N

}
.

Then

�A =
{〈
n, 1

n
, 3
2n
, 1− 3

2n
− 1

n

〉
| n ∈ N

}
=
{〈
n, 1

n
, 3
2n
, 1− 5

2n

〉
| n ∈ N

}
.

♦A =
{〈
n, 1− 3

2n
−
(
1− 3

n

)
, 3
2n
, 1− 3

n

〉
| n ∈ N

}
=
{〈
n, 3

2n
, 3
2n
, 1− 3

n

〉
| n ∈ N

}
.

With the involutive negator N1 in Proposition 2.4, the operators �,♦ verify a similar

relation like that seen between modal operators on Łukasiewicz-Moisil algebras.

Recall that A = N1 (A) = {〈x, υA (x) , ηA (x) , µA (x)〉 | x ∈ X}.

Proposition 2.11. Let X be a non empty set and let A ∈ PFS(X). Then
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(i) �A = ♦A.

(ii) ♦A = �A.

Proof. Let x ∈ X,

(i) �A = �{〈x, µA (x) , ηA (x) , υA (x)〉 | x ∈ X},
= � {〈x, υA (x) , ηA (x) , µA (x)〉 | x ∈ X},
= {〈x, υA (x) , ηA (x) , 1− υA (x)− ηA (x)〉 | x ∈ X},
= {〈x, 1− υA (x)− ηA (x) , ηA (x) , υA (x)〉 | x ∈ X} ,
= ♦A.

(ii) Is obtained dually.

Proposition 2.12. Let X be a non empty set and let A ∈ PFS(X). The operators � and ♦ verify

the following proprieties.

(i) ♦ is extensive and � is retractive (i.e., �A ⊆ A ⊆ ♦A ).

(ii) ♦,� are idempotent (i.e., ♦♦A = ♦A and ��A = �A).

(iv) �♦A = ♦A.

(v) ♦�A = �A.

Proof. Direct.

Remark 2.6. Obviously, if A is a crisp set, then

�A = A = ♦A.

Proposition 2.13. [35] Let X be a non empty set and let A ∈ PFS(X). Then the following

properties hold:

(i) S (�A) ⊆ S (A) .

(ii) S (♦A) = S (A) .

(iii) Ker (A) = Ker (�A) .
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(iv) Ker (A) ⊆ Ker (♦A) .

Proof. Let x ∈ X.

(i) Suppose that x ∈ S (�A) i.e., �A (x) � 0D∗ , which means µ�A (x) = µA (x) > 0 or

µ�A (x) = µA (x) = 0 and υ�A (x) = 1−µA (x)−ηA (x) < 1. Thus µA (x) > 0 or µA (x) = 0

and ηA (x) > 0. Since µA (x)+ηA (x)+υA (x) ≤ 1, it follows that µA (x) > 0 or µA (x) = 0

and υA (x) < 1, that is, A (x) � 0. Hence x ∈ S (A) .

(ii) The direct inclusion is similar to the previous proof. It remains to show that, S (A) ⊆
S (♦A) .

Suppose that x ∈ S (A) i.e., A (x) � 0D∗ , means µA (x) > 0 or µA (x) = 0 and υA (x) < 1. We

discuss two cases:

If µA (x) > 0, then µ♦A (x) = 1− ηA (x)− υA (x) ≥ µA (x) > 0. Thus x ∈ S (♦A) .

If µA (x) = 0 and υA (x) < 1, then µ♦A (x) = 1 − ηA (x) − υA (x) ≥ µA (x) = 0 and υ♦A (x) =

υA (x) < 1. Thus x ∈ S (♦A) .

(iii) Suppose that x ∈ Ker (A) i.e., A (x) = 1D∗ , that is, µA (x) = 1, ηA (x) = 0 and υA (x) = 0.

Which is equivalent to µ�A (x) = µA (x) = 1, η�A (x) = ηA (x) = 0 and υ�A (x) =

1− µA (x)− ηA (x) = 0. Hence x ∈ Ker (�A) .

(iv) Suppose that x ∈ Ker (A) i.e., A (x) = 1D∗ , that is, µA (x) = 1, ηA (x) = 0 and υA (x) = 0.

This implies that, µ♦A (x) = 1 − ηA (x) − υA (x) = 1, η♦A (x) = ηA (x) = 0 and υ♦A (x) =

υA (x) = 0. Hence x ∈ Ker (♦A) .

From the operators �,♦, two new relations are defined as follows:

A ⊆� B iff for all x ∈ X, µA (x) ≤ µB (x) and ηA (x) ≤ ηB (x) .

A ⊆♦ B iff for all x ∈ X, ηA (x) ≥ ηB (x) and υA (x) ≥ υA (x) .

This two new relations lead to the following results, which are straightforward.

Proposition 2.14. Let X be a non empty set and let A,B ∈ PFS(X).

(i) A ⊆� B iff �A ⊆ �B.

(ii) A ⊆♦ B iff ♦A ⊆ ♦B.

(iii) A ⊆� B and A ⊆♦ B implies A ⊆ B.
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2.3.2 Operators Dλ and Fα

In the following, two other Atanassov’s modal operators Dλ and Fα (see [12]) will be ex-

tended to the picture fuzzy set case. These operators are an extension of the operators � and

♦.

Definition 2.15. [35] Let X be a non empty set and let A ∈ PFS(X). Define the modal

operator Dλ by

Dλ (A) = {〈x, µA (x) + λ.πA (x) , ηA (x) , υA (x) + (1− λ) .πA (x)〉 | x ∈ X} ,

where λ is a fixed number in [0, 1] .

Example 2.12. Consider the picture fuzzy set A =
{〈
n, 1

n
, 3
2n
, 1− 3

n

〉
| n ∈ N

}
given in the

previous example.

We have πA (n) = 1− (µA (n) + ηA (n) + υA (n))

= 1−
(
1
n
+ 3

2n
+
(
1− 3

n

))
= 1

2n
.

Then

Dλ (A) =
{〈
n, 1

n
+ 1

2n
λ, 3

2n
, 1− 3

n
+ (1− λ) 1

2n

〉
| n ∈ N, λ ∈ [0, 1]

}
.

Proposition 2.15. Let X be a non empty and let A ∈ PFS(X). Then for all λ1, λ2 ∈ [0, 1] , the

following properties hold:

(i) If λ1 ≤ λ2, then Dλ1 (A) ⊆ Dλ1 (A) .

(ii) D0 (A) = �A.

(iii) D1 (A) = ♦A.

Proof. Direct.

Definition 2.16. [35] Let X be a non empty set and let A ∈ PFS(X). For all α ∈ D∗, define

the modal operator Fα by

Fα (A) = {〈x, µA (x) + α1πA (x) , ηA (x) + α2πA (x) , υA (x) + α3πA (x)〉 | x ∈ X} .

Example 2.13. Consider the picture fuzzy set A =
{〈
n, 1

n
, 3
2n
, 1− 3

n

〉
| n ∈ N

}
given in the

previous example. Then

Fα (A) =
{〈
n, 1

n
+ 1

2n
α1,

3
2n

+ 1
2n
α2, 1− 3

n
+ 1

2n
α3

〉
| n ∈ N, α = (α1, α2, α3) ∈ D∗

}
.
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Proposition 2.16. Let A ∈ PFS(X) and let α, β ∈ D∗. Then the following properties hold:

(i) If α ≤ β, then Fα (A) ⊆ Fβ (A) .

(ii) F0D∗ (A) = �A.

(iii) F1D∗ (A) = ♦A.

(iv) Dλ (A) = F(λ,0,1−λ) (A) .

(v) Fα
(
A
)
= Fα (A) .

Proof. The statements (i), (ii), (iii) and (iv) are easy to check. Using the negator N1, the proof

of (v) is direct.

Theorem 2.4. Let A ∈ PFS(X) and let α, β ∈ D∗. Then the following property holds:

Fα (Fβ (A)) = Fγ (A), where

γ = (β1 + α1 (1− β1 − β2 − β3) , β2 + α2 (1− β1 − β2 − β3) , β3 + α3 (1− β1 − β2 − β3)) .

Proof. Let α, β ∈ D∗. For all x ∈ X,

Fβ (A) =
{〈
x, µFβ(A) (x) , ηFβ(A) (x) , υFβ(A) (x)

〉
| x ∈ X

}
where

µFβ(A) (x) = µA (x) + β1πA (x) ,

ηFβ(A) (x) = ηA (x) + β2πA (x) ,

υFβ(A) (x) = υA (x) + β3πA (x) .

Then

Fα (Fβ (A)) =
{〈

x, µFα(Fβ(A)) (x) , ηFα(Fβ(A)) (x) , υFα(Fβ(A)) (x)
〉
| x ∈ X

}
, where

µFα(Fβ(A)) (x) = (µA (x) + β1πA (x)) + α1πFβ(A) (x) ,

= (µA (x) + β1πA (x)) + α1 (1− µA (x)− β1πA (x)−
ηA (x)− β2πA (x)− υA (x)− β3πA (x)) ,

= µA (x) + (β1 + α1 − α1β1 − α1β2 − α1β3) πA (x) .

= µA (x) + (β1 + α1 (1− β1 − β2 − β3))πA (x) .

