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Notation

R™ is the n-dimensional real Euclidean space.
N is the collection of all natural numbers.
Z is the set of all integer numbers.

For a = (ay,...,a,) € Nj, and = = (21, ...,z,) € R" we write |a| = oy + ... + @, 2% =

a 8\ o\
it adm and 0% = <—) (—) .
T1 Tn

The Euclidean scalar product of = = (zy,...,x,) and y = (y1,...,yn) is given by z - y =

T1Y1 + ... + TpYn.

The expression f < ¢g means that f < cg for some independent constant ¢ (and non-

negative functions f and g).

f~gmeans f < g < f for non-negative functions f and g.

For x € R" and r > 0 we denote by B (z, r) the open ball in R with center = and radius r.
For k € Z, we denote by Ry, = {z € R": 281 < |z| < 2F}

Xk the characteristic function of the set R},

v



Introduction

Function spaces have been widely used in various areas of analysis, such as harmonic analysis
and partial differential equations. Among these spaces, Sobolev spaces are among the most
important examples. Interest in these spaces arises not only from theoretical considerations
but also from their numerous applications in mathematical analysis. We refer the reader to the
monographs[1] , [2], [4], and [18] for further details, historical remarks, and references concern-
ing Sobolev spaces.

It is well known that Herz spaces play an important role in harmonic analysis. Since their
introduction in[19] , the theory of these spaces has undergone remarkable development, partly
due to their usefulness in various applications. For instance, Herz spaces appear in the char-
acterization of multipliers on Hardy spaces [3], in the summability of Fourier transforms [10],
and in the regularity theory for elliptic equations in divergence form [22]. Moreover, the au-
thors in [23] studied the Cauchy problem for NavierStokes equations in Herz and weak Herz
spaces. More recently, Herz spaces have appeared in the study of semilinear parabolic equa-
tions[7] and the summability of Fourier transforms on mixed-norm Lebesgue spaces [11]. For
important recent developments and further results on Herz spaces, we refer the reader to[17] ,
and the monograph [24].

Motivated by Sobolev and Herz spaces, we introduce a class of function spaces called Herz-
type Sobolev spaces, which generalize the classical Sobolev spaces. These spaces over R" were
introduced by Lu and Yang in[16] , where several applications to partial differential equations
were established.

In this thesis, we consider Herz-type Sobolev spaces defined over domains. More precisely,
the domains under consideration are assumed to satisfy the cone condition.

The thesis is organized as follows. In Chapter 1, we present some preliminary material,
establish notation, and recall basic facts concerning Herz spaces, including approximation by

smooth functions.



In Chapter 2, we introduce fundamental properties of Herz-type Sobolev spaces in anal-
ogy with classical Sobolev spaces and prove a Sobolev embedding theorem for these spaces.

Additional Sobolev embedding results are presented in Chapter 3.



CHAPTER 1

HERZ SPACES

In this chapter, we presented some fundamental proprieties to our work. We also give some

key technical lemmas needed in the proofs of the main statements of this thesis.

1.1 Definition and basic properties

In this section we recall and present some properties of Lebesgue spaces.

Definition 1.1.1. Let 0 < p < co. The Lebesgue space L” is the set of all measurable functions
f : R™ — C such that

1/p
I, = ([ rran) " <o
with 0 < p < oo and
| £]]. = ess —sup|f(z)| < oo.
reR?
Remark 1.1.2. Let 1 < p < oco. The L? spaces are Banach spaces. For 0 < p < 1, they are

only quasi-Banach spaces, that is, they are complete but the triangle inequality is now in the

following form
£+ all, <25 (141, +lloll,).  fr0 L7

Now, we recall the Holder inequality in Lebesgue spaces.

Theorem 1.1.3. Let 0 < p,q,r < oo, f € [P and g € L. Then fg € L" with % = % + %. In addition,

we have
1 £gll, < [ £1L,[l9ll,

Definition 1.1.4. Leto € Rand 0 < p, ¢ < co. The homogeneous Herz space K S4(IR™) is defined
asthesetofall f € L (R™\ {0}) such that

loc
b 1/q
1| gy = (2 29 xellf) ™ < o0

k=—o0

with the usual modifications when p = oo and/or g = oo.
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The spaces K;“’q(R”) are quasi- Banach spaces. If « = 0 and 0 < p = ¢ < oo then KS”’(R")

coincides with the Lebesgue spaces LP(R"). In addition
KP(R") = LP(R",| - |*7), (Lebesgue space equipped with power weight),

where
1/p
HfHLp(Rn,\.pp) = </R" |f(x)]” ’$|O‘pdx> ,

Let0 < p,q < ocand a > 0. Then
K&(R™) N L = K&4(R™),

in the sense of equivalent quasi-norms, where K7(R") is the nonhomogeneous Herz space;

e g\ 14
1/l 5o gy = <Z2kaq’\fxm}|p> <00
k=0

where ]—A?Jk = R,k € Nand Ro = By. If 0 < ¢4 < g2 < 00, then we have the embeddings

K™ (R") — K (R"). (1.1)
If @ c R"isopen and f : 2 — R a measurable function, then we write f € Kl?’q(Q) if fxq €
K4(R") and we put

1l iego ey = 11Xl o gy
1.2 Technical results

Various important results have been proved in the space K 5 9(R™) under some assumptions on
a, p and ¢. The conditions -2 <a< n(l— 1—1)), 1 <p<ooand 1 < ¢ < oo is crucial in the study
of the boundedness of classical operators in ngq(R”) spaces. This fact was first realized by Li

and Yang [12] with the proof of the boundedness of the maximal function. As usual, we put

1
M(P)(e) = sup oo /Q W)y, feLb R,z eR",

where the supremum is taken over all cubes with sides parallel to the axis and = € ). Also we

set
1
t

M(f) = (M(If))". 0<t<oo.



