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Chapter 1

Basic definitions

1.1 Statistics

Statistics involves scientific methods for collecting, organizing, summarizing, presenting,
and analyzing data. It also includes drawing reliable conclusions and making sound
judgments based on this analysis. Statistics can refer to the data or numerical summaries
derived from the data, such as averages. Examples of this include employment data,

accident statistics, and more.

1.2 Population and sample

1.2.1 Population

In statistics, a population refers to the entire set of individuals, items, or data that we
want to study or gather information about. It is the complete group that shares at least
one characteristic that is of interest for our investigation.

Here, some examples of Population.
—EE ~

e All Students in the institution: If we want to know the average height of

students at our institution, we need to look at all the students who go there.

e All Apples in an Orchard: The population of apples cultivated in that
orchard is what a farmer needs to know to find out the average weight of

apples.
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e All Residents of a City: The population of a city is everyone who lives
there. This is how the government can figure out how much money people in

that city make on average.

e All Manufactured Cars in a Year: The population for a vehicle firm

assessing failure rates can be all the automobiles made in 2025.

e The study’s goal defines the population.

It might be limited (like 500 pupils at a school) or unlimited (like all the

potential tosses of a die).
e Before gathering data, the population should be well defined.

e The population is significant in statistics since it is the group we want to learn

more about.

e Parameters are measurements or qualities that are determined from the pop-

ulation (for example, the population mean or the population variance).

1.2.2 Sample

Observing the entire group is often impractical when collecting data about the character-
istics of individuals or objects. For example, this can include measuring the heights and
weights of university students or counting the number of defective and non-defective bolts
produced in a factory on a specific day. Instead of examining the entire group, known as
the population or universe, researchers typically focus on a subset of the group, called a
sample.

A statistical sample is a subset of individuals, items, or data points selected from a
larger population, which is used to represent that population for analysis. The goal is to
conclude the entire population without having to collect data from every member. Here

we have three concepts.

e Population: The entire group you want to study.

e Sample: A smaller group chosen from the population.

A. ABED 8
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e Sampling: The process of selecting this subset.
In general, there are four types of sampling.
¢ Random Sampling: Every member has an equal chance of being selected.

e Stratified Sampling: The population is divided into subgroups, and samples are

taken from each.
e Systematic Sampling: Every n'* member is selected from a list.
e Convenience Sampling: Samples are chosen based on ease of access (less reliable).

The importance of the sample appears in:

e Saves time and resources.
o Makes data collection feasible.

e Allows for statistical inference about the population.

Suppose we want to know the average height of students in a university with 10,000

students. Measuring all 10,000 would be difficult, so we select a sample of 200
students at random. The average height from this sample is then used to estimate

the average height for all students.

1.3 Variable

A statistical variable is a trait or quality that can have different values for the things
or people being studied. In statistics, variables are things that you look at, measure, or
change in an experiment or survey.

A variable is a symbol, such as X, Y, z, y, A, or B, that can take on any value from a
specific set known as the domain of the variable. On the other hand, a constant remains
fixed and does not change; it can only assume a single value.

In general, there are two types of statistical variables.

e QQuantitative variable

e Qualitative variable

A. ABED 9
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1.3.1 Quantitative variable

A quantitative variable (also known as a numerical variable) is a type of variable in statis-
tics that represents measurable quantities and is expressed as numbers. These variables
can be used to perform mathematical operations, such as addition, subtraction, averaging,
etc. For instance, a quantitative variable is established when a measurement is needed to
describe this characteristic or when a count is required to quantify it.

Here are some examples of quantitative variables:

e Age (in years)

Salary (in dollars)

Test scores

Distance (in kilometers)

Temperature (in degrees)

Quantitative variables are generally divided into two types:
e Continuous variable

e Discrete variable

a Continuous variable

A continuous variable is a type of quantitative variable that can take any value within
a given range. Unlike discrete variables, which can only take specific, separate values
(often counts), continuous variables can have an infinite number of possible values, often

including fractions and decimals. This variable is characterized by:

e Can be measured, not counted (e.g., height, weight, temperature).
e Can assume any value within an interval (e.g., 2.5 kg, 37.8°C").

e Values are not restricted to whole numbers.

Here are some examples of Continuous Variables:

A. ABED 10
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Height: 170.5 ¢m, 172.0 ¢cm, 173.8 cm, etc.

Weight: 65.2 kg, 70.75 kg, 80.0 kg, etc.

Time: 2.03 seconds, 5.5 minutes, 1.25 hours, etc.

Temperature: 36.6°C', 98.6°F, etc.

Distance: 3.1 km, 5.85 miles, etc.

Data that a continuous variable can described is called continuous data.

The heights of 100 university students are an example of continuous data.

b Discrete Variable

A discrete variable is a type of quantitative variable that can take only specific, dis-
tinct values—usually whole numbers. Discrete variables are often the result of counting

something rather than measuring it. This variable is characterized by:

e Values are countable and separate (cannot take on every possible value within a

range).
e No fractions or decimals between values (e.g., you cannot have 2.5 students).
e Usually represents counts or occurrences.

Here are some examples of Discrete Variables:

M )

e Number of students in a classroom (e.g., 20, 21, 22)

Number of cars in a parking lot (e.g., 5, 10, 15)

Number of books on a shelf

Number of goals scored in a match

Number of siblings a person has

Data that a discrete variable can described is called discrete data.

A. ABED 11
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The number of children in each of 1000 families is an example of discrete data. J

1.3.2 Qualitative Variable

A qualitative variable (also known as a categorical variable) is a type of variable that
describes or categorizes an attribute or quality, rather than measuring a numerical value.
It is a characteristic of interest that results in a non-numeric value. The values of a
qualitative variable are labels or categories rather than numbers. A qualitative variable

is characterized by:

e Describes qualities or characteristics (not amounts or measurements).
e Values are categories or groups (e.g., color, type, brand).

e Cannot perform meaningful mathematical operations on the values.
The qualitative variable is usually divided into two types:

e Nominal: Categories with no natural order (e.g., gender, blood type, eye color).

e Ordinal: Categories with a meaningful order or ranking, but not measured (e.g.,

education level, satisfaction rating).

Here are some examples of qualitative variables:

e Gender: Male, Female, Other

Marital status: Single, Married, Divorced

Nationality: American, Indian, French

Car brand: Toyota, Ford, BMW

Eye color: Blue, Brown, Green

The available categories for qualitative variables are frequently coded for computerized
statistical analysis. Marital status can be marked as 1, 2, or 3, where 1 denotes single, 2

denotes married, and 3 denotes divorced. Gender could be coded as 0 for females and 1

A. ABED 12
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for males. Any qualitative variable’s categories can be coded similarly. Despite the fact
that numerical values are associated with the characteristic of interest after coding, the

variable seems qualitative.

A. ABED 13



Chapter 2

One-variable statistical series

2.1 Statistical series

A statistical series is a set of pairs (x;,n;), where the x; are the values taken from the

character and the n; is the number of times the value x; appears.

2.2 Numerical representation

2.2.1 Frequency distribution

The frequency n; of a particular value x; is the number of times the value occurs in the
data. The distribution of a variable is the pattern of frequencies, meaning the set of all
possible values and the frequencies associated with these values.

The total number of categories is therefore:
i

2.2.2 Relative frequency

The relative frequency f; of a particular value z; is obtained by dividing its frequency by

the sum of all the frequencies.

S

="

14
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The sum of the relative frequencies will always equal one.

2.2.3 Percentage

The percentage of a given value z; is obtained by multiplying its relative frequency by

100.

The sum of the percentages for all the categories will always equal 100 percent.

\
w A

A statistical study was conducted on a group of Algerian university students about

their hobbies, and the results were as follows :

sports music acting shaving reading music sports swimming shaving
trade shaving acting trade music trade trade trade acting reading reading
trade trade trade swimming swimming

The table below shows the frequency of each hobby for students, as well as the

relative frequency and percentage.

Table 1. Example 1

Hobbies Frequency | Relative frequency Percentage

Sports 2 2/25 = 0.08 100 x 0.08 =8 %
Music 3 3/25 =0.12 100 x 0.12 =12 %
Acting 3 3/25 =0.12 100 x 0.12 =12 %
Shaving 3 3/25 =0.12 100 x 0.12 =12 %
Reading 3 3/25 =0.12 100 x 0.12 =12 %
Swimming 3 3/25 =0.12 100 x 0.12 =12 %
Trade 8 8/25 = 0.32 100 x 0.32 =32 %

We count the number of defects observed on a sample of a thousand pieces obtained

from a factory’s daily production :

A. ABED 15
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Table 2. Example 2

Number of defects | Frequency
0 570
1 215
2 140
3 60
4 15

1. Determine the series (z;,n;)
2. Calculate the relative frequency of each category

3. Calculate the percentage of each category

2.2.4 Cumulative frequency distributions

A cumulative frequency distribution gives the total number of values that fall below

various class boundaries of a frequency distribution.