ηFα(Fβ(A)) (x) = (ηA (x) + β2πA (x)) + α2πFβ(A) (x) ,

= (ηA (x) + β2πA (x)) + α2 (1− µA (x)− β1πA (x)−
ηA (x)− β2πA (x)− υA (x)− β3πA (x)) ,

= ηA (x) + (β2 + α2 − α2β1 − α2β2 − α3β3) πA (x) ,

= ηA (x) + (β2 + α2 (1− β1 − β2 − β3))πA (x) .
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υFα(Fβ(A)) (x) = (υA (x) + β3πA (x)) + α3πFβ(A) (x) ,

= (υA (x) + β3πA (x)) + α3 (1− µA (x)− β1πA (x)−
ηA (x)− β2πA (x)− υA (x)− β3πA (x)) ,

= υA (x) + (β3 + α3 − α3β1 − α3β2 − α3β3) πA (x) ,

= υA (x) + (β3 + α3 (1− β1 − β2 − β3)) πA (x) .
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CHAPTER 3

D∗-BASED PICTURE FUZZY LATTICES

T his study lies at the core of the intersection between lattice theory and picture fuzzy

sets. Picture fuzzy lattices are not just an expansion in fuzzy set cases; they represent

a qualitative leap that incorporates the concepts of positive, neutral, and negative mem-

bership into the lattice structure. This approach allows for the evaluation of information

in a manner that acknowledges ambiguity and uncertainty, providing a more comprehen-

sive and flexible model for analysis and making picture fuzzy lattices a powerful tool for

decision-making, information processing, and modelling in areas where traditional binary

or fuzzy methods may not adequately capture the richness or ambiguity of data.

Through its detailed exploration of picture fuzzy relations and lattices, this chapter aims

to contribute significantly to the field of picture fuzzy sets. By providing a theoretical ex-

amination of lattice structures and the relational properties in picture fuzzy cases, it seeks

to enhance understanding of the capabilities of picture fuzzy sets in modelling and analy-

sis, laying the groundwork for further research and application in complex and uncertain

environments. The first section focuses on elucidating the basic concepts underlying picture

fuzzy relations. This includes an extensive discussion of their definitions, the operations that

can be performed on them, and an exploration of their properties. This section also delves

into important aspects of picture fuzzy relations, such as the picture fuzzy order relation and

the picture fuzzy chain. It presents a series of results related to these concepts.

The second section examines in detail the structure of the picture fuzzy lattice, where the

operations of join and meet in such a lattice are adapted to respect these additional dimen-

sions of membership. This section presents concepts of picture fuzzy lattices and picture

fuzzy bounded lattices, in addition to the picture fuzzy sub-lattice, delves into their proper-

ties and gives some characterizations using their level sets.
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3.1 Picture Fuzzy Relations

"Picture fuzzy relations" is a concept that extends the traditional notions of fuzzy relations.

In traditional fuzzy sets, introduced by Lotfi Zadeh in the 1960s [43], elements belong to sets

to varying degrees, characterized by a membership function taking values between 0 and 1.

Picture fuzzy relations build upon this concept by introducing a more complex structure

for representing uncertainty. They incorporate three parameters: positive membership (rep-

resenting the degree to which an element belongs to a set), neutral membership (representing

the degree of neutrality or hesitation), and negative membership (representing the degree to

which an element does not belong to a set). This framework allows for a more nuanced

representation of uncertain information, especially in situations where neutrality or hesita-

tion is an important factor. And used in various applications where precise information is

unavailable or inapplicable.

In this section, we recall the concept of picture fuzzy relations introduced by Cuong [21],

and then examine and extend some results related to this concept in the direction we studied

in the previous chapter. Some existing results in ( [3, 16–18, 23, 34, 44]) have been extended.

3.1.1 Notions of Picture Fuzzy Relations

Here, we recall the definition of a picture fuzzy relation and investigate its main properties.

Definition 3.1. [21] LetX be a non-empty set. A picture fuzzy binary relationR : X×X −→
D∗ is defined by

R (x, y) = (µR (x, y) , ηR (x, y) , υR (x, y)) , for all x, y ∈ X,

where µR : X × X −→ [0, 1] , ηR : X × X −→ [0, 1] and υR : X × X −→ [0, 1] satisfy the

condition

0 ≤ µR (x, y) + ηR (x, y) + υR (x, y) ≤ 1, for every (x, y) ∈ X ×X.

Notation 3.1. The set of all the picture fuzzy relations on X will be denoted by PFR(X).

Definition 3.2. [14]LetR ∈ PFR(X).

(1) If for all x, y ∈ X , µR (x, y) = ηR (x, y) = 0 and υR (x, y) = 1, thenR is called a null PFR.
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(2) If for all x, y ∈ X , µR (x, y) = 1 and ηR (x, y) = υR (x, y) = 0, then R is called an absolute

PFR.

(3) If for all x, y ∈ X , µR (x, y) =

{
1, x = y

0, x 6= y
, ηR (x, y) = 0 and υR (x, y) =

{
0, x = y

1, x 6= y
,

then R is called an identity PFR.

Definition 3.3. [36] Let X be a non-empty set and letR,P ∈ PFR(X). Using Definition 2.3,

we can define

(i) The picture fuzzy inclusion by R ⊆ P if and only if (µR (x, y) , ηR (x, y) , υR (x, y)) �
(µP (x, y) , ηP (x, y) , υP (x, y)) , for all x, y ∈ X. In more detail,

R ⊆ P ⇐⇒



µR (x, y) < µP (x, y) and υR (x, y) ≥ υP (x, y)

or
µR (x, y) = µP (x, y) and υR (x, y) > υP (x, y)

or
µR (x, y) = µP (x, y) and υR (x, y) = υP (x, y) and ηR (x, y) ≤ ηP (x, y) .

(ii) The picture fuzzy intersectionR∩P by (R∩ P) (x, y) = R (x, y)fP (x, y), for all x, y ∈ X.
In more detail,

R∩ P =


R ifR ⊆ P ,
P if P ⊆ R,
{〈(x, y) , µR∩P (x, y) , ηR∩P (x, y) , υR∩P (x, y)〉 | x, y ∈ X} otherwise.

Where µR∩P (x, y) = min {µR (x, y) , µP (x, y)} ,
ηR∩P (x, y) = 1−min {µR (x, y) , µP (x, y)} −max {υR (x, y) , υP (x, y)} ,
υR∩P (x, y) = max {υR (x, y) , υP (x, y)} .

(iii) The picture fuzzy unionR∪P by (R∪ P) (x, y) = R (x, y)gP (x, y), for all x, y ∈ X. In

more detail,

R∪ P =


R if P ⊆ R,
P ifR ⊆ P ,
{〈(x, y) , µR∪P (x, y) , ηR∪P (x, y) , υR∪P (x, y)〉 | x, y ∈ X} otherwise.

Where µR∪P (x, y) = max {µR (x, y) , µP (x, y)} ,
ηR∪P (x, y) = 0,

υR∪P (x, y) = min {υR (x, y) , υP (x, y)} .

(iv) The support of a picture fuzzy relation by S(R) = {(x, y) ∈ X ×X | R(x, y) � 0D∗} .
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(v) The kernel of a picture fuzzy relation by ker(R) = {(x, y) ∈ X ×X | R(x, y) = 1D∗} .

(vi) For all α ∈ D∗0, we define the α-cut of a picture fuzzy relation by

Rα = {(x, y) ∈ X ×X | R (x, y) � α} .

In more detail,Rα = {(x, y) ∈ X ×X | (µR (x, y) > α1 and υR (x, y) ≤ α3) or

(µR (x, y) = α1 and υR (x, y) < α3) or (µR (x, y) = α1, υR (x, y) = α3 and ηR (x, y) ≥ α2)} .

(vii) The inverse of R by R−1 (y, x) = R (x, y), i.e., µR−1 (y, x) = µR (x, y) , ηR−1 (y, x) =

ηR (x, y) and υR−1 (y, x) = υR (x, y) .

(viii) The complement of R by µRC (x, y) = υR (x, y) , ηRC (x, y) = 1− µR (x, y)− ηR (x, y)−
υR (x, y) and υRC (x, y) = µR (x, y) .

Example 3.1. Let X = {x1, x2, x3} and letR,P ∈ PFR(X) given by

R =

 (0.30, 0.00, 0.50) (0.70, 0.10, 0.10) (0.00, 0.20, 0.40)

(0.10, 0.30, 0.20) (1.00, 0.00, 0.00) (0.00, 0.00, 0.26)

(0.00, 0.00, 0.00) (0.80, 0.10, 0.00) (0.00, 0.60, 0.30)

 ,

P =

 (0.40, 0.00, 0.40) (0.07, 0.10, 0.20) (0.20, 0.10, 0.50)

(0.20, 0.40, 0.30) (0.00, 0.00, 1.00) (0.00, 0.20, 0.26)

(0.00, 0.00, 0.00) (0.71, 0.22, 0.01) (0.10, 0.50, 0.20)

 .

Then

• The picture fuzzy intersection and the picture fuzzy union of R and P are given as

follows:

R∩ P =

 (0.30, 0.00, 0.50) (0.07, 0.10, 0.20) (0.00, 0.50, 0.50)

(0.10, 0.60, 0.30) (0.00, 0.00, 1.00) (0.00, 0.00, 0.26)

(0.00, 0.00, 0.00) (0.71, 0.22, 0.01) (0.00, 0.60, 0.30)

 ,

R∪ P =

 (0.40, 0.00, 0.40) (0.70, 0.10, 0.10) (0.20, 0.00, 0.40)

(0.20, 0.00, 0.20) (1.00, 0.00, 0.00) (0.00, 0.20, 0.26)

(0.00, 0.00, 0.00) (0.80, 0.10, 0.00) (0.10, 0.50, 0.20)


• The support of P and the kernel ofR are given as follows:

S(P) = {(x1, x1) , (x1, x2) , (x1, x3) , (x2, x1) , (x2, x3) , (x3, x1) , (x3, x2) , (x3, x3)} .

ker(R) = {(x2, x2)} .
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• For α = (0.10, 0.20, 0.30) ∈ D∗0, the α-cut ofR are given as follows:

R α = {(x1, x2) , (x2, x1) , (x2, x2) , (x3, x2)} .