Lemma 1.2.1. Let 1 < p < coand 0 < q < oo. If f is a locally integrable functions on R™ and
% <a<n(l— ), then
MO gy < Nl
A detailed discussion of the properties of these spaces my be found in the recent monograph
[24], the papers [15], [17], [20], and references therein.

The next lemma is a Hardy-type inequality which is basically a consequence of Young's

inequality in the sequence Lebesgue space .

Lemma1.2.2. Let0 < a < land 0 < q < oo. Let {e1},, be a sequences of positive real numbers and
denote 6, = 3 2, o/ *e;, k € Z. Then there exists a constant ¢ > 0 depending only on a and q such

that

H {5k}kez He«z < CH {Ek}kez Héq'

Let V,,, be the set of (a, p, q) € R x [1,00]? such that:
°a<n—%,1§p§ooand1§q§oo,

°a:n—%,1§p§ooandq:1,

The next lemma gives a necessary and sufficient condition on the parameters «, p and ¢, in

order to make sure that
T.9) = [ f@)p@)in, ¢ eD@).f e Kpr(@
generates a regular distribution 7y € D'(12).
Lemma 1.2.3. Let 2 C R” be an open set with 0 € €2, and let 1 < p,q < oco. Then
K () = Lie(9)

if and only if (o, p,q) € Vapg

Proof. We split the proof into two steps.
Step 1. Assume that (a,p, q) € Vi, f € K29(Q), and that B(0,2Y) C Q for some N € Z.

By scaling, it suffices to consider this case.



Using Holder’s inequality and a dyadic decomposition, we obtain

N
£l B2y = D, Ifxrnall

N
< 3 207 pymcall,
1=—0Q0 ) N | ) ‘
= 2V 37 o) gy ol

1=—00

S 1l g 0)-
Step 2. Assume that (o, p, q) ¢ Va4 We distinguish two cases.
Case 1. o > n — 2. Let 7 > 0 be such that B(0,r) C {2 and define
f(@) = |2 Xgo< i<} ().

We show that f € Kg"q(ﬂ) forany 1 < p,q < oo, while f ¢ L ().

loc

Indeed, we compute

Mgy = 3 270 xmrall
kEZ: 2k <2r
S X 2l Xmegean
keZ: 2k <2r
5 Z gkagq (Q—kn |Rk|1/p)q
k€Z: 2k <2r
< Y e
keZ:2k<2r

Since a — n + 3 > 0, the geometric series converges, and hence || f{| j2.9(q) < oo (with the usual
modification when p = oo and/or g = o).

On the other hand, f ¢ L{ (Q) since

loc

/ |f(x)]dx:/ |z| ™" dx = 0.
B(0,r) B(0,r)

Case 2. Leta = n — % with1 < p < ocoand 1 < ¢ < oco. By scaling, we may assume that

B(0,3) C Q. We define the function f by

F(@) = |27 (|og 2l]) ™ Xqociui 1y (@).

A direct computation shows that
o0
1 Wy S K77 < o0,
k=1
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and hence f € K n_%’q(ﬂ), with the usual modification when ¢ = oo

On the other hand, it is clear that f ¢ L (). O

Remark 1.2.4. We easily see that in general if 0 ¢ (2 then the set V, ;, , is not optimal. From this
lemma it thus makes sense to talk about weak derivatives of functions in K;’q(Q), in addition

the assumption («, p, q) € V,,,,, is optimal.

Theorem 1.2.5. Let QQ C R" beopenand 0 € 2,1 <p < 00,1 < g < ocoand a > -2 Then C.(Q) is
dense in Kgﬂ(Q).

Proof. First, we observe that C.(2) C K;’Q(Q) if and only if v > —2.
Indeed, let p € C.(Q2) be such that

or)=1 forze B(0,2Y)cQ, NcZ.
We estimate the norm as follows:

lollfoay = D 2" lexans g

k=—o00

N
> Y 2" xpoamnr,

k=—0o0
N
= ) 25 |xg, 2
k=—o00

Since |R;| < 2", we have

Ixrllp = 1R V7 =< 28777,

and therefore

e Z ghets)a

k=—o0

The series on the right-hand side diverges if a + & < 0,i.e, o < —2. Hence, ¢ ¢ Kz‘f"q(Q)
in this case, which shows the necessity of a > —2. It is clear that C.(Q) C K;’q(Q) whenever
a > —2. Let K;‘j’cq(Q) be the set of all g € KI‘;"q(Q) such that ¢ = 0 outside a compact. As
in [26, Proposition 3.1] we obtain that K:4(Q2) is dense in K"((2). Therefore we prove the
density of C.(2) in K]‘;’C‘I(Q) . Let f € Kl‘if(Q) with f(z) = 0ifx ¢ A C Q compact. As in [2,