Table 3 shows the frequency distribution of the contents in milliliters of a sample

of 25 one-liter bottles of soda.

Table 3. Example 3

Content in milliliters | Frequency
970 — 990 )
99071010 10
101071030 5
103071050 3
105071070 2

A. ABED
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2.2.5 Cumulative relative frequency distributions

Cumulative relative frequency is obtained by dividing the cumulative frequency by the

total number of observations (N) in the data set.

Cumulative Frequency

Cumulative Relative Frequency =
4 Y Total Number of Observations

This gives a running total of the proportion of observations up to each value, often

expressed as a decimal or percentage.

Table 4 presents the cumulative relative frequencies alongside the cumulative per-
centages corresponding to the frequency distribution outlined in Table 3.
Table 4. Example 4
Content | Cumulative Cumulative Cumulative
less than | frequency | relative frequency | percentage
970 0 0/25=0 0.00%
990 5 5/25 =0.2 20, 00%
1010 5+10=15 15/25 = 0.6 60, 00%
1030 154+5=20 20/25 =10.8 80, 00%
1050 20+ 3 =23 23/25 = 0.92 92,00%
1070 23+2=25 505 = 11 100, 00%

2.3 Characterization of a Class

A class is a grouping of data values or observations that fall within a specified range in a
frequency distribution. Classes are commonly used when data are continuous or when the
dataset is large, making it impractical to list every individual value. Each class represents
an interval or category into which data points are sorted. Classes are characterized by
their limits, boundaries, size, frequency, and midpoint, and should be mutually exclusive

and collectively exhaustive.

A. ABED 17
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2.3.1 Class Limits

Lower Class Limit: The smallest value that can belong to a class.

Upper Class Limit: The largest value that can belong to a class.

2.3.2 Class Boundaries

To keep the categories from having gaps, the real borders that divide them are generally

figured out. We can tell each class to separate itself.
e Lower class boundary.
e Upper class boundary.

In practice, the class boundaries are obtained by adding the upper limit of one class

interval to the lower limit of the next-higher class interval and dividing by 2.

2.3.3 Class Interval (size)

The size [ of the class is defined as the difference between the upper and lower boundaries

of a class.

Where :
e [ : is the lower class boundary.

e U : is the upper class boundary.

2.3.4 Class Mark (Midpoint)

The value midway between the upper and lower class limits, calculated as:

Class Mark = L+2U

For purposes of further mathematical analysis, all observations belonging to a given

class interval are assumed to coincide with the class mark.

A. ABED 18
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2.3.5 Mutual Exclusivity and Exhaustiveness

e FEach data value should belong to one and only one class.

e The class should cover all possible data values.

Consider the following exam scores, measured on a scale of 100:

Table 5. Example 5

Exam scores | 40-49 | 50-59 | 60-69 | 70-79 | 80-89

Frequency 3 7 9 7 4

e Each range (e.g., 50-59) is a class.
e 50 and 59 are called class limits.
e 50 is the lower class limit.

e 59 is the upper class limit.

e The class interval 50-59 theoretically includes all exam scores from 49.5 to

59.5. These numbers are called class boundaries.
e 49.5 is the lower class boundary.

e 59.5 is the upper class boundary.

2.4 Graphical representation

There are indeed several ways to present statistical series, which help in organizing, ana-

lyzing, and visually interpreting data. The most common methods include:

1. Tables :

e Simple tables: Present raw data in rows and columns.
e Frequency tables: Show how often each value occurs.

e Contingency tables: Display the relationship between two or more variables.

A. ABED 19
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2. Graphics :

e Bar Charts: Used to compare quantities across categories.

e Pie Charts: Illustrate proportions of a whole.

Scatter Plots: Show relationships between two numerical variables.

Dot Plots: Display individual data points.

Histograms: Show the distribution of a continuous variable.

Polygon : Display the distribution of a dataset.

2.4.1 Bar chart

A bar chart (or bar graph) is a type of graph that uses rectangular bars to represent and
compare the values of different categories. The length or height of each bar is proportional
to the value it represents. Bar charts are commonly used to display and compare discrete

categories or groups.

e Bars can be vertical or horizontal.
e Each bar represents a category (e.g., different car colors).
e The height/length of the bar shows the value or frequency for that category.

e Categories are typically placed along one axis (often the x-axis), while the values

are shown on the other axis.

w )

Arab athletes from North African countries have won 105 medals throughout their

participation in the Olympic Games, from 1896 to 2024 (Table 6).

Table 6. Example 6

Country Egypt | Morocco | Algeria | Tunisia

Number of medals 41 26 20 18

To construct a bar graph, the categories are placed along the horizontal axis, and

frequencies are marked along the vertical axis.

A. ABED 20
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Freguency

Egypt Morocco Algeria Tunisia

Country

2.4.2 Pie chart

A pie chart is a circular graph used to represent data, typically qualitative (categorical)
variables. It shows how a whole is divided into different parts, with each "slice" represent-
ing a category’s proportion or percentage of the total. A pie chart illustrates the relative
proportions of several categories, providing a swift visual representation of how a whole
is divided among its components.

Key characteristics of a pie chart are as follows:

e (ircle divided into slices: Fach slice represents one category.

e Size of slices: The size (angle/area) of each slice is proportional to the category’s

value or percentage.

e Total equals 100%: All slices together make up the whole circle (100% of the data).

m )

Suppose we surveyed 100 people about their favorite fruit:

Table 7. Example 7

Fruit Apples | Oranges | Bananas | Grapes

Frequency 40 25 20 15

A. ABED 21
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A pie chart would have four slices, with the size of each slice showing the proportion

of people who chose each fruit.

I Apples

15%

40%

2.4.3 Scatter Plots

A scatter plot is a type of data visualization that uses dots to represent the values obtained
for two different variables—one plotted along the x-axis and the other along the y-axis.
Scatter plots are especially useful for identifying relationships, trends, or correlations

between variables. Key Features of a Scatter Plot are as follows:
e X-axis and Y-axis: Represent two variables (e.g., height vs. weight).
e Dots: Each dot represents one data point.

e Trend Lines (optional): Sometimes a line (like a line of best fit) is added to show

the overall direction of the data.
Here, some examples of use cases:
e Examining Correlation: For example, comparing hours studied and exam scores.
e Detecting Outliers: Identifying data points that do not follow the pattern.

e Visualizing Clusters: Observing groups or patterns within the data.

A. ABED 22
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Consider data reflecting the correlation between hours studied and the associated

test results of many students:

Table 8. Example 8
Hours Studied | 2 | 4 | 6 | 8 | 10

Test Score 65|70 | 75| 85 | 90

In a scatter plot, "Hours Studied" should be shown on the x-axis and "Test Score"

on the y-axis. Every student would represent a point on the graph.

) ) ) ) )
90 | | | | .
85 — u ]
o 80 — -
(% - -
75 — -
% [ |
= N -
70 — [ ]
65 — [ -
| ! | ! | ! | ! |
2 4 6 8 10
Hours Studied

2.4.4 Dot Plots

A dot plot is a simple and effective way to display small sets of numerical data using dots.
Each dot represents one occurrence of a value. Dot plots are useful for visualizing the
distribution and frequency of data points along a number line.

The primary characteristics of a dot plot can be described as follows:
e Number Line: The values of the variable are placed along a horizontal axis.

e Dots: Each dot represents one data point for a particular value. If a value occurs

more than once, dots are stacked vertically.

e Simplicity: Best used for small data sets or data with limited, discrete values.

A. ABED 23
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Dot plots are used :

e To show the frequency of small data sets.
e When you want a clear, simple visual of data distribution.

e To make it easy to compare counts for each category.

Suppose you surveyed the number of pets owned by 10 students:

Table 9. Example 9
Number of Pets 0111234

Number of Students | 2 |4 |2 | 1|1

The dot plot would look like this:

Each dot stands for one student.

2.4.5 Histogram

A histogram is a kind of bar graph that shows how often data points fall within cer-
tain ranges or intervals, which are called "bins." This shows how the data is spread out.
Histograms are great for showing the shape, spread, and central tendency of data that
changes over time.