• The inverse and the complement ofR are given as follows:

R−1 =

 (0.3, 0, 0.5) (0.1, 0.3, 0.2) (0, 0, 0)

(0.7, 0.1, 0.1) (1, 0, 0) (0.8, 0.1, 0)

(0, 0.2, 0.4) (0, 0, 0) (0, 0.6, 0.3)

 ,

RC =

 (0.5, 0.2, 0.3) (0.1, 0.1, 0.7) (0.4, 0.4, 0)

(0.2, 0.4, 0.1) (0, 0, 1) (0, 0, 0)

(0, 0, 0) (0, 0.1, 0.8) (0.3, 0.1, 0)

 .

Remark 3.1. In general, for each R ∈ PFR(X), R ∩ RC = ∅ and R ∪ RC = X don’t hold.

Indeed.

Example 3.2. Consider the picture fuzzy relationR in the previous example. Then

R∩RC =

 (0.3, 0.2, 0.5) (0.1, 0.2, 0.7) (0, 0.6, 0.4)

(0.1, 0.7, 0.2) (0, 0, 1) (0, 0, 0)

(0, 0, 0) (0, 0.2, 0.8) (0, 0.7, 0.3)

 6= ∅,

R∪RC =

 (0.5, 0, 0.3) (0.7, 0, 0.1) (0.4, 0, 0)

(0.2, 0, 0.1) (1, 0, 0) (0, 0, 0)

(0, 0, 0) (0.8, 0, 0) (0.3, 0, 0)

 6= X.

Proposition 3.1. LetR,P ,Q ∈ PFR(X). Then

1. (R−1)−1 = R.

2. R ⊆ P =⇒ R−1 ⊆ P−1.

3. (R∪ P)−1 = R−1 ∪ P−1, (R∩ P)−1 = R−1 ∩ P−1.

4. (R∪ P)C = RC ∩ PC , (R∩ P)C = RC ∪ PC .

5. R ⊆ R∪ P ,P ⊆ R ∪ P ,R∩ P ⊆ R,R∩ P ⊆ P .

6. (R ⊇ P) & (R ⊇ Q) if and only ifR ⊇ P ∪Q.

7. (R ⊆ P) & (R ⊆ Q) if and only ifR ⊆ P ∩Q.
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Proof. LetR,P ,Q ∈ PFR(X).

1. (R−1)−1 (x, y) = R−1 (y, x) = R (x, y) .

2. R−1 (x, y) = R (y, x)

� P (y, x)

= P−1 (x, y)

3. (R∪ P)−1 (x, y) = (R∪ P) (y, x)
= R (y, x)g P (y, x)

= R−1 (x, y)g P−1 (x, y)
= (R−1 ∪ P−1) (x, y) .

Similarly, we prove that (R∩ P)−1 = R−1 ∩ P−1.

The proof of 4,5,6,7 is the same in Proposition 2.3 and Proposition 2.7.

Proposition 3.2. LetR,P ,Q ∈ PFR(X). Then

1. (Idempotent laws): R∪R = R,R∩R = R.

2. (Commutative laws): R∪ P = P ∪R,R∩ P = P ∩R.

3. (Associative laws): R∪ (P ∪Q) = (R∪ P) ∪Q,R∩ (P ∩Q) = (R∩ P) ∩Q.

4. (Absorption laws): R∪ (P ∩R) = R,R∩ (P ∪R) = R.

3.1.2 Properties of Picture Fuzzy Relations

Definition 3.4. [36] Let X be a non-empty set and letR ∈ PFR(X). We say thatR is

(i) Reflexive if and only ifR (x, x) = (1, 0, 0) for all x ∈ X .

(ii) Perfect antisymmetric, if for every x, y ∈ X with x 6= y andR (x, y) � 0D∗ , then

R (y, x) = 0D∗ . Or rather,

µR (x, y) > 0,

or
ηR (x, y) > 0,

or
µR (x, y) = 0 and υR (x, y) < 1,

then



µR (y, x) = 0,

and
ηR (y, x) = 0,

and
υR (y, x) = 1.
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(iii) Transitive if and only if for all x, y, z ∈ X,R (x, z) � R (x, y)fR (y, z) . In more detail,

If R (x, y) � R (y, z) , then R (x, y) fR (y, z) = R (x, y) . Hence R is transitive if R (x, y) �
R (x, z) .

If R (x, y) � R (y, z) , then R (x, y) fR (y, z) = R (y, z) . Hence R is transitive if R (y, z) �
R (x, z) .

IfR (x, y) ‖ R (y, z), thenR (x, y)fR (y, z) = (µR (x, y) ∧ µR (y, z) , 1− µR (x, y) ∧ µR (y, z)−
υR (x, y) ∨ υR (y, z) , υR (x, y) ∨ υR (y, z)) . HenceR is transitive if

(µR (x, y) ∧ µR (y, z) , 1− µR (x, y) ∧ µR (y, z)− υR (x, y) ∨ υR (y, z) , υR (x, y) ∨ υR (y, z))

� R (x, z) .

Remark 3.2. The definition of perfect antisymmetry is equivalent to the following one: for

all x, y ∈ X, ifR (x, y) � 0D∗ andR (y, x) � 0D∗ then x = y.

Proposition 3.3. LetR,P ∈ PFR(X).

1. R is reflexive if and only ifR−1 is reflexive.

2. IfR is reflexive, thenR∪ P is reflexive, for all P ∈ PFR(X).

3. R∩ P is reflexive if and only ifR and P are reflexive.

4. R is perfect antisymmetric if and only ifR−1 is perfect antisymmetric.

5. IfR is perfect antisymmetric, thenR∩ P is perfect antisymmetric, for all P ∈ PFR(X).

6. R and P are perfect antisymmetric, thenR∪ P is perfect antisymmetric.

7. R is transitive if and only ifR−1 is transitive.

8. IfR and P are transitive, thenR∩ P is transitive.

Proof. LetR,P ∈ PFR(X).

1. R is reflexive if and only ifR−1 is reflexive.

R is reflexive ⇐⇒ R (x, x) = 1D∗

⇐⇒ R−1 (x, x) = 1D∗

⇐⇒ R−1 is reflexive.
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2. IfR is reflexive, thenR∪ P is reflexive, for all P ∈ PFR(X).

(R∪ P) (x, x) = R (x, x)g P (x, x)

= 1D∗ g P (x, x)

= 1D∗ .

3. R∩ P is reflexive if and only ifR and P are reflexive.

R∩ P is reflexive ⇐⇒ (R∩ P) (x, x) = 1D∗

⇐⇒ R (x, x)f P (x, x) = 1D∗

⇐⇒ R (x, x) = 1D∗ f P (x, x) = 1D∗

⇐⇒ R and P are reflexive.

4. R is perfect antisymmetric if and only ifR−1 is perfect antisymmetric.

R−1 (x, y) = R (y, x) � 0D∗ impliesR (x, y) = R−1 (y, x) = 0D∗ .

5. IfR is perfect antisymmetric, thenR∩P is perfect antisymmetric, for all P ∈ PFR(X).

(R∩ P) (x, y) � 0D∗ implies that R (x, y) f P (x, y) � 0D∗ , then R (x, y) � 0D∗ and

R (x, y) f P (x, y) � 0D∗ . Since R is perfect antisymmetric, we have (R∩ P) (y, x) =

R (y, x)f P (y, x) = 0D∗ f P (y, x) = 0D∗ .

6. R and P are perfect antisymmetric, thenR∪ P is perfect antisymmetric.

(R∪ P) (x, y) � 0D∗ implies that R (x, y) g P (x, y) � 0D∗ , then R (x, y) � 0D∗ or

R (x, y)fP (x, y) � 0D∗ . SinceR andP are perfect antisymmetric, we have (R∪ P) (y, x) =
R (y, x)f P (y, x) = 0D∗ g 0D∗ = 0D∗ .

7. R is transitive if and only ifR−1 is transitive.

Suppose thatR is transitive.

R−1 (x, z) = R (z, x)

� R (z, y)fR (y, x)

= R−1 (y, z)fR−1 (x, y) .

conversely, suppose thatR−1 is transitive.

R (x, z) = R−1 (z, x)
� R−1 (z, y)fR−1 (y, x)
= R (y, z)fR (x, y) .
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8. IfR and P are transitive, thenR∩ P is transitive.

(R∩ P) (x, z) = R (x, z)f P (x, z)

� R (x, y)fR (y, z)f P (x, y)f P (y, z)

= (R∩ P) (x, y)f (R∩ P) (y, z) .

3.1.3 Picture Fuzzy Order Relation

Definition 3.5. Let X be a non-empty set and let R ∈ PFR(X). Then R is called a picture

fuzzy ordering, or a picture fuzzy partial ordering, if it is reflexive, transitive and perfect

antisymmetric.

A set equipped with a picture fuzzy partial order relation is called a picture fuzzy poset

(PF-poset, for short).

Example 3.3. Let X = {x1, x2, x3} and let R be a picture fuzzy relation on X given by the

following table and represented by the given Hasse diagram.

R x1 x2 x3

x1 (1.00, 0.00, 0.00) (0.30, 0.00, 0.00) (0.00, 0.00, 1.00)

x2 (0.00, 0.00, 1.00) (1.00, 0.00, 0.00) (0.00, 0.00, 1.00)

x3 (0.00, 0.30, 0.20) (0.00, 0.00, 0.00) (1.00, 0.00, 0.00)

x3

x1

x2

Hasse diagram of a PF-ordering (X,R), where X = {x1, x2, x3}.

( 0.00,0.00,0.00)

( 0.00,0.30,0.20)

( 0.30,0.00,0.00)

It is easy to see thatR is a picture fuzzy ordering.

Corollary 3.1. LetR,P ∈ PFR(X).