Theorem 2.19], the proof can be restricted to the case f is real-valued and nonnegative. Since f



is measurable, there exists a monotonically increasing sequence {u; };cn, of nonnegative simple

functions converging pointwise to f on 2 and
Since
ng_uzgfa Z‘ER%)

by dominated convergence theorem {u;};cy, converge to f in Kz‘f"q( f). Therefore we find an
u € {u; }ien, such that

€

I/ - “Hkqum) <5
Since 0 < u < f, suppu C A. Let 8 > 0 be such that
max (O, ﬂ) <0<l
n
Assume that A C V C V C Q, where V is compact. We define
E= >, 6 2 Ryl7.

kEZ: RNV #0(

By Lusins theorem, there exists a function ¢ € C.(2) such that

jp(@)] < flulloe  forallz €, supp(p) C V,

and such that

£ 9
M)
where H = {x € Q: p(x) # u(z)}. Set B=H = {x € V : p(x) # u(x)}.

| < (

We now estimate the quasi-norm:

s = el = 3 2 = @)Xl

keZ

=259 (u — ) xn,n5l2
kEZ

= ) 2" (u—)xrnsll
k€Z: RyNB#D

Let k € Z be such that R, N B # (). Since |u| < ||u||o and || < |||/, we obtain

1w = @)xrinslly < 2l|ullcoliXrinslly
= 2||uflo | R 0 BI'”

< 2llullo | Ril"P| B0,



Consequently,

(1-9)q fq
=l < 2llLBI 5™ Y 209 R 5
k:kaV7é®

(1=06)q
= 2ullSE1B]
&)
<l|=).
2
This completes the proof. O

Let J € D(R") be a real-valued function such that
J@)>0, if zeR" J@)=0 if |z]>1 and / J()dz = 1.
We put J.(z) =" J(%), x € R,
Theorem 1.2.6. Let 2 C R" be open, 0 € Q,1 < p < o0, 1 < g < oo and —% <a<n-— %- Let
feK »21(€2) be a function defined on R" and vanishes identically outside ). Then
lim [ e 5 f = flljegaq) = O- (1.2)
Proof. We divide the proof into two steps.

Step 1. We prove that
Eli%i [ Je* o — SOHK;,”Q(Q) =0, (1.3)
for every ¢ € C.(2) and a € R.

Substep 1.1. o > —2.
p
Assume that

supp o C B(0,2V) c Q, N € N.

Since |z — y| > 2V > e for every z € R™ \ B(0,2V") and y € B(0,2"), it follows that
Je x p(x) =0, r e R\ B(0,2"tY), <2V,
Consequently,

1 % — Xl = / (o) — p(@)Pde, ke
QNR,NB(0,2N+1)

Furthermore,

Tool) =@ = [ I (o —e2) ot b=

9



Hence,
|Jexp(x) — ()] < sup |p(z —ez) — p(z)].
z€B(0,1)

Since ¢ is uniformly continuous on its compact support,

sup  sup |p(z —ez) —p(z)] — 0 ase — 0.
|z|<2N+2 2€B(0,1)

Therefore,

HJE *p— (PH(;'(}?’Q(Q) = Z QquH(JE *p— @)XquLp(Q)
keZ
N+2
< Z 25| (J % o — SO)XkH%p(Q)
k=—00
q N+2
< < sup  sup |p(z —e2) —<p(:c)|) > oklaty)a

|lz|<2N+2 2€B(0,1) Pl

q
S( s suwp oo —22) - pl@)])
lz|<2N+2 zeB(0,1)

where the last inequality follows from the assumption a > —2.
Passing to the limit as ¢ — 0., we obtain (1.3) for every ¢ € C;({2) and a > — 2.
Substep 1.2. Let o« < —2. By duality,

Y

240 = el gy =510 | [ (Jex pla) = ola)g(a) da

where the supremum is taken over all functions g € C.(?) satisfying

HQHK;,M’(Q) =1

Since

[ e et@) = pla)glorde = [ (T +gla) = o) (o) o

Q
where

it follows from Holder’s inequality that

/Q (j; * g(z) — g(z))p(z) dv

<z 9= 9l oo 19l gy

Observe that



since a < —2. Therefore, by Substep 1.1, for every 1 > 0 there exists 9 > 0 such that

Ui

Jerg =g jew i < T
P2 HKP 7 () ||(70HK§"1(Q)

whenever 0 < € < gy. Consequently,
[T o — ‘PHK;,W(Q) =7
for all sufficiently small . Since > 0 is arbitrary, we conclude that

llm HJ * O — ngKQq(Q =0.

Substep 1.3. o = —2. Let ap > — and a; < —7 be such that o = fag + (1 — 0)ay,0 < 0 < 1.

Holder’s inequality yields

1 % 0 = @l gmagy < 1 % 0 = @l zson oyl % 0 = @llgragey

<7

for any > 0 and any ¢ small enough.

Step 2. We prove (I.2). By Theorem[1.2.5 there exists ¢ € C.(f2) such that

1f = ellgga) <

w3

for any given n > 0. Hence, for any sufficiently small ; > 0,

[ e f = Je * @l goaq) < [ M(f = )l gaagny < cm,

by Lemma since

n n
——<a<n—-—.
p p

Choosing 7, so that cn; < 1/3, we obtain

[ Jex f = Jex @l goaq) <

w3

On the other hand, by Step 1,

w3

12 % 0 = ol ggoa(y <

provided that ¢ > 0 is sufficiently small. Combining these estimates with

<

If - QOHK"‘ q(Q) 3

11



and using the triangle inequality, we obtain
[ e f = fllgga@y < n-

This proves (1.2) for p > 1.
It remains to consider the case p = 1. Let s > 1. By Holder’s inequality and the assumption

—n < a <0, we have

1e  f = Fllgpag) < e * f = fll porn—2.0 -

Since

n n n
—<a+n——<n——,
s s s

the result already proved for p = s implies that the right-hand side tends to zero as ¢ — 0.
Consequently,
51—1>%1+ [ Je* f — fHKf“q(Q) =0.