The primary characteristics of a Histogram can be described as follows:

e X-axis (Horizontal): Shows the intervals (bins) into which the data is grouped.

e Y-axis (Vertical): Shows the frequency (number of data points) for each bin.
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e Bars: The number of data points in a certain range is shown by each bar. The bars

touch each other to show that the data is continuous.

Let us say we have test scores for a group of students:
‘Score‘62‘67‘70‘72‘73‘75‘77‘80‘82‘85‘87‘90‘92‘
We could divide scores into bins (e.g., 60-69, 70-79, 80-89, 90-99):

Score Range | 60-69 | 70-79 | 80-89 | 90-99

Frequency 2 ) 4 2

The histogram would have four bars, each one’s height corresponding to the fre-

quency of scores in that bin.

6,0
55 -
5,0 4
45
4,0 -
354
3,04
2,5 -
2,0 3
1,5 -
1,0 -]
0,5-:
0’O'I"I"I"I"I"I'

50 55 60 65 70 75 80 85 90 95 100 105 110

Frequency

Score Range

The histogram is used :
e To visualize the distribution of continuous or large discrete data.
e To identify patterns (like skewness, modality, or outliers) in the data.

e To compare the spread and central tendency of data sets.

In histograms, the bars touch each other and are used for continuous data. This is

different from bar charts. Bar charts are used for categorical data, but the bars do

ont touch each other.
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2.4.6 Polygon

In statistics, a polygon often refers to a frequency polygon, which is a graphical way to
display the distribution of a dataset. A frequency polygon is similar to a histogram but
uses points connected by straight lines instead of bars.

The main features of a Frequency Polygon are as follows:

e X-axis: Represents the class intervals (midpoints of bins).
e Y-axis: Represents the frequency (number of data points in each bin).

e Points: Plotted at the midpoint of each interval at a height corresponding to the

frequency.

e Lines: Straight lines connect these points, forming a polygonal shape.

We usually use frequency polygons to compare distributions, which means putting a
set of polygons along the same axes. This is to find out the shape of a distribution, or
when we need a linear option instead of a histogram.

A frequency polygon shows frequency with connected dots instead of bars, which is

different from a histogram.

Suppose we have the following data on test scores:

Score Range | 60-69 | 70-79 | 80-89 | 90-99

Frequency 2 ) 4 2

First, we need to find the class Marks.

Score Range | 60-69 | 70-79 | 80-89 | 90-99

Class Marks | 64.5 74.5 84.5 94.5

The polygon frequency is illustrated in this figure.
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50 60 70 80 90
Score range

100 110

2.5 Characteristics of position

There are many different measures of central tendency.

measures of central tendency are

e The mean.
e The median.

e The mode.

2.5.1 The mean

The mean for a sample consisting of n observations is

_ Z?:1 X T
Tr= =
n n

The three most widely used

The mean of the numbers 8, 3, 5, 12, and 10 is

8+3+5+12+10
- -

B =

7.6

A. ABED
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And the mean for a population consisting of N observations is

_Zf\ilxi_Zx
N N

The mean for grouped data is given by

2?21 nx;

T =
n Z?:1 ny;

If 5, 8, 6, and 2 occur with frequencies 3, 2, 4, and 1, respectively, the mean is

-_B6B)+E)E)+@W6) +1)E) _, -
3+2+4+1 '

2.5.2 The median

The median of a set of numbers arranged in order of magnitude (i.e., in an array) is either

the middle value or the arithmetic mean of the two middle values.

The set of numbers 3, 4, 4, 5, 6, 8, 8, 8, and 10 has a median of 6.

\

The set of numbers 5, 5, 7, 9, 11, 12, 15, and 18 has a median %(9 +11) =10

For grouped data, the following formula is sometimes used to find the median.

5N —
Medz'anquL% (U — L)
median

Where,

e [ : the lower class boundary of the median class

U : the upper class boundary of the median class

e N : the number of items in the data

¢ : sum of frequencies of all classes lower than the median class

fmedian : frequency of the median class

A. ABED
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2.5.3 The mode

The mode of a set of numbers is that value which occurs with the greatest frequency. The

mode may not exist, and even if it does exist, it may not be unique.

The set 2, 2,5,7,9,9,9, 10, 10, 11, 12, and 18 has mode 9, and is called unimodal.

A statistical series may have no mode.

The set 3, 5, 8, 10, 12, 15, and 16 has no mode.

A statistical series can also have more than one mode.

The set 2, 3, 4, 4, 4, 5, 5, 7, 7, 7, and 9 has two modes, 4 and 7, and is called
bimodal

2.6 Dispersion characteristics

It is desirable to have numerical values to describe the spread or dispersion of a data set.

The three most widely used measures of dispersion are

e The range
e The variance

e The standard deviation

2.6.1 The range

The range of a set of numbers is the difference between the largest and smallest numbers

in the set.

The range of the set 2, 3, 3, 5, 5, 5, 8, 10, 12 is 12 =+ 2 = 10. Sometimes the range

is given by simply quoting the smallest and largest numbers; in the above set, for

instance, the range could be indicated as 2 to 12, or 2 — 12.
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2.6.2 The variance
The variance of a population of size N is represented by ¢? and is given by

2 _ 7{\;1(% - H)z

N

The mean of the numbers 8, 3, 5, 12, and 10 is

—T7.6)2+ (3 —7.6)2+ (5 — 7.6)2 + (12 — 7.6)> + (10 — 7.6)?
o (B=TEP+(-T6+( 756>+< 76" +A0-T6)" _ 564

Shortcut formulas are useful in computing variances and standard deviations.

N 2
o2 = =1 Ty 12
N

The variance of the numbers 8, 3, 5, 12, and 10 is

5 8232 52 1920 102

; —7.62=684—57.76 = 10.64

o

The variance for grouped data is given by

n 2
2 _ Lim il o

n
i=1 "

g

If 5, 8, 6, and 2 occur with frequencies 3, 2, 4, and 1, respectively, the variance is

o= QO+ @O+ WO+ M@ _ 5725513349261
3+2+4+1

2.6.3 The standard deviation

The standard deviation of a data set measures the spread of the data about the mean of
the data set.

The standard deviation is
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o= Vo2

2.6.4 Coefficient of variation

The coefficient of variation is equal to the standard deviation divided by the mean. The

result is usually expressed as a percent.

The coefficient of variation for a population is given by

CV = Z % 100%

Application

This table gives the annual returns for 30 randomly selected mutual funds

10.5 | 12.5 | 14.5 | 22.0 | 12.5
-25 1202 3.5 | 7.5 | 14.5

0 [17.5|14.0| 12.0 | 17.0
3 [ 275|225 ] 10.5 | 40.5
5 [ 12,7355 | 38.0 | 10.5
0 |-5519.0| 14.5 | 10.5

1. Find the mean, the median, and the mode for the annual returns.

2. Find the range, the variance, and the standard deviation for the annual returns

A. ABED
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Chapter 3

Two-variables statistical series

3.1 Definitions

A two-variable statistical series (also known as a bivariate data set or bivariate statisti-
cal series) is a collection of paired data points, where each pair consists of two variables
measured for the same item or subject. It is a series of n measurements of two quan-
tities (x;;y;;ni50=1,---,r;7 =1,--- ,p where n;; denotes the number of observations
presenting both the modality z; and the modality y;.

The main purpose is to study the relationship or association between two quantitative

variables.

We are mainly interested in the question of

e Whether the measurements of the two values are independent or not?

e If they are not independent, how are they connected?

3.2 Presentation of bivariate statistical series

3.2.1 Contingency table

A contingency table (also known as a cross-tabulation or crosstab) is a type of table in
statistics that displays the frequency distribution of variables. It is widely used to analyze

the relationship between two or more categorical variables. It shows how the frequency
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of each modality of a character is distributed according to the modalities of the other.

yl DY y] DY yp nZ
Ty | May | - | N1g | =00 | N1p | N1
Li | M | o | Mg | o0 | Thp | T
Ty Npp | - Ny | oo Npp | N
Ny | Mg | =20 [Ny | o0 | Ny | N

There is a structure for a contingency table that includes the components.

e Rows and columns correspond to the categories of the variables being analyzed.
e Cells contain the count of observations for each combination of categories.

e Marginal totals (row totals, column totals) and the total are typically included to

provide summary counts.

For instance, a study with 100 volunteers looked at handedness (right-handed vs.

left-handed) based on gender (male vs. female):

Right-handed | Left-handed | Total

Male 43 9 52
Female 44 4 48
Total 87 13 100

This is a 2 x 2 contingency table. Both the marginal totals (for example, the total
number of right-handed people) and the total (100) are presented in a comprehen-

sible manner.