1. R is a picture fuzzy ordering if and only ifR−1 is a picture fuzzy ordering.

2. IfR and P are picture fuzzy ordering, thenR∩ P is a picture fuzzy ordering.
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Definition 3.6. Let (X,R) be a PF -poset and let x, y be two elements of X . We say that x is

comparable with y in (X,R) ifR (x, y) � 0D∗ orR (y, x) � 0D∗ .

Definition 3.7. A picture fuzzy ordering R is linear (or total) on X if for every x, y ∈ X , R
(x, y) � 0D∗ orR (y, x) � 0D∗ .

A picture fuzzy ordered set (X,R) in which R is linear is called a linearly picture fuzzy

ordered set or a picture fuzzy chain.

Example 3.4. Consider the set of all natural numbers N and letR be a picture fuzzy relation

defined on N by

µR (m,n) =


1 if m = n

1− m
n

if m < n

0 if n > m

ηR (m,n) =


0 if m = n
m
4n

if m < n

0 if n > m

υR (m,n) =


0 if m = n
m
2n

if m < n

1 if n > m

It’s simple to check thatR is a picture fuzzy chain.

Lemma 3.1. Let X be a non-empty set and let R ∈ PFR(X). If R is a picture fuzzy ordering

relation on X , then S(R) and ker (R) are order relations on X .

Proof. Assume that (X,R) is a picture fuzzy poset.

The reflexivity of S(R) is direct. Since R (x, x) = (1, 0, 0) � 0D∗ for all x ∈ X , then

(x, x) ∈ S(R).
For the antisymmetry. Suppose that (x, y) , (y, x) ∈ S(R), i.e.,R (x, y) � 0D∗ andR (y, x) �

0D∗ . Then, from the perfect antisymmetric ofR, we obtain x = y.

Concerning the transitivity, suppose that (x, y) ∈ S(R) and (y, z) ∈ S(R), that is,R (x, y) �
0D∗ andR (y, z) � 0D∗ . SinceR (x, z) � R (x, y)fR (y, z) .Using Proposition 2.3(4), we obtain

R (x, z) � 0D∗ for all x, z ∈ X, thus (x, z) ∈ S(R).
Therefore S(R) is a partial order relation on X .

Similarly, we obtain the same result for ker (R) .

Remark 3.3. The fact that S(R) is a partial order relation on X does not imply that R is a

picture fuzzy ordering relation on X. Indeed.
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Example 3.5. Let X = {a, b}. Consider the relationR defined on X by

R a b

a (0.10, 0.30, 0.00) (0.00, 0.00, 1.00)

b (0.00, 0.00, 1.00) (0.50, 0.03, 0.20)

its support is given by

S(R) a b

a 1 0

b 0 1

It is not difficult to see that S(R) is a partial order relation on X but R is not a picture

fuzzy ordering relation on X .

Proposition 3.4. Let X be a non-empty set and let R ∈ PFR(X). R is a picture fuzzy ordering

relation if and only if all cutsRα are order relations on X, for any α ∈ D∗0.

Proof. Let α ∈ D∗0. Assume (X,R) is a picture fuzzy poset and let x ∈ X.
Since R (x, x) = (1, 0, 0) , then R (x, x) � α, for all α ∈ D∗0, so (x, x) ∈ Rα. Thus Rα is

reflexive.

Suppose that (x, y) ∈ Rα and (y, x) ∈ Rα, thenR (x, y) � α andR (y, x) � α. This implies

thatR (x, y) � 0D∗ andR (y, x) � 0D∗ . From the perfect antisymmetric ofR , we obtain x = y.

ThusRα is antisymmetric.

Suppose that (x, y) ∈ Rα and (y, z) ∈ Rα. Then R (x, y) � α and R (y, z) � α. From

the transitivity of R and Proposition 2.3, we obtain R (x, z) � R (x, y) fR (y, z) � α for all

x, y, z ∈ X, this implies that (x, z) ∈ Rα. ThusRα is transitive.

Hence, ifR is a picture fuzzy ordering relation, then all cutsRα are order relations on X.

Conversely, assume that for all α ∈ D∗0,Rα is a partial ordering relation on X.

If α = 1D∗ ∈ D∗0, then (x, x) ∈ R1D∗ for all x ∈ X, i.e.,R (x, x) = 1D∗ , ThusR is reflexive.

Suppose that R (x, y) � 0D∗ and R (y, x) � 0D∗ . Then there exists α, β ∈ D∗0 such that

R (x, y) = α andR (y, x) = β. Put γ = α f β.

It’s clear that R (x, y) � γ and R (x, y) � γ, that is, (x, y) ∈ Rγ and (y, x) ∈ Rγ. From the

antisymmetry ofRγ we obtain x = y. ThusR is perfect antisymmetric.

Let x, y, z ∈ X, and put α = R (x, y)fR (y, z) .

If α = 0D∗ , it is easy to see that α = R (x, y)fR (y, z) � R (x, z) .

If α � 0D∗ , then we haveR (x, y) � α andR (y, z) � α, that is, (x, y) ∈ Rα and (y, z) ∈ Rα.

Using the transitivity of Rα we obtain (x, z) ∈ Rα, i.e., R (x, z) � α = R (x, y) f R (y, z) .
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Thus,R is transitive. HenceR is a picture fuzzy ordering.

3.2 Picture Fuzzy Lattices

Picture fuzzy sets are a generalization of fuzzy sets and intuitionistic fuzzy sets, introduced

to better handle data uncertainty by allowing for the representation of positive, neutral and

negative membership degrees for elements in relation to a set. This approach provides a

richer framework for expressing and managing uncertainty, as it distinguishes between de-

grees of approval, disapproval, and hesitation or neutrality towards information or criteria.

In a fuzzy picture lattice, the elements of the lattice are evaluated based on these three de-

grees of membership. This means that the structure not only accounts for how much an

element belongs to a set (as in traditional fuzzy lattices), but also how much it does not be-

long and to what extent its belonging is undecided. The operations of join and meet in such

a lattice are adapted to respect these additional dimensions of membership, enabling more

sophisticated aggregation and comparison mechanisms. This complexity allows for a more

nuanced handling of uncertainty and vagueness in various applications, such as decision-

making processes, information filtering, and artificial intelligence systems.

In this section, we first extend the concept of fuzzy lattices and intuitionistic fuzzy lattices

studied in [2, 6, 18, 34, 37, 39] to picture fuzzy cases. Hence, we extend some results in this

direction.

3.2.1 Particular Elements of a Picture Fuzzy Ordered Set

Many important properties of a picture fuzzy ordered set X can be described in terms of the

existence of certain upper or lower bounds of picture fuzzy sets of X . Here we present the

basic theory of these ordered sets, and consider picture fuzzy lattices as picture ordered sets.

Definition 3.8. Let (X,R) be a picture fuzzy poset and let E be a non-empty subset of X .

An element u inX is considered an upper bound ofE if and only if, for all x ∈ E,R(x, u) �
0D∗ .

A particular upper bound, denoted as u0, is identified as the least upper bound of E

when, for every upper bound u of E,R(u0, u) � 0D∗ .

Conversely, an element l in X is considered a lower bound of E if, for every x in E,

R(l, x) � 0D∗ .
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The greatest lower bound ofE, represented by l0, is defined whenR (l, l0) � 0D∗ for every

lower bound l of E.

If the greatest lower bound and the least upper bound of the set {x, y} exist, they are

denoted, respectively, by x u y and x t y.

Remark 3.4. Let (X,R) be a picture fuzzy poset and let E be a non-empty subset of X . If the

least upper bound and the greatest lower bound of E exist, then by the perfect antisymmetry

ofR they are unique.

Definition 3.9. Let (X,R) be a picture fuzzy poset.

• We say X has a bottom element if there exists ⊥ ∈ X such that R (⊥, x) � 0D∗ , for all

x ∈ X .

• Dually,X has a top element if there exists> ∈ X such thatR (x,>) � 0D∗ , for all x ∈ X .

Remark 3.5. Note that ⊥ and > are unique when they exist. (The uniqueness comes from

the perfect antisymmetry ofR ).

3.2.2 Concepts Related to Picture Fuzzy Lattices

Here, we will define picture fuzzy lattice and picture fuzzy sub-lattice in a crisp lattice. We

accomplish this by generalizing some existing notions and results in the Zadeh’s fuzzy sets

and Antanssov’s intuitionistic fuzzy sets (see [2–5, 37]) to the picture fuzzy case.

In the following, the symbol � indicates the picture fuzzy ordering defined on the set D∗

as seen in Definition 2.3 and � is its dual.

Definition 3.10. A picture fuzzy poset (X,R) is a picture fuzzy lattice if and only if xty and

x u y are exist for all x, y ∈ X.

Example 3.6. In Example 3.3, (X,R) is a picture fuzzy lattice. Indeed, the following tables

describe the supremum and the infimum of each subset of two elements {x, y} of X .
u x1 x2 x3

x1 x1 x1 x3

x2 x1 x2 x3

x3 x3 x3 x3

t x1 x2 x3

x1 x1 x2 x1

x2 x2 x2 x2

x3 x1 x2 x3

Definition 3.11. A picture fuzzy lattice (X,R) which has a top and a bottom elements is

called a bounded picture fuzzy lattice.
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Definition 3.12. Let (X,6) be a crisp lattice and let E be a picture fuzzy subset on X . E

is called a picture fuzzy sublattice of (X,6) if the following conditions are satisfied for all

x, y ∈ X :

(i) E (x ∧ y) � E (x)f E (y) ;

(ii) E (x ∨ y) � E (x)f E (y) .

Example 3.7. Let X = {a, b, c, d, e, f} and let (X,6) be the lattice given by the following table

and represented by the given Hasse diagram.

(X,6) a b c d e f

a 1 1 1 1 1 1

b 0 1 0 1 0 1

c 0 0 1 1 1 1

d 0 0 0 1 0 1

e 0 0 0 0 1 1

f 0 0 0 0 0 1

a

b
c

d
e

f

Hasse diagram of the crisp lattice (X,6), where X = {a, b, c, d, e, f}.