This completes the proof. O
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CHAPTER 2

HERZ-TYPE SOBOLEV SPACES

In, this chapter, we present the definition of modulation spaces and prove their basic properties.

Also, we prove some elementary embeddings.

2.1 Definition and basic properties

In, this chapter, we prove the basic properties of Herz-type Sobolev spaces in analogy to the

classical Sobolev spaces.

Definition 2.1.1. Let O C R" be open, (a,p,q) € V,,, and m € N;. We define the Herz-type
Sobolev space K oo (€2) as the set of functions f € K 1(()) with weak derivatives D’ f € K S9(82)
for | 5| < m. We define the norm of Kg‘,?%(Q) by
> I\ 1/
ka p\p
7ligaie = ( 20 2 32 D% xnall)")
k=00 1B1<m

if 1 <p,q<ooand

Il =502 (32 0" Dxmceml)

|B]<m
One recognizes immediately that if p = ¢ and « = 0, then we have Kg;ﬁ@(Q) = W (8).
As in classical Sobolev spaces, see [2, Theorem 3.3], we have the following statements:
Theorem 2.1.2. Let @ C R" be open and (o, p,q) € Vapq For each m € Ny, the Herz-type Sobolev

space Kz‘i;%(Q) is a Banach space.

Exactly in the same way as in the classical Sobolev spaces, see [2], but we use Theorem [1.2.6

we immediately arrive at the following result.

Lemma 2.1.3. Let Q@ C R"™ be open, m € Ny and (a,p,q) € Vopq withl < p < 00,1 < ¢ < oo and
—5 <a <n— 2. Let Q' be an open subset of (X such that €Y is a compact subset of Q). Let J. be as above
and f € K;j‘%(Q) Then

lim e * f = Fll o oy = O (2.1)

13



Proof. Let e <dist(€?', 092) and

o flw) if zeq,
/(@) { 0 if xeRMNQ,

which is the zero extension of f outside Q2. Let ¢ € D(€2'). Then
Jo* f(2)0%(z)dx = (=)l [ T % 0% f(2)p(z)d.
Qf Q/

Hence 0%(J. x f) = J. x 0*f in the distributional sense in 2. Observe that Since 9*f €
K2 (€2),0 < [a] <m we have by Theoremm

g [0 1) = 0 |y g = [l 9 = gy = O
Hence we obtain (2.1)). H
Similarly as in [2, Theorems 3.6 and 3.17] , we have the following statements:

Lemma 2.1.4. Let Q C R" be open o € R, 1 < p,q < oo and m € Ny. Then for any ¢ € D(Q2) there
exists ¢ > 0 such that forall f € ng;%(ﬁ)

e lagsien < s
As in classical Sobolev spaces, see [2] and [4], we have the following statements:

Theorem 2.1.5. Let 2 C R™ be open, m € Ng and («,p,q) € Vapq withl < p < 00,1 < g < oo and
—2 <a<n—2 Then C*(Q) N K71 () is dense in K3 (€2).

Proof. We set
Qp={re€Q:2e€ B(0,k)and dis(z,00) > k}. keN

and Q_; = Qy = (). Observing that (the complement is respect to the set )

Q= UUk, U = Qi1 N (1) k€ NL
k=1

Let U be a C™ partition of unity for €2 subordinate to {Uj }xen. Let ¢, k € N denote the sum of

the finitely many functions 1 € ¥ such that suppy) C U. Then

Yr, € D(Uy), Zwk(x) =Lz e
k=1

14



Let f € K*4(Q). We see that ;. f € Q and
p,m

suppJe * (¢kf) cV,= Qk+2 N (Qk_g)c c Q

forany 0 < ¢ < m. We may choose ¢, satisfying 0 < ¢, < W such that
5
2w ) = 0 gy = e % (0F) = gy < 3

We set .
¢=> o x (i f).
k=1

On any ' C Q such that ' C 2 and ' compact only finitely many terms in the sum can be
nonzero. Therfore ¢ € C>*(Q2). Let z € ;. We have

k+1

f:ijf

and k1
=1
Consequently
k+1

1 = 0l g < 22 1es * WiF) = it llgpgey < &
j=1

By the monotone convergence theorem,

1S = 9ll g0y < =

prn

The proof is complete. O

2.2 Sobolev embeddings

In this subsection we present some embeddings of the spaces introduced above.

Definition 2.2.1. Let v € R"\{0} and for each = # 0 let Z(z, v) be the angle between the position

vector x and v. Let « satisfying 0 < x < 7. The set
C={zeR":2=00r0< 2| <p,ZL(z,v) < K/2}

is called a finite cone of height g, axis direction v and aperture angle ~ with vertex at the origin.