Contingency tables can contain more than two dimensions. For example, a 2 x 3 table
can show the relationship between gender (male, female) and coffee preference (light,
regular, dark). We can also create a 3 x 3 table, such as the table showing gender, coffee
preference, and age group. For clarification, they are often displayed as several two-way

tables.
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3.2.2 Scatter diagram

A scatter diagram, scatter plot, or scatter graph is a graphical tool that shows how

two quantitative variables are related. The Cartesian axes show each data point as an

observation, with one variable on the x-axis and the other on the y-axis.

The scatter plot shows a bivariate series as follows.

e The x-axis usually shows the independent variable, and the y-axis shows the depen-

dent variable.

e We can see patterns like positive or negative correlation, outliers, and the overall

strength of the relationship in this picture.

A scatter plot can help us figure out:
e The direction of the relationship

e Positive correlation: the points go up from left to right.
e Negative correlation: the points go down.

e No correlation: points seem to be scattered randomly.
e The strength of the relationship

e Strong correlation: when points are close to each other along a line.
e Weak correlation: the points are more spread out.

e Outliers: It is easy to spot points that do not fit the pattern.

The table shows the weights (in kg) of adult males depend to some degree on their
heights (in cm).

Heights | 165 | 167 | 170 | 172 | 177 | 177 | 180 | 182 | 185 | 185
Weights | 71 [ 825 ] 90 | 66 | 87.5| 95 | 105 | 90 | 91 | 94

The next step is to plot the points on a rectangular coordinate system. The resulting

set of points is called a scatter diagram.

A. ABED
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The data appear to be approximated well by a straight line, and so we say that a

linear relationship exists between the variables.

3.3 Bivariate statistical series parameters

In general, we can group the different types of parameters used to describe a bivariate

statistical series into two groups:

e Univariate-focused parameters: The parameters that are focused on univariate
analysis are those that characterize each variable on an individual basis using

marginal and conditional distributions.

e Bivariate-focused parameters: Those that encapsulate the comprehensive joint dis-

tribution and the interrelationship between the two variables.

3.3.1 Univariate-focused parameters
a Marginal distributions

It describes each variable in isolation, disregarding the influence of the other variable. In

the context of discrete cases, one computes the total by summing the joint probabilities.

A. ABED 35



Ch3 : Two-variables statistical series

Conversely, in the realm of continuous cases, the appropriate approach involves integrating
over the other variable.

When we use marginal distributions, we can look at one variable at a time, which
makes analysis easier. The sum of all the marginal probabilities must be 1 (or 100%).
They are the starting point for looking into conditional distributions, independence, and

how variables are related.

Marginal frequency Marginal frequency denotes the cumulative total of observations
found within a specific row or column of a contingency table. This illustrates the distri-
bution of a single variable without consideration of the influence or presence of another
variable. The totals are located in the margins of the table, which gives rise to the
designation "marginal frequency."

Joint frequencies represent the counts within each cell of the table, reflecting the
frequency of specific combinations of categories.

The marginal frequency associated with z; is given by

p
n; = Z N
j=1

Likewise, the marginal frequency associated with y; is given by

T
g = N
i=1

Marginal Relative Frequency The marginal relative frequency is expressed as a frac-
tion or percentage of the whole.

The marginal relative frequency associated with x; is given by

fii=—  wherei=1,---,r

Likewise, the marginal relative frequency associated with y; is given by

n..
fi=—L wherej=1,---,p
n.

Marginal distributions table A marginal distribution table is typically derived from

a two-way contingency table.
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Marginal X distributions table

X 1’1 x2 DY xi DR xr z
n;. ny. | No. tee n;. cee Ny | N..
Ji=2 | fo | [ fi | | ] L
Marginal Y distributions table
Y Yo | Y2 | | Y | Y |
n.; nyay | Ng | =+ g | - Ny | N
AR P I I I e

Marginal means Marginal means are the averages of one variable, which are found by
taking the mean of all levels of that variable. The means mentioned above are on the
edges or margins of the table.

For X we have

For Y we have

Marginal variances It refers to the variance of a single variable within a joint (bi-
variate) distribution, excluding the effects of the other variable. This metric measures
how spread out or dispersed the variable is on its own, without taking into account any
correlation with other variables.

For X we have

o2 = Z— x (z; — 7)°
= n.
For Y we have
2 p n] _\2
Ty :Zn_ X (yj_y>
ion.

b Conditional distributions

A conditional distribution delineates the probability distribution of a specific variable,
dependent on the known value of another variable. This shows how the distribution of

(Y) changes when (X) stays the same at a specific value.
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The conditional distribution of X given that Y = y; , is given by

XY =y; = {(xl,ff), i=1,--- ,r} where fij — i

J
Likewise, The conditional distribution of Y given that X = x; , is given by
%

Y/szi:{(yj;f;); j:l,---,p} where f;:nl.

Conditional means The conditional mean, or conditional expectation, of a variable
(Y) in relation to another variable (X) indicates the expected value of (V) when (X) is
fixed or set.

For X /Y =y, we have

.,
i=1

For Y /X = z; we have

p .
= [y
j=1

Conditional variances The conditional variance of a random variable (Y') concerning
another variable (X)) measures the degree of variability of (V') in relation to its conditional
mean, given the information about (X).

For X /Y =y, we have

Let us say we have information on 200 people with two quantities that can be

measured:

e Age (in years)
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e Daily Screen Time (hours per day)
We can make four bins (intervals) for each variable:

e Age bins (X):

Al: 0-19 years

A2: 20-39 years

A3: 40-59 years

A4: 60+ years
e Screen Time bins (Y):

e S1: 0-2 hours
e S2: 2-4 hours
e S3: 4-6 hours

e S4: 6+ hours

Now we make a 4 x 4 contingency table where each cell shows how many people

fall into the right combination of intervals:

Screen Time
0—2h|2—4h|4—-6h| >6h
Age
0 — 19 years 10 15 5) 0
20 — 39 years 8 25 20 7
40 — 59 years ) 10 15 10
> 60 years 2 8 10 50

1. Construct the Marginal distributions table for X and Y.
2. Find the marginal means and variances.

3. Suppose that we want to study the distribution of Daily Screen Time for
individuals aged 35, the variable studied is the conditional variable X/Y = 35.

(a) Construct the conditional distributions table of this variable.
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(b) Find the conditional mean and variance of this variable.

4. Let us now study the age distribution of Daily Screen Time equal to 5 h. The
variable studied is the conditional variable Y/ X = [4,6 h[.

(a) Construct the conditional distributions table of this variable.

(b) Find the conditional mean and variance of this variable.

Statistical independence For each value y; of Y, the conditional distribution of
X/Y = y; is identical to the marginal distribution of X; we say that X is statistically
independent of Y.
X is statistically independent of Y if and only if :
n;j n;.

n.g n.

If X is statistically independent of Y , then:
e Y is also independent of X : we say that X and Y are independent.
® N XN..=MNj XN V(i,j>07“fij = f-j X fz

o ZU=LG=D _ PGobiy(; g

Mi(j—1) Tig)

3.4 Covariance and linear correlation coefficient

We clarify covariance and the linear correlation coefficient, including their meaning and

fundamental attributes.

3.4.1 Covariance

Covariance measures how much two variables change at the same time. It shows which

way their linear relationship goes:
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e Positive covariance means that the two variables tend to go up (or down) at the same

time.
e Negative covariance means that when one variable goes up, the other one goes down.

e A covariance of 0 signifies a lack of linear correlation; however, it does not always imply

independence.

The covariance of the variables X and Y is represented by cov(X,Y"), which is equal

to
T P
cov(X,Y)=> > fi(x -7)
=1 j5=1
This can also be expressed as:
r p
cov(X,Y) =D fiiy; —

i=17j5=1

3.4.2 Correlation coefficient

The correlation coefficient is a statistical measure that shows how strong and in what

direction two variables are related in a linear way. The values go from —1 to +1.
e A value of +1 means that there is a perfect positive linear relationship.

e A value of —1 means that there is a perfect negative linear correlation.

e A value of 0 means that there is no linear relationship.

The Pearson Product-Moment Correlation Coefficient (r) is the most common type. It

is the covariance of the two variables divided by the product of their standard deviations:

cov(X,Y)

OyOy

r(z,y) =

e Symmetry: 7(X,Y) =r(Y, X).

e Scale-invariance: Unaffected by changes in units or shifts in mean.

e Sensitive to outliers: Extreme values can distort r significantly.
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e Positive r: Both variables increase together.
e Negative r: One variable increases as the other decreases.
e Magnitude indicates strength:

e 0.7 <r < 1.0: Very strong correlation.
e 0.3 <r <0.7: Moderate correlation.

o r < 0.3: Weak or negligible correlation.