The picture fuzzy set E defined on X by

X E (x)

a (0.10, 0.50, 0.40)

b (0.20, 0.10, 0.40)

c (0.10, 0.20, 0.30)

d (0.20, 0.00, 0.40)

e (0.10, 0.20, 0.30)

f (0.40, 0.40, 0.10)

is a picture fuzzy sublattice of (X,6) .

Proposition 3.5. Let (X,6) be a crisp lattice. If E,F are picture fuzzy sublattices of (X,6), then

E ∩ F is also a picture fuzzy sublattice of (X,6).

Proof. Let E and F be two picture fuzzy sublattices of (X,6) .

We have (E ∩ F ) (x) = E (x)f F (x) , then
(E ∩ F ) (x ∧ y) = E (x ∧ y)f F (x ∧ y)

� (E (x)f E (y))f (F (x)f F (y))

= (E (x)f F (x))f (E (y)f F (y))

= (E ∩ F ) (x)f (E ∩ F ) (y) .
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(E ∩ F ) (x ∨ y) = E (x ∨ y)f F (x ∨ y)
� (E (x)f E (y))f (F (x)f F (y))

= (E (x)f F (x))f (E (y)f F (y))

= (E ∩ F ) (x)f (E ∩ F ) (y) .
Hence E ∩ F is a picture fuzzy sublattice of (X,6) .

Remark 3.6. The union of two picture fuzzy sublattices of (X,6) need not be a picture fuzzy

sublattice of X.

Proposition 3.6. Let (X,6) be a crisp lattice. If E is a picture fuzzy sublattice of (X,6), then S(E)

and ker (E) are sublattices on (X,6).

Proof. Suppose that E is a picture fuzzy sublattice of (X,6) and let x, y ∈ E.

• If x, y ∈ S (E) , then E (x) � 0D∗ and E (y) � 0D∗ .

We have E (x ∧ y) � E (x)f E (y) � 0D∗ , then E (x ∧ y) � 0D∗ . Hence x ∧ y ∈ S (E) .

and E (x ∨ y) � E (x)f E (y) � 0D∗ , then E (x ∨ y) � 0D∗ . Hence x ∨ y ∈ S (E) .

• If x, y ∈ ker (E) , then E (x) = 1D∗ and E (y) = 1D∗ .

We have E (x ∧ y) � E (x)f E (y) = 1D∗ , then E (x ∧ y) = 1D∗ . Hence x ∧ y ∈ ker (E) .

and E (x ∨ y) � E (x)f E (y) = 1D∗ , then E (x ∨ y) = 1D∗ . Hence x ∨ y ∈ ker (E) .

Therefore, S(E) and ker (E) are sublattices on (X,6).

3.2.3 Characterizations of a Lattice in Terms of Their Level Set

We now turn to a characterization of the relationship between a picture fuzzy lattice and its

level sets.

Proposition 3.7. Let (X,R) be a picture fuzzy poset. If (X,R) is a picture fuzzy lattice, then

(X,S(R)) is a lattice.

Proof. Suppose that (X,R) is a picture fuzzy lattice. Let x, y ∈ X .

It is clear that the least upper bound is exists if x and y are comparable elements.

If x and y are non-comparable elements, i.e., (x, y) , (y, x) /∈ S(R), thenR (x, y) = R (y, x) =

0D∗ . Since (X,R) is a picture fuzzy lattice, then there exists l ∈ X, such that R (x, l) �
0D∗ ,R (y, l) � 0D∗ , and R (l, u) � 0D∗ , for any upper bound u of {x, y} . Thus, there exists
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l such that (x, l) ∈ S (R), (y, l) ∈ S (R) and (l, u) ∈ S (R) for all upper bound u of {x, y} . So,

there exists a least upper bound l of {x, y} on (X,S (R)) .
Similarly, there exists a greatest lower bound g of {x, y} on (X,S (R)) .

Proposition 3.8. Let (X,R) be a picture fuzzy poset. If (X,Rα) are lattices for all α ∈ D∗0, then

(X,R) is a picture fuzzy lattice.

Proof. Suppose that for all α ∈ D∗0, (X,Rα) are crisp lattices. Let x, y ∈ X, then there exists

r ∈ X, such that (x, r) ∈ Rα, (y, r) ∈ Rα, and (r, u) ∈ Rα, for every upper bound u of {x, y} .
That is, there exists r such that R (x, r) � 0D∗ , R (y, r) � 0D∗ and R (r, u) � 0D∗ for all upper

bound u of {x, y} . Hence there exists a least upper bound r of {x, y} on (X,R) . Thus (X,R)
is a picture fuzzy lattice.

Similarly, there exists a greatest lower bound l of {x, y} on (X,R) .

Remark 3.7. If (X,R) is a picture fuzzy lattice, then (X,Rα) may not be a crisp lattice. In-

deed.

Example 3.8. Let (X,R) be a picture fuzzy lattice, where X = {a, b, c, d} and R defined by

the following table and represented by the given Hasse diagram.

R a b c d

a (1.00, 0.00, 0.00) (0.00, 0.00, 1.00) (0.00, 0.00, 1.00) (0.00, 0.00, 1.00)

b (0.30, 0.00, 0.40) (1.00, 0.00, 0.00) (0.00, 0.00, 1.00) (0.00, 0.00, 1.00)

c (0.50, 0.20, 0.10) (0.00, 0.00, 1.00) (1.00, 0.00, 0.00) (0.00, 0.00, 1.00)

d (0.70, 0.00, 0.20) (0.4., 0.10, 0.50) (0.10, 0.00, 0.60) (1.00, 0.00, 0.00)

d

b c

a

Hasse diagram of a PFL (X,R), where X = {a, b, c, d}.

(0.70,0.00,0.20)

(0.10,0.00,0.60)(0.4.,0.10,0.50)

(0.30,0.00,0.40) (0.50,0.20,0.10)
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Consider the relationR(0.5,0.2,0.3)

R(0.5,0.2,0.3) a b c d

a 1.00 0.00 0.00 0.00

b 0.00 1.00 0.00 0.00

c 1.00 0.00 1.00 0.00

d 1.00 0.00 0.00 1.00

db c

a

Hasse diagram of
(
X,R(0.5,0.2,0.3)

)
.

It is not difficult to see that {b, c} has neither the least upper bound nor the greatest lower

bound. So, (X,R0.5,0.2,0.3) is a poset but not a crisp lattice.

Proposition 3.9. Let (X,R) be a picture fuzzy lattice and let x, y, z ∈ X . Then

1. R(x, x t y) � 0D∗ ,R(y, x t y) � 0D∗ ,R(x u y, x) � 0D∗ ,R(x u y, y) � 0D∗ .

2. R(x, z) � 0D∗ andR(y, z) � 0D∗ impliesR(x t y, z) � 0D∗ .

3. R(z, x) � 0D∗ andR (z, y) � 0D∗ impliesR (z, x u y) � 0D∗ .

4. R(x, y) � 0D∗ if and only if x t y = y.

5. R(x, y) � 0D∗ if and only if x u y = x.

6. IfR(y, z) � 0D∗, thenR(x u y, x u z) � 0D∗ andR(x t y, x t z) � 0D∗ .

7. IfR(x t y, z) � 0D∗, thenR(x, z) � 0D∗ andR(y, z) � 0D∗ .

8. IfR(x, y u z) � 0D∗, thenR(x, y) � 0D∗ andR(x, z) � 0D∗ .

Proof. Assume that (X,R) is a picture fuzzy lattice and let x, y, z ∈ X .

1. Since x t y is the least upper bound of a set {x, y}, then x t y is an upper bound of x

and y. Similarly, xu y is the greatest lower bound of {x, y} , then xu y is a lower bound

of x and y.

2. Suppose that R(x, z) � 0D∗ and R(y, z) � 0D∗ , it follows that z is an upper bound of

{x, y} . Since x t y is the least upper bound, thenR(x t y, z) � 0D∗ .

3. Suppose that R(z, x) � 0D∗ and R(z, y) � 0D∗ , it follows that z is a lower bound of

{x, y} . Since x u y is the greatest lower bound, thenR(x u y, z) � 0D∗ .
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4. Suppose thatR(x, y) � 0D∗ . Since µR(y, y) = 1 > 0, then from (2) we obtainR(xty, y) �
0D∗ .

And sinceR (y, x t y) � 0D∗ , then by the perfect antisymmetric ofR , x t y = y.

Conversely, suppose that x t y = y. ThenR(x, y) = R(x, x t y) � 0D∗

5. Suppose thatR(x, y) � 0D∗ . Since µR(x, x) = 1 > 0, then from (3) we obtainR(x, xuy) �
0D∗ .

And sinceR(x u y, x) � 0D∗ , then by the perfect antisymmetric ofR , x u y = x.

Conversely, suppose that x u y = x. ThenR(x, y) = R(x u y, y) � 0D∗ .

6. Suppose thatR(y, z) � 0D∗ , thenR(x u y, z) � 0D∗ .

SinceR(x u y, x) � 0D∗ , then x u y is a lower bound of {x, z}.

And since x u z is the greatest lower bound of {x, z}, thusR(x u y, x u z) � 0D∗ .

Similarly, we prove thatR(x t y, x t z) � 0D∗ .

7. Suppose thatR(x t y, z) � 0D∗ .

SinceR(y, x t y) � 0D∗ , then by the transitivity ofR ,R(y, z) � 0D∗ .

SinceR(x, x t y) � 0D∗ , then by the transitivity ofR ,R(x, z) � 0D∗ .

8. Suppose thatR(x, y u z) � 0D∗ .

SinceR(y u z, y) � 0D∗ , then by the transitivity ofR ,R(x, y) � 0D∗ .