15



Definition 2.2.2. Let C be a finite cone with vertex at the origin. Note that 2+C = {z+y :y € C}
is a finite cone with vertex at x but the same dimensions and axis direction as C and is obtained

by parallel translation of C.
We are now in a position to state the definition of domain satisfying the cone condition

Definition 2.2.3. Let (2 C R" be open. (2 satisfies the cone condition if there exists a finite cone

C such that each z € Q is the vertex of a finite cone C, contained in {2 and congruent to C.

Definition 2.2.4. In Definition the cone C, is not obtained from C' by parallel translation,
but simply by rigid motion.

The following statement can be found in [2, Lemma 4.15], that plays an essential for us.

Lemma 2.2.5. Let Q C R" be a domain satisfying the cone condition. Then we can find a positive
constant K depending on m,n, and the dimensions o and k of the cone C' specified the cone condition for
) such that for every f € C*(Q), every x € §Q, and every r satisfying 0 < r < o, we have
Dﬁ
r@l<x( Y rﬁ'—"/ i+ Z / DT g),
Bl<m—1 Cq, v 12— Y]

where C,, ={y € C, 1y € B(x,r)}.

Let 0 < A < n. The Riesz potential operator Z) is defined by

T, /(x) :/R f(y)

w =y Y

Let p* be the Sobolev exponent defined by Z% = 1 _ 2 The following statement plays a crucial

1
p
role in our embeddings results, see [12].

Theorem 2.2.6. Let 0 < A <n,0< gy < q <ooand 1 <p< L. If

A— n <a<n-— E,
p p
then Ty is bounded from K S0 (R™) into Kg;‘“ (R™). Also T, is bounded from K;»%(R") into K .* (R™).

Now we state the first embeddings

Theorem 2.2.7. Let 2 C R" be a domain satisfying the cone condition, 0 € 2 and m € N,. Let

l<p<oo,1<r<oo a2>a1,m——<a2<n—p,
n on

m—as+a; >0 and —=——m-+ay—a; > 0. (2.2)
q p

16



Then
Ko2r () < Ko17(Q)
holds.
Proof. We apply Theorem[2.1.5]and divide the proof into two steps. Let
feC=(Q)n K2 (Q).

Step 1. The case oy = ;. By Lemma[2.2.5,

D) S Ta((Dflxe)(z), zeQ
|B|<m
Therefore, applying Theorem we obtain
||fHK31”°(Q Z II Dﬂf XQ“K‘11 "(R7) ~ ||f||K°‘1 g
1B|<m

Step 2. ay > a;. We write

HfH;{;”’T(Q) - Z QkaerfXRmﬂHZ

k=—00
1 <
= > 2wl + D02 | xall,
Rt k=0
::Il+ﬂh

Estimate of J;. Let ¢ be as in Lemma[2.2.5, We decompose
[1::L3+Z4

where

> 2 fxmeally, L= 2 fxmnally

k<-—1 k<-1
<2k 2 o>2k—2

We first estimate I5. Let € R;, N €. Since p < 2872 and = € R),, we have

Corp C Ry = {z € R": 2872 < |2 < 2F+1},

Hence, by Lemma
n D’ f(y)
D Y o / D dr+ 3 [ PG
1Bl <m—1 G, i/ O 1T =

17



Since ap > a3, m < n,and |z — y| < pon C, ,, we obtain

|f<$>’ 5 2]6(0(2*0[1) Z Imfa2+a1 ((Dﬁf)XQﬁék) (‘r)v

|B]<m

where the implicit constant is independent of k.

Consequently,
I3 < Z Z 2ka2r Im astaq ((D f)XQﬂRk>XRk
|1<m k<—1
=3 HL” aten (D7 fbm)‘ kg2 ()’
|B|<m
Since
I 1 m-a+to
¢ p no
Theorem yields

I3 < Z HDﬁf”;'(gw(Q) S Hf”%g%;’"(ﬂ)'

18]<m

It remains to estimate I,. We set
ata) = 3 P [ Dol dy
18] <m—1 Ca.e
and

Dﬁf
J / d
2k Z Co. _y‘n m Y

18l=

To estimate the first term, we use the assumptions m < n and ¢ > 2k=2 Hence,

() S 20m R Z/ D% f(y)| dy

8] <m—1" Ca k-2

DSy D7 £(y)|xaly) dy

k—2
‘5|§m71 2 §|$_y|§9

= C(ﬂk(@*‘ﬁk@))

We now estimate the terms J{; and .J7, separately. By assumption (2.2) and Holder’s in-

equality, we have

@) 3 amem / 1D £(5) x5, (1) xa(v) dy

" ol Cazt2
s S |0 Dxaeall,
1B|<m—1

18



Hence,

(T xmecell, < 2527 Y 1(D? F)xz,nall,

[B|<m—1
for every k < —1 satisfying o > 2¢72.
Next, we decompose .J7, as

2 g2 2
Sl =Jip1 + g

where
2= Y o / D% £ ()| xa(y) d,
i<t 2h-2< oy <2442
and
Jam) = 3 / D% £(y)Ixa(y) dy.
|B]<m—1 PrE<fe-yl<e

J? 1.1 (x) can be estimated from above by
c2(ee ok Z Ln—asta ((Dﬁf)xﬂ)(x)
|Bl<m—1

for any k < —1 such that p > 272, Now we consider the second term. We have

DB
o 2k+2 <z —y|<p

Bl<m—1 ’LE — y’n m

which can be estimated by

1DP f(y)|xa(y)
/ o X, (W) dy
\,8|<m ikt Y 2i<|le—y|<20H |*T_Z/|

S S ot 0l

|B|<m—1 i=k+2

where 277! < p < 27, j € Z and we used Holder’s inequality. By assumption (2.2) we obtain