3.5 Regression curves and regression lines

Regression curves and regression lines are both concepts from statistics used to describe

the relationship between variables.

3.5.1 Regression curves

A regression curve is a curve that best fits the data points. It is used when the relationship
between variables is not linear. It can take many forms—quadratic, cubic, exponential,
logarithmic, etc. These curves are used when data points follow a pattern that is curved
rather than straight, indicating a more complex relationship.

We want to give a graphic interpretation to the notion of correlation between 2 vari-

ables X and Y.
e The regression curve of Y in X is the curve Cy,x of points M;(x;,7;).
e The regression curve of X in Y is the curve Cx/y of points M; (73, y;).

e The areas of the points M; and M; are proportional respectively to n;. and n.;.

3.5.2 Regression lines

A regression line is a straight line that best fits the data points on a scatter plot. The
linear regression line models the relationship between two variables. It is used when the

relationship between X and Y is approximately linear. We seek to summarize the cloud
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of points M;; as best as possible by a straight line. The criterion used is that of 'least-
squares'. The problem of its determination concerns the so-called linear adjustment

method.

A is a straight line with equation :

y=ar+b

and

eij = (y; —ax —b)

The problem is how to identify a A line by minimizing the following quantity :

izp:% X (gij)zzzr:zpjw X (yj—a:z:i—b)2

i=1j=1 " i=1j=1 "

The solution to the problem that €;; is counted parallel to the axis Y is the regression

line of y on z, denoted by Dy, x.

3.5.3 Equation of D/,

We will denote this equation by y = az + Z), because the exact values of a and b will never

be known. After all, in statistical problems, we mainly work with samples.
e a and b are therefore, for a given sample, approximate values of a and b.

e a is the slope of D/, given by:
cov(X,Y)

2
0%

a =
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o b represents the y-intercept of D, /,, defined as follows:
b=y —az

The equation b= y—ax translates to Dy, passes through G(z,¥), which is the center
of gravity of the point cloud.

3.5.4 Equation of D

z/y

The straight line D, , is the line that minimizes the following quantity:

Z Z (ei;) Z Z Ny (951 —ay; — 5)2

'Lljl leln

The equation of D,/, is given by :

and
eij = (1, — ay; — b)

The error e;; is a deviation counted parallel to the axis (Ox). In the same way as for Dy,

, we obtain:

e a is the slope of D,/ given by:
_ cov(X)Y)
a=——>"
&
e b represents the y-intercept of D, /y» defined as follows:

b=1 —ay
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The final equation of D, , is given by :

<
Il
Q| =
I
|
Qv SN

3.5.5 Coefficient of determination

To assess the quality of a linear adjustment, we use the following indicator:

[cou(X, Y)]*
o202
R? is the coefficient of determination for the linear regression; a higher value indicates

R =

a better fit.

e R?=|r%(z,y)| : is the square of linear correlation coefficient

e 0 < R?<1,car|r(x,y) <1

e If R? = 1, there exists an affine relation between X and Y, the points M;; are

aligned.

o If R?2 =1, the two adjustment lines are parallel to the axes.

3.6 Application

Weather stations have been established at various elevations to examine the length of the

vegetative cycle in mountainous regions. The table below shows the average temperature
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(variable Y in degrees Celsius) and the altitude (variable X in thousands of meters) for

each station.

1.1

1.2

1.5

1.6

1.7

1.9

2.2

2.5

2.8

3.1

~

7.4

6

4.5

3.8

2.9

1.9

1

-1.2

-1.5

-4.5

What average temperature do you predict at 1400 m?

A. ABED
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Chapter 4

Combinatory analysis

4.1 Sets and elements

A set is a fundamental concept in mathematics, defined as any well-defined collection of
objects, which are called elements or members of the set. The "well-defined" aspect means

that it is always clear whether an object belongs to the set or not. One usually uses :

e A B X,Y, - to denote sets.

a, b, x, y, --- to denote elements of sets.

a € S denotes that a belongs to a set S.

e C means "is an element of".

Sets are usually denoted using curly braces { }.

For example, the set of natural numbers less than 5 can be written as:

A=1{1,2,34}

The objects within the set (1,2,3,4) are its elements. The order of elements and

repetition do not matter in sets. For example, 1, 2, 3 is the same set as 3, 2, 1, 2.
Here we mention some important notes and points.

Sets are usually denoted using curly braces { }.
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For example, the set of natural numbers less than 5 can be written as:

A=1{1,2,3,4}

The objects within the set (1,2,3,4) are its elements.

The order of elements and repetition do not matter in sets. For example, {1,2, 3} is

the same set as {3,2,1,2}.

There are two ways to specify a particular set :

A=1{1,3,57,09}

B = {x|z is an even integer, x > 0}

Note that :

The set A can also be written as A = {z|z is an odd integer, x < 10}
e We can not list all the elements of B although we specify the set by B = {2,4,6,---}

Let us have the following three different sets.

E = {z|2* — Tz + 12 = 0}.

o F={3,4}.
o G={3,4,4,3}.
Then

4.1.1 Subsets

Suppose every element in a set A is also an element of a set B, that is, suppose a € A
implies a € B. Then A is called a subset of B. We also say that A is contained in B or

that B contains A. This relationship is written.

ACcBorBDA

Two sets are equal if they both have the same elements. That is

A=Bifandonlyif AC Band BC A
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4.1.2 Venn diagrams

A Venn diagram is a pictorial representation of sets in which enclosed areas in the
plane represent sets. It shows logical links between sets. Closed curves—usually cir-
cles—represent each set, with crossings representing common components and non-overlapping

portions representing unique elements.

B g

(a)AcB (b) A and B are disjoint (c) In general

Title

Here we find : The interior of a rectangle represents the Universal set U. If A C B,
then the disk of A will be entirely within the disk representing B (Figure 1.a) If A and
B are disjoint, then the disk representing A will be separated from the disk representing

B (Figure 1.b) Hence in general we represent A and B as in (Figure 1.c)

4.2 Basic counting principles

This chapter employs two fundamental counting principles. The first includes addition,

whereas the second involves multiplication.

e Sum rule principle: Assume that one event E can occur in m ways and another event
F' can occur in n ways, and that both events cannot occur at the same time. Then

E or F' can happen in m + n different ways.

e Product rule principle: Assume there is an event F that can occur in m ways and,
independent of this event, there is a second event F' that can occur in n ways. Then

combinations of £ and F' can occur m X n ways.
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4.3 Mathematical functions

4.3.1 Factorial function

n! denotes the product of positive numbers from 1 to n inclusive, often referred to as "n
factorial". Namely :
nl=1-2-3-...-(n—2)(n—1)n
Accordingly,
e 1!=1
e It is also convenient to define 0! = 1.

o nl=n(n—1)!

o 3l =3x2x1=6,

o 4l =4x3l =24

o 51 =5 x 4l = 5(24) = 120,

4.3.2 Binomial coefficients

The symbol (f), read "nCr" where r and n are positive integers with » < n, is defined

n n!
(T) - rl(n —r)!

Note that n — (n — r) = r, which yields the following important relation.

2=

as follows :
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° (170) = (130) = Syaxi = 120

4.4 Permutations

A permutation of the objects is any arrangement of a set of n objects in a given order.

An "r-permutation” is any arrangement of any r < n of these items in a given order.

Consider the set of letters A, B, C', and D. Then :

e BDCA, DCBA, and ACDB are permutations of the four letters (taken all at a

time).

e BDC, DBA, and ADB are permutations of the four letters (taken three at a

time).

e BC, BA, and AD are permutations of the four letters (taken two at a time).

The number of permutations of n objects taken r at time will be:

P(,r) =nn =D =2)(-r+1) = 75

4.4.1 Permutations with repetitions

We frequently want to know the number of permutations of a multiset, which is a collection

of items, some of which are similar. We will let

P(n;nlan%”' 7n7“>

denote the number of permutations of n objects of which n, are alike, ny are alike,- - -,
n, are alike. The general formula follows :
n!