SinceR(y u z, z) � 0D∗ , then by the transitivity ofR ,R(x, z) � 0D∗ .

Proposition 3.10. Let (X,R) be a picture fuzzy lattice and let x, y, z ∈ X . Then

1. x t x = x, x u x = x.

2. x t y = y t x, x u y = y u x.

3. (x t y) t z = x t (y t z), (x u y) u z = x u (y u z).

4. (x t y) u x = x, (x u y) t x = x.
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CHAPTER 4

FILTERS IN A LATTICES

I n lattice theory, the concept of filters is fundamental. A lattice is a partially ordered set

in which every two elements have a unique supremum (also called a least upper bound

or join) and an infimum (also called a greatest lower bound or meet). A filter in a lattice

is a specific, non-empty subset that relates to the lattice’s structure and ordering. A filter

is closed under the meet operation; it is typically used to capture the notion of "largeness"

in the sense that it contains elements that are greater or equal to a certain threshold. This

concept is pivotal in lattice theory and has applications in various areas of mathematics and

computer science, particularly the study of order, algebraic structures, and logic.

When extending the concept of filters to the picture fuzzy case in lattice theory, we intro-

duce a nuanced approach to dealing with uncertainties and partial membership character-

istics. This extension naturally leads to the concept of picture fuzzy filters in lattices, which

adapt the traditional definitions to accommodate the additional complexity brought by pic-

ture fuzzy sets. This concepts enhance the ability of lattice theory to model and analyze com-

plex systems where uncertainty and partial information play critical roles, thus expanding

the applicability of lattice theory into new and emerging areas of research and application.

This chapter presents an in-depth exploration of filters structure in the context of lattice

theory, adapting and generalizing them through picture fuzzy case. It delves into various

aspects of filters, starting from their fundamental definitions in crisp lattice and picture fuzzy

lattice to exploring some of their properties and characterizations.

The first section delineates some basic concepts of picture fuzzy filters in a crisp lattice.

By generalizing concepts and results existing in Zadeh’s fuzzy sets and Atanassov’s intu-

itionistic fuzzy sets into the context of picture fuzzy, this work paves the way for a deeper

examination of filters in this new setting, also shedding light on the subtle differences and

extensions introduced by picture fuzzy.

The second section broadens the discourse further by focusing on extending crisp filters
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and picture fuzzy filters from fuzzy lattice to picture fuzzy lattice. It provides a detailed

examination of the properties and characterizations of picture fuzzy filters.

The final section focuses on a specific type of picture fuzzy filter, which is a picture fuzzy

prime filter in a picture fuzzy lattice. It presents a set of properties and results that are

associated with this specific structure.

Through a detailed exploration of filters in both crisp lattice and picture fuzzy lattice, this

chapter aims to significantly contribute to the fields of picture fuzzy sets and lattice theory.

By providing a meticulous examination of these concepts and their interrelations, it seeks to

enhance theoretical understanding of lattice structures in picture fuzzy settings, paving the

way for future research and applications in complex and uncertain environments.

4.1 Picture Fuzzy Filters in a Lattice

In this section, we will define the picture fuzzy filter in a crisp lattice. We accomplish this

by generalizing some existing notions and results in the Zadeh’s fuzzy sets and Antanssov’s

intuitionistic fuzzy sets (see [2–5, 37]) to the picture fuzzy case.

Definition 4.1. Let (X,6) be a crisp lattice. A picture fuzzy set E of X is called a picture

fuzzy filter of X , if it satisfies the following conditions, for any x, y ∈ X :

(i) E (x ∧ y) � E (x)f E (y) ;

(ii) E (x ∨ y) � E (x)g E (y) .

Example 4.1. Consider the lattice (X,6) given in Example 3.7.

The picture fuzzy subset E ′ on X defined by

X E
′
(x)

a (0.00, 0.00, 1.00)

b (0.00, 0.00, 1.00)

c (0.10, 0.30, 0.50)

d (0.10, 0.20, 0.40)

e (0.10, 0.30, 0.50)

f (0.40, 0.10, 0.30)

is a picture fuzzy filter on (X,6) .
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Remark 4.1. Every picture fuzzy filter is a picture fuzzy sublattice. But the converse is not

true.

Example 4.2. The picture fuzzy filter E ′ given in Example 4.1 is a picture fuzzy sublattice.

But the picture fuzzy sublattice E given in Example 3.7 is not a picture fuzzy filter, since

E (c ∨ b) = (0.20, 0.00, 0.40), E (c)g E (b) = (0.20, 0.00, 0.30) and (0.20, 0.00, 0.40) �
(0.20, 0.00, 0.30) .

Proposition 4.1. Let (X,6) be a crisp lattice. If E,F are picture fuzzy filters of (X,6), then E ∩F
is also a picture fuzzy filter of (X,6).

Proof. Suppose that E and F are two picture fuzzy filters of (X,6) .

We have (E ∩ F ) (x) = E (x)f F (x) , then
(E ∩ F ) (x ∧ y) = E (x ∧ y)f F (x ∧ y)

� (E (x)f E (y))f (F (x)f F (y))

= (E (x)f F (x))f (E (y)f F (y))

= (E ∩ F ) (x)f (E ∩ F ) (y) .
(E ∩ F ) (x ∨ y) = E (x ∨ y)f F (x ∨ y)

� (E (x)g E (y))f (F (x)g F (y))

� (E (x)f F (x))g (E (x)f F (y))g (E (y)f F (x))g

(E (y)f F (y))

� (E (x)f F (x))g (E (y)f F (y))

= (E ∩ F ) (x)g (E ∩ F ) (y) .
Hence E ∩ F is a picture fuzzy filters of (X,6) .

Remark 4.2. The union of two picture fuzzy filters of (X,6) need not be a picture fuzzy filter

of (X,6) .

Example 4.3. Consider the lattice (X,6) given in Example 3.7. Let E ′ be the picture fuzzy

filter given in Example 4.1 and define the picture fuzzy filter E∗ on X by

X E∗ (x)

a (0.00, 0.00, 1.00)

b (0.10, 0.40, 0.50)

c (0.00, 0.00, 1.00)

d (0.30, 0.10, 0.40)

e (0.00, 0.00, 1.00)

f (0.30, 0.20, 0.40)
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Then,

X
(
E
′ ∪ E∗

)
(x)

a (0.00, 0.00, 1.00)

b (0.10, 0.40, 0.50)

c (0.10, 0.30, 0.50)

d (0.30, 0.10, 0.40)

e (0.10, 0.30, 0.50)

f (0.40, 0.10, 0.30)

Since
(
E
′ ∪ E∗

)
(c ∧ b) = 0D∗ ,

(
E
′ ∪ E∗

)
(c) f

(
E
′ ∪ E∗

)
(b) = (0.1, 0.3, 0.5) and (0, 0, 1) �

(0.1, 0.3, 0.5) ,

these imply that E ′ ∪ E∗ is not a picture fuzzy filter.

Proposition 4.2. Let (X,6) be a crisp lattice. If E is a picture fuzzy filter of (X,6), then S(E) and

ker (E) are filters on (X,6).

Proof. Suppose that E is a picture fuzzy filter of (X,6) .

1. Let x ∈ S(E) and y ∈ X such that x 6 y it follows that E (x) � 0D∗ and x ∨ y = y.

Since E (y) = E (x ∨ y) � E (x)g E (y) � 0D∗ , then y ∈ S(E).

2. Let x, y ∈ S(E). We prove that x ∧ y ∈ S(E).

x, y ∈ S(E) implies E (x) � 0D∗ and E (y) � 0D∗ . Since E (x ∧ y) � E (x) f E (y) , then

according to Proposition 2.3(4), E (x ∧ y) � 0D∗ . Hence x ∧ y ∈ S(E).

Similarly, we obtain the same result for ker (E) .

Theorem 4.1. Let (X,6) be a crisp lattice. A picture fuzzy subset E of X is a picture fuzzy filter if

and only if their α-cuts are filters of (X,6) for all α = (α1, α2, α3) ∈ D∗0.

Proof. Suppose thatE is a picture fuzzy filter on (X,6) and prove thatEα are filters of (X,6) ,

for all α ∈ D∗0.

1. Let x ∈ Eα and y ∈ X such that x 6 y. Then E (x) � α and x ∨ y = y.

It follows that E (y) = E (x ∨ y) � E (x)g E (y) � α. Hence y ∈ Eα.

2. Let x, y ∈ Eα. Then it holds that E (x) � α and E (y) � α.

Since E (x ∧ y) � E (x)f E (y) � α, thus x ∧ y ∈ Eα.
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Conversely, suppose that Eα are filters of (X,6) , for all α ∈ D∗0, and show that E is a

picture fuzzy filter on (X,6).

1. Let x, y ∈ X and let α ∈ D∗. Put E (x)f E (y) = α.

The case α = 0D∗ is direct.

If α � 0D∗ , we have E (x) � E (x) f E (y) = α and E (y) � E (x) f E (y) = α, that

is, x, y ∈ Eα. Since Eα is a filter, then x ∧ y ∈ Eα. This implies that E (x ∧ y) � α =

E (x)f E (y) .

2. Let x, y ∈ X and let α, β ∈ D∗0 such that E (x) = α and E (y) = β. Then x ∈ Eα and

y ∈ Eβ . Since Eα and Eβ are filters, it follow that x ∨ y ∈ Eα and x ∨ y ∈ Eβ , i.e.,

E (x ∨ y) � α and E (x ∨ y) � β.

Hence E (x ∨ y) � α g β = E (x)g E (y) .

4.2 Picture Fuzzy Filters in a Picture Fuzzy Lattice

This section extends the notion of a crisp filter and a fuzzy filter in a fuzzy lattice [30,34] to a

crisp filter and a picture fuzzy filter in a picture fuzzy lattice, as well as giving more of their

characterizations and proving some properties.