J
okai H (le,k,Q)XRkﬂQHq 5 2(%—m+a2)k Z Z Z(m—%—az)iQiazH(Dﬁf)XRmQ”p
|Bl<m—1 i=k+2

for any k < —1 such that o > 2872,
We estimate J; ;. We write

Dﬂf Dﬂf
x,2 -2 mg

|Bl=m |Bl=m

where

Byor =CoN{y e R": k=2 < |z —y| < o}

19



Estimate of the first term. Using the relation between the parameters o; and «,, we obtain

5 B
[ R e 5 [ S
Ao sl =l it Conea 17 Y o
< ghfeamen) §° Im—oz2+a1((DB fxa)(2),
Bl<m

where 7., denotes the Riesz potential of order 7.

Decomposition of the second term. We split the remaining integral as

Joi(z) = Jopa(x) + Jop (),

where
T = 3 / 1Dl
B Y 25 A<y | <2k |z —y[nm
and
1D’ f(y)]
Jz,k,2(33) = / T ——dy
|ﬁ|z=:m Pt2<le—yl<o [T — YT

Estimate of ./, ;. Arguing as in the estimate of J7, ,, we obtain

Jopa(z) S gk(az—an) Z Im—ag—l—al((Dﬁf)XQ)(I)‘
|B|=m

Estimate of .J, ;. We proceed as in the corresponding estimate for J7, ,. For z € Ry N, we

obtain
J
oka H(JQ,k‘,?)XRkﬂQHq < o(5 —m+az)k Z Z o(m—7 —az2)i gias H (Dﬂf)xﬁiﬂQHp'
1Bl <m—1 i=k+2

Since a; > m — %, the geometric sum in i is convergent. Applying Lemma we deduce
that

[4 S Hf”%g%[(g)
This completes the estimate of .J, .

Estimate of /5. Since oy > «;, we obtain that

kra r "
I < :;\%2 | xally S (1o o

20



Again, by Lemma we have

F@] S D Tnarian (D f)xa)(x), z€Q

|B|<m

Applying Theorem yields
LS D | Tnasron (D F)xe) | oo o)

18]<m

S Z H (Dﬁf)XQ“;{;W(Rn)
|B|<m

S kg

since m — 2 < ay < n — %. The proof is complete. proof
p p

Remark 2.2.8. We mention that Theorem [2.2.7]covers the Sobolev inequality. In addition
W, | - [729) < KOP(Q) < LI(Q,] - [219),
under the same assumptions of Theorem 2.2.7]with r = p. In particular
m -0,
W () — K, P(Q) — L1(Q),

holdsif1<p<oo,0<m<%and
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CHAPTER 3

FURTHER EMBEDDINGS

In this chapter, we develop new embedding results in the framework of Herz-type Sobolev

spaces, extending the known theory.

3.1 Embeddings of type Kﬁ%{(@) —> Kgl’T(Q) and Kg%’”(@) —>
K51m(9)

The following theorem describes an embedding from K S27(Q) into K Sr(Q).

Theorem 3.1.1. Let Q2 C R"™ be a domain satisfying the cone condition, with 0 € €2, and let m € N. Let

1<p<oo,1§r<oo,anda22a1withoq+%>O.Assumethat

n n
max<—+a2,—+a2—a1> <m <n.
p p

Then the embedding
K20 (Q) — K" (82)
holds.

Proof. We make use of Theorem Let f € C>*(Q) N KI‘)"%(Q) and o be as in Lemma

We write

1 iy = D 27 I xmpnell;

k=—00

= > 2 fxmeall, + Yo 2" | fxmenell;
2k+2>g 2k+2§@

= Il+[2~

We first estimate I;. Let ¢t > 0 be such that

r <t < mi ( n )
— min ( p, .
m b max (0,042 + %)
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By Holder’s inequality, we obtain

B
< Y Q'B‘”/ D7 f(y)| dy + Z/ |LD_f|nm y

B|<m—1 Ca, |Bj=m  C=e
Y Mt((Dﬂf)XQ)<x>7
|B]<m.

for any z € R;, N 2. Consequently,

LSy S 2k [MU(DP fxa)xe.[,

|B|<m 2k+2>p

5 Z HMt((Dﬁf)XQ)H;(;‘QW(Rn)

IBI<m
S; HfH;{g%f(Qy

by Lemma|[1.2.1]

We now proceed to estimate /,.We employ the same notation as in Theorem[2.2.7, We have

DB
Jir(x) S Z Q'ﬁ'”/ Mdg/, r€R,NQO.

xr — n—m
|Bl<m—1 Coo 17 =Y
Hence, it suffices to estimate .J; ;. We decompose it as

D £(y) / D f(y)
Jo(a Z/ - |nmdy+Z _y|nmdy, (3.1)

|Bl=m * Ye.2k=2 |61=
where B, ., = C, N{y : 272 < |z — y| < o}
Let ¢ > 0 be such that m — % + a1 —ay > 0 and ¢ < p. By Holders inequality, the first integral
n is bounded by

. ok(az—a) / 1D° ()X z,00(¥)
c ok—2

|ZL‘ _ y|n—m—a1+a2

f, 2k(a2_a1)2(m_%+a1_a2)kMt((Dﬁf>XkaQ)(x)a |5| —
The boundedness of the HardyLittlewood maximal operator on L7 (R") implies