P(n;n17n27'.'7n'r): ] | ]
1Mo+ Nyt
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Determine the number m of eight-letter words that may be created from the letters

in the word "NINETEEN". We seek the number of permutations of 8 objects, of
which 3 are alike (the three N’s), and 3 are alike (the three E’s). By equation

m = P(83,3) = - =

313! : =120

8! 8:-7-6-5-4-3-2-1
3-2-1-3-2-1

4.4.2 Ordered samples

Many problems involve selecting an element from a set S of n elements. When we select
one element after another, say r times, we refer to the selection as an ordered sample of

size r. We look at two scenarios.

a Sampling with replacement

Before selecting the next element, the element in the set S is replaced. As a result, each
time there are n possibilities to select an element (repetition is permitted). According to

the Product rule, the number of such samples is:

b Sampling without replacement

In this case, the element in the set S is not altered before the next element is chosen.
As a result, the ordered sample contains no repeats. This type of sample is simply an

r-permutation. As a result, the number of such samples is:

P(n,r):n(n—l)(n—Q)"'(”—7“+1):m

Three cards are drawn sequentially from a 52-card deck. Determine the number m

of possible solutions:

e (a) with replacement;

e (b) without replacement.
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Answer:

e (a) Each card can be selected in 52 different ways. Thus

m = 52 - 52 - 52 = 140608.

e (b) There is no substitute in this case. Thus, the first card can be chosen in 52
different ways, the second in 51 different ways, and the third in 50 different

ways. Therefore:

m = P(52,3) = 5251 - 50 = 132600.

4.5 Combinations

Assume S is a set with n items. Any selection of r of the items where order does not

matter is a mixture of these n elements taken r at a time. An r-combination is a selection

that is just a subset of S with » members. The total number of such combinations will

be represented by

Clnr) = P(n,r) _ n! _ (n)

7! rl(n —r)!

An engineer wanted to purchase equipment consisting of 3 computers, 2 scanners,
and 4 printers from a man who owns 6 computers, 5 scanners, and 8 printers.
Determine the number m of options available to the farmer.
The engineer has C(6,3) options for computers, C'(5,2) options for scanners; and
C'(8,4) options for printers.
Thus the number m of choices follows:

6! 5! 8!

— = 14000
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4.6 'Tree Diagrams

A tree diagram is a tool for listing all of the possible outcomes of a series of events, where

each event can occur in a limited number of ways. The following example shows how to

make a tree diagram.

{z,y}.

A x B x C contains

Calculate the product set A x B x C, where A = {1,2}, B = {a,b,c}, and C =

(1,a,x)
(1,a,y)
(1,b,x)
(1,b,y)
(1,¢,x)
(L,¢,y)
(2,a,x)
(2,a,y)
(2,b,x)
(2,b,y)
(2,¢,x)
(2,¢,y)

=

AAAAAD

HoROE R E R E R R XK

The tree is built from left to right here, with the number of branches at each point
representing the various outcomes of the next event. Each tree endpoint (leaf)

is labeled with the corresponding element of A x B x C. As previously stated,

m = 2(3)(2) = 12

A. ABED
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Chapter 5

Probability, conditioning and

independence

5.1 Probability and events

Probability theory began with the study of chance games like roulette and cards. The
probability p of an event A was defined as follows : if A can happen in s of n equally

likely ways, then

The sample space is defined as the set S of all possible results of a given experiment.

A sample point or sample is a specific outcome (an element in S).

An event A is a collection of outcomes, or a subset of the sample space S.

An elementary event is one that consists of {a} single sample a € S.

The empty () and S itself are events.

() set is frequently referred to as the impossible event, and S is referred to as the

certain or sure event.

Using the various set operations, we may combine events to create new events:

AU B is the event that occurs if A or B (or both) occurs.

AN B is the event that occurs if A and B both occur.
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e A€ the complement of A, is the event that occurs if A does not occur.

e Two events A and B are called mutually exclusive if they are disjoint (AN B) = 0.

Toss a die and note the number that comes up on top. The sample space then

consists of the following six numbers:

S =1{1,2,3,4,5,6}

Let A represent the occurrence of an even number, B the occurrence of an odd

number, and C the occurrence of a prime number:

A={2,4,6}
[ J

B =1{1,3,5}
[

C ={2,3,5}

Then :

AUC ={2,3,4,5,6}

BNC = {3,5}

Ce = {1,4,6}

ANB=0: Aand B are mutually exclusive.

5.2 Probability rules

Let S represent a sample space, € represent a class of events, and P represent a real-
valued function defined on €. Then P is referred to as a probability function, and P(A)

is referred to as the probability of the occurrence A if the following rules are true.
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e R1: For each event A, 0 < P(A) < 1.
e R2: P(S)=1.

e R3: P(0)) =0.

e R4: P(A°)=1-— P(A).

e R5: If A C B, then P(A) < P(B)

e R6: If A and B are any two events, then

P(A\ B) = P(A)— P(ANB)
e R7: If A and B are mutually exclusive events, then

P(AUB) = P(A) + P(B)

e R8: If A and B are any two events, then

P(AUB)=P(A)+P(B)—P(ANDB)

e R9: If Ay, Ay, -+, is a sequence of mutually exclusive events, then

P(A;UAy U+ ) = P(A)) + P(A) + - -

A. ABED 57



Chb : Probability, conditioning and independence

5.3 Probabilistic spaces

Let S = {aj,as, -+ ,a,} be a finite sample space. A finite probability space is obtained
by assigning to each point a; € S a real number p;, called the probability of a;, satisfying

the following properties:
i) each p; is nonnegative, p; > 0
ii) the sum of the p; is one,
pr+pet-+p=1

The probability P(A) of any event A is then defined to be the sum of the probabilities

of the points in A. For notational convenience we write P(a;) for P({a;}).

Let three coins be tossed and the number of heads observed; then the sample space

18

S =1{0,1,2,3}

We obtain a probability space by the following assignment

o P(0) =34
e P(1)=2
e P(2)=2
e P(3) =34

Since each probability is nonnegative and the sum of the probabilities is 1. Let A
be the event that at least one head appears and let B be the event that all heads

or all tails appear:
o A=1{1,2,3}
e B=1{0,3}

Then, by definition
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And

5.3.1 Equiprobable spaces

Frequently, the physical characteristics of an experiment suggest that the various outcomes
of the sample space be assigned equal probabilities. Such a finite probability space 5,
where each sample point has the same probability, will be called an equiprobable or
uniform space. In particular, if S contains n points, then the probability of each point

is % Furthermore, if an event A contains r points then its probability is

r
n

SRS

In other words,

number of ways that the event A can occur

P(A) =

Let 2 items be chosen at random from a lot containing 12 items, of which 4 are

number of ways that the sample space S can occur

defective. Let

e A = {both items are defective}

e B = {both items are non-defective}
Find P(A) and P(B). Now

e S can occur in C(12,2) = 66 ways.
e A can occur in C(4,2) = 6 ways.

e B can occur in C'(8,2) = 28 ways.

Accordingly
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QP(B):%:%

The probability that at least one item is defective. It is the complement of B,

C = B°. Thus,

_u_ 1
33 33

5.3.2 Infinite sample spaces

Now suppose S = {ay, a9, -} is a countably infinite sample space. As in the finite case,
we obtain a probability space by assigning to each a € S a real number p;, called its

probability, such that.
i) pi>0
i) pp+p+-- =22 p=1

The probability P(A) of any event A is then the sum of the probabilities of its points.

5.4 Conditional probability

Let E be an arbitrary event in a sample space S with P(E) > 0. The probability that
an event A occurs once E has occurred is called the conditional probability of A given F,

written P(A|FE), where :

P(ANE)

PUAIB) = =5
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As seen in the adjoining Venn diagram, P(A|E) in a certain sense measures the relative
probability of A with respect to the reduced space F.
In particular, if S is a finite equiprobable space and |A| denotes the number of elements

in an event A, then

o P(ANE) =22~

IS]
— Bl
e P(E)= 5]
Hence,
P(ANE) |ANE|
P(A|E) = =
W ="pEy = 1
That is,

number of ways AandFE can occur

P(A|E) =

number of ways E can occur

w )

Let a pair of fair dice be tossed. If the sum is 6, find the probability that one of

the dice is a 2. In other words, if
e £E={(,5),(2,4),(3,3),(4,2),(5,1)}
e A = {a 2 appears on at least one die}

Now E consists of five elements and two of them, (2,4) and (4,2), belong to A :

ANE ={(2,4),(42)}
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Then,

AP(AIE) = ?

On the other hand, since A consists of eleven elements,

A=1{(21),(2,2),(2,3),(2,4),(2,5),(2,6),(1,2),(3,2), (4,2),(5,2), (6,2)}

and S consists of 36 elements,

5.4.1 Multiplication theorem

If we cross-multiply the above equation defining conditional probability and use the fact

that AN EF = EN A, we obtain the following useful formula.