Definition 4.2. Let (X,R) be a picture fuzzy lattice and let E be a non-empty subset of X . E

is a crisp filter on (X,R) if it satisfies the following conditions, for any x, y ∈ X :

(i) If x ∈ X, y ∈ E andR(y, x) � 0D∗ , then x ∈ E.

(ii) If x, y ∈ E, then x u y ∈ E.

Example 4.4. Let (X,R) be the picture fuzzy lattice defined in Example 3.8, and let E1 =

{a, b} be a non-empty subset of X . It easy to see that E1 is a crisp filter of (X,R) .

Definition 4.3. Let (X,R) be a picture fuzzy lattice and let E be a picture fuzzy subset of X .

E is a picture fuzzy filter on (X,R) if it meets the conditions below:

(C1) E (x u y) � E (x)f E (y), for all x, y ∈ X .
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(C2) R (x, y) � 0D∗ implies E (x) � E (y) , for all x, y ∈ X .

Proposition 4.3. Let (X,R) be a picture fuzzy lattice. If E and F are two picture fuzzy filters of

(X,R) , then E ∩ F is a picture fuzzy filter of (X,R) .

Proof. Suppose that E and F are two picture fuzzy filters of (X,R) . Then, for all x, y ∈ X,

(C1) (E ∩ F ) (x u y) = E (x u y)f F (x u y)
� (E (x)f E (y))f (F (x)f F (y))

= (E (x)f F (x))f (E (y)f F (y))

= (E ∩ F ) (x)f (E ∩ F ) (y) .

(C2) suppose that R (x, y) � 0D∗ . Then E (x) � E (y) and F (x) � F (y) , this implies that

E (x)f F (x) � E (y)f F (y) . That is, (E ∩ F ) (x) � (E ∩ F ) (y) .

Remark 4.3. The union of two picture fuzzy filters does not necessarily be a picture fuzzy

filter, as seen in the following example:

Example 4.5. Let X = {0, a, b, 1} and let (X,R) be the picture fuzzy lattice given by the

following table and represented by the given Hasse diagram.

R 0 a b 1

0 (1.00, 0.00, 0.00) (0.20, 0.30, 0.50) (0.30, 0.10, 0.50) (0.30, 0.00, 0.40)

a (0.00, 0.00, 1.00) (1.00, 0.00, 0.00) (0.00, 0.00, 1.00) (0.30, 0.00, 0.40)

b (0.00, 0.00, 1.00) (0.00, 0.00, 1.00) (1.00, 0.00, 0.00) (0.20, 0.30, 0.40)

1 (0.00, 0.00, 1.00) (0.00, 0.00, 1.00) (0.00, 0.00, 1.00) (1.00, 0.00, 0.00)

0

a b

1

Hasse diagram of (X,R), where X = {0, a, b, 1}.

(0.30,0.00,0.40)

(0.30,0.10,0.50)(0.20,0.30,0.50)

(0.30,0.00,0.40) (0.20,0.30,0.40)
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We define the two picture fuzzy filters E1 and E2 on (X,R) by

X E1 (x) E2 (x)

0 (0.00, 0.00, 1.00) (0.00, 0.00, 1.00)

a (0.20, 0.40, 0.30) (0.00, 0.00, 1.00)

b (0.00, 0.00, 1.00) (0.10, 0.50, 0.20)

1 (0.30, 0.20, 0.20) (0.30, 0.20, 0.10)

Then,

X (E1 ∩ E2) (x) (E1 ∪ E2) (x)

0 (0.00, 0.00, 1.00) (0.00, 0.00, 1.00)

a (0.00, 0.00, 1.00) (0.20, 0.40, 0.30)

b (0.00, 0.00, 1.00) (0.10, 0.50, 0.20)

1 (0.30, 0.20, 0.20) (0.30, 0.20, 0.10)

It is easy to see that E1 ∩ E2 is a picture fuzzy filter of (X,R), but E1 ∪ E2 is not a picture

fuzzy filter. Indeed, (E1 ∪ E2) (a u b) = 0D∗ , (E1 ∪ E2) (a) f (E1 ∪ E2) (b) = (0.1, 0.6, 0.3) and

(0, 0, 1) � (0.1, 0.6, 0.3) .

Proposition 4.4. Let (X,R) be a picture fuzzy lattice and let E be a picture fuzzy subset on X.

If E is a picture fuzzy filter of (X,R) , then S (E) and ker (E) are crisp filters of (X,R) .

Proof. Suppose that E is a picture fuzzy filter of (X,R) and let x, y ∈ X.

1. If x ∈ S (E) andR(x, y) � 0D∗ implies E (y) � E (x) � 0D∗ . Thus y ∈ S (E) .

2. If x, y ∈ S (E), then E (x) � 0D∗ and E (y) � 0D∗ . Since E (x u y) � E (x) f E (y) ,

according to Proposition 2.3(4), E (x u y) � 0D∗ , i.e., x u y ∈ S (E) .

Similarly, we obtain the same result for ker (E) .

Proposition 4.5. Let (X,R) be a picture fuzzy lattice and let E be a picture fuzzy subset on X.

E is a picture fuzzy filter of (X,R) if and only if its α-cuts are crisp filters of (X,R).

Proof. Let x, y ∈ X, α ∈ D∗0. Assume that E is a picture fuzzy filter of (X,R).

1. If x ∈ Eα andR (x, y) � 0D∗ , then E (x) � α and E(y) � E(x) � α. Hence y ∈ Eα.

2. If x, y ∈ Eα, then E(x) � α and E(y) � α. According to Proposition 2.3, we obtain

E(x u y) � E(x)f E(y) � α, That is, x u y ∈ Eα.
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Conversely, suppose that Eα are crisp filters of (X,R) , for all α ∈ D∗0.

(C1) Put E(x)f E(y) = β. It is easy to see that if β = 0D∗ , then E(x u y) � E(x)f E(y).

If β � 0D∗ . We have E(x) � β and E(y) � β it follows that x, y ∈ Eβ. Then x u y ∈ Eβ .

Hence E(x u y) � β = E(x)f E(y).

(C2) Suppose thatR (x, y) � 0D∗ and put E (x) = γ. The case γ = 0D∗ is trivially.

If γ � 0D∗ . Then x ∈ Eγ implies y ∈ Eγ. Hence E(y) � γ = E(x).

Now, we give some characterizations of picture fuzzy filters of a picture fuzzy lattice.

Theorem 4.2. E is a picture fuzzy filter of a picture fuzzy lattice (X,R) if and only if it satisfies (C1)

and

(C3) for all x, y ∈ X,E (x) � E (x u y)f E (y).

Proof. Suppose that E is a picture fuzzy filter of (X,R). It suffices to prove (C3).

Since R (x u y, x) � 0D∗ , then according to (C1) and (C2), E(x) � E(x u y) � E (x u y) f
E (y) .

Conversely, suppose that (C1) and (C3) are satisfied.

IfR (x, y) � 0D∗ , then x u y = x implies E(y) � E (x u y)f E (x) = E (x) .

Theorem 4.3. E is a picture fuzzy filter of a picture fuzzy lattice (X,R) if and only if it satisfies

(C4) for any x, y, z ∈ X,R (x u y, z) � 0D∗ implies E (z) � E (x)f E (y).

Proof. Let x, y, z ∈ X . Suppose that E is a picture fuzzy filter of (X,R) .
IfR (x u y, z) � 0D∗ , then according to (C1) and (C2 ), E (z) � E (x u y) � E (x)f E (y) .

Conversely, suppose that (C4) is satisfied. Then,

1. SinceR (x u y, x u y) � 0D∗ , then E (x u y) � E (x)f E (y).

2. If R (x, y) � 0D∗ , then R (x u x, y) � 0D∗ . It follows that E (y) � E (x) f E (x) , that is,

E (y) � E (x) .
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Theorem 4.4. E is a picture fuzzy filter of a picture fuzzy lattice (X,R) if and only if it satisfies (C1)

and

(C5) for all x, y ∈ X,E (x t y) � E (x) .

Proof. Let x, y ∈ X .

Suppose that E is a picture fuzzy filter of (X,R). It suffices to prove (C5).

SinceR (x, x t y) � 0D∗ , then E (x t y) � E (x) .

Conversely, suppose that (C1) and (C5) are satisfied.

IfR (x, y) � 0D∗ , then x t y = y. Hence E (x) � E (x t y) = E (y) .

Theorem 4.5. E is a picture fuzzy filter of a picture fuzzy lattice (X,R) if and only if the following

condition is satisfied:

(C6) for all x, y ∈ X,E (x u y) = E (x)f E (y).

Proof. Suppose that E is a picture fuzzy filter of (X,R).
In view of the definition of picture fuzzy filter, it suffices to show that E (x u y) � E (x)f

E (y).

Let x, y ∈ X. Since R (x u y, x) � 0D∗ and R (x u y, y) � 0D∗ , then E (x u y) � E (x) and

E (x u y) � E (y) . Hence E (x u y) � E (x)f E (y).

Conversely, suppose that E (x u y) = E (x)f E (y), for all x, y ∈ X.

1. E (x u y) = E (x)f E (y) implies (C1).

2. If R (x, y) � 0D∗ , then x u y = x. Thus E (x) = E (x u y) = E (x) f E (y), that is,

E (x) � E (y).

4.3 Picture Fuzzy Prime Filters in a Picture Fuzzy Lattice

In what follows, we extend the notion of fuzzy prime filters in a fuzzy lattice and intuition-

istic fuzzy prime filters in an intuitionistic fuzzy lattice [6, 31, 32, 34] to picture fuzzy prime

filters in a picture fuzzy lattice and prove some of its results.
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Definition 4.4. Let (X,R) be a picture fuzzy lattice and let E be a crisp filter of (X,R). E is

called crisp prime filter if for all x, y ∈ X , x t y ∈ E implies that x ∈ E or y ∈ E.