MDD P)xae)ll, S 1D Nxaeall,,  181=

Next, we estimate

i - B d
/B iz, [T =yl vs2 /mek D" f(y)lxa(y) dy
< 2" M((D” f)xa) (x)

S 2(mreae)k gle2e)k A((DP fxa)(z), 18] =
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Let j € Z be such that 277! < g < 2/. As in Theorem[2.2.7] we obtain

Dﬂ
Lo <3 2 (Dl
z,0,k+4

y’" " i=k+2

S ||f||f(°‘,%,f(9)a 18] =
P,

The desired estimate follows from Lemma [1.2.1{ together with the assumption oy + 2 > 0.
The proof is complete. O

Now we present an embedding of K’ S27(€2) into K (Q).

Theorem 3.1.2. Let Q@ C R" be a domain satisfying the cone condition, with 0 € Q, and let m € Ny.
Let 1 < p <oo,1<r < oo, and assume that % + ay < m < n. Suppose further that ay > oy > 0.
Then the embedding

R (Q) = K2(Q)
holds.

Proof. Let f € C™(2) N K;‘i,f(Q) and p be as in Lemma We write

Il zr@y = 22 2 | Fxmnalliy

k=—oc0

= > 2l + 30 2| fxmrnll
s 2k—2<p

= Sl + SQ.

Estimate of S;. By Lemma [2.2.5|and Holders inequality, and since m > 2, we obtain
y q Y, »

DS DD Hxgeall,

1B]<m

for every x € Rj, N 2, noting that C,, , C Ry,.

Therefore,

Sl § Z Z 2k(a1—o¢2)r2ka2TH(Dﬁf)XkaQH;

|B]<m 2k—2>p

S kg @
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because of as > a;.

Estimate of S;. We begin with the pointwise estimate

B

e Cov |
- / . > [
1Bl<m ¥ Ca 262 v —y|"= |n o 18|<m ” Be.ok |z —y[m

= Py () + Poi(z),
see; Lemma where B, . = C, N {y : 2872 < |z — y| < o}. Using again Holder’s inequality
we obtain

DPf( n
SYCED | ’f,n)Lxm@)dysz’“mﬂZH(Dﬁf)mepv

i) Coima 17~ Bl<m
because of m > %. Therefore
Z 2ka1r sup (Plk Z Z 2 m_ﬂ+a1 a2)2ka2rH<Dﬁf XkaQH
2k=2<p 2ERKNQ |B]<m 2k=2<p
I8
S sz gy

since m — % + a; — ay > 0. Now we estimate P, ;.We decompose P, = T} j, + 15 + 15 5, where

B
tue) = Y [ L

|gj—y|n—m {lyl< o

|8<m * Br.ok
_ D7 f(y)l
Tule) = 3 [ e X 0
Bl<m ' Bere,

and

IDﬁf
Tyx(@ Z / Y~ mX{|y|>2|m|}(y) dy.
|Bl<m Bg,o.k

le

Let us consider the first term. Using the fact that |z — y| > |y| if [y| < 5 and applying

Holder’s inequality, we obtain

T S Y /|<2k 1D? f(y)xa(y) a

|B]<m ly[r=

k
—e 33 2t i)y (0 )y call,

|8I<m i=—o0

k
= (i) § S QOB ) gt (D9 £yl

|BI<m i=—o0

klm—n_
< M) g,
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sincem—%—a2>0.

This leads to
SO 2 sup (Ta(e)) S 1 enrg 3 2505 exten)r
LEGE)) S W gz @
2k— 2<Q T€ RN 2k_2§g
< e o

Now we estimate 75 ;. We have

Tl 3 20 [ D) dy

<205 ST 00 xa e

1B|<m

by Holder’s inequality. Therefore,

Z ok sup (Tyu(z Z Z m %ﬂﬁal)bkaﬂ”(Dﬂf)XRkﬁQH;

pk-2g,  "ERRND |Bl<m 22
5 Hf”%g%nr(g)
Finally, we estimate 73 ;. We use that |z — y| 2 | whenever |y| > 2|z|. Hence,

B
ruw s Y [ 210 w)a

‘6|§ y|>2k |y|n_m

j+1

<y Zz m 5‘“2>2“2H(Dﬁf)><3 nallp

|B8]<m i=k
< 1 e o

where 27-1 < p < 27,5 € Z.

Using that o; > 0, we obtain

ST 2 sup (Tyu()” < 1 s o

2k—2<, zERLNQ

The proof is complete. O

Collecting the results obtained in Theorems3.1.1jand 3.1.2)we have the following statement.

Theorem 3.1.3. Let domain 2 C R™ satisfy the cone condition, 0 € Qand m € Ny. Let 1 < p < ¢ <

00,1 <r <oo,as > ay > 0and
n n
max<—+a2,—+a2—a1) <m<n.
p p
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Then
K;‘;;’”(Q) — K;‘”(Q)
holds. thm

Proof. Let f € ngf,;[(Q) and § = 2. We have

HfHK"l Q) = HfHKal " Q)”f”K“” Q) ~ HfHK;i%;f(Q)’
by Theorems[3.1.1|and [3.1.2] The proof is complete. O

3.2 Embeddings of type Kg%f(ﬂ) — KC‘;‘”(Q), q < Dp.

In the previous results we have not treated the case ¢ < p. The next theorem gives a positive

answer.