P(EN A) = P(E)P(A|E)

This theorem can be extended by induction. For any events A;, Ay, -+, A,. we have

P(A NA N NA) = P(A)P(As| A P(A3]A N Ay) -+ P(Ap|A N AN -+ -0 Ay,)

This theorem is called the multiplication theorem.

5.4.2 Finite stochastic processes and tree diagrams

A (finite) stochastic process is a (finite) set of trials in which each experiment has a finite
number of outcomes with given probabilities. A tree diagram is a convenient means of
expressing such a process and determining the likelihood of each occurrence; the preceding
section’s multiplication theorem is used to compute the chance that the result represented

by any given path of the tree occurs.
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5.5 Bayes formula

Suppose the events Ay, Ay, - - - , A, form a partition of a sample space S; that is, the events

A; are mutually exclusive and their union is S. Now let B be any other event. Then

B=SNB=(AUAU---UA)NB=(ANB)U(A;NB)U---U(A,NB)

Where the A;\ B are also mutually exclusive. Accordingly,

Thus, by the multiplication theorem,

P(B) = P(A1)P(B|Ay) + P(A2)P(B|Az) + - - 4+ P(An) P(B|Ay)
On the other hand, for any 7, the conditional probability of A; given B is defined by

P(4;N B)

Thus,

P(A) P(B|A;)

P(Ai|B) = P(A)P(B|A,) + P(A)P(B|A;) + --- + P(A,)P(B|A,)

Three machines A, B, and C' produce respectively 50%, 30%, and 20% of the total

number of items of a factory. The percentages of defective output of these machines

are 3%, 4%, and 5%. If an item is selected at random, find the probability that the
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item is defective.

Let X be the event that an item is defective. Then by (1) above,

P(X) = P(A)P(X|A)+ P(B)P(X|B) + P(C)P(X|C)
= (.50)(.03) + (.30)(.04) + (.20)(.05)
= .037

Observe that we can also consider this problem as a stochastic process having this

tree diagram.

0.3 D
A <
0.5 N
0.4
0.3 D
° B <
N
0.2
0.5
D
C <
N

5.6 Independence

An event B is said to be independent of an event A if the probability of B occurring
is unaffected by whether or not A has occurred. In other words, if the probability of B
equals the conditional probability of B given A:

P(B) = P(B|A)

Now substituting P(B) for P(B|A) in the multiplications theorem we obtain
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P(ANB) = P(A)P(B)

So events A and B are independent if

P(AN B) = P(A)P(B)

Otherwise, they are dependent.

w )

Let a fair coin be tossed three times; we obtain the equiprobable space.

S={HHH HHT,HTH,HTT,THH,THT,TTH,TTT}

Consider the events

o A = {first toss is heads}

e B = {second toss is heads}

e (' = {exactly two heads are tossed in a row}

Clearly, A and B are independent events; this fact is verified below. We claim that
A and C are independent, but that B and C' are dependent. We have then

P(A) = P({HHH,HHT,HTH,HTT}) = g -2
P(B) = P{HHH HHT,THH THT})= g = %
P(C) = P({HHT,THH}) = g -3

Then

P(ANB) = P{HHH,HHT}) = i
P(ANC) = P(HHTY) =

P(BNC) = P({HHT,T}LIH}):}l

A. ABED 65



Chb : Probability, conditioning and independence

Accordingly,
P(A)P(B) = % : % = i = P(ANB), and so A and B are independent
P(A)P(C) = % : i = é = P(ANC), and so A and C are independent
P(B)P(C) = % : i = % # P(BNC), and so B and C' are dependent

Three events A, B and C' are independent if:
i) P(ANnB)=P(A)P(B), P(ANC) = P(A)P(C) and P(BNC) = P(B)P(C)

ii) P(ANBNC) = P(A)P(B)P(C)

Three events may be pairwise independent but not independent themselves.

—E

Let a pair of fair coins be tossed; here
S={HH,HT,TH,TT}

is an equiprobable space. Consider the events

o A = {heads on the first coin} = {HH, HT'}

e B = {heads on the second coin} = {HH,TH}

e C = {heads on exactly one coin} = {HT,TH}

Then P(A) = P(B) = P(C) =% =1 and

P(ANB) = P({HH}) =
P(ANC) = PH{HT}) =

P(BNC) = P{TH}) =

Thus, the events are pairwise independent. However,

ANBNC = (andso
P(ANBNC) = P(§)=0# P(A)P(B)P(C)

A. ABED
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In other words, the three events are not independent.
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Chapter 6

Random variables and usual

probability laws

6.1 Definitions and properties

A random variable X on a sample space S is a function from S into the real number set
R, such that each interval in R has a preimage that is an event in S.

We express the probability of the events "X maps into a" and "X maps into the
interval [a, b]" using the abbreviations P(X = a) and P(a < X < b). In other words,

P(X=a)=P({seS:X(s)=a})

and

Pla<X<b=P{seS:a<X(s)<b})

6.2 Distribution function

Let X be a random variable on a sample space S with a finite image set; say,

X(S) =Az1, 29, -+ ,x,}

By defining the probability of x;, which is P(X = z;), we turn X (5) into a probability
space, and we write f(x;). The distribution or probability function of X is denoted by
this function f on X (S5), and it is typically provided as a table:
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T

T2

f(x1)

f(x2)

The distribution f satisfies the conditions :

o f(z;) >0

o Y flz) =1

6.3 Mean (expectation)

Now, if X is a random variable with the above distribution, then the mean or the expec-

tation of X, denoted by E(X) or p,, is defined by:

E(r) =z f (21) + 2of (x2) + - + 20 f (T0) = il“if ()

That is, F(X) is the weighted average of the possible values of X, each value weighted

by its probability.

A pair of fair dice is tossed. We obtain the finite equiprobable space S consisting

of the 36 ordered pairs of numbers between 1 and 6a:

S ={(1,1),(1,2),...(6,6)}
Let X assign to each point (a,b) in S the maximum of its numbers, i.e. X(a,b) =

max(a, b). Then X is a random variable with image set.

X(S) ={1,2,3,4,5,6}

We compute the distribution f of X:

e P(X=1)=P{(L,)}) =%
o P(X =2)=P({(1,2),(2,2),(21)}) = 5
o P(X =3)=P({(1,3).(2,3),(3,3),(3,2),(3, 1)}) = 5
o P(X =4)=P({(1,4),(2,4),(3,4),(44),(43),(4,2), 4, 1)}) = %
e P(X =5)=P({(1,5),(2,5),--,(5,5),---,(5,2),(5,1)}) = &
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o P(X =6)=P({(1,6),(2,6), - ,(6,6),--,(6,2),(6,1)}) = 1

This information is put in the form of a table as follows:

z, |1 1213|456

T 3 | 5 | 7 | 9 | 11
S(@i) | 35 | 36 | 36 | 36 | 36 | 3

We next compute the mean of X :

C 1 3 5 7 9 11
E@) =Y 2if@)=1 =+2 = +3 - —+4- = +5 - — +6- — =447
Pt 36 36 36 36 36 36

When it comes to gambling games, the expected value E of the game is regarded as
the player’s value. If E is positive, the game is considered advantageous to the player; if

E is negative, it is considered unfavorable. It is a fair game if £ = 0.

A player tosses a fair die. If a prime number occurs, he wins that number of dollars,

but if a non-prime number occurs, he loses that number of dollars. The possible

outcomes z; of the game with their respective probabilities f(z;) are as follows:

x, 2135 —-1|—-4]|—6

e (&8 [a[ 6 4]
The expected value of the game is

d 1 1 1 1 1 1 1

E(x) = J@)=2--4+3--4+5---1---4.-—-6.--=—-

(@) =2 of(@)=2g+3 g+5-5-1-5-45-65=75

Thus, the game is unfavorable to the player since the expected value is negative.