Definition 4.5. Let (X,R) be a picture fuzzy lattice and let E be a picture fuzzy filter of

(X,R). E is called a picture fuzzy prime filter if for all x, y ∈ X , E(x t y) = E(x)g E(y).

Remark 4.4. The intersection of two picture fuzzy prime filters of (X,R) does not be neces-

sarily a picture fuzzy prime filter of (X,R).

Example 4.6. Consider the lattice (X,R) given in Example 4.5.

Let E1, E2 be two picture fuzzy prime filters on (X,R) defined by

X E1 (x) E2 (x)

0 (0.00, 0.00, 1.00) (0.00, 0.00, 1.00)

a (0.20, 0.40, 0.30) (0.00, 0.00, 1.00)

b (0.00, 0.00, 1.00) (0.10, 0.50, 0.20)

1 (0.20, 0.40, 0.30) (0.10, 0.50, 0.20)

Then,

X (E1 ∩ E2) (x)

0 (0.00, 0.00, 1.00)

a (0.00, 0.00, 1.00)

b (0.00, 0.00, 1.00)

1 (0.10, 0.60, 0.30)

It is easy to checked that E1 ∩ E2 is a picture fuzzy filter.

But (E1 ∩ E2) (a t b) = (E1 ∩ E2) (1) = (0.10, 0.60, 0.30) , in other hand, (E1 ∩ E2) (a) g

(E1 ∩ E2) (b) = (0, 0, 1) g (0, 0, 1) = (0, 0, 1) 6= (0.10, 0.60, 0.30). Hence the picture fuzzy filter

E1 ∩ E2 is not prime.

Proposition 4.6. Let (X,R) be a picture fuzzy lattice. If E is a picture fuzzy prime filter on (X,R),
then S (E) and ker (E) are crisp prime filters on (X,R).

Proof. Suppose that E is a picture fuzzy prime filter on (X,R). From Proposition 4.4, it holds

that S (E) is a filter on (X,R). Next, we prove that S (E) is prime.

Let x, y ∈ X. If x ∨ y ∈ S (E) , then E (x ∨ y) � 0D∗ . Since E(x ∨ y) = E(x) g E(y), this

implies from Proposition 2.3(6) that E(x) � 0D∗ or E(y) � 0D∗ . Hence, either x ∈ S (E) or

y ∈ S (E) .
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Theorem 4.6. Let (X,R) be a picture fuzzy lattice. if for all α ∈ D∗0, Eα are crisp prime filters on

(X,R) , then E is a picture fuzzy prime filter on (X,R) .

Proof. Suppose that Eα are crisp prime filters on (X,R) , for all α ∈ D∗0. From Proposition

4.5, E is a picture fuzzy filter on (X,R). It remains to show the primality of E, i.e., for all

x, y ∈ X , E(x t y) = E(x)g E(y).

Put E(x t y) = α. Then x t y ∈ Eα. Since Eα is a prime filter, this implies that x ∈ Eα or

y ∈ Eα. Hence E(x)g E(y) � α = E(x t y).
On other hand, since R (x, x t y) � 0D∗ and R (y, x t y) � 0D∗ these imply that E(x) �

E(x t y) and E(y) � E(x t y). Hence E(x)g E(y) � E(x t y).

Remark 4.5. Unlike the fuzzy case, the converse implication in Proposition 4.6 is not true.

Indeed.

Example 4.7. Let (X,R) be the lattice given as follows

R 0 a b c 1

0 1D∗ (0.20, 0.01, 0.70) (0.40, 0.20, 0.30) (0.50, 0.10, 0.30) 1D∗

a 0D∗ 1D∗ (0.40, 0.10, 0.50) (0.10, 0.00, 0.60) (0.70, 0.00, 0.20)

b 0D∗ 0D∗ 1D∗ 0D∗ (0.30, 0.00, 0.40)

c 0D∗ 0D∗ 0D∗ 1D∗ (0.50, 0.20, 0.10)

1 0D∗ 0D∗ 0D∗ 0D∗ 1D∗

bc

a

1

0

Hasse diagram of (X,R), where X = {0, a, b, c, 1}.

(0.30,0.00,0.40)

(0.30,0.10,0.50)(0.20,0.30,0.50)

(0.30,0.00,0.40) (0.20,0.30,0.40)

(0.20,0.01,0.70)

(0.30,0.00,0.40)

(0.30,0.00,0.40)

(0.30,0.00,0.40)

The following table represented two picture fuzzy subsets: E1 and its support, and E2

and its kernel
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X E1 (x) E2 (x) S(E1) (x) ker(E2) (x)

0 0D∗ 0D∗ 0 0

a (0.10, 0.60, 0.30) 0D∗ 1 0

b (0.10, 0.40, 0.10) (0.10, 0.30, 0.20) 1 0

c (0.20, 0.10, 0.30) 1D∗ 1 1

1 (0.20, 0.60, 0.10) 1D∗ 1 1

It is easy to see that S (E1) and ker (E2) are crisp prime filters on (X,R), but E1 and E2

are not PFPFs on (X,R).
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Conclusion

T his study has shed light on the complexities and challenges of understanding uncer-

tainty and ambiguity in real phenomena through a strict focus on theoretical aspects,

affirming the vital role that picture fuzzy sets play in developing mathematical theories ca-

pable of addressing these challenges.

Through the careful theoretical discussion of the definitions presented by Coung, theo-

retical modifications are suggested that may provide a new horizon for research in this field.

By applying these modifications to other theories in mathematics, this work has expanded

the horizons of picture fuzzy sets, demonstrating its utility in modeling complex structures

in picture fuzzy sets, picture fuzzy relations, picture fuzzy lattices, and the precise concepts

of filters in this context. Despite its purely theoretical nature, the insights provided by this

study greatly enhance our ability to visualize and analyse complex concepts related to pic-

ture fuzzy sets and their future applications.

The results of this thesis indicate great potential for future research, especially in the area

of developing more advanced mathematical theories based on the concepts explored here.

Future work can build on the theoretical foundations established by this study to explore

new applications in mathematics, artificial intelligence, computer science, and beyond, thus

expanding the scope of picture fuzzy sets and their contribution to contemporary challenges.
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في هذه الأطروحة، قمنا بمناقشة تعريفات كيونغ وكراينوفتش ثم تعديلها من خلال دراسة بنية  ملخّص:

قدمنا ، التي تعمل كنموذج أولي لمجموعة الضبابية للصورة. من خلال هذه المفاهيم المعدلة، Dالمجموعة *

 αالدقيق، والخط الضبابي من الدرجة  α، والقطع αبعض المجموعات المميزة مثل الحامل، والنواة، والقطع 
. لقد أثبتنا بعض خصائص هذه المجموعات المميزة وقدمنا أيضًا Dفي * αلمجموعة الضبابية للصورة، حيث 

روطة ض عوامل تحويل أتاناسوف المشبعض نظريات التفكيك لمجموعة ضبابية للصورة. كما قمنا بتوسيع بع
لتشمل الحالة الضبابية للصورة. بالإضافة إلى ذلك، قمنا باستكشاف بعض الجوانب الأساسية المتعلقة بعلاقات 
الضبابية للصورة، وشبكات الضبابية للصورة، ومرشحاتها، وتمييزها باستخدام الحامل، والنواة، والقطع، وما 

 بعض النتائج الموجودة المتعلقة بالمرشحات الأولية. إلى ذلك. كما أثبتنا أيضًا
 ،ضبابية للصورة شبكة، ضبابية للصورةعلاقة  ،*Dالمجموعة  ،ضبابية للصورةمجموعة  الكلمات المفتاحية:

 ضبابي للصورة. اتمرشح

 
 

 

Abstract: In this thesis, we have discussed and subsequently modified 
Coung's definitions through the study of the structure of D* (the set of 
membership degrees), which serves as a prototype of the picture fuzzy set. 
Through these modified concepts, we introduced some characteristic sets 
such as support, kernel, α-cuts, strong α-cuts, and the picture fuzzy lines of 
degree α of a picture fuzzy set, where α is in D*. We demonstrated some of 
their properties. Also, we presented some decomposition theorems for a 
picture fuzzy set and extended some of Atanassov's modal operators to the 
picture fuzzy case. Additionally, we explored some of the fundamental 
aspects related to picture fuzzy relations, picture fuzzy lattices, and their 
filters, characterizing them using support, kernel, a-cuts, etc. We also proved 
some existing results related to picture fuzzy prime filters. 
Keywords: Picture fuzzy set, the set D*,  picture fuzzy relation, picture fuzzy 
lattice, picture fuzzy filters. 
 
 

 

Résumé : Dans cette thèse, nous avons étudié et corrigé les définitions de 
Coung et Kreinovich à travers l'étude de la structure de l'ensemble D*, qui 
sert de prototype de l'ensemble flou d'image. À travers ces concepts 
modifiés, nous avons introduit des ensembles spéciaux tels que le support, 
le noyau, les α-coupe, les α-coupe strict et les lignes de floues de degré α 
d'un ensemble flou d'image, où α est dans D*. Nous avons prouvé certaines 
de leurs propriétés et présenté également quelques théorèmes de 
décomposition pour un ensemble flou d'images. Nous avons étendu certains 
des opérateurs d'Atanassov au cas de flou d'image. De plus, nous avons 
exploré certains des aspects fondamentaux liés aux relations floues 
d'images, aux treillis flous d’image, à leurs filtres, les caractérisation à l'aide 
du support, du noyau, des α-coupes…, etc. Nous avons également prouvé 
certains résultats existants relatifs au prime filtre. 
Mots-clés : Ensemble flou d'image, l'ensemble D*, relation floue d'image, 
treillis flou d’image, filtre flou d’image. 
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