Theorem 3.2.1. Let domain 2 C R" satisfy the cone condition, 0 € Qand m € Ny. Let 1 < ¢ <p <

OO,1§T<OO,C¥2+%ZOJ1+§>OHTld

n n
max(—,—+a2) <m <n.
pp
Then
K22 (Q) — K" ()
holds.

Proof. We use Theorem Let f € C>*(Q) N Kg“fn’"(Q) We adopt the same notation as in
Theorem We begin by estimating I;.
Let ¢t > 0 be such that

1< 2 <t<mi < n )
— min ( p, :
m b max(0, a2 + %)

Then, for any z € R; N (2, we have

8
DS Y o / D% f(y) |d?/+2/ |LD_f|nmy

18l<m—1 Cave 18l=m * Ce.e
S M((DP )X pna) (@).
1Bl<m
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Applying Holders inequality together with the boundedness of the maximal operator on
LP/{(R™), we obtain

I 5 Z Z 2(a1+%_%_a2)kr2ka2r||Mt((Dﬂf)XkaQ)H;

|B|<m 2k+2> 9

S HfH;(I‘j‘?mT(Q)v

where we used that oy + % >y + %.

We now turn to I,. It suffices to estimate .J; 5, where
DB DfB
g1=m” Co 2 1= ! Boan 1Y
and B, ,r = C, N{y: 282 < |z — y| < o}.
By Holders inequality, the first term satisfies
IDﬁ W)l k(m—2
> [ s 20 el
|B]=m " ~w,2k=2

Moreover, we have

D? .
/ ADPFWI < oim >k/ 1D° f ()] xal(y) dy
B, jia ’ B, okt2 1

x —yr e
S 2" M((D"f)xa) (@), 18] =

Let j € Z be such that 2/~! < p < 2/. As in Theorem 2.2.7, we obtain

D? 4 S
/ L(/’ny_)Jn dy 5 Z 2(771_;_042)1 20421” (Dﬂf)XRiﬂQ ||
By o, kt4 |ZL’ - y| p

i=k+2

S ||f||f<§3,f(ﬂ)7 8] =m

Combining the above estimates, using Holders inequality and Lemma we deduce that
I, is bounded by

r k(a1+2)r
Iy S I oz o Z ok(ar+%)

2k+2§9

+ Z Z ok(m—F+a1—ax+{)rokasr

|B|<m 2k+2<p

< (107 F)xanally + IMUD" fxa)xa ;)

5 Hf“;(;‘%f(gz)a
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since «; + % > 0 and

n n
m——+4+aoa; —as+—>0.
p q
This completes the proof. O

Theorem 3.2.2. Let domain Q0 C R" satisfy the cone condition and m € N. Let 1 < p < oo and

1§r<oo.AssumethatO§a<n—§,

n
m > —+ .
p
Then
K;;;(Q) — L2(Q).
holds.

For the proof; see [9]].
For an arbitrary nonempty set {2 C R" we shall denote by C}(£2) the Banach space of func-

tions f continuous and bounded on €2 with the norm

HfHCb(Q) = igg |f(2)]-

Theorem 3.2.3. Let domain Q) C R" satisfy the cone condition and m € N. Let 1 < p < oo and
1<r <. Assumethatogagn—%andm> %4—04. Then

Ky () = Gy(Q)

where

1 i —p—1
v = 9 f Q n P’
r

, otherwise.

For the proof; see [9].
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Conclusion

In this thesis, we investigated several properties of Herz-type Sobolev spaces defined on do-
mains satisfying the cone condition. These spaces represent a natural extension of classical
Sobolev spaces by incorporating the weighted and localized structure of Herz spaces, which
makes them suitable for studying more general analytical problems.

We began by presenting the fundamental notions and preliminary results related to Herz
spaces, including their basic properties, approximation results, and technical tools required
throughout the work. These preliminaries provided the mathematical framework necessary for
the development of the subsequent chapters.

Next, we introduced Herz-type Sobolev spaces and established their principal structural
properties. In particular, we discussed approximation by smooth functions and showed that
these spaces preserve several important characteristics analogous to those of classical Sobolev
spaces. We also proved Sobolev-type embedding theorems that describe the relationship be-
tween Herz-type Sobolev spaces and Herz spaces under suitable assumptions on the parame-
ters.

Finally, we extended these embedding results by studying additional classes of embeddings
involving different parameter configurations. These results highlight the flexibility and rich-
ness of Herz-type Sobolev spaces and demonstrate their ability to generalize classical embed-
ding phenomena.

Overall, the results obtained in this thesis contribute to a deeper understanding of Herz-
type Sobolev spaces on domains and provide useful analytical tools for future investigations.
Possible directions for further research include the study of compact embeddings, applications
to partial differential equations, and extensions to variable exponent or generalized function

spaces.
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Abstract

The objective of this work is to investigate several properties of Herz-
type Sobolev spaces, with particular emphasis on their Sobolev embedding
properties.

Keywords: Herz spaces, Herz-type Sobolev spaces, Embeddings.
Résumé

L’objectif de cette thése est d’étudier certaines propriétés des espaces de

Sobolev de type Herz, avec une attention particuliére portée a leurs propriétés

d’inclusion de Sobolev.

Mots clés : Espaces de Herz, Espaces de Sobolev de type Herz, Inclusion.
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