Proprieties
e Let X be a random variable and & a real number. Then

E(kX) =kE(X)E(X + k) = E(X) +k

e Let X and Y be random variables on the same sample space S. Then

E(X+Y)=EX)+ E(®Y)
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e Let X, X5, -+, X, berandom variables on S. Then

E(Xi+-+X)=EX)+ -+ E(X,)

6.4 Variance and standard deviation

The mean of a random variable X measures the "average' value of X. Moreover, the
variance of X measures the "dispersion" of X. Let X be a random variable with the

following distribution:

Then the variance of X, denoted by Var(X), is defined by

n

Var(X) => " (z; — W’ fzi)=E <<X N ,u)Q)

i=1
where g is the mean of X. The standard deviation of X, denoted by o,, is the

(nonnegative) square root of Var(X):

o =/ Var(X)

There is an alternate formula for calculating the variance of the random variable X.
Var(X) = Y aif (@) — i = E (X)) — o
i=1

6.5 Joint distribution

Let X and Y be random variables on a sample space S with respective image sets

X(S) = {zl,ﬂig,"' 7$n}Y(S> = {yhy%"' aym}

We make the product set

X(8) x Y(8) =A{(z1,0), (@1,92), -+ (%0, ym) }

into a probability space by defining the joint probability function of X and Y of the
ordered pair (z;,y;) to be P(X = x;,Y = y,), which we write h(x;,y;).
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(7 Y2 Ym >
zy | bz, y) | h(x1,y2) hw1,ym) | f(21)
Ty | h(z2,y1) | h(x2,y2) hw2, ym) | f(22)
Tn, h<xnay1) h<xnay2) h(l’n,ym) f(xn)
> 1 g9(n) 9(y2) | | 9(Ym) 1

The above functions f and g are defined by

j=1 i=1
f(z;) and g(y;) are called the marginal distributions. The joint distribution h satisfies

the conditions
[ ) h(l’l, y]) Z 0
o YL h(zi,y;) =1

The covariance of X and Y, denoted by Cov(X,Y") is defined by

Cov(X,Y) = (w — pa)(yj — py) = E[(X — ) (Y — p;)]

1,J

The correlation of X and Y, denoted by p(X,Y), is defined by

Cov(X,Y)

00y

p (X ) Y) =
The correlation p is dimensionless and has the following properties:

e p(X,Y)=p(Y,X)

p(X,X)=1and p(X,—X) =—-1
e —-1<p<l1

e p(aX +b,cY +d)=p(X,Y), ifa,c#0
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6.6 Independent random variables

A finite number of random variables X,Y,---,Z on a sample space S are said to be

independent if

PX=u2,.Y=vyj, -, Z=2)=PX=0,)PY =vy;)--- )P(Z = z,)

for any values x;,y; - - , z;. In particular, X and Y are independent if

Now if X and Y have respective distributions f and ¢, and joint distribution A, then

the above equation can be written as

M y;) = f(xi)g(y;)
In other words, X and Y are independent if each entry h(x;,y;) is the product of its

marginal entries.

6.6.1 Proprieties

We establish some important properties of independent random variables that do not hold
in general.

Let X and Y be independent random variables. Then:
e E(XY)=EX)E(Y)
o Var(X+Y)=Var(X)+ Var(Y)

e Cov(X,Y)=0

Let X and Y be random variables with the following joint distribution:

2 3 14| %
1] 06 [0.15|0.09 | 0.30

2101410351 0.21 | 0.70
> 10201050 030| 1

Thus, the marginal distributions of X and Y are as follows:
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f(x) | 0.30 | 0.70

y 2 3 4
g(y) | 0.20 | 0.50 | 0.30

X and Y are independent random variables since each entry of the joint distribution

can be obtained by multiplying its marginal entries.
P(X = 2,Y =y,) = P(X = 2,)P(Y = ;)

for each i and each j.

6.7 Probability Laws

The objective of this section is to understand the fundamental laws of probability, their

properties, and how to use them in concrete contexts.

6.7.1 Discrete Laws
a Bernoulli’s Law

A discrete random variable X is said to adhere to Bernoulli’s law if it assumes only two

possible values: X € {0,1} where p = P(X = 1) is the probability of success.

1—p siz=0,
P(X =x)=

P sixz=1.
Properties
e The expectation : E[X]|=p
e The variance : Var(X) = p(1 —p)

Among the Applications of Bernoulli’s law, we can cite, as an example, coin tosses

(heads = 1, tails = 0) and the success/failure of an experiment.
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b Binomial Law

The binomial distribution models the number of successes in a fixed number of inde-
pendent trials, each with the same probability of success, p. If a random variable X
follows this distribution with parameters n (number of trials) and p, it is denoted as
X ~ Binomial(n, p).

The probability of observing exactly k successes is given as:

n

P(X =k)= <k>pk(1 —p)" " k=0,1,...,n

Where, (Z) = WLR),) is the binomial coefficient.

Properties

e Expectation: E[X]| =np

e Variance: Var(X) =np(1—p)

e Symmetry: The distribution is symmetric when p = 0.5.

e Median: The median is usually between |np| and [np], although this depends on

whether np is an integer.

¢ Poisson’s law

A random variable X follows a Poisson distribution with parameter A > 0 (denoted

X ~ Poisson(\)) if it satisfies the following conditions:

e Events occur independently.
e The average rate of events in the interval is A.
e Two events cannot occur simultaneously.

e The Poisson distribution is often used to model rare events over continuous domains.

The probability that exactly k events occur is given by:

Aee=A

P(X =k =" k=012

Here, X is both the expected value and the variance of the distribution.
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Properties
e Expectation: E[X]| =\

e Variance: Var(X) = A

e Law of Rare Events: The Poisson distribution is the limit of the binomial distribu-

tion with n — oo, p — 0, and np = A fixed.

e Skewness: The distribution is positively skewed, but becomes more symmetric as A

increases.

d Geometric Law

The geometry distribution describes the number of separate Bernoulli trials with the same

chance of success p needed to get the first success. There are two common parameteriza-

tions:

1) Number of trials until first success:

PX =k =({1-p"'p for k=1,2,...

2) Number of failures before the first success:

PY =k)=(1—p)*p) for k=0,1,2,...

Properties

e Trials until success (X): o Expectation: E[X] = ]19

o Variance: Var(X) = 117;2”

e Failures before success (Y): o Expectation: E[Y]| = 1].%7’

o Variance: Var(Y) = 110;2”
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e Hypergeometric Law

A hypergeometric distribution explains the odds of achieving exactly k successes from n
draws without replacement in a finite population of size N with K successes. The binomial
distribution treats each draw independently, but the hypergeometric distribution adjusts
probability when items are removed.

The probability distribution is given by:

K\ (N-K
o B0
P(X =k)= T
Where: N represents the total population size, K denotes the number of successes in

the population, n is the number of draws, and k is the number of observed successes in

the sample.

Properties

e Expectation: E[X]=n- %

e Variance: Var(X)=n % K. T

e Dependent Trials: Each trial affects the next in sampling without replacement, unlike

binomial distribution trials.

6.7.2 Continues Laws
a Uniform Law

In the continuous uniform distribution, which is also called the rectangle distribution,
every value in a closed interval [a,b] has the same chance of happening. It is shown as
X ~ U(a,b). When only the range is given, this distribution has the most uncertainty
(entropy).

The probability density function of a continuous uniform distribution is:

flx) =7+ a<x<b

f(x)=0 otherwise
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Properties

e Expectation: E[X]= %

e Variance: Var(X) = (bzg)z

e Symmetry: The distribution is symmetric around its mean.

e Equal-likelihood: The probability is proportional to the length of any subinterval of
fixed length within [a, b], regardless of position.

e Maximum entropy: The uniform distribution has the maximum entropy of all dis-
tributions with a given support, making it the least informative given merely the

range.

b Normal (Gaussian) Law

The Gaussian distribution, or normal distribution, is a continuous probability distribution
for real-valued random variables. It has two parameters: mean u and variance o2. Its
probability density function is:

1 —(2=p)?

flo) = omg e

The Central Limit Theorem asserts that the sum (or average) of many independent,

identically distributed variables tends toward a normal distribution under specific condi-

tions, making this distribution important in statistics.

Properties
e Expectation: As the center of the distribution, the mean p also represents the median
and mode.

e Variance: Var(X) = o?

e Symmetry: The normal distribution is symmetric around its mean, with the mean,

median, and mode all equal
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c Exponential Law

The exponential distribution characterizes the time between events in a Poisson point
process, where events occur independently and continuously at a constant average rate
A. Continuous, specific gamma distribution. It is memoryless and continuous like the
geometric distribution.

The probability density function is given by:

e ™ for x>0
[z A) =

0 for <0

Where A > 0 is the rate parameter

Properties

e Expectation: E[X]| =

>

e Variance: Var(X) = 1

e Higher Moments: E[X"] = &

d Gamma Law

The Gamma distribution is a continuous probability distribution with two positive pa-
rameters: shape o or k and scale (6) or rate (8 = §). It is typically used to model Poisson
process waiting times till k& events.

A gamma-distributed random variable X with shape a and rate § has the PDF:

flx;a,8) = Ff;,xo‘_le_ﬁx, x>0

Here, I'(«) is the gamma function, a continuous extension of the factorial function.

Properties
e Expectation: E[X]| = %

e Variance: Var(X) = %

These are fundamental properties, essential for understanding the distribution’s behavior.
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